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CHAPTER 1

INTRODUCTION

1.1. THE IDEA OF MEAN-FIELD MARKOV DECISION MODELS

Imagine, one day, for whatever reason, destiny puts you in the following situation: You
are navigating on a set of states S and must choose actions from a set of actions A that
influence your transition to the next state. If this transition depends solely on the current
state and the chosen action, it is called Markovian. To give this process a purpose or a
goal, you receive a reward that depends on your current state and the chosen action. As a
rational agent, you will try to maximize your expected rewards over a given time horizon.
In doing so, you must consider the following trade-off: optimizing your immediate reward
while keeping yourself in favorable states to ensure high rewards in the future. In this

scenario, you assume the role of the decision-maker in a so-called Markov decision model.

Now, suppose that you are no longer acting alone in the system. Instead, a total of N agents
are operating simultaneously on the state space S. The agents are statistically equal in the
sense that they are all subject to the same transition and reward mechanisms. However,
they are not independent, since the transition intensities and rewards may additionally
depend on the empirical distribution of the agents among the states, which we assume to be
public information, acknowledged by all the agents. Although several optimization criteria
exist for such systems, we will focus on a fully cooperative scenario. Here, the agents work
in unison to maximize a common objective: the mean of their expected cumulative rewards
over the planning horizon. Consequently, the collective goal is to maximize the overall
social welfare, rather than individual gains. An equivalent perspective is that of a central

controller that aggregates information and assigns actions to the agents.
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This setup describes a cooperative multi-agent Markov decision model with mean-field inter-
actions, or, for short, a mean-field Markov decision model. A common approach to dealing
with such problems is to let the number of agents tend to infinity. In the continuous-time
setting with finite state space, we establish the convergence to a deterministic optimization
problem, where the state process is described by an ordinary differential equation. This
resulting limit problem can then be solved using methods from deterministic optimal
control. One of the main objectives of this monograph will be to examine the connections
between the mean-field Markov decision model and the corresponding deterministic limit

model.

As one might already anticipate, the theory of continuous-time mean-field Markov deci-
sion models integrates three distinct fields of mathematics: Markov decision processes,

mean-field theory, and deterministic optimal control.

1.2. HISTORICAL REMARKS

This section reviews the key developments of Markov decision processes and mean-field

theory. Some historical aspects of deterministic optimal control are discussed in Chapter [4]

MARKOV DECISION PROCESSES

The origins of Markov chains trace back to a scientific debate between Andrey Markov
(1856-1922) and Pavel Nekrasov (1853-1924) on the question of whether the independence
of a sequence of random variables is a necessary condition for the validity of the law of
large numbers. In his work “Extension of the limit theorems of probability theory to a sum
of variables connected in a chain”, Markov| (1907)) introduced the concept of a sequence
of random variables in which the distribution of one variable depends on the value of the
immediately preceding random variable. For this sequence of dependent random variables,
he established a version of the law of large numbers. Later, similar concepts of dependent

random variables were named Markov chains in his honor.

In the 1950s, Richard Bellman developed a new method for solving sequential decision
problems, which he named dynamic programming. The core of dynamic programming is

the principle of optimality, see Bellman (1954):

“An optimal policy has the property that whatever the initial state and initial decisions are,
the remaining decisions must constitute an optimal policy with regard to the state resulting

from the first decisions.”

According to the principle of optimality, once the current state is specified, the remaining
decisions must be optimal with respect to that state alone, regardless of the preceding
history that led to it. This suggested the implementation of a (controlled) Markov chain
as the state process. In his groundbreaking book Dynamic Programming, Bellman| (1957)

subsequently coined the term Markovian decision process.
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In continuous-time, the value function, defined as the maximum expected cumulative
reward given an initial state, is characterized by a partial differential equation, the so-
called Hamilton-Jacobi-Bellman equation (HJB). The corresponding difference equation in

discrete-time is commonly referred to as the Bellman equation.

Following the pioneering work of Bellman, the field of Markov decision processes (MDPs)
has experienced rapid evolution. In this early phase, two fundamental solving algorithms
for Markov decision problems emerged. The first, Value Iteration, is a direct application of
Bellman’s work. It iteratively refines the value function for each state, generating a sequence
that converges to the optimal value function. Shortly thereafter, Howard| (1960) introduced
Policy Iteration, an efficient algorithm to calculate an optimal policy that consists of two
alternating steps: the value-determination operation and the policy-improvement routine.
Blackwell| (1962, |1965) established a solid mathematical framework for MDPs. In particular,
Blackwell studied models with a discount factor 3, which is why policies that are optimal

for all discount factors sufficiently close to 1 are named Blackwell-optimal in his honor.

In recent decades, research on Markov decision processes has diversified significantly, leading
to the development of a rich family of models derived from the original. Constrained MDPs
(CMDPs) focus on maximizing the reward while adhering to certain side constraints; see
Altman| (1999). Risk-sensitive MDPs, which incorporate risk aversion into the decision-
making process, originated with the foundational work of Howard and Matheson| (1972).
Multi-Objective MDPs (MOMDPs) were introduced to address applications with multiple,
possibly conflicting goals. For instance, a taxi driver should minimize travel time, maximize
passenger comfort, minimize fuel consumption, and minimize accident risk. For an overview
of the field, see|Roijers et al.| (2013). Partially-observable MDPs (POMDPs) were introduced
for scenarios where the agent’s knowledge of the current state is incomplete or uncertain,
such as a robot with noisy sensors that is uncertain of its exact location but must still
decide which way to turn to reach its goal. Monahan| (1982) provides a detailed survey
of the topic. Mean-Field MDPs (MFMDPs) represent another branch in this family of
Markov decision models, a category to which this monograph can be assigned. A review of

the literature and state of the art is given in Section [L.3

MEAN-FIELD THEORY

The origins of mean-field theory lie in physics, more specifically in statistical mechanics. It
is typically used to model large systems of interacting particles. A classic example is the
Ising model, which describes magnetism in solids. On a crystal lattice with a large number
of atoms, each of these atoms possesses a spin that can point either up or down. In the
antiferromagnetic case, the orientation of the spins depends on two competing forces: an
external magnetic field, which affects all spins equally and favors alignment of all spins in
one direction, whereas spin-spin interaction favors antiparallel alignment of neighboring
spins. For a large number of spins, the interactions among them are difficult to handle. To

simplify the calculation, the complex pairwise interactions exerted by any atom on every
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other atom are replaced by an average, effective field (the mean field). This effective field

is then treated as an additional external field.

The method of mean-field approximation was subsequently applied in other disciplines
where large particle interactions occur. A notable field to mention is epidemiology, where
mean-field theory is used to model the spread of infectious diseases in a population with a
large number of individuals. An early influential example is the so-called SIR model by
Kermack and McKendrick| (1927) (S = susceptible, I = infected, R = removed/recovered)
and models derived from it, such as the SIRD model (D = dead) or the SIRV model (V =
vaccinated). In these standard models, the key parameters that determine the course of the
epidemic, such as the infection rate, recovery rate, etc., are assumed to be constant for every
individual in the population. Individual differences, like age or pre-existing conditions, are

averaged out under the mean-field approximation.

In neuroscience, mean-field theory is a common approach to describe the collective dynamics
of large populations of neurons. Instead of tracking the state and interaction of every
single neuron in a brain region, the theory approximates the total synaptic input to a
representative neuron as an average field. This “mean field” represents the aggregate
activity of the entire network. For example, in the widely recognized model of |(Cowan and
Wilson| (1972)), all cells receive the same average excitation level. In this context, mean-field
theory allows modeling macroscopic phenomena, such as oscillations and synchronous firing
patterns (so-called “brain waves”), that emerge from the complex interplay of thousands
of individual neurons, linking microscopic behavior to observable brain function. For an

overview of mean-field models in computational neuroscience, see Deco et al. (2008).

Naturally, it was only a small step from the application of mean-field theory in biological
neural models to its use in artificial neural networks and machine learning. In very
wide networks, where the number of neurons per layer is large, the complex interactions
between individual neurons can be effectively analyzed using mean-field approximations.
Sompolinski et al.| (1988) study random neural networks with a large number N of neurons
and show that in the mean-field limit N — oo there occurs a sharp transition from a
stationary phase to a chaotic phase at a critical value of the gain parameter. [Poole et al.
(2016)) combine these findings with Riemannian geometry to examine the signal propagation
in generic, deep neural networks with random weights. An even more direct connection
between neural networks and their origins in statistical mechanics is provided by so-called
Boltzmann machines, also known as the stochastic Ising model. A Boltzmann machine is a
type of stochastic recurrent neural network that was proposed by Hinton and Sejnowski,
see |Ackley et al.|(1985)). Neuron activations are updated stochastically according to the
Boltzmann distribution, which is the origin of the model’s name. To improve the practical
efficiency, Peterson and Anderson| (1987) proposed a mean-field learning algorithm. Their
method approximates neuronal correlations using deterministic mean-field equations, which
avoids the slow, stochastic measurement of correlations between the units. In 2024, Geoffrey

Hinton was awarded the Nobel Prize in Physics for his foundational discoveries in artificial
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neural networks, including his co-invention of the Boltzmann machine.

As a recent development in mathematics, mean-field games adapt the core ideas of the
established physical theory to model the strategic behavior of a very large number of
competitive, interacting agents. The development of mean-field game theory was initiated
independently by the work of Lasry and Lions (2007) and [Huang et al. (2006). Both
recognized that the analysis of systems with a finite number of agents can often be
simplified by considering the behavior of systems with an infinite number of agents. The
complexity arising from the interaction between the individuals is replaced by considering
the interaction of a single representative agent with the mean field: the aggregated behavior
of the entire population. A core assumption is that the influence of any individual agent
on the overall system is negligible, analogous to the infinitesimal impact of a single spin on
the macroscopic magnetic field. The optimal strategy of the individual depends on the
distribution of the total population, and the evolution of the total population is determined
by the sum of the individual optimal strategies. The solution to the mean-field game yields
a so-called mean-field equilibrium, a term coined by Lasry and Lions (2007), which is an
analogue of the Nash equilibrium in classical game theory for an infinite number of players.
A rigorous mathematical framework of mean-field game theory is provided in |Carmona
and Delarue| (2018a,b)). Since their introduction in 2006, mean-field games have found
wide-ranging applications in fields such as economics, finance, engineering, and sociology.
To name just a few, Bauerle and Goll (2023) analyze a financial market with competitive,
relative investors. |Liu et al.| (2018) propose a mean-field game approach to model swarms

of robots and Bauso et al.| (2016) investigate the propagation of opinions in social networks.

1.3. RELATED WORK

Whereas mean-field games typically consider a large number of competitive, interacting
agents, leading to concepts like (mean-field) Nash equilibria, the focus of this work is on
cooperative agents who aim to maximize the social welfare, leading to a Pareto-optimal
outcome. A related perspective is that of a central controller or social planner, who can

observe the agents’ states and assign actions to them.

OPTIMAL CONTROL OF MCKEAN-VLASOV PROCESSES

The setting most extensively studied in this context is a system of N agents whose state

dynamics are governed by a stochastic differential equation
dXy = b(t, X{, 1’ ap) + o (8, X{, 1, ay)dW,
1

N
M :N' 6)(;'7

1=

—
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where interaction occurs through the empirical distribution ¥ in the drift b and the
diffusion . Here, W',..., W are independent Brownian motions, § denotes the Dirac

N

measure and a',...,a" are controls chosen by the central controller. The aim of the

controller is to maximize the average expected cumulative reward of the system given by

1 XN T A . A
NZEVO r(t, X5, pd, ab)dt + g( X, ud) |

=1
where r denotes the continuous reward rate and ¢ is a terminal reward.

As the number of agents tends to infinity, one might anticipate that the empirical distri-
bution ¥ converges to a probability measure that describes the distribution of a single
representative agent. This convergence allows for a significant simplification: the com-
plex, high-dimensional N-agent system can be approximated by the dynamics of the
representative agent, whose evolution is described by a stochastic differential equation of

McKean-Vlasov type:
dX; = b(t, Xi, Pt ay) + o(t, Xy, PX ag)dW,,

where W is a Brownian motion and PX* denotes the distribution of X;. The mean-field

control problem is then to maximize the expected cumulative reward
T
E / T(tuXtv]P)Xtvat)dt+g(XT7]P)Xt) :
0

Because of this relationship, the terms mean-field optimal control and optimal control of
McKean-Vlasov processes are frequently used synonymously in the literature. A foundational
work in this context is |Lacker| (2017)), which rigorously connects the optimal control of
McKean-Vlasov processes with the control of large interacting particle systems. The
informal problem description above is also based on [Lacker| (2017). In the literature, such
models appear in numerous variations. For instance, an additional source of common
noise, W9, is often included in the model, affecting the dynamics of each agent; see, for
example, [Pham and Wei| (2017). In the literature, two main approaches to solving McKean-
Vlasov control problems have rapidly emerged. The stochastic Pontryagin principle is
considered, among others, in |Carmona and Delarue (2015), Andersson and Djehiche| (2011))
and |Buckdahn et al. (2011)). The term stochastic maximum principle is commonly used
as well. The second method is the previously mentioned dynamic programming. In the
present context, it is applied in [Pham and Wei (2017), [Pham and Wei (2018), |Lauriere
and Pironneau (2014), Bayraktar et al. (2018), |Djete et al.| (2022). For a comparison of
these two approaches, see Chapter 6 in |(Carmona and Delarue (2018a)) or |Carmona et al.
(2013)). The duality between Pontryagin’s maximum principle and dynamic programming

will be encountered again in the context of deterministic optimization in Chapter
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The case of discrete-time McKean-Vlasov optimal control problems has been less studied in
the literature. Pham and Wei| (2016) provide a dynamic programming approach, while Dong
et al. (2022) and Ahmadova and Mahmudov| (2023)) address the optimization problem using
the discrete-time stochastic maximum principle. A particularly significant and tractable
subclass of discrete-time mean-field optimal control is the Linear-Quadratic (LQ) case,
where the dynamics are linear in the state and control, and the cost functional is quadratic.
This specific structure often allows for explicit solutions. For the finite time-horizon, [Elliott
et al.| (2013) establish necessary and sufficient conditions for solvability and derive optimal
controls in closed form. The authors extend these results to the infinite time-horizon
setting in Ni, Elliott and Li (2015). Further contributions to the finite-horizon LQ-problem
include [Song and Liu (2021), Ni, Zhang and Li| (2015)), and |Zhang and Qji| (2016)), while the
infinite-horizon case is addressed in [Song and Liul (2020)), |Ni et al.| (2016)), and [Zhang et al.
(2019).

DISCRETE-TIME MEAN-FIELD MARKOV DECISION PROCESSES

When the state dynamics of the agents are described by a (Markovian) transition kernel
rather than a McKean-Vlasov differential equation, the model is commonly referred to as
a mean-field Markov decision problem (MF-MDP). The continuous-time version of this
framework constitutes the precise setting of this monograph. However, we first review
the literature on MF-MDPs in discrete time, which is considerably more extensive. The
presumably earliest work in this context is Bordenave and Anantharam (2007). They
consider a system of IV interacting particles on a finite state space, managed by a central
controller selecting actions from a finite set of actions. The authors analyze the system’s
performance under three criteria: discounted reward, finite average reward, and ergodic
(infinite-horizon) average reward. To do this, they employ a dynamic programming
approach, formulating Bellman equations for both the finite N-particle system and its
deterministic mean-field limit. They prove the convergence of the value functions of the
N-agent problems to the value function of the limiting mean-field problem as N — oco.
Furthermore, they show that any limit point of a sequence of optimal policies from the
N-agent system is indeed an optimal policy for the mean-field model. They also propose
the continuous-time model as a possible extension of their work and stress the technical
issue of proving the tightness of the optimal control process. In this monograph, we solve

this issue by introducing a suitable topology.

Gast and Gaujal (2011)) subsequently extended the results of Bordenave and Anantharam
(2007) for MF-MDPs in discrete time. The authors consider a finite state space and a
compact action space. Under Lipschitz continuity assumptions on the model parameters,
they establish a rate of convergence of order 1/v/N for the value functions. Further, they
prove that an optimal policy of the deterministic mean-field limit model is asymptotically

optimal when applied to the N-agent model.
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Motivated by |Gast and Gaujal (2011), Higuera-Chan et al.| (2016) considered a similar
framework with the difference that the state transition additionally depends on a random
disturbance density which is unknown for the central controller. For the discounted infinite-
horizon optimality criterion, they introduce the notion of “eventually optimal” policies for
the deterministic mean-field limit model. This weaker notion of optimality is necessary
because the controller must learn the unknown disturbance density over time, meaning the
policy only converges to the true optimum as time progresses and the statistical estimates
improve. Further, the authors prove that eventually optimal policies of the mean-field limit
model are “eventually asymptotically optimal” for the N-agent model. In the subsequent
paper [Higuera-Chan et al.| (2017), the same authors address the MF-MDP from a different
perspective by framing it as a game against nature. This approach is designed for situations
where an unknown parameter (for instance, the distribution of a random disturbance as
above) is not only unknown but also unobservable and potentially changing at every time
step. Since statistical estimation is not feasible in this setting, the problem is modeled as a
game between the central controller and an adversary, referred to as “nature”. Nature’s
goal is to maximize the system’s cost by choosing the worst possible value for the unknown
parameter at each stage from a given set. Consequently, the controller’s objective shifts to
finding a minimax policy, which minimizes the cost under this worst-case scenario. The
authors show that the minimax policy derived for the deterministic mean-field limit model

is asymptotically minimax for the original N-agent system.

In |Motte and Pham| (2022), the authors analyze discrete-time MF-MDPs where the system
is influenced by both idiosyncratic noise (specific to each agent) and a common noise (a
single random factor affecting all agents simultaneously). The framework considers compact
state and action spaces and focuses on the discounted infinite-horizon optimality criterion.
An exceptional property of the model is that both the reward and the transition may
depend on the empirical distribution of actions. Another central aspect is the restriction
to open-loop controls. An open-loop control is a policy that is determined at the beginning
of the process and does not adapt to the system’s evolving state. This is in contrast to a
feedback (or closed-loop) control, which reacts to the current state of the system at each
time step. In Motte and Pham| (2022), an open-loop control is modeled as a strategy that
depends on time, the agent’s initial state, and the realizations of both the common noise and
the agent’s own idiosyncratic noise, but explicitly not on the agent’s state. The open-loop
controls are symmetric in the sense that the central controller assigns the same control
function to each agent. In this setting, the authors establish that as the number of agents
N tends to infinity, the N-agent system converges to a limiting mean-field model. Due to
the presence of common noise, this limit is not a deterministic process (as in the previously
discussed papers) but a stochastic process which they call “conditional McKean-Vlasov
MDP”. Under Lipschitz assumptions, the authors derive bounds on the rate of convergence
for the value functions and establish the asymptotic optimality of optimal policies of the

mean-field limit when applied in the finite N-agent system. Furthermore, the authors show
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that their conditional McKean-Vlasov MDP is equivalent to a measure-valued MDP. This
equivalence is crucial, as it allows them to apply a dynamic programming approach and
formulate a Bellman equation for the limit model. The analysis of this equation proves
the existence of optimal policies, which are shown to be randomized feedback policies.
The authors emphasize that this need for randomization is a key departure from classical
MDP theory, where deterministic policies are sufficient. In their companion paper Motte
and Pham| (2023), the same authors derive similar results with the main difference being
a significant generalization of the admissible open-loop controls. While the first paper
considers a symmetric framework where all agents are assigned the same control function,
this work allows for fully asymmetric policies, in the sense that each agent can follow a
completely different open-loop strategy. Furthermore, the information available to each
control is expanded. A policy for a specific agent can now depend on the idiosyncratic noises
of the entire population, not just its own. This approach provides additional flexibility
and generality, which in turn requires different proof techniques than in Motte and Pham
(2022]).

Bauerle (2023) operates in a similar setting, considering compact state and action spaces
and common noise. The transition probabilities and rewards of an agent depend not only
on its own state and action, but additionally on the empirical distribution of the entire
population. The primary focus is to explicitly frame the problem within classical MDP
theory. A key distinction from Motte and Pham| (2022)) is that this is achieved before
taking the limit: the paper first establishes that the original N-agent problem is equivalent
to a classical MDP on the space of empirical measures. As N — 0o, a mean-field limit
MDP is obtained, which remains stochastic due to the presence of the common noise. For
the discounted reward criterion, the paper proves the convergence of the value functions
and the asymptotic optimality of optimal policies derived from the mean-field limit MDP.
Furthermore, the author shows that corresponding results hold for the average reward

optimality criterion.

Solving the mean-field limit problem remains a central challenge for the practical application
of the mean-field approximation in discrete-time MF-MDPs. To address this challenge,
several authors have proposed deep reinforcement learning (RL) methods. A rigorous
theoretical treatment of this approach is presented in |Carmona et al.| (2023). The authors
study the discounted infinite-horizon problem where both the state dynamics and the
actions are subject to both idiosyncratic and common noise. To solve the resulting measure-
valued mean-field limit MDP, they develop a Q-learning algorithm based on a discretization
of the limit MDP as well as a deep RL method that avoids discretization.

Papers that focus on the implementation of RL methods to real-world applications are [Zhu
et al.| (2021) and |Cui et al. (2021)). In the first paper, the authors study a ride-sourcing
market in which a platform (taxi company) aims to incentivize a large number of drivers
to optimize a combination of corporate profit and system-wide service rate. In the second

paper, the authors investigate a queueing system consisting of a large number of schedulers
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that allocate jobs to a static number of parallel servers, each equipped with an individual
finite queue. The aim of the schedulers is to assign jobs to the servers in such a way that

the number of jobs lost due to overload in certain servers is minimized.

An intermediate step toward continuous-time MF-MDPs is the paper by |Gast et al.| (2012).
The authors consider a discrete-time MF-MDP with finite state space and compact action
space. The main difference that distinguishes this paper from the previous literature is an
innovative time-scaling approach. They transform the discrete-time measure-valued state
process into a continuous-time process by affine interpolation, where time is rescaled by an
intensity function I(N) that tends to zero as the number of agents N tends to infinity. In
the mean-field limit, they obtain a continuous-time deterministic optimization problem.
This continuous-time problem is solved using a dynamic programming approach via the
corresponding HJB equation. The authors then show that the optimal control derived from
this HJB equation, when rescaled to discrete time, provides an asymptotically optimal

open-loop policy for the original N-agent system.

Instead of scaling the time axis of discrete-time MF-MDPs to obtain a continuous-time
limit, it is natural to consider continuous-time MF-MDPs directly, which is precisely the

framework considered in this monograph.

CONTINUOUS-TIME MEAN-FIELD MARKOV DECISION PROCESSES

In comparison to the discrete-time case, the literature on continuous-time MF-MDPs is
very sparse. Presumably the most important work in this context is |Cecchin| (2021). The
author investigates a discounted finite-horizon reward model with finite state and compact
action space. As [Béuerle (2023)) does in the discrete-time case, |Cecchin (2021]) shows the
equivalence between the original high-dimensional N-agent formulation on the joint state
space and a more tractable reformulation on the space of empirical measures. In the mean-
field limit, a deterministic optimal control problem is obtained, where the value function,
under Lipschitz continuity assumptions on the model parameters, is characterized as the
unique viscosity solution to the corresponding HJB equation. Under the same assumptions,
the author establishes a convergence rate of order 1/v/N for the value functions. The proof
is based on the characterization of the value function as the viscosity solution. Under
additional convexity assumptions, convergence rates for the optimal trajectories of the

state processes are shown.

Building on the theoretical work of |Cecchin| (2021)), Hofgard et al.| (2024)) focus on numerical
methods for the solution of the corresponding mean-field limit problems. Based on the
characterization of the value function as the unique viscosity solution of an HJB equation,
they establish both an existence and convergence result for the deep Galerkin method, a
deep learning-based algorithm well suited for the numerical solution of high-dimensional

nonlinear PDEs.
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1.4. OUTLINE AND CONTRIBUTIONS

The aim of this monograph is to contribute to a more profound understanding of continuous-
time mean-field Markov decision models and to present the utility of the theory in real-world
applications. In Chapter [3| we provide a rigorous theoretical treatment of continuous-time
MF-MDPs and establish the central results on convergence and optimality. We consider
a large number N of cooperative, interacting agents whose states take values in a finite
state space S, collectively aiming to maximize their expected social reward. Under weaker
continuity assumptions than in Cecchin| (2021)), we prove the relative compactness of the
sequence of state-action processes for an increasing number of agents, which implies the
existence of a weakly converging subsequence. For the corresponding limit state process,
which turns out to be deterministic, we derive a characterization by an ordinary differential
equation. To address the difficulty of establishing the tightness of the action process, as
outlined by Bordenave and Anantharam (2007)), an appropriate topological framework is

applied, namely the Young topology.

In the mean-field limit, we obtain a deterministic optimization problem for which we
provide conditions ensuring that an optimal control of the deterministic limit problem
constitutes an asymptotically optimal action process for the (stochastic) system with N
agents. Under Lipschitz conditions, we derive a convergence rate of order 1/ VN for the
sequence of value functions. In contrast to Cecchinl (2021)), the proof is more direct and

requires less technical overhead, and we address both the finite- and infinite-horizon case.

An important aspect that has received little attention in the literature on continuous-time
MF-MDPs is the translation of the theory into real-world applications. We address this in
greater detail in Chapter[d To solve the corresponding deterministic limit problems, we rely
on Pontryagin’s maximum principle, in contrast to the majority of the MF-MDP literature,
which pursues a dynamic programming approach for the mean-field limit problems. A
unique aspect is that we demonstrate, by example, how to model situations in which the
number of agents IV is not constant but instead follows a birth-and-death process. Such a
scenario has not been considered in any of the works cited so far. The specific application

in Section [£.3] examines the optimal control of a black bear population.

For both Chapters [3] and [ a more detailed outline is presented at the beginning. Before
turning to the mean-field framework, we first provide the theoretical background on classical

continuous-time Markov decision models in Chapter [2]






CHAPTER 2

CONTINUOUS-TIME MARKOV DECISION MODELS

The aim of this chapter is to provide the theoretical background on Markov decision models
in continuous time. We consider a continuous-time stochastic process on a set of states
S. A decision maker can choose actions from a set of actions A to influence the random
(Markovian) transition of the process to the next state. In addition, the decision maker
receives a continuous reward rate depending on the current state of the process and the
currently chosen action. The aim of the decision maker is to find a process of optimal
actions to maximize the expected reward over the considered time horizon. To do so, two
effects must be balanced: Maximizing the immediate reward as well as keeping the process

in favorable states to maximize the future rewards.

Continuous-time Markov decision models are a well-studied topic in the theory of stochastic
processes. They form the foundation for continuous-time mean-field Markov decision
models. In the following, we give a brief overview of the notation, the construction of
the underlying process, and the solution theory. We primarily rely on the monograph by
Piunovskiy and Zhang| (2020).

Notation. The term Borel space in the following definition refers to a Borel subset
of a complete separable metric space. For a Borel space M, we denote the Borel-o-algebra
on M by B(M), the power set by P(M ), and the set of all probability distributions on M

by P(M).
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Definition 2.1 (Continuous-time Markov decision model). A continuous-time Markov

decision model can be characterized by
(S? A’ Q7 r)?

where

e S is the set of states, which we refer to as the state space. We assume S to be a

nonempty Borel space with the corresponding o-algebra B(.S).

e A is the action space which we assume to be a nonempty Borel space with Borel-o-

algebra B(A). The elements of A are called actions.

e ¢ is a signed kernel that models the transition intensities from one state to the next,
ie.,

qg: SxAxB(S)—=R, (x,a,T) q(T|z,a)= / q(dyl|x,a).
r

Note that the transition intensity depends only on the current state and chosen
action, which, among other properties, makes the model Markovian. We make the
following assumptions on gq:

(Q1) (I \ {z}|z,a) >0 forallz € S, I € B(S), a € A.

(Q2) q(S|z,a) =0forall z € S, a € A.
(Q3) Supgea l¢{z}|z,a)| < oo for all x € S.

e 71 is the reward function. In every state-action combination, the decision maker

receives a reward rate according to a measurable function

r:SxA—[-00,00), (z,a)— r(zr,a).

Remark 2.2. An additional parameter of the model that is frequently considered is the
set of all feasible state-action combinations D C S x A. The set of all admissible actions in

state x € S is then given by
D(z) :=={a€ A| (z,a) € D}.

In the examples considered later, a state-dependent restriction of the action space is
not necessary. Generally, in most applications, a non-admissible action a € A\ D(z)
can be associated with an unfavorable reward r(x,a) which prevents the decision maker
from choosing action a in state . We therefore refrain from restricting the admissible

state-action combinations in the following.

The aim of the controller is to find a process of somewhat “optimal” actions. As it turns
out, in the optimal policy the choice of an action depends only on the current state, not on

the entire history of states. In addition, the applied action is updated only in the event of
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a change of state. In particular, varying the action continuously between two state changes
does not increase the value of the control problem. Accordingly, we restrict ourselves to
the class of Markov policies for the control of the model, since they are sufficient for the
topics to come. For an overview of more general concepts of policies, see, e.g., Definitions
1.1.2 and 1.1.3 in Piunovskiy and Zhang| (2020)).

In the definition below, we allow for relaxed strategies, that is, in contrast to a classical
Markov policy, the controller does not have to choose a specific action from the action
space but can decide in favor of a probability distribution on A. We call such a policy

relazed Markov policy.
Definition 2.3 (Markov policies).

a) A relaxed Markov policy is given by a sequence (7, )nen of stochastic kernels
Tt S X B(A) = [0,1], (z,A) — m(A| x)

such that
i) © — m,(A| z) is B(S)-measurable for all n € N and A € B(A).
ii) A+ m,(A | z) is a probability measure on B(A) for all z € S and n € N.

b) A relaxed Markov policy (7, )nen is called relazed stationary if m, = 7, i.e., the policy

is independent of time.

c) A deterministic stationary Markov policy is given by a measurable function

m:S— A, x— m(z) € A

Let II be the set of all relaxed Markov policies, II° the set of all relaxed stationary Markov

policies and TI% the set of all deterministic stationary Markov policies. Then we have
I ¢ 11* ¢ 1.

The interpretation of a relaxed Markov policy to control a specific problem is the
following: After the n-th change of state, the controller instantly applies a new action
distribution according to m,11, depending on the current state. This action distribution is

continuously applied until the next change of state.

The Markov policies introduced above can be categorized as feedback policies or closed-loop
policies, since the chosen action of the controller depends on the current state of the system.
In contrast, an open-loop policy determines actions without knowledge of the actual state.
Thus, an open-loop policy is simply a function 7 : [0, 00) — A that specifies an action for

every point in time ¢ € [0, 00).
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The above transition intensity is defined in terms of a fixed action a € A. Considering the
transition intensity for a relaxed Markov policy (7, )nen after the n-th jump, we set for
I'e B(Y)

o(T1a.m01) = [ a(Tle,a)mns (dal)

In a similar way, the rate of reward that the controller receives during the time interval
between the n-th state change and the (n + 1)-th state change while being in state x € S
is given by

(@ mrs) = [ (0t (dalo).
2.1. CONSTRUCTION OF THE UNDERLYING PROBABILITY SPACE

Before turning to the solution theory of continuous-time Markov decision processes, we first
give a rigorous description of the underlying probability space together with the state and
action processes defined on it. In the following, capital letters denote random variables,

while lower-case letters denote the corresponding realizations.

The state process (Xi)i>0 is a stochastic process, i.e., a family of random variables
Xt :Q— 8, t €1]0,00)
on the measurable space
(2, F) = ((S % [0,00))%, B((S x [0,00))>)).
We denote an element of 2 by
w = (zg, t1, T1,t2, T2, t3,...).
For the elements of €2 we define the canonical projections

X, : 0 =S, Xp(w) =z, n € Ny,

Tn 1 Q —[0,00), Tp(w)=t,, neN.

Further, we set

n
T,:=>» 75, neN, Ty := 0.
j=1
Then the (controlled) state process is given by

Xt = Z ]l{TnSt<Tn+l}Xn’ t € [0, OO)
n€eNyp

The interpretation of the construction is as follows: The random variables 7, describe the

sojourn times in the states X,_;. Based on the sojourn times, 7}, describes the time of the
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n-th jump of the process and X,, the state of the process on the interval [T}, Tj+1). One
can easily observe that by construction the embedded discrete-time process of (X;);>¢ is

just (X5 )nen,, and that the paths of the state process are piecewise constant and cadlag
(see Definition [B.15]).

The n-term history of the process is defined by

Hy = Xo,
Hn = (Xo,Tl,Xl,TQ,...,Tn,Xn), n € N.

We denote the set of all n-term histories by
H, = {(xo, 71,21, Tn, Zn) | (x0,71,21,...) € Q}.

Since we consider relaxed Markov policies, the chosen action depends only on the current
state of the process. Thus, the action process (m;)i>0 corresponding to a policy (7 )nen € II
is defined by

Tt 1= Z ]l{Tn<t§Tn+1}7Tn+1( : ‘Xn) + l{t:O}ﬂ-l( ’ ’X()), te [0700)
neNp
In contrast to the state process, the action process has piecewise constant caglad paths.
This means that a new decision can only be made after a change of state has already

occurred.

To complete the probability space, it remains to construct the probability measure }P’I;(dw)
which depends on the initial state distribution v € P(S) and the chosen policy m =
(7n)nen € IT and is therefore referred to as the strategic measure. We construct PT(dw) on
Q) recursively on the spaces of histories Hgy, Hy, . .. using the Ionescu-Tulcea theorem.
The initial distribution 7(dxg) is the distribution of Hy = Xj. To apply the theorem, define
for any n € N the stochastic kernels G,, on B([0,00) x S) given h,,—1 € H,,_1 by

Gt Hooy x B([0,00) x S) — [0, 1],

Gu(Tr % Txt|hn_1) = / d(Tx \ {2n1}|2n_1, mp)et{En-1}En-r.ma)s g
I,
for all 'z € B([0,00)) and I'x € B(S). Strictly speaking, the stochastic kernels depend
only on the current state x,_1 and not on the entire history h,,_1 since we consider Markov
policies. Nevertheless, this notation is convenient for the application of version [A1] of

Tonescu-Tulcea’s theorem.

Applying the Ionescu-Tulcea theorem, we obtain the corresponding unique probability
measure P7 on (2, F). Let I'x € B(S), I'; € B([0,00)) and I'y € B(Hy-1) be such that
'y = FHO X FHl X ... X ]‘—‘anl where FHO S B(S) and FHl,... >FHn,1 S B([0,00) X S)
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Then the strategic measure P7 satisfies
PQ(H() € Fx) = IPZ;(XO S Px) = ’y(rx)
and

}P”;(rn el X, el'x,H,_1 €Ty)

= Gn(FT X FX|hn,1) P:(anl € dhnfl)
Iy

:/ / G?’L(FT X FX‘hn—l) Gn—l(dhn—1|hn—2) IP):(Hn—Q € dhn—Q)
'y 'y

:/ / / Go(Ty % Txt|hn1) Gror (dhn1|hn_s) ... Gr(dhi |ho) 7(do).
g JI' Iy 'y

Remark 2.4. A state z € S is called absorbing if ¢({z}|z,a) = 0. In an absorbing state,
the sojourn time is infinite, which complicates the notation of the probability space; see,
e.g., the discussion in Section 1.1.3.1 in [Piunovskiy and Zhang (2020)). There, the authors
introduce an artificial isolated point z~, ¢ S and allow oo as a sojourn time. That is why,
in order to keep the notation simple, we tacitly assume here that no absorbing states exist.
If so, the issue can be avoided by dividing the absorbing state x4;s into two states x}zbs and

$§bs’ which continuously alternate with a certain intensity.

a({x s H T apss )
~~~~~~~ @D @ @)
0({2 s Hops, )

Figure 2.1.: Q({x&bSHxabSv ) =0 and q({xabstabs’ ')7 Q({xcltbsﬂxgbs? ) > 0.

2.2. FORMULATION AND SOLUTION OF THE OPTIMAL CONTROL
PROBLEM

To compare different policies and ultimately determine optimal policies, we consider the
expected discounted reward over the time horizon as the optimization criterion. Thus, let
B > 0 be the fixed discount rate.

Definition 2.5 (Value of a policy).

a) Let m = (7, )nen € II be an arbitrary relaxed Markov policy with associated action

process (m)t>0. The value of a policy (mp)nen given some initial state x € S is
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defined by
Vi(z) =ET { / e—ﬁtr(Xt,m)dt] = [ / e Pt / r( Xy, a)m(da)dt| .
0 0 A

b) The wvalue function of the discounted continuous-time Markov decision problem
(CTMDP) is given by

V(z):= sup Vz(z), xeS.
w=(mn)€Il

c) A policy m = (m,) € Il is called (uniformly) optimal for the discounted CTMDP if

Va(z) =V(x) Vaels.

Based on the definitions above, the main optimization problem of the discounted

continuous-time Markov decision problem can be stated as follows:
(CTMDP) Find a policy 7* = (7)) € II, such that for all x € S

Vas(z) = sup [EJ [/ / (X, a)m(da)dt| =V (z).

=(mn)€ll

In order to obtain a well-defined optimization problem, that is, to ensure the existence of a

(unique) solution, we have to impose several conditions on the parameters of the model.

Condition (A).
There exist a measurable function w : S — [0, 00) and constants p € R, L,b € [0, 00) such
that:

a) @y = supgea —¢({z}|z,a) < Lw(x) for each z € S.

b) For each x € Sanda € A
[ watdyle.a) < puf@) + .

Condition (B).
Condition (A) is satisfied, and there exist a measurable function w' : S — [1,00) and

constants L', b’ > 0 and p’ € R such that:

a) (¢ + 1)w'(x) < L'w(x) for each x € S. Here, w: S — [0, 00) is the same function as
in Condition (A).

b) Foreach x € Sanda € A

/S W' (y)a(dy|z, a) < p/w'(z) + V.
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c) B>p.

d) There exists a constant M’ > 0 satisfying

|sup r(z,a)| < M'w'(z), Vaoelb. (2.1)
acA

Condition (C).

a) There exists a continuous function w’ : S — [1,00) such that parts b), ¢), and d) of
Condition (B) are satisfied.

b) For each bounded continuous function u on S, the function

Sx A3 (x,a)— u(y)w'(y)q(dy|z, a)
$\{=}

is continuous.

c¢) The function (z,a) — r(z,a) is upper semicontinuous (see Definition |[A.2]), where
(z,a) € S x A.

d) The action space is compact.

If the model consists of only a finite number of states, the conditions are considerably

simplified.

Lemma 2.6. In the case of a finite state space, it holds that
i) Condition (A) is satisfied with w(zx) = 1,
it) Condition (B) is satisfied with w'(x) = 1.

Proof. Since the number of states is finite, we have

cjxgmagujx::L, resp. Ge+1<L4+1=1' Vaes,
Te

which concludes part a) of Conditions (A) and (B).

With w(z) = w'(z) = 1 part b) is trivial in both conditions since

| atdyla.a) =0,
S

choose, for example, p = p’ =0 and b,V € [0, 00) arbitrarily. By assumption, the discount
rate is positive, that is, > 0, which concludes part c¢) of Condition (B). Part d) of
Condition (B) follows by setting M’ := maxgeg | sup,ec 4 r(z, a)l. O

As a first result, we state that the value of an arbitrary relaxed Markov policy is bounded.
Thus, the optimization problem (CTMDP) is well-defined in the sense that the value

function V (z) is finite for every z € S.
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Theorem 2.7. Suppose Conditions (A), (B), and (C) are satisfied (for the same function
w'). Then, for each policy m = (m,) € Il we have

M'(pw'(x) + V)

TG

Based on the function w’ in Condition (C), we define the set of all w'-bounded measurable

functions on S:

B,/ (S):=1qu:S — R | umeasurable and sup |u,(x)| <00 .
zesS W (x)

The space B, (S) is complete and is often referred to as the weighted normed space.

The following theorem suggests a candidate u* for the optimal value V that is the unique
solution of the so-called optimality equation or Bellman equation. The second part of the
theorem states that there exists a measurable mapping ¢* : S — A that maximizes the

optimality equation and thus is a candidate for the optimal control of the system.

Theorem 2.8 (Optimality equation, measurable selection and verification theorem).
Suppose Conditions (A), (B) and (C) are satisfied. Then the optimality equation

fu(x) = sup {r(x, a)+ / u(y)q(dy|zx, a)} , VzelS (2.2)
acA S
admits a unique upper semicontinuous solution u* € By (.S).

Further there exists a measurable mapping ©* : S — A which provides the supremum in

E2):
pu(a) = sup {r(z.a) + [ w*Waldylz. )} (2.3)

acA

=g’ @) + [ Waldyle @), Vaes. (24)

Each measurable mapping ¢* : S — A that satisfies (2.4]) defines a deterministic stationary
strategy, also denoted by ¢*, which is uniformly optimal for the discounted C'TMDP:

V(z) =V (z) = u™(2), Vzelb.

Theorems [2.7 and [2.8] together with the proofs, can be found in [Piunovskiy and Zhang
(2020) (Lemma 3.1.1, Theorem 3.1.1, and Theorem 3.1.2). Note that in the monograph
they consider Markov Decision theory from the perspective of a minimization problem,
which is of course equivalent to the maximization problem presented here. Nevertheless,
this leads to some minor modifications of the theorems and the corresponding conditions:
Obviously, instead of infima we consider suprema in , , . Further, in part c)

of Condition (C), we require the reward rate r to be upper semicontinuous. As a result,
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the solution u* of the optimality equation (2.2)) is also upper semicontinuous. Despite these
modifications, the character of the proofs remains the same and the adaptations can be
implemented in a straightforward manner. Therefore, we limit ourselves to referring to the

proofs in |Piunovskiy and Zhang (2020)) here.

The very core of the solution theory is the fact that, under the imposed conditions, we
always find an optimal deterministic stationary policy, implying that no relaxation of the
actions is needed. Consequently, we can restrict ourselves to the set II? in the search for

an optimal policy.



CHAPTER 3

CONTINUOUS-TIME MEAN-FIELD MARKOV DECISION
MODELS

The aim of this chapter is to provide a rigorous theoretical treatment of continuous-time
mean-field Markov decision models and to establish the central results on convergence and
optimality. We consider a large number N of cooperative, interacting agents whose states
take values in a finite state space S, collectively aiming to maximize their expected social

reward.

An intuitive approach to embedding this scenario in an MDP framework is to consider
the joint state space SV and to capture the states of all agents in an N-dimensional state
process (X', ..., X) as presented in Section Due to the nature of its construction, we
refer to this formulation as the multi-agent model. A drawback of this approach is that the
state space grows exponentially with the number of agents, resulting in a computationally

intractable optimization problem.

Therefore, in Section [3.2] we adopt a different approach. Instead of tracking the individual
states of all agents, we only observe the empirical distribution p of the population over the
states. The new state process is thus given by the vector u = (u!,... ,,u|s|). Although this
simplification means losing information about the exact state of each agent, it does not
decrease the value of the problem due to the symmetry of the model parameters. In fact,
we show the equivalence between both the multi-agent and the measure-valued approach in
the sense that both formulations generate the same optimal expected reward. This method
of reformulating the problem is well-established in the MF-MDP literature and has been
employed in similar frameworks, for example, by Bauerle (2023)) in the discrete-time case

and by |Cecchin| (2021)) in the continuous-time case. In contrast to |Cecchin (2021)), we can
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state our solution theorem for the N-agent model (in the form of a Bellman equation)

under weaker continuity conditions.

In Section [3.3] we study the mean-field limit that is obtained by letting the number of agents
N tend to infinity. We prove that the sequence of state-action processes for an increasing
number of agents is relatively compact, which implies the existence of a weakly converging
subsequence. We resolve the difficulty pointed out by Bordenave and Anantharam| (2007)) of
establishing the tightness of the action process by endowing the corresponding space with
the Young topology. Additionally, we prove that the limit state process is deterministic
and characterized by an ordinary differential equation. Mere continuity assumptions are

sufficient for these results.

The corresponding mean-field limit problem turns out to be a deterministic optimization
problem, which is analyzed in Section 3.4, We show that the optimal value of the limit
model serves as an asymptotic upper bound for the N-agent value functions. In addition,
we provide conditions under which an optimal control of the limit problem constitutes an

asymptotically optimal action process for the (stochastic) system with N agents.

While the preceding sections focus on infinite-horizon models, Section [3.4.1] extends the
results to the finite-horizon case. Under Lipschitz conditions on the transition intensity and
the reward, we establish a convergence rate of order 1/ V/N for the value functions towards
the optimal value of the limit model. In contrast to |Cecchin| (2021), we show this in a
straightforward manner without the use of viscosity solutions. To conclude the chapter,
we demonstrate that the previously derived results still hold if resource constraints are

imposed on the actions available to the central controller.

Similar deterministic optimization problems to the mean-field limit problem in Section
[B-4] arise in the context of fluid problems within queueing theory. In the field of queueing
networks, fluid scaling is a mathematical method used to convert a complex, stochastic
system into a simplified, deterministic fluid model; see, among others, Bauerle| (2000, 2002)
and (Chenl (1995). In the stochastic network, jobs arrive randomly according to a certain
arrival rate and are processed by one or more servers, each operating at a specific service
rate. The corresponding state process represents the number of jobs in each queue. When
analyzing this complex system using fluid scaling, two transformations are applied to the

process:
i) Time Scaling: The process is accelerated by scaling time by a factor ~.

ii) Space Scaling: The state space is scaled down by the same factor v, which effectively

reduces the magnitude of individual jumps.

As v — oo, the stochastic state process converges to a deterministic limit process, the fluid
limit, which is characterized by an ordinary differential equation with a structure similar
to the one we establish for the mean-field limit state process in Section A notable
property of MF-MDPs is that fluid scaling arises “naturally” in the following sense: In
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the N-agent system, a state change by a single agent induces a jump of size 1/N in the
empirical distribution, which corresponds to the space scaling in fluid models as the number
of agents grows. On the other hand, the principle of time scaling is also reflected in the
N-agent system. As the number of agents IV increases, the collective rate of state changes
scales proportionally with N. Consequently, the average time between any two consecutive
jumps in the empirical distribution is inversely proportional to N, which is equivalent to
the time acceleration in the fluid model. We present an application that investigates a
stochastic queueing network through the lens of continuous-time MF-MDPs in Section

Having outlined the structure of this chapter, we now proceed with the formal description

of the basic multi-agent model.

3.1. THE MULTI-AGENT CONTINUOUS-TIME MARKOV DECISION
PROCESS

We consider a finite number IV of agents, each moving on a finite set of states S according to a
continuous-time Markov decision process. We refer to the entirety of the agents as the system
(of agents) in reference to particle systems in physics. The vector x; = (x},...,zY) € SV
describes the state of the system at time ¢ € [0,00), where =¥ is the state of the agent
k € {1,...,N}. The action space is the same for each agent and is given as a compact
Borel space A. The action space of the system is accordingly AY. We denote an action
of the system by a = (a',...,a") € AN, where a* is the action chosen by the agent
ke {1,...,N}. We assume that there are no restrictions on the admissible actions
depending on the current state; that is, the entire action space A is available in every state.
Note that states, actions, etc. of the system are marked in bold, in contrast to states and

actions of individuals.

We impose the following independence assumption on the agents:

I) Given the current state of the system x € SV, the next transition of an agent occurs
y g

independently of the other agents.

In addition, the agents are statistically equal in the sense that the numbering of the
agents does not affect the statistical properties of the particle system. More precisely, the
parameters of the system, such as state and action space, one-agent transition intensity,
one-agent reward of the underlying Markov decision process, do not depend on the number

k=1,...,N of the agent; see the upcoming definitions.

In the description of the model, we roughly follow the order of Chapter 2. For the
construction of the system state process, we follow the notation of Section [2.1] as well as
Piunovskiy and Zhang (2020). The state process of the system is defined on the measurable
space (0, F) := ((SY x [0,00))%°, B((SY x [0,00))%).
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We denote an element of Q by w = (xq, t1,X1,t2,...). Now define

X, : 0 — SN, Xn(w):xn, n € Ny,

Tn: Q= [0,00), Th(w)=t,, neN,

n
T, I:ZTk, n € N, To := 0.
k=1

The controlled state process of the system is then given by

Xt = Z ]l{TnSt<Tn+1}Xn7 te [0,00)
neNy

The construction of the process can be interpreted as follows: The random variable 7,
describes the sojourn time of the system in state X,_;. Based on the sojourn times,
T,, describes the time of the n-th jump of the process and X,, the state of the process
on the interval [T),,T,,+1). By construction, the continuous-time state process (X;) has

piecewise-constant cadlag paths, and the embedded discrete-time process is (X,,).

The system is controlled by policies, following the notation of Definition 2.3] The general
theory on continuous-time Markov Decision Processes states that the optimal policy can be
found among the deterministic stationary Markov policies (see the discussion in Chapter
. Nevertheless, in view of the sections to come, we allow randomization (relaxation) for
the control of the system, that is, we operate in the class of relaxed stationary policies in
the sense of Definition b). Hence, a policy for the system is given by a collection of N

stochastic kernels 7(da | x) = (7*(da | x))k=1,.. n, where
7t SN % B(A) = [0,1], (x,A)— 7*(A]|x) (kernel for agent k).

Given the state x of the system, 7¥(- | x) is the probability distribution on the action space

A chosen by the agent k. The action process is thus defined by

T 1= Z ]l{Tn<t§Tn+1}7T( : ‘ Xn) + ]l{t:0}7r( : ‘ XO)? te [07 OO)
n€Ng
At this point, it should be emphasized once again that, in contrast to the state process,
the action process has piecewise constant caglad paths, which reflects that a new decision

can only be taken after a change of state has occurred.

Notation. To denote arbitrary states that do not describe a specific state of an agent, we
use ¢ or j in the following to underline the finiteness of the state space. States that refer to

an actual state of an agent are still denoted by z*.
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To prepare the description of the transition mechanism in our model, we define the

empirical distribution of the agents’ states, i.e.,
N
1
= 20

where 6, is the Dirac measure at the point z*. Since S is finite, .1 can be interpreted as
a vector with [S| components, such that d,x(i) = Lix—; for a state i € S. Accordingly,
we denote the proportion of agents in the state i € S by pu(i).

The transition intensities for one agent are given by a signed kernel
g8 x AXP(S) x P(S) > R, (ia,u,T) = q(T | i,a,1) = 3 q({j} |, 0, ).
jer
Note that the transition of an agent depends not only on its own state and action but
additionally on the empirical distribution of the agents’ states.
We make the following assumptions on ¢:
Q1) q({j}li,a, ) = 0 forall i,j € S, j#i, a€ A, pueP(S).

Q2) >jesq({itli,a,u) =0 foralli € S, a€ A, peP(S).

(

(

(Q3) sup; g5, la({5His @, )| = Gmas < oo

(Q4) p— q({j}|i,a, p) is continuous w.r.t. weak convergence for all i,j € S, a € A.
Q

5) a v q({j}li,a,n) is continuous for all 4,5 € S, pu € P(S).

Remark 3.1. Note that (Q3) follows from (Q4) and (Q5), since the state space A as well
as the space P(S) are compact (see Lemma [A.4]) and therefore the continuous functions in
(Q4) and (Q5) attain their maximum. Together with the finiteness of the set of states S,

the claim follows. However, we list (Q3) to emphasize its significance.
Based on the transition intensities for one agent, the transition intensities of the system

are given by

g({(z',... 2" g2 eV} x &) = g({}2", o, ulx]) (3.1)

for all (x,a) € SV x AN, j € S,j # 2*, and
N
q({x}x,a) == > q({z*}a", a*, p[x]).

k=1

All other intensities are zero. Further, we set for a relaxed stationary Markov policy

7 = (7% (da|x))k=1,..N

a({(a @t g im) = [ g le" 0, ) daf).
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The intensity in (3.1]) describes the transition of agent k from state =¥ € S to state j € S,
while all other agents remain in their current state. This definition is sufficient to describe
the transition mechanism of the system, since only one agent can change its state at a time.

The following remark gives a more detailed explanation of this observation.

Remark 3.2. Let x,, be the state of the system after the n-th change of state and w(da | -)
the fixed policy of the system. It is a classical result from the theory of continuous-time
Markov chains that the sojourn time 7,11 in state x, is exponentially distributed with the
parameter —q({x, }|x.,7), see, e.g., Theorem 13.3.4 in Brémaud| (2020). Now let o* be the
sojourn time of agent k in state z* for k € {1,..., N}. Given x,, due to the independence

assumption (I), the random variables o, ... .oV are independent with distribution

ot ~ Exp< ~ [ ek |k 0. plxal) 7 (da xn>>.

<0

The sojourn time of the system in state x,, is then given by 7,41 = min{o?', ..., o™V}, which

is again exponentially distributed with parameter

N i . )
_ k; /A d({z ) |, a, plxa)) 7 (da | x0) = —q({%0}n, T)- 52)

In particular, the probability that two sojourn times coincide (i.e., o¥ = o' for k,1 €
{1,...,N} with [ # k) is zero, which means that no two agents can change their state
simultaneously with positive probability. In (3.2)) we used the minimum property of
the exponential distribution, which states that for two independent random variables
X ~ Exp(A\1), Y ~ Exp(\2) we have min(X,Y) ~ Exp(A1 + \2), see, e.g., Example 2.25
in [Klenke, (2020)).

Note that in a certain sense, there is a slight abuse of notation in the definition of the
intensities, since we use the letter ¢ for both the individual transition intensity and the
system transition intensity. It should always be clear from the context which one is present.
Further, one can easily observe that the properties (Q1)-(Q5) of the one-agent-intensities
directly imply properties (671)—(@’)) (stated in Section for the intensities of the system.

The probability measure of the N-agent process is now given by the following transition
kernels

- - t - - ~ -
P (1, <1, X, € T| K1) = / g(T\ (XK MK, 1) et a0 X1 K1) g
0

forallt > 0and I' € P(SY). In particular, the sojourn times 7,, are exponentially distributed
with parameter —q({X,,_1}|Xn_1,7). Note that by using this construction, the probability

measure depends on the chosen policy, which justifies the name strategic measure.
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Returning to the model’s control mechanism, keep in mind that the policy of an agent
7¥(da | x) is allowed to depend on the state of the whole system, i.e., we assume that each
agent has information about the position of all other agents. Therefore, we can interpret
our model as a centralized control problem, where all information is collected and shared

by a central controller.

The goal of the central controller is to maximize the expected social reward of the system.

In order to implement this, we introduce the (stationary) reward function for one agent as
r:SxAxP(S) =R, (i, a, p) — r(i,a, p),

which depends not only on the state and action of the single agent, but also on the empirical

distribution of the system. We make the following assumptions on the reward function:

(R1) For all (i,a) € S x A the function p — pu(i)r(i,a,p) is continuous w.r.t. weak

convergence.
(R2) For all i € S and p € P(5), the function a — 7(%, a, 1) is continuous.

Since the action space A is assumed to be compact, (R1) and (R2) imply (using the same

arguments as in Remark that the following expression is bounded:

sup |p(i)r(i, @y )] = (U )maa < 00 (3.3)
(i,a)eSxA, ueP(S)

Then we define the (social) reward of the system as the average of the agents’ rewards, i.e.,

N
Z r(zF, ok, ulx]). (3.4)

The continuity assumptions (R1) and (R2), together with the finiteness of the state space,

directly imply the measurability of the social reward function (x,a) — r(x,a).

For a relaxed stationary Markov policy m = (7%(da | X))k=1,. N We set

1 N
_ N;AT(xk,a,u[x])ﬂk(da | %).

The aim of the central controller is to find the social optimum, i.e., to maximize the joint
expected discounted reward of the system over an infinite time horizon. For a policy = € II°,

a discount rate 8 > 0, and an initial configuration x € SV, define the value function

Vi(x) = E;g[ /0 T e Bx,, m)dt}
Vix) = Sup Var(x). (3.5)
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We do not discuss solution procedures for this optimization problem at this point, since we
rephrase the problem in the following section and present asymptotically optimal solution
methods in Section 3.4

3.2. THE MEASURE-VALUED CONTINUOUS-TIME MARKOV DECISION
PROCESS

As N increases, so does the state space SV, which increases the complexity of the model and

makes it computationally more expensive to solve. Therefore, we seek some simplifications.

A reasonable approach is to exploit the symmetry of the system by capturing not the state

of every single agent, but the relative or empirical distribution of the agents over the |S|

states.

Thus, let 1 := p[X;] and define as the new state space the set of all empirical measures

of N atoms in 9, i.e.,
Pn(S) := {p € P(S) | p = p[x], for some x € SN},
Then the new state process pi¥ is simply given by

Miv = Z ]1{T7L§t<Tn+1}:u[Xn]a t € [0, 00). (3.6)
n€Ng

As action space, we take the |S|-fold Cartesian product P(A)!Sl of P(A), the set of all
probability distributions on the action space. Hence, an action is given by |S| probability
measures a(da) = (a*(da));cs, where the i-th component indicates the distribution of the

agents’ actions in state i € S.

For the policies we again restrict to relaxed stationary Markov policies given by a collection

of | S| stochastic kernels #(da|u) = (#*(da|p))ics, where
7 Py (S) x B(A) = [0,1], (1, A) > #"(A | ) (kernel for state 7).
In what follows, we denote iy := u[X,,]. Then we can express the action process by setting

fim Y UgaarsnnAC 1Y) + Lucga(- | @), te[0,00). (3.7
n€eNg

The transition intensities of the process (ui¥)i>o are given by

a({1' 7}, @) = Nu(i)/AQ({J'}Iiaa,M)ai(da), e PN(S),a e P(A)1,  (3.8)

with (™7 ==y — £6; + %0; for all i,j € S,i # j, if u(i) > 0.
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The natural interpretation of (3.8]) is as follows:

o q({*77}| 1, a): Intensity for the transition of one arbitrary agent in state i € S to

state j € S, while all other agents remain in their current state.
o Npu(i): Number of agents in state .

o [1q({j}li,a, p)ai(da): Intensity for the transition of an individual agent in state
i € S to state j € S while performing the action o’ € P(A).

Further, we set for all € Py(S) and o € P(A)!S]
q({u}lp, o) Z S a({1 Y, ).
u(2)>0 j#i

All other intensities are zero, since again only one agent can change its state at a time.

The probability distribution of the measure-valued process under a fixed policy & is now

given by the following transition kernels
B (< 1, € BIEY2) = [ a(BIy, A)e oG g
0

for all t > 0 and B C Py(S) measurable, where the random variables (7,,) are the same as

before.
The reward function of the system is derived from the reward for one agent:

Z/ (i,a, p)o' (da). (3.9)

€S
In view of (3.3 ., i, a) is bounded.

Lemma 3.3. Assumptions (R1) and (R2) imply that for every a € P(A)IS!) the function

w— r(p, o) is continuous w.r.t. weak convergence.

Proof. Since S is finite, the weak convergence u, = u of a sequence of probability measures
(tn)nen C P(S) to a limit measure p € P(S) corresponds to the componentwise convergence
n (i) — u(i) for every i € S. We obtain

lim r(up, @) = lim Z pin ()7 (1, @, i ) (da)

n—00 n—00 4
i

where we use the fact that the integrand is bounded (see (3.3])) and dominated convergence
to exchange the limit and the integral. Together with (R1), the claim follows. O
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The aim in this model is again to maximize the joint expected discounted reward of the
system over an infinite time horizon. For a policy @, a discount rate 5 > 0, and an initial

configuration p € Py(S), define the value function

V) = B[ e ma,
VNG = sup V(). (3.10)

We can now show that both formulations (3.5 and (3.10) are equivalent in the sense that

the optimal values are the same.
Theorem 3.4. We have V(x) = V¥ (u) for p = p[x] for all x € SN.

Proof. First of all, observe that the reward function r in in the multi-agent problem
is symmetric, that is, r(x,a) = r(s(x), s(a)) for any permutation s(-) of the vectors.

Now for a stationary policy 7 for the multi-agent problem, define for all states ¢ € S with
p(i) > 0:

1 5
7' (dalp) = Nuli) Zﬂ'k(dG’X)]l{xk:i}
k=1

where p = p[x]. Practically, we consider all agents in state i and take a convex combination
of their action distributions as the action distribution in state ¢. By this construction,
we transfer a stationary policy 7 in the multi-agent setting to a stationary policy in the

measure-valued setting.

Choosing 7 in the measure-valued MDP yields the reward (where again p = p[x])

Z/ Z a :U' (N;( Zﬂ' da‘X)]l{xk_Z}>

€S

N
=y 2 S g [, ) = vl

k=14ieS

Thus, the reward in both formulations is the same. Finally, the transition intensity in the

multi-agent model of one agent changing its state from i to j is given by (again p = u[x])
N
> Lgimy [ a((i}lia,mm*(dalx)
k=1 A

N
:N:U’(Z)/AQ({j}‘Z?anuf Zﬂ-k da’X ]l{:ck—z}

k 1

=Nu(i) [ ({3} is 0, (dalu) = a7 Y ).

Thus, the empirical measure process of the multi-agent problem is statistically equal to
the measure-valued MDP process and produces the same expected reward under measure-

dependent policies. Now let 7* be an optimal policy for the multi-agent problem and #*



3.2. THE MEASURE-VALUED CONTINUOUS-TIME MARKOV DECISION PROCESS 33

the corresponding measure-valued policy. We obtain
V(%) = Ve (x) = V¥ (1) < V™ (). (3.11)

Conversely, let 1& be an arbitrary policy for the measure-valued MDP. We construct a policy

for the multi-agent problem by assigning each agent £k =1,..., N the decision rule
W (dalx) = 3 0 (dal) 1 sy (3.12)
€S

Again, both policies deliver the same reward for arbitrary u = u[x]:
1
) = 5 3 [ et a )t (dalx)
Ni=/a

1Y .
v 1 k=i r(:l:ka awu)d)k(da’b() = T(/,Lﬂ/})
N};; fok=i} /A

The transition intensity for the change of an agent from state ¢ to j in both models using

policy ¥ resp. 1[} is given by

Y . . k
3 oy [, ais o) dal)
=Nii) [ at{3}lisas i (dal) = a( 7}, D).

To conclude the proof, let 1&* be an optimal policy for the measure-valued problem and 1)*

the corresponding multi-agent policy. Again, we obtain
V() = V() = Vg (x) < V(x).

Together with the converse inequality (3.11]), the result follows. ]

Remark 3.5. It is possible to extend the previous result to a situation where reward and
transition intensity additionally depend on the empirical distribution of actions, see, e.g.,
Motte and Pham| (2022]). However, due to the definition of the Young topology, which we

use later, it is not possible to transfer the convergence results to this setting.

The problem introduced previously is a classical continuous-time Markov decision process
and can be solved with the theory established in Chapter [2]

Lemma 3.6. The measure-valued model satisfies Conditions (A), (B), and (C).

Proof. Since the state space Py (S) is finite, Conditions (A) and (B) follow directly from
Lemma [2.6) with w(p) = w'(p) = 1.
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In order to verify Condition (C), consider the functions

q:Pn(S) x ]P’(A)'S| — R, (1, ) = q({v}Hp, a), vePyn(S),
r:Py(S) x P(A)S 5 R, (y @) = r(p, ).

Both functions are continuous in p by construction, since the domain is finite. Regarding

the continuity in «, recall that

(s ) = Nudi) [ ({3}l . p)er (da),
Z/ (i, a, p)o (da).

€S
In this representation, it is clear that the functions are continuous in a w.r.t. weak
convergence. Note that the integrands are continuous in a and bounded due to (Q3)
and (Q5) resp. (R2) and (3.3). Note that the continuity of ¢({u}|u, @) follows from the
continuity of ¢({*7}|u, @). For other v € Px(S) the intensity is constantly zero in a.

Now suppose that u is a bounded continuous function on Px(S). Then the function

(o) > u@) -1 g({r}p, o)

vePy (S)\{u}

is continuous as a composition of continuous functions.

The compactness of IP’(A)‘S | follows directly from the compactness of A together with
Lemma and Theorem Thus, Condition (C) is satisfied, which completes the
proof. O

Theorem 3.7. There exists a unique continuous function v : Py(S) — R satisfying the

optimality equation

Bu(p) = sup { )+ Y e(a{}e, )} (3.13)
)

aEP(A)ISI vePn(

for all i € Pn(S). Moreover, there exists a measurable mapping # : Pn(S) — P(A)S
which provides the supremum in (3.13|). The mapping 7t defines a deterministic stationary
Markov policy 7t (-|u) which is optimal for the discounted measure-valued CTMDP:

V() = V() = o(n), ¥ e By(S).

The result follows directly from the solution theory in Chapter [2] in particular from
Theorem 2.8l Note that the optimal Markov policy 7 in the previous theorem is deterministic
as a measurable selector into the action space IF’(A)'S l; the components #t(-|) are indeed

probability distributions on A.
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Of course, an optimal policy in the measure-valued setting can be directly implemented
in the original problem; see the construction in the proof of Theorem The
advantage of the measure-valued formulation is the reduction of the cardinality of the state
space. Suppose, e.g., that S = {0, 1}, that is, all agents are either in state 0 or state 1.
Then |SY| = 2V in the multi-agent model, whereas [Py (S)| = N 41 in the measure-valued
case. However, even in this simplified setting, the computation may be inefficient if IV is
large. For a finite number of actions, the computational effort in the measure-valued model
is of the order O((N +1)2-|A|?) ~ O(N?), implying a quadratic dependence on the number
of agents. On the other hand, in the original model we have O(|S™V |2 -|AJ?) ~ O(22V), i.e.,

there is an exponential growth of the effort with the number of agents.

Nevertheless, even the measure-valued model may be intractable to solve by conventional
methods for a large number of agents. Naturally, the question arises of how the model

behaves when the number of agents tends to infinity.

3.3. CONVERGENCE OF THE STATE-ACTION PROCESS

In this section, we discuss the behavior of the system when the number of individuals tends
to infinity. Roughly, the approach is to use the generator of the underlying Markov chain
of the system to construct a martingale, for which weak convergence to the zero process is
shown. A similar procedure has been carried out by Béuerle| (2000) in the context of fluid

models.

We start by specifying the underlying topological spaces in which the state and action
processes are embedded, in order to investigate the asymptotic behavior. In what follows,
the state process (17" )i>0 is considered a stochastic element of Dp(g)[0, 00), the space of
cadlag paths with values in P(S) equipped with the Skorokhod Ji-topology and the metric
dj,. On P(S), we choose the total variation metric. For an overview, see Section

Furthermore, for an action process (#;)i>0, where #; = (7});cs, see (3.7), we consider
(71)¢>0 as a stochastic element of R := {p : [0,00) — P(A) | p measurable}, the space of
measurable functions that assign for each point in time ¢ > 0 a probability distribution on
the action space. The space R is endowed with the Young topology (cf. |Davis (1993)). It
is possible to show that R is compact and metrizable. For a derivation of the notion of

convergence used on R, see Section [B.2]

In the following, we denote a relaxed stationary Markov policy in the measure-valued
model by #V = (#VV )5, where the superscript N emphasizes that the model with a fixed
number N of agents is considered. We begin with the observation that the state process is

well-behaved in the following sense:

Lemma 3.8. For an arbitrary relazed stationary Markov policy 7, the empirical state
process (,uiv)tzo is mon-explosive, i.e., the number of jumps in any finite time interval is

almost surely finite.
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The statement follows since the intensities are bounded and the state space is finite. The

result can be found in Piunovskiy and Zhang| (2020), Theorem 2.2.4.

As a next step, we recapitulate that for N € N and a fixed relaxed stationary Markov
policy 74V, the empirical state process (ui);>o describes a time-continuous (homogeneous)
Markov chain on a finite state space Py (S). The strong generator of this Markov chain is
given by

Af(w = (F@) = f(w)a{v}u,7Y),

vePy (S)

where the arbitrary function f : Py (S) — R is naturally measurable and bounded due to
the finiteness of the domain Py (S). For a reference for this representation of the generator,
see, e.g., Ethier and Kurtz (1986) Chapter 4, Section 2, Eq. (2.1). Now consider the
function f defined as the projection on the j-th component of u € P(5), i.e

f:PNn(S) = R, f(p) =p(G), JES,

which describes the proportion of agents in state j. Define for arbitrary j € S, the

one-dimensional process

M () = i (5) = / Af (s)d
- M )) ({V}‘ s s
Iu / VGIF’Z(S 8

Then, for each j € S, the process MY (j) := (MM (j))i>0 is a martingale w.r.t. the
filtration F}¥ = o(ul¥, s < t). This follows from the Dynkin formula, see, e.g., Davis (1993),
Proposition 14.13. Next, we derive a refined representation of M~ (j). Note that the
difference v(5) — u (j) can either be —1/N if an individual changes from state j to a state
k # j or it could be 1/N if an individual changes from state i # j to state j. In all other
cases the difference is 0. Since by (Q2)

> [ altkdaud w2 da) = = [ a3 n2)7 (da) (314
k#j

we obtain by inserting the intensity and by using
MYG) = ) - il ) - [ > ()=l s
vePN (S
e A#( >%U/GWM%M%Md
/Z() () [ alts}li. )32 (dads
W) = ) = [ ) [ aisa, i) s, (3.15)

€S



3.3. CONVERGENCE OF THE STATE-ACTION PROCESS 37

With this representation, we prove that the sequence of stochastic processes (M (5)) yen

converges weakly (denoted by =) to the zero process in the Skorokhod J;-topology.

Lemma 3.9. We have for all j € S that
(MtN(.]))tZO = 07 N — o0,

where 0 € Dg[0, 00) represents the zero process.

Proof. The idea of the proof is to apply Theorem In a first step, we have to verify
that the finite dimensional distributions of (M} (j))i>0 converge weakly to zero, i.e., for

any finite collection of points in time {¢1,...,¢,} C [0,00) it must hold that
(M (), > M3 (4)) = (0, 0), (3.16)

where = is the usual weak convergence of random vectors in R".

We start by showing that M} (j) is bounded for any fixed t € [0, c0):

q
A

Net | Neo Ny [f N i a VAN (da)ds
NG = [ () — 1 () /OZEZSMS()/ ({5} i- . )2V (da)ds|

t .
<) = D)+ [ SN0 [ a0, nd)| 727 dayds
i€s —
Sqmazx

<1+ gnaz -t <00 (3.17)

Therefore (M (j))i>0 are square-integrable martingales in the sense that E[( M} (5))?] < oo

for every point in time ¢ € [0, 00).

Next, we state some further properties of (M} (j))i>0. Notice that, regarding the evolution
in time, the integrand in , and in particular the action process (7?,{\7 )t>0, depends
only on the behavior of the state process (uf )t>0, since we consider a stationary policy.
Consequently, the process (M} (5))i>o0 is (F}¥ )i>0-adapted and the integrand is constant
in time as long as no jump occurs in the state process. Therefore, the integral is a
continuous, piecewise linear process in time with a maximum slope of ¢,,4.. In order to
obtain (M (5))¢>0, the process (ui¥ (5))i>0 is added to the integral and the constant 1 (5)
is subtracted. Thus, the process (M (j))i>0 is piecewise linear as well, exhibiting jumps
of height 1/N at the same points in time as (ui" (j));>0. Lemma now states that
the paths of (M (j))i>0 have finite variation on compact intervals. Note that Lemma
ensures that the number of jumps is finite in any interval [a,b] C [0,00). Theorem

then implies that (M} (j))¢>0 is a quadratic pure jump process with quadratic variation

(MY (G), MN (e = >0 (MY (5) — MY (5))°

0<s<t

_ % s € 0.1 1 (G) # 1)}

)
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which in fact is the number of jumps of (1 (j))i>0 in [0, multiplied by the squared
magnitude of a jump 1/N?2.

From Remark it follows that the expected sojourn time of the system in an arbitrary

system state p € Py (S) is at least L —, which in turn implies that the expected number

of jumps of the system state process (ul¥);>0 in a time interval [0,#] is at most N - gmqq - t.

Putting things together, we obtain

E[(M (7))°) = B[N (), MY (D] = 5 B [[{s € 0,8 | nd () # 1 (D}]
< % E H{S € (0,1] | ud #Mﬁ,\i}ﬂ
< %.N.qmax.t (3.18)
_ %-qmam-t Noge . (3.19)

Note that the first equality follows from part b) of Theorem

The convergence (13.19)) now implies that for an arbitrary but fixed point in time ¢ € [0, o),
the sequence (M} (j))nen satisfies

MY(G) = 0. (3.20)

Now, let {t1,...,tx} C [0,00) be an arbitrary finite set of points in time. From it
follows that the marginal distributions Mt (j) of the random vector (MY (5),..., M} (5))
converge in L? to zero, and in particular they converge in probability. The convergence in
probability of the marginal distributions is equivalent to the convergence in probability of

the corresponding random vector, see Proposition [B-4] i.e., we have
. . P

which implies the desired weak convergence ([3.16)).

To apply Theorem it remains to check the relative compactness, which we show using
Theorem First note that (M (5)) yen is a sequence of stochastic processes with sample
paths in Dg[0, 00), where R is separable and (R, |-|) is complete. Due to boundedness (3.17),
choose for every € > 0 and rational ¢ > 0 the compact set I't . = [—1 — ¢maz - t, 1 + @maz - t].
Then we obtain

P(MN(j) € Tye) = 1.

In what follows, let o be an arbitrary (F}¥)-stopping time with o < T almost surely.
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For every T' > 0 it holds that

lim lim supsup E mln{ ’MN Ma+6( )‘H

0—0 Nosoo o
‘M M5 )H

< lim limsupsupE[
E[!{seaawws()#us }H N0 mas)

020 Nosoo o

< lim lim sup sup (
050 Nosoo o

glin%limsupsup( H{s € (o,040) | pl # pulV }H —+4- qmax)

=0 Nooo o

1

< lim lim sup sup (N “Qmaz 0 — +0 - qm,w> =0.
60—0 N—=00 o N

For the second inequality, we use the fact that the process (M (j))i>o is piecewise linear

with a maximum slope of ¢, and has jumps of height 1/N at the same points in time

as (¥ (4))i>0, see the discussion above. The last inequality follows as in ([3.18) since the

expected number of jumps of the system in the interval (0,0 + 9] is just N - ¢maz - 0.

Theorem now suggests that the sequence (M™ (j))nen is relatively compact. Together
with (| - the conditions of Theorem are fulfilled, and the sequence of processes
(M{N(5))i>0 converges weakly on [0,00) towards the zero-process in the sense of the
Skorokhod d ,-metric for N — oo. O]

Furthermore, Lemma [3.9] directly implies the stochastic convergence of the sequence of

martingale processes (M} );>0 C Dgis/[0, 00).
Corollary 3.10. We have that

(MN)i=0 = (0,...,0), N — oo,

where (0,...,0) € Dgis/[0,00) is the vector of zero-processes.

Proof. Part c¢) of Proposition implies for all j € S the stochastic convergence
(MN(j))is0 — 0, N — oo,

Part b) of Proposition then implies the stochastic convergence of the entire martingale

process. [

The next Theorem marks the main convergence result in this chapter. It states that the
sequence of state-action processes for an increasing number of agents is relatively compact,
hence there exists a weakly converging subsequence. It turns out that the limit state process
has almost surely continuous paths, which is intuitively reasonable since, as discussed
earlier, the height of the jumps of the state process is 1/N and therefore converges to zero
as the number of agents tends to infinity. However, the more interesting property of the
limit state process is that it is deterministic and characterized by an ordinary differential

N .

equation. In the theorem we abbreviate ¥ := (1 )i>0 resp. 7V := (7] )i>0.
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Theorem 3.11. A sequence of arbitrary state-action processes (u,#™N)nen is relatively

compact. Thus, there erxists a subsequence (Ny) which converges weakly

Nk’ﬁ.Nk)

(u = (u*,7"), as k — oo.

Moreover, the limit (u*,7*) satisfies
a) (uy) has almost surely continuous paths,

b) and for each state j € S we have

piG) = )+ [ S [ i e pridads. 322

i€S

Proof. We start by showing the relative compactness of a sequence (1Y) yen, using Theorem
B.19, The sequence (u")yen has paths in Dpg)[0,00), where P(S) is complete and
separable with respect to the total variation distance; see Lemma

In what follows, let again o be an arbitrary (F;¥)-stopping time with o < T almost surely.
For every € > 0 and rational ¢t > 0 choose the compact set I'y . = P(S). Then we obtain by

construction of the model
P(uY €Ty.) =1

Moreover, for every T' > 0 it holds that

lim hmsupsupE[mm{l [PARYTARNIESSY
=0 Nooo

< tim tisupsup B[l — sl
=0 Nosco o

< hn%hmsupsupE H{S € (0,0 + 0] | pY # “{SV—}H ) %

N—oo o
1

<lim li N - 6 —=0.

= 51_1}(1) 111\[11_§;10p Sgp dmax N
The second inequality holds because ||u) — p |7y = +, provided that in [s, t] only one
state change occurs, i.e., one agent changes its state. This follows directly from the
characterization of the total variation distance in Lemma The third inequality holds
in the same way as the inequality (3.18]) in the proof of Lemma Theorem then
states that (uV)y is relatively compact.

Since R is compact, so is RI°! and we directly obtain the relative compactness of (7).
The relative compactness of the sequence of state-action processes (1, #V)y follows from
Proposition 3.2.4 in Ethier and Kurtz| (1986|). Thus, a converging subsequence exists. To

simplify the notation, we still denote it by (V).
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To prove the continuity of the limit state process, define for arbitrary u € Dp(g)[0, 00)
J(p,w) = sup ||pt — pe—||Tv.
0<t<u

J(p) = /OOO e “J(p, u)du.

For the sequence of state processes (,uN )N we obtain
lim J(xV) = lim Ooe_“ sup ||u — pl¥ |7y du < lim 1 0
N—o00 N—oo Jo 0<t<u t = T N—oo N '

We exploit the fact that there can only be jumps of height % in the state process with IV
agents. Theorem then implies the a.s. continuity of the limit state process (u;)¢>0-

It remains to justify the characterization of the limit state process in part b). Due to
Skorokhod’s representation theorem, see Theorem we find a probability space (€2, A, P)

with Dp(g)[0, 00)-valued random variables ji*, (1Y) nen and RI¥l-valued random variables
7*, (#Y) nen such that

(AN 2 @AY (AT (@A), and (@Y EY) S (0.
Define the function

M : Dp(5[0,00) x RISl — Dys/[0, 00), (3.23)

METG) 1= ) = o) — [ ) [ Yoo je s
We examine the asymptotic behavior of M for the sequences (1, #V) yen resp. (Y, 7)) ven.
Corollary [3.10] provides immediately

M B 0,..0,0), N = oo, (3.24)

where (0,...,0) € Dgjs/[0,00) is the vector of zero-processes.

Now consider the sequence of stochastic processes (M [‘N’ﬁN) NeN- Since the limit process

w* is almost surely continuous, so is f* and Theorem [B.22| implies uniform convergence on

compact intervals, i.e., componentwise for almost all w € Q we obtain

]\}im sup || (w) — fiz(w)||lrv =0
—00 (<5<t

for every ¢ € [0,00). This implies the pointwise convergence
i () = il (@), t e [0,00) (3.25)

for almost all w € Q.
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Further, for the integral in the definition of M "7 e obtain element-wise for almost all

weQ

/;MS / ({7}, a, i )72 (da) ds—/; / ({3}i, a, i2) 72" (da)ds
< /%u / ({7}, a, i )72 (da) ds_/zﬂs / (Ui, 0, )7 (da)ds
+ /Z%us / ({7}, a, @) 7" (da) ds_/zus / (Ui, a, )75 (da)ds

The second expression tends to 0 for N — oo due to the definition of the Young topology

and the fact that a — q({j}|i,a, i) is continuous by assumption. The first expression can
be bounded by

[ S, [ @t ) a3 )| 2 s
< [ sup 2 aCh3i o052 B a5} )| s
zESae

which also tends to zero due to dominated convergence, (Q4), (Q5) and Lemma [A.5]
Together with (3.25)) we obtain the almost sure convergence

N N
MATTS L5 NPT N s o0,

where
MEF ) = G) - w0~ [ SR [t e mmidads,  jes. (320
i€S

Now, observe that the function M in (3.23)) is measurable. This follows from the measura-
bility of the projections (u, ) — Mt“’ﬁ for each t > 0 and Proposition 3.7.1 in [Ethier and
Kurtz (1986). This provides the implication

(W &) 2 @A) = Mt 2
Regarding the limit N — oo, from M# " = (0,...,0) and the uniqueness of the weak
D

limit, see, e.g., Remark 13.13 in Klenke| (2020), we obtain M#* = (0,...,0) and thus
M7 (w) = (0,...,0) for almost all w € Q. Equation (3.26) implies that the limit ji*

almost surely satisfies the differential equation

i D [T mO [aiemridads,  jes. @2

€S
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9

In a last step, we use the distributional equality u* £ ¥ resp. 7F = 7 to conclude that

p* almost surely satisfies the desired differential equation
i) = )+ [ e [ ot o nti s, jes
i€S

which concludes the proof. ]

In the following, we refer to the differential equation in part b) of the theorem as the

state equation.

3.3.1. SOLVABILITY OF THE STATE EQUATION

First, note that the question of the existence of a solution to the state equation does not
arise, as Theorem ensures the existence of a limit process (uf)+>0 satisfying the state
equation. We therefore proceed directly to the derivation of an intuitive yet important

property of the solutions.

Theorem 3.12 (Solutions to the state equation are distributions on S).
Let (111)1>0 be a solution to the state equation (3.22)) with initial distribution po € P(S) and
action process T = (7ty)e>0. Then p; constitutes a probability distribution on the state space

S for every point in time t > 0.

Proof. We start with the claim that (4):>0 is nonnegative. Since the state process starts
in the initial distribution pg, it is clear that ug(j) > 0. Let to > 0 be the first point in time

where a component of the process reaches zero, that is,
to = inf{t >0 ‘ dj € S ,ut(]) = 0}
The differential form of the state equation is given by

= S [ alitia m)i(da). jeS. (3.28)

€S

with initial value p9. Now, let jo € S be a state such that py,(jo) = 0. Then we obtain for

the derivative

o) = X ) | a MWammmmwmeAwmm@Mmﬁw

i€S\{jo} =0
= Y i A ({o} i, as o) 7, (da) >
i€S\{Jjo} >0

where (Q1) ensures ¢({jo}|i, a, pi,) > 0. The positivity of the derivative at points of zero,
together with the continuity of the paths of the state process, see part a) of Theorem

implies the nonnegativity of (ut)¢>0.
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It remains to verify the normalization condition 3¢ ut(j) = 1 for every time point ¢ > 0.
We have for t > 0

t(J s( i,a, ) (da)ds
> (i) = JES@O )+ [ S ) [ attisa i >)

jes =
= + s 1,a, s 2dads
=3 ml) 2/2# i) [ (i o o) (da)
=14+ s i,a, [ ds
/;u /gq{y}r pa) #4(da)
=0
=1,

where (Q2) is applied to establish the last equality. Nonnegativity and normalization then
imply the statement. O

Since the limiting state process constitutes a distribution on the state space for every
point in time, one of the |S| differential equations in (3.22)) can be omitted.

Having established this structural property of solutions to the state equation, we now turn
to the question of uniqueness. First of all, recall the following assumption, see 3.1} imposed

on the transition intensity q.
(Q4) w— q({j}li,a,n) is continuous w.r.t. weak convergence for all 7,j € S, a € A.

In order to guarantee the unique solvability of the state equation, it is sufficient to assume
Lipschitz continuity for p +— q({j}|i,a, ). More precisely, instead of (Q4) we have to
assume (Q4):

(Q4’) For all (i,a) € S x A and j € S there exists a uniform constant Ly > 0 such that
la({7}i, a, ) = q({7}i, a, V)| < Lallp — vy

for all pu,v € P(S).

Under assumption (Q4’), we can derive a Lipschitz property for the integrand of the state

equation.

Lemma 3.13. For an action process # = (74)¢>0 € RIS define the function

£ :10.00) x B(S) = RIS = Sl [ i nFida),  jes.
€S

Suppose that assumption (Q4’) is satisfied. Then there exists a constant K > 0 such that

If(tv) = ft )l < K- |lv = pllry

for all (t,p), (t,v) € [0,00) x P(S).
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Proof. For arbitrary u,v € P(S) we have in every component j € S

15t = 55t = |3 [ (ke o) = v@al{}ia.v))#i(da)

€S

ST {ﬂham—w>ﬁﬁhaw%ww

€S

For the absolute value in the integral, it holds that

n()a({5}li, a, 1) = v(@)a({5}i,a,v)

< |u(a({}li, @, w) = p(@a ({5} is @, v) + p()a({3}is a,v) = v(Da({5}i a,v)
= [n(0) (a7}, @ 1) = a({3} i, a,v) ) + a({5} i, a,v) (i) = v(0))|

< p(i)|a({3}i, a, ) = a({5}lis @, v)| + la({3}is a,v)l (i) = v (i)

< Lo||lp — v|lrv + 2¢maz ||t — V|7V,

where Ly is the Lipschitz-constant given by (Q4’) and ¢qs is the bound for the intensities
given by (Q3). Above we obtain

55t = 556 < 3 [ [uDaliis o) = v@a({} i a.v)|fida)

€S

<Y [ (L2 + 20m00)ll = vy #i(da)

i€S
= |S[(L2 + 2Gmaz) | — V[TV

This implies the statement since

1£(tv) = f(t )l = D 1f5(t 1) = £t w)] < [SP (L2 + 2gmaz) -l = vizv
jes

=K
]

The Lipschitz property of the integrand f of the state equation enables us to establish

the main uniqueness result of this section.

Theorem 3.14 (Existence and uniqueness of solutions of the state equation).

Let pg € P(S) be an initial distribution and & = (#)>0 € RI¥! be an arbitrary action
process. Suppose that, in addition to assumptions (Q1)-(Q5), the transition intensities
satisfy assumption (Q4’).

Then there exists a unique solution p* = (uj)>0 that satisfies the state equation

pi) = o)+ [ S ) [ aiapiidands,  jes,  (329)

€S

globally on [0, 0).
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Further, let (ud) C Pn(S) be such that pul) = po. Then, for every sequence (#V) c RIS
with #N = # we have

(uN,&N) = (W, %), as N — oo,

where for each N, pN € Dp(s) [0,00) denotes the state process with initial distribution ,uév
resulting from applying the action process # in the N-agent problem ([3.10]).

Proof. For N € N, let uY € Px(S) be initial distributions such that u) = ug. Further, let
(u]¥)i>0 be the N-agent state process with initial distribution 4’ resulting from applying
the action process 7. Then, Theorem [3.11] guarantees the existence of a weakly converging
subsequence pV¢ = p* such that the limit state process pu* satisfies the state equation

(3.29). It remains to show that under assumption (Q4’), the solution p* is unique.

Let (ut)e>0 and (v¢)i>0 be two solutions of the state equation with the same initial
distribution po € P(S) and the same action process 7. According to Theorem we
know that u; € P(S) and v € P(S) for all ¢ > 0. For each component j € S, both solutions

satisfy the differential equation:

m@=m@+£ﬁ@m%
(i) = o) + [ i) ds

where the function f is defined as in Lemma [3.13

Now consider the difference of the two solutions in terms of the total variation distance.

For arbitrary ¢ > 0 we have

e = villrv = 5 ZW —1(J)]

JES
= ’/ fj 5, [is) f](s Vs))ds
]GS
sz/msw — fi(s,v,)\ds
jes
/ ( Z|f] 5 Ms fj(37V5)|> ds
JjES

= [ 15t m) = sl s
S/ ”,U/s VSHTV ds.
02

Gronwall’s inequality [A.§ applied to d(t) := || — v¢||rv implies that d(t) = || —vel|7v =0
for all ¢ > 0. Thus, we conclude that u; = v4.



3.3. CONVERGENCE OF THE STATE-ACTION PROCESS 47

The second part of the theorem regarding the weak convergence of the sequence of state-
action processes (u¥,#V) results from the fact that every weakly convergent subsequence
(Nk) has the same limit process (pu*, 7). Observe that the existence of a convergent
subsequence is guaranteed by Theorem and that the limit process (u*,#) of every
convergent subsequence is characterized by the identical state equation with a unique

solution. ]

Note that Theorem only yields the existence of weakly convergent subsequences,
while Theorem [3.29] states conditions for the weak convergence of the full sequence of

state-action processes (uV, #%) itself.

We conclude the section with an example that indeed demonstrates that the solution to

the state equation is not necessarily unique.

Example 3.15. Suppose that the state space is S = {1, 2} and the system is uncontrolled.
State 1 is absorbing, that is, ¢({1}|1, 1) = q({2}|1, #) = 0 (since the system is uncontrolled,
we skip the action from the notation). So agents can only change from state 2 to 1. The

intensity of such a change is

1
~me i) <0.
g({1})2, ) = { =m0 (1)

S if (1) > 0.99.

Set q({2}|2, 1) = —q({1}|2, 1) to satisfy (Q2). Intensities are bounded and continuous.
Since we have the relation p:(1) 4+ p(2) = 1, it is sufficient to investigate p;(1). The state

equation for (p(1))¢>0 in differential form is given by

pi(1) = pe(Dg({1}HL, pe) + (1 — pe(1))q({1}2, pre)

E)l‘it(ll))?’v pue(1) < 0.99, (3:30)

0?813 (1 — (1)), pe(1) > 0.99.

As the initial condition, we assume that all agents start in state 2, that is, uo(1) = 0.

Under these conditions, the initial value problem has at least two solutions:

2
-0.993,
-0.995

(2t)7, t<

fir(1) = 0, and fie(1) = {1 O 996655 s

NI Njw

2
for a (very large) constant C, such that 1—C.e=99-6655-3099% L 99 Note that t* = %-0.99%

is the “critical” value in the sense that (%t*)% = 0.99.

Now consider the following sequence of initial distributions:

(0,1), N even, (all N agents start in state 2)

(%, %) , NN odd. (exactly one agent starts in state 1)
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Obviously (u))nen = (0,1). However, the limit process of the even subsequence is
ﬂiv (1) = 0 since the intensity to change from state 2 to 1 remains zero. On the other hand,

the odd subsequence converges to the second solution (ji:(1))>0-

The background of this example is the following: The function p — g({1}|2, ut) is continuous
on [0, 1], but not Lipschitz continuous at the point = 0. This is easily seen, as the slope
of the intensity becomes unbounded as p approaches zero; see Figure [3.2] Consequently,
assumption (Q4) is satisfied, but (Q4’) is in fact not. Consequently, solutions to the state

equation exist, but uniqueness does not hold.

o
©

o
@

o
3

o
o

—Realization for N = 100
Realization for N = 10000
—Deterministic limit process,

Proportion of agents in state 1
o o o
w B (4]

o
)

©
-

I
0.2 0.4 0.6 0.8 1 1.2 14

Time

o

Figure 3.1.: Colourful lines: State trajectories ui¥ (1) for N = 100 (red) and N = 10000
(green) agents in Example when one agent starts in state 1.
Black line: Deterministic limit process (fi¢(1))¢>o0-

1.5 5
q({1}[2, 1)

0.5 1

>
d

0.25 0.5

Figure 3.2.: Intensities q({1}|2, 1) as a function of p € [0,0.5].
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3.4. THE DETERMINISTIC LIMIT MODEL

The key message of the previous section is the result that in the asymptotic case, when the
number of agents tends to infinity, the limit state process is almost surely deterministic and
characterized by an ordinary differential equation. This property leads to a deterministic
limit control problem that serves as an asymptotic upper bound for the optimization
problem with IV agents. Moreover, an optimal control of the limit model can be used to

establish a sequence of asymptotically optimal policies for the N-agent model.

Consider the following deterministic optimization problem:

(F)  sup / Bl (s, 70 dt, (3.31)
T 0

s.t. uo € P(S), 7t € P(A),
t .
i) = o) + [ 3 meli) [ (e pmo)i(dayds, V20, 5= 18]
(sh
We denote the maximum value of this problem by V¥ (110). The label (F') of the optimization

problem is motivated by its similarity to the deterministic fluid problem considered in

Bauerle| (2000). In a first step, we show that this value provides an asymptotic upper
bound to the value of problem (3.10)).

Theorem 3.16 (Asymptotic upper bound).
For all (1)) € Pn(S), ug € P(S) with u = pf and for all sequences of policies (V) yen C
P(A)IS we have

limsup VX (15') <V (11g)-

N—oo

Proof. Pick a subsequence (N}) along which the lim sup is attained, i.e.,

Jim V., () = limsup VA (1)
—00

According to Theorem there exists a further subsequence (NNy,) of corresponding state
and action processes such that

(Ve A NR) = (0 7)), as | — 0.

For convenience we still denote this subsequence by (N). As in the proof of Theorem
due to Skorokhod’s representation theorem, see Theorem we find a probability space
(Q, A, P) with Dp()[0, 00)-valued random variables i, (iiY) nen, resp. RISI-valued random
variables 7%, (7%V) yen such that

N, AN 2 @V, EN) () B (@70, and (AN EN) S5 (75,7,
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For the sequence of value functions along the relabeled subsequence (IV), we obtain

o0
Jim VR Ga) = Jim B[ [ e e 7
—00 0

N—o00
- * Bt ~N ~N
= A}gnooE[/o e iy 7 )dt}
_ ot _ N\~ N
= A}gnooE ;/ i (i)r (i, a, i) 7, (da)dt}
—E[ lim [ ey / i ()G, a, i )7l (da) e
N=e0 /o ies /4

—E| /O - e—ﬁtiz;q /A i (i, a, i) 77 (da)de]

—E[ [ i, w)a
<VEFup). (3.32)

The first equality is just the definition of the value function. The distributional equality
(uN,7N) 2 (N, 7V)
the representation of the social reward. The fourth equality is obtained by dominated
convergence, since pur is bounded; see . The last inequality is true due to the fact
that by Theorem the limit process (i*, 7*) satisfies the constraints of problem (F'). In

particular, the limit process fi* almost surely satisfies the required differential equation; see

implies the second equality. The third and sixth equalities follow from

(3:27). It remains to show the fifth equality. Componentwise, for almost all w € € we have

/mﬁzg [ i ot a, )7 da)de — [ e SOV [ it a i da)
< /O“e—ﬁtz [ i G0, e da)de - [ e SN / (i, a, i) 7 (da)dt
[ e 3 [ i@t a. i) 7 (dayde = [ e 3 [ i a i (day).

The second expression tends to zero for N — oo due to the definition of the Young topology
and the fact that a — 7(i, a, 1) is continuous by (R2). The first expression can be bounded

from above by
| e > /A [ Gyt a, 5Y) = i )G 0, )| 7Y (dad

oo
< [ S sup|a (i, a i) — i e )| de
0 zESaEA

which also tends to zero for N — oo due to (R1), (R2), Lemma and dominated

convergence. Thus, the statement follows. O
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If the state equation in (F') admits a unique solution, we can construct a strategy that
is asymptotically optimal in the sense that the upper bound in the previous theorem
is attained in the limit. Conditions for unique solvability are provided in Section [3.3.1}
Suppose that (p*, 7*) is an optimal state-action trajectory for problem (F). Then, for the

N-agent problem, we consider the strategy

AN grt e, 3.33
t t

17/ " at each time ¢ > 0, regardless of the current state pi¥ of the

which applies the kerne
process. More precisely, the strategy considered is now a deterministic (open-loop) policy

rather than a (closed-loop) feedback policy.

Theorem 3.17. Suppose &* is an optimal control for (F) where the corresponding dif-
ferential equation in (F) has a unique solution u* and let (u)’) C Py(S) be such that
Y = s € P(S). Then if we use the strategy #* for the problem for any N we
obtain

Jim V(') = V(1)

Thus, we call #* asymptotically optimal.

Proof. First, note that 7#* is admissible for each N in the sense of . In addition, let
(1)i>0 be the corresponding state process when N agents are present. From Theorem
we directly obtain that the sequence of state processes itself is weakly convergent to
the limit process u*, i.e

pN = p* as N — oo

The almost sure pointwise convergence of the Skorokhod representation in (3.25)) implies
the weak convergence u = u for all t > 0.

The continuous mapping theorem together with Lemma [3.3] then ensures for all ¢ > 0

the weak convergence of the system rewards
r(ul A7) = r(uy, 77), as N — oo. (3.34)

Now, we obtain for the sequence of value functions

N—o0

tim VY () = tim E[ [ e 7]
N—o0 0
= > _Bt N x
]\}gnoo E[T(Mt » Tt )]dt
—/ —pt hm ]E[ (uiv,fr;)}dt
/ (g, 77 )dt

= VF(MO)'
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Recall that the rewards are bounded, see (3.3). For the second equality, we interchange
expectation and integration by applying Fubini’s theorem. The interchange of the limit in
the third equality is due to dominated convergence. The fourth equality results from the
weak convergence r(uY, 7F) = r(uf,#}) together with Lemma Note that since the
limit state process is almost surely deterministic, so is 7(u;, 7;). The last equality is true

due to the fact that 7* is an optimal control for problem (F') with state trajectory p*. O

In the proof of Theorem [3.17] we use the fact that the limit state trajectory is unique. If

we drop the assumption of a unique solution in Theorem [3.17] we only obtain

limsup Vi¥ (1) < V(1)
N—ro0
see Theorem [3.16] For an illustration of a system with multiple solutions of the state

equation, see Example [3.15

A direct implementation of the policy 7* in the problem eventually requires continuous
updating of the policy, which may be unfavorable in practice. This can be avoided by
using a modified policy instead. We assume here that ¢ — 7} is piecewise continuous and
left-continuous. The restriction to left-continuous controls is merely for convenience and
has no practical significance, since from any piecewise continuous optimal policy one can
construct an optimal version with left-continuous paths. This holds since action processes

which differ only on a countable set of time points yield the same objective value.

Now, let (fn)neN be the discontinuity points in time of 7* and define the set
{TN neNyU{t,,ne N} = {T)N <TV <..}

where TV describes the time of the n-th jump of the N-agent state process. Then (Tév ) is
the ordered sequence of the time points in this set. Further, we set 7, (fv := 0. We impose

the following assumption on the sequence {73V < TN < T3V < ...}:

(A) For an increasing number of agents, the N-agent system satisfies for arbitrary ¥ > 0

- =N N
Ay:= sup (TN -TN))"=5°0, as.
neN: TN <Y

In other words, assumption (A) ensures that the sojourn times of the N-agent system
uniformly converge to zero on compact intervals, as the number of agents tends to infinity.
This is an intuitive property in many applications, since the intensities of the N-agent
system, and hence the number of jumps, grow linearly with the number of agents; see .
Nevertheless, assumption (A) is not necessarily satisfied; take for example the degenerate

case in which all intensities are zero.
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We now turn to the construction of the modified policy. Define
i ~ ~
@N(t> = Z TT]LV . ]I(T%Téﬁl](t) + TON . ﬂ{o}(t).
n=0

Based on the set of jump times {Tév < TN < T < ...}, we define the action process

~ N % = Ak Ak Ak
= Y A Ly oy g () + A Loy (1) = 7o (3.35)
n=0

The idea of the action process (ﬁiv’*)tzo is to update it to match 7* only when an agent
changes its state or when 7* exhibits a jump and to keep it constant otherwise. It can be

shown that this sequence of policies is also asymptotically optimal under mild assumptions.

Theorem 3.18. Suppose assumption (A) holds, let #* be a piecewise continuous, left-
continuous optimal control for (F'), where the corresponding differential equation in (F')
has a unique solution (uf). Further, let (ud)) C Pn(S) be such that ul = uo € P(S). For
each N, apply the policy (ﬁtN’*)tZO from in the N-agent problem (3.10). Then

lim VX (") = VT (o).
N—oo

Proof. First of all, note that the action process #V*

is stochastic and depends on the tra-
jectory of the N-agent state process. The main idea of the proof is to show the convergence
of the action process #V* — #* with respect to the Young topology, componentwise for

almost all w € Q. Having ensured that, the statement follows since

. . R N,x ~N,* < * A%
A}Hn VAL (ud) = lim E{/ e Plr(p ", 7] )dt} :E[/ e mr(ut,ﬂt)dt} =V (o).
300 N—oo 0 0
(3.36)

Here (uiv ™) denotes the corresponding state process to strategy (#7V*). Since the state
equation for 7* admits a unique solution (uf), Theorem implies the weak convergence
pN* = p*. The arguments used to establish are the same as those in the proof of
Theorem in particular, see the chain of equalities preceding inequality . Note
that inequality becomes an equality here since 7#* is optimal for (F').

It remains to justify the convergence #V-*?

— 7% with respect to the Young topology for
every ¢ € S, componentwise for almost all w € Q. Let 9 : [0,00) x A — R be an arbitrary

function that is measurable in ¢, continuous in a and satisfies

/ max |¢(, a)|dt < oo. (3.37)
0 a€cA
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Then #V*i(w) — #*% for an w € () is equivalent to the convergence

/w(t,a AN (da) dt—/ /q,z) (t,a) da)dt‘
A

T [t (75l - ) o) dt) = | [T w0 @t o,

=:fn(t)

Now, fix an w € € for which assumption (A) holds and let £ > 0 be arbitrary. Then (3.37)
implies that there exists 1 > 0 such that, independently of NV, we have

co\m

/ﬁ | (¢ |dt</ max (¢, )| | 75 —ﬁ:’||Tth</ max [15(t, @) dt <

It remains to show that fég |fn(t)]dt < % for N sufficiently large. Since the N-agent state
process is cadlag and the action process 7* is piecewise continuous in time, the number of
elements in the intersection [0,9] N {T{¥ < T§ < ...} is necessarily finite and we denote
the elements by t1,...,t;,. We assume w.l.o.g. that t;, <. Now implies that we
find a small 6; > 0, such that for the open intervals U; := (t;,t; +d1), j =1,.... kN, we

obtain

13
/UkN . |fn(t)]dt < /U§N1 . max |y (¢, )|d < <.

j=1"7
Now, define the compact sets K := [0,t1], K; := [tj—1 + 61,t;] for j = 2,... kn and
K41 := [tky + 01,9]. Then we have the identity

kn+1

Oﬂ\UU_UK

Each set K, j = 1,...,kn +1, is compact and does not contain any jumps of the N-agent
state process or the action process. In particular, the mapping ¢ — 7} is continuous on the
compact set K and therefore uniformly continuous on K by the Heine—Cantor theorem.
Thus, there exists d2 > 0 such that for every ¢t € K with |©Ox(t) — t| < d2 we have

H/\*Z

X €

’ < — 3.38
— T HTV — 30197 ( )
where Cy := foﬁ maxgea [Y(t,a)|dt. If Cy = 0, then ¢ = 0 a.e. on [0,9], hence fy(t) =0
on [0,9] and f(;9 |fn(t)] dt = 0. Hence, the claim is trivial. Suppose Cy > 0. Note that by

construction, for every ¢t € K, the preceding jump time Oy (t) is also contained in K.

Assumption (A) now ensures that Ay := sup, .. 7~ gﬂ(Trsz — TN |) converges uniformly
to zero for almost all w € Q. Therefore, we find Ny € N such that |Oxn(t) —t| < Ay < 52
for all ¢t € K and consequently (3.38]) holds for all N > Ny. Thus, for N > Ny we obtain

3

/\fN !dt</ max [¢(t, a)| - |75 ) = 77" [lrv dt < Cy - 3C§ E)
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Putting things together, we finally obtain for N > Ny

€

- * 9 9
/0 |fn(t)|dt =[9 |[fn(t)|dt + /[0779]\1{ | fv(t)]dt + /K Fn@lde< 5 +5+5=¢

which implies the desired convergence #%V*%(w) — #*! with respect to the Young topology.
Thus, the statement follows. O

Remark 3.19. a) General statements about the existence of optimal controls in (F)
can only be made under additional assumptions. A classical result is the Theorem of
Filippov-Cesari (see Seierstad, (1987) Theorem 8 in Chapter I1.8 for the finite time
horizon problem and Theorem 15 in Chapter II1.7 for the infinite horizon problem).
We provide the finite-horizon version in detail in Chapter [4] Theorem [£.2]

b) Let #4(-) = #(:|ut) be an optimal feedback policy for problem (F'). If p+— @ (-|u) is
continuous and the corresponding state equation admits a unique solution p*, then
this feedback rule is also asymptotically optimal for the problem . However, if
the mapping is not continuous, the convergence may not hold. A particular class of
feedback controls that are, in general, discontinuous in u, is the class of threshold
policies, where the chosen action can change abruptly once a certain threshold in
w is crossed. The statement of convergence in the continuous case is presented in
the following Corollary while an example where convergence does not hold is

provided in Section [4.5)

Corollary 3.20 (Asymptotic optimality of continuous feedback policies).

In the situation of Theorem suppose that for the problem (F') we obtain an optimal
feedback policy 7ty () = 7 (+|pe). If u— 7 (-|p) s continuous w.r.t. weak convergence and
the corresponding state equation admits a unique solution, then this feedback rule is also
asymptotically optimal for the N-agent problem .

Proof. Let (V) nen denote the sequence of state processes that result from applying the
feedback rule. Define #V := (#(+|ud))¢>0. Theorem then ensures the existence of a

weakly converging subsequence
)= (u",7"), as k — oc.
As in the proof of Theorem [3.17} the almost sure pointwise convergence of the Skorokhod

representation in implies the weak convergence uiv = puf for all t > 0.

The continuity of p+— 7(-|u) together with the continuous mapping theorem implies
#(-|pue) = #(-|pr) for every t € [0,00) as k — oo. The uniqueness of the weak limit yields

% = (7(:|17))eo0-
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Now, since the state equation for the feedback rule 7 (-|) admits a unique solution, Theorem

states that the sequence of state processes itself is weakly convergent, i.e
pN = ¥ as N — oo,

and, in particular, #(-|u) = #(-|u}) for every t € [0, 00).
Next, we obtain for the difference of rewards
N N * A * N - N * A N
(7 ) = e 7 Cla))| < (el 7 CLe)) = g, 7 Cle)|
=R

t [rCup, 7GR = G 7 CED) . (3.39)

=:Ro

Using implicitly a Skorokhod representation argument as in the proof of Theorem [3.16

bounding the first term yields
Ry <3 [ (¥ )G, = i (i, )7 (dal )
i€S

< > sup i ()i, a, i) — i ()G a, )|
€S acA

which tends to zero for N — oo due to (R1), (R2) and Lemma which implies Ry = 0.

For the second term Rs, we obtain

Ry =

Z(/Au?(i)r(i,mu?)ﬁ"(da!uiv)—/Auf(i)r(iya,u?)ﬁ"(da\u?»‘-

€S

Assumption (R2) together with #(-|u) = #(:|u}) yields Ry = 0 as N — oo. Part c) of
Proposition ensures that R; and Ry converge in probability to zero.

In total, we obtain the convergence in probability of the right-hand side in[3:39 and conclude
N - N * A *
(e () = (g, 7(lpr)), as N — oo, (3.40)
From there, the convergence of the sequence of value functions
lim V2 (g ) = V7 (1)
N—oo

follows from the analogous chain of equations subsequent to (3.34)) in the proof of Theorem
3.17 O

To conclude the section, we establish a short result that will be helpful in applying
Pontryagin’s maximum principle in certain applications. In the case where the transition

intensity is affine in the action and the reward is concave in the action, relaxation of
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control is unnecessary to attain the optimal value of the deterministic limit problem (F').
We show the statement in the case of a one-dimensional control variable. The statement
remains valid for higher-dimensional control variables. However, for the sake of clarity in

the notation, we restrict ourselves to the one-dimensional case.

Lemma 3.21. Assume that the action space A is given by an interval A = [amin, Gmax] C R.
In addition, assume that for each i,5 € S and p € P(S)

o a— q({j}|i,a,p) is affine, and
o aw—>r(i,a,pn) is concave.

Let #* be an optimal (relaxed) control for (F'), where the corresponding state equation with
initial distribution po € P(S) admits a unique solution p*. Then there exists an unrelazed

control (at)¢>0 taking values in A8l that is also optimal.

Proof. The idea is to define a! as the expectation of #; ’i, that is, we have for every i € S
al ::/ a 77" (da).
A

The convexity of the action space A = [Amin, Gmax| Implies (at)i>0 C A8l Since the
transition intensity is affine and the reward is concave in the action, due to Jensen’s
inequality, see Theorem a) and c¢), we obtain for every i,j € S and every p € P(S)

riaim) = [ G 0r(da), a((} isaho) = [ ai} |40 )} (da),

Consequently, (a¢)s>0 induces the same (unique) state process as (7} ):>0, since the state
equations of both controls coincide. In addition, regarding the rewards, we have along the

corresponding optimal state trajectory

Vo) = [ et e = [T eSS [ e ad da

i€S
oo .
< [ eSS vl al i e
0 i€S
(o]
= [ e anya

< V(o).

We conclude that (7}):>0 and (at):>0 are equivalent in the sense that both generate the

same value, which implies the statement. ]

The proof for an m-dimensional control variable where the action space is given by a
hyperrectangle in R™ is essentially the same; the unrelaxed action process (a1 (t),. .., am(t))
is obtained by taking the expectation for each component j = 1,...,m of the relaxed

action process.
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3.4.1. RATE OF CONVERGENCE IN THE FINITE HORIZON PROBLEM

In the previous section, we analyzed the asymptotic behavior of the value functions of the
N-agent model in comparison with the optimal value V¥ of the limit model (F) in the
case of an infinite time horizon. We now turn to problems with a finite time horizon. In
this setting, it is possible not only to study convergence but also to derive results on the
rate of convergence. Instead of , we consider the following N-agent problem:

For a control 7, a discount rate 5 > 0 and an initial configuration py € Py (S), define the

finite-horizon value function

R T
Vi (o) = EZO[/O e () 7o)t + g(u)],

VT (ug) = sup VﬁN’T(uo). (3.41)

with terminal time 7" > 0 and terminal reward ¢ : P(S) — R for the final state.

The corresponding finite-horizon limit problem based on (F') is given by

T
(Pr) sup [ e Pr(yu, mi)de + g(ur) (3.42)

s.t. uo € P(9), 7l € P(A),
1e(3) = po(J) +/OtZMs(i)/ q({4}1i, a, ps)7i(da)ds, te0,T], j€S.

i€S A
We denote the optimal value by V7,

Remark 3.22 (Restriction of Theorem to a finite time horizon).

The results of Theorem directly transfer from the infinite-horizon setting to any
finite time interval [0, 7). To illustrate this, suppose (u)yen C Dp(g)[0,00) is a weakly
converging sequence of state processes with p = p*. Denote the restriction of the
processes to [0, 7] by jo,)- Since the limit process p* has almost surely continuous paths,
we directly obtain the weak convergence '“|%,T} = M\*[O,T]' This is true since convergence in
Dp(5)[0, 00) is equivalent to convergence in Dp(g[0, 7] for each continuity point 7" of the
limit process, see Theorem 16.2 in Billingsley| (1999)).

A similar restriction argument applies to the convergence of action processes with respect
to the Young topology, e.g., by testing against continuous extensions of admissible test
functions ¢ : [0,7] x A — R.

We now aim to transfer Theorem to the finite-horizon setting. Under stricter
assumptions, it is possible to prove that the rate of convergence of the value functions in the
finite-horizon problem is 1/v/N. In order to obtain this rate, we impose Lipschitz
conditions on the reward function and the intensity functions. Thus, assume that (Q4’) is
satisfied (see Section . Additionally, we impose one of the following two Lipschitz

conditions on the reward function:
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(R1’) For all (i,a) € S x A there exists a uniform constant L; > 0 s.t.

’N(i)r(i7a7ﬂ) - I/(i)T’(i, a, V)’ < Ll”ﬂ’ - V||TV7
l9(1) = 9(v)| < Lillu = vlirv

for all u,v € P(S).

(R17) For all (i,a) € S x A there exist uniform constants L1 > 0 and 7,4, > 0 s.t.

r(i,a,p) —r(i,a,v)| < Lflp = vllzv,
l9(n) = 9W)| < Lallp = vllzv

sup (4, a, )| < Timaa
(i,a)eSx A, peP(s)

for all p,v € P(5).

We start with the observation that the Lipschitz continuity of the single-agent reward

function extends directly to the system’s reward function.

Lemma 3.23. Let o € P(A)I! be an action of the system of agents, and p,v € P(S) two
empirical distributions of the agents on S. Then, under either (R1°) or (R1”), there exists
a constant L3 > 0 such that the reward rate of the system is bounded by

|T(:U’7 Oé) - T(V, O[)’ < L3||:U’ - V”TV-

Proof. We start by proving the claim under (R1’):

|7 (1, V(X’—‘Z/ r(i,a, p)o' (da) Z/ (i,a,v) '(da)‘
<Z/ (i) (i, a, 1) — v(i)r(i, a, v)|ad (da)

€S

<Y [ Lullu=vlirva'(da)

€S

=[5 Ly [[p—vlrv
——
—=:L3

Note that the second inequality follows from assumption (R1’).

Under assumption (R1”), we obtain

Ir(p, cx —7"1/0[|—‘Z/u (i, a, p)o (da) Z/ r(i,a,v)a A(da)‘

€S i€S
<Z/],u r(i,a, p) — v(i)r(i,a,v)|a’(da)
1€S

= 3 [ G0 0= it )+ (i) 0, ) =0 0,0 ()

€S
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= ZZE;/A |7 (i, a, p) (i) — v(3)) + v (@) (r(i, a, 1) — r(i, a V))|ai(da)
= ;/A |r (i, a, p)||p(3) — v(@)| +v(@)|r(i, a, u) — r(i, a,v)|a" (da)
(%) Z /A Tma:c’,uf(i) - V(Z)’ + ‘T(i, a,,u) - T(i,CL, V)’Cki(da)

i€S
@ l.
<Y [ 2rmaclln = vliav + Lillu = vlizy ai(da)
ies’A
= |51(2rmax + L1) Ilu— vliry.
=:L3

Inequality (1) follows from the boundedness of r. We obtain (2) by applying (R1”) and the
representation ||u — pf |7y = 1 i [ (i) — pi (i), see Lemma O

Having established the Lipschitz continuity of the rewards of the system, we now derive

the rate of convergence for the value functions.

Theorem 3.24 (Rate of convergence of the value functions).
In the finite-horizon setting, under assumptions (Q1)—(Q5), with (Q4) replaced by (Q4’) and
(R1) replaced by either (R1°) or (R17) (along with (R2)), suppose that E {H,u,év — MOHT\/} <

% for a constant Lo > 0. Furthermore, let #* be an optimal control of (Fr). Then

VAT () = VI (o) | <

g

for a constant L > 0 that is independent of N but depends on T.

Proof. Let (u)ejo,r) be the unique solution of the finite-horizon state equation

t A
pe(3) = po(j) +/0 Zus(i)/AQ({j}li7a7us)ﬁl‘”(da)d87 viel0,T], jes.
€S
Note that such a unique solution exists; see Theorem Additionally, let (ul¥ )telo,) be

the corresponding state process in the N-agent model when each agent is executing policy
7*; see (13.33). The object of interest is the difference

T T
N, T T* — ~ % — * Ak *
VAT () = VIT (o) = ]Eug[/oe mr(uivmt)dﬂg(um—/oe Py, 77t — g(p7)|

T T— Ak ko Ak *
<Ef [[ e M re A7) = rlu ADIdE+ lg(d) = 907

0

(3.43)

We show that the difference in rewards is bounded. Assumptions (R1’) or (R1”) imply

immediately

N * N *
lg(pr ) — 9(pr)| < Lallpp — prllTv.
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Furthermore, Lemma implies the Lipschitz continuity of p +— r(p, 7*) with a constant
L3y > 0:

N ~x * Ak N *
(g 1) — (e, 70| < Lallpy — pillry

Inserting the bounds for the reward in results in the inequality

T
N,T T* — * *
VAT () = VI (o) | < EZéV[/o Ll — i lavdt + Ll — willev]. (3.44)

Next, we aim to derive a bound for EZJ*V (|4 =i | 7v]- Recall from (3.15) the representation
0

W@ = )+ [ 6 [ ez s + M),

€S

for all t € [0,T] and j € S. Together with the state equation, we obtain for every j € S

)~ ) = [ G+ [ ¥ [ atlii o ritdayds + Y G)

€S
- . i,a, pt) 7% (da)ds
pol; /z;u (i) | a0, )75 (da)ds
D [ S0 [ attiapa dads + MY G)
i€S
/z;u i) [ a {J}|Zaﬂs)§ldad5+/;g#s ) [ a7 (dayds
- : iya, i) (da)ds
pol /zgu i) [ (i}l a. )73 (da)ds|
< WG = mo+ [ @) [ laHisa, i) - alHisa, )72 da)ds
i€S
+ [ X2 () = 30 a3 dalds + MY )
W) = o+ [ Lallad — llrvids + amas [ 3 100) ~ 2 @lds + M)
€8

(2) , . ! * ;
< 1 ) = 10+ (Lo + 20mas) [ a2 = pillavds + MY ).

To obtain (1) apply (Q3) and (Q4’). The last inequality (2) follows from the representation
of the total variation distance in Lemma Using Jensen’s inequality (see Theorem ,

we obtain ; )
P N/ ensen P N2 Qmazx
B I G ST B 0 () < VI
where the second inequality is already shown in the proof of Lemma see (3.18). Note

that the root function is strictly concave on [0, c0).
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Now define the constants

1
Ly := 5 ) |S| : (L2 + QQmaI)v Ls:=5- ’S’ ’ \/%'

N

Then, for every t € [0,T], we can establish the desired bound

B [l = illrv] =Epx [2 > |1 (G) = i (5)]

t

< 3 ST 6~ po) + (a + 2amae) [ I~ pilavids + 10 )

JES 0

Ak t Ak
SE”N[H%V—NOIITV] +L4/ Lo [Huﬁv—ﬂﬁHTv}dSﬂLi\/

=

<0+ i ny [ BRI - pilevlds
~VN VN * B

Gronwall’s inequality, see Lemma implies that for all ¢ € [0, T
- . 1
By [l = pillrv] < (ot Lsv)elat,

Finally, in (3.44]) we obtain

T
N, T * —
VAT () = VT )| SBR[ [ e Lol = il + Ll = il
~ Ly / BRI - e ] dt + Ly Exy [ — il ]

T
< Lg/ e Pt L(Lo + L5\/£) elat gt + Ly (Lo + L5ﬁ) elaT
0 VN

1
VN
T
<L3 / (Lo + Lsv/t) e B=E0t gt + Ly (Lo + LsVT) eL4T>

*T
_— E
T

which in turn implies the statement. O

The statement about the convergence rate can be extended to the infinite horizon problem

when the discount rate is large enough.

Corollary 3.25 (Rate of convergence for infinite time horizon).

In the infinite-horizon setting, under assumptions (Q1)-(Q5), with (Q4) replaced by (Q4’)
and (R1) replaced by either (R1°) or (R1”) (along with (R2)), suppose that

E [H,u(j)v — MOHTV} < % for a constant Ly > 0. Furthermore, let 7 be an optimal control

of (F).
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If the discount rate satisfies 5 > Ly, then

‘ (MO)’ 7~
\/>
for a constant L > 0 that is independent of N.

Proof. First of all, note that the terminal reward is absent in the infinite-horizon setting.
Using the identical arguments as in the proof of Theorem [3.24] we obtain for the difference

of value functions

V)~ Vo) = [ER [/Oooe—ﬂtr(ugv,ﬁ:)dt}_/Oooe—ﬂtr(u;,ﬁ;)dt\
e 7 =, 7))
V[ [ el — vt
<Ls /000 e Pt \/1N(LO + LsV/t) e tat
U
=Ly 1 L( Lo Lsy /T )

B — Ly * 2(8 — Lq)3/?

O]

Remark 3.26. Note that the assumption E {H,uév - MOHTV} < % in Theorem |3.24] is

satisfied if the initial states of the N agents are sampled i.i.d. from a distribution ug € P(5).

Proof. We denote the initial state of the agent k € {1,..., N} by X} ~ po. Since agents
receive their initial state independently according to pg, the number of agents with initial

state i € S is binomially distributed: For an arbitrary state i € S we have
kZ Lgxr—sy ~ Bin(N, po(i))
=1

To simplify the notation, we define p := po(i). Furthermore, we identify uév with the

relative distribution of the IV agents over the states, that is

Ny 1 ZN .
(Z) = N 5{X(’)€:1}7 1€ 8.
k=1

We obtain

N
Var (,u (7 ) Var (]if Za{Xk=1}> p(l—p)_



64 CHAPTER 3. CONTINUOUS-TIME MEAN-FIELD MARKOV DECISION MODELS

Using Chebyshev’s inequality, see Theorem [A7], we get for every i € S
EW&@%wm@ﬂzEU%ﬂw—A]
—/ ‘% Azﬂm
/p(l p) 00
—/ ‘Mo p‘ > v)dwr \/WP(MV@) —p‘ > ’Y)d7

< “KZGP)+/C;}m2*;;fhh
_ 5 /0 =p)
=2/~

This concludes the proof since

E[HN{)V_NOHTV}: [ > 1 (1) = po(d)]

€S

1
E || < — i) (1 — po(i
= Y E W) MVW§WM1M»

ZES

—=:Lg

3.4.2. RESOURCE CONSTRAINTS FOR THE ACTION PROCESS

Recall that the set of action processes is given by RIS, where
R :={p:]0,00) = P(A) | p measurable}.

The only relevant property used for the relative compactness of a sequence of action
processes in RIS and for the results derived therefrom is the compactness of the set RI5!.
Consequently, all results remain valid even if we restrict the action processes to compact
subsets of RISI.

An important special case is given by so-called resource constraints. In this setting, the
central controller does not have unrestricted access to every action in every state. More
precisely, there exists an action @ € A, a subset of states S c S, and a constant ¢ < |5’ |

such that for almost all ¢ > 0, the action process # € RIS! has to satisfy

Z ({a}) <ec<|8S).
icS
Note that modifying the action process at time points of Lebesgue measure zero does not

affect its value. We therefore only require the resource constraint to be satisfied for almost
allt > 0.
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In the case of a finite action space A, the following theorem ensures that the above
restriction induces a compact subset of RIS, An example of a model with a resource

constraint in the action is provided in Section [4.5]

Theorem 3.27 (Resource constraints for finite action space).
Leta € A, § C S, and ¢ < |S|. Suppose that the set of actions A is finite. Then the

restricted set of action processes

Rrc := {p e RIS
i€S

Zpé({d}) < c for almost all t > 0} c RIS

is compact.

Proof. Since closed subsets of compact sets are compact as well, see Theorem (11.3) in
Davig| (1993)), it is sufficient to show that Rpc is closed. Thus, let (p")nen € Rro be
a sequence of restricted action processes that converges to p € RIS with respect to the

Young topology, that is,

//wtapt dadt—>/ /1/Jtaptda)d (3.45)

for every i € S and for all ¥ : [0,00) X A — R such that ¢ is measurable in ¢ and
Jo© maxgea [1(t, a)|dt < oco. Due to the finiteness of A, the continuity of ¢ in a is trivial.

We must show that p € Rre. In order to prove this, suppose that p ¢ Rrc. Then there
exists € > 0 such that the set

T := {tZO’ Zpé({&})Zc—l—s}

ies

has positive Lebesgue measure A(7) > 0. Thus, there exists m > 0 such that A(7 N[0, m]) >
0. Now define 7y, := T N[0, m] and the test function

Y(t,a) =17, (t) - Lia—ay(a).

The function is measurable in ¢ and it holds that
/ max [ob(t, a)|dt = / G(t,@)dt = N(Tr) < 00
0 acA 0

Inserting 1) in the notion of convergence (3.45) and adding up over the states in S, we

lim %:S /0 - /A D(t, a)pi™ (da)dt — GZS /0 - /A W(t, a)pi(da)dt. (3.46)

obtain
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The left-hand side can be bounded by

nh_}n(;oZ/ /wtapt dadt—nh_{loloZ/m

<c a.e.

where we use that p™ € Rrc for every n € N. Conversely, for the right-hand side in ([3.46))

we obtain

Z/OOO/Aw(t,a)pi(da)dt = Z/T pi({a})dt = / Zpt Vdt > (c+e)-MNTm). (3.48)
= €8s

Now inequalities (3.47)) and ((3.48) create a contradiction to the identity (3.46]) and therefore
to p ¢ Rrc. This implies that the set Rpc is closed and thus, the statement follows. [




CHAPTER 4

APPLICATIONS

In this chapter, we apply the previously derived theory to several applications. Theorem
[3.17] establishes a method for solving mean-field MDPs with a large number of interacting
agents, at least asymptotically: By letting the number of agents tend to infinity, we obtain
the deterministic limit problem (F') resp. (Fr) for a finite time horizon. If we find an
optimal control for the limit problem, it is asymptotically optimal for the corresponding
N-agent model. For a finite time horizon, Theorem even provides a statement on
the rate of convergence, allowing us to quantify the approximation between the value
functions VN1 and VT, The benefit of the theory thus depends in particular on the
solvability of the mentioned deterministic optimization problems. Since the subsequent
applications primarily concern the finite-horizon case, recall the corresponding deterministic

limit problem (Fr):

T
(Fr) SL}p/O e (g, ) dt + g(ur)

s.t. uo € P(S), 7l € P(A),
t ,
pi) = o) + [ 3 meli) [ al{Hi o p)ifdayds, ¢ 0.7), j e s
€S
As will be shown in Section [£.1] if either the action space is finite, or relaxation of the control

is unnecessary, which is the case in most applications, the problem can be reformulated as

a standard problem in deterministic optimal control theory.
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T
(00) sup / e_ﬁtf(xt,ut)dtJrg(a:T),

u=(ut) /0
sitoug = (uf,u?, ... uf") € R™, (4.1)
= (zf, 22, 2") €eR™, 29 €R",

2 = flz,ug),  te[0,T).

Such optimal control problems originate from the calculus of variations, whose foundations
were established in the 18th century by Euler and Lagrange. Modern optimal control theory,
which specifically addresses optimization problems like (OC), was substantially developed
during the 1950s. In the process, two different philosophies for solving deterministic control

problems emerged.

The first is the previously mentioned dynamic programming, developed by Richard Bellman.
In this method, given ¢t € [0,7] and z(t) = &, the so-called Bellman function is defined by

T

B(&,t) = max/ e P (xg, ug)ds + Glar).
(ut) Jt

The core of dynamic programming is the following result: Under certain conditions, a

state-control pair (x¢, Ut)te[o,T] is optimal if and only if the Bellman function B(§,t) satisfies

the Hamilton-Jacobi-Bellman (HJB) equation:

= Bi(&,t) = max { (g u) + Bul&, ) (€, u)}

for all (£,t) € R™ x [0, 7] for which (u*) is continuous. For reference, see, e.g., Section 3.4
of |Grass et al. (2008). Thus, determining the optimal control requires solving a partial
differential equation on the entire state-time domain. |Cecchinl (2021), who considers
a continuous-time mean-field MDP similar to ours, chooses the dynamic programming
approach to solve his deterministic limit model. Under certain Lipschitz assumptions on
the model parameters, he shows that the corresponding value function is characterized as

the unique viscosity solution of the HJB.

To solve our limit problem (Fr), we rely on the second main approach to deterministic
control problems, which is known in the literature as Pontryagin’s mazimum principle and
originates from the work of [Pontryagin et al.| (1962). In contrast to dynamic programming,
only ordinary differential equations need to be considered. Further, unlike the HJB, which
must be satisfied for every point £ in the state space, Pontryagin’s maximum principle
provides conditions that only need to be satisfied along a single, optimal trajectory, making
it potentially more computationally efficient. A downside of the maximum principle is that
it offers only necessary conditions for optimality, which, however, will prove to be adequate
for our applications. Furthermore, in contrast to the approach of |Cecchin| (2021)), our
deterministic limit problem does not require Lipschitz conditions on the model parameters,

but merely continuity.
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The chapter is organized as follows: In Section [{.I], we present the central elements of
optimal control theory and adapt Pontryagin’s maximum principle to our framework.
The first application, discussed in Section [£.2] is a mean-field MDP that models the optimal
spread of a computer virus in a mobile wireless network. The objective of the central
controller, who assumes the role of the attacker, is to optimally adjust the lethality of
the virus. In order to solve the problem, we explicitly derive the structure of the optimal
control.

The second application, presented in Section addresses the optimal control of a
black bear population. We demonstrate how to model scenarios where the number of
agents (bears) N is not constant but instead follows a birth-and-death process. Based on
Pontryagin’s maximum principle, we describe an approach for numerically solving the limit
problem.

In Section [£.4] we examine a production site consisting of a large number of statistically
equal machines. In this application, we consider an infinite time horizon. The limit problem
is solved using a concept related to Pontryagin’s maximum principle, known in the literature
as the most rapid approach path (MRAP). The key to the optimal control is to identify an
optimal stationary state and to reach that state as fast as possible.

Finally, in Section we consider a queueing network that includes a resource constraint,
as discussed in Section [3.4.2] The purpose of the application is to illustrate that optimal
feedback controls of the deterministic limit model with a fixed initial distribution pg are

not necessarily optimal when implemented in the N-agent problem.

4.1. PONTRYAGIN’S MAXIMUM PRINCIPLE

Recall that a control (7);>0 of the deterministic limit model (F) specifies a probability
distribution on the action space for each state i € S and each point in time ¢, that is,
#l € P(A). In order to apply Pontryagin’s maximum principle, we have to ensure that
the control region of (F') is a subset of R™ as required in the standard control problem
(0OC), see . Therefore, throughout this chapter, we assume that one of the following
assumptions is satisfied.

Assumptions:
i) The action space A is finite OR

ii) The action space is given by a hyperrectangle in R, that is, A = [amin, Gmax], Where
Omin, @max € R™. In addition, assume that the one-agent transition intensity ¢ is

affine in the action and that the one-agent reward r is concave in the action.

Note that assumption ii) implies that relaxation of the control is unnecessary; see Lemma

m In this case, the control region of the deterministic limit problem is Al. Otherwise,

El

if relaxation is necessary, the control region is P(A)®!. In the case of a finite action space,

P(A) corresponds to the standard probability simplex in RI4I. If there is no need to specify
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an action in a state ¢ € S because neither the reward (i, -, u) nor the transition intensity
q({j} | %,-, ) depend on the action, in this specific state we refrain from specifying a
distribution #* € P(A) resp. an action a' € A and do not take the state i € S into
account when determining a control. In the upcoming applications, this means that not
all dimensions of P(A)!S! resp. AlS are needed to control the system. In the following, we

denote the control region of the system resulting from the considerations above by Ape;.

Furthermore, in contrast to problem (3.42), we set the discount rate § to zero in the
following, as it does not play a role in the finite-horizon applications to come. The

(finite-horizon) deterministic limit problem (Fr) is then given by

T
(Fr) s /0 r(us, ag)dt + g(ur) = VET

a=(at
s.t. o € P(S), ay € ADet,
t ,
1 (3) = po(J) +/D Zﬂs(i)/AQ({j}li,a, ps)ay(da)ds, Vte[0,T], jes. (4.2)
1€S

In the remainder of the section, we provide the basic definitions and results that are
necessary to apply Pontryagin’s maximum principle to problem (Fr). For this, we primarily
rely on the approach presented in Chapters 3.2 and 3.3 in |Grass et al| (2008)). In what

follows, the partial derivative of an arbitrary function f with respect to a (state) variable

x is denoted by f,, while its derivative with respect to time is denoted by f’.
Definition 4.1 (Optimal State-Control Trajectory).

a) The state-control trajectory (i, at)iejo,r) C P(S) X Apet is called admissible for (Fr)
if (a;) is piecewise continuous, for which the left- and right-hand limits exist and (1)
is continuous and piecewise continuously differentiable, which satisfies (4.2]) for all

points in time where (a;) is continuous.

b) Let (u,a;)ico,r) be an admissible state-control trajectory for (Fr). If

vET >yt for all admissible controls (at),

then (i, ay) is called an optimal solution for (Fr).

We now turn to the question of when we can guarantee the existence of an optimal
solution, based on the parameters of the model. For notational convenience, as in Section
m we write (f1,..., fig) for the right-hand side of the state equation. For the following

existence theorem, define the set

N (s Apet) = { (11, @) + 7, fi(i, ), ., fis (1,)) | 7 < 0,0 € Aper ).
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Theorem 4.2 (Existence of an optimal solution, Filippov-Cesari).
Consider the optimal control problem (Fr). Suppose that an admissible pair (ug, ar) exists
and assume that the set N(u, Apet) is convex for every p € P(S). Then there exists an

optimal pair (uy,ay).

Proof. The Filippov-Cesari existence theorem states four assumptions that together guar-

antee the existence of an optimal pair (},a;):

i) There exists an admissible pair (u, a;),
ii) N(p, Apet) is convex for every u € P(S),
iii) Apet is closed and bounded,

iv) There exists a number b such that ||u||7v < b for all ¢ € [0,T] and all admissible
pairs (g, at).
Since A is assumed to be a compact Borel space, Lemma implies assumption iii).
Furthermore, y; is a distribution on S for every point in time; therefore, we have |||y < 1
for every t € [0,T]. Thus, to show existence, it remains to check assumptions i) and ii),

which together imply the statement. The cited version of Filippov-Cesari is Theorem I1.8
in Seierstad| (1987)), see also Theorem 5.1.ii in (Cesari (1983). O

The following theorem marks the central result in this section and provides necessary

conditions for an optimal control.

Theorem 4.3 (Pontryagin’s Maximum Principle).
Let (7, ai)ieo,r) be an optimal solution to (Fr). Then there exists a continuous and piece-
wise continuously differentiable function py = (p1(t),...,pjs(t)) with p; € RIS satisfying
for allt € 10,T]

H(uit,af,p0) = max H(f,a,p1) (43)

aGADet

and at every point t where (af) is continuous

p; = —Hp(ﬂfa a:,pt)-

Furthermore, the transversality condition

pr = gu(py)

holds, where

H (e, at,pe) = (e, ag) + ij(t)(z,ut(i)/ Q({j}‘@%ﬂzﬁ)ai(da))

jes €S A
5]

= (e, ar) + ij(t)fj(ut, az)
=1

is called the Hamiltonian of (Fr), while p is called the adjoint function.
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For a proof of Pontryagin’s maximum principle in a general framework, see Section 2.4
in Seierstad| (1987) or Section 3.4.2 in (Grass et al.| (2008)).

Remark 4.4. The state equation is autonomous in the sense that the right-hand side does
not explicitly depend on t. Since the reward function r(u, a) does not explicitly depend on ¢
either, we call the whole optimization problem (F7) autonomous. For such an autonomous
control problem with an admissible state-control trajectory (i, ar)icpo,r) satisfying the
necessary conditions of Pontryagin’s maximum principle, it holds that the Hamiltonian is

constant when evaluated on (i, at)efo,7), that is
H (g, at,pr) = C, vitelo,T],

for a constant C' € R, where p is the corresponding adjoint function. For reference, see
Section 5.3, Equation (5.3-40) in Kirk (1970]).

Remark 4.5. A control (a¢).ejo,r) is referred to as bang-bang if for every t € [0,7], the
control takes values only on the boundary of the control region. If, for example, the
control region is given by Apet = [@min, Gmaz), We have a; € {amin, @maz . Controls of a
bang-bang type frequently occur if the Hamiltonian depends linearly on the control variable.
For a reference, see, e.g., Chapter 17 in |Lenhart and Workman! (2007). In this linear
one-dimensional case, the maximization condition (4.3)) reveals the following representation

of the optimal control:

Amin, if Ha(u;tk’CL’p(t)) <0,
a;/k = ?’ lf Ha(uraahp(t)) = O’
Amaz, if Ha(#faa’l)(t)) > 0.

In the literature, p(t) := Hq(u;, af, p(t)) is referred to as the switching function. If ¢ = 0 on
an interval of nonzero length, the maximization condition (4.3) does not provide additional
information about the optimal control. This is known as singular optimal control. An

application in which the optimal control (a}) includes a singular segment is presented in

Section [4.4]

4.2. SPREADING MALWARE

This example is based on the deterministic control model considered in [Khouzani et al.
(2012) and deals with the propagation of a virus in a mobile wireless network. The network
consists of a large number of mobile devices that are vulnerable to a computer virus
controlled by an attacker. The attacker acts as the central controller, aiming to maximize
the damage dealt to the network by determining the lethality of the virus. This scenario is
embedded in an epidemiological SIRD model (S = susceptible, I = infected, R = recovered,

D = dead), which is an extension of the classical SIR model (R = removed) introduced
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by |[Kermack and McKendrick| (1927)). SIR models as well as compartmental models such
as the SIRD model gained increased attention in the literature during the COVID-19
pandemic; see, e.g., |Calafiore et al. (2020), Fernandez-Villaverde and Jones| (2022), among

many others.

Khouzani et al.| (2012) proposed a deterministic optimization problem and derived, using
Pontryagin’s maximum principle, that the optimal control is bang-bang. Essentially, the
idea is to initially set the lethality to zero, allowing the virus to spread through the network.
After a critical point in time, the lethality is set to its maximum until the end of the time

horizon, in order to cause as much damage as possible.

Because of the multi-device nature of the problem, it can be interpreted as the mean-field
limit model of an N-agent Markov decision problem; see, e.g.,|Gast et al.| (2012). There, the
authors consider a discrete-time N-agent model that they transform into a continuous-time
process by the affine interpolation of the agents’ discrete-time empirical distribution, where
time is rescaled by an intensity function I. Letting the number N of devices tend to infinity,
they obtain a deterministic continuous-time optimization problem, which is a variant of
the one considered by [Khouzani et al.| (2012). It turns out that the optimal bang-bang
control derived in Khouzani et al. (2012)) is asymptotically optimal for the discrete-time
N-agent model of (Gast et al.| (2012]).

We derive similar relationships between our model and the deterministic model considered
by Khouzani et al.| (2012). We begin by describing the basic N-device problem in our

framework.

4.2.1. DESCRIPTION OF THE N-AGENT MODEL

Suppose that there are N devices in the network. A device can be in one of the following

states:

Susceptible (S): The device is not yet contaminated, but susceptible to infection.

Infected (I): The device is contaminated by the virus.

Dead (D): The virus has destroyed the software of the device.

Recovered (R): The device has a security patch that makes it immune to the virus.

The states D and R are absorbing. The joint process u = (S, I}V, DN, RY) is a controlled
continuous-time Markov chain where SV, IV, DY, R} represent the fractions of devices
in the states S, I, D, R, respectively. In this model, we have S} + IN + DN + RN =1
and SN, IN, DN, RN > 0. The initial state of the network is ul = (S, 1, DY, RY) =
(1 — 1V, 1V,0,0) with 0 < I} < 1 such that (I}¥)nen = Ip € (0,1).

The action of the attacker is to determine the lethality of the virus for infected devices. At
each point in time, the attacker chooses the rate a; € [0,al, at which the infected devices

are destroyed. Thus, the action space is given by A = [0, a], where a lethality rate of zero
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means that infected devices are not destroyed by the virus at that time.

The transition rates of one device are as follows: A susceptible device gets infected at
rate )\SIItN , where Agyr > 0. The rate is proportional to the fraction of infected devices,
which reflects that the risk of infection increases with the number of infected devices. This
constitutes an interaction between an individual agent and the empirical distribution of
the system. In addition, a susceptible device recovers at rate Agr > 0, which is the rate at
which the security patch is distributed. An infected device is destroyed by the virus at rate
a; € [0, a] chosen by the attacker and recovers at rate A\;jg > 0. The rates are shown in the

following figure:

Figure 4.1.: Transition intensities of a device between its possible states.

The intensities of one device at time ¢ can be summarized as

Q({I}\Sawﬂi\[) = )‘SIIth q({R}‘SV?:uiV) = ASR;
q{D}I ap, 1) = ar, q({R}|I,- ) = M.

Thus, the diagonal elements of the intensity matrix are given by
q({SHS, - ) = =AsrI — Asm,  q({IMI a0, 1) = —ar — Arg,

C_I({DHD? "/’l’l]fv) = Q({RHRa ‘7/’Liv) =0.

All other intensities are zero. Note that (Q1)-(Q5) and, in particular, (Q4’) are satisfied.
The aim of the attacker is to maximize its expected reward over the finite time interval [0, T'].
Every infected device generates a reward for the attacker, e.g., by collecting information

and transferring data. More precisely, the reward function of a device is given by
. N 1 N
(i, py ) = T]l{izl}ft .

Note that the reward is proportional to the fraction of infected devices, which means that
the collected information is more valuable when more devices are infected. Conditions (R1)
and (R2) are satisfied. Furthermore, we allow for a terminal reward for each destroyed

device at the end of the planning horizon T, i.e.,

g(uf) = DY'.
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Since the intensities are affine in a and the (terminal) reward does not depend on the
action, there is no need for a relaxed control; see Lemma Consequently, the control
region of the deterministic limit model is given by Ap.; = [0, a]. Note that, in particular,

the reward rate and the terminal reward satisfy conditions (R1’) and (R17).

4.2.2. DETERMINISTIC LIMIT MODEL

By letting the number of devices tend to infinity, we obtain the finite-horizon deterministic
limit optimization problem (Fr); see . In the following, we denote the limit state
process by ¢ = (S, It, Dy, Ry). Since the state process forms a distribution for each point
in time ¢ € [0, 7], we use the property R, =1 —S; — I; — D, and therefore omit the state

R in the upcoming considerations.

1 T
(SM) sup Dy + — / I2dt,
a T 0

s.t.a; €10,a], Ip € (0,1), and for all ¢ € [0, T]

t
S;=1-1 —i—/ —As11sSs — AgpSsds, (4.4)
0
t
I =1 +/ AsilsSs — Arpls — aslsds, (4.5)
0
t
D; = / agslsds. (4.6)
0

We start the analysis of the problem by verifying the assumptions of the Filippov-Cesari

existence theorem.
Theorem 4.6. The optimal control problem (SM) has an optimal pair (1, a;)ic(o,1]-

Proof. For a; = 0, the corresponding state-control trajectory (i, at) is admissible, which
implies assumption i) of the Filippov-Cesari existence theorem It remains to check the

convexity of the set
1
N(u,[0,a]) = {(TIQ + v, =As1IS — AgrS, AgrlS — A\irl — al, aI) ’ v<0, a€ [0,(1]}

for every u € P(S). Now, let n1,na € N(u,[0,a]) with v1,72 < 0 and aj,as € [0,al.
For A € [0,1] we obtain that n3g := Anj + (1 — A\)ng is again in N(u, [0,a]) with v3 =
M1+ (1= A)y2 <0 and a3 = Aag + (1 — A)ag € [0,a], which implies the convexity of
N(u,[0,a]) for every p € P(S) and thus the statement. O

The deterministic optimal control problem (SM) was studied by Khouzani et al. (2012).
They show that the optimal control has the following structure: Set the lethality to
zero at the beginning and let the virus spread in the network to profit from the infected
devices until a critical point in time ¢* € [0,7]. From then on, set the lethality to the
maximum @ until the end of the planning horizon to destroy as many devices as possible to

maximize the terminal reward. Thus, the structure of the optimal control is bang-bang. For
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completeness, we provide a detailed proof of the bang-bang structure using Pontryagin’s

maximum principle.

Theorem 4.7 (Optimal control in the Spreading Malware Model (SM)).

There exists a point in time t* € [0,T) such that the optimal control is given by
. {0, teo,t),
at ==

Proof. We start with the observation that the fraction of infected devices is positive
throughout the time horizon. Even in the case a; = a for all ¢ € [0,T], the fraction of
infected devices decreases at most exponentially at rate Ajg + a, but never reaches zero,
ie., I > [ye~(A\rta)t 5

The Hamiltonian function for (SM) is given by

H(S,I,D,a,ps,pr,pp) = %IQ + ps(—AsrIS — AsgrS)
+pr(AsrIS — A\irl — al)
+ pp(al)
where pg, pr and pp are the adjoint functions to the corresponding differential equations.

Pontryagin’s maximum principle yields the following necessary conditions for an optimal

control (af)iepo,17:

Necessary Conditions:

Let (uf,af)icpo,r) be an optimal solution of (SM). Then there exist continuous and
piecewise continuously differentiable adjoint functions pg, pr, pp : [0,7] — R satisfying for
all t € [0,T]

H(M; a:,ps(t),p](t),p[) (t)) = alél[%?é] H(M:’ a, pS(t)va(t)va(t))’ (47)

and at every point ¢t where (a}) is continuous
Ps(t) = —Hs(ui, af, ps(t), pr(t), pp(t)) (4.8)
= AstI{ (ps(t) — pr(t)) + Asr ps(t)

pi(t) = —Hr(ui, af, ps(t), pr(t), pp(t)) (4.9)

— _%It* + As1S; (ps(t) — pr(t)) + ai (pr(t) — pp(t)) + Arr p1(t)

pp(t) = —Hp(ui,ai,ps(t), pr(t), pp(t)) = 0. (4.10)
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Furthermore, the transversality condition holds:

ps(T) = gs(pr) =0, p1(T) = gr(ur) =0, pp(T) = gp(uy) = 1. (4.11)

The transversality condition, together with (4.10]) directly implies that pp = 1. In order to
investigate the maximization condition (4.7]), observe that the Hamiltonian is linear in a,

where the term depending on a is given by

Li(pp(t) = p1(t)) = Li(1 — pr(t)). (4.12)

Condition (4.7) together with (4.12)) gives the following property of the optimal solution:

. {0, if I,(1—pi(t) <0, (4.13)

CLt —
G, if I(1—pi(t) > 0.

With the transversality condition , we obtain a} = @, which means that at the end
of the planning horizon, it is optimal to set the lethality rate to the maximum. Define
the switching function ¢(t) := L;(1 — ps(t)). Note that ¢ is continuous and piecewise
continuously differentiable with ¢(T") = Iy > 0. Therefore, there exists an interval (¢,T)

where a; = a.

In order to prove the statement, we show that ¢(t) has at most one sign change at a unique
point in time t* € [0,T") over the planning horizon and that there cannot exist other points
in time where (t) = 0. We have the following representation of the derivative in time of

¢, wherever (a;);e[o,7] is continuous:

¢ =TI'(1—pr)— Ip}

I/ 2
=T —I(— —I+ Xs1S(ps —pr) +alpr — 1) + Air pI)

I T
e 2 TS 11 A prl
7 +T + AstIS(pr — ps) +al(l —p1) — Air pr
/SD 2 9
:T+TI + As11S(pr — ps) +al(1 —pr) — A\ig prl
1
+(H -5 - ASIIS(pI ~ps) + Asr psS + Mg prl — al(1 - pr))
I/

We now state four facts that will be proved later. For all t € (0,7T), we have

i) H = ¢ for a constant ¢ > 0 when evaluated for an admissible pair (¢, at)te[oﬂ that

satisfies the necessary conditions.

ii) ps(t) > 0.
In addition, we have two basic analytical results. Let f : [0,7] — R be continuous and

piecewise continuously differentiable.
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iii) Suppose that f(7T") > 0 and that to := sup{t € [0,T] | f(t) = 0} exists. Then we have
f(tg) > 0.

iv) Let to,t; € [0,T] be two consecutive zeros of f, i.e., f(to) = f(t1) =0 and f(t) # 0
for t € (to,t1). Then if f'(tJ) # 0 and f'(t]) # 0, it holds that f/(tJ) and f'(¢t7)

must have opposite signs.

First, we conclude that ¢ cannot be equal to zero over an interval of nonzero length. To
see this, assume that such an interval with ¢ = 0 exists. Since (a} )te[O,T] is piecewise
continuous, there exists a subinterval with ¢ = 0 and ¢" = 0 where (a;j);c[o,77 is continuous,
and thus

) I’ 1
o:¢’7¢+H+/\SRPSS+TIQ>Ov

a contradiction. The positivity of the right-hand side follows because ¢ = 0, H > 0 by i)
and pg > 0 by ii).

Let 7 be a point in time where ¢(7) = 0. Having justified that ¢ is not equal to zero over
an interval of nonzero length, we know that in a neighborhood of 7 it holds that (t) # 0,
and (af)ie[o,7] is continuous in the left and right neighborhood of 7, respectively. We get,

using the continuity of ¢, ¢(7) =0, i) and ii),
1
P(r7) =& (") = H + Asp psS + = 1° > 0. (4.15)

Now, iv) together with implies that there exists at most one point in time t* with
¢ = 0 in the interval [0,7"), and ¢ exhibits a sign change at ¢*. In light of , if
indeed has a zero t* in [0,7T), the continuity of ¢ together with ¢(7") > 0 implies af = a
on (t*,T] and af =0 on [0,t*). If ¢ has no zero in [0,T) and is therefore strictly positive
on [0,77], the optimal control is given by af = a, which is covered by setting ¢t* = 0 in the
formulation of the theorem. Hence, the statement follows. It remains to check the facts
i)-iv).

Proof of i):

From Remark [£.4] it is immediately clear that the Hamiltonian is constant. The positivity
of the constant can be verified using the transversality condition :

1
H(ur,ar,p(T)) = TI% + arIr > 0.

Proof of ii):
In fact, we show pg(t) > 0 and pr(t) —ps(t) > 0 for all ¢ € (0,7"). We start by investigating
the behavior at the end of the planning horizon. We have

pfS'(T) =0,

9
/! _ _ = _
PL(T) = )\SIIT( = aT) >0,

9
p(T) = pi(T) — ps(T) = —Z I —ar <0.
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Recall that since a; = @ on an interval before the end of the planning horizon, the derivatives
pls and p} are continuous. Thus, there exists an interval (T'— ¢, T') such that pg(t) > 0 and
pr(t) —ps(t) > 0on (T'—¢,T). Define

to :=inf{t € [0,T] | ps(s) >0, pr(s) —ps(s) >0 Vse(t,T)}.

Suppose tg > 0. We distinguish three cases:

1. ps(to) =0 and pr(to) — ps(to) > 0:
Then we have

ps(td) = —Asilypi(to) <0,

which is a contradiction to fact iii). Therefore, this case is not possible.

2. pg(to) > 0 and p[(to) —ps(to) =0:
It is clear that ps(to) = pr(to). We obtain

2
pr(td) — ps(ty) = _flto — at, (1 — pr(to)) + Arr pr(to) — Asr ps(to)

2
= _Tlto —at, (1 —pr(to)) + Arr pi(to) — Asr ps(to)

H 1 S,
— 4+ Iy — Asr ps(to) 22 — g pr(to) + ag, (1 — pr(to))
Iy, T Iy,

1 H St
=——0 — )\ to) — — — A to) =2 < 0.
71t = Ask ps(to) I sk ps(to) T

Again, this is a contradiction to fact iii). Thus, this case is not possible as well.

3. ps(to) = 0 and pr(to) — ps(to) = 0O:
Here the second case gets reduced to

H

1
p(t6) = ¥s(t) = — T = 3 <0,

which is again not possible.

Since none of the three cases can occur, we conclude that tg > 0 is impossible, which means
that ps(t) > 0 and py(t) — ps(t) > 0 for all t € (0,T).

Proof of iii):

Since we assumed f(7') > 0, and since fy is the latest time at which the continuous
function f is zero, it is clear that f(¢) > 0 on (tp,T]. Because f is piecewise continuously
differentiable, the right-hand derivative f’(¢]) exists. We obtain

Pt = tim LN 00 g, ot h)

h—0+ h h—0+ h
>0

> 0.
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Proof of iv):
Since f is continuous and tg and ¢; are two consecutive zeros of f, we have f(t) > 0 or
f(t) <0 on (to,t1). First, assume that f(¢) > 0 on (to,?1). We have

/ . t h) — f(t . t h
f(tBL):hIE&f(OJF})Z f(o):hlgngf(oth )20-
=0

The case f'(tJ) = 0 is excluded in the statement, therefore we obtain f/(tJ) > 0. On the

other hand, we have

I f(t1) — f(t1 — h) . —f(ti—h)
Fl) = hlgg+ h B hli\(]‘*‘ h =0
20

Again, by assumption f/(¢;) # 0 and thus f/'(t;) < 0. The case where f(t) < 0 on (to,?1)
follows analogously, with all signs reversed.
O

Remark 4.8. As discussed, Pontryagin’s maximum principle provides only necessary
conditions for an optimal pair. So why are the necessary conditions sufficient here for
optimality? Theorem ensures the existence of an optimal pair. Furthermore, the
bang-bang control (a});e[o,77 of Theorem is optimal since it is the unique candidate to
satisfy the maximization condition . A control deviating from the switching property
would result in a violation of the maximum property and thus cannot be

optimal.

4.2.3. ILLUSTRATION

Having shown that the structure of the optimal control is bang-bang, as a next step, we
point out how to determine the critical point in time for a specific choice of parameters.

For this, we view the value function as a function of the critical point in time:

SM 1 t 2 1 T 2
VeM(t) = Dr + /OISds +T/t I2ds
Regime a=0 Regime a=a

where the system of differential equations for the state process — is evaluated
under the bang-bang control (as)scjo,r] With as = @ 14y. The function VIM(t) s
then maximized (numerically). For illustration, we choose the intensities Ag; = 0.6,
Asrp = Arr = 0.1, the maximum lethality rate @ = 1, the initial proportion of infected
devices Iy = 0.1, and a time horizon of 7" = 10. Figure shows the graph of VM ()
for the specified set of parameters. We conclude that in this case, the critical point in
time is approximately t* = 6.26 with an optimal value of VM (t*) = 0.3832. The terminal
fraction of dead devices is D19 = 0.3353, as shown in Figure This means that the
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the continuous reward associated with the proportion of infected devices.

A simulation of the system with N devices can be found in Figure
trajectories of the optimal state distribution in (SM) and the simulated paths of N = 1000

devices for the same set of parameters as in Figure The simulated paths are almost

that the control (at)ejo,r) With a; = @ 1~6.26) is asymptotically optimal

0.4

VM)

I
4 5 6

critical point in time t

0.05
0

impact of the terminal value D1y on the value VM (¢*) is significantly greater than that of

Shown are the

indistinguishable from the deterministic trajectories. Recall that Theorem [3.17] ensures
for the system
with N devices. In particular, since we consider a finite time horizon and the conditions
(Q47), (R1’), and (R1”) are satisfied, Theorem implies that the convergence rate of
the value functions is of order 1/ V/N.

Figure 4.2.: Graph of VoM (t) for the specified set of parameters.
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4.3. BLACK BEARS

Until now, we have considered problems where the number of agents IV is fixed in the sense
that no agent enters or leaves the system during the optimization period. But we can also
apply our theory to control a population following a birth-and-death process, i.e., agents
are born or die during the time horizon. The central controller can vary the birth rate
and/or death rate in order to bring the population into optimal shape. To illustrate this,
we study the control of a metapopulation harvesting model for black bears, introduced by
Gross et al.| (2005)). They present a deterministic optimal control problem of the following
form: Three state variables represent the black bear populations in three different habitats
(national park, forest, urban area). The control variables are the hunting rates in the
national park and in the forest. The controller’s aim is to minimize the number of bears in
the urban area through (costly) preventive hunting in the park and the forest. To derive an
optimal solution, they formulate the optimality system given by the necessary conditions

of Pontryagin’s minimum principle, which they solve numerically.

The central question is whether we can interpret this deterministic optimal control problem
as a limit model of an N-agent mean-field MDP. We present an illustrative construction
that relies on the introduction of an additional state in which the “inactive” agents are

collected.

4.3.1. DESCRIPTION OF THE N-AGENT MODEL

Consider a population of black bears, where the population is divided into three different
habitats: A national park (P), the surrounding common and unpreserved forest (F') and
urban areas populated by humans, which we refer to as the outside (O). Naturally, the
aim of the central controller is to concentrate the population in the national park and to
minimize the number of bears in urban areas, i.e., the outside. We call the collection of

national park, forest, and outside the ecosystem.

To cast the birth-and-death process into our classic N-agent framework, we assume that the
number of bears in the ecosystem is limited over the planning horizon. The true number
of bears in the ecosystem is less than the number N of potentially available bears in the
model. Typically, the number of bears alive in the ecosystem will be significantly lower
than N. But how do we model the birth and death of bears if the number of potentially

available bears in the system should remain constant N7

To address this problem, we introduce an additional state which we call transcendence
(7). The natural choice of symbol for the transcendence would be T'. Unfortunately, 7" is
already reserved for the time horizon. Instead, we use the symbol 7. In the transcendent
state, we collect all bears (out of the total N) that are currently not “alive” and waiting to
be born. When a bear is born, it switches from the transcendent state to the ecosystem.
And if a bear dies, it leaves the ecosystem and moves to the transcendent state. Note that

it is perfectly possible here that one bear may undergo multiple cycles of life and death.
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Let us now mathematically embed the birth and death process in the N-agent model.
The obvious choice for the state space is S = {P, F,0,T}. The joint process p¥ =
(PN,EN,ON,T;N) is a controlled continuous-time Markov chain where the components
PN, FN, OF, TN represent the fraction of black bears in states P, F, O, T, respectively.
The action of the central controller is to determine the bear hunting rates in the national
park and in the forest, respectively. The action space is given by A := {(ap,ayf) | ap €
[0,1],af € [0,1]}, where a, € [0,1] denotes the hunting rate in the park, and ay € [0,1]
the hunting rate in the forest. The transition intensities for an individual bear can be

summarized as follows:

i) Birth intensity:

N PtN tN
q{PHT, 1) =g- ﬁ : ]1{7;N25} +g- - ]1{7;N<€},
EN EN

Here, g > 0 denotes the population growth rate, and £ > 0 is fixed and small. In order
to guarantee a birth rate independent of the number of transcendent bears for the
ecosystem in the deterministic limit model, the birth intensity for one individual bear
in the transcendent state is divided by the proportion of bears in the transcendent
state, at least as long as 7V is greater than or equal to . For lower values of T,V it is
replaced by € to prevent the intensity from exploding. Further, the birth intensity of
the park/forest population is proportional to the number of bears in the park/forest,

i.e., the more bears in the area, the more baby bears.

Reproduction only occurs in the national park and the forest. Therefore, the birth

rate in the outside area is zero:
N
q{O}T, sy ) = 0.
ii) Bear hunting:

q({THP, ar, 1) = ap(t), q({THE, ap, 1Y) = ay(t).

The central controller determines the hunting rate for both the national park and
the forest, respectively. We abbreviate a; = (a,(t),ar(t)). In the outside, no hunting

occurs:

g({T}O, ar, 1) = 0.
iii) Emigration from the park:

My - g FN
q{FYP i) = 22 PN (1= =) Ly,
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Here, my, € [0,1] is the fraction of the park boundary adjacent to the forest. The
parameter K € (0,0.5) denotes the maximum capacity of bears in the park and in
the forest, respectively. Intuitively, this means that the maximum proportion of the
population that can occupy the park and the forest is the same. The emigration
intensity increases proportionally with the density of bears in the park PtN , and
decreases with the density of bears in the forest V. Additionally, a higher growth

rate g also increases the migration pressure.
The emigration intensity from the park to the outside area consists of two terms:
N QA=—mp)-g n, mMp-g v . (B
q{OHP, -, u') = — P+ 7 P/ - min {7, 1}.

The first term describes direct emigration to the outside. The second term represents
bears that would migrate to the forest but eventually end up in the outside area due

to overpopulation of the forest.

iv) Emigration from the forest:

mye-g PN
a{PYHE, - u) = =2 BV (1= =5) vy,
(L—mys)-g my-g (B~
q{OYE, - ) = =I5 BN+ =2 B min {1

Here, my € [0, 1] is the fraction of the forest boundary adjacent to the park. The

intensities are analogous to the emigration from the park.

v) Intensities of stay:

q{THT 1) =—g- ]w Ayrnsg —9- M Ly oy
q({P} P, a, 1) = —% PN ( - I;t:) Lipvary
U g gy Mg (T )
— ap(t)
= —%’PtN_ap(t%

9
Q({F}|F7 a’twuiv) = T FtN - af(t)’
q{0}0, -, i) =0.
All other intensities are zero. We can observe two key characteristics of the model: First,

bear mortality occurs exclusively through hunting; there is no natural death rate causing a

transition back to the transcendent state. Second, note that the outside area constitutes an
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absorbing state. Black bears do not migrate back to the forest or the park once they enter
the outside area, nor can they be hunted there. With respect to these two characteristics,

we follow |Gross et al.| (2005) and adopt these two assumptions without assessing their

plausibility.

Figure 4.4.: Transition intensities of a bear in the case T,” > ¢, F¥ < K and P < K.
Left: 7, Right: O, Top: P, Bottom: F.

Figure 4.5.: Possible arrangement of national park and forest for the parameters m, = 1/2
and my = 1/4.

The aim of the central controller is to minimize the proportion of bears in the outside
urban areas by hunting bears in the park and the forest. Hunting a bear incurs a cost ¢,
(park) or ¢y (forest). Usually, the price of hunting a bear in a national park is much higher
than in an unpreserved forest, hence typically ¢, > c¢. This leads to the following reward

(cost) function for an individual bear:

T‘(i, atwuiv) = _]]-{i:O} —Cp- ap(t)2 —Cf af(t)2
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This application does not include a terminal reward or cost. Note that the intensities are
affine in @ and the reward is concave with respect to the control variables. By Lemma [3.21
no relaxed controls are required. Hence, the control region of the deterministic limit model
is Apet = [0, 1]2.

Remark 4.9. Note that conditions (R1) and (R2) are satisfied, since the reward function
(i, at, ,ugv ) depends quadratically on a; and does not depend on u,{v . However, we include
pd¥ in the argument for the sake of completeness. The intensities are chosen in such a way
that conditions (Q1)-(Q3) are satisfied. In particular, the introduction of the parameter e
ensures that the birth intensities remain bounded. Furthermore, observe that all intensities
are Lipschitz continuous in pf¥, hence (Q4) and (Q4°) hold as well. Finally, (Q5) holds

because the bear hunting intensity is linear in the control.

4.3.2. DETERMINISTIC LIMIT MODEL

In order to determine the optimal hunting rates to effectively control the population,
we consider the corresponding deterministic control problem (Fr), obtained by letting
the number of black bears N tend to infinity. In what follows, we denote the limit
state process by s = (P, Fy, Oy, Tt). The initial state of the N-bear system is given
by = (PN, FY, 08, Td) = (PY,FYN,0,1 — PY — FY) € Pn(S) with P < K and
de < K. In addition, we assume that the sequence of initial distributions converges weakly,
ie., (PY,F)N,0,1— PN — F))nen = (P, F,0,1 — Py — Fy) € P(S), where again Py < K
and Fy < K. Before turning to the deterministic limit problem, we discuss in more detail

the relationship between the population in state 7 and the parameter .

Remark 4.10. The transcendent state T is an artificial dummy state that helps embed the
application of population control into the theory of Mean-Field Markov Decision Models.
The actual fraction of the bear population in the state 7 is of minor importance as long
as it does not risk running empty. For example, the two configurations (P, F,0,T) =
(0.25,0.25,0,0.5) and (P, F,0,7T) = (0.1,0.1,0,0.8) are equivalent in the sense that the
restriction of the population to the actual ecosystem is in both cases given by (P, F,0) =
(0.5,0.5,0). The outflow from state 7 is determined by the intensity

. PtN 4 FtN PtN 4 FtN

Q({THT? K ’ué\f) =g ,7;]\7 : 1{7?\{25} —g- - : ]1{7;N<€}

which is bounded below by —2g/e. The corresponding state equation for the evolution of
(Tt)t>0 given by Theorem is

t P5+FS PS+FS
72:76+/0 ap(s)Ps +ag(s)Fs +Ts - <_g'7-'ﬂ{7’525} —9'8']1{7;<5}> ds
S

>0

¢
2764-/07;'(—269)ds.
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By inverting the signs we obtain
2¢ [t
T2 -To- 2 [ ~Ts
€ Jo
Applying Gronwall’s inequality (A.8) with f(t) = =T;, A = —Tp and C = —2g/¢ gives
_294
_7; < _76 € e,

which is again equivalent to

_ 29,
Te>To-e ="

The key message of the remark is now the following: If we choose the free variable Ty
sufficiently large, the deterministic limit process (7;)+>0 does not drop below ¢ over the
planning horizon. Therefore, the process remains in the regime 7; > ¢, so we can ignore the
case distinction 7; 2 €. For the remainder of the section, assume 7y is chosen sufficiently

large.

With Py, Fy < K and the continuity of the limit state process () ensured by Theorem
observe that by the specified intensities, (P;) and (F}) cannot exceed the maximum
capacity K. Therefore, we may drop the min and the indicator terms in the corresponding
intensities. In view of this and Remark the deterministic control problem (Fr) is
given by

T
(BB) sup / —O¢ — ¢p - ap(t)? — ¢ - ayp(t)?dt,
a:(apvaf) 0
s.it.ap(t),ar(t) € 0,1, Po,Fo >0, Py, Fy <K and forallte [0,7]

Py

t
9 p2 Mf-9
P,=P p-tp I
' 0+/og - (=%

K

t
g mp-g
Ft:Fo—l—/O gFS—EFSQ—i-pT

)Ff — ap(s)Psds,

(1 - %)Pf —ayf(s)Fsds,

t p? F2 my-g oP; my-g oF
O, =0 1—my) =% +g(l —myp)=% + L Tp2_s | TP Ip2ls,y

Since the state process () provides a distribution on the state space for every ¢ € [0, 7],
only |S| — 1 differential equations are sufficient to describe the process. Thus, we omit
the differential equation for the added transcendent state 7 and result in a deterministic

control problem equivalent to that in |Gross et al. (2005).

We again start the investigation of (BB) by verifying the assumptions of the Filippov-Cesari

existence theorem.
Theorem 4.11. The optimal control problem (BB) has an optimal pair (p,a;)sc(o,1]-

Proof. For a; = (ap(t),ar(t)) = (0,0), with the corresponding state process (u;) the state-
control trajectory (u, a¢) is admissible, which satisfies assumption i) of the Filippov-Cesari
existence theorem The control a; = (0,0) corresponds to the situation in which there
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is no bear hunting during the optimization horizon. It remains to check the convexity of

the set

N(,[0,1]%) = {(— O — cpa]% — Cfd?v + 7,

: P

gP — %PQ n %(1 - E)FQ —a,P,
my, - F

gF — %FQ + pTg@ - ?)PQ — a,F,
2 F

2
1—my) e + g1 —my) e + I 2 z
7 <0, (ap,ar) €10, 1]2}

for every p € P(S). The last component does not depend on a at all, the second and third
depend linearly. Thus, they are not critical with respect to the convexity of N(u,[0,1]?)

and we only need to consider the first component in greater detail.

So, let n1,mg € N(p,[0,1]?) with v1,72 < 0 and a1 = (ap,1,a5,1),a2 = (ap2,az2) € [0,1]°.
We must show that the convex combination ng := Any + (1 — A\)na is again in N(u, [0, 1]?)
for any A € [0,1]. The task is to find suitable parameters az and 73 for n3. Define the

function c(a) := —cpag —c fafc. It is clear that the function is concave, thus we have
c(Aa1 + (1 = Nag) > Ae(ar) + (1 — A)c(ag). (4.16)
Now set

az = a1 + (1 — N)ag,
Y3 =M1+ (1= M)z + Ac(ar) + (1 = A)e(az) — c(as)

The inequality (4.16]) implies that v3 < 0. The first component of n3, denoted by ng(1), is
given by

n3(1) = Ani(1) + (1 — M)na(1)
= N=0 — papy —cpaty +71) + (1= N)(=0 — ¢pap 5 — crafy +72)
= =0+ Ac(a1) + A1 + (1 = A)e(az) + (1 = )2
= =0+ Ac(a1) + M + (1 = ANe(az) + (1 = M)y — c(ag) +c(as)

=73

= —0 + c(az) + 3.

We conclude that by the choice of a3 and 3, the convex combination ns is again in

N(u,[0,1]?), which completes the proof. O
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We now turn to the solution of the optimal control problem (BB) and derive a unique
representation of the optimal control depending on the state process and the adjoint
function given by Pontryagin’s maximum principle. Later, the resulting representation of

the control is evaluated numerically in Section

Theorem 4.12. Let (uy,a;)ejo,r) be an optimal solution to (BB) with corresponding

adjoint function p = (pp,pr,po). Then the optimal control (a;)ejo,r) s of the form

pp(t) P P (O F,
07 _PTpt < 07 07 FQCf 1 < O
* Pr Pr * Fr Fr
ap(t) = ~PrlOF - _eeOF ¢ o q), aj(t) = 20t eI ¢ o,1],
pp(t)PF _p (O Fy
1, _PTpt > 1. 1, F2Cf to> 1.

Proof. The Hamiltonian for (BB) is given by

H(Pv F7Ovap7af7ppapF7pO) =—-0— CpaIQ) - Cf@?v

9 52, Mf-g P 2
p-Ipr M9 (T p2 o p
“’P(g K TTK ( K) “f”>

g 2, Mp-g F 2
FoIdp2y M 9 (1 _Z\p2_ 4. F
+pF<9 KT K( K> af)

P? F? .
+po (1—mp)+g(1—mf)+mf Ipr24 gP2F>

K K K? K?

Pontryagin’s maximum principle gives the following necessary conditions for an optimal

control (af)iefo,17:

Necessary Conditions:
Let (pf,a;)tcp,r] be an optimal solution of (BB). Then there exist continuous and

piecewise continuously differentiable adjoint functions pp, pr, po : [0, 7] — R satisfying for
all t € [0, 7]

H(N:a a;(t), a;(t)apP(t)va(t)apO(t)) = m%)[%) 1] H(MI? Qp, af7pP<t)7pF(t)7pO(t))7 (417)
ap,ar€l0,

and at every point ¢t where (a}) is continuous

Pp(t) = — Hp(ug, ap(t ) at(t), pp(t),pr(t), po(t)) (4.18)
=—prlt) (9= 2B = SEE —q0)
— pr(t) - 2”}?93* <1 - I;g)
2mpg

29(1_m) * * Tk
_pO(t)< K th KQ (Ft) K2 PtFt>
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Pie(t) = — Hi(ui, as(8), a(t), pp(t), pr(t), po(t)) (4.19)
——pelt) 22Ey (1- )

~pet) (9 - 228 - TR - a0)

—pO(t)< K th+ K]; PtFt—I_I;)Q(Pt)Q)

po(t) = —Ho(p, ap(t), a%(t), pp(t), pr(t), po(t)) (4.20)
=1.

Furthermore, the transversality condition holds:
pp(T) = pr(T) = po(T) = 0.

The transversality condition, together with (4.20)), implies that po(t) =t —T. In order to
investigate the maximization condition (4.17]), we take into account the partial derivatives

of the Hamiltonian with respect to the control variables a, and a;:

Ha, (pi,ap,ap, pp(t), pr(t),po(t)) = —2cpap, — pp(t) P/,
Haf (,u’;fkv Qp, afva(t)apF(t)J?O(t)) = —2CfCLf - pF(t)Ft )
Hapap (/L;fkv Qp, afvpp(t)apF(t)va(t)) = _2Cp < Oa

Hafaf (/L;fkvapaafapp(t)apF(t)va(t)) = _QCf <0.

It follows that the Hamiltonian is strictly concave in the arguments a, and ay. The unique

maximum of the Hamiltonian related to the control variables is therefore given by

pp(H) P pr(t)FY
0, —PTpt <0, 0, —%ff <0,
ap(t) =\ =P, Mgt e (0.1, aj(t) =y =P, P e o)
pp(H) P pr(t)Fy
1, —Hho > L 1, S > 1

4.3.3. NUMERICAL SOLUTION AND THE FORWARD-BACKWARD SWEEP METHOD

The aim of this section is to give an idea of how to solve deterministic limit problems
numerically. There is a broad spectrum of numerical methods for optimal control problems,
including Runge-Kutta schemes, direct and indirect shooting methods, direct and indirect

transcription methods, etc. For an overview, see Betts (1998) or Rao| (2010).
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Here, we follow the approach presented by |Lenhart and Workman (2007), Chapter 4. The
starting point is to use the maximization condition to obtain an expression for the
optimal control a* as a function of the state process u* and the adjoint function p. For
problem (BB), we have already achieved this through Theorem Having established
the representation of a*, the next step is to insert a* into the differential equations for the
state process and the adjoint function. Observe that the differential equation for the state
process satisfies an initial condition, while the transversality condition gives a terminal
condition for the adjoint. At this point, solving the optimization problem reduces to solving
two systems of differential equations. To address these, we present in detail a method that
is commonly known as the Forward-Backward Sweep method (FBSM). For a review of the
theory and implementation of the FBSM, as well as acceleration techniques, see [Sharp
et al.| (2021).

Outline of the FBSM solving algorithm:

1. Divide the planning horizon [0, 7] into an equidistant fine partition 0 =ty < t; <
. < t, =T. The aim is to find an approximation @ = (ay,,...,ds,) such that

at; ~ aj,. As an initial guess for @ in (BB) we simply choose @ = (0,0).

2. Solve the system of differential equations for the state process with the initial condition
1o, using the current approximation for the control é. We obtain an approximation
for the state process ft = (fit,, - - -, flt,,)- Note that the state equation does not depend

on the adjoint function.

3. Solve the system of differential equations for the adjoint function with the terminal
condition given by the transversality condition, using the current approximations for

the control @ and the state process ji. We obtain an approximation for the adjoint

process p = (Pty, - - - Dty )-

4. Update the control approximation a"°V by inserting the approximations ji and p into

the representation of a* given by the maximization condition (4.3)).

5. If the difference between successive iterates is sufficiently small (e.g., ||[a™" —al| < ¢),

terminate the algorithm. If not, return to Step 2.

In order to solve the systems of differential equations in Steps 2 and 3, we follow the
approach of |Lenhart and Workman| (2007) and present a fourth-order Runge-Kutta method.
Note that any other standard ODE solver may be adequate. Let h be the step size given
by the partition of the planning horizon. Further, denote the systems by

/i;: = f1(m), PQ = fa(pe)-
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Then the new approximation for the state process is constructed forward in time by the
rule

. R h
ftrn = it + g(kl + 2ko + 2k3 + k),

where t € {to,tl, .. .,tnfl} and

) ok o )
k1= fi(iw), ko = f1(fu + §k‘1), ks = fi(fu + 5/’?2)7 ky = fi(fu + hks).

The transversality condition gives a terminal value for the adjoint system, therefore we use

a backward approach to approximate the trajectory of the adjoint:
o h e
Den = Pr = g (R + 2kz + 2k + k),
where t € {t,,,tp—1,...,%1} and

B R B  h- B h 3 R 3
k1 = fa(pr), ko = fo(pr — §k1), ks = fa(pr — §k2), ks = fa(pr — hks).

The procedure of constructing the state process forward in time and the adjoint backward
in time is what gives the Forward-Backward Sweep method its name. [McAsey et al.| (2012)
prove the convergence of the FBSM under certain Lipschitz conditions on the functions
of the optimal control problem. In particular, we show that problem (BB) satisfies these

conditions.

CONVERGENCE OF THE FORWARD-BACKWARD SWEEP METHOD

Assume that the optimality system can be written in the following form:

Py = ha(pe, ar) + pe - ha(pue, ag),
a:ﬁk - h3(,ut7pt)7

with the boundary conditions po € P(S) and p(T") = 0, where h3 is a unique representation
of the optimal control depending on the state process p and the adjoint p, usually obtained
by the maximization condition (4.3). In problem (BB), the function hs is given by Theorem
In this section we assume that hz and, consequently, a* are continuous in time. Note
that this is satisfied for the optimal control in (BB), since the state processes P*, F* and

the corresponding adjoint functions pp and pg are continuous in time.

In order to state the main convergence result of the section, we impose the following

Lipschitz assumptions upon the model functions:

Assumption (L): The functions hg, hi, he, hg are Lipschitz continuous in both arguments,

with Lipschitz constants Ly, ..., Lp,. Moreover, ||plloc < 00 and ||h2]lec < 00.
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Theorem 4.13 (McAsey et al. (2012))). Assume that hs and, consequently, a* are continuous
in time. In addition, assume (L) holds. Now suppose that either the Lipschitz constants

are small enough or that the planning horizon T is small enough. Then

max {llu, — b1+ o, — B+ llag, —ak ) — 0

as k,n — oo, where k denotes the k-th iteration of the FBSM.
For the proof, see Theorem 3.3 in McAsey et al.| (2012).
Proposition 4.14. The problem (BB) satisfies the assumption (L).

Proof. The function hg corresponds to the right-hand side of the state equations in the
optimization problem (BB). The control variables a, and ay enter hg linearly. Thus, hq
is Lipschitz continuous with respect to a, and ay. The three state variables P, F', and O
enter hg linearly and quadratically, where we know that P, F,O € [0, 1]. Therefore, the
partial derivatives of hg with respect to the state variables are bounded, which implies that

ho is Lipschitz continuous with respect to P, F', and O as well.

The right-hand sides of the differential equations for the adjoint variables pp, pr, and po (see
(4.18), (4.19), and (4.20])) define the functions h; and hy. The function h; is simply given
by h1 = (0,0,1) and is therefore trivially Lipschitz continuous. The Lipschitz continuity of

ho follows from the same reasoning as for hy. Additionally, since P, F,O € [0, 1], it follows
that ho itself is bounded, that is, ||h2]|cc < 00. In particular, since the adjoint system
p' = hi + p - hy is linear in the adjoint variables with bounded time-dependent coefficients
hi and hy on the finite time horizon [0,T], it follows that the adjoint variables remain

bounded. Consequently, we have ||p|loc < 0.

Finally, as already mentioned, hg is given by the representation of the optimal control in
Theorem Since the state variables P and F as well as the adjoint variables pp and
pr enter linearly, it follows that hg is Lipschitz continuous.

O

We refrain from diving deeper into the discussion of when the Lipschitz constants are
“small enough” to ensure convergence. Instead, we proceed with the empirical observation
that the FBSM performs well in our black bear application and turn, in the following

section, to the presentation of the numerical solution for a specific choice of parameters.

4.3.4. ILLUSTRATION

To compute and illustrate the optimal trajectories, we apply the Forward-Backward Sweep
method to problem (BB). We consider a spatial arrangement of park and forest with
boundary parameters m, = 0.5 and m; = 0.25; a possible outcome is shown in Figure @
The reproduction rate is set to g = 0.1, and the maximum capacity for both park and

forest is K = 0.2. The hunting costs for bears are ¢, = 10000 in the park and ¢y = 10
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in the forest. As initial conditions, the bear population is distributed among the states
as follows: Py = 0.1, Fy = 0.1, Og = 0 and Ty = 0.8. The specified planning horizon is
T = 25.

The resulting trajectories in Figure [{.6]reveal distinct dynamics across the regions. The bear
concentration in the park increases steadily throughout the planning horizon, approaching
the capacity limit of K = 0.2. In contrast, the forest concentration initially decreases
slightly but then begins to grow after reaching a minimum, also approaching the capacity
limit of K = 0.2. The concentration outside the designated regions exhibits a continuous
and significant increase, indicating the expected steady outflow of the population from
the park and forest to the surrounding areas. Given that the urban areas in our model

represent an absorbing state, the trajectory’s course is not particularly surprising.

I
N

National Park (P)
© o o o
S5 2 oo >

©
=

Urban Area (O)
o o o
N w N

o
o

o
o
(9]
-
o

15 20 25

Time

Figure 4.6.: Optimal state trajectories (P;), (F}"), and (Oy).
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Park Hunting Rate
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0.04 - b

Forest Hunting Rate

Time

Figure 4.7.: Optimal hunting rates (a;) = (ay(t), a}(t)).

Regarding the hunting rates in Figure [£.7], for both the park and the forest, we observe
a clear decline. The hunting rate in the forest starts at a relatively high level and then
declines steadily to nearly zero. This initial high hunting pressure explains the temporary
decrease in the forest population at the beginning of the planning horizon. In contrast, the
hunting rate in the park remains very low throughout the entire period and also diminishes
over time. The substantial difference in the magnitude of hunting rates between the two
regions can be attributed to the significant cost difference, with ¢y = 10 in the forest and
¢p = 10000 in the park.

This application has two key messages. First, it shows that by introducing an artificial
transcendent state, it is possible to embed systems in which agents follow a birth-and-death
process into the framework of N-agent mean-field MDPs. Second, we have shown that the
deterministic limit model presented in (Gross et al. (2005) can be interpreted as a limit
model of an N-agent mean-field MDP. Theorem then ensures that optimal controls of
the limit model are asymptotically optimal when applied to the N-agent model. Modeling
the population in a discrete framework is well justified and may, in fact, be closer to reality
than interpreting the number of bears as a continuous quantity as in the limit model, given
that bear counts are inherently discrete and typically modest in size. To get a sense of
scale, the current black bear population in the Great Smoky Mountains National Park is
about 1,900 individuals, according to the [National Park Service, (2025).
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4.4. MACHINE REPLACEMENT

Imagine a company that produces certain goods with the help of a large number of
statistically equal machines. A machine can break down and stop producing, requiring
costly repairs to restore productivity. We assume that the repair of a batch of machines
becomes cheaper as more machines are out of order, which leads to a certain interaction
between the machines. The task of the company is to control the maintenance of the
production site, balancing the rewards from producing goods and the cost of service in an
optimal manner during the planning horizon. Unlike the other applications in this chapter,
this model considers an infinite time horizon. In the resulting deterministic limit model,
we have the fraction of functional machines as the state variable and the fraction of broken
machines that do not receive repair as the control variable. We solve the limit model using
a concept known in the literature as the most rapid approach path (MRAP). The optimal
control is characterized by two phases: first, reaching an optimal singular state as fast as

possible, and second, maintaining that state thereafter.

A related problem dealing with the optimal maintenance of a single machine was proposed
by Thompson (1968)). He formulates a deterministic optimal control problem, which he
solves by applying Pontryagin’s maximum principle. The optimal maintenance derived by

Thompson turns out to be of bang-bang type.

A related mean-field application is presented in [Huang and Ma (2016). They propose a
discrete-time mean-field stochastic game with N agents, each operating on the state space
S =10,1]. For each agent, the state space can be interpreted as the risk or distress level.
The action space of an agent is a set consisting of two actions A = {ag, a1}, where ag
suggests doing nothing and a; resets the stress level. The agents then interact through
their cost functions. Translated to the machine replacement situation, the state space
[0,1] can be interpreted as the condition of a machine and the action a; as the call for
maintenance. Huang and Ma show that for the derived mean-field limit model the optimal
policy of an agent is a pure Markov threshold policy, that is, there exists a parameter
¢ € [0, 1] such that the agent chooses to wait if its state x € [0, 1] is below ¢, and otherwise,
in the case x > ¢, it takes the action a; to reset the risk level. Further, they prove that the
system of threshold policies from the mean-field limit provides an e-Nash equilibrium for

the underlying N-agent game.

We start the investigation of our machine replacement model with a description of the

N-machine problem.
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4.4.1. DESCRIPTION OF THE N-AGENT MODEL

Suppose a company has N statistically equal machines. Each machine can be in one of the

following states:
o Working (w): The machine is functional and produces a reward for the company,
o Broken (b): The machine is out of service and needs repair in order to produce again,

thus S = {w, b}. The joint process p¥ = (w;",b¥) is a controlled continuous-time Markov
chain where w}" represents the fraction of working machines and by the fraction of broken
machines. Thus, we have w)¥ +b" = 1 and w}¥,b)¥ > 0 for all # > 0. The initial fraction of
working machines in the N-machine system is given by wg’ € [0, 1], where we assume that
(W) nven = wo € [0, 1].

The action of the company is to determine for each machine whether it receives a repair
or not. The basic action space for a machine is therefore given by A = {a",a?}, where
a” represents the action “repair” and a? the action “do nothing”. Naturally, a working
machine does not need repair; this is ensured by appropriate rewards.

The transition rates of one machine are as follows: A working machine breaks down at a

fixed rate Ayp > 0. A broken machine that gets repaired changes to the state “working’

with rate Ay, > 0. Thus, we can summarize the transition rates of one machine by

q({b}|w, ad’ :U’iv) = Awb; Q({w}|b7 a, 'ui\f) = )‘bw]l{a:ar}'

The diagonal elements of the intensity matrix are given by

q({w}’wvad7uiv) = —Auwp, q({}b, qa, U)JSV) = _)‘bw]l{a:a’“}7
and all other intensities are zero. Obviously, (Q1)-(Q5) and (Q4’) are satisfied.

)\wb

)\bw]l{a:ar}
Figure 4.8.: Transition intensities of one machine between the two states.

Each working machine produces a reward rate R > 0 whereas the company has to pay a
fixed cost rate of C' > 0 when it has to call the service for repair for a machine, i.e.,
. N 1
r(i,a,py ) = R- ]l{i:w}]l{a:ad} -C- ﬂ{i:b}ﬂ{a:ar}bw-
i

Note that (R1), (R2) are satisfied. Observe that, in contrast to the transition, an interaction

between individuals occurs in the reward. The cost of repair of a broken machine is smaller
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the more other machines are broken. This can be explained by economies of scale. For
example, the mechanic only has to travel to the site once, and these costs are then shared
between all the machines to be repaired.

As mentioned above, there is no incentive for the company to repair a working machine;
thus, the action chosen in this case is always a?. In terms of the action process for the
system of machines this means 7% ({a?}) = 1. To describe the action process of the system
(7t)te[0,00)» it is therefore sufficient to denote the proportion of broken machines that are
NOT being repaired at a certain point in time ¢. To keep the notation simple, we denote
aly = #2({a%}). The fraction of broken machines that receive service is then simply given
by the process (1 — a}¥ )te[0,00)- Following the discussion in Section since the action
space is finite, the control region of the deterministic limit model is Ape; = P(A)?, which

simplifies to Aper = [0, 1].

The reward rate for the entire system is now given by
r(uy’,ai’) = Rwi’ — C(1 —af).

The aim of the company is to find the balance between the reward that a machine produces
and the costs of repair, which decrease for the individual machine the more machines are
broken. For the rest of the chapter, we specify the parameters R =2, C' =1, Ay = 1 and
Apw = 2.

4.4.2. DETERMINISTIC LIMIT MODEL

To obtain the deterministic limit optimization problem (F), see , let the number of
machines N tend to infinity. The limit state process is denoted by u; = (wy, by) = (wy, 1 —wy)
and the control by (at)e[o,00), Where a; represents the fraction of broken machines that do
not receive repair. Since we consider an infinite-horizon model, let 8 > 0 be the discount
rate. Then, the limit problem (F'), denoted in this setting by (M R), is given by

(MR)  sup /0 T e (Quy — (1 — a))dt,

a

s.t. forall t € [0,00): wp € [0,1], a; € [0,1] and

t
wy = wo + / 2(1 — wg)(1 — as) — wsds. (4.21)
0

Since the control variable enters the problem linearly, potential candidates for the optimal
control are either bang-bang or singular controls (cf. Remark [4.5). As it turns out, in this
scenario, the structure of the optimal control is indeed to reach a singular state as fast as

possible.



4.4. MACHINE REPLACEMENT 99

Theorem 4.15 (Optimal control in the Machine Replacement Model (M R)).

a) Let 3 € (0,3]. Then there ezists a singular state W(B) € [0, 3) such that the optimal
control for (M R) is given by

1, wy > ﬁ)(ﬂ),
o =1 iy we=0(8),
07 wy < UA}(B)

The singular state W(B) can be determined as the unique solution in the interval [0, 1]

of the quadratic equation
4w + (B -8)w+3—-3=0, (4.22)

which exists for all 8 € (0, 3].
b) Let 5 > 3. Then the optimal control to (M R) is given by af =

Intuitively, the optimal control in the case 8 € (0, 3] can be described as follows: If the
initial state is wo € (w(f), 1], intentionally let the machines break down until the singular
state is reached. Conversely, if the initial state is wg € [0,@(/3)), repair the broken machines
until the singular state is reached. From that point on, the optimal control is to maintain
the singular level, as it represents the optimal long-term balance between profit and repair
costs. For § > 3, future rewards are discounted so heavily that they no longer outweigh

the repair costs. Consequently, the optimal control is to never repair.

Lemma 4.16. Let 5 € (0, 3] and suppose that the system under optimal control has reached

the singular state at time t, that is, w; = w(P) and ai =1-— % =: aG. Then the

system is indeed singular in the sense of Remark[{.3, satisfying
!

(t) = Hao(wf,a;,pr) =0,  Vte [t o).

Proof. First, observe that once the system enters the state @(/3), it remains there under
the optimal control (ay). This follows from the fact that the derivative of the state process

vanishes:
wp =201 = a(B)(1 = a) = o(8) = 201 = w(3)) (1= (1= 572 ) ) = (B) = 0.
The Hamiltonian for problem (M R) is given by
H(w,a,p) =2w—(1—-a)+p2(1 —w)(l-a)—w),

where (p;) is the corresponding adjoint function.
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Differentiating the Hamiltonian with respect to the control a, we obtain the switching
function
So(t) = Ha(wt7 at7pt) =1- 2pt(1 — wt).

For the system to be singular on [f, 00), we must show that ¢(¢) = 0 for all ¢+ > {. Since
wy = W(0) is constant on this path, this requires that the adjoint p; also takes a constant

value p, which satisfies

L=2p(1-0(F) =0 = P=5a—Fry

The adjoint function (p;) in the discounted case is given by the differential equation
p; = /Bpt - Hw(w:’ a?,Pt)

= Bpe — (2 — pe(3 — 24}))
=p(f+3—2a;)—2.

For the adjoint to be constant, its time derivative must be zero. Inserting the expressions

for p and @ in terms of W = w(f) yields:

0=p(B+3—2a)—2
1 W
- 0= (P32 )
— 0= 40? + (B — 8)w + (3 — ).

This is precisely the defining quadratic equation for the singular state @w(/3). Consequently,
the triple (), a,p) constitutes a stationary state satisfying w; = 0, a; = 0, p;, = 0, and, in

particular, p(t) = 0 for all ¢ € [f, 00), which implies the statement. O

The control given in part a) of Theorem in which a singular state should be reached

as fast as possible, constitutes a so-called most rapid approach path to the singular state.

Definition 4.17 (Most Rapid Approach Path (MRAP)).
A most rapid approach path (MRAP) (wy)ic[o,00) t0 a given path (wt);cj0,0c) has the
property

|wy — wy| < |wy — Wy, for all t € [0,00)

for all admissible state trajectories (wi)ic(o,00)-

To prove Theorem [£.15] and establish the optimality of the MRAP approach, we adapt
the method from Section 3.3 of [Feichtinger and Hartl (1986)), see also Section 3.5.1 of |Grass
et al.| (2008). First, define the functions

Alw) = 2w — 1, B(w) =1, a(w) =2 — 3w, b(w) = 2w — 2, U(a) = a.
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Then, problem (M R) can be written in the form

(MR) SUP/ e Pt g(w, ar)dt,
a Jo
s.t. forall t € [0,00) : wp € [0,1], a; € [0,1] and
t
wy = W +/ f(ws, as)ds,
0
with

g(w,a) = A(w) + B(w)¥(a), f(w,a) = a(w) + b(w)¥(a).

Using this representation of the optimization problem, the following proposition ensures
the sufficient optimality of the MRAP method.

Proposition 4.18 (MRAP Theorem, [Feichtinger and Hartl (1986))).

Based on the model parameters, define the functions

M(w) = A(w) b(w) o —92
_ Bw) 1
Nw) =30y = 3w
and consider the equation
I(w) == BN (w) + My (w) = 0. (4.23)

Assume that (4.23) has a unique solution w in [0,1) and that

>0, 0<w<w,
I(w)
<0, w<w<l.

Assume further that for any admissible trajectory (wt)te[o,oo) it holds that

t—o00

lim et / ! N(&)d€ > 0. (4.24)

If for any wo € [0,1] an MRAP to w exists, then it is the optimal solution.
If there exists no admissible solution W of (4.23)) and if I(w) < 0 for all w € [0,1), then
the MRAP to the state w = 0 is optimal.

For a proof, see Satz 3.2 in |Feichtinger and Hartl (1986). The proof of Theorem m

now relies on verifying the conditions given in the proposition.



102 CHAPTER 4. APPLICATIONS

Proof of Theorem [{.15 We show that the conditions from Proposition [I.18 result in pre-

cisely the optimal control claimed above. We begin with the investigation of equation

(4.23]). We obtain

I(w) = BN (w) + My (w)
B 4w? — 8w + 3
“w—2 " 2w-1)p
~ Bw—1)+4w? — 8w + 3 Lo
2(w —1)2

Setting the numerator to zero yields the quadratic equation
dw? + (B —8)w+3— B =0. (4.25)

We now distinguish between the two cases for the discount rate 5.

1. Case: >3

Consider the numerator of I(w) as a function of w:
h:[0,1] =R,  hw)=4uw*+ (8 —8)w+3— 3.

On the closed interval [0, 1], the convex parabola h attains its maximum at the endpoints.
We have h(1) = —1 < 0, independent of 5 and h(0) =3 — 5 < 0 for § > 3. Thus, h(w)
and, consequently, I(w) are negative throughout the interval [0,1). Proposition then
implies that the MRAP to w = 0 is optimal, which corresponds to the strategy to never

repair anything. Thus, we obtain af = 1.

2. Case: € (0, 3]

Consider again the numerator h of I(w) that takes the form of a convex parabola. We have
h(0) =3— 8 >0 for g € (0,3] and h(1) = —1 independently of 3. Hence, we conclude
that h has a unique zero @ in [0, 1]. In particular, since h(%) = —% , this zero is located
in [0,1). Moreover, I(w) is positive to the left of @& and negative to the right of #. Note
that the exact location of @ depends on the discount rate 5. We therefore use the notation
w(f) in the formulation of the theorem.

It remains to show that the “transversality condition” is satisfied. Thus, let (’I,Ut)te[()po)
be an arbitrary admissible state trajectory. As t — oo, we have that w; remains bounded
within the interval [0,  + €] for arbitrarily small € > 0. This is because even if we always

repair at full capacity (i.e., a; = 0), the state dynamics are given by

wy = 2(1 —wy) —wy = 2 — 3wy.

The solution to this ODE is w; = % + (wo — %) e~3t which converges to % as t — oo.
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Now consider the integral

W [0}

w 1
; N(&)dasz T
1
2
1

=—(In(1 — @) — In(1 —wy))
_21n(11__;i).

Since w; is bounded away from 1 for ¢ sufficiently large, the integral fwwt N(&)d¢ is also

& = |31 ¢

wt

bounded as ¢t — oco. Additionally, the exponential discount term tends to zero. Hence, it
follows that 5
lim e P [ N(¢)de = 0.

t—ro0 wi

Thus, the transversality condition (4.24]) is satisfied.
Proposition now ensures that an MRAP to the unique solution w of (4.25)) in [0, 1) is

optimal. In the case wy > W, the fastest possible control to reach w is to set a; = 1 and let
the machines break down. Conversely, if w; < @, choose a; = 0 to increase the fraction
of working machines as fast as possible. If the singular state w is reached, it is optimal
to maintain this level of working machines. To achieve this, the action a; must be chosen

such that the derivative of the state process vanishes, that is

we

'y
0=wp=201-w)(l-a)-w > a=l-zz—=

Inserting @ completes the representation of the optimal control claimed in the theorem.
Finally, note that since & € [0, %), we have aj € [0, 1] for all ¢ > 0, and thus the optimal

control is admissible. O

4.4.3. ILLUSTRATION

For illustration, we consider (M R) for the parameters f = 2 and wg = 1. As shown
in Section the control problem, together with the corresponding state differential
equation, can be solved explicitly. For this specific choice of parameters, the optimal

singular state is determined as the solution in [0, 1] of the quadratic equation
4w? — 6w +1 = 0.

We obtain ©(2) = (3 — v/5) ~ 0.191. According to Theorem the optimal control is
given by
. {1, we > B(B),
a; =

w(B ~ N
1= 520 ~ 0.882, wy = ().

The optimal state-control trajectory evolves as follows: Starting from the initial state

wo = 1, it is optimal to set a;y = 1, allowing the machines to decay. In this first phase,
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solving the state equation (4.21)) yields w; = e~

t=—1In (%(3 — \/5)) ~ 1.656. Thereafter, it is optimal to maintain the singular level by
choosing af ~ 0.882. Recall that Theorem ensures that (ay)ic[,00) is asymptotically

The singular state w is reached at

optimal for the N-machine problem.

Figure visualizes the optimal deterministic state trajectory (w;) and compares it to
simulated paths for various numbers of machines N under an open-loop implementation of
the optimal control (a;). The convergence of the state processes can be clearly anticipated.

Several simulations for N = 1000 machines are shown in Figure [4.10)

Note that the representation of the optimal control in Theorem can, in principle, also
be implemented as a feedback control. However, the induced mapping w — a*(-|w) has a
jump discontinuity at w(f), so Corollary does not apply. Thus, we use an open-loop
implementation here, since we have shown its asymptotic optimality in Theorem [3.17] A
detailed discussion on why an open-loop implementation of the optimal control may be

preferable to a feedback implementation is presented in Section .5

T 1
—Deterministic limit process
—Realization for N = 20
—Realization for N = 200

Realization for N = 2000

Proportion of functional machines

g M%A;MM

0:17 - '“‘u’" \—‘ ]—I \—‘ ’—‘H L] l—r

0 L Il Il Il Il
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time

Figure 4.9.: Deterministic state process under optimal control and realizations of the state
process for N = 20, 200, 2000 under open-loop implementation of (af )te[O,oo)-

Proportion of functional machines

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
Time

ot

Figure 4.10.: Deterministic state process under optimal control and ten realizations of the
state process for N = 1000 under open-loop implementation of (af)te[om).
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4.5. RESOURCE COMPETITION

In Theorem it was stated that an optimal control (7) of the deterministic limit model
is asymptotically optimal for the N-agent problem when applied in an open-loop manner.

More precisely, for the N-agent model, we considered the control

~N,i A1 .
=T, i€ 9,

which applies the kernel 7 * at each time ¢ > 0, regardless of the current state i) of the
N-agent process. Corollary ensures the asymptotic optimality of feedback policies in

the case where p +— 7*(-|u) is continuous with respect to weak convergence.

The following example shows that, in general, optimal feedback policies 7 (-|u) of the deter-
ministic limit model (F) with fixed initial distribution g are not necessarily asymptotically
optimal when implemented in the N-agent problem. In particular, convergence of the
M)

N-agent state processes (1" ) yen to the optimal deterministic state process p* as well as

convergence of the value functions V#X ) to the optimal value V¥ of the limit problem is

not guaranteed.

The example is an adaptation of the queueing network considered in [Kumar and Seidman
(1989) and Rybko and Stolyar| (1992)) to our setting. The Rybko-Stolyar network is an
example of an unstable subcritical network, in the sense that the number of jobs in the
network tends to infinity as t — oo, although the arrival rates of jobs at each service station
are strictly less than the service rates. For a detailed discussion of instability in subcritical

queueing networks, see Chapter 3 in |Bramson| (2008]).

4.5.1. DESCRIPTION OF THE N-AGENT MODEL

Suppose we have a network of eight queues S = {1,2,3,4,5,6,7,8}, consisting of two lines
representing queues 1 to 4 (upper line) and queues 5 to 8 (lower line). The set of queues
S corresponds to the basic state space in our mean-field MDP context. The aim of the
network is to process a total of N jobs, where jobs of type 1 pass through the upper line
and jobs of type 2 pass through the lower line. Queues 2 and 7 share server A, while queues
3 and 6 share server B. The action of the central controller is to determine which queue
the servers A and B work on. Thus, the basic action space is A = {0, 1}, where for server
A the action a = 1 symbolizes processing jobs of type 1 in the upper line. In this case,
the transition intensity at queue 2 is fully activated, while a = 0 activates the intensity at

queue 7. For queues 3 and 6, the control mechanism is the same for server B.

The path of a job of type 1 in the upper line is now as follows: The intensity for leaving
the initial queue 1 is Ay = 1, the full intensity for leaving queue 2 is Ay = 1 when processed
by server A, and finally, the full intensity for leaving queue 3 is A3 = 1 when processed by
server B. The dynamics of jobs in the lower line are analogous, with A5 = A\ = Ay = 1.

Queues 4 and 8 are absorbing and collect the fully processed jobs.
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The joint process pf¥ = (u(1),..., 1 (8)) is a controlled continuous-time Markov chain,
where pl¥ (i) represents the fraction of jobs in queue i € S. A natural choice for an initial
configuration is pg = (%,0,0,0, %,0,0,0).

In this model, we assume that servers A and B can split their capacity between queues 2
and 7, resp. 3 and 6. There is a resource constraint in the sense that #2({1} | u¥)+#7({1} |
p) <1 for server A and #3({1} | u¥) + #5({1} | u¥) < 1 for server B, meaning that
in the N-agent mean-field network, the sum of the activation probabilities in queues 2
and 7 as well as the sum of the activation probabilities in queues 3 and 6 is constrained
by 1, see Section W.lo.g., we impose #2({1} | pd¥) + #7({1} | u¥) = 1 and
#B1Y | p)+75({1} | u) = 1, since any inequality would amount to idling, which cannot

increase the value. Thus, we are able to introduce the following simplifying notation

{1} i) = ar, {1 1) =1 by,
AT ) =1—a;, 751} | 1) =br,

where we have a, by € [0, 1] for every ¢ € [0,7]. The control region of the deterministic

limit model is accordingly Ape: = [0, 1]%.

A1 you a2
€, 2

(1 —be)As3 @

@~ @

()
@ (1 — at)/\ @ bt>\6

7

As @

Figure 4.11.: Transition intensities of one agent in the N-agent mean-field network.

To summarize, intensities are given by

Q({2}‘17' 7”1{\[):17 Q({6}|5a' aﬂiv)zl?
W32 a0 ) = a({4}3 b i) =1~ by,
Q({7}|6vbtnuiv) = bta q({8}|7> atnuiv) =1- ag.

All other intensities (besides the intensities of stay) are zero. Note that (Q1)-(Q5) and
(Q4’) are satisfied.

Assume that the objective of the central controller is to process as many jobs as possible
into the absorbing final queues 4 and 8. This intuition results in the following terminal

reward function:
Ny _ . N . N
g(u) = min{s (4), 0.4} + min{y(8), 0.4}.

To ease the analysis of optimality, the terminal reward is bounded by the fraction of 0.4 in

every line of the network. Every control that manages to process a sufficient proportion of
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jobs into the absorbing queues 4 and 8 generates the maximum terminal reward.

Further, assume that jobs in queues 3 and 7 generate costs whenever at least one percent of

the jobs are present in these queues. The reward function for one job is therefore given by

7"(3, “ui\f) = _]l{uiv(3)>0.01} ’ (Miv(?’) - 001)1
r(T, ) = =L~ m)>0.01) - (17 (7) — 0.01).

In every other queue, no reward or cost is generated. Note that the reward functions are
chosen in such a way that they are continuous in p(3) resp. p(7). Thus, (R1) and (R2) are
satisfied.

4.5.2. DETERMINISTIC LIMIT MODEL

We now let the number of jobs in the network N tend to infinity, and obtain the finite-
horizon deterministic limit problem (Fr), see (3.42)). In the following, we denote the limit
state process by iz = (p1¢(1), ..., ¢(8)) and the control by (at, b;)secfo,7]- For the sequence
of initial states, we require ulY = o for a distribution ug € P(S). As the time horizon, we

choose T = 45. The result is the following deterministic optimization problem:

45
(RC) (Sugg(ucr)Jr/o ps(3) - 7(3, -, pus) + ps(7) - (7, -, s )ds,

sit.ag, by €[0,1], po € P(S) and for all ¢ € [0, 45]
1) = 1)+ [ 1)
() = jof2) + [ 1s(1) = aup(2)ds
pl3) = 50fd) + [ auns(2) — (1= b)us(3)ds

) = o) + [ (1= b (3)ds

pl5) = o) + [ —po(5)ds

pl6) = 50f6) + [ 1s5) = bups(6)ds

1(7) = 10(7) + Ot botis(6) — (1 — ag)ps(7)ds

we(8) = uo(8) + Ot(l — as)ps(7)ds

Since the state process forms a distribution for each point in time ¢ € [0,45], one of the

state equations above can be omitted.

Now suppose that the initial distribution of jobs is given by the natural choice ug =

(%, 0,0,0, %, 0,0,0). We consider the following heuristic feedback control, in which the

servers give priority to the exit queues 3 and 7 whenever the fractions are above the
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threshold of 0.01. Otherwise, queues 2 and 6 receive priority. If the threshold is reached

exactly, a special rule is applied.

0, m(7)>0.01 0, m(3)>0.01
a;?T =4 Ct /,Lt(7) =0.01 bi)r =4 Ct Mt(3) =0.01
1, u(7)<0.01 1, u(3)<0.01

Here, the parameter c¢; is chosen in such a way that the inflow in queues 3 and 7 corresponds
to the outflow of these queues. This allows us to maintain the fraction of jobs exactly at
the threshold of 0.01. Since the evolution of the state process in the deterministic limit
model is symmetric, we do not need to differentiate the parameter ¢; for the two different

servers.

Figure displays the control (al”,bl") resulting from applying the heuristic priority-
rule feedback control in the deterministic limit model for the initial distribution pg =
( 0,0,0, %,0 0,0). As already mentioned, the upper and the lower line are symmetric,
and consequently, we have al” = b}" for every t € [0, 45]. Note that for a short period of
time in the beginning (¢ € [0,0.2147)), it is optimal to perform a}” = b" = 1 until the
thresholds of 0.01 in queues 3 and 7 are reached. From then on, a}” and b}" are chosen

such that the threshold level is preserved in queues 3 and 7.

time

Figure 4.12.: “Priority-rule” control (a}", b T)t€[0745] of the deterministic limit model.

Why is this priority rule optimal for the deterministic limit model with initial distribution
o = ( 0,0,0, ;,0 0,0)? Clearly, the maximum possible reward that can be achieved is
0.8. This is the case when the fraction of jobs in queues 3 and 7 is kept below the threshold
throughout the planning horizon and additionally, at the terminal time T" = 45 the fraction
of completely processed jobs in queues 4 and 8 exceeds the reward limit of 0.4. The priority

rule enforces these properties of the state trajectories and thus yields the maximum reward

(see Figure [4.13)).

Theorem now establishes the asymptotic optimality of the control (at",b}");c(0,45)
when applied in an open-loop manner to the N-agent model with initial distribution

Ho = ( 0,0,0, 5,0 0,0). Figure shows the state process of the deterministic limit

model under the optimal control (a}", b} )ic[o,45], as well as a realization of the corresponding
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N-agent state process for N = 1000 jobs. The convergence of the state processes can

already be clearly anticipated.

0.5 0.5 0.5 0.5
0.4 0.4 0.4 04
0.3 0.3 03} 0.3
= g s S
0.2 0.2 027 0.2
0.1 0.1 0.1} 0.1
o,
0 0 0 0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
time time time time
0.5 0.5 0.5 0.5
0.4 0.4 047 04
0.3 0.3 03] 0.3
B S g o)
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0 0 0 0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
time time time time

Figure 4.13.: Deterministic state process under optimal control (blue), Realization of the
state process for N = 1000 jobs under open-loop implementation of the
priority rule (a}", b}")e(0.45 (red).

4.5.3. NON-OPTIMALITY OF THE PRIORITY-RULE FEEDBACK CONTROL IN THE
N-AGENT MODEL

The priority-rule feedback control can easily be implemented in the N-agent model. A
major observation is that the threshold of 0.01 cannot be attained exactly for pl¥(3) and
pi¥ (7) if the number of jobs N is not divisible by 100. Consequently, the parameter ¢; is
irrelevant for implementing the control for such N, and we have af T’N, by mN e {0,1} for all
t € [0,7] in the N-agent model.

As it turns out, the nature of the state processes in the N-agent model is fundamentally
different from that of the deterministic limit model. Figure [.14] depicts a realization of the
state process for V = 3001 jobs. The evolution over time is as follows: For a short period of
time in the beginning, we have ;¥ (3) < 0.01 and N (7) < 0.01. Thus, a?™" = /"™ =1 is
executed, which results in an increase in the fractions of jobs in queues 3 and 7. When the
fraction in one of the two lines exceeds the threshold of 0.01, the priority of the respective
server switches, while the other server continues to operate as before. W.l.o.g. assume that
this occurs in the upper line (as realized in Figure , ie., a™ =1 and ¥ = 0. Then
the inflow of jobs in queue 3 is still greater than the outflow, causing congestion of jobs in

queue 3 that generates cost. The distribution of jobs in the lower line remains constant.
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Only when the majority of jobs in the upper line are processed to queue 4 and the fraction
of jobs in queue 3 falls below the threshold, the priority of the system is reversed and
the jobs in the lower line are processed, causing again congestion of jobs in queue 7 that

generates cost, until finally, the majority of jobs in the lower line are processed to queue 8.

Surprisingly, when applied to the N-agent model, the priority-rule processes jobs to the
absorbing queues more quickly than the deterministic limit model. This effect arises
because the outflow of queues 3 and 7 is proportional to the fraction of jobs in these queues,
which is typically higher in the N-agent model due to the congestion. However, this faster

processing is not reflected in a higher reward.

0.5 0.5 0.5 0.5

0.4 0.4 0.4 0.4

0.3 0.3 0.3 0.3
£ S s S
z_. z_. z_. z.

02 02 02 T o2

0.1 0.1 0.1 k 0.1

0 0 0 0

0 5 10 15 0 5 10 0 5 10 0 5 10
time time time time

0.5 0.5 0.5 0.5

0.4 0.4 0.4 0.4

0.3 0.3 0.3 0.3
B S e s
z_. z_. £ z_

0.2 0.2 0.2 0.2

0.1 0.1 \ 0.1 0.1

0 0 0 0

0 5 10 0 5 10 0 5 10 0 5 10
time time time time

Figure 4.14.: Realization of the state process for N = 3001 jobs under the priority-rule
feedback control.

Note that the evolution of the N-agent system strongly depends on which threshold
is exceeded first — that of the upper line in queue 3 or the lower line in queue 7. This
determines which line is emptied first. Figure shows eight different realizations of the
state process for N = 2001 jobs obtained by applying the priority rule. In four realizations,

the upper line is emptied first, while in the other four, the lower line is emptied first.
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Figure 4.15.: Eight realizations of the state process for N = 2001 jobs under the priority-
rule feedback control.

The implementation of the priority-rule feedback control in the N-agent model reveals
several interesting results. First, we find that, although the priority is optimal for problem
(RC) at least for the initial distribution pg = (%, 0,0,0, %, 0,0,0) as it attains the maximum
possible reward, the priority rule is not asymptotically optimal for the N-agent model,
since it creates congestion in queues 3 and 7 that generates cost. We also conclude that
convergence of the state processes does not generally occur for arbitrary feedback rules.
The intuition behind this observation is quite obvious: the N-agent model may be found
in states that cannot be reached in the deterministic limit model. In this example, these
are queues where ;2 (3) > 0.01 or ¥ (7) > 0.01. In such states that are unreachable for
the limit model, the feedback control may trigger a behavior of the N-agent state process

fundamentally different from the deterministic limit state process.

4.5.4. AN ASYMPTOTICALLY OPTIMAL FEEDBACK CONTROL FOR THE N-AGENT
MODEL

The aim of this section is to refine the priority-rule feedback control such that it becomes
asymptotically optimal when applied to the N-agent model. The main idea is to interrupt
the inflow of jobs in queues 3 and 7 whenever the fraction of jobs in these queues is above
the threshold. This leads to the following structure for the refined feedback control:

i) Case ut(3) < 0.01 and 1(7) < 0.01: Build up the fraction of jobs in queues 3 and 7
up to the threshold of 0.01.
ay = ]., bt =1
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ii) Case ut(3) > 0.01 and p¢(7) > 0.01: Reduce the fraction of jobs in queues 3 and 7
down to the threshold of 0.01.

at:(), thO

iii) Case p(3) > 0.01 and p¢(7) < 0.01: Reduce the fraction of jobs in queue 3 down to
the threshold of 0.01. During this process the fraction of jobs in queue 7 is reduced

as well.
ay = 0, bt =0

iv) Case 1(3) < 0.01 and p(7) > 0.01: Reduce the fraction of jobs in queue 7 down to
the threshold of 0.01. The fraction of jobs in queue 3 is reduced as well.

CLtIO, bt:0

v) Case u(3) = 0.01 and p(7) = 0.01: Adjust the control parameters in such a way
that the inflow in queues 3 and 7 corresponds to the outflow of these queues. This

allows us to maintain the fraction of jobs exactly at the threshold of 0.01.

ar = Ct, by =c;

vi) The two cases in which one of the queues is at the threshold u:(-) = 0.01 and the
other queue is below the threshold are combinations of cases i) and v). These cases

are of minor practical relevance.

Why is this feedback control optimal for the deterministic limit model? For the initial
state up = (%, 0,0,0, %, 0,0,0), the refined control is equivalent to the priority-rule feedback
control in the sense that it induces the same state (and action) process and therefore
generates the maximum reward. Note that pg = (%, 0,0,0, %, 0,0,0) is the least favorable
initial configuration for processing as many jobs as possible to queues 4 and 8 until the end
of the planning horizon. If the control provides pr(4) > 0.4 and p7(8) > 0.4 in this least
favorable case, then this holds for every other initial configuration as well. Additionally, for
any initial configuration with fo(3) > 0.01 or uo(7) > 0.01, which corresponds to the cases
ii), iii) or iv), the feedback control applies a; = 0 and b; = 0, which is the fastest strategy
to reduce the fraction of jobs in queues 3 and 7 below the threshold of 0.01 and therefore
minimizing the costs. Thus, we conclude that the presented feedback control is optimal for

every initial configuration for the deterministic limit model.

The refined feedback control described above can easily be implemented in the N-agent
model. As for the priority-rule feedback control, the threshold of 0.01 cannot be attained
exactly for pf¥(3) and pf¥(7) if the number of jobs N is not divisible by 100. Thus, only
the cases i)-iv) are relevant to implement the control for such N. The main difference

between the two feedback policies is the behavior when the threshold in queues 3 or 7
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is exceeded. The refined control then cuts the inflow in these queues instantly until the
surplus has been processed. Consequently, the threshold is exceeded by at most one job,

and congestion in queues 3 and 7 is avoided; see Figure [4.16]

By the structure of the reward function, exceeding the threshold by one job at most results
in costs that tend to zero as the number of jobs tends to infinity. Additionally, as suggested
in Figure for N sufficiently large, the fraction of jobs in queues 4 and 8 reliably
surpasses the reward limit of 0.4 at T = 45. We conclude that the refined feedback control

is asymptotically optimal for the N-agent model, generating the maximum possible reward

of 0.8 for the initial distribution o = (3,0,0,0, 3

0.5

0.5

DRI

0,0,0).

0.4

0.4
03
g

0.2

0.1

0.5

0.5

0.4

0.3

)

0.2

0.1

0.5

10

20

30

time

40

0.5

10

20
time

30

40

10

20
time

30

40

0 10 20 30 40
time

0.4
03
&

0.2

0.1

0

0.4

0.3

e

0.2

0.1

0.5

0.4

0.3

1(6)

0.2

0.1

0.5

0.4

0.3

()

0.2

0.1

0

10

20

30

time

40

0

0

10

20
time

30

40

0
0

10

20
time

30

40

0 10 20 30 40
time

Figure 4.16.: Deterministic state process under optimal feedback control (blue), Realization
of the state process for N = 20001 jobs under the refined feedback control
(red).






APPENDIX A

MISCELLANEOUS

Theorem A.1 (Ionescu-Tulcea). Let {(X;, F;)}52, be a sequence of measurable spaces,
Y, =X1 xXox...x X, andY := X1 x Xo x.... Let p be a given probability measure
on (X1,F1), and, forn =1,2,..., let g,(dxnt1|yn) be a stochastic kernel on X, 1 given
Yn € Yn. Then for each n = 2,3,..., there exists a unique probability measure p, on
(Yo, [Tim, Fi) with [Tj—, Fi being the product o-algebra of {F;}_; such that, for allT'; €
Fi,..., [ € Fp,

(P x Ty = [ [ [ g @l ) qual il o)
ryJIe | P
-+ q1(dxa|zy) p(dxy).
If f:Y, — [0,00] is a measurable function, then
| fditn) = [ [ mg e,z
Yn Xl X2 Xn
o q1(dxa|zy)p(dey).

Furthermore, there exists a unique probability measure p on (Y, 1152, F;) with [[52, Fi being

the product o-algebra of {F;}2, such that, for each n, the marginal of i on Yy, s fun,.

This version of the theorem can be found in Proposition B.1.37 in [Piunovskiy and
Zhang (2020). For a proof, see, e.g., Theorem 2.7.2 in |Ash and Doléans-Dade| (2000)) and
Proposition 7.28 in Bertsekas and Shreve (1978).
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Definition A.2 (Upper semicontinuous function). Let X be a topological space and
¢ be a [—o0, oc0]-valued function on X. Then c is called upper semicontinuous on X if
{z € X | c(x) > e} is closed in X for each constant € € R.

Theorem A.3 (Tychonoff). Let (M;,7;)icr be a family of compact topological spaces. Then,
the product [[;c; M;, equipped with the product topology, is compact.

For reference, see, e.g., Theorem 17.8 in Willard| (1970)

Lemma A.4. For a compact Borel space M, the set of all probability distributions P(M)

on M, endowed with the topology of weak convergence, is a compact Polish space.
For reference, see Proposition A.8 in Lange (2017).

Lemma A.5. Let X be a separable metric space, Y a compact metric space and f :

X xY — R continuous. Then x, — x for n — oo implies

lim sup |f(zn,y) — f(2,y)] = 0.

n—oo er

For a proof, see, e.g., Lemma B.12, |Lange| (2017)).

Theorem A.6 (Jensen). Let I C R be an interval, ¢ : I — R, and let X be an I-valued

random variable with E[| X|] < oco.

a) If ¢ is concave, then
b) If ¢ is conver, then
c) If ¢ is affine, then

The affine case follows from a) and b). For a proof of the convex case, see Theorem 7.9
in Klenke, (2020).

Theorem A.7 (Chebyshev). Let X be a real random variable with E[X?] < co. Then, for

alle >0,
< Var(X)

PX - E[X)| 2 ¢) < 2

For a proof, see Theorem 5.11 in Klenke| (2020).
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Lemma A.8 (Gronwall’s inequality). Let f :[0,b] — R be Lebesgue-integrable and A > 0,
C > 0 constants such that for all t € [0, b]

t
0< f()< A+ c/ f(s)ds.
0
Then the following inequality holds for all t € [0,0]:
f(t) < Aect.

See Gronwall-Lemma in Walz| (2017)).

Lemma A.9 (Characterization of the total variation distance). Let p and v be probability

measures on a finite set S. The total variation distance between p and v is given by

it — vy = 5 3 i)~ v(0)].

€S
For a proof, see, e.g., Proposition 4.2 in Levin and Peres| (2017)).

Lemma A.10. Let S be a finite set. Then P(S) is separable and complete with respect to

the total variation distance.

Proof. For finite S with |S| = m, identify P(S) with the standard probability simplex
Al ={z e R™: z; >0, 31", x; = 1}. On a finite state space, |[u — v|rv = 3||p — v,
so (P(S), |- |l7v) is (up to a constant factor) the metric subspace (A™~1 ||-||1) of (R™, ||-]|1)-
The simplex A™ ! is closed and bounded in R™, hence compact (Heine-Borel); compact

metric spaces are complete and separable. ]

A.1. MARTINGALES AND QUADRATIC VARIATION

In what follows, let (€2,.4,P) be a probability space with filtration F = (F})¢>0.

Definition A.11 (Martingale). A real-valued stochastic process (M;)¢>0 is an F-martingale
if it is F-adapted, satisfies E[|M;|] < oo for all ¢t > 0, and for all 0 < s < ¢,

E[M; | Fs] = M, P-as..

Definition A.12 (Total variation). Let f : [0,00) — R and [a,b] C [0,00). The total

variation of f on [a,b] is
TVio(f) = sup > _|f(t:) = f(tia)],
i=1

where the supremum is taken over all finite partitions Z = {a =tg <t} < --- < t, = b} of
[a, b].
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Lemma A.13. Let f :[0,00) — R be cadlag with, on every finite interval [a,b] C [0, 00),
only finitely many jumps, each of finite height. Assume further that f is linear between the

jumps. Then f has finite total variation on [a,b].

Proof. Fix [a,b] C [0,00) and assume there is exactly one jump at t* € (a,b). If there is
more than one jump in [a, b], the reasoning remains the same, but the notation becomes
more complicated. Let the slopes on (a,t*) and (t*,b) be m~ and m™, and set m :=
max{|m~|,|m*|}. Let Z = {a =ty < ... < t, = b} be any partition, and denote by
t* :=max{t; < t*} and t := min{t; > t*} the closest partition points bracketing ¢*. With
h = |f(t*) — limgy= f(s)| we have

S = () = I (= ) 4 02) = )]+ |- (= 1)
<im7|-(tt —a)+m- (L —t)+h+|mT| - (b—tL)
<m-(b—a)+h

Since the bound is independent of the partition, we obtain
TV (f) <m-(b—a)+h < oco.

O]

Theorem A.14 (Characterization of the Quadratic Variation). Let (M;)i>0 be an F-

martingale.

a) If (My)e>0 is cadlag with paths of finite variation on compacts, then its quadratic

variation is given by

[M, M)y = Mg+ > (Mg — M)
0<s<t

In this case (My)e>0 is called quadratic pure jump.

b) If E[[M, M];] < oo, then
E[M{] = E[[M, M],].

For a proof of part a) see Theorem 26 in Protter (2005), Section I1.6. For part b) see
Corollary 3 in Protter| (2005), Section II.6.
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CONVERGENCE OF STOCHASTIC PROCESSES

The aim of this chapter is to give a rigorous characterization of the convergence of the
state and action processes, as well as to collect additional results related to the convergence
results in Chapter

As mentioned in Section the paths of the state process are piecewise constant, right-
continuous with existing left limits. Therefore, we consider the state process as a
stochastic element of Dp(g)[0, 00), the space of cadlag functions with values in P(S). Section
B3] provides the fundamental definitions and results needed to characterize and study

convergence in Dp(g)[0, o0).

In contrast, by the definition of the action process (3.7)), its paths are piecewise constant and
left-continuous with existing right limits, and thus do not belong to Dp(4)[0,00). Instead,

we regard the action process (7):>0 as a stochastic element of RIS, where
R :={p:]0,00) = P(A) | p measurable}

is the space of measurable functions that assign to each time ¢ > 0 a probability distribution
on the action space. In Section [B.2] we introduce a notion of convergence on R and present

additional topological properties.

Section is devoted to the basic concepts of convergence of random variables and the

relations between them.
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B.1. CONCEPTS OF CONVERGENCE FOR RANDOM VARIABLES

Definition B.1 (Almost sure convergence, convergence in probability and LP-convergence).
Let (£2,.A,P) be a probability space and (F,d) a separable metric space with associated
Borel o-algebra B(F). Furthermore, let X, X1, Xo,... : Q@ — F be A-B(F)-measurable

random variables.

The sequence (X,,)pen converges to X

a) almost surely, denoted by X, %% X, if there exists a set N € A with P(N) = 0 such
that
dX (W), X, (w) =30, YweQ\N.

b) in probability, denoted by X, Fox , if

Pd(X,X,) >¢e) =3 0, Ve>0.

Now, let (E,d) = (R, |-]|) be the Euclidean space and p > 1 a real number. Further assume
that the p-th moments exist, i.e., E[|X,|P] < oo for all n € N and E[| X |P] < oo.

The sequence (X,,)nen converges to X

c) in the p-th mean or in LP, denoted by X, L, X, if

E[ X, - X|P] =5 0.
Definition B.2 (Weak convergence, relative compactness and tightness).
Let (E,d) be a metric space and P(FE) the space of Borel probability measures on E.

a) A sequence (P,)nen C P(E) converges weakly to P € P(E), denoted by P, = P, if

/ fdp, =% / fdpP
for all bounded continuous functions f : £ — R.

b) A sequence of E-valued random variables (X,,)nen converges weakly to X (X,, = X),
if the distributions (Px,, )nen converge weakly to Px.

c¢) A family of probability measures P C P(F) is relatively compact, if every sequence of

elements of P contains a weakly convergent subsequence.

d) A family of probability measures P C P(F) is tight, if for each € > 0 there exists a
compact set K C E such that

inf P(K)>1—e.
pPep
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Lemma B.3. Let X, X1, Xo,... be real random variables. Then the following are equivalent:
i) X =X
i) E[f(X,)] =3 E[f(X)] for all continuous and bounded functions f : R — R.
For a proof, see Corollary 13.24 in Klenke| (2020)).

Proposition B.4 (Properties of the types of convergence).
Let (E,d) be a separable metric space and suppose that X, X1, Xo, ... are E-valued random

variables defined on the same probability space.
a) The following relations between the types of convergence hold:
) X, 25X = X, X,
i) X, L x — XnLX, for any p > 1,
i) Xp —> X = X,=X.

b) Considering random vectors X,, := (X,(Ll), ey Xr(bk)), neNand X := (XD, . Xk,
it holds that

X, 5 X = xUIELx0 vijie{1. k.

c) If X is almost surely constant, it holds that

X, X — X,=X

Proofs for part a) can be found in Remark 6.4 in |Klenke| (2020)), Lemma 5.7 and Theorem
5.12 in Kallenberg| (2021)). For a proof of part b), see Lemma 5.4 in Kallenberg (2021)). For
part c) see Subsection Convergence in Probability in Section 3 in Billingsley| (1999)).

Theorem B.5 (Continuous mapping theorem).

Let (Ey,dy) and (E2,ds) be metric spaces and let ¢ : By — Ea be measurable. Denote by
U, the set of points of discontinuity of . If X, X1, Xs,... are Eq1-valued random variables
with P(X € Uy,) =0 and X,, = X, then ¢(X,) = ¢(X).

For a proof, see Theorem 13.25 in Klenke| (2020)).

The following well-known representation theorem by Skorokhod establishes a further
connection between weak convergence and almost sure convergence. We state the version
given in Klenke| (2020), Theorem 17.57.

Theorem B.6 (Skorokhod’s Representation Theorem).

Let P, Py, P, ... be probability measures on a Polish space (E,B(FE)) with P, = P. Then
there exists a probability space (2, A,P) with random variables X, X1, Xo, ... with Px = P
and Px, = P, for every n € N such that X, L5 X.
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Theorem B.7 (Prokhorov).
Let (E,d) be a metric space and let P C P(E) be a family of probability measures. If P is
tight, then P is relatively compact.

For a proof, see Corollary 3.2.3 in Ethier and Kurtz (1986). If (E,d) is complete and
separable, the converse holds as well and tightness and relative compactness are equivalent.
This result is known as Prokhorov’s theorem, see, e.g., Theorem 3.2.2 in |Ethier and Kurtz

(1986). For our purposes, the above version is sufficient.

Proposition B.8 (Relative compactness in product spaces).

Let (Ey,dy), k=1,2,..., be metric spaces, and define the metric space (E,d) by letting
o oo
E=]]Ec and d(z,y)=> 2 " min{dp(ar,yk), 1}
k=1 k=1

for all z,y € E. Let (P;)ic; C P(E) for some arbitrary index set I. For k =1,2,... and
each i € I, define PF € P(E}) as the k-th marginal distribution of P;. Then (P;)ier is tight
if and only if (PF)scr is tight for k=1,2,....

)

The statement can be found in Ethier and Kurtz| (1986), Proposition 3.2.4.

B.2. CONVERGENCE OF THE ACTION PROCESS

The purpose of this section is to characterize convergence in the space of action processes
R:={p:[0,00) = P(A) | p measurable},

the space of measurable functions that assign to each time ¢t > 0 a probability distribution
on the action space A, which we assumed to be a compact Borel space. To specify

measurability of an element in R, define for every B € B(A) the function
mp : P(A) — [0, 1], a— «o(B).

On P(A), we now consider the initial o-algebra

T :=o—( U mBl(B([o,lm)-

BeB(A)
In other words, o,,, is the smallest o-algebra on P(A), such that the functions mp are
measurable. Finally, we call p € R measurable if it is B(]0, 00))-0p, - measurable.

To develop a concept of convergence in R we follow the construction of |Davis| (1993)),
Chapter 43. We start with the observation that the space R is a subset of
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X* = L™ (]0,00),C*(A))

= {U :[0,00) = C*(A) ‘ lv|l« = esssup v o+ < oo} ,

te[0,00)

where

C*(A) ={v:B(A) - R | v finite signed measure on A},

[V]lce = v (A) + v (A).
The space X™* is the space of functions that assign to each time ¢t > 0 a signed measure on
the action space. The space of probability measures P(A) is a subset of the space of signed

measures C*(A). A version of the Markov-Riesz representation theorem, see Theorem
VIII.2.26 in Elstrodt| (2018), states that C*(A) is the dual space of the set

C(A)={f:A— R| f continuous}.

Remark B.9. The statement in [Elstrodt| (2018) is formulated for the class of C%-functions,
the space of functions that vanish at infinity. The dual of the space of C%-functions is the
space of finite regular signed measures v : B(A) — R. In our case, A is a compact Borel
space, and thus in particular Polish. Theorem VIII.1.16 together with Conclusion VIII.2.22
in [Elstrodt| (2018)) imply that every signed measure on B(A) is regular. Additionally, every
continuous function with compact domain is necessarily vanishing at infinity. Thus, the
version of the Markov-Riesz representation theorem in [Elstrodt| (2018) is appropriate in

our context.

Now, following from the duality of LP-spaces, X* = L*°([0,00),C*(A)) is the dual space
of

X=r ([07 OO)? C(A))

= {@Z) :[0,00) x A - R ’ 1 meas. in t, cont. in a and / max |(t,a)|dt < oo} ,
0 ac

see, e.g., the discussion preceding Proposition 43.3 in Davis| (1993).

The weak® topology on X* is defined as the coarsest topology, such that the pairings
~ o
VXTS5 R, v (o) = / / Y(t, a)ve(da)dt.
0 A
are continuous for all ¢ € X. The Banach—Alaoglu theorem states that the unit ball
Bi={veX"||v|«<1}Cc X"

is compact w.r.t. the weak* topology, see, e.g., Satz 13.9 in |Hirzebruch and Scharlau| (1991)).
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Since an element p € R assigns a probability measure to each point in time, we have

llpl|« = 1. Consequently, the space R is a subset of Bj.
Theorem B.10. The space of action processes R is compact.

Since closed subsets of compact sets are compact as well, see Theorem (11.3) in Davis
(1993), it is sufficient to show that R C By is closed. For a proof, see Proposition (43.3) in
Davis (1993). The compactness of the space RI®! follows from Theorem |A.3

Having ensured that the limit of a sequence of elements of R is again an element of R, we

now introduce the notion of convergence considered for action processes in Section
Theorem B.11 (Topological properties of R).

a) A sequence (p™)nen C R converges to p € R for n — oo in the weak* topology if and
only if

| [ teapaas — [ [ wapda
forall ¢ € X.

b) The space R is metrizable in the weak® topology.

For a proof of the characterization of convergence in R, see Lemma 13.8 and Lemma
13.2 in Hirzebruch and Scharlau/ (1991). Note that the proof relies solely on topological
arguments and does not require a metric. Nevertheless, we state that R is metrizable
in order to apply Theorem at some point. For reference, see Lemma B.3 in |[Forwick
(1997).

Remark B.12. The proposed derivation of the convergence of action processes based on
the weak™® topology is common in control theory. For a broader overview, see, e.g., Chapter
43 in Davis (1993), Chapter II1.3.B in |Warga| (1972), or Appendix B in [Forwick| (1997)).
The concept was introduced by [Young| (1937)) in his work on the calculus of variations.

Therefore, the corresponding topology bears his name.

Definition B.13 (Young topology).
The Young topology on R is the relative weak™ topology of R considered as a subset of Bj.

Remark B.14.

a) The notion of convergence in Theorem corresponds to the pointwise convergence
of the pairings (¢, v,) — (¥, v) for every ¥ € X. For this reason, the literature also
refers to the weak™* topology resp. the Young topology as the topology of pointwise
convergence.

b) An element p € R can be interpreted as a stochastic kernel, since

i) pt is a probability measure on B(A) for every ¢ € [0, 00),
ii) t — p(B) is measurable for every B € B(A).
The second property directly follows from the fact that ¢ — py(B) is simply the

composition mp o p, where mp and p are both measurable functions.
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B.3. CONVERGENCE OF THE STATE PROCESS

In what follows, let (F,d) be a metric space and dp;, := min{d, 1}. For the investigation

of the state process, we rely on the metric space (P(S), | - ||7v).
Definition B.15 (The space Dg[0,c0)).
a) A function f:[0,00) — E is called caglad (continue a gauche, limite d droite) if
o f is left-continuous, i.e., lim,_,,— f(s) = f(t) for t € (0,00), and
e the right limits exist, i.e., lim,_,,+ f(s) =: f(tT) exists for ¢ € [0, 00).
b) A function f :[0,00) — F is called cadldg (continue da droite, limite a gauche) if
e f is right-continuous, i.e., lim,_,;+ f(s) = f(t) for ¢t € [0, 00), and
o the left limits exist, i.e., lim,_,;— f(s) =: f(t7) exists for ¢ € (0, 00).
c¢) The set Dg[0,00) is the space of all cadlag functions f : [0,00) — E.

In order to study convergence on the space of cadlag functions, we introduce a metric to

measure distances between elements of Dg|[0, 00).
Definition B.16 (The Skorokhod metric dy, ).
a) Let

A = {\:]0,00) = [0,00) | A strictly incr. and cont., A(0) =0, tli}m A(t) = o0},

log)\(s)_)\(t)’<oo}.

s—t

A = {)\ € A’ | X Lipschitz and y()\) := sup

s>t>0

For z,y € Dg[0,00) define the Skorokhod metric dj, by

dy(z,y) = )l\Ieljf\ {max {7()\), /Ooo e sup{dmin(z(t A w), y(A(t) A u))}du}} .

>0

b) The topology induced on Dg[0,00) by the metric dj, is called the Skorokhod topology
J1.

Theorem B.17 (Separability and completeness in Dg[0, 00)).
If E is separable, then Dgl0,00) is separable. If (E,d) is complete, then (Dg[0,00),dy,) is

complete.

For a proof, see, e.g., Theorem 3.5.6 in |Ethier and Kurtz| (1986). Note that, together with
Lemma the theorem implies the separability and completeness of (Dp(g)[0,00),d, ).

Remark B.18. Skorokhod proposed four different topologies Jy, J2, M; and M on
Dgl0,1] in his work on limit theorems for stochastic processes; see Skorokhod, (1956). Since
then, the corresponding metric d;, has become the most popular and is thus frequently
referred to as the standard Skorokhod metric. The metric introduced in Definition [B.16] is

an extension of the original Skorokhod metric on Dg[0, 1] to the space Dg[0, c0).
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Prokhorov’s theorem [B.7] links the tightness of a family of probability measures with
relative compactness. Applied to a sequence of stochastic processes, it can be shown that a
weaker notion of “pointwise tightness” in combination with an additional condition
is sufficient for the sequence to be relatively compact. The result can be found in |Kurtz
(1981), Theorem 2.7.

Theorem B.19 (Characterization of relative compactness in (Dg[0,00),d,))-

Let (X)) nen be a sequence of stochastic processes with sample paths in Dg[0,00), E complete
and separable. Let Fi' = o(Xp(s) : s < t) and let M} be the collection of F{* stopping
times T such that T < T a.s. Suppose for every € > 0 and rational t > 0 there exists a

compact set I'y . C E such that

ingP(Xn(t) €ele)>1—e. (B.1)
ne

Then for any 8 > 0 either of the following conditions implies (X, )nen s relatively compact:

a) For T,6 > 0 there exist random variables v (5) > 0 such that
E[dpyin (Xn(t + 6), Xu(6)| 7] < B[y ()| ), 0<t<T,

and lims_,o lim sup,,_, . E[7.L(8)] = 0.

b) For every T >0

lim lim sup sup E[diin(Xn(T +6), Xn(7))] = 0.

0=0 n—oo reMp

The definition of relative compactness c¢) implies that a relatively compact sequence
of stochastic processes always contains a weakly converging subsequence. If additionally the
finite-dimensional distributions of the processes converge weakly, the sequence of stochastic
processes itself is weakly convergent. For a proof of the following theorem, see part b) of
Theorem 3.7.8 in [Ethier and Kurtz (1986]).

Theorem B.20 (Characterization of weak convergence in (Dg[0,00),dy,)).
Let E be separable and let X, X1, Xo, ... be processes with sample paths in Dg[0,00).
If (Xn)nen is relatively compact and there exists a dense set D C [0,00) such that

(Xn(tl)a"-7Xn(tk)) = (X(tl)a"wX(tk))
holds for every finite set {t1,...tx} C D, then
X, = X.

The following theorem gives a criterion under which the limit process of a weakly
converging sequence of stochastic processes is continuous. The statement can be found in
Ethier and Kurtz| (1986), Theorem 3.10.2.
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Theorem B.21 (Characterization of continuity for limit processes in (Dg[0,00),d,))-
For x € Dgl0,00) define

J(x) = /OOO e “min{J(z,u),1}du,

where
J(x,u) = sup d(z(t),z(t—)).

0<t<u

Now let X, (X,,)nen be processes with sample paths in Dg|0,00) and suppose that X, = X.
Then the following holds:

X is a.s. continuous <— J(X,)=0.

In the case of a continuous limit process, convergence with respect to d;, implies uniform

convergence on compact intervals.

Theorem B.22 (Uniform convergence on compact intervals).
Let z € Dg[0,00) be continuous and (xy)neny C DE[0,00) such that limy, oo d.j, (Tp, ) = 0.
Then

lim sup d(z,(t),z(t)) =0.

n—oo 0<t<u

for allu > 0.

Proof. Since the limit process z is continuous, we have J(z,u) = 0 for all u > 0. Lemma
3.10.1 in [Ethier and Kurtz (1986) then implies the statement. O
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