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Abstract
This paper investigates the dynamics of scattering of a 2DOF system of coupled particles on a potential well. In the

considered one-dimensional setting, the system can either pass through the well or rebound. If dissipative effects are

included, another possible outcome is the system’s trapping in the well. The scattering outcomes are intrinsically related to

the energy transfer mechanisms between the coupled system and the well. For some initial conditions, one observes an

extremely sensitive (chaotic-like) dependence of the scattering outcome. Relatively large initial velocities of the system or

a relatively small free length of the internal coupling allow for an asymptotic approach and analytical prediction of the

scattering outcomes and parameters. In particular, it is possible to predict the residual amplitudes of the oscillations of the

coupled system and the transition to sensitive (chaotic-like) dynamics. The developed approaches and observed scattering

patterns seem generic and applicable to a wide variety of similar models.

Keywords Scattering � Energy transfer

1 Introduction

The notion of a potential well has a wide range of appli-

cations in science and engineering. For example, in

chemistry, potential wells are a traditional tool for mod-

elling chemical reactions [1]. The dynamics of MEMS and

energy harvesters [2, 3] often invoke potential wells for the

formulation of simplified mathematical models [3–5]. In

the field of MEMS, one also usually analyzes the non-

stationary dynamics in potential wells for the description of

the actuation modalities [6, 7]. Potential wells also pro-

foundly appear in simplified versions of the famous three-

body problem [8, 9] and more general issues of celestial

dynamics [10]. Escape and transition dynamics of basic

model systems with potential wells are the subject of many

recent research efforts [11–15]. These types of problems

can often be solved with perturbation theory and asymp-

totic analysis [16].

This research focuses on the situation opposite to

escape. We consider the motion of coupled particles that

arrive in the vicinity of the potential well and scatter on it.

For a single-DOF system, the basic problem of scattering

(or trapping) is quite simple. If damping is absent, the

particle overcomes the potential well or rebounds from the

potential barrier; these outcomes are simply related to the

initial energy. When damping is present, the problem

becomes more challenging, and trapping becomes possible,

but it can still be fully described in terms of dynamics on

the state plane. In a coupled system of two or more parti-

cles, one should consider the possibility of energy

exchange between the modes of the system, induced by its

interaction with the well. The current paper addresses

precisely this challenge for a simple system of linearly

coupled identical particles along one spatial dimension.

Additional examples of articles exploring scattering in the

interaction of bodies or particles are given in [17–20].

The structure of the paper is as follows. Section 2 is

devoted to the description of the model. Section 3 contains

a numerical exploration of conservative and damped cases.

In the conservative case, due to conservation of the phase

volume, the coupled system, initially placed outside the

well always ends up outside the well; thus, possible scat-

tering outcomes are transition (passage) over the well or

reflection (rebound). If linear viscous damping acts
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between the particles, the system may become trapped

inside the well. Section 4 includes an analytic treatment of

some regularities observed in the numerical simulations

and presents predictions for the amplitude of residual

oscillations and, most importantly, for the transition

between different scattering regimes. Section 5 includes a

discussion and concluding remarks.

2 Model description

A sketch of the explored system is presented in Fig. 1.

The system investigated in this paper consists of two

identical particles of mass m: Without loss of generality,

we choose the non-dimensional value m ¼ 1: The particles

are coupled by a linear spring of stiffness k and free length

l0 (the length at which the spring is relaxed). We assume

linear viscous damping with a damping coefficient c acting

between the particles. Initially, the particles are located on

the right-hand side of the potential well, far enough from

its center, to remain almost unaffected by the well’s

attraction. The particles are given the same initial velocity

u0; pointing towards the center of the well. A somewhat

similar system was considered in [21] to analyze escape

rather than scattering. The model potential used in the

subsequent analysis is given in Eq. (1) and depicted

graphically in Fig. 2.

VðxÞ ¼ � 1

2 cosh2ðxÞ
ð1Þ

This smooth model potential was chosen because it

rapidly (exponentially) converges to a finite value at ± !.

Therefore, it is reasonable to explore the scattering prob-

lem if the system is initially placed far from the potential

well.

All quantities are expressed in non-dimensional form in

accordance with the characteristic scales of the potential.

Around x ¼ 0, the potential equation can be approximated

as:

V xð Þ � 1

2
x2 � 1

2
ð2Þ

It corresponds to a natural frequency of x0 ¼ 1. Then,

the time is scaled with 1
x0

, and the coupling force stiffness k

is then a non-dimensional parameter.

The spatial coordinate xi and the free length parameter l0
are likewise scaled through the characteristic depth of

VðxÞ, defined by its minimum value of � 1
2
.

The total non-dimensional energy of the system is given

as follows:

E ¼ 1

2
_x2
1 þ _x2

2

� �
þ 1

2
k x1 � x2 þ l0ð Þ2þV x1ð Þ þ V x2ð Þ ð3Þ

The dissipation function takes the form

G ¼ 1

2
c _x1 � _x2ð Þ2 ð4Þ

The resulting equations of motion are given by

€x1 þ c _x1 � _x2ð Þ þ kðx1 � x2 þ l0Þ ¼ �oV

ox1

����
x1

€x2 � c _x1 � _x2ð Þ � kðx1 � x2 þ l0Þ ¼ �oV

ox2

����
x2

8
>>><

>>>:

ð5Þ

The non-dimensional parameters that will be explored

throughout the analysis in the paper are the stiffness k; the

free length l0 and the initial velocity u0.

2.1 The 1DOF system as a reference case

To achieve a better understanding of the system, one must

first consider the scattering dynamics of a single particle

with the same potential. The conservative equation of

motion for the 1DOF system is written as follows:

Fig. 1 Sketch of the problem

setting

Fig. 2 The underlying potential well
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€xþ oV

ox
¼ 0; V xð Þ ¼ �1

2 cosh2 xð Þ
ð6Þ

For E\ 0, the particle remains inside the potential, and

all its trajectories perform periodic oscillations that remain

bounded within the well.

For E[ 0, the motion is unbounded, and all trajectories

diverge to xj j ! 1.

At E ¼ 0; the particle’s motion lies on a separatrix

connecting the points at infinity. in that case, the velocity

tends to zero as xj j ! 1.

Additional dissipation leads to the modification of these

outcomes, depending on the specific model of dissipation.

For a linear damping c _x, it is well known that the particle

arrives at zero velocity after travelling a certain finite

distance, even without the external potential. The increas-

ing external potential function can only facilitate this stop

as it causes additional energy loss. Thus, the velocity of the

particle becomes zero for some finite coordinate. It means

that for any initial condition for a given potential function,

all trajectories converge to the single stable equilibrium at

x ¼ 0, and no scattering toward xj j ! 1 is possible. As

will be demonstrated below, the gradient coupling in 2DOF

systems can lead to a family of qualitatively different

outcomes.

3 Numerical results

The numerical analysis is divided into two parts: the first

for the undamped, conservative system; the second for the

damped, non-conservative one. The simulations are per-

formed for a broad set of parameters to gain insight into the

general properties of the model. Special attention is paid to

limit cases of large stiffness, small and large initial

velocities, and small free lengths that allow for asymptotic

analysis.

3.1 Conservative system

The system is undamped (c ¼ 0Þ, meaning the total energy

is unchanged. According to Liouville’s theorem, when

energy is conserved, the trajectory of the system cannot

remain bounded within the well, as its energy exceeds the

difference between the well bottom and its asymptotic

value. The equations of motion of the undamped system

are written as follows:

€x1 ¼ �kðx1 � x2 þ l0Þ �
oV

ox1

����
x1

€x2 ¼ kðx1 � x2 þ l0Þ �
oV

ox2

����
x2

8
>>><

>>>:

ð7Þ

3.1.1 Types of scattering for different parameters

The maps of different scattering outcomes for various sets

of parameters are depicted in Fig. 3

Some features of the scattering maps should be under-

lined. First, some regions of the map are robust, i.e., large

regions of parameters result in the same scattering out-

come. Primarily, such extended, connected regions char-

acterize the transition through the well. Second, other

regions are sensitive, i.e., they include a mixture of points

with different outcomes. We can say that for these sets of

parameters, the outcomes sensitively depend on the initial

conditions, somewhat similar to sensitive responses in

excited dynamical systems. One obvious observation is that

as the initial velocity increases, the system tends to pass

over the well. Similar trends are observed as l0 decreases

and k increases. To further expand our understanding of the

sensitive areas, a heat map of the time the system lingers

inside the well is presented in Fig. 4.

It is noticeable how sensitive areas correspond identi-

cally in both Figs. 3 and 4, and that in those sensitive areas,

the system tends to remain inside the well for a much

longer time period, increasing the well’s effect on the

particles and resulting in further amplification in the

exchange of energy between the modes. These observa-

tions are used below in the asymptotic analysis.

3.1.2 Residual oscillations after scattering

Far from the well’s center, the contribution of potential

energy to the total energy can be neglected, and the

equations of motion are reduced to the following form:

€x1 þ kðx1 � x2 þ l0Þ ¼ 0

€x2 � kðx1 � x2 þ l0Þ ¼ 0

�
ð8Þ

It is convenient to switch to the center of mass (COM) R

and the relative displacement w variables:

R ¼ 1

2
x1 þ x2ð Þ

w ¼ x1 � x2 þ l0ð Þ

(

ð9Þ

The equations of motion for the new coordinates take

the form:

€wþ 2c _wþ 2kw ¼ oV

ox2

����
R�w

2
þl0

2

�oV

ox1

����
Rþw

2
�l0

2

€R ¼ � 1

2

oV

ox1

����
Rþw

2
�l0

2

þoV

ox2

����
R�w

2
þl0

2

 !

8
>>>><

>>>>:

ð10Þ

The equations are then reduced in the scattered state to

an even simpler form:
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€wþ 2kw ¼ 0

€R ¼ 0
:

(

ð11Þ

The equation for the relative displacement coordinate w

matches that of a simple harmonic oscillator, with a fre-

quency of
ffiffiffiffiffi
2k

p
, whereas the amplitude of the residual

oscillations depends on the scattering history. The fol-

lowing figures present how the residual amplitudes depend

on the initial velocity; the scattering outcome is also

marked (see Fig. 5). The spring’s stiffness varies between

each graph, while its free length remains constant.

The first interesting and somewhat unexpected obser-

vation from Fig. 5 is the non-monotonic dependence of the

residual amplitude on the initial velocity. In addition, the

system becomes less sensitive as the stiffness increases.

The same trend is observed for larger values of initial

velocity, accompanied by a sharp decrease in amplitude.

Figure 6 presents a graph with similar amplitudes with

the initial velocity as the running parameter. This time, the

free length varies between each graph while the stiffness

remains constant.

Based on Fig. 6, we can conclude that a reduction in

free length values yields less sensitive behavior. The non-

monotonicity also clearly reveals itself. The conclusion

from Fig. 5 about smaller amplitudes at large velocities is

relevant in Fig. 6 as well.

3.2 Non-conservative system

When the damping is included, the system obtains a new

possible scattering outcome – trapping. Some typical

scattering maps are presented in Fig. 7.

Figure 7 presents the scattering map for relatively low

initial energy in the system, for various damping coeffi-

cients. One can note that the parametric regions that are

sensitive in the case of zero damping (Fig. 7a) turn into

trapping regions even for very small damping (Fig. 7b and

further). The effect of trapping in sensitive areas can be

explained by the prolonged lingering of the system inside

the well, observed in these areas in Fig. 4. The system’s

Fig. 3 Scattering maps for various sets of parameters. The spring’s

free length l0 is shown along the horizontal axis, while the spring

stiffness k corresponds to the vertical axis for the following initial

velocity values: a u0 ¼ �0:1 b u0 ¼ �0:2 c u0 ¼ �0:3 d u0 ¼ �0:4 e
u0 ¼ �0:5 f u0 ¼ �1
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lingering in the well results in the intensification of energy

exchange into the relative displacement mode w, in which

energy is dissipated. The reflection outcome eventually

disappears, even for rather modest damping values. Inter-

estingly, for relatively high damping, the transition out-

come reappears – presumably, due to the effective

stiffening of the system (Fig. 7f).

4 Asymptotic analysis for the conservative
case

The numerical analysis provided valuable findings that aid

in identifying treatable cases where the system exhibits

robust behaviors. Two important observations in robust

regimes to be considered in the study are the negligible

amplitudes of residual oscillations and the guaranteed

transition of the system.

4.1 Approximation of large velocities

The initial energy is concentrated solely in the COM mode

of motion (R). Energy transfer between modes occurs once

the system enters the vicinity of the well. The energy

expression in (3) can be rewritten using modal coordinates:

E ¼ _R2 þ _w2

4
þ 1

2
kw2 � 1

2 cosh2 Rþ w
2
� l0

2

� �

� 1

2 cosh2 R� w
2
þ l0

2

� � ð12Þ

The energy expression can be further simplified by

neglecting the amplitude of residual oscillations, as men-

tioned earlier:

Fig. 4 Heat map of the duration

the system lingers inside the

well for different initial

velocities. The horizontal axis

represents the free length l0;
while the vertical axis

represents the spring stiffness k.

The initial velocity values are as

follows: a u0 ¼ �0:1 b u0 ¼
�0:2 c u0 ¼ �0:3 d u0 ¼ �0:4
e u0 ¼ �0:5 f u0 ¼ �1
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E ¼ _R2 � 1

2 cosh2 R� l0
2

� �� 1

2 cosh2 Rþ l0
2

� � ð13Þ

The phase portrait of the energy equation in Fig. 8

demonstrates the diminishing effect of the potential well on

the velocity of the COM ( _R) as the initial energy increases.

It means that large initial velocities cause the system to

move at an almost constant velocity, effectively ‘hovering’

over the well:

_R � u0 ð14Þ

Under this conclusion and the assumption of a small

residual oscillation amplitude, one can make the following

approximations to the modal equations of motion:

€wþ 2kw ¼ oV

ox2

����
x1 0þu0tþ

l0
2

�oV

ox1

����
x1 0þu0t�

l0
2

€R ¼ 0

:

8
><

>:
ð15Þ

The solution for the relative displacement is obtained

through a simple convolution (for the complete derivation,

see the Appendix, Sect. 6.1):

w tð Þ ¼ p
ffiffiffiffiffi
2k

p

u3
0 sinh p

ffiffiffiffi
2k

p

2u0

� � sin

ffiffiffiffiffi
2k

p
l0

2u0

 !

sin
ffiffiffiffiffi
2k

p
t þ

ffiffiffiffiffi
2k

p

u0

x1 0 þ
l0
2

	 
 !

ð16Þ

The amplitude expression is then simply extracted as:

amp wð Þ ¼ p
ffiffiffiffiffi
2k

p

u3
0 sinh p

ffiffiffiffi
2k

p

2u0

� � sin

ffiffiffiffiffi
2k

p
l0

2u0

 !

ð17Þ

4.2 Approximations for small free lengths

Smaller free lengths also proved to yield robust results in

the numerical section and provided a guaranteed transition.

By utilizing this observation and neglecting the amplitude

of residual oscillations in the argument of the cosh2ð�Þ
function, the modal energy equation can be reformulated in

the following manner:

E ¼ _R2 � 1

cosh2 Rð Þ
ð18Þ

Considering that both particles initialize with the same

velocity u0, and that energy is conserved throughout the

Fig. 5 Amplitudes of residual oscillations over the initial velocity, for a constant free length l0 ¼ 1 and various stiffness values: a k ¼ 0:1 b
k ¼ 0:9 c k ¼ 1:8 d k ¼ 4:5 e k ¼ 8 f k ¼ 40
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motion of the system, the total energy of the system is

calculated as:

E ¼ u2
0 � const ð19Þ

Equations 18 is an ODE with a full analytic solution (for

the complete derivation see the Appendix, Sect. 6.2):

R ¼ arcsinh

ffiffiffiffiffiffiffiffiffiffiffiffi
E þ 1

E

r

� sinh �t
ffiffiffiffi
E

p
þ arcsinh

sinh x1 0 þ l0
2

� �

ffiffiffiffiffiffiffiffiffiffiffiffi
E þ 1

p
 ! ! !

ð20Þ

Expression (18) is inserted into the ODE of the relative

displacement in Eq. (10) yielding

€wþ 2kw ¼ �
sinh Rþ l0

2

� �

cosh3 Rþ l0
2

� �þ
sinh R� l0

2

� �

cosh3 R� l0
2

� � ð21Þ

When considering the small free length value, the term

on the RHS takes the form:

lim
l0!0

sinh R� l0
2

� �

cosh3 R� l0
2

� ��
sinh Rþ l0

2

� �

cosh3 Rþ l0
2

� �

 !

¼ l0
o

oR

sinh Rð Þ
cosh3 Rð Þ

	 


¼ �l0
2

cosh2ðRÞ
� 3

cosh4ðRÞ

	 


ð22Þ

Solution of the ODE is then achieved through convo-

lution (for the complete solution, see the Appendix,

Sect. 6.3):

wðtÞ¼
2psin t

ffiffiffiffiffi
2k

p
�a

ffiffiffiffiffi
2k

E

r !
�l0
Eþ1

ffiffiffiffiffi
E

2k

r

sinh p

ffiffiffiffiffiffi
k

2E

r ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� E�1

Eþ1

	 
2
s

2sinh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

þ

E

Eþ1

1� E�1

Eþ1

	 
2

6
E�1

Eþ1
sinh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

�

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k

E
1� E�1

Eþ1

	 
2
 !vuut cosh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

0

BBBBBB@

1

CCCCCCA

0

BBBBBBBBBBBB@

1

CCCCCCCCCCCCA

ð23Þ

where:

a = arcsinh
sinh x10

þ l0
2

� �

ffiffiffiffiffiffiffiffiffiffiffiffi
E þ 1

p
 !

ð24Þ

The residual amplitude can then be simply extracted as:

Fig. 6 Amplitude of residual oscillations over initial velocity, for constant stiffness k ¼ 1 and differing free length values: a l0 ¼ 0:05 b l0 ¼ 0:1
c l0 ¼ 1 d l0 ¼ 2 e l0 ¼ 5 f l0 ¼ 10
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amp wð Þ¼
2p

�l0
Eþ1

ffiffiffiffiffi
E

2k

r

sinh p

ffiffiffiffiffiffi
k

2E

r ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� E�1

Eþ1

	 
2
s

2sinh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

þ

E

Eþ1

1� E�1

Eþ1

	 
2

6
E�1

Eþ1
sinh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

�

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k

E
1� E�1

Eþ1

	 
2
 !vuut cosh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

0

BBBBBB@

1

CCCCCCA

0

BBBBBBBBBBBB@

1

CCCCCCCCCCCCA

ð25Þ

In Figs. 9 and 10 comparisons are plotted between the

numerical results and the analytic approximations formu-

lated in Eqs. (17) and (25) for the various parameter

regimes. Figure 9 illustrates examples of cases where the

‘‘small-free length’’ approximation provides a better fit,

whereas Fig. 10 presents examples where the ‘‘large-

Fig. 7 Scattering and trapping maps for different parameters, the

horizontal axis represents the free length l0 while vertical represents

the stiffness k. All maps correspond to the same initial velocity

u0 ¼ �0:1. The running parameter is c. a c ¼ 0 b c ¼ 0:001 c c ¼
0:01 d c ¼ 0:1 e c ¼ 1 f c ¼ 10

Fig. 8 Phase portrait of the energy equation under the assumption of

small oscillations for the free length value l0 ¼ 1
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velocities’’ assumption proves to be a better candidate for

the approximation. In general, both approximations prove

to be viable in their respective regimes and provide a good

prediction of the energy transfer trends of the system. As

shown in Sect. 3.1, increased lingering inside the well

encourages sensitivity. Thus, a disagreement of the

numerical solution with the analytic approximations at

lower initial velocities is to be expected.

4.3 The threshold of robust scattering outcome

When considering the conservation of energy, the ampli-

tudes given by the analytic approximations (15) and (23)

are both expected to converge to zero as the initial energy

approaches zero (from the right). As expected, the

approximation of large velocities indeed leads to zero

residual amplitude under such conditions. However,

regarding the ‘‘small-free length’’ approximation, if one

were to calculate the same limit, a non-zero expression

would be achieved (for the complete derivation, see the

Appendix, Sect. 6.4):

lim
E!0þ

amp wð Þð Þ ¼ amp wcð Þ ¼
pl0 3

ffiffiffiffiffi
2k

p
� 1

� �

2
ffiffiffiffiffi
2k

p e�
ffiffiffiffi
2k

p
ð26Þ

This result appears somewhat counterintuitive, and upon

further investigation, it appears that the system has a cer-

tain threshold where numerical results begin to disagree

with the assumptions that were made, and the system

begins to lose its robustness. The critical initial velocity,

the threshold below which the system loses its robustness,

is estimated from the condition that when energy is fully

transferred into internal oscillations, the amplitude reaches

the critical value

u0c ¼ �
ffiffiffi
k

2

r

amp wcð Þ ð27Þ

In Fig. 11, graphs of numerical results near the critical

velocity confirm that the transition to sensitive behavior

occurs around that velocity, serving as a threshold for the

robust regime.

Fig. 9 Comparison of numerical results with analytic approximations of the amplitudes of residual oscillations over the initial velocity for small

l0 values: a l0 ¼ 0:1; k ¼ 1 b l0 ¼ 0:1; k ¼ 2 c l0 ¼ 0:1; k ¼ 3 d l0 ¼ 0:01; k ¼ 1 e l0 ¼ 0:01; k ¼ 2 f l0 ¼ 0:01; k ¼ 3
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5 Conclusions

The article focuses on energy exchange trends within the

modes of the conservative system. Numerical results

showed that such exchange mostly exhibits sensitivity to

initial conditions and longer travel time inside the well;

however, some asymptotic regimes proved to produce

robust results, which were characterized by guaranteed

transition and shorter trajectories in the well.

Two approximations for the scattered state amplitude of

residual oscillations were formulated, and provided a good

fit at their respective regimes, one for the case of large

velocities in Eq. (17) and another for the case of small free

length values in Eq. (25). The analytical treatment required

neglecting the relative displacement mode. Using the latter

approximation, we were able to find a threshold value for

the initial velocity in Eq. (27), below which the system

does not meet the required assumption, thus losing its

robustness and displaying reflection.

Given lower energy, the system tended to produce

sensitive results, which, with added damping, proved that

in such cases, the energy exchange between the modes was

encouraged. It seems that as the initial velocity increases,

the system tends to lower its energy exchange, thus

decreasing the value of the amplitude of residual oscilla-

tions. This is, however, not true; the system exhibits a non-

monotonous behavior, and the amplitude reaches a certain

maximum at robust regimes. The approximations are suc-

cessful in capturing this non-monotonic behavior of the

system.

For future work, it may be interesting to examine the

system in higher-dimensional wells, with external damp-

ing, or even nonlinear coupling between the particles.

Furthermore, exploring the work in applications of engi-

neering (e.g., MEMS, celestial dynamics) is also important.

Appendix A

Full solution of ODE (15)

To solve an ODE with convolution, when considering the

equation for w in Eq. (15), we must first obtain the solution

for the pulse response of the system:

€wþ 2kw ¼ d tð Þ ð28Þ

Fig. 10 Comparison of numerical results with analytic approximations of the amplitudes of residual oscillations over initial velocity at large l0. a
l0 ¼ 5; k ¼ 1 b l0 ¼ 5; k ¼ 2 c l0 ¼ 5; k ¼ 3 d l0 ¼ 10; k ¼ 1 e l0 ¼ 10; k ¼ 2 f l0 ¼ 10; k ¼ 3
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The response function is a simple sine with a frequency

of
ffiffiffiffiffi
2k

p
, which can then be used to formulate the following

convolution integral:

w tð Þ ¼ 1
ffiffiffiffiffi
2k

p
Z 1

�1
sin

ffiffiffiffiffi
2k

p
t � sð Þ

� �

V 0 x10
þ u0sþ

l0
2

	 

� V 0 x10

þ u0s�
l0
2

	 
	 

ds

ð29Þ

Trigonometric identities, together with integration by

parts, are used to further simplify the calculation:

The force decays exponentially to zero, and all parts

outside the integrals can be disregarded:

w tð Þ ¼ 1
ffiffiffiffiffi
2k

p sin
ffiffiffiffiffi
2k

p
t

� �

Z 1

�1
sin

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0sþ
l0
2

	 

ds

�
Z 1

�1
sin

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0s�
l0
2

	 

ds

0
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1

CCCA

þ 1
ffiffiffiffiffi
2k

p cos
ffiffiffiffiffi
2k

p
t

� �

Z 1

�1
cos

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0sþ
l0
2

	 

ds

�
Z 1

�1
cos

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0s�
l0
2

	 

ds

0

BBB@

1

CCCA

ð31Þ

Fig. 11 Amplitude of residual oscillations over initial velocity in the vicinity of the critical velocity, for constant free length l0 ¼ 0:1: a k ¼ 1 b
k ¼ 2 c k ¼ 3 d k ¼ 4 e k ¼ 5 f k ¼ 6

w tð Þ ¼ 1
ffiffiffiffiffi
2k

p sin
ffiffiffiffiffi
2k

p
t

� � cos
ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0sþ
l0
2

	 
� �1

�1
� cos

ffiffiffiffiffi
2k

p
t

� �
V x10

þ u0s�
l0
2

	 
� �1

�1

þ
Z 1

�1
sin

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0sþ
l0
2

	 

ds�

Z 1

�1
sin

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0s�
l0
2

	 

ds

0
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1
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þ 1
ffiffiffiffiffi
2k

p cos
ffiffiffiffiffi
2k

p
t

� � sin
ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0s�
l0
2

	 
� �1

�1
� sin

ffiffiffiffiffi
2k

p
s

� �
V u0sþ

l0
2

	 
� �1

�1

�
Z 1

�1
cos

ffiffiffiffiffi
2k

p
s

� �
V x10

þ u0s�
l0
2

	 

dsþ

Z 1

�1
cos
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2k

p
s

� �
V x10

þ u0sþ
l0
2

	 

ds

0

BBB@

1
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ð30Þ
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Then, the following variable transformations are

applied:

f1 ¼ x10
þ u0sþ

l0
2
; ds ¼ df1

u0

f2 ¼ x10
þ u0s�

l0
2
; ds ¼ df2

u0

ð32Þ

And with further trigonometric identities, we achieve

the following expression:

w tð Þ ¼ 1

u0

ffiffiffiffiffi
2k

p sin
ffiffiffiffiffi
2k

p
t

� �

Z 1

�1
sin

ffiffiffiffiffi
2k

p

u0

f1 � x10
� l0

2

	 
 !

V f1ð Þdf1

�
Z 1

�1
sin

ffiffiffiffiffi
2k

p

u0

f2 � x10
þ l0

2

	 
 !

V f2ð Þdf2

0

BBBBB@

1

CCCCCA

þ 1

u0

ffiffiffiffiffi
2k

p cos
ffiffiffiffiffi
2k

p
t

� �

Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f1 � x10
� l0

2

	 
 !

V f1ð Þdf1

�
Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f2 � x10
þ l0

2
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V f2ð Þdf2

0

BBBBB@

1

CCCCCA

ð33Þ

To avoid long and confusing expressions, each integrand

is simplified separately:

Z 1

�1
sin

ffiffiffiffiffi
2k

p

u0

f1 � x10
� l0

2

	 
 !

V f1ð Þdf1 ¼

Z 1

�1

sin
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2k

p

u0

f1

 !

cos
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p
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x10
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2
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p
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f1
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sin
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2k

p
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x10
þ l0

2

	 
 !

0

BBBBB@

1

CCCCCA
V f1ð Þdf1 ¼

¼ � sin

ffiffiffiffiffi
2k

p

u0

x10
þ l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f1

 !

V f1ð Þdf1

ð34Þ
Z 1

�1
sin

ffiffiffiffiffi
2k

p

u0

f2 � x10
þ l0

2
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V f2ð Þdf2 ¼

Z 1

�1

sin

ffiffiffiffiffi
2k

p

u0

f2

 !

cos

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !

� cos

ffiffiffiffiffi
2k

p

u0
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 !

sin

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !

0

BBBBB@

1

CCCCCA
V f2ð Þdf2 ¼

¼ � sin

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f2

 !

V f2ð Þdf2

ð35Þ

Z 1
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u0

f1 � x10
� l0

2
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V f1ð Þdf1 ¼

¼
Z 1

�1
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p
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ffiffiffiffiffi
2k

p
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þ l0

2
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þ sin
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2k

p

u0
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2k

p

u0

x10
þ l0

2
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0

BBBBB@

1

CCCCCA
V f1ð Þdf1 ¼

¼ cos

ffiffiffiffiffi
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p

u0
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2

	 
 !Z 1

�1
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2k

p

u0

f1

 !

V f1ð Þdf1

ð36Þ
Z 1

�1
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2k

p

u0

f2 � x10
þ l0

2
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V f2ð Þdf2 ¼

¼
Z 1

�1
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2k

p

u0

f2
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2k

p

u0

x10
� l0

2
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þ

sin
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2k

p

u0

f2
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sin

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !

0

BBBBB@

1

CCCCCA
V f2ð Þdf2 ¼

¼ cos

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f2

 !

V f2ð Þdf2

ð37Þ

Our final expression before integration becomes:

w tð Þ ¼
sin

ffiffiffiffiffi
2k

p
t

� �

u0

ffiffiffiffiffi
2k

p

sin

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f2

 !

V f2ð Þdf2�

sin

ffiffiffiffiffi
2k

p

u0

x10
þ l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f1

 !

V f1ð Þdf1

0

BBBBB@

1

CCCCCA

þ
cos

ffiffiffiffiffi
2k

p
t

� �

u0

ffiffiffiffiffi
2k

p

cos

ffiffiffiffiffi
2k

p

u0

x10
þ l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f1

 !

V f1ð Þdf1�

cos

ffiffiffiffiffi
2k

p

u0

x10
� l0

2

	 
 !Z 1

�1
cos

ffiffiffiffiffi
2k

p

u0

f2

 !

V f2ð Þdf2

0

BBBBB@

1

CCCCCA

ð38Þ

This expression is relevant for all continuous integrable

potentials; in our case, implementing the squared secant

potential, a prediction for the amplitude of residual oscil-

lations is achieved:

w tð Þ ¼ p
ffiffiffiffiffi
2k

p

u3
0 sinh p

ffiffiffiffi
2k

p

2u0

� � sin

ffiffiffiffiffi
2k

p
l0

2u0

 !

sin
ffiffiffiffiffi
2k

p
t þ

ffiffiffiffiffi
2k

p

u0

x10
þ l0

2

	 
 !

ð39Þ

Full solution for the equation of motion (18)

By isolating R and separating the variables, the following

expression is obtained:

dR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þ 1

cosh2 Rð Þ

q ¼ dt ð40Þ
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The following variable transformation can then be

applied:

v ¼ sinhðRÞ; dv

dR
¼ coshðRÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 1

p
ð41Þ

which simplifies the expression into the following form:

dv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eðv2 þ 1Þ þ 1

2

q ¼ dt ð42Þ

After the integration and isolation of R, the following

expression is achieved:

R ¼ arcsinh

ffiffiffiffiffiffiffiffiffiffiffiffi
E þ 1

E

r

� sinh �t �
ffiffiffiffi
E

p
þ arcsinh

sinh x10
þ l0

2

� �

ffiffiffiffiffiffiffiffiffiffiffiffi
E þ 1

p
 ! ! !

ð43Þ

Solution for the amplitude of the relative
oscillations for negligible free length

After applying the assumptions of small free length and

negligible amplitudes of residual oscillations, the following

relative displacement ODE remains:

€wþ 2kw ¼ �l0
2

cosh2ðRÞ
� 3

cosh4ðRÞ

	 

ð44Þ

We are inserting the expression for R from Eq. (20) and

apply the following variable substitution:

f ¼ �t
ffiffiffiffi
E

p
þ a; t ¼ a� f

ffiffiffiffi
E

p ð45Þ

For simplicity, we define

a = arcsinh
sinh x10

þ l0
2

� �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

0 þ 1
p

 !

ð46Þ

which, after some manipulation, leaves us with the fol-

lowing normalized ODE:

wff þ
2k

E
w

¼ � l0
E

4E

E þ 1ð Þ E�1
Eþ1

þ coshð2fÞ
� �� 12E2

E þ 1ð Þ2 E�1
Eþ1

þ coshð2fÞ
� �2

0

B@

1

CA

ð47Þ

The impulse response of the system should be consid-

ered if one wants to utilize convolution to solve the ODE:

wff þ
2k

E
w ¼ d fð Þ ð48Þ

It is rather easy to see that the impulse response in this

system is a simple sine with a frequency of
ffiffiffiffi
2k
E

q
. This result

can be utilized to write the convolution integral of the

system and thus achieve a solution for the ODE:

wðfÞ ¼ � l0
E

ffiffiffiffiffi
E

2k

r Z 1

�1
sin ðf� sÞ

ffiffiffiffiffi
2k

E

r !

4E

E þ 1ð Þ E�1
Eþ1

þ coshð2sÞ
� ��

12E2

E þ 1ð Þ2 E�1
Eþ1

þ coshð2sÞ
� �2

0

BBBBBB@

1

CCCCCCA

ds

ð49Þ

By applying some trigonometric identities, the integra-

tion can be further simplified:

wðfÞ ¼ � l0ffiffiffiffiffiffiffiffi
2Ek

p
Z 1

�1

sin f

ffiffiffiffiffi
2k

E

r !

cos s

ffiffiffiffiffi
2k

E

r !

�

cos f

ffiffiffiffiffi
2k

E

r !

sin s

ffiffiffiffiffi
2k

E

r !

0

BBBBB@

1

CCCCCA

4E

E þ 1ð Þ E�1
Eþ1

þ coshð2sÞ
� ��

12E2

E þ 1ð Þ2 E�1
Eþ1

þ coshð2sÞ
� �2

0

BBBBBB@

1

CCCCCCA

ds

ð50Þ

Some of the terms inside the integration cancel out

because they are odd functions integrated over a symmet-

rical domain, leaving us with two integrals that need to be

computed:

I1 ¼ 4

Z 1

�1

cos
ffiffiffiffi
2k
E

q
s

� �

E�1
Eþ1

þ coshð2sÞ
ds ¼

4p sinh
ffiffiffiffi
k

2E

q
arccos E�1

Eþ1

� �� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � E�1
Eþ1

� �2
r

sinh p
ffiffiffiffi
k

2E

q� �

ð51Þ

I2¼
12E

Eþ1

Z 1

�1

cos
ffiffiffiffi
2k
E

q
s

� �

E�1
Eþ1

þcoshð2sÞ
� �2

ds

¼� 6E

Eþ1

p

2
E�1

Eþ1
sinh

ffiffiffiffiffiffi
k

2E

r
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E�1

Eþ1

	 
 !

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k

E
1� E�1

Eþ1

	 
2
 !vuut cosh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

0

BBBBBB@

1

CCCCCCA

sinh p
ffiffiffiffi
k

2E

q� �
1� E�1

Eþ1

� �2
	 
1:5

ð52Þ

The full solution for the ODE, after inserting Eqs. (51)

and (52) into Eq. (50) and transforming the expression

back to t is given by
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wðtÞ¼
2psin t

ffiffiffiffiffi
2k

p
�a

ffiffiffiffi
2k
E

q� �
�l0
Eþ1

ffiffiffiffi
E
2k

q

sinh p
ffiffiffiffi
k

2E

q� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� E�1
Eþ1

� �2
r �

2sinh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

þ
E

Eþ1

1� E�1
Eþ1

� �2

6
E�1

Eþ1
sinh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

�3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k

E
1� E�1

Eþ1

	 
2
 !vuut cosh

ffiffiffiffiffiffi
k

2E

r

arccos
E�1

Eþ1

	 
 !

0

BBBBBBB@

1

CCCCCCCA

0

BBBBBBBBBBBBB@

1

CCCCCCCCCCCCCA

ð53Þ

Limit of the small free length approximation
at E ! 0+

In order to obtain the limit of (25) at E ! 0þ, one can

define the following values:

A ¼
2 sinh

ffiffiffiffi
k

2E

q
arccos E�1

Eþ1

� �� �

sinh p
ffiffiffiffi
k

2E

q� �

B ¼ E

E þ 1

6 E�1
Eþ1

sinh
ffiffiffiffi
k

2E

q
arccos E�1

Eþ1

� �� �

sinh p
ffiffiffiffi
k

2E

q� �
1 � E�1

Eþ1

� �2
	 


C ¼ E

E þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k
E 1 � E�1

Eþ1

� �2
	 
s

cosh
ffiffiffiffi
k

2E

q
arccos E�1

Eþ1

� �� �

sinh p
ffiffiffiffi
k

2E

q� �
1 � E�1

Eþ1

� �2
	 


ð54Þ

Such that

amp wð Þ ¼ �l0
E þ 1

ffiffiffiffiffi
E

2k

r
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � E�1
Eþ1

� �2
r Aþ B� Cð Þ ð55Þ

We have to use the approximations at E ! 0þ:

E � 1

E þ 1
¼ �1 þ 2E

E þ 1
¼ �1 þ E þ O E2

� �
ð56Þ

arccos
E � 1

E þ 1

	 

¼ arccos �1 þ 2Eð Þ

� p� 2
ffiffiffiffi
E

p
þ O E1:5

� �
ð57Þ

The limit for A is written as follows:

lim
E!0þ

A ¼ lim
E!0þ

2 sinh
ffiffiffiffi
k

2E

q
arccos E�1

Eþ1

� �� �
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k
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1 � e�2
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k

2E
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¼ 2e�
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2k
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ð58Þ

The limit for B:

lim
E!0þ
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� �� �
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� �� �
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k

2E

q� �

0

B@

1

CA ¼

lim
E!0þ
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2
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The limit for C:

lim
E!0þ

C ¼ lim
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k
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Inserting the limits into Eq. (55), we obtain the final

result:

lim
E!0þ

amp wð Þð Þ ¼ lim
E!0þ

�l0
E þ 1

ffiffiffiffiffi
E

2k

r
2p
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� �2
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0
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p e�
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2k

p
2 � 3

2
� 3

2

ffiffiffiffiffi
2k

p	 

¼

l0p

2
ffiffiffiffiffi
2k

p e�
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p
3
ffiffiffiffiffi
2k

p
� 1

� �

ð61Þ

Acknowledgements The authors are very grateful to Deutsche

Forschungsgemeinschaft (DFG, German Research Foundation) for

financial support. Project number: 508244284.

Author Contribution O.G. and Y.A. conceived the work and devel-

oped the methodology. Y.A. and A.G. wrote the initial draft. A.G. and

A.F prepared revised version, O.G. and A.F. acquired the funding and

supervised the work. All authors reviewed the manuscript.

Funding Open access funding provided by Technion - Israel Institute

of Technology. Deutsche Forschungsgemeinschaft, 508244284,

508244284, 508244284, 508244284

Data Availability No datasets were generated or analysed during the

current study.

Declarations

Conflict of Interest The authors declare no competing interests.

  362 Page 14 of 15 Y. Aksenton et al.

123



Open Access This article is licensed under a Creative Commons

Attribution 4.0 International License, which permits use, sharing,

adaptation, distribution and reproduction in any medium or format, as

long as you give appropriate credit to the original author(s) and the

source, provide a link to the Creative Commons licence, and indicate

if changes were made. The images or other third party material in this

article are included in the article’s Creative Commons licence, unless

indicated otherwise in a credit line to the material. If material is not

included in the article’s Creative Commons licence and your intended

use is not permitted by statutory regulation or exceeds the permitted

use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.

org/licenses/by/4.0/.

References

1. Ghosh, P.K.: Communication: escape kinetics of self-propelled

Janus particles from a cavity: numerical simulations. J. Chem.

Phys. (2014). https://doi.org/10.1063/1.4892970

2. Roundy, S., Wright, P.K., Rabaey, J.M.: Energy Scavenging for

Wireless Sensor Networks. Springer, New York (2003)

3. Glynne-Jones, P., Tudor, M.J., Beeby, S.P., White, N.M.: An

electromagnetic, vibration-powered generator for intelligent

sensor systems. Sensors Actuators A Phys. (2004). https://doi.org/

10.1016/j.sna.2003.09.045

4. Mann, B.P., Owens, B.A.: Investigations of a nonlinear energy

harvester with a bistable potential well. J. Sound Vib. (2010).

https://doi.org/10.1016/j.jsv.2009.11.034
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