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1 Introduction

The authors of [1-3] claim that theories with a dimension-less scalar (such as an ordinary
QFTs with 2 derivatives in 141 dimensions, or 4 derivative QFTs in 3+ 1 dimensions) contain
IR divergences such that the usual ultra-violet (UV) running (encoded in the dependence of
renormalized couplings on In zi in dimensional regularization) does not match their dependence
on Inp, where p denotes external energy-momenta.

This issue affects quadratic gravity in 3+1 dimensions, which has possible physical interest
as a renormalizable theory of quantum gravity. Indeed it contains, in the pure gravity sector,
terms with 4 derivatives,

S = /d4:m/|detg|

where fy and fo are two dimension-less couplings.! The second term is the square of the
Weyl tensor, %Rz — RIQW = 7W0‘25HV B
term. The Einstein term induces masses Moo = fo2Mpi/ V/2 for the spin-0 and spin-2 extra
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/2, and we can ignore the topological Gauss-Bonnet

components in the 4-derivative graviton. The one-loop § functions, computed by regularising
UV divergences via dimensional regularization with scale ji at energies larger than Mg 2,

n [2] these parameters are denoted as £ = —6 f2 and X = f2. Theories with 4 or higher derivatives contain
a spin 2 ghost, which (so far) prevent making full sense of the theory when formulated initially in Minkowski
rather than Euclidean space. The ghost issue is orthogonal to the issue addressed here, that also affects
2-derivative theories QFT in 141 dimensions.



are [4] (see also [5-7])

aff  133f3 dfe 5+ 30f2f2 + 1042
dlnjg  10(4n7)?’ dlnji 6(47)2

(1.2)

The coupling fp is not asymptotically free, even including a generic matter sector [7].

Usually, the running with the RG scale i dictates the running with the typical external
momentum p. However, 4-derivative theories improve the UV convergence at the price
of infra-red (IR) enhancements in tree-level [8] and loop [2] processes. The authors of [2]
interpret IR effects as a running of couplings with external momenta p, claiming a RG running
that differs from the usual UV-running of eq. (1.2):

dfy _ 539fy +40f5 f3 dfy  fo+6f3f5 —70f3
dlnp 30(4m)2 dlnp 6(47)2 '

(1.3)

These § functions, computed in one simple gauge from the one loop correction to the graviton
propagator, are interpreted as ‘physical’ in [2] leading to the claim that quadratic gravity is
asymptotically free [2]. This interesting claim deserves a critical check. We will show that:

1. Off-shell amplitudes (such as one-loop corrections to propagators) are not physical,
as they change when using different parameterisations in field space. In section 2 we
illustrate how a simple field reparametrization generates an apparent p-running even
in a theory of a free scalar. The issue of field parameterisations is unavoidable in
gravitational computations: there is no preferred field basis where the action is a finite
polynomial. Any computation involves choosing an arbitrary basis in graviton field
space, such as the standard g, (z) = 7 + hu(2) expansion.

2. In turn, this leads to gauge-dependence issues. In gauge theories (such as gravity)
quantum effective actions appear to depend on the gauge fixing. Closer inspection reveals
that the gauge dependence is compensated by appropriate field reparametrizations [9-12],
meaning that different gauge fixings just select, at quantum level, different coordinates in
field space. We then expect that spurious gauge-dependent and p-dependent corrections
can appear in unphysical quantities, such as one-loop off-shell propagators. In section 3
we re-compute the full quadratic gravity in more general gauges than in [2], finding that
the one-loop graviton propagator is gauge dependent, including the terms interpreted
as p-running in eq. (1.3).

In summary, we find that the ‘physical’ In p running of [2] is unphysical: it depends on how
fields are parameterised, and on the gauge fixing chosen for reparametrization invariance.

The same computation confirms that the gauge-dependent off-shell graviton propagator
can be used to extract the usual gauge-independent UV S functions. This is possible thanks
to a special property of UV divergences: they only affect the parameters of the theory, so
that 3 functions are gauge-independent.? No analogous argument is expected to apply to IR
divergences, as they arise from process-dependent long-range effects. Consequently, off-shell
amplitudes can exhibit spurious IR runnings, even in free theories.

2We recall the standard proof (see e.g. [13]). We expand a generic bare parameter Oy, measuring the
strength of a gauge invariant term in the Lagrangian as a perturbative series in terms of the renormalized



To establish how IR divergences affect quadratic gravity at loop level, one needs to
compute physical on-shell amplitudes, such as ¢ — gg or gg — gg, where g is a gravitational
particle. We here compute one loop corrections in the simpler spin-0 sector, where there
is no physical ghost. This suffices to clarify the issue, because eq. (1.3) for fy differs from
eq. (1.2) even within the spin-0 sector. In section 4 we show that parameterising the graviton
as guv(r) = Nu (1 + h/4) in terms of its trace h reproduces the UV running in eq. (1.2)
and the anomalous IR running in eq. (1.3). However different parameterisations, such
as gu(r) = €@y, and g, (z) = Q*(2)nuw, yield different TR runnings and the same
UV running. We also compute physical on-shell 2 — 2 scatterings among spin 0 graviton
components at one loop, and find that they are independent of the field parameterisation.
These amplitudes exhibit process-dependent log-enhanced IR corrections, arising because
the propagator has a stronger IR divergence than an ordinary propagator when the mass
is taken to zero. This behaviour contrasts with that of ordinary quantum field theories,
where high-energy scattering processes are well-approximated by their tree-level expressions
inserting couplings renormalized at the relevant high-energy scale. However, in quadratic
gravity, scatterings cannot reach an energy so high [8] that these large process-dependent
logarithms invalidate perturbation theory.

To further clarify the issue, in section 4.4 we decompose the 4-derivative field into two
2-derivative fields. As well known the R?/6f3 term is equivalent to an extra scalar. Since fy is
just the scalar quartic in a power-counting renormalizable theory, it cannot contribute to the
one-loop [ function of fo, consistently with in eq. (1.2) and in contrast with eq. (1.3). This
second-order formulation reproduces the same physical amplitudes in a more transparent way,
and shows that in theories with ghosts, seemingly super-renormalizable terms can influence
high-energy physics, leading to nonstandard log-enhanced corrections.

In section 5 we conclude, summarising our understanding without discussing the difference
with past works.

2 Toy example: a free scalar

We provide a simple example of unphysical p-running, by considering a free scalar 5(z) with
either 2 or 4 derivatives, described by the Lagrangian

[(0,8)* — m?8%]/2 i.e. o(p) = (p? — m?)
L = (2.1)
(0% +m})3)[(9* +m3)3]/2  ie. Io(p) = (p* —m1)(p* — m3)

so that its propagator is D(p) = i/Ilp(p). We perform a local change of field variables,
5(z) = F(s(x)), where F is a real invertible function. The functional integration measure

parameter 6. The explicit expression with gauge parameter £ is

0.(6,6)  62(6,€)
d—4 " (d—1)y?

p/d749bare =0 + + -

in the Ms scheme, where the 6, for £ > 1 are defined to be the coefficients of the poles at d = 4. Since Opare is
&-independent, the renormalized € and all ¢-loop 6, must be gauge-independent too. This implies that the 8
functions are gauge-independent.



D3 acquires a Jacobian determinant under the field redefinition [14-19]:

d
Di — Hdé(a:) o~ 8 N0) [z In|F'(s(x))] Hds(:c), 5(d)(0) = /(;l];:d =0, (2.2)
™

where F' = dF/ds. The extra field-dependent exponent vanishes in dimensional regularization
because of the vanishing of the d-dimensional delta function evaluated at zero. More in general,
the Jacobian can be computed as a functional determinant by introducing an unphysical
ghost with momentum-independent propagator [20]. We employ dimensional regularization,
and perform the leading-order field redefinition, invertible around small s,

5(x) = s(x) + gs*(x). (2.3)

The field reparametrization of eq. (2.3) introduces in .%; an apparent cubic interaction gs®
(which hides the § — —3 symmetry, but vanishes on-shell) and a quartic g?s* interaction. The
apparent coupling g is dimension-less in the 4-derivative theory, and has dimension 1/mass in
the 2-derivative theory. Nevertheless physical amplitudes, both at tree and loop level, recognise
that s is a free scalar and vanish on-shell, while exhibiting apparent p-runnings off-shell. For
example, the quadratic effective action for s at one loop level is, in both theories of eq. (2.1),3

II(p) = Io(p) — 2¢°Io(p)[6A4 + Iy (p) B(p))- (2.5)

Here A and B are loop functions that reduce to the usual Passarino-Veltman functions Ag
and By, in the 2-derivative theory:

1 [ dk 1 [ dk
A== | —=D(k B(p) =~ | —=D(k)D(p — k). 2.6
P [ GmaP®), Be) = [ GraPkDe k) (26)
A and B induce apparent UV divergences, that just renormalise the field redefinition of
eq. (2.3), see e.g. [21]. Furthermore, B(p) induces an apparent off-shell p-running. This

3This can be obtained from usual momentum-space Feynman diagrams, summing the bubble, seagull
and tadpole diagrams. Its structure, and the general vanishing of on-shell corrections, can be understood
from a simpler coordinate space computation, by perturbatively inverting eq. (2.3) as s(z) = 3(x) — g5 () +
2¢25%(z) — 5g°5*(x) + - - - to relate the interacting theory for s to composite operators of the free  theory.
The one-point function up to order g corresponds to the one-loop tadpole:

(s(x)) = —9(8°(2)) + O(g”) = —9D(0).
The two-point function up to g2 order is
(s(2)s(0)) = (3(2)3(0)) + ¢ {(52 (2)3%(0)) + 2(3(2)5°(0)) + 2(3°(2)3(0)) | + O(g%)
= D(z) + ¢°[2D(x)* + D(0)* + 12D(z) D(0)] + O(g").
In Fourier transform this equation becomes

6A
o (p)

7

o (p)

+ 2ig? [B(p) + ] +0(g%). (2.4)

Inverting eq. (2.4) leads to eq. (2.5), as the extra A? term has vanishing coefficient §¥(p) = 0 in dimen-
sional regularization.



only arises at sub-leading order in large p > m in the 2-derivative theory with apparent
non-renormalizable interaction g:
~2

4 m
(p®> — m®)?B(p)" (4’;)2 E +1In H - 2(47:;2

1 2-2
~+ln mpf ] +OmY).  (@27)
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For simplicity, we considered m; = mo = m. In the 4-derivative theory the apparent
interaction ¢ is renormalizable and an apparent p-running arises at leading order in p > m

>m 2 4 2
(p? — m?)'B(p) "= (4§)2 In 25+ O(m?p?, m"). (2.8)

Denoting the two on-shell states by their masses m1 2, we verified the expected vanishing of the
one loop on-shell mo — mq1 +m; decay amplitude, and of the mi + mq — mq +m; scattering
amplitude (after combining 1PI corrections to 2, 3,4 vertices, including tadpole diagrams).

As a side remark, we note that applying the functional renormalisation group to these
free theories would generate apparent interactions, due to the presence of a finite momentum
cutoff and the use of approximate truncations.

3 Quadratic gravity

We consider the full quadratic gravity of eq. (1.1), which we quantise expanding around the flat-
space Minkowski metric ., = diag(1, —1,—1,—1) as g, = N+ hu. The background solves
the classical equations provided that the vacuum energy vanishes at quantum level, thanks
to unspecified interactions in Zmatter = —V + - -+ that cancel the graviton loop correction to
the graviton tadpole, proportional to Mé1 + 5M4. The simplest possibility is a constant V
counter-term. For this reason we omit the graviton tadpole in the following computations.

Although standard, the fluctuation h,, represents just one arbitrary field parameterisation:
for example, h*” would be a different parameterisation. Based on our previous discussion,
we expect that gauge fixing re-opens the issue of field re-parameterisations at loop level.
To check this, we expand the computation of [2] considering several different gauge fixings.
We will find that the usual UV g function remains gauge-independent, whereas the IR
function of [2] is gauge-dependent.

3.1 Gauge-fixing of quadratic gravity

Gravity is gauge invariant under coordinate reparametrizations: we quantise eq. (1.1) following
the Fadeev-Popov procedure with gauge condition

c
f,u = 8V (h;u/ - anuuhaa) (31>
where ¢, is a free gauge parameter. Gauge-invariant quantities can be computed integrating
over an arbitrary smearing of the gauge condition f, = 0 [4, 22-24]. We use this freedom
to choose a gauge fixing term containing two extra free gauge parameters {; and d, and

extra derivatives:
1

Syt = ———
gf 259

/ de LYl Y = % + (dg — 1)9,0,. (3.2)



We choose a non-covariant gauge fixing purely quadratic in h,,, such that gauge fixing does
not affect the graviton couplings, and such that detY is a field-independent constant. The
ghost action is not affected by &, nor d4 and remains the same as in [7], where dy = 1.

At quadratic level the purely gravitational action becomes

4 \ 72 1.2 4 2 4 \ 72 1.2
S = 1/d4k h,uzz[( _ L + W)P(Q) + <k + 3nggk _ MPlk )P(05)+
2

2f3 4 274, 2
4 2
) gl = 2%y poowy 4 ¥3¢o(0s = D 10 )] hoo (3.3)
259 465] 459 Qv po
where
1 1 7,7
2 _ puvt po
P/S,I/)pa' - §TupTuo + §TMO'TVp - d—1 (3.4&)
1
P,L(Lllj)po' = §(TMPLVU + TMULI/p =+ TupLuU + TVULup) (34b)
T.,7T,
0s) _ twuvtpo
P;Sl/p)a =41 (3.4c)
P‘L(“O};g = L;wLpa (3.4(1)

are projectors over spin-2, spin-1 and spin-0 components of h,,,, written in terms of d = 4 — 2e,
Ty = N — kuky/k* and Ly, = kyk,/k*. Their sum equals unity:

1
(P(Q) + P(l) + P(OS) + P(Ow))#ypa = 5(77#/)77”0 + nudnpl/)' (35)
Furth 0) _ p(0sw) P(Ows) . hP(Osw) . I \/7 P(Ows) - \/7
urthermore Ty vpo = Puvpo’ +FPuvpo , With Phype’ = Ty Lpev/d — 1 and Puvpe' = Ly Tpe /v d — 1.
The graviton propagator is obtained inverting the terms quadratic in 5. Let us consider
a generic gauge, where these quadratic terms read

uvpo pvpo

1 d 2
S = 3 / A%k hy, [02P< ) 4 c1P< ) prl p popie prps

+CsP( ) +CwP( w) +CswP(08w) + wsP(Ows):| hpaa

where ¢, ¢1, Cs, Cu, Csw, Cws are functions of k2. Inverting the quadratic action gives the
graviton propagator

P2 p) Pp(0s) pOw) _ pOsw) _ p(0ws)
Dy po = z[ + o o Cow Cus } (3.6)
Co Cc1 CsCw — CswCuws Uy po
Specialising this formula to eq. (3.3) gives
b _i[=2 f2P® 2¢,PM 12 PO f Beg TN  e,PO)  4Mgg, PO
MRS k2| k2 — M2 k2 k2—Mg2 2—¢, k2=Mg  (cg—2)2dgh*(k*=Mg) ] 100

(3.7)
where ey = (3¢2f§ + 4y/dy) /(2 — ¢g)* and Mg, = M3, f3,/2 are the masses of the spin-0
graviton and of the spin-2 ghost. Ignoring these masses by setting Mp; = 0, the graviton
propagator simplifies to

+ ﬁch(m)
2—cg

Dy po = 1&[ 22P® 4 f2 (P(OS +26,PW 4 e P(Ow)] : (3.8)

nvpo
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Figure 1. One loop gravitational correction the graviton propagator. The tadpole diagrams and the
ghosts  must be included in the 1PT action.

In this limit Mp2 = 0 all longitudinal terms cancel giving the simple Feynman-like form

7 2f2 + f2
Dw/pa = F - fg(nuanup + nupnua) + ﬁnuun/}a (39)
by choosing the gauge-fixing parameters as
2 f&+2f3 f&—2(d-2)f3
- _ 90 ° 2/2 = . 3.10
fg f27 Cg df0+2f €g d—l ( )

This propagator agrees with the one used in [2, 24], where however the gauge fixing Sgf was
chosen to be covariant: so our gauge differs from the gauge used in [2, 24], that contains
extra graviton interactions and a consequent ‘third ghost’ [4, 23, 24].

3.2 The graviton propagator at one loop

We compute the one-loop correction to the graviton propagator using Feynman-diagram
techniques. In order to test the gauge (in)variance of the result we employ the more general
gauge presented in section 3.1, resulting in the graviton propagator of eq. (3.7). It depends
on three gauge parameters g, cg, €.

First, we reproduce the usual S functions. We employ dimensional regularization in
d = 4 — 2e dimensions with scale fi. We keep the masses Mg 2 to regularise the IR divergences
of the 1/k* propagator in the massless limit. By computing the one-loop correction to the
interaction of one 4-derivative graviton with a generic particle (for simplicity we employ a
scalar with momentum p), we find the correct tensorial structure %p%w, — Pupv, provided
that the graviton field is renormalized as follows:

hyy — ho- (3.11)

U M B
Zrg\"M At )
The wave-function renormalization Zr and Zpj, differ because we used a simple gravitational
gauge-fixing term that breaks general relativity but respects special relativity: thereby distinct
representations of the Lorentz group (the trace and the traceless part of h,, ), get different
renormalizations (see refs. [7, 25] for previous discussions of wave-function renormalization
in quadratic gravity). We find the one-loop results

1 362
ZT =1 + (471')26 4(Cg )2 fO + 359 ) (312)
1 [10¢,—4 2 +12¢, — 16 4 e
Zrr =1 — 2, 9 g 24 2 — 4 3.13
L= e [ 9 ¢y — o2 18(cy —2)2 7° HEEA (3.13)



We next compute the one-loop correction to the graviton propagator, described by the
Feynman graphs in figure 1. We extend the similar computation in [7] by using a more
general gauge and by computing also the finite terms, in particular the IR-enhanced finite
Inp terms at p > M. After applying the graviton field renormalisation of eq. (3.11), the
tensorial structure of the one-loop graviton kinetic term matches the structure of the action
in eq. (3.3), allowing to isolate the corrections to its spin-2 and spin-0 part as

; 1 i Mg,
Z {k4P/59pJ lc}jv <6 +1n U2 ) + ch In 2
i={0,2} 0,2

} + finite and longitudinal terms.

(3.14)
The coefficients c}){g reproduce the usual gauge-independent one-loop [ functions of eq. (1.2).
The terms C[I)lj% are found to be gauge-dependent, and different from the ones in eq. (1.3),

computed in one different gauge. We do not report their complicated expressions.

3.3 The effective action of quadratic gravity

While we cannot compute on-shell one-loop 2 — 2 scattering amplitudes among components
of the 4-derivative graviton multiplet, an aside feature arises at tree level: the scattering
amplitudes for the massless graviton mode (selected by setting p? = 0 in off-shell amplitudes)
are the same as in Einstein gravity. This result was previously observed and understood by
noting that the quadratic-gravity classical action can be obtained from the Einstein-Hilbert
classical action by substituting g,, with

guwR %guuR - R

6](8 f22 +O(f07f2)74- (3~15)

g:u/ = Guv —

This implies that the Effective Field Theory (EFT) obtained from pure quadratic gravity
integrating out at tree level the massive spin 0 and spin 2 fields is Einstein gravity. However,
quadratic gravity and Einstein gravity are not equivalent as eq. (3.15) does not bi-univocally
cover the full field space: the transformed action only contains the massless graviton, and the
extra modes of quadratic gravity are expected to produce loop-level corrections [20, 26, 27].

The tree-level effective action fulfils general EFT positivity bounds on the signs of
coefficients of non-renormalizable operators [28, 29] (see also [30]), despite that the full
theory contains a ghost.*

In the next section we compute the loop-level amplitude in the spin 0 sector.

4 The spin 0 sector of quadratic gravity

In this section we study the spin 0 sector (characterized by the fp coupling) in the limit
f2 < fo, as this can be done by restricting the graviton g,, to its ghost-free spin-0 trace

4This result might seem trivial, since a field redefinition as in eq. (3.15) allows to remove quadratic terms
from a generic gravitational theory [20]. In general, this removal is achieved at the price of generating an
infinite tower of higher-dimensional operators. In quadratic gravity such operators are assumed to be absent
to get renormalizability. So the result that its EFT at tree level is just the Einstein-Hilbert action (with no
quadratic, nor cubic, nor any other term) is physically meaningful.



and ignoring the more complicated spin-2 part [31]. The perturbative path-integral measure
of gravity can be splitted by singling out the graviton trace as [32]

[T ( I atyut)) o< T (ahto) TT o)), (1)

T S usv 1587

where the first product is over all spacetime points x and we decomposed h,,, = h}} +nuwh/d,
with hE,I; being the traceless part of h,,. In eq. (4.1) we ignored field-independent overall
constants that are irrelevant for our purposes. This means that we can simply restrict the
graviton g, to be proportional to 7,,, such that the Weyl term vanishes. The proportionality
factor is a scalar, that can be written in different basis in field space. We will examine the
following choices in terms of h or ¢ or

h(z)

G () = [1 + d} N = e20($)nw, = QX (@) (4.2)

In the small-field limit these field transformations reduce to eq. (2.3) with specific values of g.

4.1 Spin-0 sector in terms of the graviton trace h

We first compute using the standard graviton field parameterisation in eq. (4.2), such that

|detg| = (1+h/4)%,  R=—6(1+h/4)7%20%/1+ h/4. (4.3)

The action of eq. (1.1) can then be perturbatively expanded for h < 1, obtaining an infinite
series that obscures its renormalizability

3 [lOn?/2-4(+h/D*h? (8h)2/2—4(1+h/4)32h] —V(1+ h>2

Zn

T162 | 32(1+h/4) 0 1+h/4 4
(4.4a)
3 [(92h)2=M2(6h)2  2h(02h)24(Oh)2(2h)— M2h(dh)?
57 (0%h) 20( )® 2h(0°h)"+( )é )—Mgh( )+...], (4.4b)

This action shows that h is a massless ghost in the Einstein limit. Adding the R?/6f3
term, h becomes a 4-derivative field that also contains a physical spin-0 scalar with mass
My = foMp1/v/2. Eq. (4.4a) reproduces the graviton interactions in the full computation,
where the graviton expanded as g, = 7, + hy is next projected over its trace. The two
degrees of freedom in the 4-derivative field can be selected, when computing amplitudes,

5In case this appears confusing, it can be understood as follows. In the full gravitational theory the graviton
trace is unphysical because coordinate reparametrizations x,, — x, +&.(z) allow to remove it. This is no longer
true when restricting the graviton to its trace imposing eq. (4.2) because this ansatz restricts the allowed &, (x)
to be conformal transformations, which include Poincaré, scale and special conformal transformations (see
e.g. [31]). Since actions for the graviton trace are only invariant under conformal transformations, the graviton
trace has a well-defined propagator and no extra gauge fixing of reparametrizations is needed. Conformal
transformations act on o as

a(x) = o(z') — 7€ % ), =, + cur® — 2xy(c x).

Scale transformations act as ' = (1 + M)z and o(z) = o(z') — \.



by putting the external momenta p; of each particle i either at p? = 0 or at p? = M§.
Tree-level amplitudes vanish non-trivially on-shell at p? = 0, namely for scatterings involving
the massless mode. The 2 — 2 scattering amplitudes are

200—00 = Zo0—0M, =0 (4.5a)
ooy i3 (1, 2MG | 2003 \ e i3 .
N 6 a2 u—M2) T e '
Sortyomorty 36 (4 2Mg My 2Mg ) 25 if§ (4.5¢)
N 2 s—Mg t—MZ u—M} 2 ’
Do My—MoMo ;42 3M8 3M(? 3M3 M(? Mg M02 s> Mg 2
oMo MoMo ;g2 (14 Mg Mg Mg =2 45d
N o\ e T M 3s 3t 3w ifo (454

where N = ( \/1&73]”0M0)4 makes amplitudes canonically normalised (possibly up to a sign).
Individual diagrams contribute with terms that grow with higher powers of energy, and the
simple structure of eq. (4.5) emerges only after cancellations. This suggests that the h basis
introduces artificial off-shell complications, similar to those encountered in unitary gauges.

The tree level 2-particle effective action for h is II}(p) = 3p?(p? — M2)/16f2. The one
loop correction in the limit My = 0, arising from the bubble and seagull diagrams (assuming,
as discussed above, that additional terms cancel the graviton tadpole contribution to the
vacuum energy), is

dok 124+ p2+k-pl*  6k*+6p* + 13k2p% + 2(p - k)?
i) = [ [—[ T hepl | OR+GpT p“p)]. (4.6)

om)d | 8 ki(k+ p)t 32k4
(2) P

Both diagrams are IR divergent and UV divergent. Restoring the My mass to control IR
divergences and computing in the off-shell limit p > M, gives

Wip)  5f5 |1 —p’
~ — _— . 4.
Hg(p) 12(47)2 | e n Mg/5p2/5 + (4.7)

The unusual logarithmic term arises because, for example, the external momentum p does not
circulate in the loop in the seagull diagram (hence no Inp dependence from that diagram),
yet it contributes a term growing as p* at large off-shell p > My. In the limit My, V — 0 all
UV divergences are reabsorbed by a renormalisation of fy without requiring a wave-function
renormalisation for the non-canonical field h:

52

1
* 12¢(4m)?

=1

] , h — h. (4.8)

Indeed, all terms in %, of eq. (4.4a) with different powers of h have coefficients proportional
to 1/f3 and receive a UV-divergent one-loop correction equal to the tree level term times
the common loop/tree ratio in eq. (4.7). The resulting beta function is Bpz = 5f5/6(4m)?
in agreement with eq. (1.2). The Inp term in eq. (4.7) has a coefficient which agrees with
eq. (1.3) [2] and which differs from the coefficient of the 1/e pole.
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4.2 Spin-0 sector in terms of the conformal o

Next, we compute using the second field parameterisation in eq. (4.2) for the spin 0 graviton
mode, g, (r) = €2@)y,,. This leads to R = —6e 370% and to the action

&z, (0%0 + (00)2)% — M2e* (00)?| — V . (4.9)

6
G
On-shell tree amplitudes are the same as in the previous basis, eq. (4.5).

The two-particle action at tree level is II§(p) = 12p?(p*> — MZ)/f2. When dimension-
full terms My, V vanish, %, is a 4-th order polynomial in o, invariant under conformal
transformations [31], and the one loop correction to the two-point function is the sum of
a bubble and a seagull diagram

M) = [ G

In the o basis both diagrams are IR-convergent thanks to the numerators: the bubble

k?2 2 2k - 2
Lok P2k
k4 (k + p)* Iz

numerator vanishes for £ = 0 and for k¥ = —p; the seagull numerator vanishes for £ = 0.
The seagull, which carries no In p dependence, vanishes in dimensional regularization. The
one loop result is

117 (p) 58

~

g (p) — 12(4m)?

1 i 3
4+l -5 )42 4.11
e+n( p2)+5 (4.11)

Once again, the UV-divergent part of eq. (4.11) gives the usual UV S function 5fg =
5f4/6(4m)2, in agreement with eq. (1.2). This same 1/e counter-term renormalises the 3-
point and 4-point functions at one loop. This time the quadratic action II{(p) contains
no anomalous Inp dependence, in disagreement with eq. (1.3). We computed the same
theory using two different field parameterisations, A and o: this result confirms that (unlike
scattering amplitudes and the usual UV RGE), the dependence of the propagator on the
off-shell momentum p is unphysical, being affected by field re-parameterisations.

4.3 Spin-0 sector in terms of the scale-factor Q2

The third alternative parameterisation of the graviton trace in terms of  in eq. (4.2) gives
a simpler action

6 |(0%Q)?

gﬂ:?g Q2

+ MEQo*Q| — vl (4.12)

It can be perturbatively computed by expanding 2 = 1 4+ w in small fluctuations w < 1.
Tree-level amplitudes again vanish on-shell at p? = 0. The € basis makes this property
manifest at the diagrammatic level: now each tree diagram individually vanishes, since any
vertex vanishes unless at least two particles have p? # 0. The general understanding of
eq. (3.15) for the vanishing of tree scattering amplitudes among the massless mode gets now
simplified noticing that the Einstein R term just gives the kinetic term for a free §2 scalar,
and that the theory with the R? term is obtained from it by performing a field redefinition
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Q — Q+Q7202Q0/M2 + O(1/M§), valid only locally [20, 26, 27]. On-shell tree amplitudes
are the same as in the previous h and o parameterizations, eq. (4.5). In the Q basis all
diagrams contribute at high energy, but none produces terms that grow with higher powers of
energy. This suggests that the €2 basis partially avoids the unnecessary off-shell complications
seen in the other parameterisations.

The tree level 2-particle action is II§ (p) = 12p?(p? — M2)/ 2. The one loop correction
in the limit My = 0 from the bubble and the seagull diagrams is

ddk‘ k’4 4 92 2 kQ k- 32k22 k’4 4 4k}2 2
in?(p)z/( l_z[ P+ 2P+ A7) (kp) + 37K KT p +ARTp ] (4.13)

27)d K (k+p)* A

Both diagrams are IR and UV divergent. Restoring the My mass to control IR divergences
and computing in the off-shell limit p > My gives

nep) 5/ [1 —i? 9]

—4+In—7—+-

~ 4.14
II(p) — 12(4m)? | e M85 b (4.14)

This correction to the propagator reproduces the same UV divergence as in eq. (4.7) and
thereby the same UV f function for fy. Like in the h and o bases, eq. (4.14) contains an IR
divergence which results in a different coefficient for the In p term. However, the In p coefficient
in eq. (4.14) differs from the previous h-basis computation in eq. (4.7) and thereby from the
claim of [2] in eq. (1.3), confirming that it’s a parameterisation-dependent artefact. Unlike in
the h and o parameterisations, the one-loop propagator now has a simple Passarino-Veltman
decomposition without terms apparently enhanced by powers of p/M:

Ao(ME
I (p) = —4p* Bo(p, 0, Mg) +2(Mg +2p*)* Bo(p, Mg, M§)+(p4—4M3p2+M61)0]$420)-
0
(4.15)
The UV-divergent part of the correction to the propagator is
2 M2 2 M4
(4m) I () = 201§ 4 2202 | 3My (4.16)

12¢ ° € €

having used that the divergent parts in d = 4 — 2¢ dimensions of the Passarino-Veltman
functions are By ~ 1/(4m)%e and Ag(My) ~ MEBo(0, Mg, M2). The UV-divergent parts of
the one-loop corrections to the 3 and 4-point 1PI amplitudes I's and I'4 are

5f2 6i Mg 24
(47)?T31(pi,p3, P3)div = 712(2 P3o+— 0 Ty= —zﬁ(p%p% +papa+pip?),  (4.17a)
0
5f2 63 M 72
(47)°Ta1 (1, 03,03, P31 div = 17]262110-# . o Lyo= +ZP(P%P%+5 perms), (4.17b)
0

where I'sg and I'yg are the tree amplitudes. We here used the non-canonical basis, where w
needs no wave-function renormalization and the theory is rendered finite by the renormalisation
of fo, My and V. The terms proportional to Mg are all cancelled by the V counter-term. The
terms proportional to 4 powers of momenta are all cancelled by the fy renormalisation. The
second term in eq. (4.16) is cancelled by a My counter-term. A shift of the 2 field gives a
redundant combination of the previous renormalisations, as it describes a renormalisation
of the unit of mass.
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Physical amplitudes

The greater simplicity of the €2 parameterisation allows to compute extra quantities, allowing
us to test whether they receive IR enhancements. One such physical quantity affected by
off-shell propagators is the

w(p)w(p2) = wq1)w(g2) (4.18)

scattering amplitude o7, p,—q,¢, /N computed by summing amputated reducible diagrams
at generic s = (p1 + p2)%, t = (p1 — ¢1)%, v = (p1 — ¢2)? and at on-shell external momenta
p?, qi2 = {0, Mg} The LSZ normalization factor N makes the external particles canonical. It is
the same at both poles, equal to N = [12MZ/ f2]? at tree level, and to N = [12Mgpole/f§(]\/fo)]2
at loop level, where Mopole is the renormalized pole mass, given by My plus quantum
corrections, and fo(My) is the fp coupling renormalized at My. The 2 — 2 scattering
amplitude is obtained by combining the 1PI correction to the 4-point function I'y with the
correction to the 3-point function I's and with the self-energy II. At tree level, the massless
state scatters exclusively into massive states. Consequently, only I'y contributes to the
simplest one-loop scattering amplitude ./ among massless modes, piQ = qiz =0, given that
the other contributions get multiplied by the vanishing tree amplitude. The one loop result is
Hoo—00 . ﬁ

S0 = —i20 | [Bo(s) + Bo(t) + Bo(w)l+ (4.19)

+ 8Mg[00(8) + C()(t) + Co(u)] + 8Mé[D0(S, t) + D()(S, u) + Do(t, u)

where all Passarino-Vetlman By, Cy and Dy functions involve massive My propagators only,
so we omitted the masses. The Cy and Dy functions are finite and are negligible in the
high-energy limit s,¢,u > M2, so we omit their standard definition. The UV-divergent
By terms are renormalised by V.

We next consider the 00 — MMy scattering amplitude for the production of two massive
modes, thereby setting p7 = 0 and ¢? = Mg. It is obtained by combining the correction to
the off-shell propagator in eq. (4.15) with the following off-shell corrections to 1PI cubics
I's and with the on-shell 1PI quartic I'4:

'31(0,0,5) ~ 4iM2s[By(0) — Bo(s)], (4.20a)
['31(0, MZ, s) =~ 10i f3 Mg sBy(0), (4.20b)
T'41(0,0, MZ, M) ~ 2ifd M{[2Bo(s) 4+ Bo(t) + Bo(u) — 22By(0)], (4.20c)

where we reported the high-energy limit, s,¢,u > Mg. The amplitude at high-energy is:

00— MMy SEw>MG Z.fé(Mo) 18
N = 6£2 12

[1 + 19 99B,(0) — 6By (s) — 7Bo(t) — 7Bo(u))} (4.21)

Subtracting the V' counter-term it becomes

oo MyMy — Foo—s00 SEuSME . f&(Mo) [ . 5f§ 22Bo(0) — 5By(s) — 6Bo(t) — GBo(u)}
N - 612 12 5 ’

(4.22)
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where By(s) ~ (1/e +1n ji?/s)/(47)? at s > MZ. This amplitude is renormalized by the fo
counter-term. One can note that, quite unusually, the high-energy limit is not approximated
by the tree level term with fy renormalised at high energy. In the next section we use an
equivalent two-derivative action to reproduce this unusual behaviour and to demonstrate
that it is process-dependent, as expected for IR enhancements. We do not if/how such effects
can be resummed, like the different IR enhancements that arise in ordinary QFT. Practically
speaking, though, resumming the loop contribution is unlikely to be necessary. Indeed, related
IR enhancements appearing at tree level indicate that in quadratic gravity scatterings never
reach an energy so high [8] that these large process-dependent loop logarithms invalidate
perturbation theory. This is illustrated, in more general terms, in the concluding section.

These one-loop amplitudes have been obtained with the help of FeynCalc and Pack-
ageX [33-36].

4.4 Spin-0 sector in the 2-derivative basis

One more form of the theory in eq. (4.12) is obtained by rewriting % in terms of two
2-derivative fields Q and €' as

6M2
13

Integrating out the auxiliary field Q' = —692Q/f2Q? gives back eq. (4.12). The action in
eq. (4.23) can be expanded around (€2) = 1 (a different value just rescales the unit of mass)

Q%0 —VaQl. (4.23)

2
Loqr = —20'9%Q — %0929’2 +

and diagonalised by a field transformation that gets singular for My — 0,

fO(a+ﬂ) Q/ \/gMO

\/EMO ’ f()

Q=1+ B. (4.24)

The action becomes [31]

(00)? , (98) - MZE?

Fas =5 2

- ﬁBQ(a+ﬁ) (a+6+4\/§M°) -Vl (4.25)
The field « is the massless Einstein ghost, while § is the massive scalar. The propagator of
their o + 8 combination exhibits a ghost-like suppression at p > Mj. Scattering amplitudes
involving « only (such as acv — aq, aaa) trivially vanish at tree level for V' = 0: no diagrams
exist since vertices involve at least two 3. The 2 — 2 scattering amplitudes among « and 5 at
tree level reproduce, up to an irrelevant overall sign, the corresponding scattering amplitudes
among the states with masses 0 and My in previous formulations. In the high-energy limit,
these amplitudes are predominantly governed by quartic couplings, which yield the constant
terms in eq. (4.5). Diagrams involving cubic couplings contribute additional terms that
include propagators. This behaviour arises because .73 features non-derivative potential
interactions. By avoiding unnecessary off-shell complications, the a3 basis provides a clearer
framework for elucidating the origin of infrared-enhanced logarithmic terms.

For the same reason, the off-shell structure of .Z,3 is different and simpler from that of the
four-derivative .Zq: the UV-divergent corrections are momentum-independent. We verified
at one loop level that %,z is renormalizable, despite the apparently arbitrary coefficients
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in the potential. At one loop the theory is renormalized by UV-divergent corrections to
fo, Mo, V, by a B — [+ ¢ shift, by a SO(1,1) transformation,

a— a+ 0,30, B — B+ bapa. (4.26)

A shift « — a+Ja is equivalent to a combination of the transformations above. Wave-function
corrections are UV finite. We compute the one-loop tadpoles for « and

Tp = 3T = V3foMoA(MZ)/2 (4.27)

which fix V and 03, non-vanishing in view of the factor 3. We then renormalise them
away, dropping diagrams with « and § tadpoles and including the counter-terms into the
effective action.

The key non-trivial feature responsible for the emergence of unusual logarithmic terms is
that 6,4 affects the quartic couplings, despite being determined by corrections to dimensionful
terms: the tadpoles Ty, 3 and the mass mixing term II,3(0). The only UV-divergent correction
to the propagators are

13 2 20
Maa(0) = ZA(MO)v Ta3(0) = 31aa(0), g(0) = gﬂaa(o)- (4.28)

No wave-function renormalisations or momentum-dependent (p-running) contributions appear
in the off-shell propagators. Nevertheless, the one loop propagator for the €} combination in
eq. (4.24) reproduces the Q-basis one loop propagator (up to a p?>Bg(0) term that renormalises®
Mg). The 1PI cubic amplitudes receive the following UV-divergent corrections:

. fdMy 1 di g
1—\le - _ rdiv, — gpdiv
aaa 443 (471')25’ aaf O:jfz} (4 29)
div . OMO 20 div div __ . 3 OMO div ’
Vo = =¥ Jg(ampe 3 Hoaer T80 = " gmpe 12 a0

The 2 — 2 1PI effective vertices receive one loop corrections. We present both the ultraviolet
(UV)-divergent terms and the finite terms that dominate at high energies. In the current
basis, these corrections arise exclusively from diagrams involving only quartic coupling:

4
Lo s ™ z’%[Bo(s) + Bo(t) + Bo(u)), (4.308)
Faa%aﬁ =~ Sraa—mzou (430b)
f2 4
Consps = —1?0 + i%[6Bg(s) + 7By(t) + 7By (u)], (4.30c)
Y
aB—BB = —Z? + 12N oo, (4.30d)
Tss5 = —ife + 19T aa—aa- (4.30e)

SSince our scalars describe the graviton trace, different field variables correspond to different units of
mass, explaining why the dimensionful My parameter receives apparently different renormalisations: they are
actually physically identical, but expressed in different units across different parameterisations in field space.
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Concerning the divergent parts, I'na—aa iS renormalized by V only, that contributes to
all quartics in the same way. I'nq—qp also by the SO(1,1) rotation 6,5. I'aa—pp and the
others also by fy.

In the af theory, the high-energy limits of the scattering amplitudes are simply dominated
by the 1PI diagrams, as the extra corrections to cubics and propagators (including the
Lehmann-Symanzik-Zimmermann factors) are suppressed at high energy. In particular,
Doa—saa >~ Laasaa agrees with the Q basis result of eq. (4.19), and o088 ~ Taa—pp
agrees with the € basis result of eq. (4.21), provided they are evaluated at common values
of the free parameters following the renormalisation procedures. So egs. (4.30) exhibit the
unusual feature: physical amplitudes at high-energy receive log-enhanced corrections with
process-dependent coefficients different from the RG running of the fy coupling that appears
in the tree amplitudes. For example the renormalized value of an amplitude combination
not affected by the V counter-term is

stu>Mgf3 (i) 56 Es(tu)/s
ﬂaaﬁﬁﬂ — Yaa—saa ~ —1 6 1-— 12(471’)2 In M§4/5

(4.31)

in agreement with eq. (4.22). Unlike in a normal QFT, the limit My — 0 is not naive, as cross
sections at one loop are not roughly given by their tree level expressions, inserting couplings
renormalized at the energy of the process, i> ~ s ~ t ~ u. Such unusual logarithms are
compatible with renormalizability because of the unusual origin of the 6,3 renormalisation.

4.5 Why the limit My — 0 is singular

We finally discuss what leads to log-enhanced corrections that are unusual in QFT.

In conventional QFT, the high-energy behaviour is obtained by naively taking the limit
My — 0 for a mass term. However, in theories with ghost fields, this limit is singular
due to IR divergences.

The determinant 1/p?(p? — M3) of the propagator matrix of 2, Q' in eq. (4.23) reproduces
the propagator of the equivalent 4-derivative theory, and is negligibly affected by My at
large energy p > Mjy. However, the eigenvectors of this matrix are significantly influenced
by Mpy. Indeed, the transformation in eq. (4.24) diagonalises the kinetic and mass term
through a SO(1,1) rotation in field space which becomes singular as My — 0. The boost
parameter of a SO(1,1) rotation can become arbitrarily large, unlike the angle of a SO(2)
rotation that diagonalises a theory without ghosts. This feature, implicit in the single-field
formulation with four derivatives, becomes explicit when the same theory is reformulated,
as in eq. (4.25), in terms of a normal scalar § with mass My interacting with a ghost «.
Consequently, a small My not only regularizes IR divergences but also plays a critical role
in defining the scattering states.

The 4-derivative actions for the spin 0 sector of quadratic gravity inherit renormalizability
from the full theory (where renormalizability follows from simple power-counting, as the
couplings fo 2 are dimension-less). The ghost-like nature of « is crucial for renormalizability:
if the sign of the « kinetic term were flipped, .%,,3 would no longer be renormalizable, and the
unusual high-energy logarithms in the amplitudes of eq. (4.30) would be trivially understood
as multiple quartics with different 8 functions. In the ghost-like theory there is a unique
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quartic fp, and the unusual logarithms arise because the My term is renormalized by a
SO(1,1) rotation that affects the quartics.

Since the SO(1,1) rotation in eq. (4.24) gets singular for My — 0, the term proportional
to M¢ in Zogr, eq. (4.23), gives a contribution to the kinetic terms in %z, eq. (4.25), even
in the My — 0 limit. So, the My — 0 limit taken in (4.25) is not eq. (4.23) with My set to 0,

2
Zao (Mg = 0) = —2Q0'9%°Q — %0929’2. (4.32)

To confirm that this subtlety is the source of the unusual high-energy logarithmic corrections,
we show that these corrections do not arise from the different theory in eq. (4.32). This
theory is invariant under Q — \Q, Q" — Q'/\. So the two scalars form a SO(1,1) doublet

Q= (2, Q) = (mQ+ Q' /m, Q' /m — mQ), (4.33)

where m is an arbitrary mass. The field-space metric is diag(1, —1) such that

—

s (09)
2

09+ (09> f§

Lo (My=0) = 5 > 96

(0% -02)

- fﬁﬁ‘*. (4.34)
96

The apparently ‘soft’ term proportional to Mg in eq. (4.23), despite being suppressed by a
possibly small mass My, breaks SO(1,1) in a hard way, giving a kinetic term

6M2 3M2
20 9829 — > 0
16 2fom2

If this term is ignored, the SO(1,1)-invariant theory can be simply computed by expanding

(Qp —Q)P*(Qy — Q). (4.35)

around () = 0, finding that it’s not the same theory. The only correction to the propagator
is a vanishing seagull Ao(My) — Ap(0) = 0. The correction to the quartics reproduces the
RGE for fy, as this 8 function is insensitive to the precise definition of the IR states. The
two independent scattering amplitudes at one-loop

2 2
Ao q oo o =+i=2 |1 5o Bols) + Bolt) + Bo(w) : (4.36a)
4 12 3
13 53 3Bo(s) + Bo(t) + B
Do_a_ 0,0, = _Z% ll _ % o(s) g( ) + Bo(u) 7 (4.36b)

are both renormalized by fy in the usual way, exhibiting no unusual logarithmic enhancements.
So, when combining them to compute any 2 — 2 scattering amplitude, they are all approx-
imated by their tree level value, appropriately renormalized at the scale of the scattering
process. These amplitudes differ from the amplitudes of the %, 3 theory, even at tree level.

5 Discussions and conclusions

This paper is technically intricate, involving several subtleties and differences with earlier
literature. We conclude by setting these complications aside to present a summary of our
overall understanding.

We clarified a novel QFT feature that appears in theories in d = 3 + 1 dimensions with 4
derivatives — or equivalently, those involving ghost states. At the loop level, logarithmically
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enhanced corrections modify the high-energy behaviour of physical cross sections. Unlike in
conventional QF'T, these cross sections are not accurately described by their tree-level forms
with running couplings simply renormalized at high energies. This phenomenon arises in
a theory of particular physical interest: quadratic gravity. While our detailed calculations
focused on this theory, the result is more general and extends to other four-derivative theories,
such as higher-derivative gauge or scalar models.

We find that these unusual logarithms appear as process-dependent IR enhancements.
They cannot be reabsorbed in modified 8 functions for the couplings, that could make
quadratic gravity asymptotically free. Instead, these IR-enhanced logarithms could perhaps
be resummed by interpreting them as an ‘IR dressing’ of the scattering states.

Indeed, the origin of these enhanced logarithms lies in the structure of four-derivative
fields, which propagate two distinct mass shells — one associated with a normal mode (positive
kinetic energy) and one with a ghost (negative kinetic energy). Physical scattering amplitudes,
independent of gauge choice and field parameterisation, are obtained from residuals at both
mass shells of the off-shell amplitudes of the 4-derivative field. As a result, small mass terms
that kinematically differentiate the two states defining them play an unusually relevant role
at energies much larger than the masses, resulting in infra-red-enhanced logarithms.

This behaviour becomes more transparent when reformulating one four-derivative field as
a pair of two-derivative fields: one with positive and one with negative kinetic energy. In
the limit where their masses become degenerate, the theory exhibits a singular behaviour
characterized by a large SO(1,1) boost in field space, needed to diagonalise the mass and
kinetic terms. In this way, super-renormalizable mass terms can influence dimension-less
interactions even at high energies.

It is important to note, however, that in quadratic gravity these unusual logarithms
appear in the regime of sub-Planckian energies and masses where the theory is perturbatively
calculable (its couplings fo 2 ~ Mp2/ Mpy are Planck-suppressed) and do not ruin its calcula-
bility. Indeed, tree-level IR enhancements become large at Planckian energies, and screen
trans-Planckian physics: trans-Planckian collisions are inhibited because energy is radiated
away through the emission of many soft gravitons [8]. As a result, the process-dependent
enhanced logarithms are never too big to invalidate perturbation theory because, effectively,
the energies can never be trans-Planckian.

QFT in d = 141 dimensions too are expected to feature unusual IR-enhanced logarithms.
Such theories do not have ghosts, calling for a different interpretation.

As a byproduct, we partially computed the effective field theory of quadratic gravity,
obtained by integrating out its massive modes. At tree level, there is no contribution —
implying that the ghost state remains invisible to EFT positivity bounds [28, 29]. A non-
vanishing effect is expected to arise at one loop level, where we only computed the simpler spin
0 sector. Adding matter in addition to pure gravity, the ghost becomes visible at tree level [37].
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