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Abstract. An analytical and numerical investigation of turbulent pipe flows in the
thermal development region subject to an inhomogeneous heat flux distribution around
the circumference has been conducted. We show analytically that the mean heat transfer
(global Nusselt number Nu) does not depend on how the heat flux is distributed around
the circumference. Hence, existing correlations for Nu remain applicable for azimuthally
inhomogeneous heating. We present well-resolved numerical data for the thermal en-
trance region of non-uniformly heated pipe flows at different Prandtl (0.025, 0.71) and
bulk Reynolds (5300, 19000) numbers. We show that, while the global Nu is unaffected by
azimuthally inhomogeneous heating, the pointwise temperature has a much longer devel-
opment length compared to a case with homogeneous heat flux. The development length
is governed primarily by the azimuthal wavenumber k = 1 in the boundary condition.

1 Introduction
The global heat transfer properties of turbulent pipe flows are generally well understood; standard engi-
neering correlations for the heat transfer properties exist for a wide range of Prandtl (Pr) and Reynolds
(Re) numbers, such as the Gnielinski correlation [1]. These correlations are typically obtained under two
assumptions: firstly, some kind of canonical boundary conditions (such as uniform heat flux or uniform
external temperature), and secondly, fully developed conditions (indicating equilibrium between axial
conduction and radial diffusion, both molecular and turbulent, and hence invariance of this balance in
the axial direction). Removing the second constraint gives rise to the so-called turbulent Graetz problem,
which studies how the temperature field responds to a step change in space to the temperature boundary
condition, such as after entering a heated region; it is typically assumed that the velocity field is fully
developed from the start (thermally developing flow). The length after which a particular quantity is
indistinguishable from the fully developed state is called thermal entry length of that quantity; Notter
and Sleicher [2] first reported the thermal entry length of the Nusselt number for a range of Pr and Re
based on measured turbulent velocity profiles and an eddy diffusivity model for the turbulent heat flux.
They observed that for Prandtl numbers greater than unity (such as for water), the entry length reduces
with increasing Re (and is in the order of 5 diameters)1, while the opposite is observed for very low
Prandtl numbers (such as liquid metals, Pr ≤ 0.05): The entry length increases significantly with Re and
only saturates at a much higher value, in the order of 30 diameters. This presents a challenge for the
design of experiments for liquid metal heat transfer as well as for numerical studies.

1Notter and Sleicher [2] refer to the 5% thermal entry length, while we will report the 1% thermal entry length to keep
consistency with [3]. These values may differ by a factor of 2-5, due to the exponential decay in the considered statistics,
but will typically show the same trends when comparing between different cases.

https://creativecommons.org/licenses/by/4.0/
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In general, very few well-resolved numerical results of thermally developing internal flows have been
reported. One relevant exception is the study of Rousta and Lessani [4] who reported statistics of
thermally developing channel flow at 0.71 ≤ Pr ≤ 7 and Reτ = 180. However, their domain is too short
to even reach fully developed first-order statistics.

Recent numerical [5] and experimental [6] research has investigated the case of thermally fully de-
veloped flow with azimuthally non-uniform external heating, which is relevant e.g. for the design of
concentrated solar power (CSP) plants. Both studies observed that the global Nu number is independent
of the heat flux distribution around the circumference, which was a surprising observation given that the
same is not true for channel flows. In section 2 we show that this observation is not a coincidence but
can be shown analytically, including for the thermal entrance region. Hence we prove that the existing
engineering correlations for the Nusselt number can also be applied to azimuthally inhomogeneous heat-
ing. Section 3 reports results from a well-resolved numerical database of the thermal entrance region
for Pr = 0.025/0.71 and Reτ = 180/550, discussing the entry length of statistics of different order for
uniform vs. non-uniform heating.

2 Theory and analysis
We consider a (hydrodynamically) fully developed pipe flow of a Newtonian fluid. The material properties
of the fluid are assumed to be constant (in particular, independent of temperature), and temperature
is modeled as a passive scalar. Viscous heating is neglected. Under these conditions, the conservation
equation of temperature in cylindrical coordinates is given by [7] as

ρcp
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with density ρ, specific heat at constant pressure cp, and thermal conductivity λ. The instantaneous
temperature field is subject to boundary conditions

lim
z→−∞

T (r, φ, z) = T0, for a constant T0, (2a)

λ
∂T

∂r
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R

=

{
qw(φ) for φ ∈ [0, 2π) and z ≥ 0,

0 for φ ∈ [0, 2π) and z < 0.
(2b)

These boundary conditions correspond to a uniform inlet temperature T0 far away from the beginning of
the heated section (eq. (2a)), and a prescribed heat flux on the outer wall of the pipe (eq. (2b)), which
may or may not depend on φ. We assert that qw(φ) ̸≡ 0, and that qw is continuous and of bounded
variation. Figure 1a illustrates the problem setup.

Equations (1) and (2b) are made dimensionless by introducing θ = 2Ubρcp(T −T0)/qw,ref , ui = 2Ubu
∗
i ,

z = Rz∗, r = Rr∗, t = 2R/Ubt
∗ and Pe = ρcpUb2R/λ; where the bulk velocity is given by Ub and the

pipe radius as R. Equation (1) then becomes, dropping star superscripts (which denote dimensionless
quantities) for readability,(
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and the boundary conditions eqs. (2a) and (2b) are reformulated to

lim
z→−∞

θ(r, φ, z) = 0, (4a)

∂θ

∂r
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1

= Pe

{
f(φ) for φ ∈ [0, 2π) and z ≥ 0,

0 for φ ∈ [0, 2π) and z < 0;
(4b)

where f(φ) = qw(φ)/qw,ref . The reference heat flux qw,ref is given by qw,ref := F [qw] where F is a
functional chosen according to the requirements listed below; we will use in the following

qw,ref := F [qw] =

{
qw qw ̸= 0,√

1
π

∫ 2π

0
qw(φ)2dφ qw = 0

(5)
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(a) Sketch of the problem setup, modified from [3]
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(b) Illustration of the transformation for the antisym-
metry of the joint PDF

Figure 1: Problem setup

where qw = 1/(2π)
∫ 2π

0
qw(φ)dφ. This satisfies four requirements:

Nonzero: qw ̸≡ 0 ⇒ F [qw] ̸= 0, (6a)

Mean consistency: qw ̸= 0 ⇒ F [qw] = qw, (6b)

Rotation invariance: F [qw(φ)] = F [qw(φ+ α)] for all α ∈ R, (6c)

Homogeneity:

{
F [α qw] = αF [qw], if qw ̸= 0,

F [α qw] = |α|F [qw], if qw = 0,
(6d)

the latter reflecting that linear homogeneity is incompatible with requiring both eqs. (6a) and (6c) for
mean-free fields; instead we require absolute linear homogeneity for the zero-mean branch. The require-
ments are needed for (6a) avoiding division by zero, (6b) to match the standard definition of the global
Nusselt number and (6d) an invariant dimensionless solution under scaling of the heat flux in physical
dimensions, respectively.

The (dimensionless) bulk temperature is defined by

Tb =
1

RUb

∫ R

0

⟨Tuz⟩rdr, θb = 4

∫ 1

0

⟨θuz⟩rdr (7)

denoting with ⟨a⟩ the local statistical mean of a quantity a and with a the mean of a in the φ-direction
(azimuthal mean). This gives rise to the global Nusselt number, i.e.

Nu(z) = 2R
∂⟨T ⟩
∂r

∣∣∣∣∣
R

1

⟨Tw⟩ − Tb(z)
=

2Pe

⟨θ⟩|r=1 − θb
, z > 0, (8)

where Tw is the wall temperature. The Nusselt number is therefore only a sensible measure if the

azimuthal mean of the heat flux q = λ ∂⟨T ⟩
∂r

∣∣∣
R
is not zero.

2.1 Mean Nusselt number for azimuthally inhomogeneous heating
As discussed in the introduction, previous studies have observed that under thermally and hydraulically
fully developed conditions, the global Nusselt number is insensitive to the distribution of the heat flux
around the circumference (again noting that the Nusselt number is only defined if there is a nonzero
mean heat flux).

The boundary condition f(φ, t) is periodic in φ and can hence be expressed by means of a Fourier
expansion. For a given velocity field ui(r, φ, z, t), the full solution for the temperature is, owing to the
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linearity of the temperature equation, the sum of temperature responses to each wavenumber contribution
of f(φ). Hence, the statement can be proven by showing that for a boundary condition sin(kφ), k > 0,

we find ⟨θuz⟩ = 0 and ⟨θ⟩ = 0 (the cosine case follows by a rotation of the coordinate system).
To prove this statement, we treat ui and θ as random variables, and consider their joint probability

density function (PDF), namely
p(ur, uφ, uz, θ, r, φ, z, t) (9)

In particular, we are interested in azimuthal means of first moments of temperature, which are given by
Pope [8]:

⟨um
i θ⟩(r, z, t) =

∫∫∫ ∞

−∞

1

2π

∫ ∞

−∞

∫ 2π

0

um
i Tp(ur, uφ, uz, θ, r, φ, z, t)dφdθdurduφduz, m ≥ 0. (10)

Consider f(φ) = sin(kφ) and f ′(φ) = − sin(kφ). If θ(r, φ, z, t) solves eq. (1) with boundary condition f ,
then −θ(r, φ, z, t) solves eq. (1) with boundary condition f ′ for the same (fixed) velocity field. Thus, the
joint PDF for f ′ is obtained from the joint PDF of f by flipping the sign of θ:

p′(ur, uφ, uz, θ, r, φ, z, t) = p(ur, uφ, uz,−θ, r, φ, z, t) (11)

Moreover, rotating the coordinate system of the solution to f ′ by π/k yields the solution to f again; this
is illustrated in fig. 1b. Hence:

p′(ur, uφ, uz, θ, r, φ+ π/k, z, t) = p(ur, uφ, uz, θ, r, φ, z, t) (12)

Both statements may be combined as

p(ur, uφ, uz,−θ, r, φ+ π/k, z, t) = p(ur, uφ, uz, θ, r, φ, z, t), (13)

which allows to compute eq. (10) by reducing the integration bounds in φ to [0, 2π/k] (from the periodicity
of the BC), splitting the remaining integral at π/k, substituting φ → φ + π/k and θ → −θ and finally
using eq. (13).
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Consequently, the azimuthal mean of any first order moment in temperature (such as ⟨T ⟩ or ⟨Tuz⟩)
vanishes for a sinusoidal boundary condition, and by linearity of the temperature equation, those quan-
tities can only depend on the mean of the boundary condition. Hence the Nusselt number – and all
azimuthally averaged quantities in the mean temperature balance, are independent of the variation of
the boundary condition f(φ).

3 Numerical Setup and Results
In section 2, we have shown that the azimuthally averaged Nusselt number is independent of the heat flux
distribution around the circumference, and hence also its thermal entry length. However, as described
in [9], pointwise temperature statistics are strongly affected by inhomogeneous heating. In [3], we recently
showed that nonuniform heating also increases the thermal entry length for laminar flow. One-sided
heating, in particular, was shown to delay the onset of the fully developed state significantly. In this
section, we extend these results to turbulent flow by means of numerical simulations.

The turbulent flow database is obtained using NekRS [10], a portable version of the classical spectral
element solver Nek5000. The mesh is reused from [9] and extended in the axial direction, preserving axial
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10D

velocity recycling
f(φ)
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77.5D (Reb = 19000)

z

(a) Sketch of the numerical setup

φ

(b) k = 0 (const.):
f(φ) = 1

φ

(c) k = 1:
f(φ) = sin(φ)

φ

(d) k = 2:
f(φ) = sin(2φ)

φ

(e) half-sin:
f(φ) = (φ < π)π sin(φ)

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
−1
0

1

z/R

r/
R

0 400 800 1,600 3,200

θ

Start of heated section

(f) An r-z slice of the instantaneous dimensionless temperature for Pr = 0.71, Reb = 19000, half-sinusoidal
heating. The horizontal axis is compressed by a factor of 5 to fit the page.

Figure 2: Illustration of the setup. Note that in figs. 2b to 2e the direction of the arrows relative to the
outward-pointing normal vector distinguishes heating and cooling.

resolution; see [9] for the validation. The simulation is hence a well-resolved LES for the velocity, which
fully resolves the scales of temperature. As in [9], the necessary additional dissipation is provided by the
approximate deconvolution method.

A periodic precursor simulation with length L = 10D is used to generate a fully developed velocity
field, which is sufficient according to [11]. The flow in the periodic subregion has a constant flow rate.
The flow then enters the heated section, which has a length of 150D for the Reb = 5300 (Reτ ≈ 180) case
and a length of 77.5D for the Reτ = 19000 (Reτ ≈ 550) case. This setup is illustrated in fig. 2a

Four different boundary conditions are considered, sketched in figs. 2b to 2e. Two of those – constant
and half-sinusoidal – have the same, nonzero azimuthal mean. Their Nu(z) may be readily evaluated
according to eq. (8), which is displayed in fig. 3. As expected from the derivation in section 2, both cases
yield the same Nusselt number for all z.

As in the laminar case [3], the thermal entry length of the pointwise mean temperature can be much
longer than that of the Nusselt number, in particular in case of inhomogeneous heating. The scenario
posed by the half-sinusoidal boundary condition is too complex for an intuitive evaluation of these lengths,
hence we note that the mean temperature can be computed by superposition of the responses to the
wavenumbers in the spectrum of the boundary condition. Therefore, we turn our attention to the k = 1
and k = 2 cases (cf. figs. 2c and 2d). We observe in the numerical data that the mean temperature
response to a boundary condition with only a single azimuthal wavenumber (monochromatic boundary

condition) (k = 1 or k = 2) very closely matches ⟨θ⟩ = f(φ)θ̂(r, z), i.e. the only azimuthal wavenumber
present in the mean temperature field is that of the boundary condition itself; the energy associated with
other azimuthal wavenumbers of the mean temperature is more than four order of magnitudes below that
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Figure 3: Nusselt number as function of z for (left) Pr = 0.025 and (right) Pr = 0.71 at Reb = 5300, 19000
for both constant and half-sinusoidal heating. The position of the markers (small vertical lines) indicates
the 1% thermal entry length.

of k, which is comparable with the statistical uncertainty. Consequently, the local Nusselt number

Nul(z, φ) =
2Pef(φ)

⟨θw⟩(φ)− θb(z, φ)
z > 0 (14)

is constant over the azimuthal coordinate (although for practical purposes, the evaluation does not
consider values near the roots of the boundary condition), and can be taken as a practical measure for
evaluating the development length of the point-wise temperature for non-uniformly heated cases.

For the considered cases with monochromatic boundary condition, the mean local Nusselt number is
displayed in fig. 4. It is immediately clear that for all pairs of Pr and Reb, half-sided heating (k = 1)
reaches the fully developed state much later than the homogeneous case (almost by a factor of four in the
Reb = 5300 case), while the development length of k = 2 falls in between those two. The same trend was
observed in the laminar case [3], and we would therefore expect that the temperature field in response to
higher k has a further reduced entry length, like in the laminar case. In other words, the thermal entry
length of the pointwise temperature field responding to a composite boundary condition is dominated by
its k = 1 component, followed by k = 0 and k = 2; high wavenumber modes only play a minor role in
the overall development length.

We also observe that the values of Nul are not monotonic in k; indeed in the fully developed regime
we consistently find

Nul,k=1 < Nul,k=0 < Nul,k=2 (15)

for all Re and Pr examined.
This trend can be understood by viewing Nul as a measure of the uniformity of the temperature profile

along a radial line, after normalization of the wall gradient.2 When k increases, the hot and cold lobes
of the heat flux move closer together, leading to the core of the pipe becoming increasingly isothermal
(and hence Nul increases). For k = 0, the radial heat flux at the center is zero by symmetry; for k = 1 it
is not, i.e. ∂T

∂r

∣∣
r=0

̸= 0. This central heat flux makes the temperature profile less uniform than that for
k = 0.

A comparison with laminar flow supports this analysis. Using the fully developed solution by [3] we
obtain

Nul,k=0 =
48

11
≈ 4.36, Nul,k = (2k2 + 12k + 16)/(k + 6) (k > 0) (16)

which gives Nul,k=1 ≈ 4.28, Nul,k=2 = 6, Nul,k=3 ≈ 7.78 and Nul,k=4 = 9.6. Clearly, these values show
the same non-monotonic behavior that was observed in the turbulent cases.

2This explanation neglects ⟨u′
zθ

′⟩, whose contribution to θb is however two orders of magnitude smaller than that of
⟨uz⟩⟨θ⟩ for all considered cases.
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Figure 4: Azimuthal mean of the local Nusselt number as a function of z for (left) Pr = 0.025 and (right)
Pr = 0.71 at Reb = 5300, 19000 (linestyle) for azimuthal heating modes (colored) k = 0 (constant), k = 1
and k = 2. Additionally marked is the 1% thermal entry length of these quantities.

4 Conclusion
In this contribution, we have presented a well-resolved numerical database of the thermal inlet in turbulent
pipe flows, subject to both azimuthally homogeneous and inhomogeneous heat flux. We have shown
that the global heat transfer coefficient (Nu) is not affected by inhomogeneous heating: both from an
analytical perspective and based on the numerical data. Hence, existing Nu = f(Re,Pr) correlations
keep their validity for the case of inhomogeneous boundary conditions.

We have further shown that the (pointwise) thermal entry length of the mean temperature depends
greatly on the heat transfer distribution. In particular, one-sided heating (azimuthal wavenumber k = 1)
is shown to delay the thermal entry by a factor of up to four.
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