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Abstract

This thesis is concerned with the numerical solution of the acoustic wave equation,
where the wave propagates through a non-smooth, highly heterogeneous medium.
This setup poses many challenges for classical methods as the heterogeneity of the
medium needs to be resolved, and high regularity is required for higher-order conver-
gence. Herein, we present a novel tailor-made numerical homogenization strategy
that builds on coarse piece-wise polynomials and corrects them accordingly such
that higher-order convergence can be obtained without globally refining all scales
of the medium. In this thesis, the numerical homogenization strategy is first intro-
duced and analyzed in a prototypical setting providing a basis. Further, the method
is fully discretized to obtain a computable method. Finally, it is shown that the cal-
culation of these spaces can be performed localized and fully parallelized on small
subdomains without affecting the convergence.
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1 Introduction

Motivation

Modeling complex phenomena in nature or the performance of a specific mate-
rial in an engineering application is commonly done by partial differential equa-
tions (PDEs). Specifically, the PDE describes the underlying physics as close as
possible and the solution to the governing equation is the response of a physi-
cal quantity of interest such as the density of a wave to the environment. That
could, e.g., be an acoustic wave that transports noise from an engine to the sur-
rounding environment. An interesting application is to develop a noise-cancelling
material that reduces the noise pollution in the surrounding as effectively as possible
subject to certain constraints as weight, size, etc.

In practise, it typically is quite expensive and/or time-intensive to first create a
material that is then tested in a real-world environment or in a laboratory. These
problems provoke the use of computer simulations that provide insight into whether
a material is suited or not for a given application. Thus, these numerical calcu-
lations need to do the heavy lifting and demand a plethora of requirements. The
simulations first and foremost should be highly accurate, and furthermore, it should
be a priori known that the simulation will have a certain accuracy if a given amount
of computational resources are put in. If you have proven that a method can achieve
a set accuracy, then the calculations should also be as cheap as possible, both in
storage and computational effort. Another important property of numerical simu-
lations is the robustness with respect to parameters, that is, if a modelled material
is sufficient for its application, then slight adjustments to said material should still
be applicable to the numerical simulations without any major reworks. To lesser
extent a numerical method should also be easy to implement. This in the long term
may save time when setting up, enhancing and debugging implementations.

A prominent method for solving PDEs is the finite element method (FEM), e.g.,
the higher-order hp-FEM by Babuska and Dorr (1981). Typically, solutions to
PDEs are elements of infinite-dimensional spaces. Thus, a first step is to find a
finite-dimensional subspace in which a solution (to a slightly modified problem) can
be found such that the numerical method has most of the properties mentioned
above. The FEM constructs such a finite-dimensional space by first decomposing
the domain into a mesh, and then seeking a solution consisting of functions that are
polynomials on each element of the mesh. The process of finding a solution in these
subspaces then results in a linear system of equations that can be efficiently solved
with appropriate solvers. Reasons that make the FEM a widely-used method are
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1 Introduction

manifold. The first being that one can show an a priori error estimate. This means
that you know, up to a certain degree (what exactly this means will be elaborated at
a later stage), if you put in enough computational power, you will have a particular
accuracy. Furthermore, by design lie all degrees of freedom in the simulation on
corners (nodes) of elements of the mesh, and they communicate information only
locally to neighbouring nodes. This leads to low connectivity and sparse matrices
in the linear system. Sparse means that a high percentage of entries in the system
matrix are zero and with tailor-made strategies these matrices can be stored at low
costs and solving the spare system is computationally highly efficient. Lastly, the
FEM is also quite simple to implement, and the implementation does not depend on
a forcing term or a material coefficient. This means if a new material is considered,
the change in the implementation is only switching out the input data.

However, there is not one numerical method for everything, and the FEM also
has its drawbacks. Recall from above, the accuracy of the numerical solution can
be verified for a set computational effort only up to a certain degree. This means
that it can be shown that asymptotically the numerical solution converges to the
exact solution. However, how good the approximation is for a given computational
effort depends on different factors. These factors typically are the data that is
given to the PDE. More precisely, the underlying domain, the material coefficient
or a source may contribute to worse approximation with similar costs. For many
challenges that arise when dealing with either ‘bad’ data, the FEM can be adapted
by putting in more a priori information to tailor the FEM to the problem at hand.
In the following, we briefly present one example of ‘bad’ data that pose difficulties
for the classical FEM. These challenges are the main focus of this thesis, where a
tailor-made FEM-based method is designed.

The first challenge considered are non-smooth material coefficients. An example
could be a composite material, e.g., a homogeneous medium that is reinforced with
potentially very small fibers that have vastly different properties. In this case the
coefficient that models this material has rapid and non-smooth jumps across these
fibers. This yields solutions that may in general have low regularity. In order to
show that the finite element (FE) solution has a good accuracy a certain regularity
of the solution to the PDE is necessary. This may potentially lead to poorer approx-
imation with similar computational effort compared to PDEs with smooth material
coefficients. An example how the classical FEM can deal with such materials is by
adaptively refining the mesh. This means that in the proximity of such jumps the
accuracy can be increased by locally increasing the computational effort. Overall,
the so-called adaptive FEM can recover the accuracy of the classical FEM with sim-
ilar computational costs, see, e.g., (Babuska and Rheinboldt, 1978; Guo and Oh,
1994; Dorfler, 1996; Verfurth, 2013). However, if these fibers are present everywhere
in the material the mesh needs to be globally refined. This then has again the same
problem as the classical FEM. Furthermore, if these fibers are comparably small
with respect to the size of the medium, then the classical FEM also yields a low
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accuracy, especially if the mesh is not sufficiently refined. This can be interpreted
that the oscillations that exist in the medium also exist on the solution and if the
polynomials in the finite-dimensional FEM space are chosen to be too coarse, they
cannot properly map these oscillations. The insufficient approximation can be reme-
died by refining the mesh. However, this comes with large computational costs. It
is even more noticeable if the PDE is time-dependent. Then a linear system needs
to be solved at every (discrete) point in time and the costs multiply.

Another enhancement of the classical FEM to overcome difficulties when sim-
ulating heterogeneous materials is the so-called generalized FEM first introduced
by Babuska and Osborn (1983). Therein the authors laid the cornerstone for most
numerical homogenization strategies, especially, the method considered in this the-
sis. The idea of numerical homogenization is solving PDEs with highly oscillatory
materials by setting up coarse FE spaces that might not resolve the oscillations
and adapt them appropriately to fit to the materials. This strategy typically comes
with some computational overhead as the adaption has to be set up first. However,
the benefit that the resulting linear system is comparably small greatly outweighs
the costs of the setup. This is even more apparent if multiple forcing functions are
present or if time-dependent problems are considered.

Numerical homogenization

In the context of numerical solutions to PDEs with highly oscillatory coefficients,
there exists a plethora of strategies that efficiently solve the problem. A major
approach is using analytical homogenization theory. Assume that there exists a fine
scale € that is the oscillation scale of the material. The idea is to understand the
limit PDE as ¢ — 0. The homogenized PDE is then independent of the oscillations
and can be efficiently solved using standard or higher-order FEM. An example for a
prominent method is the heterogeneous multiscale method (E and Engquist, 2003).
The idea is to obtain the homogenized coefficient locally on each element by solving
a cell problem which is derived using, e.g., the so-called G-convergence. Analytical
homogenization can be generalized using higher-order asymptotic expansions as in
the foundational work (Bensoussan et al., 1978). These typically require additional
assumptions on the material, e.g., (quasi)-periodicity or scale separation. In practise,
this can potentially be quite limiting and in our current setting, where we consider
a general non-smooth material that can be non-periodic and does not have the
scale separation property we require a different approach. For more information
and a historic outline of multiscale methods that do not require scale separation see
(Altmann, Henning, and Peterseim, 2021).

Numerical homogenization in this context deals with multiscale problems by split-
ting up the solution space in a coarse space consisting for example of polynomials
and a remainder space. The remainder space is typically referred to as fine-scale

3



1 Introduction

or detail space. It contains information on the oscillations of the PDE coefficient.
While functions in the coarse space approximate the solution to a PDE with oscil-
latory coefficients suboptimally, the goal of numerical homogenization is to include
information from the fine-scale space into the coarse-scale space and thus yields
better approximation in the coarse regime.

One of the earliest numerical homogenization strategies, the so-called variational
multiscale method (VMM), was first proposed by Hughes (1995), and later refined
in (Hughes, Feijéo, Mazzei, and Quincy, 1998). The idea of the VMM is to split
the solution space into a coarse space typically consisting of polynomials and a fine-
scale residual space, which contains information on the oscillations introduced by the
material coefficient. The fine-scale information is obtained by a so-called fine-scale
Green’s function which is obtained from the residual of the coarse solution which is
contained in the fine-scale space.

The method considered in this thesis is closely related to the VMM, the so-called
localized orthogonal decomposition (LOD) method introduced by Malqvist and Peter-
seim (2014) splits the solution space into the classical coarse FE space and corrects
the coarse functions with an appropriate orthogonal projection into the remainder
space. Employing this projection it can be shown that the method yields an error
estimate similar to coarse FEMs that does not depend on the oscillations of the ma-
terial coefficient. However, to obtain the fine-scale corrections global problem needs
to be solved which is rather expensive. Malqvist and Peterseim (2014) have shown
that these corrections are quasi-local in the sense that they obey an exponential
decay that makes it possible to localize the calculation of the corrections to small
subdomains that are embarrassingly parallel to compute. For more details, refer to
the (Malqvist and Peterseim, 2021). While the original localization strategy had re-
sulted in a localization error with suboptimal scaling with respect to the mesh size,
this was later fixed by Henning and Peterseim (2013). Further, a novel localization
strategy was introduced by Hauck and Peterseim (2023), the super-localized orthog-
onal decomposition method. Therein the right-hand side of the corrector problem
is chosen in an optimal way. In practise, the method shows improved localization
compared to the standard LOD method, however, a rigorous proof is still open.

Closely related to the LOD method, is an approach by (Owhadi, Zhang, and
Berlyand, 2014) considering rough polyharmonic splines. Here, a bi-harmonic en-
ergy is minimized to obtain localized basis functions that inherit information on
the oscillatory coefficient. Furthermore, many similarities to the LOD method can
be drawn to the game-theoretic approach to numerical homogenization in Owhadi
(2017); Owhadi and Scovel (2019), the so-called gamblets. There, the energy of an
elliptic PDE is minimized under a constraint.

The multiscale FEM introduced by Hou and Wu (1997), where on each coarse
block a local sub-problem is calculated to incorporate information on the oscillations
in coarse shape functions. The method can be computed completely local, however,
relies on homogenization theory for errors analysis. Efendiev, Galvis, and Hou
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(2013) extended the framework by choosing snapshots in an offline phase which are
then chosen based on a global spectral decomposition.

Another method that is based on the generalized FEM is the work (Babuska
and Lipton, 2011), the so-called multiscale-spectral generalized FEM (MS-GFEM),
where the domain is decomposed into subsets, where on each subset an eigenvalue
problem is considered. The solutions to the eigenvalue problems are then glued
together using a partition of unity approach. This work was later improved upon
by Ma, Scheichl, and Dodwell (2022), and combined with a mixed FEM to resolve
the fine-scales in Ma and Scheichl (2022). An advantage of spectral approaches is
the exponential error convergence with respect to the number of eigenvalues.

In this thesis we consider a higher-order extension of the LOD method as space
discretization. The method has first been proposed for an elliptic model problem
by Maier (2021). The idea of this work is to start with a higher-order discontinuous
polynomial space and minimize the elliptic energy under the constraint that the
minimizer retains the projection into the polynomial space. The localization strategy
in the work by Maier (2021) is suboptimal which has been fixed in the later work
(Dong, Hauck, and Maier, 2023). Furthermore, a recent work by Hauck, Lozinski,
and Maier (2025) developed a generalized framework for higher-order LOD (ho-
LOD) methods with a novel localization strategy.

Herein, we consider the acoustic wave equation with the main challenge, that we
have a very rough and highly oscillatory PDE coefficient. This setting has been pre-
viously analyzed using the classical LOD method by Abdulle and Henning (2017),
where the implicit Crank—Nicolson time discretization is applied, and by Maier and
Peterseim (2019), where the explicit leapfrog scheme is used to propagate through
time. Furthermore, Peterseim and Schedensack (2017) used numerical homogeniza-
tion techniques to relax the CFL condition for the acoustic wave equation. Geevers
and Maier (2023) developed a mass-lumping strategy to augment LOD strategies in
space with fast explicit time stepping. The gamblet approach has been applied to
the wave equation in Owhadi and Zhang (2017).

Furthermore, higher-order methods can effectively model PDEs. Besides the hp-
FEM (Babuska and Dorr, 1981) mentioned earlier (see also (Schwab, 1998)), there
are several other higher-order FEM methods. Such as the discontinuous FEM, where
we refer to the book (Hesthaven and Warburton, 2008), where the polynomial space
consists of discontinuous piece-wise polynomials. Further, there is the hybridiz-
able discontinuous Galerkin FEM introduced by Cockburn, Gopalakrishnan, and
Lazarov (2009), and applied to the wave equation in (Nguyen, Peraire, and Cock-
burn, 2011). Here, the idea is to use the hybrid formulation of the elliptic/hyperbolic
PDE and apply discontinuous FEM. Then the degrees of freedom can be chosen on
the boundary of the elements, and the resulting system has low connectivity.

In the context of hybrid higher-order multiscale methods have been introduced in
(Harder, Paredes, and Valentin, 2013; Araya, Harder, Paredes, and Valentin, 2013;
Cicuttin, Ern, and Lemaire, 2019). However, these methods generally require more
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1 Introduction

regularity assumptions.

Contribution

This thesis considers wave propagation in highly oscillatory media. The goal is to
first illustrate the challenges that arise when a strongly heterogeneous medium is
present and what can be done to remedy such issues. Further, we provide insights
into how the ho-LOD method can underperform for time-dependent PDEs when a
non-smooth material coefficient is present. This thesis contains contents from the
contributions (Krumbiegel and Maier, 2025; Kalyanaraman, Krumbiegel, Maier, and
Wang, 2025) by the author.

Chapter 2 of this thesis builds the foundation of the ho-LOD applied to an elliptic
PDE. In this chapter we briefly summarize why the classical FEM yields suboptimal
error convergence when dealing with highly oscillatory coefficients. Subsequently, we
introduce two localization strategies for ho-LOD methods, the first work by Maier
(2021), and the follow-up with an improved localization strategy (Dong, Hauck, and
Maier, 2023). Therein, we provide a comprehensive review of the previous works.

Chapter 3 contains the main contributions to the field of higher-order numerical
homogenization. At first, it is theoretically analyzed how the prototypical (i.e. non-
localized) ho-LOD method does not yield the higher-order as in the elliptic setting.
Herein we find that the ho-LOD method is tailored to an elliptic PDE and by
the nature of time-dependent problems, the error of the ho-LOD method depends
on the regularity of the solution such that only second-order convergence can be
shown. In Chapter 3 the so-called enriched correction operator is introduced which
is designed to deal with residual of the ho-LOD solution and provide a higher-
order convergence independent of the regularity of the solution. However, in the
prototypical setting presented the enriched correction operator requires knowledge
of the solution to the PDE which is in practise not feasible. The next challenge is
thus to develop a novel enriched correction space which can be applied for solving
the wave equation. We construct an expansion of the solution in certain discrete
spaces which may recover the higher-order convergence from the elliptic setting by
putting in some more computational effort. With the construction of the enriched
correction operator and the successful discretization, the main challenge then is
in constructing a computable method. This is done through localization of the
correctors. We find that the enriched corrector operator obeys an exponential decay,
similar to the ho-LOD correction operator, however, the localization strategy of the
ho-LLOD method is suboptimal in the current setting. Applying this strategy to the
enriched correction operator yields corrector problems on near global subdomains
which would make the enriched ho-LOD unfeasible. In this thesis we will provide
a novel localization strategy that will allow all basis functions to be localized to
subdomains of equal sizes, while preserving exponential errors.
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The numerical experiments are performed in Python with the code published in
https://github.com/FelixKrumbiegel/eholod.git.

The author acknowledges support by the state of Baden-Wiirttemberg through
bwHPC.

Notation

For any finite -dimensional space V', we denote the restriction to a subdomain .S C 2
of a domain 2 by V(9) in the sense that v € V/(5), ifv € V and suppv C S. Further,
we denote with a < b if there exists a constant C' > 0 such that a < Cb, where the
constant may not depend on the mesh sizes H, h, the localization parameter ¢, the
oscillation scale € or the time step 7.


https://github.com/FelixKrumbiegel/eholod.git




2 Higher-order numerical homoge-
nization

The core concepts and necessary terminology that we have touched on in the Intro-
duction are refined herein, providing the essential foundation for the main contribu-
tion in the following chapter.

The results given subsequently are standard considerations and introduce the
reader to the topic at hand and serve as an introduction to the mathematical foun-
dation. The numerical strategy analyzed in this paper is based on a higher-order
localized orthogonal decomposition (ho-LOD) method. The ho-LOD method was
first introduced by Maier (2021) applied to a specific linear elliptic partial differential
equation (PDE).

Thus, in this chapter Section 2.1 is first concerned with the underlying PDE;,
an elliptic model problem, and the existence of (approximate) solutions to such
PDEs. We continue presenting a higher-order finite element method (FEM), a clas-
sical numerical scheme that is concerned with the approximation of said solutions.
Specifically, we briefly discuss the hp-FEM first proposed by Babuska and Dorr
(1981). The hp-FEM creates a finite-dimensional subspace, consisting of piece-wise
higher-order polynomials, of the solution space in which the method finds an optimal
(in a certain sense) solution with highly accurate approximation. This strategy is a
higher-order strategy, which means that faster convergence with respect to the mesh
size can be achieved. However, in the present setting where strongly heterogeneous
media are modeled, FEMs suffer from a mesh resolution condition and require great
computational costs for good approximations.

Section 2.2 illustrates how numerical homogenization strategies aim at reducing
the computational cost while attaining high approximation quality on the example
of the ho-LOD method. The basis for the method is a higher-order discontinuous
polynomial space which is suitably adapted. Thus, the strategy obeys the higher-
order convergence with respect to the mesh size similar to the hp-FEM. The ho-LOD
method builds on a higher-order polynomial space and constructs so-called bubble
functions, that are corrected to adapt the polynomials, respective bubbles, such that
the new subspace is better suited to the problem at hand.

A great benefit of the newly constructed subspace is the fact that this space can
be pre-computed in an offline step, which is particularly useful for time-dependent
problems. Furthermore, each computation can be localized to small regions, and is
embarrassingly parallel. Section 2.3 is concerned with different localization strate-
gies.



2 Higher-order numerical homogenization

2.1 Space discretization and finite elements

First, Section 2.1.1 is concerned with introducing the linear elliptic PDE. We give
some standard results on the existence and uniqueness of solutions. Afterwards, we
lay the foundation of the ho-LOD in Section 2.1.2.

Finally, we briefly introduce the hp-FEM and motivate the use of numerical
homogenization strategies by presenting limits of classical FEMs in Section 2.1.3.

2.1.1 Elliptic model problem

In this chapter, we introduce the hp-FEM and ho-LOD on the following elliptic
model problem. We seek a solution v € H} () such that

—div(AVu) = f inQ,

2.1
u=>0 onl" = 00, (2.1)

where () denotes an open and bounded Lipschitz domain. Let for the right-hand
side f € L?(Q) hold, and for the coefficient A € L*>(Q,R%4). Further, let A be
symmetric and fulfill

alg]’ < A(x)€ - € < BIEP, (2.2)
for almost every z € € and all & € R% Under these assumptions, there exists

a unique solution v € H}(Q) to the variational formulation of the elliptic model
problem (2.1) given by

CL(U, U) = (f7 U)LZ(Q)a (23)
for all v € H}(Q), where

a(u,v) = /AVu -Vudz, (2.4)
Q

for any u,v € H}(Q). The existence and uniqueness is a direct consequence of
the Lax-Milgram theorem, cf. (Babuska, 1970/71, Thm. 2.1). We can verify the
assumptions of the Lax-Milgram theorem by observing that the space Hj () is a
Hilbert space when equipped with the inner product (V -,V -)p2q). This follows
from the Poincaré inequality (see, e.g., (Brenner, 2003)), i.e., for any v € HJ () we
have that

[0 22(@) < CplI Vol 2@, (2.5)
where Cp depends on the domain 2. Furthermore, using (2.2) we obtain coercivity
of the bilinear form a(-, - ), given for any v € H}(Q) by the estimate

o[ Vel < alv.v). (26)
and boundedness of a( -, - ), which for any u,v € Hj(Q) yields
a(u,v) < BlVull o) V0l 2o (27)

10



2.1 Space discretization and finite elements

Lastly, boundedness of the linear functional (f, - )2 follows by employing the
Holder inequality. Furthermore, the Lax-Milgram theorem states that the solution u
obeys the following stability estimate

Cp
Vullr2) < ;Hf”LQ(Q)- (2.8)

We note that in general f € H~'(Q) is sufficient to ensure existence and uniqueness
of the solution u € H{ (). However, the condition f € L*(Q) is typically necessary
for an error estimation of the FEM, and it is reasonable to assume this additional
regularity of the right-hand side.

Further, for simplicity, we assume in the remainder of this work that the coefficient
is scalar-valued. This special case is still covered by the above analysis by taking a
scalar coefficient A € L°°(€2) and multiplying it by an identity matrix 79*<.

2.1.2 Space discretization

This section is mainly used to introduce the necessary ingredients for the ho-LOD
method. We begin by defining a piece-wise polynomial subspace Vg C L*(Q),
that acts as the foundation of the ho-LOD method. To construct such a space,
we have a given quasi-uniform decomposition of the domain €2 into a set of regu-
lar d-rectangles {7y} =0 with the (coarse) mesh size H. For further details, refer
to Ciarlet (1978, Chs. 2 & 3). We note that more general meshes could be considered,
e.g., d-simplices or d-parallelograms. However, for our analysis, the quasi-uniformity
and regularity are crucial properties of the mesh.

From now on, we specifically demand that the coefficient is highly oscillatory
and, for ease of presentation, assume that there exists the smallest scale 0 < ¢ < 1
on which we have the variations. In the following, we denote mesh sizes H that
do not resolve all the fine oscillations of the PDE coefficient A. In cases where we
require a mesh that resolves all oscillations of A we denote that mesh by 7, for mesh
size h < e. Further, consider the mesh 7, to be a refinement of the coarse mesh 7.

For the construction of the discrete spaces we choose a polynomial degree p € Ny
and denote the space of polynomials up to partial degree p on a subdomain S C 2
by P,(S). The discrete space Vp is then given by the space of piece-wise (with
respect to the mesh) polynomials

Vg ={ve L*(Q) |VK € Ty: v|x € P,(K)}. (2.9)
We denote the continuous counterpart (with boundary conditions applied) by
Vi ={veC(Q)|VK € Ty: vlx € P,(K)} N Hy (). (2.10)

Next, we define the L?*(Q)-projection 11z : L*(Q) — Vg onto the space of piece-
wise polynomials that are allowed to be discontinuous across element faces. On any
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2 Higher-order numerical homogenization

element K € Ty, the projection is given element-wise for any v € L*(2) by

((HHU)’KaUH)H(K) = <U|K7UH)L2(K)7 (2.11)

for all vy € Vy(K). Choosing the function vy = (IlIgv)|x in (2.11) yields the L*
stability of the projection

HHHUHLZ(K) S ||U||L2(K) (212)

In the following we discuss the following approximation properties of the L2-projection
onto Vy, see, e.g., (Houston, Schwab, and Stli, 2002). There exists a generic con-
stant C,; > 0 independent of H and p, such that for any v € H*(Q) and K € Ty
holds

[v = Hgoll2) < Conl"@(p, £)|[0]| s (x6), (2.13)

where k£ = min{k,p + 1}, and

(p+1—r)!

P ey

In particular, for £ = 1 we have that

d(p,1) S (p+1)~"

Further, we have the inverse estimate for polynomials, see, e.g., (Siili, Houston, and
Schwab, 2000), for each K € Ty and vy € Vy(K) there exists a constant C,, > 0
independent of H and p such that

2

p
HVUHHL?(K) S CinvEHUHHLQ(K)' (2.14)

We can sum up each of the equations (2.11)-(2.13) and (2.14) over all elements K €
Tu to obtain equivalent global estimates on ). Since (2.13) is stated on a single
element K and then summed up to obtain a global estimate, it is sufficient that the
function v has the required regularity on each element K € Ty, i.e.,

v e HY(Ty) = {ve L*(Q) |ve HYK) for all K € Ty}. (2.15)
We note that
H(Tu) = L*(Q).
2.1.3 Pre-asymptotic effects of the finite element
method

The FEM is a well-established method for the numerical approximation of solutions
to PDEs such as the variational form (2.3). It offers efficient computation and rich

a priori error analysis. We give a short introduction to the FEM on the example of
the hp-FEM method analyzed in Babuska and Suri (1987).

12



2.1 Space discretization and finite elements

hp-finite element method. Seek a solution uy € Vj such that

a(um,ve) = (f,va) 2@, (2.16)

for all vy € Vy. Analogously to above, the existence and uniqueness of the so-
lution ug follows directly from the Lax-Milgram theorem, since the space Vy is a
closed subspace of Hj(€2). To obtain an a priori error estimate, first use vy as test
function in (2.3) and subtract the discrete counterpart (2.16) to obtain the so-called
Galerkin orthogonality

a(u —ug,vy) = 0. (2.17)

Since the Galerkin orthogonality (2.17) holds for any vy € Vj, it can now be used
to prove the quasi-best approximation property, also known as Céa’s lemma

B
O vgeVy
This quasi-best approximation property can now be used to insert any function
in Vg, that has provably good approximation properties. Then we may obtain the
following error estimate as by Babuska and Suri (1987)

anl
IV(u—ug)ll2@) S o= [[wl] e (@), (2.19)

where k = min{k, p+ 1}, and the constant is independent of H and p. This estimate
is crucial for the FEM, as it provably ensures that the approximated solution is close
to the weak solution of the PDE up to a constant. However, the constant can be
very limiting in certain scenarios. One such scenario is the presence of a highly
oscillatory and non-smooth coefficient A. The results of this are two-fold. First,
consider a coefficient that is only piece-wise constant, i.e., A € L®(). In this
setting, we have that the solution in general does not yield the regularity u € H*()
for any k > 2. More precisely, we have that u € H'*°(Q) for some § < 1. In this
case the best error convergence (for p = 1) that can be expected is

IV (e = w22 S HC [ull s ).

Since the computational effort of the FEM scales with O(H~?) using the FEM for
general L*™-coefficients is unfeasible. Guo and Oh (1994) proposed a strategy for
the hp-FEM, where the mesh is not uniformly refined but geometrically refined
around corners where the coefficient emits jumps. Using this refinement strategy
Guo and Oh (1994) have used that the solution may only have singularities at the
corners, and employed weighted spaces to show that solutions have higher regularity
away from the singularities. There, it was finally shown that with this adaptive
refinement of the mesh size the exponential convergence with respect to the degrees
of freedom, i.e., the computational effort, of the classical hp-FEM could be recovered.

13



2 Higher-order numerical homogenization

1.00

0 1

Figure 2.1: Coefficient A. on the left-hand side with oscillations on the
scale 278 and further coefficients A. oscillating on different scales (277,

276275 274 273 272) used to demonstrate the pre-asymptotic effect of
the FEM presented in Figure 2.2.

However, if we also consider that the jumps exist at many points in the domain and
their distance ¢ < H is small with respect to the mesh size, then local adaptive
refinement is essentially a global refinement and the reduced computational effort
of the adaptive method does not emerge. We note that the low regularity of the
solution also holds similarly for the acoustic wave equation considered in Chapter 3
and this discussion remains valid there.

Second, consider now a coefficient that oscillates on a very fine scale ¢ < H,
which has a further disadvantage in addition to the first case. Even if the coefficient
is sufficiently smooth, and the solution has higher regularity u € H*(Q), a reduced
error convergence is observed if the fine-scale parameter is not resolved. This is also
known as the pre-asymptotic effect of the FEM, and explained in the following. Since
we have a sufficiently regular solution, the hp-FEM emits the error estimate (2.19).
However, since the coefficient is highly oscillating, the norms of the higher derivatives
of the solution scale with the inverse of the fine-scale parameter, i.e.,

s

|l ) S 7%,
for some positive s < k — 1. That is, the error reads

1 oLl
IV (u—un)llrz@ S = Jull @) <

es pk—l :

If the mesh is not sufficiently refined, i.e., in this case H 2 c(p)sn%l, then the a
priori error estimate is larger than 1 and thus has no meaning. The pre-asymptotic
effect is illustrated in the following Example 2.1.

14



2.1 Space discretization and finite elements

Example 2.1 (Pre-asymptotic effect of the FEM). The following example presents
the pre-asymptotic effect of the FEM on the example of the Q1-FEM, i.e., we choose
piece-wise linear functions Vi with p = 1. Given is a set of coefficients as shown
in Figure 2.1. Here, the coefficient A, portrayed on the left-hand side oscillates on
the fine scale ¢ = 278, The other group of six coefficients from left to right, top to
bottom oscillate on scales e =277, e =276 e =272 ¢ =2"% ¢ =273 and e = 272,
respectively. For each coefficient we have a = 1 and 8 = 10. The right-hand side is
given by f(z) =1 on the domain Q = (0,1)%

Table 2.1: Relative errors in the Hj-norm and the corresponding experi-
mental order of convergence for two different values of ¢.

Error ¢ =272 EOC Error e =277 EOC
0.7578921333998212 — 0.717113735857691 —
0.6266807004252238 0.27 0.5822603920573785 0.30
0.3266826068230689 0.94 0.5367775359346275 0.12
0.1661367476997543 0.98 0.5214845101011764 0.04
0.08363309007953967 0.99 0.5086409327593817 0.04
0.0418083452389872 1.00 | 0.46659432955366825 | 0.12
0.02050681218667057 1.03 | 0.2553376156476374 | 0.87

0.009216291041980315 | 1.15 | 0.13081604737188351 | 0.96

T

l\Dl\Dl\Dl\:‘)l\D[\D[\Dl\D
oo | o o & o N H

Considering that we use first-order finite element, we should expect an error
convergence of order O(H). However, here comes into play that the coefficient have
fine-scale oscillations. Let us assume for the moment that the solution has the
regularity u € H?(Q). Then the norm of the second-order derivative of the solution
scales like O(e™!) which would dominate the mesh size for coarse meshes. This
confirms the discussion above, that we obtain the pre-asymptotic effect of the FEM
for coarse mesh sizes, that is also observed as the error stagnates in Figure 2.2. Once
the oscillation scale is finally resolved by the mesh size, here H = ¢, we observe that
the error is eventually converging. Here, the convergence appears to be almost first
order. This could be explained either by the fact that the solution is almost in H?(£),
or by the fact that the error estimate for the hAp-FEM in (2.19) only required that
the solution has the necessary regularity on the mesh, i.e., u € H*(Ty).

This example outlines the difficulties that arise when dealing with non-smooth,
highly oscillatory coefficients. First, we need to put in a large amount of computa-
tional power to solve the PDE numerically for mesh sizes that resolve the fine-scale.
This is even more apparent when moving away from elliptic problems and consid-
ering time-dependent PDEs. In that case these resulting large system need to be
solved for each discrete time step which multiplies the large costs. Furthermore,
even if the oscillation scale is resolved, there is no guarantee that the solution is
satisfying. Taking a look into Figure 2.2, we observe that, e.g., for ¢ = 276 the error
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2 Higher-order numerical homogenization
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Figure 2.2: Relative errors in the Hj-norm ||V - ||12(q) for the Q1-FEM for
different mesh sizes H. Each line represents the error of the FEM-solution
for a different coefficient from Figure 2.1 that oscillate on different scales.

of the FEM is barely below 10% for the mesh size H = 278. Another problem with
the FEM is that even once the fine-scale is resolved, the error convergence is still
influenced by the regularity of the solution, and we may have very slow convergence.
Lastly, if there is no a priori knowledge on the size of the oscillations in the material,
there is also no indicator how to properly choose the mesh refinement. In this case,
we have no guess whether the FEM solution is at all accurate.

This example motivates the use of numerical homogenization methods that are
suited to the oscillatory behavior of the coefficient. In the following section we
present an approach to overcome the pre-asymptotic effect of the FEM, that allows
us to work with coarse meshes Ty. We show that the error scales e-independently,
and independent of the regularity of the solution like O(H*) for some x € N.

2.2 Numerical homogenization

In the previous section, we demonstrated how the classical FEM suffers from pre-
asymptotic effects which leads to a stagnation of the energy error at mesh size H
that do not resolve all oscillations of the PDE coefficient. Thus, there is a need for
newly problem-adapted methods that effectively deal with the reduced convergence
while reducing the computational overhead. The construction in this section follows
the work (Krumbiegel and Maier, 2025).
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2.2 Numerical homogenization

2.2.1 Prototypical higher-order LOD

A prominent example for numerical homogenization is the localized orthogonal de-
composition (LOD) method. The LOD method was first introduced by Malqvist
and Peterseim (2014) applied to the elliptic model problem (2.1). The main idea of
the LOD method is to construct a coarse scale space by adapting polynomials using
so-called corrections that incorporate the oscillatory behavior of the coefficient.

A higher-order extension of the LOD (ho-LOD) method was introduced by Maier
(2021) and uses higher-order discontinuous polynomials as basis for the construction
of the coarse multiscale space, where the new space is set up using basis functions
that are minimized with respect to the energy norm. The localization of this method
(more details in Section 2.3) is suboptimal as the error made by the localization
scales with the inverse of the mesh size. The method was refined by Dong, Hauck,
and Maier (2023), where these pollution effects when localization is introduced were
mitigated. This section introduces the ho-LOD method from (Maier, 2021) and
follows the work by Krumbiegel and Maier (2025), while adding details from the
previously mentioned works.

As demonstrated in Example 2.1, the FEM space V, which also holds for Vy,
is not well-suited for the approximation of the solution u to the variational prob-
lem (2.3). This results from the nature of coarse space Vj that is not integrating
any information about the oscillatory behavior of the coefficient A. This stems from
the fact that the coarse polynomials are unable to capture all fine oscillations that
are present on the solution wu.

The idea of the ho-LOD method is to obtain information that lie in the fine-scale
space, sometimes also referred to as the detail space, which is defined to be the
kernel

W = ker Uy |10

of the L?-projection into the discontinuous space V. The information is obtained
via the correction operator C: H}(Q) — W, which is defined for any v € H} () as
the orthogonal projection Cv € W into the kernel space with respect to the energy
inner product a( -, -), i.e.,

a(Cv,w) = a(v,w), (2.20)

for all w € W.

In the classical LOD setting the space Vy is considered for p = 1. Here, the
polynomial space Vi C H{(Q) is conforming, and the multiscale space can readily
be defined by (id —C)Vy. However, for the discontinuous space Vj; this construction
is not possible since we require the multiscale space to be a conforming subspace,
such that we need to adapt the approach. The idea is to create a conforming function
space By C Hj(Q) that has equal L*-projections as the discontinuous polynomial
space, i.e., Iy By = Vg. The existence of such a function space can be derived from
the following lemma.
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2 Higher-order numerical homogenization

Lemma 2.1 (Maier (2021, Cor. 3.6)). Let {K;}}., C Ty be a set of elements
and vy € Vg such that

N
vglonr =0,  where R = | J K;. (2.21)

j=1

Then, there exists a function b € Hg(R) with blo\g = 0 such that IIyb = vy and

2
p
IVOllz2(r) < Cozllvmlze)- (2.22)

Tk
P J=

of the space Vi, where A ;(x) = [1%_, L,(z,) is the product of one-dimensional
Legendre polynomials L, of degree p, < p shifted to the element K. Here, we
implicitly require a mapping, that maps each index j — (p1,...,pq) to a multi-
index of polynomial degrees. We note that this mapping can be chosen arbitrarily.
From Lemma 2.1 it follows, that there exists a bubble function by ; € Hyj(K) to
each Legendre basis function Ak ; such that Ilgbk ; = Ak ;. Employing the bubble
functions as basis functions, we define the bubble space as the conforming subspace

To create the conforming space, let us first introduce a basis Uxer, {Ax

d
By =span |J {bx;}"4"" c HY(Q). (2.23)

KeTy

Next, define the bubble operator
BHS VH — BH, AKJ — BHAKJ' = bK,ja (224)

that maps each Legendre basis function to a corresponding bubble function, and is
extended linearly to the whole space Vy. Furthermore, the bubble operator can be
extended to L?(Q) by concatenation with the L?-projection, i.e., By = By o Ilg.
By Lemma 2.1 we have the following stability of the bubble operator for any v €
LX(K)
P
HVBH’UHLz(K) S ObﬁHU”LQ(K)' (225)

The space By has by construction the same coarse dimension as the discontinuous
polynomial space Vy. Furthermore, from Lemma 2.1 it follows that the bubble
functions retain the local support of the underlying Legendre basis functions. This
important property is crucial for the localization of the multiscale basis functions
in Section 2.3. In the spirit of the (classical) LOD method, we can now apply the
correction operator C to the bubble functions. This leads to the definition of the
prototypical multiscale space Vg given by

Vi = (id —C)By. (2.26)
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2.2 Numerical homogenization

Furthermore, define the prototypical multiscale basis function canonically by
Ak = (id —C)bg ;. (2.27)

In this instance ‘prototypical’ refers to the non-localized version of ho-LOD spaces
and methods. More precisely, we have that the basis functions are defined globally on
the whole domain. This is indicated in Figure 2.3, where in the last row examples of
prototypical multiscale functions are portrayed. There, the support of the multiscale
basis functions in increased with respect to the bubbles, and in fact the support is
the whole domain €2. These global basis functions result in high computational costs
which would make this method unfeasible in practice. However, in Section 2.3, we
find that they decay exponentially away from the support of the bubble functions
and this makes it possible to localize the multiscale basis functions to subdomains.
Thus, the prototypical setting presented here is an ideal setting, that is practically
unfeasible. N

By construction, we have that the dimensions of the multiscale space Vi and the
discontinuous polynomial space Vy coincide, i.e., dim(Vy) = dim(Vy). Furthermore,
the multiscale space Vir and the fine-scale space W are orthogonal with respect to
the energy inner product a(-, -) and together span the whole space H}(Q), i.e.,

HQ) = Vi @, W. (2.28)

This can be seen by the following. Let v € H}(Q2) be chosen arbitrarily. Then we
have that
(ld —BH)U e W,

and thus also
(id —C)v = (id =C)Byv + (id =C)(id =By )v

~ 2.29
(ld —C)BHU € VH ( )

Overall this yields

v=(id-C)v+Cv
(id —C)Byv + Cv € Vy + W,

which shows that N
H& (Q) cVyg+W.

With this property the orthogonal decomposition (2.28) follows since both spaces Vir
and W are conforming, and the a-orthogonality

a((id =C)v,w) =0

for all w € W. This important property will be used later to show the higher-order
convergence rate of the ho-LOD method.
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2 Higher-order numerical homogenization

Remark 2.2 (Construction of the bubble functions). In practice, it is possible to
construct a basis of the multiscale space Vi defined in (2.26) without constructing
any bubble functions corresponding to Legendre basis functions. This is done by
solving a minimization problem, see Section 2.3.1. However, once localization of the
multiscale basis functions is introduced, it becomes necessary to explicitly calculate
some bubble functions. This can be done in practice by solving a local (p + 1)¢ x
(p+1)% linear system, see (Dong, Hauck, and Maier, 2023, Rem. 7.1) for a thorough
construction.

Figure 2.3 shows an example of bubble functions bg 1, with their corresponding
multiscale basis functions A k1. Here, we can observe that the bubble functions are
as opposed to the constant Legendre polynomial Ag ; in the space H}(K). Further,
on the left column the polynomial space is constructed with p = 0 and on the right
column with p = 2. Here, we see that dependent on the polynomial degree p, the
bubble functions may differ.

In the last row of Figure 2.3 the multiscale basis functions /N\KJ are portrayed
that correspond to the bubble functions in their respective column. We observe that
the functions inherit a similar structure but appear to have an increased support
than the element K. In fact the prototypical multiscale basis function are globally
defined on the domain 2. This comes with large computational costs. However, as
indicated in the plots these multiscale basis functions have an (exponential) decay
property away from the support of the corresponding bubble functions. This is
a crucial attribute that allows truncation of the underlying support and yields a
computationally feasible method, for more details see the following Section 2.3.

Prototypical p-LOD method. We now use the conforming higher-order multi-
scale space as trial and test space in the variational formulation of the elliptic model
problem (2.3). This yields the following prototypical ho-LOD method, known as the

prototypical p-LOD method. Seek a function iy € Vg such that
a(tm, ) = (f,0m) 22, (2.30)

for all vy € ‘N/H The existence and uniqueness of the solution @y follows directly
from the Lax-Milgram theorem, and the error of the prototypical p-LOD method
reads as follows.

Theorem 2.2 (Error of the prototypical p-LOD method). Let f € H¥(Ty) for

some k € Ny. Further, let u € H}(Q) be the solution to (2.3), and iy € Vi be the
solution to (2.30). Then, the following error estimate holds

< G 2(p, k)

IV (u—tm)l| 2@ < o1 H Y fll i (7a0) (2.31)

where k = min{k,p + 1}, and the constant is independent of H, p, and the oscilla-
tions of the coefficient A.
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2.2 Numerical homogenization

Proof. The proof is similar to (Maier, 2021, Thm. 3.1). Since Vi; € HL(2), we have
a conforming method, and thus the Galerkin orthogonality holds, see (2.17),

The Galerkin orthogonality shows that the error v — @y is orthogonal to Vi with
respect to the energy inner product a( -, ). Employing the orthogonal decomposi-
tion (2.28) we have that the error lies in the fine-scale space

Thus, we can show the convergence rates in the theorem in the next two steps.
First, we use the coercivity (2.6) to bound the square of the Hj-error by the energy
inner product, then we employ the Galerkin orthogonality (2.32) and the variational
formulation (2.3) to obtain

al|V(u—an)llze ) < alu — tdy,u — )
= a(u,u — tgy) (2.34)
= (f,u— 1))

Finally, we make use of the fact that the error lies in the fine-scale space (2.33), i.e
we have IIg(u — uy) = 0. This and Cauchy-Schwarz inequality with the approxi-
mation property (2.13) of the L2-projection leads to

(f,u—ﬂH)Lz(Q) = ((ld HH) ,<1d —HH)(U—QH))Lz(Q)
< [/(id )f||L2(Q)||(id _HH)(U_QH)HLQ(Q) (2.35)
( K) prn )
< G 1 H | fllrsran IV (uw = @)l 20
The error estimate (2.31) now follows by combining the estimate (2.34) with (2.35)
and dividing by ||V (u — @g)| r2().- O

Remark 2.3 (L?-error estimate for the prototypical p-LOD method). It is possible
to derive an L%-error estimate for the p-LOD method employing Iy (u — @g) = 0.
That is, we have

|u — g2 = [|(id —=1Tg)(u — g )| L2

1 N
N OprmHHV(U — )| 20

Theorem 2.2 yields the L?-error estimate

C3. d(p, k)
o < pr Y
|u UH||L2(Q) ~Ta (pr1)?

where k = min{k,p + 1}. O

H|| [l v 7).
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2 Higher-order numerical homogenization

In practice, the corrector problem (2.20) with the bubble functions bk ; € Hg ()
on the right-hand side needs to be discretized as well to obtain a computable method.
This is typically done by simply replacing the full space Hj(Q) with a discrete
subspace Vj, C H}() in similar fashion to (2.16). Note that we require h < e. In
this setting the bubble functions in the construction are replaced by discrete bubble
function in the sense that by ; € V4(K) C HI(K). For a detailed analysis of the
existence of such discrete bubble functions, we refer to Maier (2021, Sec. 4.3).

The prototypical p-LOD method then approximates the fine FEM solution wuy,
to (2.16) which then has the same error bounds with respect to the coarse mesh
size H. Furthermore, we can also apply the error estimate (2.19) to obtain an error
bound of the fully-discrete prototypical p-LOD method (cf. (Maier, 2021, Thm. 4.9))

IV (u—tm)|lr2@ < IV(u—un)ll2@) + IV (un — tm)|l 2@

’ (2.36)
SV = w2 + H | ey

where x = min{k,p + 1} as above. Note that for the numerical experiments, we
construct Vj, with p = 1, which is reasonable as we cannot expect higher regularity (>
2) of the solution. This error estimate can be interpreted in the way that we can
get arbitrarily close to a fine FEM solution of the problem, however the error to the
exact solution to the PDE is then bounded by the fine FEM error.

2.3 Localization

This section is concerned with the localization of the multiscale basis functions Ag .
As mentioned in Remark 2.2, the multiscale basis functions generally infer globally
defined functions, which comes with a large computational overhead if the proto-
typical p-LOD method (2.30) has to be solved, where the system matrix is a dense
stiffness matrix. However, the plots in the last row of Figure 2.3 indicate that the
multiscale basis functions have a decay away from the support of the correspond-
ing bubble functions. This promotes the idea to truncate the domain on which the
multiscale basis functions are calculated. In fact, it can be rigorously proven, that
the A k,; obey an exponential decay away from the element K.

In the literature there exist different localization strategies, which we briefly men-
tion here. The original p-LOD was introduced in (Maier, 2021). It constructs its
multiscale basis functions using an energy-minimizer subject to a constraint. In
the global (i.e. without localization) setting the p-LOD method is equivalent to the
construction from Section 2.2.1. However, the localization strategy introduces a
suboptimal localization error constant. This was improved later by Dong, Hauck,
and Maier (2023). We provide a short review in Section 2.3.1.

The localization strategy used in this thesis is based on the stabilized p-LOD (sp-
LOD) method, cf. (Dong, Hauck, and Maier, 2023), that builds on the construction
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given in Section 2.2.1. The sp-LOD method first adjusts the bubble functions corre-
sponding to the constant Legendre polynomials to obtain a mesh-size-independent
localization error bound. More details are given in Section 2.3.2.

2.3.1 Localization strategy of a higher-order LOD

In the work by Maier (2021), the author developed a localization strategy for the
p-LOD method. The author showed that the multiscale basis functions can equiv-
alently be obtained by minimizing the elliptic energy under the constraint that the
L2-projection is preserved. That minimization problem can then be localized to
small subdomains and the localized multiscale basis functions can then be used sim-
ilarly to the previous section. However, a drawback of this first localization strategy
is that the localization error has mesh-dependent error constant, which can be ob-
served in numerical experiments. This pollution has been dealt with in a later work
by Dong, Hauck, and Maier (2023), that is summarized in Section 2.3.2. Here we
first introduce the localization strategy from (Maier, 2021), see also (Maier, 2020).
First, we define the operator

R :=id —C. (2.37)

Then, by (Maier, 2020, Rem. 2.3.4) we have that this operator can equivalently be
defined for any vy € V by the following constraint minimization problem

Ruy = argmin a(v, v), s.t. yv =vy. (2.38)
veHL(Q)

As indicated in Remark 2.2 the multiscale basis functions Ax; decay exponen-
tially away from the support of the corresponding Legendre basis functions A ;. To
define the localized multiscale basis functions on subdomains, we define for any ¢ € N
the (-Patch N%(S) around a subdomain S C Q, recursively, by

N'(9) == int| J{K € T | KNS # 0}, NL(S) = N'(NY(S)), feN. (2.39)

In the following we also abbreviate N(S) = N!(S), and N°(S) = S.
The localized operator is now defined for any basis function Ag ; by solving the
following minimization problem

RUAg ;= argmin a(v,v), s.t. Myv = Ag,;. (2.40)
veH}(N(K))

The corresponding localized multiscale space is then defined as the span of the basis
functions .
Uy =span J {RAk; 35" (2.41)

KeTu

23



2 Higher-order numerical homogenization

p-LOD method. The p-LOD method seeks a function iy € U }? such that

a(ty, on) = (f, 0n)r2@), (2.42)

for all oy € U I[f]. The p-LOD method then has the following error estimate

Theorem 2.3 (Error of the p-LOD method (Maier, 2021, Thm 4.4)). Let £ € N and

f € H*(Ty). Further, let u € HL(Q) be the weak solution to (2.3) and iy € (7}? be
the solution to (2.42). Then

- e 4 od-1
IV (= tm) 2 S H I f ey + H O exp(=CO|fll2@),  (2:43)
where k = min{k,p + 1}.

Here, we can observe the factor H~! in front of the second term on the right-hand
side of (2.43). This pollution can be seen in the convergence plots Figure 2.6. That
is, if ¢ is chosen a priori, then refining the mesh might result in an overall worse
error. More information is provided in Example 2.5.

2.3.2 Stabilization of the localization strategy

The localization strategy presented in the work by Dong, Hauck, and Maier (2023) is
based on the correction operator C and splits it into its element-wise contributions.
The image of each of these contributions have an exponential decay, which can be
used to localize them to patches and subsequently put together for a localized cor-
rection operator. However, in order to obtain a mesh-size-independent localization
bound, the bubble functions bx ; corresponding to the constant Legendre polynomi-
als need to be slightly adjusted. This section follows the works by Krumbiegel and
Maier (2025) and Dong, Hauck, and Maier (2023).

We start by defining the element-wise correction operator Cg: Hj(2) — W for
any v € H}(Q) as the solution Cxv € W to

a(Cxv,w) = alg(v,w) (2.44)

for all w € W, where the restriction of the inner product is given by

alg(v,w) = /AVU -Vwdzx
K

for all v,w € Hj(Q). Then by definition we have

c= Y cx

KeTy

The element-wise correction operators Cx are subject to the following exponential
decay away from the element K € Ty.
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2.3 Localization

Lemma 2.4 (Dong, Hauck, and Maier (2023, Lem. 5.1)). There exists a con-
stant Cq > 0, independent of H,{, K, such that for all K € Ty, v € H(Q),
and ¢ € N we have

HVCK’UHLQ(Q\NZ(K)) < eXp(—CdE)HVCKUHLz(Q). (245)

We provide this lemma without proof as the proof is similar to the one provided
for Lemma 3.17. We denote with W (N*(K)) the restriction, in the sense of localized
support, of functions w € W to the patch N(K). The exponential decay result
for the element-wise correction operator motivates the following construction of
the localized element-wise correction operators Ch: H () — W(NY(K)) given for

any v € H}(Q) as the solution CJv to
a(C%]v,w) = alg (v, w) (2.46)

for all w € W(NY(K)). The localized correction operator C! is then defined by the
sum of the element-wise counterparts

cl= 3 ¢l (2.47)

KeTy

If we choose ¢ > %, which we formally denote by ¢ = oo, then the right-hand

side of (2.46) is stated on the whole domain, and we have CEO] = Ck and CI*! = C,
For the localized correction operator we can employ the decay result in Lemma 2.4
to obtain the following localization error estimate.

Lemma 2.5 (Dong, Hauck, and Maier (2023, Lem. 5.2)). There exists a con-
stant Coe > 0, independent of H,{, such that for all v € H}(Q) and ¢ € N we
have

IV(C = C™Y|| 12) < Cloel? exp(—Cal) || V|| 12, (2.48)
where Cyq s the constant from Lemma 2.4.

The idea of the proof is to split the localized and global correction operators into
their element-wise counterparts. Then, using that the patches have a finite overlap
the estimate in Lemma 2.5 follows from the auxiliary lemma stated below. Again,
we omit the proof as the subsequent Theorem 3.19 employs similar techniques. For
completeness, we present (without proof) the following auxiliary lemma. The proof
of this lemma is similar to the proof of Lemma 3.18.

Lemma 2.6 (Dong, Hauck, and Maier (2023, Lem. A.1)). There exists a con-
stant Cy > 0, independent of H,l, K, such that for all v € H}(Q), K € Tg,
and ¢ € N it holds

IV(Cxk — C%])UHLz(Q) < Cpexp(—Cal)||VCx| 12(0r), (2.49)
where Cq 1is the constant from Lemma 2.4.
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2 Higher-order numerical homogenization

The straight-forward procedure going from this point would be by simply applying
the localized correction operator to the bubble functions similarly to (2.26). That
is, we replace the trial and test spaces in (2.30) by the localized spaces and seek a
function @iy € (id —C!) By such that

a(ﬂH, f)H) = (fv ,DH)LQ(Q%

for all oy € (id —C¥) By. However, this application is equivalent to the localization
strategy presented in Section 2.3.1 and results in a suboptimal localization error,
which results from the scaling of the bubble functions. Specifically, the first bub-
ble function corresponding to the constant Legendre polynomial is not well-suited.
Thus, in the following we construct a new set of bubble functions that have increased
support but in return yield a much better localization result.

The stabilization of the p-LOD method as used by Dong, Hauck, and Maier
(2023) utilizes a quasi-interpolation operator Py, see also (Altmann, Henning, and
Peterseim, 2021, Ex. 3.11). The operator is given for any v € L*(Q) by (see (Dong,
Hauck, and Maier, 2023, eq. (3.6)))

PHU :IHU+BH(U —IH)’U, (250)

where the quasi-interpolation operator Zy = £y o I1% onto continuous piece-wise
linear polynomials is given as the concatenation of the L?-projection I1% onto Vi
for p = 0, and an averaging operator &y onto Vi for p = 1. More precisely, the L?-
projection H% onto piece-wise constants is given for any v € Lz(Q) by

(M0, ver) 200y = (v,v1) 12(0)
for all vy € Vi defined with p = 0, and £y is defined for any piece-wise constant vy €
Vy for p = 0 at any inner node z € Ty by

1
HK € Ty | z € K}| Z

KeTy: zeK

(Envn)(z) = vr|k(2),

and (Egvy)(z) = 0 for boundary nodes z € I'. The quasi-interpolation has the
following properties.

Lemma 2.7 (Dong, Hauck, and Maier (2023, Lem. 3.3)). The operator Py is a
projection, i.e., it satisfies Py = P%. Moreover, its kernel coincides with the kernel
Of HH, z'.e.,

ker Il = ker Py.

Further, there exists a constant Cy, > 0, which solely depends on the regularity of
the mesh Ty, such that for all v € HY(Q) and K € Ty holds

HVPHUHLQ(K) + H_ll‘(ld _PH)UHLZ(K) S CXbHVUHLQ(N(K))- (251)
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2.3 Localization

Remark 2.4 (Effect of the extended bubble functions). By design, Py only has
an effect on the bubble functions b1, see also (Dong, Hauck, and Maier, 2023,
Lem. 6.1). In Figure 2.4 a bubble function bx; on the left-hand side is portrayed.
Note that this is the same function as in the previous Figure 2.3 and is the bubble
function constructed from the constant Legendre polynomial. On the right-hand side
we show the corresponding extended bubble function by ; = Pybg 1. We can observe
that the support of the functions is slightly increased. We refer to (Krumbiegel and
Maier, 2025) for a constructive approach and a different illustration.

sp-LOD method. The extended bubble operator Py is now used to construct the
extended bubble space Uy = PyVy = PyL?(Q) C HE(Q). This conforming space
can be used as the foundation to construct a localized multiscale space

Vi = (id —cuy (2.52)

that is able to overcome the pollution effect from the p-LOD method. This yields
the following ho-LOD method, the so-called stabilized p-LOD (sp-LOD) method,

that seeks a function uy € V}f] such that
a(tm, ) = (f, ) L2 (2.53)

for all vy € XN/[[f] We note that for ¢ = oo this construction coincides with the con-
struction of the prototypical p-LOD method in Section 2.2.1. The sp-LOD method
now yields the following error estimate.

Theorem 2.8 (Error of the sp-LOD method (Dong, Hauck, and Maier, 2023,
Thm. 6.2)). Let ¢ € N and f € H*(Ty). Further, let uw € H}() be the weak

solution to (2.3) and iy € ‘N/I[ﬁ be the solution to (2.53), respectively. Then

_ " a
IV (u = g2y S H w7y + €2 exp(=Cal)ll fll 20, (2.54)
where k = min{k, p + 1}.

Again, we omit a proof of this theorem. However, we provide a rigorous proof
with localization estimates of a ho-LOD method at a later stage in Theorem 3.24
(applied to the wave equation). The idea is to split the errors into two parts, the first
part is the error of the prototypical method which can be bounded by Theorem 2.2
and a localization error, which can be bounded by inserting an ideal mapping into
the discrete space ‘7}[[6] using Céas lemma, and applying Lemma 2.5.

Example 2.5. Here, we solve the elliptic model problem (2.3). We apply the
localized versions of both the p-LOD and sp-LOD methods with polynomial de-
grees 0,...,4. The PDE coefficient A; is given in Figure 2.5 and has strong oscilla-
tions on the fine-scale ¢ = 278. We prescribed zero boundary data and the source
is given by

f(z) = 2n? sin(7a,) sin(7zy).
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2 Higher-order numerical homogenization

The reference solution is given as a FE solution u, € V), on a mesh with mesh
size h = 27°. Herein, the right-hand side is sufficiently smooth, and we expect
to observe the optimal error convergence of order O(HP*?). For every polynomial
degree, if the localization parameter is chosen appropriately, we find that the optimal
error convergence is observed for both the p-LOD and sp-LOD solutions. We also
readily plotted the two different localization strategies together such that the effect
of the stabilization can be observed comparing lines in the same color with each
other. Generally, for the p-LOD method we find that once the localization parameter
does not yield the optimal convergence, the error increases when refining the mesh.
This pollution effect is stabilized by the sp-LOD, where it can be observed that the
error reaches a plateau when decreasing the mesh size and keeping the localization
parameter constant.

As this chapter was more of a review of the existing higher-order LOD methods,
the upcoming chapter will feature the application to the wave equation and a com-
pletely novel method with a rigorous error analysis. In the following chapter we
apply the sp-LOD method to the linear acoustic wave equation.

28



2.3 Localization

Figure 2.3: Portrayed are examples for bubble functions bx ; corresponding
to a constant Legendre polynomial Ak ; for the spaces Vi (with p = 0, left,
and with p = 2, right). The first row shows bx ; locally on K, and the second
row on the full domain €. In the third row the corrected multiscale basis
functions A k1 corresponding to the bubble functions in their respective row
can be observed.
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2 Higher-order numerical homogenization

-0.3 -0.2 -0.1 0.0 1.0 2.0 3.0 35

Figure 2.4: Portrayed is an example of a bubble function by ; corresponding
to the constant Legendre polynomial Ag ; (left). The right-hand side shows
the corresponding extended bubble function by ; with increased support.

1.00

= s sk 001
0 02 04 06 08 1

Figure 2.5: The plot above depicts a material coefficient A; that has some
coarse structure with rapid jumps on a scale e = 278,
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rel. error in ||V - || 120
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Figure 2.6: Relative errors in the norm ||V - || 12(q) for the coefficient A; from

figure 2.5 that oscillates on the scale ¢ = 27%. The plot shows four different

polynomial degrees and compares the error for the localization strategy of
the p-LOD in a dotted and the sp-LOD in a solid line.
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3 Higher-order numerical homoge-
nization for the wave equation

We transition now from foundational concepts, where we reviewed a higher-order
localized orthogonal decomposition (ho-LOD) method applied to an elliptic model
problem, to novel contribution, presenting the principal finding. First, we show
that straight-forward application of the ho-LOD method results in a reduced error
convergence. We revisit this result and present a solution that yields optimal higher-
order convergence for wave equations. This chapter follows in major ways the works
(Krumbiegel and Maier, 2025; Kalyanaraman, Krumbiegel, Maier, and Wang, 2025),
where the method designed in the latter is herein adjusted to the acoustic wave
equation.

Section 3.1 introduces the acoustic wave equation and the variational formulation
that is the basis for the remainder of this thesis. Importantly, in this section we find
the regularity assumptions on the data with a small discussion.

In Section 3.2, we apply the prototypical sp-LOD method from Section 2.2.1 to
the acoustic wave equation. Note that in the prototypical setting, the sp-LOD and
the p-LOD method coincide, and we denote the method for simplicity with sp-LOD.
Here, we exclude the localization of the method to present the findings in the most
modest way possible. The main discovery in this section is the suboptimal spatial
error convergence of the prototypical sp-LOD method. In Chapter 2, we proved
that for the elliptic model problem the convergence is O(H?*?) provided the right-
hand side is sufficiently regular. However, for the wave equation, we show that error
convergence of only O(H?) can be expected even if the right-hand side has high
spatial regularity. This section includes a complete semi-discrete error analysis.

This suboptimal convergence rate of the prototypical sp-LOD method in space
invokes the need for an extension of the existing method that can recover the optimal
rate of the elliptic setting for the wave equation. In the spirit of the LOD method,
Section 3.3 defines a new operator that maps into the kernel space W and is thus able
to obtain oscillations similar to the classical correction operator C. This operator
can then be used to enrich the existing (prototypical) multiscale space that then
provably yields the optimal spatial convergence. This section analyzes an ideal
(prototypical) scenario and gives a first idea how the so-called enriched correction
can recover optimal convergence for the semi-discrete problem.

The principal finding is presented in Section 3.4. Here, we prove that the enriched
correction operator obeys an exponential decay similar to the classical corrector.
This decay can then be used to derive a localization result that eventually allows for
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3 Higher-order numerical homogenization for the wave equation

localization of all basis functions to patches of the same size. This very important
property results in a higher-order numerical homogenization strategy that is com-
putationally feasible. Further, we start with the localized multiscale spaces created
by the sp-LOD method and enrich them with localized enriched corrections that we
use as trial and test spaces and show that these spaces have the optimal convergence
rate promised in the elliptic setting.

Finally, we combine the enriched higher-order LOD with a time discretization
scheme in Section 3.5 and prove a fully-discrete error estimate.

3.1 Weak formulation and well-posedness

This section introduces the acoustic wave equation. We give regularity assumptions
on the data that is required for the existence of a solution with a certain regularity.
Similar to the elliptic setting, we cannot expect spatial regularity of the solution be-
yond second order. The novel method in this thesis, however, requires high temporal
regularity of the solution and the right-hand side. For a more detailed analysis, refer
to Remark 3.2.

3.1.1 Acoustic wave equation and variational for-

mulation

We consider the following linear acoustic wave equation, where we seek a function u
such that

O*u — div(AVu) = f in [0,7) x €,
=0 0,7)xT
u on 0,T) x T, (3.1)
U = in {0} x €,
J,u = vy in {0} x €,

where the domain €2 and boundary I' are defined as in Section 2.1.1, with a given
final time 7" > 0. Furthermore, let the coefficient A be defined as before in (2.2),
specifically, it is constant in time. Recall, that the coefficient is highly oscillatory,
and we assume for simplicity that there exists the smallest oscillation scale ¢ > 0.
Similar to above, we assume that f: [0,7] — L*(Q). The variational formulation
seeks a function u: [0, 7] — H}(Q) such that

(07w, v) -y @yxmi() + alu, v) = (f,0)120), (3.2)

for all v € H}(Q) with the initial conditions given by u(0, ) = ug and 9,u(0, -) = vy.

The following regularity assumptions on the right-hand side and the initial condi-
tions ensure that a solution exists which is unique and has the appropriate regularity
for the analysis in this section.
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3.1 Weak formulation and well-posedness

Assumption 3.1 (Compatibility and well-preparedness). Let k, m € Ny. Consider
the following well-preparedness and compatibility assumptions:

(A1) et f e C™([0,T]; H*(Th)),

(A2) let u(0) =wup € Hi(Q), and d,u(0) = vy € HY(Q)

(A3) let O u(0) = 072 f(0) — div(AVO, 2u(0)) € H(Q), for v =2,...,m,
(A4) let am“ (0) = 07" 1 £(0) — div(AVI™ 'u(0)) € L*(R),

(45)

5) there exists a constant Ci,;; that is independent of e, such that

ZHa w(0)| g0y + |07 u(0) || 2 < Chnit-

From (Lions and Magenes, 1972; Evans, 2010) it follows employing Assump-
tion 3.1 that a unique solution u to the variational formulation (3.2) exists, with

u € C™([0,TT; Hy(Q)) N C™ ([0, TT; L*()). (3:3)

Furthermore, the norm of the solution can be bounded by a constant independent
of € such that

HuHCm([O,T];Hol(Q)) + ’\UHCWI([O,T];LQ(Q))
S 1107 u(0, ’)HH&(Q) + |07 u(0, MNizz@) + | fllemorr2@))-  (3-4)

For readability, we denote with Cq.ia > 0 a generic constant such that

> Mullev o @y + ullemero,rycz@))
v=0

<ZH31’ M) + 1107 (0, )| 20 +ZHf||C’VOT )

S, Cdata .

(3.5)

We note that the Cy,, is defined here as a constant that is able to bound all norms of
the right-hand side and initial conditions. This is merely a convenience and greatly
reduces the size of equations. Furthermore, we have that since Cj;; is e-independent
the constant Cy,y, is also independent of € provided the norms of the right-hand side
is independent of €. However, this is reasonable to assume.

Remark 3.2 (Regularity). By the theory (Lions and Magenes, 1972), e.g., for the
right hand-side the temporal regularity f € H™(0,T; H*(Ty)) is sufficient, however,
Assumption 3.1 (A1) is made for simplicity. Furthermore, the existence of a solution
with the given regularity and stability is given already for k = 0. Similar to the ellip-
tic setting, however, we require higher regularity of the right-hand side on the mesh
such that we can obtain higher-order convergence. This is a reasonable assumption
as for classical methods higher regularity of the solution is typically assumed.
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3 Higher-order numerical homogenization for the wave equation

For k = 0, Assumption 3.1 is also referred to as the well-preparedness and compat-
ibility condition of order m as introduced by Abdulle and Henning (2017). Consider
the elliptic operator div(AVu), then the condition essentially describes that by prod-
uct rule, the derivative of the coefficient A is in general very rough, and the solution
essentially needs to be very rough as well such that the whole term is in L*(Q2). An
interpretation of this condition is that waves that are travelling through a (highly
heterogeneous) medium need to fit to the PDE at the initial time as well. This
assumption can, e.g., be fulfilled if the initial data (and their temporal derivatives)
is wug, vo, f(0,+) = 0. In Example 3.13 such an example is considered. We can in-
terpret this case as a wave that is 0 before the initial time and then excited by an
external source f at a certain point in time, and then travels through the material.
Another interpretation is that if the wave is already travelling through a hetero-
geneous material, then the wave should have oscillatory behavior itself. Thus, if
there is no source present, the wave already needs to fit the PDE and thus fulfil the
equation at the initial time, which is considered by Assumption 3.1 (A3).

3.2 Numerical homogenization

In this section we apply the prototypical sp-LOD method to the acoustic wave
equation. These results have been previously published in (Krumbiegel and Maier,
2025). Here, we find that for the wave equation, the prototypical sp-LOD method is
not well-suited for spatial discretization as it obeys a reduced convergence rate than
expected from higher-order methods. The reason is illustrated in the following. We
know from Chapter 2 that classical FEMs require higher regularity of the solution
to obtain higher-order convergence of the FE solution. This problem has been dealt
with by the prototypical sp-LOD method that requires only regularity of the right-
hand side. However, if we consider the wave equation as an elliptic problem for a
single time ¢ € [0, T7,

a(u(t)av) = (f(t)7v)L2(Q) - <at2u(t)7U>H*1(Q)><H(}(Q)

then the right-hand side essentially consists of two functions, the function f and
the second time derivative of the solution 9?u. This is why the reduced convergence
appears as we cannot expect the regularity of 9?u to exceed HJ(2). With similar
arguments as for the elliptic error analysis Theorem 2.2 this only yields second-order
convergence, as explained in more detail in the following.

3.2.1 Convergence order reduction for a prototyp-
ical higher-order LOD

As mentioned in the above introduction, we provide a detailed analysis for the
observed reduced order convergence of the prototypical sp-LOD method.
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3.2 Numerical homogenization

Semi-discrete prototypical sp-LOD method. In a first step we use the proto-
typical multiscale space \7H defined in (2.26) as trial and test space for the variational
wave equation (3.2). The semi-discrete prototypical sp-LOD method seeks a func-
tion @iz [0,T] — Vi such that

(0Ftm, Un) L2y + alim, On) = (f, 00) 120 (3.6)

for all o € Vi, and all times ¢ € [0, T], where the initial conditions are given as the
projections into the multiscale space

iy (0) = Pug, 8, (0) = Puy. (3.7)
That is, the projection P: H}(Q) — Vi is defined for any v € H}(Q2) by
a(Pv, i) = a(v, r) (3.8)

for all oy € V. By standard ODE theory, we have by Assumption 3.1 that for the
semi-discrete sp-LOD solution it holds

iy € C™([0,T]; Hy(Q)) N C™ ([0, T); L*(9)). (3.9)

Further, we have the bound

S Naw|ler o ) + @wllemo.rsr20) S Caata-
v=0
For the semi-discrete sp-LOD method we can show the following error estimate.

Theorem 3.9 (Error estimate of the semi-discrete prototypical sp-LOD). Let As-
sumption 3.1 hold for some k € N and m > 4. Further, let u be the solution to (3.2),
and ty be the solution to (3.6). Then

10, (u(t) — @ ()2 + IV (u(t) — @ ()| r2@) Sr H*Caata- (3.10)

Remark 3.3. For ease of presentation we assume k£ > 1 in Theorem 3.9. If Assump-
tion 3.1 holds for £ = 0 (and m > 4) we obtain the first-order error estimate

10y(u(t) = @ (W)l 2@ + IV ((t) = @n () |2 Sz HCaata- (3.11)

In Theorem 3.9 we show that we can only expect the semi-discrete prototypi-
cal sp-LOD solution to be second-order accurate in space, despite having optimal
convergence in the elliptic setting. We prove the theorem in two steps. The first
step is a classical energy estimate that bounds the error ¢ = @y — Pu between
the semi-discrete prototypical sp-LOD solution and the projection, defined in (3.8),
of the weak solution into the multiscale space. We show that this error can be
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3 Higher-order numerical homogenization for the wave equation

bounded by the error o = u — Pu between the weak solution and its projection into
the multiscale space.

The second step is the estimate of the projection error g itself. Here we find that
employing similar arguments as in the elliptic setting results in maximum second-
order convergence independent of the regularity of the right-hand side f. This
indicates that the multiscale space Vg is suboptimal for applications to the acoustic
wave equation.

The following lemma estimates the space discretization error ¢. The proof is
rather standard and uses the fact that ¢ solves a wave equation with 9?9 as the
right-hand side. The statement follows by well-known energy estimates.

Lemma 3.10 (Space discretization error). Let Assumption 3.1 hold for some k € Ny
and m > 1. Further, let u be the solution to (3.2), and Uy be the solution to (3.6).
With ¢ = uy — 75u, and 0 = u — 73u, where the projection P is defined in (3.8), the
following estimate holds

t
|9l z20) + V(B 20y S [1020(5) 1220 ds. (3.12)
0

Proof. The proof is similar to Krumbiegel and Maier (2025) and is based on Joly
(2003). We fix any s € [0,7]. Then we use the variational formulation for the
prototypical sp-LOD method (3.6), and the definition of the projection into the
multiscale space (3.8) to obtain

(870(s), 0m) 12(0) + a(p(s), Tmr)

= (0} (an(s) — Puls)), 5r) 120 + al(@(s) — Pu(s)), )
= (f(3), 0m)r2i0) — (OFPu(s), U) 2o — alu(s), i)

for all oy € V. Next, we use the variational formulation (3.2) for the first term
on the right-hand side since oy € Hi () is a valid test function. Thus, the spatial
discretization error ¢ solves the semi-discrete problem

(o), 0m) 12 + alp(s), o) = (Ffuls) — O;Puls), Tar) r2(o)

— (820(s), 1) 2 (3.13)

for all ¥y € Vi. We define the semi-discrete energy of the wave equation by
¢(t) = 1100 1320 + ale(t), o(t)]. (3.14)

For any function v € C'([0,T7; Hy(€2)) we have

20,(v,0) 20 = (9,0,0) 12(), 10,a(v,v) = a(dv,v).
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Using these equalities we have

0,&(5) = 39,(0,(5), 0,0(5)) 2(2) + 50,a((s), ()
= (07¢(s), 0,0(5)) 120 + a(0(s), Oyp(s))
= (%).

Since 0y = 0,p(s) is a valid test function in (3.13) we have employing the Cauchy-
Schwarz inequality
(%) = (97 (), Bp(3)) 120
< (187 0(s) [l 2@ 10,(5)[| L2 (3.15b)
S 107 e(s) | 2y €(5)-
Using chain rule and (3.15) after division by ,/&(s) we obtain

o€ -

(3.15a)

(3.16)
N ||8tQ

)||L2<Q>-

Finally, integrating (3.16) in time from 0 to t yields

Ve S e + [1020(5) 120 ds. (3.17)

We have €(0) = 0 by the definition of the initial conditions (cf. (3.7)). Then the

estimate

10w (D)l L2y + Vo)l L2 (@) S/ E(F)

t
S [1820(3) 120 s
0

proves the assertion (3.10). O

The next lemma provides an estimate for the projection error o. We use that the
projection error lies in the fine-scale space W to insert the L2-projection and use
standard polynomial approximation results to obtain the convergence. This lemma
provides insight into the mechanics that lead to the reduced convergence.

Lemma 3.11 (Projection error). Let Assumption 3.1 hold for some k € Ng andm >

4. Further, let u be the solution to (3.2). With o = u — 73u, where the P is defined
n (3.8), the following estimates hold for v =0,1,2

IVOy o(t) || 20y S H M fllev oz miayy) + HAOFullovqo,r i ) (3.18a)
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and forv=1,2
107 o)l 22y S H (| fllew o,y (7)) + HP 07 ull e po,7y: 101 (52 (3.18b)
where k = min{k,p + 1}.

Proof. The proof of this lemma follows along the same lines of Theorem 2.2. Let ¢ €
[0, T]. Employing the definition of the projection P we have for any vy € Vi that

a(u(t) — Pu(t),vg) =0, (3.19)
and thus (2.28) yields
o(t) e W.

Since the projection error lies in the kernel space, we can subtract the L?-projection
and use the approximation estimate (2.13) to obtain for v = 1,2

197 0(t) || L2y = || (id —=115) 0} 0(t) || L2()
S H||VO o(t)] 22(er)-

Thus, we already have bounded the norm on the left-hand side of (3.18b) by the
norm on the left-hand side of (3.18a), and it remains to show (3.18a). First, we use

~

the coercivity of the inner product (2.6) and that the projection P is orthogonal
to o with respect to a(-,-) which yields

IVo(t)Z2) < alo(t), ot))
a(u(t) — Pu(t), u(t) — Pu(t)) (3.20a)
(u(t), u(t) = Pu(t)) = ().

Further, employing the variational wave equation (3.2) we obtain

() = (F(1), u(t) = Pult) r2i0) — (FFult), u(t) = Pu(t)) 2y = (%).  (3.20b)

Next, we again use that the test function p(¢) € kerIly lies in the kernel of the
L2-projection such that we can insert II, and finally applying the Cauchy-Schwarz
inequality with the approximation result (2.13) yields

Il
o

(x) = ((id =Ia) f (1), (id =T (u(t) = Pu(t))) 20
— ((1d =T1y)3}u(t), (id ~TLg) (u(t) = Pult))) 2@ (3.20c)
S [HAF @O ey + HIVOu() | 2009 HIIV (w(t) = Pu() |20
Note that (3.20) also holds for 9} o(t) for v = 1,2. Dividing both sides of (3.20) by

the norm [|[Vo(t)|r2() and taking the supremum over ¢ € [0,77] on the right-hand
side of (3.20) yields the assertion (3.18). O
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3.2 Numerical homogenization

This proof exhibits why the multiscale space \~/H created by the prototypical sp-
LOD method is not well-suited for time-dependent problems. We observe that the
reduced convergence rate stems form the low regularity of the weak solution u. For
a more detailed discussion we refer to Remark 3.4 and Examples 3.5 and 3.6 at the
end of the section. Now, we first complete the proof of the error estimate for the
semi-discrete solution by combining the above two lemmas.

Proof of Theorem 3.9. Let t € [0,T]. First, we split the error into the space dis-
cretization error ¢(t) = Uy (t) — Pu(t) and the projection error o(t) = u(t) — Pu(t)
of the weak solution using the triangle inequality, i.e.,

10, (s (t) — u(t)) | z2@) + [V (@a(t) — u(t)l 2@
< 0,2 + Vel + 10,0(0) [ 2@ + Vo)l 2. (3:21)

The first two terms can directly be estimated using Lemma 3.10, i.e.,

t
102 ()| 2(2) + V(D) 2200 /Ilé‘t@ §)|lz2() ds,
0

which yields
10y (@ (8) = u(®)) [ L2 + IV (@n () = u(®)l] 220
t
S/Hafg(S)HLm) ds + [[0,0(t) || 220y + IVo(t) [ r2(0) = (%) (3-22)
0
Each term on the right-hand side can now be estimated using Lemma 3.11, i.e.,

with (3.5) the statement reads

Vo) 220y S HCaata,
10,0(0)|| 2 < H?Caatas
107 0(t) |20 S H?Cata-

Thus, we have using that the term under the integral is time-independent

t
*) 5 /Hscdata ds + chdata + HQCdata

STHQ C(datau
Note that the constant depends on any time ¢ € [0, 7. [

Remark 3.4 (Reduced convergence rates). This proof shows that we cannot expect
a convergence rate beyond second order. It follows since the spatial regularity of the
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3 Higher-order numerical homogenization for the wave equation

solution, or, more precisely, its second time derivative is not sufficiently large. Even
if we increase the spatial regularity of the right-hand side and the initial conditions,
the problem lies with the coefficient. Here we pay the result for assuming the
least amount of regularity in space. In the rest of this thesis, we will provide a
novel strategy that fixes this suboptimal convergence and does not require any more
structural assumptions on the coefficient.

This result can be interpreted that the sp-LOD method is tailored to the elliptic
setting and deals very well with the elliptic differential operator. However, it is not
sufficient in dealing with time-dependent problems where the PDE operator also
contains the second time derivative.

In the following we also present two examples that further highlight the reduced
convergence (Example 3.5) and investigate what happens if smooth but oscillatory
coefficients are present (Example 3.6).

Example 3.5 (Reduced convergence rates). This experiment presents what has
been analyzed theoretically above. We apply the sp-LOD method to the wave equa-
tion in highly oscillatory media, specifically, the diffusion coefficient is A; given
above in Figure 2.5 with oscillation scale ¢ = 278, The right-hand side is given by

f(z,t) = 2r%sin(m, ) sin(7ay) sin(t)®

with zero initial condition such that Assumption 3.1 holds for m = 8. That is, by
design since the well-preparedness and compatibility conditions hold, and the right-
hand side and initial conditions are sufficiently smooth, the reduced convergence
really only stems from the low regularity of the solution, which in turn is a result of
the general L*>-coefficient A;. The reference solution is computed on a mesh with
mesh size h = 27, and we use the Crank-Nicolson time stepping with time step
size 7 = 27Y for both the reference and the sp-LOD solution. With this choice the
error should be dominated by the spatial error.

Figure 3.1 shows the relative errors ||[V-||;2)-norm for sp-LOD method. The
errors are plotted for three different polynomial degrees and localization parameters.
We observe that for p = 0 we obtain the optimal second-order convergence. Further,
the error for lower localization parameters (e.g., ¢ = 2) stagnates if the mesh is
refined which is in line with the stabilization of the sp-LOD method. For the higher
polynomial degrees p = 2,4 the errors are not of optimal order. We observe that the
errors seem to have convergence order of less than 2. This most likely stems from
the fact that the size of the errors is much lower and the plot eventually saturates
in the second-order rate for lower mesh refinements. Furthermore, the plot shows
that increasing the polynomial degree decreases the size of the error which indicates
a positive scaling with respect to the polynomial degree. In fact, this can be proven
by tracing the constants in Theorem 3.9, see also (Krumbiegel and Maier, 2025).
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Figure 3.1: Relative errors in the norm ||V -|[12(q) for the sp-LOD for dif-
ferent mesh sizes H. We can observe that independent of the polynomial
degree.

Example 3.6 (Optimal convergence rates). The major issue that leads to the re-
duced convergence rates is the low regularity of the coefficient which leads to low reg-
ularity solutions. In (Krumbiegel and Maier, 2025, Third example) an example was
given, where the coefficient is smooth, and the higher-order rates can be observed. In
that example the coefficient was slowly oscillating, such that in practise higher-order
FEMs would also yield a similar result. Here, we solve the wave equation with the
sp-LOD with a highly oscillatory but smooth coefficient A.(z) = (2 + cos(Z£))~".
We choose here d = 1 as we require a very small ¢ = 27, In this example we
choose the right-hand side f(z,t) = 272 sin(rz)sin(¢)® with zero initial conditions
up to order m = 8 in Assumption 3.1, such that the well-preparedness and compat-
ibility conditions hold. We use the Crank—Nicolson discretization with 7 = 27 for
both the fine (FEM) reference solution on a mesh with mesh size h = 276 and the
sp-LOD solutions with mesh sizes depicted on the x-axis in Figure 3.2.

Figure 3.2 shows the relative errors in the [|V-|2-norm. Here, we clearly
observe that the higher-order rates (at least for large mesh sizes). Given the expla-
nation in (Krumbiegel and Maier, 2025), the norms of the higher-order derivatives
of the solution are expected to scale with the fine-scale €. More precisely, we expect
to have an error

IV (u(t) = am () 2y S H 2 F (Ol mrr () + H 2 [ w(®)]] o (73
Hr+2

gs

S Hp+2cdata +

for some s > 0. This consideration would indicate a reduced error convergence or
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3 Higher-order numerical homogenization for the wave equation

even a plateau for coarse mesh sizes similar to the FEM in Figure 2.2. However,
since this is not the case, there is a different interpretation to these results.

Here, we have an example where the coefficient is sufficiently smooth and periodic,
such that we may reasonably assume that there exist a homogenized equation

<atQu(t)7U>H*1(Q)><H(}(Q) + ap(u(t),v) = (f(t)w)m(ﬂ),

where

ao(u,v) = /AOVu -Vudz

with the homogenized coefficient Ay. Then, denote with ug the unique solution to
the homogenized problem. Since the homogenized coefficient A, is independent of
the oscillations e, the norms of the spatial derivatives of the homogenized solution ug
also do not depend on the fine-scale. Thus, considering the projection error we have

IV (u(t) = Pult) |32 S alult) — Pu(t), u(t) — Pu(t))
= (f(t),u(t) — Pu(t))r2() — (OFu(t), u(t) — Pu(t)) 2@
= (f(t), u(t) — Pu(t)) 120 — (0Puo(t), u(t) — Pult))r2()

— (D2 (u(t) — up(t)), u(t) — Pult ))L2()-

The first term can again be estimated with the optimal rate. The second term solves
a wave equation with a smooth coefficient Ay without oscillations. By Evans (2010)
the second time derivative of ug has one order less than the right-hand side. Thus,
under minimal assumptions, i.e., regularity of the right-hand side and the initial
data, we expect one order less convergence in general. This example, however, is
much smoother, and we see the optimal rate for the second term as well. Further,
it is known that the left side of the third term scales like O(g). Thus, this overall
leads to

IV () = Pu®) 2@ S B f O luvsr iy + H 2 o) | o+ ) + HO(e).

This sketch is observed by the convergence plot in Figure 3.2, where we observe the
higher-order convergence rate for the sp-LOD method for coarse mesh sizes, that
eventually stagnates in a plateau that is induced by the fine-scale. Here, the plateau
does not decrease with H which may be explained by the fact that the p-LOD
solution converges better for lower mesh sizes and the plateau appears smaller.

3.3 Enriched spaces

In the previous section we have observed that the prototypical sp-LOD method cre-
ates a suboptimal multiscale space for the discretization of the wave equation. Here,
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Figure 3.2: Relative errors in the norm ||V - ||2(q) for the sp-LOD method
with a smooth and highly-oscillatory (e = 271%) coefficient for different mesh
sizes H. Here, we observe that the method yields a higher-order convergence
for coarse mesh sizes until it reaches a plateau. See Example 3.6 for a
detailed discussion.

we introduce enriched spaces that will work around the reduced convergence rate.
In Section 3.3.1 a novel correction operator is introduced, and we show that in an
ideal setting this correction operator grants the higher-order convergence promised
from the elliptic setting.

Section 3.3.2 makes the consideration in the ideal setting more concrete and
introduces enriched multiscale spaces, that in a prototypical setting converge with
the optimal error.

3.3.1 Enriched correction operator

We analyzed that the critical estimate is (3.20c), where the low regularity of the weak
solution u results in a convergence rate of order 2 in the energy norm, regardless
of the polynomial degree p. The goal of this subsection is to present the novel idea
that was first introduced in Kalyanaraman, Krumbiegel, Maier, and Wang (2025)
applied to a parabolic PDE. This method achieves higher-order convergence for
general coefficients A € L*(Q2) in an idealized setting.

Since the problematic term is tested with functions w € W, the idea is to in-
troduce a correction operator that (in the ideal setting of this section) completely
eliminates this term. Thus, let v € L*(Q). Define the enriched correction opera-
tor D: L?(Q) — W as the solution to the variational problem

a(Dv,w) = —(v,w) 20 (3.23)
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3 Higher-order numerical homogenization for the wave equation

for all w € W. The following theorem shows that the enriched correction operator
potentially can be used to obtain higher-order convergence of the p-LOD method
for time-dependent PDEs. The idea is, that the P is further corrected by the image
of the solution under the enriched correction operator D. By design this enriched
correction then eliminates the term with reduced convergence rate, as observed in
the proof.

Theorem 3.12. Let Assumption 3.1 hold for some k € Ny and m > 4. Further,
let u be the solution to the variational formulation (3.2). Then

IV (u(t) = (Pu(t) + D(07ut))ll20) S H™ Caata, (3.24)

where k = min{k,p + 1}.
Proof. The proof is very similar to the proof of Lemma 3.11. Recall that

o(t) = u(t) — Pu(t) € W.
Thus, by the definition of the enriched correction operator we also have

() = u(t) — (Pult) + D(dFu(t))) € W.

Then the projection P is orthogonal to ¥(t), and we have, using the coercivity (2.6),
o V600 ) S b (0), (1)

= a(u(t) — (Pu(t) + D@ u(t))), (1)) (3.25a)

= a(u(t) — D(fu(t)), (1)) = ().

Next, we employ the variational wave equation (3.2) and the definition of the en-
riched correction operator to obtain

(%) = a(u(t) — DG u(t)), (1))
()22 — (QFult), ¥(t))12(e) — a(D(0u(t)), ¥(t)) (3.25b)
(1))

Here, we can again subtract the L2-projection, since 1(t) € W, and then use the
approximation result (2.13) to obtain

(ox) = ((d —ILg) f(¢), (d —11a)Y(t)) L2
S HEf Ol s (i HII VY ()| 1200

Dividing both sides of (3.25) by the norm ||V)||12(q) and taking the supremum over
all t € [0, 7] on the right-hand side yields combined with (3.5) the assertion

(3.25¢)

IVl 2@ S H U Ollisr S H™ Caata O
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3.3 Enriched spaces

Remark 3.7. We note that the enriched corrections have a similar structure as the
right-hand side corrections introduced by Hellman and Malqvist (2017). However,
herein the enriched correction operator is used to correct the low regularity of the
solution and yield a higher-order approximation of the eho-LOD method that is
regularity-independent. In contrast, Hellman and Malqvist (2017) use the right-hand
side corrections for an elliptic model problem for its exponential decay property to
represent the LOD-error only as an exponential decay error. In practice, the right-
hand side corrections need to be calculated online while the enriched corrections can
be pre-computed and re-used for many right-hand sides.

3.3.2 Towards a prototypical enriched higher-order
space

In the previous section we defined the enriched correction operator that may be
able to recover the optimal convergence rate from the elliptic setting. Theorem 3.12
indicates that in the ideal setting, where we have access to the second time derivative
of the weak solution wu, the enriched correction operator is exactly what we are
looking for. However, in practice it is not feasible to obtain this information. Thus,
we need another design which replaces the projection Pu+D(d?u) by an appropriate
computable function. The idea is to replace the weak solution by an approximation
of it in the multiscale space. Specifically, we replace

Ofu ~ 07 Pu.

We note that this projection still is not computable, however, it is reasonable to
consider this projection as we will later approximate this function in the discrete
space. We already know from the theory above (cf. Lemma 3.11) that the projection
can be bounded by the sum of two terms. One is of optimal order H**! that depends
only on the regularity of the right-hand side, and one of suboptimal order H? that
depends on_the regularity of the weak solution itself. We now expect that the
term D(0?Pu) is a good approximation to the term D(9?u) and is then (almost)
able to compensate for the suboptimal term in similarly to Theorem 3.12. However,
since we are only able to correct the projection of the weak solution, we expect that
the enriched correction only recovers two orders of convergence which then leads to
an overall error of O(H*).

To be more precise, we know that
IV (u(t) = Pu(t))l| 2y S B + H”.

We now expect with arguments similar to Theorem 3.12 and Lemma 3.11 employing
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3 Higher-order numerical homogenization for the wave equation

the definition of the enriched correction operator that

IV (u(t) — (7SU(tZ+ D(3;Pu(t))))ll 20 R
< [V (u(t) = (Pu(t) + D07 u(t) |l 2 + V(P07 u(t)) — DO Pu(t)) |20
S H + 1P| VO (ult) — Pu(®) |20
5 Hn+1+H2(Hn+1 —|—H2)

Thus, we observe that this term has better convergence, i.e., we know that the
term Pu + D(9?Pu) is a better approximation of the solution than Pu. That is we
may choose N N

Ofu ~ 0} (Pu + D(0fPu))

as an approximation. As we have indicated above, the enriched correction operator
applied to the multiscale projection is able to correct reduced convergence rates that
stem from the residual of the projection by two additional orders of convergence.
However, in the end another low-regularity residual 0?(u — Pu) still remains, which
makes another adjustment using the enriched correction operator necessary. Thus,
we expect to have two additional orders of accuracy. We iterate this process j times.
This leads to the following expansion

J ~
Fum Y D9} Pult)), (3.26)
v=0
where each term in the expansion is an approximation to the residual from the
previous error. We thus expect the following convergence

, S HN+1 +H2(j+1).
L2()

[ utt) = 3 2 @2 Putt)

With an optimal choice of j we can now achieve the higher-order convergence. Note
that the constructed projections still are not computable as we have no access to the
solution but give us an idea on how to design a discrete space. At this point this is
no rigorous proof, but rather a motivation for the design of the enriched multiscale
space, which now follows. We refer to Theorem 3.13 for a rigorous analysis.

Inspired by the above considerations we provide a construction of the enriched
multiscale space in the following. For any j € N we define the enriched correction
space by

J
Wi =3 D"V (3.27)
v=1

The prototypical enriched multiscale space is then defined as the sum of the proto-
typical sp-LOD space and the enriched correction space, i.e.,

Vi = Vy @, Wi, (3.28)
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We note here that the sum in (3.27) is not a direct sum, however, the enriched
correction space is orthogonal to the prototypical sp-LOD space with respect to the
energy inner product. By construction, we have

P+ ZD”P] L Hy (Q) — V.
v=1
This observation and considering the above argumentation, this suggests that the

prototypical enriched multiscale space might be an appropriate space to obtain
higher-order convergence.

Prototypical enriched higher-order LOD. We state the prototypical enriched
higher-order LOD (eho-LOD) method for the wave equation. That is, seek a func-
tion Uy : [0,7] — Vj; such that

(071, On) 2 (o) + a(lm, Om) = (f, 0n) 20 (3.29)
for all vy € ‘v/ﬁ,, where the initial conditions are given by
U (0) = Qlug,  d,up(0) = Qv (3.30)
where the maps O’ into the enriched multiscale space and O’ into the enriched
correction space are given by
«. o~ A . J ~
Q] =P + QJ7 Q] = Z ’D”(@f”P) (331)
v=1
For the prototypical eho-LOD method we show the following error estimate.

Theorem 3.13 (Error of the semi-discrete prototypical eho-LOD). Let Assump-
tion 3.1 hold for some k € Ny and m > 25 + 4. Further, let u be the solution
to (3.2), and iy be the solution to (3.29). Then if j > [5] we have

10, (1 (£) — u(®) || z2() + IV (@a (t) — u(®) ]l z2@) S H™ Catata; (3.32)
where kK = min{k,p + 1} for a.e. t € [0,T].

We prove the error estimate in three steps. The first step is similar to Lemma 3.10.

It estimates the space discretization error ¢ = gy — Piu between the semi-discrete

prototypical eho-LOD solution iy and the orthogonal projection of the weak solution

into the enriched multiscale space P/u. Here the projection P7: H}(Q) — Vi, is
defined by

Pl =P+ Pl (3.33)
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3 Higher-order numerical homogenization for the wave equation

with the orthogonal projection P?: HZ () — Wi, given for any v € HZ () by
a(Plv,w) = a(v,w) (3.34)

for all w € I//[\/I‘?I Note that since the spaces Vi and I//I\/l{] are a-orthogonal the sum is
also a projection. We show that the space discretization error can be bounded by the
projection error p = u— Piy between the weak solution and the orthogonal projection
into the enriched multiscale space P]u and by the mapping error ¢ = u— qu at the
initial time. In the second step the projection error g is estimated, and we find that
it can be bounded by the mapping error ¢. The last step estimates the mapping
error, which is a rigorous analysis of the considerations at the start of this section.

Lemma 3.14 (Space discretization error of the prototypical eho-LOD method).
Let Assumption 3.1 hold for some k € Ng and m > 2j + 1. Further, let u be the
solution to (3.2), and Ty be the solution to (3.29). With ¢ = iy —Plu, o = u—Plu,
and 1 = u — Qlu, where the projection P! is defined in (3.33) and the mapping O
n (3.31), the following estimate holds

10,0 2(0) + [Vl 2(0)

t
< H|VO0(0) 20y + [V60) |20 + [110F0(s) 2@ s~ (3.35)
0

Proof. The proof follows the same ideas of Lemma 3.10 with exception for the initial
energy. We fix any s € [0, T]. Since P’ is the orthogonal projection with respect
to a(-,-) onto V}, we have

a(o(s), b)) = a(u(s) — Plu(s), iy) = 0.

As a result, similar to Lemma 3.10 we find that the space discretization error ¢
solves the semi-discrete problem

(6390(3)717H)L2(Q) +a(p(s), 0n) = (57?@(3)’ Vw2 + alo(s), Ur)

— (©Pols), ) oy (330
for all o € V. We define the semi-discrete energy @(t) as in (3.14), i.e
e(t) = 5[0 (1)1 120) + ale(t), 2(1))].
We choose 9,¢(s) € Vi as a test function in (3.36) and obtain
0,&(s) = (07 0(s), 0p(3))12(0)
(3.37)

S 1107 0(5) 2@y €(s).
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Next, we divide by 1/€(s) and integrate in time from 0 to ¢ which yields

t
Ve S e + [1920() 120 ds. (3.38)
0
Similar to above we have

10,0 |22 + IVe)llz2 ) S/ E(1),

which gives the following estimate for the space discretization error

t
192 (Ollzz@y + Vel 2oy S VEO) + [0 o(s) 2y ds. (3.3
0

Consider the initial energy €(0) on the right-hand side of (3.39). It can be bounded
using the boundedness (2.7) of the energy inner product by

V&(0) < [|0,0(0)[| 22 () + 1/ al(0), ¥(0)) (3.40)
S 10,0(0)[ 2y + [ Vp(0)]| 22

Further, we have by the definition of the projection (3.33) and the choice for the
initial conditions (3.30) that

(0)

Uy (0) — PIu(0)
_ @a‘u(o) — Piu(0) € Wi, C W,

and thus subtracting the L?-projection and using the approximation (2.13) we have

104 (0) 22 () = [1(id =T111) 0, (0) | 2«

(3.41b)
S H|VO,0(0)|| 2

Finally, we show with the coercivity (2.6), the definitions of the projection (3.34),
the fact that ¢(0) € W that

IVe(0)l[720) < ale(0), (0 ))
= a(iin (0) = Pu(0), (0)) (3.42a)
= a(Q7u(0) = Pu(0), p(0)) = (%).

Further, since the test function is ¢(0) € Wfq we can employ the definition of ¢ and
the Cauchy-Schwarz inequality such that

(%) = a(Q7u(0) — u(0),»(0))
= —a(y(0), p(0)) (3.42b)
S ||V¢(0)||L2(Q)||VS0(0)||L2(Q),
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3 Higher-order numerical homogenization for the wave equation

Dividing (3.42) by the norm ||V¢(0)||z2¢q) yields

IVe(0)|lr2@) S IVY 20, (3.43a)
which holds similarly for

IVO,0(0) | 22(0) S VO, (0)] 2(0)- (3.43D)
Employing (3.40) and (3.43) in the error estimate (3.39) yields the assertion. O

Lemma 3.15 (Projection error of the prototypical eho-LOD method). Let Assump-
tion 3.1 hold for some k € Ng and m > 2j+42. Further, let u be the solution to (3.2),
and Uy be the solution to (3.29). With o = u—Pu, and 1 = u— QIu, where the pro-
jection P is defined in (3.33) and the mapping Q in (3.31), the following estimate
holds forv=20,1,2

VO o)l 120) S (IVO U ()| 20, (3.44a)
and forv=1,2
107 0o() |22y S HIVO ¥ (1)l 220 (3.44b)
Proof. Fix any s € [0, T]. We have by definition of the projections
o(s) = u(s) — (Pu(s) + Plu(s)) € W. (3.45)
—_—
ew ew

Thus, we can subtract the L2-projection and use the approximation (2.13) such that
for v = 1,2 we have

107 0()l 220y = NI (id =1L )3 0(s) [ 20

3.46
< HIVO0(s) | 120, (3.46)

Since ¢(s) is orthogonal to any function vy € XV/IZ,, we may insert the mapping Qi
into the energy inner product, and with the coercivity (2.6) and the Cauchy-Schwarz
inequality, we have

IVo(s)lI22 () S alo(s), ofs))

= a(u(s) — Plu(s), u(s) — Plu(s))

= a(u(s) — Plu(s), u(s)) (3.47)

= a(u(s) = Plu(s), u(s) — Qu(s))

S AIVels)llz@lV(s)llza@
Dividing both sides by [|Vo(s)||12(q) yields

IVollza) S VYl L2,
which holds similar for v = 1,2, i.e.,
IV, o(s)ll 2@ S VO Y (3)lr2(0)- .
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Finally, we estimate the mapping error 1, which is the principal finding in this
section. The following is a rigorous analysis of the considerations at the start of this
section.

Theorem 3.16 (Mapping error of the prototypical eho-LOD method). Let Assump-
tion 3.1 hold for some k € No and m > 2j+4. Further, let u be the solution to (3.2),
and Uy be the solution to (3.29). With ) = u — éju, where the mapping is defined
in (3.31), and if j > [5] the following estimate holds for v = 0,1,2

VO v ()] r2) S H* ' Caata (3.48)
where k = min{k,p + 1}.

The idea for the proof is similar to the above considerations and the estimate in
the ideal setting Theorem 3.12. That is, the definition of ¢ = u — Q7u essentially
mimics the expansion (3.26). In the proof, we also use the fact that the enriched
corrections have small norms by artificially inserting them into the sum. This trick
yields two additional orders of convergence but does not result in a computational
overhead.

Remark 3.8. (Temporal regularity) In this proof, we observe that actually no spatial
regularity of the solution beyond u € H} () is required. We, however, pay by this
construction with additional regularity in time. Since, we consider time-independent
coefficients, the regularity in time of the solution depends on the temporal regularity
of the right-hand side and the well-preparedness and compatibility conditions As-
sumption 3.1 only. Thus, the need for additional regularity in time solely depends
on the data of the PDE and is not a severe restriction.

Proof. We fix s € [0,T]. Similar to (3.45) we have that

U(s) = u(s) — (Puls) + Q'u(s)) € W. (3.49)

In the following we omit the argument s € [0, 7] for ease of presentation and note
that it holds for each point in time. Using the coercivity (2.6), the orthogonal-
ity (2.28) and the wave equation (3.2) yields

IVY]7200) S a(@, 1))
=a(u — (73u + @ju), )
- (I(U - @ju7 ¢)
= (£,¥)120) — (07w, ¥) 12 — a(Q7u, ).

With the standard approximation estimates (2.13), since 1) € W, we can bound the
first term with the optimal rate

(f, V)2 = ((Id =Ig) f, (id =11y )Y) r2(0)
S H Y e IVl 2

(3.50)

(3.51)
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3 Higher-order numerical homogenization for the wave equation

where £ = min{k,p + 1}. Thus, we focus on the second and third term of (3.50).

Employing the definitions of the mapping @j and the enriched correction operator D,
we have

(0, ) 120 + a(Q7u, )
= (8t2u7 7w/})LQ(Q) +a (Z Dy<at2y73u)7 w)

v=1

= (Ofu, )2y — (0] PU,’WR(Q) (8152 Zpyl(af(yl)ﬁu)W) = (%).
V=2 L2(©)
(3.52a)

Using the fact that the test function 1) € W, we subtract the L?-projection and with
the approximation result (2.13) we estimate

VR (u—Pu—> D" 107" VPu))

v=2

(x) S H*

IVl L2 (@) (3.52b)

L*(Q)

For the first norm on the right hand-side we leverage the fact that the enriched cor-
rections have a much better scaling compared to functions that lie in the multiscale
space. This is a result of the definition of the enriched corrections, as they map into
the kernel space W. That is, we insert an artificial (j 4+ 1)st correction and use the
triangle inequality to split the norm into two parts

Hva? (u—Bu— 3 DG Puy)

v=2

L2(Q)

< Hvaf(u _Au-S D”l(af(”l)Pu))HLQ VD G Pl (352
v=2

We note here that this additional enriched correction is only a theoretical device and

does not need to be constructed in practice. However, this estimate requires addi-

tional temporal regularity of the solution. We are now able to use (3.51) and (3.52)

n (3.50), which yields

IVl S H I s [V l2c)
VO (u—Pu— Y D&V Pu))

v=2

+ Hvafpj(afjﬁu)\’m(m} IV 12(0)

+H2[

L*(Q)

where £ = min{k,p + 1}. Dividing both sides by ||V1)|/12(q) yields the following
error estimate for the mapping error

IV ey S H* I fllam ey + HIVE ] L2y + H IV 2@, (3.53)
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3.3 Enriched spaces

where we abbreviate
~ jt+l ~
€= 02(u—Pu—Y D" Y3 VPu))

v=2

¢ = 92D1 (9} Pu).

In the following we show that both terms & and ( scale with the optimal rate. For £
we use similar arguments as above, and for ¢ we use the definition of the enriched
correction operator. We note that the considerations above also hold similarly for
time derivatives of v, i.e., we have for v =0,1,2

IVOF Y2y S H*HOF fllacriny + HAIVO €l o) + HAIVOLCllray.  (3.54)

1 Scaling of the enriched correction operator. As mentioned above the first
term in (3.53) has optimal convergence, and it is left to estimate the second and
third terms. We first consider the last term ||V(|[z2(q). We have ¢ € W by the
definition of the enriched correction operator, and thus we use the coercivity (2.6)
the definition of the enriched correction operator and the approximation of the L?-
projection (2.13) to obtain

IVCZ20) S (02D (9 Pu), ¢)
— (ODY OV Pu), O) 2y (3.55a)
< H?||IVO; DY f(j_l)ﬁu)||L2(Q)||V§HL2(Q)-

Using the same argumentation, we can show for any w € W and any v =0,...,7—1
that

(O TIDI (ORI Pu), w) = (0D YO T Pu), w) e
5 H2Hvaf(u+2)fpjfu—l(at?(jfufl)ﬁu)“LQ(Q)vaHLQ(Q)_

Choosing
w = atQ(V-H)ij—V (af(J—V)fpu)

as a test function yields with the coercivity (2.6) for any v =0,...,j — 1
VORI DI= (397 Pu)|| oy S HEIVOY DI 1879V Pu) || 12 (3.55b)

Starting from (3.55a) and dividing both sides by ||V(||12(q), we can apply (3.55b)
recursively to obtain

IV¢ ] r2) = VO DY (07 Pu)l| 2o
< B[V D0,V Pu)| 2o
< HYIVOFDI %0,V Pu)| 2o
< HY|[VE VT Pul| 120y

(3.56)
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3 Higher-order numerical homogenization for the wave equation

For the projection P we can show with the coercivity (2.6) and the Cauchy-Schwarz
inequality that

HV73U||%2(Q) S a<75u773u)
= a(u, Pu)
< IVl 2 | VPul| 20,

After dividing by || VPul| 2o it follows
IVPul 20y < Vull 20, (3.57)

which holds similarly for 8é’ﬁu forv =1,...,2(j+1). Thus, using the stability (3.57)
in (3.56) we have
IV¢l 2 S HY VO Pul| 2

4 . (3.58)
< HY |V | 2 0.

Note that the estimates for the norms of the time derivatives ||V} (||12(q) with v =
1,2 follow analogously, i.e.,

IV 2@ S HY |V 12 (3.59)

2 Approximation estimate for the enriched multiscale mapping. In this
part we estimate the second term of (3.53). Similar to (3.49) we have that £ € .
Then we use the coercivity (2.6), the orthogonality (2.28) and the variational wave
equation similar to (3.50) to obtain

N Jtl A
V€220 S aldF(u—Pu— > D3V Pu)),€)
v=2
Jj+1 ) e
= a(@F(u— Y D" Pu)),€) (3.60a)
v=2
o J+1 N
— (B2f — O+ 0 Pu+ S DAY I Pu), €) 12 = (%)
v=3

Since the test function ¢ € W, we can subtract the L2-projection IIz and use the
approximation (2.13) to obtain

() S H MO, f e IVEN 22

AL o~ (3.60b)
+ HY|VOi (u — Pu— > D20, Pu)) || 20y | VE] 120y

v=3
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3.3 Enriched spaces

With similar arguments we can show for any w € W and p=0,...,5 — 1 that
~ Jt+l ~
a(af(#‘*'l)(u — Py — Z /szf(qul)(at?(lf—(#“"l))fpu))’ w)
v=p+2
S HTNZ Fllae i Ve 2
~ g+l ~
+ BV (u—Pu— S D E @D B o |V 2oy
v=p+3
(3.61)
The choice
~ jtl ~
W — 83(“+1)(u — Pu— Z DV-(MH)(atQ(V—(MH))fPu))
v=p+2

and dividing by ||Vw||12(q) yields with the coercivity (2.6) the following error bound
forany p=0,...,7—1
PTEI VP R A 20 (1) 3
HV@t a ('LL — Pu — Z DV_(/H_l) (@ v Pu))”LQ(Q)
v=p-+2
S HS e

2 2(p+2) 5 & v—(u+2) ( H2(v—(1+2)) 15 (3.62)

v=p+3
Dividing both sides of (3.60) by [[V{| 12 and using (3.62) recursively yields the
following estimate

N Jtl A~
V€ 120y = IV (u — Pu— 3 D" 107"V Pu)) |20

v=2
< HYW O f N s 7y
- Jj+1 ) o)
+ H?| VO (u—Pu— 3 D" 28" 2Pu)) | 120 (3.63)

v=3

j+1
S H Y B0 fllas i

v=2

+ H2ijat2(j+1)<u . 73u) HLQ(Q)-

For the projection P we can show with the coercivity (2.6) and the Cauchy-Schwarz
inequality that
|V (u— Pu)||%2(9) < a(u — Pu,u — Pu)
= a(u,u — Pu)

< BVl 2|V (u — Pu) || 20,
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3 Higher-order numerical homogenization for the wave equation

After dividing by ||V (u — Pu)|| r2() it follows

IV (1 = Pu)llz2) S IIVullz2)- (3.64)
Finally, applying (3.64) yields

Jj+1 ] -
IV€llze@ < H 32 B2 D107 ey + HY V00 (w0 = P12y
v=2
A 2(v—1) j 2(j+1)
S HTY BN fllusery + HY VYV ul| ().
v=2
(3.65)
Similarly, the above estimates can be performed for the temporal derivatives 0/, i.e.,
for p =0,1,2 we have
fan 2(v—1)+ j 2(j+1)+
IVl 2 S H - HX2)|6; “Fllascrip + HZ |V |20,
v=2
(3.66)

Finally, we show the assertion. Starting from (3.54) we apply (3.59) and (3.66) we
have for any p = 0,1, 2 that

IVOL Y 12y S HPNOE fll sy + HA VO L2y + HA VOl 120
< HS YO fll w7
i1
K v— 2(v—1 ; 2(7+1
+ H +3 Z H2( 2)||at( )+Mf||H“(TH) + H2g+2||vat (J+ )+Hul|L2(Q)

v=2
+ HY2 |V | Lo
(3.67)
Taking the supremum over all times s € [0, T] on the right-hand side yields with the
definition of the constant Cgag, in (3.5)

||va#¢||L2(Q) 5 Hﬁ+1||f||02j+#([0,T};7’H) + H2j+2||u||02(j+1)+u([0,T];H1(Q))

A 3.68
5 |:HI£+1 + H2]+2} Cdata~ ( )
The assertion follows from the choice j = [£]. O

In the proof we observe that the considerations at the start of this section can
be rigorously verified. We also observe that for every order of spatial convergence
we require two additional temporal regularity of the solution. We now combine
the above lemmas and the theorem to prove the error estimate for the prototypical
eho-LOD method. That is, we prove

10,(tizz () — w(®) | 2 + 1V (i () — w(t) | z2(@) S H* Catata
where £ = min{k,p + 1} for a.e. ¢t € [0, 7.
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3.3 Enriched spaces

Proof of Theorem 3.13. Fix any ¢ € [0,7]. Similar to above we can split the error
into the space discretization error ¢ and the projection error ¢ and use the triangle
inequality to obtain

10,(m (t) — w(t))||lz2) + [V (@w () — uw(t)) |22
S0 2y + [[Ve(t) || L2 + 10,00 220y + [[Vo(t) || L2)-  (3.69)

We can apply Lemma 3.14, i.e.,

t
10 (D)l 2@ V(D) 2@) S H||V(9t¢(0)||L2(Q)+||V¢(0)||L2(9)+/||339(8)||L2(Q) ds
0

to obtain

10 (s (8) = u(t)) [ L2 + IV (@a () — u(t)]| 220
S HIVOL(0)ll2 @) + [VE(0) [ 22

- (3.70)
+ /||3tQ(S)HL2<m ds + [[0,0) || 2(0) + IV o(t) [ 2(9)-
0

Further, we can use Lemma 3.15, recall for v = 1,2

Vo)) S V() |2,
10y o)l 22y S HIIVO ()| 20

which overall yields
10, (e (t) — u(t)) | z2@) + [V (@a (t) — w(t))]| 2@

S HIIVO(0)| 22 + IV (0) |l 220

- (3.71)
+ H/HV@ U(s)|r2(0) ds + H||VO U (1) || 22(0) + V()] r2(0)-
0

Finally, by Theorem 3.16, i.e., for v = 0,1, 2 with k = min{k, p + 1}, we have
VO ¥ ()] r20) S H™ ' Caata
which proves the assertion for the semi-discrete prototypical eho-LOD
10, (@ (1) — w(t))ll 220y + IV (@ (t) = u(t))llz2@) < H™ Caata O

This completes the section considering the prototypical eho-LOD. The goal now
is similar to the elliptic setting to create a computationally feasible method.
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3 Higher-order numerical homogenization for the wave equation

3.4 Localization

In the previous section we have constructed a novel enriched correction operator,
that in the prototypical setting presented there, is able to recover the optimal con-
vergence rate O(HP™2) provided the right-hand side is sufficiently regular, and the
initial conditions fit to the problem. However, the enriched correction operator
yields a global problem. This makes the prototypical method unfeasible, and thus
a localization of the enriched corrector problem is necessary.

In Section 3.4.1 we define an element-wise enriched correction operator and show
that it obeys a similar decay and localization error as the classical corrector. How-
ever, choosing the localization parameter for the element-wise enriched corrections
is a deciding task. If the element-wise enriched correction operators are defined
on subdomains that are chosen with the same localization parameter as the local-
ized corrections we quickly result in oversampling domains for the basis function
that span the whole domain. Naturally this is too expensive. If the localization
parameter is chosen appropriately, then it can be proven that the enriched correc-
tion operators can be computed locally on patches with same size. This is a main
contribution of this thesis and given in Theorem 3.19.

Section 3.4.2 then provides a semi-discrete error analysis for the eho-LOD method
employing localized enriched corrections.

3.4.1 Decay and localization of the enriched correc-
tion operator

The previous section showcased first, why the prototypical sp-LOD method is not
suitable for the discretization of time-dependent problems with very rough coeffi-
cients. Afterwards, we provided a strategy that in an ideal setting is able to work
around low regularity in space. However, similar to the classical prototypical sp-
LOD method, the prototypical eho-LOD method defines global basis functions which
yields a high computational effort when solving the PDE.

This requires a novel localization strategy that ensures that the enriched correc-
tions can be computed on subdomains with the same size as the localized correction.
We derive a localization strategy for the enriched correction operator in this section.
We note that this section follows the ideas from Kalyanaraman, Krumbiegel, Maier,
and Wang (2025) transferred to the wave equation.

Let G € Ty be an arbitrary element. We define the localized element-wise en-
riched correction operator D[é\ 1 L2(Q) — W(NNG)) for any v € L*(Q) as the solu-
tion of

a]NA(G)(D[é‘]v,w) = —(v,w)r2q) (3.72)
for all w € W (N*(G)). For the localized enriched correction operator we now choose
for each element G € Ty a different localization parameter A\g € N, and the localized
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3.4 Localization

enriched correction operator D'¢: L*(Q) — W is defined by

Dlc = 3 phel. (3.73)
GeTy

Analogously to above, if we (formally) set A\¢ = oo we denote the element-wise
enriched correction operator by Dg = D[go ). The enriched correction operator is
then given by

p=Y De. (3.74)
GeTy

How the localization parameter A\g is chosen exactly, will be determined at a later
stage in Assumption 3.10. For now for readability we omit the subscript and de-
note the localization parameter with just A\. The element-wise enriched correction
operator obeys a decay estimate similar to the one for the element-wise correction
operator Cx. The results are given in the following. The proofs are provided for
completeness and follow the ideas of Dong, Hauck, and Maier (2023) rather closely.
The following lemma estimates in the H}-norm where most mass of the element-
wise enriched corrections Dgv lie. We prove an exponential decay away from the
element G. This means that truncation of the support of the element-wise enriched
corrections results in exponentially small errors when increasing the patch size .

Lemma 3.17. Let G € Ty and A € N. Then for any v € L*(Q) we have
‘|VDGUHL2(Q\N>‘(G)) S eXp(—C)\)HVDGvHL2(Q). (375)

In the proof we define a so-called cutoff function that restricts the element-wise
enriched corrections to the outside of the patch (white and light grey area in Fig-
ure 3.3). Here, we crucially employ the localization of the bubble operator By,
see Lemma 2.1.

Proof of Lemma 3.17. We define a cutoff function n € W>(Q) with

n=0, in N*H(@), (3.76a)
n=1, in Q\ NYG), (3.76D)
0<n<l, |Villemw SH,  in R:=0NG)\N1(G). (3.76¢)

Consider the norm of the element-wise enriched correction operator outside the N*(G)-
patch. We have by the coercivity (2.6) and product rule that the norm is bounded
by

IVDevl|72 0@y S (AVDGu, nVDav) 2

(3.77a)
= a(Dgv,nDgv) — (AVDgv, DguVn)r20) = (*).
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3 Higher-order numerical homogenization for the wave equation

Figure 3.3: Tllustration of an element G with patch N4(G) depicted as the union
of light and dark grey, and black. The cutoff function n defined in (3.76) is 0
in the dark grey and black, 1 in the white, and decaying in between in the light
grey area.

Inserting the bubble operator yields

(x) = a(Dgv, (id =By )(nDgv)) = (1)
+ a(Dgv, By (nDgv)) = (II) (3.77Db)
- (AVD(;U, DGvVT])L2(Q) = (I]I)

We have by the definition of the bubble operator (2.24) that
(id =Bpy)(nDgv) € W.

And by the definition of the cutoff function (3.76a), the term
(id =Bp)(nDgv)|e = 0

vanishes in G for A > 1. Thus, we can employ the definition of the element-wise
enriched correction operator (3.72) to obtain

(1) = ~(v, (14 =By) (/D)) 12(c) = 0. (3.78)

Next, consider the second term (I7). Since the enriched correction operator maps
into the kernel space W, and by the definition of the cutoff function (3.76b) we have

(nDav)lawr @) € W,
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3.4 Localization

and thus since the bubble operator By maps locally to functions to the same element
(Lemma 2.1)

B (nDev)|ow ) = 0,
and further from the definition of the cutoff function (3.76a) follows

BH (nDGv) |N>\71(G) = 0.

Thus, the second term has only contributions inside the ring R, and we can bound the
term using Cauchy-Schwarz inequality and the stability of the bubble operator (2.25)
by

(1) S [IVDau| 12m) |V Br (nDev)|| 12wy

_ (3.79a)
< HHVDe| r2eryInDevl| r2ry = (%)

Further, we use that the cutoff function is bounded by 1 (cf. (3.76¢)), the fact that the
element-wise enriched correction operator maps into the kernel space, i.e., Dgv € W,
and the approximation of the L%-projection (2.13) to obtain

(%) S H VDol 2w I Dl 2 gy
= H™Y|VDgvl|2m) || (id =11 ) (Dav) || 12(m) (3.79b)
S IVDao|| 22y

Finally, we estimate the third term (/I7). By the definition of the cutoff function

we have
Vinlp-1@ =0,

Vilaw @) = 0,

and thus the third term (I77) has only contributions inside the ring R. Using the
boundedness (2.7), the Holder and Cauchy-Schwarz inequalities, and the bounded-
ness (3.76¢) yields

(I1T) S NIVnlle2r) (VDav, Dav) 2 (r)

_ (3.80a)
S H 1||VDGU||L2(R)||DGU||L2(R) = (***).
As above, we use that Dgv € W, and the approximation (2.13) to estimate
(** *) = H_1||VDGv||L2(R) ||(1d —HH)(DGv) ||L2(R)
2 (3.80b)
S ”VDG'UHLQ(R)'
Employing equations (3.78) to (3.80) in (3.77), we have
VDgv 22 5 VDgv 2 s
H G ||L (Q\NN@)) H G ||L2(R) (3.81)

= ||VDGU||2L2(Q\NA—1(G)) - ||VDGU||%2(Q\N/\(G))'
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3 Higher-order numerical homogenization for the wave equation

Adding the last term on the right-hand side of (3.81) to both sides yields with a
generic constant C' > 0

Dividing both sides by (1 4 C') we obtain

C
IVPevlliaawiay < 1 G lIVPevliom e (3.82)

HVDGvHLQ(Q\NA(G)) < ﬁ"VDGvHLQ(Q\N)\—1(G)),

where ¥ = \/Hzc < 1. The last estimate corresponds to the norm in the white area
of Figure 3.3 on the left-hand side and the norm in the white plus the light grey
areas on the right-hand side. Thus, we have an estimate between norms after adding
the norms on the ring. Since the number 1 is independent of A, the last inequality
can be iterated such that we obtain with C' = %|log Y| the assertion

IVDevl| 2w @)y < exp(—CA)[[VDgl|r2 (). L

This lemma can now directly be used to show that the localized enriched cor-
rection operator D'°¢ introduces only en exponentially small error compared to the
prototypical enriched corrector D.

Lemma 3.18. Let G € Ty and X\ € N. Then for any v € L*(Q) we have
V(D2 — D) |12 S exp(—CA) [V Dl 12(0y- (3.83)

In the proof of Lemma 3.18 we find that the error fulfills a quasi-optimality
property, i.e., the localized element-wise correction D[GMU of a function v € L*(Q)
is the best approximation (up to a constant) in the space W (N*(G)). Employing a
cutoff function that is zero outside the patch, we can find an approximation w €
W (N*(G)) that only has an error on the outside of the patch and the ring R. This
error can then be bounded by Lemma 3.17.

Proof of Lemma 3.18. We define a cutoff function n € W (Q) with

n=1, in N*1(@), (3.84a)
n=0, in Q\ NYG), (3.84b)
0<n<l, |Villemw SH,  in R:=10\G)\ N1 (G). (3.84c)

Here, the cutoff function is nonzero inside the patch and zero on the outside with
the decay inside the ring R. Since the localized element-wise enriched correction
operator maps into the kernel space D@]v € W(MG@)) for any v € L3(), it is a
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3.4 Localization

valid test function for (3.72) with A = oo as well. Thus, with the coercivity (2.6)
and the Cauchy-Schwarz inequality it holds
IV(DG'v = De)lliz) < a((DG'v — Dov). (DG'v — Dev))
= a(DXv — Dgu, w — D) (3.85)
SIV(DE = Do) 2o |V (w0 = Do) 122y

for any w € W(NYG)). By the definition of the cutoff function (3.84b) and the
locality of the bubble operator (2.24), we may choose

w = (id —By)(nDgv) € WENMNG)).
This choice in (3.85) considering the support of (id —n) yields
IV(DG' — Dov)lliz@) £ IV(w — Do) o)
— |IV((id —By)(id —n) D) | 20 (3.56a)
= [IV((id =Bu)(id =n)Dev) || L2w-1(a)) = (*)-

We now use the triangle inequality to split the sums up and use the stability of the
bubble operator (2.25) to obtain

(%) < [V((id =n)Dav) || 2w -1y + [IVBr(d =1)Dav|| 2w 1))
S IVDeo|| 2 w1y + IV (1Dav) || L2 w1 (@)
+ H Y| (id =n)Devll 2 w16
= (%x).

(3.86b)

We use the boundedness of the cutoff function (3.84), and the product rule with the
triangle inequality for the second term on the right-hand side yields

(**) < HVDGvH[g(Q\N/\—l(G)) + ”DGUVUHLQ(Q\N/\_l(G)) + HnVDGUHLQ(Q\N)‘_l(G))
+ H | Davll 21
5 HVDGUHLQ(Q\N/\*l(G)) -+ ”DGUVUHL?(Q\N)\l(G))} _. (***)
+H | Dev|| 2 w1
(3.86¢)
Finally, we can use the Holder inequality and the decay of the cutoff function (3.84c¢)
for the second term on the right-hand side, and then the approximation of the L*-
projection (2.13) yields

(* * *) S HVDGvHLQ(Q\NA—l(G)) + Hil HDGUHLQ(Q\N’\_I(G)) + Hil HDGUHL2(Q\N>‘_1(G))
= [[VDavl| 2w -1(ey) + H | (id =11 ) (Dev) || 2w ()
5 HVDGUHL?(Q\N)\*(G))'
(3.86d)
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3 Higher-order numerical homogenization for the wave equation

Now we apply the decay result Lemma 3.17 to the right-hand side of (3.86) to obtain
the assertion

||V(D[G>v\]?} — DGU)HLQ(Q) 5 ||VDGU”L2(Q\N>‘*1(G)) 5 exp(—C’/\)HVDGvHLz(Q) ]

With this localization result we can now prove a localization error similar to
Lemma 2.5. However, as we will see in Remark 3.9 an analogue result is unfeasible.
Thus, we first create the localized spaces, explain why we need a different localization
strategy and then provide a novel localization error estimate.

The localized spaces are given analogously to the global spaces (3.27) and (3.28).
For any 7 € N we define the localized enriched correction space by

. J ~
W =3 (Do) vy, (3.87)
v=1
The enriched multiscale space is then defined as the sum of the sp-LOD space and
the enriched correction space, i.e.,

Vitoe = Il 4 jygilee. (3.88)

The goal now is to use the space XV/I?}’IOC as trial and test space for the wave
equation (3.2). However, beforehand we need another localization results that is
used similar to Lemma 2.5 for a localization proof. In fact, it is possible to show
a result that has a similar localization error as in Lemma 2.5, by replacing the
corrector Cl¥ with the enriched corrector D'°°. This strategy is, however, suboptimal
as the following remark indicates.

Remark 3.9. Consider first the localized correction operator C1 defined in (2.47)
and an arbitrary function v € Hg(2). Then, the idea is to apply the element-wise
correction operator to the function on each element separately and sum up the

contributions, i.e.,
cly= %" C%]vh(.
KeTy

In this case the error (C — C)v can be traced back to the error of the element-wise
correction operators, see Lemma 2.5. The localization in this case works especially
well, since the function v|x on the right-hand side of the corrector problem is defined
locally on one element and the element-wise correction operator is defined on the
patch N°(K).

In contrast, this straight-forward localization does not work for the enriched cor-
rection operator, see also Figure 3.4 as a supplement to the following explanation.
Based on the fact that the Lemmas 3.17 and 3.18 have the same decay and localiza-
tion result, it would be possible to prove a localization estimate similar to Lemma 2.5.
And for the moment, assume that this holds, i.e., that we need to choose A = ¢ for
the same localization error estimate as in Lemma 2.5. Then, consider the term

¢ = D"(id —CYw,
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3.4 Localization

Figure 3.4: Tllustration of an element K with patch N?(K) for £ = 2 depicted in
light gray. Then, we define for the element Gy € N?(K) the patch N?(G1) depicted
in dark gray. The union of both patches is a subset of the 2/-patch N*(K).

We would compute this term in the following way. First, we split the classical
corrector into its element-wise contributions
D(id —Co = 3 D(id —Ciyolx = 3 D
KeTy KeTy

Crucially, we have supp {x C NY(K), i.e., the functions is defined on the light gray
region. We fix K € Ty, and have

D= > D[é]lfm
GleNl(K)

which leads to

oc 4
§= Y D= Y Y Dhéx
KeTu KeTa G1eN(K)
This is now the full representation of the function &, and we know by the choices
of A that the localization error is of order exp(—C¢). However, the problem lies with

the function .
Z ID[G}1 é.K ’
G1EeN!(K)

which is actually supported on a patch with potentially double the patch size

supp ( ) Dgﬂ&) < UN'(Gy) | Gy e NY(K)} = N(WY(K)) = N*(K).

G1 ENZ(K)

This problem can be observed in Figure 3.4, where each function Dg]l &k is supported

on the dark gray patch N(Gy). The union of all these patches is then included in
the 2¢-patch. Note that this is the patch size for the first enriched correction operator
only, and would increase with each subsequent enriched correction operator, i.e., for j
enriched correction, the patch we would compute the basis on the patch N*(K).
This would make the method unfeasible to compute, and thus a better localization
strategy is required.
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3 Higher-order numerical homogenization for the wave equation

The remark shows that the problem is the fact that we apply the enriched cor-
rection operator D'¢ to basis functions that are not localized on one element, but
rather on a patch N¢(K). The following localization strategy will make use of the
definition of the enriched correction operator, specifically, that we allowed different
localization parameters A\g to be chosen dependent on the definition of the element
enriched correction operator D[GAG}. That is we intend to localize the element-wise
correction operator D[C?fl} applied to a basis function /~\K,i € f/,ﬁf] based on where
the element G| € N*(K) lies. For the following consideration cf. also Figure 3.5. Let
an arbitrary element K € Ty be given. Then, for a bubble function b, the basis
function

supp ( (id ~C)hrcs ) < W(K)

lives on the (-patch. We now construct to each element G; € N°(K) a patch with
size A\g, (K) such that the enriched correction has support only in the patch N°(K).
More precisely, we choose the localization parameter such that

supp (D[G)‘fl ()] (id —C%])bK,i) c Ve ®(G)) c N(K).

This idea is recursively applied, i.e., for any Gy C N*¢1U5)(G1) we define a localization
parameter Ag,(G1) such that

supp (ng2(G1)]D[G)\1cl (] (ld —C}?)b[gi) C NAG2(GI)(G2) C N>\G1 (K)(Gl) C NZ(K).

Figure 3.5 shows an example of three elements, where each patch around them is
defined such that the patch always is a subset of the original patch N*(K). In order
to optimally choose the localization parameters Ag,(G;-1), we define the distance of
a subset S C €2 to an element K € Ty by

dist(S, K) = p, if SNN(K)#0 and SNNHK)=0. (3.89)
Employing this definition in the above considerations we choose
e, (K) =0 — dist(Gy, K),

which ensures that the new g, (K)-patch is a subset of the original patch N*(K).
This idea can be transferred to any number of enriched corrections where the patch
size depends on the patch of the previous enriched correction and the distance
between the current and previous elements. Since the definition of the element-wise
enriched correction operators becomes quite involved, we will define abbreviations
for the proof of the localization result below. The following assumption summarizes
and rigorously defines the patches with its patch sizes.
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3.4 Localization

O w1 = N6<K)
B w=N(GY)
B w; =N{(Gy)

Figure 3.5: Tllustration of an element K with patch w; = N®(K) depicted as the
union of all grays and black. Then, we define for the element G € N9(K) the
patch wy = N3(G), since 3 = 6 — dist(K,G1) = 6 — 3. Then, with similar argu-
ments we have for G5 € N3(G1) the patch wz = N!(Gso) with 1 = 3—dist(Gy,Ga) =
3—2.

69



3 Higher-order numerical homogenization for the wave equation

Assumption 3.10. Let any ¢ € N be given. Further, let j € N be the numbers of
enriched corrections. Then we define sequences of elements G;, localization parame-
ters \;, and patches w; by the following recursion. Fix an arbitrary element K € Ty,
and let the initial term of the sequences for the elements, the localization parameters,
and patches be given by

GQ = K,
)\0 = 6,
wy = NY(Gy).

Then, recursively for ¢ = 1,..., 7, choose as the subsequent term any element with
G; C w;,
and define the following terms for the localization parameter for : =1,...,7
Ai = A, (Gio1) = Nioq — dist(Gy, Gi—q)

and patch for i =1,...,5 by
Wit1 = N/\i (Gz)

This uniquely defines for any chosen sequence of elements G; for ¢ = 0,...,j the
sequences of localization parameters \; for ¢« = 0,...,j and patches w; for i =
1,...,7. Note that A\; = 0 is allowed. Further, we also denote the sequence of
increased patches for i =1,...,j by

u};_l = N(wz) = Nki_l—H(Gi_l).

The enriched multiscale spaces are constructed by recursive application of the
localized enriched correction operator. Thus, in order show that functions in this
space only make an exponentially decaying error with respect to the prototypical
space, we need to compare functions for each j separately. This motivates the
following theorem, where we compare functions that lie in the spaces W% and W5'*
forv=1,...,7.

This theorem is the main contribution in this thesis. Here, everything we have
defined and constructed above comes together. Specifically, we circumvent the prob-
lem with large patch sizes, see Remark 3.9, by choosing appropriate localization
parameters.

Theorem 3.19 (Localization of the enriched correction operator). Consider As-
sumption 3.10 for some £,j € N. Further, let H(* < 1. Then, for any function
veE HI Q) andv =1,...,j we have

IV (D) = D¥)(id ~C)oll 20 S 03 exp(~CO)[Volliz@).  (3.90)
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3.4 Localization

Remark 3.11. In Theorem 3.19 we assume that H¢¢*! < 1. This assumption is only
a technical one. This term is typically small as we have ¢ ~ |log H|, but for large
dimensions this term can blow up for some choices of H. However, this bound is
always true asymptotically for H — 0.

The proof of Theorem 3.19, up to some technical details, splits the difference
of enriched localization operators up such that we can apply the following lemma,
which is an extension of Lemma 3.18. Further, we use the definition of the patches
in Assumption 3.10 in an optimal way to show that the localization on the original /-
patch can be recovered.

First, we give an auxiliary lemma that employs Lemma 3.18 to bound the error
of the localized enriched correction operator by the right-hand side of the corrector
problem (3.72).

Lemma 3.20. Let G € Ty and A € N. Then for any v € H}(Q) and w € W we
have

a(DRv — Dav,w) < H? exp(—CN)||[ V]| 126y | V| 2 g1 - (3.91)

Proof. We define a cutoff function n € WH>(Q) with

n=0, in N(G), (3.92a)
n=1, in Q\ NMHG), (3.92Db)
0<n<l, |Vl SH,  in R:=1"(G)\NG). (3.92¢)

Employing the fact that the cutoff function vanishes on the patch (3.92a), and the
fact that the bubble operator preserves the support we have that

supp(id =By ) (nw) N supp Dolv = 0

have no overlapping support. Thus, by the definition of the bubble operator,
(id—Bg)v € W and the definition of the element-wise enriched correction oper-
ator (3.72) we have

a(D2v — Do, (id =By ) (nw)) = —a(Dgv, (id =By ) (nw))
= (v, (id =Bu)(nw)) 2(c) (3.93)
= 0.

Since Bgw = 0 we can subtract this term from the test function, and adding (3.93)
we can estimate the left-hand side of (3.91) using Cauchy-Schwarz inequality by

a(D[G)‘}v — Dgv,w) = a(D[G’\}v — D¢, (id —Bpy)(id —n)w)

N _ _ (3.94)
< |IV(D&'v — Dev) || 2oy IV (id =B ) (id —n)w|[ £2(q)
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3 Higher-order numerical homogenization for the wave equation

For the first term on the right-hand side of (3.94) we can use Lemma 3.18 to obtain
V(D2 — Do) |12 S exp(—CA) VDol 12(0y- (3.95)

Furthermore, we have that Dgv € W and by the definition (3.72) and the approx-
imation (2.13) we can estimate using the coercivity (2.6) and the Cauchy-Schwarz
inequality
IVDevl72i) S a(Dav, Dav)
= —(v, Dgv)2()
= —((id —Ig)v, (id = g)Dgv) r2(c)
< H?|| V]| 12() [ VDl 20

(3.96)

For the second term on the right-hand side of (3.94) we can use similar arguments
as in Lemmas 3.17 and 3.18. By the definition of the cutoff function (3.92b) we
have id —n = 0 outside the (A + 1)-patch. Then with the triangle inequality and the
inverse estimate of the bubble operator (2.25) we have

|96 B id ) paonss < IV (d =) 2gunss
+ IVBr (id —n)wl| L2 a1y
S vaHL?(N)‘H(G’)) + ||V(777~U)||L2(NA+1(G))}
+H Y| (1d =n)wl|2gr1 ()

= (x).

(3.97a)
By the product rule, the boundedness of the cutoff function (3.92), the Holder
inequality and (3.92c) we have

()  IVwllz2gneiey + INVwll 2o )
+ [ wVnll 2gpeay + H w2 @) (3.97b)
S IVl 2oy + IVl 2o ey

+ H_IHwHL?(N)‘H(G)) + H_1||w||L2(NA+1(G)) = (%%).

Since w € W we can subtract the L*-projection and use the approximation (2.13)

to obtain .
(**) S ”vaL?(N)\H(G)) + H™ H(id —HH)U}”L2(N>\+1(G))
(3.97¢)
S IVwll 2oy
Dividing both sides of (3.96) by |[VDgv||r2(q), using it in (3.95), and combining it
with (3.97) in (3.94) yields the assertion. O

Proof of Theorem 3.19. In order to be able to employ the decay and localization re-
sults Lemmas 3.17, 3.18 and 3.20 we need to split up the left-hand side of (3.90), i.e.,

IV (D) — D")(id —C)v| 12(0y
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3.4 Localization

appropriately. By adding and subtracting the term
D(Dloc)ufl <1d _C[E]),U
we obtain the following split by the triangle inequality

IV (D) = D) (id ~C1)vl| ()
S IV (D" = D)D) (id —C1)ol| 2

} S (3.98)
+|[VD(D*)" ! — D" ) (id —C)v| 12 (0.

The first term can readily be estimated using Lemma 3.18. To estimate the second
term we use a recursive argument. Thus, consider the second term on the right-hand
side of (3.98). Employing the coercivity (2.6) and the definition of the enriched
correction operator (3.23) we have

IVD((D")"~" — D*1)(id —C)v][72(q)

S a(D((D)" ! = D) (id —CH)v, D((DP4)" " — D) (id —Cl)o)
(D)=t — D" 1) (id —CH)v, D((D")* — D" ) (id —C)v) 121 (3.992)
(%)

Next, we apply Cauchy-Schwarz inequality, and subtract the L?-projection ITy, then
employing the approximation (2.13) yields

(%) S [l(d ~Tg) (D)~ — DN (id —CH)v]| 120y
Gd ) D((D*) ™ — D* ) (id —C¥)]| 12
S H|V((D*) ' = D* 1) (id —C) ]| r2(q)
IVD((D) ! — DN (id —C)o|| 12

(3.99D)

Finally, we divide by
IVD((D*e) " = D7) (id =C)]| 20
to obtain
VDD~ = D) (id €Yo 2(e)
S HIV((D°) ™ = D" (id —C)v| o) (3.99¢)

We observe that the right-hand side of (3.99) is of the same form as the left-hand
side of (3.98). Thus, the idea is to use (3.99) in (3.98) and apply an analogue
split, i.e., we insert

D(DIOC)V_2(id _C[Z])U
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3 Higher-order numerical homogenization for the wave equation

to obtain

V(D) — D*)(id —C%) || 12(q)
S IV(DPe = D)(DP) (id —CY)v]| 120y
+ V(D) — D" (id —CH)v]| 120y
S IV(D* = D)D) (id —C) | 120 (3.100a)
+ H?||V(D"° — D)(D")"*(id —C)v|| 120
+ H|VD((D*)"~2 — D"~2)(id —C)v]| 12y

For the last term on the right-hand side we can apply an analogue estimate to (3.99)
which overall yields

IV (D) = D¥)(id =C)o] 2o
S V(D = D) (D) (id =CY) ]| p2 e
+ H2||V(D*° — D)(D")"2(id —C")v]| 12(y (3.100D)
+ HY V(D)2 — D" 2)(id —C)v|| 12(0-
We can iteratively apply analogue estimates to (3.98) and (3.99) which yields
IV (D) = D")(id =C)]| 2
<3 HEDV (DY — D)D) (id —C)v|| 12y (3.101)
i=1

Thus, the next step is the estimate of terms of the form
IV(D* — D)(D) (id —C)v]| 120

for i =0,...,v — 1. Here, we use the decay and localization results stated in Lem-
mas 3.17, 3.18 and 3.20. Thus, we need to split each correction operator into its
element-wise counterparts. We make use of the definition of the patch sizes \;
depending on the context (see Assumption 3.10). In the following we abbreviate

w = (D"°° — D) (D) (id —C)w.

Then we have by coercivity (2.6) and splitting the (enriched) correction operators
into its element-wise counterparts we have

9D = D)D) (id ~C )0
< a((D"° — D)(D*°) (id —Cyw, w)
SY Y ¥ al@g - De )08 DB el — v w). 3102

KeTy G1€w Git1€wit1
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3.4 Localization

In the following, fix G; € w;. Then, the localization parameter \;y1 = Ag,,,(G;) is
properly defined for any Gy ;1 € w1 = NY(G;), and we consider solely the innermost
sum. We first employ Lemma 3.20

i i A y4
S a((DE) — De,, )DE - DN (] — Civ), w)

Git1€wit1

S Y Hexp(=CAn)|IVDE! - DG 0]k — Clv) a1Vl 2,

~Y

Git1€wit1

= (),
(3.103a)

and then use the discrete Cauchy-Schwarz inequality to obtain

1
2

<*>5( 3 H4exp<—2CAz-+1>||VD2:]--~D£§;]<U|K—cﬁ?wu%a(a,.m)

Git1€wit1

: Yo IVwlia
<Gi+1€wi+1 Pl
(3.103b)

Next, we employ the crucial step in the analysis of our localization strategy. That
is, we make use of the definition of the localization parameters, and show that the
localization error of the patch w;;; can be bounded by the localization error of the
patch w;. For this estimate define the rings R* around the element G; by

2

Consider the sum under the first square root on the right-hand side of (3.103). In
a first step, we rewrite the sum over the patch as the sum over all rings around the
element GG;, and then employ the definition of the localization parameter A\;;; = \; —
dist(G;41, G;). Here, we use that dist(G;41,G;) = p for any G411 € R*. Altogether,
this yields

>\¢ A V4
S Hexp(—20X00) VDG - DEN(v|k — Civ) |22, )
Git1€wiq1
al M 0
= H'S exp(—2CAi1) [ VDR - DRV (0] — Cl0) |2
“:“ (3.105a)
= H*Y exp(=20(\ = w) VDG - DG (vl = Civ) ey = L.
n=0

In the next step we insert the term

D, DG DE (v — Cdv)

Gy

(0]



3 Higher-order numerical homogenization for the wave equation

into the norm and employ the triangle and Young’s inequalities to obtain

A
Ly SH' Y exp(=20(\; — )

=0

i A Y4
IVDe,DeY - DEN (vl i — Cit)l[2 sy

i—1

A i A1 4
+[|V(DE! — D )DEY - DE (v] i — c%wuiw)]
(3.105b)

S H'S exp(~2C(\ — )

pn=0

Ai—1 A V4
IVDe,De " - DL (0] — CRo) 22 nmer(ay)

i—1

Ai Aim1 A1 14
+IV(DE! = D )DE Y - DE (] — cﬁéwniw)] .

Summing up the last term on the right-hand side using for . = 0, ..., A; the estimate
exp(—2C(\; —p)) <1
yields
Ai
H'Y exp(=20(\ — )|V (DL = Da )DL -+ DE! (vl = Cl0) 172

pn=0
Ai—1 A V4
DD DEN (vl =€) 2
Ai—1 A V4
i)D[Gz'fl] . 'Dé‘ll](vlf( - CE(]U)H%Q(Q) (3.106a)

< HY|v(DR!
< HY|v(DR!

= (x*).

— Do
— D

This can be further estimated using Lemma 3.18 to obtain
() S H' exp(=20N) VD, DG -+ DEN (vl = Cidv) G2y (3.106D)

We now turn to the first term on the right-hand side of (3.105b). Applying Lemma 3.17
and resolving the sum yields

A
Ai—1 A /4
HY S exp(—20(\ — )| VDe, D - DEN(w] i — Civ) |22 ()
p=0

S H'S exp(—20(\ — )

n=0
exp(—201) VD, DY - - DEN (v] ik — Cidv) |20
S H'\iexp(—200) VD, DG -+ DEl (vlic = o).

(3.107)
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Employing both (3.106) and (3.107) in (3.105) yields

i A1 4
S Hiexp(—20M\40) VDR - D (v]x — Cidv)|22(q

Git1€wit1

< H'\ exp(—20N,)||VDe, Dg - DEY (0] — Cidv) |32y = La. (3.108a)

i+1)

We further use an argument as in (3.96) that is
||VDG"U||L2 Q) ~ < H2||V'U||L2(G)
This yields
Ly S H'Aexp(—200) HYIVDE - DEY(u| i — Civ) |22, (3.108b)
Plugging (3.108) into (3.103) yields

Ait1 ;i by ¢
S a((DEH — Dg,, )DE - DR (v] i — Clv), w)
Git1€wit1

1
S <H4)\i eXp(—QCAi)HLlHVD[GAfj} " 021”(1)!1« - C%]U)H%Q(Gi))
(3.109)

2

Git1€wit1

| ( 2 ”W”i%#z))

By definition of the localization parameters, we have w;SrlQ C wt}, and only a finite
number of patches wi}, overlap each other (A-times). This stems from the fact that
each \;;1 < \; can be bounded by the patch size of the previous patch. Thus, we
have for the sum in the second square root of (3.109)

> ||Vw||ig(w_+1 <)\d||Vw||L2(w+1) (3.110)
Git1€wi+1 o

We can insert this back into (3.109) which yields
> (DG = Da DG DG i = Cidv), w)

1+1
Git1€wit1

N

< (H% exp(—20N)H|[VDZ - DEY (] ¢ — c&?wu%m))

1
2

1 d .
< H2A? exp(—CA)H2AZ VDLV - DY (o] — Clto) || (e

41 i—1 1 4
S HF H exp(=CN) VDG - DEN (0l = Clo) iz IVl o,
(3.111)
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3 Higher-order numerical homogenization for the wave equation

Here we can use the assumption H2(“% < 1, and insert (3.111) into (3.102) which
yields

V(D¢ — D)(D*) (id —C)v][32q
Ai—1 A [4
<SS Y Y Hrexp(-ON)| VDG DR (0] — Civ) 126
KeTy Giewr GiEw; (3112)
' ||Vw||L2(wj+11)'

If we, analogously to above, fix G;_; € w;_1, and consider the innermost sum

iz A1 4
> Hexp(=CAIVDG - DE (vl — Ci0)llzan |Vl o,

Giewi

Then, we find that this term is of the same structure as the term on the right-hand
side of (3.103a) with the index reduced by 1, and we can use similar arguments
to (3.103) to (3.112) and apply them recursively to obtain

V(D" — D)(D*) (id —C)v][72q
i A V4
<Y Y Y HPep(—ON)IVDE DR 0]k — Cl0) | e
KeTy Gi1ewr GiEw;
' ||Vw||L2(wj+11)
i 1 Y4
S YOS Y H2exp(=CA) | VDR DR (0] — Cl0) |2
KeTy Giew Gi_1€w;—1
: ||Vw||L2(wj1)
/4
S D HQeXp(—CM)HV(v!K—C.[rJv)HLz(Gl)HVwHLa(w;n-

KeTy Giew

(3.113)

In the final step we use similar arguments as above. That is, first we employ the
discrete Cauchy-Schwarz inequality to obtain

IV(D" = D)(D"*)'(id ~C)vl ()

,S Z ( Z H4exp(—20>\1)HV(U’K—C%]/U)”%Q(Gl))
KeTy \ Gi1ewr (3114)

3

G1€Ewr

We fix K € Ty and consider the sum inside the first square root first. Then we
define analogously to (3.104) the rings R* around the element K. By the definition
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3.4 Localization

of the rings and localization parameter \;, we can again reduce the sum to a sum
of rings to obtain with the triangle and Young inequalities

> H exp(=200)|IV (0] = Cv) 32

Giewr

l
<37 Hrexp(—200)[V (v]k — Cidv) 2y

n=0
l
S Y H' exp(—20(¢ = )|V (vlie = Cilo) |2y (3.115a)
n=0
: €]
S 3 Y exp(=20(¢ = 1) (V01 + IVCH 03 ) = Zo
n=0

For the first norm on the right-hand side, the sum consist only of a single term,
as v|g only has support on R°, and in the second sum we insert Cxv to obtain with
the triangle and Cauchy-Schwarz inequality

l
=1 = H' exp(—2C0)[|Vol[320) + 3 H exp(=2C(£ — 1)) || VC0 |32,
n=0
S H exp(=2C0) |V 72
¢ (3.115b)
+ 3 H exp(=20(0 = 1) || VCxv |

pu=0

V4
HIV(Cr — CR)0l[22 |-

Next, we employ Lemma 2.4 to estimate the second term

l
> H exp(—20(C — 1)) [VCxv o

u=0

¢
< Z H* exp(—20(f — M))|’VCKU|’%2(Q\Nwl(K))
pn=0

L, ) (3.116)
<Y H' exp(~20(C — ) exp(—2C1)| | VCxv][Faqo)

n=0

< CH* exp(—2CY) ||VCKU||2}J2(Q).

Further, we have
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3 Higher-order numerical homogenization for the wave equation

and with Lemma 2.6 we can estimate the last sum in (3.115) by

/
S Hexp(—20(0 — )| V(Cx — Ci)vll2 ey < HAIV(Cie — Ciol 2o iy

pn=0
< HY|V(Cx — C)vl22(0y
5 H4 exp(—QC’E)HVCKUH%Q(Q)
(3.117)

We can now use

IVCxv[|72() S alCkv,Cxv)
< a|x(v,Cxv) (3.118)
S Vol IVCk vl 2@
after dividing both sides by || VCx|| 12(q). Then, insert (3.116) and (3.117) into (3.115)

to obtain

> H'exp(—2C\)||V(v|x — C%}U)H%z(gl) < H'exp(—2C0)|| Vv r2x)- (3.119)

Giewr

Employing (3.119) into (3.114) yields

IV (D" — D)(D*)'(id ~C)]7(q)

KETH G1€Ewr

N|=

Using again that wy ' C wi™* = N!(K) we have with the finite overlap of patches

Z ||VU)||L2 +1 <€d|lvw‘|%2(Nz+1(K)). (3121)

G1€Ewr

We use (3.121) in (3.120) which yields

IV (D¢ — D)(D*)'(id ~C)l 7 (g

2 2
< D (H%eXP(—QC@HVUH%Z(K)) (€d||vw||%2(wl+1(f<)))

KeTy (3.122)

d+1 —
=0T Y exp(=COIVol 20 [ V| 2w (x0)) = Eo.

KeTy

We use the assumption H 2045 < 1 and the discrete Cauchy-Schwarz inequality to
obtain

N

KeTy

3
o = ( > exp(—20€)||Vv||%2(K)> ( > va”%Q(Nul(K))) ‘ (3.123)
KeTy
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3.4 Localization

Finally, we use the finite overlap of patches

Z vaH%Q(Nul(K)) S gdHV@UH%%Q)
KeTy

for the term under the second square root such that we finally obtain

IV (D¢ — D)(D*)'(id ~C)vl 7 (g

3 3

N ( Z eXP(—QC@HVUH%?(K)) (WHVWH%%Q))
KeTy

1

3 3 (3.124)
N (eXP(—QC@HV’UH%%Q)) (deVWHQH(Q))

< exp(=CO)|| Vol 12002 | V| 120y -

(NI

With the choice made beforehand
w = (D — D)(DP)i(id )
and dividing by ||Vw||12() yields the estimate
V(D" — D)D) (id —CH)v| 20y S €2 exp(—CO)|[Vol| 2. (3.125)
Using this estimate in (3.101) gives
IV (D) = D) (id ~C)vl| 20

5 Z H2(i71)||v(fDloc . D)(ploc)ufi(id _C[£]>U“L2(Q)

i=1
< S0 HXVE exp(—CO) ||V 2 (3.126)
i=1
da
S 02 exp(=CO) || V]2
This is the assertion (3.90). O

Remark 3.12 (Practical implementation). In practise, Theorem 3.19 allows us to
compute all basis functions on the same patch N(K). This can be seen as follows.
Assume we have a fixed patch N°(K) and consider the first enriched correction op-
erator D', That is, we would split the enriched corrector into its element-wise
contributions and calculate the element-wise enriched correction operators D[G)‘G] of
the basis function A ; with support on the patch for each element G' € N°(K) of the
patch. Assumption 3.10 now tells us that each of the element-wise contribution has
support inside the whole patch N°(K), and Theorem 3.19 yields the optimal error.
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3 Higher-order numerical homogenization for the wave equation

Further, we may now increase the domain on which the element-wise enriched cor-
rector D[é\ ¢l is defined to be the whole patch. Since we only increase the underlying
domain, the error stays exponentially small. However, then we can simply sum up
the element-wise enriched corrections on the patch N¢(K) which yields a global (on
the patch) enriched corrector problem for D.

This procedure makes the pre-computations quite efficient, as we compute first all
basis functions in the multiscale space, then all for the first enriched correction space,
and so on. Thus, we have to sequentially compute (j + 1)-times a set of H=%(p+1)¢

basis functions, that can be done in parallel.

3.4.2 Error analysis for the enriched higher-order
LOD

Enriched higher-order LOD. With the localization result from the previous sec-
tion we are able to efficiently compute the enriched multiscale spaces and use the lo-
calized enriched multiscale space as trial and test space in the variational form (3.2).
The enriched higher-order LOD (eho-LOD) method seeks a function g : [0,7] —
Vi1 such that

(02, Omr) r2e) + a(lr, Vi) = (f, Vm)120) (3.127)
for all vy € ‘v/f]"loc, where the initial conditions are given by

Up (0) = OMocyy 9,y (0) = OHocy, (3.128)

where the maps O71o¢ into the enriched multiscale space and O’lo¢ into the enriched
correction space are given by

N~ AN . AL ]
Q],loc — (ld _C[Z]> + Q],loc7 Q],loc — Z(DlOC)I/(&tQV(id _C[Z])) (3129>

v=1
For the eho-LOD method the following error estimate holds.

Theorem 3.21 (Error of the semi-discrete enriched higher-order LOD). Let As-
sumption 3.1 hold for some k € Ng and m > 25 + 4, and Assumption 3.10 hold

for some £,j € N. Further, let u be the solution to (3.2), and iy be the solution
to (3.127). Then if j > [5] and £ 2, |log H|, the following estimate holds

10, (6) — wD L + 19 (8) = u®lisey S H Coar (3.130)
where k = min{k,p + 1}.

We prove the error estimate in four steps. The first two steps are analogous
to Lemmas 3.14 and 3.15. First, we estimate the space discretization error ¢ =
g — PPy between the semi-discrete eho-LOD solution %y and the orthogonal
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3.4 Localization

projection of the weak solution into the enriched multiscale space ﬁj’locu, where the
projection Pi°¢: HL(Q) — V' is defined by

7\5j,10C _ 75[4 + ﬁj,loc (3131)
with the orthogonal projection PHec: HI(Q) — WY, given for any v € HZ () by
a(ﬁj’locv,w) = a(v,w) (3.132)

for all w € Wﬁ, We show that the space discretization error can be bounded by
the projection error o = u — Pilocy, hetween the weak solution and the orthogonal
projection into the enriched multiscale space 75j’1°°u, and by the mapping error ¢ =
u — Q7locy at the initial time. In the second step the projection error p is estimated,
and we find that it is bounded by the mapping error ). The third step now differs
from the previous steps, here we need to estimate the mapping error between the
localized mapping and the weak solution. We find that it can be bounded by the
prototypical mapping error and a localization error. The fourth step then uses the
prototypical mapping error in Theorem 3.16.

We will give the first two lemmas without proof, as the argumentation therein
would be repeats of the previous results Lemmas 3.14 and 3.15.

Lemma 3.22 (Space discretization error of the eho-LOD method). Let Assump-
tion 3.1 hold for some k € Ny and m > 25 + 1, and Assumption 3.10 hold for
some £,5 € N. Further, let u be the solution to (3.2), and uy be the solution

to (3.127). With ¢ = Gy — PHecu, o = u — PHcu, and ¢ = u — Q"°Cu, where the
projection PP is defined in (3.131) and the mapping Q'°° in (3.129), we have

10:2() |20y + V()] 2()
t
S HIIVOp(0) | 2(0) + [IVY(0) [ 2 () +/||81529(5)||L2(Q) ds. (3.133)
0
Lemma 3.23 (Projection error of the eho-LOD method). Let Assumption 3.1 hold
for some k € No and m > 2j + 2, and Assumption 3.10 hold for some {,j € N.
Further, let u be the solution to (3.2). With o = u — PH°u, and ¢ = u — Q%

where the projection Piloc g defined in (3.131) and the mapping Qiloc (3.129),
the following estimate holds for v =10,1,2

IV, o)l 2(0) S IVO ()| L2, (3.134a)
and forv=1,2
10 o) | 22y S HIIVO ()] r2(0)- (3.134b)
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3 Higher-order numerical homogenization for the wave equation

Theorem 3.24 (Mapping error of the enriched higher-order LOD). Let Assump-
tion 3.1 hold for some k € Ny and m > 2j + 4, and Assumption 3.10 hold for
some (,j € N. Further, let u be the solution to (3.2). With ¢ = u — éj’locu, where
the mapping Qiloc g defined in (3.31), and if j > [5] the following estimate holds
forv=20,1,2

IV ()| 2oy S(H™ + 03 exp(—Cl)) Cunga, (3.135)

where = min{k,p + 1}.

Proof. The goal in this proof is to split the estimate into a localization error that
can be estimated with Theorem 3.19 and the mapping error of the prototypical eho-
LOD method. That is by inserting the mapping into the global enriched multiscale
space Qu and the triangle inequality we have

IV (1 — 97w || gy < IV (1 — Q)| oy + V(P — Q7w |2y (3.136)

By Theorem 3.24 we have that the first term on the right-hand side is suitably
bounded by _
HV(U - QJU)HLQ(Q) 5 H’ﬁ_lcdata-

That is, we have
IV (1 — Q%) || 120y S H Cuata + V(D1 — Q7)1 (3.137)

Thus, it is left to show that the second term on the right-hand side is reasonably
bounded. We have by the definitions of the mappings using the triangle inequality
that

IV(Qu — Qe Wl

J

— |[V(Pu + ZD“ af”ﬁu) —C Yy — (D)7 (92 (id —Cyu)) || 12
v=1 v=1
< ||V(Pu — (id —CYYu)|| 120 — N,
J J
+ V(S DY (92 Pu) — — N (D) (0 (id —CNw)) |2y = No
v=1 v=1
(3.138)

Employing similar arguments as in (2.29), we have for any v € HJ ()

, (id —=C)v) + a(Pu, Cv)
u, (id —=C)Bpv)
(id —C)u, (id =C)Bgv) + a((id —C)u, Cv)
(id —C)u, v),

a(Pu,v)

a(Pu
af
af
af
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3.4 Localization

which yields N
P =id —C.
Thus, the first term can be estimated using Lemma 2.5
Ny = |V(CY = C)ul| 12
1= [IV( Jullz2(9) (3.139)

< % exp(—C0)||Vul| 2

Employing both (3.139) and (3.138) in (3.137) with the definition of the con-

stant (3.5) yields

1V (u — Q%) || 120y S H™ Cuata + Ny + No 5.110)

S HKJrlCdata + g% eXp(_Cg)Cdata + NQ-

For the second term we add and subtract

J
3" D07 (id —C1)u),

v=1

which yields by triangle inequality

Ny S IV (D) — D¥) (@2 (id —C%u)) | gy

v=1
+ V(3 D (08 Pu) = 32 D0 €)1
~ V(S (D)~ D)~ (3141
v=1
—,
+IV( Z "0 = C)u)) 2y
- —t
Using this in (3.140) yields
1V (1 = ©7°U)[| 210y S H* Cutata + £% exp(—Cl)Caata + &1 + . (3.142)
Employing Theorem 3.19 we readily have
6 S 3t epl-COIV
(3.143)

<

e% p(—C0)Cata.
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3 Higher-order numerical homogenization for the wave equation

Finally, we consider the last term on the right-hand side. We abbreviate

J
w=>Y D"C" - C)u) e W.

v=1

Then by the coercivity (2.6) and the definition of the enriched correction opera-
tor (3.23) we have

& < af ZD”82” 4 —Cyu),w)

. = (k).
—(0? f,QDH(af@1’<c[ﬂ—c>u>,w>p<m} )

Since w € W we can subtract the L2-projection from both sides and use (2.13) to
obtain

(x) = —((id —Hﬂ)af(c'm = C)u, (id =Ig)w) 20

Vi
— ((id =11) 82 3" D137 = C)u), (id =Ty )w) 20
v=2
(3.144b)
S H2||VAZ(CY — C)ul| 20| V| 2o

J
+ H2| Va2 D07 V(Y — C)u) || ey | Vo 2oy

v=2

Dividing both sides by ||Vw||12(q) yields

& S H|VOX(CY - C)| 20 + H?||VO? Z DY — C)u) || 1o (3.144c)

v=2

The last term on the right-hand side has the same form as the term on the left-hand
side, and thus can be estimated analogously to (3.144), i.e

\|V32ZD”1 oI = C)u)ll 2oy

v=2

< H?||vorcl — )UHL2(Q)+H2HV842D” 20772 = C)u) || 2. (3.145)

v=3
This argument can be applied iteratively such that we obtain

J
& S H?Y HADwoR (€Y — Cul|p2q).- (3.146)

v=1
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3.4 Localization

Finally, we apply Lemma 2.5 and the definition of the constant (3.5) to obtain

J
< H205 exp(—C0) S~ H2=D V02|,

< H?(% exp(—Cl)Cata
Thus, applying (3.143) and (3.147) in (3.142) yields the assertion. ]

Example 3.13. This example is concerned with the addition of the enriched cor-
rection space ;7 = 1. We again consider the coefficient A; from Figure 2.5 with
oscillations on the scale ¢ = 278, The setup is otherwise the same as in Exam-
ple 3.5. In Figure 3.6 for p = 0 we see again the optimal convergence rate of 2.
We also observe that including the enriched correction space yields a smaller error,
which is more apparent for lower mesh sizes. This error then approaches the second-
order rate from the sp-LOD which is supported by the theory due to the choice of
the polynomial degree. Further, the plot shows that if the localization is not cho-
sen appropriately, a plateau can be observed. Here, the error of the eho-LOD with
j = 1 also seems to approach the same plateau as the sp-LOD which is backed by
the localization result in Theorem 3.19.

For p = 2, the error of the sp-LOD for j = 0 seems to show have smaller errors
for low mesh sizes and then approach the second-order convergence. For j = 1, we
observe a similar phenomenon, where the error is lower for smaller mesh sizes and
then eventually approaches the fourth order convergence.

Example 3.14. This example complements the previous Example 3.13. Here, we
consider eho-LOD now for j = 0,1,2 in d = 1. We choose the dimension one in this
example as we need a much finer resolution for the enriched spaces with j = 2. This
is briefly outlined in the following. If we have a rather large mesh size, e.g., H = 275
and polynomial degree p = 4, then we have for j = 2 already 15 basis function
per dimension. For a fine mesh with mesh size h = 27° we have only 17 degrees of
freedom per dimension per coarse element. Thus, in order to have a remainder of
sufficient size, the localization parameter needs to be chosen large enough, otherwise
the system matrix is badly conditioned.

We turn back to the example at hand. The PDE coefficient is chosen with random
values and an oscillation scale ¢ = 271, The fine-scale discretization is h = 2712,
For the right-hand side

f(z,t) = cos(mx) sin(t)®

is chosen with zero initial conditions. Figure 3.7 portrays the errors of the eho-LOD
method for j = 0, 1,2 and the polynomial degrees p = 0, 2,4. We chose a localization
parameter such that the rates can be observed. Similar to Example 3.5, we observe
that the error for j = 0 are capped at second order. Increasing j = 1 already yields
fourth-order convergence for p = 2 with a much lower size of the error. For j = 2
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Figure 3.6: Relative errors of the eho-LOD in the norm ||V - ||12(q) for the
coefficient A; from Figure 2.5 that oscillates on the scale ¢ = 278. We show
the error for two polynomial degrees and j = 0,1. See Example 3.13.

we observe for p = 4 the optimal sixth-order convergence as in the elliptic setting.
The last point for p = 4 has a reduced error. This is a result on one hand from
the localization, as a larger ¢ is able to reduce the error. On the other hand this
is also a result from numerical errors. Even if the localization is increased the last
plot point does not yield optimal convergence. This motivates further investigation,
specifically improving the condition of the system matrix by, e.g., orthogonalizing
the enriched corrections such that the matrix can be decoupled and each space can
be dealt with separately.

3.5 Time discretization

In the previous sections we considered only the semi-discrete setting. Here, we will
finally provide a fully-discrete error analysis. We intend to use the so-called -scheme
as used by Karaa (2011). This time discretization is standard for the wave equation
and can be either an explicit or implicit scheme and potentially have fourth-order
convergence.

Enriched higher-order LOD-f. We employ the multiscale space \71?}10‘: as trial
and test space in the variational formulation (3.127) and combine with the #-scheme
as used by Karaa (2011). That is, the eho-LOD-# method seeks for any 6 € [0, 3] a
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Figure 3.7: Relative errors of the eho-LOD for d = 1 in the norm ||V - || 2
for a random coefficient A oscillating on the scale ¢ = 271°. See Exam-
ple 3.14.

sequence of solutions %y = {4}, C V4" such that for n > 1
TR = 20+ U V) 2y + a(i@ Or) = (F(10), Ux) 120 (3.148)

for all vy € ‘v/gfloc with appropriately chosen 7%, and 1}, and the time step size 7 =
%. Here, the f-weighted difference is given for any sequence {v"}Y_, by

™0 = o™ 4+ (1 — 20)0™ + O™, (3.149)
and for a continuous-in-time function v: C([0, T]; L*(Q2))
v(t?) = v(tyyr) + (1 —20)v(t,) + Ov(t, 1), (3.150)

where t,, = nr.

The error analysis of the eho-LOD-# method is rather classical, and tries to mimic
the semi-discrete error analysis. First, we show that the discrete time discretization
conserves a discrete energy, and after we show that the method is stable. The
proof of the convergence in time then uses the stability and properly chosen initial
conditions.
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3 Higher-order numerical homogenization for the wave equation

3.5.1 Energy Conservation

In this section we show that the #-method conserves a discrete energy. Using this
energy conservation we can later show that the eho-LOD-6 method is stable and
derive an error recursion.

We define the discrete energy of the #-method as

g+s =D, v““”LQ +a(v”+2,v Y 42 (9—Da(D, iy 2, D, )| (3.151)
Here, we define the discrete time-derivate for any sequence {0% }_, as

D, e gy, (3.152)

We note that with this definition we can also define the second discrete time-
derivative as

D2 0y =72 (05 — 20 + O ). (3.153)
Further, the half step of a sequence {07} is defined by
Uy 2= L o). (3.154)
We will show that this energy is conserved by the eho-LOD-6 method.

Lemma 3.25 (Energy conservation). The eho-LOD-0 method (3.148) conserves the
discrete energy (3.151) in the sense that

(F(E0), Wt — W) ) = 2(E73 — €772). (3.155)

Particularly, if the source term f = 0 we obtain energy conservation in the classical
sense, 1.e.,

1 1 1
Ee ="z =...=¢€x,
Proof. We choose
M7 S R |

as a test function in (3.148) and obtain

(f@0), upt! ﬂ?fl)m(g)

= 7t = 2y ) e + ol A - agt) (3.156)
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The first term on the right-hand side can be estimated straight-forward by adding
and subtracting the term 7 on the test-side of the scalar product, which yields

—2/~n+1 v n ~n— 1 ~vn+1 vn—1
_ _—2/~n+1 vn ~vn+1 vn—1 -2 vn—1 ~n+1 vn—1
=7 (U U, Uy Uy ) — T (U — U0y — U )2)
o n+1 vn  ~n+1 -2 vn—1 ~n+1 ~n
=T ( Ug —Ug,Ug — UH)LZ(Q) — 7 (U — Ay, uy — UH)LZ(Q)

TR — gy Wy — ) gy — (W — WA — @ @) (3.157a)

onti n—1
= [|D- iy * [ 720y — D7ty 2 [l72(0
+ T (’lj?frl — 1]7;1, ?2?{ ?1?{71)[/2(9) — 7_72(71}[ 127;1 1 QETIL{JA — ’LVL?_I)LQ(Q)

Due to the symmetry of the L2-scalar product, the last two terms cancel, and we
have
—2/~n+1 vn vn—1 ~n+l vn—1 “n+30 V=512
T2y = 2ay + ay uy — ) 2@) = [|Dr diy 1720y — ID7 Upr 2 [|720)
(3.157b)

Next, we turn to the last term on the right-hand side of (3.156). We obtain by
adding and subtracting the term % on the test-side of the inner product
a(iig’ ay™ — gt = a(Quy + (1= 20)iy + 0wyt gt — ayt)
= a(Quy™ — ouyy, uytt —wt) — a(0uy — Uyttt — )

+ a(qu 'ZL?I—FI - {L?I 1)
= a(Quytt — outy, ut —aty) — a(Ouy, — Oul Wt — aty)

D) vn—1

+a(Ouytt — ouyy, uy — unt) — a(0uyy — QU uy — Y
+ CL(UH, u%+1 ﬁ?] 1)
+n vn— 1
= 0r%a(D- uH2 D, +2)—97&(D Uy D Uy 2)
+a(Quy™t — outy, wl — ) — a(0uy, — out aytt — aly)
+a(uly, Wyt —wyh) = (%).
Similar to above by symmetry the second-to-last line vanishes. Consider the last
term on the right-hand side. We have by adding and subtracting equal terms

(3.158a)

(x) = Ya(uy, afy) — ta(uy, af ) + 3a(ayy, afytt — ayt)
- ia( HﬂjnH—i_1 uH) - 1 (U’H7UH + V?I 1) + a(?jnHaﬂ'rIl{—Fl - ﬂ?[ 1)
Ta(uytt + afy, V"+1+uH) — Ya(uyy + gt a4+ ayt)

_ia(a?[—&-l vn+1+ )+ a(vn 1 vn +vn 1)

+ fa(iy, ay™ —agt) (3.158b)

1 1
TL+2 vn+§ At N

=a(ly iy ) —a(ly >,y *)
— ety iy i) + ga(—iy g — i)
+ Za(quu?{Jrl 7:/[’7151 1)

=1 (k).
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3 Higher-order numerical homogenization for the wave equation

Finally, we estimate the last three terms on the right-hand side to obtain

(k) = —qaliiy™ dy — dy) + ga(—iy * dy — iy )
%a(vn+1> Uy ) + CL( v?{ 1’ _uH) + 3 (uH7u7Il{+1 a?i_l)
ol — i)+ Saly 2 — )
— ga(uy i) — za(— ﬁ’ﬁl,ﬁ ) + a(uﬂ,ﬁ%“ i) (3.158¢)
— aia — w) + Salay, o — i)
+ Ya(uy, wytt — A + uH e 1)
=721a(D, unJr2 D, n+2)—7’ ta(D, iy DTQT;{%).

Combining both estimates (3.157) and (3.158) in (3.156) yields the energy conser-
vation. [

3.5.2 Stability

In order to show stability of the #-method we first show that the energy is positive
and then use the energy conservation to proof an error recursion such that the energy
of the solution can be estimated by the right-hand side and initial data. In order
to show the positivity of the energy a CFL condition is necessary for § < i. This
is however only possible to show if 7 = 0. Thus, we restrict ourselves to the case
that 6 > 1.

Lemma 3.26 (Stability). Let < 0 < 1. Then the eho-LOD-§ method (3.148) is
unconditionally stable. Further,

1D a5y |y + Wity 2oy
S IIDrfL?IIIL2(Q)+\/IIWLHIILZ(Q)IIV O/ llza@ + VBV Dy |2y

+ Z:THf(t?)HL?(Q)

(3.159)

Proof. The stability follows directly from 6 > <, since
£z > 0.
Next, we prove the stability estimate (3.159). Employing Young inequality we obtain

D, iy ’HLQ )+ ([ Vi HLQ Ents, (3.160)

We further bound the term on the right-hand side. Using the energy conservation
property (3.155) and Cauchy-Schwarz inequality we get

™3 — €% = Lr(f(t9), D,y * + D, ity *) ey
S I ED 2@ (1D~ u"”llpm + D,y ||L2(Q) (3.161)
S T”f(tz)HL?(Q)(\/Sm_? - \/5”_5).
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Using the third binomial formula we obtain directly

VeErts < Ve 4 15 . (3.162)

This iteratively leads to
VETT: <& —l—ZTHf ) r2@)- (3.163)

Finally, consider the initial energy
31 "3 vy ~3 1 "3 3
& = 3[IDr ity 220 + (@, i) + 70 — $)a(D- t;, Dy iify)|.

Then, we can use symmetry to obtain

Thus, the initial energy can be bounded by

l . . i Ui
€4 S IDr i By + IVl iz IV @y + 7a(Ds i D). (3165)

Then, taking the square root and combining the estimates (3.165) with (3.160)
n (3.163) we obtain the assertion. O

3.5.3 Error analysis for the fully-discrete enriched
higher-order LOD

Assumption 3.15. Let the initial conditions for the eho-LOD-0 method be given
as the solution to the equation

Yy = uo, (3.166a)

(ﬁ}{ - ﬁ%a{}H)LQ ( ﬁ%,f)]{)
2

T(t’OaUH>L2 - ?a(uo,fm) + %a(f(ov ), ), (3.166b)

where the maps into the enriched multiscale space of the initial conditions are given
by
Uy = Qj’locUO, bg = Qj’lOC’UQ (3167)
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3 Higher-order numerical homogenization for the wave equation

Theorem 3.27. Let Assumption 3.1 hold for some k € Ny, and m > 2j + 4,
Assumption 3.10 hold for some {,j € N, and Assumption 3.15 hold. Further, let u be
the solution to (3.2), and iy be the solution to (3.148). Then if j > [5], £ 2 |log H],
and % <0< %, the following estimate holds

vn—&-

i — 7 (Utr) — utn) |z + [V (2

1Dz iy —uft, 1)@

S (H™ 4+ 7°)Caatas (3.168)
where k = min{k,p+ 1} and byl = (g1 +tn).

The following lemma provides an estimate for the time discretization error. We
make use of the stability estimate (3.159) to derive an error estimate and motivate
the choice for the initial conditions. The ideas in the proof follow Karaa (2011) with
some technicalities related to the eho-LOD method.

Lemma 3.28 (Temporal error). Let Assumption 3.1 hold for some k € Ny, and m >
27 +4, Assumption 3.10 hold for some £, j € N, and Assumption 3.15 hold. Further,
let Ty be the solution to (3.127), and {U%}N_, be the solution to (3.148). With (" =
Up (tn) — Wy, and if 1 <0 < %, the following estimate holds

ID- C"*2 || 2y + [V 2 || 12(0) S T°Claata- (3.169)

Proof. The sequence {¢"}_, solves for all n = 1,--- | N — 1 the variational wave
equation

(D2 ¢m, Up)r2(0) + a(C™? vy
= (D2 uH’vH)LQ( )+ a(U V) — (D2 g (tn), B) 120y — alitn (t]), )
= (/™ 0m) 120) — (DF tiar (tn), O ) 120y — @l (), Vnr)
= (OFuu (), vr) 2 () + allu(15), 0) — (D2 g (tn), Ou) 2 () — altu (1), U)
= (Ofun (1)), 9u) 2@ — (DY g (tn), Pu) 2(0)
(3.170)

for all vy € ‘V/Ii, Thus, we can apply the stability estimate (3.159), which yields

1 1
1D "2 | o) + 1VE" 2 | 22
1 1
S ID- ¢l 2y + IVEH 2@ I VCO gy + 7l V Dy €212

oo ) (3.171)
+ > TNOF s (t]) — D2 g (t) || 220
=1
By construction, we have
¢V =aly — up(te) =0, (3.172)
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3.5 Time discretization

and thus the second term under the square root vanishes. Consider the first and
third term on the right-hand side together. At the initial time steps we have for the
semi-discrete solution

(i (t) — i (to), Unr)
= (f(tl) - f(to)vﬁH)L%Q) - (87?(71H(t1) - aH(to)), TVJH)LQ(Q) (3173)
Thus, employing the initial condition (3.166), we obtain
(¢" = ¢%0u) 2 + 720a(¢t — 0, Bm)
— (ﬁ}{ — 1121, 1VJH>L2(Q) + 7'2961(71}1 — ﬂ%, QVJH)
- (QVLH(tl) - leH(to), QV)H)LQ(Q) - TQQQ(ﬂH(tl) - QVLH(t()), 7?H)
= 7(vo, V1) 2() — Saluwo, ¥ar) + Ta(f(0), Vnr) (3.174)

— (g (ty) — Uu(to), Vu) L2 (@)
—720(f(t1) — f(to), V) r2@) + 7°0(0; (tn (t1) — Un(to)), V) 12

Employing Taylor-expansion of the semi-discrete solution around ¢, = 0, there ex-
ists & € [to, t1] such that

U (th) = U (to) + 78,1 (to) + 5 0% tin (o) + = 0Ptin (&1).
This yields using the definition of the initial conditions (3.166) and (3.128)
Uy = Ug(to), vy = Ol (to)
that
(U (tr) — tig (to), Vi) r2o) + S aluo, Oy)
= T(Uo, ’lv}H)Lz(Q) + g(&?ﬁ}[(to), ’IVJH)LQ(Q) + ga(?j]{(t()), TV}H)
+ T (O (&), b)) (3.175)
= 7(90, V1) 2(02) + g(f(toﬁ Un)2(0) + %(afﬁH(fl), UH)L2(9)-

Applying this Taylor-expansion in (3.174) shows that the third- and second-to-last
lines are equal up to the third order term

—%3(3?1111(51),171{)&(9)‘

Further, we have with similar Taylor-expansions, that there exist & € [to, 1],
and &3 € [to, t1], such that

f(tr) = f(to) +70,f (&)
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3 Higher-order numerical homogenization for the wave equation

This implies
(f(t1) = f(to), Vr) L2 = T(0,f(&2), Vr) 2(0)
(07 (b (t1) — Tz (to)), Vi) 20 = 7(8}0ar(€3), V) r2 (@)

Finally, using this in (3.174) yields

(Cl - goﬂv}H)LZ(Q) + T29@(C1 - CO,{}H)
= — T (0PUn (1), Vu)r2i) — T°0(0,f (€2), Vur)p2ey + T00(0Ptin (€3), Vi) 2.
(3.176)

Next, we use vy = D, C% as a test function and divide both side by 7. Then
we obtain with Cauchy-Schwarz inequality and the definition of the constant Cgqaga
from (3.5)

(D- ¢%, D+ ¢¥) 1) + 720a(D, (2, D, (F)
= —%2(3?111%(51)’ D, (%)B(Q) — 7°0(8,f (&), D, C%)B(Q)
+ 7%0(0} iy (&), Dy C%)LQ(Q)
S 72107t (€0) | 220) + 10uf ()l p2(0) + 1070 (&)l 22(0)  (3.177)
- (ID5 €2 120y + TVBID; C2l12(0)
< 7 CauialID+ ¢ [l z2() + TVBIID; (2l 120).
Since by Young inequality
(ID- G2 llz2(@) +7VBID: (?l120)* S (D 2, D7 ¢2) 20 + 7°0a(D- ¢2, D, C2),
dividing by
D+ 2l z20) + TVBID- ¢ 120
in (3.177) yields
ID- G2l 2@ + IDx €222y S 7*Cltta- (3.178)
Using both equations (3.172) and (3.178) in (3.171) yields

1 il
D7 ¢" 2| 20y + IVC" 2 | 120

S 7%Clata + 3TN0 Uy () — D2ty (t) |l 12).  (3.179)

i=1

Finally, we consider the last term on the right-hand side of (3.179). Fix any ¢ =

1,---,n. Then using Taylor-expansion, there exist o1 € [t;,t;11] and o9 € [t;_1, 1],
such that
QVLH(tH_l) = ﬁH(tl) + TatleH(tl) + %aflvt]{(tl) + %a?ﬁ,]{(tl) + %0;"111{(01)

U (tio1) = Un(t:) — 10,0n (t:) + 0 (t;) — L0 un(t:) + ;04 (09).
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3.5 Time discretization

This yields
72 D2 tigy (t) = gy (i) — 20 () + Up (tio1)
= 720%5 () + 30t (00) + T:0tip (). (3.180)
Similarly, using Taylor-expansion, there exist o3 € [t;,t;41] and o4 € [t;_1,1;], such
that
it (tivr) = 0Pt (t;) + TORUm (1) + 5 O tn (03)
it (tio1) = OFtp(t;) — TOPUH(t;) + 5 Oftip (04).
Thus, we have
Oy (t9) = 002t (ti1) + (1 — 20)0215 (t;) + 002 (ti1)
= g (t;) + 0ty (05) + Oty (04).

Overall, dividing (3.180) by 72 and subtracting from (3.181) we obtain

(3.181)

|07 () — D2 Uy ()| 22
=720} (§tn(o3) + St (o) — Fin(01) — 570m(02)) || 20
< 2 (
~ T Cdata~

Thus, for the sum in (3.171), we have

3.182)

n

7|02 (t2) — D2 tg(t, < 7 Clata
; 103t () — DI tm (t)] 22 () dat (3.183)

2
ST T Cdata‘

Inserting this into (3.179) yields the assertion. O

This lemma completes all ingredients to proof the error of the eho-LOD-6 method.
The idea is to split the error into the temporal error and semi-discrete error and
previous results provide the estimation.

Proof of Theorem 3.27. We start by inserting the semi-discrete solution and using
the triangle inequality to obtain

“n+3 _ L+ 3
D7ty * = 7 (ultngr) — uta)) 2 + IV (@ * = ultyy 1))z
1 n4+ n+i n+z
<|ID-¢" 21200 + IV 2| 120) + [IDr €772 2 + [VE" 2|12y,  (3.184)
where €" = ty(t,) — u(t,). By Taylor-expansion we have
1 1
1D~ €™ 2|22y S 110," 2 | 20y

Then, we apply Theorem 3.27 to the first two terms on the right-hand side and
Theorem 3.21 to the last two terms after the Taylor-expansion to obtain the asser-
tion. [
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4 Conclusions and Outlook

4.1 Conclusions

Numerically solving partial differential equations (PDEs) with highly oscillatory
material coefficients poses many challenges. Classically, the finite element method
(FEM) is used to discretize and then approximate the solution to the PDE. However,
in this setting with non-smooth, highly oscillatory coefficients the FEM may perform
arbitrarily bad. Choosing a different spatial discretization as, e.g., the higher-order
localized orthogonal decomposition (ho-LOD) method generally yields much better
results.

In Chapter 2 we have briefly investigated why the FEM is suboptimal when deal-
ing with non-smooth and highly oscillatory PDE coefficients. Furthermore, in this
chapter we provided a construction of a ho-LOD method, which provably achieves
higher-order convergence independent of the oscillations of the material and inde-
pendent of the regularity of the solution in space.

Chapter 3 then introduced the acoustic wave equation and in a first step we
applied the ho-LOD method to the time-dependent PDE. We found that similar to
the FEM (however not as severe) the ho-LOD yields a reduced error convergence for
higher polynomial degrees in the time-dependent setting as opposed to the elliptic
setting. In this chapter we investigated the reduced order and found out that it
stems from the low regularity of the exact solution to wave equation. While the
idea of the ho-LLOD method is to achieve higher-order convergence independent of
the regularity of the solution, this goal is not achieved for the wave equation. An
interpretation is that the ho-LOD is well-suited to tackle elliptic problems, however
is not adapted to time-dependent differential operators.

Subsequently, we defined a novel enriched correction operator in the spirit of the
LOD, that can be used in a prototypical setting to correct the shortcomings of the
ho-LOD method. The idea is that the enriched correction operator eliminates the
residual of the ho-LOD method applied to the wave equation and obtain the higher-
order convergence independent of the oscillations of the PDE coefficient and the
regularity of the solution. This first achievement, however, was set in a prototypical
setting where knowledge of the solution is required. We could in the following
construct discrete so-called enriched correction spaces that are added to the ho-LOD
multiscale space, and together they are able to recover the higher-order convergence
without requiring any additional spatial regularity of the solution.

With the construction of these discrete spaces we still require one more ingredi-
ent. In order to compute a basis of the enriched correction spaces, we have to solve
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global corrector problem for every multiscale basis function, which is computation-
ally unfeasible. Thus, a localization strategy is needed for the additional corrections
as well. It can be straight-forward shown, that the enriched corrections obey an ex-
ponential decay similarly to the classical corrector from the ho-LOD. However, the
localization strategy from the ho-LOD is insufficient for application to the enriched
basis functions, since this would result in almost global corrector problems which
then becomes unfeasible. In this thesis a novel localization strategy is introduced
that adapts the localization parameter dependent on where the enriched correction
operator is applied. Employing this strategy we proved that the localization error
of the localized enriched correction operator is asymptotically the same as for the
classical correction when calculating all enriched basis functions on patches of the
same size. This remarkable result ensures that the enriched ho-LOD (eho-LOD)
method is computationally feasible in practise.

Finally, we put the method into practice on a few examples, and the theoretical
results were confirmed. We have observed that the novel eho-LOD method is able to
recover the higher-order convergence rate from the elliptic setting for the acoustic
wave equation without requiring any additional spatial regularity of the solution.
Further, we have seen that the localization strategy performs similar to the ho-LOD
method while all basis functions have support on the same sized patch.

4.2 Outlook

There are two possible improvements in the future. The first has to do with the
fact that as of now there has no inverse estimate been shown for the new enriched
multiscale spaces. The reason is that this is typically shown employing the bubble
operator, however, with this idea information is lost as the enriched corrections lie
in the kernel. In practise, proving an inverse estimate can be very beneficial when
trying to employ certain time discretization schemes. With this, e.g., the fourth-
order #-method or the leapfrog can be used, as they require inverse estimates to
prove stability. In the same breath it is worth mentioning that in general different
higher-order can be applied to complement the higher-order spatial convergence, e.g.,
Runge-Kutta or BDF methods. We note here, that the spatial discretization of
the eho-LLOD already requires assumptions such that the solution has additional
temporal regularity such that higher-order time discretizations also seem natural.
The second improvement is concerned with the condition of the system matrix.
In the numerical experiments we found that the system matrix in general has a
large condition number which of course comes with slow convergence and inaccurate
solves. This makes this improvement very important for an efficient implementation.
The large condition number comes on the one hand from the fact that enriching
the spaces increases the dimension of the finite spaces on each patch by a large
amount. This can lead to instabilities when solving the corrector problems, as a
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larger number of degrees of freedom on the coarse mesh have to share the same
number of the degrees of freedom on the patch of the fine mesh. This can lead to
the basis functions being numerically (almost) linearly dependent which results in
indefinite matrices and need to be avoided. Another reason is the size of the norms
of the enriched correction, as they scale with the square of the mesh size compared
to the multiscale basis, the smallest and largest eigenvalue of the system matrix can
differ greatly which also increases the condition number. In practice this can be
overcome by, e.g., using a solver based on the Schur complement where solving for
the multiscale space with j7 = 0 is decoupled from the spaces for j > 0. An idea how
to avoid badly conditioned matrices is the idea that each enriched correction space
is orthogonalized to each previous space. With this orthogonality it is possible to
decouple the system and solve each part separately with better conditioned matrices.
This could even be done in parallel to speed up the online computation.

Finally, a smaller improvement could be the following. Since each enriched cor-
rection space only increases the convergence by two order, creating the enriched
correction spaces with lower polynomial degrees would suffice for the optimal rate.
However, in the proofs orthogonality between spaces is necessary which would need
to be overcome.

101






Bibliography

A. Abdulle and P. Henning. Localized orthogonal decomposition method for the
wave equation with a continuum of scales. Math. Comp., 86(304):549-587, 2017.
ISSN 0025-5718,1088-6842. doi: 10.1090/mcom/3114. URL https://doi.org/
10.1090/mcom/3114.

R. Altmann, P. Henning, and D. Peterseim. Numerical homogenization beyond scale
separation. Acta Numer., 30:1-86, 2021. ISSN 0962-4929,1474-0508. doi: 10.1017/
50962492921000015. URL https://doi.org/10.1017/S0962492921000015.

R. Araya, C. Harder, D. Paredes, and F. Valentin. Multiscale hybrid-mixed method.
SIAM J. Numer. Anal., 51(6):3505-3531, 2013. ISSN 0036-1429,1095-7170. doi:
10.1137/120888223. URL https://doi.org/10.1137/120888223.

[. Babuska. Error-bounds for finite element method. Numer. Math., 16:322-333,
1970/71. ISSN 0029-599X,0945-3245. doi: 10.1007/BF02165003. URL https:
//doi.org/10.1007/BF02165003.

I. Babuska and M. R. Dorr. Error estimates for the combined A and p versions of the
finite element method. Numer. Math., 37(2):257-277, 1981. ISSN 0029-599X,0945-
3245. doi: 10.1007/BF01398256. URL https://doi.org/10.1007/BF01398256.

[. Babuska and R. Lipton. Optimal local approximation spaces for generalized
finite element methods with application to multiscale problems. Multiscale Model.
Simul., 9(1):373-406, 2011. ISSN 1540-3459,1540-3467. doi: 10.1137/100791051.
URL https://doi.org/10.1137/100791051.

. Babuska and J. E. Osborn. Generalized finite element methods: their performance
and their relation to mixed methods. SIAM J. Numer. Anal., 20(3):510-536,
1983. ISSN 0036-1429. doi: 10.1137/0720034. URL https://doi.org/10.1137/
0720034.

I. Babuska and W. C. Rheinboldt. Error estimates for adaptive finite element com-
putations. SIAM J. Numer. Anal., 15(4):736-754, 1978. ISSN 0036-1429. doi:
10.1137/0715049. URL https://doi.org/10.1137/0715049.

I. Babuska and M. Suri. The h-p version of the finite element method with quasi-
uniform meshes. RAIRO Modél. Math. Anal. Numér., 21(2):199-238, 1987. ISSN
0764-583X,1290-3841. doi: 10.1051/m2an/1987210201991. URL https://doi.
org/10.1051/m2an/1987210201991.

103


https://doi.org/10.1090/mcom/3114
https://doi.org/10.1090/mcom/3114
https://doi.org/10.1017/S0962492921000015
https://doi.org/10.1137/120888223
https://doi.org/10.1007/BF02165003
https://doi.org/10.1007/BF02165003
https://doi.org/10.1007/BF01398256
https://doi.org/10.1137/100791051
https://doi.org/10.1137/0720034
https://doi.org/10.1137/0720034
https://doi.org/10.1137/0715049
https://doi.org/10.1051/m2an/1987210201991
https://doi.org/10.1051/m2an/1987210201991

BIBLIOGRAPHY

A. Bensoussan, J.-L. Lions, and G. Papanicolaou. Asymptotic analysis for peri-
odic structures, volume 5 of Studies in Mathematics and its Applications. North-
Holland Publishing Co., Amsterdam-New York, 1978. ISBN 0-444-85172-0.

S. C. Brenner. Poincaré-Friedrichs inequalities for piecewise H' functions. SIAM
J. Numer. Anal., 41(1):306-324, 2003. ISSN 0036-1429,1095-7170. doi: 10.1137/
S50036142902401311. URL https://doi.org/10.1137/S0036142902401311

P. G. Ciarlet. The finite element method for elliptic problems, volume Vol. 4 of
Studies in Mathematics and its Applications. North-Holland Publishing Co.,
Amsterdam-New York-Oxford, 1978. ISBN 0-444-85028-7.

M. Cicuttin, A. Ern, and S. Lemaire. A hybrid high-order method for highly
oscillatory elliptic problems.  Comput. Methods Appl. Math., 19(4):723-748,
2019. ISSN 1609-4840,1609-9389. doi: 10.1515/cmam-2018-0013. URL https:
//doi.org/10.1515/cmam-2018-0013.

B. Cockburn, J. Gopalakrishnan, and R. Lazarov. Unified hybridization of discontin-
uous Galerkin, mixed, and continuous Galerkin methods for second order elliptic
problems. SIAM J. Numer. Anal., 47(2):1319-1365, 2009. ISSN 0036-1429,1095-
7170. doi: 10.1137/070706616. URL https://doi.org/10.1137/070706616.

Z. Dong, M. Hauck, and R. Maier. An improved high-order method for elliptic
multiscale problems. SIAM J. Numer. Anal., 61(4):1918-1937, 2023. ISSN 0036-
1429,1095-7170. doi: 10.1137/22M153392X. URL https://doi.org/10.1137/
22M153392X.

W. Dorfler. A convergent adaptive algorithm for Poisson’s equation. SIAM J.
Numer. Anal., 33(3):1106-1124, 1996. ISSN 0036-1429. doi: 10.1137/0733054.
URL https://doi.org/10.1137/0733054.

W. E and B. Engquist. The heterogeneous multiscale methods. Commun. Math. Sci.,
1(1):87-132, 2003. ISSN 1539-6746,1945-0796. doi: 10.4310/cms.2003.v1.nl.a8.
URL https://doi.org/10.4310/cms.2003.v1.n1.a8.

Y. Efendiev, J. Galvis, and T. Y. Hou. Generalized multiscale finite element methods
(GMsFEM). J. Comput. Phys., 251:116-135, 2013. ISSN 0021-9991,1090-2716.
doi: 10.1016/j.jcp.2013.04.045. URL https://doi.org/10.1016/j.jcp.2013.
04.045.

L. C. Evans. Partial differential equations, volume 19 of Graduate Studies in Math-
ematics. American Mathematical Society, Providence, RI, second edition, 2010.
ISBN 978-0-8218-4974-3. doi: 10.1090/gsm/019. URL https://doi.org/10.
1090/gsm/019.

104


https://doi.org/10.1137/S0036142902401311
https://doi.org/10.1515/cmam-2018-0013
https://doi.org/10.1515/cmam-2018-0013
https://doi.org/10.1137/070706616
https://doi.org/10.1137/22M153392X
https://doi.org/10.1137/22M153392X
https://doi.org/10.1137/0733054
https://doi.org/10.4310/cms.2003.v1.n1.a8
https://doi.org/10.1016/j.jcp.2013.04.045
https://doi.org/10.1016/j.jcp.2013.04.045
https://doi.org/10.1090/gsm/019
https://doi.org/10.1090/gsm/019

BIBLIOGRAPHY

S. Geevers and R. Maier. Fast mass lumped multiscale wave propagation modelling.
IMA J. Numer. Anal., 43(1):44-72, 2023. ISSN 0272-4979,1464-3642. doi: 10.
1093 /imanum /drab084. URL https://doi.org/10.1093/imanum/drab084.

B. Q. Guo and H. S. Oh. The h-p version of the finite element method for problems
with interfaces. Internat. J. Numer. Methods Engrg., 37(10):1741-1762, 1994.
ISSN 0029-5981,1097-0207. doi: 10.1002/nme.1620371007. URL https://doi.
org/10.1002/nme . 1620371007.

C. Harder, D. Paredes, and F. Valentin. A family of multiscale hybrid-mixed finite
element methods for the Darcy equation with rough coefficients. J. Comput. Phys.,
245:107-130, 2013. ISSN 0021-9991,1090-2716. doi: 10.1016/j.jcp.2013.03.019.
URL https://doi.org/10.1016/5.jcp.2013.03.019.

M. Hauck and D. Peterseim. Super-localization of elliptic multiscale problems. Math.
Comp., 92(341):981-1003, 2023. ISSN 0025-5718,1088-6842. doi: 10.1090/mcom/
3798. URL https://doi.org/10.1090/mcom/3798.

M. Hauck, A. Lozinski, and R. Maier. A generalized framework for higher-order
localized orthogonal decomposition methods, 2025. URL https://arxiv.org/
abs/2506.19462.

F. Hellman and A. Méalqvist. Contrast independent localization of multiscale prob-
lems. Multiscale Model. Simul., 15(4):1325-1355, 2017. ISSN 1540-3459,1540-
3467. doi: 10.1137/16M1100460. URL https://doi.org/10.1137/16M1100460.

P. Henning and D. Peterseim. Oversampling for the multiscale finite element method.
Multiscale Model. Simul., 11(4):1149-1175, 2013. ISSN 1540-3459,1540-3467. doi:
10.1137/120900332. URL https://doi.org/10.1137/120900332.

J. S. Hesthaven and T. Warburton. Nodal discontinuous Galerkin methods, vol-
ume 54 of Texts in Applied Mathematics. Springer, New York, 2008. ISBN 978-0-
387-72065-4. doi: 10.1007/978-0-387-72067-8. URL https://doi.org/10.1007/
978-0-387-72067-8. Algorithms, analysis, and applications.

T. Y. Hou and X.-H. Wu. A multiscale finite element method for elliptic problems
in composite materials and porous media. J. Comput. Phys., 134(1):169-189,
1997. ISSN 0021-9991,1090-2716. doi: 10.1006/jcph.1997.5682. URL https:
//doi.org/10.1006/jcph.1997.5682.

P. Houston, C. Schwab, and E. Siili. Discontinuous hp-finite element methods for
advection-diffusion-reaction problems. SIAM J. Numer. Anal., 39(6):2133-2163,
2002. ISSN 0036-1429,1095-7170. doi: 10.1137/S0036142900374111. URL https:
//doi.org/10.1137/50036142900374111.

105


https://doi.org/10.1093/imanum/drab084
https://doi.org/10.1002/nme.1620371007
https://doi.org/10.1002/nme.1620371007
https://doi.org/10.1016/j.jcp.2013.03.019
https://doi.org/10.1090/mcom/3798
https://arxiv.org/abs/2506.19462
https://arxiv.org/abs/2506.19462
https://doi.org/10.1137/16M1100460
https://doi.org/10.1137/120900332
https://doi.org/10.1007/978-0-387-72067-8
https://doi.org/10.1007/978-0-387-72067-8
https://doi.org/10.1006/jcph.1997.5682
https://doi.org/10.1006/jcph.1997.5682
https://doi.org/10.1137/S0036142900374111
https://doi.org/10.1137/S0036142900374111

BIBLIOGRAPHY

T. J. R. Hughes. Multiscale phenomena: Green’s functions, the Dirichlet-to-
Neumann formulation, subgrid scale models, bubbles and the origins of stabi-
lized methods. Comput. Methods Appl. Mech. Engrg., 127(1-4):387-401, 1995.
ISSN 0045-7825,1879-2138. doi: 10.1016/0045-7825(95)00844-9. URL https:
//doi.org/10.1016/0045-7825(95)00844~9.

T. J. R. Hughes, G. R. Feijéo, L. Mazzei, and J.-B. Quincy. The varia-
tional multiscale method—a paradigm for computational mechanics. Com-
put. Methods Appl. Mech. Engrg., 166(1-2):3-24, 1998. ISSN 0045-7825,1879-
2138. doi: 10.1016/S0045-7825(98)00079-6. URL https://doi.org/10.1016/
S0045-7825(98)00079-6.

P. Joly. Variational methods for time-dependent wave propagation problems. In
Topics in computational wave propagation, volume 31 of Lect. Notes Comput. Sci.
Eng., pages 201-264. Springer, Berlin, 2003. ISBN 3-540-00744-X. doi: 10.1007/
978-3-642-55483-4\ 6. URL https://doi.org/10.1007/978-3-642-55483-4 _
6.

B. Kalyanaraman, F. Krumbiegel, R. Maier, and S. Wang. Optimal higher-order
convergence rates for parabolic multiscale problems, 2025. URL https://arxiv.
org/abs/2510.09514.

S. Karaa. Finite element 6-schemes for the acoustic wave equation. Adv. Appl.
Math. Mech., 3(2):181-203, 2011. ISSN 2070-0733,2075-1354. doi: 10.1007/
s12190-012-0558-8. URL https://doi.org/10.1007/s12190-012-0558-8.

F. Krumbiegel and R. Maier. A higher order multiscale method for the wave
equation. IMA J. Numer. Anal., 45(4):2248-2273, 2025. ISSN 0272-4979,1464-
3642. doi: 10.1093/imanum/drae059. URL https://doi.org/10.1093/imanum/
drae059.

J.-L. Lions and E. Magenes. Non-homogeneous boundary value problems and appli-
cations. Vol. I, volume Band 181 of Die Grundlehren der mathematischen Wis-
senschaften. Springer-Verlag, New York-Heidelberg, 1972. Translated from the
French by P. Kenneth.

C. Ma and R. Scheichl. Error estimates for discrete generalized FEMs with lo-
cally optimal spectral approximations. Math. Comp., 91(338):2539-2569, 2022.
ISSN 0025-5718,1088-6842. doi: 10.1090/mcom/3755. URL https://doi.org/
10.1090/mcom/3755.

C. Ma, R. Scheichl, and T. Dodwell. Novel design and analysis of generalized finite
element methods based on locally optimal spectral approximations. SIAM J.
Numer. Anal., 60(1):244-273, 2022. ISSN 0036-1429,1095-7170. doi: 10.1137/
21M1406179. URL https://doi.org/10.1137/21M1406179.

106


https://doi.org/10.1016/0045-7825(95)00844-9
https://doi.org/10.1016/0045-7825(95)00844-9
https://doi.org/10.1016/S0045-7825(98)00079-6
https://doi.org/10.1016/S0045-7825(98)00079-6
https://doi.org/10.1007/978-3-642-55483-4_6
https://doi.org/10.1007/978-3-642-55483-4_6
https://arxiv.org/abs/2510.09514
https://arxiv.org/abs/2510.09514
https://doi.org/10.1007/s12190-012-0558-8
https://doi.org/10.1093/imanum/drae059
https://doi.org/10.1093/imanum/drae059
https://doi.org/10.1090/mcom/3755
https://doi.org/10.1090/mcom/3755
https://doi.org/10.1137/21M1406179

BIBLIOGRAPHY

R. Maier. Computational Multiscale Methods in Unstructured Heterogeneous Media.
PhD thesis, University of Augsburg, 2020.

R. Maier. A high-order approach to elliptic multiscale problems with general un-
structured coefficients. SIAM J. Numer. Anal., 59(2):1067-1089, 2021. ISSN
0036-1429,1095-7170. doi: 10.1137/20M1364321. URL https://doi.org/10.
1137/20M1364321.

R. Maier and D. Peterseim. Explicit computational wave propagation in micro-
heterogeneous media.  BIT, 59(2):443-462, 2019. ISSN 0006-3835,1572-
9125. doi: 10.1007/s10543-018-0735-8. URL https://doi.org/10.1007/
s10543-018-0735-8.

A. Malqvist and D. Peterseim. Localization of elliptic multiscale problems. Math.
Comp., 83(290):2583-2603, 2014.

A. Malqvist and D. Peterseim. Numerical homogenization by localized orthogonal
decomposition, volume 5 of SIAM Spotlights. Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 2021. ISBN 978-1-611976-44-1.

N. C. Nguyen, J. Peraire, and B. Cockburn. High-order implicit hybridizable discon-
tinuous Galerkin methods for acoustics and elastodynamics. J. Comput. Phys.,
230(10):3695-3718, 2011. ISSN 0021-9991,1090-2716. doi: 10.1016/j.jcp.2011.01.
035. URL https://doi.org/10.1016/j.jcp.2011.01.035.

H. Owhadi. Multigrid with rough coefficients and multiresolution operator de-
composition from hierarchical information games. SIAM Rev., 59(1):99-149,
2017. ISSN 1095-7200,0036-1445. doi: 10.1137/15M1013894. URL https:
//doi.org/10.1137/15M1013894.

H. Owhadi and C. Scovel. Operator-adapted wavelets, fast solvers, and numerical
homogenization, volume 35 of Cambridge Monographs on Applied and Computa-
tional Mathematics. Cambridge University Press, Cambridge, 2019. ISBN 978-
1-108-48436-7. From a game theoretic approach to numerical approximation and
algorithm design.

H. Owhadi and L. Zhang. Gamblets for opening the complexity-bottleneck of implicit
schemes for hyperbolic and parabolic ODEs/PDEs with rough coefficients. J.
Comput. Phys., 347:99-128, 2017. ISSN 0021-9991,1090-2716. doi: 10.1016/j.jcp.
2017.06.037. URL https://doi.org/10.1016/j.jcp.2017.06.037.

H. Owhadi, L. Zhang, and L. Berlyand. Polyharmonic homogenization, rough poly-
harmonic splines and sparse super-localization. FESAIM Math. Model. Numer.
Anal., 48(2):517-552, 2014. ISSN 2822-7840,2804-7214. doi: 10.1051/m2an/
2013118. URL https://doi.org/10.1051/m2an/2013118.

107


https://doi.org/10.1137/20M1364321
https://doi.org/10.1137/20M1364321
https://doi.org/10.1007/s10543-018-0735-8
https://doi.org/10.1007/s10543-018-0735-8
https://doi.org/10.1016/j.jcp.2011.01.035
https://doi.org/10.1137/15M1013894
https://doi.org/10.1137/15M1013894
https://doi.org/10.1016/j.jcp.2017.06.037
https://doi.org/10.1051/m2an/2013118

BIBLIOGRAPHY

D. Peterseim and M. Schedensack. Relaxing the CFL condition for the wave equa-
tion on adaptive meshes. J. Sci. Comput., 72(3):1196-1213, 2017. ISSN 0885-
7474,1573-7691. doi: 10.1007/s10915-017-0394-y. URL https://doi.org/10.
1007/s10915-017-0394-y.

C. Schwab. p- and hp-finite element methods. Numerical Mathematics and Scientific
Computation. The Clarendon Press, Oxford University Press, New York, 1998.
ISBN 0-19-850390-3. Theory and applications in solid and fluid mechanics.

E. Sili, P. Houston, and C. Schwab. hp-finite element methods for hyperbolic
problems. In The mathematics of finite elements and applications, X, MAFE-
LAP 1999 (Uzbridge), pages 143-162. Elsevier, Oxford, 2000. ISBN 0-08-043568-
8. doi: 10.1016/B978-008043568-8/50008-0. URL https://doi.org/10.1016/
B978-008043568-8/50008-0.

R. Verfiirth. A posteriori error estimation techniques for finite element methods. Nu-
merical Mathematics and Scientific Computation. Oxford University Press, Ox-
ford, 2013. ISBN 978-0-19-967942-3. doi: 10.1093/acprof:0s0/9780199679423.001.
0001. URL https://doi.org/10.1093/acprof:0s0/9780199679423.001.0001.

108


https://doi.org/10.1007/s10915-017-0394-y
https://doi.org/10.1007/s10915-017-0394-y
https://doi.org/10.1016/B978-008043568-8/50008-0
https://doi.org/10.1016/B978-008043568-8/50008-0
https://doi.org/10.1093/acprof:oso/9780199679423.001.0001

	Acknowledgments
	Abstract
	Contents
	List of Figures
	List of Tables
	Introduction
	Higher-order numerical homogenization
	Space discretization and finite elements
	Elliptic model problem
	Space discretization
	Pre-asymptotic effects of the finite element method

	Numerical homogenization
	Prototypical higher-order LOD

	Localization
	Localization strategy of a higher-order LOD
	Stabilization of the localization strategy


	Higher-order numerical homogenization for the wave equation
	Weak formulation and well-posedness
	Acoustic wave equation and variational formulation

	Numerical homogenization
	Convergence order reduction for a prototypical higher-order LOD

	Enriched spaces
	Enriched correction operator
	Towards a prototypical enriched higher-order space

	Localization
	Decay and localization of the enriched correction operator
	Error analysis for the enriched higher-order LOD

	Time discretization
	Energy Conservation
	Stability
	Error analysis for the fully-discrete enriched higher-order LOD


	Conclusions and Outlook
	Conclusions
	Outlook

	Bibliography

