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Microlensing of nonsingular black holes at finite size:
A ray tracing approach

Jens Boos

" and Hao Hu®'

Institute for Theoretical Physics, Karlsruhe Institute of Technology,
D-76128 Karlsruhe, Germany

® (Received 10 November 2025; accepted 9 January 2026; published 30 January 2026)

We study the gravitational microlensing of various static and spherically symmetric nonsingular black
holes (and horizonless, nonsingular compact objects of similar size). For pointlike sources we extend the
parametrized post-Newtonian lensing framework to fourth order, whereas for extended sources we develop
aray tracing approach via a simple radiative transfer model. Modelling nonrelativistic proper motion of the
lens in front of a background star we record the apparent brightness as a function of time, resulting in a
photometric lightcurve. Taking the star radius to smaller values, our numerical results approach the
theoretical predictions for pointlike sources. Compared to the Schwarzschild metric in an otherwise
unmodified lensing geometry, we find that nonsingular black hole models (and their horizonless,
nonsingular counterparts) both at finite size and for point lenses tend to feature larger magnifications

in microlensing lightcurves.
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I. INTRODUCTION

The bending of light has played a pivotal role in
establishing general relativity as a unified theory of gravity
and relativity [1]. Direct observation of supermassive black
holes and their accretion disk has given first images of
black holes [2]. In the context of time domain astronomy,
bending of light has been utilized to identify the passage of
otherwise invisible, rogue compact astrophysical objects
via so-called microlensing events [3] (for a recent review,
see Ref. [4] and reference therein).

On the theoretical side there has been much activity in
the study of compact astrophysical objects, with an
increasing focus on black holes. Importantly, one of the
key problems of black holes as described by general
relativity—namely, that their interior contains spacetime
singularities—has not been resolved. Conversely, a large
community has begun to develop phenomenologically
motivated black holes, called “regular black holes” or
“nonsingular black holes,” which are typically accompa-
nied by a length scale parameter £ > 0 that plays the role of
a regulator. While some models can be motivated by
physical principles or shown to solve exact Lagrangians,
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these models are typically not viewed as fundamental
predictions of an underlying quantum theory of gravity,
but rather as toy models that parametrize possible devia-
tions from the black hole metrics of general relativity [5,6].
Besides improving the mathematical and conceptual con-
sistency of such models, an important goal is to robustly
explore the phenomenological implications of such non-
singular black hole models and to identify experimental
methods suitable to constrain such models.

For a light ray trajectory in a black hole spacetime, the
majority of gravitational deflection occurs in the direct
vicinity of the gravitational radius [7—13]. For this reason,
the deflection of light is rather sensitive to horizon-scale
modifications and is under active investigation (see, e.g.,
[14-21]) via presently available strong-lensing data stem-
ming from the vicinity of supermassive black holes.
However, such astrophysically active regions impede the
identification of signatures of new physics [22-25].

Free floating “rogue” astrophysical objects are typically
not surrounded by accretion disks, and their velocities, as
typical solar-system-scale escape velocities, are nonrelativ-
istic, such that their motion can be modeled without the
necessity of taking relativistic effects into account. While
otherwise practically invisible, such objects can lens the light
of a background star in a process called “microlensing.” The
resulting increase in brightness of the distant, luminous
source under the passage of the otherwise invisible, compact
object, is then captured in a photometric lightcurve. In that
process, the order of magnitude for the angular scale of the
lensing process is given by the Einstein angle 9 which is
assumed small,
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AGMd,
E= lczdoldos <1, (1)
and the lensed image cannot be resolved. Here, M is the mass
of the lens, d, is the distance from the lens plane to the source
plane, d,; is the distance from the observer plane to the lens
plane, and d, is the distance from the observer plane to the
source plane. All planes are orthogonal to the observer-star
axis (the optical axis in this lensing system). For stellar
masses and distances of kiloparsecs, the resulting angle is
9: € O(107%). Fixing as an optical axis the line of sight
between a fixed background star (the source) and the
observer, we write the angle subtended by the lens as g
where /3 is a dimensionless angle. Expressed in that variable,
the magnification of the star is then given, to leading order, by

2+

N

The proper motion of the lens induces a time dependence in 3
and hence the above magnification becomes a function of
time. Typical distance scales, lens masses, optical depths, and
proper motion of lenses vary from scenario to scenario—
historically, microlensing has been proposed as an avenue to
search for black holes or similarly dark and compact objects
as potential dark matter candidates, but it has also been
successful in locating exoplanets, which is is mirrored in the
multitude of past, present, and planned microlensing surveys
such as OGLE, MOA, KMTNet, Kepler, and Roman (focused
on the galactic bulge, looking for stellar and planetary
microlensing) as well as MACHO, EROS, SuperMACHO,
and Subaru HSC (focusing on the galactic halo, the
Magellanic clouds, or Andromeda, looking for dark matter
candidates).

Because microlensing signatures stem from isolated
compact gravitational objects, photometric lightcurves are
a comparatively straightforward avenue to model deviations
from general relativity. A general perturbative formalism to
describe lensing in static, spherically symmetric spacetimes
has been developed by Keeton and Petters [26], and while
strong lensing and black hole shadows have received con-
siderable attention in the context of nonsingular black hole
models [14-21], to the best of our knowledge microlensing
and photometric lightcurves of nonsingular compact objects
have not yet been described in detail (see, however,
Refs. [27-33]). In this paper, we will follow a dual approach:

(1) We first extend the parametrized post-Newtonian

(PPN) framework by Keeton and Petters from the third
to the fourth order, such that it captures the first PPN
deviation of the Hayward metric from the Schwarzs-
child metric. This is sufficient to describe the micro-
lensing phenomenology for pointlike sources.

(i1) In a second step, we will implement a numerical ray

tracing code for static, spherically symmetric metrics

p(p) ~ )

supplemented by a simple radiative transfer model.
By integrating the brightness recorded by the de-
tector screen, we can numerically derive the ex-
pected lightcurve in a wide range of scenarios for
extended sources.
This approach guarantees that the correct method can be
utilized depending on the size of the source, and we will
moreover verify that the two methods approach each other in
a reasonable manner.

This paper is organized as follows. In Sec. 1I we will
briefly discuss general features of nonsingular black hole
models, and then describe the models considered in this
paper in more detail. In Sec. III we derive the weak
gravitational lensing angle and then extend the PPN
formulation to fourth order, arriving at an analytical
perturbative formula for the microlensing lightcurve appli-
cable to pointlike sources. We then describe a numerical ray
tracer in Sec. IV, and in Sec. V we test this ray tracer via a
simple accretion disk model around a nonsingular black
hole in the strong-lensing regime. We turn toward numeri-
cal microlensing in Sec. VI by modeling the motion of a
rogue black hole that intersects the line of sight between the
observer and a distant but extended background star light
source. The ray traced intensities for each pixel are then
integrated to yield the lightcurve for each scenario,
allowing us to quantify the deviations between the
Schwarzschild lightcurve prediction and various nonsin-
gular black hole models. We also extract the lightcurves of
compact horizonless objects, which are obtained from
increasing the regularization parameter £ beyond a critical
value. By reducing the size of the light source, we show that
the numerical results converge to the PPN expressions valid
only for pointlike sources. We conclude our findings in
Sec. VII and in Appendix A we list complete PPN formulas
to fourth order, and the numerical information for the
lightcurve simulations as well as additional ray traced
images are summarized in Appendix B.

II. NONSINGULAR BLACK HOLE MODELS

In the context of this work, we focus our attention to the
case of static, spherically symmetric metrics of the form

2

dr
2 _ _ 2
ds* = —A(r)dr +B(r)

Here, dQ? = d#? + sin® Od¢? is the usual angular surface
element, and A(r), B(r), and C(r) are general functions
subject only to the asymptotic flatness constraints

+ C(r)2dQ2. (3)

A(r - 00) =B(r - ) =1, C(ro>o)=r. (4
The metric (3) can be further simplified assuming that C(r)
is a monotonous function. In that case, one can define C(r)
as a new radial variable, which then changes the g,.
component in the new metric, resulting in simply setting
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C =1 in the above metric. However, we opted to keep the
slightly more general form for ease of application: namely,
while for all of our examples we have A(r) = B(r), we will
also consider a nonsingular black hole model containing
wormholelike features mediated via a nonstandard para-
metrization with C(r) # r. By keeping the metric this
flexible, we also hope that this work will be more useful
to other researchers since initial transformations of radius
variables are not necessary.

Nonsingular black hole models are phenomenologically
motivated, parametrized metrics that reduce to exact black
hole solutions of general relativity in the limiting procedure
of vanishing regulator parameter [5,6]. In the present
context, we shall only utilize metrics with a single regulator
¢ > 0 with the physical dimension of length. Focussing
now on spherically symmetric models, let us address a few
common features.

(i) Spacetime curvature scalars, which are singular at

r = 0 for the Schwarzschild black hole, are finite
everywhere. Their maximum values schematically
take the following form:

GM

curvature ~—  or 7 .

2 (5)
The first form is independent of the black hole mass,
and is encountered in models implementing the so-
called “limiting curvature condition” that demands
not only finite curvature everywhere in space, but
also finite curvature as the mass M increases to
infinity, thereby implementing a universal bound on
spacetime curvature. The second form is more
agnostic and can be deduced from dimensional
analysis. We note in passing that the location of
maximum curvature is not always r = 0 but may be
instead located at a small to intermediate-value
radius.

(i) The geometry at the coordinate origin r =0 is
smooth, which implies

A(r = 0) ~1—ag,r? + O(r),
B(r = 0) ~1—by,r* + O(r?), (6)

for some constants a, , and b ,. Note the absence of
a linear term in the near-origin expansion, since that
would induce a conical singularity. The Ricci scalar
for such a metric, assuming that C(r) = r + ¢, to
leading order is R = 2ag, + O(r), implying that the
sign of ay, sets the sign of local curvature at the
origin. This implies that ay, > 0 features positive
curvature, which is also referred to as “de Sitter
like,” and a;, = O instead leads to vanishing scalar
curvature, which is called “Minkowski like.”

(iii) The black hole horizon for the metric (3) is given by
B(r) = 0. However, depending on the size of the

regulator £ > 0, this equation has different charac-
teristics. For vanishing £ one recovers the horizon
location of the Schwarzschild metric, but for larger
¢ > 0 one instead finds both an outer horizon and an
inner horizon. Often, beyond some critical value £ >
Z, no horizon exists. Since the only other scale in
the system is the black hole mass M, the condition
for the existence of a black hole horizon can then be
recast into the form

M>M*(f*), (7)

which is also referred to as a “mass gap” [34].

Recently this notion was extended to an entire “band

structure” for mass-dependent regulators [35,36].
(iv) The lightlike effective potential for the metric (3) is

B b*B
eff:Z_F7

(8)

where b is the impact parameter of the null geodesic.
The term B/A is usually absent from an effective
null potential since A =B in the case of the
Schwarzschild metric, and, in fact, the metrics we
discuss in this paper also satisfy A = B. More
interesting is the second term which is proportional
to B. In the singular Schwarzschild case we see that
for small distances the angular-momentum repulsion
dominates this potential. However, in nonsingular
geometries the function B is finite at small radii,
which means that the potential will exhibit an
additional inflection point, called an inner light ring
[37-40].
(v) Since the surface » = 0 is regular, the radial variable
r may be analytically continued beyond that surface.
However, not all nonsingular black hole models
allow such transformations, leading to significant
distinctions in terms of geodesic completeness
[41-43].
The last three properties have important phenomenological
consequences for the propagation of light rays, since they
directly affect the existence of horizons, and—in the
absence thereof—the possibility of light rays “vanishing”
into the space beyond r = 0. However, in the context of
microlensing the latter light rays form an infinitesimally
small subset in the class of light rays contributing to
observed brightness levels of luminous background
objects, which is why we will not consider this issue
further in the present work. We will, however, carefully
distinguish geometries with and without black hole hori-
zons, as they lead to drastically different phenomenologies
due to the existence of additional light rings.
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TABLE I. We list the three nonsingular black hole metric functions under consideration in this paper, where the metric is given by
ds? = —A(r)d? +dr?/B(r) + C(r)*dQ?. For each metric, we list the conditions on the regulator for the existence of a black hole
horizon.
Abbreviation Name A(r) = B(r) C(r) Horizon condition Ref.
S Schwarzschild 1M r GM >0

2G r < 2 A
H Hayward 1-2M_ P r 0 <565 < 55~ 0.3849 [44]
M Minkowski core 1 — 268 o=/ r 0 <55 <1~03679 [45]
W Simpson—Visser 1- % N 0<5&;<1 [46]

A. Benchmark scenarios

Our numerical study is designed to determine qualitative
differences of static spherically symmetric nonsingular
black hole geometries as compared to the Schwarzschild
metric of general relativity, working at a fixed reference
mass. To focus the discussion somewhat, we will limit our
considerations to three cases of nonsingular black holes:

(i) The Hayward metric, an example of a de Sitter core
geometry with positive scalar curvature [44],

(i) the Minkowski core metric (with vanishing scalar
curvature at its core) [45], and

(iii) and the Simpson—Visser metric (with a nonstandard
wormhole-type core) [46].
We will refer to these three models as H, M, and W,
respectively; their metrics are listed in Table I. For each
metric we will consider two scenarios:

(1) The subcritical case, where the regulator scale is
below the critical value, £ < Z,, such that a black
hole horizon exists. We choose the value of the
regulator close to #, to simplify the numerical
capture of the observational signatures of such a
regulator. This is theoretically motivated by the
recently discussed mass-dependent regulators,
where one of us argued that mass-dependent
regulators—as expected from limiting curvature
considerations—can lead to percent-level devia-
tions of the metric at the horizon scale for astro-
physically relevant stellar-mass black holes [35].

(i) The supercritical case, where the regulator scale
exceeds the critical value, £ > ¢, resulting in the
geometry of a compact horizonless object.

We denote the subcritical case with “—” and the super-
critical case with “+,” resulting in the seven scenarios
{S,H_,H_.,M_,M_,W_,W_}, where M_, for example,
stands for the supercritical Minkowski core scenario, and so
on. In principle these studies can be extended to an arbitrary
number of nonsingular models, but the above set corre-
sponds to a reasonable compromise.

III. WEAK GRAVITATIONAL LENSING

In this section, we briefly discuss notions encountered in
weak gravitational lensing. In order to compare our
numerical results with the theoretical expectation, we will

first focus on the leading-order expressions that can be
derived from first principles, before, in a second part,
extending known results from the PPN framework from
third to fourth order. In all of this, we will limit our
considerations to the weak deflection angle a, the Einstein
angle 9, the lensed image positions 9., as well as the total
magnification yu,, and the resulting light curve in presence
of a moving lens. For our convention of the lensing
geometry refer to Fig. 1.

A. Weak lensing angle
Defining the impact parameter for a null geodesic as b =
L/E with E = A(r)t and L = C(r)*p, without loss of
generality we set £ = 1 and find for the exact deflection

angle
w dr [[/1 b? 172
=2b —|l———=]|B — 7. 9
¢ /ro(b) C2[<A Cz) } S

While we will utilize this expression to derive the weak
deflection angle perturbatively in the following, at this
source plane

observer plane lens plane

FIG. 1. Visualization of the lensing setup utilized in this paper.
For B # 0 the upper (lower) image is denoted by a plus (minus).
Generally, we utilize 9 for the image positions, 3 for the source
positions, and «a for the total deflection angle.
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stage it is computationally convenient (and conceptually
interesting) to utilize topological methods in connection
with the Gauss-Bonnet theorem [47] applied to the optical
metric in the equatorial plane (obtained from ds* = 0),

P L {dr2
~A(r) |B(r)

The bending angle can then be determined as [47]

—1)//dSK, \/%_B

where for large distances we can parametrize the light ray
as r = b/ sin ¢ such that

+ C(r)zdgoz} . (10)

ds = drdg, (11)

RCdr

/ //ﬂmq) VAZB (12)

where we have substituted the two-dimensional identity
K = (—1/2)R between the Gauss and Ricci curvature, and
we calculate

R BA’2+A, B’+BC’ L BAY
A 2 C

A(B'C' +2BC")
C .

(13)

Substituting A = B = 1-2GM/r and C = r one quickly
recovers the well-known general relativistic weak deflec-
tion angle,

4GM GM\3
== == 14
a=— +(’)<b>, (14)

which we shall denote as agg = 4GM /b for convenience.
We note that application of this method to higher orders in
GM /b will yield results incompatible with a consistent
expansion scheme, since the approximate relation r =
b/ sin ¢ utilized in Eq. (12) is only true to leading order.

B. Fourth-order PPN expressions

While the deflection angle is solely a function of the
impact parameter b, in realistic scenarios the properties of a
lensing system depend on various distance scales that we
visualize in Fig. 1. As is customary in the case of
asymptotically flat spacetimes, we visualize the system
as embedded in three-dimensional Euclidean space. We
denote the impact parameter of a lensed light ray as b, and
we denote the distance from the observer to the lens as d,
the distance from lens to the star as dj,, and the total
distance between the observer and the star as d,,. Then,
utilizing the notion of an angular-diameter distance, we can
read off the lens equation [7,8]

dostan B = dstan 9 — dig[tan 9 + tan (@ — 9)],  (15)

which, upon linearization, becomes the familiar

dosB =~ d 8 — dja. (16)
The above relation holds for both image positions 9 = 9.,
where we then also set @ = . to account for the different
bending of light in the presence of 1 # 0. In the special
case of rotation symmetry around the optical axis between
observer, lens, and star (that is, when B = 0), we have
8, = 39_. In this case the source is mapped to a circle of
characteristic angle J; and radius rg, called Einstein angle
and Einstein radius, respectively,

dis 4GMd
I =4/b = , 17
. \/ “aR doldos \/ doldos ( )
4GMd,,

rg = dgy tan 9y = d,  tan dod. (18)
ol**os

It is now convenient to normalize all angles in terms of the
Einstein angle 9g, and we define the dimensionless

B

9
= — =—, 1
p=g. 0=y (19)

We are now ready to derive a PPN expression for the
bending angle, extending the results of Ref. [26] from third
to fourth order. This is necessary since the Hayward metric
has radial subleading contributions at fourth order,’

fa=1 2GM r
e ror+26Me?
2GM | 4(GM)*¢* GM)*¢*
M-+ ( r4) +(’)<( r7) ) (20)

In order to allow for a straightforward comparison of our
results to that found in the literature, we will deviate in this
subsection from Eq. (3) and instead use

ds? = —A(7)ds? + B(¥)di? + 2dQ?, (21)
where we read off
2
C(r) = #(r). ;(rr) =B(Md2.  (22)

"The appearance of mass-dependent regulators, such as the
GM¢*? in the denominator of the Hayward metric, does not spoil
the PPN expansion scheme, as long as £/ (GM) is at most around
O(1). In the present context, this will always be the case.
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which can be used to convert between the two metrics.
Then, utilizing the expression (note the minus sign)

p—-M (23)

7

we define the PPN expansion coefficients a; and b; to
fourth order via

A =1+42a1¢+2a,¢* + 2a3¢° + 2a,¢* + O(¢°),
B =1=2b,¢ + 4b,¢* — 8b3¢> + 16b,9* + O(¢°),
(24)

and the values for the metrics under consideration in this
paper can be found in Table II in the Appendix. It is helpful
at this point to express r (the point of closest approach of a
null geodesic to the black hole) in terms of the impact
parameter b using the above expansion. To do so, we first
expand

__To
" A(ro) %)

as a power series in GM/r; and then define
L (GM\" GM\ 3
=b|l — — ) |. (2
o b{+;cn<b>+o(b” (26)

Substituting the latter into the power series for b we
demand consistency and thereby read off the coefficients

¢ =—ay,
2
_ 2a;—3aj
2 b
C3 = —461';’ +4a1a2—a3,

(&)

1
= g(—IOSa‘l‘ +140a%a, —20a% —40a a3 +8ay).  (27)

This expansion is very convenient since it expresses the
point of closest approach to the impact parameter b and the
ADM mass M (and, possibly, the regulator ¢).

We can now turn to the deflection of light (9), which,
expressed in terms of the variable x = ry/r, can be written

concisely as
! AB
0 (3) — Ax

Defining the perturbative quantity 7 = GM/r, the inte-
grand can be expanded and then integrated order by order.
The result will depend on ry, which is a coordinate-
dependent quantity, which is why it is more convenient
to express rq in terms of b via (27). We define

angn<%>"+o<%>s, (29)

and find

A; =2(a; + by), (30)

1
A2: <2a%—a2+alb1—zb%+b2>ﬂ, (31)

70
A3 = ?a% — 20a1a2 +4a3 —+ IOa%bl - 4a2b]
2 8 16
=2a,b} + 36} + 8arby =3 biby + b (32)

9 3
A4 = (3061411 - 36a%a2 + Ea% + 901(13 - 5(14 + 12a?b1

3 9 3
— 9a1a2b1 +§Cl3b1 ——Cl%b% + —GZb%

4 4
+§a b3—Eb4—|—9a2b —3a,b, —3a,;b,b

4 1“1 64 1 192 202 1¥1%2

9 3 3
+§b%b2—1b%—§blb3—I—6a1b3+3b4>7z. (33)

The expressions A; will form the basis for many compar-
isons of our numerical ray traced data to theoretical
perturbative expressions.

In order to apply this formalism to the lensing equa-
tion (15), we assume that the angular size of the lens (that
is, the black hole) is much smaller than the Einstein angle,
arriving at a small expansion parameter

9. dyd,, GM
=2 [ G g <1. (34
‘=9 \laGma, " q, (34)

We can then postulate the following form of the image
position,

0 =0y + 1€ + 0,6 + 03> + O(e*). (35)

Noting that b = d,, sind, we can insert the above relations
into the lensing equation (15) for the general form of the
deflection angle (29) to eliminate the expansion factors
GM /b, arriving at an expansion in ¢/, instead,

€ €\?
a=A; (9—0> + (A, —A10y) (6’_0>
€

g 3
—+ |:§Ald293A3 - 2A29] +A]9% _A]9092:| <€_>
0

n O(e_o) (36)
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with d = d\;/d,. Inserting the above results back into the
lensing equation (15), we need to recover a null result for
consistency, which we can then use to express the image
positions 6; in terms of the constants A;. We find

Ay
p=b= g
07 40,
A
g1:722’
A, + 463
1

0, = (A3 1+ 3A, — 12A%d6? + 64203
2 390(A1+40(2))(1+ 3 140y + 640y

+ 56A,d*0% — 64d205 — 6A,0, + 3A,67),
1
303(A; + 463)

+ 64A,d*0¢ — 3430, — 9430, + 12424030,
+ 56A,d*630, — 192d>050, + 9A,67
— 34,6} — 64,000, + 6A,0,0,0,). (37)

€3 = (3A%A2 + 3A4 - 24A1A2d93

In some cases it may be convenient to express f in terms of
0y and to substitute the explicit results for 6;, 6,, and 65,
yielding explicit expressions for all angles 6; that solely
depend on 6, but for the sake of brevity we will not list
them here but instead defer to Appendix A. We do wish to
emphasize, however, that Eq. (37) relates f to two image

positions,
(B +a1). (38)

o= —

N =

which then implies

o0 =~ (39)
4

which is a useful relation when desiring to express one
image position 63 via the other . In our conventions,
cf. Fig. 1, the relative sign between the two image positions
stems from the identification of the optical axis as the
horizontal in the embedding diagram wherein all angles are
defined, and it indicates that the two images are on opposite
sides of the horizontal axis, as expected.

With the image positions now given as a perturbative
solution to the lensing equation, we can define the
magnification u (for spherically symmetric lenses) as [7,8]

sin BdB] !
= = — 4
= plo) [sme de} ’ (40)
where we will again expand
1= o+ pi€ + pr€* + pze’ + O(e*). (41)

Following the same conceptual steps as above, we express
the solution # through the expansion (35) and read off the
coefficients y;, finding

1663

Ho= "5 7, " (42)
A2 1602
164,63

— 7270 43

=7, 1 402)? (43)

and the results for x4, and u3 can be found in Appendix A.
The total magnification is defined as the sum of the
absolute values of the two image magnifications,

Hior = |1(6)] + [u(65)], (44)
where we have made use here of the fact that we expressed
all coefficients purely in terms of 6,, and care has to be
taken to ensure the positivity of the individual contribu-
tions. This can be easily verified, though, by computing the
magnifications explicitly for the Schwarzschild geometry.
We can then use Eq. (37) to express the final result in terms
of f and find

B+ (A2
= # + ﬂtot,zez + .“tot.3€3’ (45)

BV B + A

where we have now derived the leading-order term for
the microlensing magnification as mentioned in the
Introduction, and the next-to-leading order term linear in
e vanishes identically. The expressions for .y, and gy 3
are a bit lengthy and displayed in Appendix A.

After the dust has settled, let us make a few comments on
how this perturbative scheme will be used in what follows.
Given the source position f, Eq. (37) gives the leading-
order positions for the lensed images as the two solutions of
the resulting quadratic equation. In a typical lensing setup,
the source position S is described by the angular deviation
of the source from the optical axis spanned by the observer
and the lens. In the microlensing setting (which we will
adapt later), however, the black hole lens is assumed to be
moving, which implies that the effective angle f will pick
up that time dependence.

Schematically noting this time dependence as 8 — S(T),
we then define the light curve as the total magnification
viewed as a function of time, that is,

Hrot (T> = Mot LH(T)] ’ (46)

where T is a parameter that labels different lens positions.
The quantity |3(T)| is strictly positive, if and only if the
lens never crosses the observer-star optical axis.

Let us now isolate the leading order impact of the
regulator £ > 0 on the magnification. We define the
dimensionless quantity

Hiot (ﬁ )
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f= 47)

which captures the deviations from general relativity (see
Table II for the PPN expansion coefficients a; and b; of the
nonsingular metrics discussed in this work). We then
expand the difference between the total magnification
(45) for the Schwarzschild metric (denoted “S”) and the
Hayward metric, Minkowski core metric, and Simpson-
Visser metric (denoted “H,” “M,” and “W,” respectively) in
£ to leading order and find

OUSH = Hiors (ﬂ) - Mmt,H(ﬁ)
3 157€3£>
16

+0(&), (48)

5:uSM = Hiot,S (ﬂ) — HtotM (ﬂ)
(€ 196608 518407
B ( 6144/3) [(4 + 232 (44 p2)2

— (38304 + 1843242 — 607572 e | + O(&2),

(49)

Spisw = tiors(B) = Hiow (B)
[ e 32768 1728077
B (12288ﬂ> {(4 + /)32 (44 p2)52

— (17568 + 61444> — 202572 )ze| + O(&).  (50)

Note that depending on the nonsingular metric under
consideration, the correction terms enter quadratic order
in € (for the cases M and W) or at cubic order in ¢ (for the
well-known case H). Conversely, their dependence on the
dimensionless regulator £ is linear (for case M) or quadratic
(for the cases H and W).

Once the lensing geometry is known, the dimensionless
source angle f = /9 can be inserted in order to estimate
the quantitative result. As expected, these expressions are
suppressed by powers of € and £&. However, we emphasize
that they scale with 1/4, which can amplify them for
microlensing scenarios in which the source angle is small.
In this case, our formulas (48)—(50) can be used to directly
constrain the new physics parameter # (given the prior of a
nonsingular metric). In terms of dimensionful parameters,

|, | oo arctan G\ 1" %
s |\/4GMad, dy B
1 J(Gmyr+iasst
R 7. P=23 (51)
2 dydim B

If the above formulas are applied at the moment of
smallest effective source angle, the result is independent of
the black hole proper motion parameters, which further
simplifies the considerations.

In contrast, other analyses of the perturbative expressions
(45), such as the study of the full-width-half-maximum
(FWHM), are exacerbated by the nontrivial # dependence
and are sensitive to the black hole proper motion parameters.
For this reason, detailed studies involving astrometric
parameters of the lens itself lie beyond the scope of this work.

C. OGLE-2011-BLG-0462/MOA-2011-BLG-191

In order to estimate the size of these effects, let us apply
the developed formulas to a microlensing event. Recently, a
stellar-mass rogue black hole has been detected via micro-
lensing [48—50]; the estimated parameters of this event are

dy = 1.58 £ 0.18 kpc, (52)
dos = 5.9 £ 1.3 kpc, (53)
M. =7.15+0.83M,, (54)

corresponding to a lensing event against a background star
in the Milky Way bulge, emitting no x-rays consistent with
an isolated black hole [51]. We emphasize that the mass of
the object was extracted using the astrometric shift of the
lensed image, which is not discussed in the present work.
We extract the microlensing data from the public repository
[52] and convert the heliocentric Julian date to our
dimensionless parameter 7 via the transformation

_ HID — 2455260

2x503 (55)

and convert from magnitudes Mg g to luminosity mag-
nification p with a bolometric correction BC via
U= 10—0.4(M0GLE—BC),

BC=164.  (56)

The raw data (with error bars), together with a naive fit of
the form

o 2P
SRVN/ Y

i ~ 19.05, v ~ 700, (57)

B =\ h + o(1 - 2T

can be seen in Fig. 2.
We extract the minimal angle of fr_j 5 &~ 0.05 and insert
this into the expressions (48)—(50), yielding
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__ OGLE-2011-BLG-0462
20 MOA-2011-BLG-191
errors

Jmax = 19.05, v = 700

15+
10

°f ]\

0.46 0.48 0.50 0.52 0.54
T [a.u]

FIG. 2. Microlensing event OGLE-2011-BLG-0462 / MOA-
2011-BLG-191, expressed in the conventions of this article. The
errors are shown in orange, the curve between measured
intensities is the solid line in blue, and the green area corresponds
to the naive fit (57).

Susi = —1.9 x 1072y, (58)
Susm = —5.4 x 1077 &g, (59)
Susw = —2.0 x 1077 &g, (60)

where we normalized with respect to the third-order
Schwarzschild magnification pg. The minus signs in the
above expressions mean that nonsingular metrics feature a
larger magnification. For this microlensing event the
relative magnification increase is very small, even if
&~ 1, largely due to the small € ~ 8.6 x 10™°.

D. PPN lightcurves

Having the PPN lightcurve at our disposal to fourth order
(45), we can now track the influence of the correction terms
stemming from the deviations from the Schwarzschild
metric. For practical purposes, such correction terms show
up highly suppressed, which is why we will only verify the
general structure at this point. For illustrative purposes, we
utilize here a microlensing setup corresponding to

dy =50GM,  dy = 100GM, (61)

x; =20GM, z, =5GM; (62)
this choice of parameters corresponds to the numerical
values we will eventually choose in the second part of the
paper. We can now plot the different order contributions
Hiot0s Hio2€% and pii 3€° for the Schwarzschild metric and
the Minkowski core metric with #/(2GM) = 0.7 (subcriti-
cal case, with horizons) and ¢/(2GM) = 1.3 (the super-
critical case, no horizon) for illustrative purposes; the result
can be seen in Fig. 3.

0.10
Q.(\‘o\“d(‘“
0.05 |
3
0.00 Focozzmzoaona oo iii.oo..
-0.05 PN ISE e
~ _ - V2 — S
N 7 M_
-0.10 | Sl — M
0.0 0.2 0.4 0.6 0.8 1.0
T [a.u.]
FIG. 3. PPN lightcurves (zeroth-order contributions: solid line;

second-order contributions: dashed lines; third-order contribu-
tions: dotted lines) for the three cases of the Schwarzschild metric
(S), the Minkowski core metric with a horizon (M_) and without
a horizon (M, ), for the parameters described in the text. Note that
the zeroth-order curve is rescaled by a factor of 1/20. Higher
order PPN corrections reduce the magnification, but the presence
of a regulator reduces that amount, leading to a net increase in
magnification.

The results are qualitatively similar between different
non-singular models which is why we focus on the
Minkowski core example. Since a; = b; =1 for all
models considered, p, ( agrees between all models since
itonly depends on A; = 2(a, + b;). As expected, the next-
to-leading-order contributions are heavily suppressed, but
nevertheless distinct from the Schwarzschild case.
Computing the relative magnification deviations, we find
for this numerical setup

Opsy = —0.0252,u5, (63)
Susm = —0.15¢us, (64)
Susw = —0.01&%us, (65)

corresponding to percent-level increases in magnification.
This again shows that the regulator £ increases magnifi-
cation compared to the Schwarzschild case.

Last, we point out that for larger regulators the black hole
horizon disappears, resulting in a horizonless geometry.
Then, the PPN magnification setup is no longer applicable
since the horizon scale is no longer of physical significance.
We take this as another argument to develop a numerical
setup toward microlensing.

IV. RAY TRACING FOR STATIC, SPHERICALLY
SYMMETRIC, AND ASYMPTOTICALLY FLAT
METRICS

With the perturbative machinery developed, let us now
discuss a numerical approach. In static, spherically

024065-9



JENS BOOS and HAO HU

PHYS. REV. D 113, 024065 (2026)

symmetric spacetimes (3)—(4) we may utilize the existence
of a Killing vectors to introduce constants of motion. In
asymptotically flat spacetimes we may utilize Schwarzschild
coordinates {z, r, 0, ¢ }, wherein the Killing vectors are given
by

£=0, (66)

p1 = 0,, (67)

P2 = +sin@dy + cotd cos o, (68)
p3 = — COS @0y + cotfsin ¢pa,,, (69)

resulting in the following constants of motion:
E=(~1)gu'& = Al, (70)
Ly = g, u'py = C?sin*0g, (71)
Ly = g, u'ps = +C*0sing + L, cotfcos g, (72)
Ly = g, u'p} = —C*0cos g + L, cot@sing. (73)

An additional constant of motion is of course
Guu'u’ = 0. (74)

It is hence clear that this system is integrable, but for
numerical evaluation not all equivalent formulations are
equally efficient. Since we are only interested in the spatial
aspects of the problem, we use the affine freedom of null
geodesics and rescale their affine parameter such that £ = 1
and subsequently eliminate the equation of motion for 7(4). It
is possible to work with first-order differential equations via
effective potentials, as done in the pioneering work by
Luminet [53] for the imaging of accretion disks and that
of Rauch and Blandford [54] in the context of gravitational
lensing of Kerr black holes. Working with Mathematica, we
find that the utilization of L, to render the equation of motion
for ¢(A) first order leads to significant speedup, whereas
implementing L, and L; [to obtain first-order equations for
r(4) and 6(1)] actually slows the code down, most likely due
to the nonlinear nature of the radial equation as well as the
more involved appearance of trigonometric functions in the
polar equation. Moreover, the possible existence of multiple
turning points in » make it inconvenient to rephrase the radial
differential equation in terms of an effective potential without
previously identifying the location of turning points, which
would have to be performed in a distinct way for each metric
considered in this work. For this reason we opt to utilize the
second-order approach in the radial and polar sector.

Last, given a local radiation density n = n(r, 0, @), we
define a simple radiative transport equation for the intensity
I(1), and we hence arrive at the following set of first-order

differential equations for r(1) and first-order differential
equations for 6(1), ¢(4), and I(4):

B’ BTA ! 2C'L2
F=——i?—— |5 —20C'0* - |,
"ToB" T a2 C3sin20
. 200 L?
0=— 0——1

c %Y
A
= Csin2o
I= n(r,0,p), (75)

In order to accommodate arbitrary, three-dimensional
densities for the radiative transport equation we chose not
to eliminate € entirely. While allowed due to the spherical
symmetry of the black hole geometries under consideration
in this paper, it would still necessitate the computation of
the full three-dimensional trajectory due to the explicit
dependence on all three Cartesian coordinates x, y, and z in
the radiation density. The effective polar angle would still
be different for each ray-traced pixel (since it is determined
by the plane of the black hole, the observer, and the pixel)
which would lead to more numerical overhead. In practice,
a resolution of 200 x 200 pixel is sufficient to generate
images of sufficient accuracy, and we have verified that
images of a larger resolution of 1000 x 1000 only provide
marginal improvement. Since the primary goal of the
numerical aspect of this work is to generate ray traced
lightcurves, an enhanced angular resolution to capture faint
details is not required. Moreover, no large-scale data analysis
is performed, and for this reason the full, three-dimensional
treatment is retained. Last, this will also streamline the future
implementation of axially symmetric metrics with angular
momentum in a straightforward manner.

In what follows, we will set up the appropriate boundary
conditions for the numerical study of gravitational lensing
in such a scenario.

A. Implementing the lensing setup

Since we are interested in ray tracing an image of the
black hole, we formulate our initial value problem accord-
ingly; see Fig. 4 for our geometric setup. The physically
relevant scenario involves a black hole that traverses the
line of sight between a stationary star and the observer. For
computational simplicity, we instead consider a moving
line of sight between the star and the observer and keep the
black hole at the coordinate origin and describe the black
hole proper motion via a simple coordinate shift with an
auxiliary time coordinate 7 € [0, 1]. We work in Cartesian
coordinates {x, y, z} and parametrize the black hole proper
motion via

X(T) ={-x,(1-2T),0,z, }, (76)

where x; > 0 labels the initial horizontal position of the
black hole. Note that 7 merely serves as a label and is not a
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star

z. >0

screen

We

z1 >0

x>0

FIG. 4. Visualization of the ray tracing setup. Instead of a
moving lens, it is computationally easier to model the lens in the
origin and consider instead a moving star and screen that share
the same x coordinate for their center point. For the purposes of
this paper we restrict the motion of the lens to be purely along the
X axis.

time parameter in the physical sense. The detector and the
star are located at

Xo(T) = (0.=dy, 0) = X.(T), (77)
X (T) = (0., 0) = X.(T), (78)

respectively, where d; > 0 is the distance between the
observer plane and the lens plane, and dj, is the distance
between the lens plane and the source plane, see Fig. 1.

It is important to realize that for every T the lensing setup
changes. This is because the optical axis is formed by the line
of sight between the observer and the lens, and due to the
proper motion of the lens the distances to the lens are a
function of time and need to be obtained from the bare
parameters d,;, ds, and d, via suitable projections onto the
optical axis. For notational brevity we define the connection
vectors

Fo—Xy Ty =X, -1 (79)

Xoe

We then define the effective quantities

dol,eff(T) = |7€o- ) (80)
Xox * Xoe
dos,eff(T) = *—> ’ (81)
| X0
dls,eff(T) = dos.eff(T) - dol,eff(T)1 (82)

4G Md o5
I aip(T) = | | tselt, 83
E’eff( ) dol,effdos.eff ( )

p(T) = . arccos <@> , (84)

19E,eff |)_C'o' )_C'o* |

where we have suppressed the T dependence on X., X, X,
and I ¢ for brevity, and the physical angle is obtained after a
rescaling with the Einstein angle, B = 9. In particular, for
z, # 0 one has > 0 for all times 7, meaning that the lens
does not intersect the optical axis.

In what follows, we will first set d, and dj, as free
parameters, and compute d,, = d,; + d)5, which gives Jg.
The Einstein angle is helpful to adjust the field of view
aroy to a convenient value, which is typically several Jg.
Next, we can fix the arbitrary distance of the detector plane
to the observer plane (d,. = GM in our code) to determine
the physical width and height of the quadratic screen,
w, = 2d,. tan(aggy/2). The proper motion of the lens can
be chosen freely, but care has to be taken that for early and
late times x, is not outside the field of view. Each ray
tracing setup can hence be determined by the following set
of numbers:

{arov. dq1, dis, X0, 20, T} (85)

Moreover, we subdivide the screen into pixels with a
resolution of p pixels (for microlensing, p = 256 is suffi-
cient, but for more detailed imaging we instead utilize
p = 1024). Each ray is cast from the observation point
aiming for a single pixel, and the integrated intensity is then
reported back numerically as the brightness information for
that pixel. Since gravitational bending of light has no
chromatic aberration, we do not consider any frequency
dependence and model the intensity function n phenom-
enologically (more on that later). The brightness levels are
not normalized per se, so we will either normalize to the
brightest pixel in each image (for single images), or to an
otherwise defined brightness level across a sequence of
pixels (e.g., the total brightness of the star in the absence of
the lens, and the otherwise identical distance).

On the computational side, since ray tracing is a
parallelizable algorithm, we make extensive use of
Mathematica’s built-in ParallelTable command, such that
on a desktop computer with 24 cores a p = 1024 picture
takes about 20 minutes to render. We implemented a
recursive algorithm featuring a simple adaptive-mesh ray
tracing, which should theoretically be faster for images
with sharply concentrated illuminated areas, but found that
the recursive structure did not lend itself well to paralle-
lization, resulting in a performance drop.

We check for collisions with the black hole horizon by
B(r(4)) < 0.05 (varying this value has little effect on the
images), and discard all geodesics that exceed an affine
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parameter of 1 > A« = 2d,s or reach r > r .. = 2d,,
whichever happens sooner, where again variations of this
cutoff lead to negligible changes in the resulting images. As
additional quality-of-life features we also directly project
the shape of the black hole event horizon and the Einstein
radius onto the screen. For this perspective mapping we
utilize simple Euclidean geometry, since they are only
included as reference surfaces for convenience—more on
that in the next sections.

V. TEST: STRONG LENSING

Let us now test the developed ray tracing machinery in
the case of strong lensing as applied to stars and accretion
disks. We will only record a single image and therefore fix
the value of T in each scenario.

A. Lensing of a star

We model the radiation density of a star of radius r, as
constant in its interior and exponentially suppressed in its
exterior,

1, r<ry,

(rs_r*)z

[0)

n(r,0,9) = ny (86)

exp [— } r>r,.

In the above, we defined the distance from the center of the
star according to

+ V() =y (DP + [2(2) — 2 (D2 (87)

with the Euclidean distances

Schwarzschild

Hayward, ¢ = 0.7

FIG. 5.

x(4) = r(4)sinO(4) cos p(4), (88)
() = r(4) sinO(4) sinp(2), (89)
z(4) = r(A) cos O(4). (90)

For simplicity we will choose r, = 3GM and w = SGM.
This setup can now be validated by fixing the parameter 7,
and the result is displayed in Fig. 5 for the Schwarzschild
metric and the overcritical Hayward metric, with super-
imposed black hole shape and Einstein radius.

B. Accretion disks

Similar to the previously discussed case we will again
utilize a simple, phenomenologically motivated model for an
accretion disk as found, for example, in Ref. [55,56], taking
the form

GM\ @ cos’6
n(r, 6) = Ny (T) exXp |:—W

_ (r_rcu\)2:| <
. J P [ = < ra (1)
1, 7> Tyt
We choose the parameters a=1.5, r, =3GM,

0= 1/\/EGM, and h = 0.2, which are inspired by the
choices in Ref. [56]; the results can be seen in Fig. 6 for the
Schwarzschild metric for two different observer inclinations.
See the appendix for an exhaustive comparison.

Hayward, ¢ = 1.3

Luminosity of a lensed star under passage of a black hole described by the scenarios S, H_ and H, at T = 0.25. The Einstein

angle is visualized at the bottom left, the dashed cyan line is the projected outline of the black hole horizon (if present), and the yellow
dashed line is the projected Einstein radius. The images are individually normalized to their brightest spot and then amplified by a factor
of 2.5 to enhance contrast. The subcritical Hayward image features a smaller black hole horizon, and novel features appear in the center
of the horizonless supercritical Hayward case on the rightmost panel.
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Hayward, 0=0.7,i=10°

Schwarzschild, i = 0°

: 1.0
Hayward, ¢ = 1.3, i = 20°

0.8
0.6
0.4

0.2

0.0

FIG. 6. Accretion disk luminosity (in arbitrary units) for the scenarios S, H_, and H, at different inclinations (i = 0° corresponds to an
edge-on view, and i > 0 describes the angle out of the equatorial plane). The Einstein angle is visualized at the bottom left, the dashed
cyan line is the projected outline of the black hole horizon (if present), and the yellow dashed line is the projected Einstein radius. The
images are individually normalized to their brightest spot and then amplified by a factor of 2.5 to enhance contrast. The subcritical
Hayward image features a smaller black hole horizon, and novel features appear in the horizonless supercritical Hayward case on

the right.

VI. MICROLENSING

We proceed as follows: after fixing the lensing geometry
we first render the background star without the influence of
the black hole by taking the GM — 0 limit of the geodesic
equation, thereby generating a reference image of which the
luminosity is determined via simple summation over all
pixels. Subsequently, we vary T €10, 1] and record single
images for each time step, and determine the relative intensity
by normalizing the pixel luminosities with respect to the
initial reference image. We call the result of this procedure the
finite-source lightcurve, and will describe its properties in
what follows. The precise values utilized for all lightcurves
described in this paper are summarized in Table III in
Appendix B along with a subset of images in Fig. 13.

3.0
. ,*\\ o r,=1GM
/ \ re = 2GM
A ¢ r,=3GM
25¢ !,/ \ ---- point-source

0.0 0.2 0.4 0.6 0.8 1.0
T [a.u]

FIG.7. We plot the numerical lightcurves for the Schwarzschild
metric for identical lensing systems but varying star size. As the
star reduces in size, the numerical data approaches the theoretical
point source prediction (dashed line), as expected. However,
numerical uncertainties increase as the star radius shrinks,
necessitating a higher rendering resolution. In the above, we
chose a resolution of 256 x 256.

A. Validation

Initially, before discussing non-singular objects, we per-
form a simple run for the Schwarzschild geometry and for
simplicity we fix d,; = 100GM and di;, = 200GM and set
aroy = 69g. We initially record the lightcurve for the star
radius at r, = 3GM and the parameter ® = SGM (which
describes the falloff of the star luminosity), and then consider
ry =2GM and @ = (10/3)GM, and finally r, = GM and
@ = (5/3)GM (keeping the ratio r,/w = 5/3 constant in
order to assure a consistent shape of the star geometry).
Comparing the resulting lightcurves to the point-source
prediction obtained in the PPN context in Sec. III D, we
find the following (see Fig. 7 for the lightcurves, and
Appendix B for the individual images):

(i) As the star radius decreases, the numerical light-

curves approach the point-source PPN lightcurve.

(i1) At the same time, the numerical results become less

reliable at smaller star size, requiring a larger
resolution.
Both of these behaviors are expected, and we take this as a
validation of our numerical procedure. The complete set of
parameters for these lightcurves is listed in Table III under
V], Vz, and V3.

B. Near zone

Let us now fix a set of values that harnesses the finite-
size capability of our code, d,; = 20GM and d;;, = 10GM
(see Table III for the dataset N;...N;). The resulting
lightcurves differ appreciably for 7'~ 0.5, with the hori-
zonless cases featuring central, bright spots related to the
absence of a horizon as could already have been anticipated
from Fig. 5. Numerics are rather stable at these close
distances, but instead of plotting the microlensing light-
curves directly, it is instructive to consider instead the
relative magnification
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FIG. 8. Microlensing lightcurves in the near-zone scenario for

the Hayward metric H,, Minkowski core metric M, and the
Simpson—Visser metric W.. The subscript “+” denotes the
horizonless case, and the subscript “—" denotes the nonsingular
black hole case. Generally, the horizonless cases exhibit a
stronger magnification by approximately 1%, while the differ-
ence between the models themselves is around 0.5%.

H—H
Hrel = S ’ (92)
Hs

where ug denotes the Schwarzschild magnification; see the
resulting relative magnifications in Fig. 8.

C. Far zone

A more realistic setup is considered in this far-zone
scenario, where we pick d, = S0GM and d,, = 100GM
(see Table III for the dataset F';...F5). While the general
features can still be resolved in similarity to the near-zone
case, the strength of the deviations is suppressed.
Moreover, numerical stability becomes more challenging.
To see this, consider for example the time 7 = 0.05 in the
H_ model, where we record a magnification of y = 1.241.
However, this value differs by more than 5% from its
neighboring timestamps at 7 = 0.00 and 7 = 0.10 (around
1 = 1.178). While there are no convergence issues with the
code, the utilized resolution of 256 x 256 makes the
recorded brightness susceptible to aliasing effects close
to the boundary of the glowing centroid and the surround-
ing darkness. Even with a few pixels being affected, the
stark brightness difference can quickly amount several
percent of systematic error.

We reran the questionable data point at 7 = 0.05 in the
dataset F', at doubled resolution of 512 x 512 and recorded a
new normalization value without the black hole, resulting in a
magnification value of y = 1.179 that is entirely consistent
with its neighboring values at 7 = 0.00 and 7 = 0.10. Since
a simple doubling of resolution quadruples the running time,
we opted against rerunning the entire datasets at a higher
resolution and instead manually removed the flawed data-
points from the dataset. In total, more than 15 datapoints were
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FIG. 9. Microlensing lightcurves in the far-zone scenario for
the Hayward metric H,, Minkowski core metric M., and the
Simpson—Visser metric W,. The subscript “+” denotes the
horizonless case, and the subscript “—" denotes the nonsingular
black hole case. Similarly to the near-zone scenario, the horizon-
less cases exhibit a stronger magnification while the difference
between the models themselves is smaller.

affected. With this numerical issue addressed, we can now
plot the different lightcurves, see Fig. 9.

VII. SUMMARY AND CONCLUSIONS

This paper describes, for the first time, the microlensing
of nonsingular black holes (and their compact, horizonless
counterparts) for finite-size sources. After extending the
work by Keeton and Petters in the parametrized post-
Newtonian framework to fourth order, we demonstrated
that our numerical approach reproduces the theoretical
predictions as the size of the source shrinks, as expected.
Taking this as a validation of our numerical setup, we then
explored the resulting finite-source microlensing light-
curves for various nonsingular black hole models in the
near-zone and far-zone regime. We find throughout that the
existence of a regulator length scale # > 0 tends to increase
the magnification recorded in finite-source lightcurves,
similar to the point-source predictions.

This is consistent with theoretical expectations™: Within
the description of gravitational lensing via Fermat’s prin-
ciple, the image magnification is proportional to the inverse
curvature of the local time-delay surface (see, e.g., [7] for a
pedagogical reference as well as Refs. [57-59]). Since that
curvature is smaller for smoothed-out matter distributions
(such as the nonsingular metrics considered in the present
paper), this would then lead to a larger magnification.

Serving as a proof of principle, this work is far from
complete. Numerical investigations of the far zone have
shown the need for enhanced resolution. While a resolution
of 1024 x 1024 can be obtained by a 24-core desktop
computer in around 20 minutes, finer time steps and even

*We thank our Referee for bringing this to our attention.
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FIG. 10. Using ray tracing methods, we visualize the relative phases of a lensed gamma-ray source for two given dimensionless
frequencies (left and center panels, = QGM). In the right panel, we plot the total magnification as a function of frequency, which

exhibits typical interference patterns.

larger resolutions are still computationally intensive, neces-
sitating the migration of the numerical ray tracer into high-
performance computing architecture. Written entirely in
Mathematica, however, this is relatively straightforward
since the performance of ray tracing individual geodesics is
a highly parallelizable task.

In a wider context, we would also like to point out that
the presented approach can be relatively easily extended to
describe the related physical lensing processes of femto-
lensing and picolensing, which is what we want to briefly
demonstrate in the following sections.

A. Femtolensing

If the source is modelled in a time-dependent manner via
a simple generalization of Eq. (86) such that

n(t.r.0.p) = e = n(r.0.¢), (93)

we may think of the above as a crude approximation of a
gamma-ray burst. Assuming coherent emission of radiation
over the characteristic time scale r we may then endow each
light ray with a phase, which can numerically be achieved
by integrating the time variable,

. B, B[A o 2C'L2

"Ta2" T2 p—2CC9 -~ Csin20|

. 2007 L2

0=- Cc +COS6C4Sin39’

1

[—Z,

. Ly

Y= Csinte

I =n(t,r,0,0), (94)

where we still set £ = 1. Assuming now further that the
wavelength of the radiation is much smaller than that of the
astrophysical lens (which is guaranteed for keV radiation

stemming from gamma-ray bursts), we can assign to each
light ray a complex phase

¢ — eigtarriva]’ (95)

where Q depends is the angular frequency of the arriving
radiation, and 7,4 1S a suitably defined arrival time,

Larrival A dol + dls- (96)

Each pixel thereby contributes to the intensity of the final
image via interference due to the phase ®. Femtolensing,
unlike microlensing, does not require measurement over
long periods of time—rather, it uses the fact that gamma-
ray bursts usually emit a broad range of wavelength during
an emission. Since the interference pattern depends on the
frequency of the radiation, by tracking the received
intensity as a function of frequency one arrives at a
characteristic intensity-frequency relation which can be
compared with observed gamma-ray spectra [60].

In order to visualize this, we work again in the near-zone
regime and extend our numerical algorithm to integrate the
time of arrival as well. Doing so, we can then visualize the
incoming phase by multiplying the rendered image with
cos?(Qdt), where f, is the moment of gamma-ray-burst
eruption, showing that several parts of the image have
opposite phase if the frequency € is small enough: see
Fig. 10 for an example. While clearly not an exhaustive
study, femtolensing remains a possible avenue to search for
otherwise hard-to-probe dark matter regimes [61], but the
experimental feasibility of this approach has recently been
questioned [62]. It would certainly be interesting to inves-
tigate femtolensing and its sensitivity to probe for non-
singular black holes further with the methods presented in
this work.

B. Picolensing

Picolensing utilizes the fact that for a short gamma-ray
burst, two distant observers may record starkly different
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observer plane lens plane source plane

d()S

FIG. 11.  We sketch a typical picolensing setup: two observers
record the luminosity of a distant source. If a gravitational lens is
present in between the observers and the source, the perceived
brightness will vary strongly with their relative distance Jgy,
assuming the observers are positioned in such a way that one
observer is within the Einstein ring radius and the other one
outside of it.

luminosities if one of the observers is located close to a
lensing maximum of an dark, passing object [63]—see
Fig. 11. It has recently been argued that picolensing is
sensitive to probe for primordial black hole dark matter in
the asteroid window 2 x 1071My < M < 5 x 1072M,,
[64]. Denoting the measured magnifications of two observ-
ers as p; and p,, the relative magnification,
Hi — Mo

ou="11"F 97
Hi T+ Ho 7)

will depend on their separation . Such a scenario can be
implemented in our scenario by first fixing the black hole
position, and then moving the position of the star and
observer separately—see Fig. 12 for a visualization of the
observer distance-dependent perceived magnification.

C. Further work

The presented method reproduces lightcurves reliably at
intermediate distances, and tracks the impact of deviations
from general relativity. It would be desirable to introduce a
notion of numerical error to the relative magnification, as
became obvious from the comparative study of the near-
zone and far-zone regime. Other further improvements
include the addition of angular momentum, which we
expect will not affect performance significantly if we
restrict ourselves to rotating nonsingular geometries that
feature a Carter constant (which is the case for many of
them); these results could then supplement existing shadow
computations [65]. A more realistic modelling of the lens
trajectory is also desirable, deviating from the straight-path

0.04}
0.03
Z0.02f

0.01}

0.00 |

0.0 0.2 0.4 0.6 0.8 1.0
5obs [a-u-]

FIG. 12. We plot the relative magnification of a luminous
background source as measured by two distant observers in the
same instant of time, but as a function of the observer separation
Ogbs- The numerical simulation shows that it exhibits a depend-
ence on the observer separation as expected from the picolensing
effect.

trajectory utilized in this study. By implementing an
algorithm that determines the centroid of the lensed image,
the gravitational lensing parallax could be used to extract the
lens mass numerically. While these topics are of physical
interest, there is also a logistical opportunity. Namely, the
data infrastructure of this project could be improved by
converting the lightcurves data from proprietary CSV files
(as used currently) into the community-documented formats
of FITS or ECSV (the latter being useful for straightforward
integration with the ASTROPY Python library. Moreover,
realistic conversions from relative magnification into astro-
physical magnitudes seem desirable.

Black hole dark matter [66,67] is constrained by lensing
[68—72] and extragalactic gamma ray flux [36,73], but to
date the asteroid mass window remains open [74]. As new
data is expected from Subaru/HSC and the Vera C. Rubin
Observatory, we plan to extend our ray tracing code to
contribute towards further probing that open window in the
context of non-singular black hole models.
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The data are not publicly available. The data are available =~ The expansion for the image angle 6 then takes the form

from the authors upon reasonable request.
0= 90 + 916 + 9262 + 936‘3 + 0(64), (A2)

APPENDIX A: PARAMETRIZED POST- where the coefficients are
NEWTONIAN FRAMEWORK AT FOURTH
ORDER A
P=00— 1y (A3)
The perturbative parameter € < 1 is defined as 0
Ay
0, =——, A4
€= O _ Marctan oM <1 (A1) LA + 405 A
9\ 4GMd, dy ’
|
1 3A, A2 6A2
Oy =— (A3 +3A; — A3d% + 12A%(d — 1)d6? + 8A,d26" 2 ). A5
27 360,(A; + 462) ( 11343 = AldE+ 1241(d = 1)d0; + 84, OJF(A1 +402)7 Ay + 462 (A5)
1

05 = {3A2(2A3 = 3A|A,A; + A3A,) + 4A|[21A3 — 33A1A,A5 + 12424, + ATA,(d — 1)(2d - 1)]63

303(A, +463)
+ 8{42A3 — T8A,ArA; + 36ATA, + AA,[10 + DD(11d - 18)]}6;

+32{=30A,45 + 244, A4 + AJAy[14 4 5d(5d - 6)] }6§

+ 128{6A, + A?A,[6 + 5d(7d — 6)]}63

+512A,A,d(19d — 12)01°

+ 4096A,d26)2}. (A6)

The magnification y is expanded as

1= o+ pi€ + pr€* + pze’ + O(e*), (A7)
and the coefficients are
1663

=——10 A8
Ho = A7 1602 (A8)

16A29(3)
=270 A9
/’l] (A] +46%)3 ( )

TABLE II. PPN expansion coefficients for the Schwarzschild metric, Hayward metric, Minkowski core metric, and Simpson-Visser
metric, up to fourth order as defined in Eq. (24), using the notation £ = #/(GM). Note that for the Simpson-Visser metric a
transformation to a new radius variable is required, cf. Eq. (22), where we find A(7¥) = 1-2GM /7 and B = 7 /[(7 — 2GM)(#* — £?)].
Moreover, all of the above metrics feature a; = b; = 1.

Abbr. Name ay ay as ay bl bz b3 b4

S Schwarzschild 1 0 0 0 1 1 1 1

H Hayward 1 0 0 282 1 1 1 1-1&

M Minkowski core 1 £ e 8 1 1-4¢ 1-¢+38 1-3e+ie2 L8
W Simpson-Visser 1 0 0 0 1 1+1& 1+1& 1+ig24Lg
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862
3(A, —4602)(A, + 462)
— 32{18A2 — 12A,A; + A4[~4 + d(~12 + 17d)]}6%
— 128[—6A; + A3 (=2 — 6d + 9d2))05 — 256A2d%68 (A10)

o = {—ASd + 8A2[6A; + A3 (2 + 6d — 9d°)]63

86,
3(A; - 463)(4, + 463)
+ 4A3(42A35 — 84A|A)A; + 42A2A, + A1A5(14 4 3(4 = 9d)d))63
—96A,(=21A3 + 42A,A,A; — 18A2A, + A1A,(5d° — 4))6;
— 128(—105A3 + 150A4,A,A3 — 66A3A4 + 2A1A,(9d* + 3d — 8))65
—256(120A,A; — 78A A, + AJA,(3d(23d — 4) — 38))65
—3072(=6A4 + A2A,(11d* - 6))6)°
+ 24576A,A,(=2 + d)d6}?}. (A11)

—{AJ[6A3 — 124,A,A; + 6A2A, + AA, (2 - 3dP))]

H3 =

Last, the total magnification is expanded as the sum

Hiot = Hrot,0 T Hrot, 1€ T ;“tot,ze2 + Mtot,3€3 + 0(64)v (A12)
with the coefficients
P+ (A1/2)
Hiory = (A13)
PV I+ A
Hiot,1 = 0, (A14)

1

pF AT 942 + 2A3(A, + B2)(9d® — 6d — 2) — 12(A, + [P)As + AAZ2 (A, + ). (A1S)

Hiot,2 —

2
Hons = 3415 [—6A3 + 124,A,A; — 6A3A, + ATA, (=2 + 3d?)), (A16)
|

which concludes our considerations.

APPENDIX B: RAY TRACED IMAGES Fig. 13 we show several lightcurve image sets for the
validation, near-zone, and far-zone scenario, and we list the
numerical parameters utilized for the lightcurves in
Table III; for completeness we also depict the strong
lensing of the accretion disk model in Fig. 14.

In order to keep the main text of the article as uncluttered
as possible, we only displayed a small selection of ray
traced images. However, the reader may find it instructive
to see more details on the renders, which is why we opted to
include a small selection of images in this appendix. In
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FIG. 13. Images used to extract the lightcurves in the validation scenario (top three rows, V...V3), the near-zone scenario (middle
three rows, N;...N3) and the far-zone scenario (bottom three rows, F...F3), normalized to the brightness of the star in the absence of
the lens (first image in each row). Time steps go from 0.0 (leftmost picture) to 1.0 (rightmost picture) in steps of 0.1. The simulations
were performed with a time difference of 0.05, but for the sake of illustration we only display every other image. The results shown (for
the near-zone and far-zone scenario) cover only the S, H_, and H, cases; the lightcurves for the M, and W cases are qualitatively
similar and hence omitted for brevity.
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TABLE III. We list the numerical parameters employed in the various lightcurves discussed in this paper. V...V5 are used for the
validation of the numerical finite-size setup against the theoretical point-source formulas; N;...N; comprise the near-zone
configurations, while Fy...F5 are the far-zone configurations.

Number Model ¢ r.(GM) (GM) arov dy(GM) di(GM) x (GM) 2. (GM)
vV, S 0.0 3 5 695 50 100 20 5
vV, S 0.0 2 5 695 50 100 20 5
Vs S 0.0 1 5 695 50 100 20 5
N, S 0.0 3 5 895 20 10 10 5
N, H_ 0.7 3 5 895 20 10 10 5
N, H, 1.3 3 5 895 20 10 10 5
N, M_ 0.7 3 5 895 20 10 20 5
Ns M. 1.3 3 5 895 20 10 20 5
Ng w_ 0.7 3 5 895 20 10 20 5
N, W, 22 3 5 895 20 10 20 5
F, S 0.0 3 5 695 50 100 20 5
F, H_ 0.7 3 5 695 50 100 20 5
F, H, 1.3 3 5 695 50 100 20 5
F, M_ 0.7 3 5 695 50 100 20 5
Fs M, 1.3 3 5 695 50 100 20 5
Fg W_ 0.7 3 5 695 50 100 20 5
F; W, 22 3 5 695 50 100 20 5
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Schwarzschild, i = 0° Hayward, £ =1.3,i=0° Schwarzschild - Hayward, ¢ Schwarzschild - Hayward, ¢ = 1.3, i

Hayward, £ = 0.7, i = 10' Hayward, ¢ = 1.3, i Schwarzschild - Hayw: d - Hayward, £ = 1.3, i = 10'

Hayward, £ = 0.7,

ild - Hayward

Schwarzschild, i = 45° Hayward, £ = 0.7, i = 45°

Schwarzschild - Hayward, £ = 0.7, i = 45 Schwarzschild - Hayward, £ = 1.3, i = 45°

Ol ©

Schwarzschild - Hayward, £ = 0.7, 1 = 60

Schwarzschild, i = 60° Hayward, £ = 0.7, i = 60°

Schwarzschild - Hayward, ¢ = 1.3, i = 60°

FIG. 14. Accretion disk luminosity for the scenarios S, H_ and H_ at different inclinations (i = 0° corresponds to an edge-on view,
and i > 0 describes the angle out of the equatorial plane). The fourth and fifth columns show the absolute value of the differences
|S— H_| and |S — H_|, respectively. The Einstein angle is visualized at the bottom left, the dashed cyan line is the projected outline of
the black hole horizon (if present), and the yellow dashed line is the projected Einstein radius. The images are individually normalized to
their brightest spot and then amplified by a factor of 2.5 to enhance contrast. While the morphology of the accretion disk luminosity is
qualitatively similar in the S and H_ cases, the absence of a horizon in the H, scenario leads to noticeable differences.
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