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Abstract—Integrated sensing and communications (ISAC)
promises new use cases for mobile communication systems
by reusing the communication signal for radar-like sensing.
However, sensing and communications (S&C) impose conflicting
requirements on the modulation format, resulting in a trade-off
between their corresponding performance. This paper investi-
gates constellation shaping as a means to simultaneously improve
S&C performance in orthogonal frequency division multiplexing
(OFDM)-based integrated sensing and communications (ISAC)
systems. We begin by deriving how the transmit symbols affect
detection performance and derive theoretical lower and upper
bounds on the maximum achievable information rate under a
given sensing constraint. Using an autoencoder-based optimiza-
tion, we investigate geometric, probabilistic, and joint constella-
tion shaping, where joint shaping combines both approaches,
employing both optimal maximum a-posteriori decoding and
practical bit-metric decoding. Our results show that constel-
lation shaping enables a flexible trade-off between S&C, can
approach the derived upper bound, and significantly outperforms
conventional modulation formats. Motivated by its practical
implementation feasibility, we review probabilistic amplitude
shaping (PAS) and propose a generalization tailored to ISAC. For
this generalization, we propose a low-complexity log-likelihood
ratio computation with negligible rate loss. We demonstrate that
combining conventional and generalized PAS enables a flexible
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Fig. 1. Considered ISAC scenario. A base station employs a unified transmit
signal with an optimized constellation to communicate with a UE and to sense
the environment in a radar-like manner. The objective of the ISAC base station
is to transmit data to the UE and to detect a target of interest (TOI), such as
a drone, in the presence of an interfering object like a building. Constellation
shaping enables a flexible trade-off between communication throughput and
detection probability of potential targets, and it improves both simultaneously
compared with legacy modulation formats.

and low-complexity trade-off between S&C, closely approaching
the performance of joint constellation shaping.

Index Terms—Constellation shaping, integrated sensing and
communication (ISAC), 6G, OFDM, end-to-end learning.

I. INTRODUCTION

AUTONOMOUS drones, intelligent transportation, and
smart city infrastructures are novel applications that
require precise environmental awareness seamlessly integrated
with communications. Consequently, ISAC has emerged as a
key research direction for 6G, reusing communication signals
for radar-like sensing of passive objects. Integrated sensing
and communications (ISAC) is expected not only to reduce
hardware redundancy compared to two separate systems but
also to improve energy efficiency and overall system reliability
of existing cellular networks [2], [3].

Current 5G systems use OFDM due to its numerous
and significant advantages, e.g., high spectral efficiency,
low-complexity equalization, easy rate adaptation, and easy
multi-user downlink handling [4]. Beyond its role in commu-
nications, OFDM offers also key advantages for radar systems.
In particular, it has the lowest average ranging sidelobe
for quadrature amplitude modulation (QAM) constellations

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/


https://orcid.org/0009-0009-7151-669X
https://orcid.org/0000-0002-5299-9317
https://orcid.org/0000-0001-5574-8663
https://orcid.org/0000-0002-6101-7485
https://orcid.org/0009-0005-6573-0877
https://orcid.org/0000-0002-0478-6085
https://orcid.org/0000-0002-1459-9128

6026

[5] among all orthogonal signaling bases, and enables low-
complexity range and velocity estimation of targets through
fast Fourier transform (FFT)-based processing [6]. This makes
OFDM also a compelling choice for future 6G ISAC systems
[2]. Fig. 1 shows a sketch of the ISAC scenario considered in
this paper, which follows a standard setup from the literature
[2], [7], [8]. The key idea is to use the same transmit signal
of, e.g., the base station, for both communications to the
user equipment (UE) and sensing. In particular, the ISAC
transmit signal is used to convey information to a commu-
nication user, and to detect a potential target in a radar-like
manner.

However, a fundamental difference between OFDM-based
radar and communication systems lies in the modulation
format. Orthogonal frequency division multiplexing (OFDM)-
radar systems commonly use quadrature phase shift keying
(QPSK) [6], while communication systems employ higher-
order modulation formats, such as 64-QAM, to increase
spectral efficiency [8]. This is a result of the underlying trade-
off between S&C, known as the deterministic-random trade-off
(DRT) [9], [10], which becomes particularly evident when
considering the optimal channel input distributions for each
task. To elaborate, a Gaussian distributed input maximizes
the mutual information (MI) for an additive white Gaussian
noise (AWGN) channel under an average power constraint,
whereas constant modulus constellations achieve optimal sens-
ing performance [9]. Consequently, both S&C performance are
heavily influenced by the constellation. Therefore, constella-
tion shaping was recently investigated for ISAC to trade off
MI against sidelobe levels in the ambiguity function, aiming
to balance S&C performance [7], [11]. While constellation
design plays a critical role in communication performance, its
influence on sensing-oriented metrics, e.g., detection probabil-
ity, remains insufficiently explored. In practical OFDM-ISAC
systems, it is still unclear how different constellations impact
detection performance, or what trade-offs arise when balancing
sensing accuracy with communication efficiency.

Constellation shaping, long studied in communications the-
ory, can offer up to 1.53 dB signal-to-noise ratio (SNR)
gain over uniform signaling [12] in an AWGN channel with
an average power constraint. Yet, in the context of ISAC,
the fundamental limits remain unknown. In particular, the
maximum achievable MI constrained by sensing performance
requirement has yet to be characterized.

Generally, there are three widely used approaches to con-
stellation shaping: Geometric shaping optimizes the location
of constellation points, assuming equal probability for each
point [13]. Probabilistic shaping uses a conventional QAM
modulation format but optimizes the probability distribution
of these points [14]. Joint shaping simultaneously optimizes
both the location and probability of the constellation points
[15].

These different shaping methods have been successfully
optimized and compared for communications using an autoen-
coder (AE) framework [15], [16]. Here, the communication
system is modeled by differentiable blocks, and the constel-
lation points and their probabilities are treated as trainable
parameters. In contrast, within the context of ISAC, only
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probabilistic constellation shaping has been studied in detail
[7], [11], [17], and a systematic comparison between different
shaping approaches is still missing. In particular, it remains an
open question which shaping method is best suited for ISAC
systems, and how closely it can approach the maximum MI
under a given sensing constraint?

While previous work has addressed low-complexity con-
stellation optimization [11], the optimization itself can be
done offline, with the resulting constellations stored as look-
up tables (LUTs). Therefore, the key challenge is to design
constellations that enable low-complexity implementation in
practical systems.

Various schemes like Gallager’s scheme, trellis shaping,
or shell mapping have been proposed to bring probabilistic
constellation shaping to practice, see e.g., [18] and references
therein. However, these often suffer from severe error propaga-
tion unless mitigated by computationally intensive algorithms.
A key breakthrough was PAS, which efficiently integrates
forward error correction (FEC) into shaping, mitigating error
propagation [18], [19]. PAS has become the state-of-the-art
in commercial fiber-optic communication systems [20] and is
now under investigation for wireless applications [21], [22].
However, conventional PAS has been designed for commu-
nication systems, without considering sensing requirements.
As a result, its structural constraints may limit the sensing
performance, raising critical questions for ISAC: How do
the structural constraints of PAS affect the trade-off between
S&C? Can PAS be generalized to improve S&C perfor-
mance while preserving its low-complexity implementation
advantage? How does the achievable information rate (AIR)
in practical ISAC systems with bit-metric decoding (BMD)
compare to the MI?!

In this paper, we extend our previous work [1] investigating
constellation shaping as a tool to improve S&C performance in
a monostatic ISAC system with a unified waveform for both
S&C. Specifically, we optimize and systematically compare
constellation shaping methods to maximize the AIR under con-
straints on the sensing detection probability and the false alarm
rate. The overarching goal of this work is, first, to establish
fundamental performance limits and, second, to bridge the gap
between theory and practice by demonstrating how these limits
can be approached using low-complexity, practical systems.
The key contributions of this paper are:

o Theoretical characterization of the DRT: We derive the
constellation-dependent detection probability and show
that it depends only on the kurtosis of the constellation.
Based on this result, we derive lower and upper bounds on
the maximum MI given a detection probability constraint.
This establishes a fundamental limit on the ISAC perfor-
mance and provides insight into the maximum achievable
gain through constellation shaping.

'We note that the authors in [17] mention that constellation shaping can
be implemented using PAS, however they do not incorporate the structural
constraints associated with PAS into their optimization problem; the analysis
is based on a loose upper bound on the MI in the relevant operating regime;
and performance is evaluated solely in terms of MI overestimating the AIR
in practical systems with BMD.
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Fig. 2. Block diagram of the considered monostatic OFDM-ISAC system. The unified ISAC signal is employed for achieving both S&C tasks.

e Autoencoder-based constellation optimization and sys-
tematic analysis: We use a binary AE to optimize
constellations shaped geometrically, probabilistically, and
jointly for both ideal receivers and practical systems with
BMD, while satisfying detection and false alarm con-
straints. We show that constellations optimized for ideal
receivers closely approach the theoretical upper bound
and quantify the performance loss when transitioning to
practical BMD. Furthermore, we demonstrate that joint
constellation shaping outperforms geometric and prob-
abilistic constellation shaping, enables flexible control
over the S&C trade-off, and significantly outperforms
conventional formats, e.g., 64-QAM.

e Low-complexity implementation of constellation shap-
ing for practical ISAC systems: We review PAS and
demonstrate its limitations in the ISAC context. There-
fore, we generalize PAS to improve sensing performance
and propose low-complexity log-likelihood ratio (LLR)
computation with negligible AIR loss. Simulation results
show that a combination of conventional and gener-
alized PAS achieves S&C performance close to that
joint shaping across a wide range of kurtosis constraints
while remaining compatible with practical implementa-
tion requirements.

Notations: Bold lowercase letters (e.g., ) denote vectors,
bold uppercase letters represent matrices (e.g., J), and scalars
are written in normal font (e.g., N). We do not explicitly
distinguish between time and frequency domains; instead, the
index implicitly indicates the respective domain: ¢ denotes
continuous time, k denotes discrete time/delay, and n refers
to the sub-carrier index in the frequency domain. Sans-serif
symbols (e.g., X) indicate random variables, and calligraphic
letters (e.g., X) represent sets. The operator (-)* denotes
complex conjugation. The Dirac delta function is written as
d(+). The expectation with respect to the random variable X is
denoted by E,{-}. The functions h(-) and H(-) denote the
differential and discrete entropy, respectively. The real and
imaginary parts of a complex number are denoted by Re{-}
and Im{-}, respectively. The operator vec(-) denotes row-wise
vectorization, and ® denotes the outer product. The softmax
function is written as Softmax(-).

II. SYSTEM MODEL

In this work, we consider a monostatic OFDM-ISAC system
as illustrated in Fig. 2. To reduce computational complexity
and simplify the analysis, all N sub-carriers use the same
constellation, and the sensing target delays are modeled as
integer multiples of the sampling period and are shorter than
the duration of the cyclic prefix (CP). Furthermore, we assume
that the targets are static. We focus on the transmission of
single OFDM symbols, and neglect Doppler frequency, i.e.,
velocity, estimation.

A. ISAC Transmitter

For each sub-carrier n € {0,1,..., N—1}, a constellation
mapper encodes M bits b, € {0,1}™, onto a modula-
tion symbol z,, taken from the modulation alphabet X, i.e.,
z, € X C C, where |X| = M = 2M . Since the constellation
symbols appear randomly selected and independent of each
other, the transmit symbols X,, can be considered as i.i.d.
random variables (RVs) X,, ~ Px(zp,).

The OFDM modulator transforms the N frequency domain
symbols X,, into the time domain using the orthonormal
inverse fast Fourier transform (IFFT). Next, a CP is added
before the signal s(¢) is transmitted over an equivalent base-
band channel.

B. Communications Channel and Receiver

For communications, the influence of a potential multi-path
channel is assumed to be mitigated through equalization. The
communication receiver removes the CP from the received
communication signal r.(¢) and converts it into the frequency
domain using an orthonormal FFT. This simplifies the OFDM
system into a set of [V parallel AWGN channels, one for each
sub-carrier. Therefore, the received communications symbol of
the nth sub-carrier is given by

yc7n = X’I’L + WC,’I’L7 (])

where W, ~ CN(0, O’in) is AWGN with variance agn.

At the receiver, we consider an optimal maximum a-
posteriori decoder using symbol-metric decoding (SMD), as
well as BMD, which is typically used in practical systems
with binary error correcting codes [18]. In BMD, a demapper
computes a vector of LLRs l,,, where the individual LLRs are
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evaluated separately for each bit position m = {1,..., M}
[24]

> a0 Sy x Wen|Tn) Px(n)
Z:vneX,(nl) fyc,7L|X(yC77L|xn)PX(x7l) ’

where Xff) represents the set of all constellation symbols
labeled with bit b € {0,1} at bit position m, and Ty Ix
denotes the communications channel transition probability
density function (PDF).

ln,m (yc,n) =log 2

C. Achievable Information Rates

The AIR depends on the decoding metric, and we refer the
reader to [18], [19], and [25] and the references therein for a
comprehensive overview.

Under SMD, where decoding is performed directly on the
constellation symbols, the AIR is given by the MI [26]

f X(yc n|xn)
It (Xn3 Yen) = Exiuy, {IOgQ <YCJ;;(Y) N E))

which defines the highest achievable rate with an arbitrarily
complex receiver, where fy (Y. ,) denotes the PDF of the
received communication symbols Y. On sub-carrier n.

In contrast, practical communication systems employ BMD,
where the AIR is lower bounded by the generalized mutual
information (GMI) [18], [25]

M +
HGMI(bm yc,n) = [H(bn) - Z H(bnﬂnwc,n)l ) “4)
m=1

where [ - |1 is max(-, 0). The GMI is upper bounded by the
MI H(xn;ycm) [24], [25].

Consequently, we consider the MI to explore the funda-
mental DRT between S&C in idealized systems using SMD,
and use the GMI to assess the S&C trade-off in practical
communication systems employing BMD.

D. Sensing Channel and Receiver

We consider a sensing scenario with J targets, where one
target is designated as the TOI, e.g., a drone, and the remaining
J — 1 targets act as strong interferers, e.g., static buildings or
residual self-interference from the finite isolation between the
transmitter and receiver paths, which can be modeled as a
static target at zero delay with an artificial radar cross section
(RCS). The RCS of the TOI follows a Swerling-1 model with
PDF

1 ORCS,TOI S
— exp (——=——, orcs,to1 =0,
ORCS,TOI ORCS,TOI

0, orcsto1 <0,

®)

i.e., the RCS fluctuates independently from OFDM symbol to
OFDM symbol according to an exponential distribution with
mean orcstor- The interfering targets follow a non-fluctuating
Swerling-0 model and therefore have constant RCS values
ORCs,j, Which are larger than the mean RCS of the TOI, i.e.,
oRrcs,; > Orcs for all j # TOIL This detection setting is
widely regarded as particularly challenging, since the sidelobes

f ORCS,TOI (JRCS,TOI) =
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of the strong interfering targets can obscure the weak TOI. For
each OFDM symbol, we draw one realization of the RCS of
the TOI and treat it as fixed. Consequently, within a single
symbol, the sensing channel can be modeled as the sum of J
static point targets with arbitrary, but fixed amplitudes

J
rS(t) = h(t) * S(t) + Ws(t) = Zajs(t - Tj) + Ws(t)a (6)

Jj=1

where W(t) ~ CN(0,02) denotes AWGN with variance

o2. The amplitudes a; and delays 7; follow from the radar
equation

2
0 — | oRC8 GO PIxGTxGRx g, ‘
J 34 £2 ’
(4m)3R; f2 Co

where Pry, Grx, Grx, fe, and ¢g denote transmit power,
antenna gains, carrier frequency, and speed of light. The
phases ¢; are independent across targets and, for each target,
drawn i.i.d. from a uniform distribution over [0,27). The
sensing receiver samples the baseband signal r(t), removes
the CP, and transforms it into the frequency domain using the
orthonormal FFT. The frequency domain received symbols are

J
Yom = Xnhn +Wsn =Xa D a;e T fwg,, o (8)

j=1
where h,, denotes the channel frequency response and W ,, is
the FFT of the sampled AWGN w(¢), and follows CA (0, 02).
The sensing receiver applies a sensing matched filter (MF)

R = Yo nXs = (hnXn+W 0 )X5 = ha X[ +We o X5, (9)
which yields an unbiased estimate of the sensing channel

EX,WS.n{ﬁn} = EX{hn |Xn|2} + EX,WS.n {Ws,nxz} =hnp

for unit power constellations Ex{|x,|*} = 1.

The delay domain channel estimate h[k] is obtained by
applying the orthonormal IFFT to the frequency domain
channel estimate h,,

(10)

N—-1
1 s oon
hik] = —= > hne®™ % k={0,...N-1}. (D)
VN “~=

Finally, the cell-averaging (CA)-constant false alarm rate
(CFAR) algorithm, which maximizes the detection probability
Pp given a maximum false alarm rate Ppp, determines whether
a target is present at a delay k [27].

E. The Constellation-Dependent Detection Probability

We derive the constellation-dependent detection probability
of the TOI by analyzing each signal processing block of the
sensing receiver. For the CA-CFAR algorithm with a window
length Nyi, — 00, the detection probability is

=
Py = PF1A+'YT01’ (12)
assuming Gaussian distributed noise and interference [27].
The detection probability Pp depends only on the false alarm
rate Ppa and the average signal-to-interference-and-noise ratio



GEIGER et al.: CONSTELLATION SHAPING FOR OFDM-ISAC SYSTEMS

0.8

Gaussian
—— 4 sub-carriers

o
o

—— 16 sub-carriers
—— 64 sub-carriers

Probability density
[e=]
IS

o
o
T

|
-05 0 05 1 15 2
Re{w[k]}

0
-2 -15 -1

Fig. 3. PDF of the noise at the input of the target detector, i.e., at the output
of the IFFT assuming a 16-QAM and a sensing SNR of 20 dB in a single
target scenario for various numbers of sub-carriers.

(SINR) Atop at the input of the detector. To prevent clutter-
induced bursts of false alarms and to enable robust and
predictable detection performance, the false alarm rate Ppa
is usually fixed during system design [27]. Consequently,
increasing the detection probability Pp requires increasing
the average SINR Apo; at the input of the CA-CFAR, i.e.,
at the output of the IFFT. Note that the average is taken
with respect to the RCS fluctuations of the TOI, as modeled
by the Swerling-1 model. Following standard practice [27],
we first derive the SINR for a fixed sensing-channel realiza-
tion (6) and subsequently average over the sensing-channel
fluctuations.

When random constellation symbols are transmitted, the
noise at the output of the MF, i.e., at the input of the
IFFT, may no longer be Gaussian as can be observed from
(9). To show that the noise is still approximately Gaus-
sian at the output of the IFFT, we decompose the channel
transfer function estimate h, into a deterministic part h,
and a random part W,, = h,(|X,|> — 1) + Wy, X5, which
accounts for AWGN and the randomness of the modulation,
ie, h, =h, +W,.

For the random part W,,, the IFFT acts as a summation
of N independent and scaled RVs W,. According to the
central liAmit theorem, the random part of the channel estimate
w(k] = h[k] — h[k], which is the IFFT of w,, approximates a
Gaussian if the number of sub-carriers IV is sufficiently large.
Fig. 3 shows the PDF of Re{w|[k|} for an increasing number
of sub-carriers, demonstrating that the Gaussian assumption is
already reasonable for 64 sub-carriers. This justifies modeling
the detection probability using (12).

Since the frequency-domain channel estimation errors are
zero-mean and uncorrelated on different sub-carriers, and
using the linearity of the FFT, the variance

1 2 N-1
2 _ 2
TR (m) Z %R,

n=0

13)

of the delay domain channel estimate equals the mean variance
of the frequency domain channel estimates

O.%n: IEX’WS'"{‘H”|2} - ‘Exaws,n{ﬁn:Hz

_ 2 * 2 * - 2
- IE:X,Wsyn hn|xn| +Ws,nxn hn‘xn| +Ws,nxn - |hn|
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TABLE I
KURTOSIS VALUES OF MODULATION FORMATS

Constellation M-PSK  16-QAM  64-QAM  256-QAM CN(0,1)

1.320 1.381 1.395 2

Kurtosis 1

= B { I X+ o [ W %0
FW X7, i WX |

= b Ee{lxal"} = 1) + 2

= |hn|? (5 — 1) + 02, (14)
where k,, is the kurtosis of the constellation
LT
B
5)

which is equivalent to the 4th-order moment for unit power
zero mean constellations. Moreover, since all subcarriers
employ the same constellation, it follows that x, = k.
Inserting (14) into (13) yields the noise-and-interference power

J
o = Do lasl (k= 1) + 7,

j=1

(16)

where we exploit that all targets are independent with uni-
formly distributed phases

1 N—-1 J
5 O Ihal? = Y las
j=1

n=1

a7)

For the deterministic part of the channel estimate, the IFFT
leads to an integration gain, increasing the power of the targets
and consequently the SINR by a factor of IV, as

N—-1 J
VN ’ 0, k#7;.

n=0 j=1

(18)

The fraction of the power in the deterministic (18) and
random part (14) yields the SINR

N -laror]?

J
Zj:l la;[*(k — 1) + o?
for a fixed sensing channel realization at the input of the CFAR
algorithm.

We observe that the SINR depends only on the kurtosis x
of the constellation for a given sensing channel realization.
Using the identity Var{|x|?} = E{|x|*} — |E{|x|?}|?* and the
unit-power constraint E{|x|?} = 1, the kurtosis can be written
as

YTo1 = (19)

k= Var{|x|?} + 1, (20)

showing that the kurtosis directly measures the variance of the
power of the constellation. Table I lists the kurtosis of com-
mon modulation formats. Unit-modulus constellations such
as phase shift keying (PSK) achieve the minimum Kkurtosis
k = 1, preventing interference since the interference term in
(16) vanishes and only the AWGN noise power o2 remains.

S
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In contrast, conventional modulation formats such as M. -QAM
and a circular complex Gaussian PDF, which maximizes the
MI for an AWGN channel under an average transmit power
constraint, introduce interference. For conventional M-QAM,
the kurtosis approaches x ~ 1.4 as M — oo (see Appendix
A), while a circular complex Gaussian PDF has x = 2.

We observe that the interference introduced by non-
constant-modulus constellations, i.e., x > 1, scales with the
sum of the powers of all targets. Since the TOI is assumed to
be much weaker than the interfering targets, the interference
power is dominated by the non-fluctuating interferers, such
that the resulting noise-and-interference term is effectively
independent of the RCS fluctuations of the TOI In contrast,
the received target power itself fluctuates according to the
Swerling-1 model. Inserting (7) into (19) and averaging with
respect to these fluctuations yields the average SINR of the
TOI

N -|aro1|
iz lagl2(s = 1) + 02

where aror denotes the average amplitude corresponding to
the mean RCS orcsor- Substituting (21) into (12) gives the
constellation-dependent detection probability. Consequently,
the RCS fluctuations of the TOI average out, and the detection
probability depends only on the mean amplitude of the TOI,
the amplitude of the interfering targets, and the kurtosis « of
the constellation.

Yo = 21

FE. Optimization Problem

In this paper, we aim to find constellations that maximize
the communication performance, i.e., the (G)MI Lgw of
the overall ISAC system, subject to a minimum detection
probability constraint ap, i.e., Pp > ap. Since all sub-
carriers employ the same constellation, the total (G)MI is
maximized if the (G)MI per sub-carrier is maximized. To ease
optimization, we assume that all sub-carriers observe the same
noise variance o2, i.e., 02, = 02, Vn and we omit the sub-
carrier index n in the following.”

Furthermore, we reformulate the detection-probability con-
straint Pp > ap as a kurtosis constraint k < K. This
follows from the fact that the detection probability increases

2Frequency-selective fading results in a sub-carrier-dependent SNR, which
substantially complicates the optimization and obscures the fundamental S&C
trade-off that we aim to characterize. If the transmitter has no channel state
information (CSI), the shaped constellation would need to generalize over a
broad range of SNR values. Since the GMI-optimal constellation depends
on the operating SNR, this would introduce not only the S&C trade-off
studied in this work, but also an additional communications-only trade-off
between low and high communication SNR operation, thereby preventing a
clean characterization of S&C trade-off. Conversely, if transmitter-side CSI is
available, adaptive modulation and power allocation, e.g., waterfilling, should
be applied, which in turn affects the sensing performance and requires a
joint optimization of constellation and power distribution. However, power
allocation has only been explored recently [23] and constitutes a research
topic of its own. Including power allocation in this work would significantly
complicate the optimization and obscure the shaping-induced trade-off, and
is therefore beyond the focus of this paper. Consequently, we assume a
constant noise power across the sub-carriers. This corresponds to an AWGN
communications channel and provides a clean first step for analyzing and
characterizing the shaping-induced S&C trade-off, which is the focus of this
work. Note that including the sub-carrier dependent SNR into the optimization
is an important direction for future work.
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monotonically with the average SINR (12), and the average
SINR decreases monotonically with increasing kurtosis (21).
Consequently, the detection probability P is a monotonically
decreasing function of the kurtosis « of the constellation,
which directly justifies the reformulation of the detection-
probability constraint as x < K. Although the average
SINR (21), and thus the detection probability, depend on
the unknown target amplitudes |a;|?, these amplitudes are
not required during the constellation optimization. We exploit
the monotonic relationship between kurtosis and detection
probability, which holds for any given realization of the target
amplitudes. In other words, decreasing the kurtosis always
improves the sensing performance for any possible set of target
amplitudes, so that no prior knowledge of the unknown target
amplitudes is required during the optimization.®> This leads to
the following optimization problem

er})?()i : Leymr (22)
st. S, P(x)=1, PB(z)>0, VreX,  (C0)
E{x’} =1, Ex{x} =0, (C1)
x < . (C2)

Here, the constraints (CO) enforce that Px(z) satisfies the
properties of a probability mass function, while the con-
straints (C1) ensure that the constellation has unit power
Es = Ex{|x|?} = 1 and zero mean.

III. A LOWER AND UPPER BOUND FOR THE MAXIMUM
MUTUAL INFORMATION UNDER A KURTOSIS CONSTRAINT

In this section, we derive a lower and upper bound on the
maximum MI I(x;y,) under the constraints from (22). These
bounds serve as performance benchmarks for our optimized
constellations. To facilitate our study, we model the commu-
nication channel input as a continuous complex-valued RV
x € C. A lower and upper bound on the MI

H(X;yc) = ]h(yc) - ]h(YC‘X) = ]h(yc) - ]h(WC) (23)
can be obtained by bounding the entropy of the received
signal h(y,) as the entropy of the complex-valued AWGN
h(w.) = log, (meo?) is constant [26].

For the lower bound, we use the entropy power inequality
(EPI) [26, Chap. 17.8] expressed in bits

h(y,) > log, (200 +20("))

which is tight when X is Gaussian distributed.

Since we are interested in a lower and upper bound on
the maximum MI, we need to maximize the entropy of the
transmit and received signal, respectively

1h(ymax,c)_]h(WC) = H(X7yc)
~—_———
Upper bound

(24)

max
fx(@): (C0), (C1), (C2)

> logy (20) 4 200 ) _h(w) . 25)

Lower Bound
Here Xmax and Y. . denote the RVs associated with the
entropy-maximizing PDFs.

3The target amplitudes \a]—\Z are required only to evaluate the resulting
detection probability Pp, but not to improve it by reducing the kurtosis «.
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TABLE I
MOMENT CONSTRAINTS FOR ENTROPY MAXIMIZATION

Bound Domainz Cj Ch Co
Lower Input x 1 b R
Upper  Output y 1 Es+o02 FR+4E02+208

In both cases, the entropy maximization problem has the
same structure*

I;l?,))( h(z) (26)
S.t. EZ{‘ZP)} - OO, fZ(Z) 2 Oa \V/Z € (C7 (CO)
E-{|z|*} = C1, (Cy)
E.{|z|*} = Cs, (C2)

where z denotes either the transmit signal X (lower bound) or
the received communication signal y, (upper bound). The val-
ues of the corresponding moment constraints are summarized
in Table II. For the upper bound, the transmit-side constraints
on X are mapped into receive-side constraints on y_ and follow
directly from substituting y, = X + W, into the respective
moment definitions.

Remark: The optimization problem for the upper bound
does not include any constraint ensuring that the resulting
output PDF is realizable by the system model. Specifically,
there may not exist a transmit PDF fy such that passing it
through the AWGN channel yields the entropy-maximizing
received PDF f, . Consequently, the corresponding MI
represents a theoretical upper bound rather than an AIR.
Nevertheless, the upper bound gives insights into the gap
between the achieved MI of the optimized constellations and
the theoretically maximum MI under the given constraints.

According to the maximum entropy principle [26, Ch. 12.1],
the PDF that maximizes the entropy under moment constraints
takes the exponential form. For constraints on the zeroth,
second and fourth moments, the optimal PDF has the form

27

where the real-valued parameters 7y, 2, and 74 are chosen to
satisfy the constraint equations

for (2) = e’nﬂr'mIZI2+“/4|z\47

C, = / |Z|2qe’70+’>’2\2|2+’Y4|Z|4 dz, g=0,1,2. (28)
C

We note that the optimal PDF f;__ (z) is circularly sym-
metric with respect to the origin and, as a consequence, has
zero mean, thus fulfilling constraint (C1). The resulting system
of equations can be solved numerically. However, this system
involves integrals over the complex plane and comprises three
coupled equations in the three unknowns vy, 72, and 74, which
leads to a comparatively high computational complexity. To
reduce computational complexity, we reformulate the system
of equations (28) in Appendix B such that v can be obtained
by numerically solving a single nonlinear equation

o (GeCitl) L
0 Cs 72\ 2(72C1 +1)

“Note that we omit the zero-mean constraint Ez{z} = 0 here and show later
that the entropy-maximizing PDF satisfies it without explicit enforcement.
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.exp(%) exfe( -y | — 2
2(72C1+1) 2(72C1+1)
(29)
Then, o and 74 follow immediately in closed form
1 [Ci(y2C1+1
Yo :ln< [1(72 ) —WD : (30)
m Cg
-1
= = —(1Cq +1). 31
V4 |yl 50, (12C1 + 1) (€20)

Consequently, determining <o is the key step and can be
achieved by solving a single nonlinear equation (29) numeri-
cally using standard one-dimensional root-finding methods.

Note that for k = 2, the optimal distribution reduces to a
circular complex Gaussian, which corresponds to vy, = —1/C
and 4 = 0. Starting from this point, we can continuously and
smoothly transition from the Gaussian case (x = 2) to a unit-
modulus distribution (k = 1) by gradually shifting probability
mass toward the unit circle (see Fig. 14), achieved by increas-
ing 2 and decreasing 4. This continuous transition ensures
that every target value x € (1,2] is attainable along this path.
Moreover, if there exists a solution for the entropy-maximizing
distribution, it is unique [26]. Since (29) is a reformulation
of the corresponding moment-matching condition (28), the
solution for 5 is likewise unique for the considered kurtosis
range k € [1,2], apart from potential numerical instabilities
caused by vanishing or exploding terms. In such cases, the
system of equations (28) can be solved instead. This does not
pose a practical issue, since the bounds are computed offline
and are used solely as a reference for evaluating the optimized
constellations.

Once the parameters for the transmit and receive PDFs are
known, the respective entropy h(Zp,ax) is

h(Zoax) = 0 —=C1-72—-Cym

(32)

which follows immediately by inserting (27) into the definition
of the entropy.

To obtain the lower and upper bounds, the following steps
must be carried out separately for each bound. First, compute
the constraints Cy, C;, and C5 in Table II. Second, solve (29)
numerically to obtain 5. Third, compute v, (30) and 4 (31).
Fourth, determine the entropy (32). Finally, insert this entropy
into (25) to obtain the respective bound. We provide source
code to reproduce these bounds in [28].

Remark: Both bounds are tight for x = 2, where they
coincide with the Shannon capacity of an AWGN channel
logy(1+E;/02). For k < 2, the bounds are generally loose: the
lower bound is tight only when X is Gaussian, and the upper
bound may not be attainable because the entropy-maximizing
receive PDF f, s not realizable as discussed in the previous
remark. Nevertheless, the bounds become asymptotically tight
as the communication SNR increases, since the noise power Jf
decreases and the constraints C; and C in Tab. II converge.
Moreover, our numerical results in Sec. VI and Fig. 13 show
that the MI of the optimized constellations approaches the
upper bound closely.
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Fig. 4. Proposed AE framework to shape constellations for ISAC. The trainable parameters are marked in orange and their normalization in gray.

IV. CONSTELLATION SHAPING USING AUTOENCODERS

In this section, we propose to incorporate the sensing
constraint (C2) into the bitwise AE framework [15], enabling
the joint end-to-end optimization of both geometric and
probabilistic shaping for S&C. Autoencoders have become
a standard and state-of-the-art tool for constellation shaping
in communication systems, see, e.g., [29], [30]. Although
other machine-learning-based optimization techniques could
in principle be used, we are not aware of any approach that
systematically outperforms AE-based end-to-end optimization
for constellation shaping. A further key advantage of the AE
approach is that it naturally supports probabilistic, geometric,
and joint shaping within a unified architecture, whereas many
existing methods focus on only one of these aspects.

A classical AE consists of an encoder that learns an internal
representation of the input and a decoder that attempts to
reconstruct the input, typically both implemented as neural
networks. When applied to communication systems, in par-
ticular to constellation shaping, the encoder takes the role of
the transmitter by learning a representation of the binary input
in the form of an optimized constellation, while the decoder
takes the role of the receiver by recovering the transmitted bits.
During training, encoder and decoder are optimized jointly in
an end-to-end manner such that the AIR is maximized. For
more details on AE-based constellation optimization, we refer
the reader to [15], [16], and [31].

The block diagram of the AE is shown in Fig. 4. In
our setup, the receiver is a demapper with a Gaussian noise
assumption [24], and only the constellation of the transmitter
is trainable. Depending on the shaping method (geometric,
probabilistic, or joint), we optimize the constellation points,
their probabilities, or both. For geometric shaping, only the
unconstrained constellation points & are trainable. The uncon-
strained probabilities p are initialized uniformly and remain
fixed, i.e., they are not trainable. Thus, the AE optimizes
the position of the constellation points while the probability
of occurrence remains unchanged, i.e., uniform. For proba-
bilistic shaping, the constellation points are initialized, e.g.,
as conventional M-QAM, and remain fixed during training,
while only the unconstrained probabilities p are trainable.
This corresponds to optimizing the probability of occurrence
of the constellation points while keeping their position fixed.
For joint, i.e., both geometric and probabilistic, constellation
shaping, the unconstrained constellation points & and the
unconstrained probabilities p are trainable, which yields the
most degrees of freedom. The trainable parameters, shown

as orange blocks in Fig. 4, are implemented as linear layers
without bias.

For a batch size B, the distribution sampler generates
random indices 4 € {1,...,M}” according to the input
distribution P, (z) £ p. To ease optimization, we use the
Gumbel-softmax trick and optimize the unconstrained prob-
abilities p € R™ which are passed through a softmax layer
to ensure that p satisfies the probability distribution properties
(CO) [15].

Then, these indices are mapped to bits B and one-hot
vectors I,,. To select the transmit symbols, the one-hot
vectors are multiplied with the normalized constellation points
x. Similar to the probabilities, we optimize the unconstrained
constellation points &, which are passed through a power
normalization layer to obtain the unit power constellation
points X' £ .

Next, the selected constellation symbols are transmitted over
an AWGN channel (1). For BMD, the LLRs (2) are computed
for each bit using a classical Gaussian demapper [24]. The
resulting GMI (4) is computed from the bits B and LLRs L
[25]. For SMD, the MI is directly computed from the transmit
symbols  and receive symbols y..

We showed in Sec. II that the detection probability con-
straint can be reformulated as a kurtosis constraint (C2).
Therefore, we propose a sensing loss term that depends on
the kurtosis « of the constellation to satisfy the detection
probability constraint

Lsens = {

The penalty factor d € R™ controls the strength of the
penalty if the kurtosis threshold < is violated. To improve
S&C performance simultaneously, the overall non-negative
loss function combines both S&C performance

0,
d(k — R),

<F
Kk < R, (33)

K > K.

M — Tem

M
—_——

Communications

LS&C = +Lsens- (34)

Note that this loss function does not strictly enforce the
sensing constraint. However, the communications loss term is
normalized between [0, 1] and by selecting the penalty factor
d sufficiently large, the sensing loss term dominates if the
kurtosis constraint is violated, effectively enforcing the sensing
constraint.
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Fig. 5. Encoding structure of conventional PAS, based on [18], [19], and the proposed generalized PAS. In both schemes, a distribution matcher (DM) generates
shaped amplitudes, while sign or phase bits are derived from a combination of uniformly distributed parity bits Ppgc and information bits. In conventional
PAS, a single sign bit modulates the sign of real-valued amplitude shift keying (ASK) symbols, requiring two parallel encoders for the real and imaginary
parts. In generalized PAS, multiple phase bits are mapped to discrete phases, directly generating complex-valued, circularly symmetric constellations. The
generalization preserves the advantages of the original scheme while enhancing sensing performance.

V. Low-COMPLEXITY IMPLEMENTATION OF
CONSTELLATION SHAPING FOR ISAC

In the previous sections, we focused on the theoretical
limits and the optimization procedure for constellation shaping
without addressing its practical implementation. A promising
candidate to implement probabilistic constellation shaping
is PAS, which integrates shaping and FEC in a structured,
hardware-efficient manner, effectively mitigating error propa-
gation. We begin this section by revisiting PAS, referring the
reader to [18] and [19] for a detailed introduction. Our focus
lies on how the PAS structure constrains constellation design,
and how these constraints can be incorporated into our AE
framework to optimize PAS-compatible constellations. Then,
we show how PAS enables low-complexity LLR computation
at the receiver.

A. Conventional Probabilistic Amplitude Shaping

1) Constellation Design and Encoding Scheme: Conven-
tional PAS constructs a complex-valued constellation point
by independently shaping and combining two real-valued
2Miw_ASK components, where Mjp = M/2. Fig. 5 shows
the encoding procedure for a single real-valued dimension
corresponding to one of the two components of a complex-
valued modulation mapper in Fig. 2.

PAS generates blocks of U € N ASK symbols with target
amplitude distribution P,(a,). To this end, the information
bits are split into two parts. The first fraction, consisting
of U - Rpm bits, is passed through a distribution matcher
(DM), e.g., a constant composition DM [18]. The rate Rpy
asymptotically approaches H(a) and we assume that U - Rpm
is integer [18]. The DM maps the bits onto U shaped
amplitudes a, € A = A-{1,3,...,2Mp=1 1} for u €
{0,1,...,U — 1}, following the target amplitude distribution
Py(ay,), where A is a normalization factor. Each amplitude a,,
is labeled using (M;p—1) bits via binary reflected Gray coding
ﬁA A — {07 ].}MlD_l.

The remaining U information bits are first appended to the
U(Mjp —1) bits representing the U shaped amplitudes, where
v > 0 controls how many bits bypass the DM. The combined
bitstream is then encoded using a systematic FEC code with
rate (Mip — 1 + ~v)/Mip. Since the encoder is systematic,
the shaped amplitude distribution is preserved at the output.
The resulting parity bits, which are approximately uniformly
distributed [18], are next combined with the yvU information
bits to form the U sign bits. These determine the signs

Su € Scpas = {—1,+1} of the ASK symbols via the mapping
S : {0, 1} — SCPAS~

Consequently, each one-dimensional ASK transmit symbols
is constructed via amplitude-sign factorization Zip, = @y, - Sy
and is represented by one sign bit and (Mip—1) amplitude
bits.

Since shaping is applied only to amplitudes and the sign bits
remain uniform, this structure imposes a symmetry constraint
on the one-dimensional ASK distribution, i.e.,

Py (z1p) = Py (—21D),

where Xip = {s-a : s € Scpas, a € A}. The same one-
dimensional distribution is typically used for both dimensions
of the complex constellation [18], [19].

2) Optimizing Conventional PAS-Compatible Constella-
tions Using an AE Framework: In general probabilistic
shaping, the AE optimizes M unconstrained probabilities p
directly (see Sec. IV and Fig. 4). However, as discussed in
the previous paragraph, conventional PAS imposes a specific
structure on the probability of occurrence of the constella-
tion points: (i) the probability of a complex-valued symbol
factorizes into one-dimensional probabilities for the in-phase
and quadrature components, and we enforce identical marginal
distributions to reduce demapping complexity, (ii) the ampli-
tude distribution is symmetric to enforce that the sign bits
are uniformly distributed. Thus, to optimize PAS-compatible
constellations using the AE framework, this structure must
be enforced inside the AE. Instead of learning all M uncon-
strained probabilities p, only the unconstrained parameters p,,
which define the one-dimensional target amplitude distribu-
tion Softmax(p,) = [Pa(a1),- .., Pa(agmp-1)], are learned.
Based on this optimized target amplitude distribution, the
probability of occurrence of all constellation points is then
generated. To impose symmetry, we construct an uncon-
strained, symmetric one-dimensional probability vector

Vxip € Xip, (35)

~ ~ ~ oMip

Puy, = [Pas Inpa] € R, (36)
by concatenating p, with its flipped version, where Jy denotes
the anti-identity matrix that reverses the order of the vector
entries. The final two-dimensional probability mass vector
Pcpas 1s obtained by applying softmax to each dimension and

taking the outer product, followed by row-wise vectorization
Pepas = vee (Softmax(p,, ) @ Softmax(py,,)) . (37)

The probability mass vector pcpsg satisfies the constraints of a
conventional PAS constellation and replaces the probabilities
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Fig. 6. Generalized PAS constellations for different combinations of M and M, with M = 6 total bits, and their corresponding S&C trade-off.

p in the AE shown in Fig. 4. This also significantly reduces the
number of trainable parameters: instead of M unconstrained
probabilities, the 2Mip—1 ynconstrained parameters of the
one-dimensional target amplitude distribution p, define the
probability of occurrence of all constellation points.

3) Low-Complexity LLR Calculation: With PAS, the
receiver still uses classical BMD, which relies on (2). How-
ever, while (2) can be easily evaluated offline, i.e., during
the optimization of the constellations, it is computationally
too complex for a real-time implementation in 6G systems.
Therefore, we briefly discuss how the structural properties of
PAS can be exploited to reduce the computational complex-
ity. Since the constellation points and their probabilities are
fixed after optimization, the LLRs can be precomputed and
stored in LUTs. However, in the general case, this requires a
separate two-dimensional LUT per bit position, which covers
both real and imaginary components, resulting in prohibitive
memory requirements. Here, the structure of PAS offers a key
advantage: due to the independent modulation of the real and
imaginary parts and the separability of the channel [25], the
LLRs can be computed separately per dimension and stored
in one-dimensional LUTs, yielding low-complexity, memory-
efficient LLR computation suitable for practical 6G receivers.

B. Generalized Probabilistic Amplitude Shaping

In conventional PAS, the real and imaginary components
are shaped independently, and the joint distribution is the
Cartesian product of two one-dimensional marginals. How-
ever, constructing PSK-like constellations, which are preferred
under strong sensing constraints, from such a product is not
possible. As a result, the Cartesian structure of conventional
PAS inherently limits circular symmetry, resulting in sub-
optimal S&C performance under strong kurtosis constraints.

To overcome this limitation, we propose a generalization
of the conventional PAS scheme. In particular, we extend
the original PAS concept from ASK to amplitude and phase-
shift keying (APSK)-like constellations, resulting in circularly
symmetric constellations that are better suited for sensing.
Furthermore, we show that the corresponding LLRs can still
be approximated with low complexity and minimal memory,
thereby preserving the implementation benefits of the original
PAS architecture.

1) Constellation Design and Encoding Scheme: Conven-
tional PAS operates on ASK constellations, where a single bit
denotes the sign. We generalize this concept by introducing
multiple “sign” bits, interpreted as phase bits, which no longer

yield bipolar constellations, as in ASK, but enable multiple
complex-valued phase factors, resulting in APSK constella-
tions. These phase bits are mapped onto a set of uniformly
spaced phases

2 1 -
5y €ESGPAS _{GXP (387%@—’—))’ me=0,..., M,— 1}

(38)
using binary reflected Gray mapping Ss : {0, 1}M¢ — Sgpas,
where M, = 2M¢ denotes the number of phase levels.
Thus, each s, is a complex phasor with unit magnitude
and quantized angle. The remaining M, = M — M, bits
are used to label the amplitude using binary reflected Gray
coding. This generalization transforms the conventional grid-
like constellation into a circularly symmetric constellation,
resembling APSK. Fig. 6 shows how different combinations of
amplitude bits M, and phase bits M, with a total of M =6
bits, influence the generalized PAS constellations and their cor-
responding S&C trade-off for a communication SNR of 10 dB.
The configuration with M, = 2 amplitude bits and M, = 4
phase bits achieves the highest GMI across all considered
kurtosis values and therefore provides the best S&C trade-off
among the evaluated combinations of amplitude bits M, and
phase bits M,,. For this reason, it is selected for comparison in
the following analysis. Unlike conventional PAS, generalized
PAS directly produces complex-valued symbols.

Despite this change, the amplitude-phase factorization
Ty = Gy - Sy still holds, where the amplitude a, €
{1,2,...,2M2} can be shaped independently, while the phasor
Sy 1S uniformly distributed on a unit circle. This allows
for assigning the approximately uniformly distributed parity-
check bits to the phase. As a result, the encoding structure
from conventional PAS can be reused, requiring only minor
modifications such as allocating more bits to the phase and
adapting the inverse sign mapping accordingly.

2) Optimizing Generalized PAS-Compatible Constellations
Using an AE Framework: Similarly to conventional PAS,
constellations for generalized PAS can be efficiently optimized
using our AE framework by including the structural constraints
of generalized PAS into the AE. The probability of occurrence
of the constellation points is the outer product of the trainable
target amplitude distribution and a fixed uniform distribution
over the phase

ot

1 .
Dapas = Ve (Softmax (Pa)®1,;
©

(39)
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calculation, obtained by marginalizing the two-dimensional LLRs shown in
Fig. 7. The LLRs are factorized into three domains: (left) amplitude R for
bits 1, 2, 5, and 6; (top right) Cartesian components for bits 3 and 4; and
(bottom right) phase 6 for bits 5 and 6.

where 1 N, is an all-one vector of length ]\Zf@. The probability
mass vector pgpag satisfies the constraints of a conventional
PAS constellation and replaces the probabilities p in the AE
shown in Fig. 4.

3) Low-Complexity LLR Calculation: One key advantage
of conventional PAS is the low-complexity LLR computation
enabled by one-dimensional LUTs. In generalized PAS, while
the constellation points and their probabilities factor into
amplitude and angular components, this factorization does not
hold for the channel transition probabilities. As a result, the
LLR computation is not inherently separable. To address this,
we analyze the structure of the exact 2D LLRs, and identify
the feature of the received value that primarily determines
the LLR values, such as amplitude, phase, or the real or
imaginary part. Then, we approximate each LLR using only
the dominant feature, reducing the computation to a one-
dimensional LUT. Figure 7 shows the exact LLRs for a
generalized PAS constellation with My 2 amplitude bits
(bit 1 & bit 2) and M, = 4 phase bits (bit 3 - bit 6).

For convenience, we recall the LLR of bit position m,
see (2)

>, e Fyo e Wen 2n) Pe(n)
anex(l) fYC\X(yC,n ‘xn)PX(xn) ’

m

lmm(yc,n) = log (40)
which indicates whether bit m is more likely to be O or
1 and quantifies the reliability of this decision. We observe
that the LLRs of the first and second bit depend mainly on
the amplitude (and not the phase) of the received symbol.

Therefore, we transform these LLRs /3 (Re{y.},Im{y.}) and
l2(Re{yc}, Im{yc}) from Cartesian into polar coordinates,
where R = |y.| and 8 = <{y.}. Then, we average over the
angular dimension 6

- 1

Im(R) =~ 7 41

2m

/ Ln(R,0)d0, m e {1,2),
0

resulting in LLRs that depend solely on the received magnitude
R. Bits 3 and 4 correspond to the sign of the real and
imaginary components, respectively. Thus, we can observe in
Fig. 7 that their LLRs are primarily influenced by Re{y.}
and Im{y.}, respectively. Therefore, we average over the
orthogonal component

_ 1 (9

I(Re {uc}) = 5- / LRelye) +j-9)dy, @)
—9g

- 1 /9

fim ) = 5 / Lt In{)de,  @3)
-9

where ¢ is set to 2 covering most received values y.. Bits 5
and 6 encode further phase information, and we can observe
in polar coordinates an oscillatory behavior over the angle 6,
with their LLRs also increasing with magnitude R. We propose
to approximate the 2D LLR functions in polar coordinates
I5(R,0) and lg(R, ) each as a product of two one-dimensional
functions

lm(Ra 9) . Zm,R(R) : [m,e(e),

where we first compute the phase-dependent term by averaging
over the radius with g = 2

m € {5,6}, (44)

Lo (0) ~ é /0 CLa(RO)AR, me {56}, (45

Subsequently, we estimate the radial dependence by averaging

/2“ Ln(R,0)
0 lm,@(e)
Note that it is crucial to estimate the phase-dependent compo-
nent first, as the oscillations lead to a zero average when first
averaging over the phase.

Fig. 8 shows the marginalized LLR functions for all six bits,
which can now be approximated using one-dimensional LUTs,
enabling low-complexity implementation. In the top-right plot,
we observe that bits 3 and 4 depend on their respective
Cartesian component in an equivalent manner. This follows
from the rotational symmetry of the shaped constellation (see

- 1

lm.r(R) ~ o 46, me {5,6}. (46
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Fig. 7) and the fact that they represent coarse phase infor-
mation, corresponding to the sign of the real and imaginary
parts, respectively. Consequently, a single LUT suffices for
both bits. Furthermore, the radial components of bits 5 and
6 are similar (see left plot) because both bits encode further
phase information. Consequently, a single LUT suffices for the
radial part of both bits. Therefore, only six one-dimensional
look-up tables are needed in total: one each for bits 1 and 2,
one for bits 3 and 4, one for the radial component shared by
bits 5 and 6, and one for their respective phase components.
We note that the one-dimensional LLRs can be approximated
using piecewise linear functions, further reducing complexity.
However, the specific implementation details are beyond the
scope of this paper. Nevertheless, assuming V entries per
dimension per LUT, this reduces the total storage requirement
from O(6V?) to O(7V), offering a significant memory saving.
We remark that the proposed approximation generalizes to
larger constellations: Amplitude bits remain largely insensitive
to phase, the first two phase bits correspond to real and
imaginary half-planes, and higher-order phase bits exhibit
oscillatory angular patterns.

VI. SIMULATION RESULTS

In this section, we first validate our derivation of the
constellation-dependent detection probability through simula-
tions. Furthermore, we evaluate the S&C performance and
resulting trade-offs of the five constellation shaping methods
under both SMD and BMD, and compare the results to lower
and upper bounds on the maximum MI. Throughout this
section, we optimize constellations with M = 6 bit/symbol
for each kurtosis constraint % € [1,2] independently, under a
communications SNR of SNR; = 10 dB and an increasing
penalty factor d. The constellations are initialized as QAM
and optimized by minimizing the loss function (34) using
the Adam optimizer. During training, we increase the batch
size from 500 to 10,000, while we decrease the learning
rate, with the initial value depending on the shaping method.
As discussed in Sec. II, K = 1 should maximize sensing
performance. On the contrary, a larger kurtosis constraint <
is expected to improve communications performance, which
is maximized for a circular symmetric Gaussian, that has a
kurtosis of k = 2. A kurtosis constraint £ between these two
extremes should yield a trade-off between S&C performance.

A. Optimized Constellations

Fig. 9 shows the optimized constellations for BMD using
geometric, probabilistic (generic, conventional & generalized
PAS), and joint constellation shaping for three kurtosis con-
straints & € {1.0,1.2,1.6}. We note that the strongest sensing
constraint K = 1.0 results in unit modulus constellations
to reduce the sensing loss term (33). In this case, both
geometrically and jointly shaped constellations resemble a
PSK with overlapping constellation points. For generic prob-
abilistic constellation shaping, a PSK is only approximated
because the constellation points that have the same power
do not have equal distances. For a looser sensing constraint
K = 1.6, the constellations approximate a Gaussian PDF to
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Fig. 9. Optimized constellations for geometric, probabilistic, and joint con-
stellation shaping as well as conventional and generalized PAS under various
kurtosis constraints <. The size of each constellation point is proportional to
its probability and each constellation point has an associated bit label, which
is omitted for clarity.

maximize communications performance. In between (kx =
1.2), a balance between Gaussian and unit modulus PDF is
learned. Interestingly, the jointly shaped constellations exhibit
more geometric shaping characteristics for a small kurtosis
constraint £ and more probabilistic behavior as the kurtosis
constraint £ increases.

On the one hand, for conventional PAS, the obtained
constellation resembles a Gaussian for a weak sensing con-
straint (large ), and is similar to (unconstrained) probabilistic
constellation shaping, indicating that the structural constraints
imposed by PAS do not significantly constrain optimization.
However, for a strong kurtosis constraint, probabilistic constel-
lation shaping yields a (blurry) ring, whereas PAS resembles
a QPSK, clearly diverging from the expected circle-like PDF.
This mismatch arises due to the independent shaping of
the real and imaginary components, where the joint PDF is
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Fig. 10. Derived detection probability and simulated detection rates of a TOI,
e.g., a drone, with a RCS of orcg = 0.1 m? following a Swerling-1 model
in the presence of an interfering target, e.g., a building, at 170 m with an
RCS of orcs = 500 m? following a Swerling-0 model [27].

the Cartesian product of two one-dimensional marginals and
Cartesian structure of conventional PAS constrains optimiza-
tion. On the other hand, generalized PAS with M, = 2
and M, = 4 is able to approximate the expected PSK-like
constellation for a strong sensing constraint.

B. Sensing Performance

In Fig. 10, we consider a scenario with two targets: a distant
interfering target and a nearby TOI, which should be detected
and whose distance is varied. The RCS of the TOI follows
a Swerling-1 model, whereas the interfering target follows
a non-fluctuating Swerling-0 model. Multi-target scenarios
are of particular interest because the average SINR (21)
depends on the kurtosis and the power reflected by all targets.
To verify the impact of the constellation on the detection
performance, we evaluate the resulting detection rate for each
of the optimized transmit constellations. The simulation setup
follows [6], with the simulation parameters being the FR2
case from [32] with N = 12672 sub-carriers. For simplicity,
we use an FFT size of 12672, and only one OFDM symbol.
For CA-CFAR, we assume a false alarm rate of Ppy = 1073
and a sliding window length of N, = 100. To obtain the
detection probability, we perform a Monte-Carlo simulation
with 100 independent Swerling-1 channel realizations. This
inherently averages over the RCS fluctuations of the TOI, such
that the mean target power converges to that determined by
the mean RCS, see (21). Hence, the impact of the Swerling-1
fluctuations vanishes, and the detection probability is governed
by the noise-and-interference power, which depends on the
kurtosis « of the constellation, as described in Sec. II-E.

We found that the simulated detection rates (markers) align
well with the analytical (12) constellation-dependent detection
probabilities (curves). This verifies our derivation in Sec. II
and shows the impact of the kurtosis « of the constellation on
the detection probability. The minor discrepancies stem from
the fact that the kurtosis « of the optimized constellations
slightly differs from the kurtosis constraint k. As expected
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Fig. 11. Simulated communications performance (AIR) of the optimized
constellations in comparison to legacy constellation formats.

from (12) and (21), the detection probability decreases with
increasing kurtosis « and depends only on the kurtosis of
the constellation, irrespective of the specific shaping method.
Moreover, our simulations demonstrate that constellation shap-
ing enables a dynamic adjustment of the detection range.
For example, for a required target detection probability of
Pp = 0.9, the detection range can be varied from 90 m to
beyond 160 m by modifying the kurtosis x of the constellation.

C. Communications Performance

Fig. 11 shows the GMI [24, Eq. 14] as a function of the
communications SNR for various sensing constraints k. For
K = 2, all shaping methods reduce the gap to capacity and out-
perform conventional 64-QAM across an SNR range of 10 dB.
We note that probabilistic and joint shaping reduce the entropy
of the transmit symbols at the design SNR of SNR, = 10 dB,
resulting in a saturation of the GMI below 6 bit/symbol for
large SNR values. For £ = 1, the GMI of the shaped con-
stellations is similar to that of the PSK, although probabilistic
constellation shaping performs slightly worse due to unequal
distances between the constellation points and the absence of
Gray coding. Both geometric and joint constellations slightly
outperform the 64-PSK because their optimized constellations
collapse into several tightly spaced point groups (see Fig. 9),
effectively resembling a 16-PSK, which achieves a higher GMI
at low SNR. However, within the SNR range of Fig. 11,
these clusters are not distinguishable, practically reducing the
number of reliably resolvable points and causing the GMI
to follow that of a lower-order constellation. In principle,
however, these points remain distinguishable as SNR — oo.
For the geometric constellation with a large kurtosis constraint,
the points do not collapse but form locally dense groups (see
Fig. 9). These constellation points are not distinguishable at
low and moderate SNR values, but once the SNR exceeds
approximately 20 dB, even these tightly spaced points become
reliably detectable. Consequently, geometric shaping continues
to increase its GMI toward the maximal achievable entropy
of logQ(M ) and eventually surpasses probabilistic and joint
shaping. The GMI of the latter converges to the reduced
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Fig. 12. Communication performance comparison between exact and

low-complexity approximate LLR computation for unshaped and shaped
generalized PAS constellations.

input entropy due to the non-uniform symbol probabilities in
probabilistic shaping, which is optimized for a communica-
tions SNR, of 10 dB. This explains the eventual dominance
of geometric shaping for large SNR. Note that, in practice,
communication systems do not operate over such a wide SNR
range with a single constellation format. Instead, the constel-
lation format is selected depending on the operating SNR.

We remark that the gap between the performance of PSK-
like constellations with x = 1 and the AWGN capacity reflects
the S&C trade-off. Unit modulus, potentially low-order, con-
stellations achieve optimal sensing performance with only a
small gap to AWGN capacity at low SNR. At higher SNR,
higher-order modulations are required to increase spectral
efficiency for communications, resulting in an increasing S&C
trade-off. Yet, the SNR in wireless systems is typically limited
by power constraints and multipath fading. As a result, many
practical systems operate in moderate SNR regimes, where
64-QAM is commonly used, making our parametrization par-
ticularly relevant for real-world deployments.

Next, we assess our proposed low-complexity LLR
calculation for generalized PAS, and compare it against
the exact LLR calculation (2). Fig. 12 shows the GMI as
a function of the communications SNR for both unshaped
(equiprobable transmit symbols) and shaped generalized
PAS constellations, respectively. It can be observed that the
curves corresponding to the exact and approximated LLR
calculations match closely with a maximum deviation of
less than 0.016 bit/symbol. This confirms that the proposed
approximation enables low-complexity LLR computation
with negligible performance loss.

D. Sensing & Communications Trade-off

Finally, we demonstrate how constellation shaping can gov-
ern the DRT in ISAC systems by analyzing the MI and GMI
as a function of the kurtosis « for geometric, probabilistic,
and joint shaping. These results are compared in Fig. 13 to
conventional modulation formats as well as the lower and
upper bounds on the maximum MI derived in Sec. III to assess
both the derived bounds and the effectiveness of our optimized
constellations.
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Fig. 13. Comparison of the derived bounds on the maximum MI and the S&C
trade-off in terms of GMI and MI for different shaping methods and legacy
modulation formats. Markers represent individually optimized constellations.
For large kurtosis constraints, the kurtosis of the optimized constellations
saturates, indicating that the maximum AIR is achieved with a kurtosis lower
than the constraint. The kurtosis saturates below 2 for all shaping methods.

First, we observe that the AIR increases monotonically with
increasing kurtosis across all shaping methods and for both
bounds. It exhibits a particularly steep rise for lower kurtosis
values and approaches the AWGN capacity for a kurtosis
of kK = 2. Notably, the gap between the upper and lower
bounds on the maximum MI narrows with increasing kurtosis,
dropping below 0.1 bit/symbol for « > 1.35 and vanishing
at x = 2. This is because for x = 2, the involved PDFs
become Gaussian and the EPI is tight. With decreasing kurtosis
constraint, the deviation of the entropy-maximizing transmit
PDF from a Gaussian increases, making the EPI and, therefore,
the lower bound increasingly loose.

Next, we observe that the constellations optimized for SMD
yield a MI that closely approaches the upper bound (25). In
Fig. 14, we compare the empirical PDF of the received signal
resulting from the optimized constellations to the maximum-
entropy PDF used to derive the upper bound (27). For k = 2,
both PDFs converge to the circularly symmetric Gaussian PDF,
which achieves the capacity for an AWGN channel. At lower
kurtosis values, the two PDFs diverge slightly, as the upper
bound does not constrain the output to be realizable under the
system model, resulting in a gap between the achieved MI and
the derived bound (25). Nevertheless, the gap in Fig. 13 is less
than 0.04 bit/symbol at x = 1 and below 0.01 bit/symbol for
x > 1.05. This demonstrates the effectiveness of the AE-based
constellation optimization and shows that the upper bound can
be closely approached by constellation shaping.

Now, we focus on the GMI as an AIR in practical com-
munication systems using BMD. As expected, the GMI is
consistently lower than the MI, with the performance gap
depending on both the kurtosis constraint and the shaping
method.

We observe that probabilistic constellation shaping effec-
tively approaches the capacity and outperforms geometric
constellation shaping if the sensing constraint is loose (large
k). On the contrary, geometric constellation shaping outper-
forms probabilistic constellation shaping for strict sensing
constraints £ < 1.3. While this is also true for the MI, the
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Fig. 14. Comparison of the empirical received signal PDF resulting from the
optimized constellations and the theoretical maximum-entropy PDF used to
derive the upper bound for various kurtosis constraints, along with a Gaussian
as reference. Note that the original PDFs are two-dimensional. The displayed
PDFs are obtained by averaging one-dimensional marginals computed along
64 uniformly spaced radial directions in the range [0, 7].

performance differences are far more pronounced in terms of
GMLI. This highlights the importance of directly optimizing the
GMI, rather than the MI as done in prior work [7], [11], [17].

Unlike MI, which measures symbol-wise reliability, GMI
reflects bit-level reliability and is therefore sensitive to the
binary labeling of the constellation points. However, for geo-
metrically shaped constellations a Gray labeling may not exist.
Gaussian-like constellations at high kurtosis values lack the
regular grid structure needed for Gray coding, resulting in
a performance gap at high kurtosis values. In probabilistic
shaping, the bits are correlated, but BMD computes the LLRs
independently, see (2), (4), leading to an AIR loss, especially
under strong shaping, i.e., at low kurtosis. Moreover, the
resulting constellations are non-uniformly spaced and lack
Gray coding between diagonally placed symbols (see Fig. 9),
which further degrades the GMI for low kurtosis values. To
validate that the observed gap is indeed a BMD artefact rather
than a result of the optimization process, we computed the MI
of the constellations optimized for BMD and found it closely
approaches the MI of the constellations optimized for SMD,
confirming that the degradation stems from BMD.

Remark: This makes geometric and probabilistic con-
stellation shaping well-suited for applications where sensing
or communications performance is prioritized, respectively.
Joint shaping consistently exhibits strong performance across
all regimes, effectively leveraging the advantages of both
geometric and probabilistic shaping. It performs similarly
to geometric and probabilistic constellation shaping at low
and high kurtosis values, respectively. Compared to conven-
tional 64-QAM, joint constellation shaping achieves a 0.16
bit/symbol higher GMI at the same kurtosis . This means
that joint shaping increases the communication throughput
while maintaining the same detection probability for sensing.
Conversely, joint shaping can reduce the kurtosis « by 0.19
while achieving the same GMI, which directly translates into
a higher detection probability of the TOI at equal communi-
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Fig. 15. Trade-off between communication performance (GMI) and sensing
performance (kurtosis) for conventional and generalized PAS, compared to
joint constellation shaping and conventional modulation formats.

cation performance. In addition, while 64-PSK and 64-QAM
offer only two discrete operating points, joint shaping enables
a continuous adjustment of the AIR-kurtosis operating point.
This allows for a flexible and fine-grained trade-off between
communication throughput and sensing detection probability.
Furthermore, remember that the self-interference from the
limited isolation between the transmitter and receiver paths
manifests as a target with a large virtual RCS, and that the
noise-and-interference (16) floor scales with the product of the
kurtosis and the summed power of all targets. Consequently, if
the self-interference is stronger than the received reflections of
the targets, it dominates the noise-and-interference floor, which
scales with the kurtosis of the employed constellations. Hence,
reducing the kurtosis through constellation shaping can reduce
the noise-and-interference floor caused by the self-interference
and, consequently, increase the detection probability of a TOI
with small RCS.

To quantify the performance gains of low-complexity
constellation shaping, Fig. 15 compares conventional and gen-
eralized PAS in terms of their S&C trade-off and benchmarks
them against joint constellation shaping and standard modu-
lation formats. Conventional PAS performs best under weak
kurtosis constraints, i.e., high kurtosis, closely approaching the
AWGN capacity. However, as discussed previously, it suffers
from a significant penalty when circular constellations with
low kurtosis are required. In this regime, generalized PAS
matches the performance of joint constellation shaping. In the
intermediate regime, a small gap remains between the PAS
variants and joint shaping, which could, in principle, be closed
by time-sharing between both shaping configurations.

Remark: A combination of conventional and generalized
PAS outperforms legacy modulation formats and achieves
nearly the same S&C performance as joint shaping, which
fully exploits all available degrees of freedom. However, in
contrast to joint shaping, both conventional and generalized
PAS maintain low complexity at the transmitter and receiver.
This makes them well-suited for 6G ISAC systems, where
maximizing performance while enabling a flexible trade-off
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between S&C under tight implementation constraints will be
crucial.

VII. CONCLUSION

We optimized and systematically compared geometric,
probabilistic, and joint constellation shaping for OFDM-ISAC
using a bitwise AE framework, maximizing the MI and the
GMI under a sensing target detection probability constraint.
We showed analytically and confirmed through simulations
that the detection probability depends solely on the kurtosis of
the constellation. Next, we derived lower and upper bounds on
the maximum MI and showed that the optimized constellations
achieve MI values close to the upper bound.

In practical systems using BMD, geometric shaping
achieves a higher GMI under strict sensing constraints, while
probabilistic shaping performs better under relaxed sensing
constraints. Notably, our proposed joint shaping approach
combines the strengths of both geometric and probabilistic
constellation shaping, significantly outperforming legacy con-
stellation formats and offering a flexible S&C trade-off.

Furthermore, we revisited PAS as a promising candidate
for a practical implementation of constellation shaping and
showed that its independent shaping of in-phase and quadra-
ture components restricts the circular symmetry needed for
constellations with low kurtosis. To overcome this, we gen-
eralized PAS to yield circularly symmetric constellations and
proposed a low-complexity LLR approximation with negligi-
ble performance loss, preserving the original low-complexity
advantage. Our results show that combining conventional and
generalized PAS achieves near-joint shaping S&C performance
with low complexity.

Thus, constellation shaping enables dynamically adjustable,
high-performance S&C at low complexity, making it a com-
pelling solution for flexible and efficient 6G ISAC systems.

Future research includes extending the proposed framework
to frequency-selective communication channels, where the
communications SNR varies across sub-carriers and power
allocation becomes relevant, as discussed in Sec. II. Additional
directions include incorporating the Doppler effect, i.e., veloc-
ity estimation, for sensing and studying constellation shaping
under practical hardware impairments.

APPENDIX A

To show that the kurtosis x of a conventional M -QAM
approaches k ~ 1.4 as M — oo (see Sec. II-E), we use that, in
this limit, the constellation converges to an independently and
uniformly distributed random variable on U[—+/3/2, /3/2]
in both dimensions, i.e.,

X = XRe +&Xim;, XRe7XImNu[_ V 3/2, V 3/2]; XRe L Xim-

(47)

The kurtosis then directly follows as
2 2
E{Ix*} =E{(Ge i)’} = 2E{xk }+2- (B{GL})” @9)
2
9 1 7
=2-—+2- (=] == 4
w2 (3) =5 )

where we used E{s?} = a'/5 and E{s?} = a?/3 for
s ~ U[—a,a] with a = /3/2.

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 74, 2026

APPENDIX B

In this appendix, we show that solving the nonlinear system
(28) is equivalent to solving (29) and inserting the result into
(30) and (31). We begin by rewriting (28) for ¢ = 0,1, 2 as

27 o)
Cq = / / p2e+l ottt g g (50)
0 0
:277670/ patlerer’urt g (51)
0
— e / uder2utrae® gy (52)
0
:we%/ wiet ol (=) g (53)
0
2 o0 q
:ﬂ—e’YerTi/ (’l)—|— 72 ) e—W4|v2 du (54)
2|“Y4|

—v2/(2|v4l)

where we transform a 2D Cartesian complex-plane integral to
polar coordinates with Z = rel? in (50), and substitute u = 12
in (52). In (53), we complete the square in the exponent and
set 74 = —|v4/, since the integral diverges for v4 > 0. Finally,
we substitute v = u — 2"’—24 in (54).

Using the integrals [33, entries: 3.321.2, 3.321.4, 3.321.5],

we obtain closed-form expressions

2
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Using Cy = 1 (Tab. II), we substitute the common term in
(55) into (56) and (57) yielding

Cy = 7€ 4+ 79) (58)
1 2|'Y4| ( 72)
2 1
Cy = 7™ 4 ) (59)
SETPAE ( 1) 2|4

Inserting (58) into (59) and then back into (58) yields (31)
and (30). Finally, inserting both (30) and (31) in (55) yields
(29).
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