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Abstract
We present two limit theorems, a mean ergodic and a central limit theorem, for a specific
class of one-dimensional diffusion processes that depend on a small-scale parameter ε and
converge weakly to a homogenized diffusion process in the limit ε → 0. In these results,
we allow for the time horizon to blow up such that Tε → ∞ as ε → 0. The novelty of
the results arises from the circumstance that many quantities are unbounded for ε → 0, so
that formerly established theory is not directly applicable here and a careful investigation
of all relevant ε-dependent terms is required. As a mathematical application, we then use
these limit theorems to prove asymptotic properties of a minimum distance estimator for
parameters in a homogenized diffusion equation.

Keywords Mean ergodic theorem · Central limit theorem · Diffusion processes · Weak
convergence · Homogenization · Parameter estimation

1 Introduction

Dating back toBoltzmann’s ergodic hypothesis essentially stating that time averages converge
to ensemble averages [1], one of the driving principles of statistical physics is arguably the
one of ergodicity. This property can be observed and postulated for many dynamical systems.
Among these are also Langevin diffusions which play a central role in the field of molecular
dynamics, see for example [2, 3], where macroscopic properties and observables are inferred
from atomistic models usually under the assumption of ergodicity. In molecular dynamics
and many other fields, dynamics can be characterized by processes occurring across multiple
time scales. A mathematically convenient description for such dynamics is often given by
stochastic differential equations (SDEs). In particular, in the seminal paper [4], the authors
considered a class of multiscale overdamped Langevin diffusions as their data-generating
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model given by the SDE

dXε(t) = −αV ′(Xε(t)) − 1

ε
p′

(
Xε(t)

ε

)
dt + √

2σdW (t), t ∈ [0, T ], (1.1)

where V is a large-scale potential, p is a 1-periodic function, and ε > 0 is a parameter
measuring the scale separation. This sequence of diffusion processes has a well-defined
homogenization limit for ε → 0 given by a Langevin diffusion with new coefficients damped
by a homogenization factor K ≤ 1

dX(t) = −αKV ′(X(t))dt + √
2σKdW (t), t ∈ [0, T ]. (1.2)

In that paper, the authors analyzed the maximum likelihood estimation built on basis of the
homogenized model equation (1.2) while subject to multiscale observations from (1.1) and
under the aspect of subsampling. Their established limit results are sequential in nature, that
is, they first let the time horizon T → ∞ and then ε → 0, where one of the main theoretical
tools applied here are limit theorems for diffusion processes. More precisely, if we consider
the solution X of the general one-dimensional Itô SDE

dX(t) = b(X(t))dt + σ(X(t))dW (t), t ∈ [0, T ], (1.3)

and suppose X has an invariant density μ on R, then, under various assumptions, there are
limit theorems in the existing literature, cf. [5, 6], of the type

1

T

∫ T

0
h(X(t)) dt →

∫
R

h(x)μ(x) dx, T → ∞, (1.4)

for a suitable test function h with the convergence understood either in the mean or almost
sure sense, or as convergence in probability. Another closely related limit result is the central
limit theorem (CLT)

1√
T

∫ T

0
h(X(t)) dt

D−→ N (0, τ 2), T → ∞, (1.5)

for a function h centered with respect to μ, whereN (0, τ 2) is a centered normal distribution
with variance τ 2 > 0. Our main contribution in this paper is to extend the preceding two
types of limit theorems in the following way for a particular class of diffusion processes,
including (1.1), given by the solution Xε of the one-dimensional SDE

dXε(t) =
[
f0(Xε(t)) + 1

ε
f1

(
Xε(t)

ε

)]
dt + σ(Xε(t)) dW (t), t ∈ [0, T ], (1.6)

where ε > 0. Following the groundbreaking work of [7–10], the later works of [11–13], and
possibly the most recent contribution in [14], this puts us, under appropriate assumptions
on the coefficient functions, in the homogenization setting for SDEs. Homogenization for
SDEs is a type of diffusion approximation in which the process Xε converges weakly in
C([0, T ];R) to the process X as ε → 0 for fixed T > 0, where X is the solution to (1.3). The
homogenized coefficient functions b and σ in (1.3) depend on f0, f1, σ , and the invariant
measure of the fast process defined through Yε := Xε/ε. In this framework, our aim is to
prove the following two limit theorems. Firstly, a mean ergodic theorem (MET) of the type

1

Tε

∫ Tε

0
hε(Xε(t)) dt →

∫
R

h(x)μ(x) dx, ε → 0, (1.7)
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for a suitable sequence of functions hε depending on ε such that hε → h, and exploding time
horizon such that Tε explicitly depends on ε with Tε → ∞ as ε → 0. Secondly, we want to
prove a CLT of the type

1√
Tε

∫ Tε

0
hε(Xε(t)) dt

D−→ N (0, τ 2), ε → 0. (1.8)

The interest in these two limit theorems stems from the increasing emergence of parametric
and nonparametric estimation procedures for homogenized equations like (1.3), but with
observations coming from perturbed equations like (1.6). Although the laws of the processes
are similar in a weak sense when ε → 0, it turns out that many estimators cannot recover
homogenized quantities from perturbed observations, presumably due to a discontinuity with
respect to the weak topology. This has been repeatedly demonstrated; cf. [4, 15–17]. In the
aforementioned references, as well as in [18, 19], the authors utilize exclusively sequential
limits to prove asymptotic properties of their estimators, that is, they first let T → ∞ and
then ε → 0, or vice versa. To the best of our knowledge, the case of taking coupled limits as in
(1.7) and (1.8)where almost every relevant quantity depends on ε has not been considered yet.
At first glance this coupling of time with the scale parameter might seem unmotivated, but, in
fact, it is particularly important when rigorously proving asymptotic normality of estimators
for misspecified models. To be more precise, in the statistical inference with misspecification
between data-generating model and model of interest, one often has to deal with quantities
like

1√
T

∫ T

0
h(Xε(t)) − 〈h〉μ dt, 〈h〉μ :=

∫
R

h(x)μ(x) dx,

but, in order to analyze this quantity for a CLT, the function h needs to be centered with
respect to the correct invariant density, which is με , the one associated with the process Xε.
Doing so, we obtain the splitting

1√
T

∫ T

0
h(Xε(t)) − 〈h〉μ dt = 1√

T

∫ T

0
h(Xε(t)) − 〈h〉με dt + √

T
(〈h〉με − 〈h〉μ

)
.

But here comes the crux. We cannot rigorously justify letting T → ∞ and then ε → 0 as in
the previously mentioned references due to the second summand. We let T depend on ε, so
thatwe can leverage the two factors in the second summand and obtain a rigorous and logically
sound CLT. Some authors, such as in [19], derived a CLT for an estimator formally, but not on
the general mathematical level as we aim for. The avoidance of analyzing coupled limits can
possibly be attributed to the difficulty that many relevant quantities and bounds explode for
ε → 0, so that classically established results in the literature for diffusion processes cannot
be applied directly. In addition to that, many results concerned with the homogenization of
SDEs are obtained for fixed, finite time horizons T and ε → 0, so that existing bounds and
estimates in that field of study will be rather crude and insufficient in terms of T for our
purposes. Hence, with this work, we hope to lay the theoretical groundwork for the rigorous
asymptotic analysis of estimators for homogenized models when confronted with perturbed
data.

Themain contributions of ourwork are the proofs of the two limit theorems, a convergence
in probability result stringently connected to the proof of the CLT, and a simple application to
parameter estimation in a continuous-time setting for homogenized models under perturbed
data. At this point, it is important to emphasize that we use different proof ideas and methods
from different references, and we will take great care in crediting the authors of the original
proofs; however, the ε-dependence in all relevant quantities demands nonetheless a careful
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investigation and logical extension of existing proofs where no such ε-dependence is present.
That one has to practice caution with tracking relevant quantities in ε is mostly due to the fact
that many of these quantities, e.g., the drift of Xε , are not bounded in ε so that, for example,
even standard dissipativity assumptions fail at the ε-level for ε → 0.

The main content of the article starts with section 2, which is itself divided into three
subsections. The first subsection deals with the precise definition of the framework, the
assumptions under which we will work, and the rigorous proof of theMET, which is stated in
Theorem 2.10. Subsection 2.2 is devoted to the proof of a required convergence in probability
result contained inCorollary 2.16. The last subsection 2.3 presents the proof of theCLTwhose
statement can be found in Theorem 2.19. Finally, an exemplary application to parameter
estimation is discussed in section 3, with the main result being Proposition 3.2. Finally, in
the conclusion, we summarize the main contributions again and give remarks on potential
extensions of the results to more general test functions and to the multidimensional case.

2 On "-dependent Limit Theorems

2.1 An "-dependent Mean Ergodic Theorem

Consider a probability space (�,F,P) with a filtration (Ft )t∈[0,∞) that satisfies the usual
conditions, and a one-dimensional Brownian motion W := (W (t),Ft )t∈[0,∞) on that
probability space. Assume further that there is another one-dimensional Brownian motion
W := (

W (t),Ft
)
t∈[0,∞)

that is independent of W and lives on the same probability space.
This construction is feasible through a suitable extension of the original probability space.

Fix x0 ∈ R once and for all. Consider the following one-dimensional stochastic differ-
ential equation (SDE) in R, depending on a small parameter ε > 0,

dXε(t) = bε(Xε(t))dt + σ(Xε(t))dW (t), t > 0, Xε(0) = x0, (2.1)

with suitable Borel-measurable functions bε : R → R, σ : R → R, and assume, for the
moment, that there exists a unique, strong solution to this SDE on the given probability
space. We suppose a setting where Xε converges weakly to another stochastic process X in
C([0, T ];R) as ε → 0. Here, X is the unique, strong solution to the stochastic differential
equation

dX(t) = b(X(t))dt + σ(X(t))dW (t), t > 0, X(0) = x0, (2.2)

with Borel-measurable functions b : R → R and σ : R → R. Note that σ 
= σ in general.
Under our Assumptions (C) and (MET), which will be introduced soon, the following scale
functions exist and are twice differentiable on R with strictly positive first derivative

fε(x) :=
∫ x

0
exp

(
−

∫ z

0

2bε(y)

σ (y)2
dy

)
dz, f (x) :=

∫ x

0
exp

(
−

∫ z

0

2b(y)

σ (y)2
dy

)
dz.

(2.3)

These functions are harmonic with respect to the differential operators

Aε := bε∂x + 1

2
σ 2∂xx , A := b∂x + 1

2
σ 2∂xx , (2.4)
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respectively, that isAε fε = 0 andA f = 0. Setting ξε := fε ◦ Xε, ξ := f ◦ X , and applying
the Itô formula yields the transformed stochastic differential equations

dξε(t) = 1

ρε(ξε(t))
dW (t), t > 0, ξε(0) = fε(x0), (2.5)

dξ(t) = 1

ρ(ξ(t))
dW (t), t > 0, ξ(0) = f (x0). (2.6)

Here, the functions ρε and ρ are given by

ρε(x) := 1

σ(gε(x)) f ′
ε(gε(x))

, ρ(x) := 1

σ(g(x)) f ′(g(x))
, (2.7)

where g and gε are the inverse functions to f and fε , respectively.
In the followingwewant to derive an "ε-dependent"MET, i.e., under appropriate assump-

tions and for arbitrary initial conditions, we want to prove the validity of

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξε(t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

→ 0, ε → 0, (2.8)

where ϕε : R → R is a suitable measurable function, Cρε := ∫
R

ρε(x)2 dx , ε > 0, and
Tε → ∞ as ε → 0. If we further assume the convergence

1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy → 1

Cρ

∫
R

ϕ(y)ρ(y)2 dy, ε → 0,

for some function ϕ : R → R and Cρ := ∫
R

ρ(x)2 dx , then it follows that

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξε(t)) dt − 1

Cρ

∫
R

ϕ(y)ρ(y)2 dy

∣∣∣∣
2

→ 0, ε → 0. (2.9)

To prove (2.8) we will follow the material by Gikhman and Skorokhod, [20], on the one
hand and by Sundar, [21], on the other hand. They proved the MET for the case where no
ε-dependence is present and the limit is established for T → ∞. We will carefully adapt and
adequately combine the separate approaches whenever necessary.

In this work, we will constrict ourselves to the following assumptions:

Assumptions (C)

i) The functions b and σ are locally Lipschitz-continuous on R and σ is strictly positive.
ii) The function σ is locally Lipschitz-continuous on R and satisfies a ≤ σ ≤ A on R for

some A, a > 0. Moreover, for each ε > 0 and N ∈ N there exists a constant LN > 0
such that for all x, y ∈ [−N , N ]

|bε(x) − bε(y)| ≤ LN

ε2
|x − y|, |bε(x)| ≤ LN

ε2
(1 + |x |).

Remark 2.1 Most homogenization results for SDEs are, to the best of our knowledge, estab-
lished under global Lipschitz assumptions, cf. [10–14], but, according to [9] it is possible to
have local assumptions as long as the solution to (2.2) has almost surely infinite explosion
time.

Assumptions (MET)

i) limx→±∞ f (x) = ±∞.
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ii) Cρ < ∞.

iii) There exist constants c f , cσ ,C f ,Cσ > 0 such that for all ε > 0 and on R

c f f
′ ≤ f ′

ε ≤ C f f
′, cσ σ ≤ σ ≤ Cσ σ .

We are not suggesting that these assumptions are minimal requirements for the following
results to work. On the contrary, some of them, e.g., the pointwise bounds in (MET) iii), can
be rather restrictive and for certain proofs even superfluous. Indeed, the same results can be
obtained if, for example, in (MET) (iii) there exist two integrable functions k1, k2 such that
c f k1 ≤ f ′

ε ≤ C f k2 on R. But in order to keep the exposition clear without repeating similar
arguments and altering assumptions over and over again, we will stick to them throughout
this work. Note, however, that we do not impose global Lipschitz assumptions on the drift
coefficients, as it was originally done in [20] and [21]. We also need to emphasize the
circumstance that the local Lipschitz and local linear growth constant in (C) ii) explode as
ε → 0 and we need to let the test functions in the integrals depend on ε. This makes the
analysis substantially more difficult.

Remark 2.2 As it has been established in [20, §18] and [21], but will also become apparent
here, the invariant density of a stochastic process X defined through an SDE such as (2.2)
exists whenever its corresponding scale function f (x) → ±∞ as x → ±∞, and the function
ρ2 is integrable. In this case, the invariant density of X is given by

μ(x) := 1

Zσ(x)2
exp

(∫ x

0

2b(y)

σ (y)2
dy

)
, Z :=

∫
R

σ(x)−2 exp

(∫ x

0

2b(y)

σ (y)2
dy

)
dx .

(2.10)
For fixed ε > 0 and under the same assumptions, a similar formula holds for the invariant
density of Xε , namely

με(x) := 1

Zεσ (x)2
exp

(∫ x

0

2bε(y)

σ (y)2
dy

)
, Zε :=

∫
R

σ(y)−2 exp

(∫ x

0

2bε(y)

σ (y)2
dy

)
dx .

(2.11)

Observe that an ordinary integral substitution gives

1

Tε

∫ Tε

0
ϕε(Xε(t)) dt −

∫
R

ϕε(x)με(x) dx

= 1

Tε

∫ Tε

0
ϕε(gε(ξε(t))) dt − 1

Cρε

∫
R

ϕε(gε(x))ρε(x)
2 dx,

indicating that it is indeed sufficient to prove the mean ergodic theorem for the solution of
equation (2.5). We start with a lemma that summarizes some properties, which follow from
Assumptions (C), (MET), and which will be used throughout what follows.

Lemma 2.3 Assume (C) and (MET).

i) For each of the SDEs defined in (2.1), (2.2), (2.5), (2.6) with their given initial conditions
there exists a unique, strong solution. Furthermore, for ε > 0 we have the moment
inequality

E |ξε(t)| ≤ | fε(x0)| exp(t), t ≥ 0. (2.12)

ii) There exist constants dρ, Dρ > 0 such that dρ ≤ Cρε ≤ Dρ for all ε > 0.
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iii) For every δ > 0 there exists an M > 0 such that for all ε > 0∫
|y|>M

ρε(y)
2 dy < δ.

Proof
i) Strong uniqueness for (2.5), (2.6), and inequality (2.12) are a consequence of [22, Theorem
3.5]. Compare alsowith [22, Example 3.10, AppendixA.2]. Strong uniqueness for (2.1), (2.2)
follows from [23, Proposition 5.5.13]. Note that, according to Feller’s test for explosions, the
solution processes do not explode in finite time due to (MET) i).

ii) This follows by a simple integral substitution and (MET) iii), namely

Cρε =
∫
R

ρε(y)
2 dy =

∫
R

dy

σ(y)2 f ′
ε(y)

≤ 1

c2σ c f

∫
R

ρ(y)2 dy =: Dρ,

and, similarly, for the lower bound.

iii) First note that by (MET) iii) we have for any ε > 0

c f f ≤ fε ≤ C f f , on R. (2.13)

Now let δ > 0 be arbitrary. Due to (MET) ii) we can choose M > 0 such that∫
|y|>M/(c f ∨C f )

ρ(y)2 dy < δc2σ c f ,

where c f ∨C f := max{c f ,C f }. Using this, (2.13), and the strict monotonicity of f , fε, g,
and gε, we can therefore estimate for all ε > 0∫

|y|>M
ρε(y)

2 dy =
∫

| fε(y)|>M

dy

σ(y)2 f ′
ε(y)

≤ 1

c2σ c f

∫
| f (y)|>M/(c f ∨C f )

dy

σ(y)2 f ′(y)

= 1

c2σ c f

∫
|y|>M/(c f ∨C f )

ρ(y)2 dy < δ.

��
Under Assumptions (C) and (MET), we define for any x, y ∈ R and ε > 0 the stopping

time τ y
(
ξ xε

) := inf{s > 0 | ξ xε (s) = y}, i.e., the time that the process ξ xε solving (2.5) and
starting in ξ xε (0) = x requires to get to the point y for the first time. Note that, by [20, §16,
Theorem 1],

P

(
sup
t>0

ξ xε (t) = ∞
)

= P

(
inf
t>0

ξ xε (t) = −∞
)

= 1,

so that P(τ y
(
ξ xε

)
< ∞) = 1, that is to say, ξ xε is a recurrent process. Set also τ (a,b)

(
ξ xε

) :=
inf{s > 0 | ξ xε (s) /∈ (a, b)} for any interval (a, b) ⊆ R and x ∈ (a, b). By [20, §15, Corollary
15] and some easy rearrangements of terms we get the following formula

E τ (a,b) (
ξ xε

) = x − a

b − a

∫ b

x
2(b − z)ρε(z)

2 dz + b − x

b − a

∫ x

a
2(z − a)ρε(z)

2 dz.

The proof of the following result is found under [20, §18, Lemma 1]. As ε > 0 is fixed in
this case, nothing needs to be modified.
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Lemma 2.4 Under Assumptions (C) and (MET), we have for any x, y ∈ R with y < x

E τ y (
ξ xε

) = 2(x − y)
∫ ∞

x
ρε(z)

2 dz + 2
∫ x

y
(z − y)ρε(z)

2 dz, (2.14)

and for x < y

E τ y (
ξ xε

) = 2(y − x)
∫ x

−∞
ρε(z)

2 dz + 2
∫ y

x
(y − z)ρε(z)

2 dz. (2.15)

Proposition 2.5 Let (ϕε)ε>0 be a uniformly bounded sequence of Borel-measurable, real-
valued functions on R. Under Assumptions (C) and (MET), it holds for any x, y ∈ R and
ε > 0∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

x
ε (t)) dt − 1

Tε

∫ Tε

0
Eϕε(ξ

y
ε (t)) dt

∣∣∣∣ ≤ 4 supε>0 ‖ϕε‖∞Dρ |x − y|
Tε

. (2.16)

Proof The proof is basically analogous to the original one, see [20, §18, Remark 1, Lemma
2], with the only difference being the estimate

E τ y (
ξ xε

) ≤ 2Dρ |x − y|,
which is an immediate consequence of Lemma 2.4 and Lemma 2.3 ii). ��
Beforewe proceed, we have to introduce a sequence of nondecreasing stopping times that will
aid us several times in the subsequent proofs. The introduction of this stopping time is mostly
a technical inconvenience due to the local Lipschitz assumptions, but, nonetheless, required
to make everything rigorous. In the subsequent material, notation like

(
Mz

ε (t),Ft
)
t∈[0,∞)

stands for a real-valued stochastic process
(
Mz

ε (t)
)
t∈[0,∞)

that is adapted to the filtration
(Ft )t∈[0,∞). To carry out the localization procedure through the stopping times, fix ε > 0,
x ∈ R, and a bounded, Borel-measurable function ϕε : R → R. We define the following
processes

Kε(t) :=
∫ t

0
ϕε(ξ

x
ε (s)) ds, t ∈ [0,∞), (2.17)

Mz
ε (t) :=

∫ t

0
sgn(ξ xε (s) − z)ρ−1

ε (ξ xε (s)) dW (s), t ∈ [0,∞), z ∈ R, (2.18)

where sgn is defined to be left-continuous, i.e. sgn = 1(0,∞) − 1(−∞,0]. The appearing
integrands, thus the integrals, aremeasurable and adapted to thefiltration (Ft )t∈[0,∞).Observe
that for any t ≥ 0

∫ t

0
ρ−2

ε (ξ xε (s)) ds ≤ t sup
0≤s≤t

ρ−2
ε (ξ xε (s)) < ∞, P-a.s.,

by the continuity of ρ−1
ε and ξ xε , so that

(
Mz

ε (t),Ft
)
t∈[0,∞)

∈ M c, loc for each z ∈ R and

ε > 0, where M c, loc is the space of continuous, local martingales starting in zero. Denote
by 〈M〉 the quadratic variation process for M ∈ M c, loc. Given the boundedness of ϕε and
the fact that d〈Mz

ε 〉s = ρ−2
ε (ξ xε (s)) ds, a similar argument shows that

(
I zε (t) :=

∫ t

0
Kε(s) dM

z
ε (s),Ft

)
t∈[0,∞)

∈ M c, loc,
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for each z ∈ R. Hence, there exists a nondecreasing sequence of stopping times (τ
ϕε,x
n )n∈N

of (Ft )t∈[0,∞) such that τ
ϕε,x
n → ∞ P-a.s. as n → ∞ and(

Mz
ε (t ∧ τϕε,x

n ),Ft
)
t∈[0,∞)

,
(
I zε (t ∧ τϕε,x

n ),Ft
)
t∈[0,∞)

∈ M c
2 , (2.19)

for each n ∈ N, where t ∧ τ
ϕε,x
n := min{t, τϕε,x

n } andM c
2 is the space of continuous, square-

integrable martingales starting in zero. Note that the quadratic variation process of I zε is given
by

〈I zε 〉t =
∫ t

0
Kε(s)

2ρ−2
ε (ξ xε (s)) ds, t ≥ 0.

In particular, it does not depend on z ∈ R. Therefore, and because 〈I zε 〉 and ξ xε are continuous,
we can additionally choose the localizing sequence τ

ϕε,x
n in such a way that

〈I zε 〉· ∧τ
ϕε,x
n

≤ n, and |ξ xε ( · ∧ τϕε,x
n )| ≤ n, P-a.s., (2.20)

for each n ∈ N and all z ∈ R, where we use the notation ξ xε ( · ∧ τ
ϕε,x
n ) for the map

[0,∞) → R; t �→ ξ xε ( t ∧ τ
ϕε,x
n ) elementwise on � and similarly for 〈I zε 〉· ∧τ

ϕε,x
n

.
In addition to that, recall the Meyer-Tanaka formula for a continuous, local martingale,

say Y (t) = Y (0) + M(t) with (M(t),Ft )t∈[0,∞) ∈ M c, loc, that is, for z ∈ R and t ≥ 0

|Y (t) − z| = |Y (0) − z| +
∫ t

0
sgn(Y (s) − z) dM(s) + Lz

t (Y ), P-a.s. (2.21)

Here, Lz
t (Y ) is the local time process forY , cf. [23, Theorem3.7.1]. Recall also the occupation

density formula, which gives us for every Borel-measurable function k : R → [0,∞) the
identity ∫ t

0
k(Y (s) d〈M〉s =

∫
R

k(z)Lz
t (Y ) dz, t ≥ 0, P-a.s. (2.22)

We will now utilize these formulas and the introduced sequence of stopping times to
prove a result similar to Proposition 2.5. The proof idea is borrowed from [21], but note that
we do not assume global Lipschitz assumptions here and we need an explicit estimate rather
than just a qualitative convergence statement.

Proposition 2.6 Let (ϕε)ε>0 be a uniformly bounded sequence of Borel-measurable, nonneg-
ative functions on R with ∪ε>0 supp(ϕε) ⊂ [−R, R] for some R > 0. Under Assumptions
(C) and (MET), it holds for any x, y ∈ R and ε > 0∣∣∣∣ 2

T 2
ε

∫ Tε

0
t Eϕε(ξ

x
ε (t)) dt − 2

T 2
ε

∫ Tε

0
t Eϕε(ξ

y
ε (t)) dt

∣∣∣∣ ≤ 8 supε>0 ‖ϕε‖∞Dρ |x − y|
Tε

.

(2.23)

Proof Assume without loss of generality that x ≥ y. Using Fubini’s theorem, we first have

2

T 2
ε

∫ Tε

0
t Eϕε(ξ

x
ε (t)) dt − 2

T 2
ε

∫ Tε

0
t Eϕε(ξ

y
ε (t)) dt

= 2

T 2
ε

∫ Tε

0

∫ Tε

s
Eϕε(ξ

x
ε (t)) − Eϕε(ξ

y
ε (t)) dt ds

= 2

Tε

∫ Tε

0
Eϕε(ξ

x
ε (t)) − Eϕε(ξ

y
ε (t)) dt − 2

T 2
ε

∫ Tε

0
E

∫ s

0
ϕε(ξ

x
ε (t)) − ϕε(ξ

y
ε (t)) dt ds.

(2.24)
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Define the sequence of stopping times τn := τ
ϕε,x
n ∧τ

ϕε,y
n through the previously constructed

stopping times. With the occupation density formula (2.22) we can write for any s ∈ [0,∞)

E

∫ s∧τn

0
ϕε(ξ

x
ε (t)) − ϕε(ξ

y
ε (t)) dt = E

∫
R

ϕε(z)ρε(z)
2 [

Lz
s∧τn

(ξ xε ) − Lz
s∧τn

(ξ y
ε )

]
dz.

(2.25)

The Meyer-Tanaka formula (2.21) gives P-a.s.

Lz
s∧τn

(ξ xε ) = |ξ xε (s ∧ τn) − z| − |x − z| −
∫ s∧τn

0
sgn(ξ xε (r) − z)ρ−1

ε (ξ xε (r)) dW (r),

and, similarly, for Lz
s∧τn (ξ

y
ε ). The respective stochastic integrals in these formulas are mar-

tingales, cf. (2.19), starting in zero and, thus, have expectation zero. Hence

E
[
Lz
s∧τn

(ξ xε ) − Lz
s∧τn

(ξ y
ε )

] = E |ξ xε (s∧τn)−z|−|x−z|−E |ξ y
ε (s∧τn)−z|+|y−z|. (2.26)

With the uniqueness of the solution of the SDE (2.5) and x ≥ y, a stopping time argument
shows that ξ xε (r) ≥ ξ

y
ε (r) for all r ∈ [0,∞), P-a.s. Using this fact, a simple case distinction

shows that

E |ξ xε (s ∧ τn) − z| − E |ξ y
ε (s ∧ τn) − z| ≤ E

[
ξ xε (s ∧ τn) − ξ y

ε (s ∧ τn)
] = x − y,

|y − z| − |x − z| ≤ x − y,

where we used the martingale property in the first line. Therefore,

E
[
Lz
s∧τn

(ξ xε ) − Lz
s∧τn

(ξ y
ε )

] ≤ 2(x − y). (2.27)

Observe that by (2.20), the compact support of ϕε , and the Burkholder-Davis-Gundy inequal-
ities we can upper bound

E

∫
R

|ϕε(z)|ρε(z)
2Lz

s∧τn
(ξ xε ) dz

≤E

∫
R

|ϕε(z)|ρε(z)
2 [|ξ xε (s ∧ τn) − z| + |x − z|

+
∣∣∣∣
∫ s∧τn

0
sgn(ξ xε (r) − z)ρ−1

ε (ξ xε (r)) dW (r)

∣∣∣∣
]
dz

≤‖ϕε‖∞
∫

[−R,R]
ρε(z)

2 [
E |ξ xε (s ∧ τn)| + |x | + 2|z|

+E

∣∣∣∣
∫ s∧τn

0
sgn(ξ xε (r) − z)ρ−1

ε (ξ xε (r)) dW (r)

∣∣∣∣
]
dz

≤‖ϕε‖∞Dρ

[
n + |x | + 2R + BE 〈I zε 〉1/2s∧τn

]
≤ ‖ϕε‖∞Dρ

[
n + |x | + 2R + Bn1/2

]
< ∞,

where B > 0 is the universal constant coming from the Burkholder-Davis-Gundy inequali-
ties. A completely analog estimate is obtained when Lz

s∧τn (ξ
x
ε ) is replaced with Lz

s∧τn (ξ
y
ε ).

Hence, we can use Fubini’s theorem together with (2.27) to obtain the estimate

E

∫
R

ϕε(z)ρε(z)
2
[
Lzs∧τn

(ξ xε ) − Lzs∧τn
(ξ

y
ε )

]
dz ≤ 2(x − y)

∫
R

ϕε(z)ρε(z)
2 dz.

123



Limit Theorems for One-Dimensional Homogenized… Page 11 of 35    35 

Letting n → ∞, the dominated convergence theorem implies in (2.25) for any s ∈ [0,∞)

E

∫ s

0
ϕε(ξ

x
ε (t)) − ϕε(ξ

y
ε (t)) dt ≤ 2(x − y)

∫
R

ϕε(z)ρε(z)
2 dz ≤ 2(x − y) sup

ε>0
‖ϕε‖∞Dρ.

Therefore, we conclude from (2.24) and Proposition 2.5
∣∣∣∣ 2

T 2
ε

∫ Tε

0
Eϕε(ξ

x
ε (t))t dt − 2

T 2
ε

∫ Tε

0
Eϕε(ξ

y
ε (t))t dt

∣∣∣∣ ≤ 8 supε>0 ‖ϕε‖∞Dρ(x − y)

Tε

.

��
The proof of the next stationarity result can be obtained, once again, by the same arguments
as in the original material in [20, §18].

Corollary 2.7 UnderAssumptions (C) and (MET),we have for anyBorel-measurable function
ϕε : R → R with

∫
R

|ϕε(x)|ρε(x)2 dx < ∞ and for t ≥ 0
∫
R

Eϕε(ξ
y
ε (t))ρε(y)

2 dy =
∫
R

ϕε(y)ρε(y)
2 dy. (2.28)

The following lemma gives us another key ingredient for our sought-after main result.

Lemma 2.8 Let (ϕε)ε>0 be a uniformly bounded sequence of Borel-measurable, nonnegative
functions on R. Under Assumptions (C) and (MET), it holds for xε := fε(x0)∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣ → 0, ε → 0, (2.29)

and, similarly, if ∪ε>0supp(ϕε) ⊂ [−R, R] for some R > 0, then
∣∣∣∣ 2

T 2
ε

∫ Tε

0
t Eϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣ → 0, ε → 0. (2.30)

Proof We will only prove the first claim (2.29) as the proof of the second claim works the
same. For that second claim we would only have to replace estimate (2.16) with (2.23) in the
following.

To prove claim (2.29), we first obtain from equation (2.28)
∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣

= 1

Cρε

∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) dt

∫
R

ρε(y)
2 dy − 1

Tε

∫ Tε

0

∫
R

Eϕε(ξ
y
ε (t))ρε(y)

2 dy dt

∣∣∣∣

= 1

Cρε

∣∣∣∣
∫
R

(
1

Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) − Eϕε(ξ

y
ε (t)) dt

)
ρε(y)

2 dy

∣∣∣∣

≤ 1

dρ

[
2 sup

ε>0
‖ϕε‖∞

∫
|xε−y|>Tε

ρε(y)
2 dy

+
∫

|xε−y|≤Tε

∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) − Eϕε(ξ

y
ε (t)) dt

∣∣∣∣ ρε(y)
2 dy

]
.
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For the second term inside the brackets we use estimate (2.16) to get
∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣

≤2 supε>0 ‖ϕε‖∞
dρ

[∫
|xε−y|>Tε

ρε(y)
2 dy + 2Dρ

Tε

∫
|xε−y|≤Tε

|xε − y|ρε(y)
2 dy

]
.

(2.31)

Now let δ > 0 be arbitrary. By Lemma 2.3 iii) we can choose M > 0 such that for all ε > 0
∫

|y|>M
ρε(y)

2 dy < δ.

Therefore, for sufficiently small ε > 0 we have with (2.13)
∫

|xε−y|>Tε

ρε(y)
2 dy ≤

∫
|y|>Tε−|xε |

ρε(y)
2 dy ≤

∫
|y|>Tε−(c f ∨C f )| f (x0)|

ρε(y)
2 dy < δ,

and

1

Tε

∫
|xε−y|≤Tε

|xε − y|ρε(y)
2 dy

= 1

Tε

[∫
|xε−y|≤Tε, |y|≤M

|xε − y|ρε(y)
2 dy +

∫
|xε−y|≤Tε, |y|>M

|xε − y|ρε(y)
2 dy

]

≤
[
(c f ∨ C f )| f (x0)| + M

]
Dρ

Tε

+
∫

|y|>M
ρε(y)

2 dy

≤
[
(c f ∨ C f )| f (x0)| + M

]
Dρ

Tε

+ δ.

Thus

lim sup
ε→0

∣∣∣∣ 1Tε

∫ Tε

0
Eϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣ ≤ 2 supε>0 ‖ϕε‖∞(1 + 2Dρ)

dρ

δ.

Letting δ → 0 yields the claim. ��

The next lemma will be used twice in the proof of the MET. Compared to the results in
[21], we again resort to localization arguments with the previously introduced sequence of
stopping times.

Lemma 2.9 Let ϕε, ψε be bounded, Borel-measurable, nonnegative functions such that
supp(ϕε) ⊂ [−R1, R1] and supp(ψε) ⊂ [−R2, R2] for some R1, R2 > 0. Set τn := τ

ϕε,xε
n .

Under Assumptions (C) and (MET), we have for all ε > 0 and n ∈ N

E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ψε(ξ

xε
ε (s)) ds dt

=E

∫
R

ψε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z|] dt dz.
(2.32)
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Proof Applying the occupation density formula (2.22) gives P-a.s.

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ψε(ξ

xε
ε (s)) ds dt

=
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫
R

ψε(z)ρε(z)
2
[
Lz
Tε∧τn

(ξ xε
ε ) − Lz

t (ξ
xε
ε )

]
dz dt

=
∫
R

ψε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[
Lz
Tε∧τn

(ξ xε
ε ) − Lz

t (ξ
xε
ε )

]
dt dz,

where we used Tonelli’s theorem in the last equality since Lz
t (ξ

xε
ε ) is nondecreasing in t . The

Meyer-Tanaka formula (2.21) yields P-a.s.

Lz
Tε∧τn

(ξ xε
ε ) − Lz

t (ξ
xε
ε )

= |ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z| −
∫ Tε∧τn

t
sgn(ξ xε

ε (s) − z)ρ−1
ε (ξ xε

ε (s)) dW (s)

= |ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z| − [
Mz

ε (Tε ∧ τn) − Mz
ε (t)

]
,

so that P-a.s.
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ψε(ξ

xε
ε (s)) ds dt

=
∫
R

ψε(z)ρε(z)
2
[ ∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z|] dt

−
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[
Mz

ε (Tε ∧ τn) − Mz
ε (t)

]
dt

]
dz,

since Mz
ε , ξ

xε
ε are continuous processes P-a.s. and ϕε is bounded with compact support.

Stochastic integration by parts implies P-a.s.

∫ Tε∧τn

0
Kε(t) dM

z
ε (t) = Kε(Tε ∧ τn)M

z
ε (Tε ∧ τn) −

∫ Tε∧τn

0
Mz

ε (t)ϕε(ξ
xε
ε (t)) dt

=
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[
Mz

ε (Tε ∧ τn) − Mz
ε (t)

]
dt,

that is, we have P-a.s.
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ψε(ξ

xε
ε (s)) ds dt

=
∫
R

ψε(z)ρε(z)
2
[ ∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z|] dt

−
∫ Tε∧τn

0
Kε(t) dM

z
ε (t)

]
dz.
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We require integrability to apply linearity and Fubini’s theorem with respect to E in what
follows. For this, observe that by (2.12) and (2.20)

E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫
R

ψε(z)ρε(z)
2 [|ξ xε

ε (Tε ∧ τn) − z| + |ξ xε
ε (t) − z|] dz dt

≤ Tε‖ϕε‖∞‖ψε‖∞Dρ

(
E |ξ xε

ε (Tε ∧ τn)| + 2R2 + 1

Tε

∫ Tε

0
E |ξ xε

ε (t)| dt
)

≤ Tε‖ϕε‖∞‖ψε‖∞Dρ

(
n + 2R2 + | fε(x0)|

Tε

∫ Tε

0
exp(t) dt

)
< ∞,

and using the Burkholder-Davis-Gundy inequalities we can upper bound with a universal
constant B > 0 and (2.20)

E

∫
R

ψε(z)ρε(z)
2
∣∣∣∣
∫ Tε∧τn

0
Kε(t) dM

z
ε (t)

∣∣∣∣ dz ≤ B
∫
R

ψε(z)ρε(z)
2
E 〈I zε 〉1/2Tε∧τn

dz

≤ B‖ψε‖∞Dρn
1/2 < ∞.

Hence,

E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ψε(ξ

xε
ε (s)) ds dt

=
∫
R

ψε(z)ρε(z)
2
[
E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z|] dt

− E

∫ Tε∧τn

0
Kε(t) dM

z
ε (t)

]
dz.

Finally, we use the fact that the last displayed expectation is zero due to (2.19) to reach the
claim. ��

Using these preparatory results, we are now in a position to state and prove the MET.

Theorem 2.10 Let (ϕε)ε>0 be a uniformly bounded sequence of Borel-measurable, real-
valued functions on R. Under Assumptions (C) and (MET), it holds for xε = fε(x0) and
Tε → ∞ as ε → 0

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

→ 0, ε → 0. (2.33)

Remark 2.11 In terms of the original quantities, i.e., with the process Xx0
ε , that solves (2.1)

and starts in x0, and the invariant density με in (2.11), the limit result (2.33) reads as

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(X

x0
ε (t)) dt −

∫
R

ϕε(y)με(y) dy

∣∣∣∣
2

→ 0, ε → 0. (2.34)
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Proof We will first prove the result for the case where the functions ϕε are nonnegative with
∪ε>0 supp(ϕε) ⊂ [−R, R] for some R > 0. Note that we can write

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

= E

[∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

−
(

1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

)2

− E

(
1

Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

)
2

Cρε

∫
R

ϕε(y)ρε(y)
2 dy.

It is enough to prove

lim sup
ε→0

E

[∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

−
(

1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

)2

≤ 0, (2.35)

because then (2.33) follows from the assumptions and Lemma 2.8. For this, let δ > 0 be
arbitrary. Choose M > 0 such that for all ε > 0∫

|y|>M
ρε(y)

2 dy < δ.

With the sequence of stopping times (τn)n∈N from the preceding proof of Lemma 2.9 we
have for all ε > 0 and n ∈ N

E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ϕε(ξ

xε
ε (s)) ds dt

=E

∫
R

ϕε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xε
ε (Tε ∧ τn) − z| − |ξ xε

ε (t) − z|] dt dz,
(2.36)

and

E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
1[−M,M](ξ xε

ε (s)) ds dt

=E

∫
|y|≤M

ρε(y)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xε
ε (Tε ∧ τn) − y| − |ξ xε

ε (t) − y|] dt dy.
(2.37)

First observe that
∫
R

ρε(y)
2 dy E

[∣∣∣∣
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

≤
(
sup
ε>0

‖ϕε‖∞
)2

E (Tε ∧ τn)
2δ +

∫
|y|≤M

ρε(y)
2 dy E

[∣∣∣∣
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

≤
(
sup
ε>0

‖ϕε‖∞Tε

)2

δ +
∫

|y|≤M
ρε(y)

2 dy E

[∣∣∣∣
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

.
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Let us analyze the second term in detail. Fubini’s theorem, equation (2.36), and the triangle
inequality enable us to estimate

∫
|y|≤M

ρε(y)
2 dy E

⎡
⎣

∣∣∣∣∣
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣∣
2
⎤
⎦

= 2
∫
|y|≤M

ρε(y)
2 dy E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
ϕε(ξ

xε
ε (s)) ds dt

= 2E
∫
|y|≤M

ρε(y)
2
∫
R

ϕε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xεε (Tε ∧ τn) − z| − |ξ xεε (t) − z|] dt dz dy

≤ 2E
∫
|y|≤M

ρε(y)
2
∫
R

ϕε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xεε (Tε ∧ τn) − y| − |ξ xεε (t) − y|] dt dz dy

+ 4E
∫
|y|≤M

ρε(y)
2
∫
R

ϕε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))|y − z| dt dz dy

For the first term of the last inequality we have by equation (2.37)

E

∫
|y|≤M

ρε(y)
2
∫
R

ϕε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

[|ξ xεε (Tε ∧ τn) − y| − |ξ xεε (t) − y|] dt dz dy

=
∫
R

ϕε(z)ρε(z)
2 dz E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))

∫ Tε∧τn

t
1[−M,M](ξ xεε (s)) ds dt

≤
∫
R

ϕε(z)ρε(z)
2 dz E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))(Tε ∧ τn − t) dt

For the second term it holds by the assumptions

∣∣∣∣E
∫

|y|≤M
ρε(y)

2
∫
R

ϕε(z)ρε(z)
2
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))|y − z| dt dz dy

∣∣∣∣

≤E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t)) dt

∫
|y|≤M

ρε(y)
2
∫

|z|≤R
ϕε(z)ρε(z)

2|y − z| dz dy

≤
(
sup
ε>0

‖ϕε‖∞Dρ

)2

(M + R)Tε.

Therefore, combining all these estimates yields

∫
R

ρε(y)
2 dy E

[∣∣∣∣
∫ Tε∧τn

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

≤
(
sup
ε>0

‖ϕε‖∞Tε

)2

δ + 4

(
sup
ε>0

‖ϕε‖∞Dρ

)2

(M + R)Tε

+ 2
∫
R

ϕε(z)ρε(z)
2 dz E

∫ Tε∧τn

0
ϕε(ξ

xε
ε (t))(Tε ∧ τn − t) dt .
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Letting finally n → ∞ and using the dominated convergence theorem gives the estimate

∫
R

ρε(y)
2 dy E

[∣∣∣∣
∫ Tε

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

≤
(
sup
ε>0

‖ϕε‖∞Tε

)2

δ + 4

(
sup
ε>0

‖ϕε‖∞Dρ

)2

(M + R)Tε

+ 2
∫
R

ϕε(z)ρε(z)
2 dz E

∫ Tε

0
ϕε(ξ

xε
ε (t))(Tε − t) dt .

Hence,

E

[∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

−
(

1

Cρε

∫
R

ϕε(z)ρε(z)
2 dz

)2

≤ 1

Cρε

∫
R

ϕε(z)ρε(z)
2 dz

[
2

T 2
ε

E

∫ Tε

0
ϕε(ξ

xε
ε (t))(Tε − t) dt − 1

Cρε

∫
R

ϕε(z)ρε(z)
2 dz

]

+ δ

dρ

(
sup
ε>0

‖ϕε‖∞
)2

+ 4

CρεTε

(
sup
ε>0

‖ϕε‖∞Dρ

)2

(M + R)

The RHS converges by Lemma 2.8 to
(
supε>0 ‖ϕε‖∞

)2
δ/dρ as ε → 0, so that

lim sup
ε→0

(
E

[∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt

∣∣∣∣
2]

−
(

1

Cρε

∫
R

ϕε(z)ρε(z)
2 dz

)2
)

≤ δ

dρ

(
sup
ε>0

‖ϕε‖∞
)2

.

(2.38)
Letting δ → 0 eventually yields the claim (2.35). Thus, the convergence result (2.33) is
established for Borel-measurable, nonnegative functions ϕε with supε>0 ‖ϕε‖∞ < ∞ and
∪ε>0 supp(ϕε) ⊂ [−R, R] for some R > 0. We extend the convergence result now to
measurable, nonnegative functions ϕε with supε>0 ‖ϕε‖∞ < ∞. For this, let δ > 0 be
arbitrary and choose again M > 0 such that for all ε > 0

∫
|y|>M

ρε(y)
2 dy < δ.

Set ψ(m)
ε := ϕε1[−m∗,m∗] with m∗ := m∗(m) := m ∨ M , m ∈ N. Then we can upper bound

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

≤

8

[
E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Tε

∫ Tε

0
ψ(m)

ε (ξ xε
ε (t)) dt

∣∣∣∣
2

+ E

∣∣∣∣ 1Tε

∫ Tε

0
ψ(m)

ε (ξ xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

+
∣∣∣∣ 1

Cρε

∫
R

(
ψ(m)

ε (y) − ϕε(y)
)

ρε(y)
2 dy

∣∣∣∣
2 ]
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We estimate the first term as follows

E

∣∣∣∣∣
1

Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Tε

∫ Tε

0
ψ

(m)
ε (ξ

xε
ε (t)) dt

∣∣∣∣∣
2

=E

∣∣∣∣∣
1

Tε

∫ Tε

0
ϕε(ξ

xε
ε (t))1[−m∗,m∗]c (ξ xε

ε (t)) dt

∣∣∣∣∣
2

≤
(
sup
ε>0

‖ϕε‖∞
)2

E

∣∣∣∣∣1 − 1

Tε

∫ Tε

0
1[−m∗,m∗](ξ xε

ε (t)) dt

∣∣∣∣∣
2

≤ 4

(
sup
ε>0

‖ϕε‖∞
)2

E

∣∣∣∣∣
1

Tε

∫ Tε

0
1[−m∗,m∗](ξ xε

ε (t)) dt − 1

Cρε

∫
|y|≤m∗

ρε(y)
2 dy

∣∣∣∣∣
2

+ 4

(
sup
ε>0

‖ϕε‖∞
)2 (

1

Cρε

∫
|y|>m∗

ρε(y)
2 dy

)2

≤ 4

(
sup
ε>0

‖ϕε‖∞
)2

⎡
⎣E

∣∣∣∣∣
1

Tε

∫ Tε

0
1[−m∗,m∗](ξ xε

ε (t)) dt − 1

Cρε

∫
|y|≤m∗

ρε(y)
2 dy

∣∣∣∣∣
2

+
(

δ

dρ

)2
⎤
⎦ ,

where the last upper bound converges to 4
(
supε>0 ‖ϕε‖∞δ/dρ

)2 as ε → 0. By our previously
established result in this proof,we also have the convergence of the second term for anym ∈ N

as ε → 0. The third term satisfies∣∣∣∣ 1

Cρε

∫
R

(
ψ(m)

ε (y) − ϕε(y)
)

ρε(y)
2 dy

∣∣∣∣
2

= 1[−m∗,m∗]cρε(y)
2

≤
(
sup
ε>0

‖ϕε‖∞
δ

dρ

)2

.

In summary, we have

lim sup
ε→0

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

≤ 40

(
sup
ε>0

‖ϕε‖∞
δ

dρ

)2

,

which implies, by letting δ → 0,

lim sup
ε→0

E

∣∣∣∣ 1Tε

∫ Tε

0
ϕε(ξ

xε
ε (t)) dt − 1

Cρε

∫
R

ϕε(y)ρε(y)
2 dy

∣∣∣∣
2

≤ 0.

Hence, the convergence result holds for a uniformly bounded sequence (ϕε)ε>0 of Borel-
measurable, nonnegative functions on R, too. The asserted full result is now straightforward
and can be accomplished by splitting the test functions into positive and negative part and
applying the preceding result to these nonnegative functions. ��

2.2 Convergence in Probability Result

This section is concerned with the convergence in probability to zero of the quantity
Xε(Tε)/

√
Tε as ε → 0. The final result is contained in Corollary 2.16 at the end of this
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section. Most of the crucial proof ideas of this section originate from [22, Chapter 4], but, as
in the preceding section, we must practice caution due to the ε-dependence.

The first major step towards Corollary 2.16 is establishing Schauder interior estimates
for the parabolic equation

∂t uε(t, x) − Aεuε(t, x) = 0, t ∈ (0, T ), x ∈ U , (2.39)

where Aε was defined in (2.4), T > 0, and U is an open, bounded interval in R. Let us
introduce additional terminology that is commonly used in the analysis of parabolic partial
differential equations. For α ∈ (0, 1) we say that a function f : (0, T ) × U → R is locally
Hölder-continuous on (0, T ) × U with exponent α ∈ (0, 1) if for any closed subset D ⊂
(0, T ) ×U there exists a constant H > 0 such that for all (t, x), (r , y) ∈ D it holds

| f (t, x) − f (r , y)| ≤ H
[|x − y|2 + |t − r |]α/2

. (2.40)

Furthermore, we define the function d : [0,∞) ×U → R by

d(t, x) := dist(x, ∂U ) ∧ √
t, t ∈ [0,∞), x ∈ U . (2.41)

At last, for m ∈ N0 and α ∈ (0, 1) we define the norms

|d m, f |α := sup
(t,x)∈(0,T )×U

|d(t, x)m f (t, x)|

+ sup
(t,x),(r ,y)∈(0,T )×U

(t,x)
=(r ,y)

|d(t, x) ∧ d(r , y)|m+α | f (t, x) − f (r , y)|[|x − y|2 + |t − r |]α/2 .
(2.42)

Observe that whenever the norm |d m, f |α is finite for some m ∈ N0 and α ∈ (0, 1), then f
is locally Hölder-continuous on (0, T ) ×U with exponent α.

The following result, whose proof is standard in the literature for partial differential
equations (PDEs), see [24, Chapter 4], requires, although very technical, merely an explicit
tracking of the constant appearing in the upper boundwith respect to ε. The acquired estimates
on the constant are far from being optimal in any sense, but given our assumptions, this will
serve our purposes, as we will soon see.

Proposition 2.12 Let σ be bounded away from zero on U and let the coefficients σ, bε of the
operator Aε satisfy for an exponent α ∈ (0, 1)

|d 0, σ |α ≤ Kσ , |d 1, bε|α ≤ Kb ε−2, (2.43)

with some constants Kσ , Kb > 0. Assume that uε ∈ C1,2((0, T )×U ) is a solution of (2.39)
such that sup(0,T )×U |uε| < ∞ and uε, ∂xuε, ∂2x uε, ∂t uε are locally Hölder-continuous on
(0, T ) × U with exponent α ∈ (0, 1). Then there exists a constant K > 0, only depending
on Kσ , Kb and α, such that for all η > 0

|d 0, uε|α + |d 1, ∂xuε|α + |d 2, ∂2x uε|α + |d 2, ∂t uε|α ≤ K ε−(10+η) sup
(0,T )×U

|uε|. (2.44)

Proof Carefully tracking the constants in [24, Chapter 4, Section 4] with respect to ε yields
the claim. ��

Our aim is to apply Proposition 2.12 to the Feller transition probability function Pε of
Xε , which is given by the relation

Pε(x, t, A) := P(Xx
ε (t) ∈ A), x ∈ R, t > 0, A ∈ B(R). (2.45)
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Evidently, it is stochastically continuous, which is to say, by definition, that for all x ∈ R

and δ > 0
Pε(x, t, Bδ(x)) = P(|Xx

ε (t) − x | > δ) → 1, t → 0+.

Hence, [22, Lemma 3.1] implies that (t, x) �→ Pε(x, t, A) is a B([0,∞) × R)-measurable
function for any A ∈ B(R), which makes it possible to write down certain integrals.

Before we proceed, we introduce the following parabolic PDE with Dirichlet initial and
boundary conditions and coefficients that do not depend on time⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂t uε(t, x) − Aεuε(t, x) = 0, t ∈ (0, T ], x ∈ U ,

uε(0, x) = g(x), x ∈ U ,

uε(t, x) = h(t, x), t ∈ (0, T ], x ∈ ∂U ,

(2.46)

with given functions g ∈ C(U ) and h ∈ C((0, T ]×∂U ). If a solution to this initial-boundary
value problem exists, then it satisfies the Feynman-Kac formula, cf. [22, Lemma 3.3, Remark
3.13], that is

uε(t, x) = E
[
g(Xx

ε (t))1{t≤τU } + h(t − τU , Xx
ε (τU ))1{t>τU }

]
, t ∈ [0, T ], x ∈ U ,

(2.47)
where τU := inf{t ≥ 0 | Xx

ε (t) /∈ U } is the first exit time of the process Xx
ε from U . This

representation can be directly proved with Itô’s formula; the needed techniques to carry out
this proof can be found in [23, Chapter 4]. With these facts at our disposal, we may now state
and prove the following lemma.

Lemma 2.13 Assume (C) and (MET). Then, for any fixed A ∈ B(R), the function (t, x) �→
Pε(x, t, A) is a solution of

∂t uε(t, x) − Aεuε(t, x) = 0, (t, x) ∈ D, (2.48)

where D ⊂ (0, T ) ×U is an arbitrary subdomain with closure in (0, T ] ×U. Moreover, for
(t0, T ) × C ⊂ (0, T ) ×U with t0 ∈ (0, T ) and closed C we have with arbitrary η > 0

sup
(t,x)∈(t0,T )×C

|∂x Pε(x, t, A)| ≤ K ε−(10+η)

dist(∂C, ∂U ) ∧ √
t0

(2.49)

where K > 0 is the same constant as in (2.43).

Proof First note that (C) ii) implies that the coefficients σ, bε of the operatorAε satisfy (2.43)
for any exponent α ∈ (0, 1). Indeed, since the coefficients do not depend on time, it is easy
to prove

|d 0, σ |α ≤ sup
x∈U

|σ(x)| + diam(U )α sup
(x,y)∈×U

x 
=y

|σ(x) − σ(y)|
|x − y|α ,

|d 1, bε|α ≤diam(U ) sup
x∈U

|bε(x)| + diam(U )1+α sup
(x,y)∈×U

x 
=y

|bε(x) − bε(y)|
|x − y|α ,

which implies the inequalities in (2.43) after applying (C) ii).Observe also that these constants
do not depend on T . With these estimates and the strict nondegeneracy of σ , the existence of
a solution uε to (2.46) with locally Hölder-continuous derivatives of all relevant orders for
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any exponent α ∈ (0, 1) is secured, see [24, Chapter 3], whenever the initial and boundary
data are continuous. We can write for t ∈ [0, T ] and x ∈ U

Pε(x, t, A) = E
[
1A(Xx

ε (t))1{t≤τU }
] + P

(
Xx

ε (t) ∈ A, t > τU
)
. (2.50)

The second term can be expressed using the strong Markov property as follows

P
(
Xx

ε (t) ∈ A, t > τU
) =

∫
{τU<t}

P
(
Xx

ε (t) ∈ A
∣∣FτU

)
(ω) dP(ω)

=
∫

�

1{τU (ω)<t}Pε

(
Xx

ε (τU ), t − τU , A
)
(ω) dP(ω)

=
∫

∂U

∫ t

0
Pε (y, t − s, A) dP(τU ,Xx

ε (τU ))(s, y).

(2.51)

In the last step we used the B([0,∞) × R)-measurability of (t, x) �→ Pε(x, t, A). Hence,

P
(
Xx

ε (t) ∈ A, t > τU
) = E

[
Pε(X

x
ε (τU ), t − τU , A)1{t>τU }

]
. (2.52)

Inserting (2.52) into (2.50) gives for t ∈ [0, T ] and x ∈ U

Pε(x, t, A) = E
[
1A(Xx

ε (t))1{t≤τU } + Pε(X
x
ε (τU ), t − τU , A)1{t>τU }

]
, (2.53)

which is (2.47), butwith initial and boundary conditionswhich are onlyBorel-measurable.We
can take care of this with an approximation argument. For this purpose, let B ∈ B([0, T ] ×
U ) be arbitrary. We take two sequences of bounded, piecewise linear functions k−

n , k+
n ∈

C([0,∞) × R), n ∈ N, such that

k−
n ≤ 1B ≤ k+

n , on [0,∞) × R, n ∈ N, (2.54)

and, both, k−
n and k+

n converge pointwise from below and from above, respectively, to 1B as
n → ∞. By the discussion at the beginning of the proof we have two sequences of solutions
of (2.46) u−

n and u+
n , corresponding to k−

n and k+
n , respectively, with representations given

by the Feynman-Kac formula, namely

u±
n (t, x) := u±

n,ε(t, x) = E
[
k±
n (τU ∧ t, Xx

ε (τU ∧ t))
]
, t ∈ [0, T ], x ∈ U . (2.55)

Note here that the initial and boundary functions are summarized by a single function for
ease of notation. A well-known result from the PDE literature, e.g., [24, p.80, Theorem 15],
provides us with subsequences u±

n j
that converge pointwise on D to some functions u±

ε as

j → ∞, where D ⊂ (0, T ) × U is an arbitrary subdomain with closure in (0, T ] × U .
Furthermore, these limit functions satisfy ∂t u±

ε − Aεu±
ε = 0 on D and have locally Hölder-

continuous derivatives of all relevant orders for any exponent α ∈ (0, 1). We will now show
that u−

ε = u+
ε on D. By (2.54) and (2.55) it holds

E

[
k−
n j

(τU ∧ t, Xx
ε (τU ∧ t))

]
= u−

n j
(t, x)

≤ E
[
1B(τU ∧ t, Xx

ε (τU ∧ t))
]

≤ u+
n j

(t, x) = E

[
k+
n j

(τU ∧ t, Xx
ε (τU ∧ t))

]
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for (t, x) ∈ [0, T ] ×U . Now, on the one hand, we have the pointwise convergence

lim
j→∞ u±

n j
(t, x) = u±

ε (t, x), (t, x) ∈ D,

and, on the other hand, monotone convergence gives

lim
j→∞E

[
k±
n j

(τU ∧ t, Xx
ε (τU ∧ t))

]
= E

[
1B(τU ∧ t, Xx

ε (τU ∧ t))
]
, (t, x) ∈ [0, T ] ×U .

Eventually, this implies

u−
ε (t, x) = u+

ε (t, x) = E
[
1B(τU ∧ t, Xx

ε (τU ∧ t))
]
, (t, x) ∈ D. (2.56)

We can extend the preceding result to simple functions and then toB([0, T ]×U )-measurable
functions. Hence, the function (t, x) �→ Pε(x, t, A) fulfills (2.48) and, in particular, has
locally Hölder-continuous derivatives of all relevant orders for any exponent α ∈ (0, 1). At
last, we can derive (2.49) which is a consequence of (2.44), since

sup
(t,x)∈(t0,T )×C

|∂x Pε(x, t, A)| ≤ |d 1, ∂x Pε(·, ·, A)|α
dist(∂C, ∂U ) ∧ √

t0
≤ K ε−(10+η)

dist(∂C, ∂U ) ∧ √
t0

.

��
For the remainder of this subsection and the next subsection, we will need the following
additional assumption.

Assumptions (CLT) There exist numbers S, γ > 0 such that for all |y| > S it holds

sgn(y)
b(y)

σ (y)2
≤ −γ. (2.57)

The inequality indicates that the drift coefficient of the limit SDE (2.2), when sufficiently
far away from the origin, stays below the threshold −γ . Note that this assumption already
implies Assumptions (MET) i) and ii), so that, by Remark 2.2, the invariant densities μ and
με of X and Xε , respectively, exist. Furthermore, if (MET) iii) holds, then it is easy to prove
that for all ε > 0

cμμ ≤ με ≤ Cμμ on R, (2.58)

with some constants cμ,Cμ > 0 that are independent of ε.
In the proof of the next Proposition 2.14 we will make use of recurrence properties of the

process Xx0
ε . First note that, under Assumptions (C) and (MET), the process Xε is recurrent

for each ε > 0, i.e., for any y ∈ R

P(τ y (
Xx0

ε

)
< ∞) = 1, (2.59)

where we recall τ y
(
Xx0

ε

) = inf{t > 0 | Xx0
ε (t) = y}. This is a consequence of [22, Lemma

3.9, Remark 15], cf. with [22, Example 3.10], as well. We even have positive recurrence of
Xε uniformly in ε. To be precise, for any y ∈ R it holds

sup
ε>0

E τ y (
Xx0

ε

)
< ∞. (2.60)

Indeed, by Lemma 2.4, we have for all ε > 0 and y ∈ R

E τ y (
Xx0

ε

) = E τ fε(y)(ξ fε(x0)
ε ) ≤ 2Dρ | fε(x0) − fε(y)| ≤ 2Dρ(| f (x0)| + | f (y)|).
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Proposition 2.14 If Assumptions (C), (MET) and (CLT) hold, then for any initial condition
x0 ∈ R

P
(∣∣Xx0

ε (Tε)
∣∣ > R(ε)

) → 0, ε → 0, (2.61)

where R(ε) > 0 is a sequence with R(ε) → ∞ as ε → 0 which will be determined in the
proof.

Proof Fix I := (−y, y) for some y > 1. Consider the initial datum x0 ∈ I first, and let
T > 0 be arbitrary. Due to Lemma 2.13 it holds for all x ∈ Br(ε)(x0), where r(ε) ↓ 0 as
ε → 0 will be determined soon, and t0 ∈ (0, T )

∣∣Pε(x, T , BR(ε)(0)
c) − Pε(x0, T , BR(ε)(0)

c)
∣∣ ≤ K ε−(10+η)

dist(∂Br(ε)(x0), ∂ I ) ∧ √
t0

|x − x0|.
(2.62)

Evidently, as ε → 0 it holds dist(∂Br(ε)(x0), ∂ I ) → dist(x0, ∂ I ) = |x0 − y| > 0, so that
choosing r(ε) := ε11+η gives∣∣Pε(x, T , BR(ε)(0)

c) − Pε(x0, T , BR(ε)(0)
c)

∣∣ ≤ K ε, (2.63)

with a new constant K > 0 independent of ε. As the next step towards the proof we may
estimate, using (2.58) and stationarity as in (2.28),∫

R

Pε(x, T , BR(ε)(0)
c)με(x) dx =

∫
BR(ε)(0)c

με(x) dx ≤ Cμ

∫
BR(ε)(0)c

μ(x) dx, (2.64)

and using (2.63) it follows∫
R

Pε(x, T , BR(ε)(0)
c)με(x) dx ≥ cμ

∫
Br(ε)(x0)

Pε(x, T , BR(ε)(0)
c)μ(x) dx

≥ cμ

∫
Br(ε)(x0)

μ(x) dx
[
Pε(x0, T , BR(ε)(0)

c) − K ε
]
.

Rearranging terms yields

P
(∣∣Xx0

ε (T )
∣∣ > R(ε)

) = Pε(x0, T , BR(ε)(0)
c) ≤ K ε +

Cμ

∫
BR(ε)(0)c

μ(x) dx

cμ

∫
Br(ε)(x0)

μ(x) dx
, (2.65)

for all T > 0 and x0 ∈ I . Observe that, by continuity, we have on the one hand

lim
ε→0

1

2r(ε)

∫
Br(ε)(x0)

μ(x) dx = μ(x0) > 0, ε → 0. (2.66)

On the other hand, by Assumption (CLT), we have for x > S

μ(x) = 1

Z
exp

(
2

∫ x

0

b(y)

σ (y)2
dy

)
≤ C(b, σ , S) exp

(
2

∫ x

S

b(y)

σ (y)2
dy

)

≤ C(b, σ , S, γ ) exp(−2γ x),

and, similarly, for x < −S but with different sign. For sufficiently small ε > 0 so that
R(ε) ≥ S, the last estimate implies∫

BR(ε)(0)c
μ(x) dx ≤ C(b, σ , S, γ ) exp(−2γ R(ε)). (2.67)
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Combining (2.65), (2.66), and (2.67) eventually yields

P
(∣∣Xx0

ε (T )
∣∣ > R(ε)

) ≤ K ε + C(b, σ , S, γ, μ)
exp(−2γ R(ε))

r(ε)μ(x0)
→ 0, ε → 0, (2.68)

when choosing, say, R(ε) = O(ε−η) with η > 0. This preceding result also holds when
T = Tε , since the appearing estimates did not depend on T .

Now consider x0 ∈ I c, assume w.l.o.g x0 > y, and let δ > 0. By (2.60) and Markov’s
inequality we can choose T0 := T0(δ, x0, y) > 0, independent of ε, such that for all ε > 0

P(τ y−1 (
Xx0

ε

)
> T0) ≤ supε>0 E τ y−1

(
Xx0

ε

)
T0

< δ. (2.69)

Notice that we use y − 1 ∈ I here, because we soon want to utilize (2.68) which was only
proved for interior points x0 ∈ I . Next, we have for sufficiently small ε > 0 such that Tε ≥ T0

P
(∣∣Xx0

ε (Tε)
∣∣ > R(ε)

) ≤ δ + P
(∣∣Xx0

ε (Tε)
∣∣ > R(ε), τ y−1 (

Xx0
ε

) ≤ Tε

)
.

The last term can be estimated using the strong Markov property again and (2.68) as follows

P

(∣∣Xx0
ε (Tε)

∣∣ > R(ε), τ y−1 (
Xx0

ε

) ≤ Tε

)
=

∫ Tε

0
Pε

(
y − 1, Tε − s, BR(ε)(0)

c) dP
τ y−1

(
X
x0
ε

)
(s)

≤ K ε + C(b, σ , S, γ, μ)
exp(−2γ R(ε))

r(ε)μ(y − 1)
.

Note in the step before that P(τ y−1
(
Xx0

ε

) = 0) = 0 since x0 > y. Hence, as ε → 0

lim
ε→0

P
(∣∣Xx0

ε (Tε)
∣∣ > R(ε)

) ≤ δ,

which yields the claim for the case x0 ∈ I c, as well. ��

Remark 2.15 In the proof of Proposition 2.14, instead of R(ε) = O(ε−η) one can also choose
R(ε) = −(2γ )−1O(log(r(ε)εη)) for ε → 0, η > 0, and get the same convergence result.

Corollary 2.16 Let Assumptions (C), (MET) and (CLT) hold and let Tε = O(ε−η) as ε → 0
with η > 0. Then for all δ > 0 and any x0 ∈ R

lim
ε→0

P

(∣∣Xx0
ε (Tε)

∣∣
√
Tε

> δ

)
= 0. (2.70)

In other words, X x0
ε (Tε)/

√
Tε converges in probability to zero as ε → 0.

2.3 An "-dependent Central Limit Theorem

In this section, we want to extend the results of the preceding sections by outlining and
proving an "ε-dependent" CLT under certain additional assumptions, i.e., for a given function
hε : R → R we want to prove

1√
Tε

∫ Tε

0
hε(X

x0
ε (t)) dt

D−→ N (0, τ 2), ε → 0, (2.71)
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where
D−→ denotes weak convergence of measures in R and τ 2 > 0 is the asymptotic

variance. The idea is based on the technique of the Poisson equation, which is classical in
the literature, cf. [25] or [26], and goes as follows.

Fix a continuous function hε ∈ L1(με) satisfying
∫
R
hε(x)με(x) dx = 0 with με as in

Remark 2.2. If there exists a solution �ε ∈ D(Aε) ⊂ C2(R) to the Poisson equation

− Aε�ε = hε, (2.72)

where Aε is the differential operator introduced in (2.4) with domain D(Aε), then applying
the Itô formula to �ε yields

1√
Tε

∫ Tε

0
hε(X

x0
ε (t)) dt = �ε(x0) − �ε(X

x0
ε (Tε))√

Tε
+ 1√

Tε

∫ Tε

0
σ(Xx0

ε (t))�′
ε(X

x0
ε (t)) dW (t).

(2.73)
Inspecting equation (2.73) we notice that, in order to obtain the CLT (2.71), we need to
control the first term in such a way that it vanishes in probability as ε → 0 and use a CLT for
the remaining stochastic integral. The latter claim is contained in [27, Exercise (IV.3.33)] so
that we merely state the result in the way that we require.

Proposition 2.17 For every ε > 0 let φε : R → R be a measurable function such that∫ Tε

0 φε(X
x0
ε (t))2 dt < ∞, P-a.s. If there exists τ > 0 such that

1

Tε

∫ Tε

0
φε(X

x0
ε (t))2 dt

P−→ τ 2, ε → 0, (2.74)

then
1√
Tε

∫ Tε

0
φε(X

x0
ε (t)) dW (t)

D−→ N (0, τ 2), ε → 0. (2.75)

To apply this proposition to (2.73) we first provide a lemma concerning the properties of
�ε and its derivative. The main ideas for this lemma are borrowed from the proof of Lemma
1.17 in [5] and are modified to our setting.

Lemma 2.18 Let Assumptions (C), (MET), and (CLT) hold. Assume that the functions hε ∈
L1(με) are continuous and satisfy∫

R

hε(x)με(x) dx = 0, sup
ε>0

‖hε‖∞ < ∞. (2.76)

Then the sequence of functions �′
ε , where �ε solves (2.72), is uniformly bounded.

Proof In this particular one-dimensional setting the function �ε is given by

�ε(x) = −
∫ x

0

2

σ(y)2με(y)

∫ y

−∞
hε(z)με(z) dz dy, x ∈ R, (2.77)

Its first derivative is

�′
ε(x) = − 2

σ(x)2με(x)

∫ x

−∞
hε(z)με(z) dz, x ∈ R. (2.78)

Recall the inequality (2.58)
cμμ ≤ με ≤ Cμμ on R,

and observe that by the integral condition in (2.76)

�′
ε(x) = − 2

σ(x)2με(x)

∫ x

−∞
hε(z)με(z) dz = 2

σ(x)2με(x)

∫ ∞

x
hε(z)με(z)dz, x ∈ R.
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Now, let S, γ be as in (CLT). By using (C) ii), the inequality in (CLT), and (2.76), we obtain
for x > S

|�′
ε(x)| ≤ 2Cμ

cμ

∫ ∞

x

|hε(z)|
σ(z)2

exp

(∫ z

x

2b(y)

σ (y)2
dy

)
dz

≤ 2Cμ supε>0 ‖hε‖∞
cμa2

∫ ∞

x
exp (−2γ (z − x)) dz = Cμ supε>0 ‖hε‖∞

γ cμa2
.

A similar estimate is also true for x < −S. For x ∈ [−S, S] it obviously holds

|�′
ε(x)| ≤ supε>0 ‖hε‖∞

cμa2μ(x)
,

which implies the claim. ��
For the next result, we also fix a continuous function h ∈ L1(μ) with

∫
R
h(x)μ(x) dx =

0, and consider

�(x) = −
∫ x

0

2

σ(y)2μ(y)

∫ y

−∞
h(z)μ(z) dz dy, x ∈ R, (2.79)

which solves the Poisson equation −A� = h with the differential operatorA given in (2.4).

Theorem 2.19 Let Assumptions (C), (MET), and (CLT), and Tε = O(ε−η) as ε → 0 with
η > 0 hold. Assume that the functions hε ∈ L1(με) are continuous and satisfy∫

R

hε(x)με(x) dx = 0, sup
ε>0

‖hε‖∞ < ∞. (2.80)

Additionally, assume that

τ 2ε :=
∫
R

σ(x)2�′
ε(x)

2με(x) dx →
∫
R

σ(x)2�′(x)2μ(x) dx =: τ 2, ε → 0. (2.81)

Then
1√
Tε

∫ Tε

0
hε(X

x0
ε (t)) dt

D−→ N (0, τ 2), ε → 0 . (2.82)

Proof Recall the equation (2.73)

1√
Tε

∫ Tε

0
hε(X

x0
ε (t)) dt = �ε(x0) − �ε(X

x0
ε (Tε))√

Tε
+ 1√

Tε

∫ Tε

0
σ(Xx0

ε (t))�′
ε(X

x0
ε (t))dW (t).

By virtue of Corollary 2.16, the first term on the right-hand side vanishes in probability as
ε → 0 because �′

ε is uniformly bounded by Lemma 2.18. For the second term, we first
bound

E

∣∣∣∣ 1Tε

∫ Tε

0
σ(Xx0

ε (t))2�′
ε(X

x0
ε (t))2dt − τ 2

∣∣∣∣
≤ E

∣∣∣∣ 1Tε

∫ Tε

0
σ(Xx0

ε (t))2�′
ε(X

x0
ε (t))2dt − τ 2ε

∣∣∣∣ + |τ 2ε − τ 2|,

and then apply Theorem 2.10 to get

E

∣∣∣∣ 1Tε

∫ Tε

0
σ(Xx0

ε (t))2�′
ε(X

x0
ε (t))2dt − τ 2ε

∣∣∣∣ → 0, ε → 0.
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By condition (2.81) it therefore follows

E

∣∣∣∣ 1Tε

∫ Tε

0
σ(Xx0

ε (t))2�′
ε(X

x0
ε (t))2dt − τ 2

∣∣∣∣ → 0, ε → 0.

Hence, the claim is established in view of Proposition 2.17 and Slutzky’s Lemma. ��

3 Application to Parameter Estimation

This section is devoted to a simple application of the previous limit theorems to a statistical
parameter estimation problem. Consider the following overdamped Langevin diffusion in
one dimension with a linear and oscillatory term in the drift and constants α, σ > 0

dXε(t) =
[
−αXε(t) − 1

ε
sin

(
Xε(t)

ε

)]
dt + √

2σdW (t), Xε(0) = x0. (3.1)

We omit the superscript x0 in Xx0
ε for this section. Using homogenization theory, see [10,

Chapter 3] or [4], it can be shown that the law P
Xε converges weakly to PX in C([0, T ];Rd)

as ε → 0 for fixed T > 0, where X is the solution of the SDE

dX(t) = −αK X(t)dt + √
2σKdW (t), X(0) = x0. (3.2)

Here, the constant factor K > 0 emerges from the cell problem of the homogenization and
equals

K := 1

Z+Z− , Z± := 1

2π

∫ 2π

0
exp

(
±cos(y)

σ

)
dy. (3.3)

It is fairly easy to see that all the conditions in (C), (MET), and (CLT) are satisfied. In
particular, the invariant densities με and μ of Xε and X , respectively, exist and are given by

με(x) = 1

Zε

exp

(
− α

2σ
x2 + 1

σ
cos

( x
ε

))
, μ(x) = 1

Z
exp

(
− α

2σ
x2

)
, x ∈ R,

where Z and Zε are normalization constants.
Wewant to estimate the parameter ϑ := αK appearing in (3.2) with observations coming

in the form of a single trajectory from (3.1). For simplicity, we assume that we know the
value σ := σK , e.g., from a prior estimation procedure. Such diffusion parameter estimation
problems with given multiscale data were analyzed, for example, in [16, 19, 28]. We propose
the following simple minimum distance estimator based on the characteristic function of the
invariant density μ at the point 1

ϑ̂Tε (Xε) := arg inf
ϑ∈�

∣∣∣∣ 1Tε

∫ Tε

0
exp(i Xε(t)) dt − exp

(
− σ

2ϑ

)∣∣∣∣ . (3.4)

This estimator is similar in spirit to the newly proposed estimator in [29] where the authors
give a more comprehensive analysis and review of the parameter estimation problem at hand.
Using differentiation, it is straightforward to obtain an explicit expression for this estimator,
namely

ϑ̂Tε (Xε) = − σ

2 log
(

1
Tε

∫ Tε

0 exp(i Xε(t)) dt
) . (3.5)

Consider the Poisson equations

− Aε�ε = hε, −A� = h, on R, (3.6)
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with the differential operators Aε and A corresponding to (3.1) and (3.2), respectively, and
with the functions

hε(x) :=exp(i x) −
∫
R

exp(iy)με(y) dy, h(x) := exp(i x) −
∫
R

exp(iy)μ(y) dy, x ∈ R.

We need the following lemma.

Lemma 3.1 Let α, σ, R > 0. Then

‖hε − h‖∞ ≤ C(α, σ ) exp

(
− 2σ

αε2

)
, (3.7)

and
sup

x∈[−R,R]
|�ε(x) − �(x)| → 0, as ε → 0. (3.8)

Proof In this proof, the appearing constants C(α, σ ) and C(α, σ, R) may change from line
to line, but they will, in any case, stay independent of ε. We will first prove the exponential
convergence in (3.7). First, notice that we can write for any z ∈ R

hε(z) − h(z) =
∫
R

exp(i x) [με(x) − μ(x)] dx

=
∫
R

exp(i x)

[
με(x) − Z+

Zε

exp
(
− α

2σ
x2

)]
dx

+
∫
R

exp(i x)

[
Z+

Zε

exp
(
− α

2σ
x2

)
− μ(x)

]
dx

= 1

Zε

∫
R

exp(i x) exp
(
− α

2σ
x2

) [
exp

(
cos(x/ε)

σ

)
− Z+

]
dx

+ Z Z+ − Zε

Z Zε

∫
Rd

exp(i x) exp
(
− α

2σ
x2

)
dx .

Observe that

Zε − Z Z+ =
∫
Rd

exp
(
− α

2σ
x2

) [
exp

(
cos(x/ε)

σ

)
− 1

2π

∫ 2π

0
exp

(
cos(y)

σ

)
dy

]
dx .

We will prove that

|Zε − Z Z+| ≤ C(α, σ ) exp

(
− 2σ

αε2

)
. (3.9)
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For this, we can use a series expansion and the binomial theorem to calculate the integral

1

2π

∫ 2π

0
exp

(
cos(y)

σ

)
dy = 1

2π

∞∑
n=0

1

σ nn!
∫ 2π

0
cos(y)ndy

= 1

2π

∞∑
n=0

1

(2σ)nn!
∫ 2π

0
(exp (iy) + exp (−iy))n dy

= 1

2π

∞∑
n=0

n∑
k=0

1

(2σ)nn!
(
n

k

) ∫ 2π

0
exp (i(n − 2k)y) dy

= 1

2π

∞∑
m=0

2m∑
k=0

1

(2σ)2m

1

k!(2m − k)!
∫ 2π

0
exp (2i(m − k)y) dy =

∞∑
m=0

1

(2σ)2m(m!)2 .

Similarly for ε > 0 and x ∈ R

exp

(
cos(x/ε)

σ

)
=

∞∑
n=0

n∑
k=0

1

(2σ)nn!
(
n

k

)
exp (i(n − 2k)x/ε)

=
∞∑

m=0

1

(2σ)2m(m!)2 +
∞∑

m=0

2m∑
k=0
k 
=m

exp (2i(m − k)x/ε)

(2σ)2mk!(2m − k)!

+
∞∑

m=0

2m+1∑
k=0

exp (i(2(m − k) + 1)x/ε)

(2σ)2m+1k!(2m − k + 1)! .

We will estimate the last two terms. For the middle term in the last appearing equation we
have with Fubini’s theorem, the fact that E exp(i t Z) = exp(−t2/2) when Z ∼ N (0, 1),
|m − k| ≥ 1. and the binomial theorem again

∣∣∣∣∣∣∣∣
∫
R

exp
(
− α

2σ
x2

) ∞∑
m=0

2m∑
k=0
k 
=m

exp (2i(m − k)x/ε)

(2σ)2mk!(2m − k)! dx

∣∣∣∣∣∣∣∣

≤
∞∑

m=0

2m∑
k=0
k 
=m

1

(2σ)2mk!(2m − k)!
∣∣∣∣
∫
R

exp
(
− α

2σ
x2

)
exp (2i(m − k)x/ε) dx

∣∣∣∣

≤ C(α, σ )

∞∑
m=0

2m∑
k=0
k 
=m

1

(2σ)2mk!(2m − k)! exp
(

−2(m − k)2σ

αε2

)

≤ C(α, σ ) exp

(
− 2σ

αε2

) ∞∑
m=0

1

σ 2m(2m)! .

(3.10)
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An analog estimate holds for the third term, namely
∣∣∣∣∣
∫
R

exp
(
− α

2σ
x2

) ∞∑
m=0

2m+1∑
k=0

exp (i(2(m − k) + 1)x/ε)

(2σ)2m+1k!(2m − k + 1)! dx
∣∣∣∣∣ ≤ C(α, σ ) exp

(
− 2σ

αε2

)

∞∑
m=0

1

σ 2m+1(2m + 1)! .

With these equations and estimates we therefore arrive at (3.9). Note also that we can get a
similar estimate for the term∫

R

exp(i x) exp
(
− α

2σ
x2

) [
exp

(
cos(x/ε)

σ

)
− Z+

]
dx

=
∫
R

exp(i x) exp
(
− α

2σ
x2

) [
exp

(
cos(x/ε)

σ

)
− 1

2π

∫ 2π

0
exp

(
cos(y)

σ

)
dy

]
dx

This is because in (3.10)we only have to replace exp(−αx2/2σ)with exp(i x) exp(−αx2/2σ)

so that we end up with the characteristic function of an unnormalized Gaussian again. With
these arguments, we can therefore conclude the proof of (3.7). As a byproduct, we have
just proved that με converges weakly to μ with convergence rates given in terms of their
characteristic functions, that is∣∣∣∣

∫
R

exp(i x)μ(x) dx −
∫
R

exp(i x)μ(x) dx

∣∣∣∣ ≤ C(α, σ ) exp

(
− 2σ

αε2

)
. (3.11)

Moving on to claim (3.8), we define

Hε(y) :=
∫ y

−∞
hε(z)με(z) dz, H(y) :=

∫ y

−∞
h(z)μ(z) dz, y ∈ R. (3.12)

Then for y ∈ R

|Hε(y) − H(y)| =
∣∣∣∣
∫ y

−∞
(hε(z) − h(z))με(z) dz +

∫ y

−∞
h(z)(με(z) − μ(z)) dz

∣∣∣∣

≤ ‖hε − h‖∞ +
∣∣∣∣
∫ y

−∞
h(z)(με(z) − μ(z)) dz

∣∣∣∣ .
The first term vanishes exponentially fast as we have seen above. The second term vanishes,
by weak convergence of μελ

1 because the function h1(−∞,y] is λ1-a.e. continuous and
bounded. Thus, Hε converges pointwise to H as ε → 0. Now fix x ∈ [−R, R] and consider
x > 0. The case x < 0 works the same. Recall the solution formulas for �ε and � in (2.77)
and (2.79). Then it holds

|�ε(x) − �(x)| =
∣∣∣∣
∫ x

0

Hε(y)

σμε(y)
− H(y)

σμ(y)
dy

∣∣∣∣

=
∣∣∣∣
∫ x

0

Hε(y) − H(y)

σμε(y)
dy + 1

σ

∫ x

0
H(y)

(
1

με(y)
− 1

Kμ(y)

)
dy

∣∣∣∣

≤ 1

σcμ

∫ R

0

|Hε(y) − H(y)|
μ(y)

dy +
∣∣∣∣ 1σ

∫ x

0
H(y)

(
1

με(y)
− 1

Kμ(y)

)
dy

∣∣∣∣ .
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Note that |Hε − H | ≤ 4 for all ε > 0, so that the first term converges by dominated
convergence. For the second term, we observe that∫ x

0
H(y)

(
1

με(y)
− 1

Kμ(y)

)
dy = Zε

∫ x

0
H(y) exp

( α

2σ
y2

) (
exp(− cos(y/ε)/σ) − Z−)

dy

+
∫ x

0
(ZεZ

− − Z Z+Z−) exp
( α

2σ
y2

)
dy

Very similar arguments that previously achieved (3.9) can be used to obtain∫ x

0
H(y) exp

( α

2σ
y2

) (
exp(− cos(y/ε)/σ ) − Z−)

dy ≤ C(α, σ, R)ε. (3.13)

Indeed, all we have to do is upper bound the following term in (3.10)∣∣∣∣
∫ x

0
H(y) exp

( α

2σ
y2

)
exp (2i(m − k)y/ε) dx

∣∣∣∣ ≤ C(α, σ, R)ε,

which can be accomplished with integration by parts. Hence, by (3.9) and (3.13), we have
for ε → 0

sup
x∈[−R,R]

∫ x

0
H(y)

(
1

με(y)
− 1

Kμ(y)

)
dy → 0. (3.14)

The claim (3.8) is finally proved. ��
The preceding lemma allows us now to prove asymptotic properties of the minimum distance
estimator for ε → 0.

Proposition 3.2 Let Tε = O(ε−η) as ε → 0 for some η > 0. Then, under the true parameter
ϑ0 = α0K with α0 > 0, as ε → 0

ϑ̂Tε (Xε)
P−→ ϑ0, (3.15)

√
Tε(ϑ̂Tε (Xε) − ϑ0)

D−→ N
(
0,

(
στ

2ϑ0 log(ϑ0)2

)2
)

, (3.16)

where

τ 2 = 2σ
∫
R

�′(x)2μ(x) dx . (3.17)

Proof Fix ϑ0 = α0K with α0 > 0 as the true parameter. First observe that

1

Tε

∫ Tε

0
exp(i Xε(t)) dt − exp

(
− σ

2ϑ0

)
= 1

Tε

∫ Tε

0
hε(Xε(t)) dt + hε(x0) − h(x0),

which converges in L2 (�,F,P) to zero as ε → 0 by Theorem 2.10, Remark 2.11, and
Lemma 3.1. Hence,

ϑ̂Tε (Xε) = − σ

2 log
(

1
Tε

∫ Tε

0 exp(i Xε(t)) dt
) P−→ ϑ0.

Furthermore, we can write

1√
Tε

∫ Tε

0
exp(i Xε(t))−exp

(
− σ

2ϑ0

)
dt = 1√

Tε

∫ Tε

0
hε(Xε(t)) dt+

√
Tε(hε(x0)−h(x0))

(3.18)
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By the exponential convergence of hε to h and the assumption that Tε = O(ε−η) as ε → 0,
we recognize that the second term goes to zero as ε → 0. The first term will converge weakly
to N (0, τ 2) by Theorem 2.19 as soon as we establish (2.81), that is

2σ
∫
R

�′
ε(x)

2με(x) dx → 2σ
∫
R

�′(x)2μ(x) dx, ε → 0. (3.19)

Integration by parts and using the Poisson equations in (3.6) shows that

σ

∫
R

�′
ε(x)

2με(x) dx =
∫
R

�ε(x)hε(x)με(x) dx,

�′
ε(x)

2μ(x) =
∫
R

�(x)h(x)μ(x) dx . (3.20)

We choose a sufficiently large R > 0 such that the integral∫
[−R,R]c

|�ε(x) − �(x)| μ(x) dx (3.21)

gets arbitrarily small uniformly in ε, which is, by Lemma 2.18, possible due to the uniform
integrability of the integrand. We can perform the following splitting∫

R

�ε(x)hε(x)με(x) dx −
∫
R

�(x)h(x)μ(x) dx =
∫
R

�ε(x)(hε(x) − h(x))με(x) dx

+
∫
R

(�ε(x) − �(x))h(x)με(x) dx

+
∫
R

�(x)h(x)(με(x) − μ(x)) dx .

The first term vanishes by virtue of (3.7) and Lemma 2.18. The third term vanishes due to
weak convergence ofμελ

1 and uniform integrability of�h with respect toμελ
1. The second

term can be estimated as follows∣∣∣∣
∫
R

(�ε(x) − �(x))h(x)με(x) dx

∣∣∣∣
≤ 2

[
sup

x∈[−R,R]
|�ε(x) − �(x)| +

∫
[−R,R]c

|�ε(x) − �(x)| με(x) dx

]
.

These terms go to zero as pointed out before and by (3.8). This proves (3.19), which, in turn,
implies

1√
Tε

∫ Tε

0
exp(i Xε(t)) − exp

(
− σ

2ϑ0

)
dt

D−→ N (0, τ 2).

The final claim (3.16) is now a simple application of the delta method to the function g(ϑ) :=
−σ/(2 log(ϑ)) and yields

√
Tε(ϑ̂Tε (Xε) − ϑ0) = √

Tε

[
g

(
1

Tε

∫ Tε

0
exp(i Xε(t)) dt

)
− g

(
exp

(
− σ

2ϑ0

))]

D−→ N
(
0,

(
στ

2ϑ0 log(ϑ0)2

)2
)

, ε → 0.

��
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4 Conclusion

In this work, we presented new limit theorems for one-dimensional diffusion processes Xε

that depend on a small scale parameter ε, for which the processes Xε converge weakly to
a limit diffusion process X . Under sufficient local regularity conditions on the coefficients
of the respective SDEs, recurrence assumptions, and sufficient explosion rates of the time
horizon Tε → ∞ as ε → 0, we were able to prove a mean ergodic theorem and a central
limit theorem for time integrals involving bounded test functions. We then applied these
new theoretical results to a simple statistical parameter estimation problem under model
misspecification in a continuous-time setting. The proposed minimum distance estimator,
based on the characteristic function of the limit invariant density, turned out to be consistent
and asymptotically normal under observations of the process Xε in the coupled long-time
and small-scale limiting regime, that is, Tε → ∞ as ε → 0.

We see two immediate chances for future research. The first one is the extension of
the limit theorems to unbounded test functions that are integrable with respect to the limit
invariant measure. This is certainly more useful for statistical estimation purposes where
moments of processes are an ubiquitous occurrence. We suspect that, in this case, one must
shift away the attention from the mean ergodic theorem and pursue an almost sure ergodic
theorem.After all, if the ultimate aim is the consistency or asymptotic normality of estimators,
then it is irrelevant if one has the mean ergodic or the almost sure ergodic theorem – even a
stochastic ergodic theorem in the sense of convergence in probability would suffice.

The second direction for future research is the generalization of the limit theorems to
multidimensional processes, e.g., multiscale fast-slow diffusion systems, cf. [10, 12, 14]. This
poses considerable challenges from several points of view. For example, the techniques for the
proof of the mean ergodic theorem are already not extendable to the multidimensional case
due to the local time process, whose effective use is limited to the one-dimensional setting.
Another difficulty is the question about the convergence of the asymptotic variances in the
central limit theorem, which is often proved using reversibility, a rather weak assumption
in dimension one, cf. equation (3.20), but fairly restrictive in higher dimensions. When
dropping the reversibility assumption, then condition (2.81) remains rather unclear in more
general settings. Thus farwewere only able to prove it case by case. Despite these preliminary
problems, the convergence in probability results in subsection 2.2 would be easier to establish
since they heavily rely on Schauder interior estimates, which can be proved analogously in
several dimensions. Furthermore, we believe that, by combining certain ideas from this
material and the newly established estimates in [14], it may be possible to obtain a mean
ergodic theorem for bounded test functions.
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