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FINITE ELEMENT DISCRETIZATION OF NONLINEAR MODELS OF
ULTRASOUND HEATING

JUuLIO CAREAGA'®, BENJAMIN DORICH?*® AND VANJA NIKOLIC3

Abstract. Heating generated by high-intensity focused ultrasound waves is central to many emerging
medical applications, including non-invasive cancer therapy and targeted drug delivery. In this study,
we aim to gain a fundamental understanding of numerical simulations in this context by analyzing
conforming finite element approximations of the underlying nonlinear models that describe ultrasound-
heat interactions. These models are based on a coupling of a nonlinear Westervelt-Kuznetsov acoustic
wave equation to the heat equation with a pressure-dependent source term. A particular challenging
feature of the system is that the acoustic medium parameters may depend on the temperature. The
core of our new arguments in the a priori error analysis lies in devising energy estimates for the coupled
semi-discrete system that can accommodate the nonlinearities present in the model. To derive them,
we exploit the parabolic nature of the system thanks to the strong damping present in the acoustic
component. Theoretically obtained optimal convergence rates in the energy norm are confirmed by
the numerical experiments. In addition, we conduct a further numerical study of the problem, where
we simulate the propagation of acoustic waves in liver tissue for an initially excited profile and under
high-frequency sources.
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1. INTRODUCTION

High-intensity focused ultrasound (HIFU) waves are known to act as a source of heat within the body. This
heating phenomenon is at the core of many developing medical applications, including non-invasive ablation
of cancer and targeted drug delivery; see, e.g., [8,21] for details. Rigorous mathematical research into the
underlying (inherently nonlinear) models of wave-heat interactions has been initiated relatively recently with
the contributions of, e.g., [16,17, 23], which have investigated local and global well-posedness of the exact
models. To the best of our knowledge, rigorous numerical understanding in this context is currently missing in
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the literature. In this work, we investigate conforming finite element approximations of the underlying models
and develop a theoretical framework for their a priori error analysis.

Ultrasound-heat interactions present in HIFU-induced heating can be captured using a coupled system based
on a damped nonlinear acoustic equation for u, representing either the acoustic pressure or acoustic velocity
potential and the heat equation given in terms of the fluctuations # of the ambient temperature as follows:

{utt — q(0)Au — B(0)Auy + N (u,ug, ugs, Vu, Vug,0) = f, in Q x (0,T), 4

0y — kAO + v0 = Q(u, uy, 9), in Q x (0,7,

with damping coefficients &, v > 0. Heating occurs due to the acoustic energy that is absorbed by the tissue,
which is here modeled by having a pressure-dependent source term Q in the heat equation. The acoustic medium
parameters are known to depend on the temperature, resulting in the so-called thermal lensing effect, where the
focal region of the ultrasound waves may shift with changes in the temperature. In particular, this temperature
dependency is seen in the speed of sound squared ¢ and sound diffusivity 3; the latter is computed using the
relation

where & := a(#) denotes the acoustic amplitude absorption coefficient and w the angular frequency; see [5].

The acoustic wave equation in (1.1) generalizes the classical Westervelt and Kuznetsov equations in nonlinear
acoustics. In the case of the Westervelt equation, u in (1.1) represents the acoustic pressure p, whereas in the
Kuznetsov equation w represents the acoustic velocity potential 1. The two quantities can be related using
p = pi, where p is the medium density. Concerning the nonlinearities, these two classical equations are
recovered with the following choices:

N kw (0) (u?),, = 2kw(0) (uug + u?) Westervelt’s equation,
) kk(6) (uf)t + (IVul|?); = 2kk (0)uguy + 2Vu - Vu,  Kuznetsov’s equation,

where the temperature-dependent nonlinearity coeflicients are given by

1 B 1B
—1(1 B _ 1D 1.2
hw PQ< +2A)’ =24 (12)

In (1.2), % represents the acoustic nonlinearity parameter of the medium, where A and B arise as coeflicients
in the Taylor expansion of the pressure-density relation around the ambient values. Note that the acoustic
nonlinearity parameter is also known to depend on the temperature; see, for example, Figure 7 of [22].

1.1. Mathematical generalization of the model

To encompass both nonlinearity cases we assume in the analysis that the functional A is given by

N (u, ug, ugg, Vu, Vg, ) :kw(ﬂ)(u2)tt+kK(9)(ut2)t+€(|Vu|2) teR. (1.3)

t’

Concerning the nonlinearity coefficients in (1.3), we assume that

kw, kk € CoL(R).

loc

Assumptions on the medium parameters
Regarding the temperature-dependent speed of sound squared ¢ and sound diffusivity 3, we assume that

q € P,(R) and 8 € P,(R) are polynomials over R of maximal degree m € N and n € N, respectively, and such
that

qo ‘= q(O) >0, f[o:= 6(0) > 0.



FINITE ELEMENT DISCRETIZATION OF NONLINEAR MODELS OF ULTRASOUND HEATING 113

These positivity assumptions correspond to the usual assumptions of positivity of the speed of sound and sound
diffusivity at constant temperatures. We emphasize that the condition Gy > 0 is particularly important as
the presence of strong damping in the acoustic component (that is, having —ByAu,;) will allow us to employ
parabolic estimates in the numerical analysis.

In practice, the speed of sound and the acoustic attenuation coefficient are indeed typically determined via a
least-squares fit from data assuming polynomial dependence on the temperature; see, e.g., [3,5,10].

Assumptions on the absorbed energy
In the literature, different forms of the functional Q in (1.1) are employed; see, e.g., [5,10,19], and the
references contained therein. We assume here that Q has the following form:

Q(u, ug, 0) = a(0) (G + Gu?)  with a € CLHR), ¢, € R.

loc

This allows us to cover, for example, the plane wave approximation for the volume rate of heat deposition
(see [18], Eq. (10.2.11)) given by Q = #pz in both Westervelt and Kuznetsov regimes, where the acoustic
pressure is p = u and p = puy, respective(iy. Another expression for the absorbed energy found in the literature
see, e.g., [16]) is Q = 2—%])2, which is covered here in the Westervelt regime, where p = .

pq? 't

The assumption that a belongs to C’llo’c1 (R) is needed in the error analysis of the heat subproblem in Section 1.8;
see Lemmas 5.1 and 5.2.

Remark 1.1. Note that according to the available well-posedness results for the Westervelt—heat systems, the
non-degeneracy condition
q#)>q¢>0

is expected to hold for sufficiently smooth and small pressure-temperature data. Thus, in the case a ~ 3/q?,
the assumed regularity of a follows by the assumed properties of ¢ and 3.

Notation

We use z < y below to denote z < Cy, where C' > 0 does not depend on the spatial discretization parameter h.
By ()12 we denote the scalar product on L?(£2). We often omit the temporal domain (0, T') when denoting the
norms in Bochner spaces; for example, || - ||z»(Lq()) denotes the norm on LP(0,T; L9(£2)). We use the subscript
t to emphasize that the temporal domain is (0,¢) for some ¢ € (0,T); for example, || - ||1r(r4(q)) denotes the
norm on LP(0,¢; L1(2)) for t € (0,T).

1.2. Assumptions on the exact solution

Let Q C R, d € {1,2,3}, be an open and bounded set. Considering data, we assume homogeneous Dirichlet
boundary conditions for the pressure and temperature and sufficiently regular initial pressure and temperature
data. That is, we consider the approximation of the following initial-boundary value problem:

ug — q(0)Au — B(0) Aug + N (u, ug, ugy, Vu, Vug, 0) = f in Q x (0,7),

0y — kAO + 10 = Q(u, uy, 0) in Qx (0,7), 14
1.4

ujpn = Olsn =0 in (0,7),

Ujg=0 = Uo, Utft=0 = U1, B=0="0o in 2,

with A as in (1.3). Given n > 1 (which will denote the polynomial degree of the finite element basis functions
on an element), we assume that there exists a unique solution of the problem such that

(u,@) e X, X Xy,

with
[ullx, +110llx, <C
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for some C' > 0, where the two spaces are defined as follows:

X, = {u w e L(0,T; H™H(Q) n W2 (Q) N HE (),
up € L%(0,T5 H" () n W () N Hg(2))
up € LZ(O,T;H"“(Q))}

and
Xy = {9 10 € L(0, T H™HQ) n W2 (Q) N HY () N L2 (0, T; WHHIH(Q) n Withe(Q)),
0, € L=(0,T; H™ () nW(Q)) }
with d 4+ ¢ € [2,6]. For the upcoming analysis, it is worth noting that
Xy, Xop — L(0,T; L>(Q)).

Furthermore, our main theoretical result (see Thm. 1.2) assumes that there exists a sufficiently small r > 0,
such that

[18(6) = Boll oo (£ (0)) + Ikw (O)ullcze=)) + [[kx (O)uellop= ) + l[a@)uillcr= () < (1.5)

Note that the smallness of 3(0) — By = £(0) — 5(0) means that the fluctuation of the ambient temperature
is required to be small. The small-data well-posedness analysis of (1.4) in the Westervelt case (and somewhat
simplified function Q) based on energy arguments can be found in [16, 17], under the assumption that the
function ¢ does not degenerate and that 8 = const. > 0. In [23], the concept of maximal LP-L4 regularity has
been utilized to show local and global well-posedness of the non-isothermal Westervelt equation. The small-data
local and global well-posedness of the Kuznetsov equation with constant medium parameters can be found
n [15]. Although wave-heat system (1.4) in its full generality assumed here does not appear to have been
studied rigorously in the literature in terms of well-posedness, we expect that the general framework of [23] can
be utilized for this purpose. The smallness assumption in (1.5) can then be enforced (via continuous dependence
on data) by the smallness of initial data (ug,u,6p).

1.3. Main result

We next present the main theoretical result of this work. We employ Lagrange finite elements here on a
quasi-uniform triangulation 7; and introduce the finite element space incorporating the homogeneous boundary
conditions

Vi = {én € C() | dnlon = 0 and ¢y € P, (K) for all K € Ty | (16)

of piecewise polynomials of degree n > 1, which is used both for the pressure and temperature. We introduce
the Ritz projection Ry,: H}(Q) — Vj, defined for ¢ € HE () via

(Vo,Von) e = (VRrp, Vor) 2

for all ¢, € V},. Further, we rely on the nodal interpolation operator I,: C(2) — V},, and define the discrete
Laplacian operator Ay : Vj, — Vj, for ¥y, ¢ € V3, via the relation

(Ahwha ¢h)L2 = _(V'(/Jh, v¢h)L2.

Further, we introduce the bilinear functional a(-,-) : V; x V;, — R as follows:

a(n, on) = (Vn, Von) 2.
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With these preparations, we consider the semi-discrete acoustic problem:

(OFun, dn)r2 + alun, q(0r)dn) + a(Opun, B(On)dn)

1.7a)
+ (N (un, Opun, Ofun, Vup, VOrun, 0n), dn)r2 = (fr, on)r2 (

for all ¢y, € Vi, t € [0,T], with
(un, Opun)jt=0 = (Uon, uin). (1.7b)

Note that, with ﬁ(&h) = B(6) — Bo and By == 5(0), we have

a(un, ¢(On)pn) = a(un, Rulqg(0n)on]) = —(Anun, Ru[q(0n)dn]) 2,
a(Oun, B(0n)on ) = a(Orun, Rn [B(0n)0n ) = —(Andhun, Ru [B0)0n]) .

2

The semi-discrete heat equation is given by

(8159}“ ¢h)L2 + K‘a(ehv ¢h) + V(9h7 ¢h)L2 = (Q(Uh, atUh, Hh)a ¢)h)L2 (183‘)

for all ¢y, € V4, t € [0,T], with
On)t=0 = bon. (1.8b)
Our main theoretical result establishes a priori error bounds for (up,6) in the energy norm.
Theorem 1.2 (A priori error estimate). Let the assumptions made on the temperature-dependent functions
in Section 1.1 and on the exact solution (u,0) of (1.4) in Section 1.2 hold with n > 1. Assume that f, fn €
L?(0,T; L*(Q)) are such that
1f = fullzzz2o) < CR”

and that the approximate initial data are chosen as the Ritz projections of the exact ones; that is,
(upn(0), Orup(0)) = (Rpuo, Rpur),  60n(0) = Rpbp.
Then, there exist hg > 0 and r > 0, independent of h, such that for all h < hg and
18(0) = Boll oo (< () + 1w (O)ullc(r=(0)) + [k (@) uel o= () + ll(@)ullcwes () <7 (1.9)

with By = B(0), problem (1.7), (1.8) has a unique solution (up,0y) € H%(0,T;Vy,) x H(0,T;V3,), which satisfies
the following error bound:

||at2(u - Uh)HLg(Lz(Q)) + VO (u — Uh)HLgc(m(Q)) + IV (u— Uh)”Lgo(Ls(Q))
11060 = 00)l oo (12 + IV = Ol oo (1 (0)) < C(llull x, 101 x,) A"

Discussion of the main result. Theorem 1.2 establishes sufficient conditions for the optimal order of con-
vergence of (up,0,) in the energy norm. Let us discuss some of the assumptions. The need for using the Ritz
projection of the initial values comes from bounds involving Ay applied to the initial error; see Sections 4 and 5
for details. A different choice, say, for example, the nodal interpolation, would lead to a theoretical order reduc-
tion in the error analysis. Such artificial restrictions on approximate data are present in the literature in the
numerical analysis of other nonlinear models; see, e.g., the seminal work by Makridakis ([14], Thm. 2.1).

The assumption that the exact temperature should satisfy § € L?(0,T; W"+14+9(Q)) comes from the need
to estimate the error in the temperature dependent coefficients 8 and ¢. In particular, we need to employ the
following estimate for w € {q, 3} (see (5.3) below):

[w(0) — w(eh)||Lf(W1:d+5(Q)) Se - ehHLf(ledJré(Q))

S 0n — RheHL%(WLdM(Q)) +116 - Rh9||L§(W1«d+5(Q)),
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and then further use the bound [0 —Rp0| 12 (w1.a+s(qyy S h"[|0] L2 (wn.a+5 )y (see Sect. 2.4 for the approximation
properties of the Ritz projection).

Similarly, the assumption that § € L?(0,7; W7t1:°°(Q)) comes from needing to estimate the error in the
temperature-dependent coefficients kw and k. In particular, we will employ the following bound (see (5.4)
below):

[kw (0) = kw (6r) | 12 (120 o)) T [1Fx(8) = kx (00)) ]l L2 (1< (@)
SN0 = Onllr2 (Lo (o))
SN0n = Rabll 12 (po )y + 10 = Rabll 12 (1o ()

and then further need to rely on the fact that [|0 — Raf||r2(p)) S R"[|0]|12(wn+1.00())- Even though this
regularity assumption could be improved, we still need it for a technical estimate within the proof of Lemma 4.2.

Finally, let us note that there is a large literature available on the discretization of nonlinear wave equations
originating from the seminal work [1]. However, they do not consider the coupled wave-heat case, and we thus
refrain from a further discussion.

1.4. Organization of the rest of the paper

The rest of the paper is organized as follows. In Section 2, we provide background results on parabolic
estimates which are used in the well-posedness and error analysis of the semi-discrete problem, as well as
certain useful properties of the Ritz projection and known embedding and inverse estimates. In Section 3, we
prove that the semi-discrete problem has an accurate solution, however, on a possibly hA-dependent time interval.
Toward prolonging the existence of this solution to [0, T], we then focus on deriving uniform energy estimates
for the wave and heat subproblems in Sections 4 and 5, respectively. These are combined in Section 6 to prove
the main theoretical result of this work stated in Theorem 1.2. Finally, in Section 7 we validate the theoretical
convergence rate through numerical experiments and provide additional numerical examples, where we show
the performance of the model and developed numerical schemes.

2. THE APPROACH AND AUXILIARY RESULTS

Our numerical analysis follows by first proving the existence of a solution (up, 6) on a possibly discretization-
dependent time interval [0, )] and then extending the existence to [0, 7] by means of a suitable uniform bound
on this solution. This approach is in the general spirit of, e.g., [6,7,11], which have investigated single-physics
wave models. The focal and most delicate point of the numerical analysis here is the derivation of a suitable
energy bound for the nonlinear wave-heat system. To this end, since the acoustic component is strongly damped,
the idea is to see the wave-heat system in the following parabolic form:

{ wy — BoAuy = q(0)Au+ 5(0) Adyu — N (u, uy, O2up, Vu, Vug, 0) + f,

0 — kAO + v0 = Q(u, uy, ),

where 3(8) = 5(6) — fo. We then discretize it as follows:

(921un 6n) 12 + Boa(utn, 6n) = —a(un, a(On)én) — a(Dun, 3(0n)on)
- (N(Uh, 8tuh7 8t2uh7 VUh, Vatuhu eh) ) (bh)LZ + (fha qsh)LQ? (2]‘)
(0tOn, ¥n) 12 + Ka(On, n) + v(On, Yn) 2 = (Qun, Ovun, 0n), V)12

for all ¢pn, Yy € Vy.
This setup will allow us to exploit, to a certain extent, estimates for semi-discrete parabolic problems. For
this reason, we present next two estimates for linear parabolic problems that will be used in Sections 4 and 5.
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2.1. A maximal regularity estimate for linear parabolic problems
Given gj, € L?(0,T;V3,), bp > 0 and v > 0, consider the problem
(Ovwn, ¢n) 2 + boa(wn, on) + v(Wh, Pr) 2 = (9n, Pr) 2, Von € V. (2.2)

The finite element analysis of this problem with homogeneous initial data using a maximal LP regularity
approach can be found, for example, in Theorem 1.1 of [13]. For completeness, we present here the deriva-
tion of the L?-based energy bound, where compared to [13] we allow for non-zero initial data.

Lemma 2.1. Let g;, € L?(0,T;V3). The solution of (2.2) satisfies

1 [t 2 bo 2 t Vv 2 t
3 | 10n(o) i ds-+ (1) IVunl s + 5 lnlEoca

b t t
+ 2 / | Anwn ()2 ds + v / IV ()3 gy s (2.3)
0 0

<14 t 2 i d
<35 +% 0||9h(5)||L2(Q) 5.

Proof. We test (2.2) with @5, = dywy, and integrate over (0,¢) for ¢ € (0,T) to obtain

t t
bo t v t
[ 1000 (5) iy s+ F Ty g+ Sl Eacanlo = [ (ons) 00051 s

By choosing instead ¢, = —Ajwy, we obtain

t t t
t
IFwn e |, + bo / | Anwn ()22 ds + / [0 (5) 2 ds = / (gn(5), Drwn(s)) 1» ds.

Adding the identities and employing Young’s inequality yields (2.3). (]

The bound in Lemma 2.1 will be employed in the error analysis of the semi-discrete wave subproblem in
Section 4 with wy, = 9y(Rpu — up).

2.2. Additional estimate for a more regular right-hand side

When working with the semi-discrete heat equation, we will have a relatively regular in time right-hand side
due to the properties of the semi-discrete pressure field. For this reason, we also derive here an additional bound
for parabolic problems that assumes more regularity in time of the right-hand side.

Lemma 2.2. Let g, € H'(0,T;V}). Then the solution of (2.2) satisfies

¢ b v
19wn ()72 0 +/0 IVOwn(5)|I72 () ds + EOHAhwh(t)”QL?(Q) + §||th(t)||2L2(Q) (2.4)

< €T (llgnln gy + 180wn O)F 20 + IV 0n(0)]3 (g )-

Proof. Note that g, € HY(0,T;V},) — C([0,T]; V3,). Testing with ¢, = —A,d;wy, and integrating in time leads
to

t t
b t vV t
/0 [V 0rwn(5)[1 720y ds + 5 | Anwnlza@lo + 5 IVewnlLao)ly = = / (91(5), AnDswon(s)) 2 ds.

To treat the right-hand side, we integrate by parts in time:

- / (9(5), Andyn(5)) 2 ds = —(gn(s), Anwn(s))ga | + / (Dugn (), Ann(5)) 1 ds.
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Using Young’s inequality, we have for any € > 0

t
2 bo 2 t v 2 t
/0 IV Oywn ()|l 20 ds + §||Ahwh||L2(Q)|o + §||thHL2(Q)}o
2 2
S lgn 720y + ellAwn ()72 + l9n(0) 172 () + 1ARwR ()72 0

t t
n / 100 ()12 0y ds + / 1A (5)] 2oy ds.

Then by choosing ¢ sufficiently small and employing Gronwall’s inequality, we obtain

t
/0 I900n(5) 3y s + | Aton (D) 220 + 2N T (1)
€T (g3 zaqa) + 1Anwn )20 + IV0R(O0) 30 )
Additionally, since Oywp, = bgApwy, — vwp, + gn, we can bootstrap the above estimate to obtain
||5twh(t)||2L2(Q) = [lboApwn(t) — vwn(t) + gh(t)HiQ(Q)
< T (gl raqay + 1800n(0) 3oy + [F0n(0)]2:(0))-
By adding the two bounds, we arrive at (2.4). |

The bound in Lemma 2.2 will be employed in the error analysis of the semi-discrete heat subproblem in
Section 5 with wy, = R0 — 0y,

2.3. Embeddings and inverse estimates

When deriving estimates in Sections 4 and 5, we will utilize (discrete) embedding results and inverse estimates
for finite element functions in the upcoming error analysis. In particular, the following embedding holds:

H%(Q) — WhaH9(Q) — L®(Q), de{1,2,3}, 6§ >0.
For ¢, € V},, we have the discrete Sobolev embedding
[0l Loe @) + 90 llwre) < CllARGRI L2 )5 (2.5)

where C is independent of h; see, for example, [6,9,20]. Furthermore, the following inverse estimates are used
in the analysis (see, for example, [4]) :

||V‘Ph||L2(Q) < Ch_l”‘ﬂhHL?(sz)a (2.6a)
1Anenl L2y < ChTHIVeRll 2y (2.6b)
H<Ph||L<>o(Q) < Chid/p”SDhHLp(Q)v (2.6¢)

for ¢, € V3, and p € [1, 00], with constants independent of h.
We also recall the following bounds for the interpolant, which can also be found in [4]:

||<P - Ih‘PHLp(Q) + hH‘P - Ih‘P”Wl,p(Q) < Ch£+l||<P||W£+1,p(Q)7 p e WHLP(Q),

for2<p<ocand1</l<n.
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2.4. Properties of the Ritz projection

In Sections 4 and 5, we also heavily rely on certain properties of the Ritz projection. We collect these results
here for convenience. For the purpose of estimating the approximation errors in the upcoming analysis, we need
the following approximation result for 0 < ¢ < n:

Blle = Rl < CHF @lperiny @ € WHP(Q), (2.7)
for all 2 < p < o0; see, for example, Theorem 8.5.3 of [4]. In particular, we often employ the stability bound

IRl o) < Cllellweq)-

Note that one could also replace the right-hand side with the WP-norm for p > d, but for better readability,
we employ the above bound. We further need the estimate

IRr = @ll o ) < Ohl/zH‘PHH?(Q)a (2.8)

which is obtained by inserting the nodal interpolation operator, using the inverse estimates (2.6), and the
L*>-estimate in Theorem 4.4.20 of [4].

Lemma 2.3. Let 6 > 0, d € {1,2,3}, and u € C"1(R). Then, there is a constant C > 0, such that for all
on € Vi it holds

9
HRh [H(¢h) ¢h]||L2(Q) < ||H(7/’h)||Loc(Q)||¢h||L2(Q) + hd+e C<||7/’h||wl,d+5(9)) H¢hHL2(Q)a

where C' is independent of h, but depends on H’lph”WI-,dJr(S(Q)'

Proof. The proof can be found in Appendix A. a

3. EXISTENCE AND UNIQUENESS ON A DISCRETIZATION-DEPENDENT TIME INTERVAL

In this section, we show that the problem has a solution on a possibly h-dependent time interval [0,¢;]. In
subsequent sections, we will carry out the estimates on this time interval with the goal of obtaining a uniform
bound on (up,8y) in a suitable norm that will allow us to prolong the existence to [0,T]. As usual, we split the
errors as follows:

u—up = (u—Rpu) + (Rpu — up),

G—Qh:(G—Rh9)+(Rh9—9h),

and denote the discrete errors by e := Rpu — up and e‘,’l = Rp0 — 0.
We aim to prove that the semi-discrete problem has a solution on the time interval [0,t}], where we define
t; as follows:

t} = sup {t € (0,77 | a unique solution (uy,8,) € C%([0,t]; Vi) x C*([0,t]; Vi) of (1.7) and (1.8) exists and
B2 (10uek(5) L oy + 1AneR(9)ll 2y ) < Co

B2 A ()| oy < Cos for all s € [O,t]} (3.1)

for some ¢ € (0,1/2), and a constant Cy > 0 independent of h. The particular choice of terms and norms
involved in (3.1) is motivated by the needs of deriving the estimates, as will become apparent below and in
Sections 4 and 5. The first claim of this section concerns the accuracy of the approximate initial data.
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Lemma 3.1. Under the assumptions of Theorem 1.2, with the approximate initial values chosen to be
(ur(0), Orup(0),0,(0)) = (Rpuo, Ruut, Rubo), we have

10eeh (0| g1 0y + [[AR€R(0)]| L2y < OB

and

1ARER(0)]| L2() < CR".

Proof. With our choice of the initial data we immediately have e(0) = 9;e(0) = €%(0) = 0, and thus the
statement trivially holds. O

We next tackle the existence of a unique solution of the semi-discrete system on a possibly h-dependent time
interval, which will allow us to conclude that ¢t; > 0.

Proposition 3.2. Under the assumptions of Theorem 1.2, we have t; > 0.

Proof. The statement will follow by considering a first-order rewriting of the system and applying on it a local
version of the Picard—Lindelof theorem on the open set

Up =1 (un, Ovun, 0n) € Vi < lkw (On)unll oo ) + 1k (0n)Ounl ooy <7+ 6 (3.2)
() ()

with § > 0 to be determined below, and radius r from Theorem 1.2. To see that the initial values belong to Uy,
we can uniformly bound 65 (0) using the inverse estimate in (2.6¢) and discrete embedding (2.5) as follows:

165.(0) = 0(0) | poe @y S B[R (0] o + IIRRO(0) = O(0) | 1 ()
S WY Ven(0)]] 12y + IRAO(0) = (0)]| 1 (g (3.3)
S HO ) Aneh O] 2y + B 210l e 200y < OB,
where we have used Lemma 3.1 in the last step. Considering the up,(0) and 0yup(0) terms, we similarly have

[[un(0) = w(0)|| oo () < h_d/ﬁ||AheZ(0)||L§°(L2(Q)) + 2l L= 2 ) < ORF,

_ (3.4)
190un(0) — we(0)| o) < h= PVt (O)] s )+ 1 el o o2y < OB,
using (2.8). Combining the three estimates yields
1w (04.(0))un (0) = kw (0(0))u(0) | oo (o) < OB, 35)

k1 (04(0))Opun (0) — kk (0(0))ue (0)[| e () < ChS,

and thus (up(0), dup(0),0,(0)) € Uy, for any 6 if h < hg is small enough.
To state the semi-discrete problem in a compact manner, we introduce the operator Ay defined by

(An(un, Ocun, On)pn, ¥n) 2 = (1 + 2kw (0n)un + 2k (0n)0sun)on, ¥n) 2

for on, ¥y € Vi,. Further, given u € C%(R), we introduce the operator

(An(1(0r))ons ¥n) 2 = (Von, V(1(0n)¥n)) 2-

The semi-discrete problem can then be written as (with L2-projection 7y,)

Ap (un, Byun, 0r)07un, = An(q(0n))un + An(B(0r))dpun,
— 275 (kw (04) (Orun)? + (V- pup) — f, (3.6)
0i0n = — kARG, — 10y, + 1, Q(up, Oyun, 01).
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Note that the operator Aj, is invertible on Uy, for small enough r, since we can find ,4 > 0, independent of h,
such that
1+ 2kw(9h)uh + QkK(Qh)atuh >v>0.

Therefore, the semi-discrete problem can be further rewritten as a first-order system for vy, :== (up, Opun, 0,)7:

{ Orvp, = F(vy),

(3.7)
v,(0) = (uon, utn, Oon)”,

where the right-hand side is given by
F((Uh, Oun, 9h)T) = (&eum (An(up, Orup, 9h))71(14h(q(9h))uh + Ap(B(01))Opun, — mh (2kw (01) (Bpun)?)

T
—7Th(2€vuh - Opup) — fh), —kAL0, — V0, + WhQ(uh, Orup, Hh))
(3.8)
Furthermore, system (3.7) has a locally Lipschitz continuous right-hand side (3.8). Indeed, Lipschitz continuity
of the right-hand side follows by the fact that V} is a finite-dimensional space in which we can use inverse
estimates (2.6a) and (2.6b).

Thus by the local version of the Picard-Lindeléf theorem, a unique solution (uy,6,) € C2([0,T];V;) x
C*([0,T); Vi) of (3.6), supplemented with approximate initial data, exists on [0,7] for some # > 0. Since the
initial errors in Lemma 3.1 in fact vanish, we have by the continuity and the equivalence of norms on V;? that
the errors e and ef still satisfy the bounds in (3.1) for a short time. Therefore, we conclude that t; > 0. O

We also prove two uniform boundedness results on [0,¢}] that will be useful in the next step of the error
analysis.

Lemma 3.3. Let the assumptions of Theorem 1.2 hold. Then the following bounds hold on [0,t}]:
lunll Lo (noe @)y + I Vunllpe o)y + 10cunll oo (poe(@)) S 1

and
1081l Lo (Lo () + O] Lo wra+5 ) + [10:0n] L= (L3 () S 1-

Proof. The statement follows by a repeated use of the stability properties of the Ritz projection and inverse
estimates (2.6a)—(2.6¢c). We have already shown in the previous proof that for s € [0, ¢} ]

un ()l gy + 10008 () e S 1.
Further, by (2.5), we have

IVun(s)l e () S IRAU() lypra.oe ) + 1€k () lwra.oe ) S () e ) + B~V ARER () 12(0-
Similarly, for d + § < 6, by (2.5), we have

165 ()| e 0y < RO lyyr.as iy + €R(9) | yravs @) S IRROS) lyrass ) + [[Areh (8)]] 12 -

Lastly, inserting the equation (2.1) for 6}, the stability of the L2-projection 7, in L2, and the relation A,Rj, =
A, we obtain

10:0(5) |2 (2) S 1ARORI a0y + 10l L2(0) + | Q(un, Ovun, O4) | 12(q)
S h*d/ﬁHAheZ(S)HLz(Q) + mh A0 a0y + 10kl 22 (02)
+ C([lun ()l o= @) [10un(s) | os ): 100(5) | L= () S 1.
The definition of ¢} in (3.1) closes the proof. O
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As a corollary of Lemma 3.3, on account of the assumptions made on the temperature-dependent medium
parameters, we also have the following uniform bounds.

Corollary 3.4. Under the assumptions of Theorem 1.2, we have

HB(Qh)H : + 1a(0r)l e (0o () + 1w (Or)ll e (100 () + 1R (On) | oo (L2 ()

Lo (L>=()
A le(On) | oo (o)) S 1
on [0,t5].

In the next step of the a priori error analysis, we wish to derive a uniform estimate for (up,6p) that will
allow us to show that
(un(th), Ovun(ty,), On(th)) € Un,

which will lead us to the conclusion that (up,0p) exists on [0, T]. We focus first on the acoustic subproblem and
estimating e} = Rpu — uy,.
4. ESTIMATES FOR THE SEMI-DISCRETE WAVE SUBPROBLEM

In this section, our aim is to derive an energy estimate for e} = Rpu — up on [0,¢}] with ¢; defined in (3.1).
Toward estimating e}, we observe first that the Ritz projection of u satisfies

(07Rnu, én) L2 + Boa(BRiu, dn) = (Au, q(0)dn) > + (Aatuaﬁ(e)d)h) Lo
+ (N (Rpu, O Rpu, 9;Rpu, VRyu, VORpu,0), ¢1) + (f, én) 2 + (8% én) 2,
where the defect is given by
(6%, én) 2 = (OFRnu — se, én) 1
— (N (u, ue, use, Vu, Vug, 0) = N (Rpu, 9 Rau, 9 Rau, VRyu, VO, Ry, 0), ¢n) -
We can estimate the defect using the following result.

Lemma 4.1. Under the assumptions of Theorem 1.2, the following estimate holds:
0%/ 2222 (0)) < C(lullx, ) h"-
Proof. The proof follows by rewriting the difference of the A terms as follows:

N (u, ug, uge, Vu, Vg, 0) — N(Rhu, O:Rpu, O Rpu, VRpu, VO, Ryu, 9)
= ka(ﬁ)((u — Rpu)ug + Rhu(utt — athu)) + 2kw (0)(us — O Rpu) (uy + O Rpu)
+ QkK(H)((ut — O:Rpu)ug + O Rpu(uy — 8t2Rhu))
+ 20V (u — Rpu) - Vug + 20VRpu - V(up — O:Rpu)

and using the properties of the Ritz projection. Indeed, we have

(126w (0) (v — Ruu)uy + Rau(uy — 07Riu)) + 2kw (0) (ue — O Rpu) (ug + 8tRhu)||L2(L2(Q))
S W (O) | poc (oo () 1 = Ritrl| oo 2 o) lJueell L2 (2o (@)
+ Rhull oo (o )y lluee — 07 Ruull L2 (22
+ [[Ew (0)] oo (oo () [lte = OeRaull 123y 1wt + ORAul 214 (q))-
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Next
) HQkK(G)((ut — O Rpu)uy + O Rpu(uy — 8t2Rhu)) ||L2(L2(Q)) SRR O Lo (1 02y
X [y — i Ruul| oo (2 ) llusell 22 (o= 2)) + [10eRnull oo (£oo () luee — OF Rl 222 (0))-
Finally,
[6V(u — Rpu) - Vuy + EVRpu - V(ug — ORpu) || 12120
SV (w = Rpw)ll 220y Vel Lo (po ) + IVRRUl Lo (oo (@) [ue — O:Rpull L2 (r2(0)-
Combining the bounds and relying on (2.7) leads to the claim. O

Hence, the error e} = Rpu — uy, satisfies the following parabolic problem:

(afe?m ¢h)L2 + ﬂoa(ate,z’ ¢h) = (‘7;;7 ¢h)L27
with the right-hand side given by
(Fi'sn)pz = (6" o) g2 + (f = frs On) 2 + (Au,q(0)dn) 2 — (Anun, Rula(0n)én]) 12
+ (Bue BO)n) |, — (Bnduun Ra [B(0n)n] )

+ (N(ufH atU}“ 8t2uha vuh7 Vatu}u ah) ) ¢h)L2
— (M (Ruu, O Rpu, 07 Rpu, VRyu, VORyu, ), én) -

L2 (4.1)

We wish to apply the maximal regularity estimate result of Lemma 2.1 to this problem. Toward estimating the
right-hand side, we can use Lemma 4.1 to bound §". The next result will allow us to estimate the difference of
g and (8 terms in (4.1).

Lemma 4.2. Under the assumptions of Theorem 1.2, the following bounds hold on [0,t}]:

sup ’(AUDB(G)(bh) e (Ahaﬁuh’Rh {B(%)QMDL

H¢h HLQ(Q):l

2

UL N P (HB(%)H + o(l)) + |30 = ton)|

Lo (Q) W1,d+5(Q)’

and
y HSUP |(Au, q(0)Pn) 12 — (AnOsun, Rulq(0n)én]) 12|
h L?(sz):1

ShT+ | Anegll 2o (Hq(oh)HLOC(Q) + 0(1)> + 19(8) — a(0n) lyy1.045 0y
where the hidden constants are independent of h and tj .

Proof. We only prove (4.2) as estimate (4.3) follows analogously. We first have the following rewriting:

(B, BO)0n) |, — (Andrun, R [BO0)0n])
= a0, Ra[5(00)6n] ) - a(w, B0)n)
- a(atuh — Rpug, Ry, [B(Hh)%D + a<Rhut7Rh [3(%)%})
- a(Rhut, 5(9)%) + a(RhUt — uy, 3(9)%)
= (et R [BO0)0n ] ) + a(Rue R [BO0)6n — BO)n ) ) + a(Rnwe — e, (1= Ri)F(0)0n,)
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= —(Bndiei, Ra[B00)6n] ) | = (BnRuus R [B(0n)0n = BO)én)) |
+ G(RhUt — ug, (I = Rp) [B(9)¢h] ),

where we used the orthogonality of Ry, in the a-inner product. Thus, employing Lemma 2.3 yields

sup ’(Aut73(9>¢h) L (Ahaﬁuh’Rh {B(eh)(bh])y

”th HL2(Q>:1

S INGE P (Hﬁ(emu +o<1>) + 1 Adrul 2 || B0) = 560

Loo(Q) Wd+8(Q)
+ e swp | A=Ru) [B@Oan] | .
Hn+1(Q) H‘bhHLZ(Q):l |: :| H(Q)
By the best approximation property,
_ 3 < _ 3 <3 )
|a=r0) B0 |, 0 < [T [BOB]|, o 2 [BO .. - g 18] 200

where the last estimate can be obtained analogously to the proof of Lemma 5.2 from [6]. Thus, we
have (4.2). O

Thanks to Lemma 4.2, we have
155 22 ez S Cllullz ) + 1 Anduekl 2 2oy (HB(@@HLMW(Q)) - o<1>)

+ |30 - 3(6n)|

LW 45 (@)

+ 12neklzzz @y (1960 e (ooe ) + o)) + 1a(8) = a0 2 unass ey
+ ||N(uh7 atuha azuhv vuhv vaifuhv ah)
— N (Ry, Ry, Ry, VR, VORw, )| 12 12 -

Remark 4.3. One would expect that when measured in the L?(0, T; L?(€)) norm, the defect scales as h"*! as
opposed to h" obtained above. This reduction in the order of convergence has two theoretical sources. Firstly,
due to the quadratic gradient nonlinearity in the Kuznetsov equations, in Lemma 4.1, we need to estimate terms
of the type V(u — Rpu) - Vu, which are of order O(h"). Secondly, the non-variational structure of the terms
q(0)Au and B(0)Adu do not allow us to choose the Ritz projection optimally, but only using to the zeroth-order
terms of ¢ and (3, which yields the defects that have to be handled in Lemma 4.2 with order O(h").

In the next step, we bound the difference of the N terms.

Lemma 4.4. Under the assumptions of Theorem 1.2, the following estimate holds on [0,t}]:

||./\[(’Lbh7 Btuh, 8t2uh, Vuh, Vatuh, 0h> — N(Rhu, 6tRhu, 8t2Rhu, VRh’LL, V@tRhu, 9) HL%(L2(Q))

< C(llull,  10],) {ow (9) = T (On) | i oy + IHc(6) = i< (O] 2 20 s
+ ||kW(9h)HL;>°(Loo(Q))||€Z||L§(Loo(9)) + ||8t€ZHLg(L2(Q))

+ 1k (00| oo (o () 102€R 12 (12 (0))
+ ||V€z‘|L§(L2(g))) + Hvate%”Lf(LZ(Q))}

+ {”kW(eh)uh“Lfo(Loo(Q)) + [[Fx (0n) 3tuh\|L;>c(Loc(Q))}HatszZHL?(p(Q)y

where the constant is independent of h and t} .
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Proof. We first rewrite the difference of A terms as follows:

N(Rhu, 8tRhu, a?Rh'LL, VRhu, V@tRhu, 9) — N(Uh, 8tuh, 8,52uh, V’U,h, V@tuh, Hh)

= (kw (6) = kw (8) (Rw)?),, + bw (00) (Rrw)® =} )+ (kac(8) = b (6)) (Rree)®)  (45)

+ kk(01) ((Rhut)Q - atui)t +20VeY - VRyuy + 20Ny, - Vel
Using the fact that
((Rhu)2 - ui)tt = 2(Rpu — up) 07 Rpu + 2up, (OfRpu — 07 up) + 2(0:Rpu — Opup ) (O Rpu + dyup),
we have by Holder’s inequality
[ Gk (8) = b (00)) (Ru)?),,, + b (00) (Raw)” = i)

S [lkw(0) — kw(ah)HLg(Lm(Q))H ((Rhu)2>

tt‘ L2(L2(Q))

it L3 (L2 ()

+ ||kw(9h)HLgo(Loc(Q))||6Z||L§(Lao(9))||8t2Rh“||Loo(L2(Q))
+ |kw (0n) uhHLfC(Lw(Q))HageZHLf(LZ(Q))

+10eenll L2 20y (10eRRul| Lo (1= () + [10sunll e (1= (),
we note that ||kw(0n)| L)) < 1 thanks to Corollary 3.4. Next, since
((Rhut)2 — atu%)t = 2(Rpus — Opup )0 Rpu + dpuy, (8,52Rhu — utt)

we have

|k (6) = ki (60)) (Rnwe)?) -+ kac(8n) ((Rne)® = Orf)

S 1Hic(0) = Rac(On) | 2 || ((Rn)?)

1R On)ll e (100 ) | VOreRl i (12000 |97 Rt 2 1

t‘ LI(L2()

tHLw(LZ(Q))

+ 1K (0) Ovunll oo (e ) |97 €hl| 12122y

where we have relied on the embedding H(2) < L5(Q). We can further employ the fact that
[k (0n) || o= (L= (2)) S 1. Lastly, we can estimate the gradient terms on the right-hand side of (4.5) as follows:

[eVe - VRpug + (N up - Vore|| 1212y

SIVerllz 2 IVRRt oo (Lo () + 1VURI oo (£ () IVOeeR 2 (12 (0

where we recall that [|Vup|| e () S 1 on [0,¢}] thanks to Lemma 3.3. Combining the derived bounds leads
to (4.4). ' O

We have now all the ingredients to estimate Fj;.
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Lemma 4.5. Under the assumptions of Theorem 1.2, we have

150 22 2y < Clulla,  10]2,) {17 + 1ow (8) = bw 001l 2 1< s
+ [|kk (0) — kK(gh)”Lg(Loo(Q))
F 1kw (Or) [l oo (o< () ll€nll L2 (Lo (y) + 19kl L2120y
+ 1k Ol Lo (oo ) 10eeR L2 (L2 (0
+IVerllLz 2y + I1IVOerll L2 12y + ||Ah€Z||L§(L2(Q))}

+ 11a(0) = a(6) | 2.5y + || (6) — B6w)]

LE(W4+5 (@)
+ 0(1)>

+ (||kw(9h)UhHLgo(Loc(n)) + ||kK(9h)5tuh||Lgc(Leo(sz))) 107 €nl 12 (20

N T [ECA]
+ || Ay, teh“Lf(Lz(Q))( B(0n) Lo (L% (9))

Proof. The estimate follows by combining the results of Lemmas 4.1, 4.2, and 4.4. O
By employing the maximal regularity estimate of Lemma 2.1 with the choice w), = 0:e}', we obtain
107 €xll 2220 + 1ARDies | 21200y + VOl Lo (2 S I1FH 222200y + 1V Oeek (0)]| 2 ()
Note that we can also bound HAheZ”Lt‘”(L?(Q)) by using
[Anenll Loe (r2(0)) S 1ARER(O) 20y + 10:AneR |l L2120y
Since by our choice of discrete initial data the terms at zero vanish, we have
1071l L2 (L2 () + 1 Andeeill 22 + 1ARER oo (22 (62)) + IV Oeeh L2 (0)) S 1022 (12 (4.6)

This bound will be combined with an analogous one for the semi-discrete temperature equation, where we will
look to either absorb the right-hand side terms by the left-hand side or handle them via Gronwall’s inequality.

5. ESTIMATES FOR THE SEMI-DISCRETE HEAT SUBPROBLEM

In this section, we derive an estimate of €f on [0,¢;] by suitably testing the semi-discrete heat subproblem.
Recall that the heat equation in weak form is given by

(01, 0) L2 + ka(8,¢) + v(0,¢) 2 = ((0) (C1u® + Gu?), d) ,»
for all ¢ € HJ(£2). The semi-discrete version is then given by
(010n, ¢n) 12 + Ka(On, &) + v(On, dn) 12 = ((0n) (Crup + C2(Orun)?), én)
for all ¢, € V},. The Ritz projection of 6 satisfies
(O:RAO, d1) > + Ka(Rnb, ¢n) + V(RO dn) 2 = (a(Rn) (G (Raw)? + (0 Rau)?), én) 2 + (8%, 0n)
with the defect given by

(607 (bh)L? = (atRhe - 9157 ¢h)L2 + V(Rh9 - 97 ¢h)L2

5.1
+ (a(8) (Gu® + Guf) — a(Rab) (¢ (Rhu)? + C2(0:RAu)?), én) Lo (5:1)
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Thus, the error ¢! = Ry — 8, solves the parabolic problem
(Otehs &) o + (el @) +v (e @) 1o = (Fis é) o (5.2)
with the right-hand side
(2 0n) 12 = (6%, 6n) 1> + ((Rab) (C1(Rau)® + C2(9:Ruu)?) — a(n) (Cruj, + C2(Opun)?), dn) Lo-

Looking at the estimate of the acoustic right-hand side F}' in Lemma 4.5, we see that we have to further
bound [|¢(0) — q(0n)L2(wr.a+s(q)) and 16(6) — B(Gh)HLg(Wl,dM(Q)) in the course of the analysis of the semi-
discrete heat equation. We intend to rely on the properties of the temperature-dependent speed of sound and
sound diffusivity to conclude that

Jw(0) — w(eh)”Lg(WLdH(Q)) Se— Hh”Lf(WLdH(Q))a w e {%B} (5.3)
since [|0]| e (w.a+s()), 10nllLoe (wr.ats @)y < C. Similarly, we will exploit the estimate
1w (0) — kw (0r) ]l L2 (po (o)) + 1Ek(0) = kx (On)]] 12 (L (o))
SN0 =0l 210 (5.4)
6
S ||eh||L%(LOO(Q)) + ”0 - Rhe”Lf(LOC(Q))

since [|0|| Lo (Lo (@))s 0nllLee(Lo(@)) < C. The error analysis of the heat equation should lead to bounds on
H€Z||L$°(L°°(Q)) and ||€ZHL§>0(W1,CH-6(Q)) so that the terms |‘62||L$(LM(Q)) and ||€2||L%(W1,d+6(ﬂ)) could be handled
using Gronwall’s inequality. These can be obtained via the embedding

HezHL?(Lm(Q)) + ||6Z||L§°(W1vd+5(9)) S ||Ahez||L§°(L2(Q))

and a suitable bound on ||Ah6}0L||LtOO(L2(Q)).

To this end, we plan to employ Lemma 2.2 on the semi-discrete heat subproblem, provided we have control
of the right-hand side in the H'(0,t¢; L%(2)) norm. We thus need to estimate ||f,f\\H3(L2(Q)) via bounds on
IFill L2 L2y and [|0:F7 | 12(12(q))- We first estimate the defect term within F} using the usual approximation
properties of the Ritz projection. To improve the readability, we postpone proofs of the next two lemmas to the
Appendix A.

Lemma 5.1. Under the assumptions of Theorem 1.2, the following estimate holds:
0 0 1
180 22y + 1900° | 2120y S Cllullzens 101120 ) A7

Proof. The proof is given in Appendix A. O

This result enables us to estimate ]-'ﬁ and 5}]-"2 .

Lemma 5.2. Under the assumptions of Theorem 1.2, we have the following two estimates on [0,t}]

18| gy < Clulles 161 { BT+ ek acua ey + 19heklzczayy + lehllzzeay |
Hat}—lfuLg(Lz(Q)) < C(Jlullx,, H9||Xe){hn+1 + HeZHLf(m(Q)) + Hat‘?ZHL?(LQ(Q))
+ | Anehl| 1212 + lenllLzzz ) + 10kehllz ez @) + IV iehllz 2oy
+ la(0n) Betunll e 1= e |93 €kl 2 2200 -

where the constants are independent of h and t7 .
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Proof. The proof is given in Appendix A. O

From (5.2) via parabolic estimate (2.4) with the choice wy, = €9, we have

||8teZHL§°(L2(Q)) + ||Ahez||L§°(L2(Q)) + Hve2||L§°(L2(Q))

(5.5)
< H‘FSHH}(LZ(Q)) + HAhe}eL(O)HL2(Q) + ||VeZ(O)HL2(Q) = H]:f?HHtl(LZ(Q))'

on [0,t;]. In the next section, we will combine this bound with the results of Section 4 to complete the proof
Theorem 1.2.

6. PROOF OF THE MAIN RESULT: A priori BOUNDS FOR THE COUPLED SYSTEM

In this section, we prolong the existence of (uy, 65) to [0, T] and prove the main theoretical result of this work
stated in Theorem 1.2.

6.1. Uniform bound for the wave-heat system

We first combine the two bounds for the semi-discrete pressure and heat subproblems to obtain the following
result.

Proposition 6.1. Let the assumptions of Theorem 1.2 hold. The following estimate holds:

”athzHLf(LQ(Q)) + [[AnOexl 1212 (q)) T 1ARER Lo (12(0))

(6.1)

10kl e a1 @) + 1 Aneh ]| e 1200y + 19€h ]| e (1200 < C (Il » 1611 2,) R

ort € [0,t5], where the constant is independent of h and t; .
h h

Proof. Adding the two derived bounds (4.6) and (5.5) for the semi-discrete acoustic and heat subproblems leads
to
HafezHLg(Lzm)) + ||Ahatem|Lf(L2(Q)) + ||Ah€}ﬂ|Lgc(L2(Q)) + ||8t€ﬁ||Lgo(H1(Q))

0 0 0
+ HAhehHLgo(Lz(Q)) + HatehHLgo(M(sz)) + HvehHLgo(Lz(sz))
SIF Nz 2 + 170y oy
On account of Lemmas 4.5 and 5.2, we then find that
||at26%:||L?(L2(Q)) + ”AhatezHLf(LQ(Q)) + HAhGZHLtN(LZ(Q))
+IVOeqll oo 1200y + ||Ahez||Lt°°(L2(Q)) + Hate?lHLfc(Lz(Q))
S Clull e, 100,) {7+ 1w (60) = B (Ol 2 e
+ [k (6) — kK(Qh)HLg(Lw(Q)) + HeZ”Lf(LOO(Q)) (6.2)
+110eerll L2 (r20)) + Vel 212y + IVOeRll 1212y
+ [ Anehll L2 (20 + ||efl||L$(L2(Q)) + HatefLHLf(L?(Q))}

+ 1a(6) = a8 | 2 uras oy + ||B(6) = Bl6w)

+R,
LW+ ()

where we have introduced the following short-hand notation:

2 u
L3 (L5 () + 0(1)) + |lkw (On) uhHL?(LC"J(Q))”at ehHLf(Lz(Q))

R = [|Andeeill 2120y (HB(H}L)H

+ [[kk (0n) 3tuh||Lg°(Loo(Q))||8t2€ZHL$(L2(Q)) + [le(On) 8tuh||LS£’°(L°°(Q))HaerHL%(Lz(Q))'
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We first have, using (5.4),
[ kw (6) — kW(eh)HLg(Lw(Q)) + [[kx (0) — kK(Gh)HLf(LOO(Q)) S ||Ahez||L?(L2(Q)) + 16— Rh@HLg(Loo(Q)y
The approximation properties of the Ritz projection stated in (2.7) then yield
[[ew (0) — kW(Oh)“Lf(L“’(Q)) + [[kx (0) — kK(eh)”Lf(LOO(Q)) S HAhezHLg(La(Q)) + hnHQHL?(WWO(Q))'
The difference of ¢ and B terms can be further estimated as follows:

19(6) = ()l 3 w0550 + ||0) = B0w)|

LE(W0+9(2))

< (1101l g (wroa+s s 101l L= wravs (@) ) 10 = Onll L2 wravs oy

< C (101l Loe (wra+5 s [10nll Loe (wr.a+5 () (||GZ||L§(W1"1+5(Q)) + 116 — Rh9||Lg(W1,d+a(Q))),
and together with the discrete Sobolev embedding (2.5) (with d + ¢ < 6) it holds

< Cf|Aneq]|

||e‘f91||Lf(W1vd+5(Q)) (L2(Q))"

Again by the approximation properties of the Ritz projection stated in (2.7), we then have (with d + ¢ > 2)

<

1906) = 4@z asscany +[|BO = BO v S

Hez||L?(W1,d+8(Q)) + hn”‘g”L?(WH"vd*"‘(Q))a

where we have also used the fact that [|0[|Lec (w145 (q)), [|OnllLoe (wr.ats)) S 1.
It remains to discuss the terms within R. Observe that these terms cannot be handled using Gronwall’s
inequality. Instead, we rely on the smallness of

B(0n)

e R e P L UL T P IO AT ey

to absorb them by the left-hand side of (6.2). This smallness can be achieved by the same computations as in
(3.3) and (3.4) for time ¢ instead of 0, and performing the estimate (3.5) also for 5(6y) and a(0)0wup. In fact,
by the smallness condition (1.9) of the exact solution, we obtain

|| Ol ey I (O0)Brtanl e ) + 1400l e 1)) < 7+ O

L (Lo (D

Then by decreasing r and hg, the e} and eZ terms within R can be absorbed by the left-hand side. An application
of Gronwall’s inequality thus yields

||3E€Z||L3(Lz(g)) + 1AnOenll 2120y + 1AL Lo (12(0)) T IVOER] Lo (12(0)
AR e n2ny + 100kl e 2y < Clulla, 1Ly, )17,

as claimed. O

6.2. Prolonging the interval of existence

We are now ready for the final step in the well-posedness and error analysis, which will complete the proof
of the main theoretical result of this work.
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Proof of Theorem 1.2. Since the energy estimate (6.1) holds on [0,¢}], we have

1AReR ()] 20y + 10eeh (@)l (@) < Cllullx, 101, ) 2"
HAheZ(tZ)HL2(Q) < C(HuHXu’ Hell)(e)hn'

On account of 7 > 1, we can then guarantee that

1AReR ED N 120y + 10eis (8| g1 () < Coh™/2+e,
[Anen ()] 20y < Coh'/?,

provided ho is sufficiently small. Therefore, by the same estimate for time ¢; as in (3.3)-(3.5)
(un(ty), Orun(ty), 0n(ty)) € Un, where we recall that Uy, was defined in (3.2). We can thus use the same reasoning
from before but starting at the time ¢ = ¢} to prolong the existence of solutions beyond ¢} . The definition of ¢}
in (3.1) then implies ¢} = T'. Thus, the error estimate in (6.1) holds on [0,T]. This completes the proof. O

7. NUMERICAL EXPERIMENTS

In this section, we explore fully discrete numerical approximations of the pressure-temperature system (1.1)
and present numerical examples in two-dimensional spatial domains. For all the numerical examples of this
section, we set 2 to be a bounded open domain of R2. We let {7}, }1~0 be a family of quasi-uniform triangulations
of 2, which for a given meshsize h > 0, every element K € 7}, corresponds to a triangle of diameter hx < h.
For the spatial discretization, we make use of the continuous Lagrangian finite element space V}, of polynomial
degree n > 1 introduced in (1.6) for both the wave and heat equations.

To handle the nonlinearity arising in the functional N present in the wave equation in (1.1), we used a
fixed-point iteration method. In addition, to treat the nonlinear #-dependent functions in the heat equation, we
use a semi-implicit discretization in time. We let 7 > 0 be the timestep and define ¢" := n7 as the discrete time
points for all n € N, and use the superscript notation (-)™ to denote time evaluations with ¢ = t". Regarding
the time discretizations, given a time-dependent function a = a(t), we consider the backward Euler scheme:

1 1

drat = = ("' —a") and 0Za"T' = —(a"! —2a" +a"7Y), (7.1)
p T

and the second-order backward differentiation formulae (BDF2):
1
aTanJrl _ 7(%an+1 o 2an + %anfl),
T (7.2)

i(2an+1 o 5an _’_4an71 o an72).

2 n+1 _
070" = —

.
We point out that in [12], it is shown that estimates as in Lemma 2.1 carry over to time discretization with the
implicit Euler and the BDF2 scheme. To facilitate the writing of the fixed-point iteration method employed in
the approximation of the wave equation, we define the following discrete operators

n

a” Euler, 2a" — a™ ! Euler,
(510, = 2(1” =

2a™ — %a”_l BDF2, 5a" — 4a" "1 +a"~2 BDF2,
and the pair of constants (s1,s2) = (1,1) for the implicit Euler method and (s1,s2) = (2,2) for BDF2. Note
that ¢; and ¢ are the numbers multiplying a™*' in the first and second time derivatives, respectively, given for

both time approximations. Then, with this notation, we can readily write

1 1
aTanJrl _ ;(glan+1 _ 510,”) and 872_0,n+1 — ﬁ(gzajﬂrl — 52an), (73)
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Fully-discrete scheme
In order to perform the fixed-point iteration procedure, we first separate the terms containing the second-
order time derivative of v in (1.3). For this purpose, we introduce two additional functionals N; and N, defined
by
14 2kw(0)u  Westervelt,
1+ 2kk(0)u; Kuznetsov,
2kw(0)u?  Westervelt,
2Vu - Vu;  Kuznetsov.

M(0,u,up) = {
N2(97Ut7Vu7Vut) = {

Observe that independent of the type of wave equation in (1.1), A corresponds to the nonlinear coefficient of
02?u, while N3 contains the remaining non-linear terms of A.
Next, given uj, uz_l,ﬁ,’l‘ € Vi, and eventually u), -2 N L€ Wy, (cf. (7.2)), the fixed-point iteration procedure

to update the wave equation from time t" to t"*l, is established as follows. We define auxiliary variables

(Z) €V, with ¢ € N, and set U;L ) = up. Then, given ugb), the iterative process continues by finding u( ) e Vi,

such that
(W . 0n) |+ 72w a0 ) + ra(auf . AGR)0n)

. (7.4)
= (M7 b2t 0n) |+ raldruti, B0 on) — 72 (M7 = £ 0n) |

for all ¢, € Vj, where the first and second time derivatives have been written using (7.3) to separate the
variables arising in the iterative process from those of the discrete unknown at previous time steps, and

J\/() J\/l( h,uhz),%(§ uh —61uh))
N( D= Ng( (qu;b) 51u2),Vu§j), %V(gluh - 51uh>)
The stopping criterion of the fixed-point iteration is set as follows:

H“Ejﬂ) N0

|

and the unknown is updated by setting uﬁ“ . For the heat equation, we discretize the equation in a
semi-implicit fashion, and we solve for 92” € V}, such that

L2(Q)

< tol,

US—H)

(c160p" ,¢h)L2 +7ra(0 ¢n) + v (0} +17¢h)L2

7.5
= (610ha¢h)L2 +T(Q( prt 8tun+1 Hg)adjh)LQv ( )

for all ¢, € Vj,. All numerical examples in this section have been implemented in Python using the open source
finite element library FEniCSx [2]. For the fixed-point iteration method, we use the tolerance tol = 1071%. In
addition, we remark that in order to properly initialize the BDF2 method, we perform the first time step with
the implicit Euler method. The codes to reproduce the results are available at

https://github.com/juliocareaga/wave-heat.
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7.1. Example 1: Accuracy tests

To determine the numerical errors produced by our numerical scheme (7.4) and (7.5) along with time
discretizations (7.1) or (7.2), we consider the unit square domain Q = (0,1)?, and manufactured solutions
Uex = Uex(Z,t) and Ooy = Oox(x,t). Then, the resulting terms arising after replacing u = uex and 6 = fgx in
(1.1) are supplemented to the wave and heat equations through the respective source terms:

fex($7 t) = atguex - q(eex)Auex - B(Hex)A(atuex)
+ N(uex; 6tuex7 a?uexa vueX7 v(atuex)y eex);
Gex ($7 t) = ateex - K:Aeex + V‘gex - Q(uex; 8tuexa Hex)-

We note that the forcing term go, was originally not present in the second equation of (1.1) and is introduced
only for numerical testing. However, one could easily extend the error analysis above to this case, but we refrain
from giving any details here. Given \;, A; > 0 for j € {1,2}, we define the following smooth manufactured
solutions:

Uex (T1, T2, t) == Ay sin(2mxy) sin(2wxs)exp(A1t), (7.6)
Oex (1, T2, t) = Agsin(dmxy) sin(4drag)exp(—Aat), (7.7)

which satisfy the zero Dirichlet boundary conditions uex|,, = 6 = 0. In addition, we set the discrete initial

conditions as

ex‘aﬂ

u0,n = Rp Uex(21,22,0),  u1,n = Rp Opttex (1, 22,0),  6on = R ex (21, 22,0),

for all (z1,22) € Q. For the error computations, we use a second order polynomial for the speed of sound /g
(truncated polynomial function for liver tissue in [5]) and respective sound diffusivity function:

Vq(0) = 1529.3 4+ 1.6856 (0 + ©,) + 6.1131 x 1072 (6 + Ga)2

2a

BO) = —5(a(0))*?,

w

with ©, = 37°C being the ambient temperature, @ = 4.5 x 1076 fNpm~! and w = 2 f, for f = 1Hz.
Furthermore, we set the coefficient functions kw and kk as

6 )

= ) kk(0) = —=, (7.8)
paq(0) ( q(0)

where B/(2A) = 5 (cf. (1.2)). For the heat equation, we set the constants k = 1 and v = 107°, the absorbed
energy function

kw (0)

1 o 2
( a u? + b(e)u2> Westervelt,

Pal

)

with p, = 1050kg/m3. Given 7 > 0 and t = t"*!, we define the total error associated with our coupled numerical
scheme at the time t = t"*! as follows

(7.9)

]

Kuznetsov,

E,(t"") = |V(Quu(t™t!) — aT“ZH)HLZ(Q) + oo () — 8TQZ+IHL2(Q)
+ Hv(g(tn+1> _QZ-H)HLz(Q)a (7.10)
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FIGURE 1. Total error (7.10) (first row) and L? error (7.11) (second row) computed from the
numerical scheme making use of the implicit Euler method with n = 1, and BDF2 method with
n = 2, and n = 3, respectively. The errors are ploted against the meshsize h, for the common
final time T'= 1s and timestep 7 = 1/128s = 0.0078125s. The manufactured solutions are ey
(cf. (7.6)) and Bey (cf. (7.7)) with A; =1, A =107%, A\ =1, and Ay = 1/2.

for all n > 0. Figure 1 shows the total error committed by our fully discrete numerical scheme for the two
time approximations, implicit Euler and BDF2, with polynomial degrees n = 1, 2,3, and for the Westervelt and
Kuznetsov wave equations. For the two wave equations, the results show that in both cases, implicit Euler with
n =1, and BDF2 with n = 2, the orders of convergence are in agreement with what is predicted by Theorem 1.2.
For the case of BDF2 with = 3, we observe that the errors slopes tend to 7 = 3 until the order of convergence
gets deteriorated due to the fact that 7 overcomes h in the error O(72 + h?). The later, explains the generation
of a plateau as h reaches the smallest values.
We further plotted in Figure 1 the error in L2(f2) in space at time T = N7, i.e.,
H“(T) - uﬁ[HL?(Q) + ||9(T) - ei]zVHfﬂ(Q)’ (7.11)
and observe the expected convergence of order 1 + 1. However, as explained in Remark 4.3, this is not covered
by our theory.

7.2. Example 2: Westervelt wave equation (initial excitation)

We let now Q be composed by the union of the square region (—0.03,0.03) x (—0.04,0.04) and the circular
segment between —7/4 and /4 of the circle centered at the origin with radius 0.05m. Therefore, Q is not
a polygonal domain and in this example (and in Example 3), we partially step aside from our theoretical
framework. However, we still consider a polygonal approximation of the curved boundary of €2 to set the regular
triangulation 7j. The domain, shown in both plots of Figure 2 is delimited by the black-dashed lines accounting
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focal point
0-1 0,0)
'

focal point
0-1 ©,0)
.

FIGURE 2. (a) Initial pressure ug = ug(z1,z2) used in Example 2, and (b) source function
f = f(z1,22,t) at t = 0 employed in Example 3. The continuous red lines correspond to the
respective functions at o = 0 for 0 < z; < rg, and the red-dashed lines stand for the functions’
plot at the angles —7/4 and m/4 respectively. The black-dashed contour coincide with the
boundary 9f2.

for 0f). For this example, we simulate the Westervelt equation with manufactured initial condition described
by the functions (in polar coordinates)

go(r,9) = 106 cos(%ﬁ)%r eXp(—i’—:r) sjn<%r)’
g1 (r,9) == 10° cos(%ﬂ)i—gr exp(—i—gr) cos(%“r),

where 7 is the radius measured from the origin and ¢ is the angle with respect to the x;-axis, and 0.048 m =
ro < 0.05m. Then, at t = 0, we set u and Jyu as follows
(90(7"719),91(7",19)) if _277T Sﬁg%a OSTSTO,

7.12)
(0,0) otherwise in €, (

(uo(r, ¥), uq (r, 19)) = {

and the zero initial temperature 8y = 0. Figure 2a displays the plot of ug as a function of (z1,z2) in Q. We
remark that the initial conditions are built in order to satisfy the zero Dirichlet boundary conditions and being
continuous functions within the domain. The initial wave amplitude is maximal at the x;-axis, when ¥ = 0 (see
the continuous red line in Fig. 2) and it decreases to zero towards the lines ¥ = +27/7 and r = 0.

For the coefficient functions in (1.1), we set the temperature-dependent speed of sound /g as the fifth order
polynomial function modeling liver tissue in [5]

q(0) = 1529.3 + 1.6856 (0 + ©,) + 6.1131 x 1072 (0 + ©,)*
— 22967 x 1073 (6 + ©,)% + 2.2657 x 107° (0 + 0,)*
—7.1795 x 1072 (0 + ©,)°.

In addition, the corresponding sound diffusivity 8 and kw function are taken as in Example 1 after setting
the frequency f = 100kHz. No source term is included in the wave equation in this example, i.e., f = 0. The
parameters used in the heat equation, which are related to liver tissue as the ambient “a”, and blood “b” are
taken from Table 3 of [5] to be

Ba=6kg®m 4572, p,=1050kgm~3, p, =1030kgm~3, ©,=37°C

C, =3600JkgK™1, Cp,=3620JkgK™!, k,=0512Wm 'K,

and the constant diffusion x and parameter v are respectively given by

N C
K = Pl
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t =107 t = 1007
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FIGURE 3. Example 2: Snapshots of the discrete pressure uj, = up(x1,22) computed with the
Westervelt wave equation in (1.1), initial coditions (7.12) and 6y = 0, and setting the source
term f = 0. The time step is 7 = 10~ s and 1 = 1, and the time approximation is by the BDF2
method.

For the absorbed acoustic energy functional, we use the definition given in (7.9).

For the numerical simulations, we use the BDF2 scheme with 7 = 10~7s together with a polynomial
approximation of degree n = 1, linear piecewise polynomials, and set T = 4 x 10™®s. The meshsize is set
to h = 7.6 x 10~%* m and the number of elements of the used mesh is 38 912. In Figure 3, we show the simulated
pressure profiles uj at n = 10, 50,100,200 and 300. The combined effect of having the initial time derivative
uy, and ug given by (7.12) is that the wave amplitude reaches its maximum towards the focal point instead of
directly dissipating, and travels towards the left boundary. Furthermore, it can be clearly seen that initially the
acoustic wave traveling in the direction of the zi-axis gets reflected from the curved boundary. The discrete
temperature, on the other hand, is presented in Figure 4, in which it can be observed the heating effect that
the ultrasound wave has on the focal area, where the temperature reaches its maximum.

7.3. Example 3: Kuznetsov wave equation (source excitation)

In this example, we explore the case of a high frequency excitation due to a source term on the wave equation
for the Kuznetsov equation. Unlike Example 2, the unknown u represents now the acoustic velocity potential.
Under the same conditions of Example 2, meaning the same domain, parameters and coefficient functions (with
ki as in (7.8)), we set the source term function similarly as the initial conditions in Example 2 through the
function (in polar coordinates)

fo(r,9,t) = 10% cos (399) %r(exp (—40r/rg) —exp ( — 40)) cos(wt), (7.13)
where the pair (r,9) corresponds to the polar coordinates relative to (x1,z2) € Q, and 79 = 0.048 m. Then, we
define the source term function as follows:
fo(r,0,t) if =22 <9 <2, 0<r <,

0 otherwise in 2.

f(r,9,t) = {

Figure 2b shows the plot of function f at the time ¢ = 0. Varying time ¢, the described source term oscillates
with angular frequency w = 27 f , with f = 100kHz. This function is intended to mimic the effect of having
an excitation due to Neumann boundary conditions, but keeping the unknowns to zero at the boundaries. To
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t =107 t = 50T t = 1007

On 0.00e+00 1.37e+00 On 0.00e+00 1.37e+00 On 0.00e+00 1.37e+00
t = 2007 t = 3007 t = 4007

0.00e+00 1.37e+00 0.00e+00 1.37e+00 0.00e+00 1.37e+00

FIGURE 4. Example 2: Snapshots of the discrete temperature 0, = 6,,(z1,z2) computed with
the Westervelt wave equation in (1.1), initial coditions (7.12) and 8y = 0, and setting the source
term f = 0. The time step is 7 = 10~ s and 1 = 1, and the time approximation is by the BDF2
method.

t = 2007 t = 3007 t = 4007

Up  — Up  — Up  —
-4.34e-02  0.00 5.00e-02 -4.34e-02  0.00 5.00e-02 -4.34e-02  0.00 5.00e-02
t = 2007 t = 3007 t = 4007

eh — ) — gh _— o= gh ——
0.00e+00 2.00e-9 3.89e-09 0.00e+00 2.00e-9 3.89e-09 0.00e+00 2.00e-9 3.89e-09

FIGURE 5. Example 3: Snapshots of the discrete acoustic velocity potential up = up(x1,x2)
(first row) and discrete temperature 6, = 0, (x1,22) (second row), at three time points, com-
puted with the Kuznetsov wave equation in (1.1) with zero initial conditions and source term
f given by (7.13). The time step is 7 = 10~ s and = 1, and the time approximation is by the
BDF2 method.

perform this numerical example, we use the BDF2 method with 7 = 10™"s, T' = 4 x 10 °s, linear elements
with 7 = 1, and the same mesh as in Example 1.

In Figure 5, we show snapshots of the discrete solution uy, (top row), and discrete temperature (bottom row)
at three times ¢t with n = 200,300 and 400. Unlike the previous example, in which the wave is induced by the
initial condition, in this case the oscillations of the source term continuously drive the wave. Then, sequential
peaks of u;, reach the focal area as time evolves. The approximated temperature 6 is presented in Figure 5,
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which is in the order of magnitude of 1072 °C. The later can be explained due to the reduced magnitude of uy,
which directly influences the strength of the absorbed energy function Q.
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APPENDIX A. POSTPONED PROOFS

In this section, we finally give the proofs from Sections 2.4 and 5 on the bound of the Ritz projection and
the defects from the error analysis of the heat part.

Proof of Lemma 2.3. We add and subtract () ¢y to obtain

IRali(¥n) O]l L2 () < 11(¥n) Onll L2 () + 1T = Ra)[1(¥n) Onlll 12 )

which yields
IRnlia(t6n) @)l gy < IiaCbm)ll ey 60 Ly + 10 = R 11(a6n) @]l 2 -
To estimate the second term on the right-hand side, we note that by an Aubin—Nitsche trick

1= Ru)[1(n) On]ll 20y S PIT = Ra)[1(@n) On]ll g1y S PIT = Tn) [1(¥n) Pnlll 11 (-

Using the standard interpolation estimate, we obtain
2
R = 1) () ) ) < C D (7 5a(n) Ol i )
K

We use that on each cell ¢, is a polynomial of degree 7, together with the inverse estimate in Lemma 4.5.3 of
[4], to derive

n+1 n+1
R (on) Onl o ey S D (@) wsoo (1) | B0 L1316y S I mllzz ey D B |1(Wn) oo (16 -
Jj=1 j=1

The observation that

W | (n) oo (1) S DRIV e (1)

J
=1
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allows us to conclude

n+1 n+1

B2 = Ta) () S0 30y < C DSl T2y D B IVERIIT (1) < ClldnlTzay D (BIVERIl oo 0) ™
K j=1 j=1

Finally, we employ
RV ooy S BNVl yr.ass g

to obtain the claim. ]
Next, we turn to the defect defined in (5.1).
Proof of Lemma 5.1. (a) We have the rewriting
(0% 6n) 12 (DRAO = 00, 81) 2+ V(RRO = 0,6n) 12 + (((0) = a(Rn0)) (Gru® + Gouf) 6n) 1
+ (@(Rp0)(C1(u — Rpu)(u + Rpu) + Ca(ue — O Rpu)(ug + 0:Rpuw)), o) pe-

The statement then follows by the approximation properties of the Ritz projection.
(b) For the time derivative of the defect, we note that

(016, 01) 2 (07RO — e, d1) o + V(O RRO — Op, 1) 2
+ (a/(0)0: (Gru” + Guf) — o' (Rpf)9RA0 (1 (Rpw)® + G2(9Ru)?), 61) ;.
—2(a(@)ur(Gru + Goug) — (Rp0)ORau(GRyu + GO Ryw), dn)
We have the following rewriting:
(o (0)0: (Cru? + Guf) — o (Ru0)0RA0 (G (Rau)? + C2(0:Rpw)?), ) ;.
= ((&/(8) — o/ (Rp9))0 (Cru® + Cou), én)
+ (! (Rn0)(0; — i R10) (¢ (Rpw)® + CG(0:Rau)?), é1) ;. (A1)

+ (o (Rh0)O:RRO(C1 (un — Rpu) (up + Rpu)
+ C2(Drun — O:Rpu) (Bpup, + O Ruu)), dn) ;-

On account of the local Lipschitz continuity of o/, we have
(@/(6) = o (Ra®)01 (G + C2u2) | o 1o(cn)
S Ne/(0) — &/ (Ra) || oo (120 10t 2 (po< (@) (Hu||2L°°(L°°(Q)) + ||utH%°O(L°C(Q)))
10 = Rnbl e gz 102 2 ooe gy (101 e 2 sy + el 2 )

and we can estimate the other terms on the right-hand side of (A.1) in an analogous manner. Similarly, we
have the rewriting

(a(O)ue(Cru+ Couge) — a(Rp8)0:Rau(CGRAU + GO RAU), 61) |
= ((a(0) — a(Rp0))ue(Cru + Gouge), dn) 2 + (@(Rud)(ur — O Rpu)(Cru + Cause), o) o
+ (a(Rr0) O Rpu(Cr(u — Ryw) + Co(ue — O7Rau)), én)

and we can proceed as above to arrive at the claim.

The last estimate deals with the right-hand side in the error equation of the heat problem.
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Proof of Lemma 5.2. We use the following rewriting:

(f;f‘, ¢h)L2 = (¢°, o) > + ((@(RiB) — a(6r)) (CL(Rau) + C(8RA1)?)), dn) 12
+ (a(0n)(C1(Rpu — un)(Rpu + up) + (9 Rau — Opun ) (O:Rpu + Oyun)), dn) -

We further have ) )
H (a(RhQ) - a(eh)) (gl (Rhu) + G (atRhu) ) HL?(Lz(Q))

S HBZHL’;‘(Lz(Q)) Gt (Rn)* + C2(ORAw)? || o oo (0

where we have relied on
[a(Rn0) — a(eh)HLf(m(Q)) S IRk — 9hHL§(L2(Q))

for [|0n || Lo (Lo (0)) S 1. Similarly,
(0 ) (¢ (Rau — un) (R 4 un) + C2(0cRpu — Opun) (0Ru + Orun)) |l 12 (12 (q))
S Hoz(eh)HLfo(Loo(Q)) <||€ZHL$(L2(Q)) + ||8teﬁ||Lg(Lz(Q))> (||Uh||H3(L2(Q)) + ||Rhu|\Ht1(L2(Q)))~

The claim then follows by Lemma 5.1 and the properties of the Ritz projection.
We now tackle the estimate of atf,?. Note that

0 _ 0
L2 ) L2 9
(atfhv ¢h) 2 (8t6 ¢h) + A

where
T = (o' (Ra0):Ru0(¢1 (Ruu)? + C2(0:Rau)?) + 2a(Rp0)0:Rpu(CRau + GOFRA), 64)

— (' (01) 0101 (Cruz + C2(Opun)?) + 20(0n)Opun (Crun + G207 un), ¢n) -

We can rewrite Z as follows:
T = (o/ Ru0) R0 (G (Ruu)? + (2(0Ruu)?) — o/ (01,)0:01 (Grup + CQ(atuh)2),¢h)L2
+ 2(a(Rn0) O Rpu(GRau + GI7RAu) — a(0r)dpun (Crun + (207 un), én) ;.-

We next further rewrite the two difference terms. First,

(o/ (RpO)OR1O(C1(Rpu)? + C2(0:Rw)?) — o' (01,)0:01 (Crup + Co(Opun)?), On) 2

= ((o/(Rab) — (1)) 0:RAO(C1 (Rau)? + (O Rpw)?), 1) ;0
+ (/(61) (O:RAO — 0:61) (1 (Riu)® + (O Rpw)?), dn) ;-

+ 1/ (0n)0e0n (Rpu — up) (Rpu + up), dn) 12
4

+ (0 (01) 0401 (D Rnu — Oyun) (O Rnu + pun)), dn) 12 = > (T, 6n) po-

i=1
We have
HIl ||L§(L2(Q)) H(O‘/(Rha) - O‘/(ah))atRha(Cl(Rh“)Q + C2(3tRh“)2) HLg(L?(Q))
S o' (Rab) — o' (00 12 (20 10RRON oo (£ (0 (HRhu||2L°°(L°°(Q)) + HatRhUHioc(Lm(Q)))
S ||9HX9||U\|3\eu||62|\Lf(L2(Q))-
Secondly,
HIzHLg(B(Q)) - Ho‘/(gh)(atRha - 5t9h)(<1(Rh“)2 + C2(5tRh“)2) ||L§(L2(Q))

N ||0/(9h)HL;>°(Loo(Q))HatezHLg(Lz(Q))(||Rhu||2Loo(Loo(Q)) + ||3tRhU||2Loo(Loo(Q))>-
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Thirdly,
||IBHL2(L2(Q)) ”Cla (eh)atah(RhU - uh)(RhU + uh)HLz (L2())
SN0l oo (apllenll Lz roayy S 1100l o (13 IVERI L2(12(0))-

Next,
HI4HL3(L2(Q)) = [|G20/ (01,)0:01 (0 Rnu — Opun) (OsRpw + Opun) | 2120y
S N0l o (L3 10eerll L2 ro () S N10:0nll o (13 IV OeER | L2 (12(0))-

Similarly, we have the following rewriting:

2(a(Rp0) O Rpu(CRau + GI7RAu) — a(0)dpun (Crun + 207un), ¢n) ;.
=2((a(Rnb) — (01))0Rau(GRau + GO RpU), 61)
2(a(0n) (O Rpu — dyup) (GRuu + GOFRAY), ¢n) 1
+ 2(a(0n)0run (CL(Rpu — un) + C(07Rau — Ofun)), én) ;.

7
=2 (T on),
=5

Fhen |z° L3212 (@) = [|2(a(Rn0) — a(01)) 0 Rpu (1 Ruu + 4283Rhu)||L3(L2 @)
~ Heh”Lf(Lw(Q))HatRh“”Lf@(Lw(Q))(HRh“||L2(L2(Q)) + ||at2Rh“HL2(L2(Q)))'
Next,
HIGHLg(Lz(Q)) = [|20:(60) (O Rnw = Opun) (G Ruu + G207 Rpu HL2 L2())
S ||04(9h)|\Lgo(Loo(Q))HatehHLgo(Le(Q))(HRhUHH(Ls(Q)) + 107 Rnul| L2 (13 (2))) -
Finally,

HI7||L3(L2(Q)) = |[20(0)Drun (G (Ruw — un) + G2 (7 Ru — O} un)) ||L§(L2(Q))

S ||a(0h>atuh”Lt°°(L°°(Q)) (||€Z||L3(L2(Q)) + ||at2€Z||L§(L2(Q)))~

Combining the derived bounds yields the desired result. (]
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