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Abstract

Quantum criticality plays a central role in understanding non-Fermi lig-
uid behavior and unconventional superconductivity in strongly correlated
systems. In this review, we explore the quantum critical Eliashberg the-
ory, which extends conventional Eliashberg approaches to non-Fermi liquid
regimes governed by critical fluctuations. We discuss the theoretical founda-
tions and recent developments in the field, focusing on the interplay between
electronic interactions and bosonic modes near quantum phase transitions as
described in the Yukawa-coupled version of the Sachdev—Ye-Kitaev model.
Special emphasis is placed on the breakdown of quasiparticle coherence,
anomalous scaling behavior, Cooper pairing without quasiparticles, and
emergent universality in different physical settings. Starting from a zero-
dimensional quantum dot model, we discuss the generalization to higher
spatial dimensions and demonstrate the connection between quantum crit-
ical Eliashberg theory and holographic superconductivity. Our analysis
provides a perspective on how quantum criticality shapes the dynamics of
strongly correlated metals and superconductors.
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1. INTRODUCTION

Despite the presence of a large number of gapless degrees of freedom, the metallic state is re-
markably stable. In the language of Fermi-liquid theory (1-5), this stability is a consequence of
kinematics of excitations near the Fermi surface and the Pauli principle. Nevertheless, at suffi-
ciently low temperatures, the ultimate fate of most metallic systems is to become superconducting
(6-8). This outcome is a consequence of the one generic instability of the Fermi-liquid metal: the
Cooper instability (2,4, 5, 9).

Although the Bardeen—Cooper—Schrieffer (BCS) superconductivity that emerges from a con-
ventional Fermi liquid is well understood, there is ample experimental evidence that some of the
most interesting superconductors—such as high-7, cuprates (10), iron-based superconductors (11,
12), heavy fermion compounds (13), and others (14, 15)—emerge from strange metal states, whose
phenomenology does not conform to the expectations of the conventional Fermi-liquid theory of
metals. Among possible scenarios for destabilizing the Fermi-liquid state, the coupling of gapless
metallic degrees of freedom to soft order parameter fluctuations near a quantum critical point
(QCP) is an especially interesting possibility that may be relevant to a variety of these materials.
Indeed, in many cases the superconducting 7 is maximal just above the QCP. Near such metallic
QCPs, the singular interaction between electrons mediated by the gapless order parameter fluctu-
ations leads to significant quasiparticle damping, rendering the Fermi-liquid picture invalid. The
question then arises: At low temperatures, does such a non-Fermi liquid (NFL) state (16) undergo
a superconducting transition and, if so, what is the nature of the superconducting state?

The interplay among metallic quantum criticality, NFLs, and superconductivity has been
studied for many years, with significant progress having been made across several decades. The
instability of the Fermi liquid near a density-wave QCP (for example, a charge- or spin-density
wave transition) has been investigated (17-31), as well as near QCPs associated with uniform
order (such as nematic or ferromagnetic transitions) (22, 32—41). More generally, critical Fermi
surfaces may also arise due to coupling to gauge fields, as in the half-filled Landau level or spinon
Fermi surface (42-50). Recently, novel approaches to the low-energy dynamics of NFLs, based on
anomaly arguments (51-53) and bosonization (54, 55), have also been explored. The absence of a
Cooper instability out of a quantum critical NFL with instantaneous attraction was demonstrated
early on (56-58). The situation is remedied, however, when one takes into account that the pair-
ing interaction itself becomes singular, thereby compensating the weakened pairing ability of the
NFL metal.

The systematic study of such quantum critical superconductors was initiated in a series of
seminal papers (47, 59, 60), with the analysis being subsequently taken up in earnest across the
various quantum critical systems mentioned above (21,23, 60-90). In addition to analytic progress,
significant insights into the problem of quantum critical metals and superconductivity have also
been gained from numerically exact determinant quantum Monte Carlo (DQMC) simulations on
a variety of minus-sign-problem-free models (91-105).

In the past several years, a new approach to the problem of quantum critical superconductivity
has emerged (106-122), inspired by the Sachdev—Ye-Kitaev (SYK) model (123-126) and its gen-
eralizations (127-135). The approach is based on a large-N limit, in which electrons and bosons
(which can represent phonons, order parameter fluctuations in the case of a QCP, or gauge field
fluctuations), interacting via a Yukawa-type coupling, are dressed with flavor indices. When the
Yukawa couplings between the electrons and bosons are taken to be random in the flavor space,
taking the limit of a large number of flavors leads to a closed-form solution for the dynamics
of the model. This class of models have come to be known as Yukawa-SYK (YSYK) models.
Remarkably, the equations that emerge are a version of the familiar Migdal-Eliashberg equations
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of electron-phonon superconductivity (136-138); they are an exact solution in an appropriate
large-N limit. The equations can be solved with standard methods to obtain the properties of
the quantum critical system in both the normal and superconducting states. Furthermore, the
approach appears to be free of the pathologies associated with expansions based on a large-N
number of fermion flavors (48) and, unlike certain matrix large-N approaches (41), incorporates
important effects such as Landau damping of the boson.

The YSYK approach has provided a controlled framework within which to analyze quantum
critical metals and superconductors, unifying different analytical approaches to the problem and
leading to new insights into quantum critical superconductivity and NFLs more broadly. Addi-
tionally, the intimate connection between SYK models and gravitational theories in one higher
dimension through the holographic principle (139-141) has been used to construct an explicit
mapping between the superconducting YSYK model and dual gravity theories (142, 143). These
gravity theories can be understood as a generalization of the Ginzburg-Landau theory of su-
perconductivity extended into the quantum critical regime. Most recently, YSYK models with
certain types of spatial disorder have been demonstrated to reproduce much of the salient transport
phenomenology of superconductors emerging from candidate NFL states (111-113, 117).

This review summarizes the YSYK approach to quantum critical superconductivity, highlight-
ing key results and describing general lessons that have been learned. In Section 2 of this article,
we describe the (0+1)-dimensional YSYK quantum dot model, including both its normal state
and superconducting properties. In Section 3, we discuss the generalization to higher spatial di-
mensions and the connection between those theories and documented phenomenology of strange
metal superconductors. Section 4 reviews the connection between the YSYK models and holo-
graphic superconductivity, highlighting key steps in the explicit mapping. Our conclusions and
outlook are provided in Section 5.

Since the introduction of the YSYK model, a number of extensions and generalizations to
other contexts have also been made. An incomplete list includes the following: connections
to thermalization and hydrodynamics (144), anomalous critical behavior in Dirac fluids (145),
nonequilibrium superconductivity (146), inclusion of dissipation (147), NFLs coupled to dynami-
cal two-level systems modeling metallic glasses (148, 149), quantum chaos (150, 151), pair-density
wave order (152), Andreev scattering at superconducting puddles (153), and studies of collec-
tive modes (154, 155). We also highlight other SYK-inspired models of superconductivity in
References 156-164.

2. QUANTUM DOT

The original (0+1)-dimensional model adopted in References 106-108 aimed to combine the
well-known tendency of electron—phonon (or more general boson) systems toward supercon-
ductivity together with the controlled large-N SYK approach to generating NFL (singular
self-energy) effects for electrons (134, 135). Although a (0+1)-dimensional quantum dot system
does not possess a Fermi surface, it is nevertheless a simple starting point from which to study
the interplay of superconductivity and singular interaction effects. Furthermore, it exhibits the
highly unusual feature of self-tuned criticality, wherein the system naturally becomes critical at
low energies independent of the bare parameters. In addition, the quantum dot theory displays a
pairing instability that also occurs in higher-dimensional problems whenever the frequency de-
pendence of the electronic self-energy dominates over its momentum dependence. We thus start
by describing the quantum dot model and its salient features. We then discuss generalizations to
higher dimensions (111-117). When we discuss the relation to holography we return to the quan-
tum dot problem. In all cases, the degrees of freedom are fermions ¥ ,,, where o is a physical spin
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index and 7 = 1,..., N is a flavor index that is used to take a large-N limit, as well as bosons ¢;,
with the flavor indexj = 1,..., M. The number of boson and fermion flavors may be different in
general, and the ratio M/N, which is kept fixed as N — oo, serves as an additional parameter in
the model.

2.1. The Model
The (0+1)-dimensional action proposed in References 106 and 108 is

1 1
S=—nY Yl + 7 / dr )[04 + woo7] + N / dt Y giu¥h Vi tr. L.
ic i ijk,o

The first term is a chemical potential for the electrons; the second term describes a gapped bo-
son (e.g., an optical phonon) with unit mass 72, = 1 and bare frequency wy; the last term is a
Yukawa coupling g;i; between the electrons and bosons, which are taken to be complex-valued
Gaussian-distributed random variables (with g7, = gjis, so that the corresponding Hamiltonian
is Hermitian). Decomposing into real and imaginary parts as g;x = g + g, the distribution
of the random couplings is determined by

- o\ _
Siialiji = (1 - g)gz Sk (8iirdjj0 + 8ijr8ji), 2.

- o _
Siaiyw = ggz Sk (885 — 8ijr8ji)s 3.

Gijulryw =0 4.

The variance g measures the strength of the electron—boson interaction. The parameter o, which
lies in the range 0 < o < 1, is important for the superconducting properties: As we elaborate below,
a nonzero « leads to pair-breaking effects, due to the fact that time-reversal symmetry is broken
for individual realizations of the random couplings. In conventional superconductors, the effects
of pair-breaking paramagnetic impurities were investigated in the pioneering work of Abrikosov
& Gor’kov (165). The parameter « in the present model allows one to investigate the effects of
similar pair-breaking disorder when the normal state is an NFL.

The action Equation 1 has three energy scales, i, wg, and gz /w}, and a natural dimensionless
coupling parameter g = g /w]. Taking wy as the unit of energy, the phase diagram of the system
is thus determined by the parameters {g, &, t/wo, M/N, T/w,}, where T is the temperature. We
mostly focus on the particle-hole symmetric point ;2 = 0 and the case of equal numbers of electron
and boson flavors M/N = 1. We comment briefly on the more general case at the end of this section
and in Section 4 in relation to holographic superconductivity.

A very similar model to Equation 1 was proposed in Reference 107, in which the bosonic
degrees of freedom are matrix-valued ¢; — ¢;;. Although the normal state properties of that model
are essentially the same as those of Equation 1, superconductivity appears at order 1/N in the case
of Reference 107.

2.2. Solution in the Large-N Limit

The solution of the model Equation 1 in the limit N — oo proceeds in two steps: Treating
the problem in a path-integral formalism, the random couplings are eliminated in favor of the
variance by the replica trick. The resulting effective action is then decoupled via a set of collective
fields denoted {Z, G, @, F, T, D}, which are bilocal in imaginary time; i.e., ¥ = X(z, t’), etc. This
generalizes the usual G — ¥ action that appears in SYK theories with purely fermionic degrees
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of freedom (128, 166). Having expressed the effective action in terms of these bilocal fields,
the N — oo limit is taken, allowing the partition function to be evaluated in the saddle-point
approximation. At the saddle-point level, the various fields become time-translation invariant,
3(zr, ') &> Z(r — 7'), etc. Details of the derivation can be found in References 106 and 108.
Reliability of the replica trick and large-N approximation is discussed in Section 2.4 below.

Remarkably, the saddle-point equations reduce to a version of the familiar Eliashberg equations
of superconductivity (137) with a self-consistently calculated boson propagator, and the collective
fields of the path integral play the roles of self-energies and Green’s functions. The resulting
equations, written on the Matsubara axis, are

Siwn) = —FT Y D(io, — i) Glicon ), 5.
D(iw,) = (1 =) T Y Dlitw,, — icwn )F (icwn), 6.
M(iv,) = =28 T Y [Gliy + v,)Gliwn) — (1 — @)F (i + iv,)F (i) 7.

m'
Here, bosonic and fermionic Matsubara frequencies are v,, = 2z T and w,, = 2m + 1)n T, re-
spectively. The inverse bosonic Green’s function is D71 (iv,,) = v2, + @} — I1(iv,,), and the inverse
electronic Green’s function in Nambu space is G~ (jw,,) = iw,, 19 — X (iw,,), where T; are the Pauli
matrices in Nambu space. We parameterize the fermion self-energy % in the usual way:

SGwy) = Sliwy)to + Plw,)T, 8.

where ¥ and @ are the normal and anomalous self-energies, respectively. The diagrammatic rep-
resentation of these equations is shown in Figure 1. As we describe below, the solution in higher
spatial dimensions is formally similar.

A key feature of the present model for M/N near unity is that, unlike other large-N approaches
to the problem of quantum critical metals, here the electronic and bosonic degrees of freedom are
both strongly dressed at the same order in 1/N. In this way, one finds that the same boson-mediated
interaction leads to both singular self-energy (i.e., NFL) effects and superconductivity.

It is straightforward to extend Equations 5-7 to the real frequency axis (167), where they can
be solved to obtain the retarded Green’s functions and self-energies. The retarded functions are
important for extracting dynamical information about the system.

D
l’ ~\
’, AY
1 )
Z: L :
—’—’_G G F
Il \\ G F
! 1
F

Figure 1

Diagrammatic representation of the closed set of Eliashberg equations (Equations 5-7). £ and @ stand for
the normal and anomalous electronic self-energies in Nambu space, respectively. IT is the bosonic
self-energy. Solid (dashed) lines denote dressed electron (boson) Green’s functions.
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Before presenting detailed results, we briefly comment on the methods of solution of the
Eliashberg equations (Equations 5-7). When the ground state is critical, the asymptotic low-
frequency forms of the Green’s functions and self-energies can be deduced by analytic methods,
as described in detail in, e.g., References 106, 107, 109, and 110. The procedure is standard in
SYK-like models and involves making a power-law ansatz for the self-energies in Equations 5-7,
then subsequently determining the exponent in the power law self-consistently. The analytical
approach is useful for obtaining singular power-law dependencies of various quantities on tem-
perature and frequency, yielding directly the universal scaling laws governing the properties of the
system at criticality.

To obtain more detailed information about the structure of the Green’s functions, it is also
useful to solve the equations directly by numerical methods. In addition to verifying analytically
predicted scaling laws at criticality, the numerical approach provides insight into the system’s be-
havior outside the quantum critical regime. In practice, the equations are solved using an iterative
scheme, with the computational procedure significantly accelerated by utilizing fast Fourier trans-
form (FFT) methods, as well as annealing—that is, using higher-temperature solutions as initial
seeds for solving the equations at lower temperature. A hybrid frequency scale method, which is
especially useful for numerical analysis at low 7, has also been described in Reference 83.

2.3. Results

In this subsection, we first describe the solution to Equations 5-7 in the normal state, followed
by a discussion of the superconducting properties. We then summarize some physically relevant
deformations of the model that have also been considered.

2.3.1. Normal state properties. In the normal state, the anomalous self-energy vanishes, i.e.,
& = 0 in Equations 5-7. (Equivalently, this describes the complete solution when e = 1, in which
case superconductivity is entirely absent, as seen in Equation 6.) Note that the pair-breaking
parameter o drops out entirely from the normal state self-energy from Equation 5.

A unique feature of the YSYK model in the quantum dot limit is that, in the absence of su-
perconductivity, the system self-tunes to criticality for any value of the boson frequency w, and
coupling g. That is, the renormalized boson frequency w,(T") vanishes as 7'— 0 for any wj and g
according to

T\ *a-1
W (T) = 0} —TI(v = 0) ~ ((?) , 9.
where the exponent is found to be A ~ 0.420.! This self-tuning to criticality is in stark contrast
to the typical behavior of higher-dimensional systems, which require tuning a parameter to reach
a critical point.

As T — 0, the criticality of the boson leads to singular frequency dependence in both the
electronic and bosonic self-energies, which take the low frequency form:
4a-1

,  Z(iw,) ~ —isgn(wm)g4A|a),,,|1_2A, 10.

m

g

where A is the same parameter as that entering Equation 9 and ~ indicates suppression of nu-

H(ivm) ~ =

merical prefactors. As mentioned, we measure all energies and temperatures in units of the bare
boson frequency w, while g is dimensionless. For frequencies w < g7, the self-energy correction

I'The value of the A in general depends on the ratio of the number of bosons to number of fermion flavors
M/N and varies in the range A € (1/4,1/2).
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dominates the bare i term in the electron Green’s function, implying NFL behavior.? The dis-
tinction between the NFL and the weakly interacting case is clearly demonstrated by considering
the electronic spectral function A(w) = — Im Gr(w)/7 [where Gr(w) = G(iv — o + i8) is the
retarded function]: When g = 0, we have simply A(w) = §(w). By contrast, in the NFL regime,
the spectral function has a power-law form A(w) ~ 1/|w|'~?4, which is characteristic of a quan-
tum critical system. The form of the electronic self-energy in Equation 10 is generic in SYK-like
models, only differing in the numerical value of A. We thus refer to the low-T regime in which
the electron and boson self-energies take the form of Equation 10 as the SYK-NFL.

In addition, there is the quantum critical SYK-NFL regime at lowest temperatures, which
is a different sort of incoherent electronic regime that emerges at strong-coupling g > 1
and intermediate temperatures. In this regime, which extends over the temperature window
g2 S TS g, the bosonic dynamics are undamped with Green’s function D~! (iv,,) = v2, + »? and
a renormalized frequency that is much smaller than the temperature, implying that the bosons
are essentially classical:

T
a)f(T):a)é—l'[(u:O)N—r 11.
P2

The electrons thus effectively experience a static bosonic background, leading to a low-frequency
electronic self-energy of the impurity type:

Q
(i) ~ —isgn(a)m)To, 12.

where the frequency scale is found to be Q¢ = 16g% /37 (106). In this regime, the impurity-like
electron self-energy leads to a spectral function that is entirely smeared out, A(@) ~ g=2 =
const. at low frequencies. In this sense, the electrons are fully incoherent. We refer to this as the
impurity-like regime. At large g, the impurity-like regime eventually crosses back over to the
SYK-NFL regime described above for temperatures 7' < g=2. The properties of the normal state
are summarized in the schematic phase diagram in Figure 24, displaying the qualitatively distinct
SYK-NFL and impurity-like regimes.

2.3.2. Superconducting state. Before going into details about specific superconducting
properties of the YSYK quantum dot, it is instructive to make a connection to the universal prop-
erties of quantum critical superconductors. This is accomplished by considering the linearized
version of Equation 6 at the onset of superconductivity and inserting the scaling forms of the
self-energies of Equation 10. We arrive at

o)~ L= [ dof (i)
* B 13.
(iw) Ca / 27 |w— (L)’|4A*1|a)’|2f4A’
where Cy = —8cos (7 A)sin*(r A)IQAY’T'(1 — 4A)/m? is a positive numerical coefficient that

depends on the exponent A. Here, we have assumed that the singular electron and boson self-
energies dominate over the bare propagators, and that the onset temperature for superconductivity
is sufficiently low that the Matsubara sums may be replaced by integrals over frequency. The
power-law structure of the integral equation immediately implies a corresponding power-law
solution (23),

® () o || TP 14.

2In zero spatial dimensions, there is, of course, no Fermi surface. In this context, NFL refers to the dominance
of self-energy corrections over the bare iw.
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Figure 2

Schematic phase diagram of the quantum dot YSYK model. () The crossovers between different regimes
described in the text, as well as SC T for values of the pair-breaking parameter « = 0 and & < 1. (b)) A
schematic showing the dependence of 7. on « at weak and strong coupling, together with the Berezinskii—
Kosterlitz—Thouless form for the vanishing of 7T, as the pair-breaking parameter « — .. (¢) The global
phase diagram of the YSYK quantum dot as a function of (g, «, T'). Panel # adapted from Reference 106.
Panel # adapted from Reference 108. Abbreviations: SC, superconducting; SYK-NFL, Sachdev-Ye-Kitaev
non-Fermi liquid; YSYK, Yukawa—Sachdev-Ye—Kitaev.

with, in general, a complex exponent. The imaginary part of the exponent vanishes at a criti-
cal value of the coupling constant as B « /o, — &, where «. is the value of the pair-breaking
parameter o where 7, vanishes (108) (see below).

The gap equation in the form of Equation 13 is ubiquitous across quantum critical supercon-
ductors and has been investigated in great detail by Chubukov and collaborators in References 80,
82-85, where it is referred to as the y-model (with the relation y = 4A — 1). The distinction be-
tween different quantum critical systems appears in the precise value of the exponent A. The gap
equation is scale invariant, with the temperature 7 having entirely dropped out. A determination
of T. therefore requires regularization, e.g., by retaining the bare iw in the electronic Green’s
functions. In finite-dimensional systems, the power-law behavior follows from the NFL normal

state self-energy ©(e) ~ |e|'” and from the boson propagator [ Dg (€) ~ |e|™”, averaged over

a
momenta tangential to the Fermi surface (66, 82). Examples are y = 1/2 for d = 2 spin-density
wave instabilities (60, 62) and y — 07, i.e., (¢) ~ eloge, for d = 3 color superconductivity due to
gluon exchange (59) or for three-dimensional (3D) spin fluctuations (23, 63). The limity — 17,

i.e., X(e) ~ loge, follows for d = 3 massless bosons at very strong coupling (23). y = 1/3 describes
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an Ising ferromagnetic QCP, composite fermions at half-filled Landau levels (47), emergent gauge
fields (42, 44), or nematic transitions (102) in two dimensions. Hence, though the quantum dot
description discussed here is at first glance a rather artificial and simplified model, it shares crucial
aspects with theories for quantum critical superconductivity that have been analyzed in a range of
two-dimensional (2D) and 3D theories near a QCP.

We now turn to a more quantitative analysis of superconductivity of the YSYK quantum dot,
which requires solving all three Equations 5-7 simultaneously. When « = 0, the first thing to
observe is that the ground state of the model is a spin singlet superconductor for all g. At weak
coupling g < 1, the transition temperature has the dependence T./wy ~ g* (106). The scale for
superconductivity coincides with the crossover into the SYK-NFL, and superconductivity thus
preempts a broad NFL regime. We emphasize that the transition temperature has a power-law
dependence on the coupling and is therefore parametrically greater than the exponentially small
T. of a BCS superconductor. This can be explicitly shown if one adds a small single-particle inter-
dot hopping that yields a low-T Fermi liquid with BCS behavior (114, 115). At strong coupling,
the superconducting transition temperature saturates to a g-independent value 7. & 0.1w, (see
Figure 24). The saturation behavior is a version of Anderson’s theorem (165, 168-174): At large
g, superconductivity emerges from the impurity-like regime, where the boson frequency is soft-
ened, and the boson behaves essentially like static, nonmagnetic disorder. Anderson’s theorem
implies that, despite the dramatic softening, this effective disorder cannot suppress the supercon-
ducting 7T.. This may be seen more directly by considering the linearized gap equation for the
frequency-dependent gap function A(iw,,) = iw,, P(iw,)/liw, — Z(iw,,)]:

Aliw,) = ¢ T, Z Doy, — i) [(1 —a) Aliww) _ M] , 15.

Wy + ZE(Z(Dm’) Wy Wy

m'

from which one sees immediately that, when o = 0, the zero Matsubara frequency transfer term
(i-e., the term in the sum 7' = m), associated with static fluctuations, drops out.

Focusing still on « = 0, the nature of the superconducting state itself is different in the weak
and strong coupling regimes, as may be observed from the electronic spectral function A(w) be-
low T.. At weak coupling g < 1, where superconductivity preempts a broad NFL regime, A(w)
displays a sharp Bogoliubov quasiparticle peak, the position of which moves toward @ = 0 as
T — T, from below; i.e., the spectral function exhibits a gap-closing behavior (see Figure 3a).
The situation is qualitatively different at strong coupling g 2 1, when superconductivity emerges

|1
-4 Qug
I

o [N, NN
L P L

a7’ . b o006 . . C 018
— T=0.021 — T=0.085 016l
6f T=0.022 1 0.05} T=0.090 | :
s| T=0.024 | T=0.095 014}
T=0.026 7=0.100 | 012}
_al | T=0.028 | T=0105 | — 510l
3 — T=0.029 —T=01104{ &
< 3} ‘ — T=0.030 — 7=0.115 | < 008f
51 \ 1 oost
9=05 g=4 0.04
T,~003 | T.~0.11
L c < 002}
0 . . . . o
08 3 4 5 6
w
Figure 3

The electronic spectral function A(w) below Tt for the Yukawa—Sachdev-Ye-Kitaev quantum dot. (#,6) A(w) for representative weak and
strong values of the dimensionless coupling g = 0.5 and g = 4, respectively. (c) A(w) at T = 0 for representative strong coupling values
g=4,5, 6, demonstrating the emergence of the pronounced additional peaks in the strong coupling regime. Figure adapted from

Reference 106.
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deep in the impurity-like regime where the electrons are highly incoherent. In this case, A(w)
exhibits a gap-filling behavior as T is approached from below, with the position of the quasipar-
ticle peak being essentially independent of T (Figure 3b). The spectral function also exhibits a
significant amount of structure at high frequencies in the form of sharp peaks, which are most
pronounced at T = 0 (Figure 3c). These features in the strong-coupling limit of the Eliashberg
equations were first observed by Combescot in Reference 175, when they were interpreted as
self-trapping states of an excited electron in the self-consistent pairing potential of the other elec-
trons, similar to satellite peaks associated with polaron formation. This suggests a picture of the
superconducting state in which the Cooper pairs are not simply a dilute gas, as in a conventional
BCS superconductor, but rather form a strongly interacting pair fluid. Yet another remnant of the
normal state electronic incoherence in the superconducting state at strong coupling is the reduced
weight of the Bogoliubov quasiparticle peak, which follows Zg ~ g=2 (106). This property is di-
rectly related to the incoherent electronic normal state at which A(w) ~ g2, as the weight of the
peak can be estimated as being transferred from energies below the gap: Zp ~ fOA dwA(w) ~ g=2.

It is important to note that the quantum dot theory of superconductivity is, of course, a mean
field theory. Not unlike models of Heisenberg spin systems with all-to-all couplings that display a
phase transition but no spin-wave stiffness, the definition of a superfluid stiffness in the quantum
dot model is not possible. This can, however, be rectified in higher-dimensional extensions (114,
115, 117), in which a relationship between stiffness and small Bogoliubov weight was identified at
large coupling.

The ground state of the YSYK quantum dot remains superconducting when the pair-breaking
parameter « lies in the range 0 < o < ., where o =~ 0.62 is a critical g-independent value beyond
which superconductivity disappears entirely (108). The critical «. can be determined by analyzing
the gap (Equation 13), from which one also finds that 7, vanishes with the Berezinskii—Kosterlitz—
Thouless (BKT) form T; ~ T* exp (—D/+/a.c — @) (108), where T* ~ w, min(g?, g~?) is the energy
scale below which the SYK-like scaling (Equation 10) sets in. This BK'T-like behavior has been
argued to be a generic feature of transitions from a conformal to nonconformal phase (176) and,
in the case of the YSYK quantum dot, is a reflection of the emergent conformal symmetry of
the SYK-NFL (Equation 10). It is closely related to the vanishing of the imaginary part g of the
exponent in Equation 14.

For o < «. and at weak coupling g < 1, the pair-breaking effects are relatively weak (see
Figure 2b). In contrast, the superconductivity at strong coupling g > 1 is much more fragile, with
T. ~ TO(1 — Aag®) (108), where T is the transition temperature for & = 0 (no pair breaking)
and the numerical coefficient A ~ 1.1 (Figure 2b). At large values of g, superconductivity is thus
significantly suppressed for @ > o*, where o* ~ g2 < a.. The scale for o* is naturally identified
with the Bogoliubov quasiparticle weight Zp ~ g=2, which leads to the important conclusion that
a reduced quasiparticle weight results in a fragile superconducting state that is highly sensitive to
pair-breaking disorder. A schematic phase diagram as a function of (g, «, 7") summarizing the evo-
lution between the SYK-NFL and impurity-like normal states, together with the superconducting
T, is presented in Figure 2c.

2.3.3. Deformations of the model. Here, we briefly summarize important changes in the
properties of the model (Equation 1) when u # 0 (109), and when the ratio of the number of
boson-to-fermion flavors M/N is varied (110). Focusing on the normal-state properties at weak
coupling, it was found in Reference 109 that there is a first-order transition with increasing u
(which also tunes the system away from particle-hole symmetry) from an SYK-like NFL regime
like that described above to an insulating state at large u. In the small u SYK-like NFL regime,
the self-energies retain their power-law form as in Equation 10, with the electronic self-energy
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becoming asymmetric about w = 0 with an associated asymmetry in the electronic spectral func-
tion. Interestingly, the exponent A is continuously varying with p in this regime. When the
number of bosons greatly exceeds the number of fermions, M/N — oo, the first-order transi-
tion to the insulator was shown to become continuous (109). A subsequent DQMC study (119)
investigated the interplay among the NFL, insulating, and superconducting states, finding that the
NFL-insulator transition is ultimately masked by a superconducting phase (although the details
of this also depend on the ratio M/N (119)).

It was shown in Reference 110 that a rich phase diagram also emerges with varying M/N.
The crossover between SYK-NFL and impurity-like regimes described above can be tuned with
varying M/N and, in the limit M >> N, entirely new regimes appear, characterized by a more
complex interplay between the quantum and thermal fluctuations in the normal state (110). At
weak coupling, the effect of a differing number of electron and boson flavors on the supercon-
ducting T, is small, whereas at strong coupling the saturation value of the transition temperature

is T. ~ /M/N x wy.

2.4. Reliability of Replica Trick and Large-N

The approximations that go into deriving the Eliashberg equations (Equations 5-7) from the
original model (Equation 1) are the replica-trick treatment of the random couplings, with the
subsequent restriction to replica-diagonal solutions, and the large-N limit. In much of the param-
eter space, the validity of these approximations has been supported by numerically exact DQMC
simulations (118, 119), which studied a particular deformation of the model originally proposed in
Reference 107. These simulations were carried out for finite N, for many realizations of the ran-
dom couplings, and then averaged. With increasing N, the DQMC results were found to approach
the large-N predictions smoothly. In certain variants of the YSYK model, however, the large-N
approach is found to break down when compared with the exact DQMC simulations (118; also I.
Esterlis, unpublished manuscript). This is found to occur, for example, in the model Equation 1
at sufficiently strong coupling. In this regime, the DQMC simulations show signatures of glassy
behavior, which may be possible to explain analytically via a replica—symmetry breaking transition
(118). The emergence of a glass phase—or glassy superconductivity—is an intriguing possibility
that warrants further investigation. It is also important to note that taking the large-N limit of
the YSYK quantum dot suppresses certain physical effects present at finite N, such as polaron
formation (177).

2.5. Significance and Takeaways

In this section, we have described an exactly solvable large-N model of electrons and bosons in-
teracting via random, all-to-all couplings. Despite its simplicity, this model exhibits a number
of nontrivial behaviors: The exact solution reveals two distinct strongly interacting regimes: a
SYK-like quantum critical regime with singular power-law self-energies (Equation 10) and an
impurity-like regime at strong coupling (Equation 12), in which the electronic spectral function
is broad. When the pair-breaking effects, captured by the parameter o, are sufficiently weak, the
ground state of the system is superconducting, which is independent of the coupling strength. The
nature of the superconductor is markedly different, however, at weak and strong coupling. At weak
coupling, superconductivity preempts a broad regime of quantum critical scaling in the normal
state, explicitly demonstrating the tension between the quantum critical fluctuations’ tendency
to destabilize the Fermi liquid and also promote electron pairing. At strong coupling, supercon-
ductivity emerges from fully incoherent electrons, which have been smeared out owing to their
strong coupling to nearly classical bosonic fluctuations. The resulting superconducting state is
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best described as a strongly interacting Cooper pair fluid. This state is fragile, with a pronounced
sensitivity to pair-breaking disorder. Given the close relation between the linearized gap equation
of the quantum dot model and that found in compressible, finite-dimensional systems, as well
as the documented reliability of the Eliashberg approach to problems of strong-coupling super-
conductivity (98, 102, 103, 178, 179), it is reasonable to expect that the conclusions drawn here
regarding the interplay between normal-state incoherence and superconductivity extend beyond
the simplified YSYK quantum dot model from which they were obtained.

3. HIGHER DIMENSIONS

We now turn to higher-dimensional generalizations of the model Equation 1, which have recently
been proposed and analyzed as part of efforts to construct a more realistic theory of quantum
critical metals and superconductors. Here, we focus on the approach adopted in References 111—
113,116, 117 and 180, omitting various technical details that are similar to those in the quantum
dot case. A different lattice generalization was explored in References 114 and 115, in which the
electronic hopping #;(x, »') between nearest-neighbor sites x and " was taken to be random in
flavor space (indices 7 and j); we comment on some of those results below. In this section, our
primary focus is on the normal-state properties of the system. The superconducting properties
in higher dimensions are broadly similar to those of the quantum dot problem—reducing to a
version of Equation 13—with the main distinction arising in the normal state due to the presence
of a Fermi surface.

3.1. The Model

In d spatial dimensions and in the long-wavelength limit, the action we consider is

S=[dr [ d%) vl [0 +eGV) - ul v
Jar [ a2y ,
+ % / de / dde[(afcb,-)z + (V) + iy ] 16.

+ % /df / d’ixz I:gij'k +g;jk(x)] 1//;[0 l/fjad)k.
ijko

This is a natural generalization of the action Equation 1, in which the electrons have a disper-
sion &(k), and bosons have a long-wavelength dispersion law Q?(g) = 4> + w{. The couplings
gt and g}, (x) are again taken to be random variables in the flavor space with zero mean, and vari-
ances g’ and g”°. The crucial difference is that g is infinitely correlated in space and preserves
translational invariance, whereas g’ () is uncorrelated between different sites. Consequently, the
randomness in gj; serves primarily as a theoretical tool for controlled calculations in nondis-
ordered systems, whereas g, (v) captures genuine impurity effects through a spatially varying
electron—boson interaction.

The model Equation 16 can also be viewed as a particular large-N deformation of the standard
Hertz-Millis (173, 181) type theories of metallic quantum criticality. The fermions v are the
itinerant metallic degrees of freedom, whereas ¢ represents fluctuations of an appropriate order
parameter. In general, the nature of the ordering transition is reflected in the type of bosonic field
used (scalar, vector, etc.) and the spatial and spin structure of the fermion-boson coupling. In this
context, the action in Equation 16 gives the low-energy description of a uniform (Q = 0) ordering
transition, e.g., an Ising-nematic transition. (For simplicity, however, the appropriate form factors
have not been included in the Yukawa interaction written above, as they are not expected, in the
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absence of coupling to phonon modes (182), to change any qualitative physics associated with the
NFL effects or superconductivity.) The case of an ordering transition with Q # 0, e.g., a charge
or spin-density wave transition, is amenable to a similar YSYK large-N analysis.

We also comment on the motivations for including both the homogeneous g coupling and the
spatially disordered g’ coupling. When g’ = 0, the model Equation 16 describes the properties
of a clean metallic QCP and, as we describe below, leads to an NFL normal state in the large-N
limit. However, the clean system fails to reproduce the transport properties that are the hallmark
of strange metals phases—in particular the 7-linear resistivity—as it possesses an infinite DC con-
ductivity (112). Although conventional elastic impurity scattering is readily included, experimental
results such as those in Reference 183 point to the importance of an inelastic scattering mecha-
nism in the strange metal regime, as evidenced from the strongly frequency-dependent scattering
rate. As we elaborate upon below, the g’ coupling leads to inelastic and momentum nonconserving
scattering while also maintaining the solvability of the model in the large-N limit. In connection
with more familiar types of quenched disorder, the disordered Yukawa coupling can be understood
as a simplified approximation to random mass disorder for the boson, representing spatial inho-
mogeneity in the location of the QCP (184). So long as the bosonic eigenmodes are not localized
by the disorder—which occurs in certain regions of the phase diagram at sufficiently low 7—the
random-mass and random-coupling models behave similarly (105, 184).

The model Equation 16 has three important energy scales: the electronic bandwidth 1 (we
assume the Fermi energy ey is on the order of the bandwidth), a bosonic cutoff energy scale ¥,
and an interaction energy g’ /W;? (g-model) or g? /W;? (¢’-model). We are primarily interested in
the regime in which the interaction energy is smaller than the bandwidth; at stronger coupling,
the behavior crosses over to that of the quantum dot model described above. Another important
dimensionless parameter is the ratio ¢/vg, where vy is the Fermi velocity; we focus on the regime
¢ ~ vg. Unlike the quantum dot, in higher dimensions the system must be tuned to the QCP by

varying j, the bare boson mass.?

3.2. Results

In this section, we summarize key results in the analysis of the action Equation 16, focusing, for
simplicity, separately on the translationally invariant case (¢’ = 0) and the purely disordered case
(g = 0). Below, we refer to these as the g-model and g’-model, respectively. Properties of the model
with both g and g’ being nonzero have been discussed in References 111-113. We specialize to
spatial dimension d = 2, which is the most interesting case in connection to real materials.

3.2.1. g-model. The integral equations that solve the g-model in the large-N limit are formally
identical to those in (0+1)-dimensional Equations 5-7 but with wave vector—dependent Green’s
functions and self-energies:

Sk, iw,) = —gT Y / Dk — K, iw,, — iw,))G(K , iw,), 17.
' K

T(q, iv,) = 28Ty /k Gk + q, iy + 1v,)G(K, i,y ). 18.

m'

31n practice, the QCP can also be accessed by imposing a fixed length constraint on the boson, introduced by
adding a quartic self-interaction term to the action S, = (#/2N)[ ., O ipipi — N/ ¥)?, and taking the limit
u — 00. In the large-N limit, this yields the constraint D(» = 0, T = 0) = 1/y, with y used to access the QCP
(111, 117).
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Though we do not pause to include it here, when the couplings g;i; are real, there is an additional
equation for the anomalous self-energy as in the quantum dot case (Equation 6).

At zero temperature and precisely at the QCP, analytic expressions can be obtained for the
boson and fermion self-energies in the case of an isotropic quadratic band with constant density
of states A" and Fermi energy ep:

[V

Vrq
The electronic self-energy is evaluated on the Fermi surface at ky, and ~ indicates suppression

4 N\ 1/3
H(qa va) = _Zg-/\/ ’ E(kFyia)m) ~ —isgn(wm) (%) |wm|2/3- 19.
EFC

of numerical prefactors. The boson self-energy has the usual Landau-damping form, leading to
a z = 3 dynamical exponent; i.e., » ~ ig® overdamped dynamics when analytically continued to
the real axis.* At low frequencies, the singular electron self-energy dominates the bare iw in the
electron Green’s function, yielding an NFL state.

The above results are well known for the Ising-nematic QCP, having been derived earlier by
a variety of methods. The virtue of the YSYK approach is that it offers a large-N limit in which
the results are exact, and the boson and electron renormalizations occur at the same order in 1/N.
Furthermore, because the integral equations (Equations 17 and 18) are also valid at nonzero T
above the critical point, they may be used to diagnose the effects of thermal fluctuations on the
quantum critical properties, as well as away from the critical region to obtain a more complete
picture of the phase diagram. This includes the crossovers between different regimes, which are
challenging to address analytically.

An analysis of the complete phase diagram was carried out in Reference 111, in which the
model Equation 16 was discretized on a 2D square lattice and Equations 17 and 18 were solved
numerically. The resulting phase diagram is reproduced in Figure 44. A quantum critical fan
emerges above the QCP, as indicated by the exponent x, which governs the low-T behavior of
the boson mass: M2(T) — M?(T = 0) ~ T*. In the quantum critical fan, the expected behavior is
M? ~ Tlog(1/T), i.e., an exponent x close to unity. The fan is flanked by a low-T Fermi-liquid
regime and a (nearly) ordered phase.’

Within the quantum critical fan, the full numerical solution shows that thermal fluctuations
of the boson—corresponding to the zero bosonic Matsubara frequency term in Equation 17—
mask the quantum critical scaling of Equation 19 (Figure 54). Nevertheless, the expected scaling
behavior may be exposed by decomposing the electronic self-energy into quantum (Q) and thermal
(T) contributions E(k, iw,,) = Zo(k, iw,) + 1k, iw,) (102,103, 187-189), defined according to

Sok,iw,) = —gT Y / Dk — K, iw,, — i, )GK , iww,), 20.
m' #m K
Zr(hion) = €T [ D=L, v, = G, o) 21,
y

The separate contributions are shown in Figure 5b,c. Scaling is spoiled by the slow decay of the
thermal part at low temperatures and frequencies Im X1 ~ —isgn(w,,)(g/c) x /T log(1/T) (102,

4See References 185 and 186 for a discussion of subtleties in the static @ — 0 and large-N limits of the bosonic
propagator.

5The O(N) symmetry of the disorder (in flavor space) averaged theory forbids a finite-T transition, which is
instead replaced by a regime of strong thermal fluctuations, in which the boson acquires an exponentially small
mass below a temperature scale 7*. This, in turn, leads to impurity-like behavior of the electronic self-energy,
reminiscent of the impurity regime in the (0+1)-dimensional model.
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(4) Phase diagram of the two-dimensional Yukawa—Sachdev—Ye-Kitaev model with coupling ¢ = 0 and g = 2£3/? as a function of the
tuning parameter y used to access the QCP at y. Color scale indicates the exponent x with which the renormalized boson mass
approaches its T'= 0 value: M*(T) — M*(T = 0) ~ T*, demonstrating the emergence of a quantum critical fan. The dashed line 7*
denotes the onset of strong thermal fluctuations of the boson, below which the renormalized mass becomes exponentially small, and the
system is nearly ordered (111). (b)) Phase diagram of the g’-model with g’ = 2£3/? and g = 0 as a function of the renormalized boson
mass M(T = 0) and T; M(T = 0) = 0 at the QCP. The color scale indicates the approximate exponent in the 7" dependence of resistivity;
see Section 3.2.2 for line cuts of p(T). Superconducting 7 is also shown. Panel # adapted from Reference 111. Panel 4 adapted from
Reference 117. Abbreviation: QCP, quantum critical point.

111) (see Figure 5¢). Only after isolating = is the expected quantum critical scaling observed
(Figure 5b). We have included this analysis in order to highlight some of the subtleties involved
in extracting scaling behavior of electronic observables near a (clean) metallic QCP (102, 103).

In the quantum critical regime, the pairing problem reduces to the universal quantum critical
form Equation 13, with the particular value A = 1/3 and a modified coefficient (111). We empha-
size that this equation now emerges as an exact result in the large-N limit. Estimating the transition
temperature yields 7, ~ g*, which has the same parametric dependence as the NFL scale below
which the electronic self-energy Equation 17 dominates over the bare iw in the Green’s function.
Thus one does not expect, in general, a broad NFL regime above T..
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Imaginary part of the electronic self-energy averaged over the FS for the g-model with g = 2/? at the quantum critical point, for
inverse temperatures 8 = 1/7 indicated in the inset of panel 2. Panel # shows the full self-energy, whereas panels 4 and ¢ show,
respectively, the quantum and thermal contributions to the self-energy as defined by Equations 20 and 21. Panel # demonstrates the

expected scaling —Im ¢ ~
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3.2.2. g’-model. The analysis with the spatially disordered g’ interaction is similar to that for
the g-model. The most significant difference is that the electron and boson self-energies in this
case are local in real space, owing to the §-correlated spatial disorder:

E(iwwz) = _gjo ZDloc(iwm - iwﬂl/)GIOC(in/)7 22.
l_[(l.l)m) = _ZgjoZ Gloc(iwm’ + ivm)Gloc(iwm’), 23.
where
Gio(iwy,) / L Do (V) / ! 24
iy ) = - ; ) oc\WWp) = S 0 H v .
MO o — (e — 1) — BGiwn) o V2 + @2 — T(iv,,)

and ek and wq are the lattice regularized electron and boson dispersions, respectively.
Tuning the boson to criticality, a low-energy form of the solution to Equations 22 and 23 can
be obtained for a quadratic electronic band (111, 113, 117):

(iv,) = —2g*7N?|v,l,  Z(w,) ~ —ig? N, log(kj |) , 25.

where numerical prefactors have been dropped from the expression for X. These self-energies
yield a diffusive dynamics for the boson D~!(g,iv,) ~ |v,| + Dg?, with D being the diffusion
coefficient, and marginal Fermi-liquid electronic behavior (190). This implies, in particular, an
effective mass divergence (and corresponding specific heat anomaly) of the form #* /m ~ log 1/T
111).

The marginal Fermi-liquid behavior (Equation 25) in the quantum critical fan leads to trans-
port properties of the g’-model that are of significant interest in the context of strange metal
phenomenology. Unlike the g-model, the g’-model has, even in the absence of Umklapp scat-
tering, a finite DC conductivity due to the fact that the disordered coupling breaks translation
invariance (112, 113, 117). Because the self-energy (Equation 22) in the g’-model is local in space,
vertex corrections for the conductivity vanish (113, 191), and the conductivity is determined by
the dressed particle-hole bubble. The frequency dependence of the single-electron scattering rate
—Im Zg ~ |o| (obtained from analytic continuation of Equation 25) then immediately leads to a
DC resistivity p ~ g”2T, up to logarithmic corrections, reproducing the hallmark 7-linear resis-
tivity of strange metals. The resistivity of the g’-model obtained from a full numerical solution
of Equations 22 and 23 discretized on a 2D square lattice is shown in Figure 64 (for details see
Reference 117). Away from the QCBP, the resistivity is linear at elevated T inside the quantum crit-
ical fan, eventually crossing over to a more conventional 7° behavior in the Fermi-liquid regime
at lower temperatures.

With regard to the quantum critical behavior, an important and outstanding question concerns
the w/T scaling of the optical conductivity within the quantum critical fan (192); this is a problem
that has received significant attention in the cuprates in particular (183, 193). In the g’-model,
the simplest version of such scaling is spoiled by logarithmic corrections, arising from the 77— 0
logarithmic divergence of the effective mass, as described above. Nevertheless, following an anal-
ysis proposed in Reference 183, a version of w/T still approximately holds. The analysis proceeds

The scattering to all momenta by the g’ coupling also implies that the qualitative phenomenology should also
be largely insensitive as to whether the order parameter has Q # 0 (like the spin-density wave or charge-density
wave).

Esterlis o Schmalian



Al/(h/e?t)

0.1

wv

Re ad/(e2/h)
)

— T/t=0.05

006 008 0.10 0.0 0.5 1.0 15 2.0 2.5
wlt wlt

0 1 1
0.00 0.02 004

(o)
B

Im o/(e2/h)

wlt

Figure 6

(#) Normal state resistivity of the g’-model for different values of the renormalized boson mass M(T = 0),
ranging from M/t = 1.3 (top curve) to M/t = 0 (bottom curve). The inset of panel # shows the dependence of
coefficient A of T-linear resistivity as a function of superconducting Te. (b,c) Real (b)) and imaginary (c) parts
of the optical conductivity in the normal state at the quantum critical point for various temperatures.

(d,¢) The optical scattering rate 1/t (d) and effective mass #* (¢) obtained from ¢ using Equation 26. The
inset of panel d is a scaling plot with 1/77 and w scaled by T; the inset of panel e is a scaling plot showing
Anr* /m as a function of w/T. Panels adapted from Reference 117.

through a generalized Drude parameterization of the optical conductivity in the form

Ké* )2

wom(@)/m + i 7a(@)’ 26.

o(w)=1

This relation defines the frequency-dependent (or optical) scattering rate 1/7(w) and mass en-
hancement parameter 72*(w)/m, which can be obtained from the real and imaginary parts of o (w)
once the optical weight K is known. The weight Kis equal to the average electronic kinetic energy
and can thus be separately determined.
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The optical conductivity, optical scattering rate, and optical mass obtained from the numerical
solution of the g’-model on a 2D square lattice are shown in Figure 6b—e (117). The optical scatter-
ing rate is linear in frequency down to frequency w ~ T, and the inset of Figure 64 demonstrates
a reasonable w/T scaling collapse. To investigate w/T scaling of the optical mass, the combination
Am* [m = m*(w)/m — m*(0)/m is used in order to subtract the logarithmically divergent contri-
bution that violates scaling. This quantity is shown in Figure 6e. As may be seen from the inset of
the figure, to the extent w/7T scaling is observed it is only over a rather narrow range of 7 and is
likely being spoiled by additional logarithmic corrections. Taken together, these properties of the
optical conductivity of the g'-model demonstrate an encouraging level of qualitative agreement to
observations in the cuprates, as analyzed in Reference 183.

In addition to the optical conductivity, measurements of the dynamic charge susceptibility
in the strange metal regime of the cuprates, obtained via momentum-resolved inelastic electron
scattering, also exhibit an approximate power-law scaling behavior in the density response (194,
195), suggestive of some form of criticality. Whether similar behavior can be reproduced within
the YSYK framework is a subject of ongoing investigation (154; also A. Klein & J. Schmalian,
manuscript in preparation).

Note that the analysis presented here applies only to strictly 2D systems. For d = 3, or more
generally, for any dimension d > 2, one finds conventional Fermi-liquid behavior in the g’-model.
This result follows from the fact that the local propagator Dj,.(iv,,) of Equation 24 is less singular
in this case.

3.3. Significance and Takeaways

The generalization of the YSYK model to higher dimensions yields the finite-dimensional Eliash-
berg equations as a large-N solution. In higher dimensions, crucial effects associated with the
existence of the Fermi surface are incorporated beyond the quantum dot model, and many ex-
isting results regarding quantum critical Fermi surfaces are unified within a systematic large-N
expansion. Beyond providing a theoretical construct to rationalize known results, new insights
have been obtained by incorporating the spatially inhomogeneous Yukawa coupling g’(x) into the
YSYK model, which serves as a simple way to incorporate random mass disorder in the position
of the QCP. This form of coupling leads to a marginal Fermi-liquid state, where the DC and AC
responses are strikingly similar to that observed in strange metal superconductors, suggesting that
this form of disorder may play a central role in determining the salient properties of these systems.

4. ELIASHBERG THEORY AND HOLOGRAPHY

One of the challenges in the theory of strongly correlated materials is the sparseness of theoreti-
cal tools that allow for a description of systems without quasiparticle excitations. The holographic
correspondence (139), i.e., the duality between quantum field theories and gravity theories in
asymptotically anti-de Sitter (AdS) spaces in one higher dimension, was therefore a welcomed ad-
dition to the arsenal of theory concepts that allow for a more concrete description, in particular of
quantum critical systems. The scaling invariance, typical for QCPs, can be understood as an effect
of either the diverging correlation length or correlation time. Alternatively, it can be rationalized
as a geometric property of AdS spaces. Within the holographic correspondence, quantum me-
chanical operators and external fields that couple to them, i.e., external sources, are mapped into
gravity fields. The generating functional of the physical theory is then given by the holographic
Euclidean action S as

_ 27.

— [d¥t1xJO —S[y]
<e R P

Esterlis o Schmalian



Here, O is an operator of the (4 + 1)-dimensional field theory with source J, ¥ is the dual field, and
¢ is the coordinate in the extra dimension, with ¢ = 0 identifying the boundary of the AdS space
(140, 141). The evolution along the extra direction is often interpreted as encoding the renor-
malization group (RG) flow of the dual quantum system in a way that small values of ¢ probe
the system at high energies, whereas large values of ¢ correspond to the low energy, universal
regime (196, 197). Phrasing a problem in this geometric language allows for the analysis of phe-
nomena as diverse as thermoelectric transport without quasiparticles (198, 199), the quark—gluon
plasma (200), and strongly coupled hydrodynamics (201, 202). Furthermore, holography provides
simple built-in mechanisms for spontaneous symmetry breaking that have been used to gain in-
sight into, e.g., high 7. superconductors (203-205) or charge-density waves (206-208). Despite
these successful applications, it is fair to say that the formalism and physical interpretation of the
holographic correspondence are not equally natural to all condensed matter physicists. Having an
explicit model that allows for a step-by-step derivation of the holographic correspondence may
prove useful to gaining intuition. In addition, the holographic formulation offers in some situa-
tions an easier and more direct formulation of superconductivity in quantum critical metals. In
what follows, we show that one can explicitly derive the correspondence of Equation 27 for the
(0 + 1)-dimensional quantum dot problem discussed in Section 2. The analysis of this section
closely follows Reference 142, whereas extensions to higher spatial dimensions are discussed in
Reference 143.

4.1. Holographic Superconductivity

We start with a very brief summary of holographic superconductivity, a concept that was intro-
duced to formulate a gravity dual to a superconducting phase transition (203-205). Following the
usual philosophy of gravity theory, we consider the action

S = Sgu + Sgauge + Smatter, 28.

where Sgi = [ dPx./=g(R — A) is the Einstein-Hilbert action with metric tensor g, and deter-
minant g, Ricci scalar R, and cosmological constant A. Sy describes the electromagnetic field,
and Spawer describes the matter that exists in this space time. The Euler—Lagrange equation of this
problem with respect to g, then yields the Einstein equations. For A = 0, the homogeneous so-
lution of % = 0 is asymptotically flat, whereas it has positive (negative) curvature for a positive
(negative) cosmological constant. A > 0 then corresponds to de Sitter space dSp, whereas A < 0
is anti-de Sitter space AdSp, with space-time dimension D.

For our analysis, we consider a gravitational theory Sgy that leads asymptotically toa D = d +
2 dimensional AdS space. We work in imaginary time, i.e., we write T = —it. Our main interest is
AdS;, which is equivalent to the 2D hyperbolic space H,, parameterized via X} + X7 — X = —1
with the 3D Cartesian coordinates (Xi, X3, X3). A convenient description is achieved in terms
of Poincaré coordinates that correspond to X; = /¢ and X3 = 5 (1+¢7%(z? F1)), with
imaginary time t as well as the radial coordinate ¢ € [0, oco]. This immediately yields the
induced differential distance ds? = ¢~?(dz? + d¢?). Similarly one can use for higher-dimensional
systems Poincaré coordinates in AdSp:x* = (7, ¢, x) with the d-dimensional spatial part x, and
distance ds* = g, dxdx” = {iz (de? + d¢? + da?). At fixed ¢, the metric describes a flat (d +
1)-dimensional space time; only the new coordinate ¢ is responsible for the curvature. One also
observes that the distance between two points x* and «’* is very large for small ¢. Hence, a
geodesic between two points near the boundary ¢ = 0 will always go into the bulk (where ¢ is no
longer small) and then turn back.
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The Sgage term is given by the Maxwell action in curved space and is not of primary interest
for the present discussion. Finally, the matter degrees of freedom in our problem are described by
the action of a charged, i.e., complex, scalar field in AdSp:

Smatter = /dl)x«/g [D;AZ’*D”!ﬁ + mzlﬁ*lﬁ + ”(1//*!”)2] ’ 29.

where we included leading gradient terms and nonlinear terms in the expansion up to quartic
order,and D, = 0, — ie*A,, with ¢* being the charge of the scalar. Equation 29 is the Ginzburg-
Landau theory of a superconductor in curved space and with one extra dimension. The theory of
Equation 29 becomes unstable toward condensation of ¥ once 7/ is below a threshold value. In
flat space, the instability at the Gaussian level occurs once 72 < 0. As shown by Breitenlohner &
Freedman (209), condensation occurs in a space of negative curvature only once 7 < b, < 0
with md, = —1 (d + 1)

The questions related to Equation 29 that we wish to discuss include the following:
(#) What s the physical essence of this extra dimension ¢ within a concrete many-body calculation?
(b)) Why do we even need this extra coordinate? (¢) What was wrong with the good-old-fashioned
Ginzburg-Landau description? To give the answers right away: (#) The extra dimension describes
the internal dynamics of the Cooper pair as a composite object that consists of two fermions.
(#) The physical origin of the geometric formulation in the curved space is the unique scale in-
variance of a quantum critical normal state that is highly nonlocal in time. (¢) The crucial internal
dynamics of the Cooper pair must be included for superconductivity in scale-invariant quantum
critical systems, forcing us to generalize the known Ginzburg-Landau formalism.

4.2. The Sachdev-Ye-Kitaev Superconductor and Holography at T'= 0

We start with a simple physical motivation that illustrates the close relationship between the
Eliashberg formalism and behavior in curved space. To this end, we demonstrate that the lin-
earized gap equation can be recast in the form of a wave equation in AdS space. Let us start from
the linearized gap (Equation 13) that follows from the gap equation (Equation 15) if one uses
the quantum critical power-law results of Equation 10. We introduce a lower cutoff ~7" at small
but nonzero temperatures, along with an upper cutoff A above which these power laws cease to
be correct. In the limit of the exponent A near 1/4, one can easily rewrite the resulting integral
equation as a differential equation. We split the integral over €’ into |¢'| € [T, €] and |€'| € [€, A]
and approximate |¢ — €'|” ~ max(|€|", |€'|"), where y = 1 — 4A « 1. Then it follows that
d yi ® (ie)

d
—elT — "D (je) = 0.
de€  de (7€) T €’ 3

along with appropriate boundary conditions (108). Here, k = (1 — «)/Cx (see Equation 13). If we

now introduce the new variable ¢ = 1/¢ and define the function ¥ (¢) = ¢ o (#/¢), Equation 30
becomes

2
m
—331//+?1//:0, 31.

with mass 72 = f(y, «) being a function of parameter x and the exponent y. This is the Klein—
Gordon equation of a scalar field ¥(¢, t) in AdS, that is independent of the time 7. The onset
of pairing can be shown to coincide with 7’ = m, where m}, = —1/4 is the Breitenlohner—
Freedman bound (209) of a system in AdS,. Hence, the critical normal state that is responsible
for the power-law structure of the theory gives rise to a geometric structure in curved space and
offers a first hint on how to construct the scalar field of the holographic theory. In contrast, this
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approach is only useful for time-independent solutions, in which we see that t stands for the
absolute time of the superconducting correlations while € = ¢ ~! is related to the frequency of the
Fourier transform of the relative time.

Next we extend the analysis and allow for an arbitrary dependence on the absolute and relative
time of pairing correlations. We recall that the derivation of the large-N equations within the SYK
formalism is based on introducing bilocal fields that, at the saddle point, amount to propagators
and self-energies; i.e., Z = [DG(z, T)DZ(z, v')e ™. Hence, the fluctuating variables depend on
two time coordinates that we can always rewrite in terms of (t 4+ t')/2 and T — t’. In models
with a superconducting solution, the approach is then generalized and includes, in addition to the
bosonic propagators and self-energies, also anomalous Gor’kov propagators and self-energies as
fluctuating variables, i.e.,

Z= f DG---DFD®DFD®e™ N5, 32.

where the conditions F(z, t') = ¢;(t)c, (¢/) and F(r,7') = CI (t)d (¢’) are enforced by ®(z, t’) and
® (7, v'), respectively. The action S is rather lengthy and has been discussed in the literature (210).
If we wish to study small superconducting fluctuations of a quantum critical normal state, we can
expand the action up to quadratic order in the pairing fields; i.e., S &~ S© + S69 with S© being
the normal state action and
560 _ / F (w,e)F (w,¢€)
we s (0,€)

_ gz(lz— o) / P (0,6) Dy (6 — ) F (,€). -

Here, w is the Fourier transform of the averaged time (t + t')/2 while € is the Fourier transform of
the relative time T — . Ty s (0, €) = Gus. (% — €) Gas. (% + €) is the particle—particle correlation
function, expressed in terms of the normal state fermionic propagators, whereas D, (€) o |€|7” is
the bosonic propagator. This is a Gaussian action for a field that lives in a 2D space, even though
formally we are considering a (0 + 1)-dimensional problem with zero space dimensions & = 0 and
one time axis. The situation becomes even clearer if one writes

F(“ j’ie) =1 [v@o, 34,
r

where the integration is over the contour I' determined by the condition |e |72 = (1' — ¥)z +7,
which describes a geodesic in AdS, and the nonlocal relationship (Equation 34) is referred to as a
Radon transformation (211). We now see that Equation 34 is indeed the explicit holographic map
from the quantum many-body theory in 0 + 1 dimensions to the holographic superconductor in
D = 2 dimensions, i.e., in one extra space-time dimension. Inserting Equation 34 into the action
(Equation 33),and using properties of the Radon transformation discussed in Reference 211, yields
within a gradient expansion

2
56 =/drd§ (’:f—z >+ 19 v + |8;1//|2>. 35.

This is precisely the action of a holographic superconductor in Poincaré coordinates on AdS; at
the Gaussian level (cf. Equation 29). Hence, we have established the direct link between the critical
Eliashberg theory discussed in Section 2 and holographic superconductivity. Both are different
formulations of the same theory.

4.3. Holographic Mapping at Finite 7" and Chemical Potential

The holographic mapping can also be extended to finite temperatures. To this end, one exploits
an important reparameterization invariance of the low-energy theory (134) that allows one to
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obtain the finite temperature propagators G and D of the normal state from the 7'= 0 solutions
Gr—o (t0) and D7 (tp) via reparameterization of the time axis t — t¢ = f(7). In our problem,
f)= 7%7 tan (77T maps the interval — 5
that

<1< % onto —00 < 19 < 00. It then follows

G(r,7) = f (1) Groo (f (1) — (@) F (),
D(t,7) = f' () " Droo (f (1) = F (@) f () 7. 36.

Hence, the finite temperature problem leads to an effective action, identical to the one we just
analyzed at T'= 0, but now it is in terms of the field

Faom= (1417 %) P @, @) (1+ a1 a) 7.

We can now establish a connection that is analogous to Equation 34 in terms of the new function
F, instead of F, and with transformed time. At the same time, it is possible to transform the
resulting holographic action to coordinates (t, ¢) that agree at the boundary with the original
imaginary time variables (212):

(1—¢2/e2) " sin(z/¢r)
1+ (1= ¢2/¢2)" cos (¢ /¢r)
2
G = §1/2 ) 38.
1+ (1—=¢2/¢3) " cos(z/¢r)

7o = 24

where {7 = 1/Q2nT). This guarantees that the theory obeys the proper boundary conditions at
finite temperature. In these coordinates, the finite-T action of the SYK superconductor becomes
once again a holographic superconductor according to Equation 29. The crucial difference is
that at finite 7, the metric of the problem is now given by

ds? = ﬁ((l—;z/;z)dr“rdzig) 39

RS ! 1-22/¢:) '

This is the metric of AdS, with black hole and horizon ¢ determined by the corresponding

Hawking temperature. Hence, one can derive from a Hamiltonian of interacting electrons and

bosons that the natural description of the finite-temperature pairing fluctuations in a quantum

critical regime is governed by a metric with a black hole. Fluctuations described by the variable
¢ are cut off by the black hole horizon for energies below 7.

The correspondence can be extended not only to finite temperatures but also to finite chemical

potential u, i.e., away from the particle-hole symmetric point. At 7' = 0 but finite u, a gen-

eralization of Luttinger’s theorem (213) for systems with anomalies of the power-law form was
established (166, 214):

N .
1 1 0 1 sin (26)
= S )= = L (o a) 22T 40.
" N;("“‘> 2 @ (2 )sin(ZnA)

Here, A is still the anomalous fermionic exponent, and 8 € [—7 A, 7 A] is a measure of the devi-
ation from half filling. We express it as tan = tan (w A) tanh (7 e€). The electron charge is ¢, and
the spectral asymmetry parameter £ was discussed in References 127 and 212, where the relation
2n€ = ‘% to the density dependence of the zero-point entropy was established.
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Although the expression for the bosonic propagator is unaffected by the chemical potential,
the fermionic one is now given by

/
Ger) =8 f (0 Groo (F @~ FENF @)
g(@)
with g(r) = e7777; j.e., the low-energy saddle-point equations are invariant under reparam-
eterization T — 79 = f(r) and U(l) transformations. Notice, g(r) becomes a genuine U(1)
transformation once we return to real times t = —iz. This allows one to demonstrate that the
particle—particle fluctuation spectrum can be expressed in terms of the one at 1 = 0 via

I (€4, wy) = Mg (€4, 0 — 14meET). 41.

In Reference 215, the propagator of a charge ¢* scalar particle within AdS; in an boundary electric
field &, described within the gauge 4, = 0 by

At:§<1—i>, 42,
¢ Sr

is determined by a shift of the propagator as w — @ + 27¢*ET relative to the neutral case. Hence,
we can conclude that the boundary electric field € is determined by the deviation of the SYK
particle density z from half filling with effective charge ¢* = 2e. Including a chemical potential
in the original many-body theory that lives on the boundary, i.e., in the actual quantum-field
theory, corresponds to including a local U(1) vector potential with an associated electrical field
that is determined by the spectral asymmetry parameter £. The spectral asymmetry parameter &,
i.e., the deviation in the carrier concentration from its particle-hole symmetric half-filled state,
changes the value of the Breitenlohner-Freedman bound and, hence, allows determination of the
onset of pairing as a function of carrier concentration. The resulting phase diagram at half filling is
shown in Figure 7a4. The density dependence of the critical pair-breaking parameter o, is shown
in Figure 7b.

4.4. Significance and Takeaways

In this section, we have demonstrated a direct and explicit connection between quantum criti-
cal Eliashberg theory and the theory of holographic superconductivity. At low energies, the two
theories are identical. Within the Eliashberg formalism, the critical normal state gives rise to a
scale-invariant, NFL bosonic and fermionic spectrum that changes the nature of the pairing in-
stability and gives rise to power-law dependencies of the anomalous self-energy near the onset of
superconductivity. From the holographic perspective, the same scale-invariant quantum critical
normal state endows the theory with a nontrivial geometry, whereas superconducting fluctua-
tions act as matter fields in this curved space. Here, we demonstrated this equivalence at the
Gaussian level. One can extend the analysis to include, e.g., a quartic self-interaction of the
scalar field (210), exactly as given in Equation 29. The specific holographic correspondence
(Equation 34) is nonlocal; i.e., a point in the field theory corresponds to a curve (a geodesic) in
AdS space. Itis nevertheless sensible to interpret the extra dimension of the problem as describing
the internal dynamics of the composite Cooper pair, determined by the relative time t — 7’ of the
pairing correlation function.

The derivation of the holographic correspondence bears a certain analogy to Gor’kov’s 1959
derivation of the Ginzburg-Landau theory of superconductivity from BCS theory (216). In
that case, Gor’kov identified the scalar order parameter describing the relevant symmetries of
the problem with the anomalous propagator, such that ¥ (r, ) ~ F (r, t; 7, 7). Furthermore, he
demonstrated that the effective charge of this scalar field is twice the electron charge (¢* = 2e),
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(@) Phase diagram of the YSYK model spanned by temperature in units of the upper cutoff 7/A and pair-
breaking parameter o at charge neutrality ¢ = 0. At e = 0.623 £ 0.03, the critical temperature vanishes in
a BKT fashion (108). For « < «. the system becomes SC as temperature is lowered. The blue area
represents the symmetry-broken phase. The red area is the classical fluctuation-dominated regime, where
the pairing susceptibility diverges following a Curie-Weiss law x oc (T — T.)~!. The quantum critical phase
transition is signaled by the derivatives of the pairing susceptibility, which have been used to estimate the
crossover from the quantum critical to quantum disordered regime on the & > «. side. (b)) Phase diagram of
the YSYK model spanned by ¢&€ and pair-breaking parameter «. ¢ is the fermion charge, and £ is the spectral
asymmetry. Once the system reaches the BF bound, the SC phase sets in. Panel # adapted from

Reference 142. Figure 7 provided by Gian-Andrea Inkof. Abbreviations: BF, Breitenlohner-Freedman;
BKT, Berezinskii—Kosterlitz—Thouless; SC, superconducting; YSYK, Yukawa—Sachdev-Ye—Kitaev.

which is an insight absent in the original Ginzburg-Landau formulation (217). His derivation
also established direct connections between the parameters of the phenomenological theory—
such as the superconducting coherence length, penetration depth, and heat capacity jump—and
the underlying microscopic model. The derivation of the holographic action from quantum criti-
cal Eliashberg theory presented here follows a similar logic. It provides a microscopic foundation
for the meaning of the holographic scalar field and offers explicit expressions for the parameters of
the theory in terms of the original microscopic model. Beyond conceptual insight, this bridge may
have practical significance. Just as the Ginzburg—-Landau model, despite being formally derivable
from BCS theory, often proves far more convenient in applications, the holographic approach
may offer an efficient framework for studying spatially inhomogeneous or out-of-equilibrium
critical superconductors—regimes in which the direct application of Eliashberg theory becomes
impractical. Even when the weak-coupling assumption employed by Gor’kov breaks down, the
Ginzburg-Landau model remains a robust and insightful tool. Similarly, the holographic approach
may provide a powerful alternative in contexts in which Eliashberg theory reaches its limits.
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5. CONCLUSIONS AND OUTLOOK

Questions concerning the interplay of quantum criticality, strange metallicity, and superconduc-
tivity have long been at the forefront of research on correlated electron systems. The family of
YSYK—or quantum critical Eliashberg—models described in this review offer a controlled large-
N framework within which to address some of these questions. Although the models are not meant
to describe the realistic microscopics of any specific system, a number of general lessons and new
insights have emerged. We have attempted to summarize the most important conclusions at the
end of each section throughout the review.

On the one hand, many existing results have been unified within a controlled theoretical frame-
work: the Eliashberg equations emerge as the large-N saddle point of a theory in which the Yukawa
couplings are random in flavor space, and a systematic procedure by which to compute corrections
in terms of bilocal fields has been laid out. Perhaps more importantly, however, entirely new results
and insights have been gained. This includes the elucidation of spatially inhomogeneous couplings
as a mechanism for reproducing certain key properties of strange metals, including their DC and
AC transport. Additionally, the explicit connection between the YSYK model and holographic
superconductivity may serve as a useful new tool. Much as the traditional Ginzburg-Landau ap-
proach allows for the analysis of a variety of superconducting effects that are challenging to address
from a microscopic BCS-like approach, the explicit connection to holographic superconductivity
presents a route by which to address novel phenomena in quantum critical superconductors, e.g.,
properties of collective modes and nonequilibrium effects.

Further investigation is needed to address these interesting questions, as well as to understand
the ultimate limitations of the YSYK approach. Addressing the latter will be most straightforward
by comparison with numerically exact methods at finite-N and without flavor-space randomness
(105). Although the Eliashberg approximation has been demonstrated to be remarkably accurate
in many cases (98, 102, 103, 178, 179), its limitations have also been documented (178, 218). It
is of significant interest to incorporate other realistic features of correlated electron systems into
the framework; recent steps in this direction include the coupling to dynamical two-level systems
modeling metallic glasses (148) and the incorporation of direct Coulomb repulsion (219).
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