
Modelling the post-yield and post necking
behaviour of irradiated F/M steels

Zur Erlangung des akademischen Grades eines

Doktors der Ingenieurwissenschaften (Dr.-Ing.)

von der KIT-Fakultät für Maschinenbau des

Karlsruher Institut für Technologie (KIT)

genehmigte

Dissertation

von

Roshan Ram Rajakrishnan

aus Chennai, Indien

Tag der mündlichen Prüfung: 18. Dezember 2025
Hauptreferent: Prof. Dr.-Ing. Jarir Aktaa
Korreferent: Prof. Dr.-Ing. habil. Thomas Seelig
Korreferent: Prof. Dr.-Ing. Bronislava Gorr



This document is licensed under a Creative Commons Attribution 4.0 International License  
(CC BY 4.0): https://creativecommons.org/licenses/by/4.0/deed.en



ெதய்வத்தான்ஆகா ெதனினும்முயற்சிதன்

ெமய்வருத்தக்கூலிதரும்.

திருக்குறள் | குறள் 619

Translations:

Though fate-divine should make your labour vain;

Effort its labour’s sure reward will gain.

G.U.Pope

Liess auch das Geschick es nicht gelingen — das

Anstreben selbst lohnt des eignen Leibs Anstrengen.

Karl Graul

Thirukkural* | Couplet 619

*The Thirukkural (திருக்குறள்) is an ancient Tamil language text composed of 1,330 short cou-
plets of seven words each.





Abstract

EUROFER97 is a Reduced Activation Ferritic Martensitic (RAFM) steel that will be utilized for
breeding blanket and first wall applications in future fusion reactors due to its advantageous thermo-
mechanical properties and swelling resistance. Despite this, in its irradiated state, its strain hardening,
and uniform elongation capabilities are inhibited, rendering it potentially unusable according to
current design standards. Nonetheless, the material’s strength and the low ratio of uniform elongation
to fracture strain necessitate an investigation into its potential for use beyond uniform elongation
loss. A component scale continuum mechanics-based material model able to describe the tensile
properties of irradiated material would assist in determining the maximum operating limits of reactor
components.

Existing frameworks in continuum mechanics do not account for the energy transfers that occur
during neutron irradiation and plastic deformation of the material. Therefore, a newly developed
thermodynamic framework is constructed to satisfy the first law of thermodynamics by introducing a
novel irradiation power term. By separating the contribution of free energy to hardening from the
total free energy, it is possible to modify the Clausius-Duhem entropy inequality, which forms the
basis for deriving a finite strain model capable of describing the pronounced material and geometrical
nonlinearities resulting from the deformation of irradiated materials. The developed framework is
used to extend the constitutive equations of an existing small strain viscoplasticity model [1] capable
of describing deformation induced by irradiation to finite strains using the Dual Variables Approach
[2]. In addition, the conditions required to guarantee thermodynamic consistency are identified
and discussed. To describe the observed damage mechanism of accelerated void coalescence, a
rate-dependent extension of the GTN ductile damage model [3] is developed. Using a corotational
algorithm, the developed coupled deformation-damage model is implemented in a Finite Element
code. Model calibration and subsequent validation are applied to tensile test experiments conducted
at RT and 300 °C on unirradiated and irradiated material specimens until failure. After demonstrating
and establishing the high accuracy of the model, a ductility study is conducted using the model to
examine and discuss the predicted effect of irradiation on the development of the material’s neck and
its ductility. In conclusion, the implications of irradiation’s effect on ductile failure design rules are
discussed, and suggestions for loosening the failure criteria are provided.





Kurzfassung

EUROFER97, ein reduziert aktivierbarer ferritisch-martensitischer Stahl (RAFM), wird aufgrund
seiner vorteilhaften thermomechanischen Eigenschaften und Bestrahlungsschwellbeständigkeit für
Blanket Module und die Erste Wand zukünftiger Fusionsreaktoren verwendet. Im bestrahlten Zustand
sind jedoch seine Dehnungsverfestigungskapazität und Gleichmaßdehnung eingeschränkt, was ihn
nach aktuellen Designstandards potenziell unbrauchbar macht. Dennoch erfordern die Festigkeit des
Materials und das niedrige Verhältnis von Gleichmaßdehnung zu Bruchdehnung die Untersuchung
seines Potenzials für den Einsatz über die Gleichmaßdehnung hinaus. Ein kontinuumsmechanisches
Materialmodell auf Komponentenskala, das die Zugeigenschaften des bestrahlten Materials beschreibt,
würde helfen, die maximal erlaubten Betriebsgrenzen von Reaktorkomponenten zu bestimmen.

Bestehende Ansätze der Kontinuumsmechanik berücksichtigen nicht die Energieübertragungen,
die während der Neutronenbestrahlung und der plastischen Verformung des Materials auftreten. Daher
wird ein neuer thermodynamischer Ansatz entwickelt, bei dem das erste Gesetz der Thermodynamik
durch die Einführung eines neuartigen Bestrahlungsleistungsterms erfüllt wird. Durch die Trennung
des Verfestigungsbeitrags der freien Energie von der gesamten freien Energie ist es möglich, die
Clausius-Duhem-Entropieungleichung zu modifizieren und somit die Grundlage für die Ableitung
eines Modells für große Deformationen zu bilden, das die auftretenden, ausgeprägten materiellen
und geometrischen Nichtlinearitäten bei großen Verformungen bestrahlter Materialien beschreiben
kann. Der entwickelte Ansatz wird verwendet, um die konstitutiven Gleichungen eines bestehenden
viskoplastischen Modells zur Beschreibung des Verformungsverhaltens unter Bestrahlung für kleine
Dehnungen [1] auf finite Dehnungen unter Verwendung des Konzepts der Dualen Variablen [2] zu
erweitern. Zudem werden die zur Gewährleistung der thermodynamischen Konsistenz erforderlichen
Bedingungen identifiziert und diskutiert. Zur Beschreibung des beobachteten Schädigungsmechanis-
mus der beschleunigten Porenverschmelzung wird eine ratenabhängige Erweiterung des GTN-Modells
für die duktile Schädigung [3] entwickelt. Mit einem Korotationsalgorithmus wird das entwickelte
gekoppelte Verformungs-Schädigungsmodell in einen Finite-Elemente-Code implementiert. Die
Modellkalibrierung und anschließende Validierung werden an Zugversuchen durchgeführt, die bei
Raumtemperatur und 300 °C an unbestrahlten sowie bestrahlten Materialproben bis zum Versagen
durchgeführt wurden. Nach der Demonstration der hohen Beschreibungsgenauigkeit des Modells
wird eine Duktilitätsstudie durchgeführt, bei der der vorhergesagte Einfluss der Bestrahlung auf die
Entwicklung der Einschnürung und Duktilität des Materials untersucht und diskutiert werden. Ab-
schließend werden die Auswirkungen der Bestrahlung auf die Designregeln für das duktile Versagen
diskutiert und Vorschlage zur Lockerung der Versagenskriterien vorgestellt.
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Chapter 1

Background and motivation

The task of thesis was completed as a part of the Multiscale modeling for fusion and fission materials
(M4F) project [18]. The purpose of the project was to predict the effects of irradiation on the
mechanical behaviour of ferritic/martensitic (F/M) steels by combining modeling and experiments at
different scales. This multidisciplinary project used modeling and experiments at various scales to
better understand the complex phenomena of irradiation-induced defect formation and evolution, as
well as their effects on macroscopic material behaviour. This would allow us to predict the origin of
localized deformation in F/M steels during irradiation and its effects on the mechanical behaviour of
future fission and fusion reactor components, improving the modeling of component’s mechanical
behaviour and hence leading to a more robust design.

For the fabrication of the test blanket modules (TBM) in the experimental fusion reactor ITER and
of the breeding blankets of future fusion reactors like the DEMOnstration reactor DEMO, reduced
activation ferritic martensitic (RAFM) steel has been selected as the reference structural material
in Europe. The European RAFM steel Eurofer97 [19–21] (nominal composition Fe-9Cr-1.1W-
0.2V-0.12Ta) was developed with this goal in mind, and it possesses both promising resistance to
irradiation-induced swelling and excellent thermo-mechanical properties. After being exposed to
low-temperature neutron irradiation [22, 14], however, the material exhibits a significant change in its
nonlinear mechanical behaviour, such as a strong material hardening accompanied by a significantly
reduced uniform elongation and total elongation. There is a marked increase in the irradiated
material’s yield stress (YS) and ultimate tensile stress (UTS) compared to the unirradiated state,
followed by a steep softening. According to the reported comprehensive studies [23, 24], this is the
result of localized dislocation movements interacting with irradiation-induced defects such as defect
clusters, dislocation loops, voids, etc. formed in the material lattice as a result of irradiation-induced
cascades. The number of displacements per atom (dpa) caused by these cascades is used to measure
radiation damage. The fig. 1.1 illustrates the evolution of irradiation defects in the material. The
thermodynamics of this phenomenon is further discussed in section 3.2. Dislocation pinning by
irradiation defects is responsible for the hardening that is observed after irradiation [25]. When a
certain level of stress is reached, dislocations begin to move, clearing defects in their path. The
resulting channels are characterized as soft, defect-free material that is surrounded by defect-rich, hard
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(a) Defect formation (b) Defect removal

Figure 1.1: Illustration of (a) irradiation defect formation with neutron irradiation and (b) defect
removal by plastic deformation.

material, as described in [26, 27]. Micro-cracks begin when dislocations cluster near grain boundaries,
interact, and create voids that grow and coalesce. It has been determined that void nucleation, growth,
and coalescence are the primary damage mechanisms responsible for the ductile damage of irradiated
F/M steels [26], while channeling is the primary deformation mechanism.

Loss of uniform elongation renders components unsafe per current nuclear industry design rules
[28]. With the high cost of component replacement and the potential downtime of the reactor, it
is advantageous to accurately estimate the maximum operating range of the components after they
have lost their uniform elongation/deformation. A description of the material’s post-yield and flow
softening behaviour would greatly aid in estimating the component life and support the development
of advanced design criteria for breeding blanket components, both of which are made possible by
continuum approaches for modeling the material’s behaviour at the component scale. The continuum-
based models that are currently available are primarily micro-mechanical. These models make use
of crystal plasticity to explain the initiation and destruction of each type of defect in grains [29],
single crystals [30, 31], poly-crystals [32, 33], and self-consistent plasticity theory [34] to explain
the connection between macroscopic and local strain/stress rates. These approaches combine micro-
structure observations and computationally expensive simulations at different length scales to capture
the dominant physical mechanisms within a finer length scale (nm) and pass the relevant information
to a higher length scale (µm) model until an appropriate level of coarse Finite Element (FE) mesh
can predict the macroscopic mechanical property observable with physical fidelity. Damage initiation
and grain boundary effects may require even more advanced multiscale techniques due to the high
mesh refinement needed for convergence. These methods can study the micro-structural evolution of
materials after irradiation and deformation.

This work focuses on continuum modeling using constitutive equations to describe macroscopic
material behaviour. These models can be reliably calibrated using data from mechanical tests, without
the need for computationally-expensive simulations at lower scales. They can be used with most
Finite Element Method (FEM) codes to simulate component deformation and damage under operating
conditions, making them essential for design and development. To define a well-posed initial value
problem (IVP) and keep the field equations hyperbolic, a viscoplastic framework is used. This
allows faster calculations and reduced mesh dependency. Since it uses constitutive equations for
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the nucleation and annihilation of defects to describe the influence of irradiation on the material
behaviour for small-strains (below 5%), the elasto-viscoplastic model by Aktaa and Petersen [1] is
the most appropriate base model for this work. In order to simulate diffuse and localized necking,
large deformations and rotations must be handled. Therefore, the constitutive system of equations
by Aktaa and Petersen [1] is expanded to the finite strain framework. To ensure the formulation of a
thermodynamically consistent model, the Dual Variables concept [35, 2, 36] is used. Thermodynamic
modeling of the mechanisms involved in defect formation during irradiation and the removal of defects
during plastic deformation is required to ensure the consistency of the model because the irradiation
defects in the material are what cause the irradiation-induced changes in material properties. Since
there is currently no thermodynamic framework to explain the energy transactions involved in these
events, a modified thermodynamic framework is suggested in this work to explain the changes in the
material’s internal energy. Irradiation defect density is added as an internal variable to the material’s
free energy function in this regard. The phenomena of void nucleation, growth, and coalescence
mechanism are responsible for the experimentally observed ductile damage of the material under large
deformations. Many researchers are still interested in this topic who use rate-independent plasticity to
define pressure dependent models [3, 37], which are frequently used to describe this mechanism. Due
to its simplicity of use, the well-known Gurson-Tvergaard-Needleman (GTN) model [3] is chosen
among them and extended to viscoplasticity by considering an appropriate viscoplastic potential.

The thesis is structured as follows: In chapter 2, the fundamentals of continuum mechanics
are covered. In chapter 3, experimental results from tensile tests on unirradiated and irradiated
materials are presented to illustrate the material behaviour under various loading conditions. The
thermodynamic framework for modeling irradiated materials is presented and thoroughly discussed,
then the finite strain model is formulated. Finally, the evolution of the GTN viscoplastic model is
discussed. Chapter 4 discusses model integration and implementation in the FE-software ABAQUS.
Chapter 5 deals with model calibration and validation using available experimental data. In addition,
an investigation into the impact of temperature and irradiation dose on the model’s predictions is
presented. In chapter 6, the simulation results and model predictions are discussed in depth, and the
work is concluded in chapter 7.



Chapter 2

Fundamentals of continuum mechanics

Continuum mechanics is a branch of mechanics, which deals with the mathematical description of
the motion and deformation of material bodies under thermo-mechanical loads. Here the material
body is considered to be a continuous assembly of material points forming a continuous mass, instead
of discrete particles. Thus, all physical quantities can be described as continuous fields related to
either the material point or the spatial location using a scalar when direction-independent or a tensor
when direction-dependent. While a scalar is used for temperature, spatial displacement u is a tensor
of order one (vector), while stress T is usually represented as a tensor of order two.

The continuum mechanics is fundamentally built on three main pillars. The first is kinematics,
which describes the motion and deformation that a material body may undergo. The second is the
formulation of balancing relations for the conservation of mass, momentum, and energy. These
two pillars lay the fundamental assumptions based on space, time, and the principles of mechanics
which are valid for all materials. The final/third pillar is the material theory, which is concerned
with the modeling of material behaviour using constitutive equations. Constitutive equations are
meant to represent the behaviour of only the material under investigation. Material theory provides
recommendations for constructing constitutive models in order to ensure that the equations do not
contradict any fundamental physical laws. The material behaviour of solids can be separated into
four classes: elasticity, plasticity, viscoelasticity, and viscoplasticity [35]. Since this work deals with
thermo-elasto-viscoplasticity, the focus will be placed on this behaviour.

The said fundamentals which are essential for understanding the related and sometimes advanced
topics in this work, like conjugate variables, finite strain framework, Dual Variables concept, are
discussed in this chapter.

2.1 Kinematics

The mathematical description of the motion of material points, i.e. the deformation of material bodies,
is the goal of kinematics. The concepts of motion and configuration in kinematics are briefly described
here.

4
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Figure 2.1: Schematic representation of configurations.

2.1.1 Motion

In continuum theory [35, 38–41], the concept of material body B is introduced which constitutes a
set of material points P (B={P}) for which a set of one-to-one mappings K = {X} exists, where
each mapping X is called a configuration.

X : B−→X [B]⊂ R3

P 7−→X (P) =
(
x1,x2,x3)⇔P = X−1 (x1,x2,x3) (2.1)

For any two of such configurations X1,X2, their composition X2 ◦X−1
1 is continuously differentiable.

The motion of the material body is described using a sequence of configurations identified by time t.

t 7→ Xt : B−→Xt [B]⊂ R3

P 7−→Xt(P) =
(
x1(t),x2(t),x3(t)

) (2.2)

The configuration at time t, Xt is known as the current configuration. From the numerous possible
configurations of the set K, one is emphasized to describe the motion of a material body. This is
the reference configuration. Usually, the initial configuration at t0, Xt0 is chosen to be the reference
configuration

Xt0 : B−→Xt0 [B]⊂ R3

P 7−→Xt0(P) =
(
X1,X2,X3) (2.3)

which identifies each material point from P ∈ B by the triplet
(
X1,X2,X3). The triplets XL =(

X1,X2,X3) and xk =
(
x1,x2,x3) are called material and spatial coordinates of the point P respec-

tively. For physical observation, it is necessary to identify the points in a space as illustrated in the
fig. 2.1. Thus, the material body is represented in the Euclidean space E3. With this arrangement, the
motion of the body is given by the mapping

x = ΦΦΦt0 (XXX , t) (2.4)
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where, xxx and XXX are the position vectors of the point P in the current and reference configurations
respectively. The displacement vector uuu is used to describe motion between the position vectors and
given by:

uuu(XXX , t) = xxx−XXX = ΦΦΦt0 (XXX , t)−XXX . (2.5)

2.1.2 Deformation

Deformation of a body can be described as its transformation from the reference to current configura-
tion. Since the transformation of the body in eq. (2.4) is continuously differentiable, its differentiation
with respect to the position vector XXX is referred to as the deformation gradient [35, 39]

F = Grad ΦΦΦt0 (XXX , t) =
∂xxx

∂XXX
. (2.6)

If dXXX and dxxx represent the tangent vectors of material line elements in the reference and actual config-
urations, respectively, the important property of the deformation gradient is to map the line(dXXX ,dxxx),
surface (dAAA,daaa) and volume elements (dV,dv) from the reference to the current configurations using
the Jacobian determinant J.

J = det F

dxxx = F dXXX

daaa = J F−T dAAA

dv = J dV

(2.7)

Although, the deformation gradient is non-symmetric, due to its irreversibility and the continuity
of motion, the determinant det F > 0 is valid. In general, all the information about local deformation
is contained in F. However, it is not directly used in constitutive equations since F is not independent
of rigid body motions and therefore to circumvent this, it is used to formulate suitable strain tensors.
Since F is not singular (detF ̸= 0), the deformation gradient can be decomposed multiplicatively into
the orthogonal rotation tensor R

(
RT = R−1, det R =+1

)
and a symmetric stretch tensor U (or V)

F = RU = VR (2.8)

where, U is the right stretch tensor, V is the left stretch tensor. This is referred to as the polar
decomposition of F and is unique in nature.

2.1.2.1 Strain

Strain describes deformation by quantifying the relative displacement of material points that excludes
rigid body motion. Different measures of strain can be made with respect to reference and current
configurations. In a body, strains may result from force applied or temperature changes of the
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body. Constitutive relations are used to establish the relationship between stress and strain. These
relations are discussed further in section 2.4. Reversible deformations are described by elastic strains,
where the body returns to its original state once the force or stress field is removed. Irreversible
deformations described by inelastic or plastic strains, are those, where a part of the deformation
remains even after the removal of the stress field. Based on the extent of strain, the description of
deformation is classified into small strain and finite strain theories. The infinitesimal strain or small
strain theory describes deformations where strains and rotations are small. Here, the undeformed and
deformed configurations of the body are assumed to be close. The finite strain theory or the large
strain/deformation theory describes deformations with large rotations and strains, where undeformed
and deformed configurations of the body are significantly different.

In small strain theory, deformation is measured by the engineering strain as a ratio of total
deformation to the undeformed dimension of the body.

εeng =
∆l

l0
(2.9)

Here, ∆l and l0 are the change in length and initial length of the line element, respectively. In the finite
strain theory, the tensors U and V are used to formulate strain tensors which describe the deformation,
independent of rigid body motions [39, 42]. This includes the Green strain tensor E which operates
in the reference configuration

E =
1

2
(
FT F − I

)
=

1

2
(C − I) , with C = FTF = U2 (2.10)

and the Almansi strain tensor, which operates in the current configuration

A =
1

2
(
I−F−1 F−T ) =

1

2
(
I −B−1) with B = FFT = V2. (2.11)

Here, C and B are the right and left Cauchy Green tensors. While C operates on the reference
configuration, B operates on the current configuration. The strain tensors are related by the push
forward F−T(·)F−1 and pull back F(·)FT operations

A = F−T E F−1

E = FT A F

2.1.2.2 Stress

The stress state present at material point P is represented by the tensor T, known as the Cauchy stress
tensor that has the property ttt = T nnn, where nnn is the normal vector. The tensor T describes the force
acting on a material surface element in the current configuration and holds the dimension force per
area. Although the action of force acts in the current configuration, its intensity is also relevant in the
reference configuration. The first Piola-Kirchhoff stress tensor TR with the property tttR = TR nnnR is
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related to T by the transformation

TR = (det F) T F-T, (2.12)

where nnnR is the normal vector in the reference configuration. However, due to the symmetry of T, the
tensor TR is not symmetric. Definition of additional stress tensors are possible, such as:

S = (det F) T = ρR
ρ

T (2.13)

T̃ = F-1 S F-T = (det F) F-1 T F-T (2.14)

where S is the weighted Cauchy tensor and T̃ is the second Piola-Kirchoff tensor which are both
symmetric.

2.1.2.3 Deformation velocities

The spatial velocity gradient L describes the rate of change of material line, area and volume elements.
It is related to the time derivative of F and the velocity field v(xxx, t) = ẋxx.

L = grad v = Ḟ F−1 (2.15)

This can be decomposed additively into its symmetric and skew-symmetric parts

with D =
1

2
(L + LT) (2.16)

and W =
1

2
(L − LT), (2.17)

where D is the symmetric spatial strain rate tensor and W =−WT is the skew symmetric spin tensor.
The dot denotes material time derivative. In section 2.3.1.1, the corotational deformation rates are
discussed.

2.2 Balance relations

The balance relations establish a link between the effect of the outside world and the current state of
the material body by employing appropriate physical quantities.

Thermomechanics extends the list of mechanical quantities like mass, moment, and angular
momentum with thermodynamic quantities like temperature, energy, and entropy which are influenced
by the environment. Physical quantities are attributed to the body B itself, based on assumptions that
they are additive and continuous with respect to the volume dv. Additive quantities and the effects of
surroundings are represented by volume integrals using density functions in the current or reference
configuration, each consisting of a single volume and surface integral. Thereby the temporal change
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of a wide list of physical quantities relating to the current state of a material body is brought into a
relationship with the effect of the outside world by means of a balance relation. Global and local
formulations of the balance relations are possible with either being equivalent as long as the physical
quantities possess continuity properties. The balance relations are well documented in literature
[39, 35] and briefly summarized here.

2.2.1 Balance of mass

The mass of a material body measures the gravitational force acting on it as well as the resistance of
the body to changes in velocity. The balance of mass relation which states that the mass of any given
material body remains constant is given by:

ṁ(B, t) =
d
dt

∫
V

ρR (XXX , t) dV =
d
dt

∫
v
ρ (xxx, t) dv = 0 (2.18)

where ρR, ρ are mass densities in the reference and current configurations. The relation in the current
configuration is transferred to the reference configuration using eq. (2.7) to obtain a local form.

ṁ(B, t) =
d
dt

∫
v
ρ (xxx, t) dv =

d
dt

∫
V

ρ det F dV

=
∫

V

(
ρ̇ det F + ρ det F F−T · Ḟ

)
dV

=
∫

v
(ρ̇ + ρ div(v) )dv = 0

The local balance of mass relation is written as

ρ̇ + ρ div(v) = 0. (2.19)

Since mass conservation requires ρRdV = ρdv, eq. (2.7) is used to obtain the relation

ρR = (det F) ρ = J ρ. (2.20)

2.2.2 Balance of momentum and angular momentum

The momentum of a material body is got from the product of the mass density and the velocity. The
balance of momentum states that the time derivative of the material body’s momentum is equal to the
sum of all external forces acting on the body

d
dt

∫
v
v(xxx, t) ρ (xxx, t) dv =

∫
a

T(xxx, t)nnn da +
∫

v
ρ (xxx, t) kkk (xxx, t) dv. (2.21)

With the rate of momentum on the left side of the relation, the terms on the right represent the external
forces. The term T(xxx, t) is the Cauchy stress tensor with nnn being the normal vector to the area. The
term ρ (xxx, t)kkk (xxx, t) represents the volume distributed force density acting on the material body, which
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usually represents the gravitational forces. With the application of balance of mass ρRdV = ρdv, the
first term in eq. (2.21) becomes

d
dt

∫
v
v ρ dv =

d
dt

∫
V

v ρ J dV =
∫

V
[v̇vv ρ + v ρ̇ +v ρ div(v) ]J dV

=
∫

v
[v̇vv ρ + v ρ̇ +v ρ div(v) ]dv

=
∫

v
ρ ẍxx dv.

(2.22)

Using the above relation and the divergence theorem in eq. (2.21), the final global and local forms for
the balance of momentum in the current configuration is got as∫

v
[div T + ρ (kkk− ẍxx)]dv = 0 (2.23)

div T + ρ (kkk− ẍxx) = 0, (2.24)

and in the reference configuration as∫
V
[Div TR + ρR (kkkR − ẍxx)]dV = 0 (2.25)

Div TR + ρR (kkkR − ẍxx) = 0, (2.26)

where TR is the first Piola Kirchhoff stress tensor which acts on the surface in the reference configu-
ration.

2.2.2.1 Balance of angular momentum

According to the balance of angular momentum (moment of momentum), the temporal change of
rotational momentum with respect to any fixed point in space equals the sum of external angular
momentum due to forces operating on the material body. The local form of this relation together with
the balance of mass and momentum leads to

TT = T (2.27)

which establishes the symmetry of the Cauchy stress tensor.

2.2.3 Balance of energy

From the balance of the mass and momentum, the concepts of balance of mechanical power and
energy are derived. This implies that a mechanical process entails not only the interchange of
force and motion but also the conversion of mechanical power and work into energy. According to
the balance of mechanical power, the work done by a system of forces on the material is partially
transformed into kinetic energy and the rest remains as stress power. Stress power holds the dimension
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of power per unit mass and it constitutes the products of stresses and strain rates. Stress power stores
a part of the work done by the stresses on strain rates in the material body and transforms the rest
into non-mechanical energy. The latter process is known as dissipation, which either increases the
non-mechanical energy content or dissipates it as heat. Thermodynamics aims at describing the
energy transformations linked with mechanical processes. It proposes two main laws [43–46]. The
first law of thermodynamics is the balance of energy which postulates the equivalence of mechanical
and non-mechanical work. The second law of thermodynamics establishes essential boundaries
for the conversion of thermal energy into mechanical work. Commonly known as the principle of
irreversibility, the second law suggests that natural processes cannot be reversed without altering the
environment of the considered material system.

The energy content of a material body is composed of kinetic energy Ekin and internal energy Eint .
The internal energy of the material is given by the volume integral

Eint =
∫

v
ρ e dv, (2.28)

where e is the specific internal energy per unit mass. The kinetic energy Ekin is given by

Ekin =
∫

v

ρ

2
v2dv. (2.29)

Therefore, the total energy of the material body is given by the sum of internal energy and kinetic
energy. The temporal change of this energy content arises from the power of external forces acting on
the body

Pa =
∫

a
v · (Tnnn) da +

∫
v
ρkkk ·v dv (2.30)

and the non-mechanical energy exchange, i.e. Q, the heat flux given by

Q =
∫

a
q da +

∫
v
s ρ dv (2.31)

where, q represents the heat flux density and s denotes a volume distributed heat supply. Therefore
the balance of energy is now written as

d
dt
(Ekin + Eint) = Pa + Q. (2.32)

With q =−qqq ·nnn and the Cauchy heat flux vector qqq, the global form of the energy balance in the current
configuration is written as

d
dt

∫
v

(
v2

2
+ e

)
ρdv =

∫
v
ρ (kkk ·v + s )dv+

∫
a

[
(TT v) ·nnn−qqq ·nnn

]
da. (2.33)

By applying the product rule and the divergence theorem to the terms in surface integrals from
the above relation, the relation div(TT v) = (divT) ·v+T ·grad v = (divT) ·v+T ·L is got. Since



12 Fundamentals of continuum mechanics

L = D+W, with D = DT while W =−WT, it results in T ·W = 0. Thus, the spin tensor W does not
contribute to the stress power and T ·L = T ·D. Furthermore, along with the help of eq. (2.27), the
eq. (2.33) is simplified to∫

v
[ρ ė+divqqq−ρ s−T ·D− (divT+ρkkk−ρ v̇)︸ ︷︷ ︸

Balance of momentum

·v]dv = 0. (2.34)

This can be simplified further using the balance of momentum eq. (2.23) to obtain the local form of
the energy balance in the spatial representation

ė =
1

ρ
T ·D −

1

ρ
div qqq + s = 0. (2.35)

Here the term T ·D represents the stress power, which can also be represented using other types of
stresses and strain rates. Using the weighted Cauchy stress tensor and eq. (2.20), eq. (2.35) becomes

ė =
1

ρR
S ·D −

1

ρ
div qqq + s = 0. (2.36)

In the material representation, the local form for the balance of energy is given as

ė =
1

ρR
T̃ · Ė −

1

ρR
Div qqqR + s = 0. (2.37)

2.2.4 Balance of entropy

The second law of thermodynamics is intimately linked to the fundamental notions of temperature
and entropy. In continuum mechanics, there is a unique formulation for irreversibility called the
entropy inequality, from which the Clausius Duhem inequality follows [39], which is based on the
idea of using entropy production as a measure of thermomechanical process irreversibility. Entropy
production is the difference between the change in entropy held by a body and the entropy absorbed
by the body from its surroundings, known as entropy supply.

Entropy is an additive physical quantity that is present in every material body at all times and may
be represented by a volume integral.

S (B, t) =
∫

v
η ρdv =

∫
V

η ρRdV (2.38)

where η represents specific entropy per unit mass. The idea of entropy supply is analogous to
mechanical power or heat being an energy source. It is got from the sum of the integrands

H (B, t) =
∫

a
ζ da +

∫
v
ς ρdv (2.39)
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of surface-distributed entropy supply vector ζ = −ζζζ ··· nnn and volume-distributed entropy supply ς .
Additionally, the term for entropy production within the body is introduced [35]

Γ(B, t) =
∫

v
γρdv. (2.40)

where γ is specific rate of entropy production.
The balance of entropy states that the temporal change of entropy is equal to the sum of entropy

supply and entropy production [35] Ṡ = H + Γ. As per the second law of thermodynamics, the
entropy production is never negative. Therefore the entropy inequality

Γ = Ṡ − H ≥ 0 (2.41)

is valid. Applying the Gauß theorem, it is possible to obtain the local formulation

η̇ (xxx, t) = − 1
ρ

div ζζζ + ς + γ

η̇ (XXX , t) = − 1
ρR

Div ζζζ R + ς + γ

(2.42)

in the spatial representation and material representation, respectively.
To substantiate the entropy supply in the formulation of entropy balance, the entropy supply is taken
to be the quotient of the heat transport and absolute temperature. This is considered as a good
approximation for processes close to equilibrium. Therefore, the surface- and volume-distributed
entropy supply can be represented as

ζζζ =
1
Θ

qqq, ς =
1
Θ

s. (2.43)

where Θ represents absolute temperature. The Clausius-Duhem inequality is thus derived from the
global form of the second law [35] as

Γ =
d
dt

∫
v
η ρ dv +

∫
a

qqq ···nnn
Θ

da−
∫

v

s
Θ

ρ dv ≥ 0, (2.44)

which can also be expressed by the local formulation

γ = η̇ +
1

ρ Θ
(div qqq − ρs) − 1

ρ Θ2 qqq ···ggg ≥ 0. (2.45)

Here, ggg(xxx, t) = grad Θ(xxx, t) is the spatial temperature gradient. The free energy function is defined
in terms of specific internal energy [35] as

Ψ = e − Θ η (2.46)
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Employing the Balance of energy from eq. (2.35) and the eq. (2.46) the eq. (2.45) becomes

Θ γ = − Ψ̇ − Θ̇ η +
1

ρ
T ·D −

qqq

ρ Θ
·ggg ≥ 0 (2.47)

where the product δ = Θ γ is called the internal dissipation ( δ ≥ 0 for dissipation) and is equivalent
to γ ≥ 0

− Ψ̇ − Θ̇ η +
1

ρ
T ·D −

qqq

ρ Θ
·ggg ≥ 0. (2.48)

Later, we’ll use the Clausius-Duhem inequality to build a constitutive model that obeys the second law
of thermodynamics in all processes and thus thermodynamically consistent a priori. In the case of a
process that is isothermal (Θ̇ = 0) and with a uniform temperature distribution (ggg = 0), the eq. (2.48)
reduces to

T ·D − ρ Ψ̇ ≥ 0. (2.49)

Replacing T with the weighted Cauchy stress tensor S and with the help of eq. (2.20) the above
relation can also be written as

S ·D − ρR Ψ̇ ≥ 0. (2.50)

2.3 Material theory

Finally, the third pillar of continuum mechanics, constitutive modeling, is discussed in this section.
Among the concepts included is the principle of material objectivity, which is a prerequisite for
constitutive relations. Then the concepts of finite strain framework, continuum damage mechanics,
and thermodynamics of irreversible process are also discussed.

2.3.1 Objectivity

Objectivity refers to the invariance of physical quantities under superposed rigid body motions.
Consistent with this requirement, the principle of material objectivity or material frame-indifference
demands that constitutive equations be invariant with respect to changes of observer, ensuring that the
predicted material response is frame-independent [35].

The mapping of position vectors representing the same point with respect to two different frames
of reference is

xxx∗(t∗) = Q(t) xxx(t) + ccc(t), t∗ = t − a, (2.51)
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where t∗ represents the time measured by the transformed observer. This transformation describes a
time-dependent change of the observer and is known as the Euclidean transformation. The time t and
spatial coordinates xxx of any arbitrary event in the primary coordinate system (unstarred) are moved
into a second frame of reference (starred) system using the transformation in eq. (2.51). While c(t)
represents the time-dependent translation of the origin, Q(t) is an orthogonal tensor (QQT = I) that
defines a time-dependent rotation.

To verify the material objectivity of the constitutive equation, it is important to understand the
behaviour of various quantities under transformation. Based on their behaviour, the quantities can be
classified as objective and non-objective. Scalar (s), vector(v) and tensor (T) quantities are objective
if they obey the rules [35]

s∗ (P, t∗) = s(P, t) ,

v∗ (P, t∗) ,= Q(t) v(P, t) ,

T∗ (P, t∗) = Q(t) T(P, t) QT (t).

The objectivity of a quantity can either be established through its definition a priori or be evaluated
based on the discussed rules. The transformation properties of some of the frequently used quantities
such as

dxxx∗ = Q dxxx, daaa∗ = Q daaa, dv∗ = Q dv,

V∗ = QVQT , B∗ = QBQT , A∗ = QAQT ,

D∗ = QDQT , T∗ = QTQT , S∗ = QSQT

are objective, while others are non-objective and have special transformations:

F∗ = QF, R∗ = QR

U∗ = U, C∗ = C, E∗ = E,

T̃∗
= T̃, T∗

R = QTR,

L∗ = QLQT +QQT , W∗ = QWQT +QQT .

Under these conditions, the material objectivity of constitutive equations can be ensured if all
constituting quantities are objective themselves and are related by functions that preserve objectivity.

2.3.1.1 Objective time derivatives of objective tensors

Material time derivatives of objective quantities are however not objective. To illustrate this, the
transformation of the objective tensor X is considered:

X∗ = QXQT , (2.52)
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Figure 2.2: Finite strain framework.

and thus, its material time derivative is given by:

Ẋ∗
= QẊQT + Q̇XQT + QXQ̇T (2.53)

which is non-objective since it consists of terms Q̇XQT and QXQ̇T . To circumvent this, the time
derivatives of objective tensors are shown in Haupt [35] using the system of Oldroyd time derivative
[47]

△

X = Ẋ + LT X + X L (2.54)
▽

X = Ẋ − L X − X LT (2.55)

has been used in this work, which can be reformulated to obtain the corotational or objective Zaremba-
Jaumann derivative of X

▽

X =
◦
X − ( D X + X D) , (2.56)

△

X =
◦
X +D X + X D. (2.57)

Here, the Jaumann derivative
◦
X is defined by

◦
X = Ẋ−WX+XW. (2.58)

The concept of dual variables [2] provides further understanding on the type of tensors and tensor
rates that should be used in constitutive equations and how they should be related, which is discussed
in section 2.3.2.1.
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2.3.2 Finite deformation

In the framework of finite deformation, the deformation gradient is subjected to multiplicative
decomposition into its thermo-elastic and plastic parts as shown in fig. 2.2.

F = Fe Fp (2.59)

This decomposition introduces the intermediate configuration, X̂t , which is typically regarded as
locally stress-free and serves as the reference for elastic response. The concept of an intermediate
configuration is related to the decomposition of total strain into components corresponding to different
physical qualities (elastic, plastic). Haupt [35] describes the Intermediate configuration as an incom-
patible strain field which arises as a result of local unloading process. Or, the intermediate state of
strain is the asymptotic limit of the material element’s response to a given mechanical process, which
is followed by a state of zero stress. Using the eq. (2.59) in eq. (2.2) we can obtain the following:

dxxx = Fe dx̂xx , dx̂xx = Fp dXXX , (2.60)

L̂p = ḞpF−1
p , (2.61)

D̂p =
1

2
(L̂p + L̂T

p ) (2.62)

2.3.2.1 Dual Variables approach

Within continuum mechanics, definition of various measures of strain and stress tensors is possible.
The Dual Variables approach introduced by Haupt and Tsakmakis [2] proposes the guidelines for the
selection of strain tensor and it’s best associated stress tensor, with the type of time derivatives which
can properly describe their evolution. It states:

“The basic property of dual variables and derivatives is that both the stress power and the incre-
mental stress power have invariance properties with respect to a group of transformations, which
corresponds to a set of physically reasonable intermediate configurations.”

Furthermore, starting with a scalar value defined as form invariant with respect to a desired
configuration, we may obtain the associated strain and stress measures along with their appropriate
time derivatives. Therefore, we consider the following scalar value to be a difference of the square of
the line segments from the reference and actual configurations.

△ =
1

2
(dxxx ·dxxx − dXXX ·dXXX) (2.63)

and the stress power per unit volume in the current configuration from eq. (2.36) is given as

W = S ·D (2.64)
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where S is the weighted Cauchy stress tensor. Stress power is formed as the inner product of a
convenient deformation rate and a corresponding stress tensor. We call stress and strain tensors which
are naturally associated in this way as conjugate variables. Here again, the cumulative decomposition
of the scalar value leads to the following relations

△ = △e + △p, △e =
1

2
(dxxx ·dxxx −dx̂xx ·dx̂xx) , △p =

1

2
(dx̂xx ·dx̂xx−dXXX ·dXXX) (2.65)

△ = dXXX · E dXXX = dx̂xx · Γ̂ΓΓ dX̂XX = dxxx · A dXXX , (2.66)

△e = dXXX · Ee dxxx = dx̂xx · Γ̂ΓΓe dx̂xx = dxxx · Ae dxxx, (2.67)

△p = dXXX · Ep dxxx = dx̂xx · Γ̂ΓΓp dx̂xx = dxxx · Ap dxxx (2.68)

therefore

Ee =
1

2
(
FT F −FT

p Fp
)
, Ep =

1

2
(
FT

p Fp − 1
)
, E = Ee + Ep (2.69)

Γ̂ΓΓe = F−T
p Ee F−1

p , Γ̂ΓΓp = F−T
p Ep F−1

p , Γ̂ΓΓ = Γ̂ΓΓe + Γ̂ΓΓp (2.70)

Ae = F−T
e Γ̂ΓΓe F−1

e , Ap = F−T
e Γ̂ΓΓp F−1

e , A = Ae + Ap (2.71)

where E is the Green Lagrange strain tensor from the reference configuration Xt0 and A is the Almansi
strain tensor from the actual or current configuration Xt . Γ̂ΓΓ is the strain tensor, which is obtained by
the transformation of strain from Xt0 onto the intermediate configuration X̂t . The time derivatives of
the scalar quantities may be devised as

△̇ = dXXX · Ė dxxx = dx̂xx ·
△

Γ̂ΓΓ dx̂xx = dxxx ·
△

A dxxx, (2.72)

△̇e = dXXX · Ėe dxxx = dx̂xx ·
△

Γ̂ΓΓe dx̂xx = dxxx ·
△

Ae dxxx, (2.73)

△̇p = dXXX · ε̇εε in dXXX = dx̂xx ·
△

Γ̂ΓΓp dX̂XX = dxxx ·
△

Ap dXXX (2.74)

which suggests that the strain rates are material time derivatives in the reference configuration, but
lower Oldroyd time derivatives for the other configurations.

()△ = ()· + L̂T
p ()+ () L̂p for X̂t , (2.75)

()△ = ()· + LT
p ()+ () Lp for Xt (2.76)

Therefore, the following relationships are also valid

△

A = Ȧ + LT A + A L = D, (2.77)
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△

Γ̂ΓΓp = ˙̂
ΓΓΓp + L̂T

Γ̂ΓΓp + Γ̂ΓΓp L̂ = D̂p. (2.78)

The stress tensor with respect to Xt is the weighted Cauchy stress S, while Second Piola-Kirchoff
stress T̃ acts in Xt0 . Therefore, we have T̂ with respect to intermediate configuration X̂t , which is
related to the other stress tensors through the pull-back operations

T̃ = F−1 S F−T , (2.79)

T̂ = F−1
e S F−T

e . (2.80)

Therefore, a variety of formulations for stress power exists.

W = S ·D = T̂ ·
△

Γ̂ΓΓ = T̃ · Ė (2.81)

Frame invariance of Ẇ ,Ẅ ... allows the material time derivatives in the reference configuration Xt0

and the upper Oldroyd time derivatives to be derived as corresponding stress rates

()▽ = ()· − L̂p ()− () L̂T
p for X̂t , (2.82)

()▽ = ()· − Lp ()− () LT
p for Xt . (2.83)

2.3.3 Continuum damage mechanics

In Lemaitre and Desmorat [48], damage in solid materials is defined as the formation and propagation
of microvoids or microcracks. Although these are discontinuities in a medium, on a larger scale, they
are taken to be continuous. The concept of Representative Volume Element (RVE) is introduced by
mechanics into engineering, where all the properties of the RVE are represented by homogenized
variables. From a physical point of view, damage is always related to plastic or irreversible strains
and more generally to a strain dissipation either on the mesoscale, the scale of the RVE, or on the
microscale.

At mesolevel, if the damage is due to the nucleation and growth of cavities under static loadings, it
is termed as ductile damage. If it occurs after repeated loadings at high amplitudes, it is known as low
cycle fatigue damage. And lastly, it is known as creep damage if it occurs at elevated temperatures. At
microlevel, the damage under monotonic loading is known as brittle failure or quasi-brittle damage.
When loading involves a large number of cyclic load, it is termed as high cycle fatigue damage.
Damage may occur as volume defects (microcavities) or as surface defects (microcracks), which
necessitates different definitions of a damage variable. In case of a ductile damage, it is defined as the
volume density or volume fraction of the micro-voids, which is also the basis for the Gurson [49]
model. The damage variable is given by

dv =
δVvoids

δVRV E
(2.84)
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In a more general case, the surface density of microcracks and intersections of microvoids lying on a
plane slicing the RVE cross section δS is used to define the damage variable. For the plane with the
normal nnn, the damage variable is

dnnn =
δSd

δS
. (2.85)

If the damage is taken to be isotropic, eq. (2.84) is independent of nnn and thereby reducing the damage
variable to a scalar. But often damage is non-isotropic since microcracking is perpendicular to
the largest principal stress and the damage variable is described as a tensor d that transforms the
microvoid density from surface δS with normal nnn to a surface δ S̃ = δS−δSd with normal ñnn through
the relation

(I−d)nnn δS = ñnni δ S̃. (2.86)

In the current work, damage is assumed to be isotropic. From hereon, the discussions regarding
damage will be limited to the isotropic case.

The constitutive equations for strain and damage define the plain material as being free from
volume and surface discontinuities. Constitutive equations for strain and damage introduce the
concept of effective stress based on the stress acting on the area that offers resistance. The mean
value of the micro-stresses is simply given by the force equilibrium σ̃σσ δ S̃ = σσσ δS . With the help of
eq. (2.85), the effective stress is

σ̃σσ =
σσσ

1−d
. (2.87)

2.3.4 Thermodynamics of viscoplasticity coupled with damage

The thermodynamics of an irreversible process facilitates the modeling of various material behaviour
including deformation and damage. This general framework described in Lemaitre and Desmorat [48],
is briefly discussed here. This framework permits the definition of state variables, state potentials
and dissipation potentials. The state variables describe the current state of the described mechanism,
and are chosen based on observed deformation and damage mechanisms of the material. A list of
relevant state variables are shown in table 2.1 [16]. In small-strain plasticity, the general measure of
strain εεε is decomposed into elastic and plastic components.

εεε = εεεe + εεε p (2.88)

From state potentials, the state laws and conjugate variables of state variables are derived. The
Helmholtz specific free energy function Ψ (2.46) is chosen to be the material’s state potential and a
function of all state variables. For an isothermal case, Ψ is decomposed into elastic Ψe and plastic
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Mechanism Type State variables Conjugate

Elasticity Tensor εεε σσσ

Plastic strain Tensor εεε p −σσσ

Kinematic hardening Tensor ααα ΩΩΩ

Isotropic softening Scalar r R

Damage Scalar d −Y

Table 2.1: General set of state variables and their conjugates [16].

Ψp components. Therefore, the entropy inequality becomes

1

ρ
σσσ · ε̇εε − Ψ̇ =

1

ρ
σσσ · ε̇εεe − Ψ̇e +

1

ρ
σσσ · ε̇εε p − Ψ̇p (2.89)

Ψe describes the coupling of elasticity and damage through the effective stress concept σ̃σσ which
establishes that the strain of a damaged material and a non-damaged material is derived in a similar
manner and only requires the stress to be replaced with the effective stress (principle of strain
equivalence). Component Ψp represents plastic hardening with ws = ρΨp describing the energy
stored in the RVE due to the plastic deformation. The state law derived from the state potential is
essentially the law of elasticity

εεε = ρ
∂Ψ

∂σσσ
= ρ

∂Ψe

∂σσσ
+ εεε p → εεεe = ρ

∂Ψe

∂σσσ
. (2.90)

The conjugate of state variables are the other derivatives

R=−ρ
∂Ψ

∂ r
, ΩΩΩ =−ρ

∂Ψ

∂ααα
, −Y =−ρ

∂Ψ

∂d
. (2.91)

The Clausius-Duhem inequality is fulfilled for positive damage rate:

σσσ · ε̇εε p +Y ḋ − ẇs ≥ 0 (2.92)

which indicates that the sum of the dissipation due to plastic power (σσσ · ε̇εε p) and damage (Y ḋ) minus
the stored energy rate (ẇs =Rṙ+ΩΩΩ · α̇αα) is transformed into heat. Lastly, the dissipation potential (F)
is used to define the evolution laws of state variables based on the appropriate dissipation mechanisms.
F is a convex function of conjugate variables to ensure the inequality (2.92):

F = F(σσσ ,ΩΩΩ,R,Y ;d) = Fy +FΩΩΩ +FR+Fd (2.93)

with damage d allowed to only act as a parameter. Here, the terms plastic yield function (Fy), and
dissipation potentials of kinematic hardening (FΩΩΩ), isotropic softening (FR) and the damage (Fd) are
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introduced, based on which the evolution laws are framed as

ε̇εε p =−λ̇y
∂Fy

∂ (−σσσ)
, α̇αα =−λ̇ΩΩΩ

∂FΩΩΩ

∂ (−ΩΩΩ)
, ṙ =−λ̇R

∂FR
∂R

, ḋ =−λ̇d
∂Fd

∂ (−Y )
(2.94)

which are collectively referred to as the normality rule. Based on F , the theories of time-independent
plasticity and time-dependent viscoplasticity are classified and their respective consistency conditions
are defined. The terms λ̇y, λ̇ΩΩΩ, λ̇R, λ̇d are scalar multipliers which determine the magnitude of the
corresponding state variables’ time derivative. The first relation in eq. (2.94) is the associated flow
rule, and establishes that the direction of ε̇εε p to be normal to the yield surface defined by Fy and its
magnitude is determined by λ̇y [50]. It is a non-negative, scalar term which needs to be identified
from the consistency conditions of the respective classification of plasticity. Under the precondition
that hardening and damage evolution is driven by εεε p [16], the following simplification for λ and
eq. (2.94) can be made

λ̇y = λ̇ΩΩΩ = λ̇R = λ̇d = λ̇

⇒ ε̇εε p =−λ̇
∂Fy

∂ (−σσσ)
, α̇αα =−λ̇

∂FΩΩΩ

∂ (−ΩΩΩ)
, ṙ =−λ̇

∂FR
∂R

, ḋ =−λ̇
∂Fd

∂ (−Y )
.

(2.95)

In time-independent plasticity, F is not differentiable and λ̇ can be got from the plasticity
consistency conditions: a) Fy = 0 indicates that the stress state fulfills the yield criterion and b)
Ḟy = 0 states that the yield stress only increases with increasing state of hardening. In case of elastic
unloading, Fy < 0, Ḟy < 0 is valid and the state variables remain unchanged. On the other hand,
for viscoplasticity the yield criterion follows Fy ≥ 0 which allows the strain-rate dependent material
behaviour to be described. Here, λ̇ (Fy) is the known as the viscosity function. Furthermore, according
to Haupt [35], the theory of viscoplasticity uses an inelastic strain εεε in in place of εεε p. The associated
accumulated plastic strain rate ( ṗ) is defined based on the considered yield criterion. For a criterion
based on von-Mises, it is given as

ṗ =

√
2

3
ε̇εε p · ε̇εε p. (2.96)

Damage begins on a meso or microscale only once the plastic strain exceeds a threshold, which is
linked to the energy required for defect development, according to experimental research. Because
this energy comes from stored energy (wd), the threshold is affected by the material and the type of
loading. This allows the loading dependency of the damage threshold to be expressed in terms of
accumulated plastic strain. When the density of defects reaches a critical value at which the process
of localization and instability develops, d = dc in the plane where damage is maximal, a mesocrack is
initiated. Here, dc is a material parameter for critical damage.
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2.3.4.1 Modelling coupled viscoplasticity and damage

Within the thermodynamic approach, based on experimental findings the dissipation potentials of
plasticity and damage evolution are defined to be a non-linear function of their respective conjugate
variables. The influence of plastic strain on the evolution of state variables is described through
the inclusion of (λ̇ ) as shown in eq. (2.95). Constitutive relations of viscoplasticity coupled with
damage are derived from the dissipation potential function F (2.93). λ̇ needs to be derived from these
relations. The yield criterion (Fy) define the elastic limit of the material by Fy < 0, and differentiate
the plastic and viscoplastic theories by the consistency conditions

Fy = 0, Ḟy = 0 plasticity (2.97)

Fy = σvis > 0 visco-plasticity (2.98)

respectively, with the term σvis being the viscous stress describing the viscosity, but σvis = 0 for
plasticity. Considering kinematic and isotropic hardening, the viscoplastic yield function Fy is given
by the von Mises criterion using the effective stress σ̃σσ = σσσ/(1−d)

Fy = (σ̃σσ −ΩΩΩ)eq −R− k (2.99)

with k representing the yield stress. Here, (σ̃σσ −ΩΩΩ)eq is the von Mises equivalent of the over stress
tensor given by σ̃σσ −ΩΩΩ. Applying the normality rule (2.95) and (2.93), the flow rule and the inelastic
strain rate is derived as

ε̇εε in = λ̇
∂Fy

∂σσσ
=

λ̇

1−d

3

2

σ̃σσ
D −ΩΩΩ

(σ̃σσ −ΩΩΩ)eq
(2.100)

with the accumulated plastic strain rate leading to

ṗ =
λ̇

1−d
. (2.101)

The viscosity function λ̇ , is given by the Norton power law

σvis = K ṗ
1
n or ṗ =

(
Fy

K

)n

(2.102)

where K,n are viscous material parameters. The viscosity offers a regularizing effect on deformation
and damage.
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2.4 Constitutive models

In section 2.3.4.1, the general framework for modeling material behaviour using viscoplasticity and
damage models has been established. Various models can be defined within this framework based on
the choice of the viscoplastic yield function and dissipation potentials of the necessary state variables.
In this section, the constitutive models of viscoplasticity and damage chosen to describe the material
behaviour of ferritic-martensitic steels in an unirradiated and an irradiated condition are discussed.
The Aktaa and Petersen [1] model is capable of describing the deformation of irradiated materials
using the irradiation defect density as an internal state variable, which can return the instantaneous
irradiation hardening based on the level of irradiation damage and plastic deformation of the material.
The models to describe the material damage arising out of fatigue damage and ductile damage are
also discussed. In later sections, these models are unified such that the unified model can successfully
describe the material behaviour observed under tensile loading.

2.4.1 Viscoplastic deformation model

In this work, the deformation model by Aktaa and Petersen [1] which is based on the unified Chaboche
viscoplastic constitutive system of equations has been used. This is a small strain model and has
been shown to be capable of describing cyclic plasticity arising from low cycle fatigue in unirradiated
and irradiated materials. The salient features of the model includes the use of irradiation defect
density to model the irradiation induced material changes and a dimensionless isotropic softening
variable. Differing from contemporary hardening laws where the isotropic hardening/softening gives
as an absolute measure of the change in the size of yield surface, the dimensionless variable used in
the discussed model represents the factor by which the yield surface shrinks under cyclic softening.
The isotopic softening variable is combined with the stress tensor in the calculation of the over
stress tensor that is introduced in the flow rule. This novel approach allows the model to describe
the experimentally observed reduction in the rate-dependent behaviour of the material during the
development of fatigue damage [17].

The model formulation begins with the viscoplastic yield potential, which is chosen to be

Fy = Σeq − k− σH ≥ 0 (2.103)

with k and σH representing the initial yield stress of the material and the irradiation hardening,
respectively. Σeq is the von Mises equivalent of the over stress tensor, ΣΣΣ

Σeq =

√
3

2
ΣΣΣ : ΣΣΣ (2.104)

which provides a measure of the material deformation and allows the eq. (2.103) to determine if the
material is undergoing inelastic deformation. ΣΣΣ is constructed using the stress tensor σσσ , back stress
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tensor ΩΩΩ, isotropic softening variable ψ and the damage variable d as

ΣΣΣ =
σσσD

ψ(1−d)
−ΩΩΩ, (2.105)

with ψ = ψ1 + ψ2, (2.106)

and σσσ
D = σσσ −

1

3
σkk I (2.107)

where, σσσD is the deviatoric part of the stress tensor and ψ1,ψ2 are components of ψ . The flow
rule and the inelastic strain rate of the model is derived by applying the normality rule (2.100) and
eqs. (2.101) and (2.102) on the viscoplastic yield potential (2.103)

ε̇εε in = λ̇
∂Fy

∂σσσ
=

3

2

〈
Σeq − k −σH

K

〉n
ΣΣΣ

Σeq
(2.108)

with the accumulated plastic strain rate being described using the relation

ṗ =

√
2

3
ε̇εε in : ε̇εε in or ṗ =

〈
Σeq − k −σH

K

〉n

. (2.109)

The evolution of kinematic hardening variable ΩΩΩ follows the Chaboche [51] model which was
developed from the original Frederick and Armstrong [52] model to account for strain rate effects
and given by

Ω̇ΩΩ = H ε̇εε in − C ṗ ΩΩΩ− R |ΩΩΩ|m−1
ΩΩΩ (2.110)

with temperature and material dependent parameters H,C,R,m. Here, |ΩΩΩ| is the Euclidean norm of
the tensor ΩΩΩ. The isotropic softening variable ψ is used to model the cyclic softening of the material.
It must have an initial value of 1 at the onset of inelastic deformation, which signifies no material
softening.

ψ = 1 at t = 0 (2.111)

ψ is described by its sub-variables ψ1,ψ2, described by the evolution equations [17]

ψ̇1 = −hṗ, (2.112)

ψ̇2 = c (ψs − ψ2) ṗ − rψ |ψ2 − ψr|mψ−1 (ψ2 − ψr). (2.113)
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Here, ψs describes the increase of the cyclic softening capacity of the material, which is driven by
increasing amplitude of inelastic strain

ψs = 1−ψs,∞

(
1− exp

{
−cs max

−∞<τ<t
εin,eq(τ)

})
. (2.114)

Here, the temperature and material dependent model parameters are h,c,rψ ,ψr and mψ . The last
terms in eqs. (2.110) and (2.113) of the kinematic hardening and the isotropic softening models
respectively account for static recoveries which are observed under creep, relaxation or cyclic loading
with hold time.

The irradiation influenced material changes are described using the irradiation defect density
variable, N [53], whose evolution for "i" types of defects is given by

Ṅi = ai (Ns,i − Ni) φ̇ − bi
(
Ni −Nl,i

)
ṗ− rN,i NqN,i

i . (2.115)

Here, the first term accounts for the increase in irradiation induced defect density and thus hardening
as a result of irradiation, and hence is driven by the irradiation dose rate φ̇ . The second term accounts
for the recombination of defects and thus softening brought about by inelastic deformation and thus
is plasticity driven. The third term accounts for the annealing of irradiation induced defects at high
temperatures as observed in heat treatment over a period of time. Here Ns,i represents the saturation
value of defect density while Nl,i refers to the amount of defects cleared by plastic deformation

Nl,i =

〈√
max

−∞<τ<t
|Ni(τ)|−

√
Nr,i

〉2

. (2.116)

The model has ai, bi, rN,i, qN,i and Nr,i as other temperature and material dependent model parameters.
Finally, the instantaneous measure of irradiation hardening is calculated from N using the Dispersed
Barrier Hardening (DBH) model [54]

σH =
nH

∑
i

σH,i with σH,i = hN,i
√

Ni, (2.117)

where hN,i describes the temperature dependent strength of the dislocation pileup associated with
defect type i.

2.4.2 Ductile damage

In both metals and polymers, ductile damage is essentially due to the nucleation, growth, and
coalescence of voids. Void nucleation is attributed to de-cohesion or fracture of inclusions in the
matrix material [55]. The ratio of hydrostatic to equivalent stress, also known as the triaxiality factor
(T F) of the stress, has big impact on void growth. As loading continues, voids grow and coalesce due
to shearing between nearby voids. Coalescence accelerates the specimen’s overall ductile damage,
resulting in a macroscopic ductile crack and ultimately failure. Continuum Damage Mechanics



2.4 Constitutive models 27

treats this as a reduction in the area resisting deformation in any plane of a Representative Volume
Element (RVE), driven by elastic energy and accumulated plastic strain. On the other hand, from a
micromechanical perspective, it is the formation of a spherical or elliptic hole in a plastic media that
is subjected to enormous strains. Large deformations and plastic strains are the factors that contribute
to ductile failures in metals. Therefore, the finite strain theory is used in the modeling of ductile
damage. They’re always linked to instabilities and the phenomenon of strain localization and damage.
Presence of holes or notches in reactor components and pressure vessels pose the risk for ductile
failure and therefore must be tested for ductile failures in the event of over-loading to ensure the
safety of the component and reactor during service.

Numerous works have been carried out by various researchers in an effort to model this phe-
nomenon using a material model, including Tvergaard and Needleman [3], Rousselier [37], Senior
et al. [56], Tvergaard [57] to name a few. Gurson [49] considered an ideal plastic matrix material
subjected to loading, which surrounds a spherical RVE representing a void of void volume fraction
(VVF), f . By solving this mechanical equilibrium problem, he developed the yield condition

Φ =

(
Teq

σM

)2

+ 2 f Cosh

(
3

2

Tv

σM

)
− 1− f 2 = 0 (2.118)

to model the deterioration of the material. Here, σM(= k) is the tensile flow stress of the matrix
material. Tv and Teq are the hydrostatic stress and the von-Mises equivalent of the Cauchy stress
tensor T. At f = 0, the eq. (2.118) represents a damage free material and reduces to the von Mises
yield condition. As f increases, the cylindrical von-Mises yield surface changes to an ellipsoid like
surface. Assuming the plastic incompressibility of the matrix material, Gurson [49] described the
evolution of f using

ḟ = (1− f )I ·Dp (2.119)

where Dp is got by applying the normality rule. This model’s prediction of the theoretical VVF
at fracture, f = 1, is known to be highly overestimated [58] as it neglects the void nucleation and
coalescence. Therefore a suitable nucleation criterion was necessary. Gurson [49] had already
concluded that nucleation can be correlated to plastic strain. The nucleation itself is attributed to
particle cracking or particle-matrix de-cohesion [55, 59, 56], based on which, the concept of a critical
nucleation strain was endorsed by Goods and Brown [55] and Senior et al. [56]. Senior observed
that larger voids nucleate at smaller strains while smaller voids nucleate at larger strains. Chu and
Needleman [59] suggested that the nucleation rate is influenced by both the accumulated inelastic
strain as well as the hydrostatic stress, but neglected the latter to introduce the nucleation criterion

ḟ = ḟnucl + ḟgrowth, (2.120)

ḟnucl =
fN

sN
√

2π
exp

−1

2

(
εM − εN

sN

)2
 , (2.121)
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ḟgrowth = (1− f ) trace(Dp), (2.122)

as an extension to eq. (2.119), assuming that nucleation correlates with a Gaussian distribution of
accumulated inelastic strain εM in the matrix. Here εN is the critical strain that also represents the
mean of the distribution which has a standard deviation of sN . fN represents the volume fraction of
void nucleating inclusions. The development of εM is described by the Gurson [49] model using

ε̇M =
T ·Dp

(1− f ) σM
, (2.123)

which introduces an isotropic hardening behaviour and forces σM to depend on the evolution of εM

instead of remaining constant.
Finally, Tvergaard and Needleman [3][60] proposed the following extension to the original model

in eq. (2.118) based on the results from [61, 62] to include the effects of void coalescence

Φ =

(
Teq

σM

)2

+ 2 f ∗ q1 Cosh

(
3 q2

2

Tv

σM

)
− 1− (q1 f ∗)2 = 0 (2.124)

where the term f ∗ is the effective value of the VVF f , introduced by Tvergaard [62] to better
characterize the experimentally observed void coalescence mechanism [3] and the growth of the VVF
once it reaches a value above the critical value, fc,

f ∗ =


f , if f ≤ fc

fc +
f ∗u − fc

fF − fc
( f − fc) , if f > fc.

(2.125)

Here, f ∗u represents the value of f ∗ at which the load-bearing capacity of the matrix material is lost
and is usually taken to be f ∗u = 1/q1. The VVF f at fracture is represented by fF , which can be
experimentally identified. The model described by eqs. (2.120) to (2.125) is popularly known as the
GTN model.

For predicting structural damage, constitutive models must be able to describe the influence of non-
monotonic loading on the material behaviour and damage. As discussed in sections 2.3.4 and 2.4.1,
the cyclic plasticity is used to describe these effects of non-monotonic loading. In homogeneous
specimens, progressive localization of the deformation field may alter the loading path. Under
hydrostatic pressure, the Gurson model predicts negative void volume growth, or recovery, as it is
based on a symmetric yield surface with respect to the deviatoric stress planes. This violates the
experimental observations which establish that for constant triaxiality, the VVF does not vary during
closed loading cycles [63]. Thus, the model needs to be extended to cyclic or non-monotonic loading.
To allow the application of kinematic hardening law, the yield condition of the GTN model was
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extended by Mear and Hutchinson [58]

Φ =

(
(T−ΩΩΩ)eq

σs

)2

+ 2 f ∗ q1 Cosh

(
3 q2

2

(T−ΩΩΩ)v

σs

)
− 1− (q1 f ∗)2 = 0 (2.126)

with
(T−ΩΩΩ)eq

σs
=

Teq

σM
, (2.127)

where (T−ΩΩΩ)v is the hydrostatic part of T−ΩΩΩ and σs is the effective flow stress. An alternate
approach by Leblond et al. [64] introduced two measures Σ1 and Σ2 in place of σs to account for
isotropic hardening resulting from deviatoric and hydrostatic stress states

Φ =

(
Teq

Σ1

)2

+ 2 f Cosh

(
3

2

Tv

Σ2

)
− 1− f 2 = 0. (2.128)

Following the work of Mear and Hutchinson [58], Leblond et al. [64] obtained the following extension
of the Gurson model

Φ =

(
(T− r ΩΩΩ)eq

r σM +(1− r)Σ1

)2

+ 2 f Cosh

(
3

2

(T− r ΩΩΩ)v

r σM +(1− r)Σ2

)
− 1− f 2 = 0 (2.129)

where r represents the fraction of total hardening offered by kinematic hardening. Unit cell simulations
performed by Klingbeil et al. [65] showed that kinematic hardening influences localization on the
mesoscopic level and consequently the damage development, which motivated the extension

Φ =

(
(M−b ΩΩΩ)eq

σM

)2

+ 2 f ∗ q1 Cosh

(
3 q2

2

Mv

σA

)
− 1− (q1 f ∗)2 = 0 (2.130)

of the GTN yield condition, following the approaches of [58, 64] to describe material behaviour
when subjected to large deformations and cyclic loading with σM and σA representing the tensile flow
stress of the deviatoric and hydrostatic parts of the yield function respectively. Here, b = 1−q1 f ∗

and M is the Mandel stress. Based on the idea the hydrostatic part of M is much larger than the
hydrostatic part of ΩΩΩ (Mv ≫ Zv), the hydrostatic part of ΩΩΩ is omitted from the triaxiality term.

2.4.3 Consistent tangent modulus

Continuum deformation and damage models are usually developed with the aim of assessing the
influence of material behaviour on structures under certain operating and loading conditions. For this,
the developed models need to be implemented in a finite element code, where the global equilibrium
iterations are solved and the local estimates of displacement and strain are provided as inputs to the
material model. In addition to computing the stress response of the material, it is necessary to provide
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the Jacobian matrix known as the consistent tangent modulus (CTM) which help in the convergence
of the equilibrium iterations.

The tangent modulus is a fourth order tensor, which is originally defined using the base system as

Di jkl =
∂∆Ti j

∂∆Akl
. (2.131)

However, it can be represented using the Lamé constants as a 6x6 matrix by taking advantage of the
symmetric nature of the stress and strain tensors. This reduced system of representation is known as
the Voigt notation which is usually applied by FE-programs to tensor variables of orders 2 and 4, that
are used in solid mechanics calculations

Dαβ =
∂∆T
∂∆A

. (2.132)

As previously discussed, the material subroutine is required to provide a consistent tangent
modulus to the FE-program for the easier convergence of the global equilibrium iterations. Due to
the ease of convergence, the material subroutine is allowed to operate on larger time steps. For these
reasons, the computation effort and time of the FE-calculation is reduced. While many approaches
exist for the correct identification of the CTM using implicit integration schemes, fewer explicit
approaches exist for the approximation of tangent modulus. Since the common practice of using the
elastic tensor for explicit schemes is inefficient for elasto-plastic problems, few approaches exist as an
alternative for obtaining a more efficient CTM [66–72]. Among these, the method introduced by Fleig
[72] is of interest, primarily due to its simplicity and ease of implementation while ensuring high
accuracy which succeeds in reducing the computational effort. Using this method, D is approximated
at the end of the time step as

D(t1) =
1

∆ t

(
∂T
∂A

)
(t1)

≈
1

∆ t



A B B 0 0 0
B A B 0 0 0
B B A 0 0 0
0 0 0 C 0 0
0 0 0 0 C 0
0 0 0 0 0 C


(t1)

(2.133)

where the variables A,B,C are described by the evolution equations

Ȧ= (1−d) (2µ +λ )−4µ fCT M (A−B) (2.134)

Ḃ = (1−d) λ −2µ fCT M (B−A) (2.135)

Ċ = (1−d) µ −µ fCT M C (2.136)

where the choice of fCT M is made with respect to the flow rule of the model. For e.g, to use this
method with the viscoplastic model discussed in section 2.4.1, fCT M is chosen from the flow rule in
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eq. (2.108) to be

fCT M =

〈
Σeq −σs

Z

〉n
3

2

1

Σeq
. (2.137)

The eqs. (2.134) to (2.136) shall be integrated along with the incremental formulation of the constitu-
tive model.

In applications to FE-calculations involving finite deformation and rotations, the transformation
of D to a different orientation becomes necessary. For the increment of rotation represented by the
orthogonal tensor Q during the given time step, the transformation

D̄= Q Q D QT QT (2.138)

which maps the tensor to the new orientation is applied to obtain the structure of D̄. As a result of
the transformation, the zero entries in the original matrix D may not remain zero in the new matrix
D̄. The transformation law (2.138) is for Di jkl and therefore is not convenient for the 6x6 matrix
Dαβ since the analytical calculations involving tensor operations described in the above relation is
complex and highly demanding, a numerical approach introduced by Bond [73][74] to approximate
the operation in eq. (2.138)

D̄= K D KT (2.139)

where K is a tensor represented by a 6x6 matrix which is constructed using the elements of the
orthogonal tensor Q

K =

[
K1 2K2

K3 K4

]
(2.140)

with K1 =

Q2
11 Q2

12 Q2
13

Q2
21 Q2

22 Q2
23

Q2
31 Q2

32 Q2
33

 , (2.141)

K2 =

Q12 Q13 Q13 Q11 Q11 Q12

Q22 Q23 Q23 Q21 Q21 Q22

Q32 Q33 Q33 Q31 Q31 Q32

 , (2.142)

K3 =

Q21 Q31 Q22 Q32 Q23 Q33

Q31 Q11 Q32 Q12 Q33 Q13

Q11 Q21 Q12 Q22 Q13 Q23

 and (2.143)

K4 =

Q22 Q33 +Q23 Q32 Q23 Q31 +Q21 Q33 Q21 Q32 +Q22 Q31

Q32 Q13 +Q33 Q12 Q33 Q11 +Q31 Q13 Q31 Q12 +Q32 Q11

Q12 Q23 +Q13 Q22 Q13 Q21 +Q11 Q23 Q11 Q22 +Q12 Q21

 . (2.144)
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Using the established integration routine, the material model is applied to experiments performed
on unirradiated and irradiated materials to calibrate the set of material parameters. This allows the
model to be used for the simulation of the experiments. These activities are discussed in detail in the
next chapter.



Chapter 3

Thermodynamic framework for modeling of
materials under irradiation

An event of Radiation is described as the transmission of energy from energetic particles (neutrons) to
a solid, which results in the redistribution of target atoms [75]. From this, it can be deduced that the
neutrons introduce energy to a closed system, which in this case is the material. Locally, this energy
transfer introduces significant changes in the system and affects the material’s elastic and inelastic
properties. The thermodynamic approach to describe the material behaviour must account for the
irradiation related energy transfers. This is because the constitutive models in continuum mechanics
are derived using the fundamental rules of thermodynamic rules governing mass, energy and entropy
outlined in section 2.2. A framework to model irradiated materials is not available during the course of
this work. This chapter proposes a framework for deriving the thermodynamic modeling of irradiated
materials based on the application of the law of energy conservation and the Dual Variables concept.

First, the experiments performed to support the modeling performed in this work are presented.
The important information regarding the elastic and inelastic behaviour of unirradiated and irradiated
material is discussed. The thermodynamic concerns of radiation and the exposed material are dis-
cussed next, followed by recommendations made in this work for satisfying energy conservation. The
consequent entropy inequality completes the proposed framework for irradiated materials. The devel-
opment of a finite strain model using the proposed framework is shown and discussed, culminating
in the derivation of conditions that ensure the thermodynamic consistency of the model. Finally, a
ductile damage model is extended to viscoplasticity and incorporated into the finite strain deformation
model.

3.1 Experimental findings

To provide the valuable information and insight necessary to model the material behaviour in its
unirradiated and irradiated condition, experimental and microstructural data were generated by SCK-
CEN, Belgium [4]. Camera-monitored tensile tests were performed to capture the neck development
and local deformation that provide information to determine the true stress and strain for unirradiated

33
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Figure 3.1: Engineering stress-strain curves of unirradiated samples tested at RT - 300 °C [4].

(a) RT (b) 300 °C

Figure 3.2: Engineering stress-strain curves of unirradiated samples tested at different strain rates [4].

(a) RT (b) 300 °C

Figure 3.3: Engineering stress-strain curves of irradiated samples [4, 5].
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Ttest (°C) Tirr (°C) Irradiation dose (dpa) Deformation rate (mm/min)

RT - - 0.2
RT - - 2.0
RT 300 0.22 0.2
RT 300 1.05 0.2

100 - - 2.0
200 - - 2.0

300 - - 0.2
300 - - 2.0
300 300 0.65 0.2
300 300 1.18 0.2

Table 3.1: List of tensile tests performed with test temperature Ttest , irradiation temperature Tirr,
irradiation dose, and deformation rates.

and irradiated Eurofer97. The material used in this study is Eurofer97 Heat 83699, procured from
Böhler Austria GmbH in the form of a cylindrical bar. The heat treatment of the material includes
normalization at 979 °C for 1 hour 51 minutes and tempering at 739 °C for 3 hours 42 minutes, with
a period of air-cooling succeeding each step. Samples were cut from the cylinder such that their
axes are parallel. The standard miniaturized geometry (see fig. A.1) comprising of a gauge length
12 mm and diameter 2.4 mm was used. Neutron irradiation of samples was performed at 300 °C
in the Callisto loop of the BR2 reactor. Irradiation damage doses of four irradiated samples were
between 0.22 -1.18 dpa. The testing campaign was structured in a way to study the deformation and
damage at various conditions: temperature, strain rate, and irradiation damage dose. The details of
irradiation and testing conditions are found in Table 3.1. The unirradiated samples were tested in a
cold mechanical lab, while the irradiated (active) samples were tested in hot cells. The unirradiated
samples were tested in the temperature range of RT-300 °C with a deformation rate of 2 mm/min. The
influence of strain rate on material behaviour was investigated through tests at RT and 300 °C with a
deformation rate one order of magnitude lower (0.2 mm/min). Due to the difficulty and the high cost
of acquiring neutron irradiated samples, the available irradiated samples were divided into 2 groups:
a) samples irradiated to 0.22 and 1.05 dpa were tested at RT, b) samples irradiated to 0.65 and 1.18
dpa were tested at 300 °C. A deformation rate of 0.2 mm/min was used for all irradiated samples.
The load applied and the sample displacement recorded by the cross head movement are provided by
the testing machine. Tests were performed with the deformation and necking of the sample being
recorded by a camera.

From the load displacement data provided by SCK-CEN, the engineering stress and strain curves
were calculated using the formulae

σeng =
L

A0
, εeng =

∆l

l0
(3.1)
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(a) (b)

Figure 3.4: Comparison of tensile properties of samples tested at RT and 300 °C: (a) 0.2% yield
strength (Rp0.2), irradiation hardening (σH) and UTS (σUT S), (b) uniform elongation (Ag) and total

elongation (A).

where L is the load applied, ∆l is the cross head displacement, while A0 and l0 are the initial cross
sectional area and length of the gauge section. A0 = π(d0/2)2 is calculated from the initial gauge
diameter d0. The correction for removing the machine stiffness was applied to determine the specimen
strain using the formula

εeng,s = εeng −
σ

Eexp
+

σ

E
(3.2)

where Eexp is the slope of the most linear portion of the elastic region in the engineering stress and
strain curve, and E is the Young’s modulus of the material at the given temperature which is referred
from the literature [17, 1].

The resulting engineering curves of unirradiated samples tested at various temperatures at 2
mm/min are shown in fig. 3.1. The observed reduction of yield stress, uniform elongation and total
elongation with increase in the temperature is in agreement with results from literature [17, 76–79].
The strain rate influence on tensile properties is illustrated in fig. 3.2, where the increase in UTS and
fracture strain is in agreement with literature [79] at RT. At 300 °C, there are some outlying behaviours
seen in fig. 3.2b where the sample tested at higher deformation rate exhibits a lower UTS than the
sample tested at lower deformation rate. Since the recorded values are above the minimum UTS
expected of the material, this anomaly is attributed to the lack of homogeneity in the bulk material.
However, the increase in fracture strain for the higher deformation rate is in agreement with literature
[79]. Next, the engineering curves of the tested irradiated samples are shown in fig. 3.3 where they are
compared with the unirradiated samples tested at the same deformation rate. The tensile properties
of unirradiated and irradiated material are tabulated in table 3.2. A common behaviour of increase
in yield stress and UTS, with a reduction in fracture strain is observed for all irradiated samples.



3.1 Experimental findings 37

Temp. Dose Rp0.2 Rm σH Ag A Rp0.2/Rm
°C dpa MPa MPa MPa (%) (%) (%)

RT 0 641.1 722 0 5.15 20 88.79
RT 0.22 657.3 731 16.19 5.05 17.5 89.91
RT 1.05 862.1 862 220.99 0.62 11.89 100

300 0 502 544 0 2.59 16 92.27
300 0.65 654.7 655 152.68 0.67 11.23 99.95
300 1.18 744.1 744 242.1 0.57 10.5 100

Table 3.2: Tensile properties of tested unirradiated and irradiated specimen.

Figure 3.5: Illustration of Bridgman correction factor B as a function of the neck profile described by
the minimum radius dmin/2 and radius of curvature Rcurv [6].

However, the loss of uniform elongation is very strong for samples irradiated from upwards of 0.65
dpa.

3.1.1 Calculation of true stress and true strain

The calculation of true stress and strain from experimental data, as well as the uncertainty associated
with image-based measurement methodology, is described in detail in [4]. In this work, the data
is re-evaluated using the same procedure as in [4] to obtain the refinement needed to articulate the
material deformation post-necking. The video acquisition for tests was completed at a frame rate of
25 per second. The procedure for the extraction of data from the video regarding the dimensions and
profile of the sample’s neck with respect to the load applied, which are essential to the calculation of
true stress and strain is discussed in this subsection. Since the testing conditions vary, the procedure
of video acquisition and the quality of the video change. Although these procedures are not discussed
in this work, the quality of the video and the error they introduce into the determined true stress and
strain are discussed. Finally, the observations are drawn based on the results and concerning the
influence of irradiation.
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(a) RT (b) 300 °C

Figure 3.6: Mean true stress(σt) and Bridgman corrected true stress (σ̄t) versus mean true strain for
unirradiated samples tested at RT and 300 °C for different deformation rates. The second and third

data points correspond to the yield point and the UTS respectively.

3.1.1.1 Extraction of data

The time of fracture in the video is used as reference and with the help of the respective deformation
rate and time from the experiment, the load-displacement data is synchronized with the video. With
this setup, images are extracted from the video file at different levels of deformation (displacement)
and neck development from the entire loading history. From the image of the un-deformed sample
from each test, the length and width of the gauge section are measured in pixels and related to the
actual dimensions of the sample. For this, the ImageJ software [80] was used. Using this method,
the pixel measurements are converted to SI units. With these measurements as a reference, the
relative local deformation is measured in the other extracted images. From the minimum width of the
specimen, the cross-sectional area is estimated and is used to calculate the mean true stress σt and
strain εt

σt =
L

Amin
, εt = ln

(
A0

Amin

)
. (3.3)

Here, Amin = π(dmin/2)2 and dmin are the minimum cross sectional area and diameter of the gauge
section. Since the mean true stress holds the influence of triaxial stress state in the neck, it is necessary
to apply a suitable correction procedure to determine the uniaxial stress. The Bridgman correction
procedure [6] is the widely applied method for smooth and cylindrical samples and has been applied
in this work. For this method, the curvature of the neck is also measured from the images and utilized
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(a) Mean true stress-mean true strain (b) Bridgman corrected true stress-mean true strain

Figure 3.7: True stress-strain of unirradiated and irradiated samples (Tirr=300 °C) at Ttest=RT. The
second and third data points correspond to the yield point and the UTS respectively.

in the calculation of the Bridgman corrected stress σ̄t from the formula

σ̄t =
σt(

1+
4 Rcurv

dmin

)
ln

[
1+

dmin

4 Rcurv

]= Bσt (3.4)

where Rcurv is the radius of curvature of neck profile and B is the Bridgman correction factor.

3.1.1.2 Calculation of uncertainty

Since the measurements were made from images, the associated uncertainty was calculated using the
method in [4]. For a quantity X , its absolute error is taken to be ∆X , while its relative errors as δX .
The uncertainty of the calculated quantities originates from a) cross-section diameter dmin and b) neck
curvature radius Rcurv. The absolute error ∆dmin of 1 pixel (px) and relative error δRcurv of 20% are
assumed. The absolute error of true strain is

∆εt =

∣∣∣∣∣ ∂εt

∂Amin

∣∣∣∣∣∆Amin =
∆Amin

Amin
= δAmin = δdmin. (3.5)

Similarly, the relative error of true stress is

δσt = δAmin. (3.6)
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(a) Mean true stress-mean true strain (b) Bridgman corrected true stress-mean true strain

Figure 3.8: True stress-strain of unirradiated and irradiated samples (Tirr=300 °C) at Ttest=300 °C.
The second and third data points correspond to the yield point and the UTS respectively.

With βB = dmin/2Rcurv, the Bridgman factor B from eq. (3.4) can be written in the form

B =
1(

1+
2

βB

)
ln

[
1+

βB

2

]. (3.7)

The relative error of βB, δβB = δdmin/2+δRcurv. As the principal contributor is δRcurv, δβB ≈
δRcurv = 20%. Using the rules of error propagation, the absolute error of the B is calculated as

∆B =

∣∣∣∣∣ ∂B

∂βB

∣∣∣∣∣=
∣∣∣∣∣∣∣∣∣∣∣

2 ln

[
1+

βB

2

]
−βB

ln2

[
(1+

βB

2

]
(βB +2)2

∣∣∣∣∣∣∣∣∣∣∣
δβB. (3.8)

Though δβB ≈20%, δB ≤ 5%. After the Bridgman correction is applied, the relative error of stress,
δσB = δσt +δB was found to remain in the range 3-7% at UTS and 8-16% at the moment of material
failure, based on video resolution. Stress and strain relationships with errors due to uncertainty are
illustrated in figs. B.1 to B.4

3.1.1.3 Observations

Using the procedure discussed in section 3.1.1.1, the mean true stress and strain are calculated from
the images obtained from the tensile test videos. And with the application of the Bridgman correction,
the true stress is also estimated. In fig. 3.6, the plots of σt and σ̄t versus εt for the tests performed
on unirradiated samples at RT and 300 °C are shown. At RT, the σt − εt relation remains linear post
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UTS. However, the fracture true strain and the final reduction of the minimum diameter in the neck
are shown to be reduced at the higher deformation rate. At 300 °C, the σt − εt relation is again linear
post UTS, but the ability for uniform elongation has visibly reduced in comparison to RT although the
reduction of minimum diameter is greater than what was observed for RT. This of course indicates
that the material softens at elevated temperatures. The σ̄t shows that material hardening reaches a
saturation at fracture, which is likely a result of the onset of ductile damage.

The true stress and strain data calculated for the irradiated samples tested at Ttest = RT and 300
°C are shown in figs. 3.7 and 3.8. The sample with 0.22 dpa displays a behaviour very similar to
unirradiated E97 at RT, only differing by a marginal increase in strain hardening and reduction in
fracture strain. Including σH , Ag and A from fig. 3.4 into consideration, it is seen that samples
with irradiation doses of 0.65 dpa and higher exhibit characteristics that are similar and increasingly
independent of Ttest . The hardening modulus is utilized by Considère [81] to introduce the condition

dσ̄t

dεt
≤ σ̄t (3.9)

for the development of plastic instability and localized deformation in the sample, both of which are
responsible for the loss of uniform elongation and neck development. Furthermore, the hardening
modulus has an impact on the rate at which the instability and neck develop [82–84]. Because the
material normally continues to harden until failure, the hardening modulus of unirradiated ductile
materials decreases after yield and tends to stabilize beyond UTS. For instance, the ideal plastic
material behaviour is described by a modulus lower bound of zero [82]. The modulus of irradiated
materials, on the other hand, drops sharply as the yield turns negative, but then stabilizes to turn
positive again as the material continues to harden at higher deformation levels until failure. This is
due to the reduction in irradiation-induced hardening caused by the elimination of irradiation-defects
during plastic deformation. Because the σ̄t of irradiated samples gradually approaches the curves
of unirradiated material at higher deformation levels, it may be assumed that defect removal occurs
at a fast rate at first, but then slows down after crossing a threshold to achieve a steady rate after
UTS. Even at material failure, it is improbable that all flaws are removed by plastic deformation.
An explicit microstructural investigation is required to verify this, which is outside the scope of
the current thesis. Because the modulus is negative for the first part of the plastic deformation, it
must have a significant role in the accelerated neck development, and explains the steep decline
in engineering stress strain curves after UTS. This is owing to the geometrical relaxation provided
by the reduction in the minimum cross-sectional area resisting deformation as a result of necking.
However, the true stress σt at material failure for unirradiated and irradiated material is about the
same, which is consistent with findings of Byun [85–88]. A decrease in true strain at fracture is
also observed, indicating that the scope for reducing minimum diameter for irradiated samples is
limited, and that this limit decreases with increasing irradiation dose. Thus the ductility is reduced for
irradiated samples.
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Because these changes are caused by irradiation, it is critical to isolate and obtain data describing
the evolution of irradiation hardening as a result of irradiation and plastic deformation, which will be
used to develop constitutive relations to represent irradiation-induced changes in material behaviour
on a continuum scale.

3.2 Thermodynamics of irradiation

The balance law of energy states that the time rate of change of a continuum body’s total energy is
given by the sum of work done by the surroundings on the body and the heat added to the body. In its
traditional form (2.33), the energy transfers made as a result of irradiation are not included. Therefore
additional quantities to capture the changes introduced by neutron irradiation into the material have to
be identified and included to preserve energy conservation. This would allow the construction of the
appropriate free energy functions and entropy inequality that are necessary for the thermodynamic
formulation of the finite strain model.

While a large portion of the neutron energy transferred to the system is dissipated as heat, the rest
is consumed in the work done on the system. Radiation damage in crystalline materials is measured
by the number of displacements per atom (dpa), caused by the irradiation-induced cascades [23, 24].
These changes occur in the form of defect formation in the lattice [23], like defect clusters, dislocation
loops, voids, etc. These irradiation induced defects alter the material properties, some of which
manifest during mechanical tests in the form of irradiation hardening, loss of ductility, etc. It has
been conclusively shown in numerous studies [14, 13, 26] that as a result of neutron irradiation, the
material’s mechanical properties are significantly altered in essence due to the induced changes in the
microstructure of the material matrix. Irradiation-induced hardening arises out of dislocation pinning
by defects [89–92]. From tensile tests, it is possible to measure the additional deformation or stress
necessary to overcome the pinning and for the onset of plastic deformation [13]. This additional
stress is a good measure of irradiation-induced hardening. Plastic deformation of the irradiated
material on the other hand, leads to the annihilation or removal of the defects [89, 25, 93]. From
these observations, it can be deduced that a portion of the energy from neutrons is transferred to the
material and is used as formation energy for the creation of the irradiation defects, thereby altering
the material’s properties. Since with removal of defects, this portion of energy would dissipate during
plastic deformation, it needs to be accounted for the law of energy conservation to be satisfied.

3.2.1 Irradiation Power

Since it has been established that the energy exchanges related to the formation and removal of
irradiation defects have to be accounted for the conservation of energy, the ideal approach is to first
estimate the formation energy of irradiation induced defects from the summation of the products
of defect quantity and the associated formation energy for each defect type. Although numerous
studies have been dedicated towards this approach using experimental, modeling, and statistical
methodologies, they are not yet conclusive due to the difficulties in determining the quantity of
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various defect types. In physics, energy is the stored work performed by a force on a thermodynamic
system causing a thermodynamic change. Additionally, power is the rate at which work is performed.
Therefore in this work, an alternative approach is adopted to represent or quantify the neutron energy
responsible for the formation of the discussed defects.

A conjugate pair of variables is proposed whose product can quantify the amount of energy
transferred to the system, which in addition to the material’s stress power, is available for dissipation
during inelastic deformation and damage of the irradiated material. In this work, it is proposed that
the thermodynamic change in the system can be quantified by irradiation damage dose φ , an extrinsic
quantity measured in dpa. And, the surface distributed thermodynamic force necessary to perform the
work for bringing about this thermodynamic change is represented by ξ , which is assumed to be a
function of the irradiation dose φ and is an intrinsic quantity. The product of this conjugate pair,

Pirr = ξ φ̇ (3.10)

is the rate of work or the power and therefore shall be termed irradiation-induced power (Pirr) in this
work [5] which holds the unit of MPa/s or J/s (considering volume). Introduction of the irradiation
power term in to the eq. (2.35) helps to satisfy the law of energy conservation

ė =
1

ρ

(
T · D + ξ φ̇

)
−

1

ρ
divqqq + stotal (3.11)

for an irradiated material with stotal = s+ sirr [5]. Here, sirr is the heat generated due to neutron-atom
and inter-atom interactions as a result of irradiation. Using the eq. (2.45) and (2.46) in the eq. (3.11)
and assuming a positive entropy production, the Clausius-Duhem inequality

− Ψ̇ − θ̇η +
1

ρ

(
T · D + ξ φ̇

)
−

qqq

ρ Θ
·ggg ≥ 0 (3.12)

is obtained. Defects of various types contribute differently to material hardening, while certain types,
such as point defects, do not contribute at all. Although removal of every defect type dissipates energy,
this work will focus on the defect types that contribute to hardening. Hence, the contribution to free
energy from defects that do not contribute to hardening is segregated from Ψ and defined as Ψirr,NH

[5]. For an isothermal process with uniform heat distribution, the inequality (3.12) reduces to

−ρ
(
Ψ̇+ Ψ̇irr,NH

)
+T ·D+ξ φ̇ ≥ 0,

−ρΨ̇+T ·D+
(
ξ φ̇ −ρ Ψ̇irr,NH

)
≥ 0.

(3.13)

where the removal of Ψirr,NH from the irradiation-induced power makes it possible to isolate the
power responsible for irradiation hardening that is available for dissipation during plastic deformation.
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This is quantified by introducing the relation [5]

ξ φ̇ −ρ Ψ̇irr,NH = ϕ φ̇ (3.14)

where the term ϕ is proposed to be the tangent of the σH −φ curve [5]

ϕ =
dσH

dφ
(3.15)

that links the energy dissipation from the removal of defects, to the amount of irradiation hardening
σH and the respective irradiation damage φ . Therefore, the entropy inequality for irradiated materials
in actual configuration Xt is [5]

−ρΨ̇+T ·D+ϕ φ̇ ≥ 0 (3.16)

and in reference configuration Xt0 is

−ρRΨ̇+ T̃ · Ė+ Jϕ φ̇ ≥ 0 (3.17)

is henceforth used for determining the constitutive relations and thermodynamic consistency condi-
tions of the finite-strain model that describes the deformation of the material post or during irradiation.

3.2.1.1 Free energy function of irradiated material

The free energy of a system is the portion of its internal energy that can be used to perform thermody-
namic work. The free energy function is constructed using a set of internal state variables that are
chosen to describe specific material behaviours such as material hardening and softening, as well
as material damage. Constitutive equations are used to describe the evolution of the conjugates of
these variables. Therefore in this work, to describe the irradiation induced material behaviour, the
free energy function is constructed with irradiation defect density Ni as an internal state variable as

Ψ (t) = Ψ( Ee, H, Ni, D) (3.18)

for ’i’ type of defects, in addition to the usual set of variables such as elastic strain Ee, set of variables
describing material hardening and softening H, and damage D.

3.3 Finite strain model for irradiated steel

Following the recommendations made in Haupt and Tsakmakis [2] and its implementation works of
Lämmer [94], Jansohn [95], the constitutive model is defined in the intermediate configuration X̂t ,
to ensure its invariance against any rotations. The transformation from Xt0 to X̂t is inelastic, while
the transformation from X̂t to Xt is elastic. The formulation of the model starts with the additive
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Mechanism Type State variables Conjugate

Elasticity Tensor Ee → Γ̂ΓΓe → Ae T̃ → T̂ → S

Kinematic hardening Tensor α̂αα i → ααα i Ẑi → Zi
Isotropic softening Scalar ψi Ri

Irradiation hardening Scalar Ni ni

Damage Scalar d −Y

Table 3.3: State variables and their conjugates for the finite strain model.

decomposition of the Green Lagrange strain at X̂t , into its elastic and plastic parts as seen in eq. (2.70)

Γ̂ΓΓ = Γ̂ΓΓe + Γ̂ΓΓp. (3.19)

As discussed in sections 2.3.4 and 2.3.4.1, a free energy function with suitable internal variables
is required to describe observed physical phenomena or properties. Internal state variables (ISV)
are defined in addition to observable exterior variables like temperature and deformation in order
to uniquely define the Helmholtz free energy of a solid system undergoing an irreversible process.
ISVs must be based on physically observed behaviour and constrained by thermodynamic rules
because they macroscopically average the details of the microscopic organization [96]. To describe
the coupled viscoplastic damage model in section 2.4.1, variables of kinematic hardening, isotropic
softening, defect density, and damage in addition to the elastic strain are chosen as the internal
variables. The conjugate of these terms helps to define the evolution equations for the respective
internal variables. The chosen free energy function is:

Ψ̂ (t) = Ψ̂

(
Γ̂ΓΓe, α̂αα i, Ni, ψi, d

)
. (3.20)

The Clausius Duhem entropy inequality (3.17) with respect to X̂t may be rewritten as

T̂ ·
△

Γ̂ΓΓ + ϕ φ̇ − ρR Ψ̇ ≥ 0. (3.21)

Substituting eqs. (3.19) and (3.20) in eq. (3.21), the entropy inequality is written as

T̂ ·
△

Γ̂ΓΓe + T̂ ·
△

Γ̂ΓΓp + ϕ φ̇ − ρR

(
∂Ψ

∂ Γ̂ΓΓe

˙̂
ΓΓΓe +

∂Ψ

∂ α̂αα i

˙̂ααα i +
∂Ψ

∂Ni
Ṅi +

∂Ψ

∂ψi
ψ̇i +

∂Ψ

∂d
ḋ

)
≥ 0. (3.22)

Further, with the help of eq. (2.75) the elastic strain rate shall be formulated as

△

Γ̂ΓΓe = ˙̂
ΓΓΓe + L̂T

p Γ̂ΓΓe + Γ̂ΓΓeL̂p. (3.23)
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Using eq. (2.62), a relation for ˙̂
ΓΓΓe is obtained as

˙̂
ΓΓΓe =

△

Γ̂ΓΓe − L̂T
p · Γ̂ΓΓe − Γ̂ΓΓe · L̂p =

△

Γ̂ΓΓe − Γ̂ΓΓe

(
L̂T

p + L̂p

)
=

△

Γ̂ΓΓe − Γ̂ΓΓe · (2D̂p)

which is used to simplify eq. (3.22) into

→

(
T̂ − ρR

∂Ψ

∂ Γ̂ΓΓe

)
·

△

Γ̂ΓΓe +

(
T̂ + 2 ρR

∂Ψ

∂ Γ̂ΓΓe
Γ̂ΓΓe

)
· D̂P + ϕ φ̇

− ρR

(
∂Ψ

∂ α̂αα i

˙̂ααα i +
∂Ψ

∂Ni
Ṅi +

∂Ψ

∂ψi
ψ̇i +

∂Ψ

∂d
ḋ

)
≥ 0.

(3.24)

Here, the first term in eq. (3.24) forms the elastic part and the rest form the plastic part of the entropy
inequality. In the elastic state the terms D̂p = α̇αα i = Ṅi = ψ̇i = ḋ = 0, which gives the relation for the
stress tensor. (

T̂ − ρR
∂Ψ

∂ Γ̂ΓΓe

)
·

△

Γ̂ΓΓe ≥ 0 ⇒ T̂ = ρR
∂Ψ

∂ Γ̂ΓΓe
(3.25)

As established in section 2.3.3, an effective stress measure considering the relaxation due to the
isotropic softening and damage is adopted and used in place of the stress tensor T̂

T̂ →
T̂

ψ(1−d)
(3.26)

which leads to the hyperelastic law for finite plasticity using the Mandel [97] type stress tensor

P̂ =
(

Î + 2 Γ̂ΓΓe

)
T̂. (3.27)

Replacing the partial derivatives with terms,

Ẑi = ρR
∂Ψ

∂ α̂αα i
, ni = ρR

∂Ψ

∂xi
, ri = ρR

∂Ψ

∂ψi
, Y = ρR

∂Ψ

∂d
(3.28)

the entropy inequality (3.24) can be simplified into

P̂
ψ(1−d)

· D̂p + ϕ φ̇ − Ẑi · ˙̂ααα i − riψ̇i − niṄi − Y ḋ ≥ 0. (3.29)
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Since the kinematic hardening variable is a stress tensor by nature, it is also converted into a Mandel
type stress as already done for the Cauchy stress. With an assumption that

Ω̂ΩΩ =
(

Î + 2 φ̂φφ

)
· Ẑ (3.30)

is the translation tensor of the kinematic hardening parameter with φ̂φφ being a strain type tensor, the
entropy inequality eq. (3.29) is written as:

P̂
ψ(1−d)

· D̂p + ϕ φ̇ − Ω̂ΩΩi · D̂p + Ω̂ΩΩi · D̂p − Ẑi · ˙̂ααα i − riψ̇i − niṄi − Y ḋ ≥ 0. (3.31)

Substituting eq. (3.30), the above dissipation inequality can be decomposed into separate contributions
with each term corresponds to a distinct, energetically conjugate mechanism. Thermodynamic
consistency is ensured by requiring the individual contributions to be non-negative.(

P̂
ψ(1−d)

− Ω̂ΩΩi

)
· D̂p + ϕφ̇ − riψ̇i − niṄi︸ ︷︷ ︸
Part A

+
(
(1+2φ̂φφ)D̂p − ˙̂ααα i

)
· Ẑ︸ ︷︷ ︸

Part B

− Y ḋ︸︷︷︸
Part C

≥ 0.

(3.32)

3.3.1 Flow rule

The form of viscoplastic potential (2.103) is recalled, where the over-stress tensor ΣΣΣ is replaced by

Σ̂ΣΣ =
P̂

ψ(1−d)
− Ω̂ΩΩ with Σ̂eq =

√
3

2
Σ̂ΣΣ

D · Σ̂ΣΣD
, (3.33)

and its von-Mises equivalent is calculated from the deviatoric part of Σ̂ΣΣ to eliminate any influence
of volumetric stress in multi-axial loading conditions. Thus, using the normality rule (2.100) with
eqs. (2.78) and (2.103), the flow rule and the inelastic strain rate is derived as

D̂p =
△

Γ̂ΓΓp = λ̇
∂Fy

∂ P̂
=

3

2

〈
Σ̂eq −σH − k

K

〉n
Σ̂ΣΣ

D

Σ̂eq
, (3.34)

which leads to the accumulated plastic strain rate

ṗ =

√
2

3
D̂p · D̂p. (3.35)
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3.3.2 Kinematic Hardening

To derive the kinematic hardening equations for finite strains, first, a suitable free energy function that
is quadratic in nature to ensure positive definiteness is defined

Ψ
Kin
p (t) =

Ai(p)

2 ρR
α̂αα i · α̂αα i. (3.36)

Here, A(p) is a temperature-dependent, plasticity driven function. The conjugate variable of α̂αα i is Ẑi

which is derived by the partial differentiation of Ψ with respect to α̂αα

Ẑi = ρR
∂Ψ

∂ α̂αα i
= Ai(p) α̂αα i. (3.37)

Therefore, the time derivative of Ẑi is written as

▽

Ẑi = Ȧ(p) α̂αα i + Ai(p)
▽

α̂αα i.

Assuming an isothermal process, Ȧ(p) = 0 and therefore the above relation is simplified to

▽

α̂αα i =

▽

Ẑi

Ai(p)
(3.38)

and on applying eqs. (2.62) and (2.82), the above relation becomes

˙̂ααα i =

▽

Ẑi

Ai(p)
+ 2 D̂p · α̂αα. (3.39)

Therefore, the Part (B) from the entropy inequality (3.32) is rewritten as:

Ẑi ·

D̂p −

▽

Ẑi

Ai(p)
+ 2 D̂p

(
φ̂φφ − α̂αα i

)≥ 0. (3.40)

To remove the inequality, the term κp is introduced

D̂p −

▽

Ẑi

Ai(p)
+ 2 D̂p

(
φ̂φφ − α̂αα i

)
= κp Ẑi.

(3.41)

Choosing κp to be represented by the function

κp =
bi

ai
ṗ +

oi

ai
|Ẑi|mi−1, (3.42)
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the eq. (3.41) is simplified to

▽

Ẑi = Ai(p)

{
D̂p −

bi

ai
ṗ Ẑi −

oi

ai
|Ẑi|mi−1 Ẑi + 2 D̂p

(
φ̂φφ − α̂αα i

)}
. (3.43)

Choosing the plasticity driven function A(p) from Chaboche [98] as

Ai(p) =Ci ai fi(p), (3.44)

the evolution equation for the kinematic hardening variable is obtained as

▽

Ẑi = Ci fi(p)
{

ai D̂p − bi ṗ Ẑi − oi |Ẑi|mi−1 Ẑi + 2 ai D̂p

(
φ̂φφ − α̂αα i

)}
(3.45)

which fulfills the thermodynamic laws. Here, Ci, ai, bi, mi and oi are temperature dependent material
parameters and fi(p) is a plasticity driven function. The parameters mi and oi characterize the static
recovery at high temperatures.

3.3.3 Isotropic Softening

Isotropic hardening and softening for an irradiated material can be described by the summation of the
unirradiated and irradiated function

Ψ
iso(t) = Ψ

iso
unirr + Ψ

iso
irr . (3.46)

First, the unirradiated material state is considered where the second component can be ignored. The
first term Ψiso

unirr is described by a quadratic function, so as to ensure the convexity and positive
definiteness of the free energy function. Ψiso

unirr is described by the evolution of two isotropic variables
ψ1 and ψ2

Ψ
iso
unirr(t) =

1

2ρR
β (ψ2

2 −ψ
2
1 ) (3.47)

where β is a positive definite, temperature dependent material parameter. The derivatives of the free
energy function with respect to the isotropic variables returns the relation for the conjugate variables

R1 = ρR
∂Ψiso

unirr

∂ψ1
=−βψ1, R2 = ρR

∂Ψiso
unirr

∂ψ2
= βψ2. (3.48)

Here the first component R1 describes the linear softening and the second term R2 is nonlinear in
nature and tends to a saturation value. Their time derivatives are

Ṙ1 = −β̇ψ1 −βψ̇1, Ṙ2 = β̇ψ2 +βψ̇2
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which can be simplified by assuming an isothermal process (β̇ = 0) to

Ṙ1 = −βψ̇1, Ṙ2 = βψ̇2. (3.49)

Since isotropic softening is plasticity driven, Ṙ1 shall be proportional to the accumulated plastic strain
rate,

Ṙ1 = κR ṗ. (3.50)

Taking h = κR/β and using eq. (3.50), the evolution equation (2.112) for ψ1

ψ̇1 = − h ṗ

is attained. Similarly, by choosing the following relation for Ṙ2 based on the evolution law for
isotropic hardening variable from Chaboche [99]

Ṙ2 =
1

β

[
c (ψs − ψ2) ṗ − rψ |ψ2 − ψr|mψ (ψ2 − ψr)

]
, (3.51)

the evolution equation of ψ2 as shown in eq. (2.113) is reached

ψ̇2 = c (ψs − ψ2) ṗ − rψ |ψ2 − ψr|mψ−1 (ψ2 − ψr).

The conditions that ensure thermodynamic consistency of the isotropic softening variables is
discussed later in section 3.3.5.

3.3.4 Irradiation influenced hardening-softening

Since irradiation hardening is isotropic in nature, a similar quadratic free energy function is selected

Ψ
iso
ir,i(t) =

1

2ρR
γN,i N2

i (3.52)

where γN is a temperature dependent material parameter. The partial derivative with respect to
irradiation variable N fetches the following relation for ni

ni = ρR
∂Ψiso

ir,i

∂Ni
= γN,i Ni (3.53)

and its time derivative is

ṅi = γ̇N,i Ni + γN,i Ṅi. (3.54)
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Assuming an isothermal process (γ̇N,i = 0), the time derivative reduces to

ṅi = γN,i Ṅi. (3.55)

A suitable evolution function for ṅ to describe hardening driven by irradiation and softening due to
inelastic deformation and annealing is chosen to be

ṅi = ai (Ns,i − Ni) φ̇ − Bi
(
Ni −Nl,i

)
ṗ− Ri NqN,i

i . (3.56)

in order to obtain the evolution function (2.115) for the irradiation defect density [53] by taking
ai = ai/γN,i, bi = bi/γN,i, rN,i =Ri/γN,i. The first term in eq. (2.115) accounts for the formation of
irradiation induced defects as a result of irradiation which reaches a saturation density of Ns,i. The
second term accounts for the removal of defects during inelastic deformation, where Nl,i refers to
the amount of defects which can be cleared by plastic deformation, while ai, bi, rX,i, qX,i are other
material parameters. The third term accounts for the annealing effect at high temperatures, e.g. due
to heat treatment over a period of time. Finally, the irradiation hardening σH is obtained using the
Dispersed Barrier Hardening (DBH) model [54, 53] for nH defect types that contribute to material
hardening:

σH =
nH

∑
i

σH,i with σH,i =
√

h2
N,iNi. (3.57)

where hN,i is a temperature and material dependent model parameter that quantifies the effectiveness
of obstacles of type i in impeding dislocation motion and promoting pile-up formation.

The phenomenon of defect removal is primarily an outcome of the inelastic deformation, and thus
depends on the load history. The resulting softening has a strong influence on the hardening modulus,
which has been discussed in section 3.1.1.3. Since the term Nl,i controls the portion of the defect
density that can be removed, it is a function of the accumulated plastic strain, Nl,i = Nl,i(p). The type
of function chosen to describe Nl,i will play a major role in determining the model’s stress response.
In order to address this, this work introduces the relation

Nl,i =

〈√
max

−∞<τ<t
Ni(τ)

(
1− lN,i(2− e−e1 p)

)〉2
(3.58)

that uses the material’s accumulated plastic strain to describe Nl,i. The tensile characteristics of
irradiated Eurofer97 are used as the basis for the equation’s construction. Here, lN,i and e1 are
dimensionless, temperature and material-dependent parameters. lN,i controls the portion of defects
that may be removed before the rate of defect removal drops, but continues to proceed at a steady rate
controlled by e1. Identification of lN,i at various irradiation doses is discussed later in section 5.1.3.2,
where lN,i is seen to reduce with increasing levels of irradiation hardening. This indicates that
lN,i = lN,i(σH,max,θ) is a function of the maximum irradiation hardening, σH,max, in addition to
testing temperature.
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As already described in section 3.2.1, establishing the density of each defect type formed as a
result of irradiation is extremely difficult. Furthermore, numerous studies have shown that dislocation
loops play the largest role in the irradiation induced material hardening [100–103]. Therefore, a
reasonable assumption that the phenomena of irradiation hardening is dominated by only one type of
defect is made to simplify the model, which limits to nH = 1. Thereby, the subscript i may be omitted
from the eqs. (2.115), (3.57) and (3.58).

3.3.5 Consistency conditions for equations of isotropic variables

To prove the thermodynamic consistency of the evolution equations for isotropic softening and
irradiation hardening-softening, the part (A) of Clausius Duhem entropy inequality equation (3.32) is
recalled here, (

P̂
ψ(1−d)

− Ω̂ΩΩi

)
· D̂p + ϕφ̇ − riψ̇i − n Ṅ ≥ 0

where by the substitution of eq.(3.34) and eq. (3.35), the above formulation is reduced to:

ΣΣΣ ·
3

2
ṗ

ΣΣΣ

Σeq
+ ϕφ̇ − riψ̇i − n Ṅ ≥ 0

(
3

2
ΣΣΣ ·ΣΣΣ

)
1

Σeq
ṗ+ ϕφ̇ − riψ̇i − n Ṅ ≥ 0

Σeq ṗ + ϕφ̇ − riψ̇i − n Ṅ ≥ 0 (3.59)

Σeq ṗ − R1ψ̇1 − R2ψ̇2 + ϕ φ̇ − n Ṅ ≥ 0 (3.60)

From the viscoplastic yield potential (2.103), a relation for Σeq is obtained as

Σeq − σH − k ≥ 0

Σeq ≥ σH + k.
(3.61)

Substituting eqs. (2.115), (3.50), (3.51) and (3.61) in eq. (3.59), the following inequality is reached

ṗ(σH + k)+ϕ φ̇ −β h ψ1 ṗ−βψ2
[
c(ψs −ψ2)ṗ− rψ(ψ2 −ψr)

mψ
]

− γN N
[
a(Ns −N)φ̇ −b (N −Nl)ṗ− rNNqN

]
≥ 0. (3.62)

Segregating irradiation and inelastic deformation related terms,

[k−β h ψ1 − c β ψ2(ψs −ψ2)] ṗ+β rψ ψ2(ψ2 −ψr)
mψ
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+[σH + γN b N(N −Nl)] ṗ+[ϕ − γN a N (Ns −N)] φ̇ − γN N rN NqN+1 ≥ 0 (3.63)

an inequality is derived to determine ϕ . During irradiation φ̇ ≥ 0, therefore

ϕ − γN a N (Ns −N)≥ 0 →
d σH

d φ
≥ γN a N (Ns −N).

The partial derivative of N (φ , p) in the absence of plastic deformation leads to

Ṅ(φ) =
dN

∂φ
φ̇ .

Comparing the coefficients in this relation with eq. (2.115) helps us obtain the relationship

dN

dφ
= a(Ns −N). (3.64)

Thereby, the relation for ϕ can be deduced as

ϕ =
dσH(φ)

dφ
=

d

dφ

√
h2

N N =
hN

2
√

N

dN

dφ

=
hN

2
√

N
a(Ns −N). (3.65)

In the case of unirradiated condition, with ṗ ≥ 0, the following consistency conditions are deduced
from eqs. (3.62) and (3.63):

1. Since β is already assumed to be positive definite,

−β h ψ1 ≥ 0 → ψ1 ≤ 0 if h ≥ 0 or vice versa (3.66)

are two solutions that exist based on the choice of parameter h.

2. −β rψ ψ2(ψ2 −ψr)
mψ ≥ 0 → rψ ≥ 0, ψ2 ≥ 0 & ψ2 ≥ ψr (3.67)

suggests the limits for the parameter ψr to be ψ2 ≥ ψr ≥ 0.

3. Since ψ1 ≤ 0,ψ2 ≥ 0 while ψ ≤ 1, the initial values of the isotropic variables are chosen as

ψ1 = 0 & ψ2 = 1 at t = 0. (3.68)

4. −β c ψ2(ψs −ψ2)≥ 0 → ψs ≤ ψ2 if c ≥ 0 or vice versa

for which two solutions exist, based on the choice of ψs. It is further illustrated by
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k −β [hψ1 + c ψ2 (ψs − ψ2)]≥ 0 → c ≥
hψ1

ψ2(ψs −ψ2)
∵ k ≥ 0, β ≥ 0 (3.69)

which indicates that for ψs > ψ2, c is positive and for ψs < ψ2, c is negative.

Similarly, for the irradiated material the following conditions are deduced with the consideration of
ṗ ≥ 0, φ̇ ≥ 0 using eqs. (3.63) and (3.65):

1. a(Ns −N)

[
hN

2
√

N
− γNN

]
≥ 0 → a ≥ 0, Ns ≥ N, γN ≤

σH

2N2 (3.70)

is necessary for the formation of defects. And since γN is positive definite,

0 ≤ γN ≤
hN

2N
√

N
. (3.71)

2. b ≥−
σH

γN N(N −Nl)
(3.72)

Since only available flaws can be removed, Nl ≤ N. Experiments show that Nl is always less
than the number of defects of greatest possible hardening [86], implying that Nl < Ns. As a
result, the right-hand side of the relationship will always be less than or equal to 0. This means
that, the only constraint for the parameter is that b ≥ 0.

3. γN rN NqN+1 ≥ 0 (3.73)

Since γN > 0,N ≥ 0, the condition that rN must always be positive, i.e rN ≥ 0 is obtained.

3.4 Viscoplastic extension for ductile damage model

The following viscoplastic yield criterion is proposed based on the GTN yield surface (2.130) as
similarly done for the viscoplastic yield criterion of the model without ductile damage (2.103)

Φ =

(
Σ̂eq

σs

)2

+ 2 f ∗ q1 Cosh

(
3

2
q2

Σ̂v

σA

)
− 1− (q1 f ∗)2 ≥ 0. (3.74)

Since the plasticity framework of Gurson already accounts for the material deterioration due to the
VVF development, (1− f ) is omitted from the over stress formulation (2.105)

Σ̂ΣΣ =
T̂
ψ
− Ẑ. (3.75)

The eqs. (2.103) and (3.74) implies that the stress states fulfilling it may lie outside the yield surface
by the so-called viscous stress. While the equivalent value of the viscous stress σvis is directly given
by the left side of eq. (2.103), the inequality eq. (3.74) is modified by updating the yield stresses with



3.4 Viscoplastic extension for ductile damage model 55

Figure 3.9: Viscoplastic GTN yield potential with kinematic hardening.

the equivalent viscous stress in the matrix material to the following equality which describes all stress
states with the same σvis and hence the same viscoplastic yield potential

Φ =

(
Σ̂eq

σs +σvis

)2

+ 2 f ∗ q1 Cosh

(
3

2
q2

Σ̂v

σA +σvis

)
− 1− (q1 f ∗)2 = 0 (3.76)

where σs = k+σH . The GTN yield surface and potential surface are illustrated in the fig. 3.9. To
obtain σvis for a given stress state fulfilling eq. (3.74), the eq. (3.76) needs to be solved and the
corresponding inelastic strain rate in the matrix material can be identified as

ε̇M =

〈
σvis

K

〉n

. (3.77)

Since only the matrix material is considered to undergo kinematic hardening [58, 65], its yield and
potential surfaces translate over the deviatoric plane. With this consideration, the history-dependent
term σA was introduced to track the hardening behaviour and determines the so-called limiting surface.
In this work, σA is proposed to be given by

σA = max
−∞<τ<t

(σs(τ))+ max
−∞<τ<t

(
Ẑeq(τ)

)
(3.78)

which corresponds to the farthest stress state achieved by the yield surface during the load history.
The inelastic strain rate for the considered stress state is derived by applying the normality rule on

the corresponding viscoplastic potential surface given by eq. (3.76)



56 Thermodynamic framework for modeling of materials under irradiation

D̂p = λ̇ N̂ where N̂ =
∂Φ

∂ Σ̂ΣΣ
=

(
∂Φ

∂ Σ̂v

∂ Σ̂v

∂ Σ̂ΣΣ
+

∂Φ

∂ Σ̂eq

∂ Σ̂eq

∂ Σ̂ΣΣ

)
. (3.79)

The first term in eq. (3.79) is related to the hydrostatic stress

∂Φ

∂ Σ̂v

∂ Σ̂v

∂ Σ̂ΣΣ
=

3 f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σ̂v

σA +σvis

)
∂ Σ̂v

∂ Σ̂ΣΣ
(3.80)

where
∂ Σ̂v

∂ Σ̂ΣΣ
=

1

3
Î and the second term is related to the deviatoric part of stress tensor

∂Φ

∂ Σ̂eq
=

2 Σ̂eq

(σs +σvis)
2 and

∂ Σ̂eq

∂ Σ̂ΣΣ
D =

3

2

Σ̂ΣΣ
D

Σ̂eq
. (3.81)

Using eqs. (3.80) and (3.81), the inelastic strain rate is written as

D̂p = λ̇

1

3

3 f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σ̂v

σA +σvis

)
Î +

3Σ̂ΣΣ
D

2 Σ̂eq

(
2 Σ̂eq

(σs +σvis)
2

) 

= λ̇

 f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σ̂v

σA +σvis

)
Î +

3Σ̂ΣΣ
D

(σs +σvis)
2

 . (3.82)

Considering that the power dissipated by inelastic deformation of the considered damaged volume
element is that dissipated in its matrix material, the following relation (also seen in eq. (2.123)) can
be derived

Σ̂ΣΣ · D̂p = (1− f )(σs +σvis) ε̇M. (3.83)

The inelastic multiplier (λ̇ ) to be identified by substituting the relations eqs. (3.77) and (3.82) into
eq. (3.83)

λ̇ = (1− f )
σs +σvis

Σ̂ΣΣ · N̂

〈
σvis

K

〉n

where Σ̂ΣΣ · N̂ =
2 Σ̂2

eq

(σs +σvis)
2 + Σ̂v

f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σ̂v

σA +σvis

) (3.84)

Therefore the inelastic strain rate of the damaged material is given by

D̂p = (1− f )

〈
σvis

K

〉n
σs +σvis

Σ̂ΣΣ · N̂

 f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σ̂v

σA +σvis

)
Î +

3 Σ̂ΣΣ
D

(σs +σvis)
2

 (3.85)

which reduces to eq. (3.34) for f = f ∗ = 0.
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3.5 Simplified model for small elastic deformation

For large plastic deformation of materials, the elastic part of the strain is much smaller in comparison
to the plastic strain. Based on this, the derived finite strain model is simplified. First, the elastic
behaviour which is linear in nature can be described for isotropic materials using the free energy
function

Ψ̂e(Γ̂ΓΓe) = (1− f ∗)

[
µ

ρR
Γ̂ΓΓe · Γ̂ΓΓe +

λ

2 ρR

(
tr Γ̂ΓΓe

)2
]
, (3.86)

which ensures that the elastic relationship is compatible with Hooke’s law. Here, (1− f ∗) is included
to account for the reduction of stiffness in the volume element due to VVF. Here µ(Θ),λ (Θ) are the
Lamé constants. Using eqs. (3.25) and (3.86), the hyperelastic law to describe stress evolution

T̂ = ρR
∂Ψ

∂ Γ̂ΓΓe
= (1− f ∗)

[
2 µΓ̂ΓΓe +λ tr Γ̂ΓΓeI

]
= C · Γ̂ΓΓe (3.87)

with C= (1− f ∗) [2µI+λ (I⊗ I)] (3.88)

in the damaged element is obtained. Here, C is a fourth order elasticity tensor of the volume element.
I is the symmetric part of the fourth-order identity tensor. For the consideration of small elastic
deformations, Jansohn [95] showed that the transformation of tensor variables from X̂t to Xt only
amounts to rigid body motion (Ve ≈ I, Fe = Re). Furthermore, the model can be simplified to
constitute the variables defined in Xt , while still maintaining the original structure. As a result, the
transformation of Mandel stress in eq. (3.27) to Xt results in the weighted Cauchy stress, S.

P̂ = F̂T
e F̂eT̂ = T̂ (3.89)

→ S = R̂e T̂ R̂T
e = C [Ae] = C [A−Ap] (3.90)

Application of the Oldroyd derivatives (2.75), (2.82) to T̂ and Γ̂ΓΓe leads to

▽

T̂−C ·
△

Γ̂ΓΓe =
∂C
∂θ

· Γ̂ΓΓe θ̇ −C
[
LT

p Γ̂ΓΓe + Γ̂ΓΓeLp

]
−LpC · Γ̂ΓΓe −C · Γ̂ΓΓeLT

p . (3.91)

For an isothermal process, θ̇=0. And, since |Γ̂ΓΓe| ≪ 1, the terms on the right side can be neglected.
Therefore, the hyper-elastic relations in eq. (3.90) can be approximated through the hypo-elastic law

▽

T̂ = C ·
△

Γ̂ΓΓe = C ·

[
△

Γ̂ΓΓ−
△

Γ̂ΓΓp

]
or

▽

T̂ = C ·
[
D̂− D̂p

]
. (3.92)
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Transforming the above hypo-elastic law to Xt and using eq. (2.77), the following relation to describe
the evolution of weighted Cauchy stress is obtained, where the deformation rate D̂ is co-rotational.

▽

S =
∂C
∂Θ

·Ae Θ̇ + C ·
△

Ae (3.93)

Here, for an isothermal process and small elastic deformations, the first term reduces to zero.

▽

S = C · [D−Dp] (3.94)

Similarly, the kinematic hardening can also be simplified with the consideration of

φ̂φφ = α̂αα i (3.95)

for small elastic deformations, leading to a relationship very similar to Frederick and Armstrong [52]:

▽

Zi = R̂e

▽

Ẑi R̂T
e = Ci fi(p)

{
ai DD

p − bi ṗ Zi − oi |Zi|mi−1 Zi
}
. (3.96)

When the GTN damage model is used, Dp (3.85) is influenced by the hydrostatic stress for f ∗ > 0.
Therefore, DD

p is used in place of Dp to ensure the deviatoric nature of the kinematic hardening
variable. In addition, the parameters for each term are combined for simplicity, to form the relation

▽

Zi = Hi DD
p − Qi ṗ Zi − Ri |Zi|mi−1 Zi. (3.97)

Transformation of Σ̂ΣΣ to Xt , leads to the over-stress tensor ΣΣΣ that is calulated from

ΣΣΣ =
S
ψ
−Z. (3.98)

The elastic and inelastic components of the Almansi strain are obtained from the transformations
in eqs. (2.69) to (2.71). The constitutive equations that describe scalar state variables will remain
unchanged. To integrate the model, a suitable integration algorithm capable of maintaining the model
objectivity is adopted and discussed in the next chapter.

3.5.1 Summary

The evolution equations describing all model variables are summarized in section 3.5.1. A suitable in-
tegration algorithm that can handle the potential rigid body rotations and ensure the frame-indifference
or material objectivity needs to be used for solving the formulated set of constitutive equations. Such
a procedure is discussed in section 4.2.
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Stress a) Elasticity b) Hypo-elasticity

S = C · [A−Ap]
▽

S = C ·
[

△

A−
△

Ap

]
(3.99)

Flow rule

F = Σeq −σs with σs =

{
σvis + k unirradiated
σvis + k+ σH irradiated

(3.100)

ΣΣΣ =
S
ψ
−Z and Σeq =

√
3
2

ΣΣΣ
D ·ΣΣΣD (3.101)

Inelastic strain rate

Dp =
△

Ap

= (1− f )

〈
σvis

K

〉n
σs +σvis

ΣΣΣ ·N

[
f ∗ q1 q2

σA +σvis
Sinh

(
3
2

q2
Σv

σA +σvis

)
I +

3 ΣΣΣ
D

(σs +σvis)
2

]
(3.102)

Accumulated plastic strain rate

ṗ =

√
3
2

Dp ·Dp (3.103)

Kinematic hardening
▽

Zi = Hi DD
p − Qi ṗ Zi − Ri |Zi|mi−1 Zi, Z =

mZ

∑
i

Zi (3.104)

Isotropic softening

ψ̇1 = − h ṗ (3.105)

ψ̇2 = c (ψs − ψ2) ṗ − rψ |ψ2 − ψr|mψ−1 (ψ2 − ψr) (3.106)

Irradiation defect density

Ṅ = a(Ns − N) φ̇ − b(N −Nl) ṗ− rN NqN, σH = hN
√

N (3.107)

with Nl =

〈√
max

−∞<τ<t
N(τ)

(
1− lN(2− e−e1 p)

)〉2

(3.108)

Viscoplastic GTN ductile damage

ḟ =
fN

sN
√

2π
exp

−1
2

(
εM − εN

sN

)2
+ (1− f ) trace(Dp) (3.109)

f ∗ =

 f , if f ≤ fc

fc +
f ∗u − fc

fF − fc
( f − fc) , if f > fc

(3.110)

ε̇M =

〈
σvis

K

〉n

(3.111)

Table 3.4: Constitutive system of equations for coupled finite deformation and ductile damage.



Chapter 4

Model integration

This chapter deals with the implementation of the material model in a finite element method code. To
do this, it is necessary to understand the implementation of the finite strain framework in finite element
method and the type of contribution between the material model and the global FEM calculation.
Since finite strain framework describes material deformation across a series of configurations with
potential finite rotations, the concept of frame-indifference has to be upheld by both the FEM code as
well as the material model.

First the basics of FEM formulation is discussed, followed by the integration approaches available
for finite strain and rotations. Later, the integration scheme and integration algorithm used to solve
the model is discussed in detail.

4.1 Finite element formulation

4.1.1 Weak form of the balance of momentum

For mechanical problems, the FE method is based on variational methods and virtual displacements,
which are derived from the local form of the balance of momentum (2.23)

div T + ρ (kkk− ẍxx) = 0. (4.1)

In the intermediate configuration, displacement and stress boundary conditions are applied on the
surface of the body ∂Rt .

uuu = uuuR(xxx, t), T nnn = tttR(xxx, t) (4.2)

An initial value problem is defined based on the field equations (4.1), boundary conditions (4.2) and
initial conditions for displacement xxx and velocity ẋxx. A weak form of the initial value problem is
derived by multiplying the eq. (4.1) by a test function χχχ and integrating it over the volume of the

60
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body. ∫
Rt

[χχχ ·div T + ρχχχ · (kkk− ẍxx)]dv = 0 (4.3)

Test functions act as weight functions, with χχχ being a virtual displacement. The virtual state is
constrained by the boundary condition χχχR = 0. Applying the product rule and the Gaussian integral
theorem to the first term in eq. (4.3) leads to∫

Rt

T ·grad χχχ dv−
∫

Rt

ρχχχ · (kkk− ẍxx)dv−
∫

∂Rt

TχχχR ·nnn da = 0 (4.4)

Alternatively, applying constraints of the initial boundary and loading conditions leads to the equilib-
rium system

G(uuu,χχχ) =
∫

Rt

T ·grad χχχ dv−
∫

Rt

ρχχχ · (kkk− ẍxx)dv−
∫

∂Rt

TχχχR ·nnn da = 0 (4.5)

which satisfies the balance of momentum (4.1) and the loading constraints in its integral form. The
stress, T in these equations is provided by the material model. Spatial discretization of this weakform
is used by finite element method. And for n degrees of freedom used in the FE models, the initial
value problem is described by a system of n non-linear equations. The ansatz functions fulfilling the
essential boundary conditions approximate the unknown variables.

4.1.2 General non-linear problem

The finite element calculations involving non-linear constitutive models deal with the challenge of
calculating the stress for an estimated displacement of a body, which satisfies the spatially discretized
weak form of the momentum balance eq. (4.5). This is accomplished through an incremental method,
where the displacement is revised until the stress satisfies the weak form.

Consider the motion of a physical body B relative to a fixed Cartesian coordinate system (see
fig. 4.1). The equilibrium configurations of B are evaluated at discrete time instances. Assuming that
the equilibrium at t is already known, the aim is to find the equilibrium configuration for a given time
increment ∆t, at time t +∆t, which defines a strain-controlled problem. Variables referring to time
t are identified by the subscript ’0’, while those corresponding to time t +∆t are identified by the
index ’1’. In addition, the variables associated with intermediate configurations have the subscript ’i’.
Therefore, at the times ti, t0, and t1, the body B occupies spatial configurations Xi,X0, and X1 with
the position vectors XXX , xxx0, and xxx1.

While the displacement vector uuu(XXX , t) = xxx0 −XXX determines the equilibrium state at time t, the
ideal equilibrium state at time t +∆t is defined by the incremental displacement vector ∆uuu = xxx1 − xxx0.
The deformation gradients F0, F1, and ∆F operate between the vector spaces of points in (Xi −X0),
(Xi −X1), and (X0 −X1), respectively, where F1 = ∆F F0. An updated Lagrangian formulation is
used, where the reference configuration is updated for each time step.
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Figure 4.1: Finite element calculation of equilibrium points.

4.1.3 Incremental objectivity

The method adopted to integrate the non-linear constitutive material laws have certain requirements
to fulfill. In addition to the usual consistency and stability of the integration scheme, algorithms must
ensure that the calculation of stress and all internal variables is frame-indifferent or objective. For this,
the corotational Jaumann derivative is used and the elasticity is modeled using the hypo-elasticity law.
Different interpretations of incremental objectivity and several time objective integration methods
can be found in literature [104–109]. The interpretation of Hughes [110] which is used by the FE
program ABAQUS, is adopted here. An integration procedure based on this definition, was proposed
in the works of Weber [111], Weber and Anand [112], which is discussed here.

The orthogonal tensor Q is defined by the solution of the initial value problem [110]

Q̇(ζ ) = W(ζ ) Q(ζ ) ,ζ ∈ [t0, t1]

Q̇(t0) = I,
(4.6)

which is used to transform tensor quantities with respect to rigid body rotations. Based on this, the
bar-transformation operation of a tensor X is defined [111, 112]

X̄(ζ ) = QT (ζ ) X(ζ ) Q(ζ ) with X̄(t0) = X(t0) (4.7)

which can be described as a "rotation-neutralizing" transformation. This is applied to all tensors in
the constitutive model. From eqs. (4.6) and (4.7), the time derivative of bar-transformed quantities is
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related to the Jaumann derivative

˙̄X(ζ ) = QT (ζ )
◦
X(ζ ) Q(ζ ). (4.8)

If Q at the end of time increment t1 is known, then the interpolation of all kinematic quantities within
the time increment [t0, t1] can be avoided. Thus, the constitutive system of equations can be free of
the complex Jaumann derivatives, with derivatives of the form ˙̄X taking its place.

Since the evolution of stress and the internal variables is driven by the deformation rate D̄, the
integration algorithm only requires D̄ and Q to be objective. To interpolate these two tensors, the
incremental deformation gradient is first calculated

∆F(t1) = F1 F−1
0 (4.9)

which can be decomposed into the increments of rotation and stretch tensors

∆F(t1) = ∆R(t1) ∆U(t1). (4.10)

Then, the interpolated forms of D̄ and Q are shown to be

D̄(ζ ) = D̄(∆U(t1),ζ ) with D̄(I,ζ ) = 0, (4.11)

Q(t1) = ∆R(t1) (4.12)

where D̄ is made to be a function of the stretch tensor increment ∆U alone. Weber [111] proposed
that the interpolants can be held as a constant throughout the time increment, provided they can be
approximated by a suitable method. The approximation method of the interpolants from Hughes and
Winget [104] is suitable for application here [95]. The midpoint rule [110] is used to calculate the
constant value of the deformation rate and swirl tensors as

DHW =
1

∆t
sym

(
∂∆uuu

∂xxx1/2

)
, WHW =

1

∆t
asym

(
∂∆uuu

∂xxx1/2

)
, (4.13)

with xxx1/2 = 0.5(xxx0 + xxx1). This algorithm is already implemented in ABAQUS, where the strain
increment (∆εεε) is calculated from the integration of DHW over the time increment.

∆εεε =
∫ t1

t0
DHW dζ = ∆t DHW (4.14)

Therefore, the bar transformed strain increment is got by the

∆Ā =
∫ t1

t0
D̄ζ dζ = ∆t D̄ζ = QT (t1) ∆tDζ Q(t1) = QT (t1) ∆A Q(t1). (4.15)
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The interpolant WHW is also used to approximate the increment of the rotation tensor which according
to eq. (4.12), provides an approximation QHW for Q(t1) .

∆R(t1) =

(
I−

∆t

2
WHW

)−1(
I+

∆t

2
WHW

)
= QHW . (4.16)

4.1.4 Incremental formulation

The integration routine of the constitutive equations has the task of calculating the stress increment
based on the load history, with the values of stress, strain and internal variables known at the start of
the time step. Therefore, the desired solution of stress is dependent on the material model as well as
the integration routine.

∆S = S1 −S0

= C ·
[
A0 +∆A−Ap,0 −∆Ap

]
−S0

(4.17)

To integrate the constitutive system of equations, the explicit Euler scheme is used in this work, whose
stability is ensured with the selection of a suitably sized time step. Here, the incremental formulation
for stress is of the form

S̄1 = S̄0 +∆t ˙̄S. (4.18)

Explicit Euler is a simple integration method when sub-increments are not used, as it assumes a
linear development of function values, where the model equations can be directly used. Thus, for
a system of ‘q’ evolution equations describing the evolution of the model variables represented by
y, the approximation of function ∆y described by the derivative ẏ at the end of time step, is directly
dependent on the initial value of function y0 and its associated derivative ẏ(y0).

y t1
k = y t0

k +∆t ẏ t0
k , k = 1,2...q (4.19)

∆yk = y t1
k − y t0

k = ∆t ẏ t0
k , k = 1,2...q (4.20)

This suggests that increments of inner state variables are also a function of ẏ(y0).

∆Āp = ∆t ˙̄Ap, ∆p = ∆t ṗ, ∆εM = ∆t ε̇M, ∆Z̄i = ∆t ˙̄Zi,

∆ψi = ∆t ψ̇i, ∆X = ∆t Ẋ , ∆ f = ∆t ḟ
(4.21)

Therefore, the incremental system of equations for the explicit scheme without sub-increments, is
known completely. This method is suitable for application to non-stiff and linear problems.

For models which exhibit stiff behaviour, the explicit integration with higher order methods
like Runge–Kutta is more accurate. These methods are based on subdivision of time steps into sub-
increments, which leads to the calculation of the constitutive system at multiple interpolation points
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within the time step. For a system of ‘q’ evolution equations, the function values ys
k at interpolation

points s are determined from the function values and derivatives of the previous point (s−1). The
beginning of the time step is indicated by the index (0).

ys
k = ys

k
(
t0, ..., ts; y0

k , ...,y
s−1
k ; ẏ 0, ..., ẏ s−1

k

)
, (4.22)

with ts = t0 +∆t, t0 ≤ ts ≤ t0 +∆t k = 1,2, ...q (4.23)

Thus, the solution of the constitutive system of differential equations at the end of the time increment
is therefore dependent on all the interpolation points ‘s’ calculated within the time increment. The
following is valid for the increments ∆y:

ts = t0 +∆t ⇒ ∆yk = ys
k − y0

k = yt1
k − yt0

k . (4.24)

Since the values for ṗ, ε̇M, ˙̄Zi, ψ̇i, Ẋ and ḟ depend on the integration method used, they are specified
as functions of the previously calculated interpolation points (0, 1,..., s−1).

In this work, time integration is performed using the fifth order accurate Runge–Kutta–Fehlberg
method with time stepping [113, 114]. The explicit Euler scheme described earlier serves only as a
conceptual reference.

4.1.5 Requirements of an efficient integration routine

The requirements of the integration method can be drawn based on multiple criteria. Since viscoplastic
and damage models have multiple stiff regions especially in the areas of transition between elasticity
to plasticity and the onset of plastic instability and damage, the model solution will be dependent
on the integration routine. In addition, when the material points are transformed as a result of finite
rotations, the model solutions must remain frame-indifferent (see section 4.1.3). This requires the
routine to be highly accurate and corotational in nature. Accuracy is also of interest to FE programs,
where the use of accurate integration methods allows the use of larger time steps and thereby helps
to reduce the computational effort and time. Large time-steps and faster convergence of the global
equilibrium iterations can be achieved by supplying a suitably accurate tangent modulus, which is
usually easier when implicit methods are used. But for use with explicit methods, an economic
method to estimate the tangent modulus with minimal effort would prove highly influential. However,
accuracy needs to be accompanied by numerical stability to ensure the consistency and correctness of
the produced results. When large FE-models are used, inelastic deformation brought about by loading
conditions is usually restricted to regions much smaller compared to the whole model while the rest
of the model is still undergoing elastic deformation. Therefore, the integration routine must adapt to
these expected scenarios:

(a) Elastic loading/unloading and irradiation, where the model behaviour is linear in nature. Thus,
the model is integrated using a simple explicit routine without sub-increments to predict the
irradiation hardening as well as the elastic stress response of the material.
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(b) Inelastic deformation, where the stiff regions should be handled using an explicit scheme with
higher order methods with sub-increments.

(c) Finite rotations or transformations, which are geometrical non-linearities that arise as a result of
plastic instability and flow softening. Integration routine must ensure the incremental objectivity
of the model.

4.2 Integration routine

As discussed in section 4.1.5, an integration routine is needed to solve the initial value problem posed
by the system of constitutive equations developed in section 3.5.1. Based on the requirements of such
a routine laid out in section 4.1.5, a suitable integration routine based on the works of Jansohn [95] is
constructed and discussed in this section.

The finite strain framework which is used to construct the constitutive equations is already
implemented in FE programs like ABAQUS, where it can be accessed through the NLGEOM option.
As discussed in sections 4.1.1 and 4.1.2, for a given load the FE-program solves the global problem
incrementally to determine the equilibrium points and displacement. For the estimated displacement,
the associated kinematic quantities are calculated and given as input to the user. Among the available
FORTRAN based user-defined subroutine provided by the program, UMAT which allows user defined
material models to be used in FE simulations performed in the program. The UMAT has access to the
deformation gradients F0 and F1, increments of time ∆t, strain tensor ∆εεε and rotation tensor ∆R (or
QHW ), given under the names DFGRD0, DFGRD1, DTIME, DSTRAN, DROT, respectively. Using
QHW , which will be identified as just Q, the program transforms the initial value of Cauchy stress S0

at the beginning of the time step, t0 to the orientation at the end of the time step, t1

S∗
0 = Q S0 QT (4.25)

which are provided as input to the material subroutine. The subroutine structure enables the data of the
internal variables calculated from the end of each time step to be saved and be passed to the successive
time steps. The user defined field subroutine, USDFLD is used to simulate the neutron-irradiation of
the material. In return, the material subroutine is responsible for providing the stress response for the
given deformation.

The use of co-rotational Jaumann derivatives is suggested by ABAQUS, to describe the evolution
of tensors. Therefore, using the bar transformation of input tensor variables the rigid body transfor-
mations are neutralized. Furthermore, the bar transformation of constitutive equations containing
Oldroyd derivatives allows the equations to be decomposed and reformulated as Jaumann derivatives.
Finally, it is shown that this setup can be integrated using an explicit Euler scheme using values of
variables known at the start of the time increment, which allows further simplification of the bar
transformed terms.
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The material subroutine is responsible for supplying the consistent tangent modulus (CTM) for
the given deformation in addition to computing the stress response. A precise estimate of the CTM
has a significant impact on the course of the FE-calculation and the needed computation time due
to its huge influence on the global equilibrium iteration. As already discussed in section 2.4.3, the
common usage of elastic tensor to approximate the CTM for explicit methods is highly inefficient and
thus, the method developed by Fleig [72] is utilized in this work to obtain a precise approximation of
the CTM using an efficient algorithm.

4.2.1 Bar transformation

The bar-transformation (4.7) of tensor variables stress, strain, deformation rate and kinematic harden-
ing variable is given by

S̄(ζ ) = QT (ζ ) S(ζ ) Q(ζ ), ζ ∈ [t0, t1]

D̄(ζ ) = QT (ζ ) D(ζ ) Q(ζ ),

Ā(ζ ) = QT (ζ ) A(ζ ) Q(ζ ),

Āp(ζ ) = QT (ζ ) Ap(ζ ) Q(ζ ),

Z̄i(ζ ) = QT (ζ ) Zi(ζ ) Q(ζ ),

(4.26)

where, the initial value of Q(t0) = I establishes that S̄(t0) = S0, Ā(t0) = A0, Āp(t0) = Ap,0, Z̄i(t0) =
Zi,0, and D̄(t0) = D0 = 0. Before the integration can be performed, it is necessary to reformulate
the constitutive system of relations into a form suitable for a corotational integration routine. For
this, the evolution equations of stress (3.99) and kinematic hardening (3.104) are considered, where
the decomposition of Oldroyd derivatives using eqs. (2.56) and (2.58) allows the equations to be
reformulated in terms of Jaumann derivatives

▽

S = C · [D−Dp] =
◦
S −D S − S D

⇒
◦
S = D S + S D+C · [D−Dp] , (4.27)

◦
Zi = D Zi + Zi D+ Hi DD

p − Qi ṗ Zi − Ri |Zi|mi−1 Zi. (4.28)

Bar transformation of eqs. (4.27) and (4.28) is related to the time derivatives of S̄ and Z̄ respectively,
with the help of eq. (4.8)

˙̄S = QT
◦
S Q = D̄ S̄ + S̄ D̄+ C̄ ·

[
D̄− D̄p

]
, (4.29)

˙̄Zi = QT
◦
Zi Q = D̄ Z̄i + Z̄i D̄+ Hi D̄D

p − Qi ṗ Z̄i − Ri |Z̄i|mi−1 Z̄i. (4.30)

However, the evolution equations of the other scalar variables are taken in their existing time derivative
forms since scalars are independent of rotations and transformations. These evolution equations of
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scalar variables and bar transformed tensor variables needs to be integrated using an efficient and
stable method.

4.2.2 Numerical integration

The initial value of the stress tensor is got from the bar-transformation of S∗
0 (4.25), from the

orientation at t1 to the orientation at t0

S̄0 = QT S∗
0 Q = S0. (4.31)

Using the step size ∆t, the bar transformed strain increment (4.15), and the change in temperature
∆Θ, the deformation rate tensor and the temperature rate are got.

D̄ =
∆Ā
∆ t

(4.32)

Θ̇ =
∆Θ

∆ t
(4.33)

The irradiation dose rate φ̇ is passed by the user using the USDFLD to the UMAT.
Consider the function representing the model variables and their respective time derivatives be

given by

y =
[
S̄, p, εM, Z̄i, ψi, N, f

]
, (4.34)

ẏ =
[

˙̄S, ṗ, ε̇M, ˙̄Zi, ψ̇i, Ṅ, ḟ
]

(4.35)

respectively, with the derivatives taken from eqs. (3.103) to (3.111), (4.29) and (4.30). Their initial
values are therefore y0 and ẏ0 respectively, with the final values of the variables y1 being the result of
the integration.

yt0 =
[
S̄0, p0, εM,0, Z̄i,0, ψi,0, N0, f0

]
= y0 (4.36)

For the first time step, the initial values in the current time step n are set to 0 with the exception of ψ2

for which 1 is used. With S̄0 already known, the solutions of other state variables from the previous
time step n−1 are used as initial values. Solutions of state variables are stored separately in UMAT’s
STATEV array and are not transformed in successive steps by ABAQUS to t1. Therefore, unlike S∗

0,
initial values of Ap and Zi do not require bar-transformation.

Ān
p,0 = An−1

p,1 , Z̄n
i,0 = Zn−1

i,1 , pn
0 = pn−1

1 , ε
n
M,0 = ε

n−1
M,1 , ψ

n
i,0 = ψ

n−1
i,1 , Nn

0 = Nn−1
1 , f n

0 = f n−1
1 (4.37)

To summarize, the following quantities are provided as inputs to the integration scheme :

1. rate of deformation D̄, temperature Ṫ , and irradiation dose φ̇
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2. initial values of variables y0 and their respective time derivatives ẏ0

3. initial temperature T0, irradiation dose φ0, initial time t0 and time increment ∆t

4. maximum of equivalent inelastic strain εin,eq, irradiation defect density Nmax and kinematic
hardening Zeq,max

5. list of temperature dependent material parameters

where, D̄ is the primary driving factor of deformation behaviour while φ̇ acts as the primary driver of
the irradiation process.

Using a predictor-corrector approach, the routine can be adapted to elastic and elasto-plastic
deformations. First, the current temperature Θ1 is calculated

Θ1 = Θ0 + Θ̇∆t

for which, the list of material parameters are interpolated from the available data. Then the value of
f ∗ is determined based on eq. (3.110). Next, the simple explicit method is used as a predictor step to
calculate the trial value of stress.

S̄1,trial = S̄0 +C ·∆Ā+∆Θ
∂C
∂Θ

·Ae. (4.38)

Next, the irradiation hardening due to irradiation is estimated by integrating the first term of Ṅ from
eq. (3.107) using the explicit Runge-Kutta-Fehlberg method

Ṅnucl = a(Ns −N) φ̇ and σH = hN
√

N, (4.39)

and the yield criterion below is checked to detect inelastic deformation.

F = Σeq
(
S̄1,trial, Z̄0,ψ0

)
− k− σH ≥ 0

If the condition is not satisfied, the deformation is elastic in nature. Thus the initial values of the
internal variables and the trial stress Strial are taken to be the solution of the integration routine for
the current time step and are returned to ABAQUS. The elasticity tensor is returned as the consistent
tangent modulus.

However, if the criterion is met for the obtained stress, the plastic corrector is carried out as the
deformation is inelastic. Here, the stress and other internal variables are reset to the initial values at
the start of the time step and the initial value problem of the constitutive equations is solved using
the Runge-Kutta-Fehlberg method to estimate the increments of stress and internal variables driven
by inelastic deformation. The solution scheme requires the σvis to be solved for a given stress state
fulfilling eq. (3.74), eq. (3.76). The Newton-Raphson method is seen to fail when void coalescence
begins. Therefore, the BRENT algorithm [115] which is independent of derivatives is used and found
to be reliable. If the effective void volume fraction reaches a value of 0.6 (0.8×1/q1), the routine
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considered the material point to have lost its load carrying ability and thus requests to the FE-program
for the deletion of the element. However, if the integration is unsuccessful the routine requests the
FE-program to reduce the size of the time step.

The inelastic strain is updated using the integration results based on eq. (3.102)

Āp,1 = Āp,0 +(1− f )
σs +σvis

ΣΣΣ ·N

[
f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σv

σA +σvis

)
I +

3 ΣΣΣ
D

(σs +σvis)
2

]
∆εM.

(4.40)

Since the tensor variables are bar transformed before the integration is performed, they are repre-
sentative of the deformation alone (Fe = Ue). However, the rigid body rotations of the material
points still needs to be accounted for. Therefore, the tensors variables calculated as solutions of the
predictor-corrector integration scheme are rotated or transformed using Q

S1 = Q S̄1 QT (4.41)

Ap,1 = Q Āp,1 QT (4.42)

Zi,1 = Q Z̄i,1 QT (4.43)

before they are returned to ABAQUS. The maximum value of εin,eq is updated based on Ap,1.
The consistent tangent modulus [72] discussed in section 2.4.3 is used, where the necessary

measure of fCT M is chosen to be

fCT M = (1− f )

〈
σvis

K

〉n
σs +σvis

ΣΣΣ ·N

[
f ∗ q1 q2

σA +σvis
Sinh

(
3

2
q2

Σv

σA +σvis

)
+

3

(σs +σvis)
2

]
. (4.44)

With this approach, the integration routine can be adapted to different material behaviour. In addition,
this set-up can also be adapted to large FE-simulations where the inelastic deformations are usually
limited to regions much smaller in comparison to the whole system.
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Simulation and results

The developed model needs to be calibrated and validated based on the experimental data at hand.
Since strain rate and irradiation softening are temperature dependent and influence plastic instability
development, the model needs to be calibrated using data from tests performed on unirradiated
and irradiated specimens at different strain rates, irradiation doses at RT and elevated temperatures.
Experiments performed to support this work, as reported in section 3.1, are structured with this in
mind. The highly nonlinear nature of the model makes the parameter identification highly challenging,
which is therefore handled using an optimization procedure following the robust Simplex algorithm.
The model predictions are validated in section 5.2 with the experimental data reported in this work.
Finally, in section 5.2.4, the model is also used to study the influence of various irradiation doses on
the material ductility and tensile properties at RT and 300 °C.

5.1 Parameter identification

Using the integration procedure from section 4.2, the constitutive equations of the finite strain
deformation and damage model developed in section 3.5.1 are implemented in the FE-program
using the UMAT subroutine. The model is applied to the tensile tests described in section 3.1,
and experimental data are used to determine the temperature-dependent model parameters. Before
the model can be applied, the tested material’s uni-axial true stress and strain (TSS) relationship
must be established. As described in section 3.1.1, the mean TSS is derived from eq. (3.3), and
the Bridgman correction, outlined in eq. (3.4), can be applied to estimate the uni-axial true stress.
If the radius of curvature R and the minimum radius a are accurately determined, this method can
reliably estimate the TSS relationship in cylindrical specimens beyond the necking point. Application
of this method is challenging for a number of reasons. In this work, measurements are taken from
images of the deformed specimen rather than the actual specimen. As stated in section 3.1.1.2, the
image quality has a substantial effect on the uncertainty of the Bridgman correction factor. Due to
the image’s low contrast and the presence of shadows, the neck profile is insufficiently distinct for
R measurements. Nonetheless, a can be measured with a high degree of certainty. For an accurate
and reliable determination of R and a, measurements from a series of load tests must be considered.

71
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Due to the unfeasibility of directly measuring true stresses after necking, however, this method’s
verification is extremely challenging. When performing tensile test simulations on the FE-program
ABAQUS using the data points obtained by the application of the Bridgman method as input for the
isotropic hardening model, it is discovered that the engineering stress-strain curves plotted from the
simulation results do not match the experimental data. Therefore, a procedure for inverse parameter
identification employing an optimization routine is utilized. This optimization procedure described in
section 5.1.1 is applied to an inverse FEM method described in section 5.1.2 to estimate the TSS data
for unirradiated materials tested at RT and 300 °C, which can be used to estimate the initial values of
strain-hardening model parameters. With these values as a starting point, the optimal parameter values
are determined. After establishing the model parameters for unirradiated materials, the parameters
controlling the irradiation-induced changes in the material are determined. In section 5.1.3, the
determination of all model parameters is discussed.

5.1.1 Optimization method

In mathematics, optimization is the selection of a best element, with regard to some criterion, from
some set of available alternatives. An optimization problem consists of maximizing or minimizing a
real function by systematically choosing input values from within an allowed set and computing the
value of the function.

5.1.1.1 Optimization problem

An optimization problem usually begins with a set of parameters or variables, for which the acceptable
values are defined by certain restrictions, known as constraints. The solution of the problem is the list
of acceptable values, for which the cost function reaches an optimal value. The process of optimization
generally involves minimization or maximization methods, through which the characteristics of a
mathematical model is able to correspond closely to the reality. The standard form [116, 117] of an
optimization problems is defined as

minimize f (x), x ∈ R

subject to ci(x) = 0, i ∈ E
ci(x)≥ 0, i ∈ I.

(5.1)

Here, the cost (or objective) function f and constraint functions ci are real-valued scalar functions,
while E ,I are sets of indices for equality and inequality constraints respectively. The standard form
generally defines a minimization problem, while a maximization problem is got by negating the
cost function. To produce a meaningful model and implementable optimal solution, the problem
formulation is completed by putting some constraints on the values of the design parameters, known
as bounds.

Estimates of error are used to determine how well the exact quantity is approximated by a
computed value. If x represents the exact quantity and x̂ represents the computed value, the non-
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negative number |x− x̂| is referred to as the absolute error in x̂. The relative error, however, takes into
account the size of the exact value and is defined as |x− x̂|/|x| for x ̸= 0 and undefined if x = 0. A
feasible point x̂ is one that satisfies all requirements of eq. (5.1), while the feasible zone is a collection
of all feasible points. Only feasible points are likely to be optimal, while the optimality of a point x∗

is defined by its interaction with neighboring points, rather than a x̂ where f (x̂) = 0.
A function that converts an event into a real number indicating the event’s "cost" is known as

a cost function and the goal of an optimization problem is the minimization of this cost function.
The event in consideration is a function of the difference between estimated and true values for an
instance of data. A cost function is typically employed for parameter estimation and may be smooth
or non-smooth in nature, depending on the function’s derivative. Quadratic functions like the least
squares techniques are commonly used for cost functions when solving non-smooth functions. This
work uses the Simplex method from Nelder and Mead [7] in fig. 5.1, which is well suited for the
multivariate problems that are expected in this work.

Figure 5.1: Illustration of a single iteration of the Simplex method [7], showing a two dimensional
simplex defined by the points x1,x2,x3, the centroid c, the reflection point xr, the expansion point xe

and the contraction point xc.

5.1.1.2 Inverse identification

In this work, identification of optimal model parameters is done by solving a suitably framed
optimization problem, which allows the computed results given by the integration of the respective
material model Y sim to agree with the reference data Y exp obtained from the experiments. For small
strain models where geometrical non-linearity is not expected, it is sufficient to integrate the material
model locally within environment of the optimization program. However, for finite strain models
where the application of the finite strain framework and consideration of geometrical nonlinearities
are necessary, dedicated FE-analyses need to be performed where the material response is computed
by a material model provided by the FE-program or by a user-defined model. This is necessary
because, the development of neck or geometrical softening and the triaxial stress state influences the
engineering stress-strain (ESS) and mean true stress-strain (MTSS) relationships.

The FE-program ABAQUS uses the Python programming language for scripting and customization
purposes. This allows the usage of an extensive range of open-source Python libraries to perform
complex numerical computations. Such a Python-based optimization code developed by Schowtjak



74 Simulation and results

Figure 5.2: Schematic representation of the optimization program [8], where F is the load applied, u
is the gauge displacement and dmin is the minimum gauge diameter.

et al. [8] is available as open-source. It contains interpolation and cost functions that are suitable for
application to FE-analyses. The minimization is performed by optimize package of the Python-based
SciPy libraries [118]. Among the available minimization methods, the Nelder and Mead [7] method
(Simplex method) is chosen. The python implementation of Minuit optimization package [119, 120]
was also found to provide good results. The algorithm of this optimization code is shown in fig. 5.2.
For the inverse identification, the optimization problem to be solved is given by the standard form in
eq. (5.1), where x is replaced by κ , the parameter set. Here, Y is allowed to represent any desired
mechanical quantity. During initialization, the starting values κ0 of the parameters to be optimized
are provided. If the parameters satisfy the constraints, the cost function performs a FE-analysis to
compute the Y sim and determines the error between experiment and simulation for a change in the
parameter set. Quantification of the error between Y exp and Y sim is performed to determine the cost
function f (κ) using the root sum of squares method

f (κ) =

√√√√ 1

nsp

nsp

∑
i=1

wi
[
Y exp

i (κ)−Y sim
i
]2 (5.2)

since it levies penalties on statistical outliers. Here, nsp represents the number of sample points and wi

represents the set of weighting coefficients assigned to the sample points based on their location. The
minimization program alters the parameter values κ with the objective of reducing the error until an
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error minima or a tolerance limit is reached. For the code’s application to the FE-program ABAQUS,
information of the specimen geometry and the list material model parameters are passed through
the .inp file. The optimization code can be set to pass new parameters through string replacement
operations on either the .inp or the UMAT file.

5.1.1.3 Application methodology

The experimentally determined quantities such as load, gauge displacement, and minimum gauge
diameter are the reference values. From the simulation entities such as the reaction forces and
nodal displacements, relevant quantities can be obtained to draw comparison with the experimen-
tally obtained data. Therefore, the quantities represented by Y would vary based on the following
approaches:

(a) To optimize the model parameters based on the load-displacement relation, Y shall represent
the force applied on the specimen, while the set of weight coefficients is calculated from the
gauge displacement throughout the load history,

wi =
dwi

∥dw∥
with dwi =

ui+1 −ui−1

2
, i = 1, ...,n. (5.3)

This approach is crucial to identifying parameters governing the strain-rate dependent charac-
teristics.

(b) Alternatively, when the parameters governing the material hardening can be identified by using
the MTSS relationship as the reference data. Therefore, Y would represent the mean true stress,
while the weight coefficients will be calculated from the mean true strain calculated from the
reduction in minimum gauge diameter for the applied load.

To identify parameters for material deformation and damage under large strains, it is recommended to
start with the approach (b) to identify the parameters governing the material hardening and damage if
the MTSS data is available. With these parameters fixed, the viscous parameters and the initial yield
stress should be identified using the approach (a). For proper identification of viscous parameters, a
multi-cost optimization needs to be performed involving experiments performed at different strain
rates and corresponding simulations. Here the n individual cost functions are combined into a single
value through the summation

f (κ) =
n

∑
i=1

w f ,i fi(κ) ∋
n

∑
i=1

w f ,i = 1. (5.4)

The weight coefficients 0 ≤ w f ,i ≤ 1 are applied based on the quality of experimental data, such that
experiments with outlying characteristics are assigned a weight w f ,i < 1/n. For small deformations,
the approach (a) is sufficient.



76 Simulation and results

(a) Half longitudinal cross-section of specimen.

(b) Longitudinal cross-section of specimen.

Figure 5.3: Axisymmetric models of tensile specimen with boundary conditions.

5.1.1.4 FE-Model for tensile tests

To simulate the tensile test, a generic FE-model is constructed based on the experiment described in
section 3.1. Taking advantage of the symmetric nature of the specimen geometry, two axisymmetric
models are constructed based on the testing conditions. For unirradiated materials, the neck is
anticipated at the middle of the gauge length. Therefore, one-fourth of the specimen’s cross-section
along the tensile axis is used for the geometry as seen in fig. 5.3a. Due to their rapid development,
location of the neck is uncertain in irradiated specimens. Thus, half the specimen’s cross-section along
the tensile axis, as seen in fig. 5.3b is used for the geometry. Within the gauge length region where the
neck development subjects the elements to finite deformation and rotations, a finer mesh is required.
The aspect ratio is increased upto 4:1 (0.1×0.024) along the gauge length, in order to limit the
element’s distortion under large deformations. Meshing is done with 4-noded axisymmetric elements
(CAX4) that provide four components for the stress (σ11,σ22,σ33,σ12) and strain (ε11,ε22,ε33,2ε12)
tensors.

For the application of the finite strain framework, NLGEOM is selected. The model is given
symmetric boundary conditions along the x (1) and y (2) axes. Using a velocity boundary condition,
the strain-controlled loading at the required displacement rate defined in mm/s is applied. Test
temperature is applied using the predefined temperature field. However, the irradiation is applied
using a user-defined field subroutine, USFLD, which enables the irradiation dose rate to be defined as
one of the state variables accessible to the UMAT. Material properties are governed by the UMAT
and the associated temperature and material-dependent model parameters. Alternately, the plastic
isotropic-hardening model available in ABAQUS can also be applied by providing experimentally
obtained true stress versus plastic true strain data. The simulation results are then post-processed to
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Figure 5.4: Schematic illustration of the inverse method: (a) FE-simulation using WA method, (b)
comparison of simulation and experimental results, (c) prediction of new wn, (d) successful

prediction of wn gives optimal σt − εt .

extract data regarding nodal displacements at the neck surface and the gauge point, von-Mises stress
at the top, and state variables from elements with the highest accumulated plastic strain.

5.1.2 True stress-strain correction of unirradiated specimen

To overcome the shortcomings of the Bridgman method, various alternative correction methods have
been proposed and can be found in literature [121–128]. Many of these are inverse FEM approaches,
first introduced by Zhang [121] based on the consideration that the TSS relationship is mostly linear
post the onset of plastic instability identified by eq. (3.9). By iterating FE analyses, Zhang presented
a method for simulating the load-displacement of a tensile specimen for both round and flat bars,
requiring only the experimental load-extension data. Ling [129] devised a Weighted Average (WA)
approach, based on the observation that after the onset of plastic instability, the hardening modulus
continues to decline with increasing strain. Ling identified that a linear extrapolation of true stress
leads to overestimation, while a power law extrapolation leads to an underestimation of true stress.
Therefore, by starting with the theoretical true stress (σu) and true strain (εu) at the onset of plastic
instability as the initial values

σu = σ(1+ εeng,UT S), εu = ln(1+ εeng,UT S), (5.5)

the method estimates true stress for given true strain by
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(a) Mean true stress and strain (b) True stress and strain

Figure 5.5: Results of WA method with wWA = 0.478 compared with experiments at Ttest= RT.

(a) Mean true stress and strain (b) True stress and strain

Figure 5.6: Results of WA method with wWA = 0.2696 compared with experiments at Ttest= 300°C.

σ = σu

wWA (1+ ε − εu)+(1−wWA)

(
ε

εu

)εu
 (5.6)

where the linear and power law extrapolations are used as the upper and lower bound of the true stress
respectively. Here, the parameter 0 ≤ wWA ≤ 1 controls the influence of the extrapolation methods,
such that the method is purely a linear extrapolation for wWA = 1 and purely a power law for wWA = 0.

The predicted stress-plastic strain relationship is used to simulate the tensile test in ABAQUS
using the FE-model discussed in section 5.1.1.4, whose load-displacement results are later compared
with experimental data. By setting an optimization routine, the value of parameter wWA is identified
for which the simulation results match the experiment. However, this method does not account for
irradiation induced material changes and strain-rate effects. For this reason, it is applied only to
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T E v R m h c rψ ψr mψ ψs,∞ cs

°C GPa MPa1−ms−1 s−1

RT 208 0.3 10−70 1.00 0.096 1.78 1×10−70 1.0 1.0 0.204 1344

300 200 0.3 8.3×10−36 4.32 0.0347 1.81 7.6×10−28 0.754 1.0 0.262 2269

Table 5.1: List of deformation model parameters from literature [17, 1] at RT and 300 °C.

tests performed on unirradiated specimens with low deformation rates. With the application of the
inverse identification method discussed in section 5.1.1.2 along with the WA method as shown in
section 5.1.2, the parameter wWA is identified to be 0.478 and 0.2696 for specimens tested at RT and
300 °C respectively.

The results of this method are compared with the experimentally obtained Bridgman corrected
TSS data in figs. 5.5 and 5.6. From this comparison, it is sufficiently clear that the WA method
provides a reasonably good estimation of TSS until a pronounced neck has developed. Beyond this,
an overestimation of the reduction in minimum diameter can be observed. This is due to the absence
of viscous effects that predict a faster neck development than expected. As a result, it is safer to use
the (MTSS & TSS) data only up to a low strain level (≤ 5%). This is sufficient for obtaining an initial
estimate for most of the deformation model parameters using curve fitting, while their final values are
obtained by setting up a inverse identification discussed using the approach in section 5.1.1.3.

5.1.3 Identification of the deformation model parameters

During the course of this work, the deformation model was developed first and the associated
parameters were identified [5]. This was succeeded by the incorporation of the viscoplastic extension
of the GTN ductile damage law and the identification of its parameters. This identification process
is discussed here, following the same order. First, the procedure followed to identify the model
parameters for describing the unirradiated material behaviour is discussed. This is followed by the
identification of parameters governing the influence of irradiation. Finally, the identification of the
GTN model parameters for both the unirradiated and irradiated materials are discussed.

5.1.3.1 Unirradiated material

The parameter identification process follows the inverse identification approach aided by an opti-
mization routine to identify the optimal values. Providing sufficiently good initial estimations of
the parameters is highly beneficial to improve the efficiency and convergence of the optimization
program. To this end, the TSS data of the unirradiated specimens determined in section 5.1.2 using
the WA method are utilized to determine the initial estimates of model parameters at RT and 300 °C.

The elastic parameters, Young’s modulus E and Poisson’s ratio v are taken from literature [17, 1].
Using the TSS data from figs. 5.5 and 5.6, the plastic strain is calculated using the relation
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εp = ε −
σ

E
. (5.7)

Since the isotropic softening is used primarily for describing the cyclic softening, the parameters
of the other hardening laws must be calibrated such that the influence of ψ during monotonic loading
is compensated. The isotropic softening model parameters are already known from literature [17, 1]
and listed table 5.1. Therefore, eqs. (3.105) and (3.106), are integrated using a simple explicit
scheme and σ/ψ is used instead of the experimental true stress (σ ). σ/ψ is decomposed using the
one-dimensional formulation of eq. (2.103),

σ

ψ
= Z + k + σvis. (5.8)

To describe the total strain hardening of the material under finite strains up to the point of ductile
damage, a total of three kinematic hardening variables (i=3) are used. The effective kinematic
hardening Z in eq. (5.8) is given by the summation of the three individual kinematic hardening
variables and is described by the integral form of the Frederick and Armstrong [52] model

Z =
3

∑
i=1

Hi

Qi
[1− exp(−Qi p)] . (5.9)

With each variable being active during different levels of deformation, their effective value describes
the level of material hardening at every point of the load history. The kinematic hardening parameters
R, m governing the material’s static recovery are taken from literature [17, 1]. However, static
recovery in Eurofer97 in the considered temperature range is not significant.

Since Eurofer97 generally holds a low sensitivity towards strain rate at the considered temperatures,
the viscous effects offered by the viscoplastic model are initially restricted to a minimum as per the
recommendations made by Audoly and Hutchinson [130]. Therefore, with an initial assumption
of viscous stress σvis to be 1 MPa, the initial estimates to the parameters of initial yield stress k
and the kinematic hardening Hi, Qi are obtained by fitting the data of σ/ψ at RT and 300 °C to
the eqs. (5.8) and (5.9) using the Trust-Region algorithm. To illustrate the quality of this fit, FE
simulations are performed with the developed material model and the obtained parameters at 300
°C. The stress-strain relationships plotted using the result are shown in figs. 5.7 and C.1 and from
fig. 5.7b, the underestimation of the engineering curve at higher strains suggests that the strain-rate
sensitivity of the material is limited, but becomes more prominent during advanced stages of neck
development. Therefore, this method is shown to be reliable and fast in producing initial estimates of
the model parameters with minimal effort.

It must be noted that the viscous parameters play a crucial role in ensuring a good accuracy and
performance of the viscoplastic material model. They regulate the strain-rate dependent material
behaviour, with n governing the model’s sensitivity to strain-rate and K controlling the potential
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(a) Engineering stress-strain (b) Mean true stress-strain

Figure 5.7: Comparison of results from tensile test simulation using curve-fit parameters and
experimental data.

magnitude of the viscous stress. They also help to improve the computational speed of the model.
Therefore, a moderate level of strain rate sensitivity is chosen with the initial value of n0 = 2 for RT
and 300 °C. For the assumed σvis and n0, the initial value K = 57.73 MPa is got from eq. (2.102).
Using the initial values of the parameters (denoted by k0, n0, K0, Hi,0, and Qi,0), an optimization
problem is designed to determine their optimum values, using the optimization algorithm discussed
in section 5.1.1. A highly non-linear optimization problem arises when identifying many parameters
simultaneously, making convergence difficult and increasing computational cost. Due to material
instabilities at UTS and damage, the numerical problem is stiff, requiring smaller time steps for
integration. For these reasons, the load history is split into multiple phases, where each phase
optimizes parameters affecting a single instability point while keeping the other parameters constant.
This method speeds up the inverse identification process, which would otherwise take much longer or
fail to converge. The optimization of the parameters is carried out in the following phases at RT and
300 °C:

1. In the first phase, the optimization problem is defined for the load history up to the Con-
sidère instability point (UTS). The specimens tested with the lower deformation rate of
0.2 mm/min are used as the reference data. Starting with the initial values of parameters
(k0, n0, K0, Hi,0 and Qi,0), the optimization problem is solved to find their respective optimal
values. While the obtained values of k1, n1, K1, and Q3,1 are optimal for the chosen phase, they
need to be optimized again based on the entire load history. Still, the latest values of n1, K1

greatly improve the performance of the model, making it suitable for the successive phases of
parameter identification which are more computationally expensive and time consuming.

2. Q3 helps to describes the material hardening at very high strains along with the neck develop-
ment and reduction in dmin accurately. Here, the experimental MTSS data from fig. 3.6b is used
as the reference data where Y for the optimization problem is the mean true stress. By fixing all
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T k n K H1 Q1 H2 Q2 H3 Q3

°C MPa MPa s1/n MPa MPa MPa

RT 424.3 10.06 117.76 139042.0 784.85 3814.4 42.84 623.98 0.29

300 334.9 6.62 28.71 332033.65 2166.35 7538.73 125.83 525.46 0.58

Table 5.2: List of parameters for the deformation model determined at RT and 300 °C.

other parameters and providing Q3,1 as the starting value, the optimization problem is solved to
determine Q3.

3. To complete the parameter identification for the deformation model, the global optimum values
of k, n and K were identified at the end. Viscous parameters (n, K) control the strain-rate
influence on the material behaviours like the rise in UTS, neck development and the engineering
fracture strain. Accurate estimation of n, K is vital as the local strain rate increases radically as
the neck develops. This is done using a multi-cost optimization (5.4) where the ESS data at
both deformation rates of 0.2 and 2 mm/min are used as reference data to calculate the cost
functions (5.2) using simulations at corresponding loading conditions. When reference data
is consistent, like RT, both cost functions receive w f ,i = 0.5. However, at 300 °C, where one
of the datasets (i.e., 2.0 mm/min) shows an outlier behaviour, optimization using this method
fails. In this case, w f ,i is concurrently increased for the more consistent data and dropped for
the outlier, ensuring that ∑i w f ,i = 1. With this approach, coefficients of 0.75 (0.2 mm/min) and
0.25 (2.0 mm/min) were found to produce the desired results at 300 °C.

The deformation model parameters thus obtained are listed in table 5.2.

5.1.3.2 Irradiated material

The next step is to identify the model parameters that describe irradiation-induced material behaviour.
Since elastic properties parameters are not affected by irradiation, the Young’s modulus (E) and
Poisson’s ratio (v) remain unchanged. Similarly, the material’s strain hardening characteristics are
independent of irradiation [86] allowing the parameters of the kinematic hardening and isotropic
softening laws to remain unchanged. Irradiation defect density (N) evolution with respect to irradiation
damage dose φ is controlled by the parameters a, Ns, while hN induces the temperature dependence of
the irradiation hardening calculated from the defect density [53, 54, 131]. Defect removal by inelastic
deformation reduces irradiation hardening and consequently the material’s hardening modulus, which
accelerates neck development. The rate of removal controlled by b is high initially, but gradually
decreases after a portion of the defects (lN) are removed and stabilizes at a rate controlled by e1.
The strain rate sensitivity of the material also reduces as a result of irradiation, as per Hashimoto
et al. [132] who reported that the hardening strain rate exponent reduced from 0.041 in unirradiated
materials to 0.028 in irradiated F82H, which is also a similar RAFM steel. Therefore, it is necessary
to re-identify the viscous parameter for irradiated materials (nirr). Values of parameters rN=10−70



5.1 Parameter identification 83

T nirr hN a
√

Ns b lN,0 lN,1 e1

°C MPa MPa

RT 3.62 1.2165 0.1326 526 47.98 0.855 0.42 1.0

300 3.03 1.0 0.1326 526 78.19 0.562 0.18 1.5

Table 5.3: List of defect density evolution parameters determined at RT and 300 °C.

MPa2(1−qN)/s and qN=1.0 that govern the defect density evolution during annealing, are directly taken
from literature [1] for both RT and 300 °C. Therefore, only nirr, a, Ns, hN , b, lN and e1 are required
to be identified.

Calibration of a, Ns and hN can be done using a simple curve fitting method since irradiation was
performed prior to deformation. As irradiation hardening σH has a quadratic relationship (3.57) with
φ , it tends to saturate at higher doses (>10-15 dpa) [11, 133, 53, 78]. The experimentally determined
relationship between σH and φ from this work (see table 3.2) and from literature [9–13] are used
for the fitting procedure. Since the sample with the damage dose of 0.22 dpa exhibits some outlying
behaviour, it is omitted. The integral of the first component in eq. (3.107) (i.e., Ṅ = a(Ns −N)φ̇ ) is
of the form described by Whapham and Makin [92] and leads to the fitting equation for identifying
a, Ns and hN ,

σH =
√

h2
N Ns(1− exp(−a φ))0.5. (5.10)

From literature, σH is seen to be greater at lower testing temperatures for the same φ and Tirr.
Therefore, the fitting is done initially using data points where Ttest=300 °C by holding hN=1.0.
Next, by holding the identified a, Ns constant, hN is identified from the data points where Ttest=RT.
The fig. 5.8 depicts the results of the fitting procedure. As seen in fig. 5.8, there is a significant
amount of scatter between the model-predicted and experimental hardening at low doses [134]. The
phenomenon of scattering during irradiation hardening is widely reported in literature [78, 133]. Since
σH is inferred from tensile tests rather than being directly linked to experimentally measured defect
density N, its estimation is subject to uncertainty. Variation in defect evolution could be attributed,
in part, to the stochastic nature of the metallographic parameters. Uncertainty in the damage dose
received by the specimen is another possible cause of the scattering. Large scatter is observed in the
low-dose regime because the σH −φ relationship is more sensitive to errors in φ estimation at lower
doses than at higher doses. However, since these factors tends to stabilize at higher doses of φ , the
current model’s predictions should continue to hold true.

Next, the parameters b, lN and e1 that govern the removal of the defect are determined. Defect
removal plays a central role in the development of plastic instability in irradiated material and
is therefore influential in describing UTS and post-necking behaviour. The experimental ESS
data of the irradiated specimen are the sole reference data for parameter identification because of
the uncertainty in the experimental TSS data and inapplicability of the WA method to irradiated
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(a) RT (b) 300 °C

Figure 5.8: Curve fitting of irradiation hardening parameters a, Ns and hN at (a) RT and (b) 300 °C.
Hardening values obtained in this work are shown in red and those from literature are in blue [9–13].

materials. Reproducing the experimentally observed UTS and post-neck softening depends on
the initial hardening caused by irradiation. However, due to the scatter in σH between the model
predictions and the experimental data, the effective irradiation dose φ is inferred for each irradiated
sample by inverting the hardening relation

φ =−
1

a
ln

(
1−

σ2
H,exp

h2
N Ns

)
. (5.11)

Therefore, the 1.05 dpa @ RT was adjusted to 1.44 dpa. The doses 0.65 and 1.18 dpa @ 300 °C were
adjusted to 0.73 and 1.8 dpa, respectively. The optimization process is carried out separately at RT
and at 300 °C due to the temperature-dependent nature of the material deformation. At RT, the data
from 1.05 dpa specimen is used as the reference data. As the experimental data of 0.65 and 1.18 dpa
specimens are available at 300 °C, a multi-objective optimization is performed. For the FE model, the
specimen geometry shown in fig. 5.3b is used due to instances of the neck developing away from the
middle of the gauge section. At 300 °C, b and e1 are seen to have higher optimal values, while lN is
larger at RT. At lower doses, these parameters lead to predictions that agree well with experiments,
but at higher irradiation doses, they predict excessive post-UTS softening. Therefore, using the
load-displacement data of tests performed on materials with higher doses (69.1 dpa @ Tirr = 336 °C,
at Ttest = RT and 350 °C) [135, 22, 14] as reference data, and holding all other parameters constant,
lN is re-identified at RT and 300 °C. For this, an axisymmetric model (see fig. A.3) consisting of
a quarter of the specimen geometry used in Gaganidze et al. [135] (see fig. A.2) is built and used.
Currently, the deformation model is not calibrated for temperatures above 300 °C. Therefore, for the
sole purpose of fitting lN , the initial yield stress k is adjusted to match the UTS from the experimental
data for Ttest = 350 °C. The summary of all lN identifications is shown in the Appendix (figs. C.2
and C.3). The estimated data lN −σH,max are curve-fitted to an interpolation function, to determine
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(a) Curve fitting (b) Saturation threshold

Figure 5.9: Curve fitting of irradiation hardening parameters lN,0 and lN,1 at RT and 300 °C.

the extremes lN,0 and lN,1. lN,1 is pertinent to hN
√

Ns as σH,max saturates at higher doses. On the
other hand, lN,0 is obtained from extrapolation and therefore serves a numerical purpose, having
no physical relevance at σH = 0 MPa. Assuming a linear relationship between lN and σH,max, the
associated fitting shown in fig. 5.9a leads to the determination of lN,0 and lN,1. Although the linear
fit works well for most of the dose range, the quadratic relationship between σH and φ leads to an
artificially high saturation threshold (lN ×σH) at the mid-range ( 5 dpa → 108 MPa) for Ttest = 300
°C which subsequently reduces for higher doses as seen in fig. 5.9b. Using an exponential fitting
curve (see fig. H.1) to approximate the second-order trend, this anomaly is seen to disappear. The
repercussions of these approaches on the simulation results are discussed in section 6.1. This also
suggests that the model has potential for further improvement with the availability of additional data
that supports higher-order interpolation functions.

The optimized values of the parameters needed to describe irradiation influenced changes to
material properties are shown in table 5.3. Triaxiality development is influenced by the reduction in
σH , and plays a role in the prediction of ductile damage in irradiated materials. These elements will
be taken into account when identifying the parameters for the ductile damage model.

5.1.4 Parameter identification for GTN ductile damage model

The viscoplastic GTN ductile damage model describes material deterioration with the development of
porosity due to voids and the influence of strain rate on fracture strain. The model includes seven
parameters. The nucleation of the void described in the material is governed by the parameters
fN , εN and sN . Recommended in [59, 3] are the values fN = 0.04, εN = 0.3 and sN = 0.1. The
model considers the void growth to be hydrostatic stress-dependent, with q1 and q2 as the controlling
parameters. In addition, the 1/q1 value represented by f ∗u estimates the value of f ∗ at which the
material loses its entire load-bearing capacity. Based on their unit-cell calculations using the GTN
model, Tvergaard and Needleman [3][60–62] determined that the parameters q1 = 1.5 and q2 = 1.0
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T q1 q2 εN sN fN fc fc,irr fF

°C

RT 1.50 1.00 0.3 0.1 0.0018 0.0045 0.00243 0.1

300 1.50 1.00 0.3 0.1 0.0013 0.0045 0.00206 0.1

Table 5.4: List of viscoplastic GTN ductile damage model parameters determined at RT and 300 °C.

are applicable to the majority of cases. However, the original Gurson yield function can be recovered
with q1 = 1.0 and q2 = 1.0. Some other choices of these parameters include q1 = 1.25 [58], q1 = 1.35
[64], and q1 = 1.46, q2 = 0.931 [136]. The critical value fc controls the onset of void coalescence,
while fF represents the value of f at which the material completely loses its load bearing capacity.
Therefore, the material failure follows the trend f → fF , f ∗ → f ∗u , with the restriction f ≪ 1 proposed
by Tvergaard and Needleman [3], who also suggested the values of fc (= 0.15) and fF (= 0.25). The
parameters εN = 0.3,sN = 0.1,q1 = 1.5 and q2 = 1.0 from literature [59, 3] are chosen for this work.
Stratil et al. [77] determined the critical VVF, fc for Eurofer97 by examining the material beneath the
fracture surface of the specimen that was subjected to tensile testing at RT. This value is adopted in
this work. This leaves fN and fF to be identified, which can be done using the load displacement data
of Eurofer97 at RT and 300 °C. Multi-cost optimization similar to the one used for identifying n, K
for unirradiated materials in section 5.1.3.1, is reused here to identify fN and fF at RT and 300 °C. In
contrast to previous instances of optimization where the least-squares cost function was calculated by
comparing the entire load-displacement data from simulation results and experiment, relative error
of the engineering fracture strain from simulation results and experiment is used here. The value of
fF is bounded between 0.1 and 0.6. For fN , these are set as 0 and fc respectively. The optimization
identified that fF = 0.1 holds well for both RT and 300 °C. The fN identified at RT is greater than at
300 °C.

Deformation characteristics of irradiated materials differ from those of unirradiated materials,
so the GTN parameters must be adjusted or modified accordingly. Reduced uniform elongation
accelerates the onset of plastic instability and hydrostatic stress in the neck area. The critical
nucleation strain is reduced, as proposed by Chu and Needleman [59]. Senior et al. [56] also showed
experimentally that aging 9Cr-1Mo steel samples at high temperatures causes the critical nucleation
strain to decrease. The results of Senior are intriguing because the changes in material behaviour
induced by material aging, such as an increase in yield stress and a decrease in the true fracture
strain, are similar to those induced by irradiation [137]. Irradiation speeds up void growth and
reduces the critical VVF needed for the onset of void coalescence, according to studies of unirradiated
and irradiated single crystals of FCC materials conducted by Ling et al. [138]. Material instability
brought on by the removal of irradiation defects, as described by the constitutive model, accelerates
the development of the neck and the associated hydrostatic stress concentration. As a result, there
is a dramatic increase in the triaxiality factor (T F). The decrease in σH causes softening of the
material, which increases the plastic strain rate and, as a result, accelerates the model’s calculation
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of void nucleation. Furthermore, void growth occurs at a rate consistent with the rapid increase in
triaxiality. As a result, the developed model should be able to account for the irradiation-induced
reduction in critical strain for nucleation as well as the accelerated void growth. This leaves only
the identification of the critical VVF fc,irr, which is determined by solving an optimization problem
using the load-displacement data of the irradiated samples (0.65 dpa @ Ttest = 300 ◦C and 1.05 dpa
@ Ttest = RT ) from this work as reference data. The parameters identified at these low doses are
found to be suitable for high doses up to 69 dpa. Based on the identified parameters, the following
relationships are noticed:

nirr@RT

nirr@300 ◦C
≈

fc, irr@RT

fc, irr@300 ◦C
≈

hN@RT

hN@300 ◦C
(5.12)

which illustrate that the temperature dependence of irradiated material properties is linked to hN .
Additionally, the ratio of fc,irr/nirr is seen to be the same at both temperatures.

fc,irr

nirr

∣∣∣∣∣
RT

=
fc,irr

nirr

∣∣∣∣∣
300 ◦C

(5.13)

while the same cannot be said for fc/n in the unirradiated material. These relationships indicate that
the critical VVF has a relationship with the strain rate sensitivity of the material, as the latter governs
the rate of neck development and thus the T.F which accelerates void growth.

Since these parameters nirr and fc,irr were identified at low doses of 0.65 dpa and 1.05 dpa, the
transition of n → nirr and fc → fc,irr is expected between 0 dpa and "x" dpa. For irradiation doses
above 0.7 dpa at Tirr = 300 °C, strain hardening capability is known to vanish [139]. In agreement to
this, parameters identified from the data of the sample irradiated to the assumed dose of 0.73 dpa at
Ttest = 300 °C is seen to hold well for doses upto 69 dpa. Therefore, 0.73 dpa is chosen to be the value
for "x" and the parameters n and fc are interpolated between [n,nirr] and [ fc, fc,irr] for the dose range
[0, 0.73] dpa. The optimal values of the viscoplastic GTN ductile damage parameters are presented in
table 5.4. The optimal values of the set of model parameters can be found in table D.1.

5.2 Simulation results

Simulations are performed to showcase the model’s predictive abilities. First, a single element
test is performed to verify the model’s ability to describe the development of damage under a pure
hydrostatic load. Next, the experimental conditions used in this work and listed in table 3.2 are
simulated for unirradiated and irradiated specimens at RT and 300 °C. The ESS and MTSS plots
are evaluated at specimen level and compared to the experimental data, to assess the predictions.
Other quantities, such as state variables, are extracted from the first element to fail, which typically
corresponds to the core of the neck region. Finally, a ductility study is performed using the model
at these two temperatures for a wide range of irradiation doses, to illustrate its complete predictive
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(a) (b)

Figure 5.10: Plot of (a) various strain development under hydrostatic load and (b) development of
over-stress and VVF.

capability and to assess the influence of irradiation on the reduction of material ductility. Plots of all
internal variables are extracted from the first integration points (IP) to detect material failure or the
one with the largest effective VVF ( f ∗).

5.2.1 Single element test

To verify the proper implementation of the viscoplastic extension of the ductile damage law, the model
is used to simulate the VVF development under a hydrostatic load. As the underlying deformation
model is already based on the well established viscoplastic framework, validation of the combined
deformation and damage model under a hydrostatic load is prioritized. A single, cube element FE
model is set up as shown in fig. E.1 where the boundary conditions are placed on the three surfaces
adjoining the XY, YZ and XZ planes to only allow displacements tangential to the respective planes.
Initially, a uni-axial displacement controlled load is applied in the y-direction, to induce inelastic
deformation and for the voids to nucleate and the VVF to reach a low value of 5.5× 10−5. Next,
displacement controlled loads are applied along X, Y and Z axes to induce a pure-hydrostatic load.
The strains applied on the single element are shown in fig. E.2.

Under the hydrostatic load, there is a linear development of volumetric strain as seen in fig. 5.10a.
Initially, the deformation is purely elastic with εM and p remaining flat. Due to the low value of
f ∗, void growth is impossible without a very large build-up of local pressure. Therefore, the elastic
deformation continues with the over stress growing to a very large value as seen in fig. 5.10b. At
Σeq 4.5 GPa, the material gradually begins to undergo inelastic deformation until VVF reaches
2× 10−5. Beyond this, the material experiences rapid inelastic deformation with the void growth
rapid growing to a value of 0.07 and induces void coalescence that leads to f ∗ reaching 0.26.
Simultaneously, the hydrostatic over-stress plummets to levels seen at the starting of the load-step.
Beyond this, the inelastic deformation and damage develop at a steady rate until the eventual failure
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of the material. During this, the over-stress continues to depreciate as the material loses it’s load
bearing capacity. Therefore, the material model is seen to be capable of describing damage evolution
even under a hydrostatic load.

5.2.2 Unirradiated specimen

(a) 300 °C

(b) RT

Figure 5.11: Simulated specimen profile (transparent green) compared with images of unirradiated
specimens captured just before failure, from experiments performed at (a) 300 °C and (b) RT.

First, a simulation of the tensile test is conducted at 300 °C with two deformation rates of 0.2
and 2 mm/min. The fig. 5.11a compares the model-generated image of the specimen at failure with
the image captured during the 0.2 mm/min experiment. The comparison shows good agreement and
showcases the model’s ability to describe large deformation and ductile damage in a uniaxial loading
condition. The simulated deformation is shown in fig. 5.12a, which is supported by the contour plots
of gauge displacement (fig. 5.12b) and change in minimum diameter (fig. 5.12c). The von Mises stress
in fig. 5.12d, axial stress in fig. 5.12f and the accumulated plastic strain in fig. 5.12h illustrate the
localization of large plastic deformation in the neck region. Consequently, a stress minimum is seen
just outside the neck region where the maximum pressure stress (−tr(σσσ)/3) is also seen in fig. 5.12e.
This resulting geometric relaxation is responsible for the post-UTS softening seen in the ESS plot
(fig. 5.13a). Finally, the shear stress shown in fig. 5.12g indicates that a strong shearing is present
at the neck surface due to the strong axial and radial displacements. The stress-strain relationships
from the simulation and experiment results are plotted in figs. 5.13a to 5.13d, which share excellent
agreement and thus validate the model predictions. The ESS plots demonstrate that the inelastic,
post-yield and post-necking behaviours are adequately described. At 2.0 mm/min, the predicted
total elongation is conservative and underestimated by 3%. The UTS of the sample tested at a
deformation rate of 2 mm/min is lower than that of the sample tested at a lower deformation rate of 0.2
mm/min, indicating that its experimental data exhibits anomalous behaviour. Nonetheless, the model
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(a) Deformed and undeformed specimen

(b) Axial displacement (mm) (c) Radial displacement (mm)

(d) von Mises stress (MPa) (e) Pressure stress (MPa)

(f) Axial stress (MPa) (g) Shear stress (MPa)

(h) Accumulated plastic strain (i) VVF

Figure 5.12: Simulation results for tensile test performed at 300 °C and 0.2 mm/min.



5.2 Simulation results 91

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.13: Comparison of simulation and experimental results for tensile test performed at 300 °C:
(a, b) ESS and (c, d) MTSS. Strain-rate influence on (e) change in neck radius, (f) damage (VVF), (g)

kinematic hardening and (h) isotropic softening.
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consistently predicts a greater UTS for greater deformation rates. From the MTSS plot, it is evident
that the strain hardening of the material develops in a nearly linear fashion after UTS. In addition,
the agreement between the mean true strain from the simulation and the experiments indicates that
the predicted total reduction of minimum area at the neck is also accurate. The strain hardening is a
function of the chosen inner variables. The fig. 5.13g depicts the evolution of the effective kinematic
hardening variable, Z, with respect to the accumulated plastic strain, p. Z is derived from the sum
of three kinematic hardening variables, of which two are necessary for describing the hardening up
until the point of instability and the third is necessary for describing the strain hardening up until
the eventual material damage. The kinematic hardening parameters are calibrated to compensate for
the softening provided by the isotropic softening, ψ , as this softening is experimentally observed
under cyclic loading and does not appear separately under monotonic uniaxial loading. The fig. 5.13h
depicts the evolution of ψ along with the variables ψ1 and ψ2 with respect to p. Consequently,
ψ ×Z ultimately represents the effective estimation of strain hardening. The fig. 5.13e illustrates the
effect of deformation/strain rate on the reduction of neck radius with respect to engineering strain.
After an initial period of linear development, the radius reduction becomes nonlinear, indicating the
development of the neck. For the higher deformation rate, a decrease in the rate of radius reduction
and fracture strain along both the engineering strain and true strain are observed. The fig. 5.13f
provides further insight, showing that the evolution of VVF is also accelerated at a higher deformation
rate. The distribution of VVF in the specimen is shown in fig. 5.12i, which when compared with
fig. 5.12e shows that maximum VVF is reached at the core of the neck as void growth is driven by the
hydrostatic stress.

Next, similar tensile test simulations are repeated at room temperature. In fig. 5.11b, the superim-
posed image of the simulated specimen at failure over the corresponding image from the experiment
performed at 0.2 mm/min shows good agreement on the predicted neck profile and neck radius. This
simulated reduction in minimum diameter with respect to total elongation is verified by comparing
the ESS and MTSS plots from the simulation and experiment results in figs. 5.14a to 5.14d. The
inelastic, post-yield and post-necking behaviours are adequately described. Similar to 300 °C, the
material’s strain hardening develops in a nearly linear fashion after UTS. Deformation/strain rate
influence on the rate of radius reduction is observed to be stronger at RT than 300 °C, as seen in
fig. 5.14e where the process is clearly slower at higher rate. However, the decrease in fracture strain
seems to be minor as seen in fig. 5.14f. Strain rate influence on the specimen profile at failure, as
obtained from simulations and experiments is compared in fig. F.1. The evolution of the hardening
variables such as the kinematic hardening in fig. 5.14g, isotropic softening in fig. 5.14h indicate
that strain hardening at RT is also stronger than at 300 °C. Simulations are also performed at 100
and 200 °C with a deformation rate of 2 mm/min, using material parameters linearly interpolated
with respect to temperature. The simulated stress-strain relationships for the material are compared
with experimental results in fig. 5.15, which confirm the model’s capability to reliably describe all
the desired post-yield and post-necking material behaviour. However, there is a noticeable scatter
between the model predictions and experimental data. The temperature influence on total elongation
and specimen profile at failure, as obtained from simulations and experiments is illustrated in fig. F.2.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.14: Comparison of simulation and experimental results for tensile test performed at RT: (a,
b) ESS, (c, d) MTSS. Strain-rate influence on (e) change in neck radius, (f) damage (VVF), (g)

kinematic hardening and (h) isotropic softening.
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(a) (b)

Figure 5.15: Comparison of engineering stress-strain plots from the simulation and experimental
results for tensile test performed at 100 and 200 °C.

It is demonstrated that the viscoplastic model can describe the strain-rate sensitivity, deformation,
and damage behaviour of the unirradiated material at the reactor’s operation temperatures which
range between RT and 300 °C. The model accurately predicts the reduction in minimum area and total
elongation at failure, thereby validating its ability to describe material ductility in these conditions.
The strain-rate sensitivity and strain hardening of the material are seen to reduce with an increase
in temperature. It is evident that strain rate sensitivity plays a significant role in the predicted post-
necking behaviour and the rate of neck development. The viscous stress linked to the material’s
strain rate sensitivity can be observed by comparing MTSS plots. Although the viscous stress is
much smaller than the material’s strain hardening, the former controls the development of instabilities
[81], that drive the neck development. In addition, Needleman and Tvergaard [140] corroborated the
influence of strain rate on the evolution of the VVF observed in figs. 5.13f and 5.14f. Therefore, it
has been demonstrated conclusively that an increase in strain rate contributes to an increase in the
total elongation of the specimen (see fig. F.1) by delaying the development of the neck.

5.2.3 Irradiated specimen

Uniaxial tensile testing at 300 °C and a deformation rate of 0.2 mm per min is simulated after
irradiating the specimen to 0.65 and 1.18 dpa at 300 °C. Good agreement between the simulated
and experimentally fractured images of the specimen at the point of failure is shown in fig. 5.16.
The figs. 5.17b and 5.17c shows the axial and radial displacements of the irradiated specimen at the
point of failure, which show faster necking than the unirradiated material at 300 °C. The figs. 5.17d,
5.17e and 5.17h shows that the deformation is localized. The figs. 5.18a and 5.18b compare the
ESS relationships derived from simulation results and available experimental data. Yield stress,
σy, increases due to irradiation-induced hardening, σH , and this phenomenon is well described.
Both the σH (fig. 5.18e) and UTS predicted by the model are very close to what has been observed
experimentally. There is also a precise description of the material’s reduced uniform strain. The
rapid decline of the ESS curve post UTS is indicative of the high development rate of the neck and
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(a) 0.65 dpa @ Ttest=300 °C

(b) 1.18 dpa @ Ttest=300 °C

Figure 5.16: Simulated specimen profile (transparent green) compared with images of damaged
specimens irradiated to (a) 0.65 dpa and (b) 1.18 dpa, and deformed at 300 °C with a rate of 0.2

mm/min.

the associated geometric relaxation. The predicted engineering fracture strain has good agreement
with experimental data and is significantly reduced when compared to the unirradiated specimen,
which is consistent with the experimental observations. The MTSS relationships derived from
simulation results are displayed in figs. 5.18c and 5.18d. For the 0.65 dpa specimen, the simulation
has good agreement with the experimental data, capturing both the material’s strain hardening and
the specimen’s reduction in minimum diameter. In contrast to unirradiated materials, where the
MTSS plots show continuous strain hardening up to failure, the irradiated materials exhibit a short
period of softening following the UTS. Although this softening is initially pronounced, it reduces
eventually for the material to resume hardening. The removal of irradiation defects under plastic
deformation accounts for the entirety of this softening. When comparing figs. 5.17f to 5.17h, we
see that the largest reduction in irradiation defect density, N, and σH occurs in regions of localized
deformation. The N at the central position of the specimen is plotted against p in fig. 5.18f, where
the rate of defect removal is initially high, resulting in a sharp decrease in N and σH . As soon as N
falls below the threshold controlled by the parameter lN the rate of defect removal drops dramatically,
reaching a quasi-saturation state where the removal is allowed to continue at a constant rate. A
portion of defects remains even at fracture. As shown in figs. 5.18c and 5.18d, the predicted true
fracture strain is reduced for irradiated specimens and has good agreement with experimental data.
In fig. 5.17i, VVF distribution in the specimen is seen to be concentrated at the core of the neck
region, like the unirradiated specimens. The fig. 5.18h shows a plot of VVF versus p, which indicates
that void growth is more rapid and void coalescence is hastened in materials subjected to higher
doses of radiation. The fig. 5.18g illustrates the effect of irradiation on neck development, by plotting
the change in minimum specimen radius at the neck versus the engineering strain derived from the
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(a) Deformed and undeformed specimen

(b) Axial displacement (mm) (c) Radial displacement (mm)

(d) von Mises stress (MPa) (e) Pressure stress (MPa)

(f) Irradiation defect density (MPa2) (g) Irradiation hardening (MPa)

(h) Accumulated plastic strain (i) VVF

Figure 5.17: Simulation results for irradiation (0.65dpa @ Tirr=300 °C) and tensile test performed on
at 300 °C and 0.2 mm/min
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.18: Comparison of (a, b) ESS and (c, d) MTSS from simulation and experimental results for
irradiation (0.65 and 1.18 dpa) and tensile test of Eurofer97 at Ttest = 300 °C.

Illustration of irradiation hardening evolution with defect (e) nucleation and (f) removal, and
irradiation influence on (g) reduction in neck radius and (h) damage (VVF).
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gauge displacement. Clearly, the neck develops much faster in irradiated specimens, and the rate of
development increases with increasing irradiation doses.

(a) 0.22 dpa @ Ttest=RT

(b) 1.05 dpa @ Ttest=RT

Figure 5.19: Simulated specimen profile (transparent green) compared with images of damaged
specimens irradiated to (a) 0.22 dpa and (b) 1.05 dpa, and deformed at RT with a rate of 0.2 mm/min.

Next, specimen irradiation to 0.22 and 1.05 dpa followed by uniaxial tensile test at room tempera-
ture and at the deformation rate of 0.2 mm/min are simulated. In fig. 5.19, the simulated specimen
at failure is superimposed over images of the post-test fractured specimens. In contrast to the 0.22
dpa specimen where the neck is seen to have developed in the middle, the neck develops away from
the middle in the 1.05 dpa specimen. This phenomenon is discussed in section 6.1.0.3. However,
the profile and diameter of the neck is well described. The comparison of ESS relationships from
simulations and experiments results in figs. 5.20a and 5.20b show that the increase in yield stress, σy

is well described. However, the σH predicted by the model differs significantly from the experimental
observations of the 0.22 dpa specimen. Although scattering of σH at low neutron-irradiation doses
is expected, as discussed in section 5.1.3.2, the 0.22 dpa specimen exhibits an outlier behaviour, as
shown in fig. 5.20e, and can therefore be disregarded. The uniform-elongation regime is drastically
reduced and the rapid neck development following UTS is well described. The resulting softening
of the ESS curve agrees well with experimental observations. While the predicted decrease in en-
gineering fracture strain is consistent with laboratory findings, there is scatter in the experimental
and simulated data due to the scatter in irradiation hardening. The MTSS relationships shown in
figs. 5.20c and 5.20d display a trend consistent with the simulations at 300 °C. There is a short period
of material softening post UTS, inducing a negative hardening modulus. Eventually, the material’s
strain hardening becomes more dominant. At first, plastic deformation causes a dramatic drop in N,
as shown in fig. 5.20f. When N is below the lN-controlled threshold, however, removal of N reaches a
quasi-saturation state in which it continues at a constant rate. At larger strains (>40 %), all defects
contributing to material hardening are eliminated. The predicted true fracture strain is reduced for
irradiated specimens and has good agreement with experiments as seen in figs. 5.20c and 5.20d. The
fig. 5.20h illustrates the irradiation influenced reduction of the predicted fracture strain, where the
VVF reaches the critical value ( fc) more rapidly as the irradiation dose increases. However, there
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5.20: Comparison of (a, b) ESS and (c, d) MTSS from simulation and experimental results for
irradiation (0.22 and 1.05 dpa) and tensile test of Eurofer97 at Ttest = RT.

Illustration of irradiation hardening evolution with defect (e) nucleation and (f) removal, and
irradiation influence on (g) reduction in neck radius and (h) damage (VVF).
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is overestimation of fracture strain for 0.22 dpa due to the reduction in viscous effects originating
from the interpolation strategy for n and K. Irradiation influence on neck development is shown in
fig. 5.20g, where the faster reduction in neck radius suggests that the neck development is faster with
increasing irradiation doses.

5.2.4 Ductility study

(a) RT (b) 300 °C

Figure 5.22: Simulated irradiation influence on tensile properties.

Ductility of a material is defined as it’s ability to undergo plastic deformation under a tensile load,
without failure. Ductility can be quantified by a) elongation and b) percentage reduction of cross-
sectional area. A larger fracture strain and reduction of area generally indicates greater ductility.
However, the reduction of area is mostly seen as a better measure of ductility. To study the influence
of irradiation on ductility reduction predicted by the model, simulations are performed on smooth
specimen and notched specimens of notch radius 0.5 and 0.2 mm using specimen geometry adopted
from literature [15] which is shown in fig. A.4. Inclusion of the notched specimens allows the study of
how initial triaxiality affects the local fracture strain. Axisymmetric FE models (see fig. A.5) are built
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(a) RT - Engineering stress and strain (b) 300 °C - Engineering stress and strain

(c) RT - Mean true stress and strain (d) 300 °C - Mean true stress and strain

(e) RT - Mean true strain vs. engineering strain (f) 300 °C - Mean true strain vs. engineering strain

Figure 5.21: Irradiation influence on tensile properties at RT and 300 °C for a smooth specimen, with
unirradiated material in dotted lines.
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Figure 5.23: Experimental data for different product forms of Eurofer97 1.

using quarter of the specimen similar to those shown in fig. 5.3a, to perform simulations at a constant
Tirr = 300 °C, with Ttest of RT and 300 °C, and a displacement rate of 0.2 mm/min. A set of 13
irradiation doses from zero up to 43 dpa where the predicted σH saturates, is chosen to ensure that the
predicted irradiation-induced hardening is evenly distributed. This results in a higher concentration at
low-doses, which is very beneficial for studying the drastic changes in material properties occurring
in this regime.

The engineering stress-strain relationships taken from the simulation results of the smooth
specimen are compared in figs. 5.21a and 5.21b. The model predicts a steady rise in yield stress and
UTS, with a sharp decline in engineering fracture strain for increasing doses of irradiation. Even
though these properties change quite rapidly at low doses, they are seen to gradually stabilize at
higher doses. The mean true stress-strain relationships plotted in figs. 5.21c and 5.21d illustrate the
irradiation influence on the hardening modulus. The modulus is generally low post-yield, even turning
negative for higher doses. But eventually, it stabilizes and strain hardening develops almost at the
same modulus of the unirradiated material. At RT, the curves show larger level of softening and align
with the unirradiated material plots for low doses. True fracture strain is significantly reduced by
irradiation, and this reduction increases as the irradiation dose increases. The figs. 5.21e and 5.21f
illustrate how the neck develops in relation to the total gauge displacement by plotting the engineering
strain against the true strain. The initial linear relationship seen represents the gauge section’s uniform
deformation, whereas the nonlinear period represents the gauge section’s nonuniform deformation
during the formation of the diffused and localized neck. It is evident that neck development begins
much earlier in irradiated specimens, and that the rate of development accelerates as the radiation
dose increases. It can be determined that the predicted neck development is diffused in nature because
there was no sign of an unstable neck development.

1This article was published in Gaganidze and Aktaa [141], Copyright Elsevier (2013).
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(a) Notch 0.5mm - RT (b) Notch 0.5mm - 300 °C

(c) Notch 0.2mm - RT (d) Notch 0.2mm - 300 °C

Figure 5.24: Irradiation influence on load vs displacement at RT and 300 °C for notched specimen,
with unirradiated material in dotted lines.

The fig. 5.22 depicts a summary of the temperature-dependent tensile properties of the material
predicted by the model at RT and 300 °C with respect to irradiation dose. The hardening is greater at
RT than it is at 300 °C for the same dose, as can be seen from the predicted σH plot. The uniform
strain plot demonstrates how, even at low doses, the uniform elongation is almost completely lost.
This trend is in agreement with the published experimental data [141] shown in fig. 5.23, of different
forms of Eurofer97 which have marginally different tensile properties to the material used in this work.
At RT, it is observed that this loss of uniform elongation is more drastic. The engineering fracture
strain is also plotted, displaying a sharp decline at very low doses (30% loss), an initial stabilization
just after 2 dpa, and a saturation at roughly 20 dpa (44% loss). This trend is also evident in the data
from the literature [141], where it is understandable that there is no further noticeable decrease in
fracture strain as a result of an increase in irradiation dose, despite the scatter in the recorded fracture
strain at doses above 10 dpa shown in fig. 5.23.
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Further information can be obtained by plotting the ductility, or the percentage decrease in the
cross-sectional area (Z) at the neck, against the radiation dose. Similar to the previously mentioned
metrics, the final reduction in area drops quickly at low doses, but steadily stabilizes as the dose rises
and reaches saturation at large doses. At RT, there is an outlier behaviour at low doses between 0.75
and 2 dpa, where there is a significant fall in Z initially, but increases until 2 dpa and then begins
to decrease with dose increase. This most likely results from parameter interpolation at low doses,
which disappears at higher doses. However, using an exponential fit for lN appears to alleviate this
anomaly, as seen in figs. H.2 and H.3. This suggests that the lN −σH relationship is non-linear in
nature. The model predicts a 17% and 30% drop in ductility at RT and 300 °C respectively, based on
the area reduction.

(a) Bao-Wierzbicki (RT) (b) Bao-Wierzbicki (300 °C)

(c) Johnson-Cook (RT) (d) Johnson-Cook (300 °C)

Figure 5.25: Comparison of irradiation influence on true plastic fracture strain with respect to initial
triaxiality at RT and 300 °C, with best fits obtained with Bao-Wierzbicki and Johnson-Cook models.

The dashed lines mark the results for the unirradiated state.

The load displacement results of the two notched specimens are shown in fig. 5.24. The material
behaviour is consistent with the smooth specimen, with the increased peak load due to the increased
hydrostatic stress and irradiation hardening being well represented. The total elongation continuously
reduces with an increase in dose across all test cases. The fig. 5.25 plots true plastic strain at fracture
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against initial triaxiality factor (T F) of smooth and notched specimens for the set of irradiation
doses. Individual plots are shown later in fig. 6.4. For unirradiated specimens, the fracture strain
is highest for smooth specimens with an initial T F of 0.33. This decreases by 57% and 69% for
specimens with notch radius of 0.5 mm and 0.2 mm, which correspond to triaxiality values of 0.81
and 1.09, respectively. As dose increases, this decline eases to 53% and 64% at ≈20 dpa and saturates
thereafter. At RT, an out-lying behaviour in the fracture strain is seen which follows a similar trend to
the reduction in minimum area (Z) for doses below 2 dpa. While fracture strain decreases more at
300°C than at RT, the trend in the reduction of fracture strain remains nearly similar. The out-lying
behaviour under 2 dpa at RT is absent at 300 °C. Therefore, the material model predicts that an
increase in triaxiality and irradiation dose reduces fracture strain. This is consistent with Rice and
Tracey [142], who established an inverse relationship between the fracture strain and initial triaxiality
factor (ε f ≈ 1/T F). Among the several models found in literature that describe this relationship, the
Bao-Wierzbicki (BW) model [143] for high triaxiality (T F ≥ 0.4)

ε f =
A

T F
, (5.14)

and the Johnson-Cook (JC) fracture model [144, 145] for constant strain rate and temperature

ε f = D1 +D2 · exp(D3 ·T F) (5.15)

are widely used due to their simplicity. Here, A and Di are temperature and irradiation dose dependent
model parameters that need to be identified for each temperature and each dose. The fig. 5.25
shows the best fit curves obtained for the two models. While the BW model which uses a single
parameter gives good description of the material’s ε f −T F relationship in the unirradiated condition,
considerable scatter is seen as the dose increases. On the other hand, the reduced JC model which
requires three parameters provides very good description.

Based on the results of this ductility study at both temperatures, it is evident that the change in
material properties occurs rapidly in the low dose range (<5 dpa), stabilizing between (5 and 15 dpa),
and reaching general saturation beyond this range. These results are discussed in section 6.1 with
additional data from these simulations summarized in appendix G.



Chapter 6

Discussion and remarks

The developed coupled finite strain viscoplastic and ductile damage model is validated in sections 5.2.2
and 5.2.3 using available experimental data. Additional simulations were performed on various
irradiation damage doses in section 5.2.4 to analyze the predicted irradiation influence on the material’s
tensile properties. Based on these simulation results, a discussion on the model’s characteristics and
other factors that play a role in modeling the post-yield and post-necking behavior of unirradiated and
irradiated materials is made in this chapter. Studying the influence of irradiation on material failure,
the possibility and scope of relaxing the damage criteria in the design rules of nuclear fusion power
plant components is investigated in this chapter.

6.1 Discussion on simulation results

To support this discussion, the ESS and MTSS plots are determined globally whereas other data
computed by the model is extracted at integration points suffering the highest amount of plastic
deformation which is typically the core of the neck region.

6.1.0.1 Stress-Strain relationships

The ESS and MTSS plots in figs. 5.21a to 5.21d, 6.1a and 6.1b provide an overview on the predicted
tensile properties for the unirradiated and irradiated material at RT and elevated temperatures. As seen
in figs. 6.1a and 6.1b, yield stress and therefore, the elastic regime of the unirradiated material is the
highest at RT and reduces with increase in temperature, which is consistent with the experimental data
in fig. 3.1. The predictions for irradiated specimens are fundamentally dependent on the predicted
irradiation defect-density/hardening evolution during irradiation. As already discussed in section 3.2.1,
there is significant experimental scatter in irradiation hardening at low irradiation doses (fig. 5.8)
[78, 133]. Therefore, there is less likelihood that the model’s predicted irradiation hardening will
match experimental data at small doses, as seen in figs. 5.18e and 5.20e figs. 5.18 and 5.20. However,
the predictions will be more in line with experiments done on specimens exposed to higher irradiation
doses because irradiation hardening stabilizes and saturates at higher doses (> 10 dpa) [78, 133, 141].

106



6.1 Discussion on simulation results 107

(a) (b)

(c) (d)

Figure 6.1: Comparison of simulations performed on unirradiated material at RT, 100, 200 and 300
°C: (a, b) stress-strain relationships, (c) change in neck radius and (d) evolution of VVF.

Yet, the steep softening post-UTS is consistently well described by the model. In instances where the
predicted hardening is close to experimental data, the steep softening post UTS has good agreement
with experiments.

6.1.0.2 Uniform elongation and UTS

The uniform and total elongation of the unirradiated material is the highest at RT and reduces with
increase in temperature, which is consistent with the experimental data in fig. 3.1. The predicted
true fracture strain remains almost the same across these temperatures. As seen in figs. 5.15a
and 5.15b, the predicted UTS at 100 and 200 °C are marginally overestimated in comparison to the
experiments. However, the predictions are acceptable as the deviations are minimal (<5%) and fall
within the experimental scatter range (15%). In irradiated specimens, the uniform elongation is almost
completely lost as seen in figs. 5.21a, 5.21b and 5.22. Therefore, the UTS is very close to the yield
stress and highly dependent on the predicted irradiation hardening.
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6.1.0.3 Neck development

The post-necking behaviour and neck development is governed by the plastic instability condition
(3.9), which is primarily influenced by the change in the hardening modulus, determined by material’s
strain hardening characteristics. The specimen’s non-uniformity causes instabilities. As material
matrix is mostly homogeneous, stress concentrations in regions where the cross-section is non-
uniform, such as where specimen’s shoulder meets gauge section, cause instability. Instabilities
manifest themselves and become more severe as the hardening modulus computed by the integration
points associated with consecutive nodes on the gauge section’s surface satisfies the condition (3.9).
A lower hardening modulus favors stronger instability development. Strain hardening is in turn
described by the set of hardening models. For unirradiated material, the kinematic hardening and the
isotropic softening model are used. The MTSS of unirradiated materials shown in fig. 6.1b illustrates
the reduction in hardening modulus with increase in temperature. A higher strain rate sensitivity
increases the total elongation [81, 60, 140]. Due to the extremely high local strain and strain rates
at the neck, the associated rise in viscous stress (2.102) increases the hardening modulus and plays
an important role in regulating the instability development. When instabilities coalesce, they grow
dramatically stronger and develop into a diffused neck. With the non-homogeneity from either ends
of the gauge section acting as sources, instabilities combine usually at the middle of the specimen.
Due to this, most simulations in this work predict a neck development at the middle. The plot of
reduction in neck radius ∆r against the engineering strain in fig. 6.1c illustrates the neck development
in unirradiated materials, where the combination of larger strain hardening and strain rate sensitivity
of the material at RT leads to a slow rate of neck development. The identified model parameters
indicate that both these characteristics grow weaker at higher temperatures, allowing the neck to
develop faster.

In irradiated materials, the defect removal driven by plastic deformation leads to localized
softening. This softening reduces the hardening modulus and forces a rapid development of the
neck. The TSS computed by the model for increasing levels of irradiation dose is plotted in figs. 6.2a
and 6.2b and shows a strong softening post-yield which is a result of the reduction in irradiation
hardening shown in figs. 6.2c and 6.2d. In comparison to unirradiated material, the true stress at high
plastic strains is lower for low doses at RT. This is caused by the stark contrast between the high and
low strain-rate sensitivity of the unirradiated and irradiated material respectively at RT. Due to the
unirradiated material’s already low sensitivity at 300 °C, this difference is hardly noticeable at this
temperature. The model predicts that a major portion of the defect density is removed rapidly with
the onset of plastic deformation. As seen in figs. G.1c and G.1d where defect density reduction in
the damaged element of smooth specimens is plotted against accumulated plastic strain, once the
threshold controlled by lN is reached, defect removal stabilizes and proceeds further at a steady rate
controlled by e1. At 300 °C, a residual amount of irradiation hardening remains even at the time of
failure. This suggests that not all defects are removed. Since lN estimated at RT is much greater, all
defects are completely removed for low doses. With increasing levels of defect density at higher
doses, however, some portion of the initial defect density remains left over at the time of fracture.
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(a) (b)

(c) (d)

Figure 6.2: Comparison of the true stress-strain and reduction of irradiation hardening computed by
the model as a function of irradiation dose, at (a, c) RT and (b, d) 300 °C.

In contrast to other simulations, irradiated specimens of the geometry in fig. A.1 show an offset
of the neck from the middle at RT. Similar simulations using the geometry in figs. A.2 and A.4 do
not produce this offset. It is likely due to the former’s gauge section being larger than the other
two. The identified model parameters at RT predict a drastic decrease in the hardening modulus
and rate dependence of the irradiated material, which are important in describing the rapid neck
development and steep softening seen in the experimental ESS curves following the UTS. This inhibits
instability development in consecutive nodes and causes the diffused neck to develop closer to the
non-uniformity and away from the middle. Due to these factors, the predicted neck development
in irradiated specimens is significantly accelerated and temperature dependent, with localization
progressing more rapidly at RT than at 300 °C.

As necking induces a triaxial stress state in the specimen, irradiation defect removal plays a
vital role in the triaxiality development. This is illustrated in figs. G.1e and G.1f where triaxiality
development in the damaged element of a smooth specimen is plotted against irradiation hardening.
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(a) (b)

(c) (d)

Figure 6.3: Comparison of the triaxiality factor and VVF computed by the model as a function of
irradiation dose, at (a, c) RT and (b, d) 300 °C. Unirradiated material in shown in dotted lines.

6.1.0.4 Ductile damage

Effective VVF, f ∗ from the smooth specimens is plotted against accumulated plastic strain in figs. 6.3c
and 6.3d. Development of the respective VVF, f is shown in figs. G.1a and G.1b where the void
nucleation reaches a maximum at εN . Although void nucleation is plasticity driven and peaks at εN ,
void growth is primarily hydrostatic stress dependent. The GTN model uses triaxiality factor (T F) to
describe the growth of VVF. In smooth cylindrical specimens, the T F is initially 0.33 throughout the
specimen volume. As the neck develops, the pressure or the volumetric stress grows proportionally
within the neck region. Consequently, the T F in the neck regions grows as seen in figs. 6.3a and 6.3b,
and drives the void growth. When the VVF reaches the critical values, void coalescence is initiated.
The material loses all load bearing capability when f reaches fF . The local fracture strain and the T F
at fracture is higher for unirradiated specimens at 300 °C, when compared to RT. Irradiation influence
on ductile damage is characterized by an accelerated void growth and coalescence. As the rate of
neck development in the specimens increases proportionally with irradiation hardening, the triaxiality
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(a) Smooth specimen at RT (b) Smooth specimen at 300 °C

(c) Notch 0.5 mm at RT (d) Notch 0.5 mm at 300 °C

(e) Notch 0.2 mm at RT (f) Notch 0.2 mm at 300 °C

Figure 6.4: Temperature and dose dependent fracture strain predicted for smooth and notched
specimens.
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development is faster as seen in figs. 6.3a and 6.3b and favors void growth. Void coalescence is also
accelerated by a reduction of the critical VVF, fc. As the material stiffness deteriorates with the onset
of coalesce, the equivalent true stress computed by the model shows strong relaxation as seen in
figs. 6.2a and 6.2b. This also leads to an exponential rise in the triaxiality as they have an inverse
relationship, which is seen in the figs. 6.3a and 6.3b. As the material begins to lose its load bearing
capacity for high values of f ∗, there is a drop in hydrostatic stress and triaxiality.

In notched specimens, the initial triaxiality is much higher than the smooth specimen as shown in
figs. G.4 and G.7. As a result, the void growth is accelerated and the fracture strain is reduced for
the given testing condition. The plots of f and f ∗ for the specimens with notch radius 0.5 mm and
0.2 mm are shown in figs. G.4 and G.7, respectively. Here, the integration algorithm is seen to fail
prematurely at lower values of f ∗ for irradiated specimens at RT. However, this does not affect the
predicted tensile properties, which remain consistent, as seen in figs. G.3 and G.6.

True fracture strains estimated for the smooth and notched specimens with respect to dose and
temperature are shown in fig. 6.4. At 300 °C, the fracture strain continuously decreases with increase
in dose. At RT, however, there is repetition of the outlying behaviour previously mentioned in
section 5.2.4, where between 0 dpa and 2 dpa the fracture strain and reduction in cross-sectional
area (Z) tends to be inconsistent. It is speculated that this is due to the linear interpolation used for
parameters lN ,n and fc at low doses. In addition, the use of an exponential fit for lN tends to mitigate
these outlying behaviour as seen in figs. H.2 and H.3, although it doesn’t completely remove it. This
indicates that the lN −σH and n−φ , fc −φ relationships might be non-linear in nature, which needs
to be validated with experimental data from lower doses when they become available. There is only a
minimal change in the results at 300 °C, where this inconsistency is generally absent.

6.1.0.5 Integration scheme

Since the implemented damage model follows a local approach, there is difficulty in simulating the
damage propagation across the elements. Although this doesn’t affect the prediction of the fracture
strain, this approach is not optimal for simulating crack development. A non-local approach such
as a strain-gradient based formulation may be considered. Apart from internal quantities, external
factors like the integration scheme and the meshing strategy plays an important role in the quality of
the model predictions. The corotational integration scheme is influential in handling finite rotations
and produces considerable stress relaxation when the diffused neck develops to a localized neck. The
fifth order Runge-Kutta explicit integration scheme is used, in order to obtain a result asymptotic to
the analytical result. The disadvantage of this method is that time increments are limited to a small
value, to ensure convergence of the global Newton iterations. However, an economical estimation of
the tangent modulus allows the use of larger time increments. These are still limited to suitable values
based on the displacement rate applied, with the aim to limit the inelastic strain rate.
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6.1.0.6 Mesh dependency

One of the advantages of using the viscoplastic framework is the reduction of mesh dependency. Due
to the viscous effects generated by the model, the mesh dependency is avoided at small strains where
geometrical changes and geometrical non-linearity are limited. However the mesh size and aspect
ratio play an important role when finite strains and rotations are handled. Elements chosen with a
more even aspect ratio tend to undergo larger elongation along the loading direction. When such
elements are present in the neck region and undergo rigid body rotations, they poorly describe the
diameter reduction and are unable to capture the geometrical changes of the neck profile. Use of
larger element sizes worsens this problem and lead to overestimation of total elongation. Therefore,
considerable mesh dependency is brought into effect at large strains. To mitigate this problem and to
accurately capture the changes in the neck profile, small elements of the size 0.1 mm×0.024 mm with
the aspect ratio of 4:1 are used in the the gauge section where the neck development is expected. A
transition mesh in the rest of the gauge section allows the use of larger element sizes outside the neck
where deformation is limited. In irradiated specimens, the location of the neck is uncertain as an offset
from the center of the gauge length is seen when larger irradiation doses are used. Therefore, the
entire gauge section of the axisymmetric model is meshed with elements of the size 0.1 mm×0.024
mm. Benchmarks were performed using both the discussed axisymmetric models on unirradiated
specimens and the difference in total elongation were identified to be minimal (<0.5%).

Computational cost of the model can be quantified from the CPU and user time taken for each
simulation. Based on this, the cost is observed to consistently reduce with an increase in the strain
rate sensitivity of the material.

(a) (b)

Figure 6.5: Example of safe limit determination for two levels of safety factor using the stress-strain
data generated for 43.5 dpa @ Tirr=300 °C and Ttest=300 °C.



114 Discussion and remarks

(a) (b)

(c) (d)

Figure 6.6: Comparison of the safe level of deformation and the corresponding reduction in minimum
area for two reduction factors at (a, b) RT and (c, d) 300 °C.

6.2 Influence on design rules

Current design rules for nuclear power plant components use the loss of uniform elongation as the
damage criteria, which is a very conservative approach. Nuclear components are expected to have an
operating temperature of 300 °C and during a full power year (fpy), they would sustain high irradiation
damage (≈20-30 dpa per fpy) [146]. The lifetime of the first DEMO blanket will be limited to 20
dpa, and the second one to 50 dpa. After attaining such high levels of damage, the material is shown
to experience a high level of hardening where the yield stress doubles in magnitude. Although the
uniform elongation is completely lost and the softening as a result of geometrical relaxation at the neck
is rapid, the engineering stress at the time of damage is larger than the UTS of the unirradiated material.
This suggests that the irradiated material holds considerable load-bearing capability throughout its
deformation under non-uniform elongation. As already mentioned in section 5.2.4, total elongation
and reduction in minimum area of cross-section is used to measure the material’s ductility or it’s
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(a) RT

(b) 300 °C

Figure 6.7: Irradiation influence on safe strain for safety factors 0.25 and 0.5.
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reduction. Since the latter is the better approach, and as the model is also shown to be capable
of simulating the post-necking behaviour along with the resulting reduction in minimum area of
cross-section, the simulation results obtained in this work present the possibility to identify the scope
for relaxing the current design rule for material failure. Therefore, a proposal in this direction is made
based on engineering stress-strain, since design rules are primarily used by design engineers who
prefer the engineering curve instead of the mean true stress-strain relationship.

The idea is to identify a safe deformation level based on the reduction of minimum area, which
can be translated to a safe level of total elongation. It is proposed that the mean true fracture strain
is reduced by a reduction factor and taken as the safe limit. The engineering strain and reduction
of minimum area at this safe limit is taken to be the damage criteria. This is still a conservative
estimation when compared to the actual damage, however it provides considerable relaxation to the
existing rules. Two levels of reduction factors : a) 0.25 and b) 0.50, are proposed to be applied for
determination of safe deformation level. This proposal is demonstrated in fig. 6.5 utilizing the results
from the simulated irradiation (43.5 dpa @ 300 °C) and deformation at 300 °C from section 5.2.4.
Furthermore, the safe level of total strain for irradiated materials at RT and 300 °C are shown in
fig. 6.6, where the corresponding percentage reduction in minimum area is also illustrated. Based
on this, for the safety factors 0.25 and 0.5, the safe strain at 300 °C for the smooth specimen used
in section 5.2.4 ranges between 0.14 and 0.20 for an unirradiated material and between 0.06 and
0.10 for a material irradiated to 43.25 dpa. Correspondingly, the permissible reduction in minimum
area for the unirradiated material is between 25 and 43.6%, and between 14.65 and 26.94% for the
irradiated material. At RT, the safe strain ranges between 0.16 and 0.23 for the unirradiated material
and between 0.07 and 0.11 for high irradiation doses. The permissible reduction in minimum area
is between 22.6 and 39.6% for the unirradiated material, and between 17.17 and 30.86% for the
irradiated material. The obtained safe limits on the ESS plots are shown in fig. 6.7.

These figures are preliminary proposals made based on uniaxial tensile tests and intended to
illustrate the scope for relaxing the damage criteria in the design rules of reactor components, which
are extremely conservative. This opens the door to further discussions into the practical feasibility
of such relaxations based on the operating conditions of the components, which must still remain
conservative and not threaten the safety of the reactor. Future work should consequently focus on
systematic experimental studies under controlled multiaxial loading conditions, enabling rigorous
scrutiny of the model predictions and assessment of the proposed safe limits across relevant irradiation
and temperature regimes.



Chapter 7

Conclusion

7.1 Summary

This work proposes a model to describe the tensile behaviour of unirradiated and irradiated RAFM
steels, focusing on irradiation-induced changes in material properties like yield strength, uniform
elongation, and fracture strain. The existing computational mechanics framework does not consider
thermodynamic interactions between highly energetic neutrons and target atoms, making thermody-
namic modeling of the irradiated material difficult. Thus, a thermodynamic framework (section 3.2)
was developed to account for the fact that energy transfer into the system during neutron irradiation
causes irradiation defect formation and raises the material’s internal energy, which is partly dissipated
during plastic deformation. In this framework, the novel irradiation-induced power term is introduced,
and the associated contribution to free energy is broken down into two parts: the term contributing
to hardening, and an additional term that does not. The first law of thermodynamics is satisfied by
the introduction of the irradiation power, and the framework is simplified by excluding the types of
irradiation defects that do not contribute to hardening.

Following the Dual Variables approach, the modified Clausius-Duhem entropy inequality is
derived and employed to formulate the constitutive laws of a finite strain viscoplastic model (sec-
tion 3.3). To properly account for finite strains and finite rotations while ignoring the rigid body
motions, constitutive framework is formulated in terms of appropriate work-conjugate stress and
strain measures, together with objective time derivatives for tensorial quantities. The stress state and
inelastic deformation of the material are governed by a viscoplastic yield potential, which is a function
of internal variables such as kinematic hardening, isotropic softening, void volume fraction (VVF),
and irradiation defect density. The key ingredient of this model is a new function to describe the irra-
diation defect removal based on the material’s plastic strain memory. To describe the material damage,
the hydrostatic stress-dependent GTN ductile damage model is incorporated into the deformation
model by proposing an extension to viscoplasticity by proposing a novel idea of mapping the viscous
response of the matrix material to the volume element through an estimation of the viscous stress. The
model is simplified by assuming small elastic deformation and implementing an effective integration
algorithm to guarantee incremental objectivity. To get asymptotic to analytical results and keep the
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integration algorithm stable, an explicit Runge-Kutta integration scheme of order five is employed.
The temperature and strain-rate dependent characteristics of both unirradiated and irradiated materials
are obtained through a suitably structured testing strategy that employs camera-monitored tensile
tests. The developed model is applied to the obtained data and high quality calibration is ensured
using a robust optimization routine.

Model validations match experimental data for unirradiated and irradiated materials up to 70
dpa. Plastic instability development and strain-rate sensitivity are observed to drive the material’s
post-yield and post-necking behaviour, which controls the sample’s diffused and localized necking.
Reduced strain-rate sensitivity and hardening modulus post yield in irradiated specimens accelerate
neck development and reduce ductility. As irradiation defect removal reduces hardening modulus, the
introduced plastic strain memory based function for controlling defect removal accurately predicts
post-necking behaviour. Defect removal softens the material, and accelerates the necking which
accelerates the ductile damage. The potential for relaxing the current failure criterion in the design
rules is discussed in light of the simulation results. There are also suggestions for applying the model
to developing new failure criteria.

7.2 Outlook

Although the model produces accurate results for loading conditions involving different strain rates,
temperature, and irradiation doses, this work recognizes several limitations and areas for further
development. Modeling the material’s strain-rate sensitivity and plastic instability development is
essential for describing its tensile properties. The model’s strain rate sensitivity must be validated at
high strain rates since it’s only validated at quasi-static strain rates currently. Since only one defect
type is assumed to contribute to hardening at the moment, the model can be expanded once sufficient
understanding is gained in the future, on the statistical distribution of various defect type and their
respective population formed as a result of irradiation. Despite the model’s strong performance
in describing irradiation defect removal, it needs to be verified for various loading scenarios with
appropriate experimental data.

Ductile damage modeling remains an active area of study, with existing methods having limitations.
Although the local approach used in this work reliably predicts material damage in terms of fracture
strain with high accuracy, it is still limited in modeling crack propagation which is not within the
scope of this work. To address this, a global approach can be used instead of the local approach for the
damage model. The strain gradient approach is a popular global approach, in which the deformation
gradient is replaced by a strain gradient as an additional quantity for calculating the strain and stress
tensors. Cohesive zone modeling is another option, but it requires additional fracture mechanical
tests for calibration. However, since this is a unique model constructed in a finite viscoplasticity
framework and is capable of describing defect removal for a wide range of irradiation doses, it holds
great potential for studying the fracture mechanical properties of irradiated F/M steels.
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A Tensile specimen geometries and FE models

Figure A.1: Smooth tensile specimen geometry used in this work for unirradiated and irradiated
specimens (0.22, 0.65, 1.05 and 1.18 dpa) at Tirr=300 °C and Ttest=RT and 300 °C.
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Figure A.2: Smooth tensile specimen geometry used for specimens irradiated to 69.1 dpa at Tirr=332
°C and tested at Ttest=RT and 350 °C [14].

Figure A.3: Axisymmetric model of smooth tensile specimen in fig. A.2.
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Figure A.4: Smooth and notched tensile specimen geometry used for ductility and triaxiality study at
Ttest=RT and 300 °C [15].

(a) Smooth specimen

(b) Notch radius 0.5 mm

(c) Notch radius 0.2 mm

Figure A.5: Axisymmetric models for ductility study: a) smooth specimen, b) notched specimen with
notch radius 0.5mm and c) 0.2 mm. Displacement loads on notched specimens are applied using

reference points.
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B Uncertainty in true stress and true strain determination

At RT

(a) Mean true stress-mean true strain (b) Bridgman corrected true stress-mean true strain

Figure B.1: True stress-strain relationships for unirradiated samples tested at RT for different
deformation rates.

(a) Mean true stress-mean true strain (b) Bridgman corrected true stress-mean true strain

Figure B.2: True stress-strain relationships for unirradiated and irradiated smooth specimens tested at
RT.
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At 300 °C

Figure B.3: Mean true stress and Bridgman corrected true stress against mean true strain for
unirradiated smooth specimens at 300 °C

(a) Mean true stress-mean true strain (b) Bridgman corrected true stress-mean true strain

Figure B.4: True stress-strain relationships for unirradiated and irradiated smooth specimens tested at
300 °C.
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C Curve fitting for coupled deformation and damage model pa-
rameter identification

Initial estimates of Hi,Ci and k

(a) (b)

Figure C.1: Results of (a) curve fitting operation, and the (b) initial estimates of parameters at 300 °C.

Identification of lN at RT

(a) 1.05 dpa @ Tirr = 300 °C, Ttest = RT (b) 69.1 dpa @ Tirr = 332 °C, Ttest = RT

Figure C.2: Fitting curves for irradiated smooth specimens at RT.
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Identification of lN at 300 °C

(a) 0.65 dpa @ Tirr = 300 °C, Ttest = 300 °C (b) 1.18 dpa @ Tirr = 300 °C, Ttest = 300 °C

(c) 69.1 dpa @ Tirr = 332 °C, Ttest = 350 °C

Figure C.3: Fitting curves for irradiated smooth specimens at 300 °C.
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D Parameters for Eurofer97

Temperature (°C) RT 300

E GPa 208 200
v 0.3 0.3
k MPa 424.3 334.9
n 10.06 6.62

nirr 3.6216 3.03
K MPa s1/n 117.76 28.7136
h 0.096 0.0347
c 1.78 1.81

rψ s−1 1×10−70 7.6×10−28

ψr 1 0.754
mψ 1 1
ψs,∞ 0.204 0.262
cs 1344 2269
H1 MPa 139042 332033.65
Q1 784.85 2166.35
H2 MPa 3814.4 7538.73
Q2 42.84 125.83
H3 MPa 623.98 525.46
Q3 0.29 0.58
R MPa1−ms−1 10−70 8.3×10−36

m 1 4.32
hN MPa 1.2165 1
a 0.1326 0.1326

√
Ns 525.9 525.9
b 47.98 78.19

lN,0 0.855 0.5615
lN,1 0.422 0.18
e1 1 1.5
rN MPa2(1−qN)/s 10−70 10−70

qN 1 1
q1 1.5 1.5
q2 1 1
εN 0.3 0.3
sN 0.1 0.1
fN 0.0018 0.0013
fc 0.0045 0.0045

fc,irr 0.00243 0.00206
fF 0.1 0.1

Table D.1: Parameters for the coupled deformation damage model determined for Eurofer97.
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E Single element test

(a) Uni-axial load (b) Volumetric load

Figure E.1: Single element test with displacement controlled load.

Figure E.2: Plot of strain components and volumetric strain applied on the single element during the
uni-axial load (0 < t < 166.67s) and pure-volumetric load i.e. Ux =Uy =Uz (t > 166.67 s).
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F Comparison of simulated specimen and experiment

Strain rate influence

Figure F.1: Strain rate influence: Outline of simulated smooth tensile specimen profile compared with
images of unirradiated specimens captured just before failure, from experiments performed at RT. A

triangle is used to illustrate the reduction in total elongation with increase in strain-rate.



F Comparison of simulated specimen and experiment 141

Temperature influence

Figure F.2: Temperature influence: Outline of simulated smooth tensile specimen profile compared
with images of unirradiated specimens captured just before failure, from experiments performed at

RT-300 °C. A triangle is used to illustrate the reduction in total elongation with increase in Ttest .
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G Ductility study results

Smooth specimen

(a) VVF at RT (b) VVF at 300 °C

(c) Defect density at RT (d) Defect density at 300 °C

(e) Triaxiality vs σH at RT (f) Triaxiality vs σH at 300 °C

Figure G.1: Plot of VVF, defect density against accumulated plastic strain, and triaxiality
development w.r.t reduction in σH for different doses at the damaged element of smooth specimen.
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Notch radius 0.5 mm

(a) TSS at RT (b) TSS at 300 °C

Figure G.2: Plot of TSS against accumulated plastic strain for various irradiation doses using data
from the damaged element of specimen with notch radius 0.5 mm.

(a) Tensile properties at RT (b) Tensile properties at 300 °C

Figure G.3: Overview of the simulated tensile properties for specimen with notch radius 0.5 mm.
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(a) VVF at RT (b) VVF at 300 °C

(c) Damage at RT (d) Damage at 300 °C

(e) Triaxiality factor at RT (f) Triaxiality factor at 300 °C

Figure G.4: Plot of VVF, damage and triaxility factor against accumulated plastic strain for different
doses at the damaged element of specimen with notch radius 0.2 mm.
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Notch radius 0.2 mm

(a) TSS at RT (b) TSS at 300 °C

Figure G.5: Plot of TSS against accumulated plastic strain for various irradiation doses using data
from the damaged element of specimen with notch radius 0.2 mm.

(a) Tensile properties at RT (b) Tensile properties at 300 °C

Figure G.6: Overview of the simulated tensile properties for specimen with notch radius 0.2 mm.



146

(a) VVF at RT (b) VVF at 300 °C

(c) Damage at RT (d) Damage at 300 °C

(e) Triaxiality factor at RT (f) Triaxiality factor at 300 °C

Figure G.7: Plot of VVF, damage and triaxility factor against accumulated plastic strain for different
doses at the damaged element of specimen with notch radius 0.2 mm.
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H Exponential fit for lN

(a) Fit at RT (b) Fit at 300 °C

Figure H.1: Comparison of the linear and exponential fits for lN .

(a) Linear fit (b) Exponential fit

Figure H.2: Impact of linear and exponential fits of lN on describing the irradiation influence on
true-plastic fracture strain for smooth specimen at RT.
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(a) Linear fit (b) Exponential fit

Figure H.3: Comparison of simulated irradiation influence on tensile properties of smooth specimen
at RT using a) linear fit and b) an exponential fit for lN .

(a) Linear fit (b) Exponential fit

Figure H.4: Comparison of simulated irradiation influence on tensile properties of smooth specimen
at 300 °C using a) linear fit and b) an exponential fit for lN .
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