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We study two-dimensional massless Dirac fermions at neutrality, coupled to bosonic modes through a Yukawa
interaction. We then examine the intriguing possibility that such a system, devoid of carriers at zero temperature,
might nevertheless exhibit superconductivity. Remarkably, we find that superconductivity emerges in the vicinity
of Gross-Neveu quantum criticality, provided the fermions cease to behave as well-defined quasiparticles, that
is, once their anomalous dimension in the normal state becomes sufficiently large. In other words, well-defined
fermions do not superconduct, whereas ill-defined ones do. We analyze four symmetry-distinct bosonic modes,
each capable of driving normal-state criticality and, in three of the four cases, giving rise to a distinct su-
perconducting phase. While phase fluctuations are strong in this regime, we argue that they do not destroy
the superconducting state. We further characterize the resulting pairing states for a concrete Dirac model of
spin-orbit coupled systems with orbitals of different parity. Our results are obtained using the Sachdev-Ye-Kitaev
(SYK)-inspired framework for Dirac systems introduced by Kim et al. [Dirac fast scramblers, Phys. Rev. B 103,
L081113 (2021)], which provides a controlled approach to the strongly coupled regime of Dirac fluids near
Gross-Neveu criticality.

DOI: 10.1103/x7lc-ztqn

I. INTRODUCTION

The exploration of two-dimensional gapless Dirac ma-
terials [1–3], i.e., systems in which low-energy excitations
mimic relativistic, Dirac fermions, is of importance in sev-
eral prominent materials such as single layer graphene [4,5],
twisted bilayer graphene [6–9], twisted double-layer WSe2

[10–14], surface states of three-dimensional topological in-
sulators [15,16], near-ferroelectric semimetals [17,18], or in
the case of merging Dirac points [19–22]. Near the neutrality
point of a massless Dirac fermion, the density of states at the
Fermi level is small, which makes Dirac systems compara-
tively robust against weak interactions. However, at strong
coupling Gross-Neveu (GN) quantum criticality [23,24] has
received significant attention [25–39]. At the GN critical
point, fermions spontaneously acquire a mass as a conse-
quence of spontaneous symmetry breaking. In single-layer
graphene, sufficiently strong Coulomb interaction was ex-
pected to break the sublattice symmetry that protects the Dirac
point [25–30]. The magnitude of the fine-structure constant in
this system does not, however, appear to be sufficiently large
to reach the GN critical point. The situation is more promis-
ing in twisted two-dimensional materials, such as twisted
double-layer WSe2 [13], which is considered an effective
strongly-correlated version of single-layer graphene [10,11],
or in twisted bilayer graphene (TBG) [37,38]. In both systems
one expects a spontaneous mass generation at neutrality as
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function of the twist angle. The nature of the insulating state in
WSe2 is unclear with some evidence favoring a magnetic state
[13]. In TBG there are arguments in favor of an intervalley-
coherent insulator [40–42] that was observed in experiment,
albeit at a different filling [43].

The mass generation at a GN-critical point is accompanied
by strong quantum fluctuations that give rise to anomalous
dimensions ηψ and ηφ of the fermions and mass-generating
collective bosons, respectively. They are defined through the
infrared momentum dependence of the fermionic [G(k)] and
bosonic [D(k)] propagators:

G(kμ) ∝ −i
kμγ μ

|k|2−ηψ
, (1)

D(kμ) ∝ 1

|k|2−ηφ
. (2)

kμ = (ω/vF , kx, ky ) is the (Euclidean) three-vector of magni-
tude |k| and γ μ are the 4 × 4 Dirac matrices. When ηψ is finite
(and not parametrically small) the critical fermions, described
by Eq. (1), are no longer well-defined quasiparticles. The
potential implications of this breakdown of the quasiparticle
picture and the possibility of superconductivity masking the
GN-critical point are the main foci of this paper.

Analytic approaches to determine ηψ and ηφ at GN crit-
icality are usually based on expansions in small ε = 3 − d
or 1/N , where N is the number of fermion flavors [24].
Specifically, one obtains to leading order in ε or 1/N the
results ηψ ∼ O(ε) ∼ O(1/N ) and ηφ ∼ O(ε) ∼ 1 − O(1/N )
[24,33]. Hence, in the limit of many fermion flavors, the
critical boson behaves in a highly non-Gaussian manner while
fermionic Dirac particles at criticality are almost well-defined
fermionic excitations. Both are well-defined near three space
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dimensions. Monte Carlo simulations for d = 2 [34,39,44],
conformal bootstrap approaches [45], high-loop expansion in
ε [33], as well as functional renormalization group approaches
[46,47], all yield values for the anomalous fermion dimension
that range, depending on the problem under consideration up
to ηψ ∼ 0.17. Hence, in two dimensions fermions at the GN-
quantum critical point are in fact ill-defined quasiparticles.

Recently, an analytic strong-coupling approach to Dirac
systems was proposed in Ref. [48] as a generalization
of a zero-dimensional Yukawa-Sachdev-Ye-Kitaev model
[49–56]. The system displays quantum chaos [48] akin to
what was observed in black hole problems [57]. For closely
related strong-coupling approaches to compressible Fermi
systems, see Refs. [56,58–62]. The model of Ref. [48] con-
tains M real scalar boson fields and N four-component Dirac
fermions, interacting via a Yukawa interaction. Crucially, the
couplings of this interaction are Gaussian random numbers
that are the same everywhere in space, i.e., translation in-
variance is not broken, even for a specific realization of the
coupling constants. Analyzing the averaged model then allows
for large M and N to obtain analytic control of a strong
coupling fixed point with a fermionic anomalous dimension
that is not parametrically small. The detailed properties of
the fixed point depend on the ratio M/N , where the behav-
ior near M � N behaves similar to the above large-N limit
with ηψ ∼ O(M/N ) and ηφ ∼ 1 − O(M/N ), while M � N
yields ηψ ∼ 1

2 − O(N/M ) and ηφ ∼ O(N/M ). Hence, within
this approach, fermions indeed possess a sizable anoma-
lous dimension 0 < ηψ < 1

2 and are no-longer well-defined
quasiparticles. Reference [48] also demonstrated quantitative
agreement of the anomalous exponents obtained from the
generalized Sachdev-Ye-Kitaev (SYK) approach with results
obtained using conformal bootstrapping approaches [45].

In this paper we generalize the approach of Ref. [48] to in-
clude superconductivity and analyze whether strong quantum
fluctuations and nonquasiparticle behavior of the fermions
give rise to superconductivity as a secondary instability.
Hence, we examine the intriguing possibility that such a sys-
tem, devoid of carriers at zero temperature, might nevertheless
exhibit superconductivity. In our approach, superconductiv-
ity is driven by fluctuations of the bosons whose eventual
condensation generates the fermion mass. Hence, the pairing
“glue” in our system arises from the exchange of the same
collective, mass-generating boson that give rise to the anoma-
lous dimensions in the first place. The essential differences
to conventional, e.g., phonon-driven pairing in compressible
systems are are that the boson in our case is critical, and
that the Dirac system at charge neutrality has a vanishing
density of states at the Fermi level. The latter makes strong-
coupling effects a necessary condition for superconductivity.
Interestingly we find that superconductivity occurs provided
that the anomalous fermion dimension exceeds a threshold
value which in our theory turns out to be

ηc
ψ ≈ 0.14628. (3)

Hence, we obtain the curious result that well-defined quasipar-
ticles do not superconduct while ill-defined ones do. Whether
the precise value of ηc

ψ is indeed the correct one to compare
with numerical work on GN models is unclear, given that

FIG. 1. Superconducting transition temperature Tc as function of
the anomalous dimension ηψ of the fermions at the Gross-Neveu
mass-generating transition of two-dimensional Dirac systems within
the generalized SYK approach of this paper. For system with ηψ

larger than a threshold value ηc
ψ , fluctuations of the mass-generating

boson give rise to a superconducting instability, where the largest Tc

occurs at intermediate values of ηψ . � is the upper cut off of the
Dirac theory.

we are really only solving an approximate strong-coupling
theory. What is more important is the very existence of such
a threshold value for superconductivity that is comparable to
values in two-dimensional systems. The resulting behavior for
ηψ > ηc

ψ is illustrated in Fig. 1, where we show the super-
conducting transition temperature [as determined in Eq. (66)
below] as function of ηψ . We expect superconductivity only
near the critical GN transition g = gc, forming a dome whose
maximum transition temperature occurs at or very close to the
GN critical point. Below gc superconductivity must disappear
at some threshold value [63,64], while Tc should vanish in the
gapped phase above gc. Hence, we expect that GN criticality
should be accompanied by pairing or, at the very least, by
enhanced pairing fluctuations. Moreover, our analysis shows
how to identify the critical bosonic modes most likely to give
rise to an unconventional pairing state. In this context is it an
interesting question to explore whether the superconductivity
identified here is related to the seeds of pairing in the ordered
state of some Dirac systems where skyrmion configurations
of the order parameter were shown to be charge-2e degrees of
freedom [42,65–69].

We explore generic four-component Dirac spinors, system-
atically analyze the full set of interactions that can drive the
system into a quantum critical regime, identify the leading
pairing instabilities that emerge, and discuss the role of phase
fluctuations. To facilitate the identification of possible super-
conducting states, we present generic algebraic conditions
on the spinor structure of the pairing state, formulated for
an arbitrary Dirac theory with a general number of spinor
components coupled to a fully general set of critical bosons.
In this context we demonstrate that no pairing arises in the
simplest 2 + 1-dimensional Dirac theory with a single two-
component spinor. Broadly speaking, the more intricate the
Dirac structure, the more readily pairs can form in a manner
consistent with Fermi statistics. This point will be made par-
ticularly clear in a separate note [70], which investigates the
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pairing states of Dirac models for twisted double-layer WSe2

and twisted bilayer graphene near Gross-Neveu criticality.

II. MODEL AND LARGE-N, M SADDLE POINT

A. The model, symmetries, and Dirac spinor structure

Following Ref. [48], we consider the Hamiltonian of N
massless Dirac electrons, each described by a four component
Dirac spinor ψl (x) and additional N flavors, i.e., l = 1 · · · N ,
that interact with M massive scalar bosonic modes φs(x) with
s = 1 · · · M. The Hamiltonian of the problem is then given as

H = vF

N∑
l=1

∫
d2xψ†

l (x)(−i∇) · αψl (x)

+ 1

2

M∑
s=1

∫
d2x

(
π2

s (x) + ω2
0φ

2
s (x) + v2

B(∇φs(x))2
)

+ 1

N

∑
lms

∫
d2x(glm,sψ

†
l (x)ϒψm(x)φs(x) + H.c.), (4)

where ψl (x) is a four-component Dirac spinor with the
additional flavor index l = 1 · · · N . πs is the conjugated
momentum to the boson field φs, i.e., [φs(x), πs′ (x′)] =
iδs,s′δ(x − x′). vF and vB are the fermionic and bosonic ve-
locities. The 4 × 4 Dirac matrices hold the usual properties
{αi, α j} = 2δi j , {αi, β} = 0, and β2 = 1. Curly brackets stand
for the anticommutator. In our analysis we will also use
the Euclidean covariant formulation with γ 0 = β and γ i =
−iβαi. They obey {γ μ, γ ν} = 2δμν . In what follows we set
vF = 1, while the magnitude of the boson velocity will not
enter the universal low-energy behavior. Within the approach
of this paper, the additional inclusion of a nonlinear, φ4, term
in the Hamiltonian will not change the universal behavior and
is therefore ignored at the outset.

The fermion-boson coupling is determined by the 4 × 4
matrix ϒ . We consider four different Hermitian coupling ma-
trices ϒi, i = 1 · · · 4, where boson condensation induces a gap
with the usual spectrum

E = ±
√

p2 + m2
F, (5)

and fermion mass mF ∝ 〈φ〉. This is obviously the case for
ϒ1 = γ 0. In total there are four possible interactions that
anticommute with α1 and α2 and hence induce, upon conden-
sation of φ, an isotropic gap at the Dirac point as in Eq. (5):

{ϒ1, ϒ2, ϒ3, ϒ4} = {γ 0, iγ 0γ 3, iγ 1γ 2, iγ 0γ 5}, (6)

with γ 5 = γ 0γ 1γ 2γ 3. The transformation of these coupling
matrices under parity and time reversal are listed in Table I
below. Notice, we consider a 2 + 1 dimensional system. ϒ1 =
γ 0 and ϒ4 = iγ 0γ 5 are allowed coupling matrices even if one
included the third spatial dimension. They correspond to the
usual and chiral mass of 3 + 1-dimensional Dirac systems
[71]. ϒ2 = iγ 0γ 3 and ϒ3 = iγ 1γ 2 are additional coupling
terms that only exist in two dimensions. Another distinction
of these two pairs of couplings is that ϒ1,4 anticommute
with γ 5 (flip chirality) while ϒ2,3 commute with γ 5 (preserve
chirality), i.e., ϒiγ

5 = biγ
5ϒi, with b1,4 = −1 and b2,3 = 1.

TABLE I. Four different coupling interactions ϒi along with
the transformation of the critical boson φ under parity (pφ) and
time reversal (τφ). In addition we show the matrix structure of the
pairing interaction lJ for J ∈ {S,V, A, P}. Q refers to the 3 × 3 block
Qμν = 2qμqν/q2 − δμν . In green we show the interactions that give
rise to pairing. For ϒi = iγ 1γ 2 the anisotropic interaction Q, marked
in red and due to the pairing in the lV channel, is the dominant pairing
interaction. However, its pairing strength is always smaller than the
threshold coupling value λc

p, i.e., no superconducting state emerges
for this interaction and one might at best observe enhanced pairing
fluctuations. The last row shows the spinor structure of the pairing
self-energy �.

ϒi γ 0 iγ 0γ 3 iγ 1γ 2 iγ 0γ 5

pi 1 −1 1 −1
τi 1 −1 −1 −1
bi −1 1 1 −1
lS 1 1 1 1

lV

(
Q

−1

) (−Q
−1

) (
Q

1

) (−Q
1

)

lA

(−Q
1

) (−Q
−1

) (
Q

1

) (
Q

−1

)
lP −1 1 1 −1
� 1 γ 3 − γ 5

Finally we discuss the random coupling constants glms.
Following Refs. [53,55], we consider real coupling constants
with

glmsgl ′m′s′ = g2δss′ (δll ′δmm′ + δlm′δml ′ ). (7)

The fact that the coupling constants are x independent implies
that translation invariance is not broken, even for specific
realizations of the glms. In other words we consider the average
of an ensemble of interacting systems with slightly different
values of the coupling constant. This rather peculiar large-N ,
M limit has the advantage that it offers controlled insights into
the strong-coupling behavior of Yukawa-coupled theories.

Before we analyze the Dirac problem we collect some
information of its behavior under symmetry operations. This
will prove useful for the analysis of the pairing states. We
consider a problem without broken parity and time-reversal
symmetry on the level of the Hamiltonian. Let R be a spatial
symmetry operation of the problem, it holds in momentum
space:

ψ (k)
R−→ uRψ

(
R−1

v k
)
,

ψ†(k)
R−→ ψ†

(
R−1

v k
)
u†

R,

φ(k)
R−→ uφ,Rφ

(
R−1

v k
)
, (8)

with Rv , uR, and uφ,R the vector, spinor, and bosonic field
representation of R, respectively. Here we suppressed the
additional flavor indices l and s for simplicity. For fermionic
bilinear combinations

IO =
∫

dd kψ†(k)O(k)ψ (k), (9)

it holds that the single particle operator O, which is a 4 × 4

matrix in spinor space, transforms like O(k)
R−→ u†

RO(Rvk)uR.
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Parity transformation is given as

ψ (k)
P−→ uPψ (−k),

ψ†(k)
P−→ ψ†(−k)u†

P,

φ(k)
P−→ piφ(−k), (10)

with uP = β = γ 0. pi = ±1 is the boson parity that depends
on the choice of the coupling matrix ϒi. For ϒ1 = β the boson
is of even parity. More generally follows that uPϒiu

†
P = piϒi.

Time reversal, T = KU †
T is the combination of complex

conjugation K and a unitary operator UT . In our model it
corresponds for the fermion and boson operators to

ψ (k, t )
T−→ uT ψ (−k,−t ),

ψ†(k, t )
T−→ ψ†(−k,−t )u†

T ,

φ(k, t )
T−→ τiφ(−k,−t ), (11)

with τi = ±1 the parity of the boson under time reversal,
which depends on the choice of ϒi. uT is the spinor repre-
sentation of UT and the operators are given in the Heisenberg
picture. To ensure that the Hamiltonian is time reversal sym-
metric it must hold

u†
T α∗uT = −α,

u†
T β∗uT = β,

u†
T ϒ∗

i uT = τiϒi. (12)

The specific representation of uT depends on the choice of the
Dirac matrices. Since time reversal for the fermions squares
to T 2 = −1 it holds u∗

T uT = −1 and, using u†
T uT = 1, it fol-

lows that uT
T = (u−1

T )∗ = −uT . Time reversal is not a spatial
symmetry and must, hence, commute with all operations of
the symmetry group, [R, T ] = 0. This implies for the spinor
representation[u†

TK, uR] = 0 for all symmetry operations R,
and leads to

u†
T u∗

R = uRu†
T , (13)

a relation that will prove handy as we describe pairing insta-
bilities.

In the context of superconductivity, one encounters anoma-
lous bilinear forms of the kind

I� =
∫

dd kψ†(k)�(k)(ψ†(−k))T (14)

or its Hermitian conjugate. Because of the two creation op-
erators, it now follows that under symmetry transformations

�(k)
R−→ u†

R�(Rvk)u∗
R. This is distinct from the behavior of

a usual fermion bilinear and not very convenient. It can be
avoided if we use, instead of �, the quantity

�(k) = �(k)u†
T . (15)

Using Eq. (13), which relates spatial symmetry operations and
time reversal, one easily finds that � transforms like a usual
bilinear form

�(k)
R−→ u†

R�(Rvk)uR. (16)

It is this property that makes the Nambu spinor

�(k) =
(

ψ (k)
u†

T (ψ†(−k))T

)
(17)

the natural, symmetry-adapted description of a superconduc-
tor.

For the subsequent analysis of pairing states, it will prove
convenient to expand generic Hermitian 4 × 4 matrices in
terms of 16 base matrices; see e.g. Refs. [71,72]:

�S = 1, �
μ
V = γ μ, �

μν
T = σμν μ < ν,

�
μ
A = iγ μγ5, �P = γ5, (18)

with σμν = i
2 [γ μ, γ ν]. S, V , T , A, and P stand for scalar, vec-

tor, (antisymmetric) tensor, axial vector, and pseudoscalar, re-
spectively. It holds 1

4 tr(�r
I �

r′
J ) = δI,Jδr,r′ as well as (�r

J )2 = 1.
The coupling matrices of Eq. (6) are ϒi ∈ {�0

V , �03
T , �12

T , �0
A}.

Under time reversal, �S , �
μ
V , and �P are even, while �

μν
T and

�
μ
A are odd. In addition �S , �0

V , �
i j
T and �i

A are even under
parity while �i

V , �0i
T , �0

A, and �P are odd under parity. Here,
the superscript i stands for the spatial components.

B. Large-N, M saddle point equations

The analysis of the large-N , M equations is a direct ex-
tension of the approach of Refs. [53,54,56]. We perform the
replica trick to average over the random variables glms, drawn
from a Gaussian ensemble governed by Eq. (7), and take the
replica-symmetric limit. We then introduce the bilocal fields
(G and F have a 4 × 4 matrix structure)

G(x, x′) = 1

N

∑
l

ψl (x) 
 ψ
†
l (x′),

F (x, x′) = 1

N

∑
l

ψl (x) 
 (ψl (x
′)uT ),

D(x, x′) = 1

M

∑
s

φs(x)φs(x
′), (19)

that describe normal and pairing correlations of the fermions
as well as bosonic correlations. x = (τ, x) combines imag-
inary time and spatial coordinates. In our definition of the
anomalous function F we added uT , following the discussion
that led to Eq. (15).

Integrating out the primary fields gives rise to the saddle
point equations in the limit of large N and M at fixed N/M. As
we have to include pairing terms in the analysis, see Ref. [53],
we use the Nambu spinor of Eq. (17). At the saddle point it
holds that

�(x) = g2 M

N
ϒiG(x)ϒiD(x), (20)

�(x) = −τig
2 M

N
ϒiF (x)ϒiD(x), (21)

�(x) = −g2tr(ϒiG(x)ϒiG(−x))

+τig
2tr(ϒiF̄ (x)ϒiF (−x)). (22)

τi is the transformation of the boson φ, and hence of the
coupling matrix ϒi, under time reversal; see Eq. (12). �, �,
and � formally enter the theory as Lagrange-parameter fields
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that enforce Eq. (19). At the saddle point they play the role
of the fermionic and bosonic self-energies and are determined
by the Dyson equations which we write in the frequency and
momentum domain with k = (ω, k) as

Ĝ−1(k) = Ĝ−1
0 (k) − �̂(k), (23)

where

Ĝ(k) =
(

G(k) F (k)
F̄ (k) −u†

T GT (−k)uT

)
, (24)

and similar structure for �̂ in terms of � and �. The inverse
of the bare fermionic propagator in Nambu space is

Ĝ−1
0 (k) =

(
ikμγ μγ 0 0

0 ikμγ 0γ μ

)
. (25)

The bosonic Dyson equation is given as

D(q) = 1

ω2
0 + q2 − �(q)

. (26)

C. Normal state analysis

We first analyze the solution of the saddle-point equa-
tions in the normal state where � = F = 0. Except for the
slight generalization on the coupling matrix ϒi this analysis
was performed in Ref. [48]. We perform the analysis at T = 0
and assume that the normal state is critical, i.e., we analyze
the problem right at the GN-critical point, which corresponds
to a critical value of the coupling constant gc ∼ ω0�

−1/2 with
upper momentum cut off �. In our analysis of the critical state
the following expressions for Fourier transformations will be
useful: ∫

d3x|x|−2aeixμqμ = Ca|q|2a−3,∫
d3xxμγ μ|x|−2a−1eixμqμ = −iBaqμγ μ|q|2a−4, (27)

where Ca = 23−2aπ3/2�( 3
2 −a)

�(a) and Ba = C
a− 1

2
1−2a . The analogous ex-

pressions of the inverse transforms follow immediately.
For a critical system we make the power law ansatz

�(k) = −A(iω − vk · α)|k|−ηψ ,

= −iAkμγ μγ 0|k|−ηψ , (28)

with amplitude A > 0 and exponent ηψ . We determine the
exponent from the coupled saddle point equations. For ηψ > 0
the self-energy gives rise to a branch cut in the spectrum that
renders quasiparticle excitations ill-defined, with life times
and excitation energies of comparable magnitude, as seen in
Fig. 2 for the normal state spectral function. In the infrared
regime �(k) dominates over the bare propagator and we ob-
tain from the Dyson equation G(k)−1 ≈ −�(k) which yields

G(k) = − i

A
γ 0 kμγ μ

|k|2−ηψ
. (29)

Fourier transformation to coordinate space yields the result

G(x) = −
B 1

2 (1−ηψ )

(2π )3A
γ 0 γ μxμ

|x|3+ηψ
. (30)

FIG. 2. Normal state single-particle spectral function A(k, E ) =
−Im[TrG(k, iω → E + i0+)] vs energy E with self-energy Eq. (28),
showing the evolution from sharp quasiparticle peaks at vanishing
ηψ to a branch-cut behavior at larger ηψ that show the absence of
well-defined quasiparticles. We use amplitude A = 1, a wave vector
|k| = 0.25, and exponents ηψ ∼ 0 − 0.5.

For the bosonic propagator follows from Eq. (22)

�(x) = 4g2
B2

1−ηψ

2

(2π )6A2

cμνxμxν

|x|6+2ηψ
, (31)

where cμν = 1
4 tr(ϒiγ

0γ μϒiγ
0γ ν ). For the four coupling ma-

trices ϒi of Eq. (6) that anticommute with the αi follows
that cμν = δμν . Returning to momentum space we separately
analyze the zero momentum contribution and the dynamic
part

�(q) = �(0) + δ�(q). (32)

Being in a critical state it must hold that the renormalized
boson frequency

ω2
r = ω2

0 − �(0), (33)

vanishes at T = 0. We then obtain

�(q) = ω2
0 − g2 c�

A2
|q|1+2ηψ (34)

with c� = −4B2
1−ηψ

2

C2+ηψ
/(2π )6, which yields for the

bosonic propagator

D(q) = A2

g2c�

1

|q|1+2ηψ
. (35)

Note that compared to the GN critical point in Eq. (2) the
anomalous exponents of the bosonic and fermionic propaga-
tors are connected by ηφ = 1 − 2ηψ . The Fourier transform is

D(x) = A2

g2 cD|x|2ηψ−2 with cD = − (2π )3C 1
2 +ηψ

4B2
1−ηψ

2

C2+ηψ

. This yields for

the self-energy:

�(x) = −AM

4N

C 1
2 +ηψ

B 1−ηψ

2

C2+ηψ

|x|ηψ−5ϒiγ
0γ μxμϒi, (36)
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FIG. 3. Dependence of the anomalous exponent of the fermion
spectrum on the ratio M/N of the bosonic and fermionic flavors,
respectively (notice, as we consider four-component Dirac spinors,
we have in total 4N fermion flavors). Crucially, the approach used
here allows for a controlled analysis of ηψ that is not parametrically
small and reaches values up to ηψ = 1

2 .

which we Fourier transform to momentum space and finally
obtain

�(k) = i
AM

4N

C 1
2 +ηψ

B 4+ηψ

2

B 1−ηψ

2

C2+ηψ

|k|−ηψ kμϒiγ
0γ μϒi. (37)

This result must be equal to our original ansatz, Eq. (28), to
ensure that it is a self-consistent solution. This is indeed the
case if

M

N
= −4

B 1−ηψ

2

C2+ηψ

C 1
2 +ηψ

B 4+ηψ

2

= 2
(ηψ − 3)(ηψ − 1) sin2

(πηψ

2

)
ηψ (2ηψ + 1) cos(πηψ )

,

(38)

as well as

γ μ = ϒiγ
0γ μϒiγ

0 (39)

for μ = 0, 1, 2. The first equation determines the exponent
ηψ . Analyzing the restrictions under which all Fourier inte-
grals are convergent yields 0 < ηψ < 1

2 for the exponent. In
Fig. 3 we show ηψ as function of the ratio M/N . It holds that
ηψ → 0 as M/N goes to zero and ηψ → 1/2 in the opposite
limit, M/N → ∞. For M = N follows ηψ ≈ 0.08658. As for
the second condition, Eq. (39), on the coupling matrices, one
easily finds that it is obeyed precisely for the four ϒi listed in
Eq. (6). Hence, Eq. (28) is a consistent solution for the normal
state energy with ηψ given by Eq. (38).

III. SUPERCONDUCTIVITY AT THE GROSS-NEVEU
CRITICAL POINT

A. Linearized gap equation

In order to identify the leading superconducting instabil-
ities we solve the saddle point Eq. (21) with the anomalous

FIG. 4. Critical coupling constants λc
p for various angular mo-

menta l for the exact solution (solid purple line) and approximation
(dashed purple line) of the single components superconducting prob-
lem that occurs for the pairing interactions ϒ1, ϒ2, and ϒ4. The
pairing interaction λp (black line) exceeds the critical value for
pairing for states with angular momentum in space-time l = 0 and
for ηψ > 0.14628, yielding a superconducting state (SC). The inset
shows λp and the critical coupling constants λc

p for higher angular
momenta l .

propagator evaluated to linear order in �:

F (p) = −G(p)�(p)u†
T GT (−p)uT ,

= − pμ pν

A2|p|4−2ηψ
γ 0γ μ�(p)γ νγ 0. (40)

In the last step we used the critical normal state solution for
G(p), discussed in the previous section. If we furthermore use
the corresponding power-law result for the boson propagator,
the linearized version of Eq. (21) becomes

�(k) = λpτi

∫
d3 p

4π

pμ pνϒiγ
0γ μ�(p)γ νγ 0ϒi

|p|4−2ηψ |k − p|1+2ηψ
, (41)

where we introduced the coupling constant of the pairing
problem

λp(ηψ ) = 1

2π2c�

M

N
. (42)

Using Eq. (38) for M/N and c� as given in the text below
Eq. (34), it follows that this coupling constant is fully de-
termined by the anomalous exponent ηψ of the fermions; in
particular it is independent of the amplitude A of the fermionic
propagator and the value of the coupling constant g. For
small ηψ it holds λp ≈ 3ηψ (1 − 7

3ηψ · · · ) while λp(ηψ →
1
2 ) → 5

3π
. In Fig. 4 we show the dependence of λp on ηψ for

0 < ηψ < 1
2 , i.e., the entire regime of relevance.

Equation (41) is the linearized gap equation of pairing in
quantum critical Dirac fluids. It determines the momentum
and frequency dependence as well as the spinor structure
of the superconducting state. Both are closely entangled, a
property that will be crucial in our subsequent solution of this
integral equation. While formally our analysis is performed at
T = 0, finite temperatures can easily be reintroduced as one
converts the frequency integration to a Matsubara summation,
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or, approximately, by introducing a lower cut off ∼T of the
frequency integral.

In order to analyze the pairing state we first focus on
its structure in spinor space. Since �(k) transforms properly
under symmetry operations, it is natural to expand it in terms
of the basis matrices of Eq. (18):

�(k) =
∑

rJ

χ r
J (k)�r

J , (43)

such that

χ r
J (k) = λpτi

∑
r′J ′

∫
d3 p

4π

Lrr′
JJ ′ (p)χ r′

J ′ (p)

|p|2−2ηψ |k − p|1+2ηψ
, (44)

with

Lrr′
JJ ′ (p) = pμ pν

4p2
tr
(
ϒiγ

0γ μ�r
Jγ

νγ 0ϒi�
r′
J ′
)
. (45)

Here, the summation is over μ and ν, while no summation
over i, i.e., over the choice of the coupling matrix ϒi, is
implied. To keep the number of indices manageable we do
not indicate explicitly that Lrr′

JJ ′ (p) depends on i. It holds for
all four ϒi that Lrr′

JJ ′ (p) is diagonal w.r.t. S, V , T , A, and P that
stand for scalar, vector, (antisymmetric) tensor, axial vector,
and pseudoscalar, respectively, i.e.,

Lrr′
JJ ′ (p) = lrr′

J (p)δJ,J ′ . (46)

The eigenvalues lJ of the matrices lrr′
J (p) are momentum

independent and ±1. The eigenvectors only depend on the
direction of p = (ω, p) and not on its magnitude, which we
denote as P = |p|.

Let us analyze these matrices for the distinct pairing sym-
metries, i.e., for different J . If J = S it holds for all four
pairing interactions ϒi

lS = 1. (47)

If the pairing state is of a vector nature, the pairing matrix
lrr′
V (p) is a 4 × 4 matrix

lV = pi

(
Qμν 0

0 bi

)
, (48)

with 3 × 3 block Qμν = 2qμqν

q2 − δμν and 2 + 1-dimensional
momenta qμ as well as a 1 × 1 block. We recall that pi

is the parity of the boson and bi = ±1 determines whether
γ 5 commutes or anticommutes with the coupling matrix ϒi.
Obviously the result depends on the behavior of the pairing
matrix ϒi. The expression for the 6 × 6 matrix lT , that de-
scribes antisymmetric tensor matrices, is rather lengthy. As we
will see, we will not need it in our subsequent analysis. For
pairing states with axial vector character it holds lA = bilV ,
while for pseudoscalars it holds that

lP = bi. (49)

These results are summarized in Table I.

B. Pairing symmetry and Pauli principle

Before we solve the linearized gap equation further, we
summarize the implications of the Pauli principle for the pair-
ing amplitudes χ r

J (k). If we consider a pairing expectation

value �ab(k) ∼ 〈ψa(k)ψb(−k)〉, fermionic anticommutation
yields �(k) = −�T (−k), which corresponds with Eq. (15)
to

�(k) = −u∗
T �T (−k)uT . (50)

If we now insert the expansion of Eq. (43) into Eq. (50) and
use the orthogonality of the �r

J it follows that

χrJ (k) = τJχrJ (−k), (51)

where τJ is the parity of �r
J under time reversal, i.e.,

u†
T �rT

J uT = τJ�
r
J with τJ = ±1, independent on r. To derive

Eq. (51) we used u∗
T = −u†

T valid for T 2 = −1. Thus, for
pairing states with time-reversal (TR)-even spinor structure,
χrJ (k) is an even function of k = (ω, k), while it is odd if the
pairing state has a spinor structure that is odd under TR. Since
τS = τV = τP = 1 and τT = τA = −1, it follows for the Pauli
condition

χS (k) = χS (−k),

χV (k) = χV (−k),

χT (k) = −χT (−k),

χA(k) = −χA(−k),

χP(k) = χP(−k). (52)

This is analogous to singlet states being even and triplet states
odd under k → −k for single orbital pairing [73]. Below we
find that in an expansion in spherical harmonics with respect
to the three-dimensional vector k, only pairing states with
angular momentum l = 0 occur. This immediately excludes
χT (k) and χA(k) which only contain odd l .

C. Gap equation in spherical harmonics

To solve the linearized gap equation, where the spinor
structure and the momentum dependence are strongly cou-
pled, we expand the pairing wave function and interaction in
spherical harmonics:

χ r
J (p) =

∑
lm

ϕr
lm(P)Ylm(�p),

lrr′
J (�p) =

∑
lm

�rr′
lmYlm(�q),

1

|k − p|1+2ηψ
=

∑
l,m

4πzl (P/K )Ylm(�k )Y ∗
lm(�p)

(K2 + P2)1/2+ηψ
. (53)

We recall that P = |p| and K = |k| stand for the magnitudes
of the three vectors. In Eq. (53) we dropped, for simplicity,
the index J in ϕr

lm and �rr′
l2m2

on the right-hand side, and used

zl (s) = 1

2

∫ 1

−1
dxPl (x)

(
1 − 2sx

1 + s2

)−1/2−ηψ

, (54)

with Legendre polynomial Pl (x). It holds zl (s) = zl (s−1). Be-
low we will also employ the asymptotic behavior

zl (s) = z0
l

{
sl if s � 1

s−l if s � 1
, (55)

with z0
l =

∏l−1
l′=0(2l ′+1+2ηψ )

(2l+1)!! , implying z0
l=0 = 1.
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This expansion then yields for the gap equation

ϕr
lm(K ) = λpτi

∑
r′l ′m′

∫ ∞

0
dP

Mrr′
lm,l ′m′zl (P/K )

(K2 + P2)1/2+ηψ P−2ηψ

ϕr′
l ′m′ (P),

(56)

where we only have a one-dimensional integration over the
magnitude P =

√
ω2 + p2 left. We introduced

Mrr′
lm,l ′m′ =

∑
l ′′m′′

�rr′
l ′′m′′T lm

l ′′m′′,l ′m′ , (57)

that describes the angular momentum transferred by the in-
teraction. Analyzing this transferred momentum, only l ′′ = 0
and l ′′ = 2 occur since lrr′

J (�p) only contains constant terms
or terms that transform like a quadrupole pμ pν/p2 in space
time, see e.g., lr,r′

V of Eq. (48). Finally, T lm
l ′′m′′,l ′m′ vanishes

unless |l ′′ − l ′| � l � l ′′ + l ′ when it is expressed in terms of
Clebsch-Gordon coefficients:

T lm
l ′′m′′,l ′m′ =

√
(2l ′ + 1)(2l ′′ + 1)

4π (2l + 1)
〈l ′′0l ′0 | l0〉

× 〈l ′′m′′l ′m′ | lm〉. (58)

Next we solve this pairing problem for the different pairing
states.

1. Scalar and pseudoscalar, and one-component vector
pairing states

The situation is particularly simple for pairing in the
scalar and pseudoscalar channel J = S and P or for the one-
dimensional block of the vector channel V , where the indices
r, r′ only take one value; and hence the matrix (or matrix
block) obeys lrr′

J = ±1. In this case it holds that

Mlm,l ′m′ = δl,l ′δm,m′ . (59)

Then it follows for the linearized gap equation that the integral
equation

ϕlm(K ) = lJτiλp

∫ ∞

0
dP

zl (P/K )ϕlm(P)

(K2 + P2)1/2+ηψ P−2ηψ

. (60)

This integral equation is formally very similar to the one
that occurs in compressible quantum critical systems, often
referred to as the “γ model” [74–82], with exponent γ =
1 + 2ηψ (i.e., 1 < γ < 2). Notice, in compressible systems
the variable K corresponds to the fermionic frequency, while

it is the Lorentz-invariant magnitude K =
√

ω2 + k2 in our
problem. The common feature of both problems is the highly
nonlocal pairing interaction in K .

Nontrivial solutions of Eq. (60) require τilJ = +1, i.e., for
TR even bosons lJ = +1 matters while eigenvalues lJ = −1
are important for TR odd bosons. As one can deduce from
Table I, this is the case for ϒ1 = γ 0 if J = S, for ϒ2 = iγ 0γ 3

if J = V as long as we consider the one-dimensional block
−1, and for ϒ4 = iγ 0γ 5 with J = P. These three states are
marked with green color in the table. In what follows we
consider those cases and set τilJ = +1.

We start our analysis by performing an approximate solu-
tion of this integral equation. Following Refs. [55,76,82,83]

we transform the integral equation into a differential equa-
tion with appropriate boundary conditions. This is, as we will
see, even quantitatively accurate for ηψ not too small. In addi-
tion, it will provide us with the intuition to solve the problem
more accurately. We split in Eq. (60) the contributions for
P < K and P > K and treat them in the limits P � K and
P � K . Using Eq. (55) this leads to

ϕlm(K ) = λpz0
l

(∫ K

T

dPϕlm(P)

Kl+1+2ηψ P−l−2ηψ

+
∫ �

K

dPKlϕlm(P)

P1+l

)
. (61)

Here we introduced the temperature, T , as a lower cut off and
added an upper cut off � above which the power-law behavior
ceases to be correct. In this form, the equation can easily be
transformed into a differential equation. First we find

∂K Kl+1+2ηψ ϕlm(K ) = λpz0
l (2(l + ηψ ) + 1)

×
∫ �

K
dP

K2(l+ηψ )

P1+l
ϕlm(P), (62)

which leads to the second-order differential equation

∂K K−2(l+ηψ )∂K Kl+1+2ηψ ϕlm(K )

= −λp(2(l + ηψ ) + 1)z0
l

ϕlm(K )

K1+l
. (63)

From Eq. (63) also follow the UV and infrared (IR)
boundary conditions ∂K Kl+1+2ηψ ϕlm(K )|K=� = 0 and
K∂Kϕlm(K )|K=T = lϕlm(T ), respectively. Finally, we use
logarithmic variables

ϕlm(K ) = K−1/2−ηψ flm

(
log

K

�

)
, (64)

and the above differential equation takes a particularly simple
form of a classical harmonic oscillator problem:

d2 flm(x)

dx2
= vl flm(x), (65)

with vl = 1
4 (2(l + ηψ ) + 1)2 − (2(l + ηψ ) + 1)λpz0

l . The

boundary conditions are ∂x flm(x)|x=0 = − 2(l+ηψ )+1
2 flm(0)

in the UV and ∂x flm(x)|x=xT = 2(l+ηψ )+1
2 flm(xT ) with

xT = log(�/T ) in the IR. If vl > 0 one cannot simultaneously
fulfill both boundary conditions. This changes once νl

becomes negative and the solutions of the differential
equation become oscillatory with flm(x) ∼ e±i

√−vl x. For
νl < 0, the boundary conditions then determine the transition
temperature as

Tc = � exp

(
− 1√|νl |

(
π − arctan

4(1 + 2ηψ )
√|νl |

(1 + 2ηψ )2 − 4|νl |
))

,

(66)

which we plot for l = 0 in Fig. 1. Near the onset of supercon-
ductivity this expression simplifies to

Tc = � exp

(
− D√

λp − λc
p

)
, (67)
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where D = π√
1+2ηψ

. The coupling constant λp of Eq. (42)

must therefore be larger than the critical value λc
p = 1

4z0
l
(2(l +

ηψ ) + 1), determined from the condition that νl vanishes.
Hence a superconducting ground state only emerges if λp of
Eq. (42) is larger than λc

p. The behavior of Eq. (67) for the tran-
sition temperature is common to a number of quantum-critical
pairing states [54,55,74], and generally associated with the
spontaneous breaking of conformal symmetry [84].

Returning from logarithmic variables to our usual mo-
menta yields

ϕlm(P) ∝ P− 1
2 −ηψ±iδ, (68)

where the exponent δ = √|νl | vanishes for λp → λc
p from

above. It turns out that this is indeed the correct solution of
the full integral Eq. (60), provided the following condition is
met:

1 = 2λp

∫ 1

0
ds

zl (s) cos (δ log s)

(s2 + 1)
1
2 +ηψ s−ηψ

. (69)

The critical coupling constant for the onset of pairing with
angular momentum l is obtained if one considers δ → 0

λc
p,l = 1

2

(∫ 1

0
ds

zl (s)

(s2 + 1)
1
2 +ηψ s−ηψ

)−1

; (70)

the ground state is superconducting if λp > λc
p,l .

In Fig. 4 we plot λc
p,l for the various angular momentum

states l . Clearly the leading instability is the one with l = 0,
while other pairing states require significantly larger coupling
constants. We also compare the critical coupling constant with
the approximate result that follows from the analysis of the
differential equation. For exponents ηψ not too far from zero
the agreement is very good. In the figure we also show λp

of Eq. (42). We see that only l = 0 instabilities are allowed
and require ηψ > ηc

ψ , with ηc
ψ of Eq. (3). For all angular

momenta l � 1, the pairing strength is not strong enough
to induce higher angular-momentum pairing. Hence, if the
anomalous dimension of the fermions is sufficiently large, the
ground state of the problem is superconducting and the pairing
wave function is isotropic as function of the three momentum
(l = 0). In particular this implies that the pairing state is of
even frequency. Thus, for ϒ1 = γ 0 the pairing state is

�(P) ∼ P− 1
2 −ηψ±iδ1, (71)

for ϒ2 = iγ 0γ 3 it holds that

�(P) ∼ P− 1
2 −ηψ±iδγ 3, (72)

while for ϒ4 = iγ 0γ 5 it holds that

�(P) ∼ P− 1
2 −ηψ±iδγ 5. (73)

In Fig. 5 we show the spectral function on the real frequency
axis in the superconducting state and near the onset of pairing
that results from this anomalous pairing state. Clearly, states
at the Dirac point are gapped by pairing, i.e., the GN gap due
to condensation of the critical boson is preempted by the onset
of superconductivity.

FIG. 5. Single-particle spectral function A(k, E ) =
−Im[TrG(k, iω → E + i0+)] vs energy E , evaluated at k = 0
(Dirac point) for the case of S pairing with diagonal self-energy
Eq. (28) pairing self-energy �(k, ω) = �(k2 + ω2)−

1
4 (1+2ηψ ). For

this plot we chose amplitude A = 1, exponent ηψ = 0.2, pairing
amplitude � = 0.001 (light blue), � = 0.005 (light purple), and
� = 0.01 (dark purple), showing that the onset of pairing rapidly
suppresses the spectral function peak while also introducing a gap at
the Fermi level.

2. Vector, tensor, and axial vector pairing states

In this section we analyze pairing instabilities for the situa-
tion where lrr′

J (p) describes coupling in a higher-dimensional
state of pairing states and is no longer a 1 × 1 matrix. This
is important for the pairing interaction ϒ3 = iγ 1γ 2, where,
according to Table I the 3 × 3 block Q enters as the only
option to yield an attractive interaction.

To analyze these multicomponent pairing states we need to
use the expansion of lrr′

J (p) given in Eq. (53). In analogy to
the previous section, we first analyze the solution by approx-
imately transforming the integral equation into a differential
equation. With

ϕr
lm(K ) = K− 1

2 −ηψ f r
lm(log K ), (74)

it follows that

d2 f r
lm(x)

dx2
=

∑
r′l ′m′

V rr′
lm,l ′m′ f r′

l ′m′ (x), (75)

where we defined

V rr′
lm,l ′m′ = (2(l + ηψ ) + 1)2

4

(
δrr′δll ′δmm′ − λpU

(0)rr′
lm,l ′m′

)
, (76)

with

U (0)rr′
lm,l ′m′ = 4τiz0

l

(2(l + ηψ ) + 1)
Mrr′

lm,l ′m′ . (77)

Pairing corresponds to the smallest eigenvalue of V crossing
zero, i.e., the largest eigenvalue of U (0) reaching 1/λp. The
result for the 3 × 3 block lV = Q, marked in red in Table I,
is shown in Fig. 6. We find that the pairing strength λp never
crosses the critical value.

To check this result, we solve the linearized gap equa-
tion more carefully and find that the ansatz

ϕr
lm(P) = Ar

lmP− 1
2 −ηψ±iβ, (78)

085119-9



STANGIER, SHEEHY, AND SCHMALIAN PHYSICAL REVIEW B 113, 085119 (2026)

FIG. 6. Same as Fig. 4, but for a pairing interaction ϒ3 that
leads to the 3 × 3 matrix Q which occurs in the vector component
lV . The dashed-purple line corresponds to the threshold coupling
obtained from the approximate solution of the differential equation,
while the solid-purple line corresponds to the full solution. For this
interaction the pairing interaction λp (shown as black line) is always
smaller than the threshold coupling for superconductivity λc

p, i.e. no
superconductivity emerges.

solves the integral equation, provided the largest eigenvalue
of the matrix

U rr′
lm,l ′m′ = 2τiM

rr′
lm,l ′m′

∫ 1

0
ds

zl (s)

(s2 + 1)
1
2 +ηψ s−ηψ

(79)

equals λ−1
p . In Fig. 6 we show for the 3 × 3 matrix Q that

enters in the vector component lV the approximate solution
from the differential equation as well as the full solution using
U of Eq. (79) as function of the anomalous exponent ηψ . We
find that the condition λp > λc

p cannot be fulfilled, i.e., critical
fluctuations of a boson coupled via ϒ3 = iγ 1γ 2 will not give
rise to a stable superconducting state. The complexity of the
multicomponent pairing state leads to an enhanced threshold
coupling, which is always larger than λp, including for l = 0.

D. Algebraic conditions for pairing

Our results for pairing can be expressed very efficiently
as algebraic conditions on the matrices �r

J that, accord-
ing to Eq. (43), govern the spinor structure of the pairing
state. To this end, we generalize from four-component to
nγ -component spinors and to bosons with mφ degenerate com-
ponents, described by ϒi (i = 1, . . . , mφ), all sharing the same
parity under time reversal τ . In this framework, the matrix
Lrr′

JJ ′ (p) of Eq. (45) takes the form

Lrr′
JJ ′ (p) = pμ pν

mφnγ p2

mφ∑
i=1

tr
(
ϒiγ

0γ μ�r
Jγ

νγ 0ϒi�
r′
J ′
)
. (80)

It is now an n2
γ × n2

γ matrix. The analysis of the linearized
pairing problem implies that superconductivity becomes pos-
sible if L(p) has one-dimensional irreducible sub-blocks with
(L)sub block = τ . One can easily show that this condition is
fulfilled for the (r, J ) that obey[

�r
J , αi

] = 0 for i = 1, 2, (81)

and

�r
Jϒi = τϒi�

r
J for i = 1 · · · mφ. (82)

Hence, for τ = −1 it holds that the pairing matrix and the ϒi

anticommute {�r
J , ϒi} = 0 while they commute for τ = +1,

[�r
J , ϒi] = 0. An allowed pairing state must also obey the

Pauli principle, which for an angular-momentum l = 0 state
implies

(�JuT )T = −�JuT . (83)

The three algebraic conditions Eqs. (81), (82), and (83) for
�r

J allow for an easy determination of superconductivity in
a generic Dirac problem coupled to arbitrary critical bosons.
Interestingly, the second condition, Eq. (82), was recently ob-
tained in the study of the leading pairing instability of twisted
bilayer graphene in the extreme flat-band limit [85] and for
doped Dirac systems [86,87], i.e., not in the Dirac regime or
at neutrality, suggesting that it may in fact be of more general
relevance. This point will be elaborated further in Ref. [70].

E. Absence of pairing for two-component Dirac spinors

It is instructive to apply our formalism and analyze for
the possibility of pairing near the GN-critical point for a
two-component Dirac spinor, i.e., the simplest Dirac theory in
2 + 1 dimensions. To this end we make, without restrictions,
the choice

α1 = σ1, α2 = σ2, (84)

coupled to the only mass-generating term with

ϒ = σ3. (85)

The σi are the usual Pauli matrices. If the fermions are spinless
the unitary component of time reversal is uT = σ0 (the unit
matrix) and ϒ is time-reversal even, i.e., τ = 1. If σi stand
for spin, then uT = iσ y and ϒ is time-reversal odd with τ =
−1. The complete set of Hermitian 2 × 2 matrices is given
by �J = σJ with J = 0 · · · 3. This immediately allows us to
determine the matrix

L =
(

lS 0
0 lV

)
, (86)

where lS = 1 and lV = −Q with the 3 × 3 matrix used ear-
lier. As before, lV will not induce pairing. The pairing wave
function in the lS channel is �(k) = χ (k)σ0. It seems that a
TR even critical boson might cause superconductivity since
τ lS = +1. However, due to uT = σ0 it follows that �(k) =
χ (k)σ0 and the function χ (k) must be odd in k to comply
with Pauli principle. Even for the smallest angular momentum
l = 1 the threshold value for the pairing interaction is too
large. The Pauli principle would be consistent with l = 0 for
spin-full fermions where �(k) = χ (k)iσ2 corresponds to a
singlet state. However, in this case τ lS = −1 and the inter-
action is repulsive. Hence, no superconductivity emerges in a
two-component Dirac spinor.

We can easily come to the same conclusion using the three
algebraic conditions (81), (82), and (83): Given our choice for
α1 and α2, the only 2 × 2 matrix that commutes with both,
i.e., that is a candidate for �J , is σ0. σ0 does not anticommute
with ϒ , i.e. there is no attractive coupling for TR odd bosons.
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It commutes with ϒ and could serve as pairing state for a
TR even boson. However, in this case it holds that uT = σ0

and σ0uT is not antisymmetric. Hence, we arrive at the same
conclusion that no pairing state is allowed. More complex
spinor structures are necessary for pairing near the GN critical
point to emerge.

F. Superconducting order-parameter fluctuations

The solution of the pairing problem yields an instabil-
ity temperature Tc. Within the large-N approach used here,
superconducting order-parameter fluctuation are suppressed
and and Tc corresponds to the actual phase transition tem-
perature. For any finite N order-parameter fluctuations are of
course important and ultimately give rise to a Berezinskii-
Kosterlitz-Thouless (BKT) transition [88–90]. Furthermore,
the pairing state we find exhibits off-diagonal long-range or-
der and therefore displays a Meissner effect —understood in
the appropriate sense for a two-dimensional superconductor
—as well as flux quantization. In what follows we show that
superconducting fluctuations will give rise to corrections to Tc

of order unity, but that ultimately the BKT transition temper-
ature remains finite and is of the order of magnitude of Tc.

To analyze BKT physics we need to determine the phase
stiffness of the problem. The stiffness then determines the
behavior of the two-dimensional classical problem at finite
temperature with XY action

SXY = ρ (0)
s

2

∫
d2x(∇θ − 2eA)2, (87)

where θ is the phase of the superconducting order parameter
and A the electromagnetic vector potential. Order-parameter
fluctuations renormalize ρ (0)

s → ρs and the BKT transition
temperature follows from the celebrated condition [89,90]

ρs(TBKT) = 2

π
TBKT. (88)

The determination of the superfluid stiffness is a nontrivial
analysis, which requires the determination of current vertex
corrections; a consequence of the strong momentum de-
pendence of the single-particle self-energy. This is rather
different from the usual analysis in Eliashberg-type theories
with momentum-independent self energies; for a detailed dis-
cussion see Ref. [91]. Qualitative understanding can, however,
be obtained using the Ferrell-Glover-Tinkham (FGT) sum rule
of the real part σ ′(ω) of the optical conductivity [92,93]:

ω2
p

4
=

∫ ∞

−∞
dωσ ′(ω), (89)

with plasma frequency ωp. For a Dirac particle with upper cut
off � the sum rule becomes [94]∫ �

−�

dωσ ′(ω) = N

4
�. (90)

In the superconducting state it holds for the real part of the
optical conductivity

σ ′
sc(ω) = πe2ρsδ(ω) + σ̃ns(ω), (91)

where σ̃ns(ω) essentially equals the normal state conductivity
for |ω| > T and is due to interband transitions. We expect it
to vanish at low frequencies, below the pairing gap �. We

FIG. 7. The transfer of spectral weight in the optical conductivity
from the normal state behavior (light blue) to the superconduct-
ing state (dark purple) determine the superfluid stiffness ρS and is
determined by the gap energy scale � and the normal state DC
conductivity σ0. For the latter we expect σ0 ∼ Ne2/h̄ which im-
plies ρS ∼ N�, i.e., phase fluctuations are important at finite N and
change the transition temperature compared to its value obtained
from the large-N theory.

further expect that this gap is parametrically determined by
the mean-field transition temperature: � ∼ Tc, where the co-
efficient is of the order of unity but typically somewhat larger.
The spectral weight of the optical conductivity below ω < �

in the normal state is transferred into a δ-function in the
superconducting state, as illustrated in Fig. 7. In the normal
state, hydrodynamic arguments [95,96] fix the conductivity
for ω < T to a Drude contribution:

σ ′
ns(ω) = σ0

1 + (ωτ )2 + σ̃ns(ω). (92)

Then follows from the FGT sum rule for �τ ≈ 1 that

π
e2

h̄
ρs ≈ σ0�. (93)

In the usual weakly disordered Fermi liquid it holds that σ0 =
ω2

p

4π
τ and we obtain for the stiffness in the superconducting

state ρs = n
m

π
4 τ� with ω2

p = π e2

h̄
n
m . For n

m
π
4 τ ≈ EF τ � 1 the

stiffness, albeit reduced from its clean limit, is large compared
to � and phase fluctuations are relevant only in a very narrow
regime near Tc. Then TBKT is smaller than, but very close
to Tc [90]. In our problem we expect for the scattering rate
at a critical point τ−1 = α∗T , with fixed point value of the
interaction α∗ along with the conductivity

σ0 = Nζ∗
e2

h
, (94)

where ζ∗ should be a dimensionless number of order unity.
This implies

ρs = Nζ∗
�

2π2
. (95)

At large N the stiffness is obviously large and there are no
phase fluctuations. Considering N = 1 follows that ρs ∼ �
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and phase fluctuations are strong near the transition temper-
ature. Nevertheless, (Tc − TBKT)/TBKT of order unity since the
stiffness scale is set by Tc. Hence, ultimately TBKT should be of
the same order as Tc. The stiffness at T = 0 can be understood
in a similar way. Although the Drude peak is now absent,
a nearly frequency-independent contribution to the optical
conductivity from interband transitions persists down to the
lowest frequencies and is again expected to be of order Ne2/h.
In other words, the stiffness is set by the zero-temperature
gap. We therefore expect superconductivity to remain stable
at sufficiently low temperatures, even for finite N .

IV. SUMMARY

In summary, we analyzed the possibility of superconduc-
tivity due to critical fluctuations at the Gross-Neveu critical
point for two-dimensional massless Dirac fermions at neutral-
ity, coupled to a bosonic mode by Yukawa coupling. For the
bosonic mode we analyzed the four options that induce, upon
bose condensation an isotropic gap in the fermion spectrum,
see Eq. (6). In its normal state, the theory is identical to the
one developed by Kim et al. [48] and yields anomalous dimen-
sions ηψ and ηφ for the Dirac fermions and critical bosons of
the problem. Importantly, one then finds values for ηψ that are
not parametrically small, in distinction to the usual expansions
in 1/N (with fermion flavor N) or in ε = 3 − d . We then
generalized the approach of Ref. [48] to the superconducting
state and analyzed the linearized gap equation of the pairing
problem. We find that superconductivity emerges once the
anomalous fermion dimension exceeds a critical threshold.
Strikingly, our analysis shows that superconductivity is ab-
sent in the regime of well-defined quasiparticles, but appears
when the quasiparticles become ill-defined. We considered
four distinct pairing interactions and found that supercon-
ductivity emerges in three out of the four cases. We further
list easy-to-analyze algebraic conditions [Eqs. (81), (82), and
(83)] that allow one to determine superconducting states for a
generic Gross-Neveu theory with arbitrary spinor components
and critical boson modes. These pairing rules should also be
useful for numerical investigations of superconductivity near
GN criticality. Even if the actual superconducting transition
temperature is too low to be accessed in quantum Monte Carlo
simulations, one can still analyze the pairing susceptibility
in the normal state. This analysis can be carried out for all
possible pairing channels, characterized by its spinor structure
encoded in �r

J . For those channels that satisfy our pairing
rules, we expect the pairing susceptibility to increase much
more strongly with decreasing temperature than in all other
channels.

Since our theory was formulated for a generic representa-
tion of the Dirac matrices, it is instructive to discuss it in the
context of a specific realization. To this end we consider

α1 = −τ2σ2, α2 = τ2σ1, α3 = −τ1σ0 and β = τ3σ0, (96)

discussed in Refs. [97,98]. Here τa stands for two orbitals of
opposite parity while σb acts in spin space. For this problem it
holds that the parity operation is uP = β while time reversal
is given as uT = iτ3σ2. The pairing states for the four distinct
Yukawa couplings, i.e., the interaction terms ∼gψ†ϒiψφ in
the action can then easily be analyzed with the help of Table I.

The coupling

ϒ1 = γ 0 = τ3σ0, (97)

which is even under inversion and time reversal and cor-
responds to an excitation in the charge channel, describes
an orbital fluctuation. For the superconducting gap function
induced by this coupling it follows that

�(k) = χ (K )uT = −iχ (K )τ3σ2, (98)

i.e., we obtain a spin-singlet, orbital triplet that is out of phase
for the two orbitals. The coupling

ϒ2 = iγ 0γ 3 = −τ1σ0, (99)

which is odd under parity and TR, and hence corresponds to
a toroidal moment. It is trivial in spin space but describes
transitions between the orbital states that amount to orbital
currents, i.e., some form of loop currents of the two-orbital
problem. For the superconducting gap function induced by
this coupling follows as

�(k) = χ (K )γ 3uT = −χ (K )τ1σ2. (100)

Hence, we obtain a different spin-singlet / orbital triplet state.
The coupling

ϒ4 = iγ 0γ 5 = τ2σ2, (101)

is also odd under parity and time-reversal and describes spin-
orbit entangled toroidal moment. For the superconducting gap
function induced by this coupling follows as

�(k) = χ (K )γ 5uT = iχ (K )τ2σ1. (102)

This corresponds to an orbital singlet and spin triplet state.
Finally the absence of superconductivity due to

ϒ3 = iγ 1γ 2 = −τ0σ3, (103)

which is odd under time reversal and even under parity and de-
scribes with Eq. (96) spin-ferromagnetic fluctuations, shows
that not all Gross-Neveu interactions serve equally efficient as
pairing glue. This interaction is most attractive in the channel
with the three-component gap function

�(k) =
2∑

μ=0

χμ(K )γ μuT ,

= −iχ0(K )τ0σ2 − χ1(K )τ2σ0 + iχ2(K )τ2σ3, (104)

which transforms under a three-dimensional irreducible rep-
resentation. It is a combination of an orbital triplet and spin
singlet, with amplitude χ0(K ) with two orbital singlets / spin
triplets, with amplitudes χ1,2. While superconducting fluctu-
ations may be sizable, the pairing interaction does not reach
the threshold value in this pairing channel.

The choice of Dirac matrices in Eq. (96) illustrates the
rich physics of unconventional pairing states that emerge upon
exchanging critical mass-generating bosons in Dirac systems.
Our formalism can be readily applied to generic represen-
tations of Dirac matrices, allowing one to analyze whether,
for a given system, the relevant collective boson can induce
pairing and to determine the resulting pairing symmetry. In a
subsequent publication [70] the approach will be applied to
the case of 8 × 8 Dirac spinors that describe AB-BA stacked
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twisted double-layer WSe2 at filling ν = 2 [10–14] and to
16 × 16 Dirac matrices that one encounters in the context of
twisted bilayer graphene [35–38,40,41].

Let us also comment on the emergence of superconduc-
tivity, induced by TR and parity-odd fluctuations that do not
break translation. Recently it was pointed out that such a
collective boson is unable to induce superconductivity in the
critical regime [98–101]. We emphasize that these restrictions
apply only to systems without spin-orbit coupling and there-
fore do not pertain to our problem.

Finally, we discussed the role of superconducting order-
parameter fluctuations beyond the large-N limit, concluding
that such fluctuations are likely to reduce the transition
temperature but should not destroy the superconducting
state identified here. Solving the pairing problem below
Tc, addressing the robustness of pairing against disorder
and externally applied magnetic fields, and elucidating the
connection to topological superconductivity due to charged

skyrmions, as discussed in Refs. [42,65–69], are among the
important open problems that emerge from our findings.
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