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Abstract
The characteristic of our hearing is essentially based on the mechanics in our inner ear. Around
3000 hair cells in the cochlea decode vibrations into electrical signals, covering frequencies from
0.020–20 kHz with relative resolutions normalized by their natural frequency of 0.1%–0.4% and
a high dynamic range of 0–120 dB. These dynamic properties can be described by critical oscil-
lators as they provide high resolution and nonlinear response near their critical points. However,
the wide frequency range cannot be achieved as high sensitivity requires high Q-factors and is
therefore associated with narrow frequency range. To overcome this, frequency tunability could
be used to increase the detectable frequency range while maintaining high sensitivity. One solu-
tion to achieve frequency tuning is the mutual coupling of oscillators. To this end, a bio-inspired
sensing system based on coupled resonators tuned near their critical points is presented, whose fre-
quency can be tuned by varying the feedback of the individual resonator. In the coupled system
three Andronov–Hopf bifurcations are identified, where two of them enable frequency tunabil-
ity. We show that this adaptability of the frequency enables the coverage of a wide frequency range
with limited number of resonators and yet preserves a high resolution with low number of resonat-
ors, which make them suitable for hardware implementation.

1. Introduction

Even though technological speech processing is rapidly improving by applying deep neural networks and
nonlinearities in the pre-processing stage [1–3], the sound perception of mammals has much better per-
formance in terms of energy efficiency, hearing comprehension and susceptibility to errors. For instance,
state of the art speech processing fails in noisy environments, whereas human sound perception of a
specific source in noisy environments works efficiently [4]. This property of sound perception is called
cocktail party effect [5, 6], which is achieved by tuning hearing properties depending on the input and
the hearing environment. In biological systems, pre-processing of sound signals takes place already in the
cochlea, i.e. the sound sensor, and it is constantly tuned. This integration and tuning are compared to
technological systems to yield better performance, especially regarding noisy environments. To overcome
the limitations of technological systems, several bio-inspired sensors and neuromorphic implementations
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Figure 1. The organ of corti can be modeled by many critical resonators tuned near their Andronov–Hopf bifurcation point and
can be mimicked by a MEMS system comprised of an array of MEMS resonators. (A) Sketch of the anatomy of the organ of corti.
(B) After the bifurcation parameter surpasses the critical point of an Andronov–Hopf bifurcation, a limit cycle emerges in a sys-
tem. This regime is called super-critical. In contrast to this, this system is asymptotically stable when the critical point is not sur-
passed. This regime is referred as sub-critical. For acoustic sensing, the sub-critical regime is beneficial as a compressive nonlin-
earity can be tuned by assigning the bifurcation parameter correctly. (C) Setup of two uncoupled MEMS resonators. A feedback
loop is obtained by amplifying the high pass filtered MEMS’s output by a factor k and introducing an offset DC voltage uDC. This
system acts as a critical oscillator, where ki is the bifurcation parameter. (D) These MEMS resonators are critically tuned near the
critical point, hence giving sharp active response at the characteristic frequency. Such sharp active response poses a problem of
lost sound tones between the resonators. (E) Coupling mechanism is enabled between neighboring MEMS resonators with close-
by characteristic frequency to resolve this problem. Here, additional to feedback control, the high pass filtered signal from the ith
MEMS resonator is amplified by coupling strength γ ji and it is fed into the actuation of the jth MEMS resonator and vice versa.
(F) Enabling coupling between these critically tuned MEMS resonators can enable frequency tuning of MEMS resonators, thus
solving the problem of lost tones. It can be shown that this frequency tuning is an intrinsic property of coupled Andronov–Hopf
oscillators tuned near a critical point of an Andronov–Hopf bifurcation.

of cochlear processing have been developed in recent years [7–13]. These integrate cochlear processing
into or close to the sensor.

The two main pre-processing steps are frequency decomposition and nonlinear amplification of the
signals, which are also the first steps in almost any technological sound recognition and analysis system
[2]. It was shown that both are important to achieve a good performance in sound recognition tasks,
see e.g. [1]. Frequency decomposition can be used to recognize a specific sound or sound source, since
different sounds differ by their frequency components over time and thus the pattern of active frequen-
cies is like a finger print of the sound. The nonlinear amplification is compressive in nature, so that
strong signals are attenuated and weak signals are amplified [14–23] and redundancy is introduced into
the measured signal [24]. Thereby, the amplification is dynamically tuned separately for each frequency
band, which yields a better signal quality in changing and noisy environments.

These pre-processing properties are attributed to the interplay between the different parts of the
organ of corti (see figure 1(A)), where sound sensing takes place in the cochlea.

Various attempts have been made to model the internal mechanism of the cochlea. Here, two differ-
ent approaches can be distinguished, namely the filter bank approach and critical oscillator theory. In
the filter bank approach cochlear processing is modeled in the form of parallel filter banks [25] or cas-
caded filter banks [26, 27]. They were developed to describe psychoacoustic experiments, such as detec-
tion of tones in noise maskers, as well as the frequency decomposition by the basilar membrane. The
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initial filter bank models were linear. To model the nonlinear amplification typically automatic gain con-
trol is incorporated. Furthermore, additional nonlinearities between the filter stages can be incorporated
to model also distortion effects, observed in human hearing [28]. In the second approach, the critical
oscillator theory, nonlinearity and frequency filtering are achieved by one system, i.e. the critical oscil-
lator. This theory hypothesizes that the cochlea consists of many critical oscillators operating near the
critical point of an Andronov–Hopf bifurcation [21, 29] due to the resemblence of the cochlear dynam-
ics to the dynamical behavior of a critical oscillator in the sub-critical regime of the Andronov–Hopf
bifurcation. In this regime the response of a harmonically excited resonator close to its critical point is
compresssively nonlinear and frequency selective [21, 30–35]. This reflects the small-signal amplifica-
tion of the basilar membrane [36]. Regarding frequency decomposition, resonance (phase locking) of
the critical oscillator to the input acoustic signal is assumed. Here, the question arises, how the cover-
age of the auditory frequency range can be achieved despite the high quality factors of critical oscillators.
Due to the sharp responses, not all tones might be sensed/recorded (see figure 1(D)) and a large number
of resonators would be required to achieve the 0.4% relative frequency resolution, much more than the
approximately 3000 inner hair cells in the cochlea [37, chapter 9].

To address this, coupling of critical oscillators is discussed. Possible physical coupling mechanisms
in the cochlea are coupling by the tectorial membrane, the fluid between the hair cells and extracellu-
lar linkages [38–42]. Theoretical analysis by Gomez et al showed that an Andronov–Hopf bifurcation is
preserved in two coupled Andronov–Hopf oscillators, such that both oscillators exhibit a common char-
acteristic frequency and this system can also be viewed as a critical oscillator [34]. Dierkes et al modeled
clusters of neighboring hair cell bundles as system of coupled Andronov–Hopf oscillators and observed
sensitivity enhancement [43]. Furthermore, coupling of a larger number of critical oscillators was shown
to yield clusters of oscillators with similar frequencies. This effect is discussed as underlying mechanism
for spontaneous oto-acoustic emissions [44–46]. Coupling was also shown to reduce the effect of noise
and increase the sensitivity [42].

Coupled, critical oscillators can be realized in various approaches. Here, three approaches are dis-
cussed. First, an array of critical oscillators can be implemented by metamaterials, i.e. synthetic materials
whose properties drastically differ from natural materials, to build frequency-selective structures [8]. For
this, the frequency decomposition can be mimicked by building frequency-selective structures with these
materials by, e.g. combining metamaterials and sub-wavelength resonators [8–10] or designing the geo-
metry of the metamaterial similar to the cochlea [11]. The nonlinear amplification is, e.g. induced by
feeding back the frequency component of each resonator into the sensor [9]. Second, a combination of
a microphone and a cochlear amplifier can be employed to mimic cochlear processing [12, 13]. Here,
the sound is converted into an electric signal and the transduced signal is processed by, e.g. an integ-
rated circuit [12] or in-materia computing units such as the combination of dopant network processing
units and an in-memory computing chip consisting of memristive devices [13]. Third, the critical oscil-
lators can be directly implemented by utilizing microelectromechanical system (MEMS) sensors. This
system is based on our recently developed neuromorphic (bio-inspired) acoustic sensor [7] and acts as
sound-driven resonators in connection with an electronic feedback (see figure 1(C)). It is shown in [7,
47, 48] that this system has a compressive and frequency-selective response (see figure 1(D)), which can
be described by a controllable Andronov–Hopf bifurcation. Here we study the coupling of these crit-
ical oscillators in both an experimental system and the associated theoretical analysis. Coupling is real-
ized by feeding the output signals to the actuator of the neighboring sensor (see figure 1(E)). Besides
the above discussed sensitivity enhancement and common center frequency due to coupling, we observe
that this common frequency can be tuned by changing the feedback strength [49]. This is visualized in
figure 1(F). As the feedback strength can also be used to control an Andronov–Hopf bifurcations, it
can be used to modify the bandwidth of the MEMS resonators, so that the adjustment of the feedback
strengths of the two sensors can be interpreted as changing the asymmetry between the quality factors of
the individual resonator. This helps to resolve the problem of lost tones [50] and might be a mechanism
realized in the cochlea, controlled, e.g. by efferent feedback. In contrast to our approach, conventional
methods to enable frequency tunability are based on changing the geometry of the MEMS sensor, so
that a nonlinear strain-stress relationship arises and the characteristic frequency becomes dependent on
the deflection [51–53]. It can be shown that by closing the feedback loop of these MEMS sensors, the
Andronov–Hopf bifurcation is preserved [53]. However, the sound will be distorted as it is frequency
modulated with itself [52, 53].

In the next section, the system is briefly explained, before results on the frequency tunability and
the different operation regimes are shown. This is followed by comparing the measured critical points
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with the critical points derived in [49]7. In addition, a sensitivity analysis in the sub-critical regime is
performed to characterize the compressive nonlinearity. Finally, some remarks conclude the paper.

2. System description

Figure 1(E) shows the setup of two MEMS resonators with the feedback and coupling scheme. Each
MEMS resonator is a silicon beam, which can be thermomechanically actuated using the bimorph effect
and whose deflection is measured by a piezo-resistive Wheatstone bridge [7, 48]. The resonators have a
fixed natural frequency depending on the material constants and the geometry, i.e. length, width, and
thickness [55, example 6.7] [56]. If the resonators are excited by sound, they act as band-pass filters due
to resonance, enabling frequency decomposition of the sound signal. Details about the experimental and
simulation setup and the parameters are given in appendices A–C. In addition, the experimental invest-
igations are compared to the analysis on the dynamic model of the coupled system performed in [49].
The analysis is briefly summarized in appendix D.

As the MEMS is modeled by an Euler–Bernoulli beam with linear strain, feedback is applied to
obtain nonlinear dynamics for the sensors. Therefore, an actuation signal is created with a bias voltage
and a part depending on the sensor’s output. As shown in figure 1(E), there are two feedback mechan-
isms implemented for each sensor (with an additional bias voltage for actuation): (i) self-feedback gov-
erned by feedback strengths k1,k2. Here the sensing signal of one resonator is multiplied with a factor ki
for all i = 1,2 and is fed back in the actuation of the same resonator. By increasing this feedback para-
meter ki above a certain threshold, the system goes into Andronov–Hopf bifurcation, indicated in the
experiment by the onset of autonomous oscillations, whose frequency is approximately the natural fre-
quency of the resonator. This critical point is called feedback critical point and is denoted as k∗i,j for all
i, j = 1,2. (ii) The second mechanism is cross-coupling governed by coupling strengths γ12,γ21. Here
the sensing signal of the ith resonator is multiplied with the coupling strength γij and is fed into the
actuation of the jth resonator. While, the ith resonator is actuated by the sensing signal of the jth res-
onator, which is multiplied by the coupling strength γ ji. By increasing the product between the coup-
ling strength γ12γ21 ∈ R beyond a certain threshold, the system of coupled resonators collectively under-
goes Andronov–Hopf bifurcations [49], indicated by autonomous oscillations, whose natural frequency
is different to the natural frequency of the MEMS sensors. Hence, this bifurcation is different than the
bifurcations induced by the feedback strength. Its critical point is termed as coupling critical point and is
denoted as γ∗

12,jγ
∗
21,j ∈ R for all i, j = 1,2,3.

It is important to note that to induce strong nonlinearities, coupled MEMS resonators have to be
tuned just below the critical point. This tuning is defined as critical tuning. Both the control parameters
(ki,γij) have different effects on the individual resonators. Their combination can yield new effects like
the tunability of the systems frequency described in the next section.

3. Tuning of characteristic frequency

An important characteristics observed when combining coupling and self-feedback for two MEMS res-
onators is the tunability of their characteristic frequencies fC,1 and fC,2. Particularly, the characteristic
frequencies fC,1 and fC,2 depend on the parameter set {k1,k2,γ12,γ21} as these parameters can be used
to control multiple Andronov–Hopf bifurcation. Here, the characteristic frequency of the coupled res-
onators is aligned by assigning the the coupling strength γ12γ21 in the neighborhood of the coupling
critical point. This frequency is influenced by the damping (and thus the Q-factor) of the resonators.
Hence, if the feedback strengths satisfy k1 = k2 = 0, the characteristic frequency of the coupled sys-
tem is closer to the natural frequency of the MEMS sensors with the larger Q-factor. To tune this fre-
quency, the Q-factor of the MEMS sensors are adjusted by exploiting the feedback strengths k1 and k2
as these parameters control a different Andronov–Hopf bifurcation. Hence, the Q-factor of one reson-
ator is increased by moving closer to its feedback critical point. The frequency tunability is shown in
figure 2. Here, the measured and the analytically predicted coupling critical point γ∗

12,1γ
∗
21,1 and the fre-

quency difference ∆fC,1 = fC,1 − f1 between the characteristic frequency fC,1 of the tunable Andronov–
Hopf bifurcation and the natural frequency f1 are depicted as a function of the self-feedback strengths
k1 and k1. The natural frequencies of the MEMS resonators are f 1 = 3630Hz and f 2 = 3790 Hz and the
feedback critical points are given by k∗1,1 = 0.21875 and k∗2,1 = 0.1875. To study frequency tunability,

7 A brief summary of this bifurcation analysis is given in appendix D.
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Figure 2. Comparison between the experimental and the theoretical results of frequency tunability close to the coupling critical
point as a function of the feedback strengths k1 ∈ [−0.5,0.1875] and k2 ∈ [−0.5,0.1875] with a resolution of 0.015625(= 1/64)
for two MEMS sensors with f1 = 3630Hz, f2 = 3790Hz, and uDC,1 = uDC,2 =−150mV. To enable the frequency tunability the
coupling strength γ12γ21 is changed, so that the system remains in the nonlinear regime near the critical point and the character-
istic frequency of both resonators aligns to a common characteristic frequency. The controllable shift in this aligned characteristic
frequency is caused by controlling the feedback strengths of the resonators. This will change the bandwidth and the damping of
the oscillators, since the feedback strengths induce an Andronov–Hopf bifurcation. (A) Coupling strength γ12γ21 in terms of the
feedback strength k1 and k2 to ensure that the system remains near the critical point. (B) Experimentally measured tunability of
the the frequency difference∆fC,1 = fC,1 − f1 between the characteristic frequency fC,2 = ωC,2/(2π) of the tunable bifurcation
and the natural frequency f1 of the higher frequency MEMS sensor in the sub-critical regime when stimulated with sound. The
response of the lower frequency MEMS sensor is similar (provided in supplementary materials). (C) and (D) Predicted critical
coupling strength γ∗

12,1γ
∗
21,1 and frequency difference∆fC,1. (E),(F) Relative errors e∗ and efC,1 between the measured and pre-

dicted coupling strength and frequency difference. (Reproduced from [54]. CC BY 4.0.)

the self-feedback strengths were sampled in k1 ∈ [−0.5,0.1875] and k2 ∈ [−0.5,0.1875] with a resolu-
tion of 0.015625(= 1/64) and the DC-voltage is given by uDC,1 = uDC,2 =−150mV. The critical point
is determined by (i) setting the the feedback strengths k1 and k2 to a desired value and (ii) increasing
the coupling strengths γ12 and γ21 until both MEMS resonators undergo autonomous oscillation simul-
taneously and are insensitive to sound stimulus. Second, the system of two coupled MEMS resonator is
tuned below the critical point γ∗

12,1γ
∗
21,1 in the nonlinear regime. For this, the coupling strength is given

by γ12γ21 = γ∗
12,1γ

∗
21,1 − 0.001 to ensure that the system is not operated in autonomous oscillation. Here

symmetric coupling is assigned, i.e. γ12 = γ21. The figures 2(A) and C) show the coupling critical point
γ∗
12,1γ

∗
21,1 in dependence of the self-feedback strengths ki, which is adjusted to tune the system close to

the critical point for each set of (k1, k2). Thereby, the lower the feedback strengths k1 and k2, the higher
the required coupling strength γ12γ21 to induce bifurcation in the system.
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Table 1. Summary on the conditions for the different operation regimes.

Operation regime Critical point Sign-condition ∆f-condition

Frequency tunable regime 1 γ∗
12,1γ

∗
21,1 sign(γ∗

12,1γ
∗
21,1)> 0 ∆f< 206Hz

Frequency tunable regime 2 γ∗
12,2γ

∗
21,2 sign(γ∗

12,2γ
∗
21,2)< 0 ∆f⩾ 0Hz

Untunable regime γ∗
12,3γ

∗
21,3 sign(γ∗

12,3γ
∗
21,3)> 0 ∆f> 206Hz

To obtain the characteristic frequencies fC,1 and fC,2, sound with frequency sweep and a constant
amplitude is applied by a loudspeaker at each operating point. Then a frequency analysis is done and
all the steps (setting feedback parameters and tuning coupling strength) are repeated for each combin-
ation of k1 and k2. To compare the experimentally obtained and simulated frequency response, the fre-
quency difference ∆fC,1 = fC,1 − f1 between the characteristic frequency fC,1 of the tunable Andronov–
Hopf bifurcation and the natural frequency f1 are evaluated in dependence of the self-feedback strengths
ki, as this enables a more precise error analysis. The results are visualized in figures 2(B) and (D). Since
coupling yields an alignment of the resonators to a common center frequency, the frequency color map
of the second resonator f1 = 3630Hz resonator is similar and provided in Supplementary Materials.

The relative error e∗ between the predicted and measured critical coupling strength and the
relative error e∆fC,1 between the predicted and measured characteristic frequency are visualized in
figures 2(E) and (F). These errors are computed by taking the absolute value of the error and dividing
the result by the measurements for each feedback strengths k1 and k2. It turns out that the mean and
the standard deviation of these errors are ē∗ = 0.316 and σe∗ = 2.064 for the critical coupling strengths
and ē∆fC,1 = 0.15405 and σe∆fC,1

= 0.13642 for the characteristic frequency. In particular, the large max-
imum maxe∗ = 621362% of the relative error of the critical coupling strength γ∗

12,1γ
∗
12,1 is induced in

the neighborhood of k∗1,1 and k∗2,1, where the critical coupling γ∗
12,1γ

∗
12,1 is approximately zero. Hence, the

measurement noise is amplified in this neighborhood. Neglecting these values results in mean ē∗ = 0.153
and standard deviation σe∗ = 0.138 of these errors for the critical coupling strengths.

As can be seen from figure 2 changing the feedback strengths k1 and k2 yields a shift of the charac-
teristic frequencies, here in the range [f1, f2]. Since each of the resonators keeps a small bandwidth des-
pite the tuning, this frequency tunability enables the coverage of the frequency range between character-
istic frequencies with the dynamically adaptable feedback and coupling strength. To design a system with
many MEMS resonators to cover the auditory frequency range and to design control loops for steering
the frequency response, the pre-conditions and parameter dependency of the frequency tunability has to
be known. This will be discussed in the next section.

4. Critical points

One of the pre-conditions that must be fulfilled to obtain frequency tunability is that the system behaves
as a critical oscillator tuned in the neighborhood of the coupling critical point. The mathematical ana-
lysis of the system of coupled MEMS resonators yields three Andronov–Hopf bifurcations [49]. Thus,
three operating regimes are possible. Experimentally, only one of the three bifurcation is dominant,
i.e. a bifurcation is referred as dominant, if its critical point has the smallest magnitude, so that it is
reached first. For measurements, the dominant bifurcation is of particular interest as the system goes
into autonomous oscillations by crossing this critical point. In contrast to this, the other critical points
cannot not be observed upon further increasing the bifurcation parameter. In particular, which of the
three bifurcations of two coupled MEMS resonators is the dominant mainly depends on the natural fre-
quencies of the coupled resonators and the polarity of the coupling strength. A summary on the con-
ditions for a dominant critical point is given in table 1. To visualize this, the coupling critical points of
two MEMS resonator are computed by increasing the natural frequency f of one sensor. For this, the
parameters of the MEMS resonators are assumed to be identical for f= 3630Hz. The results are visual-
ized in figure 3(A). Here, the critical coupling strengths are depicted for each of the three critical points
in dependence of the natural frequency of one of the two MEMS resonators and the frequency differ-
ence ∆f= |f1 − f2|. The critical points 1 and 3 occur for positive coupling strengths while critical point
2 is observed for negative ones. In addition, the critical point 1 is dominant, if the frequency differ-
ence is small enough. Otherwise, the critical point 3 is dominant. For this example, the critical point 1
is observed up to a frequency difference of 206Hz experimentally, while critical point 3 is observed for
larger frequency differences. Following [49], this frequency difference is device-specific and it is depend-
ent on the natural frequency, the Q-factor and the self-feedback strength of the MEMS resonators. A
brief summary of the device-specific frequency difference is given in appendix D.
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Figure 3. Coupling of MEMS resonators yields three different critical points depending on the frequency of coupled resonators
and the polarity of coupling strength (γ12γ21) between the two resonators (A) MEMS system is tuned just below the coupling
critical point to make it sensitive to the sound. This gives rise to three operation regimes. Set of resonators with frequency dif-
ference∆f ⩽ 206Hz and positive coupling strength γ12γ21 < γ∗

12,1γ
∗
21,1 fall into frequency tunable regime 1 (shaded in blue)

and critical point 1 (dashed curve) is the set of corresponding coupling critical points γ∗
12,1γ

∗
21,1. Set of resonators with negative

coupling strength γ12γ21 < 0 and |γ12γ21|< |γ∗
12,2γ

∗
21,2| fall into frequency tunable regime 2 (shaded in green) and critical point

2 (dashed-dotted curve) is the set of corresponding coupling critical points γ∗
12,2γ

∗
21,2. Set of resonators with frequency difference

∆f ⩾ 206Hz and positive coupling strength γ12γ21 > 0 such that γ12γ21 < γ∗
12,3γ

∗
21,3 fall into untunable regime (shaded in red)

and critical point 3 (solid curve) is the set of corresponding coupling critical points (γ∗
12,3γ

∗
21,3). (B),(C) Theoretical prediction of

critical points are depicted by lines, while measurements of critical points are marked by circles. (B) The critical points are plot-
ted over |uDC| for set of resonators falling in frequency tunable regime 1 (3630–3790Hz) and untunable Regime (3630–4380Hz,
3630–5190Hz). (C) Measurements of the critical point 2, i.e. frequency tunable regime 2, in terms of |uDC| for set of resonator
pairs 4380–5190Hz, 3630–3730Hz and 3730–3790Hz.

The critical coupling strength depends not only on the difference between the characteristic fre-
quencies but also on the DC value of the feedback. The measured and predicted critical points for the
three different bifurcations are shown in figures 3(B) and (C). Herein, experimental values of the crit-
ical points 1, 2 and, 3 are shown as dots, while the solid and dashed lines depict the respective analytical
solutions for critical point 1 and 3. The different colors depict different pairs of coupled MEMS sensors.
As can be seen from the measured and the computed critical points in terms of the DC-voltage uDC in
figures 3(B) and (C), increasing DC-voltage decreases the magnitude of the critical points to induce
the required limit cycle. This is an effect of the used thermal actuation scheme, which depends on the
applied power rather then the voltage itself. The DC-voltage uDC plays an important role in imparting
power into the system, requiring thus a smaller amount of coupling signal for larger DC values. It is
demonstrated that theoretical and experimental results align qualitatively and quantitatively as visual-
ized in figure 3(B). In contrast to this, critical point 2 is predicted by theory. However, the computed
critical point is not matching the measurements quantitatively. (Note that reweighted, computed critical
points are compared with the experimental results in the supplementary materials.) These observations
might come from the fact that the MEMS resonators have to be described by coupled partial differen-
tial equations, while the considered MEMS model is derived by approximating the coupled PDEs with
the Galerkin method [57], which is truncated after the first mode. Hence, by increasing the number of
modes, the interaction between these modes will be captured, so that the quantitative behavior of the
model might change.

5. Operation regimes for frequency tunability

The three operation regimes of the sensor system can be derived from the three critical points and
exhibit different characteristics. For the analysis of the operation regimes, it is assumed that the DC-
voltages are negative, i.e. uDC,1,uDC,2 < 0. Here, the DC-voltages are given by uDC,1 = uDC,2 = uDC =
−150mV. To observe the critical points of the different operation regimes, three scenarios are invest-
igate(D) (i) MEMS sensors with the natural frequency f1 = 3630Hz and f2 = 3790Hz with γ12γ21 ⩾ 0,
(ii) MEMS sensors with the natural frequency f1 = 3630Hz and f2 = 3790Hz with γ12γ21 ⩽ 0, and (iii)
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Figure 4. Different operation regimes and critical points. Three different sensors with natural characteristic frequency 3630Hz,
3730Hz and, 4380Hz are coupled to present different regimes of operations. The critical points are given by γ∗

12,1γ
∗
21,1 = 0.2658,

γ∗
12,2γ

∗
21,2 =−0.234643, and γ∗

12,3γ
∗
21,3 = 3.062. (A)–(C) Case of uncoupled resonators. All the sensors show response at their

corresponding natural frequencies when excited with sound. (D)–(F) Coupled resonators in the super-critical regime. For this,
the coupling bifurcation parameter γ12γ21 is increased beyond coupling critical point γ∗

12γ
∗
21, so that the system of coupled reson-

ators simultaneously undergoes self-oscillation without sound stimulus. (G)–(I) Coupled resonators in the sub-critical regime.
Just below the critical point, i.e. |γ12γ21|< |γ∗

12,1γ
∗
21,1|, yields enhanced sensitivity to sound. (G) Frequency response of sensors

in frequency tunable regime 1 with γ12γ21 = 0.2346. Frequency response depicts a tunable peak in the range [f1, f2] where f 1 and
f 2 are the natural characteristic frequencies of sensor 1 and 2 with f1 < f2. (H) Frequency response of sensors in frequency tun-
able regime 2 with γ12γ21 =−0.219. Here two peaks are visible, one tunable and one untunable peak. The tunable peak can be
approximately tuned within [79.6Hz, f1] [49]. Tuning in both the cases is done by changing the feedback parameter in [k∗i,2,k

∗
i,1]

for all i= 1,2. I: Untunable Regime with γ12γ21 = 2.722 where frequency tuning is not possible with coupling and feedback.

MEMS sensors with the natural frequency f1 = 3630Hz and f2 = 4380Hz with γ12γ21 ⩾ 0. For all scen-
arios, the sensor response, i.e. magnitude of sensor voltage as a function of the frequency, is shown for
(i) the uncoupled case (γ12γ21 = 0) in the first row of figure 4, (ii) the supercritical case (|γ12γ21|>
γ∗
12,iγ

∗
21,i) in the middle row of figure 4, and (iii) the sub-critical regime (0< |γ12γ21|< |γ∗

12,iγ
∗
21,i|) in

the bottom row of figure 4. For the cases uncoupled and sub-critical regime, sound input is provided
using frequency sweep ranging from 3400− 4000Hz, while for the super-critical regime no sound was
applied. Tuning into the sub-critical regime is achieved by first obtaining the critical point γ∗

12γ
∗
21, as

described in section 3. Second, the coupling product γ12γ21 is set between 85%–95% of this critical
value. For the specific regimes in this study, the parameters were chosen as follows: γ12γ21 = 0.2346
for frequency-tunable regime 1, γ12γ21 =−0.219 for frequency-tunable regime 2, and γ12γ21 = 2.722
for the untunable regime. Magnitude voltage of sensor response [in dB] is calculated by the equation
Voltage u [dB]= 20 log10(V/Vref). Here the reference voltage Vref is 1 V. The results shown in figure 4 are
explained in detail below. In addition, media files, which demonstrate these operation regimes, can be
found in the Supplementary Material.

Frequency tunable regime 1: frequency tuning with positive coupling strength
The pre-condition is that the difference in natural frequencies ∆f= |f1 − f2| is smaller than a specific
value and the product between the coupling strengths is positive, i.e. γ12γ21 > 0. For the pair of MEMS
sensors considered for figures 3 and 4, the values are ∆f< 206 Hz with positive coupling strength
γ12γ21 > 0. Close to this critical point, the characteristic frequencies of both MEMS resonators align at
one common center frequency fC,1 in the super-critical regime (figure 4(D)) as well as in the sub-critical
regime upon sound input (figure 4(G)). Moreover, the frequency of this harmonic oscillation can be
tuned in the interval between the natural frequencies f1 and f2 by changing the feedback strengths k1
and k2.
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Besides the alignment and tuning of characteristic frequencies in this operation regime, coupling
increases the sensitivity of both sensors. In the uncoupled case (figure 4(A)), using two resonators with
the natural frequencies (thick vertical lines) f1 = 3630Hz and f2 = 3790Hz, the resonator with higher
frequency has larger response amplitude (−90 dB) than the lower frequency resonator (−86 dB). Upon
coupling in the sub-critical regime, the response of both resonators to a sound sweep shows a strong
increase in amplitude by roughly 30 dB for both resonators i.e. −86 dB to −50 dB for high frequency
resonator and −90 dB to −60 dB for low frequency resonator.

Frequency tunable regime 2: frequency tuning with negative coupling strength
This regime is shown in figures 4(B), (E) and (H) in the green column. The pre-condition for this
regime is a negative coupling strength in the system, i.e. γ12γ21 < 0. It occurs for all analyzed nat-
ural frequencies of the two resonators. Thereby, the higher the frequency, the larger the critical coup-
ling strength. The frequency response in super-critical regime (i.e. after bifurcation) displays align-
ment of characteristic frequencies to a single peak (see figure 4(E)). Here, the characteristic frequency
(fC,1 ≈ 3600Hz) of the coupled system is below the lowest natural characteristic frequency of the coupled
resonators, i.e. below f1 = 3630Hz. In contrast to the amplitudes of the autonomous oscillations in
Frequency Tunable Regime 1, the amplitude of autonomous oscillations is larger for the resonator with
smaller natural frequency f1 = 3630Hz than the amplitude of the resonator with larger natural frequency
f2 = 3790Hz.

When the sensor is tuned just below the critical point and excited with sound sweep, two peaks are
observed in the frequency response as shown in figure 4(H): a common peak for both resonators with a
frequency lower than the lowest natural frequency of the resonators (similar to the super-critical regime)
and one peak for the high-frequency resonator close to its natural frequency. The latter one cannot be
tuned by changing the feedback strength whereas the common peak can be tuned in the frequency range
fC,2 ∈ [79.6Hz, f1] by changing the feedback strengths k1 and k2. The lower boundary is given by the
(maximum) characteristic frequencies of the Andronov–Hopf bifurcation, which is induced by the feed-
back strengths of the uncoupled MEMS resonators [49]. For the MEMS resonators with f1 = 3630Hz
and f2 = 3790Hz, the (numerically determined) characteristic frequencies read 61.6Hz and 79.6Hz.
Again, coupling yields a stronger response to sound compared to the uncoupled case (roughly 20–30 dB
larger). However, in comparison with the results from frequency tunable regime 1, the high-frequency
resonator exhibits a 3 dB smaller response than in frequency tunable regime 1 but the low-frequency
peak exhibits a 3 dB larger response as compared to frequency tunable regime 1. As the tunable peak
moves away from natural characteristic frequencies of the resonators due to changing feedback strengths,
its response amplitude decreases until it eventually vanishes in the noise level of −100dB.

Thus, polarity of coupling strength controls in which direction the common frequency peak can be
shifted by changing the feedback strength and which resonator (high- or low-frequency) exhibits the
stronger response.

Untunable regim(E) no frequency tuning
This regime is shown in figure 4 in the red column. The pre-condition for this regime is coupling
MEMS resonator with large frequency difference ∆f= |f1 − f2|> 206Hz and positive coupling strength
γ12γ21 > 0. In this case, the frequency response of one resonator exhibits one peak at its characteristic
frequency, whereas the response of the second resonator shows two peaks at the natural characteristic
frequencies of both resonators in both, the super-critical regime as well as in the sub-critical regime
(figure 4(F) and (I)). Here, the high frequency resonator has a stronger response than the low frequency
resonator in all studied situations, i.e. uncoupled, super-critical and sub-critical. Thus, the occurrence of
the second peak in the low-frequency resonator might be attributed by a driving of the low-frequency
resonator by the high-frequency resonator. In contrast to this, the amplitude of the low-frequency res-
onator is too low to induce a response of the high-frequency resonator at the lower natural frequency.
These peaks are untunable, i.e. they do not shift upon changing the feedback parameters k1 and k2.
Nevertheless, the response amplitude of both resonators to sound is increased (by about 5–10 dB) when
coupled, but this increase less than in the frequency tunable regime 1 and 2.

6. Sensitivity of the coupledMEMS sensors

Besides the frequency decomposition for sound sensing, the sensitivity is highly important. Oscillators
tuned near the coupling critical point have a power law relationship between sensitivity and force, thus
acting as small signal amplifier [33, 34, 43, 58–62]. The sensitivity of the coupled resonators is analyzed
in regime 1, as it is the regime of interest due to its high sensitivity. Nevertheless, the overall dependence
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Figure 5. Sensitivity of the two coupled MEMS sensors in terms of the sound pressure. The natural frequencies of the coupled
MEMS sensor are given by f1 = 3630Hz and f2 = 3790Hz. Here the bifurcation parameter γ12γ21 is varied from 0 to its critical
point γ∗

12,1γ
∗
21,1 = 0.2658. (A) Sensitivity of the MEMS sensor with natural frequency f1 = 3630Hz. (B) Sensitivity of MEMS

sensor with natural frequency f2 = 3790Hz. Here the blue shaded regime represents the linear regime and the green shaded
region represents the nonlinear regime. Significant enhancement in sensitivity is observed for low sound pressures when tuned
near the critical point.

of sensitivity on sound pressure should be similar for all regimes. For the sensitivity analysis, resonators
with frequencies f1 = 3630Hz and f2 = 3790Hz, i.e. ∆f= |f1 − f2|< 206Hz, are coupled with γ12γ21 >
0. The coupled system is stimulated by sound sweep from 3− 4 kHz with different intensities ranging
from 0.003− 0.06 Pa and different coupling strengths are tested until the critical coupling strength. In
addition, the DC-voltage is given by uDC =−150mV. The sensitivity is then determined by measuring
the amplitude response at resonance and dividing it by the sound pressure amplitude.

The sensitivity of the MEMS sensors with a natural frequency f1 = 3630Hz and f2 = 3790Hz are
shown in figure 5. It is showcased that sensitivity is initially linear (for low coupling strengths) and
increases with the coupling strength γ12γ21. When the bifurcation parameter approaches the critical
point, i.e. γ∗

12,1γ
∗
21,1 ≈ 0.1329, sensitivity becomes nonlinear and increases with decreasing sound pres-

sure. A power law relationship can be observed between the sensitivity and sound pressure given by
S1 = 3.013p−0.8331 (with RMSE of 2.214) and S2 = 0.718p−0.9328 (with RMSE of 0.3652) for sensor with
natural frequencies f2 = 3790Hz and f1 = 3630Hz, respectively. The power law factors are in close agree-
ment with the ones obtained by [43], where the modeling of coupled hair bundles showed an power law
with exponent of −0.88. Here, the high-frequency resonator saturates at peak to peak voltage of 1.8 V
for a sound pressure of 0.06 Pa, while the low-frequency resonator has not yet gone into saturation.

7. Discussion

It is showcased that each MEMS resonator acts as a band-pass filter, whose quality factor can be con-
trolled by coupling two MEMS resonators. Hence, very fine tuning of the characteristic frequency can be
achieved, if operated close to an Andronov–Hopf bifurcation. It is possible to modify the frequency for
both resonators either in the range between both natural frequencies f1 and f2 using a positive coupling
strength or between (approximately) [79.6Hz, f1] with f1 < f2 for negative coupling strengths. Here, the
feedback and the coupling strengths are just amplification factors, so that both can be varied fast and
dynamically, even in large arrays of resonators.

Thereby, it is important that the resonators are operated as critical oscillators close to a critical point
of an Andronov–Hopf bifurcation. For the considered system, three critical points can be distinguished,
which depend on the natural frequencies of the resonators and the bias voltage in the feedback. These
properties have been predicted by a mathematical model of the MEMS sensor. However, by using estim-
ated parameters of the MEMS only critical point 1 and 3 can be computed, while the value of critical
point 2 cannot be predicted. This issue can be explained by the fact that the utilized MEMS model is
based on a dominant mode approximation of two coupled PDEs by employing the Galerkin method
[57]. In particular, the considered MEMS model is derived by truncating the dominant mode approx-
imation after the first mode. Hence, by increasing the number of modes, the interaction of other modes
is captured, so that the quantitative behavior of the MEMS model will change.

Depending on the regime the system is operated in, different sensing properties are obtained. For
MEMS resonators with a larger difference in natural frequencies, an operation regime is obtained, which
does not allow for tuning the characteristic frequencies. Nevertheless, a connection between the two fre-
quencies is obtained, which might be used for sound analysis and learning specific patterns. For smaller
differences in natural frequencies, two more operation regimes are observed, for which frequency tuning
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by changing feedback strength is possible, but the sensitivity to sound input differs for both. While for
positive coupling strengths, the initially high-frequency sensor exhibits a higher response amplitude, for
negative coupling strengths the initially low-frequency resonator exhibits the stronger response. In both
cases, coupling yields a strong increase in sensitivity. Furthermore, a nonlinear dependence of sensitivity
on sound pressure amplitude is obtained. The power law relationship is similar to the values obtained
in the study of Dierkes et al [43] modeling coupled active hair cell bundles as Andronov–Hopf oscillat-
ors. This relationship clearly depicts the sensor as small signal amplifier, which aids in achieving wider
dynamic ranges.

The ability to dynamically tune the characteristic frequencies of the critical oscillators has several
advantages for a bio-inspired sound detection in neuromorphic hardware. First, due to the high qual-
ity factor, a large number of MEMS resonators are required to cover the audible frequency range. This
means that the increase in the detectable frequency range due to the frequency tunability can be used to
reduce the number of resonators required [50]. Second, tones occurring between the sharp characteristic
peaks can be detected, which would be otherwise missed. Finally, the resonators characteristic frequency
is set by their geometry and by their material parameters. Thus, the tunability of the frequency can be
used to overcome mismatches due to fabrication tolerances. This phenomena of frequency tunability
might also be present in the mammalian cochlea. The properties of sound sensing and the otoacous-
tic emission indicate a critical oscillator-like dynamics, whose dynamics are steered by efferent feedback
(to the outer hair cells) [63, 64]. Thus, it might be interesting to analyze if tuning of the characteristic
frequency occurs in mammalian hearing. A hint in this direction was given recently by Burwood et al
[65], who showed that the place-coding of frequency in the cochlea is not as fixed as it was thought.
Furthermore, dynamically tuning the frequency of the inner hair cells (as sensors) might be a mech-
anism to improve sound perception in noisy environments, since efferent feedback is discussed to be
important in these situations.

Since coupling more sensors by this scheme increases the number of bifurcation points and, thus,
the complexity for tuning the system, upscaling might require to use multiple pairs of coupled MEMS
resonators, with no coupling between adjacent pairs. The resonator frequencies will be selected such
that neighboring, decoupled sensor pairs have a minimal frequency gap, thereby minimizing tonal loss.
Within each coupled pair, feedback and coupling parameters need to be tuned to independently adjust
the frequency, bandwidth, and gain.

8. Conclusions

In this research work, we have analyzed an acoustic sensor consisting of two MEMS resonators, which
can mimic the pre-processing properties of mammalian cochlea, mainly frequency decomposition and
nonlinear compressive amplification. This dynamic behavior is induced by operating the system in the
neighborhood of a critical point of an Andronov–Hopf bifurcation. For two coupled MEMS resonators,
three different Andronov–Hopf bifurcations can be identified. These are characterized by their frequency
tunability and their critical points. In particular, two Andronov–Hopf bifurcations exhibit a tunable
characteristic frequency, while the characteristic frequency of the last Andronov–Hopf bifurcation cannot
be modified. These bifurcations are dependent on the sign of the product between the coupling strength
and the difference between the natural frequencies of the MEMS resonators. Here, the untunable regime
is obtained by coupling MEMS with a large frequency difference and utilizing a positive product between
the coupling strengths. Otherwise, the system has a tunable characteristic frequency.
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Appendix A. Mathematical model

The MEMS resonators are modeled by the dominant mode model, derived and described in [7, 57]. This
can be done, since a sound wave can excite without loss of generality only one mode. In general, the
model of the MEMS sensor consists of a mechanical and a thermodynamic subsystem combined with a
high pass filter:

ẋi =fi (xi) =


xi,2

−ω2
i xi,1−

ωi
Qi
xi,2+αixi,3+

1
mFex

−βixi,3 + ζiu2act,i
− 1

τi
xi,4 +κixi,2

 ,

t> 0, xi (0)=x0,i,

(A.1a)

yi = h(xi) = xi,4, t⩾ 0. (A.1b)

Herein, the states, the controllable voltage, the external input, the output and the initial conditions
are denoted by xi = [x1,i(t),x2,i(t),x3,i(t),x4,i(t)]T ∈ R4, uact,i(t) ∈ R, Fex(t) ∈ R, yi(t) ∈ R and x0,i ∈ R4

for all i= 1,2. Thereby, the state vector consists of the deflection x1,i of the beam movement, the velo-
city x2,i at the free end of the beam, the temperature difference x3,i compared to the environment, and
the high-pass filtered deflection signal x4,i. The calculation of feedback and coupling is given by

uact,i =kix4,i + γijx4,j + uDC,i (A.2)

with the feedback strength ki ∈ R, the coupling strength γij ∈ R and a bias voltage uDC,i for all i, j= 1,2
and i ̸= j. Additional parameters are given by the natural frequency ωi = 2πfi > 0, the Q-factor Qi > 0,
the effective mass m> 0 of the first mode, the calibration factor κi ∈ R, the transfer factors αi, ζi > 0
and the time constants βi, τi > 0 for all i= 1,2. The heating efficiency constant ζi can be expressed by
ζi = γi/R2

i with the transfer factor γ > 0 and the resistance R> 0.

Appendix B. Fabrication and design of the MEMS sensor system

The resonators are fabricated on a 4 inch silicon wafer [66]. On this silicon wafer, a layer of siliconoxid
(SiOx) is deposited using plasma enhanced chemical vapor deposition. The piezoresistor are deposited
using high doped p++ boron implantation. For actuation, aluminum loops is deposited using magnet-
ron sputtering. The thickness of the resonator is controlled by etching out the back side of the silicon
wafer with potassium hydroxide (KOH). For further details regarding the fabrication process please refer
to [67]. The MEMS sensors are designed to achieve a high sensitivity for sound. Therefore, they consist
of (i) a silicon cantilever with integrated piezoresistive deflection sensing and integrated thermomech-
anical actuation using an aluminum heater and (ii) of a silicon membrane surrounding the cantilever.
For more details regarding to the design considerations see e.g. [7, 68]. The sensor setup is sketched
in figure 1(E). The voltage signals from Wheatstone bridge are high passed filtered to remove the DC
part of the voltage and then forwarded into the FPGA of Redpitaya STEMLAB-14 board, where feed-
back and coupling mechanisms are implemented. The actuation voltage uact,i for two sensors is cal-
culated following (A.2). The experimental setup implements three different types of mechanisms: (i)
feedback mechanism, (ii) Coupling mechanism, (iii) combination of feedback and coupling mechan-
ism. When the feedback strength ki or the coupling strength γij increase above a critical point, system
undergoes an Andronov–Hopf bifurcation. This critical point is denoted by k∗i,j for the feedback critical
point for all i, j= 1,2 or γ∗

12γ
∗
21 for the coupling critical point. Signal acquisition as well as generation

are implemented in the STEMLAb-14 board using 14 bit, 125MHz ADC and DAC.

Appendix C. Parameters for the mathematical model

The parameters of the investigated MEMS sensors are summarized in table B1. Most of the parameters
here are measured using PSV-500 which is a laser doppler vibrometer (LDV) from Polytec GmbH. The
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Table B1. Parameters of the MEMS sensors.

MEMS sensor

Parameter 1 2 3 4 5

Natural frequency f [Hz] 3630 3790 4380 5190 3730

Q-factor Q 40 80 75 60 70

Calibration factor κ [ Vm ] 12.069 · 106 1.186 · 106 8.772 · 106 0.1 · 106 0.998 · 106

Resistance R [Ω] 12.53 12.43 12.33 12.5 12.5

Transfer factor α [ m
2

Ks2 ] 19.2
αγκ [ Vm

A2Ks3 ] 7.788 · 1014 4.631 · 1014 1.917 · 1014 0.818 · 1014 0.644 · 1014

Time constant β [ 1s ] 150 250 160 60 270
τ [s] 1 · 10−3

natural resonance frequency and Q-factor are measured with PSV-500 when the resonators were acous-
tically excited using frequency chirp. Once the natural resonance frequency was known, resonators were
excited acoustically at this single tone frequency. The electrical signal from the piezoresistor was acquired
by signal acquistion and generator module of PSV-500. Simultaneously, the deflection is measured and
recorded by the LDV. When excited by the signal tone signal, the calibration factor can be obtained by
dividing the electrical signal with the deflection signal. The quasi static time constant is measured by
exciting the actuation loop of the resonator with signal generator of LDV. Here a 500mV DC-voltage
uDC is given periodically at 1 Hz frequency and deflection x1 of the signal is measured. From the time
series, the rise time of the signal is measured that is 63% of time taken to reach maximum deflection.
Taking inverse of this rise time, time constant β is obtained. The resistance R of the resonator is manu-
ally measured from PCB using a multimeter. Once the parameters ω,x1,R,uDC,β are known the transfer
factor αγ is calculated using the formula αγ = 4β(πωR)2u−2

DCx1.

Appendix D. Bifurcation analysis of two coupledMEMS sensors

To explain the observation of the tunable characteristic frequency fC,1, the bifurcation analysis of two
coupled MEMS sensors was derived in [49] and shortly summarized her(E) for this, the emergence of
Andronov–Hopf bifurcations is investigated by determining a bifurcation parameter, which induces one
pair of complex conjugated eigenvalues on the imaginary axis at specific values, see, e.g. [69]. Here, the
product of the coupling strengths γ12γ21 is the bifurcation parameter. With this, it is demonstrated in
[49, section IV] that the critical points of two coupled MEMS sensors are obtained by solving the system
of equations

0=q211 + q212 − q221 − q222 − γ∗
12γ

∗
21, (D.1a)

0=[b11b21 (k11 − k22 + 2q21)− a21b11 + a11b21]ω
2
C +(a23b11 − a13b21)ω

4
C, (D.1b)

0=(b11 − b21)ω
5
C +(a12b21 − a22b11)ω

3
C + 2b11b21q12ω

2
C +(a20b11 − a10b21)ωC, (D.1c)

0=a13ω
3
C + [b11 (k11 + q11 + q21)− a11]ωC, (D.1d)

0=ω4
C − a12ω

2
C − b11 (q12 + q22)ωC + a10, (D.1e)

0=q11q22 − q21q12 (D.1f )

for the constants q11,q12,q21,q22 ∈ R, the critical point γ∗
12γ

∗
21 ∈ R, and the characteristic frequency ωC.

Additional parameters read

ai0 =
βiω

2
i

τi
, ai1 =βiω

2
i +

βiωi

Qiτi
+

ω2
i

τi
, ai2 =

βi

τi
+

βiωi

Qi
+

ωi

Qiτi
+ω2

i ,

ai3 =βi +
ωi

Qi
+

1

τi
, bi1 =2αiκiζiuDC,i

for all i= 1,2. By solving (D.1b)–(D.1e) for q11, q12, q22, and ωC and inserting the result into (D.1f ),
a cubic polynomial (in terms of q21) is obtained. In particular, this implies that two coupled MEMS
sensors have three critical point γ∗

12,iγ
∗
21,i and three corresponding characteristic frequencies ωC,i for all

i= 1,2,3, which are summarized in [49, appendix C].
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Figure D1.Maximal tunable frequency difference in terms of the natural frequency f1. The natural frequency is given by ω = 2πf.
Adapted from [49]. CC BY 4.0.

Figure D2. Comparison between the critical coupling points γ∗
12,1γ

∗
21,1 and γ∗

12,3γ
∗
21,3 of the Andronov–Hopf bifurcations

responsible for the frequency tunable regime 1 and the untunable regime of two coupled, identical MEMS sensors in terms of
the natural frequency f. Adapted from [49]. CC BY 4.0.

As there are multiple critical points, two pairs of complex conjugated eigenvalues can be on the
imaginary axis for specific parameter configurations. In particular, this is the necessary condition of an
Hopf–Hopf bifurcation, see, e.g. [69], and the bifurcation is used in [49] to determine the frequency dif-
ference ∆f= |f1 − f2| at which the dominant bifurcation change. For this, the critical point of the Hopf–
Hopf bifurcation between γ∗

12,1γ
∗
21,1 and γ∗

12,3γ
∗
21,3 is computed numerically by solving

γ∗
12,1γ

∗
21,1 =γ∗

12,3γ
∗
21,3

for the additional bifurcation parameter ∆f. To evaluate the frequency difference ∆f inducing the
Hopf–Hopf bifurcation, the numerical parameters are given by the Q-factor Q= 30, the transfer factor
αγκ= 1.022× 1014 Vm

AKs3 , the resistance R= 12.5Ω, and the time constants β = 1006.6 1
s and τ = 10−3 s.

The frequency difference ∆f inducing the Hopf–Hopf bifurcation is visualized in figure D1. Here, the
frequency difference ∆f can be determined in [165,9550]Hz, while the critical point cannot be com-
puted outside of [165,9550]Hz. This behavior can be explained by considering the critical points of the
Andronov–Hopf bifurcations responsible for frequency tnable regime 1 and the untunable regime of
two coupled, identical MEMS sensors, which is depicted in figure D2. With this, it is showcased that the
Andronov–Hopf bifurcation responsible for the frequency tunable regime 1 is dominant in [165,9550]Hz
as γ∗

12,1γ
∗
21,1 < γ∗

12,3γ
∗
21,3.
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