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Superlinear Hall angle and carrier mobility from non-Boltzmann magnetotransport
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Exact numerical results for the dc magnetoconductivity tensor of the two-dimensional spatially disordered
Yukawa-Sachdev-Ye-Kitaev (2D-YSYK) model on a square lattice, at first order in applied perpendicular
magnetic field, are obtained from the self-consistent disorder-averaged solution of the 2D-YSYK saddle-point
equations. This system describes fermions endowed with a Fermi surface and coupled to a bosonic scalar field
through spatially random Yukawa interactions. The resulting local and energy-dependent fermionic self-energies
are employed in the Kubo formalism to calculate the longitudinal and Hall conductivities, the Hall coefficient,
the carrier mobility, and the cotangent of the Hall angle, at fixed fermion density. From the interplay between
YSYK interactions and square-lattice embedding, and the non-Boltzmann frequency-dependent self-energies,
we find nontrivial evolution of the magnetotransport coefficients as a function of temperature and YSYK
interaction strength, notably a superlinear evolution of the Hall-angle cotangent and the inverse carrier mobility
with temperature, concomitant with linear-in-temperature resistivity, in an extended crossover regime above the
low-temperature marginal Fermi liquid ground state. Our model and results provide a controlled theoretical
framework to interpret magnetotransport experiments, at linear order in applied magnetic field, in strange-metal

phases found in strongly correlated solid-state electron systems.

DOI: 10.1103/32ts-gh8d

I. INTRODUCTION

Transport experiments in strongly correlated electron sys-
tems display a plethora of anomalous properties, due to the
presence of strange-metal and bad-metal phases [1-3]. Hall-
marks of strange metallicity, such as linear-in-temperature (7'-
linear) resistivity [4—8] and single-particle scattering rate [9],
linear frequency/temperature (w/T) scaling of optical prop-
erties [8,10-13], and logarithmic divergence of heat capacity
[14], are observed in materials as diverse as heavy-fermion
compounds [15-19], pnictides [20-23], organic charge-
transfer salts [24], twisted heterostructures [25,26], and high-
temperature cuprate superconductors [5,7,9,12,14,27-30].

The application of external magnetic fields reveals further
striking phenomenology, including anomalous magnetoresis-
tance scalings [5,31,32] in the low- and high-field regimes,
doping-dependent cyclotron masses [33], and superlinear
T2-like dependence of the Hall-angle cotangent as de-
tected through Hall effect [25,26,30,34—44]. In particular,
the latter feature implies an apparent dichotomy between
the temperature dependencies o, (T) ~ 1/T and oy, ~ 1/ T3
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characterizing longitudinal and Hall conductivities [34,35],
which challenges conventional models of magnetotransport
grounded in the Fermi-liquid picture. Indeed, assuming well
defined low-energy electronic quasiparticles as charge carri-
ers, Boltzmann semiclassics predicts that a single frequency-
independent scattering rate 1/7, characterizes longitudinal
and Hall conductivities: The anisotropy of such rate, together
with Fermi-surface topology, would universally determine the
magnetoconductivity tensor, leading to a geometric interpreta-
tion of the Hall conductivity in two dimensions (2D) in terms
of magnetic flux quanta threading the area that the scatter-
ing length sweeps along the Fermi surface [45]. However,
the absence of quasiparticles generated by strange metallic-
ity invalidates the premises of semiclassical treatments [1,2]
and calls for innovative theoretical frameworks for non-Fermi
liquid phases.

A crucial aspect in this direction is controlled em-
bedding of non-Fermi liquid states in a lattice potential,
which originates nontrivial transport phenomena, especially
in the presence of static and oscillating magnetic fields [46].
In particular, pioneering works using a finite-temperature
generalization of Ong’s kinetic theory [47] and the anti—de Sit-
ter/conformal field theory (AdS/CFT) correspondence [48,49]
suggest that geometric constraints on electronic conduction
imposed by the lattice are crucial to generate different tem-
perature scalings of transport coefficients in the longitudinal
and Hall channels; see also Sec. VII.

In this work, we go beyond the Boltzmann approach,
and describe magnetotransport with frequency-dependent
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self-energies in the spatially disordered Yukawa-Sachdev-Ye-
Kitaev (YSYK) model on the square lattice. This is a model
of a Fermi surface of electrons coupled to a bosonic scalar
field (¢) with a spatially random Yukawa coupling. We re-
main deliberately agnostic about the specific physical nature
of the bosonic mode, apart from its scalar character and its
assumed dispersion relation: This is because various forms of
microscopic bosonic coupling, ranging from order parameters
breaking point-group, time-reversal, or spin-rotation symme-
try, to transverse components of emergent gauge fields, to
fractionalized particles, to fluctuations engendered by Fermi
volume-changing transitions, essentially all map to the same
low-energy theory. In the simplest case, the coupling bo-
son can also represent a (polarization-unresolved) phonon on
the underlying lattice. Furthermore, due to spatial disorder
in our interaction g, finite-momentum bosonic modes, like
antiferromagnetic spin fluctuations or charge/spin density-
wave fluctuations, map to saddle-point equations analogous
to Eq. (8) via reparametrizations of the boson mass and dis-
persion [50]. The present work extends an earlier study that
examined transport properties in the strange metal and the
superconductor in zero magnetic field [51]. We provide exact
numerical solutions for the longitudinal and transverse (Hall)
components of the interacting conductivity tensor, namely,
o(T) =0o0(T) and o(T), of this YSYK model as a
function of temperature 7' and at linear order in applied mag-
netic field B. Employing the 2 x 2 conductivity tensor, we
compute the Hall coefficient [52,53]

o)(T)
Ruy(T) = % ey
Blo(T)]
and the cotangent of the Hall angle
O 1
cot [0(T)) = 2o @

oD(T) o (T)BRy(T)

We find that |cot[®y(T)]| o T acquires superlinear evolu-
tion with 7' (¢ > 1) in an intermediate crossover temperature
region 0.1t $ kgT < ¢, concomitantly with T-linear resis-
tivity, due to the decrease of the Hall coefficient Ry (T)
generated by the lattice embedding of the YSYK sys-
tem. When we tune the system to quantum criticality at
T = 0—see Sec. IIl A—the exponent 1 $ o 5 1.5 increases
with decreasing fermion-boson interaction g'—defined below
in Eq. (6)—and decreasing doping, i.e., close to particle-
hole symmetry. The increase of o with decreasing doping
qualitatively matches the experimental phenomenology in
archetypical strange metals as found in YBa,Cu3;O7_s [35]
and Bi,Sr,_,La,CuQOg¢ [54]; see also Sec. VII. Further in-
crease in « occurs when we detune the system from quantum
criticality—see Sec. VII B and Fig. 7—and is accompanied by
an increased low-T concavity of the longitudinal resistivity
curve, even though 7'-linear evolution is recovered at higher
temperatures inside the quantum critical fan.

Technically, we employ the dc (@ — 0) limit of the
Kubo formula for the homogeneous current-current correla-
tion function, according to Eq. (11), to calculate oO(T) =
o"(T) and o}(T), explicitly given by Eq. (12) [52,53],
at fixed charge carrier density en [55]. The latter con-
straint implies that the chemical potential © = u(n, T') adjusts

itself self-consistently to keep n fixed at any interaction g
and temperature 7' [52,53,56-59]. The conductivities depend
both on the fermions dispersion €;—here assumed to be
the single-band, nearest-neighbor square lattice [Eq. (4)]—
through their longitudinal {3 (€) = @y (¢) and Hall @3 (¢)
transport functions, and on fermionic interactions contained in
the local (momentum-independent) and retarded self-energy
S R(w); the latter stems from the exact numerical solution of
the saddle-point 2D-YSYK equations [Eq. (8)], analytically
continued to the real axis [60]; see Sec. III and Appendix A 4.
The 2D-YSYK saddle point is the same that was previously
shown to lead to T'-linear resistivity [61], /T scaling of the
optical conductivity [51], superconductivity with unconven-
tional phase stiffness [51], and linear-in-B effective cyclotron
resonance frequency [62].

The paper is organized as follows: Sec. II hosts a brief
summary of our main results for the conductivities, the Hall
coefficient, and the Hall-angle cotangent. Section III describes
the spatially disordered 2D-YSYK model for fermion-boson
interactions, the Kubo formalism for the calculation of the
linear-in-B conductivities on the square lattice, and the pro-
tocol for the self-adjustment of the chemical potential in
fixed-density calculations. Section IV reports the results for
the renormalized boson mass m;,(T) and chemical poten-
tial u(n, T), stemming from the imaginary-axis solutions of
the 2D-YSYK saddle-point equations, and later employed
in the calculation of the spectroscopic (real-axis) proper-
ties. Details on the results for the conductivities, the Hall
coefficient, and the Hall-angle cotangent, for different inter-
actions g and fermion densities n, are collected in Sec. V.
Section VI discusses results for the carrier mobilities, as
equivalently calculated from the fermion density n or the Hall
coefficient Ry. Our results are further discussed in Sec. VII,
with reference to alternative theoretical routes to nontriv-
ial Hall angle and qualitatively comparing our findings to
experimental literature on strange-metal magnetotransport.
Conclusions and future perspectives of our work are sum-
marized in Sec. VIII. Appendixes contain details on solution
protocols for the imaginary-axis and real-axis self-consistent
loops, derivations of the square-lattice Green’s function (for
completeness) and the longitudinal and Hall transport func-
tions, additional plots and information of the real-axis fermion
and boson self-energies, and a derivation of analytical results
for linear magnetotransport coefficients of our model at fixed
W in different temperature regimes.

II. SUMMARY OF MAIN RESULTS

Our 2D-YSYK theory produces superlinear Hall-angle
cotangent as a result of lattice embedding, which modifies
the Hall coefficient Ry (T), in particular decreasing with
T in an intermediate temperature regime, with respect to
the results for quadratic, free fermionlike dispersion €; =
k2 /(2m) — u; in the same crossover regime, we still have
oO(T) x T, as argued below and summarized in Fig. 1.
In order to better compare our results with the conventional
phenomenology stemming from the semiclassical Boltzmann
kinetic equation, let us first recall the latter phenomenology in
broad strokes.
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FIG. 1. (a) Schematics of our system’s geometry and configuration: a 2D-YSYK square lattice with nearest-neighbor hopping amplitude ¢
is subjected to an external electric field along x and out-of-plane magnetic field B along z, thus inducing a longitudinal current T as well as a Hall
electric field £ along y; at each lattice site, a local self-energy S(¢) stems from the disorder-averaged YSYK interactions 8ij«x between fermion
flavors i = {i, j, [, n, ...} and a scalar bosonic mode ®,. (b) Schematic phase diagram of transport regimes as a function of temperature k7 /¢
and interaction strength g/t 3 , for fermion density n = 0.45/a” and boson stiffness J = ¢, normalized to the fermion hopping ¢; colored circles
are numerical estimations of the boundaries between different regimes from the saddle-point solutions, while dashed curves are continuous
interpolations; dashed blue and green arrows show the temperature paths scanned in panels (c)—(e) for g /t% = {2, 5}. Inverse longitudinal
conductivity [panel (c)], Hall coefficient [panel (d)], and cotangent of the Hall angle [panel (e)], as a function of k3T /t, for ¢ /z% =2 (blue
solid curves) and ¢ /t% = 5 (green solid curves); color shadings qualitatively identify the regimes in panel (b).

For 2D semiclassical Boltzmann theory in a weak
out-of-plane magnetic field B, the longitudinal and Hall
conductivities are given by a)gc =op/[1 + (we1,)?] and
ofv =opw.T,/[1 + (weT,)?], where oy = nezr,/m is the Drude
conductivity for carrier density n, bare electron charge e, and
carrier mass m, and w. = eB/m is the cyclotron frequency,
while B always enter through the product w.t, (Kohler’s rule
[63]). Inverting the conductivity tensor, we find the longi-
tudinal and Hall resistivites, p2. = 1/0¢ and pZ = B/(nlel).
The Hall coefficient RS, = p,,/B = 1/(nle|]) ~ og/[B(o)ﬁ)z]
is a measure of electron density, where the latter approx-
imation holds for w.t, < 1, while the Hall-angle cotan-
gent cot(0F) = o)ﬁ/af; = 1/(w.t,) = m/(|e|Bt,) shares the
same 7, dependence as o.2.

Figure 1(a) illustrates the schematics of our system ge-
ometry: We construct a square lattice with nearest-neighbor
hopping ¢, where on-site spatially disordered YSYK inter-
actions between {i, j,I,n} = {1... 4} flavors of fermions
and k={1,.../} flavors of a scalar bosonic mode
(see Sec. IITA) produce, in the large-# limit and after
disorder-averaging, a local retarded self-energy ¥ (w) for
fermions, which interplays with the dispersion €; given by
Eq. (4). We apply an external electric field along x and out-of-
plane magnetic field B along z and investigate the longitudinal
(along x) and Hall (along y) linear current response at first
order in magnetic field B [52,53]. This setup allows us to
study the weak-field Hall effect on the square lattice, while
the influence of the Hofstadter butterfly fractal spectrum on
the fermion propagators appears at order B> or higher [64].

Figure 1(b) summarizes the longitudinal conduction
regimes encountered in our model as a function of spatially
disordered interaction ¢ and temperature 7', normalized by

hopping ¢, for the exemplary parameters of fermion density
n =0.45 (doping An = 0.05) and boson stiffness J =1.
When the system is tuned to the quantum critical point
(QCP) by varying the bare boson mass mg (see Sec. IIT A), at
low T we retrieve a ground state exhibiting marginal Fermi
liquid (MFL) scaling of ©®(w) [65] (light-blue-shaded re-
gion), which is the source of T-linear resistivity [61] and
w/T scaling of optical properties [51] in our model. These
low-T features are qualitatively independent of the assumed
dispersion €;: They universally stem from overdamped dy-
namics of soft bosons with vanishing renormalized frequency
limy_ o+ mp(T) = 0, which inelastically scatter off fermions
thus generating MFL phenomenology.

Figure 1(c) illustrates the T-linear resistivity in units of
the 2D resistance quantum //e? in the light-blue-shaded re-
gion, for both interactions smaller (¢ = ZI%, blue curve)
and larger (¢ = 512, green curve) than the half fermion
bandwidth W/2 = 4t. Increasing T, the self-energy reaches
Im{ 2R (kg TyrL)} é kT, which signals the competition be-
tween the no-longer negligible energy-fluctuation term w and
¥ R(w) in the analytically continued fermion propagator (8d).
This feature is also reflected by a peak in the Hall coefficient
shown in Fig. 1(d), the position of which shifts with varying
interaction ¢ [dashed blue curve and light-blue circles in
Fig. 1(b)]. At even higher temperatures, Ry (T ) decreases with
T in the orange-shaded region of Figs. 1(c)-1(e).

As further analyzed below, the decrease of Ry (T) at in-
termediate temperatures is a general band-structure effect, not
directly linked to YSYK interactions: It stems from the sign
change and symmetry of the Hall transport function df(‘f y(€)
around € = 0 occurring on a square lattice (see Fig. 14), i.e.,
from the thermally excited counterpropagation of electron and

013299-3



VALENTINIS, SCHMALIAN, SACHDEV, AND PATEL

PHYSICAL REVIEW RESEARCH 8, 013299 (2026)

hole excitations under the Hall electric field E = E ity gener-
ated by the Lorentz force [47]. Such phenomenon requires
(04 VkgT Z i(T), consistently with the onset in Fig. 1(d).
We call this regime “crossover’—see also orange shading in
Fig. 1(b)—where the overdamped bosons with sizable self-
energy |TT1®(w)|/|w| > 1 continue to provide the marginal
susceptibility for inelastic scattering off fermions [66] and
have renormalized mass 0 < m,(T) < mg; see also Figs. 3(a)
and 3(c). Further increasing T, we reach the “classical metal”
regime, where the boson self-energy IT%(w) becomes negli-
gible and m,(T) < mg [the condition TT®(0) = kgT is shown
by the orange dashed curve and orange circles in Fig. 1(b)]:
The boson dynamics essentially decouples from the fermions,
which interact with essentially free bosons on a square lattice;
“R(w) is thus calculable at “one-loop” level with standard
many-body methods [67,68] and produces 1/0,,(T) o T3/,
as seen in the green-shaded part of Fig. 1(c). In the same
regime, the Hall coefficient in Fig. 1(d) attains a second max-
imum for temperatures kg7 ~ W, before decreasing again.
Finally, at high temperatures the static fermion self-energy
¥®(0) becomes larger than the fermion bandwidth W = 8¢, as
marked by the dashed red curve and red circles in Fig. 1(b):
Here, the broad, featureless fermionic spectral functions in-
spire the label “incoherent metal,” where self-energy effects
dominate over the dispersion €; and completely local physics
emerges; therefore, this regime does not depend on ¢; and is
universally reached at sufficiently high ¢’ and 7. Furthermore,
we distinguish between an incoherent metal, an extension
of the classical-metal regime where W < %X(0) < kzT—see
red-shaded regions in Figs. 1(b)-1(e)—and an actual bad
metal, where the self-energy £*(0) > {kzT, W} is the dom-
inant energy scale, and SYK-like local physics with £%(w) o
Jo is at play due to the Parcollet-Georges mechanism
[69-71] (not shown; see Appendix 14 for a sketch of ana-
Iytical proof); the latter regime thus adiabatically connects to
local YSYK models and the Combescot-Allen-Dynes strong-
coupling limit of Eliashberg theory [72-76]. Finally, Fig. 1(e)
shows the Hall-angle cotangent in accordance with Eq. (2). In
particular, while the conventional relation |cot[@g(T)]| x T
is obeyed in MFL regime (light-blue-shaded region), as ex-
pected, the persistence of T -linear resistivity and the concomi-
tant decrease of the Hall coefficient with 7 in the crossover
regime produces a superlinear evolution of |cot[®y(T)]| at
weak-to-moderate interaction (orange-shaded region).
Further analysis confirms that such superlinearity is en-
hanced at weak interactions and small doping Amn, i.e., close
to particle-hole symmetry n = 0.5 according to Eq. (17), as
observed from Fig. 2. Within the scanned parameter space, the
maximum exponent is o & 1.45 of |cot[®y(T)]| o« T in the
crossover regime of the present 2D-YSYK model, while keep-
ing the system at criticality at 7 = 0. Further increase of «

TTTIT

—cot(Og)
S

T T T ST T[T T T T 1Ty

—1
10 ../ n=0.34/a?
102 :.o , n= 0.4/a?
g/ = 22
J=1
1073
(b
10! (b)

—cot(Og)
2

—_
o
|
—
T T T T T
@
®
\\
[ ]

)

_ g
1072 g n=045/a® ¢
: J=t
1073 1 - llllll 1 - llllll

1072 107!
kgT/t

FIG. 2. Visual summary in logarithmic scale of the dependence
of the Hall-angle cotangent cot[®y (T )] on dimensionless tempera-
ture kg7 /t, for boson stiffness J = ¢. (a) Results at fixed interaction
g = 2¢3/2 and fermion density n = {0.3, 0.35, 0.4, 0.45, 0.475}/a2.
(b) Results at fixed fermion density n = 0.45/a*> g = 2¢3/* and inter-
action g = {1, 2, 3, 5}+*/%. The exponent « of |cot[@y (T)]| o« T¥ is
maximized for weak interaction and small doping An = 0.5/a®> — n.

occurs by detuning the system from the QCP; see Sec. VII B.
The dependence of @ on doping and interactions, with highest
values found at weak coupling, is qualitatively consistent with
observations in strange metals [34,35,54], although the lack
of quantitative agreement is reflected by an overall smaller
superlinearity exponents in the theory, with respect to the
ones fitted from experimental data. However, refinements in
the employed band structure (e.g., introduction of second
nearest-neighbor hoppings), finite one-body impurity poten-
tial v [51,62], and temperature-dependent carrier densities
[77] could improve the quantitative comparison of our model
with experiments, as further discussed in Sec. VII.

In the following, we provide more technical information on
the 2D-YSYK interaction model assumed in our calculations,
on the structure of spatially disordered bosonic couplings,
on the self-consistent adjustment of chemical potential as a
function of interaction and temperature, and on the Kubo
formalism employed to numerically compute the linear-in-B
conductivities at fixed fermion density.
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III. MODELS AND METHODS

A. Fermion self-energy from the 2D-YSYK saddle-point equations

The 2D-YSYK action in the space of imaginary time t and positions 7 reads

L . 1 L 92
= f dr gzzlpijm,gr)[af eV 1 () + 5 f dTZl:ZfPi,q(T){—ﬁ + [m(q)ﬁ}qsi,_q(r)
= k o = q

/aﬂ /dr Z Z””(r)w,i, F 00 (7, r>+/d2 /dr Z > 836D ot G o R, )

where i, j, £ are flavor indices and o = {*, |} is the spin
index. We employ the square-lattice dispersion with lattice
parameter a, nearest-neighbor hoppings ¢, and chemical po-
tential u,

€ = —2t[cos(kca) + cos(kya)] — u, “4)

together with the associated bosonic dispersion [78,79]

~ 2
[w0p(T = —2J[c0s(q:a) + cos(gya) — 21+ (my) ™. (5)
m) and J are the bare boson mass and the boson stiffness,
respectively. The random-valued Yukawa couplings g’ ()
readg’] ((r) = 41, z/Z(r) + lg2 ij, g(l‘) where the real [gl ij, g(l")]
and imaginary [g2;;¢(7)] parts follow a Gaussian statistics
with zero mean and variances:

N > (o4 /N2
81ije(P)grije(r) = (1 - E)(g) %

X (B85 + 818 )8(F —17),

= ) @ = )
82,ij.e(Pgijo(r') = E(g )25M(5ii'3jj' —8;y8;i)8(F — 1),

g1ije(Pgaije () =0. (©6)

The prefactor « € [0, 1] acts as a pair-breaking parameter
[80]: In the o = 1 limit, Eq. (6) yields gjz(r) gI,J, z'(” )N* =

(04 VS(F—r )8,~,v8 Sk and no superconductivity occurs; the
case o« = 0 leads to real-valued coupling constants, which
preserve time-reversal symmetry for each random-couplings
disorder realization, thus generating Cooper pairing and
superconductivity [51,74,75,80,81]. Here, we analyze the
ensuing saddle-point equations (8) in the normal state, inde-
pendent of «. The spatially random potential, mimicking, e.g.,
the effect of impurity scattering, satisfies

vii(H) =0, Py () =02 8GF — )88 (7)
We perform a disorder average over the random couplings
[Eg. (6)] and potentials [Eq. (7)] in the limit of a large number
of flavors /#/* — 400, where fluctuations with respect to the
saddle-point solution are suppressed at least at order 1/
and the mean-field approximation becomes exact. We thus
obtain the following SYK-type saddle-point equations on the
imaginary axis, written in terms of w, = (2n + 1)mkgT and

{i,je})=1 o

(

Q, = 2mkgT, which are fermionic and bosonic Matsubara
frequencies, respectively:

Siwn) = (@ VksT Y G(ion)Dio, — i) + v’ iwy),

W

(8a)

Q) = —2) kT Y Glio)Gliwon +i2),  (8b)

i) / 4q ! (8¢)
Ihay) = s
(271)% (2,)% + [wp(@)]* — TI(R,)

Sy = | - ! (8d)

(27)? iw, — €z 2:(la)n)

The spatially uncorrelated nature of the disorder in Egs. (6)
and (7), encoded in the delta functions 8(7 — '), makes the
self-energies (8a) and (8b) momentum-independent, which in
turn restricts band-structure effects to a dispersion-dependent
sum over momenta in the momentum-integrated fermion
Green’s function & (iw,) and boson Green’s function 2(i€2,).
We mention that a translationally invariant model [78,79]
devoid of the §(F — 17’) in the random terms leads to full
momentum dependences of the self-energies and propagators.
We leave full solutions combining the effect of translationally
invariant and spatially disordered interactions to future work,
while here we focus on spatial disorder (¢') alone and v = 0.
To tune the system to criticality, here we vary the bare
boson mass mg such that the interacting boson mass m(7T),
renormalized by fermion-boson interactions according to

(m))? — 11(0), )

is null (within numerical accuracy) at zero temperature:
limr_omp(T) ~ 0. The tuning (9) is performed at fixed
fermion density n, calculated according to Sec. IIIC. Our
model cannot self-consistently determine the absolute value
of mg (i.e., the absolute distance from the QCP), in terms of
an external experimentally accessible parameter, like doping
or pressure. However, our theory describes all large-./ ther-
modynamic and spectroscopic properties of coupled bosons
and fermions as a function of relative distance from the
QCP, tuned through the bare mg. Such tuning self-consistently
yields the renormalized boson mass m,,(7") in accordance with
Eq. (9).

Although m{) is a theoretical tuning variable, in real experi-
ments it could be accessed and controlled through nonthermal

[my(T))* =
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external parameters that change the bosonic ordering ten-
dency. These parameters include the following: chemical
doping/composition, which can change the distance to an or-
dering instability of the underlying bosonic mode (e.g., spin,
charge, or lattice order); applied pressure, which can tune
lattice constants and electronic overlap, shifting the energy of
collective modes and thus the effective boson mass; magnetic
field, which can suppress or enhance ordering (e.g., alter-
ing spin fluctuations) in magnetic quantum critical systems;
and carrier density (via gating or doping), which affects the
bosonic (spin/charge) susceptibility.

Equations (8) are first self-consistently solved on the imag-
inary axis. The T-dependent renormalized boson mass m,(T")
and chemical potential u(n, T') thus obtained are then used
as an input, to solve for the spectral properties of fermions
and bosons directly on the real axis; see Sec. IV. These prop-
erties result from the analytic continuation iw — @ + i0" of
Egs. (8), which is performed through the spectral (Lehmann)
representation of Green’s functions [67,68], and the represen-
tation of convolutions in w as products in real time, involving
Laplace transforms implemented as fast Fourier transforms
(FFTs) [60]; this protocol is analogous to the ones employed
in several previous works [51,74,75] and is sketched for
completeness in Appendix A 4. In particular, the dynamical
retarded (R) fermionic self-energy X%(w) is then inserted in
Egs. (12) to calculate the longitudinal and Hall conductivities.

B. Conductivity tensor at leading order in magnetic field
from the Kubo formula with a local self-energy

To calculate magnetotransport coefficients, we utilize
the Kubo formula for the spatially integrated (uniform)
conductivity tensor in a translationally invariant system [82]

2
_ e Rap op
oup(@) = — x5 @) = x5 O], (10)
where X op (w) is the component in the spatial coordinates
{a, B} = {x, ¥} of the retarded current-current correlation

function [52]. The dc conductivity tensor then results from
[67,68]

Im{o,s(w)}
—==.an

af — li o =—1
o = i () = = fmy
At first order in magnetic field B, the structure of the static
conductivity tensor is 048(0) = 84804x + (1 — Sup )0(1>
o(B?), so that Eq. (11) yields the dc longitudinal and Hall
conductivities [52,53,83]

400
oO(T) = 2¢*hn / dw[—

—00

Jw

afFD(w):|

+o0
x/ de® ()A€, )P, @ = {x,y}, (122)

[ee]

(1 +00
W) / dw[_afmw)}
B _ ow

0]

+00
x/ de®? (6)[A(e, 0)I°, (12b)

(6]

where fip(w) = [e®/*sT) 4+ 117! is the Fermi-Dirac distribu-
tion, and the multiplicative factor of two accounts for twofold
spin degeneracy. Let us stress that, at linear order in B,
Eq. (12a) corresponds to the longitudinal conductivity in the
absence of magnetic field, while Eq. (12b) yields the linear-
in-B contribution to the Hall conductivity. The integrals over
€ in Egs. (12) depend on the fermions dispersion €; through
their longitudinal and Hall transport functions [52,53,68,84]:

ao 11 861‘(' ’
o () e o
17221 dez de; 0%er der )
oy LT 1 2 %k Ok k[ Zk
1 (€) B33 7;[ ok, ok, 9k, 0k, (akx

825k der\ > 9%€; 5( y (14)
— — | = € —€7),
ak2 ok, ) k2 k

where 7 is the system volume (which is an area in 2D).
For the employed square-lattice fermionic dispersion (4), the
transport functions (13) [51] and (14) admit fully analytical
expressions, derived in Appendixes D and E, and correspond-
ing to Egs. (D6) and (E4), respectively. Moreover, to analyze
the spectral and transport properties in the low-7" MFL regime
it is convenient to linearize the transport functions as

5(€)
D, (1) = P (1) — ;02 Re{=*(0)},  (15a)
€=
IR (1)( €) R
q)(i)(ﬂ) (1)(#)_ de Re{Z"(0)}. (15b)
e=u

The integrals over w in Eqgs. (12) are functions of the (lo-
cal) fermionic interactions. Local correlations are encoded in
YR (w), yielding the spectral function

Im{GR (e, w)}
T

Ale, w) = —

—Im{Z*(0)}/7

T [w— €+ 4 — Re[SR(@))] + Im{SR ()}
(16)

where GR(e, w) = [w +i0T — € + 1 — =R (w)]™" is the re-
tarded fermionic Green’s function.

C. Self-adjusting chemical potential at fixed fermion density

Keeping track of the fermion density n is essential to let
the chemical potential p(n, T') self-adjust with interaction and
temperature, and also to calculate the carrier mobility 1,,(T)
defined in Eq. (25a) [52,53]. On the real axis, the fermion
density per spin is

+oo +o0
n:/ da)fFD(a))/ deNy(e)A(e, w)

[e¢]

+00

- f do fn(@)N (@), (7
—00

where Ny(e) = 7! > 1 8(e — ;) is the noninteracting den-

sity of states, which is given by Eq. (C1) for our square-lattice

dispersion. At the second step in Eq. (17), we have defined the
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interacting density of states [52],

+00
N(w) =f deNp(e)A(e, w), (18)
—00

which reduces to its noninteracting expression Ny(e) for
a corresponding spectral function A(e, w) = §(w — €). The
spin-resolved density [Eq. (17)] thus acquires values 0 <
n(T) < 1/a* as —oo < u(n, T) < +00, where we recall that
a is the lattice constant.

The same density can also be calculated on the imaginary
axis, through

S _ . iw, 0%
n=lim 9(t) = kT ) Glion)e", (19)

iw,

where &(t) is the fermion Green’s function (here as-
sumed to be local) in imaginary time t € [0, 1/(kgT)] and
€ (iw,) is the Fourier-transformed Matsubara Green’s func-
tion written in terms of fermionic Matsubara frequencies w,,.
The equivalence between the formulations (17) and (19) is
shown through the spectral representation of the interacting
Green’s function ©R(w), as shown by the following steps

(B =1/(kgT)]:
n= % Z ?(iwn)eiw"0+

iw,

= ! <_l) /+oo 6176—111_1{?R(€)}e"“’"0+
B £ 7)) iw, — €

/+Dod LimiGRe) |+ 3 e
= €| ——Im el =
oo b4 B — iw, — €
fen(e)ei 0™
+00
:[ deN(e)frp(e), (20)

where we recognized the interacting density of states
[Eq. (18)]. We checked the equivalence of the two representa-
tions (17) and (19) for the fermion density, by comparing our
results on the real and on the imaginary axis for the 2D-YSYK
problem of Sec. III A. From an operational standpoint, we
keep density n and temperature T as independent variables,
and we fix n to be constant, independent of 7" and of inter-
action g'. Then, to calculate the chemical potential w(n, T')
self-consistently, on the imaginary axis we employ Egs. (19)
and (8d), which explicitly yield

n=kgT Z [?(iwn) — -
l

iwy,

n —

] + fep(w)
"

Ty dk 1 1
~ ) @nPion =gt u Sl o+

+ fro(n)

2 KE[ 412( )] 1
iwy+p—E(iw,
=ksT ) 1= o + fin ().

1 —S(iw,)  iw,+p

n

2

At the second step of Eq. (21), we have used & = €; — u,
while at the third step we have performed the momentum sum
over k for the square-lattice dispersion (4), written in terms
of the complete elliptic integral of the first kind K (z), in ac-
cordance with Eq. (B10). Equation (21) also explicitly shows
the simultaneous addition and subtraction of a free-fermion
term frp(u) to the Matsubara sum over iw,, which improves
numerical convergence [85,86]. Since the self-energy X(iw,)
also implicitly depends on the chemical potential through
Eq. (8a), Eq. (21) must be solved self-consistently to keep
n fixed. In practice, we opt for first solving the saddle-point
problem (8) numerically at fixed chemical potential u, tem-
perature T, and interaction g, starting from an initial guess
for u. We embed these saddle-point numerics into another
self-consistent loop on w(n, T'), with the latter adjusted so
that n is kept constant at each ¢ and T. Convergence of
both embedded loops finally yields saddle-point self-energies
and propagators, as well as the interacting u(n, T), at fixed
density. Further details on the numerical algorithm are col-
lected in Appendix A. We can define a “doping” level of
the system as the difference between the set density and its
value at particle-hole symmetry, i.e., An =n — 0.5/a>. For
the nearest-neighbor square-lattice dispersion €; here em-
ployed, the results at +=An only differ in the sign, but not the
absolute value, of the Hall conductivity [87].

IV. THERMODYNAMIC PROPERTIES AT FIXED
FERMION DENSITY: RENORMALIZED BOSON
MASS AND CHEMICAL POTENTIAL

We first self-consistently solve the 2D-YSYK saddle-
point equations [Eq. (8)] on the imaginary axis, using the
numerical protocols described in Appendix A; see also
Refs. [51,61,78,79]. These solutions grant us access to all
thermodynamic properties of the 2D-YSYK system, and
specifically yield the temperature-dependent renormalized
boson mass m,(T), in accordance with Eq. (9), and the
interaction- and temperature-dependent chemical potential
w(n, T), as (implicitly) determined by Eq. (19). Figure 3(a)
shows the renormalized boson mass m,(T") as a function of di-
mensionless temperature kg7 /¢, at fixed density n = 0.45/ a2,
and for boson stiffness J = ¢, for different spatially disordered
interactions ¢ = {1, 2, 3, S}t%. The corresponding values of
the bare boson masses at T — 07, used to tune the system
to criticality, are (m2/t)2 ~ {0.5, 1.625, 4.1, 10.305}, respec-
tively. The inset in Fig. 3(a) zooms on the low-temperature
region, where it is indeed seen that the renormalized mass
decreases with decreasing T as m,(T) o« T In(T') [51,61,78].
At high temperature, m;,(T) reaches an asymptotic plateau,
which is less than the corresponding value of mg for the same
interaction; this discrepancy stems from the fact that p(n, 0")
at T — 0%, self-adjusted at constant density n to get close
to criticality, significantly differs from its high-temperature
values, as seen in Fig. 3(b). Since n = 0.45/a?, the system
has a density lower than the particle-hole symmetry condition
n= 0.5/(12, so carriers are electronlike and the chemical
potential decreases with 7. For comparison, the dashed
gray curve shows the noninteracting (¢ = 0) limit of
w(T), obtained through numerical inversion of Eq. (17)
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FIG. 3. Dependence of the renormalized boson mass m,(T') and of the chemical potential ;(7") on dimensionless temperature kg7 /t for
boson stiffness J = ¢. (a) my(T) and (b) wu(T) at fixed density n = 0.45/a®> and different interactions g'. (c) m,(T) and (d) u(T) at fixed
interaction g = 2¢3/? and different densities #. The insets in panels (a)—(c) zoom on the low-T regime. The gray dashed curves in panel

(b) show the noninteracting (g = 0) limit of u(7T').

with the noninteracting density of states Ny(€), i.e., n =
fjozo do frp(w)No(w). The temperature dependence of the
noninteracting (1 (7") is approximately linear at high 7', while
in the limit kg7 « 1 a Sommerfeld expansion reveals a
quadratic evolution:

w’ (ksT)?

6 w(0)In[16t/|1(0)[1

The same qualitative trends as a function of temperature are
followed by the interacting chemical potential (¢ > 0), with
the noninteracting limit correctly approached as ¢ — 0.

The inset of Fig. 3(b), zooming in on the low-T re-
gion, shows that the main effect of increasing interaction g’
is a rigid shift of the u(7T) curves downward, as stronger
interactions broaden the high-energy tails of the interact-
ing density of states N(e), thus pushing wu(7) down to
keep n constant. Figure 3(c) displays the renormalized bo-
son mass m;(T) as a function of kgT /t, at fixed interaction
g = 2t%, boson stiffness J = ¢, and for different densities
n ={0.3,0.35,0.4, 0.45, 0.475}/a2. The corresponding val-
ues of the bare boson masses at T — 07 are here (mg /t)2 ~
{1.375,1.565, 1.74, 1.918, 2.0}, respectively. The inset in
Fig. 3(c) illustrates that the low-T slope of m,(T) increases
with increasing n. However, the high-temperature behavior
of my(T) is less sensitive to density changes than interaction

w(T) ~ u(0) + (22)

changes, since the latter cause stronger variations of the value
mg that tunes the system toward the QCP. Figure 3(d) shows
the chemical potential «(T) for the same parameters as in
Fig. 3(c): We see that the temperature dependence is less
marked when moving density toward particle-hole symmetry.
This feature will be seen in Sec. V to impact the results for the
Hall coefficient Ry (T).

V. CONDUCTIVITIES, HALL COEFFICIENT, AND HALL
ANGLE AS A FUNCTION OF DISORDERED
INTERACTIONS AND FERMION DENSITY

The imaginary-axis results for the renormalized boson
mass mp(T) and chemical potential w(n, T), described in
Sec. IV, constitute inputs for the real-axis solutions of the
2D-YSYK saddle-point equations [Eq. (8)], obtained after
analytic continuation as described in Appendix A 4. The nu-
merically exact solutions for the retarded fermion and boson
self-energies, X% (w) and IT%(w), are described and explicitly
shown in Appendix H. The ensuing low-7 phenomenology
is completely analogous to the MFL regime mentioned in
Refs. [51,61,62]. In particular, the fermion self-energy ¥ (w)
is then inserted into Egs. (12), to obtain the longitudinal and
Hall conductivities at linear order in B.

Let us further substantiate the results in Fig. 1 by a quan-
titative analysis of the conductivities, first at fixed fermion
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FIG. 4. Linear dc magnetotransport coefficients as a function of temperature kz7 /¢t normalized by the fermion hopping ¢, for fermion
density n = 0.45/a” and boson stiffness J = ¢, for different interactions g. The system is tuned to the QCP at T — 07 for each g at fixed

density.

density and then at fixed spatially disordered interaction.
Figures 4(a)-4(h) show all T-dependent linear magnetotrans-
port coefficients at fixed density n = 0.45/a?, boson stiffness
J =1t, and for different interaction g = {1, 2, 3, 5432, At
each interaction value, the system is tuned to the QCP at
T — 07, as detailed in Sec. IV. The low-T dependence of
the longitudinal resistivity 1/09(T), normalized by the 2D
conductivity quantum e?//, corresponds to the MFL phe-
nomenology [51,61,65]: The resistivity is T-linear within
logarithmic corrections that are amplified with increasing ¢/,
as seen in Fig. 4(b); this evolution is due to the increasing
low-T slope of the renormalized boson mass m;(7) with
increasing g/, as previously commented on with reference to
Fig. 3(a). As temperature is further increased, the 1/09(T)
curves develop a low-T concavity, which signals the crossover
from an MFL to Fermi-liquid physics as the system is pro-
gressively detuned from criticality [51,61]; see Fig. 3(a).
The corresponding linear-in-B Hall resistivity 1/ o}yl)(T), nor-
malized to |e|*B/A, is displayed in Fig. 4(c) within a large
temperature range, and in Fig. 4(d) that zooms on the low-
temperature region. There, we have l/ax(yl)(T) o T2, with an
increasing slope for increasing ¢'. Indeed, in MFL regime
analytical estimations of the conductivities at fixed chemical
potential w read 1/0O(T) = ezhd>”)(pc)/(2|1m{ZR(0)}|)

and 1/0(T)/B = |e hehdf (10)3/ (8> [Im{ZR(0)) ) —
see Appendix [—which are, respectively, linear and quadratic
in temperature if |Im{XR(0)}| o kgT as it occurs in MFL
regime. These estimations, through Eq. (1), yield the low-T
Hall coefficient

Ry(T) ~ Li—“)(u) T

— 0T,
le|h 272 [q)xx (I‘L)]

(23)

where dy(‘(’]‘)(u) and (b(] )(/L) are energy linearizations of the
transport functions at w, as in Egs. (15). The linear terms in
Egs. (15) are non-null because the retarded fermionic self-
energy L% (w) is not symmetric around w = 0 for u # 0, with
its static real part Re{=®(0)} acting as a renormalization of
chemical potential; see Fig. 12. Equation (23) gives the dashed
horizontal lines in Fig. 4(f). Notice that the MFL Hall coeffi-

cient depends on 2D-YSYK interactions through Re{=7(0)},
and is thus renormalized (specifically, decreased) with respect
to its noninteracting value on the square lattice.

At higher temperatures, approaching the crossover regime,
the numerical Hall coefficients in Fig. 4(f) first traverse a g'-
dependent maximum, which occurs at gkgT ~ u(T), before
decreasing due to the sign-changing Hall-transport function
@, (€), as analyzed in Appendix I. At still higher tempera-
tures kgT Z t, Ry (T) increases again due to boson dynamics
progressively decoupling from fermions, and then we ob-
serve another decrease of Ry (T) throughout the crossover
between the classical-metal and incoherent-metal regimes, as
shown in Fig. 4(e). Finally, Fig. 4(g) displays the results for
the cotangent of the Hall angle, computed from the data in
Figs. 4(a)-4(d) through Eq. (2). While the high-T concavity
of the curves in classical-metal and incoherent-metal regimes
is expected, since the longitudinal resistivity itself in Fig. 4(a)
becomes superlinear (Fermi liquidlike) in the same regime, at
low temperatures kg7 < t we observe nontrivial behavior of
the Hall-angle cotangent, as shown by Fig. 4(h) that zooms the
same data of Fig. 4(g) on the low-T region. In MFL regime at
the lowest temperatures, cot[@g (T)] o« T as expected for all
g values. In fact, utilizing the same estimations as for Eq. (23),
we can derive the MFL analytical approximation:

1 3n
RB A2 7 (1)

(0)(“)
AN

cot [0y (T)] = ISR0), T — 0. (24)

Due to the low-7T MFL-like static self-energy Im{Z*(0)} o
kgT retrieved in our model, Eq. (24) indeed yields
cot[0y(T)] o« T. However, in the intermediate-T crossover
regime, the simultaneous presence of T-linear longitudinal
resistivity from Fig. 4(b) and the decrease of the Hall co-
efficient in Fig. 4(f) determines an upward concavity of the
|cot[@g(T)]| ox T® curves, with o > 1. The exponent « is
maximized at weak coupling g/, as also seen in Fig. 2(a).

All the above analysis is confirmed when we keep the
spatially disordered interaction fixed and we vary the fermion
density. Figures 5(a)-5(h) show the linear magnetotrans-
port coefficients at interaction g = 2¢%2, boson stiffness
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FIG. 5. Linear dc magnetotransport coefficients as a function of temperature kz7 /t normalized by the fermion hopping ¢, for spatially
disordered interaction g = 2t*? and boson stiffness J = ¢, for different fermion density n. The system is tuned to the QCP at T — 07 for each

density.

J =1, and for different fermion densities n = {0.3, 0.35,
0.4,0.45,0.475}/a®. Again, at each fixed density the system
is tuned to the QCP at T — O%. Since the interpretation is
similar to the previously discussed fixed-density calculations,
here we just comment on the main differences with respect to
Fig. 4. First, the variation in density has less impact on the
longitudinal resistivity, and more impact on the Hall coeffi-
cient, with respect to variations in interactions, as appreciated
by comparing Figs. 5(b) and 5(f) with Figs. 4(b) and 4(f).
Specifically, the maximum in Ry (T") shifts to higher tempera-
tures with decreasing n (i.e., increasing doping An), so that the
low-T MFL regime extends to increasingly high temperatures.
However, the T — 0% value of the Hall coefficient still obeys
the estimation (23), as shown by the dashed horizontal lines in
Fig. 5(f). Thus, the Hall-angle cotangent is still linear in 7" up
to kgT /t = 1 for the lowest densities (highest doping), while
it is superlinear with exponent « & 1.4 close to particle-hole
symmetry (lowest doping), as illustrated in Fig. 5(h). When
plotted in logarithmic scale, the results in Figs. 4(h) and 5(h)
yield Fig. 2, which reveals the precise exponents 1 < o 5 1.4
of the Hall-angle cotangent at intermediate temperatures.

Moreover, the computations in the crossover regime of
Figs. 4 and 5 are qualitatively robust with respect to vary-
ing the distance from the QCP (tuning the bare boson mass
mY); see also Sec. VIIB. All analyses so far in turn imply
the qualitative robustness of our results for the superlinear
Hall angle against detuning from the QCP and varying den-
sity/interaction.

VI. CARRIER MOBILITY

To assess the origin of the apparent experimental differ-
ence of scattering rates for the longitudinal and Hall channels
[7,32,34,88,89], we also compute the carrier mobility. Two
definitions of carrier mobility are frequently utilized [53]:
The first is connected to fermion density and longitudinal
conductivity,

oO(T)

H’n(T) =
leln

) (25a)

while the second involves the Hall coefficient,

o)

Bo9(T) — Beot[O4(T)]'
(25b)

pu(T) = o O(T)Ry(T) =

The definitions (25) are equivalent in the semiclassical regime
at low density n, where Ry (T) = 1/(Je|n) [53]. Away from
this regime, even for noninteracting fermions on the square
lattice we have Ry (T) # 1/(|le|[n)—see Appendix I—and
fermionic interactions further renormalize the Hall coeffi-
cient: In particular, increasing g the zero-temperature Hall
coefficient increases in magnitude; see Fig. 3(f). Therefore,
it is not guaranteed that Egs. (25b) and (25a) have the
same qualitative evolution with temperature. In particular,
the experimental determination of the mobility often relies
on the definition (25b), where the Hall coefficient Ry (T) =
1/[n*(T )e] is taken as an estimation of carrier density. By
definition, this would imply that the effective carrier density
n*(T) is temperature dependent.

Figures 6(a) and 6(c) show the inverse “Hall” mobility
1/uu(T) according to Eq. (25b), which is equivalent to
Hall-angle cotangent at fixed magnetic field; cf. Figs. 4(g),
4(h), 5(g), and 5(h). Therefore, all comments made with
respect to cot[®y(T)] identically apply to 1/upy(T), in-
cluding the superlinearity in crossover regime, both at
fixed interaction g = 2¢3? and different fermion densi-
ties n = {0.3, 0.35, 0.4, 0.45, O.475}/a2—see Fig. 6(a)—and
at fixed density n = 0.45/a®> and varying interaction g =
{1,2,3,5}3%—see Fig. 6(c). Remarkably, significative dif-
ferences in the qualitative evolution with temperature are
obtained in Figs. 6(b) and 6(d), which display the inverse
mobility 1/u,(T) stemming from Eq. (25a). As for the
Hall-angle cotangent, we find that the superlinearity of the
mobilities in the intermediate-T" crossover regime is enhanced
in the weak-interaction limit, as shown in Fig. 6(d), but
the apparent exponent is lower than the corresponding one
for 1/uy (T). Conversely, 1/u,(T) is much less sensitive to
density variations than to interaction tuning, as illustrated in
Fig. 6(b), as compared to 1/ugy(T); such robustness stems
from the fact that Ry (T) varies superlinearly with density
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FIG. 6. Inverse carrier mobilities as a function of normalized
temperature kg7 /t, for boson stiffness J = ¢, estimated from (a), (c)
the Hall effect uy(T) according to Eq. (25b) and from (b), (d) the
fermion density w,(7") in accordance with Eq. (25a). Results are
shown at (a), (b) fixed interaction g = 2¢3 and different fermion
densities, and at (c), (d) fixed density n = 0.45/a* and different
interactions.

n close to particle-hole symmetry, so that 1/ug(T) is more
sensitive to density variations than its counterpart 1/, (T).
In crossover regime, 1/u,(T) still displays the approximate
T -linearity that it inherits from 1/0?)(T), in qualitative con-
trast with 1/ug (T).

Overall, from Fig. 6 we conclude that the estimations
(25) of carrier mobilities yield qualitatively different results
in crossover regime, where a superlinear relation with tem-
perature is retrieved for 1/ugy(T) (the more experimentally
oriented definition) similarly to |cot[®g(T)]|, but not for
1/, (T ) (where the theoretical fixing of carrier density plays
a crucial role). These considerations reflect the absence in our
model of a true separation between distinct scattering rates in
the longitudinal and Hall conductivities: Both conductivities
are analogously affected by YSYK interactions, and the super-
linearity of the Hall-angle cotangent results from embedding
this interacting system on a lattice; see also Sec. VII A. Our
analysis leads to the conclusion that, even in the absence of
different scattering mechanisms for the longitudinal and Hall
responses, experimental protocols using Eq. (25b) would still
observe a superlinear evolution of the mobility with temper-
ature in crossover regime, due to lattice effects. Hence, such
effects might need to be reevaluated in the light of their impact
on Hall measurements in strongly interacting systems.

VII. DISCUSSION

A. Physical origin of Hall-angle cotangent superlinearity:
Synergy of interactions and square-lattice embedding

The main result of our 2D-YSYK lattice computation is
the concomitant 7 -superlinearity of the Hall-angle cotangent
and T-linearity of the longitudinal resistivity in crossover
regime. In essence, this synergy stems from two distinct
effects: On one hand, disordered interactions g generate T -
linear longitudinal resistivity 1/0,,(T); on the other hand,
square-lattice embedding, i.e., a sign-changing Hall transport

function @fly)(e), produces a Hall coefficient Ry (T) that de-
creases with 7.

Specifically, the interactions g strongly break transla-
tional invariance and they provide the source of inelastic
boson-fermion scattering that produces 7-linear longitudi-
nal resistivity 1/0,,(T) « T, in both the low-T MFL and
intermediate-7 crossover regimes [51,61,62]. This feature
qualitatively holds true at all values of ¢, apart from enhanced
logarithmic corrections in 1/0,,(T) at large ¢'; see Figs. 1(c),
4(a), and 4(b). In this sense, the breaking of translational
invariance positively contributes to strange-metal physics in
the longitudinal channel.

However, as shown in Figs. 1(d) and 4(f), increasing g’ also
makes the Hall coefficient Ry (T) decrease less with temper-
ature T in the crossover regime, thus effectively weakening
the superlinearity of cot[®y (T )] = 1/[Ry (T )Bo.(T)]. This
weakening occurs because the decrease of Ry (T) with T in
crossover regime is not due to YSYK interactions, but it is es-
sentially a lattice effect—in our case, due to the square-lattice
fermionic dispersion (4): The embedding on the square lattice
directly implies the sign change of the Hall transport function
@j,(€) at € = 0—see Fig. 10(b)—which makes Ry (T) de-
crease with 7 in crossover regime. A qualitatively analogous
effect occurs on a square lattice using a constant (impurity-
like) scattering rate—see, e.g., Fig. 7 in Ref. [52]—instead
of our YSYK interactions. Conversely, this effect on Ry (T')
would not occur in our 2D-YSYK system if we assumed a
quadratic dispersion €; = 1*k?/(2m) (with ultraviolet cutoff
A for momentum integrals), since in that case the Hall trans-
port function does not change sign.

In fact, increasing interaction g’ broadens the spectral func-
tions and washes out lattice-related features even at low T
see, e.g., Fig. 13 that compares the noninteracting spectral
functions—dashed gray lines—with the results at finite g
and different temperatures. Hence, larger values of g are
detrimental toward the decrease of Ry (7)) with T. This is
the reason why superlinearity in the Hall-angle cotangent is
stronger at weak coupling, i.e., small ¢, in our model, as seen
from Figs. 1 and 4.

The above observations indicate the absence of two in-
trinsically different scattering rates in our model: The same
spatially disordered YSYK interactions affect the longitudinal
and Hall conductivities on equal footing. Thus, we demon-
strate that even in the absence of an additional scattering
channel for the Hall response, the Hall-angle cotangent can
become superlinear due to lattice embedding. However, this
mechanism might cross over into a true separation between
scattering channels for the longitudinal and Hall response
when Mott physics (not included in our model) dominates
transport; see also Sec. VIIC.

Furthermore, we osberve that superlinearity of the Hall-
angle cotangent persist in the high-temperature classical-
metal regime, as seen for instance in Fig. 1(e). However, at
these high temperatures kg7 Z ¢, the bosons are not capa-
ble anymore of providing the marginal susceptibility for the
fermions, and the longitudinal resistivity essentially stems
from free bosons (with no self-energy) quasi-elastically scat-
tering off fermions; see Appendix I3. Due to the temperature
dependence of w(n, T') in this regime, we have 1/0,,(T) ~
T3/2: see, e.g., Fig. 1(c). Therefore, although in the classical-
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FIG. 7. Thermodynamic variables and magnetotransport coefficients as a function of temperature kzT /¢t normalized by the fermion hopping
t, for spatially disordered interaction g = 22, boson stiffness J = ¢, density n = 0.475/a, and for various distances from the QCP, tuned
by the bare boson mass mg (a) Renormalized boson mass my(T)/t; the inset shows a low-temperature zoom. (b) Chemical potential u(7)/t.
(c)—(f) Magnetotransport coefficients. (g) Hall-angle cotangent cot[®y (T )] in logarithmic scale; the shaded area in crossover regime is zoomed

on in panel (h).

metal regime we still find superlinearity of the Hall-angle
cotangent, this is not accompanied by 7 -linear strange-metal
resistivity, contrarily to what happens in the intermediate-
temperature crossover regime.

B. Effect of variable distance from the QCP

The qualitative trends for cot[®y (T )] shown in Figs. 2, 4,
and 5 demonstrate that the lattice effects underlying the super-
linearity in crossover regime are amplified at weak coupling
(lower ¢') and close to particle-hole symmetry (low doping
An), when the system is tuned to the QCP at T = 0. However,
this superlinearity persists, and is even enhanced, when we in-
crease the distance from the QCP by increasing the bare boson
mass m)), keeping all other parameters fixed. This robustness
is illustrated in Fig. 7, where the numerically calculated linear
magnetotransport coefficients are shown for interaction g =
23/, boson stiffness J = t, density n = 0.475/a?, and for dif-
ferent bare boson masses. The resulting renormalized boson
masses my(T) are reported in Fig. 7(a), with the low-7" zoom
in the inset highlighting that by increasing m{, the bosons
harden at T = 0, which translates as an increased distance
from the QCP. The chemical potential w(7') is less sensitive
to such distance, as illustrated in Fig. 7(b). Figure 7(g) reports
the associated changes in the Hall-angle cotangent, while de-
tuning from quantum criticality, in logarithmic scale for better
comparison: While the low-T regime progressively develops
an upward concavity like in conventional Fermi liquids, due
to the corresponding changes in the longitudinal resistivity in
Fig. 7(c), the superlinearity in crossover regime is preserved,
and even enhanced, with increasing distance from the QCP.
This ehnancement still occurs simultaneously with 7 -linear
resistivity inside the quantum critical fan, and it is highlighted
by Fig. 7(h), which zooms on the crossover regime and shows
how the apparent power law has an increasing exponent for

larger m)). Therefore, the superlinarity effect is more pro-
nounced when detuning from quantum criticality.

In reality, in the scenario where a single QCP is found
at a specific doping An = An, varying An simultaneously
modifies the distance from the QCP, the fermion density n,
and the interaction g (e.g., due to screening). These three pa-
rameters are intertwined in realistic experiments. Our model
allows us to controllably disentangle the effect of individual
changes in such parameters, thus showing that the exponent
o > 1 of |cot[®@y(T)]| o< T* in the intermediate-T regime is
a robust feature of the theory. However, the precise value of
« depends on n, ¢, and bare boson mass mg. Such variability,
and specifically the increase of o with decreasing doping, is
experimentally confirmed as commented upon in Sec. VIID.

C. Comparison to other theoretical approaches

The results of our model stem from strong spatially disor-
dered electronic interactions engendered by the proximity to a
QCP, and from the embedding of the quantum critical system
into a crystalline lattice (a square lattice with nearest-neighbor
hoppings, in our example). Specifically, interactions—exactly
treated in the 2D-YSYK framework—yield T -linear resistiv-
ity in MFL regime that extends at higher temperatures into
the crossover regime, while lattice embedding allows for the
decrease of the Hall coefficient with temperature and for the
separation of longitudinal and Hall transport phenomenolo-
gies.

This mechanism for superlinear Hall angle can be com-
pared with earlier groundbreaking works on bosonization in
“tomographic” 2D Luttinger liquids, leading to separation be-
tween spin (spinons) and charge (holons) excitations [88,89].
In particular, in these models the longitudinal conductivity
0 (T) o 7, with the scattering time t, < 1/7T due to the
decay of physical electrons into spinons and holons, while
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FIG. 8. (a) Experimental data (solid symbols) from Ref. [35]
for cot[®y(T)] as a function of T in YBa,Cu3Og,,, together with
power-law fits (dashed curves). (b) Same data as in panel (a), plotted
as a function of T2. (c) Experimental data (solid symbols) from
Ref. [54] for cot[®y(T)] as a function of T in Bi,Sr,_,La,CuOg,
together with power-law fits (dashed curves). (b) Same data as in
panel (a), plotted as a function of T2,

the Hall channel is governed by o,,(T) o 7,7, that includes
the spinon-spinon scattering time 7y, o< 1/72; the ratio (2)
then only depends on 1/t oc T2, thus giving a Hall-angle
exponent o = 2. This perspective influenced the graphical
presentations of experimental data for cot[®g (T )], plotted as
a function of T2 [34,88]; see also Fig. 8. Although these mod-
els depart from qualitatively different premises, we mention
that spinon-determined low-temperature spectral properties
are similar to an MFL, which also corresponds to the low-T
phenomenology in our 2D-YSYK theory. The latter also finds
an increase in the Hall-angle exponent @ > 1 toward particle-
hole symmetry, which suggests a possible crossover toward
Mott-insulating and spinon-related pictures, not described in
our model, in the low-doping regime [90]. In these pictures,
our strange-metal results, which imply a common YSYK scat-
tering mechanism for both longitudinal and Hall responses,
would evolve into a true separation between distinct scatter-
ing channels for the longitudinal and Hall conductivities in
proximity to the Mott transition.

Increasingly accurate numerical techniques, such as nu-
merically exact quantum Monte Carlo solvers [91,92] or
dynamical mean-field theory methods [93-96], allow the
computation of the Hall response of the 2D Hubbard model
in transverse magnetic fields, even beyond the linear magne-
totransport regime considered in this paper. Going beyond the
qualitative agreement in the general nonmonotonic shape of
Ry (T), it would be interesting to perform an in-depth com-
parison with our 2D-YSYK results in the relevant regime of

doping and on-site interaction U where strange-metal physics
occurs.

On the other side of the theoretical spectrum, phenomeno-
logical scaling theories can reconcile a substantial portion of
the thermodynamic and spectroscopic properties of strange
metals starting from three quantities: the dynamical criti-
cal exponent, the hyperscaling violation exponent, and the
charge density anomalous exponent [97]. As the Hall-angle
cotangent, the longitudinal resistivity, and the Lorentz ratio
provide initial inputs for this analysis, one could investigate
how the numerical scalings of aforementioned quantities in
our 2D-YSYK theory affect the predictions for other scaling
exponents.

Our work is also in close conceptual proximity to other
approaches invoking the crucial role of lattice effects for
the Hall conductivity. Boltzmann calculations using a finite-
temperature generalization of Ong’s geometric construction,
and taking into account the qualitative difference between
electron- and holelike states separated by the van Hove singu-
larity on a square lattice, pointed out that at high T electron-
and holelike orbits both contribute to the Hall conductivity,
thus determining a decrease of the Hall coefficient with T';
this is a lattice effect, similar in spirit to our approach except
for the assumed existence of well-defined quasiparticle states
[47]. More recently, Boltzmann-based computations in the
Shockley-Chambers tube-integral formalism (SCTIF) were
successfully fitted to experimentally measured magnetotrans-
port coefficients in cuprate superconductors, including opti-
mally doped La; ¢_Ndg 4S1,CuO4 (Nd-LSCO) [7], heavily
(Pb/La)-doped Bi;Sr;CuOgs (Bi2201), and Tl,Ba,;CuOgys
(T12201) [32]. The success of these kinetic formulations in
modeling the in-plane resistivity at zero applied field, the in-
terlayer angle-dependent magnetoresistance, and the in-plane
T-dependent Hall coefficient Ry (T'), is grounded in the inclu-
sion of two different scattering rates: 1/, assumed isotropic
in 2D momentum space, and 1/7,,(¢), taken to be anisotropic
with respect to the angle ¢ between the chosen in-plane
direction k and the lzx axis. Qualitatively, our 2D-YSYK
formalisms could map 1/t and 1/7,,(¢) onto the effects
of spatially disordered (g') and translationally invariant (g)
interactions [62,78], with associated temperature dependen-
cies of scattering rates determined by the magnitude of the
respective inelastic fermion-boson interaction g'/g. This is a
very interesting generalization of our computations, which we
reserve for future investigations; see also Sec. VIII. However,
notice that in Nd-LSCO the SCTIF fits imply that an isotropic
1/75(T) < T dominates the in-plane zero-field resistivity:
This situation is qualitatively similar to the effect of spatial
disorder (g¢) in our 2D-YSYK formalism.

On the other hand, holographic models of quantum criti-
cal metals in the presence of a spatially modulated chemical
potential predict an anomalous cyclotron resonance already
in the hydrodynamic regime of weak lattice perturbations,
suggesting that stronger lattice effects would affect the Hall
response [48,49,83]. As YSYK models admit holographic
duals [98,99], a systematic mapping of our magnetotransport
theory through the AdS/CFT correspondence could shed light
into both sides of the holographic duality.

Furthermore, it would be interesting to map our results onto
hydrodynamic theories, which found success in explaining
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qualitative features of strange-metal magnetotransport in local
equilibrium [83,100,101].

Recently, Hall-angle cotangent calculations for the vector-
field 2D-YSYK model at T = 0 were performed [102,103];
these go beyond the linear-in-B regime employing a sum over
Landau levels, similarly to the scalar cases of Refs. [62,104].
These computations confirm the 7 -linearity of longitudinal
resistivity in the presence of B, and find cot[®y(T)] x T
through an energy/temperature scaling, in agreement with our
results in MFL regime and at quantum criticality. Our present
2D-YSYK computations also explore the crossover regime at
higher temperatures, where superlinearity of cot[®g(T)] is
found.

D. Comparison to experimental data

As analyzed in Sec. V, our theory implies a variable
temperature exponent of the Hall-angle cotangent, which in-
creases for decreasing interaction ¢ and decreasing doping
An.

Such variability implies less universality of the exponent
a of [cot[®y(T)]| x T* in strange metals, with respect to
the robust 7'-linear evolution of the longitudinal resistivity,
as opposed to the predictions of theories where « is fixed,
e.g., @ = 2 in bosonization theories for 2D Luttinger liquids
[88]; see Sec. VIIC. In fact, numerous experimental datasets
on strange metals confirm the change of the exponent o with
doping level, as exemplified by Fig. 8 that reproduces data
on YBa;Cu30¢., [35] and Bi, S, La,CuOg [54]. Power-law
fits of the data—see dashed curves in Figs. 8(a) and 8(c)—
highlight the increase of the exponent « with decreasing hole
doping, in qualitative agreement with our predictions. Similar
deviations from quadratic evolution have been reported at low
T for overdoped Tl;Ba,CuQOg.s [38]. A suitable platform
to systematically investigate the variation of the exponent «
with doping could be twisted bilayers [25,26], which allow
for controlled tuning of carrier density through applied gate
voltages.

VIII. CONCLUSIONS

In conclusion, we have shown the emergence of su-
perlinear Hall-angle cotangent and carrier mobility in the
2D-YSYK model on a square lattice, through exact self-
consistent solutions of the saddle-point equations combined
with the Kubo formula for B-linear magnetotransport. In this
model, the superlinear dependence |cot[®y (T )]| &« T¢ in the
intermediate-T crossover regime, with 1 S o < 1.4 for the
scanned parameter space when the system is tuned to the QCP,
stems from the sign-changing Hall transport function that
results from the lattice embedding of the 2D-YSYK system. In
this picture, a T-like relation would result from the “artifact”
of apparent linearity when the Hall-angle cotangent is plotted
as a function of 72. The superlinear temperature window
extends more for weak interactions g below the fermion half
bandwidth W/2 = 4¢, and is more pronounced at low doping
An, that is, close to particle-hole symmetry. Our results are ro-
bust against varying distance from the QCP, and the exponent
« at intermediate temperatures further increases with distance
from the QCP.

More generally, the found superlinearity is suggestive that
lattice effects can provide a natural mechanism to decou-
ple the longitudinal and Hall transport dynamics, since the
Hall conductivity is more sensitive to the lattice embedding
through its sign-changing transport function, with respect
to the longitudinal conductivity, thus determining nontriv-
ial temperature evolutions of the Hall-angle cotangent. Still,
quantitative agreement with experiments on strange metals,
e.g., in the normal state of cuprate high-temperature supercon-
ductors, remains elusive and requires further investigations to
assess whether generalizations of the present model could lead
to stronger superlinearities and a “true” T? relation for the
Hall-angle cotangent in the temperature regime relevant for
available experiments, and especially at low doping.

Our results lead to several perspectives. At very strong
coupling ¢ in the bad-metal regime, we expect the Hall co-
efficient to reach an asymptotic constant, lower in magnitude
than the MFL estimation (23) [104]; see also Appendix [4.
Spatially disordered two-body potentials v [51,61], introduced
in accordance with Eq. (7), perturbatively affect the low-T
MFL regime, leading to a constant contribution to 1/0,,(T)
and therefore leading to constant Hall angle; these effects
will not affect the crossover regime unless v > g'. However,
the contribution of v could increase the 7' = 0 value of the
Hall coefficient, while not affecting the T-linearity of the
longitudinal resistivity (apart from a constant offset), which
could further enhance the superlinearity of cot[®g (T)].

The present calculations can adiabatically be extended to
finite frequency w, in order to consider the ac Hall effect and
compare to spectroscopic experiments [105-109].

Furthermore, it would be interesting to complete the
magnetotransport phenomenology with magnetoresistance
computations. Longitudinal magnetoresistivity appears only
at order B?> and therefore needs the implementation of the
fractal Hofstadter butterfly spectrum [64,110] on a square
lattice. However, at small fillings the Fermi surface should be
almost isotropic and the dispersion could be assumed to be
quadratic; we leave an explicit computation of this case to a
separate future work, along the same lines of Ref. [62].

In the context of magnetoresistance analyses it would be
interesting to generalize our model to include translation-
ally invariant interactions g [62,78], in addition to spatially
disordered couplings g': The interplay between the two inter-
action channels could introduce additional anisotropies in the
longitudinal and Hall scattering rates, and contribute to the
separation of timescales for the longitudinal and Hall response
observed in strange metals [7,32,88].

Another tantalizing research direction is modeling the
finite-temperature Hall response in a quantum critical super-
conductor. Such considerations are inspired by experimental
reports of sign change in the Hall resistivity and conductivity
of cuprates [111,112] as a function of applied magnetic field
B for temperatures T < T, where 7. is the superconduct-
ing critical temperature. A candidate explanation for such
sign change is the traction of vortices by the superflow
in the mixed (Abrikosov) state of a type-II superconductor
[113-115]. A detailed comparison of our 2D-YSYK theory
with sign-changing Hall-conductivity measurements requires
the generalization of our theory to simultaneously include a
superconducting state [51] and an applied magnetic field [62].
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Very interesting related questions concern the corrections to
the Hall response upon entering the superconducting state, as
well as the structure and dynamics of a vortex-lattice state, in
a quantum critical superconductor.

Finally, it is expected that the effects of lattice embed-
ding of 2D-YSYK models will be qualitatively analogous for
dispersions €; leading to a sign-changing, e-symmetric Hall
transport function (14). Explicit computations for other lattice
geometries and multiband configurations could controllably
reveal further interplays between non-Fermi liquidness and
lattice effects, such as in twisted bilayers and moiré het-
erostructures, as recently experimentally observed in twisted
bilayer graphene [25] and WSe, [26].
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APPENDIX A: NUMERICAL METHODS

Our numerical algorithm to exactly solve the large-/4
saddle-point Eliashberg equations (8) first involves finding the
solution for the propagators & (iw,) and 2(i€2,), and for the
associated self-energies X (iw,) and I1(i€2,), on the imaginary
axis and at fixed fermion density n according to Eq. (19).
This protocol is described in Appendix A 2. The iteration
method relies on fast Fourier transforms, as sketched in Ap-
pendix A 1. The knowledge of the imaginary-axis solutions
enables the calculations of all thermodynamic properties of
our 2D Yukawa-SYK system [74,75,86]. In particular, we
keep track of the temperature dependences of the renormal-
ized boson mass m;(T), according to Eq. (9), and of the
chemical potential u(7T); these quantities are subsequently
feeded into the real-axis self-consistent iterations, described
in Appendix A4, to obtain the spectral properties on the real
axis, i.e., €% (w), D% (w), TR (w), and ¢ (w).

1. Matsubara Fourier transforms on the imaginary axis

The imaginary-axis saddle-point equations (8) depend on
Matsubara frequencies iw, and i€2,, for fermions and bosons,
respectively. Schematically, the saddle-point problem involves
convolutions of the kind

NGQ) = —ksT Y Gi(i + iQ0)Ga i)

LW,

(AD)

and

Y(iwn) = kT Y D(iS2)G (i, + iSu).
iQ,

(A2)

An efficient computation of the quantities (Al) and (A2)
results from the transformation to imaginary time t € [0, 8]
with B = (kgT)~!, which yields I(t) = —G(1)G2(—7) and
Y(t) = D(r)G(t). To perform the numerical transforma-
tion, we discretize the imaginary-time interval in equal
steps according to 7; = [/(2NskgT) with [ € [0, 2N, — 1],
so that the discretized Matsubara frequencies are w, =
(2n+ DmkgT and Q, = 2nmwkgT, with n € [-Ny, Ny — 1].
Ny is the high-frequency cutoff, chosen to lie well into
the ultraviolet regime of the theory, where self-energies
are negligible and the propagators have already decayed
from their low-frequency evolution. Then, the propagators
and self-energies become finite discrete lists of values.
The resulting discrete lists are algebraically manipulated
(using circshifts), to be adapted to the built-in FFT im-
plementations provided by the optimized Fourier[] and
InverseFourier[] functions of Mathematica. Such imple-
mentation is similar to many other self-consistent loops used
to solve Shwinger-Dyson saddle-point equations of SYK-like
models [1,51,62,74,75,85,86,102,103,117-125].

2. Self-consistent loops for the saddle-point equations
on the imaginary axis

We perform calculations at fixed density n. Notice that the
QCEP position, i.e., the condition limy_, o m(T) = 0, depends
simultaneously on interaction ¢ and density n. This condi-
tion can be reached through different global minimization
procedures. We elect for first solving the saddle-point prob-
lem, Egs. (8), at fixed chemical potential w, and nesting this
problem into another self-consistent loop over u = u(n, T).
Assuming n < 0.5/4?, a suitable first guess on f is its nonin-
teracting value at the given n and T, since interactions g’ are
seen to decrease (increase in magnitude) the value of u < 0;
see, e.g., Fig. 3. Conversely, for n > O.S/az, we have instead
u > 0 that increases with interactions, specularly to the case
below particle-hole symmetry.

At the first iteration j = 0, our algorithm to solve Egs. (8)
starts with a guess on Xy(iw,) and I1((i€2,): To reach con-
vergence, we find it sufficient to input ¥y (iw,) = il" Yo, and
IMy(iw,) = 0Yw,, with ' = 0.1, in the scanned parameter
space. To improve convergence at the lowest temperatures,
it is also useful to employ an annealing approach, where
previously converged solutions at higher temperatures are fed
as inputs for lower-temperature computations.

At the end of the current iteration j > 0, the fermion self-
energy list X;(iw,) is updated with a weighted sum of the
solution X;(iw,) of Eq. (8a) and the solution X;_ (iw,) at the
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previous iteration j — 1, according to
Bj(iwn) = a;Zj(iw,) + (1 — o) T (iwy). (A3)

The mixing factor «; € (0, 1) [51,62,74,75,125], and for the
present problem we find it sufficient to keep oy = 0.1 at
any considered temperature 7 and coupling g. The error
between the current iteration j > 0 and the previous one
j — lis monitored by ex = >, |Z;(iw,) — X1 (iw,)|. We
also keep track of the error on the boson self-energy, e =
Ziwn IT1;(iw,) — I1;_; (iw,)|, which monotonically decreases
together with ey throughout the self-consistent iterations.
Convergence is reached when €5 falls below a user-imposed
threshold.

When convergence is reached on X;(iw,) and IT;(iw,),
the fermion density is calculated according to Eq. (19). The
relation p(n) is monotonic, so if the calculated density is
above the desired value n, we decrease u — Au of one step
Ap < p at the next iteration of the chemical potential loop.
Conversely, if the calculated density is above n, we increase
©~+ Ap and halve Ap at the next iteration. Convergence on
u is completed when Au becomes lower than a user-imposed
threshold.

3. Stability of the renormalized boson mass
in the zero-temperature limit near the QCP

Searching for the QCP position, as identified by
limy_, o+ mp(T) =~ 0 according to Eq. (9), one encounters a
numerical difficulty at very low temperatures. As mentioned

J

() = / iifpn(e)[cf(e+w)lm{c§<e)}+Im{G’f(e>}G§'*(e—w) :

in Ref. [78], the low-temperature thermal boson mass m(T)
follows the finite temperature correction to the free fermion
compressibility: The latter is very small, which makes the
self-consistent condition for m;,(T) numerically challenging;
for the nearest-neighbor square lattice considered here, this
numerical instability can produce first-order transitions for
the bosons where m;,(T) is purely imaginary. This effect is
mitigated by increasing the number 2N, of used Matsubara
frequencies; for the calculations shown in the present paper,
we use Ny = 10*. To stabilize the search for the QCP at
very low T, one could introduce a fixed-length constraint on
the bosons, Zq Zil @i 5(T)pi _(t) = N /y, with y tuning
parameter [51,78]. However, for the present problem and to
the given resolution of Ny = 10%, we were able to tune m,(T)
at fixed bare boson mass m2 downto T = 0.01¢/kp, finding a
monotonically decreasing m,(T ) for decreasing T close to the
QCP as shown in Fig. 3. Numerically, we achieved m;,(T')/t <
0.1 for all scanned densities and interactions at 7 ~ 0.01¢ /kg,
which enables the MFL regime at low temperatures.

4. Analytic continuation of frequency convolutions
on the imaginary axis

For the real-axis solution of the saddle-point equations (8),
we closely follow Ref. [60]. Using the spectral (Lehmann)
representation [68], one can rewrite Eq. (A1) on the real axis
as

(A4)
N —
G/z‘ (e—w)

where fip(€) = (¢/®7) 4+ 1)~1. We dub Eq. (A4) as the “partial spectral representation.” Using again the spectral representa-

tion, as

GR(w) = —l/
mJ_

in Eq. (A4), we further obtain

Im{GR (¢)}

A A5
w+i0t —€ (A3)

Im{G3(¢")

de 1\ [, Im{Gf()} 1\ [t
IﬂR(w):/?fFD(e)[<—;> /m de —w+i0+‘_6,+61m{G§(e)}+(—;> [m de _w_i0+_6/+61m{G’f(e)}:|

72 w+e—¢€ +i0t

R/ R R/ R +00
B lzfdéfFD(é)/‘de/[Im{Gl ()}m{GE©)}  Im{GE(e)}im{G} (e)}} 2/ g
0

where we have defined the analytic continuation of the convolution (A1) in real time ¢

N(t) = i )*[ag, ()Ag, (1) — ag, (DAG, ()],

as well as the following functions in the time domain:

+o0o R
At — _/ de Im{X*(e)}

oo

too g
ax (1) = —/ ifm(o

o]

w+¢€ —e+i0t (46)
(A7)
7i6t’ (A8)
4
Im{X*(e)} _,,
SR R e (A9)

T
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We also need to analytically continue convolutions in bosonic Matsubara frequencies as in Eq. (A2), analogously to for the
fermion self-energy (8a). Employing the spectral (Lehmann) representation [68], one can rewrite Eq. (A2) on the real axis as

de
Y (w) = - / — [feo(OIm{G* ()}D" (@ — €) = far()Im{D ()} G5 (@ + )], (A10)
where fgg(e) = (e¢/*sT) — 1)~!. Equation (A10) is the “partial spectral representation” of Eq. (A2). Using again the spectral

representations (A5) and
1 +o00 1 DR
DR(CI))Z_—/ deM, (A11)
T J w40t —€

in Eq. (A10), we can further analyze

) = / d_szD(e)[/m dE,Im{GR(E)}Im{DR(E/)}} - / d_ifBE(E)[/+oo dE/Im{GR(G/)}Im{DR(e)}]
T _ T -

o0 w+i0t —€ —¢ w+i0T +e€—¢€

+00
% / de / de'(—i) /0 dte’ @ =<+ £ (Im{GR (¢")Im{DR (¢)}

+00
- % f de / de'(—i) fo die O fup()Im{GX () Im{D¥ )

+o0 ) L
= / dte’ @Oy (1), (A12)
0
Here, we have defined the analytic continuation of the convolution (A2) in real time 7,
T(t) = —i(27)*[ac(t)Ap(t) — b(H)AG(1)], (A13)
where we employed the functions (A8), (A9), and
T de Im{X®(e)} _.
bx(t) = —/ —fBE(e)ge_’“. (Al14)
oo 2m b4

APPENDIX B: DERIVATION OF THE SQUARE-LATTICE GREEN’S FUNCTION

For completeness, here we show a derivation of the square-lattice Green’s function and density of states. The momentum-
integrated Green’s function reads

1 1
?(Z)=?;m, (B1)

for generic complex argument z € C, fermionic self-energy X(z), and single-particle dispersion €;. Here, 7 is the system volume
(which is a two-dimensional area, for a square lattice). The noninteracting Green’s function corresponds to Eq. (B1) without
self-energy,

1 1
Go() =) (B2)

v 7—€;
i k

and the analytic continuation ?(f (w) = lim,_, , 10+ Ey(2) yields the retarded noninteracting Green’s function, from which we can
deduce the noninteracting density of states

1 1 <
No(@) = D sw—)= ——Im{& ()}, (B3)
i

As such, the density of states in Eq. (B3) has the dimensions of [1/(L¢&)], where L is a length, d € N* is the system
dimensionality, and & is an energy. In the following, we derive the above quantities for the square-lattice dispersion (4).
Passing to a continuum description, where we sum over wave vectors & in the first Brillouin zone, Eq. (B2) translates as

a? a i 1
o (2) = dk dk, . B4
0(@) (2m)? /—Z * /—'Z Yz + 2t[cos(kea) + cos(kya)] + p (B4)
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Performing the change of variables & = (k, + k,)a/2 and B = (k, — k,)a/2, and using cos(k.a) + cos(kya) = 2 cos(245e)
cos(k xa—ky 22y = 2 cos(a) cos(B), Eq. (B4) translates into
Go(c) = —2 /”d /ndﬂ : (BS)
= — o ,
o Q) J_, 0 z+4tcosacos B+
where the factor of 2 at the numerator stems from the Jacobian determinant of the variable transformation. Using the identity
T
d
f * = T , a2>b2Vb>OV(b<O/\b+a<O) (B6)
o a-+bcosx a2 — b2

in Eq. (B5), we obtain [126]

T 1 1 2 1

l s

b J ) B7

Go(z) = 7 \/(Z w)? — (dtcosa)? 27z “/0 a\/] _< ) (cos)? o
z+u

Now, we employ the identities

kg 1 7 1 3 1
dXx—— = 2[ dXx—= = 2[ (dy) ———— = 2K (x), (B8)
/0 V1 — Kk2(cosx)? 0 V1 —«k2(cosx)? va 0 V1 —k2(siny)?
y=3
where at the last line we have recognized the complete elliptic integral of the first kind,
Ko = | ao——! i 1 1 (B9)
(k) = —_— = ,
0 V1I—«2ing)?  Jo /(1 —12)(1 — «2?)
with argument « € [0, 1] usually. Equating « = 4¢/|z + u|, and using Egs. (B8) and (B7), we obtain
o) = —— K<4t)|+| 4 (B10)
7)) = -1z > .
0 TG@+m \z+p o
Eq. (B10) is equivalent to Eq. (14) of Ref. [51].
For |z 4+ u| < 4t, we can employ a modified version of the identity (B6), namely,
T
d
/ Y e i P dVb>0Vv(b<O0Ab+a<O0) (B11)
o a-+bcosx b2 — a2

Usinga = z+ u, b =4t cosa, and x = 8, from Egs. (B5) and (B11) we obtain (remember that cosae > 0 for o € [—m, 7])

G =— | da s / '
0 2r Jn J@tcosa)? —(z+p? N 7w 4 \/(cos a)? — Z+”)

(B12)

Using the identities

= d
/ \/(cosx)2 — K2 / \/1 — k2 - (smx)2 \/1 — K2 / x\/m

1
) (B13)

=V1_K2/0 /1 — L (sinx)? ( Vi-i?

with k = (z + n)/(4t), Eq. (B12) transforms into

1
Go(z) = —K; ) (B14)
4t\/ 1—(52) \/ 1 — (5

Now, using the property of the elliptic integrals for Re{x} > 0 [127],

KE<1) = e Kei0) F K (/T =) Im(i?) 2 0, (B15)
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FIG. 9. (a) Real and (b) imaginary parts of the noninteracting retarded Green’s function & (w), as a function of real frequency w/?,
normalized by hopping ¢ and for i = 0; solid lines are calculated using Eq. (B10) for |w + u| > 4t and Eq. (B17) for | 4+ | < 4¢, while
dashed lines stem from Eq. (B10) for all frequencies. The retarded Green’s function is §X (w) = lim,_, ,+;s ©o(z), where here we set § = 10~°%z.
(c) Noninteracting density of states of the square lattice, corresponding to Eq. (C1), for © = —0.5¢ (dashed light-blue line) as a function of
normalized frequency w/t.

and choosing the branch according to a factor sign{z + u}, since Im{1 — [(z + ©)/(4¢)]*} = 0 for z + < 0 with analytic
continuation z — @ + i0%, we obtain from Egs. (B15) and (B14) that

—2i 1 2 2
o) = ——— T (EEY k|1 (B |+ signte + ke (2
T 2 4¢ 4¢ 4¢
41— (55)

1 2 . Z+u 2 . I+ u
= ——|—-iK 1— K, ; B16
N At i ( 4t ) +signiz + u) E( 4¢ ( )

see also Refs. [128,129]. We therefore have

Z+
4t

z+u
4t

1 2
Go(2) = 37 —iKg 1-— ( ) + sign{z + M}KE< M) Dzl < 4t B17)

Equation (B17) is found to be formally equivalent to Eq. (B10) through a numerical comparison in Mathematica; however,
Eq. (B17) explicitly separates the imaginary part of the expression (in the first term).

Figure 9 shows the real and imaginary parts of the analytically continued Green’s function ¥¥(w), using Eq. (B10) for
|w+ | > 4t and Eq. (B17) for | + u| < 4¢ (solid lines), and using Eq. (B10) for all values of w. We can see the perfect
agreement between the two formulations.

APPENDIX C: DERIVATION OF THE SQUARE-LATTICE NONINTERACTING DENSITY OF STATES

1. Derivation from the noninteracting lattice Green’s function

The density of states (B3) is non-null only when the imaginary part of the Green’s function is finite. Therefore, we only need
to employ the analytically continued version of Eq. (B17), where the first term provides the needed imaginary part; explicitly,

€+ u
4¢

1 1 2
Ny(e) = —ﬁlm{%e(d} = Kel,1- ( ) Ot — |e 4+ ul), (C1)

T 2nkroA

where of = a? is the unit cell area and ®(x) is the Heaviside theta function. The density of states is displayed in Fig. 9(c):
It is positive semidefinite, and it shows the van Hove singularity at @ = u. For the numerical implementation of Eq. (C1) in
Mathematica, we have to be aware of the slightly different definition of elliptic integrals employed by Mathematica, which is
detailed in Appendix F.

2. Derivation from the dispersion relation using Fourier transforms

An alternative, very useful method to calculate the square-lattice density of states relies on its definition (B3), on the dispersion
relation (4), and on the use of Fourier transforms between energy w and real-valued time 7. For these Fourier transforms we
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adopt the following definitions, valid for a real-valued function f(t) that transforms into F (w) = F{f(7)}:

+00

F(o) = F{f(1)) = f drf(r)e ", (C2a)
1 +oo .

fo) = FF@) = o / dof (@), (C2b)

Employing the inverse Fourier transform (C2b), we have for the density of states (B3) that

1 . de .1 11 .
No(z) = FHNy(e)} = E/deNo(e)e’“ = / ie’”? ;3(6 —€) = T d e’
3

_ a 1)3'Q{ /ﬂ d(k.a) i d(kya)efiZt[cos(kxa)Jrcos(kya)]r _ /n d(kxa)e*’m cos(kea)t fﬂ d(kya)efﬂt cos(kya)T
) -7 —7 -7 -7

27Jo(2t7) 27Jo(2t7)

Q)3

[Jo(2tT)]?, (C3)

1

T 2nd
where at the last steps we have employed one of the integral representations of the Bessel function of the first kind and of zeroth
order:

1 (" .
Jo(z) = — / dfe=2eos? (C4)
27 J_,
Performing the Fourier transformation (C2a) of the final result in Eq. (C3), one recovers Eq. (C1), as it should be. The Fourier
transformation method is especially efficient to calculate the transport functions of the square lattice, as we do in Secs. D and E.

APPENDIX D: DERIVATION OF THE SQUARE-LATTICE LONGITUDINAL TRANSPORT FUNCTION
USING FOURIER TRANSFORMS

An analytical expression for the longitudinal transport function (13) can be efficiently obtained by the method of the Fourier
transforms (C2b) and (C2a). We have

1 de . 1 .
(1) = F D (e)) = /deq>fg)(e)e1” = 2—6 T — Z(vk)zé(e —e) = % Z(v,;)zetezr

_ 1 /n d(k.a) " d(k 2ta 2[ in(k ]2 —i2t[ cos(kea)+cos(kya) |
—m . (xCl . ya) 7 SIH( xa) e ’

1 2ta 2 2 —i2t cos(kea)t " —i2t cos(kya)t 21 Jl (2[‘[)
= nra <7> /_n d(ka)[sin(kca)]*e™"" /_n d(kya)e 2 sk — w7 Jo(2tT), (D1)

o 112(’2(\‘1\) 2w Jo(2tT)

where at the last steps we have employed one of the integral representations of the Bessel function of the first kind and of first
order:

b4 b4 —+00

1 o 1 : .
h(@) = —— VA Rt L p— dO[cosf + isinfle %0 = — — dO cos @e2c0s0 (D2)
2mwi J_; 2mi J_, 2ri J_

A general definition of the Bessel functions of first kind is recalled in Appendix G. We also have J;(|x|)/|x| = Ji(x)/xVx € R.
We could now just Fourier-transform Eq. (D1) directly using Eq. (C2a), but let us notice a useful connection with the density of
states Ny(¢€), calculated in Sec. C. Using the derivative property of Bessel functions

dJo(Z)
dz

as verified by deriving Eq. (C4) and comparing with Eq. (D2), we notice a connection between the last result in Eq. (D1) and
Eq. (C3) for the density of states:

Jy(z) =

= -1, (D3)

2t Jy(2t7) a* dNy(t) 1
d)XX — 0 J 2 = —— D4
o) =—m @I =—om a1 D4
Now, using the derivative property of the Fourier transforms (C2a), Eq. (D4) translates in frequency space as
Ao (e ) ta a’e
a%@)l€) .
— —N — =No(€). D5

e l( P )l o(€) = 3 o(€) (D3)
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FIG. 10. (a) Longitudinal transport function from Eq. (D6) and (b) transverse (Hall) transport function from Eq. (E4) (blue solid curve) on
a square lattice, as a function of € /¢. The dashed red curve in panel (b) shows the numerical quadrature given by Eq. (ES).

Equation (D5) proves useful in general, to calculate the optical conductivity in Eliashberg theory on a square lattice [51]. In our
specific case, knowing the density of states (C1), we can just integrate the latter over energy € in accordance with Eq. (D5), to

find [51]
D7, (€) = ! E 1 €\’ € 2K 1 €\’ D6
(€)= = 1E& -z — <_t) E - . (D6)

Equation (D6) coincides with Eq. (S20) in Ref. [51], modulo the prefactor 2ta®/ (h?) and the different convention on elliptic
integrals adopted by Mathematica and aforementioned reference, as detailed in Appendix F. By symmetry, we also have
@yy 0)(€) = @5, (€). The function written in Eq. (D6) is traced in Fig. 10(a) as a function of €/z.

An additional consistency check stems from the direct comparison of Eq. (D6) with the equivalent representation in terms of
an angular integral:

b 2
<I>"(’§(6)=i/ do.[1 — i—cos@ . a = arccos| min l,i—i—l , b = arccos| max —l,i—l . (D7)
©) 21/, 2 2t 2t

APPENDIX E: DERIVATION OF THE SQUARE-LATTICE TRANSVERSE (HALL) TRANSPORT FUNCTION AT FIRST
ORDER USING FOURIER TRANSFORMS

We can also obtain an analytical expression for the Hall transport function (14) employing the Fourier transforms (C2b) and
(C2a). Here, for the dispersion (4) we have

86,; E 32612 _
ok, dk, 0k, 0k, ’

so that
! i i 8612 2826; 8612 28261;
oo =7 (ofie) = o [aeotoe = Tl [ “Z[ (58) 5 - () f e

(2l)3 72d* 7 b4 . 2 . 5 _24[ouslua)Loosta)]

) h)3 3o/ d(kx“) d(kya){[sin(kya)]*[— cos(kya)] + [sin(kya)]*[— cos(kya)]}e~ = costarreosttalle
7 -7
1 2t b d(a)[sin(k )]2 —i2t cos(k,a)T nd(k )cos(kna) —i2t cos(kya)T

(27,)3 3d \h . x@) 1SR a)]"e - va) cos(kya)e :

T o
+ f d(kya)[sin(kya)]?e™ costhar /

T -7

d(kea) cos(kea)e ' sk }

2 4 3
1 7m%a (%) {2nJ1(2tr)[—2inJ1(2tt)] 271]1(2tt)

[—2imJ; (2tr)]}

= @n) 34 2t
2 4 2
_ i ( >ZJI<2rr>J1(2 o T ( ) m (E1)
“2m 34 \ h 2 3 \h 1T

We could now employ the derivative property (D3) of Bessel functions, but this time the connection between Eq. (E1) and the
density of states (C3) seems not very useful. Instead, we directly Fourier-transform Eq. (E1) using Eq. (C2a), with the result

013299-21



VALENTINIS, SCHMALIAN, SACHDEV, AND PATEL PHYSICAL REVIEW RESEARCH 8, 013299 (2026)

(verified by Mathematica)

. 2 20( ¢ | 1.2
)] i0(-e) - OEI[0(% - &) —1]633(v5:| 1})
2 RS N 2y (E2)
T t
Here, G}/ (z Zl o Z” ) is the Meijer G function and ®(x) is the Heaviside step function. The Meijer G function is
: 1o by
1 Frd—a; —s)---T—a, — LG .. T(by,
G (Z ai Zp> _ ! g Pz =) TA =@y = 9T +5) - Thut5) E3)
: 1+ by 27i (@1 +5)---T(ay +)TA = bpy1 —5)---T(1 = by —5)
Equation (E2) seemingly cannot be decomposed into simpler elliptic integrals. Equation (E1) then becomes in frequency space
C are (i) 1O© -0l - 5) - 11633 (1)
(€)= (—) . (E4)
3 \h t

The validity of Eq. (E4) can be verified by comparing it with a single-quadrature alternative representation of CDJ(CIV y(€) [52]:

4 12 bd@ [1-(5- cos@)z] cos® + (£ — cos0)(sin 0)
3 1—(:—[—C089)2 ’

a = arccos| min 1,i+1 , b = arccos| max —l,i—l . (ES5)
4t 4t

The comparison between Eqgs. (E4) and (ES) is shown in Fig. 10(b) as a function of €/z.

@ff)(e) =

APPENDIX F: MATHEMATICA IMPLEMENTATION OF THE GREEN’S FUNCTION AND DENSITY OF STATES

Notice that Mathematica implements a slightly different built-in definition of the complete elliptic integral of the first kind,
with respect to Eq. (B9): It is

N 1 1
KE(K)=/ df— (F1)
0 V1 —k(sinf)>2
so that the relation between the two conventions is
Ke (k) = K (). (F2)
Therefore, the numerical implementation of Egs. (B10), (B17), and (C1) in Mathematica results
%o(2) = — 21€<4t>2|+|4z (F3)
7)) = — L1z > s
0 N w(z+p) Fl\z+ " #
11 _ +u\| . 4 \?
G = ——1{1—iKg|1— + K —_— Dz 4+ | < 4, F4
0(2) /VZm{ lE|: ( 1 )} E|:<Z+M) lz + ul (F4)
Notw) = ke 1= (EE) ot — to+ ) (F5)
)= o2 E At @R
APPENDIX G: DEFINITION OF BESSEL FUNCTIONS
Bessel functions of the first kind, J,(z), are defined as the solution of the differential equation
Y& —nt) +zy +7y =0. (G1)
An alternative integral representation of the same functions reads
2 ing i é 1 T (047 i O+7) 1 4 o i 0
Jn — d 11 1Z COS — d n T 1Z COS ¥4 — d 1 —1Z COS . G2
@ 2 it /0 pee ¢:9/: 2 it /,,, pe € 2min /;n pee G2)

Equations (C4) and (D2) represent the cases n = 0 and n = 1 of Eq. (G2).
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FIG. 11. Real [panels (a) and (c)] and imaginary [panels (b) and (d)] parts of the retarded boson self-energy IT%(w)/t* as a function of
frequency w/t, for interaction g = 2¢*/2, boson stiffness J = ¢, and density n = 0.45/a?, at different temperatures. Dashed gray lines show the

semi-analytical 7 = O estimation derived in Appendix H 2.

APPENDIX H: SPECTRAL PROPERTIES
ON THE REAL AXIS

1. Numerical results at finite temperature

Here, we explicitly show numerical results for the re-
tarded fermion and boson self-energy and Green’s functions,
obtained by exactly solving the saddle-point equations (8),
analytically continued to the real axis using the protocol
of Appendix A4. We take the exemplary parameters of
interaction g = 2¢3/2 boson stiffness J =, and density
n=0.45/a>.

Figure 11 displays the real [panels (a) and (c)] and
imaginary [panels (b) and (d)] parts of the retarded boson
self-energy I1%(w)/t?> as a function of frequency w/t, for
different temperatures. At low 7 and w, we have TIR(0) ~
2, as shown by the semi-analytical estimation at 7 =0
from Appendix H2—dashed gray line in Fig. 11(a)—so that
VIIR(0) &~ /2 = 1.414 ~ lim7_, ;o0 mp(T): This reflects the
condition mg ~ /TIR(0) for the position of the QCP. Cor-
respondingly, the imaginary part in Fig. 11(b) is linear in
o at small frequencies, as highlighted by the 7 = 0 semi-
analytical result given by the dashed gray line, and derived in
Appendix H 2. At higher temperatures, we see from Fig. 11(c)
that TIR(0) < kgT for kT Z 1, which is consistent with
the criterion for the crossover/classical metal boundary in
Fig. 1(b). The imaginary part is also progressively suppressed
at high T, as seen in Fig. 11(d). Therefore, at high tempera-
tures the bosons asymptotically become free, with negligible
self-energy.

Figure 12 shows the real [panels (a) and (c)] and imag-
inary [panels (b) and (d)] parts of the retarded fermion
self-energy XR(w)/t as a function of dimensionless frequency
w/t, for different temperatures. At the lowest temperatures,
the low-frequency evolution of the self-energy is consistent
with the MFL phenomenology [65]: In fact, the imagi-
nary part is consistent with the expression —Im{X*(w)} =
A /2|w|—see dashed gray line in Fig. 12(b), derived in
Appendix H2—while the real part is more sensitive to
particle-hole asymmetry at u # 0, so that the analytical ex-
pression Re{XR(w)} = AwIn(Jw|/w.) is only in qualitative
agreement with the numerics, but does not capture well the
asymmetry of Re{X®(w)} with respect to w = 0. At large fre-
quencies w/t Z, 4, we see the expected decay of Re{ZF(w)}
and —Im{Z®(w)} related to the half fermion bandwidth
W/2 = 4t. Further increasing temperature, the zero crossing
of the real part of the self-energy in Fig. 12(c) moves to higher
frequencies, due to the temperature dependence of the chem-
ical potential—cf. Figs. 3(b) and 3(d)—and we also observe
the progressive smearing of the logarithmic MFL feature that
was present at low 7. Correspondingly, the imaginary part of
the self-energy develops a peak at w &~ —pu that increases in
magnitude for increasing 7.

Figure 13 shows the spectral function of fermions, Ay =
7 'Im{€®(w)}, and of bosons Ag = 7 ' Im{D*(w)}, nor-
malized by fermion hopping ¢ and as a function of frequency
w/t, for different temperatures. Figure 13(a) displays how the
sharp peak corresponding to the van Hove singularity on the
square lattice, highlighted in the noninteracting case by the
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FIG. 12. Real [panels (a) and (c)] and imaginary [panels (b) and (d)] parts of the retarded fermion self-energy %% (w)/t as a function of
frequency w/t, for interaction ¢ = 2¢3/2, boson stiffness J = ¢, and density n = 0.45/a?, at different temperatures. Dashed gray curves show
the semi-analytical T = 0 estimation derived in Appendix H 2.
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FIG. 13. Spectral function of fermions, Ay = 7 ~'Im{%*(w)}, and of bosons Ay, = 7' Im{D* ()}, normalized by fermion hopping ¢ and
as a function of frequency w/t, for interaction g = 2¢3/2, boson stiffness J = ¢, and density n = 0.45/a>, at different temperatures. Dashed
gray curves display the noninteracting limits.
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dashed gray curve, is broadened and decreased in height by in- and 13(d), the boson spectral function approaches its non-
creasing temperature. At the highest 7', the peak is completely interacting value (dashed gray curve) at high temperatures,
suppressed as shown by the green curve in Fig. 13(c). The consistently with the overall decrease in magnitude of the
opposite evolution occurs for bosons: As shown in Figs. 13(b) boson self-energy shown in Fig. 11.

J

2. Semi-analytical estimations of self-energies at zero temperature

On the square lattice, at 7 = 0 and on the imaginary axis, we have the fermionic Green’s function

2 1 [ 4¢ :|
C(iw) = Kg| - — . (H1)
Tiw+ p— Z(iw) v+ p— X(iw)

Equation (H1) defines an imaginary-valued and w-odd function. In the following, we directly employ Eq. (H1) at T = 0; the
presence of the elliptic integral K (z) will not give us full analytical expression for its various forms of convolutions in frequency,
but will allow us to extract useful scaling properties with respect to frequency iw and coupling g. The dynamical part of the
boson self-energy (8b) for X(iw) = 0 is

+00

STI(IRQ) = T1(iQ) — T1(0) = 2(g’)2/ %?(iw)[?(iw +iQ) — C(i)]. (H2)

Inserting Eq. (H1) into Eq. (H2), we have

2 +00
STI(IQ) = M(Q) — M1(0) = (g)/ dojt2t 1 K|: 4 ]

oo 2m miw+ E i+ u©

2t 1 4¢ 2t 1 4t
X\ = Kg| —— - = Kg| - . (H3)

Tio+i2+un io+iQ2+u Tiw+ u v+ u
Once evaluated numerically, the integral (H3) shows a linear dependence on |€2| at small frequency, consistent with the marginal
susceptibility of Landau-damped bosons [61,65]. Fitting the low-energy evolution of Eq. (H3) with a linear function, inputing the
value of the T = 0 chemical potential for n = 0.45/a?, and for g = 23/, we obtain §TI1(iQ2) ~ 1.037/t|%1, which is displayed
by the dashed gray line in Fig. 11(b).

The static boson self-energy can be calculated exactly with Eq. (H1) at © = 0O:

1111
o0 g dof2 1 [47)° 2 G44( ) 6.8,’02) 2
[1(0) = —2(g’)2/ —w[?(iw)]z = —2(g’)2/ @ Ke| — (g) ~ 1. 75715(5/) . (H4)
oo 2m o 27 | miw iw 14 472
At finite chemical potential, the associated form of Eq. (H4) requires numerical evaluation:
o [TPdo o [fPdo (2 1 4 )?
I1(0) = —2(g) — g o) = -2g) —1—7 Kg| - : (HS)
o 2T oo 2m |\ TWiw+ iw+

For ¢ = 2t3/2, and using the T = 0 value of y for n = 0.45/a?, we obtain I1(0) ~ 2¢? from Eq. (H5), which semiquantitatively
agrees with the low-temperature numerics in Fig. 11(a), as displayed by the dashed gray line. We can qualitatively estimate the
boundary of the crossover regime as the frequency/temperature {w,, T¢:} equal to the square root of the static boson self-energy,
i.e., the frequency/temperature above which the bosons are not Landau-overdamped:

hog = kT = /I1(0). (H6)

In particular, for ¢ = 2¢3/2? and n = 0.45/a*, we have fiwe = kgT,; & t, which is in qualitative agreement with Fig. 11(c).
The boson propagator at 7 = 0 and on the imaginary axis reads

2 1 ' 47
23iQ) = = K (H7)
T Q42 -TIGRQ) + (m,,) +4J —TIGR) + (m,,) +4J
Let us work at quantum criticality where (mb)2 I1(0) = 0. Then, Eq. (H7) is
D(iQ) 2 ! K [ 4 (H8)
1l = — .
T QA2 STGQ) + 47 °| Q2 — sTI(iQ) + 47

The resulting fermion self-energy is

2
(i )_(gj)/ dQ8 (iw + iQ)D(I2)

@)’ 2 1 4t 2 1 47
=— Q—- . Kg| - . - - Kg . (H9)
27 J_ oo Tiw+iQ+ iw+iQ+p |7 Q2 —STIGER) + 4J Q2 — STI(iIQ2) +4J
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for ¢ =2t3/? and n = 0.45/a®>. Evaluating the integral in
Eq. (H9) numerically and fitting it with the MFL-like expres-

sion
o ol
Y(iw) ~ loln | — |,
W,

we obtain A ~ 0.0996--- and w, ~ 6.825- - -; these values
are qualitatively in agreement with the numerics in Figs. 12(a)
and 12(b), as shown by the dashed gray curves.

(H10)

APPENDIX I: ANALYSIS OF THE LINEAR
MAGNETOTRANSPORT COEFFICIENTS
AND OF THE CHEMICAL POTENTIAL

The numerical data in Figs. 4, 5, and 12 can be qualitatively
understood by referring to the different regimes encountered
in our YSYK model (8) for increasing temperature, based
on the evolution of the local spectral function (16) with in-
creasing T'. The two transport functions, @ (w) and @ (w),
follow Eqs. (D6) and (E4), respectively, for the square lattice.
In the following, we analyze each regime separately close to
the QCP, commenting on what changes if we detune from
quantum criticality. For simplicity and clarity, here we per-
form the analysis at fixed chemical potential, commenting on
the ensuing changes when one takes into account the temper-
ature dependence of u(n, T).

1. Low-temperature MFL regime

The low-temperature MFL regime is characterized by
a fermionic self-energy that respects the MFL scaling
form [65], a linear-in-temperature longitudinal resistivity
Pxx(T) = 1/0xx(T) ~ T In(T) up to logarithmic corrections,
and a quadratic-in-temperature Hall resistivity oxy(T) =
1/oxy (T) ~ T?. These features are due to the bosons pro-
viding a marginal susceptibility to the fermions through their

J

per spin from Eq. (12a) can be approximated by

+00
o\N(T) ~ e’ hr / de @ (A0, ©))* ~ *hr f

—00

d q’(o)(G)

@
=eh

2[Im{ZR(0)}]

o]

Re{Z%(0)}
€=p ~

Landau-damped bosonic propagator

o % 1 4J
P S TR (@) —4JKE[—3HR(w)+4J]’ W

dominated by the dynamical bosonic self-energy ITR(w) o
—|w| at small energies. Here, we have assumed m,(T) =

Vm) —TIR0) ~ 0 for T — 0*. The rest of the self-
consistent loop follows as sketched in Appendix A, and leads
to a fermionic retarded self-energy consistent with the MFL
phenomenology [65]; in particular, at low temperatures and
frequencies, Im{Z*(w)} = —Amwsign{w}/2. To further un-
derstand this regime, we can employ the following reasoning.
For T — 0%, the derivative of the Fermi-Dirac distribution
—0dfrp(w)/dw =~ §(w) samples essentially the w = 0 compo-
nent of the spectral function (16), which is itself strongly
peaked around € = p due to the low-frequency imaginary part
of the self-energy —Im{ZF(w)} ~ /2 max{ksT, |®|} « T
(see Fig. 12). Since kpT « 4¢, we are also sampling a small
quasiparticle energy range € € [u — kgT, u + kgT] around
the chemical potential . A schematics of the derivative of the
Fermi-Dirac distribution and transport functions in this regime
is provided in Fig. 14.

An important feature of the self-consistently calculated
MFL fermionic self-energy is that it is slightly particle-hole
asymmetric, as shown by the finite intercept of the real part at
o = 0 in Figs. 12(a) and 12(c), and by the asymmetry with
respect to w = 0 of the imaginary part in Figs. 12(b) and
12(d). This means that Re{Z*(0)} # 0 contributes to the w =
0 properties, which in turn influence the 7 = 0 limit of the
Hall coefficient Ry (0), as described below—see also Eq. (23).
Therefore, at low T we still have to keep the first-order terms
in the expansion of the transport functions around € = u, as
in Eq. (15). Using the latter, the longitudinal conductivity

T | % () + — 2= 4P (©) (e — ) |[AQO, )
O de = ’
L P - 4015 . Re(=*(0))
T . a={xy). (12)

At fixed pu, Eq. (12) gives o/9(T) oc 1/T. The fixed- approximation holds at the lowest temperatures, but it becomes
increasingly inaccurate for temperatures above the MFL regime. In the same way, the Hall conductivity per spin from Eq. (12b)
is well approximated by

O,)gl)(o) +00 . +oo dq)l} ( )
o =lel’h f de® (A, F ~ [eh / [ )+ ——1 (e~ u)} [40, )P
0o S € =
1,13 3 3 (1)( €) R ]
=l R = h[ O (1) + — RO 13)

Using Egs. (I2), (I3), and (15), we obtain Eq. (23) for
the low-temperature Hall coefficient in MFL regime. In the
fixed-p approximation, Ry (T) is T-independent. However,
notice that the limit limy_.o Ry (T) depends on interactions

which gives 0’(0)/B o 1/(kgT)* at fixed u. Notice that at
half filling, i.e., n = 0.5/a*> or u = 0, no Hall conductivity
exists because CD?ly y(n) = 0 and the self-energy is symmetric
with respect to w = 0 in this situation.
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FIG. 14. (a), (d) Longitudinal transport function according to Eq. (D6) and (b), (e) Hall transport function from Eq. (E4), as a function

of normalized frequency €/¢; derivative of the Fermi-Dirac distribution frp(e — w) at chemical potential u = —0.5¢, for (c) kT
= t; red dots mark the value of the derivative at € = p & 2kgT . In the case of kgT

(d) kgT

= 0.1t and
=1t > [, the corresponding Hall transport function

in panel (e) has opposite sign in the regions (—2kpT + w, i) and (0, 2kzT ), so these contributions approximately cancel each other in the

integral over € for the Hall conductivity; see discussion around Eq. (I8).

(in our case g) away from particle-hole symmetry through
Re{=R(0)} # 0, as we find in Fig. 4.

Finally, the temperature-dependent cotangent of the Hall
angle can be estimated from Eqs. (I2), (I3), and (2), and it
produces Eq. (2). The latter yields a linear-in-7" dependence
at fixed 1, because of |[Im{ZR(0)}| oc kT at small T.

2. Intermediate-temperature crossover regime

Once T reaches values of the order of the chemical poten-
tial p, the bosonic propagator becomes

1

R
) = 0T — STIR(@) + Iy — 4

x KE{ (@ + i07)?
14)

where  the renormalized boson mass m(T) =
Vmg — %) < mg is finite but still lower than its bare
value. It can be shown that the bosons still provide the
marginal susceptibility that ultimately yields 7 -linear
longitudinal resistivity, analogously to scattering off
bosons at energies higher than the typical boson frequency

J

4] }
— 8TIR(w) + [mp(T)1* + 4T )’

[67]; the same phenomenology is observed in cuprates in
electron-energy-loss spectroscopy experiments [66].

Let us further analyze this crossover regime. At tempera-
tures 2kpT % W, the derivative of the Fermi-Dirac distribution
is broader than the spectral function A(w, €), so we can ap-
proximately substitute —d frp(w)/dw =~ —d frpp(€)/de [52].
The typical maximum frequency sampled by such derivative is
€ ~ 2kgT. At the same time, due to the fermionic self-energy
Im{Z*(kgT}, the spectral function (16) is considerably broad-
ened, and it has an FWHM comparable to its center value

= i + Re{ZR(w)} for kgT Z p. Now, in the transport func-
tions PG, (€) and CD)(%)(E) we are sampling a relatively large
quasiparticle energy range € € [ — kgT, 4+ kgT'] around
the chemical potential p. This has a qualitatively different
effect on the longitudinal and Hall transport functions, as
shown in the schematics of Figs. 14(d) and 14(e). Since the
longitudinal transport function does not change sign, and has
a finite support € € [—4t, 41] with kgT Z /2 < 4t, we can
still approximate CD?‘(% (e) = @?‘&(u) as in MFL regime, in the
relevant energy interval € € [u — kgT, u + kgT']. Then,
D% (€) ~ DL (W)O(2ksT — |e]). 1s)
Hence, at fixed u, the longitudinal resistivity from Eqgs. (12a)
and (I5) can be estimated by

+o0 —Im{ZF(w)} /7 :
O(T) ~ hmr D% (1) / d / [ }
Te 1) S CRTEGU [ A [@— €+ 1t — ReloR @) + [Im{ZR (@)}

oo de|:— afFD(E)i| 1
o€

o€

afFD(E)][

2|Im{ER(kBT)}|

~ 2

—. 16
X T a6)

1
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At the second equality in Eq. (I6), we have performed the integral over @ of the spectral function in the limit t — +o0,
approximating the self-energy Im{ZR(w)} ~ R(kzT)  kgT. Hence, the longitudinal resistivity is still linear in 7', although
with a slightly different slope than in MFL regime.

On the other hand, since the Hall transport function changes sign at € = 0, we can approximate it with the double rectangular
function

O (€) ~ D (WIO(€ + 2k5T) — O(€) — O(€) + Oe — 2k5T)). a7

From Eq. (I7), we see that, once kgT' > /2, the area integrated in the interval € € [—kpT, — /2] is approximately compensated

by its opposite contribution in € € [/2, kgT ]| —see also Fig. 10(b). The Hall conductivity at fixed o from Eq. (12b) is then

oD +00 +00 3
2~ el h/ dw/ dedy (e )[ fFD(E)M ; 7
de [@ — € + 1 — Ref{oR(w)}]” + [Im{ZR(w)}]

3 (1)(/1-)

~ lef?

At the second equality in Eq. (I8), we have performed the
integral over w of the cube of the spectral function in the
limit # — o0, approximating the self-energy Im{Z*(w)} ~
SR (kgT) x kgT, and taking into account that the integral over
€ is restricted to the interval € € [—u, u] due to the sign
change of the transport function (I7); the resulting integral

yields tanh[p/(2ksT)] = p/(ksT) + o[(kgT)~3], with
the last step valid for kT > .
Using Eqgs. (I6) and (I8), the Hall coefficient is then
1 300w
Ry(T) ~ — O tanh <2k"T>. (19)
g\

Equation (19) predicts a constant Hall coefficient at low tem-
perature, consistently with Eq. (23) in MFL regime, but at
higher temperatures kzT % w/2 we have Ry(T) o< 1/(kgT).
Let us emphasize that this scaling results from the fact that we
are on a square lattice, with Hall transport function <I>fly )(€)
that changes its sign at € = 0; therefore, we expect a similar
scaling for other lattice configurations with similar sign-
changing Hall transport functions. We also stress that Eq. (I19)
is independent from the self-energy XX (w), which means that
a qualitatively similar crossover is expected for any type of
local interaction.

Finally, the temperature-dependent cotangent of the Hall
angle is

1 36 D) Im{ER0))]

t[60y(T)] = '
cot [0y (T)] ﬁB47T2 )(C{)(M) tanh [/ (2kpT )]

110)

Equation (I10) qualitatively predicts a linear-in-7 Hall an-
gle for kgT < /2, and a quadratic-in-7 Hall angle for
kgT Z /2.

All the results in this section are further modified by
the temperature dependence of the chemical potential ©(T),
which occurs in fixed-density calculations. In the scanned pa-
rameter space, ((7T') decreases with 7" for n < 0.5 /az, which
lowers the value of the exponent o with respect to o = 2
predicted for fixed-u calculations. The latter observation also
implies that the exponent « is maximized by minimizing the T

5 /“ J [ 3fFD(€)}
S | de|- = lel’n
872 2Im{ZR (kg T} /- de

—Im{ZR(w)}/7 ]2
Py () tanh( s >0( L
872 2|Im{ZR(kBT)}| 2kpT (kgT)?

(

dependence of w (T ): This feature occurs at lower doping An,
that is, close to particle-hole symmetry, as shown by Fig. 3(d).

3. High-temperature regime at weak coupling

At a temperature kzT Z /T1R(0) and coupling (¢')* < 1,
the boson self-energy becomes negligible and we end up with
essentially free bosons:

2 1
9R(a)) ~ — 5 Kg
T —(w+i0+)2 + (m))” —4J
4J
x - ) (I11)
—(w+i0%)? + (m))” +4J

The saddle-point equations for fermions and bosons then
decouple, and the problem is equivalent to free bosons scat-
tering off the fermions. Then, the fermions have a self-energy
due to inelastic scattering off free bosons; in particular
[Im{XR(0)}| < 8 is less than the fermion bandwidth W = 8¢.
Ultimately, by virtue of the same mechanism of acoustic-
phonon scattering above the Debye temperature, the system
behaves effectively as a “classical metal” with T'-linear longi-
tudinal resistivity [67].

4. High-temperature regime at strong coupling
At a temperature kT Z /TIR(0) and coupling (g')* > 1,
the boson self-energy is negligible and we have
1
[my(T))* —

gR K,
T YaC JE

47
x { —(w + i0+)2 + [mp(T))? + 4J } a12)

with [m,(T)]*> o« T>. The fermions have a self-energy
[Im{XR(0)}| > 8¢ greater than their bandwidth, which makes
for a bad metal [130]. The Green’s function (B1) for fermions
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becomes essentially local:

dk 1
Cliwy) =
(i) Q27)? iy — € — Sioy)
dk 1 1
~ (113)

T Qn)tio, — Sliw,)  iw, — S(iwy)

We see that the fermion dispersion €; does not matter in
this strong-coupling bad-metal regime, which implies that

the analysis here is universal for any lattice band structure.
When the self-energy of fermions is so large, we can
approximate & (iw,) ~ 1/X(iw,), and look for power-law so-
lutions of the self-energy with the result X (iw,) o< —i|w,|'/?
similarly to completely local SYK-like and Yukawa-SYK
models [1,69,74,75,81,118,122,124,131-136]. This scaling
leads to T'-linear longitudinal resistivity in bad-metal regime
(Parcollet-Georges mechanism) [69-71,137]. We defer a de-
tailed analysis of the bad-metal regime to future works.
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