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Motivated by recent angle-resolved photoemission spectroscopy (ARPES) experiments, we analyze the
temperature, frequency, and momentum dependence of the single-particle scattering rate in a model of the
y-band of Sr,RuO, under strain, with particular emphasis on the behavior near the Lifshitz transition where
the Fermi energy crosses a single Van Hove point. While the scattering rate is only moderately anisotropic at
zero strain, we find that it becomes strongly anisotropic at the Lifshitz point. At the lowest energies, we recover
the expected universal behavior: the scattering rate varies (ignoring logarithmic corrections) as 7~! ~ w at the
Van Hove point and as T~ ~ »¥? away from it. At higher energies, however, corrections of order w? become
important in both regimes. We show that the experimentally observed behavior T~! ~ w® with o & 1.4(2) at the
Van Hove point can be quantitatively explained by a superposition of linear and quadratic contributions to the
scattering rate, which are comparable in magnitude at the intermediate energies probed by experiment, rather
than in terms of a new universal power law. We further predict a distinctive anisotropy, strain dependence, and a
nonmonotonic frequency dependence of the scattering rate at a Lifshitz transition, all of which may be directly

tested in experiments.
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I. INTRODUCTION

The role of electron-electron interactions in two-
dimensional systems with a Van Hove singularity [1] (VHS)
in the vicinity of the Fermi energy has received significant
recent interest [2]. Materials in which the proximity to a
Van Hove point is relevant include doped graphene [3-7],
moiré materials [8—13], metallic kagome superconductors
[14-17], Sr3RuyO7; in an external magnetic field [18],
the bulk of Sr,RuO4 [19-22] under uniaxial compressive
strain, and the surface of Srp,RuOy4 [23,24]. In particular,
the strain-tuned Lifshitz transition of Sr,RuQy4 [25]—where
the Fermi energy crosses a single, quasi-two-dimensional
VHS—gives rise to a number of anomalies: At the transition,
one finds a pronounced maximum of the superconducting
transition temperature [19,26]; a giant lattice softening, as
observed in a dramatic reduction of Young’s modulus [27];
a well-established maximum in the electronic entropy, as
revealed in measurements of the elastocaloric effect [21];
and deviations from the Fermi-liquid T2-variation of the
resistivity p(7") [20,28]. For the lattermost example, transport
experiments find an anomalous T2logT scaling of p(T)
at the Lifshitz transition [20,28], a behavior expected for a
Fermi liquid tuned to a Van Hove point [22,29,30]. The Fermi
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surfaces of Sro,RuQ, at zero strain and at the strain-tuned
Lifshitz point are shown in the left and right panels of Fig. 1,
respectively, with each consisting of three sheets. Here we
focus on the so-called y -sheet, where the Fermi surface meets
the Van Hove point at k = (0, &7r) (indicated in color in
Fig. 1).

The enhanced entropy and compressibility near the Lifshitz
transition, as well as the pronounced lattice softening, are
directly linked to a broad spectrum of particle-hole, compres-
sive excitations at small momentum and characterized by the
density response:

m | min i ol < leva(g)l,

ImIl(q, = ——
mIl(g. ) 27 |sgn(w) if

ey

lw| > levu(q)l,

where ey (q) = 5-(q7 — q}z,) describes the dispersion near the
Van Hove point. Notice, this is distinct from the behavior
in systems with a spherical Fermi surface, where ImI1(q, w)
is nonzero only for |w| < vp|q|, with vp the Fermi velocity.
The temperature and frequency dependence of the single-
particle scattering rate rk_l(w, T) due to scattering off these
soft fermionic compressive excitations is highly anisotropic
along the Fermi surface. [For a definition of 7!, see Eq. (6).]
For generic momenta away from the Van Hove point—called
cold states and marked in blue in Fig. 1—t~! oc 0¥/? or
o T3/? holds, whichever dominates [22,31]. On the other
hand, in the immediate vicinity of the Van Hove point—called
hot states and marked in red in Fig. 1—t~! o w/log(D/w)
or « T/log(D/T) holds, with bandwidth D [32-35]. These
scattering events provide the dominant contribution to the
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zero strain

FIG. 1. Fermi surfaces in the first Brillouin zone of Sr,RuQ, at
k, = 0 for zero strain (left panel) and at the critical strain of the
Lifshitz point (right panel). At the Lifshitz point, the y-sheet of
the Fermi surface (shown in color) touches the Van Hove point at
in-plane momentum k = (0, &= ). The part of the Fermi surface near
the Van Hove point marked in red refers to the kot regions, while cold
parts of the Fermi surface, away from the Van Hove point, are shown
in blue. The angle ¢ marks the azimuthal angle relative to (0, ).
Dashed lines indicate the «- and S-sheets of the Fermi surface that
are not analyzed in this paper.

single-particle self-energy, yet they are not relevant for the
electrical resistivity in sufficiently clean systems, since scat-
tering processes in a system with a single VHS at the Fermi
energy have a small momentum transfer. In the absence
of impurities, momentum is relaxed only by umklapp pro-
cesses, which generally involve large transferred momenta.
Hence, only mild deviations from the conventional Fermi
liquid behavior occur in p(T'). These umklapp processes lead
to the above-mentioned T2logT scaling of the resistivity
[22,29,30]. In contrast, the thermal resistivity is sensitive to
small-momentum scattering, and is predicted to obey a 73/2
scaling [22]. The & T /log T, non-Fermi-liquid-like behavior
of hot carriers has been evasive and is generically hard to
determine.

Recent angular-resolved photoemission spectroscopy
(ARPES) measurements [36] found evidence that the quasi-
particle spectral properties, specifically the single-particle
scattering rate 7!, are strongly strain-dependent. At generic
values of strain, the frequency dependence of ! was found
to obey the canonical Fermi liquid scaling t~!(w) ~ @® with
o & 2, similar to well-established quasiparticles seen at zero
strain [23,37—40]. On the other hand, close to the critical strain
of the Lifshitz transition, an anomalous scaling o = 1.4(2)
was deduced right at the Van Hove point in the Brillouin zone.
The ARPES experiments were conducted at a temperature
T =11 K, a regime below the coherence temperature
Trr, ~ 25 — 40 K of the unstrained samples [41-43].

While theory predicts a singular scattering, the exponent
o = 1.4(2) obtained in Ref. [36] is distinct from the expected
value of @ = 1. It raises the question of whether the scattering
is indeed due to the broad continuum of compressive modes of
Eq. (1), or whether one has to invoke additional interactions to
explain this behavior, such as collective spin fluctuations, ob-
served in inelastic neutron scattering experiments [44—49]. In
this context, it is important to clarify whether the temperature
and energy regimes probed in the ARPES measurements of
Ref. [36] can indeed be considered as being in the ultimate

low-T regime. This requires a quantitative analysis of the
single-particle scattering processes that is based on a real-
istic modeling of the electronic structure. Clarifying which
scattering processes dominate on the Fermi surface is also a
key step toward identifying the mechanism responsible for
superconductivity.

In this paper, we present a detailed analysis of the single-
particle scattering rate in a model of the y-band of SryRuQy,.
The analysis is based on a model for the strain dependence
of the electronic structure that has previously been used to
successfully describe both the elastocaloric effect [21] and the
softening of Young’s modulus [27]. We then perform a per-
turbative calculation of the scattering rate up to second-order
in a local effective Hubbard interaction U, recovering the ex-
pected universal low-temperature behavior discussed above.
Our results further demonstrate that the temperatures and en-
ergies at which the ARPES measurements of Ref. [36] were
performed do not yet correspond to this universal low-energy,
low-temperature regime. In particular, the apparent exponent
o = 1.4(2) can be understood within our framework as arising
from a combination of a quadratic Fermi-liquid contribution
and the hitherto elusive linear behavior associated with the
VHS,

77! = Aw + Bo?. )

As it is hard to determine logarithmic effects in the numer-
ical analysis, we do not distinguish between w, wlogw, or
w/ log w. The same is true for the 7-dependence of the scatter-
ing rate. These logarithmic effects are, however, discussed in
Appendix in more detail, where we also comment on the fact
that the quantitative importance of the logarithmic corrections
are rather small.

Likewise, we find that, in the temperature and frequency
range relevant to Ref. [36], the »3/? dependence of the
scattering rate for states away from the Van Hove point is
significantly affected by w? corrections. This follows from
the comparatively small phase space available for processes
giving rise to a w*? rate. Our analysis thus explains the
puzzling observations of Ref. [36] and may also aid in the
interpretation of other probes of the anisotropic scattering rate,
such as electronic Raman scattering. In addition, we expect a
T3/ dependence of the scattering rate in thermal transport,
and hence a thermal conductivity scaling as «(T) ~ T~/
only for T < 10K.

II. THE MODEL

We focus our analysis on the role of the y-band of Sr,RuQO4
(Fermi surface sheet in Fig. 1 marked in color) that is domi-
nated by Ru-4d,, states. We note that there are two additional
Fermi surface sheets (marked by dashed lines in Fig. 1), re-
ferred to as the a- and S-sheets, that are predominantly made
up of coupled Ru-4d, and -4d,, orbitals. The contribution of
the «- and B-sheets to the overall density of states is compara-
tively small [41,50]. More importantly, it is the y-sheet where
the Fermi energy crosses the VHS upon applying uniaxial
stress. A discussion of the role of the «- and B-sheets for the
kinematics of scattering processes in the electrical resistivity
can be found in Ref. [22]. For the remaining y-band, we use
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the Hubbard model,
H=Y g, oo +U Y nyny, 3)
k,o i

where the strain-dependent electronic dispersion has the form
[21,27]

e(k) = —2t, cos(k,) — 2t, cos(ky)

— 41’ cos(ky) cos(ky) — 4
with hopping parameters . = fo(1 — ae), t, = to(1 + avy€),
t'=t)[1 —a/2(1 — vy)el, and u = 1.48f, and where the
numerical values are taken as o = 7.604, 15 = 0.119 eV, #) =

0.3921), and with Poisson ratio vy, ~ 0.51, obtained from the
elastic constants from Ref. [51]. The uniaxial strain parameter

J

d’q &k [nr(ex) — nr ek ) |18 (80 1g — o0) + i (—Ek—g)]

€ = d,u, with displacement vector u controls the degree of
anisotropy of the Fermi surface, and tunes a single Van Hove
point to the Fermi surface at the critical strain value eyy ~
—0.44%. This is very close to the value at which the Lifshitz
transition was observed experimentally in Sr,RuQy4 [52,53].
The tight-binding parametrization of Eq. (4) follows from fits
to ARPES results of Ref. [54] at zero strain, € = 0, and led to
excellent quantitative agreement for the strain dependence of
the elastocaloric effect and Young’s modulus [21,27]. Effects
due to the dispersion along the c-direction are small, particu-
larly near the Van Hove point, where three-dimensional effects
are only relevant below 2 — 4K [41,55].

The retarded single-particle self-energy at second-order in
U and at finite temperature 7 is expressed as

_ 2
B0 1) ==U" | 53 Gy

where np and ng are the Fermi and Bose functions, respec-
tively, and the integration is over the first Brillouin zone. From
this, the quasiparticle scattering rate rk_l (w, T)is extracted via

7 (0, T) = =2Z(T)ImE (0, T), (6)
where the quasiparticle weight is defined as
dReZy(w, T -
Z(T) = (1 _ 9Redy(w, T) > ) 7)
dw =0

We will also use the notation
lp(w, T) = —ImZp(w, T). (®)

Note that the frequency dependence of the scattering rate is
determined entirely by I'x(w, T'), while the temperature and
momentum dependence are also determined by Z (7). In what
follows, we will primarily focus on 'y (w, T')/U 2 as it does not
rely on knowledge of the value of the effective interaction U.
In Eq. (10) below, we will also comment on the quasiparticle
weight and the scattering rate rk_l (w,T).

Before presenting the numerical results for the self-
energy, we comment on the appropriateness of employing
second-order perturbation theory. Srp,RuQ,4 is a correlated
material with complex interactions that couple spin, charge,
and orbital excitations at high energies [56,57]. Numerical
renormalization-group calculations [58] show that, at low en-
ergies T < TpL, these orbital excitations are strongly screened,
explaining the observed emergence of a good Fermi liquid;
see Ref. [41]. Our analysis is therefore meaningful in this
low-energy, low-temperature regime, where such screening
has taken place and the phase-space arguments of Fermi-
liquid theory apply. In this regime, second-order perturbation
theory is expected to provide the dominant contribution to
the scattering rate, provided the system does not develop an
instability towards an ordered state. Higher-order processes
are then expected to renormalize the overall coefficient in the
scattering rate without significantly altering its frequency or
temperature dependence. An analysis based on the random
phase approximation is expected to provide exactly the same
qualitative results. In this sense, the interaction parameter U

, &)

Eki+qg — &k, + Ek—qg — @ — 10T

(

of our analysis should be viewed as an effective interaction,
analogous to a Landau parameter. Below, we briefly comment
on the appropriate choice of U. Hence, the exponents—which
constitute the main result of our analysis—are expected to be
reliably captured by second-order perturbation theory. How-
ever, this approach is not anticipated to yield a quantitatively
accurate value for the numerical prefactor of the scattering
rate. A similar situation arises in a Hund’s metal: although
it represents an exotic state of matter at higher energies,
its low-energy behavior ultimately crosses over to that of
a Fermi liquid. Furthermore, at the lowest energies, some
instability is expected. For a discussion of the superconduct-
ing instability in systems with a single Van Hove point, see
Ref. [13]. Reference [13] also performed a two-loop analysis
for a single Van Hove point, yielding the characteristic tem-
perature scale kgT™* ~ texp(—%) with b = 1.88 and ¢ the
nearest-neighbor hopping element. For T < T*, our pertur-
bative treatment must break down because of the divergent
density of states at the Fermi level. Even for U ~ ¢, this scale
is exceedingly small compared to 7. In praxis, the onset of
superconductivity seems more relevant in real systems than
the energy scale T*. We will consider the regime above the
onset of superconductivity but still low in energy.

III. NUMERICAL RESULTS

A. Anisotropy of the scattering rate

Before we discuss the frequency and temperature depen-
dences of the scattering rate, we briefly show the anisotropy
of I't(w=0,T) at low T along the Fermi surface (Fermi
line). Figure 2 illustrates the momentum dependence of the
zero-frequency scattering rate along the Fermi surface, both
at zero strain and at the Lifshitz transition. At zero strain
(light-blue curve), I'y exhibits only a moderate angular vari-
ation: although the Fermi surface is already anisotropic, no
special points dominate the phase space for small-momentum
particle-hole excitations. Consequently, the scattering rate
remains of comparable magnitude around the entire Fermi
contour.
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Zero strain

Lifshitz point

FIG. 2. Anisotropy of the zero-frequency scattering rate I'y,. /U>
on the Fermi surface at T = 9.9 K for zero strain (light blue) and the
critical strain of the Lifshitz transition (pink). The base area marks
the first Brillouin zone boundary, and I'x, /U 2 is measured in units
of 1072 eV~!. While the scattering rate at zero strain is moderately
anisotropic, a pronounced anisotropy with a sharp peak at the Van
Hove point emerges at the Lifshitz transition.

In contrast, at the Lifshitz transition (pink curve), the
anisotropy becomes dramatically enhanced. A sharp and
narrow peak develops at the Van Hove momenta (¢ =
0 and symmetry-related points), reflecting the large phase
space for scattering off the broad continuum of compressive
particle-hole excitations described by Eq. (1). As a result,
quasiparticles at the Van Hove point—our “hot” states—
experience a scattering rate that is significantly larger than
elsewhere on the Fermi surface. Away from the VHS (e.g.,
near ¢ = 1 /4 or /2, etc.), the scattering rate remains much
smaller. These “cold” regions feel only the reduced phase
space associated with conventional processes involving finite
curvature of the Fermi surface. The result is the pronounced
hot-cold dichotomy familiar from systems tuned to a single
two-dimensional VHS.

The strong enhancement of I'; near the Van Hove point is
closely related to the distinct frequency and temperature de-
pendence discussed later in this section: linear-in-T scattering
of hot carriers and 73/? behavior in cold regions. Moreover,
the sharp anisotropy shown in Fig. 2 provides a direct spec-
troscopic signature of approaching the Lifshitz transition and
is consistent with the strong strain dependence inferred from
the ARPES measurements of Ref. [36].

B. Temperature dependence of I'

The temperature dependence of the imaginary part of the
self-energy at zero frequency, ['y(w = 0, T'), is shown both
at zero strain and at the strain value of the Lifshitz transition
in the top and bottom panel of Fig. 3, respectively. At zero
strain, the Fermi surface has no special features, leading to
the canonical Fermi liquid dependence I' ~ T2 at the lowest
temperatures at all points on the Fermi surface. For the single-
particle self-energy, one further expects additional logarithmic
corrections to the T2 behavior due to collinear scattering
[59-61]. As this regime is not of our primary concern, we have
not attempted to analyze the quantitative magnitude of these
corrections. In contrast, at the critical strain, the self-energy
acquires a substantial momentum dependence, and it exhibits
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FIG. 3. Temperature dependence of the imaginary part of the
zero-frequency self-energy, I'x(0, T'), for cold and hot momenta on
the Fermi surface: ¢ = 0 corresponds to the Van Hove point while
¢ = m /4 is away from it. (a) Zero strain displaying low-T" quadratic
Fermi liquid behavior with all states being cold. (b) Critical strain
exhibiting T-linear behavior at ¢ = 0 (hot) and T3/? behavior away
from the Van Hove point with ¢ = 7 /4 (cold).

anomalous I' ~ T scalings with temperature at the Van Hove
point and I ~ T3/2 away from it. While a slightly better fit to
the data can be achieved with an additional term ~7 log(D/T)
included, the distinction is hardly visible and will not be
included in our subsequent discussion. As discussed earlier,
these exponents arise from scattering involving the particle-
hole excitations of Eq. (1) [22,31-35]. For cold parts of the
Fermi surface (marked in blue in Fig. 1), the dominant pro-
cesses giving rise to these power laws are scattering events
where a pair of cold and hot momentum states scatter into
another pair of cold and hot momentum states. We refer to
these processes as ch — ch. On the other hand, for the hot
parts of the Fermi surface located near the Van Hove point
(marked in red in Fig. 1), the scattering rate is caused by a
pair of hot momentum states scattering into a second pair of
hot states. We refer to these events as hh — hh. Below we will
analyze these distinct contributions in detail.

C. Frequency dependence of T’

For a more direct comparison with the experiment of
Ref. [36], which reports the scattering rate at constant
temperature 7 = 11 K at the Lifshitz transition, we now

115134-4



ANISOTROPIC SCATTERING RATES IN STRAIN-TUNED ...

PHYSICAL REVIEW B 113, 115134 (2026)

T=237K, ¢p=n/4
101 T=9.9K, ¢=n/4 il
= o 7=237K,¢=0
= 10—2 T=99K, ¢:0 ‘ ugg‘o"‘-’,,,z
IS ce®’ //
= 10’310..009.9-'.' % - w*?
04 T ’
10~ 10-3 1072 107!
w [eV]

FIG. 4. Log-log plot of the frequency dependence of the imagi-
nary part of the self-energy at the critical strain.

turn to the frequency dependence of I'. The imaginary-part
of the self-energy as a function of frequency is shown in
Fig. 4 for two different temperatures 7 = 2.37 and 9.9 K.
At T = 2.37 K and within the low-energy window 1073 eV—
1072 eV, we observe the same scaling exponents seen in the
temperature dependence in Fig. 3. Meanwhile, at even lower
energies w < 1073 eV, we enter the frequency-independent
regime, where I' depends weakly on frequency but strongly
on temperature. On the other hand, at the higher temperature,
the expected exponents are not present in any appreciable
energy-window due to the onset of the frequency-independent
regime at a higher-energy scale, before the universal low-
energy regime is reached. Instead, at a temperature 7 = 9.9 K
and at the Van Hove point (¢ = 0), we find an apparent
power-law scaling with a larger exponent of approximately
3/2 between energies of order 1072 and 10~! eV. This is
the same power-law behavior seen in the ARPES experiment,
which obtained an exponent 1.4(2) by fitting the ARPES data
in the frequency range [-50,10] meV, which is roughly the
same range in which we observe this apparent exponent. In
Fig. 5 we also show the frequency dependence at the Van
Hove point on a linear scale. Remarkably, at finite temper-
ature, the scattering rate I'y(w,T) at the Van Hove point
displays a nonmonotonic frequency dependence, highlighting
the unusual single-particle dynamics at a Lifshitz point. In
Appendix, we demonstrate that the scattering rate attains a
minimum at o ~ T, arising from the competing effects of
thermal and quantum excitations of the compressive mode
described by Eq. (1). At T = 0, the scattering rate rises, as
expected, monotonic with w.

D. Origin of the apparent high-frequency exponent

To understand the origin of the putative high-frequency
power law, we can analyze the role of the different scattering
processes involving hot states near and cold states away from
the Van Hove point individually. Since we are considering a
single connected Fermi surface, the boundary between the hot
and cold regions is somewhat arbitrary: our choice is shown in
Fig. 1. Specifically, the hot region is defined as the rectangular
region of the Brillouin zone with corners on the Fermi surface,
over which the average magnitude of the dispersion differs
by at most a tolerance of 15% from that of the Van Hove

1.5_I T T T T T
14f o 711K . ]
, 7=9.9
13f ]
é [ T=237K
= 12f . ]
11f o ]
f °
1_()-_ Digeseo © ]
0 1 2 3 4 5 6

w/T

FIG. 5. Scattering rate I" at the Lifshitz point and for the momen-
tum at the Van Hove point as a function of frequency for different
temperatures. To facilitate the comparison of different 7', I" has been
scaled by the value at the local minimum and is plotted as a function
of w/T. The physical origin of the nonmonotonic dependence of the
scattering rate is further discussed in Appendix.

dispersion Taylor-expanded around (0, w). We note that we
checked explicitly that our results do not depend on reason-
able changes to the tolerance. Concentrating on the behavior
at the Van Hove point, there are several contributions to the
scattering rate: (i) hh — hh processes that are dominant at
low T and yield ' ~ T. (ii)) ch — ch processes that are
associated with a small transferred momentum yet come with
a large phase space. These events yield I' ~ T2, (iii) hh —
ch processes that have a rather small phase space since, with
the exception of the states close to the boundary between
the hot and cold regions, these events require the transferred
momentum to be small (h — h) and large (h — c¢) at the
same time. (iv) ch — cc events that also come with a small
phase space, yet play a role in the electrical resistivity as the
momentum transfer is large. Notice, since we are considering
the self-energy at the Van Hove point, we always have at least
one hot state.

The decomposition of the second-order self-energy into
these different contributions is achieved as follows. We
rewrite the Green’s function as

Gr = Gpi + Ge g = 0,(K)Gy + 0. (k)G (&)

where the support functions 6,(k) [0.(k)] are unity for mo-
menta k in the hot (cold) regions of the Brillouin zone, and
zero otherwise. The three internal Green’s functions in the
self-energy diagram can each be either hot or cold: these
possibilities comprise the four channels listed above. For in-
stance, all three Green’s function in the hh — hh contribution
are hot, while the ch — ch is the sum of the three contributions
with a single internal Gy,.

The self-energies arising from only hh — hh as well as
ch — ch processes are shown in Fig. 6. We see that hh — hh
events are dominant at low temperatures and give a linear-
in-temperature scaling, while the contribution from ch —
ch scattering scales with temperature quadratically and thus
becomes sizable at higher 7. Remarkably, the sum of these
two contributions agrees perfectly with the full self-energy
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FIG. 6. Contributions to the scattering rate as a function of tem-
perature for w = 0 (upper panel) and frequency for T = 11 K (lower
panel) at the Van Hove momentum and at the Lifshitz transition.
We show contributions due to hh — hh and ch — ch scattering
processes; their sum (shown in red) is indistinguishable from the
total scattering rate (not shown). At very low frequencies, hh — hh
processes dominate and yield a linear behavior; in the intermediate
regime, ch — ch processes become comparable and behave like 72
or w?. No pure power-law behavior occurs. The sum of different
contributions may only appear as a power law with an intermediate
exponent.

(not shown in Fig. 6) that includes all possible scattering
processes. Hence, these two processes are dominant, and all
others can be neglected. This analysis shows in detail how the
putative intermediate exponent o = 1.4(2) seen in Ref. [36]
results from the crossover between the T and T2 scalings. We
also note that the nonmonotonic frequency dependence of the
scattering rate, discussed in the previous subsection and in
Appendix, only occurs for hh — hh processes and is absent
in the ch — ch channel.

The experiment of Ref. [36] finds re;;) =4 4+ 1 meV for the
scattering rate of Eq. (6) at the Lifshitz point, for T = 11 K,
and at a frequency w = —5 meV. For the same parameters, we
find —Im%(—5 meV) = 8.0(2)0? meV and 3,ReX|,—¢ =
—6.1(2)U%, where U = U eV defines the dimensionless in-
teraction strength U. Hence within second-order perturbation
theory, we could choose a value of U such that

1602
1+6.102

-1 _
exp —

meV. (10)

For U ~ 1 this gives the correct order of magnitude Te;é ~

2.25meV, yet U ~ 1 with a bandwidth of order 1 eV is clearly
beyond the regime where we can reliably use second-order
perturbation theory. As discussed earlier, while we expect the
power laws in frequency and temperature to be appropriately
reproduced, the precise magnitude of the scattering rate is
beyond the accuracy of the second-order perturbation theory.

This can already be seen from the fact that re;é =4 meV

cannot be reproduced for any value of U, clearly an indication
that higher-order processes will change the U-dependence in
Eq. (10). It is precisely the fact that this estimate yields the
correct order of magnitude that seems to suggest that our
approach reasonably describes the dominant scattering events
of the material in the low-T regime.

IV. CONCLUSIONS

We presented a detailed theoretical analysis of the quasi-
particle scattering rate in the y-band of strained Sr,RuOj in
the vicinity of the uniaxial-strain-induced Lifshitz transition.
Based on a realistic tight-binding model and second-order
perturbation theory in an effective local interaction, we find at
the Lifshitz point a strong anisotropy of the scattering rate in
momentum space, and we confirm the universal low-energy
behavior associated with a single VHS [22,31,32]: at the
hot spots, the scattering rate varies linearly in frequency or
temperature, while away from these points we recover the
expected w*/? or T3/? scaling.

Our results provide a natural explanation for the appar-
ent non-Fermi-liquid exponent o &~ 1.4(2) observed in recent
ARPES experiments [36]. We find strong evidence that this
intermediate-energy behavior does not reflect new universal
physics, but instead arises from a crossover regime in which
the linear-in-w scattering of hot quasiparticles near the Van
Hove point and the quadratic Fermi-liquid-like scattering, in-
volving both hot and cold regions of the Fermi surface, are of
comparable magnitude. This competition leads to the effective
intermediate exponent reported in Ref. [36]. Nevertheless, the
overall energy dependence observed experimentally strongly
suggests that, sufficiently close to the Lifshitz critical point,
the true low-energy behavior is governed by a linear-in-energy
scattering rate.

For states away from the Van Hove point, we find that
the comparatively narrow phase space for processes giving
rise to the w3/? behavior restricts its observability to temper-
atures below 210K or energies below 10 meV. In particular,
we expect the emergence of a thermal conductivity scaling
k ~ T~1/2, discussed in Ref. [22], only for T < 10 K. These
results indicate that, aside from the resistivity measurements
of Ref. [20], current experiments have not yet accessed the
true universal low-energy regime where collision rates are
controlled by the VHS and the associated Lifshitz transition.
Our work, therefore, provides quantitative predictions for the
strong anisotropy and strain dependence of the scattering
rate that can be tested in future spectroscopic and thermal-
transport studies.

A further outcome of our analysis is the identifica-
tion of scattering off the broad continuum of compressive
particle-hole excitations described by Eq. (1) as the dominant
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low-energy scattering mechanism near the Lifshitz transition.
These same excitations are responsible for both the pro-
nounced lattice softening [27] and the enhanced normal-state
entropy [21] observed experimentally at the transition, high-
lighting a common origin of the associated anomalies.

With regard to the superconducting state, the entropy maxi-
mum as a function of strain in the normal state is replaced by a
minimum below 7. [21], which has been interpreted as strong
evidence that electronic states near the Van Hove point be-
come gapped below T, [62]. At the very least, this implies that
the compressive particle-hole excitations described by Eq. (1)
must be included in any analysis of the pairing mechanism in
Sr,RuOy4 [63].
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APPENDIX: ON THE NONMONOTONIC
hh — hh SCATTERING

In the main text, we presented the curious result that the
scattering rate ['y(w, T) at the Lifshitz transition and for k
at the Van Hove point is, at finite 7', a nonmonotonic func-
tion of frequency w. Here we confirm this finding using an
analytical approach. This analysis shows that the minimum
of the scattering rate occurs for w ~ T and is a result of
competing tendencies of thermal and quantum excitations of
the compressive mode described by Eq. (1).

For the analysis of hh — hh processes, we can focus on
the states in the vicinity of the Van Hove point and use the
dispersion

1

€k (A1)
The corresponding electronic density of states is p(€) =
77 log(D/[e]). /mD is the typical momentum scale where
the above expansion is valid, i.e., approximately the region
marked in red in Fig. 1. At finite T, the spectrum ImIl(q, )
of compressive modes can be described by Eq. (1) with eyy(q)
replaced by /evu(q)? + T2 [22]. We further note that with
Eq. (1), the momentum dependence of ImI1(q, @) only enters
through eyy(q), which we indicate by

ImIl(¢g, ) = ImII(evu(q), ®). (A2)

307| T T T 7 IQIW"I'Q'TI —T T T~ T T T T T T T T T L
Qo

251 1

Or

201 o) ]

Qu),T(y)
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17.5
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16.5
16.0
15.5
15.0
14.5L . . ‘ .

Qw,T(y)

y=w/T

FIG. 7. Quantum Q, and thermal Q7 contributions to the scat-
tering rate Eq. (A8) as a function of w/T along with their sum and
in comparison with the zero-temperature contribution that follows
from Eq. (A5). The lower panel shows Q, + Qr near the minimum
at w ~ 2.25T. The minimum is a consequence of the rapid drop in
Qr for energies comparable to 7.

The scattering rate right at the Van Hove point,

Pvi(@, T) =T'k(w, T), (A3)

can then be written as an integral over energy only:
Cyu(w, T) = 2U? / dep(e)S(e, w)ImIl(e, w —€), (A4)

with S(e, w) = np(€) + ng(e — w).
We first consider the limit 7 = 0. Then we obtain

U?m /2 @ w—€
I'vi(@,0) = — dep(e) + dep(e)
T 0 /2 €
2D
= kw(l + log V2 ),
w

with dimensionless coupling constant A = m*U?log2/m3. In
the opposite limit of w = 0 but finite 7, we obtain instead

(AS5)

20%m? log )% X

DJT
T d _r
73 /0 Ysinh () 2 11

2'\T +c'1 =
= —Tc+ ' log—|,
log?2 gT

Ivu(0,7T) =

(A6)
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with ¢ = 0.5338 and ¢’ = 1.497 26. The integrals over x have
been numerically evaluated with the upper limit D/T — oo.
Finally, we consider the case with generic w/T:

2.2 D _
Pyi(o, T) = ——7 / d610g<2)M

2 el) Je+T?
U2 2 €* D
" / delog [ = )S(e, w), (A7)
7 Jop €]
where €* = % This can be written as
w w
M. ) =370, (7) +0r(3)]  @®
with
' dxlog (%)
0, =~ [ .
_ og2
@ dxlog () s(x. )y = x)
QT(y>=—/ " = (A9
v log2 x4 1
Here, x*(y) = yzz—;l and s(x,y) = e*:—l + e,‘;_l Notice, Q,,

and Q7 also depend on the ratio of the upper-energy cutoff and
temperature: d = D/T. Except for the argument of the log-
arithm, this dependency is weak and hence suppressed. The
zero-temperature rate of Eq. (AS5) can be written as Qy(y) =
y(1 + log %), while Q(0) = @(c + ¢’logd) corresponds
to Eq. (A6).

0., is the quantum contribution to the scattering rate and
is caused by compressive excitations with energies larger

than 7, while conversely Q7 is, except for an overall con-
stant, dominated by the corresponding thermal contribution.
In Fig. 7 we show the y = w/T dependence of Q,(y), Or (y)
(dashed lines), and their sum (solid red line) in comparison
with the T = 0 result Qg (y) (pink solid line) at large d = 30.
Q. dominates at w >> T and gives rise to the wlog w depen-
dence of the scattering rate. Only Qr contributes at w = 0. It
approaches a constant at large y. For small but finite argument,
the y-dependence of the two contributions is opposite and
almost cancels to a constant. However, for w ~ T the thermal
contribution to the rate, governed by Qr, drops faster than the
quantum contribution Q,, rises. This is the reason for the local
minimum of the scattering rate at w ~ 2.25T.

Finally, we comment on the detailed role of logarithmic
corrections to the scattering rate I' and the inverse lifetime
771, At the VHS, the dominant low-energy contribution to the
imaginary part of the self-energy is In¥(w) = —X|w| log %;
see Eq. (AS). Kramers-Kronig transforming this result yields
for the real part ReX(w) = —%2 log” 2. Hence the quasipar-
ticle residue of Eq. (7) for small w behaves as Z(w) = @.
Hence, we obtain the following for the inverse lifetime of
Eq. (6): T (w) = 27|w|/log % We note that the logarith-
mic contribution to the self-energy is a direct consequence
of the logarithmic divergence of the density of states at the
VH point. If a constant background were included in the
density of states, the relative magnitude of the coefficient of
the logarithmic terms would be reduced, which explains why
they are harder to observe in the numerical analysis of the
tight-binding dispersion presented in the main text.
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