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ON THE INSTABILITIES OF NAIVE FEM DISCRETIZATIONS FOR PDES
WITH SIGN-CHANGING COEFFICIENTS

MARTIN HALLA'® AND FLORIAN OBERENDER?*

Abstract. We consider a scalar diffusion equation with a sign-changing coefficient in its principle
part. The well-posedness of such problems has already been studied extensively provided that the
contrast of the coefficient is non-critical. Furthermore, many different approaches have been proposed
to construct stable discretizations thereof, because naive finite element discretizations are expected
to be non-reliable in general. However, no explicit example proving the actual instability is known
and numerical experiments often do not manifest instabilities in a conclusive manner. To this end we
construct an explicit example with a broad family of meshes for which we prove that the corresponding
naive finite element discretizations are unstable. On the other hand, we also provide a broad family
of (non-symmetric) meshes for which we prove that the discretizations are stable. Together, these two
findings explain the results observed in numerical experiments.
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1. INTRODUCTION

In this article we consider diffusion equations — div(cVu) = f with a sign-changing coefficient o, i.e., the
domain 2 admits a decomposition in Q4 for which +o|q, > 0. Such equations occur, e.g., for fully homogenized
meta materials and their reliable simulation is essential for the development of technical devices, e.g., to control
sound [12] and for cloaking [14]. The well-posedness of problems with sign-changing coefficients has been studied
extensively by means of the T-coercivity technique [5-7] and is known to depend on the contrast of o and
the smoothness/geometry of the interface 2, N Q_. An alternative approach to analyze such PDEs has been
investigated in [17,18] by means of the limiting absorption principle. The stability of standard H!-conforming
finite element discretizations is known only for sufficiently large contrasts [4] and therefore a variety of approaches
to construct stable approximations have been explored, including locally symmetric meshes [8,15], optimization
based methods [1,2,10,11], boundary element methods [20], weakly coercive reformulations [16] and primal-dual
stabilizations [9]. However, in contrast to this extensive research on the development of stable discretizations
the question if those specialized methods are actually necessary has received much less attention. Indeed, for
reasonably small contrasts the error curves (for decreasing mesh sizes) of naive FEMs generally do not look
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reliable, but still decrease often with a saw tooth like profile [9]. At other test cases, it can even be hard to trigger
some anomalies at all [16]. Actually, the analysis of [8] suggest that meshes being “almost locally symmetric”
can be expected to yield stable results, and a mesh generator might produce such meshes without further due.
However, without any quantification it is hard to obtain decisive conclusions from this observation.

To study such questions we construct in this article an explicit example with a piece-wise constant coefficient
(04 = 0lq,) and a discretization by nodal finite elements with uniform rectangular grids in €24.. Thereby the
ratio r of the mesh sizes in Q04 will play an important role in the analysis and acts in an inverse manner to the
contrast k = 04 /o_, i.e., vk will be a crucial quantity. We prove that depending on the parameter range that
all considered discretizations are either stable or unstable. For an unstructured mesh we expect that either case
can be dominant, which explains the inconclusive observations in numerical experiments.

The remainder of the manuscript is structured as follows. In Section 2 we specify the two considered problems
and their discretization. In particular, we consider one problem on an unbouded domain and a second problem
on a bounded domain, where the first can be seen as a preparational step to the second. In Section 3 we conduct
our stability analysis with Theorems 3.17 and 3.33 as our main results. In Section 4 we present computational
examples to confirm our theoretical results.

2. NOTATION AND SETTING

We consider all vector spaces over R and denote scalar and vectorial L?-scalar products over a domain
DcCRLI=1,2as (-,-)p. Let N:= {1,2,...}, L > 0 and consider the domains

Q:= (_00700) X (O,Tl'), Q_ = (_0070) X (O,Tl'), Q+ = (0,00) X (077r)7
Q:=(~L,L) x (0,7), Q_ = (-L,0) x (0,7), Q. :=(0,L) x (0,7).
On H}(D), D = Q,Q we work with the scalar product (u, uT)Hé(D) := (Vu, Vu') p. For the bounded domain Q

the equivalence of (-, -) (6 to the standard H 1(Q)-scalar product is well known. For the unbounded domain €2
this equivalence requires a short discussion: Let

Om(y) :== \/zsin(my), méeN

and recall that each u € H}(Q) and u € H} () admits a (Fourier series) representation
U(.T,y) = Z um($)9m<y)7 um(w) = (u(m, ')79m>(07ﬂ') (1)
meN

with

||u||?{1(9) = Z Hawum”QL?(]R) + ()‘gn + 1)||u7n||2L2(]R) and
meN

llBsy = S 10tinll3a g,y + (N + Dllum 3211,
meN

respectively, where
Am i=m, meN,

It follows that ||u||§{&(m > %||u||§{1(ﬂ). As usual, we consider any subspaces of H}(Q) and H}(Q) to be equipped
with their inherited scalar product.
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Let o be constant on Q4 with values o_ := olg_ < 0 and 04 := o|g, > 0. Let f € L2(Q) and identify f
with its continuation by zero to 2. We consider the following two model problems:

Find u € Hy(Q) such that — div(eVu) = f in Q; (2a)

Find u € H(Q) such that — div(cVu) = f in Q, (2b)

and their variational formulations:
Find u € Hj () such that aq (u,u’) = (f, uT>Q for all u € H}(Q); (3a)

Find u € H}(Q) such that ag(u,u’) = (f, uT>S~2 for all u' € H} (Q), (3b)

with the corresponding sesquilinear forms

ap(u,ul) = <O’VU,VUT>D, D =Q,0Q.

Furthermore, let A € L(HL()), A € L(H(Q)) be the associated operators defined by

(Au, “T>H3(Q) = ag (u, u') for all u,u’ € HL(Q), (4a)
Ayt — g~ T T 10O
<Au,u >Hé(fl) =ag(u,u") for all u,u" € Hy (Q) (4b)

To specify the approximations of the former problems let P; be the space of polynomials in one variable of order
lower equal than one. Thence let

MeN, hy:=7/M, ym:=hym for m=0,..., M,
and
Wi, == {w € H)(0,7): wl(y, yn) €1 forallm=0,...,M —1}.
To discretize (3a) consider
hy >0, x,:=hyn, for n=0,1,...; x,:=h_n, for n=-1,-2,...,
and
Vi, = {v € H'(R): V(epanir) € P foralln=...,-1,0,1,.. .},
and to discretize (3b) let
NieN, hy:=L/Ny, Z,:=hyn, for n=0,...,Ny; Zp:=h_n, for n=-1,...,—N_|
and
Vi, =={v€ Hy(~L,L): v|z,4,,,) € P forallm=—-N_,....N; —1}.

A sketch of the domain with a mesh and mesh parameters is shown in Figure 1. Note that V},, is a single space
which depends on both parameters hy and h_. The same applies to Vi .- Consequently we consider the Galerkin
approximations of (3a) and (3b) with discrete tensor product spaces Vi,, @ Wy, C Hj(S2), Vi, @ Wy, C Hg(€2):

Find u € Vj,, ® W, such that GQ(U,UT) = (f, ’LLT>Q for all uf € Ve @ Wh,; (5a)
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FIGURE 1. Sketch of the domain © and an asymmetric mesh.

Find u € V), ® Wy, such that ag(u,u’) = (f,u')g for all ul € Vi, ® Wh, (5b)
Let Apy n, € L(Vh, ® Wp,) and flhi,hy €LV, ® Wh,) be the associated operators defined by

<Ahi)hyu,uT>Hé(Q) = ag(u,u’) for all u,u’ € V;, @ Wy, (6a)

<jhi,hyu,u1> = ag(u, uT) for all u,ul € f/hi ® Wh,. (6b)

HY (%)
We will see that the contrast x (of o) and the ratios of the meshes sizes

9+ r._h;r _hy

0_77 L h77 ’ry' h77

will play a crucial role in the stability analysis. Since problem (3a) is posed on an unbounded domain its
discretization (5a) is rather theoretical, but it allows us to perform a very explicit analysis. On the other hand,
problem (3b) is posed on a bounded domain and hence its discretization (5b) is computationally feasible, but
its analysis is a bit more technical. Indeed, the second setting (3b)/(5b) can be considered as an approximation
of (3a)/(5a) by a truncation of the domain € to €.

During the course of our analysis we will repeatedly use tensor product functions for which we apply the
following notation in general:

u(z,y) = v(@)w(y).
In addition, let ¢, € Vh,i,a)n € Vhi s ¥m € Wy, be the nodal basis functions defined by

(bn(‘rl) = 5nl7 nal S Za

(bn(‘%l):dnl, nalsz—+17"'aN+7]-a
V(Y1) = O, mul=1,...,M — 1.

3. STABILITY ANALYSIS

In this section we investigate the discretizations of (3a) and (3b). Our general strategy for this is as follows.
First, we derive orthogonal decompositions of V,,, ® W}, and Vi, . ® W, which each consists of two spaces
of functions that are supported on either side of the interface and the orthogonal complement of their sum.
The stability of the operator only depends on how it acts on this orthogonal complement. We derive explicit
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formulas for the eigenvalues of the operator depending on the mesh sizes hy and h,. Finally, we analyze their
behaviour depending on the contrast and the ratios r,r, and show in which cases they are zero, have limit zero
or are bounded away from zero. This directly corresponds to (in-)stability of the problem. We do all of this first
without discretization, then with discretization only in the z-direction and finally in the z- and y-direction to
gradually increase the complexity of the calculations and results.

3.1. Unbounded domain

To study the discretization of (3a) we first analyze its well-posedness and subsequently analyze a semi-
discretization before treating the full discretization.

3.1.1. Well-posedness analysis

We start by discussing the well-posed of (2a) to ensure that we have chosen a meaningful problem. Secondly,
our analysis will serve as recipe for the forthcoming analysis dealing with the discretizations of (2a). Let

Xy = {ue H}(Q): ulo. =0} and X, := (X_ @ X;)".

Lemma 3.1. The space Hi(2) admits an orthogonal decomposition

H}(Q) =X_o" Xoot X,

where X is spanned by the orthonormal basis (\/;Te_A’n'I‘ ® Gm(y))meN.

Proof. Let u € Xy. By means of (1) we can write u = ZmeN U, R 0, and it follows that wu,, solves —0,0, U, +
+

m2uy, = 0 in RE. Thus up|p+ (2) = ¢ e + cfe*n® and up|p- (v) = ¢ e*® + ¢; e with constants

¢f e € R. Since u,, € H'(R) it follows that ¢ = c; = 0 and the continuity at the origin demands ¢ = ¢ =:

¢, i.e., up(z) = ce 12l The equality ¢ = \/21T follows from a simple computation. O

Lemma 3.2. The operator A is block diagonal with respect to the decomposition of Lemma 3.1. The blocks
corresponding to X_, X4 and Xy equal the identity times o_, o4 and % = O'_H?H respectively. Non-
verbally: For each u,,uT_ eX_, uo,u;g € Xo, u+,uj_ € X, it holds that

cm(u + up + uy ul +uT+uT):a <u uT> +o 1+H<u0 uT> +0+<u+ uT> .
B o N w2 VT Y e ERES:AT0)

Proof. Since the supports of functions in X_ and X are disjoint it holds that aq(u4,u—) = aq(u_,us) =0
for all u+ € X4+. We note that

aq(uo, ut) = (eVug, Vui)g = (0£Vug, Vur)g, =04 (Vug, Vug)g = Ui<U0v“i>H3(Q) =0

and likewise aq(ug,up) = 0 for all ug € Xo,uyr € Xy. It remains to prove ag(uo,ug) = O'_HTK<UO7U$>H%(Q),

which follows from plugging in the orthonormal basis functions given in Lemma 3.1.

Corollary 3.3. If & # —1, then A is bijective and || A~ || £ (q)) < E

1
[min{Lm,[ 55}

Proof. From Lemma 3.2 we know that on each of the three subspaces A is the identity operator multiplied by

the constants o_, o4 and J_I%‘ respectively. This implies that these are the only eigenvalues of the operator.

It is therefore bijective as long as all of the three constants are nonzero, which is the case if kK # —1, and the
norm of the inverse is the reciprocal of the smallest of the three eigenvalues. (I
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8.1.2. Semi discretization

In this section we consider a semi discretization of problem (2a) by means of Galerkin spaces
e ——
Vi, ® H&(O,W)C H (),

_— ¢l ;1 _ ¢l 1
Find u € Vi, ® HY(0,7) "0 such that ag(u,u’) = (f,ul)q for all ul € Vj,, @ HA(0,7) 0. (7)
—
Let Ap, € L(Vh, ® HE(O, 7r)C H3(D) he the associated operator defined by
—————cl
(Apu, uT>H6(Q) = ag(u,u') for all u,ut € Vi, @ HL(0,7) "0, (8)

Note that by means of (1) we can express:

ag(u,u') = Z (005U, 8Iujn>R + A2 (oum, ujn>R. (9)
meN

In addition, for w, =Y, .7 by, ul, =3, o o by, an, o, € R it follows that

<08$um, 8mujn>R + )\fn<aum,ujn>R = Z aIL,Aglean,

n,n'€Z
where
QJ,a(_m) U,b(_m)
A = o b g q" )+U+a5rm) U+b5rm)
0'+bg,m) 20’+G/im)
with
m 1 1
R (10a)
h
m 1 1
DY = —— 4 A2 —hy. (10b)
ht

Note that since (¢, )nez is not a Hilbert space basis the former expansion is only justified under certain decay
conditions on (ay,)nez, (af )pez. However, this will not pose any problem for our forthcoming analysis.

We note that the analysis of the case b(im) = 0 is rather trivial, because thence A(™ is diagonal. Thus to
unify our formulas we introduce the following case-wise definition

2 2
(T, o

Oa b(im) - O7
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Henceforth we will only discuss the case b(m # 0 and just note that the statements of all lemmas and theorems
(m) (m) (m)
by ptby .
Note that it follows from fis, 1.4 pm2+ = 1 and (a (im)) - (b(im)) > 0 that |[fm,1,4| < |tm,2,+| and therefore

also hold for the case = 0. Indeed fm, 1,4, ftm,2,+ are the roots of the polynomial p — b(m)/ﬂJrQa

|[m,1,4] <1 and  |pm24] > 1. (11)
We introduce the abbreviation
Hm,+ ‘= Hm, 1,4+ (12)

and note that per definition |u,, +| < 1. As the next step we further exploit the former representations in the
following two lemmas which are in analogy to Section 3.1.1. To avoid misconceptions we emphasize that the n
in ui’fi appearing in Lemma 3.4 is an actual power and not an index.

—
Lemma 3.4. The space Vy,, ®@ H}(0, 7r)C 15 o dmits an orthogonal decomposition

;1 S o
Vi oo e (Vo e mom ) et v, et (Vo a0 )

where V= {v € Vp,: v[g, = 0} and th = {v € Vi, :vlg_ = 0}. The subspace V., is spanned by the

orthonormal basis (v, () @ O, (y))meN, where

Um (1) 1= 1 — (%(w) + Dt bn (@) + Y u:;zwn(x))-

\/b(m),um,—i—a( )—i—aJr)—i—bJr Lo+ neN neN

—l —l
Proof. Let v € (V, @ Hg(0,7) o oVt © Hi(0,7) 7Yy By means of (1) we can write v = >N Um ©
Om. We can write v, = > -, ﬂ,(]")qﬁn. The span of the functions ¢, ® 0,, for m,n € Z, n # 0 is dense in
—CI 1 _ ¢l 1
Vi, ® Hy(0,m) Fol® g Vh'i ® HL(0,7) "), By orthogonality we then have
0= <’U, ¢:|:n ® 9m>Hé(Q) = <azvma 6£¢):|:n>]R + )‘gn<vm7 ¢in>]R
= (B 1001, 060} + (B8 0060, 0060 ) + (AL 100, 0ubn )
2 (B dn1s 0n )+ (B8 Gy bn )+ (B bt 6n) )
o (B )+ 2+, ),
Solving this three-term recurrence relation and recalling (12), (11) we obtain that

B = g™ pn . and g0 = ™M pr, e N

Finally we compute the normalization constant by

1= <aacvma 0, Um> + A2 <Um7'Um R — Zﬁ(m) OrOn, aacvm>]R + >\$n<¢n7 vm>R)

ne”Z

ém) (<6;c¢0a 33;’Um> + A2 <¢Oa Um>R)

- (ﬁém>)2(um,,b§ Db al™ a0,
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i.e.,
- : |
\/um,fb(,m) +a™ 4+ al™ 4 g b

Note that this calculation also ensures that v, ® 6, has finite HJ(Q)-norm, i.e., v, ® 60,, € HE(Q) is well
defined. O

Lemma 3.5. The operator A, is block diagonal with respect to the orthogonal decomposition given in
—_— —_—

Lemma 3.4. The blocks corresponding to V. ®H§(0,7r)C D ond V,;; (X)ltfé((),w)C o equal the identity
times o_ and oy respectively. The block corresponding to Vhoi is diagonal with respect to the basis given in
Lemma 3.4 and the diagonal entries are given by

(m) m) (m) (m)

o_b> _+o_a "’ +ora,’ +o4b
dyy = TS ek ST e N, (13)
b g~ + a7+ al b 4

— X l — X l
Non-verbally: For each u_,u’ € Vi, ® Hj(0,7) Hé(m, uo,ug e vy, u+,ui € Vh‘; ® H(0,7) HE® ond

g = 3 e BmVm @ O, wh = 30, i Bhvim @ O (B mens (81 )men € £2(N) it holds that

i + Z dmﬂmﬂ;rn + J+<’U,+,’LL:_>
meN

T T T) =
aq (u_ + ug +up,u_ + Uy +u+) = 0_<u_,u_>Hé(Q)

HY ()
Proof. The arguments are essentially the same as in the continuous case (see Lem. 3.2) where we now use
Lemma 3.4 instead of Lemma 3.1. With this we directly get aq(u_, uJﬂr) = ag(uy,u’ ) =0 and that Ap, is the

)ClHé(Q)

J— | -
identity times oy and o_ on V, | ® HL0, ) 76 and th ® HL (0,7

of the decomposition we also get aq(ug,ul,) = o (uo,uDHé(Q) = 0 as in the continuous case. It remains to

respectively. By the orthogonality

show, that operator is diagonal on V,?i with the claimed values. That it is indeed diagonal follows directly from
the decomposition in (9). To compute the values we use the same calculation as for the normalization constant
and get
ZneN aq (M%’7¢,n ® O, vm @ am) + ZnGN aq (/ﬂ%,+¢n ® Om, vm @ em)
\/b(_m)um,f +a"™ a0
aQ(¢O & ema U @ Hm)

Vo b + 0" 4 0™ 4 b
B aa (0 ® Om, Vi @ Or,)

\/b(_m),um,— + a(_m) + ag_m) + bg_m)ﬂ7n,+
B a,bgm)um’, +o_a™ + a+a(+m)

CLQ(’Um ® amavm ® gm) =

+

+ 0'+bg»m)/j,m’+

D i+ ™+ T+ b

)

where we exploited the orthogonality properties of vy,. O

We observe that in contrast to Lemma 3.2 the block corresponding to V}?i is not a multiple of the identity,
but still diagonal.

Up to this point very similar calculations are possible for higher order finite element discretizations. By first
eliminating higher order terms a matrix like A("™) with a tri-diagonal structure can be derived. For higher order
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discretizations the entries b(im)7 aﬂ_ﬁ") then depend on the mesh size in increasingly complicated ways which
transfers to d,, and make the following more explicit computations impossible.

To analyze the diagonal entries d,,, we introduce the function
1+ rkVT2t24+12
frop(t) 1= —— Y12 V2412
K,T .

B 1 4 YrPEii2
VE2+12

Lemma 3.6. The diagonal entries d,, defined in (13) satisfy dp, = 0_fur(Amh—).

Proof. To start with, plugging in the definitions (12), (10) of fi, 4+ and b;m), a;m) respectively yields that

O fin 1 + 0V = \/(a; )= () = a1+ Az

Inserting this into the definition (13) of d,, we obtain that

o (bt + ™) o (a8 0 s ) o1 AR o\ [T+ A2
dm = (m) (m) (m) | (m) -
(bi Pom,— +a’ ) + (aJr + by um,Jr) 1+ 5A20 + 14+ 5A2R2

/12422 h2 /12422 h2 r2
14+ gYlm 14+ gy om =
\/124+A2 h2% \/124+22 h2%
=0— =0— = U—fK,T(Amh_)7

14 V12422 h3 14 /12422 h2 r2
/12422 h2 \/124+22 %

where we recall that r = hy /h_. O

In the following lemmas we analyze the function f, ;.
Lemma 3.7. If one of the following two conditions

k] <1 and 7|k|>1 or |k >1 and r|k|<1 (14)

(14a) (14b)

is satisfied, then the only root of f, in [0,400) is

R P )
e K2r2 —1

Proof. Since the denominator of f, , ranges for t > 0 between 2 and 1 + 7, it suffices to analyze its nominator.
Because we only consider non-negative ¢t and negative k we get

KVT2t2 + 12
0=1+ """ & VI2+12=[s|Vr22 + 12 & t* + 12 = *(r*t* + 12
V2 +12 I ( )
e ?(1—r*?) =12(k* - 1).
The condition (14) now guarantees that k? — 1 and 1 — x?r? have the same sign so the only solution is t,, =

V e 0

Lemma 3.8. If (14) is satisfied, then limy,__o4 infen [for(Amh—)| = 0.
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Proof. Write h_ = H%t,w with [ € Ny and € € [0,1). Choose m = [, recall that A\,, = m and exploit that
lim; 400 H—Le — 1 uniformly in € € [0,1). Apply Lemma 3.7 and the continuity of f, . d

Lemma 3.9. If one of the following two conditions

k] <1 and r|x| <1 or |k|>1 andr|s|>1 (15)

is satisfied, then inf;>o|f, (t)] > min{| 2], | 11-;33-@'}

12(k—1)(r>—1)t . . .
Proof. We note that f, ,.(t) = t2+12\/r2t2-s(-';z(\)/(rzt2+)12+\/t2+12)2 and hence f, ,(t) is a monotone function. This

implies

furt) € [min{ 5,00, tim_ o, (5)fmax{ o, 0 tim_for(6)f] vt € 0,400),

s——+o00 s——+00

Computing these values we get f.,(t) € [min{1£~, 11':7}, max{ =5, 377 }]. The conditions now ensure that
both values have the same sign so the absolute value of f, (t) is always bigger than the minimal absolute value

occurring in one of the bounds. O

1+k 147k

Now we are in the position to conclude our analysis of the semi discretization (7) in the following theorem.

Theorem 3.10. If (15) is satisfied, then A;il exists and satisfies

P
FNe@a oo ) ™ o mind1, ), | 14, | eex |}
) ’ ) T
for all h_,hy =rh_ > 0. Contrary, if (14) is satisfied, then
lim HAfl c =400
noo 1 e smgom e T
h+:7‘h,

(where we define HAEH == +o00, if .A,:il does not exist), and in particular: A, admits a

_____cl
LV, ®HL(0,m) HO()
nontrivial kernel for each

1 1 /12(1 — k?)
o= ter=\ gz Me=rho meN
Proof. By Lemma 3.5 we know that the eigenvalues of Aj, are o4, o_ and d,, for m € N. From Lemma 3.8
we get a lower bound on the absolute values of d,, which implies the first statement of the theorem. Then from
Lemma 3.9 it follows that such a bound does not exist in the other case which implies the second statement
and finally Lemma 3.7 gives us the precise values where we have a zero eigenvalue which implies a nontrivial
kernel. O

8.1.8. Full discretization

Next we consider the full discretization (5a) by means of the Galerkin spaces V;,, ® W}, . To this end much of
the analysis of Section 3.1.2 can be repeated, but we have to replace the orthogonal basis (6., )men of H (0, 7) by

a suitable discrete orthogonal basis (0., )m=1,... m—1 of Wi, , and as a general rule we denote respective modified
quantities by the same symbol as previously used but with an additional hat. Hence we consider the following
eigenvalue problem:

Find (7,w) € RT x W}, \ {0} such that <8yw,8wa>(O 2m) = 72<w,wT>(0 = vw' € Wy, . (16)
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To solve this problem we define
(B(T))m/ . = <ay77[}7na ay¢m’>(07ﬂ-) —7? <1/1m, djm/>(o7-ﬁ)7 m, m' = 1,...,M -1

Then we use that 7 is an eigenvalue if and only if B(") has a zero eigenvalue. It holds that

2a b

It follows that [3,13]

2 _ 6 1—cos(hym)
"™ h2 2+ cos(hym)’
with respective L?(0, m)-normalized eigenfunctions
M-1 -1

= Zsmmhlwl

M—

Q)

, m=1,....M —1.
L2(0,7)

Note that these explicit calculations are only possible for the case of first order finite elements as higher orders
require the analytical solution of generalized eigenvalue problems for more general Toeplitz matrices, which
leads to severe complications.
We introduce
. V6 |1 —cos(ryhom) V6 [1—cos(h,m)

Ny = =2 T =1, M — 1.
Tk ryh— \l 2+ cos(ryh_m)  hy \| 24 cos(hym) "

Hence we define respective modified quantities

oy 1« 1
Cl(i ) = h:l: +)\3n77"y7h,§hi7
. 1 . 1

B = - — 4 X2 “ha,

~ 1 ~(m ~(m 2 7(m 2
Hm, 1,4 = IA)(T) <_a(i ) + \/(a(i )> - (b(i )) )7
1 2 R 2
ﬂm,Q,:ﬁ: — s <d£tm) B \/(&Etm)) N (b(j:m)) )7
b:l:

,[1/ L= ﬂm,l,:b [;Etm) 7é 07
m,+ - 07 b(m) _ 077

ot ™ o™ 4 0yal™ 4 o B
T T i+ a1 a(m>+ b fin 4

O () = \/g(m)A A(m)l o) <¢0(l‘) + Z flm + () + Z ﬂm?‘ﬁn(x))

i, — Fal + aim) + b+m Lo, + nez+ nez-
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form=1,...,M — 1.
The forthcoming two lemmas follow in analogy to Section 3.1.2.

Lemma 3.11. The space Vi, ® Wy, admits an orthogonal decomposition

Vi, @ Wi, = (Vh‘i ® Why) et VP, ot (V;; ® Why),

where V. = {v € V.1 vlr, = 0} and Vh'i— = {v € V. : v|[r_ = 0}. The subspace V}?i is spanned by the
orthonormal basis (O, (z) @ ém(y))m:l M1
Proof. The proof can be obtained by following the steps of the proof of Lemma 3.4 one-to-one. (]

Lemma 3.12. The operator Ap, n, is block diagonal with respect to the orthogonal decomposition given in
Lemma 3.11. The blocks corresponding to V, @ Wy, and Vh‘; ® Wh, equal the identity times o_ and o4

respectively. The block corresponding to V,?i is diagonal with respect to the basis given in Lemma 3.11 and the
diagonal entries are given by czm. Non-verbally: For each u_, ul € Vh; Q@Wh,, uo, u(T) € V,?i, Uy, ui S Vhi Q@Wh,
and ug = SN Bt @ O, ud =SSN LB B @ O, (B)MZE (B1)M_, € RM=1 it holds that

M—1
1 t T): < T> d 1 < T> .
G,Q(U,+U0+’U/+7U,+u0+u+ o_(U_,U_ Hé(ﬂ)“v‘an:l m/Bm/Bm+U+ U, Uy Hé(Q)

Proof. The proof can be obtained by following the steps of the proof of Lemma 3.5 one-to-one. (]

To analyze the diagonal entries dp, we define

6 1 — cos(s)
72 2 + cos(s)

b, (s):=

and introduce the following lemmas.
Lemma 3.13. [t holds that 5\m,ry,h_ h_ =Y, (rymh_) and d, = (T_f,{m(f)ry (rymh_)) form=1,...,M —1.

Proof. An elementary computation shows

< 6 1—cos(ryh_m)
)\2 2 _ Y h2 =B, h_ 2.
mrysh T r2h% 2 + cos(ryh_m) br, (rymh—)

Then as in Lemma 3.6 it follows that dAm =0_fi,r (S\m,ry,h, h,) and combining these two identities yields that
= 0_frr (hTy (Tymh_)). O

Lemma 3.14. If one of the following two conditions

k| <1 and 7?k* > 1+7ri(1—k*) or |&/>1 and r’x* <147 (1—K?) (17)

(17a) (17b)
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is satisfied, then the problem to find s € (0,7] such that b, (s) = t., admits the unique solution

r2¢2 2 2
1 - Daler 6r2(1 — 2)
SH,T,Ty = arccos| ——s5— = arccos| 1+ .

1+ 7‘5?,v~ (1 —K2r?) = 2r2(1 — K?)

67‘5(1—&2)

Proof. First, one can check, that the inequalities guarantee that w222 (1 r7) € (—2,0) so Skyrry, 18 well

defined. Now we compute

6 1 —cos(sx,rr,)
7’5 2+ cos(s,@my)

6
hry (Sm,r,ry)2 = ) = -
Ty 2 + E

Before we formulate the next Lemma 3.15, let us recall that h_ = ﬁ—y ="
Y Y

Lemma 3.15. If (17) is satisfied, then limp;— oo infeqn, ar—1y|frr (Br, (%)) | = 0.

Proof. Because the rational numbers are dense in the real numbers, for each € > 0 there exists M, € N such

that for all M € N, M > M, there exists m € {1,.., M — 1} such that ’%77 — smr’ry’ < €. The theorem now
follows from the continuity of f . o b,, and fx (b, (5x,rr,)) = 0. O

Lemma 3.16. If one of the following two conditions

k| <1 and r?s? < 1 +r§(1 — &%) or |k[>1 and r’x® > 1—|—r§(1 — &%) (18)

(18a) (18b)

1+r24ry /T2 472 } < 0.
N 1FrZHy/r24rE

Proof. The reasoning is the same as in the proof of Lemma 3.9. The only difference in this case is, that
b, (s) €0, ‘{?] so we do not consider the limit at infinity and get

L+k % 1+724 K5y /12 412
i (\/12) B ry Yy Y
K,T = =

242 2 2 2
1+\/T1+:§y \/1+7‘y+ ré 4y

is satisfied, then infscr |f,€7r([jry(s))| > min {’HT"‘ |,

Ty

instead. Again, the condition (18) ensures, that both bounds have the same sign, so we can safely take the
minimum of their absolute values. O

Now we are in the position to conclude our analysis of the full discretization (7) in the following theorem.
Theorem 3.17. If (18) is salisfied, then Aﬁi,hy exists and satisfies

1

<
|o_|min{1,|n|,\l+;|,

Afl
H heshyllz (v, @wi,)

1472 +r4/r2+72
VT2 /ritr

;
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Contrary, if (17) is satisfied, then

lim H.,ér1 = 400
h_oll” el v, @wn,)
(where we define HA;;MHL(VH@W%) = +o0, if .A;il’hy does not exist), and in particular Ay, p, admits a
nontrivial kernel for each
11 11 6r2(1 — k%)
h.=——s = — —arccos| 1 Y , m € N.
mry, " mr, ( * (1= K2r2) = 2r2(1 — K?)

Note that to simultaneously satisfy ,:T—y € N we can choose a particular r,, or r such that s ,,, = nl/k, 1,k €N,
which yields that 7~ € N for m € kN.
Y

Proof. The proof can be obtained by following the steps of the proof of Theorem 3.10 one-to-one and replacing
needed lemmas by the corresponding lemmas from this section. (Il
3.2. Bounded domain

Now we consider a bounded domain for which actual numerical computations are possible. Since the well-
posedness analysis follows along the lines of Section 3.1.1 we suffice ourselves with stating the following lemma
without proof.

Lemma 3.18. The space Hj gfl) admits an orthogonal decomposition HA(Q) = X_ &+ Xo®+ X, where X :=
{u e H}(Q): u|§~2¥ =0} and Xy is spanned by the orthonormal basis

1 2 L _A'mlw‘ A'rrz‘w‘
( (el D) (e e —e ) ® O (y)

The operator A is_block diagonal and the statements of Lemma 3.2 and Corollary 3.3 apply with A, X4, Xo
being replaced by A, X1, Xo.

meN

3.2.1. Semi discretization

We consider a semi discretization of problem (2b) by means of Galerkin spaces V,,, ® Hg (0,7):
Find u € Vi, ® H}(0,7) such that ag(u,u’) = (f,ul)g for all u' € Vi, @ H}(0,7). (19)
Let Ay, € L(Vi, ® H}(0,7)) be the associated operator defined by

<flhiu, UT>H1(§2) = ag (u, uT) for all u,u’ € V;,, ® H(0, 7). (20)

0

As in the unbounded case we can use (1) and derive a decomposition into Fourier modes as in (9). Similarly we
then also get that for u,, = ZnN;lN, P, ul, = ij;fN, ol dn, an,al € R it follows that

Ny N,
<08$um, 3xu1n>R + Afn<oum,uIn>R = Z Z aL,AEﬁ?Zlan,
n=—N_n'=—N_
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where
20_a"™ o p™
o_b™
% a(m) _b(m)
Alm) .— o b™ m) L g g™ g ptm
J+bim) 2™
. O'_A,_bg_m)
0+bim) 20'+a3,m)
After these considerations we can again derive an orthogonal decomposition as follows.
Lemma 3.19. The space f/hi ® HE(0,7) admits an orthogonal decomposition
Vi, ® HY(0,7) = (Vh; ® Hg(o,w)) il A (f/,j; ® H(}(O,w)),
where Vh_i ={v eV, |0,y = 0} and f/h'if ={v eV, v|(—r,0) = 0}. The subspace f/}?i is spanned by the
orthonormal basis (U () @ O, (y))meN, where
- 1
Um(x) = ~ Ny ¢O(I)
1+v,, m m 14w, m m
\/1 ()2 = )2 4+ e (a2 - )2
v Vi 4
-1 —n N_ _—n Ny o Nt n
:u‘m,l,— - m,—um 2,— Mm,l,—}- - Vm,+/1‘m,2,+
s Y i @)+ Y L %(x))'
n=—N_ 1- Vm n=1 1- Vm,-i—
Here pim 1+, fhm,2,+ are as defined in Section 3.1.2 and vp, + = ﬁ

Proof. The structure and beginning of the proof is the same as in Lemma 3.4. We again get the orthogonality
of V. ® H}(0,7) and V,;; ® HE(0,7) because of non- intersecting supports and we get that the coefficients of

Uy, in the finite element basis given by 0, = Z N ﬁn d)n satisfy the system of equations
B3 420 B L p™BM) — 0, —N_ <n< -2,
™M B0 240 B 4 0BT, =0, 0<n< Ny -2

We now first treat the case when 5™, bim) # 0 and get that this system is solved by

B(m)zc1 T o Tt NN —N_<n<0,
B =1y + oty 0<n < N
where only the constants c; 4, ¢ + still have to be determined. To do this, we use that both equations hold for
n = 0 and that B(jf\; B(m) = 0 because of the Dirichlet boundary conditions. This leads to the system
C1,— +C2— =C14 + Coy,

N_ N_
cl;*lum,l,— + C2;*lu’m,2,— = 07
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Ny Ny o
cl7+:um,1,+ + 627+um,2.,+ - O’

with the solution

3(m) B(m) B(m) 3(m)

0 0 N 0 0 N_
Cly = §— Q4 =" §Vny ==y, G- =Ty
1—v, 0 1—vp, 4 Rz 1—v, _
Here Bom) still has to be determined. This means, that
—n N_ —n
- ) Mo g — = Vo b o
ﬁr(lm) — ﬁém) m,1, 77]7'\7{7 m,2, ) _N_ S n S 0
1=y, _
n Ny n
P S(m :u‘m,l,-&- - Vm,—i—:um,2,+
A = gim) o ., 0<n<N,.
Il

One can check that these formulas still hold in the case where b'™ or bim) is zero if we then set p,,1,+ to zero

as we have done before and set i, 2+ to an arbitrary positive number. Finally we compute Bém) to normalize
the solution. For this we only have to consider the scalar product with ¢y because of orthogonality. This leads
to

1 = (04, OuVm)g + A2 (Vs U )

Ny
= Y B ((0ans Oalim)p + A2 (Sns )

n=N_

= B(()m) (<aac¢07 azﬁm>]]§ + )‘gn<¢07 '[Jm>R)

~ 2 ,Udml—*VN_MmQ— N7nl+*VN+,Um2+
_ (ﬂom)) > 1, m,— »2, b(_m) +a(_m) +@S_m) + 51, m,+ ,2, b&m)

N_
1-— Vm’7 1- Vm,Jr

2 (Mm,l,fb(,m) + a@) e (um,z,,b(,m) + a(,m))
= (5") v

1-— |7

(02468 4 al™) =0 (im0 + 0

* N
1—vp?
=)\ 2 \/(a(m)>2 (b(,m)>2 + l/,?i\/((l(m))Q _ (bgm))z
(3)
) = ) o ()~ (5)
' L= vy

(Y’ (vai—ﬂm? () e floe)? (b@)?),

m,— m,+
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i.e.,

O

Lemma 3.20. The operator flhi is block diagonal with respect to the orthogonal decomposition given in
Lemma 3.19. The blocks corresponding to Vh_i ® H}(0,7) and f/h'; ® H(0,7) equal the identity times o_

and o respectively. The block corresponding to ffhoi 18 diagonal with respect to the basis given in Lemma 3.19
and the diagonal entries are given by

14+v

- m)\ 2 m)\ 2 1+V:Z+ m)\ 2 m)\ 2
e T e i T 6

— m,+
me LN S 2 T 2 LNt N 2 N2
L ) - (o) () - ()

Non-verbally: For eachu_,ul € f/h; ®H(0,7), u07u$ € f/}?i, Ug, ui € Vht: @HG(0,m) andug = >,y Brnm @
Qm; Ug) = ZmeN ﬂ;[n{}m & 0m; (/Bm)meNv (ﬂin)meN € (N) it holds that

m € N. (21)

N t t T) _ < T> d f < t>
a u_ U u u u u =0_(UuU_,u u u .
Q( + up + + -+ 0+ + g s U Hé(ﬁ)+mZ€N mﬂmﬂm+0+ +5 W Hé(fl)

Proof. The statement can be obtained by repeating the steps from Lemma 3.5 one-to-one. O
We will now analyze the diagonal entries d,n, and to do this we introduce the following functions:

Nei sV '
Fon (1) o= a1 Sron ) s (1) 1= Dz (A(0)
T 1 () A ()

1+ 32—t /1+ 5¢2

alt) = jn(g) = 1L

1+ 12 41, /14 L2 1+q7

Lemma 3.21. The diagonal entries dm defined in (21) satisfy dyy = a_f,{m)\m (Amh_).

Proof. We first compute

Am L
Amh _

m,—

L 1 1
() (LB i
L+ IX2 0% + ho Ay /1 + 522 02

m'T—

Hm,2,—

In the same way, we get Z/WJ\;*+ = q(rh_\,) L. Now we calculate

VN7 2 2 VNJr m 2 m 2
o 2 () (5) o 225 () - ()
d 1—v 1_”1rl,+

m,—

) ) ) ()

m,+
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Pty VL T ARhE ﬁ\/w
, VI f;:z%é?:im: et i AR O
\/m + Rut@OPL 14 Lr2a2 p2

/1247222 h?
1+ /far,xm()\mh—)W N ( )
=0_ = 0'7](/{ [N Amh* .
/12471222 h2 o
T+3 0, ()\mh—)W

In preperation of Lemma 3.23 we formulate the following lemma.

Lemma 3.22. For each ¢ > 0 it holds that limp,_ o4 Supyso ap_>cdra(A—) = 1.

Proof. Note that the auxiliary function j,, in the definition of 3, »,, was chosen this way to deal with a particular
technicality in proof Lemma 3.26. Here however, we exploit the more explicit representation

3ra(AR_) - (CI()\hi)/\fL)% 1+ (q(r)\h,)”h—)%
A _ )= _ |

+ <Q(/\h_)>\h_) 1 (q(,n)\h_)r/\h_)%

q(t)t < 1. O

The claim follows now from sup,~

2 ()
The following lemma is the pendant to Lemma 3.8.

Lemma 3.23. If (14) is satisfied, then lim;,__ oy inf ey |f,€7,,»,>\ (/\mh_)‘ =0.

Proof. We proceed as in the proof of Lemma 3.8:
Let h_ = l-s%et'w with [ € Ny and € € [0,1). We choose m = [ and exploit that lim;_, | o H_LE — 1 uniformly

in € € [0,1). Thus also A,,h_ = l+6
Lemma 3.22 yields that lim;_, 4 3T’>\l(l+i€t,€,r) = 1, which in combination with the continuity of f., and
fr(tr,r) = 0 provides the claim. O

l——+4oc0

ty,r —— t, uniformly in € € [0,1).

In preparation of Lemma 3.26 we introduce the following Lemmas 3.24 and 3.25, where Lemma 3.24 is itself
an auxiliary result for Lemma 3.25.

Lemma 3.24. Let I be a closed subintervall of (0,1) and ¢ > 0. Then the following statements hold:

(1) The family {j, : n € [c,00)} and the family of their derivatives are both uniformly bounded on I.

(2) The family {% :n € [e,00)} and the family of their derivatives are both uniformly bounded on I.

(3) q is continuously differentiable on [0,00).

(4) lim; o+ q(t) = e 2.

Proof. Let I = [a ,b], a,b € (0,1). Thence ¢" € (0,b°] C (0,1) for ¢ € [a b] Thus j,(¢) < 1 and 1/j,(¢) <

SUP4e(0,b¢] 1te = % ;e Furthermore, j, (q) = (2” nn_; and (1/j,) (q) = Tn)g from which we can deduce the

first two claims. The differentiability of q follows in a straightforward fashion. The last claim follows by applying
I’Hospital’s rule to logq. (]
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Lemma 3.25. For r,c > 0 the family {3 : X € [c,00)} is equicontinuous from the right at 0 and
limt_,0+ 3T,)\(t) =1.

Proof. Due to the second half of Lemma 3.24 there exist § > 0 and ¢1,¢2 € (0,1),q1 < g2 such that g(t),q(rt) €
(g1, ¢2) for allt € [0, 6). Then Lemma 3.24 and the product rule yield that ¢ — 3, x(t) is uniformly equicontinuous
on t € [0,8), A > c. At last we obtain lim;_o4 3,1 (t) = 1 from lim;_o4 q(t) = e=2 = lim;_ o4 q(rt). O

Lemma 3.26. If e € (0,1) and one of the following two conditions

|kl(1+¢e) <1 and r|e|(1+€e) <1 or |s|(1—¢€)>1 andr|s|/(1—¢€) >1 (22)

(22a) (22b)

is satisfied, then there exists § > 0 such that

. 14+ (1 1+ (1
inf [fra(Mio)| = min min L+ (14 pos] 1+ +perr|]
h_e(0,6)" pe{+1} 2+ € 1+ +er
A>1

Proof. Due to Lemma 3.25 we can find 7 > 0 such that 3, x(Ah_) € [1—¢,14¢] forall \b_ € [0,7],h_ > 0, A > 1.
On the other hand, Lemma 3.22 yields the existence of § > 0 such that 3, x(Ah_) € [1 —€,1 + ¢] for all
A >7,h_ €(0,0),A > 1. Thus 3, 1(¢t) €[l —€,1+¢| for all t = Ah_, A > 1,h_ € (0,6). Thence

14 w1+ pe)

h len(g 8) i"’r”\(mf)‘ = >0 iléf{il} 1247242
a1 P L+ (1+ )/ B3tz
from which the claim follows. O

Having analyzed f,“, A, We can now prove the following theorem about the stability of A 4

Theorem 3.27. If for some € € (0,1) (22) is satisfied, then /l;il exists and satisfies

H ]71 < 1
hi L(V HY (0,7 : 14+(1+€)r 1+(1—€)x 1+(1+e)sr| |1+(1—€)krr
( ne® 0 (0.m) |0*| IIllIl{l, |/€|’ | (2+5 ) " | 2+e€ ) lv | 1+((1+e)r Ia | 1+((1+e))r | }

for all h_ € (0,9) with § > 0 as in Lemma 3.26. Contrary, if (14) is satisfied then

. = +00
L(Vhy ®HE(0,m))

i |45
o A
(where we define ||A}:i1||£(‘7hi®H&(0,7T)) = 400, if fl;il does not exist).

Proof. As in the previous sections the theorem follows directly from the properties of ﬂu,r, A, that where shown
in the Lemmas 3.23 and 3.26. O

3.2.2. Full discretization
As for the unbounded domain, the only difference is that we now consider merwhf that also depend on
h_ and where in variables that depend on J\,, we replace it by j\m’ry,m and indicate this by adding a hat.

In addition, we define o, + := Zmﬁ The following three lemmas can then be derived correspondingly to
Lemmas 3.19-3.21. -
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Lemma 3.28. The space Vhi ® Wy, admits an orthogonal decomposition

Vhi ® Why = (Vh_i ® Why) @J_ ‘72;& (‘/h_‘:—t ® Why)’
where f/h; = {v € Vio: v[g, = 0} and ‘N/hi— = {v € Vi : v|g_ = 0}. The subspace f/ﬁi is spanned by the
orthonormal basis (f)m(ac) ® HAm(y))m:L_“ A 1» Where
1
N
2 <m> o\ Bt e\ () ?
R (o >+1DN:¢<@ )~ ()
m,+
n N_ ~_p Ny oN+ o
Pl — — V’In,*um,Q,* :u’m,l,Jr Vi, +Mm,2,+
x | dolw) + Z v )+ Z T2t (@)
=—N_ " Ym,— " VYm,+

Lemma 3.29. The operator Ahi,hy is block diagonal with respect to the orthogonal decomposition given in
Lemma 3.28. The blocks corresponding to f/h; ®@ Wy, and th ® Wh, equal the identily times o_ and oy

respectively. The block corresponding to f/gi is diagonal with respect to the basis given in Lemma 3.28 and the
diagonal entries are given by

ot ) o [ )

m,—

2

=)
3

oo M —1. (23)

+
+
N 2 N4 2 2’
140 m >(m 1+0, ~(m 7(m
ST 6

- +
Non-verbally: For each u,,ui € f/h; ® Wh,,, uo,ug € f/,?i, u+,u]LF S f/hz ® Wy, and up = Z%:_ll ﬁmf)m ® ém,
u = Yom 1 Bl 0m @ O, (B)MZL, (BL)M_, € RML it holds that

m=1>

M—
Z B B85, +U+<u+, 1>

m=1

) gt T): < > :
aﬂ(u_+u0+u+,u7+u0+u+ T-\U-> - HL($) H(Q)

Lemma 3.30. The diagonal entries d, satisfy dy, = O'_}N V. (by, (rymh_)) form=1,...,M — 1.

Now we investigate fﬁ - (hTy (rymh_)). Since we have already shown, that f,g,n  1s equicontinuous at

zero in A > 1 and because ;\m,w’m > Am > 1, the only difference to the previous analysis concerning the
unbounded domain is that we have to deal with the additional composition with the continuous function b, .
Ry -

Before we formulate the next Lemma 3.15, let us recall that h_ = -* = .

.....

Proof. The proof follows along the lines of the proof of Lemma 3.15, where in addition we apply Lemma 3.22

to cope with the replacement of fy . by f, . S O
Lemma 3.32. If for e € (0,1) one of the following two conditions
[Kl(1+€) <1 and r’k*(1+€)*> <1+4ry(1—£*(1+€)?) (24a)

or
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|k[(1—€) >1 and r?’&x*(1 —e)*> > 1+ ri(l —k*(1—¢€)?) (24b)

is satisfied, then there exists § > 0 such that

i{ o (hry (rymh,)) ‘

|1+(1 +p€)li| ‘,/1—}—7“5—!—(1—1—])6)&,/7“24_7“12}
> min min ,
pe{£1} 2+4¢€ /1+r§+(1+€) /7“2—1—7“5

Proof. 1t suffices to combine the techniques used for Lemmas 3.16 and 3.26. As in the proof of Lemma 3.26 we
choose § > 0 such that 3,5 . (Amryh_h-) €[l =€ 1+¢ forall Ay, . >1,h_ € (0,5). Thence

inf
h_€(0,6)
me{l,...,.M—1}

> 0.

‘1 + k(1 + pe) 1?;’?52

inf fﬁ S (bry (rymh,))‘ > inf
o Mt OB 15 (10, T
from which the claim follows. O

Now we are in the position to conclude our analysis of the full discretization of (2b) in the following theorem.

Theorem 3.33. If (24) is satisfied for some € € (0,1), then .,Z\,;i’hy exists and satisfies

H./Zlfl < 1
N | =
=Ml LV, @Wi,) | mi ind 1| 4+(14pe)r| |VIF2+1+pe)sy/r2+12]
lo | ming,e (413 minq 1, ||, Tre 0 ATrIt(itoy/ e

for all h_ € (0,0) with § > 0 as in Lemma 3.16. Contrary, if (17) is satisfied, then

. = +00
E(Vhi ®W’1y)

- -1
Jim 45,
-1 -1 :
(where we define ”Ahi,hyHC(Vhi oW,) = T90, if Ay, n, does not exist).

Proof. As for Theorems 3.10, 3.17 and 3.27 the claims follow directly from the respective
Lemmas 3.29-3.32. O

4. COMPUTATIONAL EXAMPLES

We will now confirm our theoretical results by testing them in explicit computational examples. The code to
reproduce all of them is provided in [19]. We consider the following problem posed on a bounded domain:

Find u € H}(Q) such that — div(cVu) = f in Q= (—L, L) x (0,7),

with f(z,y) = —o[_2y(y _22)@ —2m) + 6(1 — EZ) (y — w)} ,

which has the solution
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First we examine the case of unstable discretizations. To this end we consider parameters as follows:

2
o_=-1, oy=12, r=05 r,=—"
* VST
Hence the contrast at hand k = —1.2 is rather moderate. Nevertheless, we are going to exhibit instabilities with

this particular choice of parameters, whereas typical examples of instabilities often require a much more critical
contrast |k — Keri| & 1073 ([2], Fig. 1), ([9], Fig. 3). We choose a sufficiently large L ~ 26 such that our problem
is adequately close to an unbounded domain, and hence we can expect the critical values

67‘5(1 — K?) B V111 Vilr
(1 + (1 ) N dm

— K2r?) — 27“5(1 — K2) 2 m arccos( )

1
h_ := — — arccos

meN  (25)
mry

given in Theorem 3.17 to yield also sensible values for our example. In particular, we choose L := 10@ such
that

N_:izlo\/ﬁ”ﬂ:mm, N+:£:10\/H7r sm
h_ 4 l1lrx -

™ 4m V11
=T
ryh_ Vilg 2

are natural numbers for each m € N. Even though we cannot expect our discretizations to have a non-trivial
kernel at h_ we observe in Figure 2 (solid lines) exorbitant errors. Nevertheless, we recognize a decrease in the
error which can be explained as follows: The drastic error is triggered by the basis function Oy @ Oy, for which
the respective coefficient (f, 0,, ® 9m> 12 of f decreases w.r.t. m € N. In Figure 3 we see the numerical solution
for a critical value of h_ and we observe the oscillating behavior of oy, ® 0,, that is corrupting the solution.
As predicted in Lemma 3.19 the corruption is the strongest close to the interface and decreases exponentially
towards the boundary.

To further explore the possible behaviours of different discretizations we keep all parameters apart from h_
e
keeping N_, N., M € N). In contrast to our previous results, we observe in Figure 2 (dashed lines) a distinct
convergence of errors with convenient rates.

Finally, we consider meshes with the values of h_ and h, being exchanged. We observe in Figure 4 a
convergence with convenient rates as predicted by Theorem 3.17. In Figure 5 we see that using the flipped mesh
avoids any oscillating behaviour at the interface.

To conclude, for problems with more complicated geometries and discretizations with non-uniform meshes
we expect a mixed behaviour, where at each new mesh refinement a stable or unstable setting is dominant in
an unpredictable way, giving rise to the commonly observed zigzag error curves.

M = =2m

unchanged and choose now h_ = to maximize the distance of h_ to the critical values (25) (while

5. CONCLUSION

In this article we considered the inconclusive observations of instabilities in the numerical simulation of
sign-changing materials. To study this question we took the most primitive geometry, i.e., a flat interface, and
discretization, i.e., lowest order tensor product FEM, but allowed different mesh sizes in the two subdomains and
in the horizontal direction. Our analysis reveals that depending on the ratios of those mesh sizes relative to the
contrast the obtained discretizations are either unstable or stable. In applications we expect a mixture of those
settings leading to the observed spikes in the otherwise well-behaved error vs. mesh size plots. Nevertheless, our
numerical studies showed that the predicted instabilities generated by a constructed sequence of critical mesh
sizes are only triggered for mesh sizes sufficiently close the critical values.
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FIGURE 2. Relative errors for critical values of h_ (solid lines) and for nearly critical values of
h_ (dashed lines).

I
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FIGURE 3. Computed solution for h_ ~ 0.26048 in a neighborhood of the interface {0} x (0, ).

To interpret the implications of our results we make the following comments. From a purely mathematical
point of view we proved that in general standard FEMs for sign-changing PDEs are not stable, which justifies
to research on specialized methods. On the other hand, we showed that the triggering of the instabilities can be
elusive, which explains the “almost good” looking performance of standard FEMs when compared to specialized
methods, and hence this reappearing phenomenon in computational studies is not a numerical artifact.
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FIGURE 4. Relative errors for a mesh satisfying (24).

F1GURE 5. Computed solution for hy =~ 0.26048 on a flipped mesh in a neighborhood of the
interface {0} x (0, ).

It is a natural question, if the presented analysis can be extended to more general setting such as (1) high
order FEM, (2) triangular meshes or (3) interfaces with corners. Regarding (1) we anticipate that a result
similar to Theorem 3.33 is valid. However, for higher polynomial degrees the analysis would become even more
technical and we are not able to derive certain expressions explicitly any more. Regarding a generalization to
triangular meshes we note that our analysis crucially relies on a tensor product structure of all spaces and
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operators. Since triangular meshes would violate this structure a direct extension of our technique to this case
seems impossible. Similar considerations apply to interfaces with corners: We cannot stretch our analysis to this
geometry, because a tensor product structure appears only after a transformation to polar coordinates (which
is not desired). Nevertheless, a result similar to Theorem 3.33 for corner interfaces would be of great practical
interest, because it could potentially lead to simple meshing rules guaranteeing stability.
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