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A B S T R A C T

Despite its proven potential to learn tasks from scratch across diverse
domains, the requirement for a large number of training episodes,
coupled with safety concerns, remains a major limiting factor for
applying Reinforcement Learning (RL) in robotics. Learning skills
directly on real robots is time-consuming, causes wear and tear, and
risks damage to both the robot and its environment due to unsafe
exploratory actions. Although learning skills in simulation and trans-
ferring them to real robots has shown promise, its success is limited
by the reality gap between simulation and the physical world. This
challenge is particularly pronounced for tasks involving contact with
the environment, as contact dynamics are difficult to model and sim-
ulate accurately. Moreover, designing realistic simulations is itself a
tedious and time-consuming process.

This work addresses these challenges by developing methods that
incorporate task knowledge and constraints to guide RL, thereby im-
proving sample efficiency and safety during exploration and execution.
Unknown task knowledge and actions are learned by an RL agent
exploring within constrained environments, enabling learning directly
on real robots, especially for contact-rich tasks. The first method in this
work, Reinforcement Learning with Shared Control Templates (RL-
SCT) leverages hand-designed task knowledge and safety constraints
to reduce state and action spaces, enabling safe and sample-efficient
learning on real robots. The second method, Kernelized Guided Re-
inforcement Learning (KGRL) enhances this by integrating human
demonstrations to initialize policies and enforce constraints via Lin-
early Constrained Null-Space Kernelized Movement Primitives (LC-
NS-KMP). KGRL improves task knowledge extraction over RL-SCT
by deriving task completion strategies directly from demonstrations.
It introduces state-dependent, uncertainty-aware exploration noise
derived from demonstration variance and imposes linear inequality
constraints on the robot’s state to ensure safe guided exploration. The
third method, Smooth Kernelized Guided Reinforcement Learning
(sKGRL) extends KGRL by incorporating smooth exploration strat-
egy, utilizing smooth kernels (e.g., radial basis functions) and robot
state history to minimize abrupt, high-acceleration actions, further
enhancing safety. Unlike classical RL, our methods enforce constraints
explicitly, allowing for simpler reward functions without cost terms
for constraint violations. Together, these contributions enable efficient
and safe reinforcement learning directly on real robots, advancing
RL’s applicability for complex, contact-rich robotic manipulation tasks.
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Evaluated on real robot and simulated environments, these frame-
works outperform existing classical RL methods in safety and effi-
ciency metrics, such as reduced spillage of liquid, collisions, interac-
tion forces and more importantly the number of training episodes.
By incorporating shared control, demonstration-guided learning, and
smooth exploration, this work offers a holistic approach to real-world
robotic reinforcement learning. We offer extensive evaluation of these
methods to showcase their ability to handle diverse manipulation
tasks. The findings in this work provide novel frameworks for scal-
able, safe RL, advancing the field toward practical deployment in
complex, contact-rich robotic manipulation tasks.
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Z U S A M M E N FA S S U N G

Trotz seines nachgewiesenen Potenzials, Aufgaben in verschiedenen
Domänen von Grund auf zu erlernen, bleibt die Notwendigkeit einer
großen Anzahl von Trainingsepisoden in Kombination mit Sicherheits-
bedenken ein wesentlicher limitierender Faktor für die Anwendung
von Reinforcement Learning (RL) in der Robotik. Das Erlernen von
Fähigkeiten direkt auf realen Robotern ist zeitaufwendig, verursacht
Verschleiß und birgt das Risiko von Schäden sowohl am Roboter
als auch an seiner Umgebung durch unsichere explorative Aktionen.
Obwohl das Erlernen von Fähigkeiten in Simulationen und deren
Übertragung auf reale Roboter vielversprechend ist, wird der Erfolg
durch die sogenannte „Reality Gap“ – also die Diskrepanz zwischen
Simulation und physischer Welt – eingeschränkt. Diese Herausforde-
rung ist besonders ausgeprägt bei Aufgaben, die den Kontakt mit der
Umgebung erfordern, da sich Kontaktdynamiken nur schwer genau
modellieren und simulieren lassen. Darüber hinaus ist die Erstellung
realistischer Simulationen selbst ein mühsamer und zeitintensiver
Prozess.

Diese Arbeit adressiert diese Herausforderungen, indem Methoden
entwickelt werden, die Aufgabenwissen und Einschränkungen in das
RL einbeziehen, um so die Stichprobeneffizienz und Sicherheit wäh-
rend der Exploration und Ausführung zu verbessern. Unbekanntes
Aufgabenwissen und Aktionen werden von einem RL-Agenten er-
lernt, der in eingeschränkten Umgebungen exploriert, was ein direktes
Lernen auf realen Robotern ermöglicht – insbesondere bei kontaktin-
tensiven Aufgaben.

Die erste Methode dieser Arbeit, Reinforcement Learning with Sha-
red Control Templates (RL-SCT), nutzt handgestaltetes Aufgabenwis-
sen und Sicherheitsbeschränkungen, um Zustands- und Aktionsräu-
me zu reduzieren und dadurch sicheres und stichprobeneffizientes
Lernen auf realen Robotern zu ermöglichen. Die zweite Methode,
Kernelized Guided Reinforcement Learning (KGRL), erweitert die-
sen Ansatz, indem sie menschliche Demonstrationen integriert, um
Politiken zu initialisieren und Einschränkungen über Linearly Cons-
trained Null-Space Kernelized Movement Primitives (LC-NS-KMP)
durchzusetzen. KGRL verbessert die Extraktion von Aufgabenwissen
im Vergleich zu RL-SCT, indem es Strategien zur Aufgabenerfüllung
direkt aus Demonstrationen ableitet. Es führt zustandsabhängiges,
unsicherheitsbewusstes Explorationsrauschen ein, das aus der Varianz
der Demonstrationen abgeleitet wird, und erzwingt lineare Unglei-
chungsbeschränkungen für den Roboterzustand, um eine sichere,
geführte Exploration zu gewährleisten.
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Die dritte Methode, Smooth Kernelized Guided Reinforcement Lear-
ning (sKGRL), erweitert KGRL durch die Einbeziehung einer glatten
Explorationsstrategie unter Verwendung glatter Kerne (z. B. radia-
ler Basisfunktionen) und der Zustandsverlaufshistorie des Roboters,
um abrupte, hochbeschleunigte Bewegungen zu minimieren und die
Sicherheit weiter zu erhöhen. Im Gegensatz zu klassischem RL erzwin-
gen unsere Methoden Beschränkungen explizit, wodurch einfachere
Belohnungsfunktionen ohne zusätzliche Kostenbegriffe für Beschrän-
kungsverletzungen möglich werden. Gemeinsam ermöglichen diese
Beiträge ein effizientes und sicheres Reinforcement Learning direkt
auf realen Robotern und fördern damit die Anwendbarkeit von RL auf
komplexe, kontaktintensive Manipulationsaufgaben in der Robotik.

Evaluierungen auf realen Robotern und in simulierten Umgebungen
zeigen, dass diese Frameworks bestehende klassische RL-Methoden in
Sicherheits- und Effizienzmetriken übertreffen – etwa durch geringere
Flüssigkeitsverschüttung, weniger Kollisionen, geringere Interaktions-
kräfte und vor allem eine reduzierte Anzahl von Trainingsepisoden.
Durch die Kombination von Shared Control, demonstrationsgeleitetem
Lernen und glatter Exploration bietet diese Arbeit einen ganzheitli-
chen Ansatz für das Reinforcement Learning in der realen Welt. Wir
präsentieren eine umfassende Evaluation dieser Methoden, um ih-
re Fähigkeit zur Bewältigung vielfältiger Manipulationsaufgaben zu
demonstrieren. Die Ergebnisse dieser Arbeit liefern neuartige Frame-
works für skalierbares, sicheres Reinforcement Learning und treiben
das Feld in Richtung praktischer Anwendungen in komplexen, kon-
taktintensiven robotischen Manipulationsaufgaben voran.
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Figure 2.1 Aleatoric and epistemic uncertainties are cap-
tured by Gaussian Mixture Regression (GMR)
and Gaussian Process Regression (GPR), re-
spectively, with green and red shaded areas
representing demonstration variability and un-
certainty due to the absence of training data
(black dots). Image reproduced from [51]. 22

Figure 2.2 The Shared Control Template (SCT) for pouring
liquid. Different phases of a task are modeled
as different SCT states (qi) in a Finite State Ma-
chine (Translational, Tilt, Pour). In each state, an
Input Mapping maps the 3D user input com-
mands u1, u2, u3 to 6D end-effector motions.
Active Constraints (shown in orange text) limit
the range of motion. 24

Figure 3.1 In previous work, we developed Shared Con-
trol Templates (SCTs) to support human users
in executing tasks of daily living, such as pour-
ing liquids or opening drawers [1]. In this
context (left illustration), users provide com-
mands to control the robot, which has many
degrees of freedom. Efficiency and safety is
improved with Input Mappings – which map
low-dimensional user commands u to the many
degrees of freedom of the robot HEE – and Ac-
tive Constraints – which limit the range of mo-
tion, for instance to avoid collisions.
In this work, we use SCTs to analogously achieve
efficiency and safety in RL (right illustration).
We also demonstrate how transition functions
in the SCT’s Finite State Machine (not depicted
above; see Figure 3.3 for details) can be used
to automatically generate shaped reward func-
tions and further speed up learning. The result-
ing framework is called Reinforcement Learning
with Shared Control Templates (RL-SCT). RL-SCT
is evaluated on the two tasks illustrated in Fig-
ure 3.2. 38
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st is the state for the RL agent. dt is the distance
function to determine transitions in the FSM; it
can be used as a shaped reward function. All
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Figure 3.5 Success, spill and collision rates vs number of
episodes, in different experimental settings in
simulation using SAC. Each point shows the
average of 10 learning sessions, together with
one standard deviation. 54
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Figure 3.10 Learning performance of the SAC policy on
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on the real robot. The plots show learning
performance with and without force interaction
cost in the reward function. Each point shows
the mean and one standard deviation over 5
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agent with reward functions with and with-
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Figure 4.3 Simulated 2D environment where the robot
navigates through a narrow passage to reach
the goal. A trajectory for navigation can be
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the robot. The robot must not cross into the
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1
I N T R O D U C T I O N

1.1 motivation and background

1.1.1 Reinforcement Learning

Reinforcement Learning (RL) has demonstrated remarkable potential
in solving complex, high-dimensional, and highly non-linear problems,
achieving super-human performance in Atari games [3] and mastering
Go [4]. Extending these feats, vision-based RL agents have surpassed
professional human drivers in high-fidelity racing simulators like
Gran Turismo 7, optimizing split-second decisions in dynamic, multi-
vehicle environments [5]. RL is often most effective when skills are
learned from scratch, as evidenced by AlphaGo Zero outperforming
its predecessor [6], which was pretrained with human demonstrations.

This paradigm has propelled advances in robotics as well, such
as RL-trained humanoid robots achieving robust locomotion across
diverse terrains via end-to-end policies that integrate perception and
control [7]. In robotics, RL has garnered significant attention for
enabling sophisticated motor skills, such as juggling [8], in-hand ma-
nipulation [9], ball-in-cup [10], pick-and-place [11], and quadrupedal
locomotion over variable terrain [12]. These advances position RL as a
transformative approach for autonomous robots in applications like
industrial automation and domestic assistance.

1.1.2 Learning from Demonstration

Learning from Demonstration (LfD) [13] offers an alternative by en-
abling robots to imitate and adapt demonstrated motions, with frame-
works such as Dynamic Movement Primitives (DMPs) [14], Probabilis-
tic Movement Primitives (ProMPs) [15], and Kernelized Movement
Primitives (KMPs) [16] which effectively address common real-world
challenges such as generalizing to new situations and avoiding obsta-
cles. However, these methods often struggle in dynamic environments
where demonstrations inadequately represent task dynamics, particu-
larly during in-contact tasks. In such tasks, the policy often receives
out-of-distribution states as an input, resulting in failures. Impedance
control and other compliance strategies help mitigate these issues,
however, learning a robust LfD policy that can adapt to such un-
certainties remains a significant challenge. Reinforcement learning
addresses this challenge by training a reactive policy that considers
the current state of both the robot and its environment.
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2 1.1. Motivation and Background

1.1.3 Challenges in Reinforcement Learning on Real Robots

Despite its remarkable potential, deploying RL in real-world robotic
systems is hindered by two critical challenges: ensuring safety during
exploration and execution to prevent damage to robots or environ-
ments, and achieving sample-efficient learning to make RL scalable
for practical applications. Traditional RL algorithms rely on extensive
trial-and-error, requiring thousands of episodes to learn complex tasks,
which is time-consuming and impractical for real-world deployment
[17]. This is exacerbated by hardware wear from erratic exploration,
potentially accelerating actuator degradation in prolonged training
[18]. This inefficiency is particularly pronounced in tasks involving
physical interactions, such as connector insertion, where unmodeled
dynamics and kinematic uncertainties can lead to task failures or
safety risks. Moreover, RL often relies on unstructured exploration
strategies [19, 20], such as random action perturbations (e.g., ϵ-greedy
or Gaussian noise). These methods add randomly sampled unstruc-
tured exploration noise to the policy actions, leading to erratic, abrupt
robot behavior and lack of temporal consistency, increasing the risk of
hardware damage.

Transfer learning from simulation to real robots aims to mitigate
these issues by learning policies in simulation and then transferring
them to real robots, but is limited by the sim-to-real gap, where
discrepancies between simulated and real-world dynamics hinder
performance [21]. Moreover, generating realistic simulation models is
a tedious task, often limited by parameter identification and simulator
capabilities [22]. Recent advancements, such as NVIDIA IsaacSim’s
GPU-accelerated contact modeling in insertion tasks [23, 24], have
improved sim-to-real gap; yet, achieving robust contact dynamics
requires significant modelling efforts and parameter identification.
Learning directly on real robots eliminates the need for meticulous
simulation modeling but exacerbates safety concerns due to the large
number of trials required.

1.1.4 Leveraging Task Knowledge and Constraints

Manipulation tasks—such as pouring a drink or inserting a connec-
tor—differ from intricate motor skills in that they typically have well-
defined goals and involve interactions with purpose-designed objects
(e.g., bottles, glasses, connectors, sockets) [25–27]. Such interactions,
as well as the task itself, impose specific constraints on the robot’s
state during execution. Human demonstrations provide an additional
valuable source of task knowledge and constraints, implicitly encoding
strategies for task completion as well as uncertainty and confidence
measures [13]. Notably, demonstrations exhibit low variance in de-
grees of freedom (DoF) that are tightly constrained and higher variance
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in those that allow more freedom for motion—effectively specifying
task-relevant constraints.

Task constraints can be broadly categorized as soft or hard constraints.
Soft constraints promote preferred behaviors—such as maintaining
alignment between a connector and its socket—and, although not
critical to task safety, contribute to more efficient and stable learning.
Hard constraints specify conditions that must not be violated, for
instance, avoiding collisions with the environment.

Relearning such constraints and intrinsic task knowledge from
scratch through RL—over thousands of episodes—is inefficient and
unnecessary. The implicit knowledge embedded in object interactions,
task specifications and goals, and demonstrations about constraints
and exploration strategies should be used to guide RL. Rather than
relearning what is already known about the task, the robot should
focus on how to perform it well—optimizing performance with min-
imal errors. This approach is particularly beneficial for contact-rich
tasks—a largely unsolved class of manipulation problems—such as
insertions, where the goal state is known but optimal behaviors (e.g.,
interaction forces) are difficult to hardcode or demonstrate precisely.

Although the task knowledge as priors have been used to guide
robotic RL [28, 29], and explicit constraint-enforcement and safe-RL
methods have been developed for robots [30–32], the simultaneous
incorporation of task knowledge and explicit, enforced constraints
during robot learning remains under-explored.

1.2 problem statement and research goals

With this overview and motivation in mind, this dissertation investi-
gates the overarching question:

How can Reinforcement Learning be enabled directly on real
robots by incorporating available task knowledge and constraints
to ensure both safety and sample efficiency?

To answer this question, we developed three main methods, each
addressing a specific research question, as outlined below.

1. How can we utilize hard-coded task knowledge and constraints to guide
RL for safe and sample-efficient learning?

We develop Reinforcement Learning with Shared Control Templates
(RL-SCT) in Chapter 3, a framework that integrates a shared
control framework to encode task knowledge, enforce hard safety
constraints, and reduce the effective state and action spaces,
enabling safe and efficient learning.
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2. How can we leverage human demonstrations to guide RL while main-
taining safety?

We present Kernelized Guided Reinforcement Learning (KGRL),
which extracts task completion strategy and uncertainty-aware,
state-dependent exploration strategy from demonstrations, while
supporting the enforcement of linear inequality constraints dur-
ing learning for safety (see Chapter 4).

3. How can we promote safe exploration in RL?

We propose Smooth KGRL (sKGRL), which leverages smooth-
kernel-based continuity priors and uncertainty-aware explo-
ration to produce smooth, structured, and temporally consistent
exploration (see Chapter 5).

Additionally, our methods simplify the reward design process by
leveraging prior task knowledge and explicitly enforcing constraints.
Explicit enforcement of constraints eliminates the need for implicit
encoding of them via penalty terms in reward functions. Furthermore,
partial task completion strategies enable sparse reward functions with-
out specifying immediate dense rewards terms, further simplifying
reward design.

In the following section, we provide a brief overview of the main
contributions corresponding to the research questions above.

1.3 overview of contributions

1.3.1 Reinforcement Learning with Shared Control Templates (RL-SCT)

The first method, Reinforcement Learning with Shared Control Templates
(RL-SCT), presented in [33], leverages Shared Control Templates
(SCTs) [1] to integrate engineered task knowledge and safety con-
straints. Originally developed for shared control, SCTs are particularly
well suited for guiding RL for several reasons. First, shared control
enables users to command high-dimensional robotic systems through
low-dimensional inputs, which, in the RL context, substantially re-
duces the dimensionality of the action space. Second, because user
preferences vary, shared control promotes agency and adaptability
by allowing freedom of movement within a constrained action space.
This characteristic provides RL with opportunities for exploration
while maintaining safety. Third, shared control typically enforces
motion limits to ensure safety, a property that directly translates
to safer exploration in RL. By mapping low-dimensional actions to
high-dimensional robot control and enforcing constraints that restrict
motion ranges, RL-SCT effectively reduces the action space, and en-
sures safe and efficient exploration. Additionally, RL-SCT facilitates
shaped reward generation by exploiting prior information about task
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progress and completion encoded within SCTs. In this framework,
the reward function does not need to model constraint violations
implicitly, as such constraints are enforced during exploration.

Experimental results provide empirical evidence that integrating
SCTs with RL improves sample efficiency and ensures safer learning
on real robotic systems, including tasks involving contact dynamics.
RL-SCT reduces unnecessary errors during training and accelerates
convergence in tasks where the object interaction model is fully known.
For tasks with only partial interaction modeling, such as grid-clamp
insertion, RL-SCT enables faster and safer learning by preventing
collisions and minimizing interaction forces.

1.3.2 Kernelized Guided Reinforcement Learning (KGRL)

The second method, Kernelized Guided Reinforcement Learning (KGRL),
presented in [34] uses human demonstrations to initialize a nominal
policy and extract soft task constraints via a novel movement primitive
representation, Linearly Constrained Null-Space Kernelized Move-
ment Primitives (LC-NS-KMP). KGRL provides a null-space projector
that allows actions generated by RL policies to modify the mean behav-
ior of the LfD policy in accordance with the variance and correlations
in the demonstrations. Consequently, the same null-space action re-
sults in larger deviations in states with high variance and smaller
deviations in states with low variance. This uncertainty-awareness
facilitates state-dependent exploration. Additionally, KGRL supports
the imposition of linear inequality constraints on the robot state to
ensure safety during exploration. KGRL improves task knowledge
extraction over RL-SCT by deriving task completion strategies directly
from demonstrations.

KGRL contributes a novel RL framework that leverages the above-
mentioned properties to enable reinforcement learning in complex
real-world tasks. KGRL was demonstrated on a challenging BNC con-
nector assembly task from the NIST assembly task board 1 [35], which
requires precise insertion while maintaining compliance to prevent
damage, followed by a sequence of translations and rotations to lock
the connector. KGRL is particularly well-suited for such tasks because
it 1) allows specification of hard constraints to ensure safe state-space
exploration, and 2) enables uncertainty-aware, state-dependent explo-
ration, which reduces unnecessary exploration in low-variance regions
of the motion—thereby facilitating efficient and safe RL.

1.3.3 Smooth Kernelized Guided Reinforcement Learning (sKGRL)

Third method, Smooth Kernelized Guided Reinforcement Learning
(sKGRL) [36] extends KGRL by incorporating smooth exploration
strategy to minimize abrupt, high-acceleration actions.
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Smooth exploration—characterized by controlled, gradual, and in-
formed action selection—is a desirable property, as it promotes safe
and efficient learning. By leveraging smooth kernels (e.g., radial basis
function) and robot state history, sKGRL promotes trajectory conti-
nuity, enhancing safety for contact-rich tasks. sKGRL combines the
strong continuity priors imposed by smooth kernels with KGRL’s
state-dependent exploration to ensure that future states remain close
to previously visited ones, thereby promoting smooth trajectories.
Specifically, sKGRL prepends the distribution over future states with
the history of measured states, assigning low uncertainty to these
observed states, which encourages continuity within each training
episode.

1.4 dissertation structure

The remainder of this dissertation discusses all the contributions in
detail, and it is organized as follows. Chapter 2 reviews the theoretical
foundations and background methods that are used to develop the
methodologies in this work. Chapter 3 presents RL-SCT, detailing
the integration of Shared Control Templates with RL, along with
experimental evaluations on real robotic systems. Chapter 4 introduces
KGRL, derives a novel movement primitive framework—Linearly
Constrained Null-Space Movement Primitives (LC-NS-KMP)—and
describes the extraction of task knowledge from demonstrations, as
well as its application to a complex connector insertion task on a
real robot. Chapter 5 extends KGRL to sKGRL, focusing on smooth
exploration strategies and their impact on learning efficiency and
safety. Finally, Chapter 6 summarizes the key findings, discusses the
implications of this work, and outlines potential directions for future
research.
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B A C K G R O U N D

In this chapter, we summarize the theoretical background necessary
to understand the methods developed in this work. First, we discuss
mathematical methods used in the derivation of KGRL. We introduce
Kullback-Leibler (KL) divergence followed by an overview of con-
strained quadratic optimization, the latter of which is used in KGRL
for constraint handling. We then review key concepts from Learning
from Demonstrations, focusing on probabilistic modelling of trajecto-
ries using Gaussian Mixture Models (GMMs), Probabilistic Movement
Primitives (ProMPs), and Kernelized Movement Primitives (KMPs).

Following that, we will discuss the shared control methods which
support the modelling of task knowledge and constraints, forming the
basis of RL-SCT. Finally, we provide a brief overview of RL, covering
key concepts and algorithms that underpin the RL methods employed
in this work. We specifically focus on off-policy algorithms, as they
are used in all three methods developed in this work.

2.1 mathematical methods

2.1.1 Kullback-Leibler Divergence

The Kullback-Leibler (KL) divergence [37] is a fundamental mea-
sure in information theory that quantifies the difference between two
probability distributions. Given the original distribution Pp and an ap-
proximate distribution Pq, the KL divergence DKL(Pp∥Pq) measures
the information loss when Pq is used to represent Pp. It is formally
defined as

DKL(Pp∥Pq) =
∫
Pp(x) log

Pp(x)
Pq(x)

dx,

where x is a random variable. The KL divergence is always non-
negative and equals zero if and only if Pp = Pq almost everywhere.
Owing to its asymmetric nature, it does not constitute a true metric but
remains a widely used tool in statistics, machine learning, and RL for
tasks such as model fitting, regularization, and policy optimization.

KL Divergence Between Two Multivariate Gaussian Distributions

In many applications in robotics and robot learning, policies or mo-
tion primitives are represented as Gaussian distributions. In such
cases, it is often necessary to quantify the discrepancy between two
Gaussian distributions—for instance, when aligning a learned policy

7
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with a demonstrated behavior or regularizing policy updates. The KL
divergence provides a principled measure of this discrepancy.

Given two multivariate Gaussian distributions

Pp(x) = N (µp, Σp), Pq(x) = N (µq, Σq),

the KL divergence from Pp to Pq is a closed-form expression

DKL(Pp∥Pq) =
1
2

[
log
|Σq|
|Σp|

− D + tr
(

Σ−1
q Σp

)
+ (µq − µp)

⊤Σ−1
q (µq − µp)

]
,

(2.1)

where D is the dimensionality of the variable x, tr(.) is the trace of a
matrix, and µ and Σ represent the mean and the variance of a Gaussian
distribution, respectively.

This expression reveals two main sources of divergence: (i) the
difference in means, captured by the term 1

2 (µq − µp)⊤Σ−1
q (µq − µp),

which measures how far the centers of the two distributions are apart;
and (ii) the difference in covariances, represented by the remaining
terms, which capture discrepancies in shape, scale, and orientation
between the distributions.

Decomposition into Mean and Covariance Costs

The KL divergence can be viewed as the sum of two interpretable
components: a mean alignment cost and a covariance alignment cost.
The mean alignment cost can be defined as

Lµ =
1
2
(µq − µp)

⊤Σ−1
q (µq − µp),

which penalizes the deviation between the means of the two distribu-
tions, weighted by the precision of Pq. This term enforces similarity
in expected behavior.

The covariance alignment cost is given by

LΣ =
1
2

[
log
|Σq|
|Σp|

− D + tr
(

Σ−1
q Σp

)]
,

which penalizes differences in uncertainty and correlation structure
between Pp and Pq.

Thus, the KL divergence can be written as

DKL(Pp∥Pq) = Lµ + LΣ.

In practice, these two costs can be weighted separately to control
the balance between matching the mean behavior and the uncertainty
characteristics of the distributions as

LKL = αµ Lµ + αΣ LΣ,
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where αµ and αΣ are tunable weights. This decomposition is par-
ticularly useful in LfD when demonstrations encode both nominal
behaviors (means) and variability (covariances), allowing separate con-
trol over the mean behavior of the modelled trajectories and variability
during trajectory execution.

2.1.2 Constrained Quadratic Optimization

In robotics, control policies often need to satisfy constraints arising
from safety, kinematics, or task-specific requirements. For instance,
a robot may need to remain within joint limits, avoid collisions, or
limit applied forces during manipulation tasks. These requirements
can naturally be formulated as quadratic optimization problems with
linear equality or inequality constraints, providing a computationally
efficient and analytically interpretable framework for safe policy ex-
ecution. We use this technique to derive LC-NS-KMP and KGRL in
Chapter 4.

Quadratic Optimization with Linear Equality Constraints

Consider a quadratic program with linear equality constraints

min
x∈Rn

f (x) = 1
2 x⊤Qx + c⊤x,

s.t. Ax = b,

where Q ≻ 0, c ∈ Rn, A ∈ Rm×n, and b ∈ Rm.
Above constrained quadratic problem can be solved with corre-

sponding Lagrangian as

L(x, α) = 1
2 x⊤Qx + c⊤x + α⊤(Ax− b),

where α ∈ Rm are the Lagrange multipliers.
The necessary conditions for optimality, known as the Karush–Kuhn–

Tucker (KKT) conditions, are

∇xL = Qx + c + A⊤α = 0, Ax− b = 0.

The optimal solution x∗ and α∗ can be obtained by solving above
linear system as[

Q A⊤

A 0

] [
x∗

α∗

]
=

[
−c

b

]
.

If the unconstrained minimizer x0 = −Q−1c already satisfies Ax0 =

b, the constraints are inactive, and hence α∗ = 0, and x∗ = x0.
Such linear equality constraints constrain the solution on a hyper-

plane.
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Quadratic Optimization with Linear Inequality Constraints

Similar to the linear equality constraints, linear inequality constraints
can be used to impose volumetric constraints.

Consider a quadratic program with linear inequality constraints,

min
x∈Rn

1
2 x⊤Qx + c⊤x,

s.t. Ax ≤ b.

The corresponding Lagrangian is given by

L(x, α) =
1
2

x⊤Qx + c⊤x− α⊤(Ax− b),

where α = [α1, α2, ..., αm]⊤ with Lagrange multipliers αi ≥ 0 ∀ i ∈
{1, 2, . . . , m}.

The KKT conditions are generalized to include complementary
slackness such that

∇xL(x∗, α∗) = Qx∗ + c + A⊤α∗ = 0,

Ax∗ ≤ b,

α∗i (Aix∗ − bi) = 0,

α∗i ≥ 0.

In this work, these quadratic programs are solved using the Proxi-
mal Interior-Point Quadratic Programming (PIQP) solver [38], which
efficiently handles both equality and inequality constraints.
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2.2 learning from demonstrations and movement primi-
tives representation

Developing novel robotic skills traditionally requires extensive pro-
gramming, tuning, and expertise in robotics and control, making the
process time-consuming and inflexible. Learning from Demonstra-
tions (LfD), also known as imitation learning, enables robots to acquire
skills by observing expert behavior, eliminating the need for explicit
programming [13]. Demonstrations naturally encode task completion
strategies, constraints, and motor coordination, making LfD particu-
larly suited to complex, high-dimensional tasks that are difficult to
specify analytically [39].

A standard LfD pipeline comprises three stages: data acquisition,
where demonstrations are collected; policy learning, where a model
capturing the demonstrated behavior is inferred; and policy execution
and adaptation, where the learned skill is deployed on the robot [39].

Learning from Demonstrations encompasses several methodological
families that differ in how they represent, learn, and generalize demon-
strated behaviors. These approaches can be broadly categorized into
Behavioral cloning, Inverse reinforcement learning, and Movement primitive
representations. We provide a brief overview of each category below.

2.2.1 Approaches in Learning from Demonstrations

Direct policy learning using Behavioral Cloning

Behavioral Cloning (BC) methods aim to infer a mapping from ob-
served states to actions directly from demonstration data. Such meth-
ods are known as direct policy learning. BC frames LfD as a super-
vised learning problem: given pairs of observed states and expert
actions, BC learns a policy that predicts the corresponding action for
each encountered state [40]. The learning objective is typically formu-
lated as minimizing a loss function that quantifies the discrepancy
between the robot’s predicted actions and the expert’s actions. A
typical approach to BC is to train a classifier or regressor to predict an
expert’s behavior given training data of the encountered observations
(input) and actions (output) performed by the expert.

BC offers several advantages, including conceptual simplicity and
computational efficiency. However, it suffers from distribution shift:
small prediction errors can accumulate, causing the robot to encounter
states that were not represented in the demonstrations, where the
learned policy may fail [13, 41]. With limited number of demon-
strations, BC often generates brittle policies that fail when the robot
encounters situations outside the distribution of the demonstrations
[42, 43].
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Inverse Reinforcement Learning

Another important paradigm in LfD is Inverse Reinforcement Learn-
ing (IRL), which aims to infer the underlying reward function that
explains expert behavior [43, 44]. Unlike direct policy learning, which
maps states directly to actions, IRL assumes that experts act optimally
with respect to some latent objective. By recovering this reward func-
tion, policies can be derived through reinforcement learning, allowing
robots to generalize beyond the specific demonstrated trajectories.
Extensions such as Maximum Entropy IRL [45] and Generative Ad-
versarial Imitation Learning (GAIL) [43] further improve robustness
and generalization by resolving ambiguity in reward inference and
enabling learning from limited or suboptimal demonstrations.

IRL has been applied to tasks such as pick-and-place, tool use, and
object sorting, guiding policies to reproduce demonstrated skills in
new contexts [44]. In locomotion and motion synthesis, it allows
humanoid robots or simulated agents to acquire walking, balancing,
or stylistic motion behaviors that are difficult to encode manually [43].

The effectiveness of IRL depends on the coverage and quality of
the demonstration set, as incomplete demonstrations can lead to
biased or under-specified reward functions. Moreover, IRL methods
often discard demonstrations after extracting the reward function
and require additional interactions with the environment during the
reinforcement learning phase, which can render them data-inefficient
[43].

Movement Primitives

Movement Primitives (MPs) offer an explicit structure for representing
continuous trajectories by providing compact, reusable parameteriza-
tions of motor behaviors that encode the essential characteristics of
demonstrated motions while supporting generalization to new goals,
timings, and environmental contexts [15, 16]. While direct policy
learning and IRL address how to imitate or infer expert strategies,
they often lack such trajectory-level representations, making MPs
a compelling choice for tasks requiring smooth, adaptable motion
generation.

Among the most important and widely used formulations are Dy-
namic Movement Primitives (DMPs) [14], which embed trajectories
within stable nonlinear dynamical systems; Gaussian Mixture Models
/ Gaussian Mixture Regression (GMM/GMR) [39], often used within
MP pipelines, which encode demonstrations as mixtures of Gaussian
components and retrieve smooth, generalized trajectories; Probabilistic
Movement Primitives (ProMPs) [15], which model motion as distribu-
tions over trajectories to capture variability; and Kernelized Movement
Primitives (KMPs) [16], which enable trajectory adaptation through
nonparametric regression.



13

MPs can be adapted to new targets, timings, and environmental
constraints without retraining, making them highly flexible. They
serve as reusable building blocks that can be composed, sequenced, or
blended to create more complex skills. Formulations such as DMPs en-
sure stable convergence toward goals and robustness to perturbations.
Probabilistic formulations, such as ProMPs, capture variability across
demonstrations and allow for uncertainty-aware motion planning and
execution. KMPs inherit these probabilistic advantages while eliminat-
ing the need to manually define basis functions and their associated
parameters.

In this work, we use task-completion strategies and uncertainty-
aware exploration strategies extracted from demonstrations to guide
reinforcement learning. These demonstrations are encoded using the
probabilistic representations introduced above, enabling retrieval of
trajectories along with their variances. Hence, for a better understand-
ing of the methods presented in this work, this section reviews the
foundational components of probabilistic movement primitive repre-
sentations, focusing on three main approaches: (i) GMM and GMR [39,
46], (ii) ProMPs [15], and (iii) KMPs [16]. A mathematical overview
of these techniques is essential for understanding the derivation of
the novel movement primitive framework, Linearly Constrained Null-
Space Kernelized Movement Primitives (LC-NS-KMP), and the subse-
quent Kernelized Guided Reinforcement Learning (KGRL) framework
presented in Chapter 4.

2.2.2 Demonstrations

We begin by formalizing the notion of demonstrations, which will be
used consistently throughout this dissertation.

Consider a set D of M demonstrations D = {{ξIn,m, ξOn,m}N
n=1}M

m=1,
where N is the length of a trajectory comprised of input ξI ∈ RI and
corresponding output ξO ∈ RO , where I and O denote the dimension-
alities of the input and output vectors, respectively. Demonstrations
can be obtained through various methods, such as teleoperation on
real or virtual robots, by observing an expert control policy or by hand-
guiding the robot—known as kinesthetic teaching [13]. In this work, we
employ kinesthetic teaching as the primary source of demonstrations.

2.2.3 Gaussian Mixture Models

Gaussian Mixture Models (GMM) are probabilistic models that repre-
sent the data as a weighted sum of multiple Gaussian distributions.
In robotics, GMMs are useful for modeling complex, multimodal data
such as trajectories collected during demonstrations [39, 46]. Each
trajectory point is treated as a sample, and GMM captures both the
mean and variance within the dataset. GMMs represent complex
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state-action or trajectory distributions, while Gaussian Mixture Re-
gression (GMR) derives smooth, continuous mappings from these
models, facilitating policy generation for robotic manipulation tasks.
This section provides an overview of GMM and GMR, detailing their
mathematical formulations, algorithmic mechanics, and applications
in LfD for robotics.

A GMM models a probability density function over the dataset D as
a mixture of C Gaussian components, with dimensionality D = I +O
as

P(x) =
C

∑
c=1

pcN (µc, Σc), (2.2)

where

x =

[
ξI

ξO

]
,

pc ∈ [0, 1] are the priors satisfying

C

∑
c=1

pc = 1,

and, µc ∈ RD and Σc ∈ RD×D are the mean and variance of the cth

Gaussian.
The cth Gaussian component is defined as

N (x | µc, Σc) =
1√

(2π)D |Σc|
exp

(
−1

2
(x− µc)

⊤Σc
−1(x− µc)

)
, (2.3)

where µc and Σc can be decomposed as

µc =

[
µIc

µOc

]
and Σc =

[
ΣIIc ΣIOc

ΣOIc ΣOOc

]
.

The parameters {pc, µc, Σc}C
c=1 are estimated by maximizing the

log-likelihood

L({pc, µc, Σc}C
c=1) =

N̂

∑
n=1

log

(
C

∑
c=1

pcN (xn | µc, Σc)

)
,

where N̂ = NM is the total number of the points in the dataset D.
This is typically achieved using the Expectation-Maximization (EM)
algorithm, which iterates between:

• E-Step: Compute responsibilities, the posterior probability of
data point xn belonging to component c as

p′nc =
pcN (xn | µc, Σc)

∑C
j=1 pjN (xn | µj, Σj)

.
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• M-Step: Update parameters {pc, µc, Σc}C
c=1 as

pc =
p′c
N̂

,

µc =
∑N̂

n=1 p′ncxn

p′c
,

Σc =
∑N̂

n=1 p′nc(xn − µc)(xn − µc)⊤

p′c
,

where,

p′c =
N̂

∑
n=1

p′nc.

2.2.4 Gaussian Mixture Regression

Gaussian Mixture Regression (GMR) [47] is an inference technique that
uses the joint distribution learned by GMM to predict output variables
ξO , given input variables ξI . GMR extends GMMs by deriving smooth,
continuous mappings from input to output variables. GMR yields
a full probability distribution for the outputs, enabling modeling
of variability in predicted trajectories. This property is particularly
valuable for robotics, where GMR can generate reference trajectory
distributions, providing uncertainty metrics for further modification
of the robot trajectories.

GMR leverages a GMM trained on a joint distribution P(ξI , ξO) to
compute the conditional distribution P(ξO | ξI ), which serves as a
policy or regression function in LfD [46].

A probabilistic reference trajectory Tr = {µ̂n, Σ̂n}N
n=1 can be gener-

ated using GMR from the learned GMM, where µ̂n and Σ̂n are means
and covariance matrices computed at each new input ξI∗ . For a given
input ξI∗ , conditional expectation µ̂n and conditional covariance Σ̂n

are calculated as

µ̂n = E(ξO∗ |ξI∗ ) =
C

∑
c=1

wcµ̂c, (2.4)

Σ̂n = cov(ξO∗ |ξI∗ ) = E(ξO∗ ξO∗
⊤|ξI∗ )−E(ξO∗ |ξI∗ )E⊤(ξO∗ |ξI∗ ) (2.5)

where,

wc =
pcN (ξI∗ | µIc , ΣIIc )

∑C
j=1 pjN (ξI∗ | µIj , ΣIIj )

,

E(ξO∗ ξO∗
⊤|ξI∗ ) =

C

∑
c=1

wc
(
Σ′c + µ̂cµ̂⊤c

)
,

and

µ̂c = µOc + ΣOIc (ΣIIc )−1(ξI∗ − µIc ),

Σ′c = ΣOOc − ΣOIc (ΣIIc )−1ΣIOc .
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2.2.5 GMM and GMR for Learning from Demonstration

GMM and GMR are core probabilistic techniques in LfD, enabling
robots to model and generalize complex, multimodal demonstration
data for tasks such as manipulation, trajectory planning, and loco-
motion [39, 46]. GMMs represent data as weighted combinations of
Gaussian distributions, effectively capturing the variability inherent
in human demonstrations—such as diverse joint configurations or
insertion strategies—by modeling both mean and covariance infor-
mation across high-dimensional trajectories. Building upon GMMs,
GMR provides continuous, smooth mappings between task variables,
allowing robots to generate generalized trajectories or control policies
across novel contexts [48]. This probabilistic framework captures mul-
tiple demonstration strategies and quantifies uncertainty, improving
robustness under noise and environmental variability.

However, GMM parameter estimation via the EM algorithm is
sensitive to initialization and prone to local optima, while selecting the
number of mixture components typically relies on heuristics like the
Bayesian Information Criterion. GMR inherits these challenges and
can face computational and accuracy limitations in high-dimensional
or strongly nonlinear mappings. Despite these drawbacks, GMMs and
GMR remain pivotal in LfD for their ability to represent multimodal
behaviors and synthesize adaptable, probabilistically grounded motion
policies.

2.2.6 Probabilistic Movement Primitives

Probabilistic Movement Primitives (ProMPs) [15, 49] are a powerful
LfD framework in robotics for modeling and generating complex,
multimodal trajectories. ProMPs leverage probabilistic representations
to encode the variability inherent in human demonstrations, enabling
robots to generalize and adapt movements. This section provides
an overview of ProMPs, their mathematical formulation, and their
applications in robotics, with a focus on their probabilistic nature.

ProMPs represent a trajectory as a weighted combination of basis
functions, typically Gaussian kernels, augmented with a probabilistic
structure to capture variability across demonstrations. We start by
modelling the demonstrated trajectories using a parametric represen-
tation and subsequently introduce the probabilistic notion.

Consider a parametric trajectory representation

ξO(ξI ) = Θ(ξI )⊤w, (2.6)
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with,

Θ(ξI ) =


φ(ξI ) 0 . . . 0

0 φ(ξI ) . . . 0
...

...
. . .

...

0 . . . 0 φ(ξI )

 ,

where the matrix Θ ∈ RBO×O, weight vector w ∈ RBO, with φ(ξI )

being a B-dimensional basis function.
Consider weights w in Equation (2.6) are drawn from Gaussian

distribution N (µw, Σw), hence we can write

ξO(ξI ) ∼ N
(

Θ(ξI )⊤µw, Θ(ξI )⊤ΣwΘ(ξI )
)

. (2.7)

Such probabilistic way of modelling demonstrations enables gener-
alization to novel situations or combining and blending movements
in a principled manner. ProMPs allow temporal modulation of the
movements and learning of stroke based and periodic motions.

The parameters µw and Σw can be estimated from M trajectories in
D with linear ridge regression as

wm = (Θ⊤Θ + χI)−1Θ⊤ξ̄Om ,

µw =
1
M

M

∑
m=1

wm,

Σw =
1
M

M

∑
m=1

(wm − µw)(wm − µw)
⊤,

(2.8)

where, ξ̄Om is the output in mth trajectory from the demonstrations D
and χ is a small ridge factor.

ProMPs facilitate trajectory generation by sampling from the weight
distribution as

w ∼ N (µw, Σw),

producing a new trajectory as

ξO(ξI ) = Θ(ξI )⊤w.

This allows robots to generate diverse yet statistically consistent move-
ments.

Moreover, ProMPs support conditioning on specific via-points or
goals, enabling adaptation to new task requirements. ProMPs can be
adapted to new via-point or goal yt with covariance Σy at time t as

p(w|yt) ∼ N (µcond
w , Σcond

w ),

where the conditional mean and covariance are derived using Gaussian
conditioning,

µcond
w = µw + ΣwΘ

(
Σy + Θ⊤ΣwΘ

)−1(
yt −Θ⊤µw

)
,
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and,

Σcond
w = Σw − ΣwΘ

(
Σy + Θ⊤ΣwΘ

)−1
Θ⊤Σw.

This conditioning enables ProMPs to adapt trajectories to new initial
conditions, endpoints, or environmental constraints, such as navigat-
ing around obstacles in motion planning.

ProMPs can generate complex motions by combining or blending
multiple primitives. Each primitive i is represented as a distribution
over trajectories, Pi(y) = N (µy,i, Σy,i). When several primitives are
to be activated simultaneously, their influence can be weighted by
time- or context-dependent activation functions hi. The blended trajec-
tory distribution is obtained as a product of the individual ProMPs,
normalized over all active primitives:

P(y) ∝ ∏
i
Pi(y)hi = N (µ∗y, Σ∗y) (2.9)

where the resulting mean and covariance are given by:

Σ∗y =

(
∑

i
hiΣ
−1
y,i

)−1

, (2.10)

µ∗y = Σ−1
y

(
∑

i
hiΣ
−1
y,i

)
µy,i (2.11)

This probabilistic blending mechanism enables smooth transitions
between motion primitives, allowing robots to switch between or
merge skills without discontinuities [15].

Probabilistic Movement Primitives provide a robust, flexible frame-
work for modeling and generalizing multimodal trajectory distribu-
tions in robotics LfD. Their probabilistic formulation captures variabil-
ity, enabling adaptable and robust trajectory generation for robotic
manipulation tasks. However, challenges in parameter estimation
continue to pose difficulties for ProMPs, their reliance on linear basis
function models limits their expressiveness, and the fact that stan-
dard ProMPs operate as offline models restricts their adaptability in
dynamic and non-stationary environments. Nevertheless, ProMPs
remain a valuable and widely used framework for robot learning.

2.2.7 Kernelized Movement Primitives (KMP)

Kernelized Movement Primitives (KMP) [16] is another important
approach for learning probabilistic trajectories from demonstrations.
Approaches such as DMPs and ProMPs, represent trajectories through
predefined basis functions with tunable weights, allowing robots to
generalize learned motions to new goals or timings. However, these
methods often rely on manually designed basis functions, which can
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limit their flexibility in capturing nonlinear and high-dimensional
motion patterns.

KMPs address these limitations by extending MPs into a kernel-
based, nonparametric framework that flexibly models complex, non-
linear relationships between inputs and outputs without relying on
manually designed basis functions. This formulation enables efficient
handling of high-dimensional tasks, while the probabilistic structure
of KMPs naturally represents motion uncertainty, supporting adapt-
able and robust behavior in dynamic environments. By combining
the structure of movement primitives with the flexibility of kernel
regression, KMPs offer several advantages: they generalize effectively
across varying task conditions, require fewer demonstrations, smooth
interpolation and extrapolation of motions, and can incorporate new
constraints such as via-points or modified end conditions without
retraining.

To formally describe the underlying principles of KMP, this sec-
tion presents the mathematical formulation of the framework. The
derivation begins by expressing demonstrated trajectories D as proba-
bilistic distributions and reformulating the learning problem within a
kernelized regression framework.

A probabilistic policy can be learned from demonstrations D using
Gaussian Mixture Model (GMM) such that,

P(ξI , ξO) ∼
C

∑
c=1

pcN (µc, Σc), (2.12)

where, pc, µc,and Σc are the prior probability, mean and variance of
the cth Gaussian. We can employ Gaussian Mixture Regression (GMR)
to obtain a reference trajectory Tr = {µ̂n, Σ̂n}N

n=1 from the learned
GMM, where µ̂n and Σ̂n are means and covariance matrices computed
at each new input. At the same time, a parametric trajectory can also
be learned from the same demonstrations as,

ξO(ξI ) = Θ(ξI )⊤w, (2.13)

with

Θ(ξI ) =


φ(ξI ) 0 . . . 0

0 φ(ξI ) . . . 0
...

...
. . .

...

0 . . . 0 φ(ξI )

 ,

where the matrix Θ ∈ RBO×O, weight vector w ∈ RBO, with φ(ξI )

being a B-dimensional basis function. Consider weights w are drawn
from N (µw, Σw), hence we can write

ξO(ξI ) ∼ N (Θ(ξI )⊤µw, Θ(ξI )⊤ΣwΘ(ξI )). (2.14)



20 2.2. Learning from Demonstrations and Movement Primitives Representation

In order to derive a non-parametric representation, the original
KMP formulation [16] proposes to minimize the Kullback-Leibler (KL)
divergence between the above-mentioned two Gaussian distributions,
represented by Tr and Equation (2.14), leading to a mean minimization
subproblem with cost function

argmin
µw

N

∑
n=1

1
2
(Θ⊤(ξIn)µw − µ̂n)

⊤Σ̂−1
n (Θ⊤(ξIn)µw − µ̂n)

+
1
2

λµ⊤w µw,

(2.15)

and covariance minimization subproblem with cost function

argmin
Σw

N

∑
n=1

1
2

[
− log

∣∣Θ⊤(ξIn)Σw Θ(ξIn)
∣∣

+ tr
(

Σ̂−1
n Θ⊤(ξIn)Σw Θ(ξIn)

)]
+

1
2

λc tr(Σw),

(2.16)

where tr(.) is the trace of a matrix, and λ and λc are regularization
terms.

The solution of Equations (2.15) and (2.16) leads to the formulation
of KMPs. For an input ξI∗ , the mean prediction of a KMP is given by

E(ξO∗ ) = k∗(K + λΣ)−1µ, (2.17)

and covariance prediction of a KMP is given by

cov(ξO∗ ) =
N
λc

(
k(ξI∗ , ξI∗ )− k∗(K + λcΣ)−1k∗⊤

)
, (2.18)

where

ξO∗ = f (ξI∗ ),

µ = [µ̂⊤1 , µ̂⊤2 , . . . , µ̂⊤N ]
⊤,

Σ = blockdiag(Σ̂1, Σ̂2, . . . , Σ̂N),

k∗ = [k(ξI∗ , ξI1 ), . . . , k(ξI∗ , ξIN)],

K =


k(ξI1 , ξI1 ) k(ξI1 , ξI2 ) . . . k(ξI1 , ξIN)

k(ξI2 , ξI1 ) k(ξI2 , ξI2 ) . . . k(ξI2 , ξIN)
...

...
. . .

...

k(ξIN , ξI1 ) k(ξIN , ξI2 ) . . . k(ξIN , ξIN)

 ,

matrix k(ξIi , ξIj ) = k(ξIi , ξIj )I is obtained by applying the kernel treat-
ment [34] on basis functions as φ(ξIi )

⊤φ(ξIj ) = k(ξIi , ξIj ), with kernel
function k. In this dissertation, we only focus on the mean minimiza-
tion subproblem as our goal is to extract a policy for the robot to
track.
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While KMPs have some considerations, such as sensitivity to kernel
choice and implicit parameter representation, these also contribute to
their flexibility and expressive power. The kernel-based formulation
allows KMP to capture complex, nonlinear motions and adapt to vary-
ing task conditions in ways that traditional parametric approaches
cannot. The use of kernel matrices can pose challenges in interpretabil-
ity and computational cost for high-dimensional trajectories with large
number of points, but variants such as null-space KMPs [50] offer
effective strategies to mitigate computational cost.

KMP Formulation for Developing a Guided RL Framework: KGRL

One of the primary aims of this work is to develop a method that
guides reinforcement learning using task completion strategies and
uncertainty-aware exploration strategies extracted from demonstra-
tions, while making RL safer by enforcing constraints during explo-
ration and execution.

KMPs provide a natural foundation for developing such a guided
RL framework due to three key properties. First, KMPs offer a prob-
abilistic representation of motion, enabling the extraction of task
knowledge in the form of trajectories and associated uncertainties,
which is essential for guiding exploration. Second, modulating KMPs
in uncertainty-aware manner [51] and enforcing constraints [52] on
the generated trajectories has been demonstrated previously. Third,
KMPs are nonparametric, eliminating the need for predefined basis
functions and reducing the number of hyperparameters that must be
tuned, which simplifies their integration with RL algorithms.

Given these characteristics, KMPs constitute a natural and effective
choice for building the guided RL framework, KGRL, presented in
Chapter 4.

2.2.8 Aleatoric and Epistemic Uncertainties in LfD

Two kinds of uncertainties arise while learning movement primitives
from demonstrations, namely aleatoric uncertainties and epistemic uncer-
tainties [53]. Aleatoric uncertainties represent the variability inherent
in the demonstrations, including the different possible ways to per-
form a task as well as measurement or sensor noise in the data. This
type of uncertainty is captured by probabilistic movement represen-
tations such as ProMPs or when fitting a Gaussian or a GMM to the
demonstrations. In contrast, epistemic uncertainties arise from a lack
of sufficient data or incomplete knowledge about the task, reflecting ar-
eas of the input space where the model has limited experience. Unlike
aleatoric uncertainty, epistemic uncertainty can be reduced by pro-
viding additional demonstrations or richer training data. Figure 2.1,
reproduced from [51], illustrates the distinction between aleatoric and
epistemic uncertainties as captured by GMR and Gaussian Process
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Figure 2.1: Aleatoric and epistemic uncertainties are captured by Gaussian
Mixture Regression (GMR) and Gaussian Process Regression
(GPR), respectively, with green and red shaded areas representing
demonstration variability and uncertainty due to the absence of
training data (black dots). Image reproduced from [51].

Regression (GPR) [54], respectively. Silvério et al. [51] extend KMP
to model both aleatoric and epistemic uncertainties, enabling robots
to behave safely and be compliant even in regions with limited or no
training data.

Variability in the demonstrations reflects the confidence and diverse
strategies of the teacher in the demonstrated motion at different phases
of the task. In this dissertation, we use aleatoric uncertainty, which cap-
tures such variability, to deliver an uncertainty-aware, state-dependent
exploration strategy for RL in Chapter 4.
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2.3 shared control templates

To guide reinforcement learning using hand-crafted task knowledge,
we require a framework that enables systematic modelling of such
knowledge and constraints, and facilitates simplified control of the
robot taking advantage of modelled knowledge. The shared auton-
omy framework called Shared Control Templates (SCTs) is such a
framework, which we leverage in this work to facilitate the guided RL
framework, RL-SCT, presented in Chapter 3.

In shared control, the robot’s state is jointly controlled by a human
operator and assistive algorithms running in the background, enabling
a collaborative framework where both contribute to task execution
[55]. Shared control primarily aims to reduce the operator’s cognitive
load by delegating complex, repetitive, or deterministic tasks to an
assistive system, which enhances overall performance, efficiency, and
user comfort [56]. This approach leverages the strengths of human
decision-making and robot’s capabilities, allowing the assistive algo-
rithms to handle low-level control tasks, such as trajectory control,
constraint enforcement, or collision avoidance, while the human pro-
vides high-level guidance or situational judgment [57]. Ultimately,
shared control fosters a symbiotic relationship between human and
machine, optimizing performance while maintaining user agency.

In most applications of shared control, the aim is to map low-
dimensional input commands to task-relevant motion on a high-
dimensional robotic system. An example is EDAN (EMG-controlled
Daily AssistaNt) [58], which consists of an electric wheelchair (with
3 degrees of freedom (DoFs)) with an 8 DoF articulated arm. EDAN
typically takes a 3D input signal extracted from surface electromyog-
raphy or given from a joystick. It maps these inputs to 6D end-effector
movements, which are then mapped to the movement of the overall 11

DoF system (excluding the degrees of freedom in the hand) through
whole-body motion control [1].

Performing tasks such as opening doors or pouring liquids with
such systems presents several challenges. First, the 6D end-effector
action space is too complex for a user to control directly, as typical
user commands are limited to at most three dimensions. Second, the
system must respect numerous constraints—for instance, avoiding ex-
cessive tilting of a full bottle before the pouring phase and minimizing
unnecessary translations during pouring to prevent spillage outside
the target container. Third, these tasks are inherently multi-phase, in-
volving sequential steps such as grasping the bottle, moving it toward
the mug, tilting, and finally pouring. Lastly, both the state and action
spaces in these tasks are continuous, adding further complexity to
control.

To address these challenges, Quere et al. [1] proposed Shared Con-
trol Templates (SCTs), which consist of several components, namely
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Figure 2.2: The Shared Control Template (SCT) for pouring liquid. Different
phases of a task are modeled as different SCT states (qi) in a Finite
State Machine (Translational, Tilt, Pour). In each state, an Input
Mapping maps the 3D user input commands u1, u2, u3 to 6D
end-effector motions. Active Constraints (shown in orange text)
limit the range of motion.

1) Input mappings, 2) Active constraints, 3) Finite state machine, and
4) Transition functions. SCTs divide the task in several SCT states
and each state of SCT has above-mentioned components. We will
discuss the SCTs with an example SCT for pouring liquid, as shown
in Figure 2.2.

input mappings (ims) Typically, the user provides input com-
mands through electromyography or a joystick [1]. An Input Mapping
converts these 3D user inputs to phase-dependent 6D end-effector
motions.

For example, in the Translational and Tilt states in Figure 2.2, all 3

inputs u1, u2, u3 are mapped to the 3 translational Cartesian DoFs.
In the Pour state, u3 is mapped to translation in Z-direction and the
vector [u1 u2 0] is mapped to the tilt angle of the thermos via a scalar
projection.

Formally, an IM is a function which computes a desired displace-
ment ∆H ∈ SE(3) in task space from an n-dimensional input ut with
n ≤ 6 at time step t (dropping the subscript i in qi from now on):

mapq : Rn → SE(3)

ut 7→ ∆H.
(2.19)

The displacement computed from Equation (2.19) is then applied on
the end-effector pose Ht:

displaceq : SE(3), SE(3)→ SE(3)

Ht, ∆H 7→ Him
t+1.

(2.20)
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active constraints (acs) Active Constraints [59] constrain the
end-effector pose that results from applying an IM. As illustrated
in Figure 2.2 during the phase Pour, the tilt angle α of the bottle is
constrained, to avoid excessive pouring. Another example of AC in
the Tilt phase is the value of the tilting angle being a function of the
distance from the target.

Formally, after applying the IM to obtain Him
t+1, geometric constraints

can be enforced using AC. An AC [1] applies a projection of the form,

projectq : SE(3)→ SE(3)

Him
t+1 7→ Hac

t+1,
(2.21)

where Hac
t+1 is the constrained end-effector pose. This constraint could

for example be the arc-circle path traced by the door handle when
opening a door or orientation constraints depending on the end-
effector position when approaching an object, as in the Tilt phase in
Figure 2.2.

finite state machine (fsm) and transition functions

Different phases of a task require different IMs and ACs, as illus-
trated in Figure 2.2. For this reason, these phases are represented
as states in a finite-state machine (FSM). The FSM triggers transi-
tions from one state to the next by monitoring transition functions,
which measure when certain distances dt ∈ R exceeds pre-specified
thresholds.

During the approach in the first state in the pouring task for instance,
dt is the distance between thermos tip xth,t and mug tip xmug,t positions
at t, i.e. dt = ||xth,t − xmug,t||. In the last state, when actually pouring,
the distance is the tilting angle dt = αt. Both are highlighted as blue
rectangles in Figure 2.2.

A key aspect of SCTs is that they facilitate task completion through
shared control by defining task-relevant IMs and ACs, but the user
always remains in control, i.e. determines the speed of movement, the
amount of liquid that is poured, etc.

SCTs generalize the IMs, ACs and Transition distances for a set of
similar objects involved in similar tasks. Object specific parameteriza-
tion, e.g. coordinate frames involved in the SCT specification, size of
the object, can be retrieved from a world model.

SCTs has empirically shown that they reduce the workload of a
human operator, even with a low-throughput input devices. However,
they need careful design of intuitive input mappings, and transition
functions often requiring several design iterations.

2.3.1 SCTs as Movement Primitives

From the perspective of motion representation, SCTs can be viewed
as a form of movement primitives. Each SCT state encodes a phase-
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specific motion through its Input Mapping and Active Constraints,
defining a structured, reusable behavior in task space. The finite-
state machine sequences these states, effectively chaining multiple
primitives to execute a complex, multi-phase task. This interpretation
highlights how SCTs capture task-relevant strategies and constraints,
making them compatible with frameworks that leverage movement
primitives for learning, adaptation, or guided RL.
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2.4 reinforcement learning

In this work, Reinforcement Learning (RL) is used in the context of
policy learning for robotic manipulation tasks. This section provides a
brief overview of RL, focusing on the mathematical foundations and
key concepts relevant to the algorithms employed in the experimental
evaluations.

2.4.1 Preliminaries

Reinforcement Learning (RL) is a machine learning paradigm that
enables agents to learn optimal behaviors through interaction with
its environment. In RL framework, an agent observes the current
state, selects and executes an action in the environment, and receives
a reward based on the outcome, iteratively improving its policy to
maximize cumulative rewards over time.

Formally, RL is modeled as a Markov Decision Process (MDP),
defined by states, actions, transition probabilities, rewards, and a
discount factor. MDP is formalized as a tuple (S ,A, p, r, γ), where
S denotes the state space, A the action space, p(s′ | s, a) : S ×A×
S → [0, 1] the transition probability, r(s, a) : S ×A → R the reward
function, and γ ∈ [0, 1) the discount factor [60]. At time t, an agent
in state st ∈ S selects action at ∈ A according to policy π(at | st),
transitions to state st+1 ∼ p(· | st, at), and receives reward r(st, at).
The objective is to find an optimal policy π∗ that maximizes the
expected cumulative discounted reward given by

J(π) = E(st,at)∼π

[
∞

∑
t=0

γtr(st, at)

]
.

State space:

State space S represents all possible configurations of the environment
that the agent can encounter. In robotics, this may include positions,
velocities, sensor readings, and other relevant features that are neces-
sary to define the state of the robot and the environment. State space
in robotics policy search is usually continuous and high-dimensional,
reflecting the complexity of real-world environments.

Action space:

Action space A encompasses all possible actions the agent can take.
In robotic applications, actions often correspond to motor commands,
joint angles, or end-effector positions. Similar to state space, action
space is typically continuous and high-dimensional in robotics, neces-
sitating sophisticated algorithms to effectively explore and optimize
policies.
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Reward

The reward function r(s, a) provides feedback to the agent about the
desirability of its actions in given states. It quantifies the immediate
benefit of taking action a in state s. In robotics, designing an appro-
priate reward function is crucial, as it directly influences the learning
process and the quality of the resulting policy. Rewards can be sparse
or dense, depending on the task requirements. The reward function
may also include terms that evaluate the quality of the agent’s behav-
ior, such as cost terms for action usage, force interactions, and motion
jerks.

Transition dynamics

The outcome of an action is modeled by the transition probability
p(s′ | s, a), which defines the likelihood of moving to state s′ after
taking action a in state s. In robotics, transition dynamics can be
complex and stochastic due to factors like sensor noise, actuator
uncertainty, and environmental variability, and it is often unknown to
the agent.

Discount factor

The discount factor γ determines the importance of future rewards
relative to immediate rewards. A value of γ close to 1 emphasizes
long-term rewards, while a value closer to 0 prioritizes immediate
rewards. In robotics, the choice of γ can significantly affect the learned
policy, especially in tasks requiring long-term planning and foresight.

Markov property

Markov property assumes that the next state depends only on the
current state and action, not on the sequence of past states and actions.
This property simplifies the modeling of decision-making processes
and is fundamental to the formulation of MDPs. It can be mathemati-
cally expressed as

p(st+1 | st, at, st−1, at−1, . . . , s0, a0) = p(st+1 | st, at).

The initial state distribution p(s0) specifies the starting conditions
for the agent.

2.4.2 State and Action Value Functions

The value function Vπ(s) estimates how much future reward an agent
can expect when starting from a particular state and following a given
policy π. It provides a way to evaluate how good different states are in
terms of long-term outcomes. By capturing the expected return over
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time, the value function helps guide the learning and improvement of
the policy. The value function in RL is given by

Vπ(s) = Eπ

[
∞

∑
t=0

γtr(st, at) | s0 = s

]
.

The value function can be estimated recursively, also known as
Bellman equation:

Vπ(st) = Eπ [r(st, at) + γVπ(st+1) | st] .

The action-value function or Q-function Qπ(s, a) extends this idea
by evaluating the expected future reward for taking a specific action
a in a given state s and then following the policy π. It allows the
agent to compare possible actions and choose those that lead to higher
long-term rewards. The action-value function is given by

Qπ(s, a) = Eπ

[
∞

∑
t=0

γtr(st, at) | s0 = s, a0 = a

]
.

The Bellman equation for the action-value function is given by

Qπ(st, at) = Eπ [r(st, at) + γQπ(st+1, at+1) | st, at] .

2.4.3 Comparison of On-policy and Off-Policy RL Algorithms

RL algorithms can be broadly categorized into on-policy and off-policy
methods, distinguished by how they collect and utilize interaction
data. Off-policy algorithms learn an optimal target policy using data
generated by a separate behavior policy, decoupling exploration from
policy optimization. This enables the reuse of heterogeneous data
sources—such as past trajectories, demonstrations, or interactions
from other agents—without requiring execution of the target policy
during data collection. Prominent examples include Q-learning [61],
Deep Q-Networks (DQN) [3], and off-policy variants of Soft Actor-
Critic (SAC) [62]. In robotics, the ability to exploit previously gathered
experience is particularly advantageous, as it reduces reliance on costly
and time-intensive real-world interactions.

In contrast, on-policy methods—such as SARSA [63], Proximal Pol-
icy Optimization (PPO) [64], and Trust Region Policy Optimization
(TRPO) [65]—learn directly from data generated by the current policy,
which must be executed to collect new samples. This tight coupling be-
tween data collection and policy updates limits the reuse of past data
and demands careful balancing of exploration and exploitation, con-
tributing to lower sample efficiency compared to off-policy approaches.
These differences in data usage, exploration strategies, and efficiency
have significant implications for robotics, where data collection on real
systems is expensive and often mechanically taxing.



30 2.4. Reinforcement Learning

Off-policy algorithms are well-suited for robotic domains due to
their ability to reuse experience via replay buffers and leverage exter-
nal data, accelerating training while minimizing wear on hardware.
Methods such as SAC effectively handle high-dimensional, continuous
state and action spaces. However, off-policy learning also introduces
challenges, including training instability arising from distributional
shifts between behavior and target policies [60], increased algorith-
mic complexity, and risks of value overestimation [66]. Furthermore,
successful learning depends on adequate coverage of the state-action
space by the policy, without which learning may be incomplete or
biased.

Among off-policy methods, Soft Actor-Critic (SAC) [62] has be-
come a leading approach for continuous control due to its entropy-
regularized objective, which promotes robust exploration and stable
learning. Its extension, Truncated Quantile Critics (TQC) [67], mit-
igates overestimation bias, improving policy reliability in precision-
critical tasks. In this work, SAC and TQC are employed to learn
continuous control policies in simulation and on real robotic systems.
The remainder of this section provides an overview of off-policy al-
gorithms, detailing their mathematical foundations and relevance to
robotic control.

2.4.4 Deep Q-Networks (DQN)

Deep Q-Networks (DQN) [3] are a foundational off-policy RL algo-
rithm for discrete action spaces. DQN approximates the action-value
function Q(s, a) using a neural network with parameters ϕ and mini-
mizes the loss

L(ϕ) = E(s,a,r,s′)∼DR

[(
Qϕ(s, a)− y

)2
]
,

where the target y is computed as

y = r + γ max
a′

Qϕ̄(s
′, a′).

Experience replay DR and target network ϕ̄ stabilize learning. DQN
laid the groundwork for off-policy learning, but its restriction to
discrete actions limits direct applicability to robotics. Continuous
control algorithms extend these ideas to high-dimensional, continuous
action spaces.

2.4.5 Deep Deterministic Policy Gradient (DDPG)

DDPG [68] extends DQN to handle continuous actions. DDPG defines
an Actor, a deterministic policy πθ(s) that outputs actions, and a Critic
Qϕ(s, a) estimates expected return.
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The critic is updated as,

L(ϕ) = E(s,a,r,s′)∼DR

[(
Qϕ(s, a)− y

)2
]
,

y = r + γQϕ̄(s
′, πθ̄(s

′)).

The actor is updated as,

∇θJ ≈ Es∼DR

[
∇aQϕ(s, a)

∣∣
a=πθ(s)

∇θπθ(s)
]
.

Exploration is achieved by adding noise Nt to the actor output as
at = πθ(st) +Nt.

DDPG demonstrates how off-policy methods can learn continuous
control policies, making it applicable to robotic tasks. However, explo-
ration noise parameters and target network update rate greatly affect
performance in DDPG.

2.4.6 Soft Actor-Critic (SAC)

The Soft Actor-Critic (SAC), introduced by Haarnoja et al. [62], is
an off-policy deep RL algorithm that integrates a maximum entropy
framework to optimize policies for both expected rewards and ex-
ploration. This dual objective makes SAC particularly effective for
continuous control tasks in robotics, where diverse exploration in
high-dimensional action spaces is critical.

Mechanics of SAC

Unlike traditional RL, which maximizes the expected cumulative
reward E(st,at)∼π

[
∑∞

t=0 γtr(st, at)
]
, SAC incorporates policy entropy

to encourage exploration, defining the objective as

J(π) = E(st,at)∼π

[
∞

∑
t=0

γt (r(st, at) + αH(π(· | st)))

]
,

where

H(π(· | st)) = −Ea∼π(·|st)[log π(a | st)]

is the Shannon entropy of the policy and α > 0 is a temperature
parameter balancing reward maximization and exploration.

SAC employs three primary components:

1. Actor: A stochastic policy πθ(a | s), typically parameterized as
a Gaussian distribution by a neural network with parameters
θ, outputs actions a ∼ πθ(· | s). For continuous action spaces,
the policy is often represented as πθ(a | s) = N (µθ(s), Σθ(s)),
where µθ(s) and Σθ(s) are the mean and covariance, respectively.
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2. Critic: Two action-value functions Qϕ1(s, a) and Qϕ2(s, a), pa-
rameterized by neural networks with parameters ϕ1 and ϕ2,
estimate the expected return. The use of two critics mitigates
overestimation bias by taking the minimum value, inspired by
Double Q-learning [66].

3. Replay Buffer: A buffer DR stores transitions (s, a, r, s′, d), where
d ∈ {0, 1} indicates whether s′ is terminal. This enables off-
policy learning by sampling past experiences.

The critic is trained to minimize the Bellman residual, accounting
for the entropy-augmented objective.

For a transition (s, a, r, s′, d) ∈ DR, the target value for critic is

y = r+γ(1− d)Ea′∼πθ(·|s′)

[
min
i=1,2

Qϕ̄i
(s′, a′)− α log πθ(a′ | s′)

]
, (2.22)

where,

a′ ∼ πθi(.|s
′),

and Qϕ̄i
are target critics with parameters ϕ̄i updated via an exponen-

tial moving average ϕ̄i ← ζϕi + (1− ζ)ϕ̄i, with ζ ≪ 1. The critic loss
is

LQ(ϕi) = E(s,a,r,s′)∼DR

[(
Qϕi(s, a)− y

)2
]

, i = 1, 2. (2.23)

The actor is updated to maximize the expected action-value minus the
entropy penalty

Lπ(θ) = Es∼DR,a∼πθ(·|s)

[
min
i=1,2

Qϕi(s, a)− α log πθ(a | s)
]

. (2.24)

To ensure computational tractability, the expectation over actions is
approximated using the reparameterization trick, where a = fθ(s, ϵ),
with ϵ ∼ N (0, I), allowing gradient-based optimization.

The temperature α is often learned by minimizing

Lα = Ea∼πθ

[
−α log πθ(a | s)− αH̄

]
, (2.25)

where H̄ is a target entropy, typically set to −dim(A) [69].
The overall SAC algorithm iteratively updates the actor and critics

using mini-batches sampled from the replay buffer, ensuring stable
and efficient learning. The policy learning using SAC is summarized
in Algorithm 1.
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Algorithm 1 Soft Actor-Critic (SAC)

1: Initialize replay buffer DR
2: Initialize actor parameters θ, critic parameters ϕ1, ϕ2

3: Set target critic parameters ϕ̄1 ← ϕ1, ϕ̄2 ← ϕ2

4: for each iteration do
5: for each environment step do
6: Sample action at ∼ πθ(· | st)

7: Execute at in the environment
8: Observe reward rt and next state s′t
9: Store transition (st, at, rt, s′t, dt) in DR

10: end for
11: for each gradient step do
12: Sample mini-batch of transitions (s, a, r, s′, d) ∼ DR
13: Compute target value using Equation (2.22)
14: Update critics by minimizing critic loss in Equation (2.23)
15: Update actor for maximizing action-value in Equation (2.24)
16: Update target critics: ϕ̄i ← ζϕi + (1− ζ)ϕ̄i for i = 1, 2
17: Optionally update α by minimizing cost in Equation (2.25)
18: end for
19: end for

SAC’s maximum entropy framework ensures robust exploration
and its off-policy nature allows it to leverage diverse data sources,
such as human demonstrations or simulated trajectories, reducing the
need for costly real-world interactions. The use of two critics enhances
stability, addressing the high-dimensional sensory inputs common in
robotics.

However, SAC is susceptible to overestimation bias in value function
approximations, which can degrade policy performance in precision-
critical robotic applications. Overestimation bias is a tendency of RL
methods to produce Q-value estimates that are higher than the true
expected returns due to the noisy value estimates [67].

2.4.7 Truncated Quantile Critics (TQC)

The Truncated Quantile Critics (TQC), proposed by Kuznetsov et al.
[67], enhances SAC by adopting a distributional RL approach and
a truncation mechanism to mitigate overestimation bias, improving
reliability.

Mechanics of TQC

TQC extends SAC by modeling the full distribution of the action-value
function, Z(s, a), rather than its expectation, Q(s, a) = E[Z(s, a)]. It
uses a quantile-based representation, approximating Z(s, a) as a mix-
ture of continuous quantile functions [67], and introduces a truncation
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mechanism to control overestimation. The key components are in TQC
are

1. Distributional Critic: For each state-action pair (s, a), the critic
outputs a set of N quantiles {Zϕ(s, a, τi)}N

i=1, where τi ∈ [0, 1]
are quantile levels (e.g., τi = i/(N + 1)). The action-value is
approximated as the mean Qϕ(s, a) ≈ 1

N ∑N
i=1 Zϕ(s, a, τi). TQC

uses Mc critics (e.g., Mc = 2) to enhance stability.

2. Truncation Mechanism: To mitigate overestimation, TQC discards
the top k quantiles (where k is a hyperparameter) from each
critic’s distribution, computing a conservative action-value as
the mean of the remaining N − k quantiles. The final action-
value is the minimum across the Mc critics’ truncated means,
further reducing optimism.

The critic is trained using quantile regression to align the predicted
distribution with the target distribution.

For a transition (s, a, r, s′, d) ∈ DR, the target quantile is

yi = r + γ(1− d)Ea′∼πθ(·|s′)
[
Zϕ̄(s

′, a′, τi)− α log πθ(a′ | s′)
]

,

where Zϕ̄ is the target critic.

Distributional Quantile Loss

While SAC minimizes the mean-squared Bellman error of the scalar
Q-function,

LQ(ϕ) = E(s,a,r,s′)∼DR

[
(Qϕ(s, a)− y)2

]
,

TQC extends this idea to a distributional setting by predicting a set
of N quantiles {Zϕ(s, a, τi)}N

i=1. The critic is trained to minimize the
distributional quantile loss, defined as

LZ(ϕ) =
1
N

N

∑
i=1

E(s,a,r,s′)∼DR

[
ρτi(yi − Zϕ(s, a, τi))

]
,

where ρτi(u) = |τi− I{u < 0}| Lδ(u) is the quantile Huber loss [67]. In
contrast to the scalar Q-function loss, this objective aligns the predicted
distribution with the target across multiple quantiles, capturing both
the mean and the uncertainty of returns.

2.4.8 Aleatoric and Epistemic Uncertainty in RL

Similar to LfD methods, two forms of uncertainty also arise in re-
inforcement learning, namely aleatoric and epistemic uncertainties.
Aleatoric uncertainty reflects stochasticity inherent in the environ-
ment, such as noisy transitions or sensor disturbances, and is typically



35

modeled by learning distributions over returns rather than single-
point value estimates. In contrast, epistemic uncertainty results from
limited interaction data and expresses the agent’s lack of knowledge
about unexplored regions of the state–action space; unlike aleatoric
uncertainty, it can be reduced through additional exploration and
experience.

In our guided RL approach, KGRL, presented in Chapter 4, we
specifically focus on aleatoric uncertainty which stems from variability
in demonstrations, as described in Section 2.2.8. Variability in demon-
strations reflects the confidence and diverse strategies of the teacher
in the demonstrated motion at different phases of the task.





3
G U I D I N G R E A L - W O R L D R E I N F O R C E M E N T
L E A R N I N G F O R I N - C O N TA C T M A N I P U L AT I O N
TA S K S W I T H S H A R E D C O N T R O L T E M P L AT E S

In this chapter, we present Reinforcement Learning with Shared Con-
trol Templates (RL-SCT), a framework that leverages Shared Control
Templates (SCTs) to encode known constraints arising from object
interactions and task geometry. In Chapter 1, we argued that lever-
aging hard-coded task knowledge and constraints can make RL both
safer and more efficient, facilitating direct deployment on real robotic
systems. RL-SCT explicitly models and integrates task constraints into
the learning process, rather than implicitly embedding them in the
reward function. See Section 2.3 for more details on SCTs.

This explicit representation reduces the effective state and action
spaces, thereby lowering the dimensionality of the RL problem. The
unknown aspects of the task are then learned by the RL agent through
exploration within this constrained environment. RL-SCT accelerates
learning by eliminating the need to rediscover modeled constraints,
ensures safe exploration through explicit constraint enforcement, and
simplifies reward design by removing the need to implicitly encode
constraint violations, which are already prevented by the framework.

We evaluate RL-SCT on two representative manipulation tasks us-
ing a 7-DoF robotic arm: a pouring task and a grid-clamp placement
task (analogous to peg-in-hole task). The proposed framework en-
ables direct real-robot learning, with the pouring task converging in
65 episodes (16 minutes) and the grid-clamp placement task in 75

episodes (17 minutes). Both tasks achieve strong safety guarantees
and rely on simple reward functions, demonstrating above-mentioned
desirable properties of RL-SCT.

The remainder of this chapter has been published as [33] Abhishek
Padalkar et al. “Guiding real-world reinforcement learning for in-
contact manipulation tasks with Shared Control Templates.” In: Au-
tonomous Robots 48.4 (2024), p. 12.

3.1 introduction

The potential of reinforcement learning (RL) in solving highly non-
linear, high-dimensional problems is evident from its super-human
level performance on Atari games [3] and in mastering Go [4]. RL can
perform at its full potential when skills are learned from scratch, as
evidenced by the example of AlphaGo Zero [6] (trained from scratch)
outperforming AlphaGo [4] (pretrained with human games).

37
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Figure 3.1: In previous work, we developed Shared Control Templates (SCTs)
to support human users in executing tasks of daily living, such
as pouring liquids or opening drawers [1]. In this context (left
illustration), users provide commands to control the robot, which
has many degrees of freedom. Efficiency and safety is improved
with Input Mappings – which map low-dimensional user com-
mands u to the many degrees of freedom of the robot HEE – and
Active Constraints – which limit the range of motion, for instance
to avoid collisions.
In this work, we use SCTs to analogously achieve efficiency and
safety in RL (right illustration). We also demonstrate how tran-
sition functions in the SCT’s Finite State Machine (not depicted
above; see Figure 3.3 for details) can be used to automatically
generate shaped reward functions and further speed up learn-
ing. The resulting framework is called Reinforcement Learning with
Shared Control Templates (RL-SCT). RL-SCT is evaluated on the two
tasks illustrated in Figure 3.2.

In robotics, RL has piqued the interest of researchers by learning
intricate and impressive motor skills such as juggling [8], ball-in-cup
[10], in-hand manipulation [9], pick-and-place [11], or locomotion
over highly variable terrain [12]. Although executing episodes on real
robots is much more time-consuming than simulating Go games, it is
still feasible and plays an important role in the acquisition of complex
robot motor skills. However, the requirement for a large number
of episodes has limited the application of RL in real-world object
manipulation. Learning in simulation and then transferring skills
to the real robot is limited by the accuracy of the simulation. Such
limitations become even more apparent in tasks involving contacts,
which are discussed in detail by [17]. In this chapter, we present a
framework which enables learning directly on the real robot, safely
and efficiently.

One of the aspects that sets human manipulation skills in daily
activities (e.g. pouring a drink, opening a door) apart from the intricate



39

(a) Pouring task.

(b) Grid-clamp insertion.

Figure 3.2: Safer and more efficient RL with RL-SCT is demonstrated on
the SARA robot [2] on two tasks: pouring and grid-clamp inser-
tion. The latter involves contacts with the environment that are
typically difficult to model in simulation. Our approach allows
the robot to successfully learn the task while minimizing the
interaction forces.

motor skills mentioned before is that these activities often involve
interactions with objects that have a dedicated purpose (e.g. bottles,
glasses, doors, sockets). Such objects are specifically designed with
purposeful interactions in mind, i.e. they afford such interactions [25–
27]. We consider it inefficient to use RL to re-learn such interactions –
and the constraints arising from them – from scratch in thousands of
episodes. What is known should not be learned.

In other words, the robot should not use RL to learn what to do
with an object – this is already known and intrinsic to the object –
but rather how to do it well, i.e. efficiently and without making many
mistakes. This is especially true for tasks involving contact, such as
insertion tasks, where the goal state is known but optimal behaviors
(e.g. interaction forces) are difficult both to hardcode and demonstrate.
In these cases, specifying partial constraints can greatly reduce the
number of episodes needed to learn the task.

This approach raises the question of how such purposeful interac-
tions and constraints involved should be represented and incorporated
in the RL process. In our research on shared control [1], we have
serendipitously discovered that representations for shared control are
also ideally suited for guiding RL, for several reasons. First, shared
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control aims at enabling users to control high-dimensional robotic sys-
tems with low-dimensional input commands. For RL, this approach
substantially reduces the action space. Second, user preferences vary,
and shared control must foster agency and empowerment by provid-
ing freedom of movement within the reduced action space. For RL,
this means that there is room for exploration within such representa-
tions. Third, shared control often limits the range of motion for safety
reasons. For RL, this also means that exploration becomes safe. This
has the following advantages:

1. Safer learning, as constraints are enforced during learning;

2. Faster learning, as constraints need not be learned; and

3. Simplified reward function design, as constraints need no longer
be implicitly represented in the reward.

Together, these advantages greatly facilitate skill acquisition on real
robots via RL. Indeed, our key message in this chapter is that repre-
senting constraints implicitly in shaped reward functions, can require
as much human design effort as explicitly modeling these constraints,
but that the latter leads to safer and faster learning.

3.1.1 Contributions

In this chapter, we investigate how RL can be guided by the frame-
work for shared control – Shared Control Templates (SCTs) [1] (see
Section 2.3 for details), – thereby making it safer and more efficient. As
shown in Figure 3.1, we replace the human user by an RL agent to com-
plete the task autonomously. Our method, Reinforcement Learning with
Shared Control Templates (RL-SCT), introduced in Section 3.3, allows
us to model task space constraints and knowledge about the motion
required for task completion flexibly, learn the complete task model
from the robot-environment interactions, and optimize secondary
costs associated with quality of the task.

The main contributions of the work presented in this chapter are:

1. A framework that leverages task knowledge represented in a
shared control method to make reinforcement learning in the
real world possible by explicitly constraining both state and
actions spaces,

2. an approach to simplify the generation of shaped rewards based
on prior information about task progress and completion en-
coded in SCTs, and

3. showing that applying SCTs to RL leads to more sample efficient
and safer learning on a real robot even for tasks involving contact
with environment.
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Our approach is validated using a simulated KUKA IIWA robot on
a pouring task and DLR’s SARA robot on pouring and grid-clamp
insertion tasks, the latter requiring contacts with the environment
(Section 3.4). Our results show that RL-SCT avoids unnecessary mis-
takes during the learning process and enables faster learning for the
tasks where the object interaction model is fully known. For tasks
where only partial interaction modeling is possible, e.g. tasks with
contacts such as the grid-clamp insertion, we show that RL-SCT makes
learning faster, safer – both by avoiding collisions and minimizing
interaction forces when they are required to complete the task – and
hence possible directly on the real robot.

3.2 related work

As contact dynamics are often difficult to model, tasks involving con-
tacts are interesting for model-free RL [70, 71]. However, learning
in-contact tasks with RL is challenging, as exploration can be unsafe
due to collisions, and the number of episodes required to learn a task
can be prohibitively high. Simulation and sim-to-real methods resolve
these issues, but come with their own set of challenges when simulat-
ing in-contact tasks [21]. RL-SCT enables RL to be performed directly
on the real robot, by ensuring safety through Active Constraints, and
improving efficiency by providing low-dimensional action spaces and
generating shaped reward functions.

In this section, we first describe RL approaches that are conceptually
similar to (components of) RL-SCT. In Section 3.2.5, we then describe
learning approaches that have been applied to in-contact manipulation
on real robots.

3.2.1 Safe and Efficient Reinforcement Learning with State-Dependent
Action Masking

In Reinforcement Learning, Markov Decision Process (MDP) is for-
malized as (S ,A, T, R), with state space S , action space A, transition
function T, and reward function R. To speed up learning, several ap-
proaches to reduce and modify these spaces and functions have been
proposed, including action masking, action manifolds, and reward
shaping.

To improve the safety during exploration and/or to speed up learn-
ing, various approaches have been proposed that constrain the actions
that can be performed in specific states. An example in the discrete
domain is action masking [72], where the set of actions A′si

that is
known to be invalid or suboptimal in certain states is excluded from
the action space in those states, i.e. A′si

⊂ A, where A′si
denotes the

set of masked actions at si. As fewer actions need to be explored,
action space shaping typically speeds up learning [73].
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In robotics, similar concepts have been explored to also ensure safety
during exploration. Cheng et al. [31] proposed to use Control Barrier
Functions (CBFs) [74] to avoid unsafe states for the robot while an RL
agent explored the state-action space.

Liu et al. [75] demonstrate that a constrained RL problem can be
converted into an unconstrained one by performing RL on the tangent
space of the constrained manifold. Their results obtained in simulation
are promising, but the approach is limited to problems where the
constraints are differentiable, which restricts its application domain.
RL-SCT is free of differentiability assumptions, making it flexible by
design.

Affordances in RL

Khetarpal et al. [27] apply the theory of affordances [25] to RL, which
allows faster learning by action space reduction and precise learning
of transition models. First, ‘intent’ is defined as the desired outcome of
an action. Affordances then capture the subset of the state-action space
where the intent is achieved. Such subset represents a partial model
of the environment. Intents and affordances are a principled two-step
procedure for defining state-dependent actions masks. This approach
is also noteworthy for combining action masking with a decomposition
of the overall policy into different intents and affordances, see also
Section 3.2.3. Within RL-SCT approach, each state can be considered
to have an intent for a subphase of the task, and the Active Constraints
implement the continuous action masking. RL-SCT adds to this the
Input Mappings, the automatic generation of shaped rewards, and
the representation of subtasks in a finite state machine. The method
in [27] is demonstrated on grid worlds and continuous 2D planes,
and has, to the best of our knowledge, not yet been scaled up to the
high-dimensional action spaces of robots.

Affordance-based learning has also been used to generate high-
level skill sequences for domestic tasks [76–78]. A human guides the
agent with instructions adhering to the affordances. In RL-SCT, we
rather consider low-level actions that control end-effector positions,
for instance for in-contact manipulation.

3.2.2 Efficient Reinforcement Learning with Action Manifolds

An alternative to defining state-dependent action masking/constraints
is to define a reduced action space for the entire state space.

Luck et al. [79] combine policy search and dimensionality reduction
in an expectation-maximization framework and use probabilistic PCA
for obtaining a latent space during the learning process.

Kolter, Ng, et al. [80] present a method that uses a (possibly inac-
curate) simulator to identify a low-dimensional subspace of policies.
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An instance on a real system is learned using these low-dimensional
policies using much less data.

Padalkar et al. [81, 82] proposed a partial task specification in the
robot task space using the Task Frame Formalism [83, 84], learning the
remaining specification of the task with RL. This method successfully
demonstrated a significant reduction in robot-environment interac-
tions when cutting vegetables with a light-weight robot. Although
this work ensures safety in the directions in which motion is fully
specified, it does not guarantee the safety in the directions explored
by the RL policy, a problem addressed in RL-SCT.

Reinhart and Steil [85] propose a two-step solution with a skill
memory, an organization of motion primitives in low-dimensional,
topology preserving embedding space and policy search leveraging
the low-dimensional skill parameterization. Skill parameterization
can be predefined or automatically discovered with parameterized
self-organizing maps.

He and Ciocarlie [86] present a framework that discovers a syn-
ergy space and learns a multi-task policy that operates on this low-
dimensional action space. Learned synergies can be used across
multiple manipulation tasks.

In this chapter, we refer to action manifolds as Input Mappings, a
term used in SCTs due to their role in shared control, where user
inputs (e.g. through a joystick) are mapped to robot actions [87].

Manifold learning has also been applied to reducing the state space
(rather than the action space as described above), for instance using
PCA and GPLVM [88–91]. In DeepRL this is known as state repre-
sentation learning [92], and the automatic learning of the state space
representations is the main motivations for using DeepRL. A full
overview of this field beyond the scope of this paper, as our focus in
this work is not on learning state space manifolds.

3.2.3 RL with Sequential Tasks and/or Task Decompositions.

An early RL approach to representing subtasks is the options frame-
work, where the agent uses macro actions that span multiple time
steps to represent subpolicies for subtasks [93, 94]. Our work differs
in that the subtasks are represented in the SCT, and the SCT is part
of the environment, rather than the agent. The RL agent does not
represent subpolicies or subtasks internally, as will be highlighted in
Figure 3.3.

Daniel et al. [95] propose an approach to learning sequencing motor
primitives while simultaneously improving individual motor primi-
tives.

Kroemer et al. [96] propose to learn a probabilistic multiphase model
of the task, a motion primitive for each task phase, and a RL policy for
sequencing the motion primitives that use the task model. Although
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these methods solve multiphase tasks; they do not take constraints
in the environment into account, and hence exploratory actions can
lead the robot into potential hazardous situations during the learning
process. In RL-SCT, we propose to learn a single policy for all phases
of the task, whereas the above-mentioned approaches use different
motion primitives for different phases.

Krishnan et al. [97] propose an approach where inverse RL learns
subtasks with subgoals and local cost functions from a latent space
representation of demonstrations obtained with unsupervised learning.
Such latent space and decomposed representation is used to accelerate
RL.

Koert et al. [98] present an approach where a robot learns and im-
proves to combine skills for sequential tasks with human input during
learning to accelerate the learning. It is an interactive framework
where human advises robot on planned high-level action, provides
feedback on the outcome of the action, and provides subgoal rewards.
This approach uses human-guided RL for solving decision-making
problems while choosing predefined low-level policies, whereas we
propose to learn control policies with RL that generate inputs for
underlying MDP simplified by SCTs by incorporating the task knowl-
edge.

Khetarpal et al. [27] developed theory of affordances [25] for RL
agent, which allows faster learning by action space reduction and
precise learning of transition models. With intent defined as the
desired outcome of an action, affordances capture the subset of state-
action space where the intent is achieved. Such subset represents a
partial model of the environment. In RL-SCT, each SCT-state models
an intent and define IM and AC to achieve the intent with state
dependent action space reduction.

3.2.4 Reward Shaping

In reward shaping, a sparse terminal reward R is transformed into
a dense, immediate reward R′ by adding knowledge about the task
and its subphases [99]. It does not change S , A, or T. Shaped rewards
are more informative, and thus speed up learning. In this chapter, we
argue that action space shaping is more effective that reward shaping,
and contrary to common belief, often not more difficult to design.

3.2.5 Reinforcement Learning of Manipulation Tasks with Contacts

Zhao et al. [100] presented an approach of meta-reinforcement learning
by encoding human demonstrations for different tasks in a latent space
and using the latent space variables to generalize the RL policy for
different types of insertion tasks. The policy can be trained offline
with data collected from sources like human demonstrations, replay
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[100] ✓ D - -

[101] ✓ D, S ✓ -

[102] ✓ D - -

[103] ✓ - ✓ ✓

[104] ✓ C - -

[105] ✓ C - -

[106] ✓ C - -

[107] ✓ S ✓ ✓

[108] ✓ - ✓ -

[70] ✓ D - ✓

[71] ✓ D ✓ ✓

RL-SCT (our approach) ✓ C ✓ ✓

Table 3.1: Comparison with state-of-the-art approaches on learning in-
contact tasks using RL. fext denotes contact forces with the environ-
ment. (D: Demonstrations, C: Constraints and residual learning, S:
Pretrained in simulation)

buffers from previous experiments and data collected from hand-
coded solutions.

Vecerik et al. [102] train a neural network to extract features from
images during insertion task, with the same neural network being
used to compute a binary reward. The features are used as input
to the RL policy. Critic and actor are pretrained to mimic human
demonstrations. Davchev et al. [106] present an approach to learn
insertion task by learning a residual policy to support an imitation
learning policy learned with Dynamic Motion Primitives. Kozlovsky,
Newman, and Zacksenhouse [105] presented an approach to learn
asymmetric impedance matrices to learn a policy in simulation and
then transfer the solution to the real robot. Lee et al. [104] combine an
RL policy with a model-based solution in the region where the task
model is uncertain to learn the insertion task with a binary reward.
The poses of the objects used as state are estimated by a vision system.
All the above approaches do not include force measurements in the
state and do not optimize interaction forces while executing the task.
We address this limitation in RL-SCT by introducing interaction forces
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in the agent state and a secondary cost in the reward to minimize
interaction forces.

Apolinarska et al. [101] applied RL for assembly of timber joints.
They use human demonstrations for initializing the policy. The policy
is learned in simulation with domain randomization and then trans-
ferred to the real robot. Luo et al. [108] also presented an approach
to learn assembly tasks by learning a variable impedance controller.
They use end-effector force/torque readings filtered by a low-pass
filter and directly inject them in the second layer of the neural network
representing the policy in order to provide direct haptic information
to the policy. These approaches use interaction force in the state given
to the RL policy but do not optimize interaction cost.

Kim, Na, and Song [107] presented a method to learn impedance
parameters using RL for insertion tasks and then transferred the
learned policy to a real robot which presents a need for fairly accurate
simulation. Beltran-Hernandez et al. [103] proposed a method to learn
force controllers on a position-controlled robot using an end-effector
force/torque sensor with RL. Both of these approaches use force data
in the state and try to optimize interaction forces. Beltran-Hernandez
et al. [103] do not use any method to guide or constrain RL exploration
and hence results in collision during the learning.

Table 3.1 compares the approaches for learning contact tasks to
RL-SCT. We address the various shortcomings of this related work in
RL-SCT by leveraging pre-specified task knowledge to improve sample
efficiency and simplifying reward function design. RL-SCT facilitates
direct learning on real robots hence alleviating the need for simulation.
Simplified reward functions in RL-SCT allow us to optimize secondary
costs, e.g. interaction force costs, right from the beginning of learning,
producing significantly lower forces during learning and resulting
in learned policies that generate minimal interaction forces with the
environment.

3.3 shared control templates for reinforcement learn-
ing

As discussed in Section 2.3, Shared Control Templates (SCTs) support
a disabled person in controlling a complex system like EDAN (EMG-
controlled Daily AssistaNt) [58], which consists of an electric wheelchair
with an articulated arm. SCTs map 3D input signals extracted from
surface electromyography to 6D end-effector movements, which are
then mapped to the movement of the overall 11 DoF EDAN system
through whole-body motion control [1]. A key aspect of SCTs is that
they facilitate task completion through shared control by defining
task-relevant Input Mappings (IMs) and Active Constraints (ACs),
but the user always remains in control, i.e. determines the speed of
movement, the amount of water that is poured, etc. Additionally,
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SCTs structure tasks into phases represented as states in a Finite-State
Machine (FSM), with transitions triggered by monitoring task-relevant
transition distance functions.

The key insight that we propose is that components that facilitate
human control of the robot through shared control are conceptually very
similar to those used to facilitate reinforcement learning. Our aim is to
demonstrate this conceptually and empirically.

Figure 3.3 shows how SCTs are integrated in the RL agent-
environment interface. In this section, we describe how the main
components of SCTs – Input Mappings, Active Constraints, and the
Transition Functions between the FSM states – are conceptually similar
to state-dependent action space shaping (see Section 3.2.1), action
manifolds (see Section 3.2.2), and reward shaping (see Section 3.2.4),
respectively.

Environment

Reward
Function

Robot

rt stat

Shared Control Template

FSM

state 1

trans 1-2 trans 2-3

state 2 state 3

trans 2-3

RL Agent

state 2    (active state)

active 
constraints

input
mapping

dt

Ht
AC

Ht
OBS

Ht
IM

Figure 3.3: Agent-environment interface in RL-SCT components. The input
ut = at ∼ π(at | st) to the IM of an SCT is computed by the
RL policy π, st is the state for the RL agent. dt is the distance
function to determine transitions in the FSM; it can be used as a
shaped reward function. All time-varying variables are annotated
with the same t, in practice the agent-environment loop and the
controllers using the end-effector poses H may run at different
frequencies.

3.3.1 Action Space Shaping with SCTs

Using IMs to map 3D user commands to 6D Cartesian commands, the
action space A of the MDP is reduced to 3D. Although IMs can accept
inputs up to 6D, more than 3 inputs are rarely needed in most tasks
[1].
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The application of AC is conceptually equivalent with continuous
state-dependent action masking, in that not all actions defined by the
IM have an effect1.

Typically, in RL, constraints are encoded implicitly in the reward
function, through reward terms that encourage actions that do not
violate them. A direct consequence of such approach is that an agent
will need to violate these constraints in order to learn them. In
many robotic tasks, violating constraints can lead to physical damage.
SCTs address the above issues by precluding the robot from violating
constraints through the definition of Active Constraints.

3.3.2 Reward Shaping with SCTs

In RL, the main role of the reward function R is usually to provide
feedback about whether the task has been achieved, e.g. was the exit
to the maze found, was water poured into the glass, etc. We call this
the primary reward. Designing a primary reward function is easiest if
this reward is sparse (e.g. 1 or 0) and terminal (i.e. rprim

T is given at the
end of an episode) [109]. However, this is also the least informative
type of reward function.

Primary reward shaping with the SCT transition distance

Reward shaping is the process of redesigning the sparse primary
reward function so that it becomes dense and/or immediate, to make
the reward function more informative and speed up learning. The
process of designing an SCT is similar to that of shaping a reward
function; we now explain how a shaped reward function can be
generated automatically from an SCT.

In an SCT, the transition distance functions that yield dt are designed
in such a way that it monotonically decreases as the robot moves
towards the next phase of the task. As this constitutes a gradient
towards the overall task, dt can be used directly as immediate primary
rewards in addition to a terminal sparse reward, as follows:

rt = rprim
T Sparse (3.1)

rt = rprim
T + k(dt−1 − dt), Shaped (3.2)

where k is a constant and rprim
T a terminal reward which is zero except

at t = T. Note that the term dt−1 − dt encourages progress towards
the next SCT state, and thus task completion, by rewarding a decrease
in transition distance.

1 The underlying implementation is slightly different, in that the action is projected
into the future in state space, and the resulting end-effector position is projected back
onto a constraint if the constraint is violated [1].
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Secondary costs

While the primary reward provides feedback about task completion,
in robotics it is also desirable for movements to have low accelerations
and low force interactions. As such measures can commonly be
measured at each time step, we add M such measures to the immediate
rewards as

rsecon
t = −

M

∑
i=1

v⊤i,tRivi,t, (3.3)

where vi,t is a vector representing a physical quantity whose magni-
tude is to be minimized during learning, and Ri is a diagonal matrix
with positive entries representing a weighting factor. In this work we
focus on two types of secondary rewards that penalize actions at and
interaction forces ft, with which the overall cost function becomes:

rt =

Sparse︷︸︸︷
rT +

Shaped part︷ ︸︸ ︷
k(dt−1 − dt)︸ ︷︷ ︸

Primary

−a⊤t Raat − f⊤t R f ft︸ ︷︷ ︸
Secondary

. (3.4)

3.4 evaluation

We first evaluated RL-SCT against RL without SCT in simulation on a
pouring task with a KUKA IIWA (Figure 3.4), and perform the same
task directly on the real 7-DoF SARA robot (shown in Figure 3.2a).
We used Bullet Real-Time Physics Simulation [110] for simulating
the pouring liquid task. To showcase the safe and efficient learning
properties of our method, we also learn a grid-clamp placement task
(Figure 3.2b), showing how RL-SCT allows tasks involving contacts
with the environment to be learned directly on the real robot. These
experiments on the real robots aim at demonstrating the ability of RL-
SCT to learn the tasks directly on the real robot, safely and efficiently.

As RL-SCT performs action space shaping and reward shaping in
the environment (see Figure 3.3), the underlying policy representa-
tion and RL algorithm used by the agent are unaffected by applying
RL-SCT. To highlight this, we apply both Soft Actor Critic (SAC)
[62] and Truncated Quantile Critics (TQC) [67] from the open-source
implementation in Stable-Baseline3 [111].

The hyperparameters for these algorithms were configured for ex-
periments involving the IIWA robot in simulation (pouring task) and
the real SARA robot (pouring task and grid clamp insertion task).
Table 3.2 summarizes key hyperparameters used for each setup. In
all experiments, the policy is a feed-forward neural network with 2

hidden layers with 256 neurons in each hidden layer. The weights of
the neural network are initialized to random values.



50 3.4. Evaluation

Table 3.2: Hyperparameters for SAC and TQC in robotic experiments.

Hyperparameter SA
C

(I
IW

A
)

T
Q

C
(I

IW
A

)

SA
C

(S
A

R
A

)

Learning Rate 8× 10−4 8× 10−4 1× 10−3

Replay Buffer Size 106 106 106

Discount Factor 0.95 0.95 0.98

Soft Update Coefficient 0.02 0.02 0.02

Training Frequency 8 8 8

Gradient Steps 8 8 8

Learning Starts 1000 1000 1000

Batch Size 256 256 256

3.4.1 Pouring Task

The pouring task consists of transferring the liquid from a container
(thermos) attached to the end-effector of the robot to a target container
(mug) placed in the environment. The SCT for the pouring task is
visualized in Figure 2.2 and explained in Table 3.3. In our experiments,
the liquid is replaced by two ping-pong balls with 4cm diameter, as
illustrated in Figures 3.2a and 3.4.

The SCT for this task was taken as is from our previous work on
assistive robotics [1], where it was shown that using the SCT for shared
control enables users to complete the pouring task more than twice as
fast, on average. SCTs were an essential component for winning the
Cybathlon Challenges for Assistive Robots in 2023 [112, 113].

The state for this task is st = xth,t where xth,t is the 6D pose of the
thermos tip expressed in the mug tip frame. In RL-SCT, as shown in
Figure 3.3, a policy generates an action at ∈ R3 which acts as input
ut to the SCT, which in turn generates a desired end-effector pose
(Section 2.3). When running RL without SCT in the ablation study,
the policy generates the 6D end-effector velocity as action at which is
used to compute the target end-effector pose. The end-effector poses
are given as references to the Cartesian position controller, which runs
at 100Hz for the simulated KUKA IIWA robot and 8KHz for the SARA
robot.

On the real robot, the pose of the mug in the robot base frame was
fixed and known beforehand. The pose of the thermos, grasped by
the robot gripper, was calculated from the forward kinematics of the
robot.
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Mug

Thermos

1 2 3

4 5 6

Figure 3.4: Experimental setup for the pouring task with simulated KUKA
IIWA holding the thermos and the target mug placed on the table
with thermos tip and mug tip coordinate frames.

Reward functions

We evaluate our approach by comparing the above mentioned four
scenarios. The baseline uses RL without SCTs, with a designed reward
function, which is either shaped (RL-Shaped) or sparse (RL-Sparse). Our
proposed method based on SCTs is also evaluated with a shaped
(RL-SCT-Shaped) and sparse (RL-SCT-Sparse) reward function.

Sparse reward function:

For the pouring task, the sparse reward function used in both RL-Sparse

and RL-SCT-Sparse is

rT =


200, on successful termination

−10, on termination due to collision

0, otherwise,

(3.5)

rt = rT − a⊤t at, (3.6)

where a⊤t at a secondary cost component related to the action magni-
tude.

The task is considered successful only if both balls are successfully
poured into the mug. In the experiments with the real robot, a human
observing the task provided the feedback about the success of the task.
The task is considered failed if the robot collides with the mug or the
table, one or both balls are spilled out of the thermos or a pre-defined
time limit in terms of time steps per episode is reached. In the event
of collision with the table or target mug, the episode is terminated.

This sparse reward function is not very informative, as the primary
reward consists only of three discrete rewards given only at the end
of the episode.
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Shaped reward function from the SCT

The reward function for RL-SCT-Shaped is automatically derived from dt

in the SCTs, as described in Section 3.3.2, i.e.

rt = rT + 200(dt−1 − dt)− a⊤t at, (3.7)

where rT is the same as in Equation (3.6).

Hand-designed shaped reward function

We also hand-designed a shaped reward function for the pouring
task. Our aim here is to show the intricacy of the design process for
manually shaped reward functions, and its similarity to the process of
designing an SCT.

First, the pouring task is divided in two phases, 1) transport the
thermos near the mug without spilling the liquid, and 2) pour the
liquid by tilting the thermos around the appropriate axis. The transla-
tion phase takes the thermos to a fixed distance near the target mug,
and the pouring phase rotates the thermos avoiding any translation.
These phases need to be identified correctly, and give the reward for
not tilting the thermos in the first phase and reward for tilting around
the correct axis and not around the other axes in the second phase.

The implementation of this reward function for RL-Shaped is given by
Equation (3.8), where jt is the distance between the thermos tip and
the mug tip, and ψx

t , ψ
y
t and ψz

t are the angular positions, expressed as
Euler angles (roll, pitch and yaw) of the thermos tip in the mug tip
frame (orientations of the tip frames are depicted in Figure 3.4).

rprim
t = rdist

t + rtilt
t /4− a⊤t at + rT , (3.8)

rdist =

15(jt−1 − jt), if jt > 0.04

15(jt−1 − jt) + 0.2, otherwise
(3.9)

rtilt
t =

−|δψx
t | − |δψ

y
t | − |δψz

t |, if jt > 0.04

20δψx
t − |δψ

y
t | − |δψz

t |, otherwise
(3.10)

In the design of the shaped reward function, we recognize many
similarities to SCT design, e.g. the definition of phases, transition
thresholds between the phases, definition of constraints, etc. Table 3.3
provides a full analysis of the similarities.

Results

Figure 3.5 and Figure 3.6 show the rate of success, spillage and colli-
sion with the environment in simulation both with SAC and TQC. The
curves show the mean and standard deviation obtained from 10 differ-
ent learning sessions. The results from the different combinations of
reward types and presence/absence of SCTs give important insights
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Ta
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at
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Classical RL reward function RL-SCT

Tr
an

sl
at

io
na

l Reward for moving towards tar-
get, penalty for spilling (by di-
rectly penalizing rotational mo-
tion) and penalty for collision

IM: 3 inputs mapped to transla-
tional motion (No rotational mo-
tion needed)
AC: Stay above table to avoid col-
lisions
Transition distance: Distance of
mug tip from thermos tip

Ti
lt

Reward for moving and tilting to-
wards the target simultaneously,
penalty for spilling liquid (by pe-
nalizing translational and rota-
tional motion in undesired direc-
tions), penalty for collision

IM: 3 inputs mapped to transla-
tional motion (Rotational motion
is controlled by AC)
AC: Stay above table to avoid col-
lisions, tilt towards the target de-
pending on distance
Transition distance: Distance of
mug tip from thermos tip

Po
ur

Reward for tilting towards the
mug, penalty for spilling liq-
uid (by penalizing translation to
avoid spillage outside the target),
and penalty for collision

IM: 1 input mapped to Z-axis
translational motion, the others
to the tilting motion (no horizon-
tal motion)
AC: Stay above table and mug to
avoid collision
Transition distance: Tilting an-
gle

Table 3.3: Comparison of knowledge modeled using typical RL reward
functions and RL-SCT for a pouring task.

about the influence of SCT on the learning process, and failures during
learning.

Using SAC (Figure 3.5) RL-Sparse is not able to learn the task in 1400

(maximum) episodes A . RL-Shaped converges within 1200 episodes B ,
but also shows very high spill rate and collision rate due to uncon-
strained exploration C . RL-SCT-Sparse converges within 600 episodes D ,
shows very low spill rate and no collisions E due to the constraints.
RL-SCT-Shaped converges within 250 episodes G showing the best per-
formance overall, with small initial spill rate F and no collisions.

Using TQC (Figure 3.6) RL-Sparse is not able to learn the task in 1400

(maximum) episodes H . RL-Shaped converges within 700 episodes I ,
but also shows very high spill rate and collision rate due to uncon-
strained exploration J . RL-SCT-Sparse converges within 1000 episodes
K and shows very low spill rate and no collisions L due to the con-
straints. RL-SCT-Shaped converges within 250 episodes M showing
the best performance overall, with small initial spill rate N and no
collisions. Figure 3.8 summarizes these results.
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Figure 3.5: Success, spill and collision rates vs number of episodes, in differ-
ent experimental settings in simulation using SAC. Each point
shows the average of 10 learning sessions, together with one stan-
dard deviation.

The results on the real robot are shown in Figure 3.7. As we wanted
to avoid collisions as much as possible during training, and running
more than 1000 episodes multiple times takes prohibitively long on
the real robot, we only ran RL-SCT-Shaped with SAC. Figure 3.7 shows
the results of 5 independent learning sessions. The learning agent
achieves a success rate of 1 within 65 episodes amounting to 9700 time
steps, on average. This corresponds to 16 minutes of training time,
without considering the time taken for resetting the environment.

Discussion

From the learning curves and the summary in Figure 3.8, we derive
the following conclusions. As expected Shaped (yellow/green) outper-
forms Sparse (red/blue) by several orders of magnitude with respect to
convergence speed as shaped rewards are more informative (top two
graphs). The boxplots further confirm that SCTs speed up learning
(blue vs. red and green vs. blue); indeed RL-Sparse never converges
within 1400 episodes in any of the 10 learning sessions.

From an RL perspective, speed of convergence and the rewards
achieved after convergence are the most important measures of success.
From a robotics perspective, safety is just as important, and this aspect
is highlighted in the lower two rows of boxplots. We observe that
with SCTs (boxplots to the right of the vertical gray lines), there are
hardly any collisions or spills; especially the 0 spills and 0 collisions
on the robot are of importance. With SAC, the median percentage
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Figure 3.6: Success, spill and collision rates vs number of episodes, in differ-
ent experimental settings in simulation using TQC. Each point
shows the average of 10 learning sessions, together with one stan-
dard deviation.

(over 10 learning sessions) of episodes that involves collision is 12

and 20 for sparse/shaped rewards respectively (bottom left graph,
red/yellow) . On a real robot, this would lead to an unacceptable
amount of wear-and-tear, which is why we do not run experiments
on the robot without SCT. This confirms that RL-SCT leads to safer
learning, enabling RL directly on the real robot.

In comparison to SAC, we see a much lower rate of spills and
collisions without SCTs (red/yellow) with TQC, i.e. between 2-5%.
This is because in many learning sessions, the robot learns to not move
at all. The robot does not receive the reward for completing the task
then, but it also does not get the penalties for collisions. The reason for
the low rates is not that collisions are avoided during the movement;
rather there is hardly any movement at all. With RL-Shaped, we see
more collisions and spills for TQC than for RL-Sparse. This is because
the reward gradient in the shaped reward leads to more movement
than the sparse reward.

The results show that RL-SCT can learn the multi-phase pouring task
on the real robot safely (no collisions) and efficiently (convergence in
less than 100 episodes). Furthermore, safe exploration is not sacrificed
when using a sparse reward function.

In these experiments, reward shaping was essential to making RL
without SCTs feasible within 1400 episodes. Therefore, if the RL
expert needs to invest time in designing a complex multi-phase shaped
reward function as in Equation (3.8) to make learning feasible, we
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Figure 3.7: Success rate, spill rate and reward for RL-SCT-Shaped on the real
robot using SAC. Each point shows the mean and one standard
deviation over 5 learning sessions.

argue that this time is better invested in designing explicit multi-phase
constraints. This will speed up learning even more, and, critically,
ensure safety during learning, as constraints no longer need to be
violated in order to learn them. What is known need not be learned.

3.4.2 Grid Clamp Insertion Task

In order to evaluate the ability of RL-SCT to learn tasks involving
contacts, a grid-clamp insertion task was learned on the SARA robot
(Figure 3.2b). Grid clamps are used in DLR’s Factory of Future setup
to reconfigure variable workstations. The robot learns to insert the
grid-clamp into the grid holes on the table, similar to a peg-in-hole
task.

During the insertion process, 5 peg-like heads, which secure the
grid-clamp on the table, are needed to be inserted simultaneously
and snapped into the holes on the table, as shown in Figure 3.9 (top).
The task is challenging due to the kinematic inaccuracy mainly in
the horizontal plane (x–y), the pose of the grid-clamp (estimated
using forward kinematics of the robot) and the holes on the table.
Additional inaccuracies arise from the grasp of the grid-clamp, as
shown in Figure 3.9, as well as the inherent inaccuracy of the Cartesian
impedance controller and table pose calibration.

In our experiments, we place the grid-clamps at 6 different locations
to be picked up by the robot, with a user resetting the setup every 6th

episode. This way we ensure that the robot learns under uncertainties
arising from both the grasp and the robot configuration. During the
experiments, the grid-clamp is grasped and transported above the
hole using a hand designed grid-clamp pick up skill. The RL policy
takes over when the grid-clamp is above the target hole.

It is possible to complete the task successfully despite the above-
mentioned uncertainties by appropriately reacting to the contact forces.
While the task can still be executed successfully with high contact
forces, minimizing them is critical for safe long-term operation of
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Figure 3.8: Boxplots summarizing the liquid pouring experiments. Left: SAC
(including real robot experiment), Right: TQC. ‘# until conver-
gence’: number of episodes until 10 subsequent episodes achieve
the task. ‘% spills’: number of episodes in which a spill occurred.
‘% collisions’: number of episodes in which a collision occurred.

the robot. We therefore minimize contact forces by including them
as a secondary reward, with the primary reward ensuring the task
completion.

The SCT used for learning this task has the following design:

• Phases: one phase is used, governing the translational motion
of the peg towards the hole.

• Constraints: the rotational degrees of freedom are constrained
(we assume negligible uncertainty on the hole orientation) and
the robot is free to move in translational DoFs within a cuboid
constraint of size 0.8cm× 0.8cm× 10cm.

• Transitions: the transition distance dt is the z-axis distance
between the grid-clamp and the hole.

For the grid-clamp insertion task (Section 3.4.2), the 6D state given
to the policy is st = [x⊤t f⊤t ]⊤ where xt ∈ R3 is the position of the
grid-clamp (attached to the robot gripper) expressed in the hole frame
and ft ∈ R3 is the force measured at the grid-clamp frame by the
integrated force/torque sensor.
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Figure 3.9: Bottom view of a grid-clamp (left) and uncertainty when grasping
grid-clamps (middle/right).

Reward function

Using the outlined SCT, the policy mainly has to learn the contact
dynamics during insertion. Particularly, the robot is encouraged to
reduce the contact force by introducing a secondary cost component
for the measured force ft at the grid-clamp frame. The reward function
is thus given by:

rT =

50, on successful termination

0, otherwise.
(3.11)

rt = rT + 300(dt−1 − dt)−
1

12
f⊤t ft − a⊤t at. (3.12)

We determine task success from the z coordinate of the end-effector;
if it drops below a threshold, this indicates the clamp has been placed
successfully. To evaluate the effect of the interaction force cost on
the interaction forces during learning, two sets of experiments were
conducted: 1) using the interaction force cost in the reward function
( f⊤t ft) and 2) without using interaction force costs.

Results

In both cases, with and without using interaction force cost in the
reward function, the robot learns the grid-clamp insertion task in
less than 70 episodes amounting to 9820 time steps (≈ 17 minutes)
as shown in Figure 3.10. It achieves 100% success in 70 episodes
O . Figure 3.10 also shows the average interaction force per episode,
computed, for episode i, as fi = ∑Ni

n=1 f⊤i,n fi,n/Ni, where fi,n is the
interaction force measured at step n and Ni is the number of steps in
the episode.

Comparison of the average interaction forces, P and Q , shows that
the robot uses significantly less force during the learning process when
the reward function contains the secondary cost term associated with
interaction forces. This happens without significantly affecting other
components of learning, particularly the time required to achieve 100%
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Figure 3.10: Learning performance of the SAC policy on the grid-clamp
insertion task for RL-SCT-Shaped on the real robot. The plots
show learning performance with and without force interaction
cost in the reward function. Each point shows the mean and one
standard deviation over 5 learning sessions.

success rate O and the speed of task completion in terms of time steps
R when the policy is learned. Figure 3.11 shows the comparison of
the rewards gained over number of episodes. For both cases, learning
in terms of reward converges in ≈70 episodes.

Discussion

RL-SCT can also effectively learn a task involving contact forces di-
rectly on the real robot as demonstrated by learning the grid-clamp
insertion. Notably, through the definition of a transition-distance-
based primary reward, the reward curves (both with and without
force cost) converge quickly (Figure 3.11). The secondary reward
penalizing interaction forces then allows the learning of a policy that
uses an optimal force profile.

It is worth emphasizing that both tasks were learned not only in
a small amount of time but also with safety for both the robot and
the environment, with no collisions observed. This was ensured
by the SCT constraints in task space. Moreover, we highlight that,
despite achieving 100% success rate after 70 episodes, in the setting
without force cost the robot keeps exploring, resulting in subsequent
failures (Figure 3.10-left). We observed that continued exploration
with inadequate force behaviors often leads the robot to apply too
high contact forces on the environment, increasing the likelihood of
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Figure 3.11: Comparison of rewards achieved by learning agent with reward
functions with and without interaction force cost. Each point
shows the mean and one standard deviation over 5 learning
sessions.

failure even after the task has been learned. Such undesired force
profiles can be seen in Figure 3.10-center after the 80–90 episode range.

3.5 conclusion

We proposed a framework – RL-SCT – to guide reinforcement learning
with constraints that are represented as Shared Control Templates.
We have demonstrated that the properties that users expect from
shared control – empowerment through freedom of movement, safety
by enforcing constraints, low-dimensional input commands to facil-
itate control – are properties that are also advantageous for robot
reinforcement learning.

Our experiments show that the explicit representation of constraints
leads to faster learning, and without the need to design complicated re-
ward functions to represent these constraints. Particularly, we demon-
strated that RL-SCT facilitates reinforcement learning on real robots.
In a pouring task (without contacts between robot and environment)
we showed that RL-SCT allows the robot to learn the task in 16 min-
utes without dangerous interactions with the environment. Given
the importance of safety during in-contact tasks, we also applied our
approach to a grid-clamp insertion task in the presence of position
uncertainties to learn a policy which succeeds at the task while mini-
mizing contact forces. Similarly to the pouring task, the robot was able
to quickly learn the task in ≈17 minutes, exhibiting low contact forces
when compared to a baseline which did not account for contact force
minimization. In view of the difficulty to accurately model contacts in
simulation (and the subsequent reality gap) our results gain special
relevance as we show that RL-SCT can be used to learn directly on the
robot safely and efficiently, while minimizing interaction forces.

Despite the successful results obtained, some limitations of RL-SCT
should be highlighted. On the one hand, our approach is tailored
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to the learning of tasks involving the use of objects with known
constraints. It is less suited for learning intricate motor skills, such
as those required for juggling, ball-in-cup, or locomotion. On the
other hand, the design of SCTs can be cumbersome, especially for new
tasks. However, we argue that designing SCTs leads to safer and faster
learning than the classical approach of carefully designing shaped
rewards, which also often takes a significant amount of time (and trial
and error, with all the potentially dangerous interactions it entails).
At the same time, we believe that re-using SCTs from already existing
tasks in new ones is a promising way to mitigate the design effort.

In future work we will investigate methods to extract the required
SCT components from demonstrations [114, 115], namely constraints
and nominal solutions to complete a given task. Having an initial pol-
icy that can be extracted from demonstrations and which only fails in
specific conditions can help further simplify the reward functions used
by RL-SCT. Motion primitive representations which capture aleatoric
and epistemic uncertainties [116, 117] are promising approaches to
build on, to achieve such goals.





4
T O WA R D S S A F E A N D E F F I C I E N T L E A R N I N G I N
T H E W I L D : G U I D I N G R L W I T H C O N S T R A I N E D
U N C E RTA I N T Y- AWA R E M O V E M E N T P R I M I T I V E S

In this chapter, we present a novel RL framework, Kernelized Guided Re-
inforcement Learning (KGRL), which utilizes human demonstrations to
extract task knowledge for guiding RL, while enabling the imposition
of linear inequality constraints on the robot state for safety. To facilitate
the extraction of such knowledge from demonstrations, we introduce a
novel movement primitive representation termed Linearly Constrained
Null-Space Kernelized Movement Primitives (LC-NS-KMP). This rep-
resentation allows learning a nominal policy from demonstrations
which respects linear inequality constraints on the robot state. Further-
more, LC-NS-KMP provides a soft null-space projector that enables
actions generated by an RL policy to modulate the mean behavior of
the nominal policy in accordance with the variance and correlations
observed in the demonstrations and imposed safety constraints. This
property allows for the design of uncertainty-aware, state-dependent
exploration noise, which is essential for efficient learning in complex,
contact-rich tasks.

Collectively, these components enable safe and sample-efficient rein-
forcement learning while simplifying reward function design through
the use of partial task completion strategy extracted from human
demonstrations. We validate the proposed framework on an insertion
task using a torque-controlled 7-DoF robotic manipulator, demon-
strating its effectiveness in achieving safe and efficient real-world
learning.

KGRL achieves the aim of using human demonstrations as a source
of information about the demonstrated task, extracting task com-
pletion strategies, implicit constraints, and uncertainty metrics from
demonstrations that can be exploited to guide RL and inform explo-
ration strategies.

The remainder of this chapter has been published as [34] Abhishek
Padalkar et al. “Towards safe and efficient learning in the wild: guid-
ing RL with constrained uncertainty-aware movement primitives.” In:
IEEE Robotics and Automation Letters (2025).

4.1 introduction

Learning from Demonstration (LfD) [13] has proven to be an effective
method for motion generation, enabling a robot to imitate and adapt
demonstrated motions. Various LfD frameworks have been developed,
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A1 A2 A3 A4

B1 B2 B3 B4

Figure 4.1: BNC connector assembly task from the NIST assembly benchmark
[35]. A1 to A4 show the male and female BNC connectors. B1

to B4 show a human demonstrating the task by hand-guiding
the DLR SARA robot [2]. An LfD trajectory learned from the
demonstrations was not able to solve the task as it does not model
the contact dynamics and uncertainties in the kinematics.

including Dynamic Movement Primitives (DMPs) [14], Probabilis-
tic Movement Primitives (ProMPs) [15], and Kernelized Movement
Primitives (KMPs) [16], which effectively address common real-world
challenges such as generalizing to new situations and avoiding obsta-
cles. However, these methods often struggle in dynamic environments
where demonstrations inadequately represent task dynamics, particu-
larly during in-contact tasks. In such tasks, the policy often receives
out-of-distribution states as an input, resulting in failures. Collabora-
tive robots aim to mitigate these challenges by employing impedance
control to remain compliant while in contact, thus reacting to the
inaccuracies caused by kinematics and dynamics. However, learning
a robust LfD policy that can adapt to such uncertainties remains a
significant challenge.

Reinforcement Learning (RL) addresses this challenge by training
a reactive policy that considers the current state of both the robot
and its environment. However, the necessity of a large number of
trials, coupled with concerns about robot safety, presents a significant
challenge for RL to be directly applicable on real robots. Transfer
learning attempts to overcome this by learning a policy in a simulation
and then applying it to the robot, yet it is still limited by the sim-to-real
gap [21]. Learning skills directly on real robots eliminates the need
for meticulously modelling tasks in simulation. In [33] we propose
a guided RL approach enabling tasks to be learned directly on the
real robot, where available task knowledge, represented as constraints,
facilitates effective policy search (see Section 4.2 for an overview of
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related work). Despite the promising results, the manual modeling
of inductive biases (e.g. constraints, exploration strategies) can be
challenging, particularly in complex tasks that involve contacts.

To address the above-mentioned challenges, we propose to learn
a nominal policy together with a state-dependent exploration strat-
egy from human demonstrations. Specifically, we introduce a novel
movement primitive representation, Linearly Constrained Null-Space
Kernelized Movement Primitives (LC-NS-KMP), where a non-parametric
LfD framework generates motions while adhering to linear inequality
constraints on the robot state. Simultaneously, LC-NS-KMP provides
a null-space projector that allows actions generated by RL policies to
modify the mean behavior of the LfD policy. The derived projector
modifies the mean behavior of the LfD policy in accordance with
the variance and correlations in the demonstrations. Consequently,
the same null-space action will result in larger/smaller deviations
in states where the variance in the demonstrations is higher/lower.
This uncertainty-awareness facilitates the design of state-dependent
exploration noise. We leverage this property to enable state-based
exploration in RL while ensuring safety by enforcing state space con-
straints. The main contribution of the work presented in this chapter
is thus a new RL framework, Kernelized Guided Reinforcement Learning
(KGRL), described in Section 4.3, which leverages the properties of
LC-NS-KMP to facilitate RL in the wild.

To fully demonstrate the capabilities of KGRL, we selected the BNC
connector assembly task from the NIST assembly task board 1 [35],
illustrated in Figure 4.1. This task presents significant challenges,
as it requires precise insertion of the connector while maintaining
compliance to prevent damage to the components. Following the
insertion, a complex series of translations and rotations are neces-
sary to lock the connector in position. Our method is well-suited
for such tasks because it 1) allows for the specification of constraints
that ensure safe operation during state space exploration, and 2)
guarantees uncertainty-aware, state-dependent exploration for rein-
forcement learning, which helps avoid unnecessary exploration in the
low-variance regions of the motion (Section 4.4).

4.2 related work

Learning from Demonstration is a widely used approach for learn-
ing robot motions from humans. Ravichandar et al. [13] present a
comprehensive survey on recent advances in LfD. One of the main
paradigms in LfD is behavior cloning (BC) which uses supervised
learning frameworks such as Dynamic Motion Primitives (DMPs)
[14], Probabilistic Movement Primitives (ProMPs) [15] and Kernelized
Movement Primitives (KMPs) [16] to teach new skills to robots with
only a few demonstrations. BC often generates brittle policies that
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fail when the robot encounters situations outside the distribution of
the demonstrations [42]. Another important paradigm is Inverse Rein-
forcement Learning (IRL) where a reward function is extracted from
human demonstrations to guide RL. Extracting reward functions in
IRL is also subject to the coverage of optimal behaviors in the used
demonstrations [43, 44].

The limitations of LfD, particularly in tasks involving contacts, can
be mitigated by the use of RL in combination with demonstrations,
to obtain more robust policies [118] than with LfD alone. This has
been done in four main ways: (1) by populating the replay buffer of
off-policy RL algorithms with demonstrations and associated reward
[119, 120], (2) by extracting a reward function from demonstrations
and augmenting it with task specific rewards for further generalization
while simultaneously learning an RL policy (GAIL [43], AIRL [121]),
(3) by using a behavior cloning policy to regularize the RL policy
during learning [122, 123], and (4) by learning a residual RL policy
to support an LfD one [106, 124]. Populating the replay buffer with
demonstrations provides initial experience from the demonstrations,
but the RL policy is initialized randomly and trained from scratch
which is an inefficient use of the demonstrations. Learning a reward
function and an RL policy simultaneously from the demonstrations
can result in unstable learning [42].

Work presented in [125] leverages trajectories produced by a tra-
jectory optimization-based controller to initialize an RL policy and
then learns robust behaviors with RL in simulation using domain
randomization. They propose to learn adaptive task phase dynamics
to facilitate learning policies which are robust against failures. Work
presented in [106] proposes multiple strategies for correcting a DMP
policy with RL residual policy for solving contact-rich tasks. None of
the above methods extract exploration strategies from demonstrations
or account for state-dependent noise, instead often assuming isotropic
exploration noise. Moreover, in these approaches, the exploration
is unconstrained, hence potentially unsafe exploratory actions can
cause damage to the environment as well as the robot. Both of these
shortcomings are addressed in our proposed solution.

A holistic review of works on safe reinforcement learning is pre-
sented in [32]. Approaches such as [126] and [127] present an op-
timization layer to optimize the actions generated by the RL policy
based on safety constraints. Others, e.g. [128, 129] use Gaussian Pro-
cesses for conducting safe exploration in the proximity of already safe
states. Our approach has similarities with these works as we propose
to introduce modifications in the trajectories based on variance in the
already safe demonstrations. Additionally, we provide a mechanism
to enforce hard constraints on the state of the robot.

More recently, Chi et al. [130] introduced diffusion policies for
LfD which leverage a conditional denoising diffusion process for
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generating robot motions. An overview of diffusion policies for RL
is provided in [131]. Zheng et al. introduce diffusion-based, safe RL
[132] by defining a feasibility-dependent objective, which depends
on an offline dataset to predefine a safe region. To the best of our
knowledge, current diffusion-based methods in robot manipulation
lack inherent constraint enforcement mechanisms and uncertainty-
aware exploration.

Kernelized Movement Primitives (KMPs) are an LfD framework
originally formulated by Huang et al. [16]. Silvério and Huang [50]
extended this framework such that modulations in the trajectories
are possible with a null-space modifier, without re-parameterizing
the whole KMP. Later, Huang and Caldwell [52] introduced a way
of enforcing linear constraints on the predicted trajectories without
re-parameterization. In our work, we build on top of the above-
mentioned works by deriving a unified framework for enforcing linear
inequality constraints and modifying trajectories with a null-space
action. We leverage the resulting framework in combination with RL,
to efficiently and safely learn in-contact tasks bootstrapped by human
demonstrations.

4.3 methodology

4.3.1 Background

Recalling from Section 2.2.7, Kernelized Movement Primitives (KMP)
learn probabilistic trajectories from demonstrations D, defined in Sec-
tion 2.2.2, by minimizing the KL divergence between the reference
trajectory distribution Tr = {µ̂n, Σ̂n}N

n=1, obtained via GMR and GMM
in Equation (2.12), and the probabilistic representation of demon-
strations defined in Equation (2.14). Huang and Caldwell [52], and
Silvério and Huang [50] further enhance KMPs by introducing vari-
ants, namely the Linearly Constrained KMP (LC-KMP) and Null Space
KMP (NS-KMP), respectively.

The remainder of this subsection provides an overview of LC-KMP
and NS-KMP. In the discussions of this section (Section 4.3), we reuse
the notations and mathematical foundation of KMP presented in
Section 2.2.7. For further details, please refer to Section 2.2.7. Using
these variants as building blocks, we derive our proposed LC-NS-KMP
in Section 4.3.2 by presenting a unified framework that incorporates
both linear inequality constraints and null-space modifications.

Linearly Constrained KMP

Huang and Caldwell [52] formulated a linearly constrained imitation
learning framework which incorporates linear inequality constraints
on the state of the robot, and applied the same method to minimize
the KL-divergence between two distributions represented by Tr and
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Equation (2.14) as described in Section 2.2.7, to obtain a constrained
mean minimization subproblem (similar to Equation (2.15)),

argmin
µw

N

∑
n=1

1
2
(Θ⊤(ξIn)µw − µ̂n)

⊤Σ̂−1
n (Θ⊤(ξIn)µw − µ̂n)

+
1
2

λµ⊤w µw

s.t. g⊤n, f ξO ≥ cn, f , ∀ f ∈ {1, 2, . . . , F},
∀n ∈ {1, 2, . . . , N},

(4.1)

where F is the number of constraints imposed on the output, gn, f and
cn, f parameterize the constraint hyperplanes, and λ is a regularization
factor. The solution of Equation (4.1) leads to the formulation of
Linearly Constrained KMP (LC-KMP). The mean prediction of LC-
KMP is given by

E(ξO) = k∗(K + λΣ)−1µ + k∗(K + λΣ)−1ΣḠα, (4.2)

where,

µ = [µ̂⊤1 , µ̂⊤2 , . . . , µ̂⊤N ]
⊤,

Σ = blockdiag(Σ̂1, Σ̂2, . . . , Σ̂N),

Gn = [gn,1 gn,2 gn,3 . . . gn,F], ∀n ∈ {1, 2, 3, . . . , N},
Ḡ = blockdiag(G1, G2, G3, . . . , GN),

α = [α1,1, α1,2, . . . , α1,F, . . . , αN,1, . . . , αN,F],

k∗ and K are kernel matrices obtained after applying kernel treatment
to the basis functions. The Lagrange multiplier vector α is obtained
by solving a convex optimization problem [52]. Note that the pre-
diction given by Equation (4.2) respects the constraints defined in
Equation (4.1).

Null Space KMP

Silvério and Huang [50] formulated Null Space KMP which allows
modification in the learned trajectory in a variance informed manner
by introducing an additional cost term 1

2 β(µw − µ̂w)⊤(µw − µ̂w) in the
original mean minimization subproblem defined in Equation (2.15)
which led to the formulation of KMP, to obtain a new mean minimiza-
tion subproblem

argmin
µw

N

∑
n=1

1
2
(Θ⊤(ξIn)µw − µ̂n)

⊤Σ̂−1
n (Θ⊤(ξIn)µw − µ̂n)

+
1
2

λµ⊤w µw +
1
2

β(µw − µ̂w)
⊤(µw − µ̂w).

(4.3)

The solution of the above optimization problem leads to the formula-
tion of Null Space KMP (NS-KMP). The mean prediction of NS-KMP
is given by

E(ξO) = k∗(K + h̄Σ)−1µ +
β

h̄

(
k̂∗ − k∗(K + h̄Σ)−1K̂

)
K−1ξ̂ (4.4)



69

where k̂∗, K̂, and K−1 are kernel matrices obtained after applying
kernel treatment to the basis functions, h̄ = λ + β, and ξ̂ is the null-
space action.

4.3.2 LC-NS-KMP Formulation

In this chapter, we derive a unified method which combines null-space
modifier for KMPs proposed by [50] and linear inequality constraints
proposed by [52]. Combining the desirable properties of these meth-
ods, our framework allows RL to modulate a mean trajectory predicted
by KMPs adhering to linear inequality constraints and covariance in
the demonstrations. It helps RL conduct an effective search by mod-
ulating the exploration noise in accordance with the variance and
constraints.

We start from the same constrained mean optimization problem
defined by Equation (4.1), and introduce an additional cost term
1
2 β(µw − µ̂w)⊤(µw − µ̂w) which results in a soft null-space projector
that modifies the mean trajectory (see [50] for details), to obtain,

argmin
µw

N

∑
n=1

1
2
(Θ⊤(ξIn)µw − µ̂n)

⊤Σ̂−1(Θ⊤(ξIn)µw − µ̂n)

+
1
2

λµ⊤w µw +
1
2

β(µw − µ̂w)
⊤(µw − µ̂w),

s.t. g⊤n, f ξO ≥ cn, f , ∀ f ∈ {1, 2, . . . , F},
∀n ∈ {1, 2, . . . , N}.

(4.5)

Here, the cost term 1
2 λµ⊤w µw regularizes the solution and the cost term

1
2 β(µw − µ̂w)⊤(µw − µ̂w) inspired from [50] keeps the solution close to
a desired one µ̂w.

Similarly to [52], we propose to solve Equation (4.5) by introducing
Lagrange multipliers αn, f ≥ 0, with the Lagrange function

L(µw, α) =
N

∑
n=1

1
2
(Θ⊤(ξIn)µw − µ̂n)

⊤Σ̂−1
n (Θ⊤(ξIn)µw − µ̂n)

+
1
2

λµ⊤w µw +
1
2

β(µw − µ̂w)
⊤(µw − µ̂w)

−
N

∑
n=1

F

∑
f=1

αn, f (g⊤n, f Θ(ξIn)
⊤µw − cn, f ),

(4.6)

which can be re-written using matrix notation as

L(µw, α) =
1
2
(Φ⊤µw − µ)⊤Σ−1(Φ⊤µw − µ)

+
1
2

λµ⊤w µw +
1
2

β(µw − µ̂w)
⊤(µw − µ̂w)

− α⊤Ḡ⊤Φ⊤µw − α⊤C̄,

(4.7)



70 4.3. Methodology

where

Φ = [Θ(ξI1 ) Θ(ξI2 ) . . . Θ(ξIN)],

C̄ = [C⊤1 C⊤2 . . . C⊤N ]
⊤,

Cn = [cn,1 cn,2 . . . cn,F]
⊤, ∀n ∈ {1, 2, . . . , N}.

The objective function is then minimized with respect to µw, by
calculating the derivative with respect to µw as

∂L(µw, α)

∂µw
=

1
2
(2ΦΣ−1(Φ⊤µw − µ)) +

1
2
(2λµw)

+
1
2
(2β(µw − µ̂w))− α⊤Ḡ⊤Φ⊤, (4.8)

= ΦΣ−1Φ⊤µw −ΦΣ−1µ + (λ + β)µw

− βµ̂w − α⊤Ḡ⊤Φ⊤,

= ΦΣ−1Φ⊤µw −ΦΣ−1µ + h̄µw − βµ̂w −ΦḠα,

= (ΦΣ−1Φ⊤ + h̄I)µw − (ΦΣ−1µ + βµ̂w + ΦḠα).
(4.9)

By setting the derivative ∂L(µw,α)
∂µw

= 0,

(ΦΣ−1Φ⊤ + h̄I)µ∗w = (ΦΣ−1µ + βµ̂w + ΦḠα) (4.10)

resulting in

µ∗w = (ΦΣ−1Φ⊤ + h̄I)−1(ΦΣ−1µ + βµ̂w + ΦḠα), (4.11)

= ΦAµ + ΦAΣḠα +
β

h̄
(I −ΦAΦ⊤)µ̂w, (4.12)

where, A = (Φ⊤Φ + h̄Σ)−1 and h̄ = λ + β. Equation (4.11) is further
simplified into Equation (4.12) using the Woodbury identity1.

By substituting µ∗w in Equation (4.7) and Equation (2.13), we get

L̃(α) = α⊤Ḡ⊤ΣAKAΣḠα + (2µ⊤AKAΣḠ

− βµ̂⊤w ΦAΣḠ + C̄⊤)α + const, (4.13)

and

E(ξO∗ ) = Θ(ξI∗ )µ
∗
w

= Θ(ξI∗ )
(

ΦAµ + ΦAΣḠα +
β

h̄
(I −ΦAΦ⊤)µ̂w

)
, (4.14)

respectively, where ξO∗ = f (ξI∗ ), and K = − 1
2 Φ⊤ΦΣ−1Φ⊤Φ− h̄

2 Φ⊤Φ.
For a desired output ξ̂ = Φ̂⊤µ̂w, we can estimate the optimal weight

vector µ̂w given the target trajectory ξ̂, using the right pseudo-inverse
of Φ̂⊤, similarly to [50], hence,

µ̂w = Φ̂(Φ̂⊤Φ̂)−1ξ̂.

1 Woodbury identity: if P ≻ 0 and R ≻ 0, (P−1 + B⊤R−1B)−1B⊤R−1 = PB⊤(BPB⊤ + R)−1.
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By further replacing µ̂w in Equation (4.13) and Equation (4.14), we
obtain, respectively,

L̃(α) = α⊤Ḡ⊤ΣAKAΣḠα +
(

2µ⊤AKAΣḠ

− βξ̂⊤(Φ̂⊤Φ̂)−1Φ̂⊤ΦAΣḠ + C̄⊤
)

α + const,
(4.15)

and

E(ξO∗ ) = Θ(ξI∗ )
(

ΦAµ + ΦAΣḠα

+
β

h̄
(I −ΦAΦ⊤)Φ̂(Φ̂⊤Φ̂)−1ξ̂

)
.

(4.16)

Similarly to [16], we propose to kernelize the above equation using
the kernel treatment, i.e. the inner product of basis functions φ(ξIi )

and φ(ξIj ) defined as

φ(ξIi )
⊤φ(ξIj ) = k(ξIi , ξIj ),

where k(., .) is a kernel function. With the kernel treatment, we can
write

L̃(α) = α⊤Ḡ⊤ΣAKAΣḠα +
(

2µ⊤AKAΣḠ

− βξ̂⊤K−1K̂AΣḠ + C̄⊤
)

α + const,
(4.17)

and

E(ξO∗ ) = k∗Aµ + k∗AΣḠα +
β

h̄
(k̂∗ − k∗AK̂)K−1ξ̂, (4.18)

with A = (K + h̄Σ)−1, and K = − 1
2 KΣ−1K − h̄

2 K, where,

K =


k(ξI1 , ξI1 ) k(ξI1 , ξI2 ) . . . k(ξI1 , ξIN)

k(ξI2 , ξI1 ) k(ξI2 , ξI2 ) . . . k(ξI2 , ξIN)
...

...
. . .

...

k(ξIN , ξI1 ) k(ξIN , ξI2 ) . . . k(ξIN , ξIN)

 ,

k(ξIi , ξIj ) = k(ξIi , ξIj )I,

k∗ = [k(ξI∗ , ξI1 ), . . . , k(ξI∗ , ξIN)],

K = Φ̂⊤Φ̂,

K̂ = Φ⊤Φ̂,

k̂∗ = Φ(ξI∗ )
⊤Φ̂.

We substitute

B1 = Ḡ⊤ΣAKAΣḠ,

B2 = 2µ⊤AKAΣḠ + βξ̂⊤K−1K̂(−A)ΣḠ + C̄⊤
(4.19)
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A1 A2

A3

Figure 4.2: LC-NS-KMP properties: (A1) shows the demonstrations and the
learned GMM; (A2) shows the modulations due to different ξ̂
applied at t = 3.2s, adhering to the constraints; (A3) shows the
effect of randomly sampled ξ̂. In (A2) and (A3), the modifications
introduced by ξ̂ respect the linear inequality constraints, which
are shown by dashed red rectangle.

in Equation (4.17), which results in a quadratic function

L̃(α) = α⊤B1α + B2α.

Thus, we can tackle the problem of finding optimal Lagrange multipli-
ers α by solving

argmax
α

α⊤B1α + B2α,

s.t. α ≥ 0.
(4.20)

Since AKA = (AKA)⊤ ≼ 0 and −A = −A⊤ ≼ 0, Eq. (4.20) defines a
quadratic program with linear inequality constraints. After solving
for α, Eq. (4.18) enables constrained predictions incorporating modu-
lations from ξ̂. See Section A.1 for more details on the derivation.

4.3.3 Properties of LC-NS-KMP

We evaluated the properties of LC-NS-KMP using synthetically gen-
erated 2D time trajectories, shown in Figure 4.2 (A1), alongside the
learned GMM. We chose the squared exponential kernel k(ti, tj) =

exp(−l(ti − tj)
2), with hyperparameter l = 2. We use GMR for gener-

ating the reference trajectories and covariances, and the same kernel
in all our experiments, including those in Section 4.4. The KMP input
is ξI = t and the 2D outcome is ξO = [x y]⊤.
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Figure 4.2 (A2) illustrates the impact of various null-space actions ξ̂

applied at t = 3.2s on the resultant trajectories {ξOi }N
i=1. Despite the lo-

cal modulation in the trajectory, smoothness is preserved while respect-
ing the linear inequality constraints defined in LC-NS-KMP. Finally,
Figure 4.2 (A3) shows trajectories generated using Equation (4.18),
where ξ̂ is randomly sampled from a normal distribution at each time
step. ξ̂ modulates the trajectory in accordance with the variance in
the demonstrations and hence it demonstrates the uncertainty-aware
exploration through null-space actions. The modulated trajectory also
satisfies the constraints despite the noise amplitude. This property
paves the way for safe exploration in RL.

4.3.4 Kernelized Guided RL (KGRL)

We propose to use null-space actions ξ̂ obtained from an RL policy
π(ξ̂|s), to introduce modulations in the LfD trajectory learned from
the demonstrations. LC-KMP [52] in Equation (4.2) predicts a tra-
jectory which respects the linear inequality constraints defined in
Equation (4.1). Our proposed method LC-NS-KMP in Equation (4.18)
allows modifications in the prediction using null-space action ξ̂, whose
magnitude depends on the variance in the demonstrations, while re-
specting the constraints in Equation (4.5). This important property
allows us to conduct efficient and safe RL search using null-space
actions. Particularly, we obtain null-space actions from a RL policy
π(ξ̂|s) modifying the prediction for further refinement as

E(ξO∗ ) = k∗Aµ + k∗AΣḠα +
β

h̄
(k̂∗ − k∗AK̂)ξ̂. (4.21)

K becomes identity when modification is applied to a single point
in the trajectory. It should be noted that α is a function of ξ̂, as
shown in Equation (4.19). To compute the KGRL prediction using
Equation (4.21), we first sample ξ̂ and then, using this sampled value,
compute α via Equation (4.20). Our complete approach, termed Ker-
nelized Guided Reinforcement Learning (KGRL), is summarized in
Algorithm 2 for one RL episode.

4.4 evaluation

4.4.1 Experiments in Simulation

We evaluate the performance of our proposed framework against two
baselines: 1) a residual RL policy and 2) a safe residual RL policy
using predictive safety filters [32]. Both of these residual policies learn
to adapt the mean LfD trajectory. For this evaluation, we developed a
simulation involving a robot that navigates a 2D environment with the
primary objective of reaching a goal position while passing through a
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Algorithm 2 Kernelized Guided Reinforcement Learning (KGRL)

1: Collect demonstrations D ← {{ξIn,m, ξOn,m}N
n=1}M

m=1
2: Set λ, β and define k(., .)
3: Set horizon h
4: Model joint probability distribution P(ξI , ξO)

5: Define set of constraints O = {{g⊤n, f , cn, f }N
n=1}F

f=1

6: Initialize a RL policy π(ξ̂|s) and policy parameters
7: loop for each n = 1, . . . , N
8: In current state ξIn , retrieve the reference trajectory distribution

Tr ← {µ̂i, Σ̂i}n+h
i=n

9: Choose constraints for Tr from O
10: Sample RL action ξ̂ from RL policy π

11: Compute α with Equation (4.20)
12: Compute E(ξO∗ ) with Equation (4.21)
13: Apply E(ξO∗ ) to robot
14: Compute reward
15: Update RL policy π

16: end loop

narrow passage, see Figure 4.3. As illustrated in Figure 4.3, demon-
strations D = {{tn,m, pn,m}400

n=1}9
m=1 were given to the robot, where

p = [x y]⊤ is the position of the robot. However, after demonstrat-
ing the trajectories, an obstacle is added along the path of the robot
so that the mean trajectory consistently intersects with the obstacle.
Moreover, we define a Restricted Zone (x ≥ 0.6) for the robot, as shown
in Figure 4.3, after the demonstrations were collected. The robot must
not go into the Restricted Zone to ensure safety during learning and
execution. Consequently, an RL agent must learn to avoid the obstacle
and not to enter the restricted zone, while still successfully reaching
the goal.

We selected KMP, described in Section 2.2.7, as the baseline LfD
method, with ξI = t and generated the necessary time-based trajectory
pkmp

t = E(ξO(t)) to reach the goal. The residual RL policy πres(∆pt|t)
modifies the mean trajectory pkmp

t for avoiding the obstacle. The robot
follows the resultant 2D position p̂t = pkmp

t + ∆pt.
We then implemented predictive safety filters [32] in the form of

Active Constraints (AC) similar to our earlier work [33] in Chapter 3,
which keep the robot in the safe zone and avoid wall collisions by
filtering the unsafe p̂t commands. This resulted in the safe residual RL
policy πsafe(∆pt|t). As illustrated in Figure 4.4b, ACs stop the robot
0.02 units before the restricted zone and the walls. ACs implement
projection functions which project an unsafe robot position back to
the safe zone before sending it to the robot for execution.

We then compare these baselines to our KGRL algorithm outlined
in Equation (4.21), where an RL policy π(ξ̂|t) generates null space
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Figure 4.3: Simulated 2D environment where the robot navigates through
a narrow passage to reach the goal. A trajectory for navigation
can be learned from demonstration. Then an RL policy learns to
avoid the obstacle in the path of the robot. The robot must not
cross into the restricted zone.

actions ξ̂ that modify the trajectory using the null-space projector in
LC-NS-KMP. For KGRL, the KMP input is ξI = t and outcome is
ξO = pt. The robot follows the resultant 2D position p̂t = E(ξO(t)),
derived from Equation (4.21). In KGRL, safety is ensured by defining
a boundary constraint on robot state as

gn,1 = [−1, 0], cn,1 = −0.6, ∀n ∈ {1, 2, . . . , N},

so that the robot does not enter into the Restricted Zone.
In all cases, the reward function for the robot is given by

rt = ra + ro + rT, (4.22)

ra = −10δp⊤t δpt, (4.23)

ro =

−100(0.04− dt), if dt ≤ 0.04

0 otherwise
(4.24)

rT =

 200 at terminal step T, if successful

0 otherwise
(4.25)

where δpt is the displacement of the robot, which can be different from
the residual action ∆pt, e.g. due to collisions with the environment, dt

is the distance of the robot from the obstacle, the terminal reward rT is
given if the episode terminates successfully, ro is the obstacle avoidance
cost, and ra is the action cost. The episode is considered successful
if the robot reaches the goal within 400 time steps. Conversely, it
is deemed unsuccessful if the robot becomes blocked in the narrow
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(a) Residual RL (b) Safe residual RL

(c) KGRL (ours)

Figure 4.4: Comparison of the robot poses resulting from isotropic explo-
ration in residual RL approaches, (a)–(b), and uncertainty-aware
exploration in KGRL, (c). For comparison purposes, manually-
defined safety filters for safe residual RL keep the robot in the
safe zone and prevent wall collisions in (b).

passage for 20 or more time steps, or if the maximum limit of 400 time
steps is reached without achieving the goal.

In all cases, the RL policy is learned using a DNN with 2 hidden
layers with 256 neurons each. To train the RL policies, we used the
implementation of Truncated Quantile Critics (TQC) [67] from Stable-
baselines3 [111]. Key TQC hyperparameters used in the experiment
are summarized in Table 4.1.

The performance comparison between residual RL, safe residual
RL and the KGRL framework is shown in Figure 4.5. KGRL quickly
achieves the primary objective while minimizing both obstacle avoid-
ance and action costs. In contrast, residual learning approaches take
much longer due to isotropic noise (see Figure 4.4a and Figure 4.4b)
used for exploration, which often causes the robot to become stuck in
the narrow passage.
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Hyperparameter Simulation Real Robot

Learning rate 0.001 0.001

Soft update coefficient 0.02 0.01

Discount factor 0.99 0.995

Training frequency 8 8

Gradient steps 8 8

Entropy regularization coefficient auto auto (initial 0.1)

Table 4.1: TQC hyperparameters used in simulation and on the real robot.

Figure 4.5: Comparison of the performance of residual RL and safe residual
RL with LfD to KGRL. KGRL achieves success rate of 1 from the
beginning while optimizing secondary costs. Both residual RL
approaches show unstable learning behavior as the robot often
get stuck at the narrow passage due to inefficient exploration.

Conversely, KGRL modifies trajectories based on the variance in
demonstrations, reducing unnecessary exploration in the low-variance
region near the narrow passage (see Figure 4.4c). Additionally, hard
constraints in KGRL keep the robot within a safe zone, enhancing
its overall performance. Interestingly, the walls defining the narrow
passage are not modeled as hard constraints. Instead, collisions in that
region are avoided through soft constraints on exploration, informed
by the low variance in demonstrations where the robot remained at a
safe distance from the walls.

Figure 4.6 compares the number of collisions with the wall and
the constraint violations in residual RL, safe residual RL and KGRL
during learning. Since demonstrations exhibit low variance while
passing through the narrow passage, our approach effectively shows
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Figure 4.6: Comparison of the number of wall collisions and constraint viola-
tions per episode. KGRL avoids wall collisions as the exploration
is guided by low-variance in the motion near the narrow passage,
while linear constraints prevent any constraint violations. Resid-
ual RL shows high number of wall collisions as well as constraint
violations. Safety filters used in safe residual RL prevent wall
collisions and constraint violations.

no collisions with the wall due to the guided exploration. As seen
in Figure 4.4, the magnitude of the exploration actions generated in
KGRL is low in this region as it adheres to the demonstrated variance.
On the other hand, the isotropic exploration noise in residual RL leads
to more collisions with walls. Constraints enforced in KGRL keep
the robot out of the restricted zone, effectively limiting the constraint
violations to zero. Safe residual RL also shows no constraint violations
and collisions with the wall due to safety filters. In this case, the
safety filters are needed to be explicitly implemented near the walls,
unlike KGRL where collisions with the walls are avoided due to the
state-dependent uncertainty-aware exploration. With no constraint
enforcement mechanism in residual RL, we observe a high number of
constraint violations and wall collisions during learning.

The state of the RL agent, denoted by s in KGRL, can accommodate
different input modalities beyond pose and wrench vectors, such as
image-based observations of the environment. To demonstrate this
capability, we conducted additional experiments in the simulation
shown in Figure 4.3, where the RL state s was derived from rendered
images of the environment. Specifically, the state at time step t is
obtained by flattening the image into a one-dimensional vector as

st = vec(Imgt) ∈ {0, 1, . . . , 255}47520,

where vec(·) denotes the vectorization (flattening) operation concate-
nating all pixel values across spatial and channel dimensions, and

Imgt ∈ {0, 1, . . . , 255}110×144×3

represents the RGB image observation at time step t. Figure 4.7
illustrates that, even with high-dimensional image inputs, KGRL suc-
cessfully learns obstacle avoidance within 30 episodes.
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Figure 4.7: Performance of KGRL in learning obstacle avoidance task in
simulation with RL state s as an image.

4.4.2 Experiments on Real Robot

To evaluate our framework on a real robot, we selected a task from
the NIST assembly benchmark 1 [35] involving the plugging of a BNC
connector. This task is particularly challenging and requires multiple
manipulation strategies for different phases: inserting, aligning, and
locking the connector. The strategy learned from demonstration alone
is insufficient to complete the task, and relying purely on RL would ne-
cessitate an impractically large number of trials. Our approach utilizes
state-dependent guided exploration, allowing the robot to explore the
state-action space selectively, where necessary. Additionally, linear
inequality constraints reduce the state space and ensure the robot’s
safety. We use the DLR SARA robot in our experiment for learning
the task of inserting a BNC connector. Figure 4.1 illustrates the experi-
mental setup. Images (A1) and (A2) present side and top views of the
BNC male connector, while (A3) and (A4) show the respective views
for the BNC female connector. Images (B1) to (B4) depict the stages
of picking, aligning, inserting, and locking the BNC male connector,
respectively, while the human is demonstrating the task on the DLR
SARA robot.

Demonstrations D = {{tn,m, pn,m}400
n=1}5

m=1 were provided for the
aligning, inserting, and locking phases. The 6D pose of the robot
end-effector p = [x y z ψz ψy ψx]⊤ (where ψx, ψy and ψz represent
the Euler angles) is measured in the target frame, which is given by
the end-effector pose when the connector is locked. For practical
purposes, this target frame is assumed to be the last frame of each
successful demonstration. We then learned a vanilla KMP [16] from D
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Figure 4.8: Performance of KGRL on BNC connector assembly task. The
robot learns to solve the task in 45 episodes on an average, simul-
taneously minimizing the interaction force.

with ξI = t and ξO = pt. This KMP was tested but found inadequate
for task completion due to kinematic and dynamic uncertainties as
well as the KMP’s inability to effectively capture the contact dynamics
involved in the task.

We then formulated a KGRL problem and a RL policy π(ξ̂|st)

was learned to complete the task, where the state for the RL policy
st = [t p⊤t f⊤t ]⊤ with ft being the 6D wrench measured at the center
of compliance, ξI = t, and ξO = p. We defined the linear inequality
constraints in XY-plane so that exploration does not deviate too far
from the alignment pose,

g⊤n,1 = [1 0 0 0 0 0], cn,1 = −0.002,

g⊤n,2 = [−1 0 0 0 0 0], cn,2 = −0.002,

g⊤n,3 = [0 1 0 0 0 0], cn,3 = −0.002,

g⊤n,4 = [0 −1 0 0 0 0], cn,4 = −0.002, ∀n = 1 . . . N.

(4.26)

Using gn, f and cn, f formulated in eq. (4.26), matrices Ḡ and C̄ are
constructed.

The reward function for the RL agent is given by,

rt = −0.01ξ̂⊤t ξ̂t − 0.01 f⊤t ft + rT, (4.27)

rT =


60 at terminal step T if successful,

−50 if robot detects collision

0 otherwise.

(4.28)
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Since the DLR SARA robot can detect collisions observing anomalous
joint torques, we use this signal in the reward function. The RL policy
is learned using a DNN with 2 hidden layers with 256 neurons each
and TQC for training, similarly to the simulation experiments. The
TQC hyperparameters used in the experiment are summarized in
Table 4.1.

Figure 4.8 illustrates the overall performance of KGRL. The robot
successfully learned to insert and lock the connector in under 45

episodes while significantly reducing force interactions with the en-
vironment—an important factor for ensuring the robot’s long-term
safe operation. The robot achieved a success rate of 1 in 45 episodes,
along with a decrease in episode length, which results in faster task
completion.

4.5 discussion

With evaluations in simulation and on the real robot, we demonstrated
that a complex task can be learned using KGRL even with a sparse
reward function in a sample-efficient and safe manner. With KGRL,
a simulated robot learns to achieve the primary goal of reaching the
target while minimizing secondary costs, showing success rate of 1

from the beginning. Meanwhile, both residual RL approaches show
unstable learning behavior with the same reward function, as shown
Figure 4.5. In both residual RL approaches, isotropic exploration noise
leads to counter-productive exploration near the narrow passage. Also,
despite improving safety compared to the πres baseline, the definition
of πsafe comes at the cost of having to manually define wall constraints
for the task to succeed, which is not required in KGRL, since the
exploration behavior is extracted from the data.

As discussed above, KGRL is capable of learning complex contact
tasks directly on the real robot. The safety of both robot and environ-
ment is facilitated by the hard constraints defined in the framework.
For the task of inserting a BNC connector, a policy learned from
demonstrations using KMP alone was not sufficient. With KGRL, we
showed that the demonstrations can be used for accelerating RL by
extracting the task completion strategy along with the exploration
strategy. With the possibility of learning the task on a real robot
safely and in a time-efficient manner, we largely alleviate the need of
modeling the task meticulously in simulation. Furthermore, we use
an off-the-shelf off-policy algorithm for learning the tasks. Meticu-
lous hyper-parameter tuning was not necessary in our approach for
learning the tasks successfully.

In Section 4.3.3, we discussed the properties of LC-NS-KMP. Given
its ability to adapt based on demonstration variance while respecting
constraints, LC-NS-KMP is not limited to RL and also offers desirable
properties for LfD, especially on real robots. Also note that we pri-
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oritized success rate and learning efficiency in our evaluations, and
therefore did not explicitly focus on smooth exploration. Nevertheless,
the framework accommodates additional velocity constraints–such as
those proposed in [52] in the context of LfD–which can be defined to
promote smoother exploratory behavior.

We would also like to highlight some limitations of our framework.
The safety constraints in this work are manually defined and require
expert knowledge during design; however, such constraints could also
be extracted from demonstration data, e.g., upper and lower limits of
motion in each degree of freedom. Another possible limitation is that
we assume that the demonstrations encode an appropriate exploration
strategy, which might not hold true in some cases. In such scenarios, a
potential mitigation strategy is to manually tune the covariance matrix
Σ, as it is human-interpretable, leveraging the flexibility inherent in
our approach.

4.6 conclusion

In this chapter, we presented a novel movement primitive represen-
tation called Linearly Constrained Null-space Kernelized Movement
Primitives (LC-NS-KMP), which can learn movement primitives from
demonstrations allowing modifications through null-space actions,
while respecting the linear inequality constraints. We leverage this
movement primitive representation to deliver a novel constrained and
guided RL method called Kernelized Guided Reinforcement Learning
(KGRL). We evaluated our approach to highlight the effectiveness of
KGRL in learning challenging manipulation tasks involving complex
contacts directly on real robot. By integrating state-dependent guided
exploration and linear inequality constraints, we were able to facilitate
efficient learning and enhance the robot’s operational safety. Our
approach enables the robot to master connector insertion and locking
in under 45 episodes, significantly reducing learning time and effort.
Additionally, the reduction in force interactions with the environment
indicates a pathway toward long-term reliability and safety in robot
manipulation. Future work includes automating constraint extraction
and incorporating non-linear constraints to extend applicability to
broader assembly challenges.
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K E R N E L I Z E D G U I D E D R E I N F O R C E M E N T
L E A R N I N G W I T H S M O O T H E X P L O R AT I O N

We present Smooth Kernelized Guided Reinforcement Learning (sKGRL) in
this chapter which ensures smooth RL exploration on real robots.

RL enables the acquisition of complex robotic behaviors through
exploration and exploitation. In classical RL approaches, exploration
is achieved by adding unstructured, step-wise noise to policy actions,
executing these actions in the environment, and collecting rewards
to update the policy. While effective in simulation, this strategy
often results in jerky, unstable motions and high accelerations when
applied to real robotic systems, potentially damaging the robot or
its environment. As discussed in Chapter 1, smooth exploration,
characterized by structured, temporally correlated noise is crucial for
ensuring the long-term safe operation of robots.

The safety-focused, guided RL framework Kernelized Guided Re-
inforcement Learning (KGRL), presented in Chapter 4, provides an
RL method for learning robotic tasks while enforcing constraints to
ensure safety. However, the exploration strategy in KGRL, which relies
on unstructured noise, can still generate abrupt actions, as seen in
Figure 4.4c. To address this limitation, in this chapter, we introduce
Smooth Kernelized Guided Reinforcement Learning (sKGRL), an extension
of KGRL that incorporates a smooth exploration strategy. sKGRL
leverages the continuity-inducing properties of kernel methods and
incorporates the history of previous actions and robot states to limit
acceleration during exploration, promoting both safe and efficient
policy learning.

We evaluate sKGRL in simulation as well as on a real robotic system
performing a BNC connector insertion task. By integrating smooth,
state-dependent, and uncertainty-aware exploration into the guided
RL framework, sKGRL demonstrates comparable real-world perfor-
mance to KGRL with substantially reduced jerks in the motion.

The remainder of this chapter has been submitted as [36] Abhishek
Padalkar et al. “Kernelized Guided Reinforcement Learning with
Smooth Exploration.” Manuscript under review at the IEEE Interna-
tional Conference on Robotics and Automation (ICRA), 2026. -.

5.1 introduction

Reinforcement Learning (RL) has shown immense potential in en-
abling robots to learn complex tasks through interaction with their
environments, holding significant promise for applications in au-

83
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A1 A2

Figure 5.1: BNC connector assembly task from the NIST benchmark [35].
A1: human demonstration via hand-guided manipulation of a
7-DoF torque-controlled arm. A2: policy learned from a few
demonstrations fails due to unmodelled contacts and kinematic
uncertainties. We address this problem using kernel-based guided
RL with smooth, constraint-respecting exploration in the vicinity
of the demonstrations.

tonomous navigation, manipulation, and human-robot collaboration
— particularly in scenarios where human demonstrations alone fail
to capture the full task complexity (as shown, e.g., in Figure 5.1).
However, efficient and safe exploration remains a critical challenge in
applying RL to robotics, particularly in high-dimensional, continuous
action spaces. Smooth exploration — characterized by controlled,
gradual, and informed action selection — is a desirable property, as it
promotes safe and efficient learning. Yet, in practice, RL often relies on
unstructured exploration, as discussed in [19, 20]. Existing exploration
methods, such as random action perturbations (e.g., ϵ-greedy or Gaus-
sian noise), add randomly sampled unstructured exploration noise to
the policy action. This often leads to erratic, abrupt robot behavior and
lack of temporal consistency, increasing the risk of hardware damage
and slowing convergence. Although highly effective in simulation
environments, such unstructured, random, step-based exploration
noise in RL leads to high accelerations.

A variety of recent research has focused on ensuring safe RL on real
robots [32] (see Section 5.2 for a review of related work). One class
of approaches focuses on imposing constraints (both soft and hard)
on the robot’s state space during learning, preventing exploration of
unsafe regions and favoring solutions close to prior demonstrations
[33, 34], presented in Chapters 3 and 4. Another class addresses safety
by focusing on the optimal design of exploration noise [20]. To the
best of our knowledge, the simultaneous consideration of constraints
and smooth exploration strategies remains largely unaddressed in
the context of real-world robot RL. To address this gap, we build
on a constrained, guided RL approach that enables state-dependent,
uncertainty-aware exploration — Kernelized Guided Reinforcement
Learning (KGRL) [34] — and extend it with mechanisms that promote
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continuity (Section 5.3). KGRL uses demonstrations to initialize a
nominal policy distribution and derives the exploration strategy from
its covariance. It also allows the imposition of linear inequality con-
straints to keep the robot within safe regions of the state space. Our
solution combines the strong continuity priors imposed by smooth
kernels — such as the radial basis function (RBF) kernel — with
KGRL’s state-dependent exploration to encourage future states to re-
main close to previously visited ones, thereby promoting smoothness
in the resulting trajectories. Specifically, we prepend the distribution
over future states with the history of measured states, assigning low
uncertainty to the latter since they have been observed, promoting
continuity within each training episode.

We evaluate our method, Smooth Kernelized Guided Reinforcement
Learning (sKGRL) in an illustrative example in 2D and on a real robot
performing a BNC insertion task (Figure 5.1); see Section 5.4.

5.2 related work

Entropy-based reinforcement learning (RL) methods, such as Soft
Actor-Critic (SAC), are widely used for exploration in continuous
action spaces by balancing exploration and exploitation through en-
tropy regularization [62]. However, their tendency to produce abrupt
action changes limits their applicability in robotics. Parameter-space
exploration methods, such as Natural Evolution Strategies [133], Black-
Box Optimization [134], and Policy Gradients with Parameter-Based
Exploration [135], add noise to policy parameters at the start of each
episode [136]. [137] and [138] learn the weights of a motion primitive
(MP) using a deep neural network policy. The policy generates a set
of weights that parameterize the MP, which in turn predicts a desired
trajectory given the weights and initial conditions. [139] performs
exploration in parameter space, but updates the policy using segments
of trajectories rather than treating the entire trajectory as a single data
point. This infrequent noise injection necessitates a large number of
episodes to estimate policy gradients, leading to sample inefficiency.

State-Dependent Exploration (SDE) [19] generates noise using a
function of the robot’s state and randomly sampled parameters, ensur-
ing consistent actions for identical states within an episode. However,
parameter sampling occurs at the episode level, resulting in sample
inefficiency. Generalized State-Dependent Exploration (gSDE) [20]
extends SDE by sampling noise every n steps instead of per episode
and using policy features (e.g., the output of the last layer of the RL
policy) as the noise function’s input, instead of the robot state. Despite
this improvement, gSDE produces abrupt action changes every n steps.
Similarly, the method in [140] injects temporally correlated noise into
the latent state of the policy network, using two learned Gaussian
distributions to generate noise matrices for latent and action noise,
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applied every n steps. Like gSDE, this approach results in abrupt,
unstructured actions at these intervals.

Exploration using pink noise, which combines temporally uncorre-
lated white noise and temporally correlated colored noise, is explored
in [141]. While colored noise has proven effective for learning poli-
cies in continuous action spaces with deep RL [68], its combination
with white noise disrupts action continuity during exploration. [34]
presents a state-dependent uncertainty-aware exploration method
called Kernelized Guided Reinforcement Learning (KGRL) which
leverages demonstrations for guiding RL. Additionally, KGRL en-
ables the imposition of linear inequality constraints on the robot’s
state, enhancing safety for robotic applications. Our method, sKGRL,
extends this method further for smooth RL exploration by consid-
ering history of the robot state in the reference trajectories used in
KGRL. It preserves all desirable properties of KGRL namely state-
based uncertainty-aware exploration and constraints enforcement.

Low-pass filters are commonly used in reinforcement learning to
smooth actions and enhance stability in robotic control. [142] applied
them to quadruped locomotion, [143] to humanoid robots, and Narang
et al. [23] to contact-rich manipulation in simulated environments.
Similarly, Neunert et al. [144] employed action repetition for temporal
smoothing in continuous control tasks. These techniques improve
policy stability by mitigating high-frequency noise. In contrast, our
method induces smoothness without requiring low-pass filters in the
robot’s low-level control loop. Consequently, it integrates seamlessly
with off-the-shelf robotic control architectures while leveraging state-
based, uncertainty-aware exploration for data-efficient learning.

5.3 methodology

We introduce an RL framework that builds on the Kernelized Guided
Reinforcement Learning (KGRL) approach presented in Section 4.3.4.
Our framework extends KGRL with a smooth exploration strategy,
leveraging the continuity-inducing properties of kernel-based methods
to promote safe and efficient policy learning. In Section 5.3.1, we
briefly revisit the KGRL formulation. We then present our novel
exploration approach in Section 5.3.2 and discuss its key properties in
Section 5.3.3.

5.3.1 Kernelized Guided Reinforcement Learning (KGRL)

KGRL [34] aims to derive a model of the demonstrations that quan-
tifies the variance and correlations between datapoints while simul-
taneously adhering to hard constraints. Additionally, it derives an
uncertainty-aware term that enables exploration informed by demon-
stration data. KGRL proposes to obtain null space actions ξ̂ from an
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RL policy π(ξ̂|s), to modulate the LfD trajectory learned from the
demonstrations. Recalling from Section 4.3.4, these null-space actions
modify the prediction for further refinement as

E(ξO∗ ) = k∗Aµ + k∗AΣḠα +
β

h̄
(k̂∗ − k∗AK̂)ξ̂, (5.1)

with A=(K + h̄Σ)−1, K=− 1
2 KΣ−1K − h̄

2 K, and scalar parameters β

and h̄. Lagrange multipliers α are obtained by solving a quadratic
program with linear inequality constraints,

argmax
α

α⊤B1α + B2α,

s.t. α ≥ 0,
(5.2)

where,

B1 = Ḡ⊤ΣAKAΣḠ, B2 = 2µ⊤AKAΣḠ− βξ̂⊤K−1K̂AΣḠ + C̄⊤.

Matrices Ḡ and C̄ parameterize the linear inequality constraints im-
posed on the output. Please visit Section 4.3.4 for more details and for
the definitions of the matrices µ, Σ, k∗, Ḡ, C̄, α, k̂∗, and K̂. As shown
in [34], β

h̄ (k̂ − kAK̂)K−1 acts as a soft null space projector, adapting
the trajectory expectation in line with the data variance—with larger
variance allowing stronger deformations and smaller variance con-
straining them. After solving for α, Equation (5.1) enables constrained
predictions incorporating modulations from ξ̂.

5.3.2 A Smooth Exploration Approach for KGRL (sKGRL)

To enable smooth exploration in KGRL, we leverage its inherited
smoothness bias from KMPs [16], which uses smooth kernels impos-
ing continuity priors on generated trajectories and adjusts them based
on demonstration variance. Specifically, KGRL’s state-dependent,
uncertainty-aware exploration employs null-space actions to induce
greater modifications in high-variance regions than in low-variance
ones. However, standard KGRL exploration: 1) generates a reference
trajectory distribution of horizon H from the GMM at each time step,
2) applies a noisy soft null space action to its first point to create a
modification, 3) executes only that first modified point on the robot,
and 4) discards the rest before resampling a new reference trajectory
distribution. This causes the robot to jump between unrelated modi-
fied trajectories at each step, resulting in jerky motion, as illustrated in
Figure 5.2a. To achieve smooth exploration, we propose prepending
the history of robot states to the newly sampled reference distribution
Tr with very low variance, realistically assuming that these states are
known precisely from robot sensors. The resulting modified distribu-
tion is

T
′
r =

{
µ
′
n, Σ

′
n

}0

n=−P
∪
{

µ̂n, Σ̂n
}H

n=1 , (5.3)
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Algorithm 3 Smooth Kernelized Guided Reinforcement Learning
(sKGRL)

1: Collect demonstrations D ← {{ξIn,m, ξOn,m}N
n=1}M

m=1
2: Set λ, β, ρ and define k(., .)
3: Set horizon H, history window size P
4: Initialize historical trajectory distribution Tp = {}
5: Model joint probability distribution P(ξI , ξO)

6: Define set of constraints O = {{g⊤n, f , cn, f }N
n=1}F

f=1

7: Initialize a RL policy π(ξ̂|s) and policy parameters
8: loop for each n = 1, . . . , N
9: In current state ξIn , retrieve the reference trajectory distribution

Tr ← {µ̂i, Σ̂i}n+H
i=n

10: Prepend Tp to Tr to obtain T
′
r as per Equation (5.3)

11: Choose constraints for T
′
r from O

12: Sample RL action ξ̂ from RL policy π

13: Compute α using Equation (5.2)
14: Compute E(ξO(ξIn)) with Equation (5.1)
15: Apply E(ξO(ξIn)) to robot
16: Compute reward
17: Update RL policy π

18: Update Tp with new measured robot state µ
′

and Σ
′
= ρI

19: end loop

where P is the number of history points and the exploration action is
applied at n = 1. µ

′
is the measured robot state and the covariance is

defined as Σ
′
= ρI where ρ is a small scalar factor. Unlike standard

KGRL, this combines a rolling history with a future reference trajectory
distribution sampled from the probabilistic model (GMM modelling
demonstrations D), ensuring the robot maintains a continuous moving
reference distribution rather than jumping between unrelated distri-
butions. Algorithm 3 details the sKGRL algorithm for one RL episode.
The steps shown in the blue text differentiate the sKGRL algorithm
from KGRL algorithm presented in Algorithm 2. Notably, while the
underlying offline RL policy still generates random, unstructured
noisy actions, the sKGRL framework produces principled trajectory
modifications leveraging the aforementioned properties.

5.3.3 Smoothness Properties of sKGRL

Figure 5.2a and Figure 5.2b illustrate the differences in exploration
between KGRL and sKGRL, highlighting the smooth exploration by
sKGRL. In KGRL, a reference trajectory distribution is sampled at each
time step, a null-space action is applied to yield a modified trajectory,
and only the first command is executed by the robot. This process,
depicted in Figure 5.2a, produces jerky motion, with dotted blue lines
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(a) KGLR exploration

(b) sKGLR exploration

Figure 5.2: Comparison of the reference trajectories, modified trajectories and
robot trajectory in KGRL and sKGRL. Blue dotted lines show the
reference trajectories. Red lines denote the trajectories modified by
RL exploration. Red solid line indicates the resultant trajectory of
the robot. Shaded blue region shows the variance in the reference
trajectory distribution.

denoting mean reference trajectories with H = 40, red lines indicating
modified trajectories, and the solid red line tracing the robot’s exe-
cuted trajectory. In contrast, sKGRL (Figure 5.2b) prepends measured
robot states with low variance to the reference trajectory distribution,
ensuring smooth exploration. As shown in Figure 5.2b, dotted blue
lines represent means of these augmented reference trajectory distri-
butions with H = 40 and P = 10, red lines denote sKGRL-modified
trajectories, and the solid red line marks the robot’s executed trajectory.
In both figures, the blue shaded region shows the relative variance of
the reference trajectories sampled from probabilistic model.

In both KGRL and sKGRL, without perturbation, the robot would
continue along the modified (red) path from each time step onward;
however, to enable exploration, a new modified path is generated at
every time step using a reference trajectory distribution and a new
null-space action. In KGRL, this involves sampling a new reference
trajectory distribution at each step, yielding unrelated modified tra-
jectories after applying the action. In contrast, sKGRL maintains a
moving reference trajectory distribution that incorporates the robot’s
historical states including current state with low variance, resulting
in a smooth modified trajectory passing through the current robot



90 5.3. Methodology

Figure 5.3: Simulated 2D environment where the robot navigates through
a narrow passage to reach the goal. A trajectory for navigation
can be learned from demonstration. Then an RL policy learns to
avoid the obstacle in the path of the robot. The robot must not
cross into the restricted zone.

pose. Uncertainty-aware exploration enforces passage through the
current pose (due to its minimal variance), while smoothness bias from
smooth kernels ensures continuity to the next pose in the modified
trajectory which will be executed on the robot.

5.3.4 Extending sKGRL for Handling of External Perturbations

Our proposed approach, sKGRL, can be extended to handle external
perturbations in the Learning from Demonstrations context. sKGRL
inherently replans the robot trajectory at every time step using the
modified reference trajectory distribution T

′
r, which contains the his-

tory of measured robot states. With its smoothness properties, sKGRL
robustly handles external perturbations without generating disconti-
nuities in the replanned trajectories, even when perturbations affect
the current robot state.

These perturbations may arise from external influences, for example,
human interactions during execution. By setting P = 1, sKGRL
replans the future trajectory to pass through the current perturbed
state of the robot. Sampling the reference trajectory distribution at
every time step and prepending the current state with low variance
in the reference distribution ensures trajectory continuity even under
external perturbations.

The constraint enforcement mechanism further ensures that the
replanned trajectory respects linear inequality constraints in the pres-
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Figure 5.4: Figure shows the robust handling of external perturbations
(shown by dashed red lines) introduced at various time instances.
Variance informed recovery behavior respects the imposed lineal
inequality constraints.

ence of perturbations. Recovery from a perturbed state is variance-
informed: in regions of high demonstration variance, recovery is less
aggressive and takes longer to merge with the nominal (unperturbed)
behavior, allowing greater deviation over a longer time horizon. Con-
versely, in regions of low demonstration variance, the replanned tra-
jectory merges more aggressively with the nominal trajectory while
maintaining smoothness. It should be noted that null-space actions
can still introduce additional, desired modifications to the trajectory.

Using simulated 2D toy example in Figure 5.3, Figure 5.4 illustrates
the effect of perturbations at different time instances on the robot
trajectory. The discussed properties—variance-informed perturbation
handling and replanning while respecting constraints—are clearly
evident from the robot’s behavior in the plots.
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(a) KGLR exploration (b) sKGRL exploration

Figure 5.5: Comparison of KGRL and sKGRL exploration. Figure 5.5a shows
1 KGRL trajectory and Figure 5.5b shows 5 different sKGRL
trajectories to highlight gradual, structured evolution of trajec-
tories. sKGRL maintains single reference trajectory distribution
by prepending historical state observations to newly sampled
reference trajectory distribution. By not keeping history of visited
states, KGRL makes robot jump between different trajectories.

5.4 evaluation

5.4.1 Two-dimensional Toy Examples

We evaluate the performance of our proposed framework, sKGRL
against KGRL. For this evaluation, we used a simulation involving a
robot that navigates a 2D environment with the primary objective of
reaching a goal position while passing through a narrow passage, see
Figure 5.3, similar to Chapter 4. As illustrated in Figure 5.3, demon-
strations D = {{tn,m, pn,m}400

n=1}9
m=1 were given to the robot. However,

after demonstrating the trajectories, an obstacle is added along the
path of the robot so that the mean trajectory consistently intersects
with the obstacle. Moreover, we define a Restricted Zone (x ≥ 0.6)
for the robot, as shown in Figure 5.3, after the demonstrations were
collected. The robot must not go into the Restricted Zone to ensure
safety during learning and execution. Consequently, an RL agent must
learn to avoid the obstacle and not to enter the restricted zone, while
still successfully reaching the goal. The primary objective of this anal-
ysis is to compare the ability to conduct smooth exploration of these
algorithms and to compare the learning performance. Both sKGRL
and KGRL conduct state-dependent uncertainty-aware exploration
while respecting imposed linear inequality constraints, ensuring the
robot does not enter the restricted zone.

To learn an RL policy for avoiding obstacle and reaching goal, we
used the same reward function and Truncated Quantile Critics (TQC)
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Figure 5.6: Comparison of the learning performance of KGRL and sKGRL.
sKGRL shows overall superior performance in terms of total re-
wards achieved with structured, smooth exploration which results
in lower action cost. sKGRL takes comparatively more time to
learn to avoid obstacles due to slower and gradual exploration
in the state-space. The figure shows the average learning perfor-
mance for 10 learning trials for each approach.

algorithm [111] for KGRL as well sKGRL. The reward function for the
robot is given by

rt = ra + ro + rT, (5.4)

ra = −10δp⊤t δpt, (5.5)

ro =

−100(0.04− dt), if dt ≤ 0.04

0 otherwise
(5.6)

rT =

 200 at terminal step T, if successful

0 otherwise
(5.7)

where δpt is the displacement of the robot, dt is the distance of the
robot from the obstacle, the terminal reward rT is given if the episode
terminates successfully, ro is the obstacle avoidance cost, and ra is
the action cost. For both KGRL and sKGRL, ξI = t and outcome is
ξO = pt. For sKGRL, we define P = 10, H = 40, λ = 6, β = 6, and
ρ = 10−6. The robot follows the resultant 2D position p̂t = E(ξO(t)),
derived from Equation (5.1) where modulations of the mean trajectory
originate from the RL policy π(ξ̂|t).

We compared the exploration trajectories of KGRL and sKGRL
as shown in the Figure 5.5a and Figure 5.5b. KGRL exploration in
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A1 A2 A3 A4

B1 B2 B3 B4

Figure 5.7: sKGRL learning BNC connector assembly task. A1 to A4 show
an unsuccessful episode while learning the task. B1 to B4 show
that sKGRL learned the task successfully.

Figure 5.5a shows that robot explores around the mean trajectory
following the uncertainty aware exploration, but the exploration is not
smooth and leads to erratic robot motions due the high acceleration
components in the robot motion. On the other hand, sKGRL explo-
ration in Figure 5.5b shows more structured exploration where the
robot trajectory evolves in a structured and smooth manner, without
generating high accelerations in the robot.

Figure 5.6 shows the learning performance of sKGRL and KGRL.
sKGRL shows overall superior performance in terms of total rewards
achieved with structured exploration. This increase in performance
is achieved primarily due to the smooth exploration which results in
lower action cost. However, sKGRL takes comparatively more time to
learn to avoid obstacles due to slower and gradual exploration in the
state-space.

5.4.2 Real Robot Experiment

To evaluate our approach on a real robot, we selected a task from the
NIST assembly benchmark 1 [35] involving the plugging of a BNC
connector, similarly to [34]. This challenging task requires multiple
manipulation strategies for different phases: aligning, inserting, and
locking the connector. The strategy learned from demonstration alone
is insufficient to complete the task, as shown in Figure 5.1, and relying
purely on RL would necessitate an impractically large number of
trials. Both KGRL and our approach sKGRL, use state-dependent
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Figure 5.8: Comparison of KGRL and sKGRL exploration on the real robot.
The KGRL trajectories show jumps in the robot positions amount-
ing to the higher accelerations in the robot, due to the unstruc-
tured exploration. sKGRL conducts principled exploration lead-
ing to smoother trajectories.

guided exploration, allowing the robot to explore the state-action
space selectively, where necessary. Linear inequality constraints reduce
the state space and ensure the robot’s safety. Additionally, smooth
exploration strategy used in sKGRL ensures principled exploration.
The experimental setup for learning the task of inserting a BNC
connector is shown in Figure 5.7.

Figure 5.8 compares exploration trajectories generated by sKGRL
and KGRL. sKGRL ensures that the modification introduced by RL
exploration ensures the continuity of the robot trajectory. On the
other hand, KGRL trajectories show jumps in the robot poses, hence
amounting to higher accelerations in the robot.

We formulated KGRL and sKGRL problems and an RL policy
π(ξ̂|st) was learned to complete the task in both cases with TQC
algorithm, where the state for the RL policy is st = [t p⊤t f⊤t ]⊤ with
ft being the 6D wrench measured at the center of compliance, ξI = t,
and ξO = p. We defined the linear inequality constraints in XY-plane
so that exploration does not deviate too far from the alignment pose,

g⊤n,1 = [1 0 0 0 0 0], cn,1 = −0.002,

g⊤n,2 = [−1 0 0 0 0 0], cn,2 = −0.002,

g⊤n,3 = [0 1 0 0 0 0], cn,3 = −0.002,

g⊤n,4 = [0 −1 0 0 0 0], cn,4 = −0.002, ∀n = 1 . . . N.

(5.8)
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Figure 5.9: Comparison of KGRL and history based sKGRL in learning BNC
connector insertion task on the real robot. The figure shows
the average learning performance for 10 learning trails for each
approach.

Using gn, f and cn, f formulated in Equation (5.8), matrices Ḡ and C̄ are
constructed. For sKGRL, we define P = 10, H = 40, λ = 6, β = 6, and
ρ = 10−8. The reward function for the RL agent in both cases is given
by,

rt = −0.01ξ̂⊤t ξ̂t − 0.01 f⊤t ft + rT, (5.9)

rT =


60 at terminal step T if successful,

−50 if robot detects collision

0 otherwise.

(5.10)

Figure 5.9 compares the learning performance of KGRL and sKGRL
in learning BNC insertion task. Both approaches learn the task under
45 episodes. KGRL shows success rate of 1 in 42 episodes whereas
sKGRL shows success rate of 1 in 44 episodes, demonstrating compa-
rable performance in terms of success rate. Post-convergence, sKGRL
achieves lower maximum rewards than KGRL due to reduced opti-
mization of interaction force costs and episode lengths.

Figure 5.10 compares the average jerk norm in trajectories gener-
ated by KGRL and sKGRL during learning. The figure shows the
distribution of the average norm of the end-effector jerk, j̄ across
first 10 episodes during a learning trial for each approach, where
j̄ = 1

N ∑N
i=1 ∥ji∥, computed separately for the linear and the angular

components, where N is the length of the trajectory. The boxplots in



97

(a) Linear jerk

(b) Angular jerk

Figure 5.10: Comparison of the average jerk in KGRL and sKGRL exploration
on the real robot. sKGRL trajectories exhibit significantly smaller
jerk than the KGRL trajectories.

Figure 5.10 depict these jerks in blue for the linear components and
red for the angular components. The sKGRL trajectories exhibit jerks
that are orders of magnitude smaller than those of the KGRL trajecto-
ries, underscoring the effectiveness of sKGRL in enabling smoother
exploration.

5.5 discussion

Being guided RL approaches, KGRL and sKGRL learn the tasks
successfully in data-efficient manner, conducting state-dependent
uncertainty-aware exploration. Constraint enforcement mechanism
in both approaches ensured safe exploration while learning. In simu-
lation experiments in Section 5.4.1, sKGRL exhibited structured but
less aggressive exploration than KGRL, requiring more time to cover
the same state space and thus slowing the learning of obstacle avoid-
ance which was reflected in the obstacle avoidance cost (Figure 5.6).
Structured exploration led to more stable learning and higher over-
all reward for sKGRL due to smaller action cost, whereas KGRL’s
unstructured exploration incurred very high action costs that were
optimized over time. Due to the strong prior on smoothness from
the exploration strategy in sKGRL, the action cost was not as high as
KGRL from the beginning to optimize.

On the real robot (Section 5.4.2), sKGRL achieved comparable learn-
ing performance to KGRL in terms of success rate while generating
smoother exploration trajectories for enhanced safety. Both methods
learned the task in 45 episodes, reaching a success rate of 1 (Fig-
ure 5.9). Moreover, sKGRL produced jerks in exploration trajectories
that were orders of magnitude lower than those in KGRL, providing
an additional safety layer for the robot (Figure 5.10). However, post-
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convergence, KGRL yielded higher rewards due to the greater reactive-
ness enabled by unconstrained exploration, which better optimized
force interaction costs. In contrast, sKGRL’s inherent smoothness bias
limited instantaneous corrective actions against high contact forces, as
actions exerted gradual effects over longer horizons. This limitation
could be addressed by increasing the RL policy’s control command
update rate, which sKGRL supports safely without inducing the shaky
behaviors typical of classical RL.

In both experiments, sKGRL enhanced overall robot behavior dur-
ing learning, achieving orders-of-magnitude reductions in jerk while
preserving task goal acquisition in data-efficient manner. Though this
came at the cost of reduced reactivity, our goal was to demonstrate
that uncertainty-aware methods like KGRL can be further extended
for smooth exploration for enhanced safety. Suboptimal secondary
cost optimization from low reactivity could be mitigated by task-
phase-specific tuning of P, enabling more reactive actions (e.g., dur-
ing contact) while maintaining smoothness elsewhere (e.g., in free
space). Notably, selectively tuning exploration via a single parameter
P could unify unstructured strategies from classical RL[34, 62] with
the smoothness of evolution strategies, black-box optimization, and
parameter-based exploration[133–135, 137].

5.6 conclusion

In this chapter, we presented sKGRL, an extension of Kernelized
Guided Reinforcement Learning (KGRL) that enables smooth, princi-
pled exploration in reinforcement learning while preserving KGRL’s
state-dependent, uncertainty-aware exploration and ability to enforce
linear inequality constraints. By prepending low-variance robot state
history to the reference trajectory distribution, sKGRL ensures con-
tinuity in the trajectories and reduces jerky motions, yielding jerk
magnitudes orders of magnitude lower than KGRL. In simulation,
sKGRL outperformed KGRL in per-episode rewards via lower action
costs and stable learning, despite needing slightly more episodes to
reach 100% success due to conservative exploration. On the real robot,
sKGRL matched KGRL’s 100% success convergence in 45 episodes
with smoother exploration. Although post-convergence optimization
of force interaction costs and episode lengths was slightly lower than
KGRL, sKGRL enhanced safety with substantially reduced jerks in the
motion during learning.

In future work, to mitigate the issue of optimization of force interac-
tion cost, we will work on enhancing sKGRL’s reactiveness by using
higher command update rate and task-phase-dependent P to enable
reactive exploration in necessary regions. Vision Language Models
[145] can be deployed to infer such value of P based on the phase of
the task.
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C O N C L U S I O N A N D O U T L O O K

6.1 conclusion

In this work, we developed novel algorithms and methods for guid-
ing Reinforcement Learning (RL) using task knowledge. As outlined
in Chapter 1, the application of RL in robotics is hindered by the
need for a large number of training episodes and by safety concerns
associated with unsafe exploration. This requirement for extensive
training makes the learning process time-consuming and mechani-
cally demanding. Moreover, exploratory actions and those generated
by a newly initialized policy can be unsafe for direct execution on
a real robot, potentially causing damage to the robot and its envi-
ronment. We demonstrated that incorporating task knowledge and
constraints into the RL process accelerates learning and promotes
safe exploration, as validated through the experiments in Sections 3.4,
4.4 and 5.4. Faster and safer learning enables RL algorithms to be
deployed directly on real robots, thereby reducing the reliance on sim-
ulations. Consequently, this approach helps mitigate the sim-to-real
gap, a persistent challenge in transfer learning arising from differences
between simulated and real environments, particularly in contact-rich
manipulation tasks. By leveraging task knowledge and constraints,
our methods substantially reduce the need for time-consuming and
mechanically demanding real-world robot–environment interactions.
Finally, through the direct imposition of constraints during explo-
ration, our approach ensures safe RL behavior throughout the learning
process.

In this work, we developed two novel frameworks—Reinforcement
Learning with Shared Control Templates (RL-SCT) and Kernelized
Guided Reinforcement Learning (KGRL)—to facilitate the incorpora-
tion of task knowledge and constraints into the RL process. Further-
more, we introduced an extension of KGRL, termed Smooth Kernel-
ized Guided Reinforcement Learning (sKGRL), which enhances safety
through a principled, smooth exploration strategy.

6.1.1 Guiding RL with Hard-coded Task Knowledge and Constraints

In Chapter 3, we presented RL-SCT for guiding RL through constraints
represented as Shared Control Templates. We demonstrated that the
properties typically expected from shared control: empowerment
through freedom of movement, safety via constraint enforcement, and
low-dimensional input commands that facilitate control, are equally
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advantageous for RL on a robot. Our experiments demonstrated that
the explicit representation of constraints leads to faster learning, with-
out the need to design complex reward functions to encode these
constraints. In particular, in Section 3.4, we demonstrated that RL-SCT
enables effective RL on real robots. In a pouring liquid task (with-
out contact between the robot and environment), RL-SCT allowed
the robot to learn the task in only 16 minutes, without any unsafe
interactions. Given the importance of safety in contact-rich tasks, we
further applied our approach to a grid-clamp insertion task—similar
to peg-in-hole—under position uncertainty, to learn a policy that suc-
cessfully completes the task while minimizing contact forces. As
with the pouring task, the robot quickly learned the insertion task
in approximately 17 minutes, exhibiting substantially lower contact
forces compared to a baseline that did not account for contact force
minimization. Considering the difficulty of accurately modeling con-
tact dynamics in simulation (and the resulting sim-to-real gap), these
results are particularly significant, demonstrating that RL-SCT enables
safe and efficient learning directly on real robots while minimizing
interaction forces.

While RL-SCT is primarily tailored for tasks involving objects with
known constraints, it is less suited for motor skills such as juggling,
ball-in-cup, or intricate assembly tasks. However, subsequent methods
in this work address intricate assembly tasks. Although designing
SCTs can be cumbersome, our results demonstrate that they enable
safer and faster learning compared to traditional reward shaping,
which often demands extensive fine-tuning and may involve unsafe
interactions. Moreover, the potential to reuse SCTs across related tasks
presents a promising direction for reducing design overhead in future
applications.

6.1.2 Guiding RL with Demonstrations

In Chapter 4, we presented a novel movement primitive representation
called Linearly Constrained Null-space Kernelized Movement Primi-
tives (LC-NS-KMP), which learns an initial base policy for robot ma-
nipulation from demonstrations. LC-NS-KMP enables modifications
to the base policy through a soft null-space projector and null-space
actions, in accordance with the variance observed in the demonstra-
tions. Specifically, it allows greater modifications in regions of motion
with higher variance compared to those regions where the variance
is low. Finally, LC-NS-KMP provides a mechanism for enforcing
linear inequality constraints on the robot’s state, ensuring that the
modifications respect the imposed constraints.

We leveraged this movement primitive representation to develop
a novel constrained and guided RL method, Kernelized Guided Re-
inforcement Learning (KGRL). KGRL enables learning an RL policy
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that leverages guidance from the base policy extracted from demon-
strations, imposes safety constraints in the form of linear inequalities,
and performs uncertainty-aware, state-dependent exploration using
the null-space projector and null-space actions obtained from the
RL policy. KGRL effectively unifies learning from demonstrations,
constrained probabilistic prediction, and RL with uncertainty-aware
state-dependent exploration. Furthermore, KGRL enhances knowl-
edge extraction over RL-SCT by extracting task knowledge directly
from user demonstrations, whereas in RL-SCT, an expert user hand-
crafts the task knowledge.

As discussed in Section 4.4.2, we evaluated our approach to high-
light the effectiveness of KGRL in learning challenging manipulation
tasks involving complex contacts directly on a real robot. By inte-
grating state-dependent guided exploration and linear inequality con-
straints, KGRL facilitated efficient learning and enhanced the robot’s
operational safety. Our approach enabled the robot to master BNC
connector insertion and locking in under 45 episodes, significantly
reducing learning time and effort. Additionally, the observed reduc-
tion in interaction forces with the environment indicates a pathway
toward long-term reliability and safety in robot manipulation. Finally,
the mechanism for enforcing constraints and the ability to introduce
variance-informed modifications in the base policy through null-space
actions make LC-NS-KMP a highly desirable movement primitive
framework for robotics.

6.1.3 Smooth Exploration Strategy for RL

In Chapter 5, we presented sKGRL, an extension of KGRL that en-
ables smooth, principled exploration in RL while preserving KGRL’s
state-dependent, uncertainty-aware exploration and its ability to en-
force linear inequality constraints. sKGRL ensures continuity in the
trajectories and reduces jerky motions by prepending low-variance
robot state history to the reference trajectory distribution, yielding jerk
magnitudes orders of magnitude lower than KGRL. In simulation, as
shown in Section 5.4.1, sKGRL outperformed KGRL in per-episode
rewards through lower action costs and more stable learning, despite
requiring slightly more episodes to reach 100% success due to its
conservative exploration. On the real robot, as shown in Section 5.4.2,
sKGRL matched KGRL’s 100% success convergence in 45 episodes
while producing smoother exploration. Although post-convergence
optimization of force interaction costs and episode lengths was slightly
lower than KGRL, sKGRL enhanced safety by substantially reducing
jerks during learning.
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6.1.4 Simplified Reward Function Design

All our frameworks provide an important additional benefit in the
form of simplified reward function design. In classical RL, the reward
function encodes the intended behavior that the agent should learn
and incorporates costs for constraint violations. In our frameworks,
constraints are enforced explicitly, eliminating the need for implicit
representation in the reward function and reducing the efforts required
to fine-tune a complex reward function. In KGRL, reward specification
is further simplified to a sparse reward with only the action and force
interaction costs. This is enabled by the guidance provided by the base
policy and the incorporation of uncertainty-aware, state-dependent
exploration.

6.2 outlook

6.2.1 Use of Visual Language Models to Enhance Task Knowledge and
Constraints

With their proven capabilities in making RL faster and safer, our
frameworks—RL-SCT, KGRL, and sKGRL—can be further enhanced
through recent advances in Visual Language Models (VLMs) [145].
For example, RL-SCT can leverage VLMs to dynamically parameterize
SCTs in environments where external agents change the state or phase
of the task. Both RL-SCT and KGRL can also utilize VLMs to infer hard
constraints specific to a class of objects, while constraints in KGRL
and sKGRL may alternatively be derived directly from demonstrations
by observing the range of motion across degrees of freedom. In
sKGRL, VLMs can be deployed to adjust the smoothness parameter P,
enabling reactive exploration in regions where higher responsiveness
is required by identifying task phases that demand greater reactiveness.
Alternatively, a higher control command update rate can be used.

6.2.2 Extended State Representation in KGRL and sKGRL

In KGRL and sKGRL, the RL policy generates null-space actions to
modify the base policy by observing the robot’s state, primarily in-
cluding end-effector pose, end-effector wrench, and time, as discussed
in Sections 4.4.2 and 5.4.2. Observations could also incorporate im-
ages or complex state representations obtained from visual feedback,
augmented with pose and wrench information. KGRL and sKGRL
inherently support such rich observations. Future work could investi-
gate how incorporating these observations affects the ability of these
methods to handle greater environmental variability and its impact
on data efficiency.
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6.2.3 Policy Distillation with KGRL

It would also be interesting to leverage the KGRL policy for policy
distillation to learn a simpler deep RL policy, thereby reducing com-
putational complexity while retaining the advantages of guided, con-
strained exploration. This can be approached in two ways. Firstly, the
learned KGRL policy can serve as a teacher to distill a student policy
that directly mimics KGRL’s behavior. By training the student policy
to reproduce the teacher’s actions, we can eliminate the additional
mathematical overhead of KGRL during deployment. This approach
allows the student policy to inherit the structured guidance of KGRL
without requiring explicit null-space computations during execution.
Secondly, an off-policy RL algorithm can be deployed in parallel, with
its experience buffer populated using the same state transitions as
KGRL, but substituting the null-space actions with the equivalent
task-space actions derived from the KGRL policy. This enables the
student policy to operate directly in task space while observing the
same RL state as KGRL, effectively distilling both the guidance and
safety characteristics of the teacher policy. In this setup, the student
policy benefits from KGRL’s constrained exploration and safe learning
behavior, while being a computationally lightweight generic policy
that can be further refined to address potential limitations arising from
incomplete or suboptimal demonstrations.

Such policy distillation allows deployment of a more efficient RL
agent in real-time robotic applications where computational resources
are limited.
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A
A P P E N D I X

a.1 derivation of lc-ns-kmp

This appendix provides more details on the derivation of Linearly
Constrained Null-Space Kernelized Movement Primitives (LC-NS-
KMP).

We start with the Lagrangian of the optimization problem in Equa-
tion (4.6) of the Chapter 4,

L(µw, α) =
N

∑
n=1

1
2
(Θ⊤(ξIn)µw − µ̂n)

⊤Σ̂−1
n (Θ⊤(ξIn)µw − µ̂n)

+
1
2

λµ⊤w µw +
1
2

β(µw − µ̂w)
⊤(µw − µ̂w)

−
N

∑
n=1

F

∑
f=1

αn, f (g⊤n, f Θ(ξIn )
⊤µw − cn, f ).

(A.1)

Please refer to Section 2.2.7 and Section 4.3.4 for background of
KGRL and notations used in this appendix.

Equation (A.1) can be re-written using matrix notation as

L(µw, α) =
1
2
(Φ⊤µw − µ)⊤Σ−1(Φ⊤µw − µ)

+
1
2

λµ⊤w µw +
1
2

β(µw − µ̂w)
⊤(µw − µ̂w)

− α⊤Ḡ⊤Φ⊤µw − α⊤C̄,

(A.2)

where,

Φ = [Θ(ξI1 ) Θ(ξI2 ) Θ(ξI3 ) . . . Θ(ξIn)],

Σ = blockdiag(Σ̂1, Σ̂2, Σ̂3, . . . , Σ̂n),

µ = [µ̂⊤1 , µ̂⊤2 , µ̂⊤3 , . . . µ̂⊤n ]
⊤,

Gn = [gn,1 gn,2 gn,3 . . . gn,F], ∀n ∈ {1, 2, 3, . . . , N}, and

Ḡ = blockdiag(G1, G2, G3, . . . Gn),

α = [α1,1, α1,2, . . . , α1,F, . . . , αN,1, . . . , αN,F],

C̄ = [C⊤1 C⊤2 . . . C⊤N ]
⊤,

Cn = [cn,1 cn,2 . . . cn,F]
⊤, ∀n ∈ {1, 2, . . . , N}.
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Differentiating Equation (A.2) with respect to µw, we get1

∂L(µw, α)

∂µw
=

1
2
(2ΦΣ−1(Φ⊤µw − µ)) +

1
2
(2λµw)

+
1
2
(2β(µw − µ̂w))− α⊤Ḡ⊤Φ⊤

= ΦΣ−1Φ⊤µw −ΦΣ−1µ + (λ + β)µw

− βµ̂w − α⊤Ḡ⊤Φ⊤

= ΦΣ−1Φ⊤µw −ΦΣ−1µ + h̄µw − βµ̂w −ΦḠα

= (ΦΣ−1Φ⊤ + h̄I)µw − (ΦΣ−1µ + βµ̂w + ΦḠα),
(A.3)

where, h̄ = λ + β.
Rewriting ΦḠα = α⊤Ḡ⊤Φ⊤ is possible as α⊤Ḡ⊤Φ⊤ is a scalar.

Setting the partial derivative ∂L(µw,α)
∂µw

= 0, we get

0 = (ΦΣ−1Φ⊤ + h̄I)µw − (ΦΣ−1µ + βµ̂w + ΦḠα),

therefore,

(ΦΣ−1Φ⊤ + h̄I)µ∗w = (ΦΣ−1µ + βµ̂w + ΦḠα),

and hence,

µ∗w = (ΦΣ−1Φ⊤ + h̄I)−1(ΦΣ−1µ + βµ̂w + ΦḠα) (A.4)

Using Woodbury identity2 to simplify the first term of Equation (A.4),
we get

(h̄I + ΦΣ−1Φ⊤)−1 =
1
h̄

I − 1
h̄

IΦ(Σ + Φ⊤ 1
h̄

IΦ)−1Φ⊤
1
h̄

I

=
1
h̄

I −Φ(h̄Σ + Φ⊤Φ)−1Φ⊤
1
h̄

I

=
1
h̄
(I −Φ(h̄Σ + Φ⊤Φ)−1Φ⊤). (A.5)

Using another variant of Woodbury identity3 to simplify the first
term of Equation (A.4), we get

(h̄I + ΦΣ−1Φ⊤)−1ΦΣ−1 =
1
h̄

IΦ(Φ⊤
1
h̄

IΦ + Σ)−1

= Φ(Φ⊤Φ + h̄Σ)−1. (A.6)

1 Using identity ∂
∂s (x−As)TW(x−As) = −2ATW(x−As) for symmetric W.

2 Woodbury identity: (A + CBCT)−1 = A−1 −A−1C
(
B−1 + CTA−1C

)−1 CTA−1

3 Woodbury identity: if P ≻ 0 and R ≻ 0, (P−1 + B⊤R−1B)−1B⊤R−1 = PB⊤(BPB⊤+
R)−1.
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Further simplifying Equation (A.4) using expressions obtained in
Equations (A.5) and (A.6), we get

µ∗w = (ΦΣ−1Φ⊤ + h̄I)−1(ΦΣ−1µ + βµ̂w + ΦḠα)

= (h̄I + ΦΣ−1Φ⊤)−1(ΦΣ−1µ + ΦḠα) (A.7)

+ (h̄I + ΦΣ−1Φ⊤)−1βµ̂w

= (h̄I + ΦΣ−1Φ⊤)−1
(

ΦΣ−1(µ + ΣḠα)
)

(A.8)

+ (h̄I + ΦΣ−1Φ⊤)−1βµ̂w

= (h̄I + ΦΣ−1Φ⊤)−1(ΦΣ−1)(µ + ΣḠα) (A.9)

+ (h̄I + ΦΣ−1Φ⊤)−1βµ̂w

= Φ(Φ⊤Φ + h̄Σ)−1(µ + ΣḠα)

+ β(h̄I + ΦΣ−1Φ⊤)−1µ̂w

= Φ(Φ⊤Φ + h̄Σ)−1(µ + ΣḠα)

+
β

h̄
(I −Φ(Φ⊤Φ + h̄Σ)−1Φ⊤)µ̂w

= ΦA(µ + ΣḠα) +
β

h̄
(I −ΦAΦ⊤)µ̂w

= ΦAµ + ΦAΣḠα +
β

h̄
(I −ΦAΦ⊤)µ̂w, (A.10)

where A = (Φ⊤Φ + h̄Σ)−1.
Hence,

µ∗w = ΦAµ + ΦAΣḠα +
β

h̄
(I −ΦAΦ⊤)µ̂w. (A.11)

For further simplification of the Lagrangian in Equation (A.2), we
substitute optimal µ∗w from Equation (A.11) in Equation (A.2) as

L(α) = 1
2
(Φ⊤µ∗w − µ)⊤Σ−1(Φ⊤µ∗w − µ) +

1
2

λµ∗w
⊤µ∗w

+
1
2

β(µ∗w − µ̂w)
⊤(µ∗w − µ̂w)− α⊤Ḡ⊤Φ⊤µ∗w − α⊤C̄.

(A.12)

Below, we simplify each term in Equation (A.12) separately for conve-
nience.

We begin by expanding Φ⊤µ∗w − µ as

Φ⊤µ∗w − µ = Φ⊤ΦA(µ + ΣḠα) +
β

h̄
Φ⊤(I −ΦAΦ⊤)µ̂w − µ,

= (Φ⊤ΦA− I)µ + Φ⊤ΦAΣḠα

+
β

h̄
Φ⊤(I −ΦAΦ⊤)µ̂w. (A.13)

Taking transpose of Equation (A.13), we get

(Φ⊤µ∗w − µ)⊤ = µ⊤(AΦ⊤Φ− I) + (AΣḠα)⊤Φ⊤Φ

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)Φ

(A.14)
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(Φ⊤µ∗w − µ)⊤Σ−1 = µ⊤(AΦ⊤Φ− I)Σ−1 + (AΣḠα)⊤Φ⊤ΦΣ−1

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1

(A.15)

(Φ⊤µ∗w − µ)⊤Σ−1(Φ⊤µ∗w − µ)

= µ⊤(AΦ⊤Φ− I)Σ−1(Φ⊤ΦA− I)µ

+ (AΣḠα)⊤Φ⊤ΦΣ−1(Φ⊤ΦA− I)µ

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1(Φ⊤ΦA− I)µ

+ µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα

+ (AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+
β

h̄
µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤(I −ΦAΦ⊤)µ̂w

+
β

h̄
(AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤(I −ΦAΦ⊤)µ̂w

+ (
β

h̄
)2µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤(I −ΦAΦ⊤)µ̂w

(A.16)

µ∗w
⊤ = µ⊤AΦ⊤ + (AΣḠα)⊤Φ⊤ +

β

h̄
µ̂⊤w (I −ΦAΦ⊤) (A.17)

µ∗w
⊤µw = µ⊤AΦ⊤ΦAµ + (AΣḠα)⊤Φ⊤ΦAµ

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦAµ

+ µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦAΣḠα

+
β

h̄
µ⊤AΦ⊤(I −ΦAΦ⊤)µ̂w

+
β

h̄
(AΣḠα)⊤Φ⊤(I −ΦAΦ⊤)µ̂w

+ (
β

h̄
)2µ̂⊤w (I −ΦAΦ⊤)(I −ΦAΦ⊤)µ̂w

(A.18)

µ∗w − µ̂w = ΦAµ + ΦAΣḠα +
β

h̄
(I −ΦAΦ⊤)µ̂w − µ̂w

= ΦAµ + ΦAΣḠα + (
β

h̄
(I −ΦAΦ⊤)− I)µ̂w (A.19)

(µ∗w − µ̂w)
⊤ = (ΦAµ + ΦAΣḠα + (

β

h̄
(I −ΦAΦ⊤)− I)µ̂w)

⊤

= µ⊤AΦ⊤ + (AΣḠα)⊤Φ⊤

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I) (A.20)
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(µ∗w − µ̂w)
⊤(µ∗w − µ̂w)

= µ⊤AΦ⊤ΦAµ + (AΣḠα)⊤Φ⊤ΦAµ

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAµ

+ µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

+ µ⊤AΦ⊤(
β

h̄
(I −ΦAΦ⊤)− I)µ̂w

+
β

h̄
(AΣḠα)⊤Φ⊤(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w

(A.21)

−α⊤Ḡ⊤Φ⊤µ∗w = −α⊤Ḡ⊤Φ⊤ΦAµ− α⊤Ḡ⊤Φ⊤ΦAΣḠα

− β

h̄
α⊤Ḡ⊤Φ⊤(I −ΦAΦ⊤)µ̂w

(A.22)
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Expanding Equation (A.12) using Equations (A.13) to (A.22), we get

L(α) = 1
2
(µ⊤(AΦ⊤Φ− I)Σ−1(Φ⊤ΦA− I)µ

+ (AΣḠα)⊤Φ⊤ΦΣ−1(Φ⊤ΦA− I)µ

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1(Φ⊤ΦA− I)µ

+ µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα

+ (AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+
β

h̄
µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤(I −ΦAΦ⊤)µ̂w

+
β

h̄
(AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤(I −ΦAΦ⊤)µ̂w

+ (
β

h̄
)2µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤(I −ΦAΦ⊤)µ̂w)

+
λ

2
(µ⊤AΦ⊤ΦAµ + (AΣḠα)⊤Φ⊤ΦAµ

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAµ + µ⊤AΦ⊤ΦAΣḠα

+ (AΣḠα)⊤Φ⊤ΦAΣḠα

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAΣḠα

+ µ⊤AΦ⊤(
β

h̄
(I −ΦAΦ⊤))µ̂w

+
β

h̄
(AΣḠα)⊤Φ⊤(

β

h̄
(I −ΦAΦ⊤))µ̂w

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤))(

β

h̄
(I −ΦAΦ⊤))µ̂w)

+
β

2
(µ⊤AΦ⊤ΦAµ + (AΣḠα)⊤Φ⊤ΦAµ

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAµ

+ µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

+ µ⊤AΦ⊤(
β

h̄
(I −ΦAΦ⊤)− I)µ̂w

+
β

h̄
(AΣḠα)⊤Φ⊤(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w)

− α⊤Ḡ⊤Φ⊤ΦAµ− α⊤Ḡ⊤Φ⊤ΦAΣḠα

− β

h̄
α⊤Ḡ⊤Φ⊤(I −ΦAΦ⊤)µ̂w − α⊤C̄.

(A.23)
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Further Simplifying the above expression, to obtain

L(α) = 1
2
(µ⊤(AΦ⊤Φ− I)Σ−1(Φ⊤ΦA− I)µ

+ 2
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1(Φ⊤ΦA− I)µ

+ 2µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα

+ (AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα

+ 2
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+ (
β

h̄
)2µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤(I −ΦAΦ⊤)µ̂w)

+
λ

2
(µ⊤AΦ⊤ΦAµ + 2µ̂⊤w (

β

h̄
(I −ΦAΦ⊤))ΦAµ

+ 2µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+ 2µ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAΣḠα

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤))(

β

h̄
(I −ΦAΦ⊤))µ̂w)

+
β

2
(µ⊤AΦ⊤ΦAµ + 2µ̂⊤w (

β

h̄
(I −ΦAΦ⊤)− I)ΦAµ

+ 2µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+ 2µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w)

− α⊤Ḡ⊤Φ⊤ΦAµ− α⊤Ḡ⊤Φ⊤ΦAΣḠα

− β

h̄
α⊤Ḡ⊤Φ⊤(I −ΦAΦ⊤)µ̂w − α⊤C̄,

(A.24)
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L(α) = 1
2
(2µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα

+ (AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα

+ 2
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα)

+
λ

2
(2µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+ 2µ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAΣḠα)

+
β

2
(2µ⊤AΦ⊤ΦAΣḠα + (AΣḠα)⊤Φ⊤ΦAΣḠα

+ 2µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα)

− α⊤Ḡ⊤Φ⊤ΦAµ− α⊤Ḡ⊤Φ⊤ΦAΣḠα

− β

h̄
α⊤Ḡ⊤Φ⊤(I −ΦAΦ⊤)µ̂w

− α⊤C̄ + const,

(A.25)

where

const =
1
2
(µ⊤(AΦ⊤Φ− I)Σ−1(Φ⊤ΦA− I)µ

+ 2
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1(Φ⊤ΦA− I)µ

+ (
β

h̄
)2µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤(I −ΦAΦ⊤)µ̂w

+
λ

2
(µ⊤AΦ⊤ΦAµ

+ 2µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAµ

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w)

+
β

2
(µ⊤AΦ⊤ΦAµ

+ 2µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAµ

+ µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)(

β

h̄
(I −ΦAΦ⊤)− I)µ̂w).

(A.26)
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Further simplification gives

L(α) = µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα

+
1
2
(AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+ λ(µ⊤AΦ⊤ΦAΣḠα +
λ

2
(AΣḠα)⊤Φ⊤ΦAΣḠα

+ λµ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAΣḠα

+ βµ⊤AΦ⊤ΦAΣḠα +
β

2
(AΣḠα)⊤Φ⊤ΦAΣḠα

+ βµ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα)

− α⊤Ḡ⊤Φ⊤ΦAµ− α⊤Ḡ⊤Φ⊤ΦAΣḠα

− β

h̄
α⊤Ḡ⊤Φ⊤(I −ΦAΦ⊤)µ̂w − α⊤C̄ + const.

(A.27)

We group the terms in order to take the common factors out, to obtain

L(α) = µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα

+ λµ⊤AΦ⊤ΦAΣḠα

− α⊤Ḡ⊤Φ⊤ΦAµ + βµ⊤AΦ⊤ΦAΣḠα

+
1
2
(AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα

+
β

2
(AΣḠα)⊤Φ⊤ΦAΣḠα

+
λ

2
(AΣḠα)⊤Φ⊤ΦAΣḠα− α⊤Ḡ⊤Φ⊤ΦAΣḠα

+
β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+ λµ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

+ βµ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

− β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦḠα

− C̄⊤α + const.

(A.28)

We now focus on simplifying the first group of terms in Equation A.28,
i.e.,
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µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα + λµ⊤AΦ⊤ΦAΣḠα

− α⊤Ḡ⊤Φ⊤ΦAµ + βµ⊤AΦ⊤ΦAΣḠα

= µ⊤(AΦ⊤Φ− I)Σ−1Φ⊤ΦAΣḠα + λµ⊤AΦ⊤ΦAΣḠα

− µ⊤AΦ⊤ΦΣ−1A−1AΣḠα + βµ⊤AΦ⊤ΦAΣḠα

= µ⊤((AΦ⊤Φ− I)Σ−1Φ⊤ΦA + λAΦ⊤ΦA

− AΦ⊤ΦΣ−1A−1A + βAΦ⊤ΦA)ΣḠα

= µ⊤(AΦ⊤ΦΣ−1Φ⊤ΦA− Σ−1Φ⊤ΦA + λAΦ⊤ΦA

− AΦ⊤ΦΣ−1A−1A + βAΦ⊤ΦA)ΣḠα

= µ⊤A(Φ⊤ΦΣ−1Φ⊤Φ− A−1Σ−1Φ⊤Φ + λΦ⊤Φ

−Φ⊤ΦΣ−1A−1 + βΦ⊤Φ)AΣḠα

= µ⊤A(−Φ⊤ΦΣ−1Φ⊤Φ− h̄Φ⊤Φ)AΣḠα

= 2µ⊤AKAΣḠα, (A.29)

where K = − 1
2 Φ⊤ΦΣ−1Φ⊤Φ− h̄

2 Φ⊤Φ.
We now focus on simplifying the second group of terms in Equa-
tion A.28, i.e.,

1
2
(AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα +

β

2
(AΣḠα)⊤Φ⊤ΦAΣḠα

+
λ

2
(AΣḠα)⊤Φ⊤ΦAΣḠα− α⊤Ḡ⊤Φ⊤ΦAΣḠα

=
1
2
(AΣḠα)⊤Φ⊤ΦΣ−1Φ⊤ΦAΣḠα +

β

2
(AΣḠα)⊤Φ⊤ΦAΣḠα

+
λ

2
(AΣḠα)⊤Φ⊤ΦAΣḠα− α⊤Ḡ⊤ΣAA−1Σ−1Φ⊤ΦAΣḠα

= (AΣḠα)⊤(
1
2

Φ⊤ΦΣ−1Φ⊤Φ +
β

2
Φ⊤Φ

+
λ

2
Φ⊤Φ− A−1Σ−1Φ⊤Φ)AΣḠα

= (AΣḠα)⊤(
1
2

Φ⊤ΦΣ−1Φ⊤Φ +
h̄
2

Φ⊤Φ

− (Φ⊤Φ + h̄Σ)Σ−1Φ⊤Φ)AΣḠα

= (AΣḠα)⊤(
1
2

Φ⊤ΦΣ−1Φ⊤Φ +
h̄
2

Φ⊤Φ

−Φ⊤ΦΣ−1Φ⊤Φ− h̄Φ⊤Φ)AΣḠα

= (AΣḠα)⊤(−1
2

Φ⊤ΦΣ−1Φ⊤Φ− h̄
2

Φ⊤Φ)AΣḠα

= α⊤Ḡ⊤ΣAKAΣḠα.
(A.30)
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We now focus on simplifying the third group of terms in Equation A.28,
i.e.,

β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+ λµ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAΣḠα

+ βµ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

− β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦḠα

= µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦA + λ(

β

h̄
(I −ΦAΦ⊤))ΦA

+ β(
β

h̄
(I −ΦAΦ⊤)− I)ΦA− β

h̄
(I −ΦAΦ⊤)ΦΣ−1)ΣḠα

= µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦA + λ(

β

h̄
(I −ΦAΦ⊤))ΦA

+ β(
β

h̄
(I −ΦAΦ⊤)ΦA− βΦA− β

h̄
(I −ΦAΦ⊤)ΦΣ−1)ΣḠα

= µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦA + h̄(

β

h̄
(I −ΦAΦ⊤))ΦA

− βΦA− β

h̄
(I −ΦAΦ⊤)ΦΣ−1)ΣḠα

= µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦA + β(I −ΦAΦ⊤)ΦA

− βΦA− β

h̄
(I −ΦAΦ⊤)ΦΣ−1)ΣḠα

= µ̂⊤w (
β

h̄
(I −ΦAΦ⊤)ΦΣ−1Φ⊤Φ + β(I −ΦAΦ⊤)Φ

− βΦ− β

h̄
(I −ΦAΦ⊤)ΦΣ−1A−1)AΣḠα

= µ̂⊤w (
β

h̄
(ΦΣ−1Φ⊤Φ−ΦAΦ⊤ΦΣ−1Φ⊤Φ) + β(I −ΦAΦ⊤)Φ

− βΦ− β

h̄
(I −ΦAΦ⊤)ΦΣ−1(Φ⊤Φ + h̄Σ))AΣḠα

= µ̂⊤w (
β

h̄
(ΦΣ−1Φ⊤Φ−ΦAΦ⊤ΦΣ−1Φ⊤Φ) + β(I −ΦAΦ⊤)Φ

− βΦ− β

h̄
(ΦΣ−1 −ΦAΦ⊤ΦΣ−1)(Φ⊤Φ + h̄Σ))AΣḠα

= µ̂⊤w (
β

h̄
(ΦΣ−1Φ⊤Φ−ΦAΦ⊤ΦΣ−1Φ⊤Φ) + β(Φ−ΦAΦ⊤Φ)

− βΦ− β

h̄
(ΦΣ−1Φ⊤Φ−ΦAΦ⊤ΦΣ−1Φ⊤Φ)

− β

h̄
(ΦΣ−1h̄Σ−ΦAΦ⊤ΦΣ−1h̄Σ))AΣḠα

= µ̂⊤w (
β

h̄
(ΦΣ−1Φ⊤Φ−ΦAΦ⊤ΦΣ−1Φ⊤Φ) + β(Φ−ΦAΦ⊤Φ)

− βΦ− β

h̄
(ΦΣ−1Φ⊤Φ−ΦAΦ⊤ΦΣ−1Φ⊤Φ)

− β(Φ−ΦAΦ⊤Φ))AΣḠα

= µ̂⊤w (−βΦ)AΣḠα
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Hence,

β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦΣ−1Φ⊤ΦAΣḠα

+ λµ̂⊤w (
β

h̄
(I −ΦAΦ⊤))ΦAΣḠα

+ βµ̂⊤w (
β

h̄
(I −ΦAΦ⊤)− I)ΦAΣḠα

− β

h̄
µ̂⊤w (I −ΦAΦ⊤)ΦḠα

= −µ̂⊤w βΦAΣḠα

(A.31)

For a desired output ξ̂ = Φ̂⊤µ̂w, we can estimate the optimal weight
vector µ̂w given the target trajectory ξ̂, using the right pseudo-inverse
of Φ̂⊤, similarly to [50], hence,

µ̂w = Φ̂(Φ̂⊤Φ̂)−1ξ̂.

We substitute µ̂w = Φ̂(Φ̂⊤Φ̂)−1ξ̂, hence, µ̂⊤w = ξ̂⊤(Φ̂⊤Φ̂)−1Φ̂⊤ into
Equation (A.31) to get

−µ̂⊤w βΦAΣḠα = −βξ̂⊤(Φ̂⊤Φ̂)−1Φ̂⊤ΦAΣḠα (A.32)

We now have all the components of the derivation simplified. Let’s
put them together to obtain the final equation for LC-NS-KMP pre-
diction and constraint enforcement, subsequently Kernelizing the
solution.

Substituting optimal value of µ∗ from Equation (A.11) in Equa-
tion (2.6) to obtain LC-NS-KMP prediction,

E(ξO∗ ) = Φ⊤(ξI∗ )ΦAµ+Φ⊤(ξI∗ )ΦAΣḠα+
β

h̄
Φ⊤(ξI∗ )(I−ΦAΦ⊤)µ̂w,

(A.33)

where ξO∗ = ξO(ξI∗ ).
Substituting value of µ̂w into Equation (A.33),

E(ξO∗ ) = Φ⊤(ξI∗ )ΦAµ + Φ⊤(ξI∗ )ΦAΣḠα

+
β

h̄
Φ⊤(ξI∗ )(I −ΦAΦ⊤)Φ̂(Φ̂⊤Φ̂)−1ξ̂.

(A.34)

After substituting the simplification of each group from Equa-
tions (A.29), (A.30) and (A.32) back into Equation (A.28), we have

L(α) = α⊤Ḡ⊤ΣAKAΣḠα + (2µ⊤AKAΣḠ (A.35)

− βξ̂⊤(Φ̂⊤Φ̂)−1Φ̂⊤ΦAΣḠ)α + const (A.36)

Similarly to KMP, we apply well known kernel trick, i.e.

k(ξIi , ξIj ) = Θ(ξIi )
⊤Θ(ξIj ) = k(ξIi , ξIj )IO,
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where k(.) is a kernel function.
With the kernel treatment, we can write

L̃(α) = α⊤Ḡ⊤ΣAKAΣḠα + (2µ⊤AKAΣḠ

− βξ̂⊤K−1K̂AΣḠ + C̄⊤)α + const,
(A.37)

and

E(ξO∗ ) = k∗Aµ + k∗AΣḠα +
β

h̄
(k̂∗ − k∗AK̂)K−1ξ̂, (A.38)

with A = (K + λΣ)−1, and K = − 1
2 KΣ−1K − h̄

2 K, where,

K =


k(ξI1 , ξI1 ) k(ξI1 , ξI2 ) . . . k(ξI1 , ξIN)

k(ξI2 , ξI1 ) k(ξI2 , ξI2 ) . . . k(ξI2 , ξIN)
...

...
. . .

...

k(ξIN , ξI1 ) k(ξIN , ξI2 ) . . . k(ξIN , ξIN)

 ,

k∗ = [k(ξI∗ , ξI1 ), . . . , k(ξI∗ , ξIN)],

K = Φ̂⊤Φ̂,

K̂ = Φ⊤Φ̂,

k̂ = Φ(ξI∗ )
⊤Φ̂,

k̂∗ = Φ(ξI∗ )
⊤Φ̂.

Hence, we conclude the derivation of the Linearly Constrained
Null-Space Kernelized Movement Primitives (LC-NS-KMP).
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