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Abstract
In this paper, we investigate the dynamics of particles within a bi-quartic potential well, characterized by the coupled potential

function V (x, y) = 1

2
x2 + 1

2
y2 − 1

4
x4 − 1

4
y4 + Cx2y2. Our focus is on the safe basins of escape and level-crossing under

arbitrary initial conditions, i.e., the spatial region of initial conditions from where an initiated motion of the particle remains
bounded. The coupling term allows energy exchange between the modes. If the total energy is sufficient, a particle starting
from a given set of initial conditions within the potential well can reach the escape boundary over time, which would not
occur without coupling. We find that escape trajectories often pass near one of the four saddles of the potential. Numerical
simulations reveal that the safe basins of escape have fractal boundaries due to the energy-exchange mechanism. To address
safety-critical applications where these chaotic regimes must be avoided, we introduce a factor of safety that defines a
safety region. Crossing the safety region’s boundary shifts the problem from escape to level-crossing. Assuming harmonic-
like solutions of the differential equations with slowly varying amplitudes and phases, we transform our system into an
appropriate form for averaging. By eliminating time as a variable and realizing that only the phase difference is significant,
we derive two first integrals of the particle motion in analytic form, which allows us to analytically determine the safe region
boundary and calculate its size based on the coupling parameter C .

Keywords Safe basins · Potential well · Coupled oscillator · Initial conditions · Escape · Level-crossing

1 Introduction

Many physical and engineering systems exhibit transitions
across a critical boundary, often treated as the problem of
escape from a potential well. Examples include molecular
dynamics of adsorbed particles [1, 2], gravitational collapse
in celestial mechanics [3, 4], energy harvesting [5], Joseph-
son junctions [6], ship-capsizing [7, 8], biological systems
[9] and dynamic pull-in instabilities in microelectromechan-
ical systems (MEMS) [10–12]. Traditional studies of such
systems frequently address complete escape – that is, tra-
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jectories passing entirely over a potential barrier. However,
in many applications, it suffices to examine whether the
system crosses a predefined threshold (the end of a safety
region) rather than escaping altogether, whichwe call a level-
crossing problem [13–20].

Early analyses of escape-type phenomena showed that
external forcing can significantly affect the transition across
potential barriers [13, 21], with methods such as har-
monic balance and bifurcation analysis proving useful.
Other works used different analytical approaches, including
canonical transformations for isolated resonances [16, 17,
22] and multi-degree-of-freedom (MDOF) extensions [23,
24]. Under certain forcing laws, fractal boundaries separate
escaping trajectories from non-escaping ones, highlighting
extreme sensitivity to initial conditions (ICs) [25–27]. Such
sensitivity can become even more pronounced in the pres-
ence of noise [28, 29], where fluctuations lead to chaotic
scattering and fractal escape basins.

Accurate prediction of whether trajectories cross a given
boundary is essential for safe design and optimization in
numerous contexts [30, 31]. In the simpler one-degree-of-
freedom (1DOF) setting, analytical methods such asmultiple
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scales and the Melnikov criterion have been deployed to
estimate escape conditions [32, 33]. Nevertheless, for many
practical problems, one does not require the complete anal-
ysis of unbounded motion but rather the location and timing
of the level crossing itself.

The concept of safe basins (SBs), also referred to as basins
of attraction or catchment regions, has proven indispensable
for assessing whether solutions remain within a stable region
under excitation, parameter variations, or uncertain ICs [21,
34]. Determining the exact shape and size (global integrity
measure (GIM)) of an SB is a computationally highly inten-
sive task [35], which is also mostly pointless from a practical
point of view since such basins often have fractal-like bound-
aries, where escaping and non-escaping solutions lie in an
infinitesimal vicinity of each other. To not refer to such
regions as safe, various local integrity measures have been
developed [36], and several numerical algorithms have been
developed to assess such basins [34, 35, 37, 38]. Never-
theless, most works on assessing an integrity measure for
dynamical systems are performed numerically, and only a
few papers have reported analytical computations of SBs [19,
20, 39–41], limited to two-dimensional phase space.

In this work, we consider the same 2DOF oscillator as
explored in [41], but in a somewhat extended version. In our
investigation, we allow for arbitrary ICs and seek the equa-
tion of the SB boundary in the complete four-dimensional
IC space. Instead of employing the canonical action–angle
framework [16, 17, 22, 42], we adopt an averaging approach
that presumes a 1:1 resonance, seeking a more direct analy-
sis of the level crossing. The primary goal is to understand
how ICs determine whether the boundary of the safe region
is reached. After averaging, the number of variables can
be reduced by one, since only the phase difference of the
averaged equations is required. Energy conservation in the
averaged system further reduces the number of variables
by one, and subsequent elimination of time yields an ODE
that can be solved analytically in closed form. The solu-
tion is an additional conservation law, only present in the
averaged system [42]. With the help of the analytical solu-
tion, a polynomial expression is provided to describe the
four-dimensional SB boundary. It should be emphasized that
this additional conserved quantity is not a new finding of
the present work. Its existence for general two-degree-of-
freedom conservative systems with weak nonlinear coupling
has been known since the classical studies of Gilchrist [43],
Kronauer et al. [44], andMusa [45], who derived this invari-
ant in a general form including second- and third-order
coupling terms. Moreover, the additional conserved quantity
also exists for large nonlinearities, as shown by [42, 46, 47].
Our current system is a special case of Gilchrist’s general
formulation with m1 = p1 = m2 = p2 = 0.

The novelty of the present work lies in applying this estab-
lished invariant to derive and quantify safe basins in coupled
oscillators, a topic not addressed in the classical literature.

The paper is structured as follows. In Sect. 2, the problem
setting is presented, and definitions of escape and level-
crossing are formulated in mathematical terms. Section 3
reduces the system to the slow manifold using averaging,
and the solution of the slow system is then found analyti-
cally. In Sect. 4, the volume of the safe basin is calculated
as a function of the coupling parameter C . In Sect. 5, the
analytical results are compared to numerical Monte Carlo
simulations. Section 6 summarizes the findings and outlines
potential directions for future research.

2 Problem setting

We investigate the escape problem of a particle of unit mass
in the two-dimensional potential

V (x, y) = x2

2
− x4

4
+ y2

2
− y4

4
− Cx2y2, (1)

where C ∈ [0, 0.5] is the coupling parameter (cf. Fig. 1).
The following nonlinear differential equation system gives
the equations of motion:

ẍ + x − x3 − 2Cxy2 = 0, (2)

ÿ + y − y3 − 2Cx2y = 0, (3)

x(0) = x0, ẋ(0) = u0, (4)

y(0) = y0, ẏ(0) = v0. (5)

We denote the solution of the equations by

f(t, x0) =
(
x(t, x0)
y(t, x0)

)
. (6)

In Figs. 2, 3, 4, 5, different trajectories are shown.
Before starting the analysis, we have to define some of

the terms we are dealing with. When referring to escape, one
expects a motion starting from the interior of a potential well
and leading to the outside of thewell. A potential well is well-
defined in terms of the position coordinates; we can think of
a definition equivalent to a drainage basin in geology.

Definition 1 (Drainage basin for the potential V ) Let V :
R
2 → R be C2 with locally Lipschitz gradient. Consider the

first-order downhill gradient flow

ż(t) = −∇V (z(t)), z(t) = (x(t), y(t)) ∈ R
2. (7)

For z0 ∈ R
2 let ψ(t; z0) denote the unique solution with

ψ(0; z0) = z0. Let M = {mk} be the set of isolated,
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Fig. 1 Potential function with solutions along the coordinate axis

Fig. 2 Unstable diagonal oscillations

Fig. 3 Escape through the vicinity of a saddle point

nondegenerate local minima of V . The drainage basin of
a minimum mk is the set

B(mk) =
{
z0 ∈ R

2 : lim
t→∞ ψ(t; z0) = mk

}
. (8)

That is, B(mk) collects exactly those initial positions from
which the downhill flow converges to mk .

Definition 2 (Watershed of V ) Let {s j } be the index-1 saddle
points of V . The watershed � is the union of the separatrices
that separate the drainage basins. It is characterized by

� =
⋃
j

W s
∇V (s j ), (9)

where

Ws
∇V (s j ) =

{
z0 ∈ R

2 : lim
t→+∞ ψ(t; z0) = s j

}
, (10)

Remark 1 For the quartic potential in (2) with C ∈ [0, 0.5),
the four nontrivial maxima occur at m(σx ,σy) = (σxa, σya)

with a = (1 + 2C)−1/2 and σx , σy ∈ {±1}. The four points
(±1, 0) and (0,±1) are index-1 saddles (forC < 1

2 ; a degen-
eracy appears at C = 1

2 ). The watershed � is formed by the
separatrices emanating from the maxima towards the saddles
under the downhill flow and partitions R2 into the drainage
basin of the local minimum at the origin and the rest of the
plane diverging to infinity. For a visual representation, see
Fig. 6.

However, in the drainage basin case, inertia is neglected,
whereas in our study, it plays a crucial role in the dynamics.
Thus, the velocity coordinates are also included in the anal-
ysis, yielding a four-dimensional phase space in which the
meaning of a potential well becomes ambiguous. As a con-
sequence, the definition of an escape event is also unclear
in a four-dimensional setting. However, we can still find a
clear distinction between two sets of ICs when looking at
the long-term behavior of the corresponding trajectories: a
set with a bounded trajectory and a set with an unbounded
trajectory as time approaches infinity.

Definition 3 (Safe Basin of Escape (SBOE) and Unbounded
Set (US)) For System (2)-(3), an IC x0 is called safe if the
corresponding solution remains bounded for all time, i.e.:

||f(t, x0)|| < ∞ as t → ∞. (11)

The set of all ICs x0 ∈ R
4 leading to bounded solutions

is called the safe basin of escape (SBOE). All other initial
conditions belong to the unbounded set (US).

Remark 2 Since we are interested in SBs with non-zero mea-
sures, we will not go into details regarding the treatment of
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Fig. 4 Different kinds of solutions in the vicinity of the 1:1 manifold. The colored lines correspond to different energy levels of V (x, y)

Fig. 5 Different kinds of stable but non-1:1 oscillations. The colored lines correspond to different energy levels of V (x, y)

such sets of points that fulfill Def. 3 but are commonly not
referred to as SB due to their zero volume. Such zero-volume
sets consist of ICs with trajectories converging to one of the
system’s unstable fixed points.

Observations show that for C �= 0 unbounded trajectories
starting near the boundary of the SBOE exit the potential well
near the four saddle points located at (±1, 0) and (0,±1).
We focus on the maximum displacements observed along
any of the axes to provide a more precise characterization of
escape. With

d(t) := max{|x(t)|, |y(t)|}, (12)

we define

dmax(T ) := max
t∈[0,T ] d(t). (13)

Thus, an escape occurs if and only if ∃ T ∈ R
+
0 such that

d(T ) > 1 (except the cases described in Remark 2). This
formulation is much more practical since, in case a trajectory
is unbounded, the solution does not have to be calculated for
all times, just until the occurrence of the event d(Tesc) =

Fig. 6 Contour plot of V (x, y) with watershed (red) for C = 0.2. An
animated version of this figure is available in the Electronic Supple-
mentary Material (animated_watershed.mp4)
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1 (in the following, we will call this an escape event). By
this condition, the somewhat ambiguous escape problem is
reformulated as an unambiguous level-crossing problem, and
the SBOE can also be redefined as follows.

Definition 4 (Safe Basin of Level Crossing (SBOLC))

SBOLC(L) := {x0 ∈ R
4 | dmax(T ) < L ∀ T ≥ 0}. (14)

For the above-mentioned case, L = 1.
It is easy to see by Liouville’s theorem that the projec-

tion of the SBOLC on the x − y plane (except for the cases
described in Remark 2) cannot reach beyond the square
[−1, 1] × [−1, 1] since that would mean that a trajectory
enters the well from outside and remains in it forever. Since
the system is conservative, the same trajectory also belongs
to a point moving in reverse time; being a non-escaping
trajectory, it can never leave the square. Thus, we have a
contradiction.

Engel et al. observed in [41] that the boundary of the SB is
fractal-like even in the case of zero-velocity ICs, an indicator
of chaotic behavior. In real-life scenarios and engineering
applications, chaotic behavior is usually considered unsafe,
even if escape does not occur during the simulation. The latter
is necessarily finite and cannot provide reliable information
about behavior over a longer time span. It is common to
introduce safety factors to account for uncertainties in such
cases.

Definition 5 (Safety factor and safe region (SF and SR)) For
a given safety factor SF > 1, the corresponding safe region
SR ⊂ R

2 is defined as

SR : =
{

(x, y) ∈ R
2
∣∣∣ x ∈ [− 1

SF , 1
SF

]
,

y ∈ [− 1
SF , 1

SF

]}
. (15)

For a graphical representation of the SR, see Fig. 7a .
For the sake of the formal analysis, we introduce a large SF
to investigate the level-crossing problem with

√
ε := L =

1/SF , where ε is a small, but not precisely defined, positive
real number. Later, we will also assess the analytical results
for practically relevant small values of the safety factor, for
which the underlying assumptions are formally violated, and
compare them with numerical results. By introducing the
non-dimensional variables

X := x√
ε
, Y := y√

ε
, (16)

we can write the modified potential

Vε(X ,Y ) = X2

2
+ Y 2

2
− ε

(
X4

4
+ Y 4

4
+ CX2Y 2

)
, (17)

and the non-dimensional system of differential equations

Ẍ + X − εX3 − 2εCXY 2 = 0, (18)

Ÿ + Y − εY 3 − 2εCX2Y = 0, (19)

X(0) = X0, Y (0) = Y0, (20)

Ẋ(0) = u0√
ε

=: U0, Ẏ (0) = v0√
ε

=: V0. (21)

3 Reduction to the 1:1 slowmanifold

In the following, the system is transformed to slow-variables,
Ax (τ ), Ay(τ ),�x (τ ) and�y(τ ), with τ := εt and the corre-
sponding derivative�′ = d�/dτ .We assume that themotion
takes the form

X(t) = Ax (τ ) sin(t + �x (τ )),

Ẋ(t) = Ax (τ ) cos(t + �x (τ )), (22)

Y (t) = Ay(τ ) sin(t + �y(τ )),

Ẏ (t) = Ay(τ ) cos(t + �y(τ )). (23)

These assumptions are natural, since system (18)-(19) is lin-
ear at O(1), admitting harmonic oscillations as solutions.
Nonlinearities and energy exchange are only present atO(ε),
thus, the changes of amplitude and phase shift are slow [48].
On the other hand, for the derivatives, we also have

Ẋ(t) = Ȧx sin(t + �x ) + Ax (1 + �̇x ) cos(t + �x ), (24)

Ẏ (t) = Ȧy sin(t + �y) + Ay(1 + �̇y) cos(t + �y) (25)

and making use of Van der Pol’s transformation, we obtain

Ȧx = ε
(
A3
x sin

3(t + �x ) cos(t + �x )

+2CAx A
2
y sin(t + �x ) cos(t + �x )

sin2(t + �y)
)

, (26)

�̇x = ε
(
−A2

x sin
4(t + �x )

−2CA2
y sin

2(t + �x ) sin
2(t + �y)

)
, (27)

Ȧy = ε
(
A3
y sin

3(t + �y) cos(t + �y) + 2CA2
x Ay

sin(t + �y) cos(t + �y) sin
2(t + �x )

)
, (28)

�̇y = ε
(
−A2

y sin
4(t + �y)

−2CA2
x sin

2(t + �x ) sin
2(t + �y)

)
. (29)
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SBOE (depicted with yellow) with a fractal-like 
boundary. The SR, used in Fig. 7b is depicted 
with dashed line for SF=1.25.

SBOLC (depicted with yellow) with a smooth 
boundary. The analytical estimate (cf. Eq.(60)) 
shows good agreement with the numerically obtained 
exact solution for L=0.8, corresponding to SF=1.25.

(b)(a)

Fig. 7 Sections of SBOE (a) and SBOLC (b) along u0 = v0 = 0 for parameter choiceC = 0.2. The color scale represents the escape/level-crossing
times of numerical solutions

After averaging the right-hand side and rewriting the equa-
tions in the slow time, we obtain

A′
x = −CAx A2

y

4
sin
(
2
(
�x − �y

))
, (30)

� ′
x = −3

8
A2
x − C

2
A2
y

(
1 + 1

2
cos
(
2
(
�x − �y

)))
, (31)

A′
y = −CA2

x Ay

4
sin
(
2
(
�y − �x

))
, (32)

� ′
y = −3

8
A2
y − C

2
A2
x

(
1 + 1

2
cos
(
2
(
�y − �x

)))
. (33)

Forweakly nonlinear systems, the above averaging technique
is standard, and the solution differs from the original system’s
solution only at ε on a time-scale of O(1/ε) [48]. Com-
parisons between the solutions of Eqs. (18)- (19) and Eqs.
(30)-(33) are shown in Figs. 8- 9.

The averaged equations in the slow variables still have the
same number of degrees of freedom as the original system.
However, the system order can be reduced. First, we note
that on the right-hand side, only the difference �x − �y

is present. Thus, by subtracting Eq. (33) from Eq. (31) we
obtain the nonlinear ODE system

A′
x = −CAx A2

y

4
sin (2��) , (34)

A′
y = CA2

x Ay

4
sin (2��) , (35)

�′
� = A2

x − A2
y

2

(
−3

4
+ C

(
1 + 1

2
cos(2��)

))
. (36)

It is easy to find fixed points and partially stationary solu-
tions of Eqs. (30)-(33). Note that the equilibrium position
at (x0, y0) = (0, 0) corresponding to Ax = Ay = �x =
�y = 0 is also a solution of the averaged system. Periodic
solutions of Eq. (2)-(3) are obtained if Ȧx = Ȧy = 0 and
�̇x − �̇y = 0, but �̇x �= and �̇y �= 0. Fixed points are given
for:

• Stable circular orbits (cf. Fig. 4a ): Ax = Ay = A0 > 0
and �1 = �2 + kπ/2 with k ∈ {1, 3},

• Unstable 1DOFOscillations along the diagonals (cf. Fig.
2): Ax = Ay = A0 > 0 and �1 = �2 + kπ/2 with
k ∈ {0, 2},

and partially stationary solutions are given for

• Stable 1 DOF oscillations along the coordinate axis (cf.
Fig. 1): Ay = 0 and Ax = A0 for any 0 < |A0| < 1 or
Ax = 0 and Ay = A0 for any 0 < |Ay | < 1.

In the latter case, the phase difference changes with time.
However, it does not influence the amplitudes, which remain
constant. This behavior follows from the fact that along
these axis-aligned motions, one coordinate is identically
zero, whichmakes the coupling term vanish. Since no energy
exchange between the modes is possible in this case, the
phase evolution in the zero-amplitude direction does not
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Fig. 8 Symmetric energy
exchange: Comparison of the
numerical solutions of the
original system (18)-(19) to the
averaged system (30)-(33). The
averaged system effectively
captures the energy exchange
between modes. Errors between
the original model and its
averaged approximate
accumulate much slower than
the theoretically proven worst
case rate O(1/ε)

Fig. 9 Asymmetric energy
exchange: Comparison of the
numerical solutions of the
original system (18)-(19) to the
averaged system (30)-(33). The
averaged system effectively
captures the energy exchange
between modes. Errors between
the original model and its
averaged approximate
accumulate much slower than
the theoretically proven worst
case rate O(1/ε)
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affect the amplitudes. It is therefore irrelevant for the escape
or level-crossing behavior.

For a stability analysis of the above solutions, see the
Appendix.

3.1 General solution

To solve the differential equation, it is necessary to eliminate
additional variables. Since the system is conservative, we can
use the conservation of total energy, which also holds for the
averaged system.

(A2
x )

′ = 2Ax A
′
x ⇒ A′

x=
(A2

x )
′

2Ax
=−C

4
Ax A

2
y sin(2��)

(37)

(A2
y)

′ = 2Ay A
′
y ⇒ A′

y = (A2
y)

′

2Ay
= C

4
A2
x Ay sin(2��)

(38)

which implies

d(A2
x + A2

y)

dt
= 0 ⇒ A2

x + A2
y = const.

=: A2
0 = A2

x0 + A2
y0. (39)

Thus, we can substitute Ax =
√
A2
0 − A2

y in Eqs. (32)–(36)
and the remaining two differential equations are as follows:

dAy

dτ
= C

4
Ay(A

2
0 − A2

y) sin (2��) (40)

d��

dτ
= A2

0 − 2A2
y

2

(
C − 3

4
+ C

2
cos(2��)

)
. (41)

Now, we can eliminate the time by dividing Eq. (40) by Eq.
(41). We obtain

dAy

d��

= CAy(A2
0 − A2

y) sin(2��)

2(A2
0 − 2A2

y)

(
C − 3

4
+ C

2
cos(2��)

) . (42)

Rearranging Eq. (42) we have

2(A2
0 − 2A2

y)

(
C − 3

4
+ C

2
cos(2��)

)
︸ ︷︷ ︸

=:p(Ay ,��)

d

Ay −
(
CAy(A

2
0 − A2

y) sin(2��)
)

︸ ︷︷ ︸
=:q(Ay ,��)

d�� = 0. (43)

Eq. (43) is not exact since the integrability condition is not
fulfilled, i.e.,

∂ p

∂��

− ∂q

∂Ay
= C sin(2��)

(
A2
y − A2

0

)
�= 0. (44)

Luckily, we can find an integrating factor of the form μ(Ay)

by calculating

μ(Ay) = exp

(∫
1

q

(
∂ p

∂��

− ∂q

∂Ay

)
dAy

)
= Ay . (45)

After multiplication by μ(Ay), Eq. (43) becomes an exact
differential equation, which we can solve by integration, and
we obtain

�(Ay,��) =
(
C − 3

4
+ C

2
cos (2��)

)
×

(
A2
y

(
A2
0 − A2

y

))
= �0 = const. (46)

Remark 3 First integrals (39) and (46) are a special case of the
conservation laws described in [43, 44]. Eqs. (39) and (46)
can also be interpreted as a specific, first-order approximation
of the corresponding nonlinear system described in [42] by
assumingonlyweaknonlinearity.However, in [42] the choice
of independent slow variables is somewhat different. In fact,
one might also use polar coordinates here to describe Ax =
(A0 cos γ )/2 and Ay = (A0 sin γ )/2.

The "additional" conservation law is the slow invariant that
organizes inter-modal energy exchange: it fixes the partition
of the total energy between the twomodes together with their
slow phase relation, thereby structuring the beating dynamics
on the averaged time scale.

Remark 4 We can express the Ay in terms of �� . Since Ay

is an amplitude, only the positive solutions are of interest:

Ay,1/2 =

√√√√√ A2
0 ±

√
A4
0 − 4�0

C− 3
4+C

2 cos(2��)

2
. (47)

Then, since A2
x = A2

0 − A2
y , we also have

Ax,1/2 =

√√√√√ A2
0 ∓

√
A4
0 − 4�0

C− 3
4+C

2 cos(2��)

2
. (48)

This means that Ay,1 = Ax,2 and Ay,2 = Ax,1.

Remark 5 �(Ay,��) = �0 ≤ 0 for C ∈ [0, 1
2
], since

C − 3
4 + C

2 cos (2��) ≤ C − 3
4 + C

2 = 3
2 (C − 1

2 ) ≤ 0.
Thus, the value of the inner square root is always less than
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Fig. 10 Comparison of the analytical vs. numerical solution in polar
coordinates for X0 = 0.65, U0 = 0.30, Y0 = 0.70, and V0 = −0.50

A2
0. Therefore, for a given �� , either 0 or 2 positive real

solutions for Ay in Eq. (46) exist.

Remark 6 Not for all values of �� is Ay real. The exis-
tence condition of real Ay for all �� follows from the
non-negativeness of the inner square root and is given by

2C ≤ 3

2
+ 8�0

A4
0

. (49)

Graphical examples are given in Figs. 10-11 for the two
different cases. In Fig. 10, the phase difference �� is lim-
ited to an interval within [0, 2π), outside of which no real
Ay exists. Here, the two modes Ax and Ay are identical,
although shifted in time. The situation is different in Fig.
11, where, despite energy exchange, one of the amplitudes
remains always smaller than the other, yielding an asym-
metrical scenario. For validation, the numerical solutions of
Eqs. (18)-(19) are also converted to amplitude and phase shift
coordinates, showing a good agreement with the explicit ana-
lytical results.

3.2 Level-crossing event

For a level-crossing event, one of the amplitudes, Ax or Ay ,
must reach the critical distance, dcr = 1. In the limiting case,
the trajectory of the particle, and thus Ax (��) or Ay(��),
is tangential to the line Ax = 1 or Ay = 1, respectively, i.e.,
the derivative vanishes.

dAy

d��

= 0 ⇒ Ay(A
2
0 − A2

y) sin(2��) = 0. (50)

Fig. 11 Comparison of the analytical vs. numerical solution in polar
coordinates for X0 = 0.65, U0 = 0, Y0 = 0.70, and V0 = 0

Since we are interested only in the nondegenerate solutions,
where Ax Ay �= 0, Eq. (50) is fulfilled if 2�� = kπ with
k = {0, 1}. Tangency to Ax = 1, i.e. dAx

d��
= 0 yields the

same condition.
Regarding level crossing, the larger amplitude, Ay,1 =

Ax,2 matters. If condition (49) holds, we can easily convince
ourselves that Ay,1 = Ax,2 takes its maximum at 2�� = π

and its minimum at 0, respectively (cf. Fig. 11). If condition
(49) does not hold, at zero, no real amplitude exists. The
maximum, however, is still taken at 2�� = π (cf. Fig. 10).

3.3 Insertion of the ICs

It remains to convert ICs X0,Y0,U0, V0 to ICs in Ay,0 and
��,0 to determine the value of �0. Considering general ICs,
i.e.,

Ax,0 =
√
X2
0 +U 2

0 , �x,0 = atan2(X0,U0), (51)

Ay,0 =
√
Y 2
0 + V 2

0 , �y,0 = atan2(Y0, V0). (52)

We can write the constants as

��,0 = �1,0 − �2,0 = arctan
X0

U0
− arctan

Y0
V0

= arctan
X0V0 − Y0U0

X0Y0 +U0V0
. (53)

Then, using the identities

cos(2x) = 2 cos2 x − 1 and cos2 arctan(x) = 1

1 + x2
,

(54)
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we have

cos(2��,0) = (X0Y0 +U0V0)2 − (X0V0 −U0Y0)2

(X2
0 +U 2

0 )(Y 2
0 + V 2

0 )
. (55)

and

A2
y,0

(
A2
0 − A2

y,0

)
= A2

x,0A
2
y,0 = (X2

0 +U 2
0 )(Y 2

0 + V 2
0 )

(56)

which yields

�0 =
(
C − 3

4

)
(X2

0 +U 2
0 )(Y 2

0 + V 2
0 )

+ C

2

(
(X0Y0 +U0V0)

2 − (X0V0 −U0Y0)
2
)

. (57)

The extremum of Eq. (46), Ãy (or equivalently Ãx ) is given
at 2�� = π by

�0( Ãy,�� = π/2) =
(
C − 3

4
− C

2

)
Ã2
y

(
A2
0 − Ã2

y

)

= 1

4
(2C − 3) Ã2

y

(
A2
0 − Ã2

y

)
. (58)

At this point, the largest 
∞ distance of the particle from the
origin during its trajectory is reached. In the case of a level
crossing Ãy = 1, thus, after insertion of the ICs from Eq.
(57) in Eq. (58), we get the formula for the boundary of the
safe basin

X2
0 + Y 2

0 +U 2
0 + V 2

0 − 3 − 6C

3 − 2C

(
X2
0Y

2
0 +U 2

0 V
2
0

)

− X2
0V

2
0 − Y 2

0U
2
0 + 8C

3 − 2C
X0Y0U0V0 = 1 (59)

With zero-velocity ICs, the boundary becomes

X2
0 + Y 2

0 − 3 − 6C

3 − 2C
X2
0Y

2
0 = 1. (60)

Fig. (7b) shows an example of the analytically obtained
boundary for fixed U0 = V0 = 0 with C = 0.2 for the
level-crossing problem with SF = 1.25 (ε = 0.64). Figures
12–13 show sections of the SBOLC in 3D space for some
values of V0 and C .

4 The volume of the SBOLC

We aim to compute the volume of the bounded domain in
four-dimensional space defined implicitly by Eq. (59). To
facilitate the computation of the volume, we transform the

Fig. 12 SBOLC for C = 0.2 and V0 = −0.6. An animated version
of this figure is available in the Electronic Supplementary Material
(basin_sections.mp4)

Fig. 13 SBOLC for C = 0.15 and V0 = 0.9. An animated version
of this figure is available in the Electronic Supplementary Material
(basin_vs_C.mp4)

Cartesian coordinates (X0,Y0,U0, V0) into 4D hyperspher-
ical coordinates (r , θ1, θ2, θ3):

X0 = r sin θ1 sin θ2 sin θ3, (61)

Y0 = r sin θ1 sin θ2 cos θ3, (62)

U0 = r sin θ1 cos θ2, (63)
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V0 = r cos θ1, (64)

with the ranges:

r ≥ 0, θ1 ∈ [0, π ], θ2 ∈ [0, π ], θ3 ∈ [0, 2π ].

The volume element in 4D hyperspherical coordinates is
given by:

dV = r3 sin2 θ1 sin θ2drdθ1dθ2dθ3. (65)

Substituting the transformations from Eqs. (61)-(64) into the
implicit Eq. (59), we simplify the expression step by step.
First, note that:

X2
0 + Y 2

0 +U 2
0 + V 2

0 = r2. (66)

We then compute the terms involving products of variables:

X2
0Y

2
0 = r4 sin4 θ1 sin

4 θ2 sin
2 θ3 cos

2 θ3, (67)

U 2
0 V

2
0 = r4 sin2 θ1 cos

2 θ1 cos
2 θ2, (68)

X2
0V

2
0 = r4 sin2 θ1 cos

2 θ1 sin
2 θ2 sin

2 θ3, (69)

U 2
0Y

2
0 = r4 sin4 θ1 sin

2 θ2 cos
2 θ2 cos

2 θ3, (70)

X0Y0U0V0 = r4 sin3 θ1 cos θ1 sin
2 θ2 cos θ2 sin θ3 cos θ3.

(71)

For brevity, define the following functions:

A′(θ1, θ2, θ3) = sin4 θ1 sin
4 θ2 sin

2 θ3 cos
2 θ3

+ sin2 θ1 cos
2 θ1 cos

2 θ2, (72)

B ′(θ1, θ2, θ3) = sin2 θ1 cos
2 θ1 sin

2 θ2 sin
2 θ3

+ sin4 θ1 sin
2 θ2 cos

2 θ2 cos
2 θ3, (73)

D′(θ1, θ2, θ3) = sin3 θ1 cos θ1 sin
2 θ2 cos θ2 sin θ3 cos θ3.

(74)

Then, define:

F(θ1, θ2, θ3) = 3 − 6C

3 − 2C
A′ + B ′ − 8C

3 − 2C
D′. (75)

Substituting back into Eq. (59), we have:

F(θ1, θ2, θ3)r
4 − r2 + 1 = 0. (76)

Let s = r2, the equation becomes a quadratic in s:

Fs2 − s + 1 = 0. (77)

In the selected parameter range of C , both solutions of Eq.
(77) are real and positive. Thus, we consider only the smaller

one, which describes the safe basin boundary

s = 1 − √
1 − 4F

2F
. (78)

Thus,

rmax = √
s. (79)

The volume V of the shape is given by

V = 1

4

∫ π

0

∫ π

0

∫ 2π

0
r4max(θ1, θ2, θ3) sin

2 θ1 sin θ2 dθ1 dθ2 dθ3. (80)

Recall that s = r2max is the smaller root of the quadratic
equation

Fs2 − s + 1 = 0, (81)

which gives

s = r2max(θ1, θ2, θ3) = 1 − √
1 − 4F(θ1, θ2, θ3)

2F(θ1, θ2, θ3)
. (82)

For |F | < 1/4 this expression admits the convergent power
series

r2max =
∞∑
n=0

Cn F
n, (83)

where Cn are the Catalan numbers

Cn = 1

n + 1

(
2n

n

)
, n = 0, 1, 2, . . . (84)

and F = F(θ1, θ2, θ3) is given in Eq. (75). Squaring this
series yields

r4max = (r2max

)2 =
( ∞∑
n=0

CnF
n

)2

=
∞∑
k=0

(
k∑

n=0

CnCk−n

)
Fk .

(85)

Using the classical convolution identity for Catalan numbers
[49],

k∑
n=0

CnCk−n = Ck+1, (86)

we obtain the compact representation

r4max =
∞∑
k=0

Ck+1 F
k . (87)

123



  405 Page 12 of 22 A. Genda et al.

Inserting this into Eq. (80) gives

V =1

4

∞∑
k=0

Ck+1

∫ π

0

∫ π

0

∫ 2π

0
F(θ1, θ2, θ3)

k sin2 θ1

sin θ2 dθ1 dθ2 dθ3. (88)

Each coefficient in the series (88) is an angular moment of
Fk on the four-dimensional unit sphere and can, in principle,
be reduced to a finite combination of beta function integrals.
However, the resulting expressions become rapidly unwieldy
and no simple closed form for V (C) appears to be available.

In practice we therefore evaluate V (C) numerically. On
the one handwe compute the integral (80) directly byGauss–
Legendre quadrature in the angular variables. On the other
handwe use the series representation (88) truncated at a finite
order kmax. The two approaches agree to numerical accuracy
for moderate kmax, which confirms the consistency of the
derivation (see Fig. 14).

For zero velocity ICs, the area of the safe basin in the
parameter region C = [0, 0.5] can be calculated in an exact
form by expressing Y0(X0) and using the four-fold mirror
symmetry.

Area(SBOLC) = 4
∫ 1

0

√√√√√ 1 − x2

1 − 3 − 6C

3 − 2C
x2

dx

=
√
3 − 2C

3 − 6C
E

(√
3 − 6C

3 − 2C
,

√
3 − 2C

3 − 6C

)
.

(89)

4.1 Analytic lower bound on the 4D SBOE

In this section,wegive a simple analytic lower estimate on the
volume of the SBOE, considering the simple fact that escape
is only possible if the particle’s total initial energy reaches
the energy of the saddles, located at (±1, 0) and (0,±1). The
potential energy at these points is 1/4. The safe basin is thus
given by the inequality:

V (x0) + T (x0) ≤ 1

4
, (90)

x20
2

+ y20
2

− x40
4

− y40
4

− Cx20 y
2
0 + u20

2
+ v20

2
≤ 1

4
. (91)

The hypervolume can be calculated by a four-dimensional
integral. We note that

u20
2

+ v20

2
≤ 1

4
− x20

2
− y20

2
+ x40

4
+ y40

4
+ Cx20 y

2
0︸ ︷︷ ︸

=:F(x0,y0;C)

(92)

is a disk with radius
√
2F(x0, y0;C) for fixed values x and

y, thus has an area of

A(x0, y0;C) = 2πF(x0, y0;C). (93)

The lower estimate of the safe basin’s area can thus be given
by

VL =
∫∫

D
A(x0, y0;C)dxdy = 2π

∫∫
D
F(x0, y0;C)dxdy,

(94)

where D is given by

D :=
{
(x, y) ∈ R

2
∣∣∣V (x, y) <

1

4

}
. (95)

For easier handling, we switch to polar coordinates.

x = r cosϕ, y = r sin ϕ, (96)

with

• x2 + y2 = r2,

• x4 + y4 = r4(cos4 ϕ + sin4 ϕ) = r4
(
1 − sin2 2ϕ

2

)
,

• x2y2 = r4 cos2 ϕ sin2 ϕ = r4
4 sin2 2ϕ.

We rewrite F(x0, y0) as follows.

F(r , ϕ) = 1

4
− r2

2
+ r4

4

(
1 − sin2 2ϕ

2

)
+ C

r4

4
sin2 2ϕ

=
(
1

4
− r2

2
+ r4

4

)
− r4

8
(1 − 2C)︸ ︷︷ ︸

=:k
sin2 2ϕ

The boundary of D is defined by

F(R(ϕ), ϕ) = 0, (97)(
2 − k sin2 2ϕ

)
R4(ϕ) − 4R2(ϕ) + 2 = 0, (98)

yielding the solutions

R2
1,2(ϕ) = 4 ±

√
16 − 8(2 − k sin2 2ϕ)

2(2 − k sin2 2ϕ)

= 2 − √
2k|sin 2ϕ|

2 − k sin2 2ϕ
, (99)

where we chose the solution with the minus sign, as this
expression corresponds to the inner equipotential level set.
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Fig. 14 Convergence of the
Catalan numbers-based series
solution to the direct numerical
quadrature of Eq. (80)

Thus, Eq. (94) can be rewritten in polar coordinates as fol-
lows.

VL = 2π
∫ 2π

0

∫ R(ϕ)

0
F(r , ϕ;C)rdrdϕ, (100)

= 2π
∫ 2π

0

∫ R(ϕ)

0

(
1

4
− r2

2
+ r4

4
− r4

8
k sin2 2ϕ

)
rdrdϕ

(101)

= 2π
∫ 2π

0

R2(ϕ)

8
− R4(ϕ)

8
+ R6(ϕ)

24

− k sin2 2ϕ
R6(ϕ)

48
dϕ (102)

= 2π
∫ π/4

0
R2(ϕ) − R4(ϕ) + R6(ϕ)

3

− k sin2 2ϕ
R6(ϕ)

6
dϕ, (103)

where in the last line, we used the eight-fold symmetry of
the boundary.

Omitting the details of the integration, the formula rep-
resenting the lower estimate on the hypervolume of the safe
basin is given by

VL(k) = √
2π

√
(2 − k)k + (1 − k) arccos (k − 1)

3(2 − k)3/2
. (104)

Alternatively, in terms of C , the hypervolume is given by

VL(C) = √
2π

√
1 − 4C2 + 2C arccos(−2C)

3(1 + 2C)3/2
. (105)

See Fig. 17a for a graphical representation. Note that this
estimate is very conservative, as it is based on limited infor-
mation about the system’s dynamics. Unlike Eq. (80), Eq.
(105) does not consider the mechanisms of energy exchange
between the modes at all.

4.2 Analytic lower bound for the 2D safe-basin area

The calculation of the area enclosed by the inner equipoten-
tial curve V (x0, y0) = 1/4 is analogous to the derivation car-
ried out in the previous subsection for the four–dimensional
lower estimate. Switching to polar coordinates and selecting
the inner root of the corresponding quadratic equation again
yields a radius function r = R(ϕ), describing the closed
component surrounding the origin. Repeating the same steps
as before, but now integrating only over the (x0, y0)–plane,
leads after simplification to the final expression

AL(C) =
√
2√

1 + 2C
arccos(−2C), 0 ≤ C ≤ 1

2
, (106)

providing the lower bound on the area of the two-dimensional
safe basin at the potential level V = 1/4. For a graphical
representation, see Fig. 17b .

5 Numerical validation withMonte Carlo
simulation

For validation of the analytical calculations, the safe basin
volumewithin the initial-conditionhypercubeHd = [−1, 1]d
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was estimated by Monte Carlo sampling combined with per-
centile bootstrap for each value of C . In the zero-velocity
case, (U0, V0) = (0, 0) and therefore d = 2 with |H2| = 4.
For the full four-dimensional case d = 4 and |H4| = 16.

The sampling was performed in Nb independent batches,
each containing n initial conditions. Within each batch, the
initial conditions were drawn uniformly from Hd , and the
system (18)–(19) was integrated with an event that stopped
the solver when max{|X(t)|, |Y (t)|} = 1 or when t = Tmax.
For each trajectory, an indicator Ii was recorded, equal to 1
if the trajectory did not reach the boundary and 0 otherwise.
The hypervolume estimate for one batch was computed as

V̂b = |Hd | · 1
n

n∑
i=1

Ii ,

and the overall Monte Carlo estimate was taken as the mean
of the batch results,

V̂ = 1

Nb

Nb∑
b=1

V̂b.

To quantify the statistical uncertainty, a bootstrap resam-
pling was applied over the batch estimates [50]. From the
set of {V̂b}Nb

b=1, B bootstrap samples were generated by
resampling with replacement. For each resample the average
V̂ ∗(k) was computed, and the 2.5th and 97.5th percentiles of
{V̂ ∗(k)}Bk=1 were used to form the 95% confidence interval.

All integrations were carried out using ode45with event
detection at max{|X |, |Y |}−1 = 0, absolute and relative tol-
erances of 10−8, final time Tmax, and a fixed random seed for
reproducibility. In each case, Tmax was chosen large enough
(100, 500, or 2000) to have no influence on the simulation
results. This was achieved by checking manually that the
half-time period of beating (see Figs. 8 and 9) is shorter than
Tmax.

5.1 Accuracy of the analytical SBOLC for finite "

The analytical construction of the SBOLC relies on the small
parameter ε = 1/SF2. To evaluate its practical validity, we
compared the analytical safe basin with Monte Carlo simu-
lations of the full system in three representative regimes; the
results are shown in Figs. 15,16, and 17.

For ε = 0.05 (SF ≈ 4.47) (weakly nonlinear level
crossing), the agreement is excellent, both for the four–
dimensional basin volume and for the two-dimensional
displacement plane (U0, V0) = (0, 0) (cf. Figs. 15a and 16a).

For ε = 0.2 (SF ≈ 2.23) (moderately nonlinear), the
analytical method starts to overestimate the size of the safe
basin. This effect is apparent in four dimensions, whereas

in the two-dimensional displacement plane the discrepancy
remains small cf. Figs. 15b and 16b.

For ε = 1 (SF = 1) (strongly nonlinear escape), the ana-
lytical prediction substantially overestimates the safe basin in
both 4D and 2D. In this regime, the small–parameter assump-
tion is no longer valid (cf. Fig. 17).

Thus, the method is quantitatively accurate only for suffi-
ciently small ε. As ε increases, nonlinear effects reduce the
validity of the averaging and lead to an overestimation of the
safe basin.

5.2 Practical choice of the SF

The averaging method is justified for small nonlinearities.
With its use,we candescribe the evolutionof the systemwhen
both modes have approximately the same frequency. Numer-
ical simulations show that aswe approach the boundary of the
potential well, other types of trajectories appear, including
stable periodic orbits with an n : m frequency ratio, sur-
rounded by their safe basins (cf. Fig. 5). Moving even closer,
the dynamics become increasingly chaotic, and analytical
treatment becomes impractical. Therefore, identifying an
adequate safety factor, such that the corresponding SBOLC
includes a large portion of the SBOE without containing any
escaping initial conditions, is crucial. As shown in Figs. 15-
17, the analytically determined SBOLC overestimates the
actual size of the safe basin. Consequently, for small SF val-
ues (large ε), many ICs will escape in reality, even though
they are within the analytical SBOLC. Fig. 18 presents a
numerical study where, for different SF values, randomly
generated initial conditions from the corresponding SBOLC
were used in simulations. The fraction of escaping initial con-
ditions and the total number of initial conditions are shown
for different values of C and SF . It transpires that an SF of
1.5 provides complete safety against escape.

6 Conclusions and scope for future research

The dynamics of particles in a bi-quartic potential well were
investigated, focusing on the safe basins of escape and level
crossing. Energy exchange between modes is facilitated by
a coupling term, leading to a complex dependence of escape
on initial conditions. An analytical approach based on aver-
aging and slow manifold transformations was employed to
reduce the fourth-order system to a first-order one. This
reduction enabled us to derive an additional conservation
law in the averaged system, helping to determine the safe
basin boundary and its volume. The analytical estimates pro-
vide direct information on the effects of initial conditions on
escape and level crossing, enabling a more straightforward
design of robust engineering applications. This study also
advances the results of Engel et al. [41]. Their investigation
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Fig. 15 Comparison of the four-dimensional hypervolume of the safe basin given by Eq. (80) and the result of numerical Monte Carlo simulations
with batch size Nb = 100 and sample size n = 100 depicted against the detuning parameter C for different values of ε

Fig. 16 Comparison of the two-dimensional area of the safe basin given by Eq. (89) and the result of numerical Monte Carlo simulations with
batch size Nb = 50 and sample size n = 50 depicted against the detuning parameter C for different values of ε

was extended by considering non-zero initial velocity condi-
tions; thus, this study provides a more precise approximation
of the safe basin.

The analytical expression derived for the safe basin
boundary offers a novel insight into escape dynamics in a
four-dimensional phase space and provides an alternative to
purely numerical methods. The findings have the potential
to be extended to broader applications, including celes-
tial mechanics, ship dynamics, and MEMS stability, where
similar escape and level-crossing phenomena occur. Future
explorations should include systems with external forcing, in

which case the total energy is not conserved, potentially pre-
venting an exact analytical solution for the slow system. In
the case of damped systems, even the additional first integral
of the slow systemmight not exist; thus, alternative analytical
techniquesmust be used. However, as damping increases, the
initial conditions become less important as transients decay
faster. Therefore, a search for safe basins is less justified.
Although some form of damping is almost always present in
technically relevant cases, conservative models tend to pro-
vide worst-case scenarios for safe basins, underscoring the
importance of this current investigation.
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Fig. 17 Comparison of the two- and four-dimensional size of the safe basins to the result of numerical Monte Carlo simulations with batch size
Nb = 100 and sample size n = 100 depicted against the detuning parameter C for the original escape problem with large non-linearity, ε = 1

Fig. 18 Fraction of escaping
ICs when chosen from the
four-dimensional SBOLC at a
given SF value. Tmax = 200.
Sample size N = 3000
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Appendix A Stability of fix points and
periodic orbits

We investigate the stability of the steady-state and partially
steady-state solutions of Eqs. (34)–(41), i.e., the periodic
solutions of Eqs. (22)–(23).

f1(Ax , Ay,��) = −CAx A2
y

4
sin
(
2��

)
, (A1)

f2(Ax , Ay,��) = CA2
x Ay

4
sin
(
2(��)

)
, (A2)

f3(Ax , Ay,��)= A2
x−A2

y

2

(
−3

4
+C
(
1+1

2
cos(2��)

))
.

(A3)

The Jacobian is given by

J =

⎛
⎜⎜⎜⎜⎜⎜⎝

∂ f1
∂Ax

∂ f1
∂Ay

∂ f1
∂��

∂ f2
∂Ax

∂ f2
∂Ay

∂ f2
∂��

∂ f3
∂Ax

∂ f3
∂Ay

∂ f3
∂��

⎞
⎟⎟⎟⎟⎟⎟⎠

(A4)

J =

⎛
⎜⎜⎜⎜⎜⎜⎝

−CA2
y

4
sin
(
2��

) −CAx Ay

2
sin
(
2��

) −CAx A2
y

2
cos
(
2��

)
CAx Ay

2
sin
(
2��

) CA2
x

4
sin
(
2��

) CA2
x Ay

2
cos
(
2��

)

Ax

(
−3

4
+ C

(
1 + 1

2
cos(2��)

)) −Ay

(
−3

4
+ C

(
1 + 1

2
cos(2��)

)) −C(A2
x − A2

y)

2
sin
(
2��

)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (A5)

Appendix A.1 Diagonal oscillations

We evaluate the Jacobian at Ax = Ay = A0 and �� = 0

J
(
A0, A0, 0

) =

⎛
⎜⎜⎜⎝

0 0 −CA3
0

2

0 0
CA3

0

2−A0M A0M 0

⎞
⎟⎟⎟⎠ , (A6)

with

M = 3

4

(
1 − 2C

)
. (A7)

For convenience, we set

α = CA3
0

2
, and β = A0M = A0

3

4

(
1 − 2C

)
. (A8)

Then,

|J(A0, A0, 0
)| = det

∣∣∣∣∣∣
0 0 −α

0 0 α

−β β 0

∣∣∣∣∣∣ = 0. (A9)

We seek eigenvalues λ by solving det
(
J − λI

) = 0. Thus

J − λI =
⎛
⎝−λ 0 −α

0 −λ α

−β β −λ

⎞
⎠ . (A10)

A direct expansion gives the characteristic polynomial

χ(λ) = −λ
(
λ2 − 2αβ

)
, (A11)

with the eigenvalues:

λ1 = 0, λ2,3 = ±√2αβ. (A12)

Since

α = CA3
0

2
> 0, and β = A0

3

4

(
1 − 2C

)
> 0, (A13)

there exists a positive root, leading to an unstable solution.

Appendix A.2 Circular orbit

We evaluate the Jacobian at Ax = Ay = A0 and �� = π

2
:

J
(
A0, A0,

π

2

)
=

⎛
⎜⎜⎜⎝

0 0
CA3

0

2

0 0 −CA3
0

2−A0M A0M 0

⎞
⎟⎟⎟⎠ , (A14)
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with

M = 3

4
− C

2
. (A15)

Defining

α = CA3
0

2
and β = A0M = A0

(3
4

− C

2

)
, (A16)

the Jacobian becomes:

J
(
A0, A0,

π

2

) =
⎛
⎝ 0 0 +α

0 0 −α

−β +β 0

⎞
⎠ . (A17)

Thus, the characteristic polynomial is

χ(λ) = −λ
(
λ2 + 2αβ

)
, (A18)

whose roots are

λ1 = 0, λ2,3 = ±i
√
2αβ. (A19)

Since α > 0 and β > 0, the system does not have any
rootswith positive real parts, whichwould otherwise indicate
instability. However, marginal stability cannot be determined
because the analysis was conducted on a linearized system
with eigenvalues of zero real part. Therefore, according to
Hartmann-Grobman’s theorem, the linear stability analysis
does not provide a definitive conclusion on stability. How-
ever, numerical simulations show that perturbations of the
near-circular orbit remain bounded for L ∈ O(

√
ε) (cf. Sect.

2) and only become unstable for L ∈ O(1).

Appendix A.3 Oscillations along the coordinate axes

Eqs. (34)–(36) can be solved in the special case when the
oscillations happen along one of the axes. Without loss of
generality, let Ay = 0. Then, the solution is

A∗
x (τ ) = A0 (A20)

A∗
y(τ ) = 0 (A21)

�∗
�(τ) = −arctan

⎡
⎣
√
6C − 3

2C − 3
tan

⎛
⎝
√(

C − 3

4

)2
−
(
C

2

)2

(
A20
2

τ − K0

))]
, (A22)

with

K0 =
tan−1

[√
2C − 3

6C − 3
tan
(
��,0

)]

√(
C − 3

4

)2

−
(
C

2

)2
(A23)

Since Ay = 0, it is irrelevant what�y is, thus, we can assume
an arbitrary�y,0 including�y,0 = �x,0. Inwhich case K0 =
0. This solution is periodic, and its stability analysis requires
determining the Floquet multipliers. To analyze the stability
of the above solution, we introduce small perturbations:

Ax (τ ) = A0 + δAx (τ ), (A24)

Ay(τ ) = 0 + δAy(τ ), (A25)

��(τ) = �∗
�(τ) + δ��(τ). (A26)

Substituting Eqs. (A24)–(A26) into Eqs. (34)–(36) and
retaining only linear terms yields the following linear time-
dependent differential equation system

δ′(τ ) = J (τ ) δ(τ ), (A27)

with δ = [δAx (τ ), δAy(τ ), δ��(τ)]′ and

J (τ ) =

⎛
⎜⎜⎜⎝

0 0 0

0
CA2

0

4
sin
(
2��(τ)

)
0

A0

(
−3

4
+ C

(
1 + 1

2
cos
(
2��(τ)

)))
0 −CA2

0

2
sin
(
2��(τ)

)

⎞
⎟⎟⎟⎠ . (A28)

In what follows, we restrict ourselves to the solution
over one period (i.e., the Floquet multipliers), which deter-
mines stability. A positive (real) exponent would indicate
instability; marginal stability is achieved when the exponent
vanishes, while asymptotic stability is guaranteed for a neg-
ative exponent.
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We use the phase function given in Eq. (A22) and intro-
duce the abbreviations

α(τ) = CA2
0

4
sin
(
2�∗

�(τ)
)
,

γ (τ ) = −CA2
0

2
sin
(
2�∗

�(τ)
)
, (A29)

β(τ) = A0

[
−3

4
+ C

(
1 + 1

2
cos
(
2�∗

�(τ)
))]

. (A30)

The function 2�∗
�(τ) is odd. Consequently, sin

(
2�∗

�(τ)
)
is

odd and both α(τ) and γ (τ) are odd, whereas β(τ) is even.

Magnus expansion over one period

Since J (t) does not commute with its integral
∫ t
0 J (s)ds, the

Magnus expansion has to be used to force the solution into an
exponential form. The solution of Eq. (A27) may be written
as

δ(τ ) = exp
{
�(τ, 0)

}
δ(0), (A31)

with the Magnus series

�(τ, 0) =
∑
k≥1

�k(τ, 0). (A32)

In particular, the first two terms are

�1(τ, 0) =
∫ τ

0
J (s) ds, (A33)

�2(τ, 0) = −1

2

∫ τ

0
ds1

∫ s1

0
ds2 [J (s1), J (s2)]. (A34)

We now set τ = T , where the period is determined by the
oscillatory part in Eq. (A22). In fact, define

k := A2
0

√
3(4C2 − 8C + 3)

8
, T = π

k
. (A35)

Because α(τ) and γ (τ) are odd, one immediately has

∫ T

0
α(τ)dτ =

∫ T

0
γ (τ)dτ = 0. (A36)

Thus, the first Magnus term becomes

�1(T , 0) =
⎛
⎝ 0 0 0

0 0 0
Iβ 0 0

⎞
⎠ , Iβ =

∫ T

0
β(τ)dτ. (A37)

The second Magnus term involves the commutator

[J (s1), J (s2)] =
⎛
⎝ 0 0 0

0 0 0
γ (s1)β(s2) − γ (s2)β(s1) 0 0

⎞
⎠ . (A38)

Since γ (s) is odd and β(s) is even, the integrand

k(s1, s2) = γ (s1)β(s2) − γ (s2)β(s1) (A39)

is antisymmetric over the symmetrized integration domain.
Therefore, one obtains

�2(T , 0) = 0. (A40)

A similar symmetry argument shows that all higher-order
Magnus terms (�k(T , 0) for k ≥ 3) vanish as well. Hence,
the Magnus expansion truncates after the first term:

�(T , 0) = �1(T , 0) =
⎛
⎝ 0 0 0

0 0 0
Iβ 0 0

⎞
⎠ . (A41)

Since �(T , 0)2 = 0, the exponential simplifies to

exp{�(T , 0)} = I + �(T , 0) =
⎛
⎝ 1 0 0

0 1 0
Iβ 0 1

⎞
⎠ . (A42)

Evaluation of Iˇ

We now evaluate

Iβ = A0

∫ T

0

[
−3

4
+ C

(
1 + 1

2
cos
(
2�∗

�(τ)
))]

dτ. (A43)

Splitting the integral, we write

Iβ = A0

{[
−3

4
+ C

]
T + C

2

∫ T

0
cos
(
2�∗

�(τ)
)
dτ

}
.

(A44)

To evaluate the cosine integral, we first express

2�∗
�(τ) = −2arctan

[√
6C − 3

2C − 3
tan
(
kτ
)]

, (A45)

so that (since cosine is even)

cos
(
2�∗

�(τ)
) = cos

(
2arctan

[√6C − 3

2C − 3
tan
(
kτ
)])

.

(A46)
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Defining

D :=
√
6C − 3

2C − 3
, (A47)

we use the double-angle formula for the arctan to obtain

cos
(
2�∗

�(τ)
) = 1 − D2 tan2(kτ)

1 + D2 tan2(kτ)
. (A48)

Changing variables via x = kτ (so that dτ = dx
k and the

integration limits become 0 to π since T = π/k), we have

∫ T

0
cos
(
2�∗

�(τ)
)
dτ = 1

k

∫ π

0

1 − D2 tan2 x

1 + D2 tan2 x
dx . (A49)

By symmetry the integral over [0, π ] equals twice the integral
from 0 to π/2:

∫ T

0
cos
(
2�∗

�(τ)
)
dτ = 2

k

∫ π/2

0

1 − D2 tan2 x

1 + D2 tan2 x
dx . (A50)

Next, setting t = tan x (so that dx = dt
1+t2

and x : 0 → π/2
corresponds to t : 0 → ∞), we obtain

∫ T

0
cos
(
2�∗

�(τ)
)
dτ = 2

k

∫ ∞

0

1 − D2t2

(1 + t2)(1 + D2t2)
dt .

(A51)

A partial-fractions decomposition yields

1 − D2t2

(1 + t2)(1 + D2t2)
= −D2 + 1

D2 − 1

1

1 + t2

+ 2D2

D2 − 1

1

1 + D2t2
. (A52)

Since

∫ ∞

0

dt

1 + t2
= π

2
and

∫ ∞

0

dt

1 + D2t2
= π

2D
, (A53)

we find that

∫ ∞

0

1 − D2t2

(1 + t2)(1 + D2t2)
dt = π

2

[
−D2 + 1

D2 − 1
+ 2D

D2 − 1

]

= −π

2

D − 1

D + 1
. (A54)

Thus,

∫ T

0
cos
(
2�∗

�(τ)
)
dτ = −π

k

D − 1

D + 1
= −T

D − 1

D + 1
. (A55)

Inserting this into Eq. (A43) we obtain

Iβ = A0 T

[
−3

4
+ C − C

2

D − 1

D + 1

]
. (A56)

Astraightforward (albeit somewhat lengthy) algebraicmanip-
ulation shows that

−3

4
+ C − C

2

D − 1

D + 1
= −1

4

√
3(4C2 − 8C + 3). (A57)

Thus, we arrive at

Iβ = − A0 T

4

√
3(4C2 − 8C + 3). (A58)

Recalling Eq. (A35), i.e.

T = 8π

A2
0

√
3(4C2 − 8C + 3)

, (A59)

we deduce that

Iβ = − A0

4

8π

A2
0

√
3(4C2 − 8C + 3)

√
3(4C2 − 8C + 3)

= −2π

A0
. (A60)

In particular, the result is independent of C and depends
solely on A0.

Since the Magnus expansion truncates at first order, the
one-period solution operator (or Floquet multiplier) is

�(T , 0) = exp{�(T , 0)} = I + �(T , 0) =
⎛
⎝ 1 0 0

0 1 0
− 2π

A0
0 1

⎞
⎠ ,

(A61)

which leads to

δAx (T ) = δAx (0), (A62)

δAy(T ) = δAy(0), (A63)

δ��(T ) = −2π

A0
δAx (0) + δ��(0), (A64)

which implies a constant shift of �� in each period, propor-
tional to the relative perturbation of the oscillation amplitude.
This is to be expected, as a larger-amplitude oscillation in a
degressive potential has a longer time period. Thus, the phase
shift increases over time. Although stability in the sense of
Lyapunov is not given, the system is orbitally stable, as, by
an adequate stretching of time, the perturbed solution can
be brought into the infinitesimal vicinity of the unperturbed
solution.
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