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ABSTRACT
The integration of machine learning into fluid dynamics has accelerated in recent years, driven by the proliferation of high-fidelity data
and enhanced computational resources. Acting as efficient surrogate models for computationally intensive simulations, these data-driven
approaches provide substantial benefits, particularly during the preliminary stages of design and optimization. Previous investigations have
employed convolutional neural networks (CNNs) to predict thermo-fluid flow properties for a variety of channel geometries. These studies
have largely relied on data augmentation techniques to handle geometric transformations. However, such augmentation strategies are often
inefficient in capturing the inherent flip and shift invariances of flow channel data. In this study, we demonstrate that embedding these
invariances directly into the model architecture not only enhances robustness but leads to superior performance while significantly reducing
the number of parameters compared to their invariant-unaware counterparts. In particular, we introduce two novel architectures designed
to alleviate the sensitivity of CNNs to periodic signal shifts and vertical flips. This approach allows the model to structurally address the
geometric symmetries of the flow channel data, offering a more robust alternative to standard data augmentation.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0317297

I. INTRODUCTION

Machine learning has emerged as a pivotal tool across the spec-
trum of scientific and engineering disciplines. Its capacity to analyze
extensive datasets, discern intricate patterns, and generate pre-
dictive models has fundamentally transformed the methodologies
employed in addressing complex challenges.1 Recent studies have
increasingly integrated machine learning into fluid mechanics to
enhance control, monitoring, and the development of reduced-order
models.2–4

Advancements in numerical simulation and experimental tech-
niques have enabled the detailed measurement of complex flow phe-
nomena. Consequently, the volume of high-fidelity data obtained
from these sources has increased significantly, fostering notable
progress in the application of machine learning within fluid mechan-
ics.5 This data abundance is particularly critical given the limita-
tions of traditional methods and while large-scale computational

fluid dynamics (CFD) simulations provide high spatial and tempo-
ral resolution, their computational cost remains high for iterative
tasks.

To address this computational bottleneck, particularly for flows
with reduced complexity such as laminar flows, machine learning
is increasingly applied as a surrogate model to alleviate the com-
putational burden. This approach is highly advantageous in the
early stages of design and development, where rapid iteration is
essential.6–9

In a previous study, Koide et al.10 developed a surrogate regres-
sion model based on convolutional neural networks (CNNs) to
predict the thermo-fluid properties—friction coefficient (C f ) and
Stanton number (St)—of laminar channel flows with arbitrary wall
structuring. Trained on high-fidelity numerical simulations of 2D
arbitrary, flat, and non-flat channels, the CNN model was then
employed to identify wall modifications that enhance (St) for a given
C f . Their findings demonstrated that extending the training dataset
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via data augmentation, by incorporating cyclic horizontal shifts and
vertical flips, improved prediction accuracy compared to standard
CNN models trained without such augmentation.

However, relying on data augmentation to enforce physical
invariances presents intrinsic limitations. While simple transfor-
mations such as inversion and shifting can improve performance,
they compel the model to expend capacity learning symmetries that
are already theoretically known. This approach is computationally
redundant, as it treats physical laws as data patterns to be approxi-
mated rather than constraints to be satisfied. Furthermore, standard
data augmentation is typically discrete and finite, making it often
unable to cover the continuous spectrum of possible shifts, render-
ing the invariance incomplete.11,12 Consequently, there is a need
for architectures that inherently handle these geometric variabil-
ities without the computational overhead and lack of guarantees
associated with external augmentation.

In this work, inspired by recent breakthroughs in encoding
physical invariances within equivariant graph neural networks,13,14

we address these challenges by embedding invariance properties into
the model architectures. This approach enables the network to learn
feature representations that are inherently invariant to shifts and
flips, improving prediction robustness while significantly reducing
the number of trainable parameters.

In particular, we propose two CNN-based architectures: the
sum-mirror CNN and the FFT-CNN. Both are designed to strictly
enforce invariance to periodic signal shifts and vertical reflections,
ensuring predictions remain consistent across geometrically equiv-
alent channel configurations. By structurally addressing the geo-
metric symmetries of the flow channel data, these models offer a
more robust and efficient alternative to standard data augmentation.
Our evaluation demonstrates that this architectural enforcement
leads to superior predictive performance and stability compared to
invariance-unaware baselines.

II. RELATED WORK
A. Machine learning in CFD

Beyond standard machine learning applications, rapid
advances in modern deep learning methods are increasingly
employed to address challenges in CFD.4 When trained in a
supervised manner, for example, ML models can estimate stationary
fluid velocity fields orders of magnitude faster than conventional
CFD solvers.15–17 In parallel, Kim et al. develop a generative model
for fluid dynamics simulations.18 Their autoencoder structure
facilitates latent space reconstructions, frame interpolations, and
time extrapolations of time-dependent simulations. Furthermore,
Fukami et al.7 demonstrate how CNN models can be adapted
for super-resolution reconstruction of laminar and turbulent
flow fields. This approach offers the potential to significantly
improve insight derived from low-resolution experimental data.
Recent studies have further expanded these capabilities. Sofos and
Drikakis19 provide a comprehensive review of deep learning for
super-resolution, highlighting the integration of physics-informed
constraints. Moreover, for multidimensional turbulent flows,
Drikakis et al.20 demonstrated that transformer-based architectures
can offer superior generalizability compared to traditional methods.
However, while these complex architectures address the high-
dimensional fluctuations of turbulence, structurally invariant CNNs

remain a highly efficient and robust approach for steady laminar
flows dominated by geometric boundary conditions. Distinct from
surrogate estimators of full flow fields, machine learning models
can also be utilized to directly predict global flow quantities, such
as C f and St. Viquerat and Hachem,21 for instance, trained a CNN
model to predict C f values of various 2D geometries subjected to
an external flow. Finally, Koide et al.10 used a CNN to predict C f
and St in laminar channel flows with arbitrary wall structuring. In
related work, this type of efficient surrogate model was coupled with
an evolutionary algorithm to optimize wall geometries for enhanced
heat transfer.22

B. Invariance in CNNs
Functions are called invariant toward a transformation if they

maintain the same output when that transformation is applied to the
input of the function. Explicit consideration of such invariances in
the design of neural networks is a key method to include task-specific
inductive biases. Consequently, prior work aims to introduce such
invariances to various classes of neural network models, including
CNNs used in image processing.

One common method to ensure invariance to certain transfor-
mations is enforcing it through specific modifications of the network
architecture.23,24 Chaman and Dokmanic,25 for example, introduces
adaptive polyphase sampling (APS) to address CNN’s inherent shift-
variance related to image subsampling (stride) operations. Cohen
and Welling26 introduces the concept of group equivariant convolu-
tional networks (G-CNNs) as a generalization of standard convolu-
tional operations to capture invariances regarding additional group
transformations. Weiler and Cesa27 extend the notion of G-CNNs
and proposes general E(2)-equivariant convolutions, experimen-
tally demonstrating improved invariance to transformations of the
Euclidean group.

In addition to explicit architectural modifications, data aug-
mentations are often used to improve transformation invariance.
In this regard, Benton et al.28 propose Augerino—a framework
for learning transformation invariance through data augmentations.
While not intrinsically invariant to transformations, this method can
adaptively learn soft invariances suited to the training data distribu-
tion. More recently, Gerken and Kessel29 discuss the emergence of
invariance and equivariance in deep neural network ensembles as
a result of data augmentations. The authors prove complete invari-
ance under idealized conditions and show experimental evidence for
converging invariance in realistic settings.

While the aforementioned methods primarily address geo-
metric symmetries (e.g., rotation and translation), the principle of
enforcing physical invariances might be extended to other non-
geometric properties. Recently, Fukami et al.30 demonstrated that
enforcing a fundamental property of scale invariance in isotropic
turbulent flows can significantly enhance model robustness. By
utilizing Buckingham Pi analysis to derive nonlinear scaling laws
for vortical structures, they enabled machine learning models to
generalize across varying Reynolds numbers. Although our study
focuses on the geometric shift and flip invariances inherent to the
considered laminar channel flows, both approaches share the fun-
damental philosophy of embedding physical symmetries directly
into the modeling pipeline to reduce the search space and improve
generalization.
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III. TASK DESCRIPTION AND THE PROPOSED
APPROACH
A. Task description

In this work, we consider the prediction of thermo-fluid flow
properties for two-dimensional laminar channel flows (see Fig. 1).
In particular, we predict C f and St, both of which are used in the
calculation of the Reynolds analogy factor,

RA = 2St
C f

. (1)

RA is used to evaluate the similarity between momentum and heat
transfer. Therefore, increases in RA indicate a larger increase in heat
transfer relative to the increase in momentum transfer—a desirable
property for the design of energy-efficient systems.31 The properties
C f and St depend on the exact geometry of the channel walls result-
ing from the imposed boundary conditions on the fluidic system.
Due to the choice of the boundary conditions for the velocity and
temperature fields, the wall-normal heat flux remains constant once
thermal equilibrium is reached. Furthermore, the given field prop-
erties are inherently invariant to horizontal cyclic shifts and vertical
flips of the geometry. For a given channel geometry, C f and St can
be obtained from computationally expensive fluid dynamics calcu-
lations. To directly estimate the desired properties from a surrogate
model, not relying on numerical simulation, we represent channel
geometries as bitmap images x ∈ {0, 1}H×W and, consequently, train
a CNN,

fθ : {0, 1}H×W → R2, x↦ C f , St, (2)

with learnable model weights θ.

FIG. 1. Task overview. Direct surrogate prediction of thermo-fluid properties (C f
and St) from 2D laminar flow channel geometries created by CFD. Properties are
invariant toward cyclic horizontal shifts and vertical flips. Therefore, the surrogate
model is expected to reflect the same invariances.

B. Summation and mirroring-based
invariant CNN (approach 1)

This is an architecture explicitly designed to embed the physical
symmetries of laminar channel flow directly into the deep learning
model. In this domain, flow properties such as C f and St are invari-
ant to translation along the flow direction (x) and reflection across
the span (y). To enforce these constraints, our model departs from
standard CNN designs by integrating two specialized mechanisms: a
dual-path pipeline for flip invariance and a modified convolutional
block for shift invariance.

1. Architectural overview and shift invariance
The core feature extractor consists of five serial convolutional

blocks. Each block is engineered to process boundary-dominated
features without introducing spatial bias. Standard convolutional
setups typically rely on zero-padding and max pooling. However,
zero-padding creates a foveation effect that degrades performance
at image boundaries,32 while standard pooling is sensitive to small
spatial shifts.12,33 Although anti-aliasing techniques can offer partial
robustness, they are limited by non-linear activations and often fail
to generalize to unseen patterns.11

To resolve these issues and achieve strict shift invariance, we
redesign the convolutional block with three specific interventions.

Periodic padding: We replace zero-padding with periodic padding
(p = 4). As detailed in Sec. III B 3, this wraps pixel information
from opposing borders, ensuring convolution kernels operate
seamlessly across boundaries.

Adaptive polyphase sampling (APS): Following convolution
(8 × 8 kernel, 1 stride) and batch normalization, we employ
APS.34 Unlike standard pooling, APS dynamically selects
the sampling grid based on the highest-energy component,
preserving shift robustness before downsampling.

Horizontal aggregation: Crucially, we insert a summation opera-
tion immediately after the APS layer. We aggregate the feature
representations by summing them horizontally along the image
width. This aggregation significantly reduces the parameter
count and ensures the feature representation remains invariant
to translations along the flow direction.35

The number of output channels increases progressively from
16 to 256 across the five blocks. By combining APS with horizontal
aggregation, the encoder produces feature maps that are robust to
translation along the flow direction.

2. Flip invariance via embedding summation
While the convolutional blocks with APS handle shift invari-

ance, flip invariance is achieved by aggregating the latent representa-
tions of both the original and vertically flipped inputs. The network
processes the original input image x′ and a vertically flipped version
x† through identical copies of the encoder described in Fig. 2. This
yields two distinct latent embeddings, z and z†.

To enforce symmetry, we define the final latent representation
z̄ as the element-wise sum of these embeddings,

z̄ = z + z†. (3)

Because vector addition is commutative, z̄ remains identical
regardless of the input’s initial vertical orientation. This summed
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FIG. 2. Schematic of the summation and mirroring-based CNN architecture. Input flow channel geometries are processed via two parallel branches: the original orientation
(upper branch) and a mirrored version (lower branch), effectively enforcing flip invariance. Following adaptive polyphase sampling, feature maps are summed along the x
direction, while the resulting representations from each stage are concatenated along the y direction to ensure shift invariance. The dual hidden representations are finally
merged and passed to a fully connected layer.

embedding is flattened into a 5616-neuron vector and passed to a
regression head comprising three fully connected layers (256, 64,
and 2 units) with batch normalization and ReLU, finally predicting
the scalar values C f and St .

3. Periodic padding implementation
Given that channel wall structures are located at the image

boundaries, preserving edge information is critical. We adopt the
circular padding strategy argued by Alsallakh et al.,36 which miti-
gates boundary artifacts by simulating an infinite, wrapping domain.
The effectiveness of periodic padding in preserving physical con-
sistency has been demonstrated by Morimoto et al.37 We leverage
this insight to enhance feature continuity across domain boundaries,
ensuring edge information is processed as seamlessly as the internal
regions.

Formally, we construct the padding regions by slicing the oppo-
site ends of the input tensor x ∈ RH×W×C. The padding for the top
and bottom boundaries is defined as

Ptop = xH−p:,:,: Pbottom = x:p,:,:. (4)

Similarly, for the left and right boundaries,

Pleft = x:,W−p:,: Pright = x:,:p,:. (5)

These slices are concatenated to the corresponding sides of x. The
corner regions are filled diagonally to complete the padding. The
resulting input x′ ∈ R(H+2p)×(W+2p)×C ensures convolution kernels

near the boundaries process features from the opposing physical
side, maintaining strict shift invariance. In our experiments, we
set p = 4.

C. Fourier model (approach 2)
Our second proposed model uses the same mechanism to

enforce flip-invariance while taking an alternative approach to
reduce the network’s sensitivity to input shifts (see Fig. 3). Instead
of modifying standard convolutional and pooling layers to incorpo-
rate shift invariance, we perform feature extraction in the spectral
domain. By transforming input images using the discrete Fourier
transform (DFT), we eliminate boundary condition issues, which are
inherently handled by the periodic assumption of the DFT.

We base our fast Fourier transform CNN (FTT-CNN) on pre-
vious work by Rippel et al.38 We define the convolutional kernels
as mappings of the standard filter representations from the spa-
tial domain to the spectral domain, thus keeping the underlying
model unaltered. Rippel et al.38 argue that the spectral domain is
more suitable for optimizing filter parameters and experimentally
demonstrate a faster convergence in training. Moving the pooling
layer to the spectral domain offers two main advantages. First, it
allows the operation to be reimplemented as a low-pass filter, which,
unlike standard max-pooling, does not require significant dimen-
sionality reductions (standard pooling typically reduces dimension-
ality by a factor of at least 4) and only minimally decreases the
information content of the signal, effectively serving as a type of
denoising. Second, spectral pooling enhances shift invariance by
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avoiding issues related to discretized sampling and stride-related
artifacts.12

While different methods to replicate the functionality of spatial
domain non-linear activation functions in the Fourier-transformed
space have been proposed in the literature,39,40 we opted to retain the
ReLU and Batchnorm layers in the spatial domain, as their transfer
to the spectral domain has negligible impact on the CNN’s modeling
capabilities. However, there exists a constraint requiring multiple
computationally expensive domain switchings to determine compu-
tational overhead. Finally, to ensure the fully connected layers are
invariant to shifts in the extracted spectral features, we only take
the magnitude of the activations of the last convolutional layer, dis-
carding the phase, and apply a multi-layer perceptron directly in the
spectral domain.

1. Architecture Implementation
The overall architecture mirrors that of our first model, con-

sisting of five convolutional blocks, followed by four fully connected
layers. Filters are initialized in the spatial domain with kernel sizes
of 9 × 9, 7 × 7, 5 × 5, 3 × 3, and 3 × 3, respectively, and are subse-
quently transformed to the spectral domain via DFT. The spectral
pooling layers operate as low-pass filters with bandwidths of 0.8, 0.5,
0.3, 0.3, and 0.5. The number of filters scales from 64 in the first
block to 512 in the final block. Following the convolutional blocks,
the fully connected layers reduce the feature dimensions from 512
to 2. As ReLU activation and batch normalization are applied in the
spatial domain, an inverse fast Fourier transform (IFFT) is required
after each spectral operation.

IV. EXPERIMENTS
A. Laminar channel flow dataset

We utilize the dataset of structured channel geometries origi-
nally introduced by Koide et al.10 These geometries are represented
as binary masks, where values of 1 and 0 distinguish solid walls from
the fluid domain, respectively. The structures were generated via
a random walk algorithm combined with spline interpolation and
discretization onto the simulation grid. By varying the number of
supporting points n sampled from normal distributions, the dataset
encompasses a diverse range of wall configurations with substantial
structural variability.

The corresponding thermo-fluid properties were derived from
direct numerical simulations (DNS) performed under a constant
flow rate. The flow is governed by the incompressible Navier–Stokes
and continuity equations, while heat transfer is modeled via the
scalar transport equation. Boundary conditions are defined as fol-
lows: periodic boundary conditions are applied in the streamwise
x-direction for both velocity and temperature fields; no-slip con-
ditions are enforced at the top and bottom walls. For the thermal
field, constant temperature boundary conditions are applied, main-
taining a fixed temperature difference between the heated top wall
and the cooled bottom wall. For a comprehensive description of the
numerical solver and generation parameters, we refer the reader to
Ref. 10.

The raw dataset initially comprised 10 800 geometries. Dur-
ing preprocessing, samples exhibiting topological anomalies, such as
disconnected islands or irregular artifacts, were filtered out to ensure

physical validity. This process yielded a final curated dataset of 9121
geometries, covering configurations ranging from flat to complex
structured channels. Each sample is represented as a binary image
of 129 × 384 pixels (height × width), corresponding to the 2D cross
section of the channel. For model evaluation, the entire dataset was
randomly shuffled and partitioned, with 90% allocated for training
and the remaining 10% reserved for testing.

B. Experimental setup
The proposed models were implemented in PyTorch41 and

trained using the Adam optimizer.42 We employed an initial learn-
ing rate of 1 × 10−3, which was systematically decayed during
training to reach a final learning rate of 4.52 × 10−6. Training was
conducted with a batch size of 74 for 150 epochs. All computations
were executed on a high-performance computing (HPC) infras-
tructure utilizing a NVIDIA A100 graphics processing unit (GPU).
Further implementation details and hyperparameter settings are
provided in the Appendix.

C. Baseline models (standard approach)
To establish a benchmark for performance evaluation, we

adopted the standard CNN architectures and data augmentation
framework described in the previous study.10 These reference mod-
els were implemented using TensorFlow43 and Keras.44 To ensure
a rigorous comparison, we strictly adhered to the hyperparameter
settings and training protocols outlined in the original experimental
method.

V. RESULTS AND DISCUSSION
A. Performance comparison on test data

Our benchmark demonstrates that our invariant models
achieved higher R2 scores, with significantly lower standard devi-
ations across fivefold cross-validation compared to the standard
approach models (see Table I). This reduction in variance indi-
cates that the proposed invariant architectures generalize effectively
across diverse flow channel patterns, ensuring consistent predictive
performance.

In contrast, the variability observed in standard CNNs, even
with data augmentation, highlights a lack of invariance. These mod-
els remain sensitive to the training distribution, often struggling
to distinguish relevant physical features from spatial biases. The
architecture is forced to allocate capacity to learning spatial trans-
formations from the data, rather than possessing these invariances
by design.

Notably, the R2 scores for the Stanton number (St) showed
a marked improvement in both invariant models, particularly
the sum–mirror CNN. Furthermore, these superior results were
achieved with substantially fewer trainable parameters. By hard-
coding symmetries, our models relieve the architecture of the burden
of learning spatial invariance implicitly. This allows the trainable
parameters to focus exclusively on the complex non-linear correla-
tions between wall geometries and thermo-fluid properties, rather
than consuming resources on learning simple spatial translations.

To assess robustness in the low-data limit, we analyzed the
impact of training set size (see Fig. 4), which highlights the enhanced
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TABLE I. Model accuracy and number of parameters for predicting C f and St for different models. The results for a fivefold
cross-validation. The best results are highlighted in bold and the second-best results are underlined.

C f St

CNN model r2 ↑ MAE ↓ r2 ↑ MAEa↓ No. of Params

Standard 0.918 (±0.036) 0.0020 0.876 (±0.084) 0.1 49.3M
Standard+data augment 0.924 (±0.039) 0.0019 0.853 (±0.082) 0.1 49.3M
FFT-CNN (ours) 0.952 (±0.014) 0.0018 0.896 (±0.037) 0.1 5.2M
Sum-mirror CNN (ours) 0.945 (±0.005) 0.0021 0.923 (±0.008) 0.1 4.3M
aMultiplied by a factor of 1000.

FIG. 3. Overview of the Fourier model architecture. Image representations of the flow channel geometries are Fourier-transformed into the complex frequency domain.
The frequency domain representation is subsequently transformed by a series of convolutional filters. Shift invariance is achieved by using only the magnitude of the final
spectrum as the input to a fully connected prediction network.

FIG. 4. Dependence of model performance on training set size. (a) Relative absolute deviations ⟨∣p′i − pi ∣⟩i/⟨p⟩i (⟨⋅⟩i denotes the mean over samples i) for shifting and (b)
mean absolute error (MAE). The results compare the proposed methods with the baseline architecture.
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data efficiency and invariance of our approach. Both proposed mod-
els achieve lower MAE than the baseline, particularly in the low-data
limit. This advantage arises because our architectures maintain neg-
ligible shift invariance error regardless of data size, while the baseline
relies on large sample sizes to minimize this error. Thus, incorporat-
ing symmetries as inductive biases enables effective generalization
with limited data, decoupling physical invariance from statistical
learning.

B. Quantifying robustness to shift and flip
We assessed model robustness by measuring deviations within

a randomly sampled 10% of the full dataset (see Table II). The
results confirm that the sum–mirror CNN maintains absolute zero
deviation (0%) for both flipping and shifting operations. Similarly,
the FFT-CNN achieves strict invariance to flipping and demon-
strates almost perfect robustness against shifting. The infinitesimally
small deviations observed during shifting operations are practi-
cally negligible, stemming primarily from the limits of numeri-
cal precision inherent to discrete transformations rather than any
architectural vulnerability. This result ensures invariance is hard-
coded into the structure, rather than just statistically estimated
through augmentation. While standard deep learning models rely
on the probabilistic assumption that the training set encompasses
all necessary variations, our architecture enforces invariance as a

deterministic mathematical constraint. The rigorous invariance of
the sum–mirror CNN corroborates the stability observed in the
cross-validation results. This implies that the model’s high accu-
racy is not merely a result of memorizing patterns, but of capturing
the true, translation-invariant physics of the flow. Our findings
align with those of Zhang12 and Chaman and Dokmanic,34 con-
firming that structural invariance provides a superior inductive bias
compared to learned invariance.

C. Distribution of prediction deviations
To visualize the robustness of the models against spatial vari-

ations, we evaluated test images and their shift-augmented versions
over ten iterations (see Fig. 5). In the case of C f , the deviation dis-
tribution of the sum–mirror CNN is concentrated exclusively at
0%. This confirms that the model’s architectural constraints success-
fully enforce exact invariance, effectively decoupling the prediction
from the object’s position. Similarly, the FFT-CNN exhibits a tight
distribution infinitesimally close to zero. As previously established,
this minute variance is a numerical artifact of discrete transforma-
tions rather than a lack of mathematical invariance, confirming that
its frequency domain representation intrinsically suppresses spa-
tial dependencies. In contrast, standard models exhibit a broad,
heavy-tailed distribution for both C f and St. This spread reveals a
critical vulnerability that standard CNNs tend to overfit to absolute

TABLE II. Relative absolute deviations ⟨∣p′i − pi ∣⟩i/⟨p⟩i (⟨⋅⟩i denotes the mean over samples i) in C f and St between the single-model predictions of regular inputs and
shifted/flipped inputs. The median and confidence limits within a 95% confidence interval are shown.

Flipping Shifting

C f St C f St

CNN model
95th percentile

(%)
Median

(%)
95th percentile

(%)
Median

(%)
95th percentile

(%)
Median

(%)
95th percentile

(%)
Median

(%)

Standard 16.737 2.650 16.733 2.650 14.788 1.667 0.791 0.088
Standard+data augment 9.633 1.664 9.633 1.664 8.525 1.180 0.499 0.061
FFT-CNN (ours) 0.000 0.000 0.000 0.000 0.417 0.029 0.075 0.005
Sum-mirror CNN (ours) 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

FIG. 5. Probability density of the relative absolute deviations (∣p′i − pi ∣/⟨p⟩i [%]) on the shifted test set. Panels (a) and (b) show the distributions for the friction coefficient
C f and the Stanton number St , respectively, comparing the proposed method against baseline architectures.
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FIG. 6. Comparison of robustness to pixel-wise shifts. The relative absolute deviation of (a) C f and (b) St was evaluated for a randomly selected flow channel shifted
incrementally by 1 pixel. Note that y axis limits vary to accommodate the differing scales of oscillation between models.

pixel coordinates rather than learning the relative physical geome-
try. Because C f is derived from near-wall velocity gradients, even
minor spatial misalignments in the internal feature maps can lead
to significant fluctuations in the output. Consequently, the standard
approach is unreliable for practical applications such as design opti-
mization, where consistent evaluation of geometry is paramount.
The proposed invariant architectures eliminate spatial noise, ensur-
ing changes in prediction reflect actual physical differences, not
merely shifts in the input frame.

D. Mechanism of invariance and stride dependency
Having demonstrated the statistical robustness of the proposed

model across the dataset, we further probed the underlying mecha-
nism governing these predictions. To isolate the mechanism of vari-
ance, we probed the granular sensitivity of the models using a single,
randomly selected flow channel subjected to incremental pixel-wise
shifts (see Fig. 6). The sum–mirror CNN demonstrated absolute shift
invariance, registering 0% deviation at every step. This confirms that
the model’s stability is not merely a statistical average but a deter-
ministic property of its architecture. Conversely, the baseline models
exhibit a periodic error pattern that exposes the fundamental conflict
between discrete downsampling and continuous physical properties.
As shown in Fig. 6, the deviation oscillates with a frequency perfectly
synchronized with the network’s total stride. With k = 5 pooling lay-
ers, the effective stride is 25 = 32 pixels. This correlation confirms
that the error is not random noise but a structural aliasing arti-
fact. According to the sampling theorem, translation equivariance
is lost when the input shift is not an integer multiple of the sub-
sampling factor.12 Standard CNNs operate on a fixed downsampling
grid. When the input geometry shifts by an amount that does not
align with this grid (sub-period shifts), the feature extraction process
suffers from aliasing artifacts, causing the internal representation to
fluctuate. The sum–mirror CNN eliminates this grid dependency
through its global summation mechanism (APS). By aggregating fea-
tures globally rather than locally, it effectively breaks the linkage to
the downsampling grid, ensuring the prediction remains continu-
ous and valid regardless of the feature’s alignment with the pixel

lattice. Furthermore, we confirmed that this robust shift-invariance
is highly consistent regardless of the input geometry’s scale or com-
plexity. A detailed comparison between large-scale and small-scale
geometries is provided in the Appendix.

VI. CONCLUSION AND OUTLOOK
In this study, we developed two distinct CNN-based mod-

els: the sum–mirror CNN and the FFT-CNN. A distinct feature of
these architectures is the explicit integration of invariance regard-
ing vertical reflections and periodic horizontal shifts, capturing the
structural symmetries of the laminar flow channel configuration.
These architectures were found to enhance both predictive perfor-
mance and overall model robustness. Furthermore, a comparative
analysis revealed a significant decrease in parametric complexity rel-
ative to counterparts that lack these invariance properties. These
results substantiate the conclusion that the explicit incorporation of
shift and flip invariances effectively mitigates the sensitivity of CNNs
to cyclical signal variations, enabling predictions that are both more
stable and computationally efficient.

Consequently, the proposed architectures serve as highly effec-
tive surrogate models, offering a practical pathway to accelerate
rapid design iterations and optimization cycles in fluid dynamics
applications.

From a methodological perspective, the implementation of geo-
metric invariance is orthogonal to uncertainty quantification. Thus,
our architecture retains full compatibility with standard probabilis-
tic frameworks for assessing reliability. For instance, the proposed
deterministic layers can be readily extended using Bayesian neu-
ral networks to model weight distributions or employed within
query-by-committee approaches (e.g., deep ensembles) to capture
epistemic uncertainty. These integrations would enable the esti-
mation of confidence intervals alongside friction and heat transfer
predictions, ensuring the benefits of invariance do not come at the
cost of interpretability or reliability assessment.

In terms of future developments, the proposed principles can be
naturally extended to three-dimensional (3D) flows, where the curse
of dimensionality makes parameter efficiency even more critical.
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Furthermore, while recent trends in the field highlight the poten-
tial of large-scale models such as transformers for capturing com-
plex turbulent dynamics, the fundamental philosophy of explicitly
embedding geometric symmetries remains universally vital. Future
research could, therefore, explore how such inductive biases can
be effectively incorporated into these emerging data-driven frame-
works to ensure physical consistency and robustness across diverse
flow regimes.
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APPENDIX: IMPLEMENTATION DETAILS
1. Hardware and software specification

All computational experiments were conducted on the bwUni-
Cluster 2.0 high-performance computing (HPC) infrastructure. The
computational nodes are equipped with Intel Xeon Platinum 8358
processors, a NVIDIA A100 GPU (80 GB VRAM), and 128 GB
of system RAM. The operating environment is Red Hat Enterprise
Linux (RHEL) 8.4.

Our proposed code was implemented using Python 3.10, lever-
aging PyTorch for the neural network architecture. In particular, the
results presented were obtained using the following major library
versions:

Sum-Mirror CNN: NumPy 1.26.4, Scikit-Learn 1.4.1, PyTorch 2.2.1.
FFT-CNN: NumPy 2.1.3, Scikit-Learn 1.5.2, Matplotlib 3.9.2,

PyTorch 2.5.1.

2. Evaluation metrics
a. Regression

The primary objective of this work is the regression of two
continuous properties: the friction coefficient C f and the Stanton
number St. As is standard for regression tasks, we employ the mean
absolute error (MAE),

MAE = 1
n∑i

∣ytrue
i − ypred

i ∣, (A1)

which represents the average absolute difference between the ground
truth value ytrue and the predicted value ypred, averaged over n data
points.

In addition, we utilize the coefficient of determination (R2),

R2 = 1 − ∑i (ytrue
i − ypred

i )2

∑i (ytrue
i − ȳ)2 , (A2)

where ȳ denotes the mean of the ground truth values. The R2 metric
serves as a scale-independent performance measure. Ideally, R2 = 1.0
indicates perfect regression, while negative values indicate perfor-
mance worse than a simple mean predictor. This metric allows for a
generalized assessment of regression performance without requiring
prior familiarity with the target value range.

i. Transformation invariance To quantify the model’s stabil-
ity against geometric transformations (vertical flips and horizontal
shifts), we calculate the relative deviation Δrel

i ,

Δrel
i =
∣ypred

i − yaug
i ∣

∣ypred
i ∣

, (A3)

for each ith sample, comparing the original prediction ypred
i with

the prediction yaug
i obtained from the augmented (shifted or flipped)

input.

3. Ablation study: impact of the APS layer
In our proposed architecture, the anti-aliasing pool-

ing/summation (APS) layer is integrated to theoretically guarantee
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complete shift invariance by mitigating aliasing artifacts caused
by downsampling. To isolate the contribution of this component,
we conducted an ablation study by removing the APS layer while
retaining the core sum–mirror architecture.

Figure 7 visualizes the localized stability of the model with-
out APS. While the predictions are relatively stable compared
to standard CNNs, minor periodic oscillations persist. These

deviations correspond to the aliasing errors predicted by the sam-
pling theorem when the input shift is not an integer multiple of the
pooling stride. The baseline performance (R2) remains high, and
strict invariance is lost (see Table III).

The high accuracy maintained even without the APS layer
suggests that the core sum–mirror strategy (summing and
mirroring features) successfully captures the global symmetry of the

FIG. 7. Comparison of robustness to invariance with sum–mirror CNN and sum–mirror CNN without APS layer. The relative absolute deviation of (a) C f and (b) St when
shifted by 1 pixel was evaluated and compared across models using a randomly selected flow channel (the same example images as shown in Fig. 6). Due to the differing
ranges of true values for C f and St, as well as the variations in oscillation visibility, the y axis limits vary.

FIG. 8. Robustness to pixel-wise shifts across different geometric scales. Panels [(a) and (b)] and [(c) and (d)] show the relative absolute deviations of C f and St for
large-scale and small-scale geometries, respectively. Note that y-axis scales differ significantly between geometries to visualize the large deviations of the baseline models.

APL Mach. Learn. 4, 016109 (2026); doi: 10.1063/5.0317297 4, 016109-10

© Author(s) 2026

 19 M
arch 2026 15:42:31

https://pubs.aip.org/aip/aml


APL Machine Learning ARTICLE pubs.aip.org/aip/aml

TABLE III. Model accuracy and parameter count for predicting C f and St. Comparison for the sum–mirror CNN without the
APS layer (fivefold cross-validation).

CNN model

C f St

R2 ↑ MAE ↓ R2 ↑ MAEa↓ No. Parameters

Sum–mirror (w/o APS) 0.954 (±0.009) 0.0019 0.926 (±0.036) 0.1 4.3M
aValues multiplied by a factor of 1000.

flow physics. However, the persistence of small oscillations in Fig. 7
reveals a critical insight that while the sum–mirror architecture pro-
vides robust feature extraction, the APS layer is indispensable for
mathematically ensuring zero variance. Without APS, the model
remains susceptible to stride-dependent artifacts, meaning its reli-
ability fluctuates depending on the precise pixel alignment of the
input. Therefore, the inclusion of APS is not merely for perfor-
mance enhancement, but for transforming the model’s behavior
from “empirically robust” to “structurally invariant.”

4. Dependence on the input geometry scale
The proposed invariant models successfully mitigate shape-

dependency, unlike standard architectures (see Fig. 8). While the
sum–mirror CNN maintains zero deviation and the FFT-CNN keeps
errors negligible (e.g., <0.1%) regardless of geometry, standard mod-
els exhibit severe performance degradation on large-scale geometries
(exceeding 30% deviation for C f ). This vulnerability arises because
conventional discrete pooling mechanisms cannot reliably absorb
the substantial feature-map variations induced by spatial transla-
tions of large-scale geometric features. These results underscore
the necessity of strictly invariant architectures for robust evaluation
across diverse topologies.
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