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 a b s t r a c t

Linear time-invariant (LTI) partial differential equations (PDEs) with one time and one spatial coor-
dinate are a particularly important system class, since they are, for instance, obtained by linearizing 
nonlinear PDE models about an equilibrium solution. Since this system class still poses challenges for 
control engineering purposes, a change to an input-output description in the form of transfer function 
models is advantageous. However, it is usually impossible to derive a closed-form transfer function for 
linear PDEs directly. For this reason, we present a new approach to non-parametric transfer functions 
of LTI PDEs, in which either a reformulated Cauchy-like problem or a boundary value problem is to be 
solved numerically. The addressable system class is extended to PDEs with inhomogeneous boundary 
conditions and PDEs involving mixed partial derivatives. In addition, a possible reduction of the state 
vector’s order for certain PDEs is discussed. Two examples are used to demonstrate the application 
and accuracy of the approach.

© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC license 
(http://creativecommons.org/licenses/by-nc/4.0/).
1. Introduction

Transfer functions are an indispensable system representation 
of the input-output (I/O-) behavior in the Laplace domain. They 
take an important role in control engineering analysis and design 
of linear time-invariant (LTI) ordinary differential equation (ODE) 
systems, i.e., for purely linear systems and linear approximations. 
For LTI ODEs, transfer functions are derived by applying the 
Laplace transform to the system model followed by solving a 
system of algebraic equation for the desired I/O-relation. To use 
this approach for distributed-parameter systems, either an ODE 
approximation model is derived directly or the ODE is obtained 
via discretization of a partial differential equation (PDE) model. 
Thus, starting from a nonlinear distributed-parameter system, 
these approaches can be summarized by

Path 1: Linearization of an ODE approximation model (Karl-
ström & Breitholtz, 1992),

Path 2: Linearization of a discretized PDE model (Aalto, 2008),
Path 3: Discretization of a linearized PDE model (Lopes dos 

Santos et al., 2010),

as shown in Fig.  1. However, all three approaches lead to dif-
ferent transfer functions. Even more importantly, they deviate 
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to an unknown extend from the PDE’s actual one, which can be 
obtained by applying the Laplace transform directly to the PDE 
model (Curtain & Morris, 2009) shown as Path 4 in Fig.  1.

A prerequisite for the efficient application of Path 4 are mod-
els described by LTI PDEs with one time and one spatial co-
ordinate. In this case, the Laplace transform yields a complex-
valued differential equation w.r.t. the spatial coordinate. With 
the PDE’s boundary conditions, it typically forms a boundary 
value problem (BVP) that must be solved in closed form to ob-
tain the system’s transfer function (Curtain & Morris, 2009). Un-
fortunately, this is only possible for comparatively simple sys-
tems with typically constant coefficients, which is a major lim-
itation especially for the application to PDE models of indus-
trial processes. These are usually nonlinear, so that linearization 
about a (time-independent) equilibrium yields LTI PDEs with 
spatially-dependent coefficients. Hence, Path 4 in Fig.  1 is seldom 
applicable.

To overcome this issue, we introduce a new broadly applicable 
approach for the numerical calculation of transfer functions of 
LTI PDEs. It is based on the idea of solving the Laplace do-
main differential equation using numerical methods as shown 
by Path 5 in Fig.  1. This leads to the PDE’s actual transfer func-
tion in a non-parametric form. The latter can either be used 
directly for non-parametric analysis or design methods, like loop-
shaping, or as a basis for determining a parametric approxima-
tion. Having demonstrated the advantages of the new approach 
over the use of finite-dimensional approximations using an ex-
ample in Schaßberger et al. (2025), the present work focuses 
le under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).
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Fig. 1. Approaches for the calculation of transfer functions of nonlinear distributed-parameter systems.
on introducing the approach for general causal mixed-boundary 
control systems with pointwise distributed actuation and mea-
surement. Moreover, we present a second numerical calculation 
procedure, which allows to extend the addressable system class 
significantly.

In the following, we first discuss the considered solution con-
cept, introduce the notation and recall the properties of the 
Laplace transform in Section 2. Afterwards, the calculation ap-
proach is presented in Section 3 and the extension to a broader 
class of PDEs is addressed in Section 4. Finally, the application 
to two examples is demonstrated and a comparison with their 
closed-form solutions is performed in Section 5.

2. Preliminaries

We introduce the notation used in the present work in
Section 2.1 and discuss the role of the solution concept in Sec-
tion 2.2. Afterwards, the properties of the Laplace transform in 
the context of PDEs and the definition of the transfer function 
are recalled in Sections 2.3 and 2.4, respectively.

2.1. Notation

R+
= {c ∈ R : c ≥ 0} denotes the closed positive real axis. 

We define R+

0−  as R+ with a neighborhood. The spatial domain 
is Z̄ = {z ∈ R : 0 ≤ z ≤ 1} and Z denotes its subset where 
no boundary conditions apply. Moreover, we have C+

α = {s ∈

C : Re s > α} and C+
α = C+

α ∪ (α + iR) ∪ {∞}. With PC(R;Rn), 
C∞(R;Rn) and L1loc(R;Rn), we denote the piecewise continuous, 
the smooth and the locally integrable functions, respectively. The 
step function is denoted by 1(t). With the notation x□,i(t), we 
refer to the i-th element of the vector x□(t), by x□,ij(t) to the 
element in the i-th row and the j-th column of the matrix X□(t). 
The abbreviation ∂n

□x(z, t) :=
∂n

∂□n x(z, t) with n ∈ N refers to the n-
th partial derivative of x(z, t) w.r.t. □ ∈ {z, t}. Analogously, we 
use for mixed derivatives ∂n

z ∂
m
t x(z, t) :=

∂n+m

∂nz∂mt x(z, t) with n,m ∈

N. The spatial derivatives of a function x(z), are denoted by the 
prime notation x′(z) :=

d
dz x(z).

2.2. Solution concepts

The choice of the concept is essential for the interpretation 
of the PDE’s solution, its derivatives and the calculus used. For 
this reason, a selection of concepts is briefly discussed in the 
2

following. When considering classical solutions, all partial deriva-
tives occurring in the PDE exist always and everywhere in the 
classical sense (Ebert & Reissig, 2018), which requires sufficient 
smoothness. This concept, however, is typically too restrictive 
for many control engineering purposes as discontinuities in the 
input signals are usually to be allowed. Although a sufficiently 
smooth input signal can be obtained by smoothing the input 
with a low pass filter (Deutscher, 2012), the latter must then be 
taken into account in controller design, which usually leads to a 
loss of performance. Moreover, finding or proving the existence 
of classical solutions can be particularly difficult for models of 
real world applications. A further concept are mild solutions, 
where the solution has sufficient smoothness almost everywhere 
to fulfill the PDE in the classical sense. It is predominantly used 
for finite- or infinite-dimensional ordinary differential equations, 
their relevance in the context of PDEs is explained by the fact that 
certain PDEs can be written as abstract differential equations and 
vice versa (Curtain & Zwart, 2020). For many PDEs, however, this 
requires a reformulation of the actual equation, e.g. for boundary 
control systems or equation with time derivatives with an order 
greater than one. Such a reformulation must be found on the 
one hand and may be accompanied by additional restrictions, e.g. 
on the smoothness of the input signals, on the other (Curtain & 
Zwart, 2020). Furthermore, advanced mathematical concepts are 
needed like the Pettis-integral for the impulse response (Curtain 
& Zwart, 2020). A more elegant way to deal with insufficient 
smoothness, even discontinuities, is offered by the concepts of 
weak and distributional solutions due to a different interpretation 
of a function’s derivative using test functions. The biggest differ-
ence between the latter two concepts is that the distributional 
solution fulfills the PDE pointwise in a distributional sense, while 
the weak solution only fulfills the variational formulation, i.e, the 
PDE in an integral sense (Ebert & Reissig, 2018). In addition, the 
latter usually also requires a certain regularity of the solution and 
its derivatives. For the considerations in the present work, the 
concept of distributional solutions is the most appropriate one, 
since

• a transfer function corresponds to the Laplace transform of 
a system’s impulse response.

• it guarantees the interchangeability of mixed partial deriva-
tives.

• it allows to define in-domain point-measurement.

There are essentially two closely related concepts to deal with 
distributional solutions, namely the Mikusiński operator calcu-
lus and the Laplace transform. The former is more powerful, 
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since it avoids certain assumptions required in the Laplace trans-
form and is applicable to functions that are not exponentially 
bounded (Buschman, 1996). However, the full potential of the 
Mikusiński operator calculus is often not needed, since, for ex-
ample, hyperexponential growth of solutions is questionable in 
practical applications. Hence, we focus on the well-established 
Laplace transform, which can be extended from the classical to 
the distributional calculus.

2.3. Laplace transform

In the addressed class of LTI PDEs, vector-valued functions 
with one (input or output signals) or two independent vari-
ables (state signals) occur. To determine the Laplace transform 
of the latter, one might consider the application of a multivari-
able transform as e.g. in Ditkin et al. (2017) or Debnath (2016). 
However, in context of transfer functions of PDEs, the Laplace 
transform is applied only w.r.t. time to all signals (Curtain & 
Morris, 2009), whereas the spatial coordinate is treated as a con-
stant. In the present section, we introduce the unilateral Laplace 
transform w.r.t. time and restrict ourselves to causal real-valued 
signals, which are most important for technical applications. To 
highlight the characteristic features of the transformation in the 
distributional sense, we first briefly recall the definition in the 
classical calculus for functions on R+. 

Definition 1 (Laplace Transform in the Classical Calculus (Hin-
richsen & Pritchard, 2005)). Suppose f ∈ L1loc(R

+
;R) and fα ∈

L1(R+
;R), t ↦→ e−αt f (t) =: fα(t) for some α ∈ R. Moreover, 

let s = σ + iω with σ , ω ∈ R. Then, the unilateral Laplace 
transform of f  is defined on C+

α  by 

f̂ (s) := L{f }(s) =

∫
∞

0
f (t)e−stdt, Re s ≥ α. (1)

The Laplace transform f̂  is continuous on C+
α , analytic on C+

α  and 
bounded.

The set of Laplace-transformable functions on C+
α  is denoted 

by 
Lα(R+

;R) := {f ∈ L1loc(R
+
;R), fα ∈ L1(R+

;R)}. (2)

In order to apply the Laplace transform to differential equations, 
one also needs to define it for a function’s derivatives. Assume 
that n is the degree of the highest derivative of f ∈ L(R+

;Rn) oc-
curring in the equations, f ∈ Cn((0, ∞);R) and f (n) ∈ Lα(R+

;R). 
Then, it holds 

L
{
f (n)

}
(s) = sn f̂ (s) −

n∑
k=1

sn−kf (k−1)(0+) (3)

and (Doetsch, 1950)
f (n) ∈ Lα(R+

;R) ⇒ f (i) ∈ Lα(R+
;R), i = 1, . . . , n − 1.

Before we introduce the Laplace transform for distributions, 
we recall the essentials needed in the following. Distributions 
are the generalization of the locally integrable functions and are 
defined as continuous linear functionals on the set of test func-
tions φ. For the Schwartz distributions, φ are the infinitely differ-
entiable functions C∞

c (R;R) with compact support equipped with 
a topology, commonly denoted as D(R;R) := C∞

c (R;R). Hence, a 
Schwartz distribution f  is defined by 

⟨f , φ⟩ =

⎧⎪⎪⎨⎪⎪⎩
∫

∞

−∞
f (x)φ(x) dx, if f ∈ L1loc(R;R),

value(φ), depending on the definition
of f ,  if f ̸∈ L1 (R;R).

(4)
loc

3

The set of all such distributions forms the dual space of D(R;R)
denoted by
D′(R;R) =

{
⟨f , ·⟩ :D(R;R) → R | ⟨f , ·⟩ is linear

and continuous
}

. (5)

However, the Laplace transform can only be successfully applied 
to a certain subset, namely the tempered distributions S ′(R;C) ⊂

D′(R;C). The adjustment of the image into C becomes necessary 
due to the complex-valued kernel of the Laplace transform, even 
if only real-valued functions are addressed. The tempered dis-
tributions are the continuous linear functionals of slow growth 
on the Schwartz space S(R;C). The latter is the vector space 
of C∞(R;C)-functions that, together with all their derivatives, 
decrease faster than any power of 1/|τ | as |τ | → ∞, so that for 
any k, n ∈ N and τ ∈ R it holds (Beffa, 2024) 

lim
τ |→∞

⏐⏐⏐τ kDnφ(τ )
⏐⏐⏐ = 0. (6)

Since our focus is on causal real-valued signals, the class of 
distribution needs to be restricted to those with support in R+

0− , 
which is R+ with a neighborhood of [0, ∞). This ensures the 
existence of the limit from the left of zero. Thus, we can define 
the unilateral Laplace transform as follows. 

Definition 2 (Laplace Transform in the Distributional Calculus
(Beffa, 2024)). Let f ∈ D′(R+

0−;R) and γ  be a smooth function 
with left-bounded support and γ (t) = 1 in R+

0− , so that fα ∈

S ′(R+

0−;R) and γ (t)e−(s−α)t
∈ S(R+

0−;C) for some α ∈ R. Then, 
the Laplace transform of f  is defined by1

f̂ (s) := L{f (t)} = ⟨fα(t), γ (t)e−(s−α)t
⟩, Re s ≥ α, (7)

or commonly abbreviated by2

f̂ (s) := L{f (t)} = ⟨f (t), e−st
⟩, Re s ≥ α. (8)

Analogously to the classical calculus, one can define the set of 
Laplace-transformable distributions
L′

α(R
+

0−;R) =
{
f ∈ D′(R+

0−;R), α ∈ R, fα ∈ S ′(R+

0−;R)
}

. (9)

The definition of the distributional derivative of f ∈ L′
α(R

+

0−;R)
implies f (n) ∈ L′

α(R
+

0−;R) for all n ∈ N (Chirilă et al., 2021). 
Thus, the Laplace transform of a distribution’s derivative is (Bahar, 
1969) 

L{f n(t)} = sn f̂ (s) −

n∑
k=1

sn−kf (k−1)(0−). (10)

When comparing Definitions  1 and 2, it becomes immediately 
clear that every function that is Laplace-transformable in the 
classical sense is also Laplace-transformable in the distributional 
sense. However, the latter has the major advantage that no addi-
tional assumptions have to be made regarding the smoothness 
of the solution in the context of derivatives, as distributions 
are infinitely differentiable (Beffa, 2024). As a consequence, the 
order of partial derivatives can be changed arbitrarily. This is 
in contrast to the classical calculus, where interchanging partial 

1 The definition (7) may appear unnecessarily complicated compared to (8). 
However, it prevents the test function in (7) from growing arbitrarily on the left 
side of the complex plane. Moreover, the condition γ (t) = 1 does not change 
the value of the integral (4) defining the distribution.
2 This is clearly not a pair of a tempered distribution and a test function in the 

Schwartz space. However, this abbreviation is still reasonable, when restricting 
the distribution’s domain to a compact subset of R+

0− , which is always possible 
for technical systems. Then (8) can be read as a distribution with compact 
support in E ′ and an indefinitely differentiable function in E .
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derivatives requires additional assumptions given in the well-
known theorems of Schwartz, Clairaut or Young. The reader may 
note an additional distinction concerning the initial values. In case 
of the classical calculus, the right-sided initial values need to be 
considered, whereas the left-sided ones are needed in case of 
distributions. This can lead to discrepancies between the assumed 
and actual initial values, as discussed in Bahar (1969). To keep 
the presentation simple, we use the classical notation instead 
of the bracket notation also in the distributional sense up to 
small modifications in the initial values and the lower limit of 
integration w.r.t. time.

Let now f : Z̄ × R+

0− → R with f (z, ·) ∈ L′
α(R

+

0−;R). In 
the context of PDEs, it is assumed that limits, derivatives (Schiff, 
1999) and integrals (McCollum & Brown, 1965) w.r.t. the spa-
tial coordinate pass through the Laplace transform. Hence, the 
transform of the function’s spatial derivative ∂z f (z, t) is given by

L
{
∂z f (z, t)

}
:=

∫
∞

0−

∂z f (z, t)e−st dt = ∂z f̂ (z, s)

and analogously that of the m-th spatial derivative by 
L
{
∂m
z f (z, t)

}
= ∂m

z f̂ (z, s). (11)

The integral of the function f  w.r.t. some subset of the spatial 
domain Z ⊂ Z̄ becomes 

L

{∫
Z
f (z, t) dz

}
:=

∫
Z
f̂ (z, s) dz, (12)

whenever the integral exists. By combining (10) and (11), the 
Laplace transform of mixed derivatives of the form ∂m

z ∂n
t f (z, t)

with m, n ∈ N is 
L
{
∂m
z ∂n

t x(z, t)
}

= ∂m
z L{∂n

t x(z, t)}. (13)

With the interchangeability property, it follows 
L
{
∂n
t ∂

m
z x(z, t)

}
= ∂m

z L
{
∂n
t x(z, t)

}
. (14)

The given formulas allow the transformation of a LTI PDE, its 
boundary conditions and output equations to the Laplace domain, 
from which an input-output description in form of a transfer 
function can be derived.

2.4. Transfer functions

In engineering science, the transfer function ĝ(s) of a LTI sys-
tem with one input u(t) ∈ R and one output y(t) ∈ R is defined 
as ĝ(s) = ŷ(s)/û(s) for zero initial conditions. More precisely, 
the necessary analytical continuation of the quotient defines the 
transfer function, since the quotient would otherwise only be 
valid in the common domain in which the input’s and output’s 
Laplace transforms are analytical. For vectorial3 inputs u(t) ∈ Rm

and outputs y(t) ∈ Rp, the role of the quotient changes to a 
complex-valued mapping Ĝ :C → Cp×m, i.e., 
ŷ(s) = Ĝ(s)û(s). (15)

In the context of the distributional calculus, it is more common 
to define the transfer function as the analytical continuation of 
the Laplace transform of the impulse response. Both definitions 
are equivalent for finite- and infinite-dimensional state space 
systems (Zwart, 2004). However, infinite-dimensional systems 
have irrational transfer functions, where the analytical continu-
ation over the entire complex plane must, if possible, be defined 
with greater care, e.g. the branch cuts has to be specified. The 

3 The Laplace transform is to be interpreted as a Bochner integral. Its main 
features are the Banach space-valued functions (here Rm and Rp), a common 
multiplier e−st and a joint region of convergence.
4

specifics that arise in the context of irrational transfer functions 
are discussed, for example, in Smirnov (1964). It is therefore ad-
vantageous to define the transfer function of infinite-dimensional 
systems without the need for an analytical continuation. Such a 
definition is given in Zwart (2004) under the name transmission 
function, which is called in the present contribution transfer 
function defined via exponential signals. 

Definition 3 (Transfer Function Defined Via Exponential Signals 
(Transmission Function (Zwart, 2004))). Let u(t) = u0es0t · 1(t) and 
suppose there exists an initial value function such that y(t) =

y0es0t · 1(t) for all t ≥ 0. Then, we call Ĝ(s0) the transfer function 
at s0, if for all u0 ∈ Cm, y0 ∈ Cp can be written as 
y0 = Ĝ(s0)u0. (16)

Hence, Ĝ exists at all points s0 ∈ C that are neither isolated 
nor non-isolated singularities of Ĝ except for the removable ones. 
Although Definition  3 avoids the analytical continuation, it is 
hardly suitable for the actual calculation of the transfer function 
as shown in Appendix  A. This is due to the need to specify 
the initial values and the pointwise character of the definition. 
Furthermore, theorems based on this definition, such as in Cur-
tain and Zwart (2020), are rarely rigorously applicable to models 
of technical systems, because their prerequisites are difficult to 
verify. Therefore, we prefer the approaches based on the Laplace 
transform, since these are better suited for calculations and lead 
to structurally identical differential equations defining the trans-
fer function (Curtain & Morris, 2009). The issues related to the 
analytical continuation are overcome by initially considering C
as the domain of Ĝ. This means that the singular points are 
not explicitely exluded in the numerical calculation, as they are 
not known a priori. Since their location becomes visible from 
the numerically calculated Ĝ, the domain of Ĝ can be defined a 
posteriori.

3. Introduction of the new numerical approach

The application of the Laplace transform to a system of
LTI PDEs and its boundary conditions generally leads to an ordi-
nary boundary value problem in the spatial coordinate. The latter 
relates the Laplace transforms of the inputs and outputs of the 
system, so that by solving the boundary value problem in closed 
form, the I/O-transfer function can be derived. Unfortunately, this 
is only possible for comparatively simple systems. In the present 
contribution, we therefore focus on the numerical calculation of 
the transfer function in a non-parametric form by performing the 
following steps:

1. Introduction of the considered class of PDEs,
2. Application of the Laplace transform,
3. Reformulation into first order differential equations,
4. Numerical calculation of the transfer function via the

4.1. Transition matrix approach in Section 3.4.1,
4.2. ODE boundary value approach in Section 3.4.2.

Afterwards, a comparison of both approaches is performed in 
Section 3.5. For the moment, we restrict the class of PDEs and 
discuss its extension in Section 4.

3.1. Considered restricted class of PDEs

In the following, the well-posedness of the LTI PDE systems in 
the sense of the distributional calculus is assumed. The
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inputs4 u ∈ L′
α(R

+

0−;Rm) are considered to act on the bound-
ary (index b) and/or pointwise distributed (index d). The latter 
is a special type of distributed input in the form of a product of 
a purely time-dependent signal and a spatially-dependent shape 
function. Also the output signals y ∈ L′

α(R
+

0−;Rp) are split in a 
similar way, so that we have 

u(t) =

[
ub(t)
ud(t)

]
∈ Rmb+md , y(t) =

[
yb(t)
yd(t)

]
∈ Rpb+pd . (17)

Let x : Z̄ × R+

0− → Rn with x(z, ·) ∈ L′
α(R

+

0−;Rn) be the 
state vector of the PDE. It is characterized by the vectors of its 
highest order partial derivatives νt ∈ {ν ∈ Nn

\ {0n
} : νi ≥ 0}, 

νz ∈ {ν ∈ Nn : νi > 0} and their maximal elements νt = maxi{νt,i}

and νz = maxi{νz,i}. Moreover, the system of PDE is assumed to 
not involve mixed partial derivatives, so that it can be written as
νt∑
i=1

Ati(z)∂
j
tx(z, t) +

νz∑
j=0

Azj(z)∂ j
zx(z, t)

= Bd(z)ud(t), z ∈ Z, t > 0−, (18a)

where Ati, Azi ∈ PC(Z̄;Rn×n) and Bd ∈ PC(Z̄;Rn×md ). The initial 
values of (18a) are 
x(z, 0−) = x0(z), z ∈ Z̄, (18b)

with x0 ∈ PC(Z̄;Rn). In general, the system has boundary 
conditions at both ends of the spatial domain 
f0(x(0, t), ∂zx(0, t), . . . , ub(t)) = 0, t > 0−,

f1(x(1, t), ∂zx(1, t), . . . , ub(t)) = 0, t > 0−,
(18c)

where f0, f1 are linear functions of the state vector, its derivatives 
and the boundary input vector with constant coefficients. We 
assume that the spatial derivative of the highest order of all en-
tries xi of the states vector occurring in f0, f1 are smaller than νzi.

The system description is completed by the boundary outputs
yb(t) = Cb0x(0, t) + Cb1x(1, t), (19a)

where Cb0, Cb1 ∈ Rpb×n are constant matrices, and by the point-
wise distributed outputs 

yd(t) =

∫
Z̄
Cd(z)x(z, t) dz, (19b)

with Cd ∈ D′(Z̄;Rpd×n). Note that Cd ∈ D′ is used to allow 
Dirac functions as shape functions for modeling in-domain point 
measurements.

3.2. Application of the Laplace transform

With the assumptions in the previous section, the Laplace 
transform according to Definition  2 applied to (18a) and (18b) 
yields 

νt∑
i=1

Ati(z)
(
six̂(z, s) −

i∑
ℓ=1

si−ℓx(ℓ−1)
0 (z)

)
+

νz∑
j=0

Azj(z)∂ j
z x̂(z, s) = Bd(z)ûd(s), z ∈ Z, (20a)

where x̂ : Z̄ × C+
α → Cn and ûd : C+

α → Cmd . Since the com-
plex variable s is a parameter in (20a), the partial derivative ∂ j

z
becomes an ordinary derivative so that (20a) is a system of 

4 In the present work all signals representing the influence of the envi-
ronment on the system are denoted as inputs (Hinrichsen & Pritchard, 2005), 
i.e., both controlled inputs and uncontrolled ones like disturbances.
5

complex-valued ordinary differential equations. For this reason, 
in the ongoing text, the partial derivative w.r.t. z is replaced by 
the prime sign, i.e., ∂z x̂(z, s) = x̂′(z, s). Using this notation, the 
Laplace transform of (18c) is 
f0(x̂(0, s), x̂′(0, s), . . . , ûb(s)) = 0,
f1(x̂(1, s), x̂′(1, s), . . . , ûb(s)) = 0,

(20b)

where ûb : C+
α → Cmb . Analogously, the output Eqs. (19) in the 

Laplace domain are 
ŷb(s) = Cb0x̂(0, s) + Cb1x̂(1, s), (21a)

ŷd(s) =

∫
Z̄
Cd(z)x̂(z, s) dz, (21b)

where ŷb :C+
α → Cmb  and ŷd :C+

α → Cmd .
Since we aim for the system’s transfer function, the initial 

values are considered to be zero, i.e., x0(z) = 0n for z ∈ Z̄ . If the 
initial values are of interest, they can be treated as the distributed 
inputs.

3.3. Reformulation into first order differential equations

The Laplace transform of (18a), i.e., (20a), is a vector differ-
ential equation of order greater or equal than one, which can be 
reformulated as a system of first order differential equations by 
introducing a new state vector ˆ̃x : Z̄ × C+

α → Cν̃z

ˆ̃x(z, s) =

[
x̂1(z, s), x̂′

1(z, s), . . . , x̂(νz1−1)
1 (z, s),

x̂2(z, s), . . . , x̂(νn−1)
n (z, s)

]
⊤ (22)

with ν̃z =
∑n

i=1 νz,i. Thus, (20a) becomes 

Ẽ(z) ˆ̃x′(z, s) = Ã(z, s) ˆ̃x(z, s) + B̃d(z)ûd(s), z ∈ Z, (23a)

where Ẽ ∈ PC(Z̄;Rν̃z×ν̃z ), Ã ∈ PC(Z̄ × C+
α ;Cν̃z×ν̃z ) and B̃d ∈

PC(Z̄;Rν̃z×md ). The boundary conditions (18c) written with the 
extended state vector are 
f̃0( ˆ̃x(0, s), ûb(s)) = 0,

f̃1( ˆ̃x(1, s), ûb(s)) = 0,
(23b)

and the output equations 

ŷb(s) = C̃b0
ˆ̃x(0, s) + C̃b1

ˆ̃x(1, s),

ŷd(s) =

∫
Z̃
C̃d(z) ˆ̃x(z, s) dz,

(24)

where C̃b0, C̃b1 ∈ Rpb×ν̃z  and C̃d ∈ D′(Z̄;Rpd×ν̃z ). At this point, 
it should be noted that in contrast to the standard state space 
extension of ODE systems in control theory, no general form 
of the block structure can be given. For example, if the highest 
order spatial derivatives of several state variables appear in the 
same equation, the extension yields a non-diagonal Ẽ. Thus, the 
extension cannot be formalized but needs to be found via direct 
calculation. An example is given in Appendix  B.

3.4. Numerical calculation

The boundary value problem (23) can in general not be solved 
in closed form. For this reason, we introduce two numerical 
approaches in the present section. The choice of the approach de-
pends on the properties of Ẽ as shown in Table  1. Two approaches 
are proposed, the so-called transition matrix approach (Approach 
1) and the ODE boundary value approach (Approach 2). In the 
former, the boundary value problem in the Laplace domain (23) 
is reformulated in a complex-valued ODE Cauchy-like problem, 
whereas the latter addresses it directly using numerical methods.
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Table 1
Choice of the numerical approach.
 Property Approach 
 1 | det(Ẽ(z))| ≥ ε > 0 ∀z ∈ Z̄ 1 & 2  
 2 ∃z0 ∈ Z̄ : det(Ẽ(z0)) = 0 2a  
a Generalized transition matrices (Berger & Ilchmann, 2013) allow to treat 
systems with property 2 in a similar way as in approach 1, which, however, 
is not pursued in the present work.

3.4.1. Transition matrix approach
If (23a) has the Property 1 as in Table  1, by left multiplication 

with the inverse of Ẽ(z), one obtains an identity matrix on the left 
side together with modified matrices on the right side of (23a). 
Hence, we start with 
ˆ̃x′(z, s) = Ã(z, s) ˆ̃x(z, s) + B̃d(z)ûd(s), z ∈ Z. (25)

The solution ˆ̃x(z, s) of (25) can formally be written with the state 
transition matrix Φ̂ : Z̄ × Z̄ × C+

α → Cν̃z×ν̃z

ˆ̃x(z, s) = Φ̂(z, 0, s) ˆ̃x(0, s)

+

∫ z

0
Φ̂(z, ζ , s)B̃d(ζ )ûd(s) dζ , z ∈ Z̄, (26)

which is the solution of the matrix-valued differential equation 
Φ̂ ′(z, 0, s) = Ã(z, s)Φ̂(z, 0, s), z ∈ Z̄ \ {0},

Φ̂(0, 0, s) = Iν̃z .
(27)

In order to use (26) for the calculation of Ĝ, it is necessary 
to express ˆ̃x(0, s) as a function of the boundary inputs. To this 
end, ˆ̃x(1, s) in the second equation of (23b) is expressed us-
ing (26) for z = 1 leading to

ˆ̃x(1, s) = Φ̂(1, 0, s) ˆ̃x(0, s)

+

∫ 1

0
Φ̂(1, ζ , s)B̃d(ζ ) dζ ûd(s), z ∈ Z̄. (28)

Since (23b) and (28) are linear equations in ̂̃x(0, s), ûb(s) and ûd(s)
with constant coefficients, we can write 
ˆ̃x(0, s) = B̂b(s)ûb(s) + B̂d(s)ûd(s), (29)

with B̂b(s) ∈ Cν̃z×mb  and B̂d(s) ∈ Cν̃z×md . Inserting (29) in (26) 
leads to
ˆ̃x(z, s) = Φ̂(z, 0, s)B̂b(s)ûb(s)+

(
Φ̂(z, 0, s)B̂d(s)

+

∫ z

0
Φ̂(z, ζ , s)B̃d(ζ ) dζ

)
ûd(s), z ∈ Z̄. (30)

While Φ̂(z, 0, s) in (30) can directly be determined numerically 
from (27), for Φ̂(z, ζ , s) the transition matrix relation 
Φ̂(z, ζ , s) = Φ̂(z, 0, s)Φ̂−1(ζ , 0, s), (31)

can be applied. It is obvious that calculating the inverse of
Φ̂(ζ , 0, s) in (31) can be avoided by solving the system 
Φ̂⊤(ζ , 0, s)Φ̂⊤(z, ζ , s) = Φ̂⊤(z, 0, s). (32)

With Φ̂(z, ζ , s) calculated from (32), the integral term in (30) 
can be determined. In a final step, (30) is inserted in the out-
put Eqs. (24) such that after reordering the transfer function 
matrix Ĝ :C → Cp×m follows [
ŷb(s)
ŷd(s)

]
=

[
Ĝbb(s) Ĝbd(s)
Ĝdb(s) Ĝdd(s)

]
  

[
ûb(s)
ûd(s)

]
. (33)
Ĝ(s)
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The matrix entries in (33) are 

Ĝbb(s) =

(
C̃b0 + C̃b1Φ̂(1, 0, s)

)
B̂b(s), (34a)

Ĝbd(s) =

(
C̃b0 + C̃b1Φ̂(1, 0, s)

)
B̂d(s)

+ C̃b1

∫
Z̄

Φ̂(1, ζ , s)B̃d(z) dζ , (34b)

Ĝdb(s) =

∫
Z̄
C̃d(z)Φ̂(z, 0, s)B̂b(s) dz, (34c)

Ĝdd(s) =

∫
Z̄
C̃d(z)

(
Φ̂(z, 0, s)B̂d(s)

+

∫ z

0
Φ̂(z, ζ , s)B̃d(ζ ) dζ

)
dz, (34d)

with Ĝbb :C → Cpb×mb , Ĝdb :C → Cpd×mb , Ĝbd :C → Cpb×md  and 
Ĝdd :C → Cpd×md .

Let us summarize the calculation procedure

1. Chose Ω ⊂ C and discretize the set in points s0 ∈ Ω ,
2. Solve (27) for s = s0 numerically to obtain Φ̂(·, 0, s0) with 

a suitable ODE solver,
3. The integrals in (34b)–(34d) are calculated via some stan-

dard numerical quadrature, where the necessary points
Φ̂(zi, ζj, s0) are determine in a subroutine solving the equa-
tion system (32),

4. Combining all determined terms yields Ĝ(s0) via (34),
5. Repeat steps 2–4 for all s0 ∈ Ω .

While in practice distributed inputs often occur, distributed 
measurements are rare. Thus, the double integral in (34d) sim-
plifies to a single integral in case of in-domain point measure-
ments. This calculation approach is demonstrated in Section 5.1.2 
and Section 5.2.2.

3.4.2. ODE boundary value approach
While the transfer function matrix is derived in the transition 

matrix approach via an I/O-relation of the form of (15), in the 
ODE boundary value approach it is obtained from the Laplace 
transform of the impulse response. As common, the latter is 
defined as the matrix of the system responses gij observed at 
the i-th output for the excitation of j-th input with a Dirac func-
tion while the other inputs as well as the initial value are zero. 
Since the distributional Laplace transform of the Dirac function is 
one, the j-th input’s Laplace transform is 

û(s)j =

[
ûb(s)j
ûd(s)j

]
= emb+md

j , (35)

where emb+md
j  denote the canonical basis vectors of the

(mb + md)-dimensional space Cmb+md . Hence, ûb(s) and ûd(s) are 
to be replaced in (23) by 

ûb(s)j =

{
emb
j , j ≤ mb

0md , else,

ûd(s)j =

{
0md , j ≤ mb

emd
j−mb+1, else.

(36)

Eq. (23) modified in this way represents an ODE boundary value 
problem, which can be solved numerically for a certain ej. With 
the calculated x̂(z, s)j, one obtains from (24)

ĝb(s)j = Cb0
ˆ̃x(0, s)j + Cb1

ˆ̃x(1, s)j,

ĝd(s)j =

∫
Cd(z) ˆ̃x(z, s)j dz,

(37)
Z̄
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such that 

ĝ(s)j :=

[
ĝb(s)j
ĝd(s)j

]
. (38)

This calculation needs to be carried out for all inputs j to deter-
mine Ĝ :C → Cp×m by 
Ĝ(s) =

[
ĝ(s)1 . . . ĝ(s)mb+md

]
. (39)

Let us summarize the calculation procedure
1. Choose Ω ⊂ C and discretize the set in points s0 ∈ Ω ,
2. Solve (23) for s = s0 and ûb(s0)j, ûd(s0)j, as in (35), with a 

suitable BVP solver to obtain x̂(·, s0),
3. Calculate the integral in (37) via some standard numerical 

quadrature,
4. Combine all determined terms to obtain ĝ(s0)j via (38),
5. Repeat steps 2–4 for all j ∈ [1,mb + md] to obtain Ĝ(s0)

via (39),
6. Repeat steps 2–5 for all s0 ∈ Ω .

The application of this approach is shown in Section 5.1.3.

3.5. Comparison of the approaches

In the following, a brief comparison of the most important 
properties of the approaches is given. The transition matrix ap-
proach

+ is computationally advantageous (Cauchy problem), since it 
is typically faster and better-suited for complex-valued s0
with large imaginary part.

+ yields the whole Ĝ(s0) at once.
+ allows to express Ĝ(s) via Φ̂(z, 0, s).
– is not applicable for singular Ẽ.
– may fail for certain s0 (see Section 5.1.4).
– requires the calculation of Φ̂ , whose number of entries 

scales quadratically with the number of PDE states.

However, the ODE boundary value approach

+ is broadly applicable.
+ requires only the numerical calculation of a vector with the 

size of the PDE’s state vector for each û(s)j as in (35).
– only allows to define Ĝ(s) implicitly as the solution of an 

ODE BVP.
– necessitates j-times repeated calculation for all û(s)j to ob-

tain Ĝ(s0) as in (39).
– requires BVP solvers, which are typically less robust.

Both approaches have shown sufficient accuracy for all examples 
investigated by the authors.

4. Extension of the class of PDEs

The class of PDEs that can be addressed by the proposed nu-
merical calculation approaches is much larger than discussed in 
Section 3. The extension to systems with inhomogeneous bound-
ary conditions is discussed in Section 4.1. The application to PDEs 
involving state variables without spatial derivatives is presented 
in Section 4.2 and mixed partial derivatives are considered in 
Section 4.3.

4.1. Inhomogeneous boundary conditions

The assumption of homogeneous boundary conditions (18c) 
is due to the goal of obtaining a transfer functions in the com-
mon form of (15), where the inputs are allowed to be arbitrary 
functions. Otherwise, a transfer function with an additional input 
7

occurs, caused by the inhomogeneous part. However, this addi-
tional input is a fixed function instead of an arbitrary one. In order 
to avoid this situation, input and state transformations can be 
applied to the PDE to eliminate the inhomogeneous part of the 
boundary conditions. Hence, this is a preliminary step before the 
application of the calculation approaches.

4.2. State variables without spatial derivatives

Assume that no equation in(18) depends on a partial spatial 
derivative of the component xj, i.e., νz,j = 0. In other words, the 
j-th columns of Azi are zero columns for all i ≥ 1, i.e., not in Az0. 
Hence, by shifting the j-th element to the end of the state vector, 
the system (23) reads with ˆ̄x : Z̄ ×C+

α → Cν̃z−1 and ξ̂ : Z̄ ×C+
α →

C

Ẽ(z)

[
ˆ̄x′(z, s)
ξ̂ ′(z, s)

]
= Ã(z, s)

[
ˆ̄x(z, s)
ξ̂ (z, s)

]
+ B̃d(z)ûd(s), z ∈ Z, (40)

where the matrices are 

Ẽ(z) =

[
Ẽx̄x̄(z) 0ν̃z−1

ẽ⊤

ξ x̄(z) 0

]
, B̃d =

[
B̃dx̄(z)
b̃⊤

dξ (z)

]
,

Ã(z, s) =

[
Ãx̄x̄(z, s) ãx̄ξ (z, s)
ã⊤

ξ x̄(z, s) ãξξ (z, s)

]
.

(41)

If 
⏐⏐ãξξ (z, s)

⏐⏐ ≥ ϵ > 0 for almost every (z, s) ∈ Z̄ × C+
α , the last 

row of (40) can be rearranged w.r.t. ξ̂ (z, s)

ξ̂ (z, s) =

(
ẽ⊤

ξ x̄(z) ˆ̄x
′(z, s) − ã⊤

ξ x̄(z, s) ˆ̄x(z, s)

−b̃⊤

dξ (z)ûd(s)
)

/ãξξ (z, s), z ∈ Z. (42)

When inserting (42) in the remaining equation of (40)
Ẽx̄x̄(z) ˆ̄x′(z, t) = Ãx̄x̄(z, s) ˆ̄x(z, t) + ãx̄ξ (z, s)ξ̂ (z, s)

+B̃dx̄(z)ûd(s), z ∈ Z,

a system with the order ν̃z − 1 is obtained. An example for this 
system class is shown in Section 5.2.

4.3. Mixed partial derivatives

Due to the interchangeability of the partial derivatives in 
the distributional calculus, any LTI PDE involving mixed partial 
derivatives can be written in the compact form 

ν̄∑
i=0

i∑
j=0

Aij(z)∂ i
t∂

j
zx(z, t) = Bd(z)ud(t), z ∈ Z, t > 0−, (43)

with suitable boundary conditions and initial value, where ν̄ =

max{ν̄t , ν̄z}, Aij ∈ PC(Z̄;Rn×n) and Bd ∈ PC(Z̄;Rn×md ). Let x : Z̄ ×

R+

0− → Rn with x(z, ·) ∈ L′
α(R

+

0−;Rn), ud ∈ L′
α(R

+

0−;Rm)
and x0(z) = 0 for all z ∈ Z̄ , then the Laplace-transformed system 
reads 

ν∑
i=0

i∑
j=0

siAij(z)∂ j
z x̂(z, s) = Bd(z)ûd(s), z ∈ Z, (44)

where x̂ : Z̄ × C+
α → Cn and û : C+

α → Cm. By introducing an 
extended state vector ˆ̃x : Z̄ ×C+

α → Cν̃z , (44) can be rewritten as 
system of first order equations 
Ẽ(z, s) ˆ̃x′(z, s) = Ã(z, s) ˆ̃x(z, s) + B̃dûd(s), z ∈ Z. (45)

In contrast to (23a), the matrix Ẽ might have a s-dependence. 
However, as the complex frequency only appears as a parameter, 
the numerical approach can be chosen according to the properties 
of Ẽ as specified in Table  1.
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5. Application

We begin with the heat equation as an example of the system 
class introduced in Section 3 and apply both numerical calcu-
lation approaches in Section 5.1. Afterwards, a transport PDE 
with an additional equation with zero characteristic speed is 
considered in Section 5.2, which belongs to the extended system 
class from Section 4.2. The parameters used in the simulations are 
summarized in Table  2.

5.1. Heat equation with Dirichlet boundary conditions

The one-dimensional heat equation describes the temperature 
distribution x : Z̄ × R+

0− → R in a long rod 

∂tx(z, t) = a2∂2
z x(z, t), z ∈ Z, t > 0−, (46a)

x(z, 0−) = x0(z), z ∈ SZ, (46b)

x(0, t) = 0, t > 0−, (46c)

x(1, t) = u(t), t > 0−, (46d)

y(t) = x(z0, t), (46e)

which is a boundary control system with point measurement. 
From (46), one reads νt = 1, νz = 2 and Cd(z) = δ(z−z0). Assume 
that u, x(z, ·), y ∈ L′

α(R
+

0−;R), x0 ∈ PC(Z̄;R) and a ∈ R+, z0 ∈ Z . 
The application of the Laplace transform to (46) leads to a 2nd 
order BVP w.r.t. the spatial coordinate similar to (20)

x̂′′(z, s) =
s
a2

x̂(z, s) +
1
a2

x0(z), z ∈ Z, (47a)

x̂(0, s) = 0, (47b)

x̂(1, s) = û(s), (47c)

ŷ(s) = x̂(z0, s) (47d)

with x̂ : Z̄ × C+
α → C and û, ŷ :C+

α → C. In the following, we de-
rive the closed-form transfer function in Section 5.1.1, apply the 
transition matrix approach in Section 5.1.2 and the ODE boundary 
value approach in Section 5.1.3 and thus consider x0(z) ≡ 0 for 
all z ∈ Z̄ . A comparison is performed in Section 5.1.4.

5.1.1. Closed-form solution
The general solution of (47a) is 

x̂(z, s) = c1 sinh
(√

s
a z

)
+ c2 cosh

(√
s

a z
)
, z ∈ Z̄, (48)

so that from the boundary conditions (47b) and (47c) it follows 
c1 = û(s)/ sinh(

√
s/a) and c2 = 0. Then, with (47d) the transfer 

function as defined in (15) is 

ĝ(s) :=
ŷ(s)
û(s)

= sinh
(√

s
a z0

)
sinh

(√
s

a

)−1
. (49)

5.1.2. Numerical solution via the transition matrix approach
Since νz = 2 in (46), (47) is reformulated in a first order sys-

tem with ̂̄x : Z̄×C+
α → C2 of the form ̂̄x(z, s) =

[
x̂(z, s) x̂′(z, s)

]⊤

ˆ̄x′(z, s) =

[
0 1

s/a2 0

]
ˆ̄x(z, s), z ∈ Z, (50a)[

1 0
0 0

]
ˆ̄x(0, s) =

[
0
0

]
, (50b)[

1 0
0 0

]
ˆ̄x(1, s) =

[
1
0

]
û(s), (50c)

ŷ(s) =
[
1 0

]
ˆ̄x(z0, s). (50d)
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Table 2
Parameters used in the simulations in Section 5.
 (a) Heat equation (46).
 Parameter Value  
 a 4.8 · 10−5  
 z0 0.8  

 (b) Transport PDE (57).
 Parameter Value  
 λ 1  
 a12 0.2  
 a21 0.2  
 a22 0.3  

This ODE boundary value problem corresponds to (23) with Ẽ(z) =

I2 and has the solution 
ˆ̄x(z, s) = Φ̂(z, 0, s) ˆ̄x(0, s), z ∈ Z̄, (51)

where Φ̂ : Z̄ × Z̄ × C+
α → C2 is defined by 

Φ̂ ′(z, 0, s) =

[
0 1

s/a2 0

]
Φ̂(z, 0, s), z ∈ Z̄ \ {0},

Φ̂(0, 0, s) = I2.

(52)

The boundary conditions (50b) and (50c) specify only the first 
component ˆ̄x1(0, s) = 0 of the vector directly. From (50c), the 
second component can be obtained with (51)[
1 0
0 0

]
Φ̂(1, 0, s) ˆ̄x(0, s) =

[
1
0

]
û(s). (53)

Let Φ̂(z, 0, s) = [φ̂ij(z, 0, s)], then (53) reads 

φ̂11(1, 0, s) ˆ̄x1(0, s) + φ̂12(1, 0, s) ˆ̄x2(0, s) = û(s), (54)

leading to 
ˆ̄x2(0, s) = φ̂−1

12 (1, 0, s)û(s) (55)

and 

ŷ(s) =
[
1 0

]
ˆ̄x(z0, s), (56a)

=
[
1 0

]
Φ̂(z0, 0, s) ˆ̄x(0, s), (56b)

= φ̂12(z0, 0, s)φ̂−1
12 (1, 0, s)  

ĝ(s)

û(s). (56c)

For the example under consideration, the calculation procedure 
in Section 3.4.1 becomes

1. Discretize Ω ⊂ C,
2. Solve (52) for s = s0 numerically,
3. This step is not necessary, since (46e) is an in-domain point 

relation rather than an integral one,
4. Calculate ĝ(s0) according to (56c),
5. Repeat steps 2–4 for all s0 ∈ Ω .

5.1.3. Numerical solution via the ODE boundary value approach
As described in Section 3.4.2, we choose û(s) = 1 and obtain 

the first order boundary value problem 

ˆ̄x′(z, s) =

[
0 1

s/a2 0

]
ˆ̄x(z, s), z ∈ Z, (57a)[

1 0
]
ˆ̄x(0, s) =

[
0
]
, (57b)
0 0 0
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(a) Magnitude of ĝnum(s).

  
(b) Bode plot of ĝnum(s) and its difference to ĝ(s).

 

Fig. 2. Illustrations of the numerical transfer function of the heat equation (46) determined with the transition matrix approach ĝnum,1 and the ODE boundary value 
approach ĝnum,2 . The closed-form transfer function is denoted by ĝ . For the numerical calculation, Matlab’s ODE45 and BVP5C are used, both with RelTol = 10−6 and 
AbsTol = 10−8 .
[
1 0
0 0

]
ˆ̄x(1, s) =

[
1
0

]
. (57c)

From the numerically determined solution ̂̄x(·, s0) of Eq.  (57), ĝ(s0)
is calculated via 
ĝ(s0) := ŷ(s0) =

[
1 0

]
ˆ̄x(z0, s0). (58)

Hence, the calculation procedure from Section 3.4.2 becomes

1. Choose Ω ⊂ C and discretize the set in points s0 ∈ Ω ,
2. Solve (57) for s = s0 with a suitable BVP solver,
3. This step is not necessary, since (46e) is an in-domain point 

relation rather than an integral one,
4. Determine ĝ(s0) via (58),
5. This steps is not necessary, since (46) has only one input,
6. Repeat steps 2–5 for all s0 ∈ Ω .

5.1.4. Comparison
The numerical calculation procedures lead to the transfer 

function of (46) in a non-parametric form, which are illustrated as 
magnitude plot over the complex plane in Fig.  2(a) and in a Bode 
diagram in Fig.  2(b). From the deviation shown as black dashed 
line, it can be concluded that the transition matrix approach 
achieves good overall agreement with the closed-form solution 
over the whole frequency range. The ODE boundary value ap-
proach yields larger deviations for ω > 1 illustrated by the red 
dashed line. However, these are still insignificant from a practical 
point of view.

Invisible in the diagrams in Fig.  2 is that the transition matrix 
approach fails at s = 0, which corresponds to a removable 
singularity (Curtain & Morris, 2009) caused by 

φ̂12(z, 0, s) =
α
√
s
sinh(

√
sz/α), z ∈ Z̄. (59)

However, ĝ(0) can be approximated by the values in its neighbor-
hood or using the ODE boundary value approach, which yields the 
correct value ĝ(0) = 0.8. The overall calculation time, however, 
exceeds that of the transition matrix approach significantly.

5.2. Hyperbolic PDE with a state variable without spatial derivative

Consider the example from de Andrade et al. (2022) with x : Z̄×

R+

0− → R2, x(z, ·) ∈ L′
α(R

+

0−;R2) and u, y ∈ L′
α(R

+

0−;R)5

∂tx(z, t) = Λ∂zx(z, t) + Ax(z, t), z ∈ Z, t > 0−, (60a)

5 The second equation in (60a) does not have a boundary condition so 
that (60a) is defined on Z̄ for x2(z, t), but on Z for x1(z, t). This is the reason 
for the different domains in (62).
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x(z, 0−) = x0(z), z ∈ Z̄, (60b)

x(0, t) = bu(t), t > 0−, (60c)

y(t) = c⊤x(1, t), (60d)

where λ, aij > 0 and the matrices are as follows 

Λ =

[
−λ 0
0 0

]
, A =

[
0 a12
a21 a22

]
,

b =
[
1 0

]⊤
, c⊤

=
[
1 0

]
.

(61)

The system (60) is characterized by νt = [1 1]⊤, νz = [1 0]⊤
and thus belongs to the model class described in Section 4.2. 
Applying the Laplace transform and rearranging the equation 
leads with x0(z) ≡ 02 for all z ∈ Z̄ to 
x̂′

1(z, s) = −
s
λ
x̂1(z, s) +

a12
λ
x̂2(z, s), z ∈ Z, (62a)

0 = a21x̂1(z, s) + (a22 − s) x̂2(z, s), z ∈ Z̄. (62b)

By solving (62b) for ̂x2(z, s) and plugging it into (62a) as described 
in Section 4.2, one obtains 

x̂′

1(z, s) =
1
λ

(
a12a21
s−a22

− s
)
x̂1(z, s), z ∈ Z (63a)

x̂1(0, s) = û(s), (63b)

ŷ(s) = x̂1(1, s). (63c)

In the following, we derive the closed form solution in
Section 5.2.1 and apply the transition matrix approach in
Section 5.2.2. A comparison is performed in Section 5.2.3.

5.2.1. Closed-form solution
The closed-form transfer function of (63) can be written with 

the exponential function 

ŷ(s) = exp
(

1
λ

( a12a21
s−a22

− s
))

û(s). (64)

5.2.2. Transition matrix approach
The transition matrix approach can be applied to (63) as 

described in Section 3.4.1. The differential equation for φ̂ : Z̄ ×

Z̄ × C+
α → C reads 

φ̂′(z, 0, s) =
1
λ

(
a12a21
s−a22

− s
)

φ̂(z, 0, s), z ∈ Z,

φ̂(0, 0, s) = 1
(65)

and the transfer function ĝ(s) of (60) follows from 
ŷ(s) = φ̂(1, 0, s)   û(s). (66)
ĝ(s)
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(a) Magnitude of ĝnum(s).

  
(b) Bode plot of ĝnum(s) and its difference to ĝ(s).

 

Fig. 3. Two illustrations of the numerical transfer function ĝnum of the hyperbolic PDE with Dirichlet boundary conditions (60) determined with the transition matrix 
approach. The closed-form transfer function is denoted by ĝ . Matlab’s ODE45 is used for the numerical calculation with RelTol = 10−6 and AbsTol = 10−8 .
For the present example, the calculation procedure in
Section 3.4.1 becomes

1. Discretize Ω ⊂ C,
2. Solve (65) for s = s0 numerically,
3. This step is not necessary, since (60d) is a boundary output,
4. Calculate ĝ(s0) according to (66),
5. Repeat steps 2–4 for all s0 ∈ Ω .

5.2.3. Comparison
Carrying out the numerical calculations lead to the transfer 

function shown in Fig.  3. In Fig.  3(b), an excellent agreement 
between the closed-form and the numerically calculated transfer 
function can be observed over the whole frequency range.

6. Conclusion

The new numerical approach allows to calculate the transfer 
function of LTI PDEs with one time and one spatial coordinate 
in a non-parametric form. It overcomes both the need for an 
approximation step as in Paths 1–3 and the limitations w.r.t. the 
system class of Path 4 in Fig.  1. Two approaches for solving the 
complex-valued ordinary boundary problem in the Laplace do-
main are presented. The first one is based on a reformulation into 
a Cauchy-like problem, whereas the second one solves the BVP di-
rectly. The determined non-parametric transfer function can, for 
instance, be visualized in a Bode plot or as a magnitude plot over 
the complex plane. This allows the application of non-parametric 
analysis or design methods to the PDE’s actual transfer function. 
For example, the Bode plot can be used in loop shaping control 
design, whereas from the magnitude plot the location of zeros 
and singularities follow. Alternatively, a parametric approxima-
tion of the calculated non-parametric transfer function can serve 
as a starting point for modern model-based frequency-domain 
design methods. The accuracy of both calculation approaches has 
proven to be sufficient for practical applications.
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Appendix A. Transfer functions defined via exponential sig-
nals

In Section 2.4, one of the transfer function’s definitions is via 
the complex-valued pointwise gain to the input u0es0t · 1(t) for a 
suitable initial value, which is not necessarily zero. The concept 
shall be briefly explained via two examples.

A.1. Integrator ODE

Consider the integrator ODE with u, x, y ∈ L′(R+

0−;C)

ẋ(t) = u(t), t > 0−, (A.1)
x(0−) = x0,
y(t) = x(t),

with an initial value x0 ∈ R that is generally different from 
zero. Applying the Laplace transform to (A.1) leads for u(t) =

u0es0t · 1(t) to 

x̂(s) =
u0

s(s − s0)
+

x0
s

, (A.2a)

ŷ(s) = x̂(s). (A.2b)

Combining (A.2a) and (A.2b), one obtains 

ŷ(s) = −
u0/s0

s
+

u0/s0
s − s0

+
x0
s

. (A.3)

For x0 = u0/s0, the output of the system is a purely exponential 
signal 

y(t) =
1
s0

u0es0t · 1(t), (A.4)

yielding ĝ(s0) = 1/s0, which is the value of the transfer function 
of (A.1) ĝ(s) = 1/s evaluated at s = s0 ̸= 0.

A.2. Transport PDE

Consider the transport equation with x : Z̄ × R+

0− → C
and u, x(z, ·), y ∈ L′(R+

0−;C)

∂ x(z, t) = −λ∂ x(z, t), z ∈ Z, t > 0−, (A.5)
t z
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x(z, 0−) = x0(z), z ∈ Z̄,

x(0, t) = u(t), t > 0−,

y(t) = x(1, t),

with the initial value function x0(z) ∈ PC(Z̄). When applying the 
Laplace transform to (A.5) for u(t) = u0es0t · 1(t), one obtains 

x̂′(z, s) = −
s
λ
x̂(z, s) +

1
λ
x0(z), z ∈ Z, (A.6a)

x̂(0, s) =
u0

s − s0
, (A.6b)

ŷ(s) = x̂(1, s), (A.6c)

with x̂ : Z̄ × C+
α → C and ŷ : C+

α → C. The general solution 
of (A.6a) is 

x̂(z, s) = c(s)e−sz/λ
+

1
λ

∫ z

0
es(ζ−z)/λx0(ζ ) dζ . (A.7)

Combining (A.6b), (A.6c) and (A.7), the Laplace transform of the 
system output can be expressed by 

ŷ(s) =
u0

s − s0
e−s/λ

+
1
λ

∫ 1

0
es(ζ−1)/λx0(ζ ) dζ . (A.8)

Now suppose x0(z) = u0e−s0z/λ, so that (A.8) reads 

ŷ(s) =
u0

s − s0
e−s/λ

+
u0

λ

∫ 1

0
e((s−s0)ζ−s)/λ dζ , (A.9)

which leads to 

ŷ(s) =
u0

s − s0
e−s/λ

+

[
u0

s − s0
e((s−s0)ζ−s)/λ

]1

0

(A.10)

so that ŷ becomes 

ŷ(s) =
u0

s − s0
e−s/λ

+
u0

s − s0

(
e−s0/λ

− e−s/λ
)

,

=
u0

s − s0
e−s0/λ.

(A.11)

Hence, we obtain a purely exponential output 
y(t) = e−s0/λu0es0t · 1(t), (A.12)

yielding ĝ(s0) = e−s0/λ, which is the value of the well-known 
transfer function of (A.5) ĝ(s) = e−s/λ at s = s0.

Appendix B. Reformulation into a system of first order equa-
tions

Let x : Z̄ × R+

0− → R2 with x(z, ·) ∈ L′(R+

0−;R2) denote 
the state vector and u ∈ L′(R+

0−;R2) the input vector of a 
PDE system consisting of a reaction-advection and a reaction-
advection-diffusion equation 

At1∂tx(z, t) + Az2∂
2
z x(z, t) + Az1∂zx(z, t)

+ Az0x(z, t) = Bu(t), z ∈ Z, t > 0−, (B.1)

where

At1 = diag(1, 1), Az2 = diag(0, a), B = [bij],
Az1 = [λij],

Az0 = [aij].

With x̂ : Z̄ × C+
α → C2, û :C+

α → C2 and zero initial value, (B.1) 
reads in the Laplace domain

sAt1x̂(z, s) + Az2x̂′′(z, s) + Az1x̂′(z, s)

+ Az0x̂(z, s) = Bû(s), z ∈ Z. (B.2)
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With the extended state vector ξ̂ : Z̄ × C+
α → C3

ξ̂1(z, s) := x̂1(z, s), ξ̂2(z, s) := x̂2(z, s), ξ̂3(z, s) := x̂′

2(z, s),

(B.2) can be written as a first order system
Ẽξ̂ ′(z, s) = Ã(s)ξ̂ (z, s) + B̃û(s), z ∈ Z,

where

Ẽ =

⎡⎢⎣λ11 0 0
0 1 0

λ21 0 −a

⎤⎥⎦ , B̃ =

⎡⎢⎣b11 b12
0 0
b21 b22

⎤⎥⎦ ,

Ã(s) =

⎡⎢⎣−(a11 + s) −a12 −λ12

0 0 1
−a21 −(a22 + s) −λ22

⎤⎥⎦ .
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