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Abstract

We present two limit theorems, a mean ergodic and a central limit theorem, for a specific
class of one-dimensional diffusion processes that depend on a small-scale parameter ¢ and
converge weakly to a homogenized diffusion process in the limit ¢ — 0. In these results,
we allow for the time horizon to blow up such that 7, — 0o as ¢ — 0. The novelty of
the results arises from the circumstance that many quantities are unbounded for ¢ — 0, so
that formerly established theory is not directly applicable here and a careful investigation
of all relevant e-dependent terms is required. As a mathematical application, we then use
these limit theorems to prove asymptotic properties of a minimum distance estimator for
parameters in a homogenized diffusion equation.

Keywords Mean ergodic theorem - Central limit theorem - Diffusion processes - Weak
convergence - Homogenization - Parameter estimation

1 Introduction

Dating back to Boltzmann’s ergodic hypothesis essentially stating that time averages converge
to ensemble averages [1], one of the driving principles of statistical physics is arguably the
one of ergodicity. This property can be observed and postulated for many dynamical systems.
Among these are also Langevin diffusions which play a central role in the field of molecular
dynamics, see for example [2, 3], where macroscopic properties and observables are inferred
from atomistic models usually under the assumption of ergodicity. In molecular dynamics
and many other fields, dynamics can be characterized by processes occurring across multiple
time scales. A mathematically convenient description for such dynamics is often given by
stochastic differential equations (SDEs). In particular, in the seminal paper [4], the authors
considered a class of multiscale overdamped Langevin diffusions as their data-generating
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model given by the SDE
Xe (1)

1
dX.(t) :—aV/(Xg(t))—fp/< )dt—i—«/ZGdW(t), te[0,T], (1.1)
€
where V is a large-scale potential, p is a 1-periodic function, and ¢ > 0 is a parameter
measuring the scale separation. This sequence of diffusion processes has a well-defined
homogenization limit for ¢ — 0 given by a Langevin diffusion with new coefficients damped
by a homogenization factor K <1

dX(t) = —aKV'(X(@)dt + V20 KdW(t), t€[0,T]. (1.2)

In that paper, the authors analyzed the maximum likelihood estimation built on basis of the
homogenized model equation (1.2) while subject to multiscale observations from (1.1) and
under the aspect of subsampling. Their established limit results are sequential in nature, that
is, they first let the time horizon T — oo and then ¢ — 0, where one of the main theoretical
tools applied here are limit theorems for diffusion processes. More precisely, if we consider
the solution X of the general one-dimensional It6 SDE

dX(t) = b(X())dt +5(X(1))dW(t), tel0,T], (1.3)

and suppose X has an invariant density u on R, then, under various assumptions, there are
limit theorems in the existing literature, cf. [5, 6], of the type

T
l/ h(X(t))dt — / h(x)u(x)dx, T — oo, (1.4)
T Jo R

for a suitable test function # with the convergence understood either in the mean or almost
sure sense, or as convergence in probability. Another closely related limit result is the central
limit theorem (CLT)

T
%/0 R(X(0) dt 2> N0, %), T — oo, (1.5)

for a function & centered with respect to p, where A/ (0, 72) is a centered normal distribution
with variance 2 > 0. Our main contribution in this paper is to extend the preceding two
types of limit theorems in the following way for a particular class of diffusion processes,
including (1.1), given by the solution X, of the one-dimensional SDE

dXe(t) = [fo(Xg(t)) + %fl (XST(I))] dt +o(X.(1)dW(n), 1€[0,T], (1.6
where ¢ > 0. Following the groundbreaking work of [7—10], the later works of [11-13], and
possibly the most recent contribution in [14], this puts us, under appropriate assumptions
on the coefficient functions, in the homogenization setting for SDEs. Homogenization for
SDE:s is a type of diffusion approximation in which the process X, converges weakly in
C([0, T]; R) to the process X as ¢ — 0 for fixed T > 0, where X is the solution to (1.3). The
homogenized coefficient functions b and & in (1.3) depend on foy, f1, o, and the invariant
measure of the fast process defined through Y, := X, /¢. In this framework, our aim is to

prove the following two limit theorems. Firstly, a mean ergodic theorem (MET) of the type
T,

L ha(Xg(t))dt—>/h(x)u(x)dx, e — 0, (1.7)
T, 0 R
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for a suitable sequence of functions /. depending on ¢ such that 2, — &, and exploding time
horizon such that T, explicitly depends on ¢ with 7, — oo as ¢ — 0. Secondly, we want to
prove a CLT of the type

T,
«/%/0 he(Xe (1)) dt N N(©,7%), &—0. (1.8)

The interest in these two limit theorems stems from the increasing emergence of parametric
and nonparametric estimation procedures for homogenized equations like (1.3), but with
observations coming from perturbed equations like (1.6). Although the laws of the processes
are similar in a weak sense when ¢ — 0, it turns out that many estimators cannot recover
homogenized quantities from perturbed observations, presumably due to a discontinuity with
respect to the weak topology. This has been repeatedly demonstrated; cf. [4, 15-17]. In the
aforementioned references, as well as in [18, 19], the authors utilize exclusively sequential
limits to prove asymptotic properties of their estimators, that is, they first let 7 — oo and
thene — 0, or vice versa. To the best of our knowledge, the case of taking coupled limits as in
(1.7) and (1.8) where almost every relevant quantity depends on ¢ has not been considered yet.
At first glance this coupling of time with the scale parameter might seem unmotivated, but, in
fact, it is particularly important when rigorously proving asymptotic normality of estimators
for misspecified models. To be more precise, in the statistical inference with misspecification
between data-generating model and model of interest, one often has to deal with quantities
like

1 T
ﬁ/o h(Xe(0)) — (M) dt,  (h)y ::/Rh(x)u(x)dx,

but, in order to analyze this quantity for a CLT, the function % needs to be centered with
respect to the correct invariant density, which is u,, the one associated with the process X.
Doing so, we obtain the splitting

1 r 1 T
ﬁ/o h(Xe () — (h) dt = ﬁ/o h(Xe() — (h)p, dt+«/?(<h>ug — (M) -

But here comes the crux. We cannot rigorously justify letting 7 — oo and then ¢ — 0 as in
the previously mentioned references due to the second summand. We let 7' depend on ¢, so
that we can leverage the two factors in the second summand and obtain a rigorous and logically
sound CLT. Some authors, such as in [19], derived a CLT for an estimator formally, but not on
the general mathematical level as we aim for. The avoidance of analyzing coupled limits can
possibly be attributed to the difficulty that many relevant quantities and bounds explode for
& — 0, so that classically established results in the literature for diffusion processes cannot
be applied directly. In addition to that, many results concerned with the homogenization of
SDE:s are obtained for fixed, finite time horizons 7" and ¢ — 0, so that existing bounds and
estimates in that field of study will be rather crude and insufficient in terms of 7" for our
purposes. Hence, with this work, we hope to lay the theoretical groundwork for the rigorous
asymptotic analysis of estimators for homogenized models when confronted with perturbed
data.

The main contributions of our work are the proofs of the two limit theorems, a convergence
in probability result stringently connected to the proof of the CLT, and a simple application to
parameter estimation in a continuous-time setting for homogenized models under perturbed
data. At this point, it is important to emphasize that we use different proof ideas and methods
from different references, and we will take great care in crediting the authors of the original
proofs; however, the e-dependence in all relevant quantities demands nonetheless a careful
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investigation and logical extension of existing proofs where no such e-dependence is present.
That one has to practice caution with tracking relevant quantities in ¢ is mostly due to the fact
that many of these quantities, e.g., the drift of X,, are not bounded in ¢ so that, for example,
even standard dissipativity assumptions fail at the ¢-level for ¢ — 0.

The main content of the article starts with section 2, which is itself divided into three
subsections. The first subsection deals with the precise definition of the framework, the
assumptions under which we will work, and the rigorous proof of the MET, which is stated in
Theorem 2.10. Subsection 2.2 is devoted to the proof of a required convergence in probability
result contained in Corollary 2.16. The last subsection 2.3 presents the proof of the CLT whose
statement can be found in Theorem 2.19. Finally, an exemplary application to parameter
estimation is discussed in section 3, with the main result being Proposition 3.2. Finally, in
the conclusion, we summarize the main contributions again and give remarks on potential
extensions of the results to more general test functions and to the multidimensional case.

2 On g-dependent Limit Theorems
2.1 An g-dependent Mean Ergodic Theorem

Consider a probability space (2, 7, P) with a filtration (F7),¢[0,0) that satisfies the usual
conditions, and a one-dimensional Brownian motion W := (W (), F);¢0,00) ON that
probability space. Assume further that there is another one-dimensional Brownian motion
W= (W ), j’-',) 1€[0.00) that is independent of W and lives on the same probability space.
This construction is feasible through a suitable extension of the original probability space.

Fix xo € R once and for all. Consider the following one-dimensional stochastic differ-
ential equation (SDE) in R, depending on a small parameter ¢ > 0,

dX:(t) = b (Xc())dt + 0(X(2))dW (), t>0, X.(0)=xo, (2.1)

with suitable Borel-measurable functions b.: R — R, 0: R — R, and assume, for the
moment, that there exists a unique, strong solution to this SDE on the given probability
space. We suppose a setting where X, converges weakly to another stochastic process X in
C([0,T]; R) as ¢ — 0. Here, X is the unique, strong solution to the stochastic differential
equation

dX() = b(X()dt +F(X()dW(t), t>0, X(0)=xo, (2.2)

with Borel-measurable functions b: R — R and o0: R — R. Note that 0 # o in general.

Under our Assumptions (C) and (MET), which will be introduced soon, the following scale
functions exist and are twice differentiable on R with strictly positive first derivative

fe(x) :=/ exp <—/ 2b£(y2) dy) dz, f(x) :=/ exp (—/ Eb(yg dy) dz.
0 0o oy 0 0o o(y)

(2.3)
These functions are harmonic with respect to the differential operators
1, 1,
Ag = b0y + 50 Oxx, A:=0boy+ 50- Oxxs (24)
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respectively, thatis A, f = 0and Af = 0. Setting &, := f; 0 X, & := f o X, and applying
the It6 formula yields the transformed stochastic differential equations

1
dé.() = ———dW (@), 0, &(0)= f.(xp), 25
& (1) e &) @, t> §:(0) = fe(x0) (2.5)
de(r) = dw (@), 0, £(0)= ) 2.6
&) SED) @), t> §(0) = f(x0) (2.6)
Here, the functions p, and p are given by
1 1
e (X) 1= , ==, 2.7
P = e ey P T S e @7

where g and g, are the inverse functions to f and f., respectively.
In the following we want to derive an "e-dependent" MET, i.e., under appropriate assump-
tions and for arbitrary initial conditions, we want to prove the validity of

1 (% 1 :
Bl [ Ceod- o [ ponoPal S0 eso0 @)
e JO Cpg R
where ¢.: R — R is a suitable measurable function, Cp, := fR ps()c)2 dx, e > 0, and

T. — oo as ¢ — 0. If we further assume the convergence

| |
— | (P () dy — */ e(Mp()dy, &—0,
Cﬂs R Cp R

for some function ¢: R — Rand C,, := fR p(x)? dx, then it follows that

2

E -0, ¢—>0. 2.9)

Te
7 [ ecoar- o [ owpora
e JO p JR
To prove (2.8) we will follow the material by Gikhman and Skorokhod, [20], on the one
hand and by Sundar, [21], on the other hand. They proved the MET for the case where no
e-dependence is present and the limit is established for 7 — oco. We will carefully adapt and
adequately combine the separate approaches whenever necessary.
In this work, we will constrict ourselves to the following assumptions:

Assumptions (C)

i) The functions b and & are locally Lipschitz-continuous on R and @ is strictly positive.

ii) The function o is locally Lipschitz-continuous on R and satisfies a < o < A on R for
some A,a > 0. Moreover, for each ¢ > 0 and N € N there exists a constant Ly > 0
such that for all x, y € [-N, N]

L L
1be(6) = (] = 3w = yl. b ()] < 31+ Ix].

Remark 2.1 Most homogenization results for SDEs are, to the best of our knowledge, estab-
lished under global Lipschitz assumptions, cf. [10-14], but, according to [9] it is possible to
have local assumptions as long as the solution to (2.2) has almost surely infinite explosion
time.

Assumptions (MET)

i) limy 100 f(x) = Fo00.
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ii) C, < o0.
iii) There exist constants cy, ¢, Cy, Cs > 0 such that for all ¢ > 0 and on R

cff/fféfcff/, 0 <0 < Cs0.

We are not suggesting that these assumptions are minimal requirements for the following
results to work. On the contrary, some of them, e.g., the pointwise bounds in (MET) iii), can
be rather restrictive and for certain proofs even superfluous. Indeed, the same results can be
obtained if, for example, in (MET) (iii) there exist two integrable functions k1, k; such that
crk1 < f{ < Cyrko on R. But in order to keep the exposition clear without repeating similar
arguments and altering assumptions over and over again, we will stick to them throughout
this work. Note, however, that we do not impose global Lipschitz assumptions on the drift
coefficients, as it was originally done in [20] and [21]. We also need to emphasize the
circumstance that the local Lipschitz and local linear growth constant in (C) ii) explode as
& — 0 and we need to let the test functions in the integrals depend on &. This makes the
analysis substantially more difficult.

Remark 2.2 As it has been established in [20, §18] and [21], but will also become apparent
here, the invariant density of a stochastic process X defined through an SDE such as (2.2)
exists whenever its corresponding scale function f(x) — 0o asx — 300, and the function
p? is integrable. In this case, the invariant density of X is given by

_ " 2b(y) e (220
w = oo ([ Zpar) 2= [mo0en ([ 5 00) ‘Z'lo

For fixed ¢ > 0 and under the same assumptions, a similar formula holds for the invariant
density of X, namely

1 * 2be(y) _ 5 / 26, (y)
He(x) 1= 7Z80(x)2 exp (/0 o) dy), Z; = A;{a(y) exp( L o2 dy)(zdlxl.)

Observe that an ordinary integral substitution gives

1T
I %(Xe(t))dt—/ e (X) g (x) dx
e JO R
1 [F 1 )
= ey di - - / 0o (8: (1)) e (x) dx,
Ta 0 Cpg R

indicating that it is indeed sufficient to prove the mean ergodic theorem for the solution of
equation (2.5). We start with a lemma that summarizes some properties, which follow from
Assumptions (C), (MET), and which will be used throughout what follows.

Lemma 2.3 Assume (C) and (MET).

i) Foreach of the SDEs defined in (2.1), (2.2), (2.5), (2.6) with their given initial conditions
there exists a unique, strong solution. Furthermore, for ¢ > 0 we have the moment
inequality

E [5()] < | fe(x0) exp(?), = 0. (2.12)

ii) There exist constants d,, D, > 0 such thatd, < C,, < D, forall ¢ > 0.
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iii) For every § > 0 there exists an M > 0 such that for all ¢ > 0

/ pe(y)?dy < 8.
Iyl>M

Proof

i) Strong uniqueness for (2.5), (2.6), and inequality (2.12) are a consequence of [22, Theorem
3.5]. Compare also with [22, Example 3.10, Appendix A.2]. Strong uniqueness for (2.1), (2.2)
follows from [23, Proposition 5.5.13]. Note that, according to Feller’s test for explosions, the
solution processes do not explode in finite time due to (MET) i).

ii) This follows by a simple integral substitution and (MET) iii), namely

dy 1
Cp, = e 2d :/ = / zd =D,
Pe /Rp (y) y ]Ro(y)zfg’(y) = Cng RP()’) y 14

and, similarly, for the lower bound.

iii) First note that by (MET) iii) we have for any ¢ > 0
crf<fe<Crf, onR. (2.13)

Now let § > 0 be arbitrary. Due to (MET) ii) we can choose M > 0 such that

/ p(y)zdy < (SC(ZTCf,
[y[>M/(cyVvCy)

where ¢y Vv Cy :=max{cy, Cr}. Using this, (2.13), and the strict monotonicity of f, f;, g,
and g., we can therefore estimate for all ¢ > 0

/ pe(y)zdy :/ Ciy, = 21 / #
Iy|>M =M WL T cger Jiray=myevey) @)

1 /
2
CeCf JIyl>M/(cpvCy)

p(»?*dy < 8.

[m}

Under Assumptions (C) and (MET), we define for any x, y € R and ¢ > 0 the stopping
time 7 (£§7) := inf{s > 0| &) (s) = y}, i.e., the time that the process & solving (2.5) and
starting in £} (0) = x requires to get to the point y for the first time. Note that, by [20, §16,
Theorem 1],

P (supéé‘(t) = oo) =P (inf INOES —oo) =1,
=0 t>0
so that P(t” (£F) < o0) = 1, that is to say, & is a recurrent process. Set also 7(@?) (£7) :=
inf{s > 0[&}(s) ¢ (a, b)} for any interval (a, b)) C Randx € (a, b). By [20, §15, Corollary
15] and some easy rearrangements of terms we get the following formula

b x

— b—

Er@? (g) = z Z / 20 — 2)pe(2)* dz + ﬁ/ 2(z — a)pe(2)* dz.
- X - a

The proof of the following result is found under [20, §18, Lemma 1]. As ¢ > 0 is fixed in
this case, nothing needs to be modified.

@ Springer



35 Page8of35 J. 1. Borodavka, S. Krumscheid

Lemma 2.4 Under Assumptions (C) and (MET), we have for any x,y € Rwithy < x
o0 X
B0 (@) =20-0 [ n@dia2[ Goyp@id @)
x y
and forx <y
x y
Et” (&) =20y — X)f ps(2)* dz + 2[ (v — 2)pe(2)? dz. (2.15)
—00 X

Proposition 2.5 Let (¢:)c~0 be a uniformly bounded sequence of Borel-measurable, real-
valued functions on R. Under Assumptions (C) and (MET), it holds for any x,y € R and
e>0

4supgo @ellooDplx — ¥l

. @1
< T. (2.16)

1 (% 1 [T
_ X o y
- /0 Eon€0)dr - /O E¢e (8 (1)) dt

Proof The proof is basically analogous to the original one, see [20, §18, Remark 1, Lemma
2], with the only difference being the estimate

Et” (&) < 2Dplx — yl,
which is an immediate consequence of Lemma 2.4 and Lemma 2.3 ii). O

Before we proceed, we have to introduce a sequence of nondecreasing stopping times that will
aid us several times in the subsequent proofs. The introduction of this stopping time is mostly
a technical inconvenience due to the local Lipschitz assumptions, but, nonetheless, required

to make everything rigorous. In the subsequent material, notation like (M§ ®, }',) r€[0.00)

stands for a real-valued stochastic process (Mf (t)) 1e[0.00) that is adapted to the filtration
(F1)tef0,00)- To carry out the localization procedure through the stopping times, fix ¢ > 0,
x € R, and a bounded, Borel-measurable function ¢, : R — R. We define the following
processes

t
K¢ (1) ;:/ pe(6. (s)ds, t€]0,00), (2.17)
0

t
M (1) :=/0 sgn(&5(s) — ), "(EX () dW(s), te€[0,00), zeR, (2.18)

where sgn is defined to be left-continuous, i.e. sgn = 1L (0,00) — L(—c0,0;- The appearing
integrands, thus the integrals, are measurable and adapted to the filtration (F;);¢[0, o0)- Observe
that for any t > 0

t
/ 07 HES () ds <t sup p A(EF(s) < 00, P-as.,
0

0<s<t

by the continuity of ,05_1 and &7, so that (MsZ (1), f,)te[o o) € M1 for each z € R and

e > 0, where .#% ! is the space of continuous, local martingales starting in zero. Denote
by (M) the quadratic variation process for M € .# 1. Given the boundedness of ¢, and
the fact that d (MZ); = p-2(£)(s)) ds, a similar argument shows that

t
(Ié(t) ::/ Kg(s)dMgz(s),]—‘t) c o loc.
0

t€[0,00)
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for each z € R. Hence, there exists a nondecreasing sequence of stopping times (7°™")en
of (F1)te10,00) such that 7" — oo P-a.s. asn — oo and

(MZ(t ATP™), Fr) (12 ATf), Fr) € My, (2.19)

t€[0,00) ’ tel0,00)

foreachn € N, where t A 7*™" := min{z, 7,;*"" } and .5 is the space of continuous, square-
integrable martingales starting in zero. Note that the quadratic variation process of /7 is given
by

t
(I2), = / K:(s)2 0,2 (s))ds, t>0.
0

In particular, it does not depend on z € R. Therefore, and because (/7) and &} are continuous,

we can additionally choose the localizing sequence 7,°"" in such a way that

(If). pgger <, and X (- AT <n, P-as., (2.20)

for each n € N and all z € R, where we use the notation &7 (- A 5% for the map
[0,00) = R; t > EX(t A Ty*") elementwise on Q and similarly for (I7), e

In addition to that, recall the Meyer-Tanaka formula for a continuous, local martingale,
say Y (t) = Y (0) + M (¢) with (M (1), Fi)ie0,00) € A© loc thatis, forz € Rand s > 0

t
|Y(t)—z|=|Y(0)—z|+/ sen(Y(s) —2) dM(s) + L3(Y), P-as. 2.21)
0

Here, L (Y) is the local time process for ¥, cf. [23, Theorem 3.7.1]. Recall also the occupation
density formula, which gives us for every Borel-measurable function k: R — [0, co) the
identity

t
/ k(Y(s)d(M)s=/k(z)Lf(Y)dz, t >0, P-as. (2.22)
0 R

We will now utilize these formulas and the introduced sequence of stopping times to
prove a result similar to Proposition 2.5. The proof idea is borrowed from [21], but note that
we do not assume global Lipschitz assumptions here and we need an explicit estimate rather
than just a qualitative convergence statement.

Proposition 2.6 Let (¢;)e>0 be a uniformly bounded sequence of Borel-measurable, nonneg-
ative functions on R with Ug~o supp(¢e) C [—R, R] for some R > 0. Under Assumptions
(C) and (MET), it holds for any x,y € Rand e > 0

8sup,.g llgellooDplx — ¥l

2 (T 2 (T
—/ tE . (67 (1) dr — —2f tEg. (6] (1) dt| <
0 Ts Jo

T2 T,
(2.23)
Proof Assume without loss of generality that x > y. Using Fubini’s theorem, we first have
2 (T 2 (T
X
72 J, 1B (&7 (1) dt — 7z /0 tEqc (57 (1)) dt

2 (T T ,
=72 ), / E e (67 (1) —E @ (67 (1) dt ds

T

2 £ 2 T: K
—7 [ Beco -Ea@oa- o [TE [ weo - eeadaas.

T: Jo T Jo 0
(2.24)
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Define the sequence of stopping times 7, := 7,/*"* A7,/ through the previously constructed
stopping times. With the occupation density formula (2.22) we can write for any s € [0, 00)

SATy
E /0 @e (82 (1) — 9 (6 (1)) dt = E A;{%(Z)pa(z)z[ L, (BN — LE,, (ED)] dz.
(2.25)

The Meyer-Tanaka formula (2.21) gives P-a.s.
SATp |
Ling, &) =6 (s ATy) —z] =[x — 2] —/0 sgn(&; (r) —2)p, (£ () dW(r),

and, similarly, for L ,,, (&)). The respective stochastic integrals in these formulas are mar-
tingales, cf. (2.19), starting in zero and, thus, have expectation zero. Hence

E [Ling, 65 = Ling, €D)] = 187 (sAT) =zl —|x—2z|=E &) (sATw) —z|+]y—z]. (2.26)

With the uniqueness of the solution of the SDE (2.5) and x > y, a stopping time argument
shows that £} (r) > gl (r) forall r € [0, 00), P-a.s. Using this fact, a simple case distinction
shows that

E|$§(S/\fn)_z| _E|$gy(5/\fn)_z| <E [%‘;(S/\Tn)_sg(S/\Tn)] =XxX—=y
ly—zl=lx =zl =x =,
where we used the martingale property in the first line. Therefore,

E [Lig, (65) = Ling, D] < 2(x — ). 2.27)

Observe that by (2.20), the compact support of ¢,, and the Burkholder-Davis-Gundy inequal-
ities we can upper bound

/st(z)lpa(z) Lg,q, (62)dz
<E /R |9e ()0 () [1€ (s ATa) — 2] + |x — 2
] d
< ”‘Pa”oo/ pe(@)? [EIES (s A )| + Ix| + 21z ]
[-R.R]

:| dz
12

< l¢slloo D, [n +|x| + 2R + BE <1§>Wn] < lgellooD, [1+ 1] + 2R + Bn'/?] < oo,

+ ’/0 Csen(EX () — Do EE ) AW ()

SATy
+E ’ /0 Sen(EX (1) — p; (€5 () AW (r)

where B > 0 is the universal constant coming from the Burkholder-Davis-Gundy inequali-
ties. A completely analog estimate is obtained when L{ .., (£§)) is replaced with L ,,, (&).
Hence, we can use Fubini’s theorem together with (2.27) to obtain the estimate

B [ 06000 [Ling, (€)= Ling, )] d =26 =) [ gerpe(o?az
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Letting n — oo, the dominated convergence theorem implies in (2.25) for any s € [0, 00)
N
B [ o) - o0 dr <26 - ) /R 9e(@pe (2P dz < 2(x — y) sup g lloe Dy
0 >0

Therefore, we conclude from (2.24) and Proposition 2.5

8sup,.o lgellooDp(x — y)
T ’

2 (T 2 (T
ﬁ/o Ewg(ég‘(t))tdt—ﬁfo E e (& (D)t dt| <

&

[}

The proof of the next stationarity result can be obtained, once again, by the same arguments
as in the original material in [20, §18].

Corollary 2.7 Under Assumptions (C) and (MET), we have for any Borel-measurable function
0e: R — Rwith fR |(,05()c)|,05(x)2 dx < ocoandfort >0

fR E g (82 (1) pe () dy = /R 9 (0P (M) dy. (2.28)

The following lemma gives us another key ingredient for our sought-after main result.

Lemma 2.8 Let (¢;)e~0 be a uniformly bounded sequence of Borel-measurable, nonnegative
functions on R. Under Assumptions (C) and (MET), it holds for x. := f¢(x¢)

1 % 1
— / E e (£ (1)) dt — — f %(y)pg(y)zdy‘ -0, &0, (2.29)
T£ 0 Cps R

and, similarly, if Ugsosupp(@es) C [—R, R] for some R > 0, then

2 (F 1
= [ rEeeroa- [ %(y)ps(y)zdy‘ 0. 0. (2.30)
TE 0 CPE R

Proof We will only prove the first claim (2.29) as the proof of the second claim works the
same. For that second claim we would only have to replace estimate (2.16) with (2.23) in the
following.

To prove claim (2.29), we first obtain from equation (2.28)

1

Te 1
— | Eee&f@)dt — — | 9.(y)pe 2d’
Te/[) e (§:5(1)) CpsflRw(y)p ) dy

1

1 Ts Te
—|= /0 E e (2 (1)) di / Py dy — o / E 00 (&2 (1)p: () dy dt
Pe

T

1
C

1 [T
(7 fo E e (82 (1)) — E@a(£) (1)) dr) e (»)? dy’

1
d— [2 sup ||¢’a||oo/ pe()? dy
[xe—y|>T;

e>0

+/
[xe=yI=Te

1 [T ,
7/ E@e (65 (1)) —E @ (&) (1)) dt
e JO

pe(y)? dy] :
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For the second term inside the brackets we use estimate (2.16) to get

1T 1
— E @ (&5 (1)) dt — — A o 2d ‘
Ta/() @e (5.7 (1) c,. thp M ps () dy

(2.31)
- 2sup, o 1¢e lloo

2 ZDP 2
<— pe(¥) dy + —— |xe — ylpe(¥)“dy|.
dp xe—y|>T: Te Jix—yi<T,

Now let § > 0 be arbitrary. By Lemma 2.3 iii) we can choose M > 0 such that for all ¢ > 0

/ ps(¥)*dy < 8.
[y[>M

Therefore, for sufficiently small ¢ > 0 we have with (2.13)

/ pe(y)2dy < / pe(y)dy < / pe(y)?dy <8,
[xe—y[>Te [y1>Te—Ixe| [Y[>Te—(crVvCp)lf(x0)l

and
1

Te Jix.—yi<t,

1
=— [/ lxe — Ylpe(»)> dy + / lxe — ¥l (1)? dy]
Te Lixe—yI<Ts, Iyl<M ke —yI<Ts, lyl>M

Ixe — yloe(»)2 dy

(cr VCOIfxo)l + M| D
Lerve ] o R
Te yl>M
v C M| D
S[(cf PIf o)l +M] D, s
T;
Thus
. 1 Te 1 2 su (1 +2D )
lim sup 7f Egﬁg(égf(l‘))dt— 7/ wg(y)pg(y)zdy < Pe>0 ll@e ll oo ps
e—0 | Te Jo Cpg R dp
Letting § — 0 yields the claim. 0

The next lemma will be used twice in the proof of the MET. Compared to the results in
[21], we again resort to localization arguments with the previously introduced sequence of
stopping times.

Lemma 2.9 Let ¢, Y. be bounded, Borel-measurable, nonnegative functions such that
supp(¢s) C [—R1, R1] and supp(¥.) C [—Ra, R2] for some Ry, Ry > 0. Set 7, 1= 1°"*.
Under Assumptions (C) and (MET), we have for all ¢ > 0 and n € N

TenT), Te ATy,
E/O %(Eé“'(?))/ Ve (525 (s)) ds dt
' (2.32)

YYNTS
_E /R Ve (D)pe (22 /0 e €5 () [JE5 (Tu A ) — 2] — £ (1) — 2] dit dz.
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Proof Applying the occupation density formula (2.22) gives P-a.s.

Te Aty Te ATy,
/O @ (E7° (1)) f Ve (£ (5)) ds dt
t
Te ATy
= / @e (E5 (1)) / Ve (@p: (2 [ L, v, €50 = L) dz e
0 R

Te ATy,
= / Ve (2)pe (2) f 0 (&5 ) [ L5, (63) — Li(€2) | dr dz,
R 0

where we used Tonelli’s theorem in the last equality since L7 (£:°) is nondecreasing in ¢. The
Meyer-Tanaka formula (2.21) yields P-a.s.

L7, pg, (65 = Li(5)

Te ATy
=16 (Te Aty) — 2l — [E5° () —z| — / sgn(&X (s) — 2)p; (X () AW (s)
t

=165 (Te At) — 2l = 152 (1) — 2l = [ME(Te A1) — ME(D)],

so that P-a.s.

Te Aty TeNTy
/0 @ (£ (1)) / Ve (E)(s)) ds dt
t
Te ATy
= /Rlﬂs(z)ps(z)z[/o e (2 (1) [1€5 (Te A 1) — 2 — |85 (1) — zl] dt

TNty
- / e (2 (1)) [ME(T: A 1) — ME(1)] dt}dz,
0
since MZ, &;° are continuous processes P-a.s. and ¢, is bounded with compact support.

Stochastic integration by parts implies P-a.s.

Te ATy,

T: ATy
/ Ke(t) dAME() = Ko(Ty A t) ME(Tu A 1) — f ME(O@e (&2 (1)) dt
0 0

Te ATy
= [0 0s (&5 (1)) [ME(Te A 1) — ME(1)] dt,

that is, we have P-a.s.

Te ATy, Te ATy,
/0 %(Eé‘f"(t))/ Ve (525 (s)) ds dt
t
Te ATy
= /Rl/fg(z)pe(z)Q[/o @ (EX (1) [162 (Te A1) — 2| — 1§7° (1) — zl] dt
Te ATy
- / Ko () dMgz(t):|dz.
0
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35 Page 14 0f 35 J. 1. Borodavka, S. Krumscheid

We require integrability to apply linearity and Fubini’s theorem with respect to E in what
follows. For this, observe that by (2.12) and (2.20)

Te ATy,
E/O QDE(E;CE(I))/RWE(Z):OS(Z)Z[|§gS(T£/\Tn)_z|+|$§x8(t)_Zl]dzdt

1 [T
=Tellgelloo Ve lloc Dp <IE €5 (Te A T)| + 2Ry + A / E &5 @) dt)
e JO

| fe(xo)| [Te
< TellgelloollVelloo Dy <n +2Ry + ET / exp(t) dt | < oo,
& 0

and using the Burkholder-Davis-Gundy inequalities we can upper bound with a universal
constant B > 0 and (2.20)

1/2

Te Aty
E / ws(Z)pa(Z)z ‘/ Ke (1) dMgZ(t) dz < B/ ‘//S(Z)PS(Z)ZE(Igz)TEATn dz
R 0 R

< BlYellooDpn'’? < 0.

Hence,

Te ATy, Te ATy
E/o %@fe(f))/ Ve (525 (s)) ds dt
t
Te ATy
= /RWE(Z)/O&(Z)Z[E /0 (.05(5;68 ®)) [|E§€(Ts ANTy) —2z| — |$§S(l‘) - Z|] dt

Te ATy
—E / K. (1) dMgz(t):|dz.
0

Finally, we use the fact that the last displayed expectation is zero due to (2.19) to reach the
claim. O

Using these preparatory results, we are now in a position to state and prove the MET.

Theorem 2.10 Let (¢:)e>0 be a uniformly bounded sequence of Borel-measurable, real-
valued functions on R. Under Assumptions (C) and (MET), it holds for x. = fe.(xo) and
Te > ocoase — 0

2

E —~0, &— 0. (2.33)

1 Te Xe 1 2
T /0 T /R 0 (5)pe ()2 dy

Remark 2.11 In terms of the original quantities, i.e., with the process X 20, that solves (2.1)
and starts in xg, and the invariant density (. in (2.11), the limit result (2.33) reads as

2

E —~0, £—0. (2.34)

1 [T
7[ @ (X30()) dt—/ 0s(Mpe(y) dy
e JO R
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Proof We will first prove the result for the case where the functions ¢, are nonnegative with
Ue=0 supp(¢s) C [—R, R] for some R > 0. Note that we can write

2
E

1 [ 1
ff Qe (E7° (1) dt — F/ 0e (1P (M) dy
0 pe JR

T:
2 2
1 1
=E [ } - (C— / 0e (1) pe (¥)? dy)
pe JR

T,
—E(lfTe @Xf(r))dt—i/ ) ()Zd) 2f Mpe(»)*d
7. Jo Pe(Se Cpg R‘Peypey y C,og RWaypsy y.

It is enough to prove
2 1 2
} - ( c / ws(y)my)zdy) <0, (233
pe JR

T
/0 @ (625 (1) dt

1k
?/0 e (6:° (1)) dt =

&

e—0

limsup E |:

because then (2.33) follows from the assumptions and Lemma 2.8. For this, let § > 0 be
arbitrary. Choose M > 0 such that for all ¢ > 0

/ pe(y)dy < 8.
y>M

With the sequence of stopping times (t,),en from the preceding proof of Lemma 2.9 we
have foralle > Oandn € N

TNty TNty
]E/O %(Sé‘g(t))/ Pe (5 (s)) ds dt
t
(2.36)

Te ATy
=E A%(Z)ps(z)zfo Qe (€5 (1)) [IEX (Te A 10) — 2| — 182 (1) — zl] dt dz,

and

T: ATy Te ATy
E fo 0o €5 (1)) / Liaran €5 () ds d
t
, (2.37)
:E/H Mpg(y)zfos " e &5 (0) 187 (T A ) — ] — 1E5 (1) — y|] dr dy.
First observe that

Te ATy, 2
/ps(y)zdyE U/ e (E5 (1)) dt }
R 0

2 Te ATy
=< <Sup llee “oo) E(T: A -[’1)25 + / ,05()’)2 dyE |:‘/ %(cff‘g (1)) dt
lyl=M 0

e>0
2i|

2:|
2 T ATy
=< <SuP llee ||ong> ) +/ Ps()’)z dyE ‘/ @ (25 (1)) dt
lyl=M 0

e>0
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35 Page 16 of 35 J. 1. Borodavka, S. Krumscheid

Let us analyze the second term in detail. Fubini’s theorem, equation (2.36), and the triangle
inequality enable us to estimate
2}

5 N
/ pe(2dyE ‘ / 0o (62 (1)) dt
lyl=M 0

) Te ATy Te At
=2 f pe(y)" dyE / Pe (&5 (1) / 0e(E2° (5)) ds dt
[yl=M 0 t

Te Nty
—2E / pe(y)? / 0e ()pe () / e (€65 () [IE5 (Te A ) — 21 — |E8° (1) — 2] dit dz dy
[yl=M R 0
) 2 Te Nty
szlEfH o) /Rws(z)ps(z) /0 e (65 (0) [162° (Te A ) — ¥1 — I8 (1) — yl] di dzdy
yl<

Te ATy
+4E / pe()? / ¢e (e (2)? f ge (&7 (0)]y — 2l dr dzdy
lyl=M R 0
For the first term of the last inequality we have by equation (2.37)

Te ATy
E ./H Mpa()’)2/R(ﬂa(Z)Ps(Z)2v/(; (pg(fgf(z)) [‘ggs(]‘g Ath) —y| — |§gs(f)—y\]dtdzdy
yi=

) Te AT Te Nty
Z/R%(Z)ps(Z) dzﬂ‘l/() %@gg(l))/ Tr—p, m1 (€ () ds di
t

Te ATy

< /R ¢s(2)ps(2)? d2E /0 e (EX () (Te Aty — 1) d

For the second term it holds by the assumptions

Te ATy
’E/ pg(y)Z/ fpg(z)pg(z)zf @ (EF()|y — zldtdzdy
Iyl<M R 0

TNty
<E / 0o (€5 (1)) dt / pe [ 0e@pe@Ply — zldzdy
0 |yl<M |z|<R

2
=< <SUP ”905”0on) (M + R)T.

e>0

Therefore, combining all these estimates yields

Te ATy 2
f pe(y)?dy E U / e (EX (1)) dt }
R 0

2 2
= <SuP ll e ”ooTa) 5+4 <Sup ll e ||oon> (M + R)T;
e>0

e>0

Te ATy
+2/ W@(Z)ps(Z)deE / ws(S;s(t))(Ta/\Tn_t)dt-
R 0
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Letting finally n — oo and using the dominated convergence theorem gives the estimate

T, 2
/ pe(y2dyE U / 0o (€ (1)) dt }
R 0

2 2
=< (Sup ||‘P£||ooTs) s+4 (Sup ||‘P£||ooD,o> (M + R)T;

>0 >0

T,
) /R 0e(2)pe(2)? d2E fo 0o €5 (0)(T, — 1) d1.

Hence,

1 (%
E [ E/o @ (E;5 () dt

2 2
— (L/ (2)pe(2)? dz)
Cpg e Pe e

<! (e dz | SE
m;¢€ Z)Pe(Z Z 72

Te X 1 2
<C, ; /0 e (25T — 1) dt — CT;S/R%(Z)'OE(Z) dZ]

2
(SUP ||§0s||oon) (M + R)

S 2
+ — ( sup [lecll ) +
( p el CpgTs e>0

dp >0

The RHS converges by Lemma 2.8 to (sup€>0 [l pe ||OO)2 8/d, as e — 0, so that

1 2 1 2 5 2
limsup (E —( st(Z)Ps(Z)Z dz) <— (SUp II%\Ioo) .
e—0 Cpg R dp e>0

Ts
— f @ (E7° (1)) dt
(2.38)

T; 0
Letting 6 — 0 eventually yields the claim (2.35). Thus, the convergence result (2.33) is
established for Borel-measurable, nonnegative functions ¢, with sup,_g [[¢s]lec < 00 and
Ue=0 supp(¢e) C [—R, R] for some R > 0. We extend the convergence result now to
measurable, nonnegative functions ¢, with sup,_ [|¢sllec < oo. For this, let 6 > 0 be
arbitrary and choose again M > 0 such that forall ¢ > 0

/ pe(y)dy < 8.
lyl>M

Set 1/f(m) = @ L[_pp* m+) With m™ := m*(m) := m v M, m € N. Then we can upper bound

2
E

1/% €y di— 2 [ oy d
TSO%SQ c %ypey y

o[

=

1T
= / 0o €5 (1)) df — / v e o]
e JO

2

/ Y (g (1) di — —— / 0e (M e () dy
CM: R

)

1
. (m) _ 2
+‘Cpg /R( e () %(y)) pe(y)°dy
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35 Page 180f 35 J. 1. Borodavka, S. Krumscheid

We estimate the first term as follows

| (m)
E */(; pe(&:° (1) dt — / Ve (& (f))dl

T;

2

1 Te X X,
=F ?/0 @e (Ee* (D)L mrye (B2 (1)) dt

2
< (sup II%IIOO)
€>
2
_4<sur> ||¢’8||oo) E
e>0
2 1 2
2
4<sup ||goa||oo> (C— [ dy)
e>0 pe J|y|>m*

2 2 5\2
4 (sup ||<pg||oo> E N (I) ,
e>0 P

where the last upper bound converges to 4 (supwo loell OO(S/alp)2 ase — 0. By our previously
established result in this proof, we also have the convergence of the second term forany m € N
as ¢ — 0. The third term satisfies

1
Cps

T 2
I_L/SH ) (E2° (1)) dt
7 Jo [—m* ,m*]\Se

2

1 [T x 1 )
— Tr_,% % ) dt — — d
T, /0 [—m*,m ](Ee () Cpg Iyl <m* pe(y)=dy

1 /Ts 1 )
e L ) (E2° (1) dt — — pe(y)~dy
7. Jo [—m*,m*] Cp — e

2
= IL[7m*,m*]”p€ (y)2

S 2
< (Sup II%IIOOKT) .
e>0 P

2

[ (#70) = 0:) 0.7 a3

In summary, we have

limsup E

e—0

5 \2
540<SUP||¢allmj> ,
e>0 P

1 (% 1
/ Qe (87 (1)) dt — F/ 0e (V) e ()* dy
5 0 pe JR

which implies, by letting § — 0,
2

limsup E <0.

e—0

1 (% 1
/ oo ()t — / 0: (1)pe (1) dy
0 pe JR

8

Hence, the convergence result holds for a uniformly bounded sequence (¢;)¢~0 of Borel-
measurable, nonnegative functions on IR, too. The asserted full result is now straightforward
and can be accomplished by splitting the test functions into positive and negative part and
applying the preceding result to these nonnegative functions. O

2.2 Convergence in Probability Result

This section is concerned with the convergence in probability to zero of the quantity
X (Te)//T: as € — 0. The final result is contained in Corollary 2.16 at the end of this

@ Springer



Limit Theorems for One-Dimensional Homogenized... Page190f35 35

section. Most of the crucial proof ideas of this section originate from [22, Chapter 4], but, as
in the preceding section, we must practice caution due to the e-dependence.

The first major step towards Corollary 2.16 is establishing Schauder interior estimates
for the parabolic equation

oug(t,x) — Agu(t,x) =0, te€(0,T), xeU, (2.39)

where A, was defined in (2.4), T > 0, and U is an open, bounded interval in R. Let us
introduce additional terminology that is commonly used in the analysis of parabolic partial
differential equations. For o € (0, 1) we say that a function f': (0, T) x U — R is locally
Hoélder-continuous on (0, 7)) x U with exponent o € (0, 1) if for any closed subset D C
(0, T) x U there exists a constant H > 0 such that for all (¢, x), (r, y) € D it holds

2
1Fx) = foroy) < H[1x — P+ 1 — (] (2.40)
Furthermore, we define the function d: [0, 00) x U — R by
d(r, x) :=dist(x, U) A1, t€[0,00), x€U. (2.41)

At last, for m € Ny and o € (0, 1) we define the norms

ld™, fla == sup  |d(@t, )" f(t,x)]
(t,x)e(0,T)xU

242
+ sup ld(t, x) Ad(r, y)|" @ /.0 = fr. )] . 24
(t,%), (r,Y)€0, T)x U [lx =y +1t— r|]°‘/
(#,x)#(r,y)
Observe that whenever the norm |d™, f| is finite for some m € Ny and o € (0, 1), then f
is locally Holder-continuous on (0, 7)) x U with exponent .

The following result, whose proof is standard in the literature for partial differential
equations (PDEs), see [24, Chapter 4], requires, although very technical, merely an explicit
tracking of the constant appearing in the upper bound with respect to €. The acquired estimates
on the constant are far from being optimal in any sense, but given our assumptions, this will
serve our purposes, as we will soon see.

Proposition 2.12 Let o be bounded away from zero on U and let the coefficients o, b, of the
operator Ag satisfy for an exponent a € (0, 1)

1d° oly < Ko, |d' bely < Kpe 2, (2.43)

with some constants Ky, K, > 0. Assume that u, € C42((0, T) x U) is a solution of (2.39)
such that sup 7y y |ue| < 00 and ug, dxue, 8)%148, drug are locally Holder-continuous on
(0, T) x U with exponent a € (0, 1). Then there exists a constant K > 0, only depending
on Ky, Kp and «, such that for all n > 0

1d° uely +1d", Bctele + 1d?, 2ucle +1d%, duele < Ke™ 10D sup  Juel.  (2.44)
0, T)xU

Proof Carefully tracking the constants in [24, Chapter 4, Section 4] with respect to ¢ yields
the claim. o

Our aim is to apply Proposition 2.12 to the Feller transition probability function P, of
X, which is given by the relation

Po(x.t,A) :=P(X (1) € A), x€eR, t>0, AecBR). (2.45)
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35 Page 20 o0of 35 J. 1. Borodavka, S. Krumscheid

Evidently, it is stochastically continuous, which is to say, by definition, that for all x € R
and§ > 0
P(x,t, Bs(x)) = P(X () —x| > 8) — 1, t— 0T

Hence, [22, Lemma 3.1] implies that (¢, x) — Pg(x,, A) is a B([0, co0) x R)-measurable
function for any A € Z(R), which makes it possible to write down certain integrals.

Before we proceed, we introduce the following parabolic PDE with Dirichlet initial and
boundary conditions and coefficients that do not depend on time

Oue(t,x) — Ague(t,x) =0, te (0, T], x e U,

ue (0, x) = g(x), xeU, (2.46)
ug(t,x) = h(t,x), te(0,T], x €eadU,

with given functions g € C(U) and h € C((0, T]x dU).If a solution to this initial-boundary
value problem exists, then it satisfies the Feynman-Kac formula, cf. [22, Lemma 3.3, Remark
3.13], that is

ug(t,x) =E [g(Xg(t))l{tfrU} +h(t — 1w, Xg(TU))IL{t>rU}] , t€l0,T], xeU,
(2.47)
where Ty = inf{t > 0| X} (1) ¢ U} is the first exit time of the process X7 from U. This
representation can be directly proved with Itd’s formula; the needed techniques to carry out
this proof can be found in [23, Chapter 4]. With these facts at our disposal, we may now state
and prove the following lemma.

Lemma 2.13 Assume (C) and (MET). Then, for any fixed A € B(R), the function (t, x) >
P.(x,t, A) is a solution of

Orug(t, x) — Ague(t,x) =0, (t,x) € D, (2.48)

where D C (0, T) x U is an arbitrary subdomain with closure in (0, T x U. Moreover; for
(to, T) x C C (0, T) x U withtyg € (0, T) and closed C we have with arbitrary n > 0

KS*(I(H’V])
sup |0x Pe(x, 2, A)| < — (2.49)
(t,x)e(ty, T)xC e dist(dC, aU) A 1y

where K > 0 is the same constant as in (2.43).

Proof First note that (C) ii) implies that the coefficients o, b, of the operator A, satisfy (2.43)
for any exponent o € (0, 1). Indeed, since the coefficients do not depend on time, it is easy
to prove

|d0s CT|0( < sup |(7(x)| +diam(U)°‘ sup M’
el wyexy XYl
xF#y

b —b
ld ", belo <diam(U) sup |be (x)| 4 diam(U)'**  sup M
xeU (x,y)exU |x - y'
XF#y

’

which implies the inequalities in (2.43) after applying (C) ii). Observe also that these constants
do not depend on 7. With these estimates and the strict nondegeneracy of o, the existence of
a solution u, to (2.46) with locally Holder-continuous derivatives of all relevant orders for
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any exponent @ € (0, 1) is secured, see [24, Chapter 3], Ehenever the initial and boundary
data are continuous. We can write forr € [0, T] and x € U

Po(x, 1, A) =E [La(XF () D<oy + P (X3 (1) € At > 1p). (2.50)

The second term can be expressed using the strong Markov property as follows

P(Xi(t) e At>1y) = / P (X5 (1) € A| Fry) (@) dP(w)

{rv <t}

= /Q Liry@<n Pe (XE) 1 — . A) @) dP@)  (2.51)

t
- / / Py (y,1 —s, A) dP(U-XEC0) (5 y),
aU JO
In the last step we used the Z([0, co) x R)-measurability of (¢, x) — P.(x,t, A). Hence,
P(Xi() € At >ty) =E [Po(X}(tv). 1 — Ty, A)Ljiaryy]- (2.52)
Inserting (2.52) into (2.50) gives for ¢t € [0, T]and x € U
Pe(x, 1, A) = E [La(XF () Lp=ry) + Pe(XF(t0). 1 — T, Ajseyy] (2.53)

whichis (2.47), but with initial and boundary conditions which are only Borel-measurable. We
can take care of this with an approximation argument. For this purpose, let B € ([0, T] x
U) be arbitrary. We take two sequences of bounded, piecewise linear functions kp ki e
C ([0, 00) x R), n € N, such that

k; <1p<k!, on[0,00) xR, neN, (2.54)

and, both, k;; and k;" converge pointwise from below and from above, respectively, to 1 5 as
n — oo. By the discussion at the beginning of the proof we have two sequences of solutions
of (2.46) u;; and u;, corresponding to k,, and k;7, respectively, with representations given
by the Feynman-Kac formula, namely

wy(t,x) ==uy, (t,x) =E [ky (tv At, X (tu AD)], t€[0,T], xeU. (2.55)

Note here that the initial and boundary functions are summarized by a single function for

ease of notation. A well-known result from the PDE literature, e.g., [24, p.80, Theorem 15],

provides us with subsequences u,jfj that converge pointwise on D to some functions ugi as

j — oo, where D C (0, T) x U is an arbitrary subdomain with closure in (0, 7] x U.
Furthermore, these limit functions satisfy 8,u — A.uE = 0 on D and have locally Holder-
continuous derivatives of all relevant orders for any exponent & € (0, 1). We will now show
that u; = u;" on D. By (2.54) and (2.55) it holds

E [k (7o A, X2 A)| = (100
<E[1g@y At X (ty A1)

<uf (t.x)=E [k,f/,(tu At X (ty A r))]

@ Springer



35 Page22o0f35 J. 1. Borodavka, S. Krumscheid

for (¢, x) € [0, T] x U. Now, on the one hand, we have the pointwise convergence

lim wh (r,x) =u(@t,x), (t,x)eD,
j—ooo

and, on the other hand, monotone convergence gives

lim E [k,f] (tw AL X (ty A t))] =E [1p(ty At, X2(ty A1)], (t,x) €10, T] x U.

Jj— o0
Eventually, this implies
ug (t,x) =uf(t,x) =E [1p(tu A1, X} (tu A1)], (&, x)€D. (2.56)

We can extend the preceding result to simple functions and then to Z([0, T] x U )-measurable
functions. Hence, the function (¢, x) +— Pg(x,t, A) fulfills (2.48) and, in particular, has
locally Holder-continuous derivatives of all relevant orders for any exponent « € (0, 1). At
last, we can derive (2.49) which is a consequence of (2.44), since

Pt 4| < D0 Pel o Mla KemUOHD
Su 9 9 J— . —_ . .
toetnryxe e dist(9C, aU) A 1o — dist(dC, aU) A Vo

[m}

For the remainder of this subsection and the next subsection, we will need the following
additional assumption.

Assumptions (CLT) There exist numbers S, y > 0 such that for all |y| > S it holds

20y 2:57)
a(y)?
The inequality indicates that the drift coefficient of the limit SDE (2.2), when sufficiently
far away from the origin, stays below the threshold —y . Note that this assumption already
implies Assumptions (MET) i) and ii), so that, by Remark 2.2, the invariant densities p and
e of X and X, respectively, exist. Furthermore, if (MET) iii) holds, then it is easy to prove
that for all ¢ > 0

sgn(y)

cut < pg < Cyp on R, (2.58)

with some constants ¢, C,, > 0 that are independent of .

In the proof of the next Proposition 2.14 we will make use of recurrence properties of the
process X3°. First note that, under Assumptions (C) and (MET), the process X, is recurrent
foreache > 0,i.e., forany y € R

P(z” (X}0) < 00) =1, (2.59)

where we recall t7 ( f;“’) = inf{t > 0] X3°(¢) = y}. This is a consequence of [22, Lemma
3.9, Remark 15], cf. with [22, Example 3.10], as well. We even have positive recurrence of
X, uniformly in €. To be precise, for any y € R it holds

supE ¥ (X}) < 0. (2.60)

e>0

Indeed, by Lemma 2.4, we have foralle > 0and y € R

E7? (X2) = Ev/=0(£/:00) <2D,| fo(x0) — fe)| < 2D, (1 f (x0)| + [ F D)D)
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Proposition 2.14 If Assumptions (C), (MET) and (CLT) hold, then for any initial condition
xo €R

P(|X2(Ts)| > R(e)) = 0, & — 0, (2.61)
where R(e) > 0 is a sequence with R(¢) — oo as ¢ — 0 which will be determined in the
proof.

Proof Fix I := (—y, y) for some y > 1. Consider the initial datum xo € I first, and let
T > 0 be arbitrary. Due to Lemma 2.13 it holds for all x € B,()(x0), where r(e) | 0 as
& — 0 will be determined soon, and #y € (0, T')

K e—(104)
lx —
@) (x0), 01) A Ty

X0
(2.62)
Evidently, as ¢ — 0 it holds dist(d B;(s)(x0), dI) — dist(xp, 91) = |xo — y| > 0, so that
choosing r(g) := &!'177 gives

P.(x, T, Bre)(0)°) — Pe(x0, T, Br(e)(0))] < —
| Pe(x R()(0)7) — Pe(xo & (e (0))] dist(dB

| P(x, T, Bre)(0)) — Pe(x0, T, Bree)(0))| < Ke, (2.63)

with a new constant K > 0 independent of €. As the next step towards the proof we may
estimate, using (2.58) and stationarity as in (2.28),

APs(xvTsBR(a)(O)C)MS(X)dx=/

Me(x)dx < Cu/ n(x)dx, (2.64)
Bre)(0)°

Bre)(0)¢

and using (2.63) it follows

/ Pe(x, T, BRree)(0)) e (x) dx > Cu/ Po(x, T, BR(ey(0))ju(x) dx
R By (¢)(x0)

> e, f $(x) dx [Po(xo. T Breey (0)°) — Ke].
By () (x0)

Rearranging terms yields

Cu fBR(s)(O)C w(x)dx

P(|X;°(T)| > R(s)) = Pe(x0, T, Br(e)(0)°) < Ke + . (2.65)
(| & | ) & (e) CM fBr(S)(xo) M(X) dx
forall T > 0 and xg € I. Observe that, by continuity, we have on the one hand
wx)dx = u(xg) >0, &—0. (2.66)

lim
e—0 2?’(8‘) By () (x0)

On the other hand, by Assumption (CLT), we have for x > §

_! * b(y) _ * b(y)
nx) = 7 exp (2/(; 502 dy) < C(b,o, S)exp (2/5 502 dy)

<C(b,o,S,y)exp(—2yx),

and, similarly, for x < —S but with different sign. For sufficiently small ¢ > 0 so that
R(e) > S, the last estimate implies

/ ux)dx < C(b,o,S,y)exp(—2y R(¢g)). (2.67)
Bge)(0)¢
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Combining (2.65), (2.66), and (2.67) eventually yields

exp(—2y R(¢))

P(|X2(T)| > R(e)) < Ke +C(b,7. 5.y, 10) r (&) (xo)

-0, ¢—>0, (2698
when choosing, say, R(¢) = O(e~") with n > 0. This preceding result also holds when
T = T, since the appearing estimates did not depend on 7.

Now consider xo € I¢, assume w.l.o.g xo > y, and let § > 0. By (2.60) and Markov’s
inequality we can choose Ty := Ty(§, x0, ¥) > 0, independent of ¢, such that for all ¢ > 0

sup.o B~ (X2")
Tp

P’ (X2) > Tp) < <. (2.69)

Notice that we use y — 1 € I here, because we soon want to utilize (2.68) which was only
proved for interior points xo € 1. Next, we have for sufficiently small ¢ > O suchthat 7, > Ty

P(|X2(Ty)| > R(e)) <8 +P(|X2(To)| > R(e), o271 (X2) < T2).

The last term can be estimated using the strong Markov property again and (2.68) as follows
Te y—1{y*0
JP’(IXQ“’(Ts)I > R(e), 71 (X20) < Tg) = / P (y— 1, Te — s, Br(e)(0)°) dP" (x: )(S)
0

exp(=2y R(¢))

<Ke+C(b,0,S,y, 1) .
repuly =1
Note in the step before that P(r~! (X;°) = 0) = 0 since xo > y. Hence, as & — 0

Sli_I)I})P(|X§°(T£)} > R(e)) <6,
which yields the claim for the case xo € 1€, as well. O

Remark 2.15 1In the proof of Proposition 2.14, instead of R(¢) = O(¢~") one can also choose
R() = —2y)~! O(log(r(g)e™)) for e — 0, n > 0, and get the same convergence result.

Corollary 2.16 Let Assumptions (C), (MET) and (CLT) hold and let T, = O(¢"") as e — 0
with n > 0. Then for all § > 0 and any xop € R

X2(T,
lim P ('E(S)‘ > 3) =0. (2.70)
=0 N

In other words, X3°(T;)/~/T; converges in probability to zero as ¢ — 0.

2.3 An g-dependent Central Limit Theorem

In this section, we want to extend the results of the preceding sections by outlining and
proving an "e-dependent" CLT under certain additional assumptions, i.e., for a given function
he: R — R we want to prove

1
VT

T
f he(XX0(0) dt —> N(0,7%), & — 0, 2.71)
0
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where —2> denotes weak convergence of measures in R and 2 > 0 is the asymptotic
variance. The idea is based on the technique of the Poisson equation, which is classical in
the literature, cf. [25] or [26], and goes as follows.

Fix a continuous function s, € L' () satisfying f%Q he(x) e (x)dx = 0 with . as in
Remark 2.2. If there exists a solution ®, € D(A,;) C C~(R) to the Poisson equation

— A, ®, = hy, (2.72)

where A, is the differential operator introduced in (2.4) with domain D(.A4,), then applying
the Itd formula to @, yields

Te _ X0 Te
\/1? /O he (X201 di = 2O ;i(xg ) } /O o (X2 ()DL (X2 (1)) AW (0).
& £ &

(2.73)
Inspecting equation (2.73) we notice that, in order to obtain the CLT (2.71), we need to
control the first term in such a way that it vanishes in probability as ¢ — 0 and use a CLT for
the remaining stochastic integral. The latter claim is contained in [27, Exercise (IV.3.33)] so
that we merely state the result in the way that we require.

Proposition 2.17 For every ¢ > 0 let ¢.: R — R be a measurable function such that
fo ° he (X20(1))2 dt < 00, P-a.s. If there exists T > 0 such that

1 Te P
= G (XD (1)? dt — 1%, & — 0, (2.74)
e JO
then
! T8¢>(X’“°(t))dW(t)3>N(o 2) 0 (2.75)
e (K ,T7), € — 0. .
\/Ts 0

To apply this proposition to (2.73) we first provide a lemma concerning the properties of
@, and its derivative. The main ideas for this lemma are borrowed from the proof of Lemma
1.17 in [5] and are modified to our setting.

Lemma 2.18 Let Assumptions (C), (MET), and (CLT) hold. Assume that the functions h, €
L! (ue) are continuous and satisfy

/Rhg(x)us(x) dx =0, sup|he|le < 00. (2.76)

>0

Then the sequence of functions @, where ®, solves (2.72), is uniformly bounded.

Proof 1In this particular one-dimensional setting the function @, is given by

X 2 y
Dy (x) = —/ — f he(Dpe(z)dzdy, x €R, (2.77)
0 oY) J-oo
Its first derivative is

D, (x) = — he(Dpe(z)dz, x € R. (2.78)

2 /x
o () e (x) Jooo

Recall the inequality (2.58)
cupt < pe < Cyp onR,

and observe that by the integral condition in (2.76)

D (x) = — he(pe(z)dz = %/ he(@Dpe()dz, x €R.
o (x)=pe(x) Jy

2 /X
U(X)Z/,Lg () J_xo
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Now, let S, y be as in (CLT). By using (C) ii), the inequality in (CLT), and (2.76), we obtain
forx > S

/ 2C, [ he(2)] *2b(y)
[Py (x)] < Z/x ()2 exp (/x 507 dy) dz

2C h >
< m Sng>(; ” 3 ”OO / exp (_2)/ (z — X)) dz =
X

Cusup,.g llhelloo
ycua? '

A similar estimate is also true for x < —S§. For x € [—S§, S] it obviously holds

cuda

Supe~q lI7elloo

| P ()| = cua2 1 (x)

which implies the claim. O

For the next result, we also fix a continuous function # € L' (x) with fR h(x)pu(x)dx =
0, and consider

X 2 y
Q(x) = —/ T/ h(2)p(z)dzdy, x €R, (2.79)
0 oM (y) J-oo
which solves the Poisson equation —.A® = & with the differential operator 4 given in (2.4).

Theorem 2.19 Let Assumptions (C), (MET), and (CLT), and T, = O(¢~ ) as ¢ — 0 with
n > 0 hold. Assume that the functions h, € L! (ue) are continuous and satisfy

/R e (Opte(r) dx = 0, sup el oo < 0. (2.80)

>0

Additionally, assume that
7} ::/a(x)zcb;(x)zug(x)dx —>/E(x)2®/(x)2u(x)dx =12, ¢—>0. (281
R R

Then .
1 3 D 2
—_— he(X30(1))dt — N(0,77), ¢ — 0. 2.82
m/{) (XZ0(1) ( ) (2.82)

Proof Recall the equation (2.73)

T, _ X0 T:
JlT /o he (X200 di = 2200 \(/)%(X SL &/0 o (X ()DL (X (1)dW (1),

By virtue of Corollary 2.16, the first term on the right-hand side vanishes in probability as
e — 0 because @, is uniformly bounded by Lemma 2.18. For the second term, we first
bound

1 [T
E 7/ o (XX ()2 DL(XX0(1))2dt — 12
Ta 0
1k
<E ?f o (X)) 2DL(XT0(1))2dr — 12| + |12 — 72,
e JO

and then apply Theorem 2.10 to get

(e
E ?/ o (XX0(0)? LX) dt — 2| - 0, & — 0.
0

&
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By condition (2.81) it therefore follows

1 (%
E |- / o (X)) dL(XT(1))%dr —*| - 0, & — 0.
e JO
Hence, the claim is established in view of Proposition 2.17 and Slutzky’s Lemma. O

3 Application to Parameter Estimation

This section is devoted to a simple application of the previous limit theorems to a statistical
parameter estimation problem. Consider the following overdamped Langevin diffusion in
one dimension with a linear and oscillatory term in the drift and constants o, ¢ > 0

X (1)

dX.(t) = [—an(t) - é sin < )] dt +20dW(1), X.(0) = xo. 3.1

We omit the superscript xo in X3 for this section. Using homogenization theory, see [10,
Chapter 3] or [4], it can be shown that the law PXe converges weakly to PX in C([0, T; ]Rd)
as ¢ — O for fixed T > 0, where X is the solution of the SDE

dX(t) = —aKX()dt + V20 KdW (1), X(0) = xo. (3.2)

Here, the constant factor K > 0 emerges from the cell problem of the homogenization and

equals
1 4 1 [ cos(y)
K=——, Z%¥:=— + dy. 33
ztz=’ 27 /(; exp( o Y (3-3)

It is fairly easy to see that all the conditions in (C), (MET), and (CLT) are satisfied. In
particular, the invariant densities u, and u of X, and X, respectively, exist and are given by

1 a , 1 X 1 a 5
e (x) = Zexp <—%x + ;cos (g)> , ux) = Eexp (—%x ) , x eR,
where Z and Z, are normalization constants.

We want to estimate the parameter ¢ := « K appearing in (3.2) with observations coming
in the form of a single trajectory from (3.1). For simplicity, we assume that we know the
value o := 0 K, e.g., from a prior estimation procedure. Such diffusion parameter estimation
problems with given multiscale data were analyzed, for example, in [16, 19, 28]. We propose
the following simple minimum distance estimator based on the characteristic function of the
invariant density p at the point 1

f}TS (Xg) := arginf
e®

L explixey dr 5‘ (3.4)
Tg/o exp(i X, —exp(—2 ) :

This estimator is similar in spirit to the newly proposed estimator in [29] where the authors
give a more comprehensive analysis and review of the parameter estimation problem at hand.
Using differentiation, it is straightforward to obtain an explicit expression for this estimator,

namely
o

7, (Xe) = — - : (3.5)
21og (% T exp(i X, (1)) dt)
Consider the Poisson equations
- AP, =h,, —A®P=h, onR, (3.6)
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with the differential operators A, and A corresponding to (3.1) and (3.2), respectively, and
with the functions

e (x) = explix) — /R expliy)ie(») dy, h(x) = exp(ix) — fR exp(iy)u(y) dy. x€R.

We need the following lemma.

Lemma3.1 Letw,0, R > 0. Then

20
lhe — hlloo < C(a,0)exp <_72> , 3.7)
ae
and
sup [P (x) —P(x)] >0, ase — 0. 3.8)
x€[—R.R]

Proof 1In this proof, the appearing constants C(«, o) and C(«, o, R) may change from line
to line, but they will, in any case, stay independent of ¢. We will first prove the exponential
convergence in (3.7). First, notice that we can write for any z € R

he(z) — h(z) = A;CXP(DC) (1 (x) — p(x)]dx

. zt L)
= /Rexp(zx) |:u£(x) — Z exp (—%x )] dx
) A o ,
+ /Rexp(zx) [Z exp <—%x ) - u(x)] dx

= %E Rexp(ix) exp (—%xz) |:exp (%) — Z+] dx

77t -Z

+ ZiZag /Rd exp(ix) exp (—%ﬂ) dx.

Observe that

21
27zt — / oxp (—22?) [exp (M) L / exp (C"S(”) dy] dx.
RY 20 fog 2r Jo o

We will prove that

2
1Ze — 27F| < C(a, o) exp (—a—;) . (3.9)
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For this, we can use a series expansion and the binomial theorem to calculate the integral
1 [ cos(y) 1 & 1 [
— ex dy = — cos(y)"d
2 /(; p( o ) Y 2 ”2_(:) o"n! /0 O)'dy

1 o0
=5- Z (20)"71’ / (exp (iy) +exp (—iy))" dy

= iZ L (") / " exp (i1 — 200) dy
T Qo)tn'\k/ Jo

oo 2m 1 [e'9) 1

Z > (20)2"1 K2m — k) / exp (2i(m — k)y) dy = r’; 202 (m))2

mOkO

Similarly for e > 0 and x € R

oxp <Cos(x/s)) Z Z

n=0 k=0

(20)" ] ( ) exp (i(n — 2k)x/¢e)

oo 2m

. exp (2i(m —k)x/¢e)
Z (2(7)2’“(m‘)2 + Z Z (20)2mk!\(2m — k)!

m=0 Ok()

oo 2m+1

exp (i (2(m — k) + Dx/e)
+ Z Z (20)2mH1EI2m — k + 1!

m=0 k=0

We will estimate the last two terms. For the middle term in the last appearing equation we
have with Fubini’s theorem, the fact that E exp(itZ) = exp(—t2/2) when Z ~ N(0, 1),
[m — k| > 1. and the binomial theorem again

oo 2m .
@, exp (2i(m —k)x/¢e)
/Re"p (- 20" )X Qokiam — it

m=0 k=0

k#m
oo 2m
= mZ%)kZ(:) (20)2mk|(2m k)! ‘/ exp Qi(m —k)x/¢e) dx
(3.10)
oo 2m ,
! 2m — k)*o
< C(a, G)mZ;)kZ(:) (26)2"k\2m — k)! exp (—T>
k#m

> 1

20
< C(a,0)exp (—@> > o2m(2m)!’
m=0
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An analog estimate holds for the third term, namely

oo 2m+

exp (i 2(m — k) + Dx/e)
‘/ P 725 Z Z 2oy kiam —k+ 1

20
< C(a,0)exp (——2>
oE

1
Z o2+l Qm + 1!
m=0

With these equations and estimates we therefore arrive at (3.9). Note also that we can get a
similar estimate for the term

/ exp(ix) exp (—zixz) [exp <M> — Z+:| dx
R o o
2w
= / exp(ix) exp (—zix2> |:exp <M) - L/ exp (Cos(y)) dy] dx
R o o 2 Jo o

This is because in (3.10) we only have to replace exp(—axz/Za) withexp(ix) exp(—axz/Za)
so that we end up with the characteristic function of an unnormalized Gaussian again. With
these arguments, we can therefore conclude the proof of (3.7). As a byproduct, we have
just proved that u, converges weakly to u with convergence rates given in terms of their
characteristic functions, that is

/exp(ix)u(x)dx—/ exp(ix)u(x)dx
R R

20
< C(a, 0)exp (—E> . 3.11)

Moving on to claim (3.8), we define

y y
H(y) 1=/ he(@ue(2)dz, H(y) :=/ h(z)u(z)dz, ye€R. (3.12)

Then for y € R

y y
|He(y) — H(y)| = V (he(z) — h(2))pe(2) dz +/ h(2)(pe (z) — 1(z)) dz

y
< llhe = hllo + ‘/ h(z)(pe(z) — pu(z)) dz| .

The first term vanishes exponentially fast as we have seen above. The second term vanishes,
by weak convergence of ugA! because the function hl(_ooy) 18 Al-a.e. continuous and
bounded. Thus, H, converges pointwise to H as ¢ — 0. Now fix x € [—R, R] and consider
x > 0. The case x < 0 works the same. Recall the solution formulas for &, and ® in (2.77)
and (2.79). Then it holds

Y HO)  HO) ‘
0 oue(y)  ou(y)

He(y) — H(y) /" ( 1 1 ) ‘
= dy+— | H - d
‘/ ope(y) YT 0 W ne(y)  Ku(y) Y

1 (RIH:(y)— HQ)I ‘1/ ( 1 1 ) ‘
— | = " dy+|-| H - —— | dy|.
SG’Cu/() w(y) ar 0 > ne(y)  Ku(y) Y

[Pe(x) — P ()| = ‘
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Note that |[H, — H| < 4 for all ¢ > 0, so that the first term converges by dominated
convergence. For the second term, we observe that

. 1 1 _ o a5 _ .
[ 100 (5~ 1) =2 [ HOvew (559°) (exnisostr/enfe) - 2°) ay

* - _ggty— @ 2
+/0 (Zez~—22VZ )exp(zay ) dy
Very similar arguments that previously achieved (3.9) can be used to obtain
X
/ H(y)exp (ziyz) (exp(—cos(y/e) /o) — Z7) dy < C(a, 0, R)e. (3.13)
0 log
Indeed, all we have to do is upper bound the following term in (3.10)

< C(a, 0, R)e,

‘ / H(y)exp (3-37) exp 2im — by /e) dx
0 o

which can be accomplished with integration by parts. Hence, by (3.9) and (3.13), we have

fore - 0 . | .
sup / H(y) ( - > dy — 0. (3.14)
x€[—-R,R1J0O e (y) Ku(y)

The claim (3.8) is finally proved. O

The preceding lemma allows us now to prove asymptotic properties of the minimum distance
estimator for ¢ — 0.

Proposition 3.2 Let T, = O(e™") as ¢ — 0 for some n > 0. Then, under the true parameter
Yo = oo K withoag > 0,as e — 0

B, (Xe) — w0, (3.15)

~ D oT 2
e\UT, & ) ) .
VT (X)—z?g)—>/\/'<0 <7) (3.16)

2190 log(90)?

where
2 = 25/ @' (x)>p(x) dx. (3.17)
R

Proof Fix 99 = agK with op > 0 as the true parameter. First observe that

1 (% o 1 (%
— [ X (1)) dt — - == he(Xe(2))dt +h —h ,
T, /0 exp(i X, (1)) €xXp < 2190) T, /() (X (1)) + he(x0) (x0)
which converges in L? (R, F,P) to zero as ¢ — 0 by Theorem 2.10, Remark 2.11, and

Lemma 3.1. Hence,
o o P
U7, (Xe) = — 7 —> Jo.
2log (T% Jo© exp(i X, (1)) dt)

Furthermore, we can write

1 (% o 1 (%
x/T/o exp(i X (1)) —exp <—2790) dt = \/T/O he(Xe (1)) dt /Ty (he (x0) —h (x0))
‘ ‘ (3.18)
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By the exponential convergence of /. to i and the assumption that 7, = O(e~") as ¢ — 0,
we recognize that the second term goes to zero as ¢ — 0. The first term will converge weakly
to N (0, 72) by Theorem 2.19 as soon as we establish (2.81), that is

20/Rcb;(x)2m(x) dx — ZE/RCD’()C)Z,LL()C)dx, e — 0. (3.19)
Integration by parts and using the Poisson equations in (3.6) shows that
o [ @it dx = [ @i ar,
@ (x)*pu(x) = /R<1>(X)h(X)M(X) dx. (3.20)
We choose a sufficiently large R > 0 such that the integral
/ |Pe (x) = P(x)| pulx) dx (3.21)
[=R,R]¢

gets arbitrarily small uniformly in e, which is, by Lemma 2.18, possible due to the uniform
integrability of the integrand. We can perform the following splitting

/R e (X)he () pte (x) dx — /R SR (OU() dx = /R 4 () (e () — () e () dx
+ /R (0,(x) — DONR(E) e (x) dx

+/R<I>(X)h(X)(Mg(X)—M(X))dX-

The first term vanishes by virtue of (3.7) and Lemma 2.18. The third term vanishes due to
weak convergence of 11:A' and uniform integrability of ®/ with respect to . A!. The second
term can be estimated as follows

/R(d’e(X) — O () h(x) e (x) dx

52[ sup |d>g<x)—<1>(x)|+/
XE

|Pe (x) — <b(x)|u5(x)dx:| .
[—R.R] [—R,RI

These terms go to zero as pointed out before and by (3.8). This proves (3.19), which, in turn,

implies .

1 / €

exp(i X.(t)) —exp (
b T: Jo ‘

The final claim (3.16) is now a simple application of the delta method to the function g(¢) :=
—o/(2log(¥)) and yields

~ 1 T: —_
VI 07, (Xe) = 00) = Ve [g (T / exp(iXs(t))dz> ¢ <exp G%))]
e JO 0

— 2
D oT
_)N<0<2‘l91g(19)>) ¢ 0

o D 2
—— ) dt 0, .
200) — N(0, %)
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4 Conclusion

In this work, we presented new limit theorems for one-dimensional diffusion processes X,
that depend on a small scale parameter ¢, for which the processes X, converge weakly to
a limit diffusion process X. Under sufficient local regularity conditions on the coefficients
of the respective SDEs, recurrence assumptions, and sufficient explosion rates of the time
horizon T, — oo as ¢ — 0, we were able to prove a mean ergodic theorem and a central
limit theorem for time integrals involving bounded test functions. We then applied these
new theoretical results to a simple statistical parameter estimation problem under model
misspecification in a continuous-time setting. The proposed minimum distance estimator,
based on the characteristic function of the limit invariant density, turned out to be consistent
and asymptotically normal under observations of the process X, in the coupled long-time
and small-scale limiting regime, that is, 7, — oo as ¢ — 0.

We see two immediate chances for future research. The first one is the extension of
the limit theorems to unbounded test functions that are integrable with respect to the limit
invariant measure. This is certainly more useful for statistical estimation purposes where
moments of processes are an ubiquitous occurrence. We suspect that, in this case, one must
shift away the attention from the mean ergodic theorem and pursue an almost sure ergodic
theorem. After all, if the ultimate aim is the consistency or asymptotic normality of estimators,
then it is irrelevant if one has the mean ergodic or the almost sure ergodic theorem — even a
stochastic ergodic theorem in the sense of convergence in probability would suffice.

The second direction for future research is the generalization of the limit theorems to
multidimensional processes, e.g., multiscale fast-slow diffusion systems, cf. [10, 12, 14]. This
poses considerable challenges from several points of view. For example, the techniques for the
proof of the mean ergodic theorem are already not extendable to the multidimensional case
due to the local time process, whose effective use is limited to the one-dimensional setting.
Another difficulty is the question about the convergence of the asymptotic variances in the
central limit theorem, which is often proved using reversibility, a rather weak assumption
in dimension one, cf. equation (3.20), but fairly restrictive in higher dimensions. When
dropping the reversibility assumption, then condition (2.81) remains rather unclear in more
general settings. Thus far we were only able to prove it case by case. Despite these preliminary
problems, the convergence in probability results in subsection 2.2 would be easier to establish
since they heavily rely on Schauder interior estimates, which can be proved analogously in
several dimensions. Furthermore, we believe that, by combining certain ideas from this
material and the newly established estimates in [14], it may be possible to obtain a mean
ergodic theorem for bounded test functions.
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