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CHAPTER 1

INTRODUCTION

Extreme Value Theory (EVT) gained attention in the 20th century, initially within the
field of civil engineering (Coles, 2001). Early applications focused on challenges such as
determining the height of dams required to withstand a once-in-a-century flood. It was
also applied to model other meteorological events, including extreme wind speeds, heat
waves, wave heights, river flow rates and precipitation. More recently, EVT has been
applied in other domains, including the financial industry, to analyze insurance losses,
stock market shocks, and operational risk. A key obstacle in estimating a once-in-a-century
event, however, is the uncertainty regarding its potential magnitude, as such an event may
not have occurred during the observation period.

Therefore, a specialty of EVT is its focus on only the most extreme observations to
make inferences about the far tail of a distribution. Hence, EVT can be viewed as an
extrapolation technique where conclusions about unobserved extreme levels are drawn
from a small number of extreme realizations. In many practical applications, such as those
mentioned above, interest extends beyond univariate extremes, e.g., the height of a dam at
a single location or the loss associated with a single asset, to multivariate settings involving
multiple spatial locations or assets. For instance, to better understand the occurrence
of extreme concentrations of the greenhouse gas ozone and the associated meteorological
factors, an extreme value study was conducted in Russell et al. (2016) investigating the
dependence structure of these factors on extreme ozone levels. The dependence structure
of extremes was also analyzed in other fields, such as the study of high sea levels (Tawn,
1992), precipitation (Jiang et al., 2020) and in finance (Hilal et al., 2014). This necessitates
the use of multivariate extreme value theory (MEVT), which accounts for the dependence
structure among components of multivariate data, as such dependencies can critically
influence the occurrence and frequency of joint extreme events.

A classical concept for modeling multivariate extremes is multivariate reqular variation
(Resnick, 1987, 2007; Falk, 2019). A d-dimensional random vector X € R? is called
multivariate reqularly varying with index o > 0 (tail index) if there exists a measure S on
the unit sphere S~ ! := {& € R?: ||| = 1} (spectral measure) such that

v (HXt” g \én c A[IXI1> t) 7S (), o e (1)

for all » > 0 and all Borel sets A C S%~! with S(0A) = 0. The S !-valued random
vector ® with distribution P(® € -) = S(-) is called spectral vector. The spectral measure
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S models the directional components and contains information about the dependence

structure in the extremes of X. Therefore, a primary goal is the estimation of S. Note that

for the norm || - || we subsequently use either the L; norm, defined by |||, = E;-lzl ||
for x = (z1,...,74) € RY or the Euclidean (L) norm, defined by |||z := w/Z;l:1 x? for
x = (r1,...,24) € R% Furthermore, in what follows, the term dimension refers to the

(ambient) dimension d of the space RY.

Although the estimation of the spectral measure S for bivariate data has been addressed
in previous work, e.g. Einmahl et al. (2001); Einmahl and Segers (2009), the extension to
arbitrary dimensions presents challenges, as mentioned in Clémengon et al. (2023).

Additionally, as data become more widely available in modern applications, both the
sample size and the dimensionality of the observations may increase proportionally. The
increasing of the dimension leads to the well-known curse of dimensionality (Bellman, 1957),
which significantly complicates the estimation of the spectral measure S. In the setting
of MEVT, this challenge is further amplified because inference is based only on extreme
observations, which are by definition scarce.

However, in high-dimensional regimes, the spectral measure often exhibits sparsity and
is concentrated on a lower-dimensional subspace. Consequently, a common strategy in
multivariate statistics is to perform dimension reduction prior to estimation: first, one
identifies the approximate support of S, and second, one estimates S restricted to this
subspace. This approach can substantially improve both computational efficiency and
estimation accuracy.

This leads to the main research question of the thesis:
(Q) How can the dimension of extreme data be reliably reduced in high dimensions?

This question touches on several topics. First, we are dealing with extreme data, for
which, as noted, observations are scarce. Second, the task of "reducing the dimension"
paves the way for estimating the low-dimensional support of the spectral measure. To
accomplish this, we use information criteria, which are tools for model selection. The
criteria we consider include the Akaike information criterion (AIC; Akaike, 1974) and the
Bayesian information criterion (BIC; Schwarz, 1978). Furthermore, our objective for the
dimension reduction is to estimate the extremal dependence structure reliably, which, in
this framework, means that the information criteria are consistent. Finally, we assume that
the dimension is large and may even tend to infinity. Consequently, we consider not only
the classical large-sample setting (fixed dimension, sample size tending to infinity) but also
the high-dimensional regime, where both the sample size and dimension diverge. In the
latter case, the asymptotic behavior of the information criteria differs substantially from
that in the fixed-dimensional setting.

The literature on dimension reduction methods for multivariate extremes using statistical
learning methods has grown rapidly in recent years. For example, Chautru (2015) identified

groups of jointly extreme variables by applying Principal Component Analysis (PCA)



followed by cluster analysis with spherical k-means to the spectral measure of a multivariate
regularly varying random vector. Chiapino et al. (2019) used the joint tail dependence
coefficient for this task. In Jalalzai and Leluc (2021), the empirical risk between the data
and the output of a representation function evaluated on the data is minimized over extreme
regions.

Another approach to reduce the dimension of an Ri—valued random vector (i.e. a real-
valued random vector with positive entries) involves the estimation of S using the L; norm.
The support of S can be identified by the disjoint partition of the (positive) unit simplex
St i={z e RL : |z = 2?21 |zj| = 1} with respect to the L; norm into sets of the

form

Cg={x=(x1,...,2q) € Sfl[l: x; >0forie fB,x; =0fori ¢ [} C Si_l, g cA{l,...,d}.

(1.2)
Knowing S(Cp) for all 5 C {1,...,d} allows us to draw conclusions about the support of
S and the directions of extreme events. The sets 8 € P, each corresponding to Cg, will
henceforth be referred to as directions. If S(Cg) > 0, it implies that the components in
the set § are jointly extreme and thus we have an extreme event in the direction 5. The
dimension is then reduced by separately considering the entries of X belonging to maximal

directions, where a direction 8 € P} is maximal for @, if
P(® € Cg) >0and P(® € Cg) =0 for all 5 2B

However, the disjoint partition of Sfl[l consists of 2% — 1 sets, so it is huge for large values
of d, and estimating S(Cj3) is non-trivial. The underlying assumption is that the support
of ® is that s*, the number of directions 8 C {1,...,d} with S(Cg) > 0, is small, i.e.
st <24 1.

However, complications arise for the estimation. On the one hand, for g C {1,...,d}
with || < d holds Cg = 0Cjg, which implies the interior of Cj is the empty set. As a
consequence, if S(Cg) > 0, then the convergence in (1.1) for A = Cz does not necessarily
hold. On the other hand, if X has a continuous distribution, empirically there are no
observations in the set Cg. Therefore, the empirical estimator for S(Cp) based on (1.1)
is not consistent and is not useful. To avoid this problem, numerous approaches have
been suggested, such as the support detection algorithm DAMEX (Detecting Anomalies
among Multivariate EXtremes) of Goix et al. (2017) which works with truncated e-cones to
generate continuity sets that approximate the sets in (1.2). Simpson et al. (2020) use the
concept of hidden regular variation on a collection of nonstandard subcones of [0, c0]?\{0}.

An alternative solution to mitigate this problem is proposed in Meyer and Wintenberger
(2021, 2023) by introducing the concept of sparse regular variation, which is equivalent
to regular variation under some mild assumptions (see Section 3.1 for a definition). The
main difference between regular variation and sparse regular variation is that the self-
normalization X /|| X|[|; in (1.1) is replaced by the Euclidean projection m(X /t) of X/t
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onto Si_l for large t > 0. The Euclidean projection 7 : ]Ri — Si_l is defined (and
implemented as in Duchi et al., 2008) by

7(v) = arg min||w — v||3. (1.3)
wESfl‘f

The advantage of this projection is that the resulting vector 7(X /t) is typically sparser,
i.e. has more zero entries than X /|| X ||;. This is particularly advantageous when only a few
components are jointly extreme, as in a high-dimensional setting. However, the empirical
estimator of Meyer and Wintenberger (2021) for the number of extreme directions, i.e.
directions in which extreme events occur, in the sparse regularly varying model is biased
and overestimates the true number of directions. To correct this, Meyer and Wintenberger
(2021, 2023) developed an Akaike Information Criterion (AIC) consisting of two steps. The
first step uses an AIC for bias selection to estimate the number of extreme directions. The
second step extends this to an AIC for threshold selection to simultaneously estimate the
threshold.

An alternative line of research applies Principal Component Analysis (PCA) to extremes.
For an R%valued regularly varying random vector X, the dependence structure of the
extremes is captured by the spectral vector ® and its covariance matrix is denoted
as Cov(®). Drees and Sabourin (2021) and Drees (2025) established a mathematical
framework for PCA for the empirical covariance estimator of Cov(®) by analyzing the
squared reconstruction error, the excess risk and the asymptotic behavior.

Recently, Clémencgon et al. (2024) extended the PCA approach to Hilbert-valued regularly
varying random objects, whereas Avella-Medina et al. (2025) used kernel PCA, a nonlinear
generalization of PCA. In addition, Cooley and Thibaud (2019) introduced decompositions
to analyze tail dependence, summarized in the tail dependence matrix to which PCA
was then applied. Furthermore, Rohrbeck and Cooley (2023) derived extreme principal
components of the tail dependence matrix to model river flow in northern England and
southern Scotland. This also enables them to generate synthetic data for the river flow.
Wan (2026) analyzed the extremal dependence structure of random vectors projected on
a (d — 1)-dimensional hyperplane and subsequently applied PCA. Variants of k-means,
an unsupervised clustering method, have also been applied to extreme observations. For
example, Janfen and Wan (2020) analyzed spherical k-means for extreme observations and
investigated it further for a max-linear model. In Fomichov and Ivanovs (2023) a different
cost function was used, leading to k-principal-component clustering and Avella Medina
et al. (2024) used a random k-nearest neighbor graph applied to a linear factor model to
estimate the spectral measure. In Bernard et al. (2013) the Partitioning Around Medoids
algorithm was proposed and compared to classical k-means based on french precipitation
data.

Outside the extreme value framework, PCA has been analyzed in the high-dimensional

setting. For example, the spiked covariance model, introduced by Johnstone (2001), is a



widely used model for PCA and similar applications in high-dimensional statistics. The
model is used in Fujikoshi and Sakurai (2016) and Bai et al. (2018) for PCA in the
fixed- and high-dimensional cases, respectively. In Bai and Yao (2012) convergence of
the empirical eigenvalues is analyzed. Additionally, Jiang et al. (2023) applied the model
to high-dimensional compositional data and Johnstone and Yang (2018) considered a
spiked model to analyze the sample correlation matrix. Furthermore, the spiked covariance
model has found applications in a variety of fields, including speech recognition, wireless
communication, and statistical learning as mentioned in Paul (2007). The spiked covariance
model was originally proposed for a Gaussian distribution with covariance matrix 3 whose

eigenvalues A1, ..., A\q satisfy
)‘12)‘22"'Z>\p*>Ap*+1:"':)\d::)\>0' (14)

The idea behind the model is that we have p* leading (or spiked) eigenvalues, i.e.
eigenvalues which are strictly larger than . Hence, the Gaussian distribution concentrates
in the directions of eigenvectors corresponding to these leading eigenvalues. Note that p*
differs from s*. The motivation behind it is that s* from the aforementioned approach is
the number of relevant directions and lies between 1 and 2¢ — 1, whereas p* is the number
of leading eigenvalues, which lies between 1 and d. Generally, we assume that both s* and
p* are unknown and relatively small compared to 2¢ — 1 and d, respectively.

For non-extreme data, information criteria to estimate p* were investigated in Fujikoshi
and Sakurai (2016) for Gaussian random vectors in a large-sample asymptotic framework
and in Bai et al. (2018) for general data in the high-dimensional case. These criteria are
motivated by a Gaussian likelihood function. Since in a Gaussian spiked covariance model
the log-likelihood function can be written as a functional of the empirical eigenvalues both
the AIC and BIC are defined as functionals of these empirical eigenvalues.

However, research on the number of significant principal components (the so-called
dimensionality) in PCA for multivariate extremes has been limited. In Drees and Sabourin
(2021), the dimension was estimated by examining empirical risk plots. An alternative
approach is to analyze the scree plot, which is the plot of the empirical eigenvalues, in search
of an "elbow" as a cutoff point, indicating a minimal variation in the empirical eigenvalues
after this point. However, a big challenge in extreme value theory is the choice of the
threshold ¢, which defines extreme observations as those whose norm exceeds t. Changing
this threshold also changes the number of extreme observations and, consequently, the
estimates of the empirical eigenvalues. Thus, a change of the threshold results in a different
scree plot and possibly a different elbow. One of the few works that developed a statistical
method for estimating the dimensionality is that of Drees (2025). The proposed method is
based on asymptotic results for the reconstruction error of the projections and is a testing
problem, but a disadvantage is the dependence on several tuning parameters.

Another approach to data clustering is proposed in the recent work of Chen et al. (2025),

where data from multiple datasets are clustered into groups based on the value of the
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tail index. In this setting, the dimension of the data is also allowed to approach oc.
Furthermore, the recent overview by Clémencon and Sabourin (2025) provides an in-depth
look at the intersection of machine learning and extreme value theory.

A completely different line of research to represent the sparsity structure in multivariate
models are graphical models as in, e.g., Engelke and Hitz (2020); Engelke and Volgushev
(2022); Engelke et al. (2024); Gissibl et al. (2021); Gissibl and Kliippelberg (2018), to name
only a few. A method for fitting the flexible Hiissler-Reiss distribution, popular for its use
in graphical models, to high-dimensional data is presented in Lederer and Oesting (2024).
A comprehensive overview of recent advances in probabilistic and statistical aspects of

sparse structures in extremes is given in Engelke and Ivanovs (2021).

OUR CONTRIBUTIONS

In this thesis, we propose and analyze methods for identifying lower-dimensional structures
in the support of the spectral measure. To address question (Q), we consider two different
techniques for dimension reduction. The first induces sparsity via the projection 7 in (1.3),
which is motivated by a Least Absolute Shrinkage and Selection Operator (Lasso) approach.
We call this approach the sparse regular variation (SRV) approach. The dimension reduction
is then achieved by considering maximal directions. The second achieves a dimension
reduction through Principal Component Analysis, which is based on a spiked covariance
model similar to (1.4). We call this approach the Principal Component Analysis (PCA)
approach. The two settings differ in the assumptions made about the support of S. In
the first, the SRV approach, it is assumed that X is ]le_—valued, the L; norm is used and
the support of S is sparse, meaning that only a few C have positive probability mass.
In the second, the PCA approach, it is assumed that X is R%valued, the Ly norm is
used and the support of S concentrates on a low-dimensional subspace of the unit sphere
S%-1 with the remaining components regarded as noise. Hence, both settings rely on
an underlying signal-noise model, and we aim to distinguish between signal and noise by
employing information criteria to estimate the true signal.

In the following, we give an overview of our contributions in both settings and the

connection to question (Q).

In the first setting, we work with the partition given in (1.2) and want to find all directions
8 such that S(Cg) > 0. In the context of question (Q) the dimension is reduced by finding
these directions with positive probability mass and hence maximal directions. Here we focus
on deriving information criteria and analyze their consistency in the fixed-dimensional and
the high-dimensional setting. The derivation is done for the fixed-dimensional setting, where
we first derive a Bayesian Information Criterion (BIC), which goes back to Schwarz (1978).
Besides this classical and widely-used information criterion, we also develop two novel
information criteria. Firstly, we consider the quasi-Akaike information criterion (QAIC).
Similarly to the AIC, the QAIC minimizes the Kullback-Leibler divergence between the



true distribution and the distribution of the model. However, we assume a Gaussian model,
in contrast to the multinomial model used for the AIC. The idea behind this is motivated
by the asymptotic normality of the random vector of counts of each direction (number of
observations contained in Cg). Secondly, the mean squared error information criterion
(MSEIC) is the other novel information criterion, where we approximate the weighted
mean squared error (MSE) of the relative number of extreme observations and the true
probabilities of the directions. We show that if the dimension d is fixed, the AIC for bias
selection in Meyer and Wintenberger (2023) is not a weakly consistent information criterion,
as opposed to the reliability required in question (Q). The similarly derived MSEIC is
also not consistent. In contrast, the BIC and the QAIC are consistent information criteria.
Furthermore, we apply the information criteria to the high-dimensional case, where it is
assumed that the dimension d depends on the sample size n such that d = d,, — oo as
n — o0o. In this setting, we show that the AIC, BIC, QAIC and MSEIC are consistent. In
addition, we also give information criteria to estimate the number of extremes k,, for fixed

d.

In the second setting, we work with a spiked covariance model (1.4) as the covariance
structure for ® and the dimension reduction of question (Q) is done by applying a PCA
procedure to ®. Hence, a low-dimensional representation of the data is achieved by
estimating the number of relevant eigenvalues and the principal components. Motivated
by the asymptotic normality of the empirical estimator of ®, we adapt the AIC and
BIC derived in Fujikoshi and Sakurai (2016) for the fixed-dimensional case and in Bai
et al. (2018) for the high-dimensional case to use them with ® and estimate p*. In the
fixed-dimensional case, we use the asymptotic normality of the empirical eigenvalues to
analyze the consistency of the information criteria. We show that the BIC is consistent
and the AIC is not consistent. In the high-dimensional case, the self-normalization of ®
induces dependencies that require new theoretical developments. By combining results
from random matrix theory and compositional data analysis, we prove that the spectral
distribution of the empirical eigenvalues converges. This allows us to show that both
AIC and BIC are consistent information criteria. In addition, the information criteria are
applicable when the dimension is larger than the number of extreme observations. To the
best of our knowledge, this is the first approach to develop consistent information criteria
for the dimensionality p* of PCA in high-dimensional multivariate extremes. The only
other comparable information criteria, those of Meyer and Wintenberger (2023) and from
the SRV approach, use the concept of sparse regular variation to construct sparsity in the

data, which is a different assumption from that underlying this PCA approach.

In summary, we recap the key contributions of our work, emphasizing its significance

and potential impact.

o In response to question (Q), we consider two distinct approaches to reduce the
dimension. The advantage is that the assumed structure of the support of © is

different and therefore a wide variety of dependence structures is covered.
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e In both settings, we introduce information criteria which are consistent and allow us to
estimate the extremal dependence structure. Since the properties of the information
criteria differ, it is possible to choose one that suits specific needs, e.g., preferring a

larger model over one that is too small, or vice versa.

e Among the information criteria considered are the novel QAIC and MSEIC. The
underlying idea of these criteria can be extended to other scenarios in which asymptotic
normality holds, thereby offering substantial potential for applications beyond the

present setting.

o We obtain supplementary results in both the fixed- and high-dimensional regimes,

contributing new theory to MEVT and to random matrix theory.

o Finally, we validate our methods with a simulation study and apply them to real-world
examples. The real-world examples include a low-dimensional case, where wind speed
data is analyzed, and a high-dimensional case, where the data consists of precipitation

measurements and the number of extremes is smaller than the dimension of the space.

OUTLINE OF THE THESIS

This thesis is structured as follows. In Chapter 2 we introduce the main concepts on
which the subsequent results are based. We start in Section 2.1 with univariate and
multivariate regular variation. As already stated above, multivariate regular variation is a
key framework in multivariate EVT and allows us to analyze the dependence structure.
In addition, we introduce the Hill estimator for the extremal index and describe how
the marginal distribution of data can be transformed, and we also discuss the notions of
asymptotic (full) dependence and asymptotic independence. In Section 2.2 we move to the
high-dimensional setting and present the approaches to reduce the dimension and induce
sparsity, based on SRV and PCA. Then we give an introduction to the model selection
via information criteria in Section 2.3. The most widely used information criteria, the
AIC and the BIC, are introduced and the mean squared error is presented. In Chapter 3
we begin with the introduction of the so-called relevant directions and bias directions in
Section 3.1. The underlying model is introduced as well. Then, in Section 3.2 the first
information criteria are presented. In Section 3.2.1 we define the QAIC and show further
that the QAIC is consistent in contrast to the AIC. The information criterion based on
the mean squared error, which is derived similarly to the AIC and is also inconsistent,
is analyzed in Section 3.2.2. The final information criteria in this chapter, the BIC and
its consistency, are treated in Section 3.2.3. The high-dimensional setting is treated in
Section 3.3, where we first define bias directions for this setting in Section 3.3.1 and
then analyze the numerical behavior of these directions in Section 3.3.2. In Section 3.3.3
the information criteria are adapted to the high-dimensional setting and the consistency

is analyzed. Moving on to Chapter 4, the PCA approach is given and the underlying



model is detailed. Further, Section 4.1 lays the foundation for analyzing the behavior of
empirical eigenvalues of a covariance matrix for fixed dimension (Section 4.1.1) and in high
dimensions (Section 4.1.2), where we introduce the Marcenko-Pastur law and draw the
connection to the empirical eigenvalues. The asymptotic behavior of the eigenvalues for
the fixed-dimensional and high-dimensional case for extremes is derived in Section 4.2. For
both cases, we introduce the AIC and BIC in Section 4.3 and Section 4.4. Along the way,
we also analyze the consistency properties of the information criteria. Following up on the
theoretical results, the simulation study is presented in Chapter 5. In Section 5.1 we present
the results for the SRV approach and in Section 5.2 the results for the PCA approach. We
apply each method to a real-world dataset in Section 5.3: wind speed measurements from
the Republic of Ireland, representing the fixed-dimensional setting for the first approach,
and precipitation measurements from Germany, representing the high-dimensional setting.
Finally, in Chapter 6 we come to a conclusion and refer to question (Q). Furthermore, we
reflect on the new research questions which have arisen. In Appendix A auxiliary results

are stated.






CHAPTER 2

FUNDAMENTALS

This chapter presents the fundamental concepts on which this thesis is built. We start in
Section 2.1 with the introduction of extreme value theory and regular variation. Then,
moving to the high-dimensional setting, in Section 2.2 the procedures used to induce
sparsity or reduce the dimension, given by SRV and PCA, respectively, are presented.

Finally, in Section 2.3, we introduce the information criteria used for model selection.

2.1. EXTREME VALUE THEORY

First, we introduce univariate regular variation in Section 2.1.1, before we present multi-
variate regular variation and the polar decomposition in Section 2.1.2. In the last part,
Section 2.1.3, the Hill estimator and a method to transform the marginal distribution as a

data preprocessing step are given.

2.1.1. UNIVARIATE REGULAR VARIATION

Regular variation is a concept for modeling the behavior of functions, where regularly
varying functions behave similarly to power functions. We start with the introduction of a

regularly varying function before we proceed with regularly varying random variables.

Definition 2.1. A function f: Ry — Ry is regularly varying (at oo) with index a € R,

when for z > 0

S,
A5

For a = 0 the function is called slowly varying. Examples of slowly varying functions
are log(1 4+ z) and log(log(e + x)). Furthermore, due to the characterization theorem (cf.
Bingham et al., 1989, Theorem 1.4.1), a regularly varying function f with index « can be
represented as f(z) = L(x)x®, where L is a slowly varying function.

Next, we consider regular variation of random variables which is defined using the

cumulative distribution function.

Definition 2.2. Let X be an R;-valued random variable with cumulative distribution
function F. Then X is called regularly varying with (tail) index « if ' := 1 — F is regularly

varying with index —a. In this case, we write X € RV(«).
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Remark 2.3.

(a) A random variable is regularly varying if and only if the distribution function F' is in
the domain of attraction of the Fréchet distribution (Embrechts et al., 1997, Theorem
3.3.7).

(b) Univariate regular variation is introduced for R -valued random variables because the
theory of multivariate regular variation for a vector X € R? is based on the regular
variation of its norm, || X ||, which is an Ry-valued random variable. Univariate

regular variation can also be defined for R-valued random variables.

(¢) If X € RV(«) with a > 0, then (Kulik and Soulier, 2020, Proposition 1.4.6)
E[|X|’] <o for 8 < «
and
E[|X|’] =00 for 8> a,

which means that the moments only exist up to the order of the index a.

There are equivalent conditions for regular variation of positive random variables, which
we present in the next theorem. A sequence of measures (i) on the Borel-o-field of (0, o0]

converges vaguely to p on (0, 00], denoted by g, — p, if

[ pdm [ fan
(0,00] (0,00]

as n — oo for every non-negative continuous function f with compact support. In the
following M (0, oo] is the space of all non-negative Radon measures on the o-field of (0, 0o},

i.e. the set of all non-negative measures which are finite on compact subsets of (0, oc].

Theorem 2.4 (Theorem 3.6, Resnick, 2007). Let X be an R -valued random variable with
cumulative distribution function F and F =1 — F. Then, the following statements are

equivalent.
(a) F is reqularly varying with index —a for o > 0.

(b) There exists a sequence a, with a, — oo as n — oo such that

. nl o«
Jim nF(apz) =27% x>0.

(¢) There exists a sequence a, with a, — 0o as n — oo such that
X
fin (") = nlP ( € > = pa(),
an

—x

in M1(0,00] and o ((z,00]) =z
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Remark 2.5. If one of the conditions is fulfilled, one may choose (cf. Resnick, 2007,
Remark 3.3)

alt) = F™ (1 _ 1)

t

and a,, = a(n), where F* (z) :=inf{z € R: F(z) > z} is the generalized inverse of F.

2.1.2. MULTIVARIATE REGULAR VARIATION

Until now, we only considered univariate random variables. However, the concept of
regular variation can also be transferred to the multivariate case, as introduced in (1.1).
For the definition of multivariate regular variation we follow Chapter 3 in Mikosch and
Wintenberger (2024), where it is not required that every component is regularly varying;

rather, the norm of the vector is regularly varying.

Definition 2.6. Let X be an R%valued random vector, where || X || is regularly varying
with index a > 0 such that there exists a sequence a,, > 0 with nP(|| X|| > a,) — 1 as
n — 0o. Then, X is called regularly varying if a non-null Radon measure y on the Borel
o-field of RS := R?%\ {0} exists, such that as n — oo

tn(A) = nP(i € A) — u(A)

for every p-continuity set A, which means that p,, converges vaguely to p (cf. Portmanteau
theorem in Resnick, 2007, Theorem 3.2).

Further, it is possible to define regular variation in spherical coordinates, which is
convenient when a separation between the radial component and the directional component

of a regularly varying random vector is desired.

Proposition 2.7 (Proposition 3.2.20, Mikosch and Wintenberger, 2024). Let X be an
Re-valued random vector. Then X is regularly varying with index o > 0 and non-null

Radon measure i on Ry if and only if one of the following conditions holds.
(a) (i) || X] is regularly varying with (tail) index o > 0.
(ii) As x — oo the following vague convergence holds
SREED) ),
P X > )
(b) (i) || X is regularly varying with (tail) index o > 0.

(ii) There exists an S%'-valued random vector ® such that as x — oo,

X w
1@( e JIx| > 93) L p@ e ).
X1l ‘



14 CHAPTER 2. FUNDAMENTALS

(¢) The weak convergence

P ((”‘Xx”ufﬂ) e-|Ix > x) L (Y, ) € )

holds as x — oo, where Y ~ Pareto(a) is independent of the S*™'-valued random

vector ©.

(d) The weak convergence
X w
P <x e-[Ix1> m> L pYe e )

holds as x — oo, where Y ~ Pareto(a) is independent of the S*™'-valued random

vector ©.
We write X € RV(a, ©).

The random vector © (or the distribution of ®) is called spectral vector (or spectral
measure) of X. In later chapters, we work with different norms for ®. Recall that we
mainly use the L; norm, given by ||z|; = ?:1 |z;| for & = (x1,...,74) € R and the
Euclidean norm, given by ||z||2 = 1/2?:1 l'JQ for x = (x1,...,24) € R% The distribution
of ® depends on the choice of the norm. Nevertheless, it is possible to transform the
distribution of the spectral vector from one norm to another. For the following result, we

index ® by the norm used.

Proposition 2.8 (Proposition 3.2.22, Mikosch and Wintenberger, 2024). Suppose X €
RV(a,®).), where ©, € Sml = {x € R?: ||z|| = 1}. For another norm || - ||o, the
spectral measure © ., of X on Smé ={x € R?: ||z|jop = 1} is given by

b E.):E[ 1©y1If 1{ O GH
[Illo E[l®) 5] LI®)llo

In the following, we omit the indexation with the norm, as the choice will be clear from

the context.

The spectral vector can be seen as the direction of X given that || X || is sufficiently large.
Hence, in © the extremal dependence structure of X is decoded and various choices for ©
are possible. Next, we present asymptotic independence and asymptotic full dependence as
possible dependence structures of a regularly varying random vector X and its spectral
vector. While multiple notions of asymptotic dependence (cf. Das and Fasen-Hartmann,
2025) exist, we adopt the definitions from Resnick (2007).

Definition 2.9 (Asymptotic independence). An Ri—valued, regularly varying random

vector X with index a possesses asymptotic independence if the limit measure p from
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Definition 2.6 satisfies

d
p(dzy, ..., dzg) = Z (dz1) ® -+ ® do(dzj—1) @ pa(da;) ® do(dzjs1) ® - - - @ do(dza),

where dg is the Dirac measure in 0 and pu, is defined in Theorem 2.4. Hence, for =

(x1,...,24) > 0 we have

d
. —a
= Z L
j=1
Hence, for a random vector X exhibiting asymptotic independence, the mass of the limit
measure j is concentrated on the axis (cf. Resnick, 2007) and the spectral vector © takes

only the standard unit vectors as values PP-a.s.

Definition 2.10 (Asymptotic full dependence). An le_—valued, regularly varying random
vector X with index « possesses asymptotic full dependence if the limit measure u from
Definition 2.6 satisfies for & > 0

02~ () "

If X exhibits asymptotic full dependence, then the components of X are strongly

dependent in their joint upper tail.

2.1.3. STATISTICAL METHODS

When working with real-world data, it can generally not be assumed that the marginal
distributions are identical or have 1 as tail index. For example, in Section 5.3.2 we
consider precipitation data, where the magnitude of an extreme realization depends on
the geographic location and a value that is extreme at one station may be a non-extreme
observation at another. However, we introduce in this section a method for estimating the

tail index o and a method to transform the marginal distribution.

HILL ESTIMATOR

For a regularly varying random variable X with index «, one of the most widely used
estimators of « is the Hill estimator (Hill, 1975). Note that the Hill estimator estimates
1/a and not « directly. Let X,..., X, be an i.i.d. sample from the distribution of X, and
denote by X(y ) > -+ > X(; ) the corresponding order statistics. Then for k=1,...,n—1
the Hill estimator is defined by

Z log —————

= X(k+1 n)

The Hill estimator is a consistent estimator, as shown in the following theorem.
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Theorem 2.11 (Mason, 1982). Suppose that X1, Xo, ... is an i.i.d. sequence of reqularly
varying random variables with index o > 0 and (k) is a sequence in N such that k, — oo
and kp/n — 0 as n — oo. Then follows that

Hkn,n i} Oé_l.
Note that if X is regularly varying with index «, then it follows by direct calculation

that X¢ is regularly varying with index 1.

MARGINAL TRANSFORMATION

To analyze extremal dependence independently of the marginal distributions, it is standard
practice to transform each marginal distribution to a common, heavy-tailed distribution,
such as the unit Fréchet distribution. This is achieved using a transformation similar to
the probability integral transformation. In the following, we present the procedure for
a univariate sample; this method can also be applied to each marginal of a multivariate
sample.

Suppose that X is a random variable with continuous distribution function F' and
generalized inverse F<~. Then for z € (0,1) holds by the definition of the generalized
inverse that

P(F(X)<z)=P(X < F (x))=F(F (z)) ==x.
Hence, F'(X) is uniformly distributed on (0,1). On the other hand, if G is a distribution
function with generalized inverse G~ and U ~ U(0, 1), then G (U) follows the distribution
of G. Therefore, we can transform X to the distribution G via the transformation
G (F(X)).

In practice, F' is unknown and is estimated by the empirical distribution function,
which allows us to transform a data sample X1,..., X, to the unit Fréchet distribution
with distribution function G(y) = exp(—y~') for y > 0. The generalized inverse is

G (u) = —(logu)~!. Then, the transformed sample Y7,...,Y, is calculated as

1 & -1
Yi .:—(log (M;R{XJ’ SXi})> :
The scaling factor is chosen as n + 1 instead of n to avoid taking the logarithm of 1 for the

largest observation, which would result in a division by zero. Note that

1
n+1

znjn{x- <X} = B
e I = n+1

where R; is the rank of X; in the sample X1, ..., X,,. This allows us to calculate Y; using
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the ranks of Xy,..., X, by

2.2. SPARSITY AND DIMENSION REDUCTION FOR EXTREMES

As mentioned in Chapter 1, the estimation of the support of the spectral measure S is
challenging when the dimension is high. In this section, we will present the underlying
framework of the SRV and PCA approach from Chapter 1 in more detail. First, we
introduce the concept of the Least Absolute Shrinkage and Selection Operator (Lasso) and
sparse regular variation in Section 2.2.1. Then, in Section 2.2.2 we present the approach

based on Principal Component Analysis (PCA).

2.2.1. SPARSE REGULAR VARIATION

In this section, we introduce the concept of sparse regular variation which goes back to
Meyer and Wintenberger (2021, 2023). The main idea is to use the Euclidean projection
instead of the self-normalization for regular variation to mitigate the issue mentioned in
Chapter 1 with the sets Cg using ®. The idea of this method is based on the Least Absolute
Shrinkage and Selection Operator (Lasso). Lasso originated in the context of regression
models to set coefficients to zero, where it is a regularization method that restricts the L;
norm of the coefficients. It was first introduced by Tibshirani (1996) and is now a widely
used method. The regularization with the Lo norm, called Ridge regression, does not have
this property (see Hastie et al., 2015). The same idea can be applied to project a vector
onto the L; simplex instead of using the self-normalization X /|| X||; in Proposition 2.7 (cf.
Meyer and Wintenberger, 2021) and thus setting some components to zero, i.e. to induce
sparsity.

The motivation for this approach arises when one analyzes the support of the spectral
vector © as given in (1.1) to determine directions in which extreme events occur. For
this, the simplex Sfl[l is partitioned into the sets Cj as defined in (1.2) and each partition
is separately addressed. Note that we assume that X is an Ri—valued regularly varying
random variable throughout this section and the L; norm is used.

For the analysis of the dependence structure of the tail of X, we recall the notion of a

maximal direction for ® from Chapter 1.

Definition 2.12 (Maximal direction for ®). A direction § € P} is maximal for @, if
P(© € Cp) >0and P(® € Cg) =0 forall g’ 2 8.

However, as mentioned in Chapter 1 there arises a problem, when dealing with these
maximal directions for @. The sets Cp for § # {1,...d} are lower dimensional sets in
R?. As a consequence, when P(© € Cg) > 0 holds, then Cj is not a continuity set of the



18 CHAPTER 2. FUNDAMENTALS

spectral measure.

To mitigate this issue, in Meyer and Wintenberger (2021) the self-normalization of X,
i.e. X/||X|1, was replaced by the Euclidean projection (X /t) of X/t onto S%*. The
Euclidean projection 7, onto the L; simplex (cf. Duchi et al., 2008) is for a vector v € Ri
and a z > 0 defined by

T RE = ST(2) = {xz e RL : ||z|1 = 2}
v w = argmin |[w — ’UH%,

wes| ' (z)

where w € Si_l(z). For z =1 we write 7 := m as in (1.3).

D D

_D/|ID|
.\

1

(a) Euclidean projection (b) Self-normalization

Figure 2.1.: Projection of four points onto the simplex Sjl__l by using the Fuclidean projection on
the left hand side and self-normalization on the right hand side.

In Figure 2.1 we see the difference between the Euclidean projection and the self-
normalization. The number of zero components of the points B and C and their projections
does not change, since both projections lie in the interior of the simplex. However, the
number of zero components of the points A and D and their projections differ, since the
Euclidean projection sets some components to zero. When we evaluate the preimage of the
subsimplex in Figure 2.2 this becomes even more evident.

This lets us now define sparse regular variation (see Meyer and Wintenberger, 2021).

Definition 2.13. An ]R‘fr—valued random vector X is called sparse regular varying, if a

S‘_i[l—valued random vector Z and a non-degenerate random variable R exist such that

X X
p(BL s rn(F) ealixi>t) s r@>nze, 1o,

for all » > 0 and all Borel sets A C Si‘l with P(Z € 0A) = 0.
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® e
\ 4 > 4
1 1

(a) Euclidean projection (b) Self-normalization

Figure 2.2.: Preimages of the Euclidean projection on the left hand side and self-normalization on

the right hand side.

Remark 2.14. (a) Note that R is Pareto(a)-distributed for an a > 0 and models the

radial part, whereas the Sfl[l-valued random vector Z corresponds to the angular part.
Therefore, we write briefly X € SRV(«, Z). However, R and Z are not independent.

The concept of sparse regular variation introduced by Meyer and Wintenberger (2021)
is currently limited to random vectors in the positive orthant. A corresponding theory
for R%valued random vectors has not yet been developed. Consequently, in this

setting, we also restrict our analysis to random vectors in the positive orthant.

Since the preimages 77_1(05) are sets with positive Lebesgue measure, the sets C'g are
continuity sets of P(Z € -). Finally, from Meyer and Wintenberger (2021, Proposition
2) we know that

P(n(X/t) € Ca||| X |1 >t) — P(Z € C3), ast— oo,

so that P(Z € C3) can be estimated empirically in contrast to S(Cs) = P(© € Cp).

As shown in Meyer and Wintenberger (2021), sparse regular variation and regular

variation are under suitable conditions equivalent. For the equivalence of them, the

following sets and functions are introduced. Let

Ay ={u e Sflfl cu>x}, for e Bi((), 1)={xe R‘i el <13
xg={x € le_((), 1) :xg > 05,23 = 0sc}, for B € Py,
X% = {z € BL(0,1) : xge = 04c}, for B € P;.



20 CHAPTER 2. FUNDAMENTALS

By Ag we denote the Lebesgue measure on xg. For 8,7 € P; with v D 8 define
Gy(x) =P(Zg > g, Zge < 1), for s € BPN0,1), 5. € BI*N(0,1)

and

HB,’y(U,an) =P(¢4(Z)p > u, min ¢,(Z); > U, max @Z)'y(Z)j <w)
JEY\B JE€Y

for u € B'f'(O, 1),v,w € [0,1], where ¢, : ST = R? u +s ¢, (u) is defined by

o u; + IIum\h’ for j €7,
Py(u); = I N € N
u; + EIESEE or j €.

Additionally, we need to following assumption on Hg ..

Assumption RV. For all 5,y € P; with v D 3 and for A\g-a.s. all x € xg, the function
Hg ., is continuously differentiable at (xg,0,0) with value dHg (xg,0,0).

The equivalence of regular variation and sparse regular variation results from the next
Theorem Theorem 1, (Meyer and Wintenberger, 2021, Theorem 1).

Theorem 2.15 (Theorem 1, Meyer and Wintenberger, , 2021).
(a) If X € RV(«,®), then X € SRV(a, Z) with Z = (Y ®) and

81©; — !@ﬁ\)a
Bl — 1 +

« @_ e o
A min (’@6 - ’5‘93') — max <M> > }
jepe Lodem\ Bl -1 ), ),
for all x € X% such that x; # ﬁ forall j € B and with By ={j € B:x; > \T%I} and
Bo={jefz <)

(b) If X € SRV(a, Z) and Assumption RV holds then X € RV(a, ®), where © satisfies

Gp(z) = E[(l A min (

JEB+

1 -1 -1 )T

1
POecA,)=P(Zec Ay) +— dHgz - (x3,0,0 <x -,
(6 € 42) =P(Z € Ac) + 2 2, dHpo(@5,0.0) (@5 — 0o o g

Y28

for 8.€ P; and Ag-almost surely all © € xg.

Hence, when a random vector X is regularly varying, we can also assume that under
suitable assumptions that X is also sparse regularly varying. In Chapter 3 we will use the

concept of sparse regular variation in more depth.

2.2.2. PRINCIPAL COMPONENT ANALYSIS

Alternatively to SRV, we use in this section another widely used method for dimension
reduction namely Principal Component Analysis (PCA). We introduce a PCA approach
for extremes, which is motivated by Drees and Sabourin (2021) and Drees (2025).
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In PCA (see Muirhead, 1982) the set of principal components is used as a set of coordinates
to represent the data as linear combinations of them. For d-dimensional data, there exist d
principal components, which correspond to the eigenvectors of the covariance matrix. To
achieve dimension reduction, only the principal components corresponding to directions
with large variance, reflected by a large value of the corresponding eigenvalue, are used.
The number of principal components to keep is later determined by information criteria.

PCA cannot be applied directly to a vector X € RV(«, ®), since by Remark 2.3 (c) the
second and even the first moments of the components do not have to exist. However, the
spectral vector ® lives on the sphere and has norm equal to 1 and hence all moments
exist. The application of PCA to © is the subject of Drees and Sabourin (2021). Let
3 := Cov(®) with spectral decomposition

> =0AO",

where O = (01, ...,04) € R™%is an orthogonal matrix and A := diag(\1, ..., \q) € R¥*?
consists of the eigenvalues A1 > Ao > ... > A\g of X. The principal components of @ are

then given by
T,=0;(®-E[®)), j=1,....d

When we represent the data with only the first p eigenvectors Oq, ..., O,, with p < d, we
get

(Th,...,T)) = (O4,...,0,)" (© — E[@O)]),

which is a low-dimensional representation of ® — E[®]. This transformation is optimal
(see Seber, 1984) in the sense that the subspace V},, = span(0Oy, ..., Op) minimizes the risk

Roo (V) (or the expected reconstruction error) defined as
Ree(V) = E[||Tlv(©) — ©|°] = E[||Ily+ (©)||],

where Iy is the projection of ® onto V', over all linear subspaces V' with dim(V') = p.
The projection IIy is estimated using the empirical covariance matrix of an i.i.d. sample
®4,...,0, of ® given by

I 1 1\
Sp=—) (@)j — Z@Z) (@j - Z@Z)
7j=1 =1 =1
with eigenvalues Xl, . ,Xd.

In Drees and Sabourin (2021) the asymptotic properties of the empirical risk are derived
and analyzed. Suppose X1, ..., X, is an i.i.d. sequence following the distribution of X . For
O, = Xi/| Xl H{| Xzl > | Xkt 1,mll}, 7 = 1, ,n, ky — 00, kn/n — 0 the empirical
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counterpart of Ry (V') is defined as

~

n
R (V) = 2 D2 [Ty (80,0
" i=1

Then Drees and Sabourin (2021) showed the consistency of the empirical risk, i.e.
Rnkn(V) — Roo(V') as n — oo. In addition, the consistency of the empirical risk minimizer
is presented. This is shown by the convergence to zero of the distance between the
minimizing subspace with dimension p of Enkn (V) and Roo(V') under a specific metric.
Furthermore, risk bounds are derived for the empirical risk. In Drees (2025) the analysis of
the risk was further extended and a multiple testing procedure is introduced to estimate

the true subspace.

2.3. MODEL SELECTION AND INFORMATION CRITERIA

The selection of a suitable model is an important step in statistics and extreme value theory.
As stated in (Burnham and Anderson, 1998, p. 5), the question is ‘What model to use?”.
We first need to choose a model that fits our data before we can explore it. The tools used
in this thesis for selecting a fitting model are information criteria. In other works in the
field of extreme value theory information criteria have also been used. For example, in the
context of graphical models for extremes Engelke and Hitz (2020) used information criteria
to fit a multivariate Pareto-model and in Kiriliouk et al. (2019) information criteria were
used for fitting multivariate generalized Pareto distributions. As a result, in the first part
of this section we present the general idea of an information criterion and the definition of
consistency. The section concludes with examples of information criteria such as the AIC
in Section 2.3.1, the BIC in Section 2.3.2 and the mean squared error in Section 2.3.3. The
application of the information criteria in the extreme setting is made in Chapter 3 and
Chapter 4.

Next, we introduce the general concept of information criteria. For this, let My, ..., My,
be a family of models. We assume that we have a random variable Y which is distributed
according to an unknown and unique model M« for 1 < [* < L. Then, given realizations
Yi1,...,Y, of Y, the goal is to determine which model is the true model. In general,
an information criterion quantifies the fit of the observation Y to a possible model. In
the following, we denote by IC,,(l) an arbitrary information criterion for the [-th model
M;, 1 <1< L given Y1,...,Y,. We follow the convention that information criteria are
negatively oriented and a lower value of an information criterion indicates a better fit.
Thus, the idea of an information criterion is that it should be small when the correct model
is chosen and large for all other models.

In the literature, there is a large number of different information criteria which are based
on different ideas or refinements of other information criteria. In this work, we use the

Akaike information criterion (AIC) of Akaike (1974), the Bayesian information criterion
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(BIC) or the Schwarz information criterion of Schwarz (1978) and an information criterion
based on the mean squared error. Other information criteria are the deviance information
criterion (cf. Spiegelhalter et al., 2002), the Watanabe-Akaike information criterion (cf.
Watanabe, 2010), the Takeuchi information criterion (cf. Burnham and Anderson, 1998),

the Hannan-Quinn information criterion cf. (cf. Hannan and Quinn, 1979) and many more.

Next, we define consistency for information criteria.

Definition 2.16. Let M« be the true model and IC,, () an information criterion for the

[-th model and n € N. The information criterion IC), (1) is called consistent if

lim P((ICy(1) — IC,(I")) > 0) =1 for [ #I*.

n—oo
In the following, we give a brief summary of the Akaike information criterion, the
Bayesian information criterion and the mean squared error.
2.3.1. AKAIKE INFORMATION CRITERION

The AIC is an estimator for the expected Kullback-Leibler divergence, evaluated at the
maximum likelihood estimator. For a distribution P with density p and a family of
distributions M;(¥;) with density gy, for 9, € ©;, where ©; is some parameter space and
l=1,...,L, L € N with respect to a measure u, the Kullback-Leibler divergence is defined

by
s (- 25
with Y ~ P.

The target is to determine the optimal model by minimizing the Kullback-Leibler

divergence.

The approach of Akaike (Akaike, 1974) was first to insert the MLE for 4; and then
to perform a bias correction. Hence, we approximate the Kullback-Leibler divergence by
inserting an estimator '3;()7) € O, for 9; of Y ~ P independent of data Y ~ P

Eg[KL(P, Mi(9,(Y)))] = Eg; [Ey [log (p(Y))]] — Eg: |Ey [log (a5, (1))]]-
Then we approximate the last term
By B [log (25,57 ()]
with

o (150,7)
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for a suitable constant D; > 0. Since Eg; [Ey [log (p(Y))]] is not influenced by the chosen

model, the Akaike information criterion is defined as

—2log (Q3Z(Y)(Y)> +2D;.

The multiplication by —2 ensures that the information criterion is negatively oriented and

it cancels the 1/2 factor of a Gaussian log-likelihood function.

2.3.2. BAYESIAN INFORMATION CRITERION

Alongside the AIC, the Bayesian information criterion (Schwarz, 1978) is one of the most
popular information criteria in practice. The idea behind it is to select the model with the
highest posterior probability.

Let data Y,, with true density f and a family of models M; with parameter vector
Y, l=1,...,L be given. We denote the likelihood function of 1§; given Y,, and the model
M; by Ly, (91]Ys), the probability for the I-th model M; by w(M;) and by g(9; | M;) the
prior distribution of 19; given M;. The conditional density A of M; and 9; given Y,, is with

Bayes’ theorem given by

m(M;)g(9 | My) L(Yy | (M;,9))
f(Yn)

The BIC aims to determine a model M; that is suitable for the given data Y, by
maximizing the posterior probability of the model M; given the data Y,

h((My,91) | Ya) =

POM|Y) = [ (01,80 Y2) a9y
or equivalently, by minimizing
—2log P(M; | Yy) = —2log (M) — 210g/g(19z | M) L(Yr, | (M, 91)) ddy + 21og f(Vr).

In Cavanaugh and Neath (1999) it is shown that under certain assumptions it is possible

to asymptotically bound the term
~2log [ g0 | M)L(Y, | (M3, 90)) 49,
by the lower bound
~2log L(Y, | (M, 1) + Dylog(n) + Ra(M)
and the upper bound

—2log L(Yy | (My,9))) + Dylog(n) + Ry (M)
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where R;(M;) and Ry(M;) are constant with respect to n and Ra(M;) < R1(M;), Dy is a
constant depending on the model M; and 1% is the MLE.

Then an information criterion based on these bounds can be defined by
—2log L(Y, | (M;, 9))) + D log(n).

Remark 2.17. In the fixed-dimensional, large sample size setting (i.e. d € N,n — o0),
the AIC is usually not consistent while the BIC is consistent (see Burnham and Anderson,
1998, Section 2.8.2 and Claeskens, 2016, Section 2.2.1). In the high-dimensional, large
sample size setting, the AIC can be consistent (e.g. Bai et al., 2018).

2.3.3. MEAN SQUARED ERROR

A criterion for measuring the performance of a model or an estimator is the mean squared
error. In general, if 9 € R is an estimator for a true parameter ¥ € RY then the mean

squared error is defined as

E {9 - 9|13

The mean squared error can be motivated by a normal distribution. If 9 ~ Ny(9, 1), then

follows for the likelihood function
L0 2) = (20) 2 exp (=50 - 9)" (D - )
of 9 that

—~2E [log Ly, (9| 9)] = dlog(27) + E [(9 — )" (I — 9)]
= dlog(2r) + E [[|9 — 93] .

Hence, minimizing the mean squared error is equivalent to maximizing the expected
likelihood function. A lower value of the mean squared error indicates a better fit of the
estimator 9 € RY to the true parameter 9 € R%. Thus, the mean squared error is always
positive and can be seen as a risk function. Further, it is possible to decompose the mean

squared error into a bias and variance term
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= tr (Cov(d)) + [E[9] - 9|I3.

Therefore, minimizing the mean squared error results in a bias-variance trade-off.



CHAPTER 3

DIRECTIONS OF EXTREMES

In this chapter, we use the SRV approach, which is based on sparse regular variation
introduced in Meyer and Wintenberger (2021, 2023) (cf. Section 2.2.1) and propose three
different information criteria to estimate the number of extreme directions in both fixed
and high-dimensional settings. The Bayesian information criterion (BIC), the quasi-Akaike
information criterion (QAIC) and the mean squared error information criterion (MSEIC)
are derived. They are particularly suitable for high-dimensional data with a sparsity
structure in the extremes, while the application of these information criteria is very simple
in practice and is not computationally intensive. The information criteria are first derived
for the fixed-dimensional case and then subsequently adapted to the high-dimensional
case. For the fixed-dimensional case, we also develop procedures to estimate the optimal
threshold simultaneously to the estimation of the number of extreme directions.
Throughout this chapter, we assume that X is an Ri—valued random vector, which
is sparse regularly varying (cf. Definition 2.13). The goal is to determine all directions
p C{1,...,d} such that P(Z € C3) > 0, where Z is the limit vector from sparse regular
variation (Definition 2.13) and Cj is defined in (1.2). Knowledge of these directions allows
us to obtain maximal directions and hence, a dimension reduction as mentioned in (Q).
The statistical model behind the proposed BIC is the same as that of the AIC in Meyer
and Wintenberger (2023). We fit a multinomial model to the number of extreme observations
in the subspaces Cg and derive an asymptotic upper bound on the posterior likelihood,
which then defines the BIC. In contrast, the QAIC approximates the Kullback-Leibler
divergence between the true model and a Gaussian model, rather than a multinomial model
as used in the AIC and BIC, respectively. The advantage of the BIC and QAIC in the
fixed-dimensional case over the AIC is that they are consistent information criteria for bias
selection. In this setting, bias selection refers to estimating the number of extreme directions
and thereby separating them from the bias directions introduced later. Finally, the third
method, the MSEIC (mean squared error information criteria) is so named because it is
based on an approximate of the mean squared error (MSE) between the relative number of
extreme observations and the true probabilities of extremes in the different subspaces Cj.
Although the MSEIC is not consistent for bias selection in the fixed-dimensional case, it
performs remarkably well in all simulations. However, the consistency results differ in the
high-dimensional case, to which we adapt the information criteria. While the BIC remains
consistent, the AIC, MSEIC and QAIC are also consistent. For the fixed-dimensional case,

we further expand the information criteria for the threshold selection, where the threshold
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is estimated simultaneously.

The chapter is organized as follows. In Section 3.1 we properly define extreme directions
based on the concept of sparse regular variation and introduce consistent and asymptotically
normally distributed estimators for the probabilities of the extreme directions as in Meyer
and Wintenberger (2023). We also present statistical models for our information criteria.
The main results of the chapter for the fixed-dimensional case are derived in Sections 3.2.1
to 3.2.3. In Section 3.2.1, we first introduce the QAIC for bias selection and threshold
selection following the framework of an Akaike information criterion, which aims to minimize
the expected Kullback-Leibler (KL) divergence, here applied to a Gaussian likelihood
function. Unlike the AIC proposed by Meyer and Wintenberger (2023), we prove that the
QAIC for bias selection is a consistent information criterion. In Section 3.2.2, we develop
the MSEIC and finally, in Section 3.2.3, the BIC for both bias selection and threshold
selection. In addition, we demonstrate in these sections that the BIC is a consistent
information criterion for bias selection, whereas the MSEIC is not consistent. Then, in
Section 3.3 the information criteria for bias selection are adapted to the high-dimensional
case and conditions for the consistency of all information criteria are derived. The main
proofs of the chapter are moved to Section 3.4, while the proofs of some auxiliary results
can be found in Appendix A. Note that most parts of this chapter consist of Butsch and
Fasen-Hartmann (2025b, 2026).

3.1. PRELIMINARIES

This section addresses the main concepts of this chapter, which are based on Meyer
and Wintenberger (2021, 2023). Recall that sparse regular variation was introduced in
Section 2.2.1. We start with the introduction of an extreme direction for sparse regular
variation in Section 3.1.1. The challenging task in the statistical inference of extreme
directions is the detection of the bias directions which are rigorously defined and motivated
in Section 3.1.2. Then, in Section 3.1.3, we give an overview of the statistical inference of
the empirical estimator of the probabilities of extreme directions and the assumptions of
the present chapter. Finally, in Section 3.1.4, we present statistical models on which the
information criteria are based. Note that throughout this section, we assume that d € N is
fixed.

3.1.1. SPARSE REGULAR VARIATION AND EXTREME DIRECTIONS

A proper definition of extreme direction is now the following, where we use the notation
that Py is the power set of the set {1,...,d} and P} := Py \ 0.

Definition 3.1. A direction 3 € P} is an extreme direction, if P(Z € Cg) > 0. The set of

all extreme directions is denoted as

S(Z)={BeP;:P(ZecCs) >0} with s":=]|5(2).
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In this context, we reduce the dimension by only considering the corresponding entries
of X for each maximal directions 8 € S(Z). The aim of this chapter is to estimate s*, the
number of extreme directions under sparse regular variation, by using information criteria

in order to estimate the maximal directions.

Remark 3.2. The use of the Euclidean projection leads to a sparse representation, in the
sense that under m more components are projected to zero compared to the normalization
v — v/||v||1 as mentioned in Section 2.2.1. Therefore, it is not surprising that according to
Meyer and Wintenberger (2021, Theorem 2), S(C3) > 0 implies P(Z € Cg) > 0 for 5 € P}.
Thus, an extreme direction under regular variation is as well an extreme direction under
sparse regular variation, but the opposite does not necessarily hold. However, the maximal
directions under regular variation and sparse regular variation are equivalent, such that we

do not lose much information on the support of S under sparse regular variation.

3.1.2. BIAS DIRECTIONS

A major challenge for the estimation of the extreme directions is that the empirical
estimators of the probabilities P(Z € Cg), f € P}, detect more extremal directions than
there are true extremal directions, which we call bias directions. To better understand
the idea of bias directions, we require some further notation. Suppose || X1 n)f1 > -+ >
| X (,n) ll1 s the order statistic of || X1||1, ..., || X |1 and the number of extreme observations
used for the estimations is denoted by k, € N, whereas we assume that k,, — 0o as n — oc.
Suppose that there exists a sequence of high thresholds u, > 0 for n € N such that
kn/n ~ P(| X1 > up) and u,, — o0 as n — co. Due to Meyer and Wintenberger (2023,

Proposition 1) the empirical estimator

T,(Cg, kn —

1 n
. 2 UH{m X/ 1 X 1 1) € O, 1K1 > 1K Gy }

J=1

of the probability
p(Cp) =P(Z € Cp) = lim P(m(X /un) € Cg| || X1 > un) (3.1)
is a consistent estimator, so that the set of empirically observed extreme directions is
S.(Z) = {B € P} : Tn(Cp, kn) > 0}.

To be able to relate the true set of extreme directions S(Z) with the empirically estimated

set of extreme directions, we define the set

R = {BeP;: Jim knpn(Cp) = oo} and r=|R|,



30 CHAPTER 3. DIRECTIONS OF EXTREMES

where R depends on the chosen sequence (ky,)nen, which we neglect for ease of notation,

and
pn(Cs) = P(m(X/un) € Cg| [ X1 > un).

Of course, § € S(Z) implies k,p,(Cz) — oo such that, trivially, S(Z) € R and
s* < r. Under the Assumption HRV, a shorthand for hidden regular variation, we

can say more about the relations of these sets.

Assumption HRV. For every 3 € P; we define the cone

Cp = {w = (x1,...,24)" € Ri : Z(x] - m%z(xi) > 0} C R‘i
ieB 1€

and suppose that the random vector X is multivariate regular varying on ]Ri \ Cp with

tail index (/) and exponent measure pg satisfying

s ({:13 = (LUl,...,JZd)T € ]Ri : I?eaﬁxxi < 1,?611&13@ > 1}) > 0.
A conclusion from Meyer and Wintenberger (2023, Proposition 2) is then that under
Assumption HRV even
lim P(S(Z) CR CS,(Z)) =1 (3.2)

n—oo

holds. Thus, the empirical estimator tends to overestimate the set of extreme directions
(but does not underestimate it asymptotically). On the one hand, for n large and 8 € P}
with T,,(Cg, kn) = 0 this means that § is not an extreme direction. But on the other hand,
for n large there might be a 5 € P} with 7,,(Cg, k) > 0 that is not an extreme direction;
a mathematical more rigorous interpretation is given in Meyer and Wintenberger (2023).
Such a direction is referred to as a bias direction as mentioned above. The main challenge

is to identify these bias directions.

Remark 3.3. There exists as well a stronger statement than (3.2). Suppose additionally
that limy, o0 knpn(8) = 0 for all B € P; \ R. A conclusion of Meyer and Wintenberger
(2023, Lemma 1) is then that lim, o P(T,(Cg, k,) = 0) = 1 for all § € P} \ R and hence,

-~

lim P(S(Z) CR =8,(2Z)) = 1.

n—00

In particular, this means that 3, := |R| = |S,(2)| 2 rasn— o0
3.1.3. STATISTICAL INFERENCE FOR THE PROBABILITIES OF EXTREME
DIRECTIONS

The general assumptions of the present chapter are motivated by the statistical inference

of the probabilities of extreme directions as derived in Meyer and Wintenberger (2023). To
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understand the statistical inference and hence, the assumptions, we have to enumerate the
f € P in the following way with p(Cjg) as defined in (3.1):

B1 = argmax p(Cp),

BeP:
fo = argmax p(Cp),
BEPIN{B1}
Ber = arg max p(Cg),

BEPIN{B1,-Bsx -1}

where the remaining Bs«11,. .., fya_; With p(Cp,) =0, j =s" +1,... ,2% — 1, are ordered
in an arbitrary but fixed order such that 5; € R for j = s* +1,...,r. We write briefly for
j=1,...,2¢ -1,

p; = p(cﬁj)7 Pn,j = pn(cﬂj) =P(m(X /un) € CB]’ | 1X > ua),
T ="Tn (Cﬂj)v Tn,j(kn) = Tn(cﬂja kn),
where
Tn(Cp) 1<
]i - ?Z (X /un) € s, 1K1 > un)-

Finally, we define the associated vectors

D: (pla"'upT)Ta Pn = (pn,la"'vpn,T)T

Tn = (7;L,17 cety 7;1 T)T7 T?’l(kn) = (Tnyl(kn% st 7Tn77’(kn))—r'

)

)

In the next theorem, we summarize the asymptotic behavior of these estimators as derived

in Meyer and Wintenberger (2023, Theorem 1 and Proposition 3).

Proposition 3.4. Suppose Assumption HRV holds and the sequence (kp)nen in N with k, —
oo and kn/n — 0 satisfies R = gn(Z) almost surely for all n large enough. Furthermore,

assume that for some 7 >0 and any j =1,...,7 as n — o0,

\ P(X /up € { € RY i rl|2]y > 1,7(r2) € C,}) = r*Pp, | - 0.
1 T Pn,j k
1+ 7+ ]

(a) Then, as n — oo,

Vkn diag(py) "1/ (% —pn) = N (0, L),
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(b) If additionally \/ky(pn; —pj) = 0 asn — oo and j =1,...,r, then as n — oo,

Vkn diag(pn) /2 (Tn]ifn) — pn> o, (Ir —/p- @T)Nr(or, I).

Motivated by this result, we define for any n € N

1 T

T .

Dy = (Pnds--rPns*s Prr---5Pn) €R" with  p, = ——— Z Dn,j
Jj=s*+1

and suppose the following assumption throughout the chapter.
Assumption A.

(A1) Suppose (kp)nen is a sequence in N with k, — oo and k,/n — 0. Furthermore,
R = gn(Z) almost surely for all n large enough, which implies r = |R| = |§n(Z)’ > s*

almost surely for all n large enough.
(A2) Tp1(kpn) > Thno(kn) > - > T r(ky) almost surely for all n large enough.
(A3) Suppose that as n — oo,

Vi ding(pi) 2 (T ) B (1 - 5 VBT )N0,. 1),

(A4) Suppose that as n — oo,

Vi ding() 2 (T2~ ) 25 (0,1,

Remark 3.5.

(a) A justification of Assumption (A1) is given in Remark 3.3, where a sufficient criterion
for lim,_,00 P(R = 8,(Z)) = 1 is stated. Assumption (A1) is particularly useful for
modeling purposes, as can be seen in the derivation of the AIC in Meyer and Win-
tenberger (2023), and from other statements in that chapter such as Proposition 3.4
above. If Assumption (A1) is not made, then the consistency results in this chapter
can be obtained by replacing r with §,, := |S,,(Z)| and assuming /%, pn (5, —7) 0
(cf. Remark 3.8 and Remark 3.15).

(b) Assumption (A2) is motivated by the fact that we have T,,(k,)/ky, £, p and thus,
for n sufficiently large T}, (k) is ordered by size with probability close to 1 because p

is ordered by size.

(c) The assumptions (A3) and (A4) are not strong, in the case pp g+41 = ... = Ppr = Pp,
Proposition 3.4 gives a sufficient criterion for (A3) or (A4) to hold.

The following lemma is a direct consequence of Assumption A.
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Lemma 3.6. Suppose Assumption A holds. Then the following statements are valid.
(a) pn — 0 and ppk, — 00 as n — 0.

(b) Forj=1,...,8" and n — oo,

Toj(bn) ® 0 g Tni @
knpn,j knPn,j
(¢) Forj=s"+1,...,r and n — oo,
Tnj(kn) ®, 0 Tng(ha) P, 0
knpn kn
and similarly,
Ti By g Tni g
knpn kn

3.1.4. STATISTICAL MODELS

A challenging task in extreme value theory is the optimal choice of k,,, the number of
extreme observations used for the estimation procedure. Therefore, we follow a two-step
procedure as motivated in Meyer and Wintenberger (2023). In the first step, we fix &, and
estimate the relevant extreme directions 8 € S(Z) and separate them from the so-called
bias directions 3 € S,(Z) \ S(Z) using some information criteria. Therefore, this step is
called bias selection. In the second step, we estimate the threshold k,,, this step is therefore
named threshold selection. In the following subsections, we present some statistical models

for the bias selection and the statistical models for the threshold selection.

THE LOCAL MODEL FOR THE BIAS SELECTION

Due to Assumption (A1) with r = |S,(Z)| the random vector T}, (k,) is multinomial
distributed with k, repetitions and unknown r-dimensional probability vector p, x,, which
converges as n — oo to p. To detect the bias directions and hence, to estimate s* and
answer question (Q), the idea is now to fit for any s € {1,...,r} a multinomial distribution
from the class {Mult(k,, As(p®)) : p° € Os} where A, : R® — R” is defined as

~. ~,

S S S S

1- 7j=1 p] 11— 7j=1 p]
rT—S r—Ss

As(ﬁs):<ﬁi7"’7ﬁ§7 200

and the parameter space Oy is defined as

s
O; = {ﬁsz(ﬁi,...,ﬁz)E(O,l)siﬁiz"'2ﬁ§,2ﬁ§<1},
J=1
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which reflects that there are r — s bias directions. Finally, we define

1Y, 7
pP=——2—"¢€(0,1) for p°*€ O,
r—s
We summarize this in the following model.

MODEL Mg The family of multinomial distributions {Mult(k,, As(p®)) : p° € O}
with likelihood function

~s kn' - ~S P - ~S i
Lz (P° [ Tn(kn)) = T T () [I@)ms % I (7))
J=1 g\ /s 51 j=s+1
and log-likelihood function
log Lz (°| Ta(kn)) = log(kn!) Zlog )+ T (kn) log(55)
j=1
Flog(7) Y T (3.3)
Jj=s+1
is called Model M .
Now, an information criterion aims to find the Model M} from s € {1,...,r} which

best fits the distribution of T),(k,) and results in an estimator s}, for s*. Then, for a given

estimator s, of s* we estimate the probability vector p by

~,

~ n,s
pnsjfk = <S*n/\s,...,;\*/\s,0,...,0) 5 (34)
Zjn 1 pn,] Zjn 1 pn,J
where
. N N Th1(k Tos(kp)N\T
p; — (Pi,p--wpi,s)T — ( n, ( n)’”.7 ms( n)) (3'5)
kn, kn

is the maximum likelihood estimator (MLE) of the multinomial model M (see Meyer
and Wintenberger, 2023, Section 4.1). Finally, we define

( Z b J) - j:(:«+_1 f;k;(kn)

s
Pn =
as estimator for p®.

THE GLOBAL MODEL FOR THE THRESHOLD k,

Next, we extend the previous model and assume that k, € N is not fixed anymore, it has
additionally to be estimated. For this task, we use all observations X1, ..., X, and not

only the ky largest observations. We consider the random vector T}, = (17, ..., T} ,a) | in
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d . . .
R2® which includes extreme and non-extreme observations, where the 2% — 1 components

!
TL,].""’

The 2%-th component TT/L ,a counts the number of non-extreme values and is Bin(n, 1 — g,)-

T/1 ga—1 count the number of extreme observations in the subsets Cpg,, . .. ,C@Qd_l.

distributed for some ¢, € (0,1). Note, that the vector T, is not directly observable because
we do not know which observations are extreme. To be more precise we assume that
T! ~ Mult(n, p!,) with

P = (@nPh1s -+ @bl ga-151 = Gn)

and the conditional distribution given TT’L gd =T — k,, satisfies

IP(T/ T )|TT’112d:n—kn = P(Tn,l(kn)w--’Tnygd,l(kn))' (36)

n, 170y 0d g

The idea of this assumption is that if we have k,, extreme observations (and hence, n — ky,
non-extreme observations), then the distribution of the extreme directions (7}, 1,...,7) ,4_;)
in the global model is the same as that of the local model (T, 1(ky), . .. ,Tn’zd_l(kn>)7With
threshold k,,.

Now, the approach to detect the bias directions and the threshold k,, is similar to the
previous section. We fit a multinomial distribution from the class {Mult(n, A(p*)) : p° €

©’} to the non-observable random vector T!, where A’, : Rt — R?* is defined as

AJ v R DY Y 1-35.5)
= = T

AL(p®) = (¢°pS,....¢°pS, ¢ ——L—L ... " —==—"10,...,0,1 - ¢*)

r—s r—s —_—

2d—pr—1
T—S
and the parameter space O/ is
@; = {ﬁ/s — (13415’ - aﬁ:,q/s) e (0, 1)s+1 1345 - > ps , Z } s X (0,1).
Finally, we define
L=
P = =) for p'* € O..
r—s

This ends in the following model.

MODEL M;?: The family of multinomial distributions {Mult(n, A(p’®)) : p'* € O}
with log-likelihood function

S
log Ly (p"* | T),) = log(n!) ZIOg )+ D Ty log(ap3)
j=1

( Z T, ) log(qp®) + T,/de log(1 — q) (3.7)

Jj=s+1

is called Model M]*.
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To link the global model with the local model we require further assumptions.
Assumption B.

(B1) Suppose Té oa and Ty, are independent, and for j =1,...,r we have as n — oo,

1 1
E |]”L _ Tr/z,j|T7;,2d‘| =E [k'n

n,24

Tw-(kn)} +op(1).

(B2) Suppose for j =1,...,r we have as n — oo,

]' / / ]-
E lm_W(Tn,ﬂQ!Tn,zdl =E {%(Tn,g’(kn))ﬂ + op(1).

(B3) There exist constants K1, Ko € (0,00) such that

K < liminf “0 < lim sup 21 < K.

n—oo Ky n—00 n

Due to the Assumptions (B1) and (B2) the first and second moment of the relative
number of extreme observations in the global model and the local model behave similarly.
The last Assumption (B3) gives a connection between the asymptotic behavior of ¢, and

k. In particular, it implies k, = O(ngy) as n — oo.

3.2. INFORMATION CRITERIA IN THE FIXED-DIMENSIONAL CASE

In this section we derive the information criteria for the fixed-dimensional case, i.e. we
assume that d € N is fixed. We start with the QAIC in Section 3.2.1, where we also analyze
the consistency of the AIC from Meyer and Wintenberger (2023). Then, in Section 3.2.2
and Section 3.2.3 we derive the MSEIC and the BIC, respectively.

3.2.1. QUASI-AKAIKE INFORMATION CRITERION

In the following, we propose an information criterion inspired by the Akaike information
criterion and therefore, we refer to as quasi-Akaike information criterion (QAIC). Unlike
the approach of Meyer and Wintenberger (2023), which is based on the likelihood function
of a multinomial distribution, our method employs the Gaussian distribution. More
specifically, the Akaike information criterion (AIC) introduced by Meyer and Wintenberger
(2023) for selecting the number of extreme directions is motivated by minimizing the
expected Kullback-Leibler (KL) divergence between the true distribution of T),(k,) and
the multinomial distribution Mult(k,, p;) where p; is the MLE given in (3.5). The AIC is
defined as

AICy, (s) = —log Ly (D) | Th(kn)) +5s, s=1,...,m (3.8)
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for fixed k,,. The number s* of extreme directions is then estimated via

sy, = argmin AICy, (s).
s=1,...,r
However, a limitation of the AIC is that it is not a weakly consistent information criterion
which is typically expected in a fixed-dimensional setting as n — oo and d € N (cf.
Remark 2.17).

Theorem 3.7. Suppose Assumption A holds. Then

<1 or s > s*,
lim P(AICy, (s) > AICy, (s)) i
oo =1 fors<s*

A key conclusion of Theorem 3.7 is that the AIC has asymptotically a non-vanishing
probability of overestimating s* and hence, it is not a weakly consistent information
criterion. The proof of Theorem 3.7, along with all proofs of this section, is relegated to
Section 3.4.1.

Remark 3.8. Suppose Assumption (A1) is replaced by the condition \/kypn (5, — 1) 0
and that the AIC is defined using §,, instead of . Then

Joo %‘: <Tnﬂ(kn)1) = op(1)

j=r+1 Pukn

and hence, if we follow the proof of Theorem 3.7, we see that the consistency result remains

true for this modified AIC, which is finally used in practice.

In contrast, the main advantage of the QAIC, which we introduce next, is that it is a

weakly consistent information criterion.

QUASI—AKAIKE INFORMATION CRITERION FOR THE NUMBER OF DIRECTIONS s

The reason behind employing the likelihood function of a Gaussian distribution for the

QAIC is that due to Assumption A the asymptotic behavior as n — oo,

Vindiag() 2 (T2 = ) 25 N0, 1)

holds, i.e. the asymptotic distribution of T, is similar to the distribution of an r-variate
normal distribution with mean k,p} and covariance matrix k, diag(p}). Therefore, the
idea is to calculate the expected Kullback-Leibler divergence of the true distribution Py,
of T, with density f. and the normal distribution N, (k, Bs(p®), ky diag(Bs(p*))),p° =
(i,-..,p5,p°) € Rfl, where B; : Rfl — R} is defined as

T
BS(Z) = <Zl,...,ZS,ZS+1,...,ZS+1) .
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The likelihood function of N, (k,Bs(p®), kn diag(Bs(p®))) is denoted by L, (p°|T ). For

p° we use the estimator

B(Tn) = @a(Tu) - Phs(T) n(T0) T €RZY with

—-n

@Sz,j (%n) =

7o o 1 & Toy 3.9
= BT o (39)
n r— Sj:erl n

where T, is an i.i.d. copy of T.

Remark 3.9. It might happen that >>%_; @fl](%n) + (r — s)@fl('i'n) # 1. In this case,

BS(@’;('?n)) is in general not a probability vector and (@(”Ll(’i’n), . ,@28(7'n)) ¢ O,. But
due to Assumption (A4) we have as n — oo,

5,7 (T
BoiTe) 2y g BT e

Pn,j r—s 2uj=s+1Pn,j

such that limy, oo P((B5 1 (T ), - .. 55.4(Th)) € O5) = 1.

In summary, we calculate

B [KL(Br, . N (5 Bu(B) b i) 7,

= E [log £.(T)] — E [log (L. (55(T)I 7)) | (3.10)

Remark 3.10. The AIC is based on the multinomial distribution whereas the QAIC is
based on the multivariate normal distribution. Although it seems at first view that both
approaches are different they are related due to local limit theorems for the multinomial

distribution as given in Ouimet (2021).

Next, we derive an auxiliary result that helps to approximate the second term in (3.10)

for s > s*.

Proposition 3.11. Suppose Assumption A holds and s > s*. Furthermore, let T be an

independent and identically distributed copy of Ty, and let p° (Ty) be the estimator in
(3.9) and similarly we define p° (T ). Then there exists a random variable Y with E[Y] = 0

such that as n — oo,

e~ 1 1
log L, (P} (Tn) | Tn) + §rlog(27r) + §rlog(k:n)

r+s+1 p

1S . 1 .
+ 9 Zlog@n,j(Tn)) + 5(7’ — s)log(py, (T)) + — v
j=1 }

Therefore, for s > s* we approximate the second term in (3.10) by

~E [log L, (5% (T) | )]
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1 s
=~ §E rlog(27r) + T'log(kn) + Zlog(§i7j(7n)) + (7’ — S) log(gfl(’]'n)) fr4+s+1
Jj=1

and neglect the expectation. The first term E [log f.(7)] in (3.10) and the +1 do not
influence the choice of the model, therefore we skip them. This leads to the following

definition of the theoretic quasi-information criterion for s > s*,

QAIC}, (s) = rlog(2m) +rlog(kn) + Y _log(py;(Tn)) + (r — ) 1og(y,(Tw)) +7 + 5.
j=1

If s < s* this information criterion works as well since

> log(B5,(Tw)) + (1 — ) log(55(T )
j=1

N zs:log(pj) + (r —s)log <M> > —

j=1 r—s

and for s > s* we have
s s P
> 10g(p5, ;(Tn)) + (r — 5)log(p5,(Tr)) — —oc.
j=1

Therefore, the information criterion does not select s < s*.

Moreover, since

> log(B5 (T w)) + (1 — ) log(p5,(T )
j=1

- Zlog(ﬁi,j(Tn(k}n») + _(T - 3) log(ﬁi(Tn(kn))) & 0
j=1

the choice between estimator p* (77,) or p;, = Py, (Tn(ks)) € Os with py, = g7, (T (k)
does not significantly change the outcome, so either can be used. Since in applications wu,,
and hence, p® (T ) is unknown, we finally define the information criterion based on the

estimators p;, and p5.

Definition 3.12. For the number of extreme directions s with fixed k,, the quasi-Akaike

information criterion (QAIC) is defined as

S
QAICy, (s) = rlog(2m) +rlog(kn) + > _log(By ;) + (r — 5)log(py) + 7+ s
j=1
for s = 1,...,7 and an estimator for s* is 5}, == argmin; <., QAIC,, (s).
Remark 3.13.

(a) During the derivation of the QAIC we assumed that r is constant and hence, it
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should not influence the optimal value of the QAIC. However, the simulation study
shows that in applications r has a significant impact on the performance of the QAIC

because in practice r depends on k.

(b) The derivation of a QAIC with an estimator based on the likelihood function of the
normal distribution Ly, is possible with similar results but leads to a more elaborate

and longer calculation. In this case, the estimator is given by

~1 1 1 Ti(kn)?
~G n,j\in
P =t |5t — — .
The performance of both approaches is similar and therefore only QAIC is included

in the simulation study.

Theorem 3.14. Suppose Assumption A holds. Then
Jim P(QAIC, (s) — QAIC, (s*) >0)=1  fors#s".

In view of question (Q), the QAIC has the advantage that it is weakly consistent for
fixed k,, in contrast to the AIC.

Remark 3.15. Suppose Assumption (Al) is replaced by the condition s, L, and that
the QAIC is defined using s, instead of . Then the consistency result remains true for this
modified QAIC. Note that here a weaker condition is used as for the AIC in Remark 3.8,
where we required /K, pn (8, — 7) 0.

QUASI—AKAIKE INFORMATION CRITERION FOR THE THRESHOLD kK,

For the QAIC for the threshold k, we follow the definition of the global model for the AIC
in Meyer and Wintenberger (2023) which is defined as

AIC;, (s kn
AICn’S(krn) = kkn() + F

with AICy, (s) as in (3.8). However, since we consider two times the negative likelihood
instead of just the negative likelihood we include additionally the factor 1/2 and obtain

the following information criterion.

Definition 3.16. For the number of exceedances k,, the quasi-Akaike information criterion
(QAIC) for the threshold ky, for the Model M]* is defined as

_ QAIC,, (s) , K

QAIC,, 5(kn) ok, o
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rlog(2m) + rlog(ky) + 3251 log(py, ;) + (r — s)log(py, ;) + 1+ s n kn
2k, n

for k, = 1,...,n with estimator k, = argming, ¢ {mini<,<, QAIC, ((k,)} for K C

{1,...,n}.

Remark 3.17. An interpretation of this information criterion is as follows. The division
by k, can be seen as a weight, which is assigned to a pair (s, k). Therefore, when &, is
large, the weight of the corresponding model gets smaller. Also, &, /n corresponds to the

relative proportion of extreme observations and acts as a penalty for increasing k.

3.2.2. MEAN SQUARED ERROR INFORMATION CRITERION

Next, we explore an information criterion based on the mean squared error (MSE) for both
the number of directions s as well as for the threshold k,,, which performs in particular well

for a small number of observations. The proofs of this section are moved to Section 3.4.2.

MEAN SQUARED ERROR INFORMATION CRITERION FOR THE NUMBER OF
EXTREME DIRECTIONS s

The basic idea of the AIC is to minimize the Kullback-Leibler distance of the true dis-
tribution and a parametric family of distributions. This minimum is approximated by
the expected Kullback-Leibler distance of the true distribution and the estimated distri-
bution as is done in (3.10). In the following, we use the same ideas but instead of using
the Kullback-Leibler distance, we use the normalized mean squared error (MSE) of the

parameter estimator and find an approximation of
MSEy, (s) = E [ (B (T (kn))|T5) | (3.11)

instead of E {log Ly, (EZ(%R) | Tn(kn))} as is done in (3.10), where T}, (ky) is an independent
and identically distributed copy of T),(ky) and

2

(5 Tk Hfd% w2 (B )|

N2k, & Tk N\
B ()5 £ (4

= bj E j=s+1

for p* = (p3,...,05,p°) € € R5M. Note, if in Assumption (A3) not only the weak convergence
but also the componentwise L; convergence holds, then the approach is motivated by
limy o0 E [ ((Pn1s- - - s Prs* pn)| T (kn))] = 7 — 1. First, we derive an auxiliary result that
helps to approximate ¢ (@Z(Tn(kn)”Tn(kn))

Theorem 3.18. Suppose Assumption A holds and s > s*. Furthermore, let fn(kzn) be an
independent and identically distributed copy of T,,(ky), and let @Z(Tn(kn)) be the estimator
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in (3.9). Similarly, we define p° (T, (kn)). Then there exists a random variable Y with
E[Y] = 0 such that as n — oo,

, 2
BT DT ) -~ s 30 (T8 g ) -2 By,
Pr\En\Fn)) ;270 n

Therefore, for s > s* we approximate (3.11) by

r

~ kn Tn,j(kn) ~5 2
MSEy,, (s) ~ Elﬁz(Tn(kn)) jgl (kn - pn(Tn(kn))> +2s

Analogously to Section 3.2.1, we neglect the expectation, which leads to the following

information criterion.

Definition 3.19. For the number of extreme directions s with fixed k,, the mean squared

error information criterion (MSEIC) is defined as

2
. kn - T‘n7 (kn) - Tn,z(kn)
MSEICk,(s) = gy 2 (;cn_ 2 -] t%

T . . S
Zz:s+1 Fn(r—s) J=s+1 i=s+1 "

for s = 1,...,r — 1 with MSEICy,_ (r) := 2r. An estimator for s* is defined by s =
arg min; <, MSEICy,, (s).

Theorem 3.20. Suppose Assumption A holds. Then

lim P(MSEIC}, (s) > MSEIC, (s"))

=1 fors<s*.

{<1 for s > s*,

In particular, for s < s* this information criterion is consistent, but unfortunately not for
s > s*. However, this is not surprising because the basic ideas are related to the AIC which
is also not a consistent information criterion. However, the simulation study in Section 5.1

shows that MSEIC performs extremely good in practice.

MEAN SQUARED ERROR INFORMATION CRITERION FOR THE THRESHOLD k,,

Now, we extend the information criterion MSEIC to choose the optimal threshold k.
Therefore, we use not only our knowledge about the extreme observations but also our
knowledge of the non-extreme observations, similarly to the global model M/*, only that
there is no distributional assumption. As before we assume here that TA (.} pertains the
information about the observed extreme directions and T;L 2d the non-extreme observations,

where T r’L oa 18 assumed to be binomially distributed. The MSE information criterion for



3.2. INFORMATION CRITERIA IN THE FIXED-DIMENSIONAL CASE 43

the threshold k,, is then defined as weighted MSE

T 2
MSES =E |¢'E H n—T',,diag(p) "'/ (”’“"}"T} —p’) -
, n=Tse )y g Bt gt
T ., 2
_ 2
+E |(1-¢)E | V(g (1—¢')) 2 (2 - (1- q’)) ) (3.12)
2| '¢'="2

with weight ¢’ for the estimation of the probabilities of extreme directions and weight
(1 — ¢') for the estimation of the probability of non-extremes. Since we want to make
statements about the optimal choice of k, which models the number of extreme directions,
the weight in the estimation of the probabilities of the extreme directions is chosen higher.
A connection between the MSE information criterion for the threshold k,, and the MSE
information criterion for the number of extreme directions s exists through the following

theorem.

Theorem 3.21. Suppose Assumptions (B1), (B2) and ky (1 — %)2 — 0 asn — oo. Then

n 1
Since g, is not influenced by k, and o((ng,)™!) is of a smaller order than 1/k, by
Assumption (B3), we neglect g, and the last term. Consequently, we define the following

information criterion.

Definition 3.22. For the number of exceedances k,, the mean squared error information
criterion (MSEIC) for the threshold k,, for the Model M/’ is defined as

MSEIC,, ,(kn) = MSEICkn(s)JrkE, kn=1,....n,

n
with estimator k, = argming ¢ {minj<s<, MSEIC,, s(k,)} for K C {1,...,n}.

Remark 3.23. The general structure of this threshold information criterion differs from

the other derived information criteria for the threshold selection as

AICy, (s)  kn QAIC,, (s)  kn
Therefore, we performed a simulation study with the criterion MSEICy, (s)/ky + kn/n,
defined analog to AIC,, s(ky,). The simulation study confirms that this choice of information
criteria is not the suitable choice. The result is not surprising, since MSEIC is not based

on a likelihood-based approach.
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3.2.3. BAYESIAN INFORMATION CRITERION

The basic idea of the Bayesian information criterion (BIC) is to find the model with the
highest posterior probability given the data. First, we derive a BIC for s and then for k,.

The proofs of this section can be found in Section 3.4.3.

BAYESIAN INFORMATION CRITERION FOR THE NUMBER OF EXTREME DIRECTIONS

S

In the following, we derive a BIC for s by bounding the posterior probability as in Cavanaugh
and Neath (1999). Therefore, we assume throughout this section Model M} and use
the following notation. Let Q be a discrete prior distribution over the set of models
{M; :s=1,...,r}, g(-| M ) be the prior density over the parameter space O given
Model Mg, Lz (+|Tn(kn)) be the likelihood function of Model M if we observe T, (k)
and f be the (unknown) marginal probability of T,,(k,). Given the data T),(k,) the goal
is to determine the Model M}, with the highest posterior probability P(M [T, (ky)) for
s =1,...,r. Therefore, note that Bayes Theorem yields for the posterior density for My

S

and p

Lyis (p° | Tn(kn p°| M ) Q(M
WM, P°) | T(kn)) = Mkn(p’ (f(;ﬂ)ng((l::J) i) Q( kn)

Hence, the posterior probability for M} is

Q(ME,) Jo, Lz (P | Tn(kn))g(p® | M) dp°
f(Tn(kn)) '

P<Mlgn|Tn(kn)) =
Consequently maximizing the posterior probability is equivalent to minimizing

_210g P(M£H|Tn(kn)) =2 log f(Tn(kn)) - 210g Q(Mlgn)

—210g( [ Losg, (0" | Tulk)a(®* | M}, ) 45"). (313)

For the derivation of the BIC, we require further assumptions.
Assumption C. For any s € {1,...,r} we assume the following:

(C1) There exist constants 0 < b < B < oo such that the prior density g(- | M}, ) on O
satisfies
b< 9B |Mi)< B for all p* € O,

(C2) The prior distribution Q is a uniform distribution on {My : s = 1,...,r}, i.e.
QM ) = % fors=1,...,r.

(C3) knpi/3 — 00 and ky,p2 — 0.
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Remark 3.24.

(a) Both Assumptions (C1) and (C2) are assumptions on prior distributions, and they
reflect that we have no prior information in advance. The lower bound of Assumption
(C1) can be relaxed since we require only a lower bound in the neighborhood of p;,.

However, it has been omitted in this chapter for the sake of brevity.

(b) The assumption on the uniform distribution on the set of all possible models in (C2)
is an uninformative prior distribution where all models have the same probability.
Thus, the term —2log Q(M} ) = 2logr in (3.13) is independent of s and has, from
a theoretical point of view, no influence on the information criterion. Of course, it
is possible to use a prior distribution depending on s but then the BIC receives an

additional penalty term.

(¢) The assumption k:np?/ 5 oin (C3) ensures that p,, does not converge to zero too

quickly.

The next theorem gives an upper bound for
~210g By, [Lagg, (5" | Tulk))) = —210g [ Lagy (5" Tulk))o(B" | M7,) 45"

whereby E,, denotes the conditional expectation regarding the prior density g(-| M} ) on
Os. This results then in an upper bound for the negative log posterior probability of the
s-th Model M} given T, (ky,).

Theorem 3.25. Suppose Assumptions A, (C1) and (C3) hold. Then the inequality

~2l0gEy, [Lasy (5| Talha)]
< —2log Ly (Py, | Th(kn)) — slog(2m) + 2slog (km/r> —2logb+ op(1)
n r—s
as n — oo holds.

Plugging in Assumption (C2) and the upper bound in Theorem 3.25 in (3.13) results in

*210g P(Mlin(anTn(kn))
= 2log f(Tn(kn)) + 2logr — 2log Eg, [LM,jn (P | Tn (k)]

< ~2l0g Lug (931 () — slog(zm) + 2510 (o[- )

+ 2log f(Tn(kn)) — 2log b+ 2log r 4 op(1).

This motivates the definition of the following information criterion, where the terms

2log f(Ty(kn)) — 2log b+ 2logr are neglected as they are not influenced by s.
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Definition 3.26. For the number of extreme directions s with fixed k, the Bayesian

information criterion concerning the upper bound (BICU) is defined as

g r
BICUy, (s) .= —2log Ly (p5 | Tn(kn)) + 2slog (ky) + slog <27r(r—s)> ,

o~

for s =1,...,7 — 1 and an estimator for s* is 5, = argmin; <.,y BICUy, (s).

Motivated by the BICU, which is based on the largest eigenvalue A, ; from Lemma 3.50,
we define a BIC based on a lower bound for the posterior distribution by using the smallest

eigenvalue A, 2 = ky /T, 1(ky) from Lemma 3.50.

Definition 3.27. For the number of extreme directions s with fixed k,, the Bayesian

information criterion concerning the lower bound (BICL) for Model M} is defined as

BICLy, (s) := —2log Lagy (Py, | Tn(kn)) + slog (kn) + slog (W) ,s=1,...,7,
and an estimator for s* is 5}, := argmin; ., BICLy,, (s).
Theorem 3.28. Suppose Assumption A holds. Then

(a) Jim P(BICUy, (s) > BICUg, (s*)) =1  for s # s¥,

(b) Jim P(BICLy, (s) > BICLg,, (s*)) =1  for s #s".

Thus, in contrast to the AIC, both information criteria are weakly consistent and select
asymptotically with probability 1 the true Model M, ,f; This is also a typical property of
Bayesian information criteria (cf. Remark 2.17).

BAYESIAN INFORMATION CRITERION FOR THE THRESHOLD £k,

In the following, we determine an upper bound for the posterior probability of the global

Model M]/* analog to the previous section using the following assumptions.
Assumption D.  Suppose the following statements hold.

(D1) There exist constants 0 < b < B' < 0o such that the prior density ¢'(- | M) on O/
satisfies
V <d@°|\M)<B forallp®e@..

(D2) The prior distribution Q' is a uniform distribution on {M)* : s = 1,...,1}, i.e.
QM) =21 fors=1,...,r.

. 5/3 . 2
(D3) nlL}HOlO ngn' ~ = oo and 71113%0 ng; = 0.
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(D4) For E/\[LMTSL_T' (p*|T n{17 =, Ly, (ﬁS|T7;7{1W,T})dﬁS the following
n,2 n,2

upper bound

E{—ZlogEA[LMjHT, ( T, {1, ,})]}

n’

gE[E[—QlogLM;_T, BT, ) T D[]

n,2
+ 23E[10g ((n =T 5a), /T> } — slog(27m) + o(1)
’ r—s
holds.

Remark 3.29.

(a) Assumptions (D1) and (D2) in the global model correspond to the Assumptions (C1)
and (C2) in the local model. Assumption (D3) is the counterpart to Assumption
(C3) for the binomial part of the likelihood function in the global model.

(b) Assumption (D3) ensures a suitable convergence rate of ¢, and implies ng, — oc.

For example ¢, = n~'1/20 fulfills the conditions of Assumption (D3).

(c¢) Assumption (C3) for the local model is required for the proof of Theorem 3.25.
Assumption (D4) for the global model is motivated from Theorem 3.25 and (3.6).

Because we then obtain directly

E[-210gEAlLar: ,  (B° 1Ty 1.1 Th 0 =

n,2d
< E[ —2log LMTSL_T; y (pn< n,{1,.. ) ‘ {17 T ‘ = kn}
+ QSIE{log ((n - Tv’z,Qd)” ) T 00 =k } — slog(2m) 4 o(1)
for k, satisfying the assumptions of the previous section and T, ; > T}, 5 > ... > T} ,.

Assumption (D4) for the global model is only a slightly stronger assumption than
Assumption (C3) for the local model.

In analogy to the BIC for the local model, the goal is to derive asymptotic bounds for
—2log P(M/*|T))) which we obtain through upper bounds for

—2log By [Lags (P|T0)] = —210g{ / Lo (5| TL) - (~’S|M’S)dﬁ’5} (3.14)
o,

where [y denotes the conditional expectation with respect to the prior density ¢'( - |M)?)
on O given Model M/?.
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Theorem 3.30. Under Assumptions (B1), (B3) and D the asymptotic upper bound as

n — oo,

—2E[log Eg; [Las (P | T;)]]

Ellog Lyss (P° | T (kn
ann<—2 llog M’“”(p Tl ))]+2ilog (kzn 5 (T >+210g(n)+6'>
s

kny, ngn r—= 5) ngn

holds, where C > 0 is a constant independent of s and n.

Compared to Theorem 3.25 in the previous section, we take additionally the expectation
in Theorem 3.30 to achieve a connection between the global model and the local model.

Theorem 3.30 motivates the definition of the following information criterion, where the
expectation is omitted, the inequality is divided by ng, and the term 2log(b')/(ngy,) as well

as C' are neglected as they are either constant concerning s or converge to zero uniformly.

Definition 3.31. For the number of exceedances k,, the Bayesian information criterion
concerning the upper bound (BICU) for the threshold ky, for Model M,? is defined as

—~210g Lag; (B, | Ta(kn)) + 2510g (k) + s10g (50— ) , log(n?)

BICU,, s(k,) :=
_ BICUy, (s) n log(n?)
- kn, kn
for k, = 1,...,n, with estimator k, = arg miny, ¢ {min;<s<, BICU,, 4(ky)} for K C
{1,...,n} for k,.

Similarly to Definition 3.27 we also define the Bayesian information criterion based on
the lower bound for the threshold k,,.

Definition 3.32. For the number of exceedances k,, the Bayesian information criterion
concerning the lower bound (BICL) for the threshold ky for Model M,? is defined as
BICLy, (s)  log(n?)

BICL, s(k) = - e ka=1on,

with estimator k, == arg ming, ¢ g {minj<s<, BICL, s(ky)} for K C {1,...,n}.

Remark 3.33. Note that in practice, we estimate, of course, r by s, = ]gn(Z )| and plug
this estimate into the information criteria. In this setup, all the consistency results in this
section remain true if we additionally assume \/k,p, (8, — 1) L 0asn - . However,
the motivation for the definitions of the information criteria is much clearer when it is

assumed that r = |S,(Z)| is deterministic and independent of n.
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3.3. HIGH-DIMENSIONAL SETTING

Until now, we considered the setting where the dimension d is fixed. In the following, we
analyze the high-dimensional case, where it is assumed that the dimension is allowed to
grow with the sample size n. Since the number of possible bias directions increases, we
also let the number of both bias and observed directions increase. However, the number
of relevant directions is assumed to remain constant. In this section, the information
criteria from the fixed-dimensional model are adapted to this high-dimensional setting.
This requires adapting the previous definitions for the high-dimensional setting, although
the underlying motivation is unchanged.

This section is structured as follows. In Section 3.3.1 we introduce the underlying model
and define bias directions in the high-dimensional setting. In addition, we analyze the
(numerical) behavior of the bias directions in a small simulation study in Section 3.3.2.
Finally, in Section 3.3.3, the information criteria are adapted to the high-dimensional

setting. The proofs of this section are moved to Section 3.4.5.

3.3.1. BIAS DIRECTIONS IN HIGH DIMENSIONS

For the high-dimensional case, we expand the model from the fixed-dimensional case used
in Section 3.1.4. Let X (™ be an R‘il-valued random vector, where d,, — oco. Similarly to
the fixed-dimensional case, we assume that X (™ exhibits some extreme behavior but the
number of directions in which the extremes occur is fixed and relatively small compared
to the growing dimension d,. As before, the major challenge in estimating the extreme
directions is that we tend to identify more extremal directions than actually exist. To better

understand the idea of these directions in high dimensions, we require some further notation.

Let X fn), Xz(n), ...bea Sequence of i.i.d. random vectors following the distribution of X (™).
Suppose HX((ILL)HI > > HX ‘wll1 1s the order statistic of HX H ,HXT(LTL)Hl and

the number of extreme observatlons used for estimation is denoted by k‘n € N, whereas we
assume that k, — co and k,/n — 0 as n — co. Then we define for g € P} = P(N) \ {0},

n X(n)
T3, k) =D 1 { (w ((n) ) 0.0,.. ) e Co IXln > 1X5,, n)||1}
i=1 12X (ort1,my 11

Note that if 8 ¢ P , then T (B, kn) =

The directions 8 € Py are partltloned and named as follows using that

> T (B k) =

BeP;:

Definition 3.34.

(a) A direction € Py is called a relevant direction if liminf, ™) (B, kn)/kn >0 a.s.
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The number of relevant directions is defined by

8" = {8 € Py : B inf T™(8, k) [k > 03],

(b) A direction B € Py is called a bias direction of type (i) if T (B, ky)/kn — 0 and
TM (B, k) — o0.

(c) A direction 3 € Py is called a bias direction of type (i) if TM (B, k) /kn L5 0and
limsup,, .. T (B, kn) < 00 a.s.

(d) The set of observed directions is defined as
Sn = {B € Piy: T™ (B, k) > 0}
and the number of observed directions as

S = |Snl.

Remark 3.35.

(a) For large n, the support of X () given that | X ™| is large, becomes more concen-

trated on the space spanned by the relevant directions.

(b) As we are working with finite n we are not able to observe only relevant directions
but also bias directions, which act as noise. The number of observations in each bias

direction grows at a slower rate than k,, but it can still go to infinity.

Furthermore, we order the values of T(”)(ﬂ , kn) for B € Py such that Ti(n) (ky,) corresponds
to the direction with the i-th largest number of observations. The ordered vector containing

all directions is denoted by
T (k) = (T (ko) - Ty ()

In the following, we fix k, and estimate s*, the number of relevant directions using some
information criteria.

For this, we make the following assumptions.

Assumption E.

(E1) Suppose that all relevant directions B € Py satisfy |f] < oo and for the number of
relevant directions holds

s* < oo.

(E2) As n — oo holds s, L5 00 and Sn/kn e [0,1).
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(E3) Suppose j < s*. Then

T (k) 5

. — pj € (0,1).
n
(E4) Suppose there exists a pu > 1 such that
] & (n) P
n
n j:S*-‘rl

(E5) Suppose there exists a ¢ > 1 such that

Remark 3.36.

(a) Similarly to the fixed-dimensional case (cf. Section 3.1 and Meyer and Wintenberger,
2023), we assume by Assumption (E1) that there is a fixed number of relevant
directions. Furthermore, since the relevant directions are finite, we are able to observe

relevant directions empirically.

(b) Note, since 5, < 327", Tj(n)(krn) < k,, we get that S,/k, is bounded and then
Assumption (E2) guarantees that the ratio converges. Due to this assumption, we

have a clear differentiation from the fixed-dimensional setting, where s, is assumed

to be fixed.

(c) The motivation for Assumption (E3) is based on the case for finite d, where
T (8, ky) N p(Cp) for f € P, by Proposition 3.4. However, since ¢ > 0 is
possible, p;- may not be equal to p(Cg) for the corresponding 3 to Tj(n)(kn).

(d) If ¢ > 0 then by Assumption (E2) as n — oo

] & k 1
1<— 3 Tk <225 2 € (1,00).
Sn o J Sn c

Since the sequence of the weighted sum is bounded, we assume (E4).

(e) Assumption (E5) guarantees that there are no bias directions of type (i). If Tillll(kn)
diverges, we cannot expect the information criteria to be consistent as presented later
(cf. Theorem 3.53).

(f) If ¢ > 0and p/ = 35_, p}, then = (1 —p')/c.



52 CHAPTER 3. DIRECTIONS OF EXTREMES

3.3.2. EMPIRICAL OBSERVATIONS

For an initial analysis of the behavior of the bias directions and the number of observed
directions §,,, we conduct a simulation study. We run each of the following settings with
100 repetitions, where we consider d,,-dimensional i.i.d. random vectors whose spectral
measure only concentrates on the first s* axes and fill the remaining entries with i.i.d.
random variables, which act as noise. To define their distribution, we assume that H =
(hij)i<ij<s € RS with hy; "% U((0,1)) and

S :=diag(H'-H)"'?.H'" - H-diag(H" - H)" /2.

Note that ¥;; = 1,7 =1,...,5" and X;; < 1,49 # j. Suppose now Y = (Yi,...,Ye) ~
N5+ (0g+, ) under the condition of ¥ whose components have, by construction, as marginal
distribution the standard normal distribution ®. It is well known that the multivariate
normal distribution with correlations smaller than 1 exhibits pairwise asymptotic inde-
pendence (Corollary 5.28 Resnick, 1987). Now, let Y',... ., Y" i =1,...,n be an i.i.d.
sequence of random vectors with distribution Y and U?,... U fln_ ¢+ be the absolute value
of an independent sequence of independent normally distributed random variables. Then
we define the i.i.d. random vectors X* = (X1, ... ,Xciln)T € Ri", i=1,...,n, as

In the simulation, the ratio k;,/n is decreasing and we consider s* = 50.

n | ke | da | Sn | Su/ka
5000 500 | 100 | 309.99 | 0.62
10000 | 750 | 125 | 407.5 0.54
20000 | 1000 | 150 | 454.32 | 0.45
40000 | 1500 | 175 | 582.37 | 0.39

Table 3.1.: Average of the realizations of 5, and s, /ky, over 100 realizations.

In Figure 3.1 are the entries of T (k,)/k, mapped for different values of n and d. We
observe that the number of observed directions increases, but the number of occurrences for
each direction is nearly constant to 1 for the last directions. From Table 3.1 it is evident,
while k,, increases also §,, increases nearly proportionally. Another observation from the
plot is that not only the number of entries after the green line increases but also the number
of entries between the cyan line and the green line. In addition, the gap between the
smallest relevant index and the first bias index widens as n increases, indicating that the

order of the number of observations differs.
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(a) n = 5000, k,, = 500, d,, = 100 (b) n = 10000, ky, = 750, d,, = 125
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(c) n = 20000, k, = 1000, d,, = 150 (d) n = 40000, k, = 1500,d, = 175

Figure 3.1.: Mapping of one realization of the entries of T(”)(kn)/kn. The cyan line indicates the
50-th entry and the green line the first entry of T(")(k:n) equal to 1. In this example,
50 directions are relevant.

3.3.3. INFORMATION CRITERIA IN THE HIGH-DIMENSIONAL CASE

In the following, we introduce the information criteria for the high-dimensional case and
present the conditions for consistency. In the high-dimensional case, we do not evaluate all
possible models, but restrict the set of candidate models by ¢, with g, < 2% — 1. For an

information criterion IC, an estimator for s* is

5, = argmin ICy, (s).
1<s<qn

AKAIKE INFORMATION CRITERION

We recall that the Akaike information criterion for the fixed-dimensional case introduced
by Meyer and Wintenberger (2023) (cf. (3.8)) is motivated by minimizing the expected
Kullback-Leibler (KL) divergence between the true distribution of T (k,) and a multi-
nomial distribution. In the following, the definition of the AIC is adopted from the
fixed-dimensional case and adjusted to the high-dimensional case by exchanging r with s,.

The Akaike information criterion (AIC®) for the high-dimensional case is defined as

> s (n)
o n n n T (kn)
AICY, (s) = —log(kn!) + > log(T}™ (k)1) = 3° T{" (k) log e
j=1 j=1 n
IR S R & _
fo kn(gn - 8) Z CT] (kn) Tj (k") +s,s=1....qn

Jj=s+1 j=s+1
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In Section 3.2.1 we showed that the AIC is not consistent for fixed d, which is a typical
property of an AIC in the large sample size and fixed dimensional case (cf. Remark 2.17).
In the high-dimensional case, the AIC is consistent as shown in Bai et al. (2018) or later
in Chapter 4. In the present setting, we can also establish the consistency of the AIC,
provided that there is no bias direction of type (i).

Theorem 3.37. Suppose Assumption E holds and let q,//Sn = op(1). Then, the AIC is
weakly consistent, i.e.

. . o )
nh_)ngo P<%r§gsl<nqlf AIC;, (s) =s ) =1

if and only if
1
garce (¢, 1) = q(1 —log (q)) — 1 + > 0.

Remark 3.38. Since in Figure 3.1 the entries of T (k,) between the cyan line and the
green line do not appear to differ by a large margin from the values after the green line, we
only consider bias directions of type (ii) in Theorem 3.37 and assume that the set of bias
directions of type (i) is empty by imposing Assumption (E5). This setting is also in line
with the consistency results derived in Bai et al. (2018), where the strength of the noise, i.e.
the value of the non-spiked eigenvalues in the mentioned paper, is assumed to be constant.
If bias directions of type (i) are present, we have shown in Section 3.4.4 that the AIC is

not consistent.

QUASI-AKAIKE INFORMATION CRITERION

The quasi-Akaike information criterion from Section 3.2.1 is inspired by the Akaike infor-
mation criterion by minimizing the KL divergence. However, in contrast to the approach of
Meyer and Wintenberger (2023), which is based on the likelihood function of a multinomial
distribution, the approach in Section 3.2.1 uses the Gaussian distribution for the derivation
of the QAIC. Similarly to the AIC, the QAIC is adapted to the high-dimensional setting
as follows.

For the number of extreme directions s with fixed k, the quasi-Akaike information

criterion (QAIC®) for the high-dimensional case is defined as

. X S R N s
QAIC;, (s) = 8plog(2m) + 5, log(ky) + Z log (T) + (5, — s)log(py,) +5n + s
=1 n

for s =1,...,qn, where p3 :=1/(5, — s) Z§is+1 Tj(n)(kn)/kn
In the fixed-dimensional case the QAIC is consistent (cf. Section 3.2.1) and in the
high-dimensional case we also have the consistency of the QAIC, as shown in the next

theorem.
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Theorem 3.39. Suppose Assumption E holds and let g,/\/3, = op(1). Then the QAIC®

s consistent, i.e.

lim P(argmeAICk (s) = s*) =1

n—00 1<8<qn

if and only if

gqarce(q) =1log(q) —q+2>0.

The condition log (¢) — g+ 2 > 0 is similar to the condition for the AIC® in Theorem 3.37,

where ¢, the spread of the noise, is not allowed to be too large.

MEAN SQUARED ERROR INFORMATION CRITERION

The basic idea of the AIC is to minimize the Kullback-Leibler distance of the true dis-
tribution and a parametric family of distributions (cf. Section 2.3.1). This minimum is
approximated by the expected Kullback-Leibler distance of the true distribution and the
estimated distribution. In Section 3.2.2 the same ideas were used but instead of using
the KL distance, we used the normalized mean squared error (MSE) of the parameter
estimator to derive the MSEIC. The mean squared error information criterion (MSEIC®)

for the high-dimensional case is defined as

o (n) o (n) 2
0 kn T; 7 (kn) " (k)
MSEICkn (8) = T(" = E (J - ' E m + 2s,
Zl st sy 0! =

fors=1,...,q.
Similarly to the AIC, we showed in Section 3.2.2 that the MSEIC is not consistent in

the fixed-dimensional case but it is in the high-dimensional case.

Theorem 3.40. Suppose Assumption E holds and let g, /+/3, = op(1). If

guiseice (¢ 1) =2 = (¢ = 1)*1 > 0
s satisfied, then

lim P(argmlnMSEICk (s) = s*) =1

n—00 1<s<qn

BAYESIAN INFORMATION CRITERION

The idea of the BIC is to determine the Model s with the highest posterior probability
P(s|T (k,)) given the data T (k,) for s =1,...,35, (cf. Section 2.3.2). In Section 3.2.3
we derived the BIC by bounding the posterior probability as in Cavanaugh and Neath
(1999). The Bayesian information criterion concerning the upper bound (BICU?) for the
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high-dimensional case is defined as

5 (n)
x Ty (kn)
BICUS, (s) := —2log(kn!) + 23 1 ) =23 T (k) log | L2
" () og(kn!) + ]2_:1 og(T} Z og( i )
—210g< Z T (k ) S T (ky) + 25 log (k)
j =s+1 Jj=s+1
+ slo <§n>
S\ 2 (G, — 5)
for s = 1,...,q, and the Bayesian information criterion concerning the lower bound

(BICL®) for the high-dimensional case is defined as

o~

(n)
n T (kn
BICLy, (s) :== —2log(ky,!) + 2 E log( -2 E T(" ) log (())

kn

J=s+1

—210g( Z Tj(n ) Z T n) + slog (kn)
n =s5+1

+
)
—
O
o
VR
)
3
—
S
E|3
—
5
3
S~—
vb

fors=1,...,¢n-
In the fixed-dimensional case the BIC is consistent (cf. Section 3.2.3) and we can also

show that it is consistent in the high-dimensional setting.
Theorem 3.41. Suppose Assumption E holds and let g, /\/Sn, = op(1). Then holds that

(a) lim ]P’(argmmBICUk (s) = ) =1,

(b) hm P(argmmBICLk (s) = ) = 1.
1<s<gn

This result is also in line with the consistency results in Bai et al. (2018), where the
BIC is consistent in the high-dimensional setting when the strength of the signal (i.e. the
leading eigenvalues or in our case Tl(n)(k: )yeooy T, (n)(kn)) go to infinity.

y L g*

Remark 3.42. Note that the numerical implementation of the information criteria derived
in Section 3.2 for the local model and in this section does not differ, therefore we denote
the information criteria for the simulation study only by AIC, BIC, QAIC and MSEIC.

COMPARISON OF POSSIBLE VALUES OF q AND i FOR THE CONSISTENCY

In the following, we plot garce(q, 1), gqaice (q) and gyserce (¢, 1) as functions in g for fixed
. If the value of one of the functions is positive, then (g, i) or ¢ is a feasible point for the
consistency of the AIC®, QAIC® or MSEIC®, respectively.
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Figure 3.2.: Plot of the functions in q for the consistency of gatce (¢, 1t), gqaice (¢) and gusgice (g, i)
foru=1and p=2.

In Figure 3.2 the functions for the consistency of the information criteria are displayed
as functions of ¢ for p =1 and u = 2. The QAIC® has the largest range of positive values.
Additionally, the function of the QAIC® does not depend on p, while the range for the
consistency of the AIC® and MSEIC® depends on the value of u. As p increases, the
interval in which the functions for the AIC® and MSEIC® are positive shrinks. Note that
the height of the functions has no influence on the theoretical consistency results. For the

consistency, it is only necessary that the functions are positive.

3.4. PROOFS

3.4.1. PROOFS OF SECTION 3.2.1
PROOF OF THEOREM 3.7

Proof of Theorem 3.7.
Step 1: Suppose s > s*. By the definition of the AIC and the log-likelihood function in
(3.3) it follows that

AICy, (s) — AICk, (s¥)
= —log LM]jn (Pr, | Th(kn)) + s + log LMlj* (ﬁi: | T (kn)) — 8™

== Y Ty;(kn)log (W) — log (Tis > T”’;C(k”)) > Tilkn)
" J

Jj=s*+1 j=s+1 n i=s+1

+log( ! ZT: T”;c(nk”)) ZT: Tni(kn) + (s — s%), (3.15)

_ o*
r § Jj=s*+1 i=s*+1
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where we used that s > s*. Inserting the alternative representation
Tn,j(kn> = knpn + v knPnYn,j

where

T, (k
anj_vknpn<n](n)_1>v j:S*+1,...,T,

Pn kn

gives that

AICy, (s) — AICk,, (s¥)

1
=- Z (knpn + \/%Yn,j) log (1 + kan,j)

Jj=s*+1

r
—log Yo Z (knpn + VEnpnYni)
j =s+1 Pn i=s+1

1 " 1 "
+log 1+ S Yoy | S (knpn+ VEnpnYus
( r—s* Vknpn m) ; s*+1( e 2

+ (s —s").
For the asymptotic behavior we apply Assumption (A3) which results in
D
(Yn,s*Jrla s 7Yn,r) — (YS*+1, s ’Y;,) =Y ~ Nrfs* (Orfsa Irfs*)v n — 00,

and thus,

Y,i=0p(l) for i=s"+1,...,r
This and the Taylor expansion of the logarithm

L, 3
log(l4+2) =2 — % +0(z°), = —0,

we insert in (3.16) such that

AICy, (s) — AICy, (s%)

: 1 11
== Y (k VEnpnYn ) | —Y, -—Y2~>
j78*+1( ’I’LpTL+ npn ’I’L,])( k‘npn n,j anpn n,)

<T—S.Z \/Tpn 2(7“—8,2 \/Tpn )2)

Jj=s+1

: Z npn + v knpnYn,z)

1=s+1

(3.16)

(3.17)
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1 " 1 2
AR )
<7“ —s* j=§+1 Vknpn e < J ;Jrl vV knpn )

T

Z (knpn + V knpnYn,z>

1=s*+1
+ (5= 5%) + Ol (kupn) ~1/2)

Since ky,p, — oo (Lemma 3.6(a)) we receive

2
AICy, (8) = LG, () = =5 3 ¥, - 5o (Z Y"j)

Jj=s*+1 j=s+1

2
Y, —s* 1).
Jr2(r—s (J;H J) + (s — %) +op(1)

Due to (3.17) and the continuous mapping theorem we finally obtain as n — oo,

s

AT, (5) — AIC, (s%) 25 — % > Vi <Z Y)

j=s*+1 j=s+1
1 r 2
+*< > Yj> + (s —5%). (3.18)
2(T -5 ) j=s*+1
Obviously,

2 2

11 Y i1 Y
<— Z Vi - ( 7= ]) +( ’ H*J) +8—s*<0>>0.

2 2 —9) 20— )

Step 2: Suppose s < s*. We obtain analog to (3.15) that

AICy, (s) — AICy, (s*)

= 3 Ty (h) log (W)—leg( =3 T"’?;ikn)> > Toilhn)

j=s+1 L St i=s+1
1 : T x
+log | —— > Z To,i(kn) 4 (s — s%). (3.19)
r § Jj=s*+1 i=s*+1

A direct consequence of Tj, j(ky)/kn £ 0 for j=s"4+1,...,r (Lemma 3.6(c)) and
lim, 0 xlog(x) = 0 is that

1 r Tnkn " Tn,i k'n P
log(r_ > Tnl >) y ) 2

S*
j=s*+1 i=s*+1 n

Furthermore, Lemma 3.6(b) yields 75, j(kn)/kn RN pj > 0for j =1,...,s" and thus, as
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n — 00,
g Lnillin) g ( 7 ) ~log 3 Ll )5~ Tnilkn)
i=s+1 kn kn =SS kn i=s+1 kn

= Z pi (bg (pi) — log( Z p])), (3.20)

1=s+1 j =s+1

while we used p; = 0 for s* < i < r. Next, we apply the log sum inequality (Cover, 2006,
Theorem 2.7.1) to the limit of (3.20) and receive

s*
> pi | log (pi) — log Z pilog ()
i=s+1 ] s+1 i=s+1 7 s+1DPj

Z p; | log (M) Z i log( >>0, (3.21)
=541 J s+1Pj i=s5+1

r—Ss

since r > s*. Dividing (3.19) by k,, and using (3.20) and (3.21) gives

1
k—(AICkn( s) — AICy, (s Z Di (log (pi) 10g< )) 0,
n i=s+1 J s+1
and thus, the assertion follows. ]

PROOF OF PROPOSITION 3.11

Before we are able to present the proof of Proposition 3.11 we require some auxiliary
lemmata whose proofs are moved to Appendix A.1 of the Supplementary Material. In the
following, we work with the r-dimensional multivariate normal distribution N, (k,Bs(p®),

k, diag(Bs(p®))), p° € R%™, which has a negative log-likelihood function

—2log L, (p° | Trn) =rlog(2m) + rlog(k,) + Z log(pj) + (r — s) log(p®)
j=1

(ST ) 5 L))
j=1%7 j=st1 P

Lemma 3.43. Suppose the assumptions of Proposition 3.11 hold and EZ(T") is defined
analog to @i(i’n) in (3.9). Then as n — oo,

(B5(T) = B3(T))
(B - (7))

Yn =V k;n diag(pn,l) e Jpn,sv (rpins)a Pna sty pn)il/Z

(- 7))
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D
— Nr+1 (OT+1) E) )

where

20541 Osx(rfs)
Y= 17‘751:,5 .
0¢—s)x(st1) Ir—s——=—

Lemma 3.44. Suppose the assumptions of Proposition 3.11 hold and ?Z(Tn) is defined

analog to p° (Ty) in (3.9).
(a) Then as n — oo,

Viog Ly, (B (Tn) | T) (B (Tn) — B5(T ) — 0.

(b) Suppose Pn = (Bt, -« Prss )| € R satisfies

1B — B (Tl < 11B5(Tw) = B, (T)ll1, neN.

n n

Then as n — o0,

(B,(T) = B,(Tw) " (V2 log L, (B | Tn)

n n

B (diag(pn 1, Dnss /(= $) 7)) - (B5(Tn) = B5(T) 5 0.

n
Proof of Proposition 3.11. Using a Taylor expansion of log L, (QAZ(%n) | T) around
EZ(Tn) yields the existence of a random vector Py, = (Pn.1,- - -, Pn.s, Pn) = With

1B — B2 (Tl < 11B5(T ) — B, (T

n

such that

log Ly, (@Z(%n) | Tn)

=log Ly, (B3, (Tw) | Tu) + V1og L, (85, (T ) | T) (B (T ) — 55,(Tn))

L5 () — B5(T) V2108 L (B | T0) (85 (Ta) — B°(Tw)).

2 n n

Applying Lemma 3.44 (b) gives

log L, (85 (Tn) | Tn)

=log Lx,. (P, (Tn) [ Tn)
1 =5 (T ~5 : —1(58 (T o~
— BT ) — B(T) huding (s, prss o (= )7 (B,(T) — B, (T0)

+O]p(1>.
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Inserting the definition of log Ly, (P (T )| T») and p;, ;(Ty) = %’j, j=1,...,s, yields
log Ly, (B3 (Tn) | T)
1 .
= —frlog (27ky) Zlog (B, (Tn)) = 5(r = 5)10g(py(T))

b > o (T ﬁi(Tn)>2

] S+]. IOTL )

B (Tw) = B5(Tw)) ki diag(pn 1, -, Pns pn/ (r — )~ (B2 (Tn) — B2 (Tn)

n n n

1
5(
+ op(1).

Next, we move some terms on the right-hand side and use p,,/p;, (T ) R (cf. Lemma 3.6

(c) and the assumption s > s*) and Y,, as defined in Lemma 3.43, which result in

logLx;, (B2 (T ) | T) + 7“log(%k: )+ 5 Zlogpm(T ))+%(T—8)10g(/§2(7'n))

j 1
j=s+1
@ T - BT badingun P/ — 9)7 (BL(T) — B(T)
+op(1)
_— %Yn Y, + op(1)
2, %YTY

by Lemma 3.43, where Y ~ N, 41 (0,41, %). Since

r+s+1

1 1 1
E[—iYTY] = —gE[trace(YTY)] = —5trace(¥) = ———

the assertion follows.

PROOF OF THEOREM 3.14

Proof of Theorem 3.14.
Step 1: Suppose s < s*. We have pj, ; = ﬁf” for j =1,...,s and due to Lemma 3.6 (b,c)

we have as n — oo,

*

e P )
p;i’j —p; >0, j=1,...,5",
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and similarly p7 L Z] st1 P > 0 as well as e 0. Thus,

s . » P s
= > log(B;) + (r—s)log(py) — — D log(p;) + (r —s 10g(
Jj=s+1 J=s+1 % j=st

and log(p%) L, 0. Therefore, we have as n — oo,
QAICy, (s) — QAICy, (s¥)

=— Y log(F; ;) + (r — s)log(p;) — (r — s*) log (P}, ) + (s — 7
Jj=s+1

P
— OQ.

Step 2: Suppose s > s*. In this case, we have by Lemma 3.6 (b,c) that

Phj P -
—= —1, j=s4+1,...,s,
Pn

and similarly pf /pp, 51 as well as 25/ pn %, 1. Hence, with the continuous mapping
theorem we receive log(py, ;/pn) 50 for j o= s"+1,....s log(p5 /pn) L, 0 and

log(p%/pn) L 0asn— 0o Thus, as n — o0,

QAICkn(S) — QAIC,,, (s*)

P~ ~s*
Z log (pn’J> (r — s)log (p"> — (r—s")log (p”> + (s —s%)
] S*-i—l p Pn pn
P s > 0,
which gives the statement. O

3.4.2. PROOFS OF SECTION 3.2.2
PROOF OF THEOREM 3.18

The proof of Theorem 3.18 is similar to the proof of Proposition 3.11. In the first step,
we start to calculate the Jacobian vector of ¢2(p®|T,,(k,)) for p° = (5}, ...p%, p°) € R,

which is
i Tn kn ? ns n,s k'n 2 ~s Tn i k‘n 2
n (?T)Q ’ ’ (Eg)z 7j:s+1 (Es)Q

and the Hessian matrix is

292 o ia ,-Z—Yn,l(kn)2 Tn,s(kn)2 - Tn,j(kn)2
VR | Talka)) = 2d g( G @) 2, ) )
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Analog to Lemma 3.43 and Lemma 3.44 we get the following results.

Lemma 3.45. Suppose Assumption A holds, s > s* and @Z(Tn(kn)) is defined analogously

to p’ (T (kn)) in (3.9). Then as n — oo,

—-1/2 ~
Un = \/Ediag (pn,la e ,pn,87 (rp_ns)) (@Z(Tn(kn)) - EZ(Tn(kn)))
2 Is - S S T 03
2, Nit1 <03+17 < ( \/p{l"(')"T}\/p{l""’ ) 5 )) .

Lemma 3.46. Suppose Assumption A holds, s > s* and p’ (T,,(kn)) is defined analogously
to p° (T (kn)) in (3.9).

(a) Then as n — oo,

V(B (Tu(kn)) | T (k) (B, (T (kn)) — B, (T (kn))) — 0.

n
(b) Suppose Pn, = (Pn1s---»Dns,pn) € Rfl satisfies

1B — B2 (T (k) |1 < 185, (Ta(kn)) — B3 (Tu(kn)) 1, n € N

n n

Then as n — oo,

(B (T (kn)) D5 (Tu(kn)) "

—n

—1
202 (= . Pn
6 n Tn kn _2knd n,ly - Pn,sy 7\
v (p | T ( )) 1ag (p )1 Dn, (T_S)> )

(% (Tu(kn)) — B2 (Tu(kn))) — 0.

Proof of Theorem 3.18. Using a Taylor expansion of EQ(EZ(fn(kn)) | Ty, (ky)) around p*
(T(ky)) yields the existence of a random vector Py, := (Pn.1;- -, Pns, pn) | With

1 — B, (To (k) 11 < 18, (T (k) — B (T (k) 11

n n
such that

(B (T (kn)) | T (k)
=02(P° (T (kn)) | T (k) + V(B (T (kn)) | T (hin)) (B (T (kin)) — B (T (Kin)))

n

45 BT k) — BT (k) V22 (5o | T (k) (8 (T ) — 55, (T (k).

n

Applying Lemma 3.46 gives

(P (T (kn)) | T (kn))
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= (55 (Tu(kn)) | Tu(kn)) + (B (T (kn)) — B2 (Tu(kn))) "

n

“kn diag(pn Lo Dags pn/ (1 = 8)) (B3 (Tu(kn)) — B, (T (kn))) + 02(1)

n

. 2 _
o 3 s () )+ B E ) - B T

n
] S+1pn

<k, diag(pr1s - -« s Pryss pn/ (1 — s))*l@s (fn(kn)) —p° (T (kn))) + op(1).

n —n

Next, we move some terms on the right-hand side and use Lemma 3.45, which result in

2 (=8 (A k ) - ?
CELT) Ttk b 3 (P ()
(B5,(To(k)) = B (Tal)) i i e o )
(B (Faln) = B () +02(1)
U, U, + op(1)

—= U'u,

as n — 00, where UTU ~ 2x2. Since E[U' U] = 2s the assertion follows. O

PROOF OF THEOREM 3.20

Proof of Theorem 3.20.
Step 1: Suppose s < s*. An application of Lemma 3.6(b,c) gives on the one hand,

2
1 : Ty, (kn) " Tikn)
nz(kn) 2 ( kn 2 K (1 — ))

. S
Zl s+1 &, )] s+1 i=s+1

P, 1 s Sop ’
DDA el Z b Z ’
s _

=s+1 imsp1 | T8
where we already applied that p; = 0 for j = s*,...,r. Moreover,
r—s*
DPs+1 — Z b Ps+1 —ps+1 > 0.
r—s
i= s+1
Hence,
K - T j (Kn) - T'(k)2IP’
—n(k) Z n,;{ n) Z kn’# 2y . (3.22)
2l=s+1 k:nl n) j=s+1 n i=s+1 n(r —s)

On the other hand, define

Tn s* T k”
Vi == VEnpn ( A ;1’};’}( )_1r_s*> and  V ~ N (0o, I_yo).
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By Assumption (A3) we have V, 2. Furthermore, since T}, ;(ky)/(knpn) 51 for
l=s"+1,...,r by Lemma 3.6(c), it follows that

2
Pn k?n d Tn,j(kn) : Tn,i(kn)
nlucn) > ( k., 2 kp(r — s*)

Dl 41 Ton(r—s7) Pr jgi1 i=s*+1
n 1 1
IO VT( 1r s*]-r s*) (IT_S* _717' 5*17—!— s*)‘/n
nl(kn) T_S* 7"—3*
Zl s*+1 L, 5%)
D, 2
P —>X'r—s*—1
—1
Lo X2 g1 = 0p(1). (3.23)
Combining (3.22) and (3.23) yields
MSEIC}, (s) — MSEICy, (s*)
2
= 2s—s) 4 —" —— L) ( ] k())
Z:l s+1 k:(r s) Jj=s+1 i=s+1 (T_S)
2
Tyt (ke > - T o
Zl s*+1#())g s*+1 ( kn ims 41 kn(r —s ))
P
— OQ.
Step 2: Suppose s > s*. An application of (3.23) and Lemma 3.6(c) yield
2
n, kn — o*
Zl s*4+1 ﬁ(s*)) Jj=s*+1 kn i=s*+1 kn(r § )
2
s (T s Toalka)
Pr jZsoy1 Fn iy Fn(r = 87)
2
- Pr R Z Tonj(kn) Z Tnilkn)
Thni(kn _ ox
S ) po S\ ke S R —8Y)
=50 B2 . by (3.23)
= op(1). (3.24)

Since s > s* the analog holds when s* is replaced by s. Using Vi, = (Vaso4+1,- -5 Vor) |

: n (kn) 1 . . .
defined as above, we have the representation ka \/an’] + 1. Thus, when inserting
the definition of MSEIC we get with (3.24) that

MSEIC,, (s) — MSEIC,, (s%)
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r 2
9 kn Z jnj kn ZT jn,i kn

Pn j=s+1 n i=s+1 T s
2
kn " Tn, (kn) . Tn,z(kn)
T 2\ Tk T 2 R osy) ToW
Pr j_oi n i=s* 41 n
2
e 3 {m (Taslho) ) ot = (Tolla) )
Jj=s+1 knpn (T‘ o S i=s+1 knﬂn
2
J Tnkn \/knn 4 Tnz kn
B Z {anpn <I€J()_1) _( _p*) Z (];()_1)} +OIP’(1)
j=s*+1 nPn r=958) Zsa1 nPn
. 2
= 2(8 — S*) + Z ij Z Vnz
j=s+1 i=s+1
. 2
— Z {Vn Z Vnz} + op(1)
Jj=s*+1 1=s*+1
2 2
1 r r
(s —s%)+ Z — Z Viy — Z Vi — Z |7
Jj=s+1 S) 1=s+1 Jj=s*+1 1=s*+1

Similar to the proof of Theorem 3.7, there exists a positive probability that the right-hand
side is positive. Hence, the assertion follows. O
PROOF OF THEOREM 3.21

Before we are able to present the proof of Theorem 3.21 we require some auxiliary lemmata

whose proofs are moved to Appendix A.2 in the Supplementary Material.

Lemma 3.47. Suppose Assumptions (B1) and (B2) hold. Then for p' € R', the asymptotic

behavior

E

T 1.
H, /m — TT/%Zd diag(p/)fl/z <n”{ T L p/>
1 o, 1

ngn

as n — oo holds.

Lemma 3.48. For ¢ € (0,1) the equality

|

holds.

/

17 4
V(g (1 —¢))~? <7;2 —(1- q’))

2
—n (1 - Qn) (q/ - Qn)2
2] - (nq’(l —q) " gnd(1- q’))

Proof of Theorem 3.21. For ¢' € (0,1) and p’ € R, we have as a consequence of Lem-
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mas 3.47 and 3.48, that

/ 2
/ — : n—1/2 n{1,...,r} /
qE ||,/n Tn,zddlag(l’) (n_TT,ﬂd P) j
T 2
+(1-¢)E H\/ﬁ(c/(l —q))7? (7; —(1- C/))
2

/ ! 1 —qn /I n 2
s (LWL 4o (L)) gy (L) o),
Therefore, it follows that

nq anq
2
e ()|
2

T
+ El(l —¢)E “‘\/ﬁ(q’(l —q))7? (7;12 -(1- q/)>

- nan[ (IS;E[KQ (P T (kn))] + 0 <n(f]n)>

~ Tk
p'=pn(Tn) )7q’=’“§1

q
p'=pPn (T"(km),q’:k,f]

nq' Inq
1_ n kfn_ n2
= ngy, (MSEkn(S)+( kq)+("q i) +0(n1)>

kn 2 k(1 Nqn \2
G o) = BB t1) = of () )+ o) = of ) ).

ngn

where we used the additional assumption k, (1 — H>2 — 0 as n — oo, we can conclude

the statement.

3.4.3. PROOFS OF SECTION 3.2.3

PrRoOOF OoF THEOREM 3.25

In the next two lemmata, we derive auxiliary results used for the derivation of an upper

bound of the posterior probability P(M |T),(ky)). First, in Lemma 3.49, we give a Taylor
approximation of the log-likelihood function log(Lass (- [Tn(ks))) of Model My , an

second, in Lemma 3.50, we present boundaries for the eigenvalues of the Hessian of the

log-likelihood function; the proofs of these auxiliary results are included in Appendix A.3.1

of the Supplementary Material. Finally, for the proof of the upper bound of the log-posterior

distribution in Theorem 3.25 we combine these two results.
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Lemma 3.49. Let the assumptions of Theorem 3.25 hold. Define the ball

U, (Pp) = {P" € 05 : [[P° = Py ll2 < enp}

with radius €, = (pn)?/2 for v > 4/3 around p;,. Then the following statement holds

~sup |logLag (5°] Tulka)) —log Lagy (5] To(kn))
pSEUSn,’y(pr)

1 =5 _ &8 o~} =5 o~}
— 50" = B}) V2 log Lugg (B, | To(kn)) (D" — D7) | = 0p(1).

Lemma 3.50. Let the assumptions of Theorem 3.25 hold. Define Ay 2 = ky /Ty 1(kyn) and
An1 = k[T s(kn) + skn/ 35 —s41 Tn,j. For p° € ©5 we have on the one hand,

o e\Tims sy o gms asnT L _ L
Aa(B = P) (B° = 5y) < (0" = B))' = V?log Ly (Br, | Tu(kn)) (B = B)  P-a.s.
n

and on the other hand,

T s gl _ U
AP =P) (B = 5y) = (B = B))' =V log Lugg (Br, | Tu(kn)) (B = ) P-a.s.

Proof of Theorem 3.25. In the following let v = 4/3 and &, = €,4/3 = (pn) 4/3/2. An
application of Lemma 3.49, Lemma 3.50 and Assumption (C1) give

—2loglEy, [LM,jn (P° | Tn(kn))]
<-2log [ Lugg (5" | Ta(kn)) dp° — 2log
UETL (p%) "

<- 2 log LMljn (ﬁ; ‘ Tn(kn))

_kn ~. ~. T_l 2 N B R N

_210 [$2:€ _— S _ ’fl 7v 10 Lass 781Tn kn s fl d S

5 o ™0 g @ BT 0w g, (81T (k) (@ - P0)
—210gb+0p(1)

< —2log Ly (Py, | Tn(kn)) — slog(2m) + slog(kpAn,1) — 21logb

Fin A 1)‘*/ 2 (@ -  -p)) -
Ton ) Py dp® + op(1). (3.25
Usn(z?z)( 27 2 1/(knAn1) p p(1). (3.25)

—2log

The integrand is a s-dimensional Gaussian density with expectation vector p; and
covariance matrix (k:n/\nyl)_lI s. Furthermore, due to the definition of A, 1, Assumption

(C3) and Lemma 3.6, the asymptotic behavior

0 < kphpie2 = (Pn) ( P _Sinp ) L (3.26)
4 Tn,s(kn) j=s+1 Tn,j
—00

Lemma 3.6

— IL{SZS*}+

- s_
r—max(s,s*)
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holds in probability. Let N ~ N;(0y, I). Since | N||3 ~ x2 the Markov inequality yields
k) s/2 1 (=s _ =s\T(=~s =5
/ ( ,1) exp 71 (p pn) (p pn) dﬁs
Uen () \ 270 2 1/(knAn,1)

Tn(kn))

. 1 .
=P | p, + —=—=N c U, (py)
(kn)\n,l)
= 1= P ([INI3 > kndn1e3| Tulhn)

>1 5

>1——— =1,
kn)\mlz’f%

as n — oo almost surely, where we used in the last step (3.26). Thus,

s/2 1 (55 _ as\T(~s _ =8
2o kn/\n,1> o { 1(p* —p;) (P —P})

2 dp® = op(1). 3.27
Uan(ﬁz)( 2 2 1/ (kpAn1) } p* = op(1) (3.27)

Inserting (3.27) into (3.25) gives then

2108, [Lag; (5" | To(kn))
< —2log Lagg (P, | Tn(kn)) — slog(2m) + slog(knAn,1) — 2logb + op(1).
Since T}, j(kn) > 1 for j =1,...,s, we receive the upper bound

kn, sk, s r
)\n = < kn 1 = kn ,
! (Tn,s(kn) + ;:s+1 Tn,](kn)> B ( + T — S) r—sSs

and finally,

~210gE,, [Lar; (B | T(kn))

< —2log Lz (P}, | Tn(kn)) — slog(2m) + 2slog (km / T) —2log b+ op(1),
n r—s
which is the statement. O

PROOF OF THEOREM 3.28

Proof of Theorem 3.28.
(a) Note that

BICUy,, (s) = 2 AICk, (s) — 2s + 2slog (ky,) + slog (

We consider now the different cases s > s* and s < s* separately.
Step 1: Suppose s > s*. We receive with (3.18) that

BICUy, (s) — BICU}, (s*)
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=2 AICy,, (s) — 25 + 2slog (k,) + slog (2(:3))
a(r —

—2AIC, (s%) 4+ 25" — 25" log (ky,) — s™ log (M)
a(r —

=2(s — ") log(k,) + Op (1) .
Dividing the last equation by log(k,) results in

BICUy, (s) — BICUy, (s*) p *
n n 5 2
log (k) (=57 >0,

where we used log(k,,) — oo.
Step 2: Suppose s < s*. Here we have as in the proof of Theorem 3.7 and due to
log(ky)/kn — 0 that

BICUy, (s) — BICUy,, (s*)
kn
AICy, (s) — AICy, (s*) —2s + 2slog (ky,) + slog (ﬁ)
kn, o
2s* — 2s* log (k) — s* log (
kn

. s* 1 s*
=2 Z pi<log(pi)—log< . Z pj>> > 0,

i=s+1 L s |

. =)

and thus, the assertion follows.
(b) Again, note that

kn
BICLy,, (s) = 2 AICy, (s) — 2s + slog (ky) + slog <W> .
By a calculation analog to part (a), the BICL is also consistent since slog (#Y(kn)) i>
O

slog(ﬁ) >0 asn— o0.

PROOF OF THEOREM 3.30

First, we derive some auxiliary results before we prove Theorem 3.30. Therefore, note that
due (3.7) (cf. Equation (1.23) in the Supplementary Material of Meyer and Wintenberger,
2023) and Z?d:_ll T, ; =n—T .4, the likelihood function of Model M’ can be written as

LM{’LS (ﬁls |T7{L) = LM:L,T/ (ﬁs | T;L,{l,...,r}) . LBinn(l — a| TT/L,Qd)7 (328)

n,Qd
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for p'* = (p*,q) € O, = B4 x (0,1), where

— n Tl 7T/
LBiHn(l —q | TT/L,Qd) = ((T/ )) (1 _ []') n,2d§n n,2d (329)

n,24

is the likelihood function of the binomial model. Next, we define the following expectations

with respect to the Lebesgue measure A. Let

EA[LM;T,Q( T n{l r})] = Jo. LM;;T,Q( | T, n{l })dﬁs, (3.30)

E)\[LBinn( —4q | TAQd)] = f(071) LBinn( —q | Tn72d) d‘?
Then taking the expectation and logarithm in (3.28) results under Assumption (D1) in

—2log By, [Lay: (P | T,)]

< -2togt ~2log{ [ Lue |, @1 Tipn) - Lo (1 - §1T,00 A D)}
0,x(0,1)

n—T'
n,2d

-----

:—zlogb'—zlog{/ L, BT q r})dﬁs-/ Lin, (1= | T 54) g}
es n (071)

—7!
n,2d

= —2logh/ — 2logEx[Lars ,  (B°| T g1, y)] — 2108 Ea[Lpin, (1 — 7| T, 0)]- (3.31)

n,2d
In the following two auxiliary lemmata, we determine upper bounds for the expectation

of both summands.

Proposition 3.51. Under Assumptions (B1), (B3) and (D4) the asymptotic upper bound

as n — 0o,

—2E[logEA[Lars , (B°| T} (1, 0y)]]

n,2d

< —2E[log ((n — T 50)") — (n— T 1) (log(n — T, ) — 1) ]

ngn N
—2-""Ellog Lass (95 (Ty(kn)) | T (kn 2s1 n 5
. Ellog Lagg (BT (kn) | Tu(h)) + 2510g (i [ 5

) + Clog(ngy,),
for a constant C > 0 independent of s and n, holds.

Proposition 3.52. Suppose Assumptions (B3) and (D3) hold. The expectation of the

binomial likelihood satisfies as n — oo the inequality

—2E[log Ex[Lpin, (1 — ¢ T}, 54)]] < — 2log(n!) + 2E[log((n — T}, 54)")] + 2E[log(T;, 5a!)]

- 2nQn Iog( n/n) +2 Iog(n) + Cn%u
for a constant C' > 0 independent of s and n.

Proof of Theorem 3.30. For the ease of notation we define z log x as zero if x = 0. Inserting

the bounds derived in Proposition 3.51 with constant C7 and Proposition 3.52 with constant
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C5 into (3.31) gives for sufficiently large n that

_QE[IOg Eg/9 [LM# (ﬁls ’ T;L)H +2 log o
< —2E[logBx[Lars ,  (P*| T, 1. )] — 2E[log Bx[Lpin, (1 — ¢| T}, 54)]]

T/
n,2d

< ~2E[log ((n — T} 50)!) — (0 = T 5a) (log(n = T} 50) — 1)]

ngn N r
—2—E[log Lyrs (p), | Tn(kn 2sl ny | T
i, Bllog Lagz (3 To(kn))] + 2s1og (kny [ 55

— 2log(n!) + 2E[log((n — T}, ya)")] + 2E[log(T}, 5a!)]
— 2ngy log(ky,/n) + 2log(n) + (Cy + Ca)ngy,

= {~2log(n!) + 2E[(n — T ,u) (log(n — T} 1) = 1) |+2E[log(T}, 5] |

ngn ~ "
+{ ~ 25 Blog L (331, (k)] + 2510 (b [5——)

— 2nqy log(ky/n) + 2 log(n)} + (C1 + Co)nagy

=t ip1+ In,2 + (Cl + CQ)nQn- (332)

Next, we simplify I,, 1. Therefore, we use the following calculation. Let B be a positive

random variable with finite positive variance. For v > 0 and =z > 0 the inequality

log(x/u) < x/u — 1 holds, which is equivalent to xlog(z) < x?/u + zlog(u) — z. Then we

have

E[B?]
U

E[Blog(B)] < S5 | E[B]log(u) - E[B],
and in particular for u = E[B?]/E[B] we receive

E[Blog(B)] < E[B] log(E[B? /E[B)).

Since E[T” 2dﬂ{Tr/L,2d > 0}] = E[TT/L,Qd] =n(l —¢q,) and E[Tﬁgdl{Tr/L,zd > 0}] = IE[TT'LQ’zd] =

n,

ngn(1 — gp) the previous inequality gives

E[T), i 10g(T}, 50)1{T} 5u > O}]

n2(1 - Qn)Q + ’I’an(l - %1))
n(l — qp)

<n(l—gqy)log <
=n(1 - gy)log (n(1 — gn) + qn)

ol ) 00 o (2

< n(l —gn)log (n(1 —gn)) + C3 (3.33)
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for a constant C3 > 0 independent of s and n. Furthermore, we use the inequality
nlogn —n < log(n!) < nlogn —n+logn +1 (3.34)

to derive a bound for Eflog(T! ,,!)]. Hence, using the upper bound (3.34), (3.33) and

applying Jensen inequality we receive that

E[log(T;, 5a)]

[10g(T' 2a))I{T}, 50 > 0}]

T, n,24 log(T,, Qd)]l{T 2d =~ 0} — [T;L,Qd]l{Té,Qd > 0} + E[]'Og(TTQ,Qd]]'{T’I{MZd > 0})]
< n(l = gn)log (n(1 = gn)) = n(1 = gn) +log (n(1 = ¢n)) + C4

E
E

IN

for a constant Cy > 0 independent of s and n. Additionally to the last inequality, we obtain
by (3.34) and (3.33) (for n — T ,, instead of T" ,; and g, instead of 1 — g, respectively)
that

Iy = —2log(n!) + 2E[(n — T} 1) (1og(n — T 50) — 1) ]+2E[log(T}, 5]
< —2nlog(n) + 2n + 2ng, log(ngy,) — 2ng, + 2n(1 — ¢,) log(n(1 — ¢,))
—2n(1 —gp) +2log(n(1 —q,)) + Cs
= [-2nlog(n) + 2ngy log(n) + 2n(1 — g) log(n(1 — gn))]
+ [2ngn log(gn) + 21og(n(1 = gn)) + Cs]
< 2ng, log(g,) + 2log(n) + Cs (3.35)

for some constant C5 > 0 independent of s and n holds, where we used that the bracket in
the second last equation is negative.
Combining (3.32) and (3.35) ends up with

—2E[log Eg; [Lags (5™ | T)]]
SIn,l + In,2 -2 IOg b, + C2nQn

nqn s .
2 k E[log LMS (pn | Tn(kn))] +2s log <kn 27-‘-(7= _ 3))
n 21
+ngp (2 log <7;€q > + Zi(m) + ngn H%aXE)C
Ellog Lass (D5, | Trn(kn))] 1
—2ngy |- b 1o (ka5 ) + B g,
kn ngn 27T(7’ — 5) ngn

for a constant C' > 0 independent of s and n. O
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3.4.4. PROOFS OF SECTION 3.3.1

In this section we show that the AIC is not consistent if there are bias directions of type

(i). For this we work under the previous assumptions for ¢ € (0,1) when Tgﬁl(k:n) AN

and T, S(niz(kn) = Op(1). The case in which more entries go to infinity then goes in a similar
way.

Theorem 3.53. Suppose Assumption (E1), (E2) and (E}) are satisfied, ¢ € (0,1),
T | (k) == 00, TS | (kn) /kn — 0 and T 5 (kn) = Op(1). Then

lim P(AIC} (s"+1) > AIC}, (s)) =0

n—o0

holds, i.e., the AIC® is not consistent.

Proof of Theorem 8.53. By the definition of the AIC® it follows that

AIC}, (s* + 1) — AICY, (s%)

s*+1 T(n) kn
S Tk g | )
J kn

Jj=s*+1
“log |l = > T Z T
Sn = S 1 1=8*+2 n i=s*+42

n Jj=s*+1 1=s*+1

7, k) (1 (Tszlwm)mg( 5 g ))
1=s*+1

T (1
D S kn n
+10g( = Zﬂ s J ) Z 7™ (k (3.36)

Sn = 8" Z;,ZSH-QT (kn) 1=8*+2

+ log S Z Z T (s"+1—s%)

where we used that s* + 1 > s*. By Assumption (E4) follows

o~

Z T (ka) — b,
Jj=s*+1

;
n—s*+1

which gives in combination with a Taylor expansion of the logarithm that

(n) s
_s i T (k) &
log( — ol 12] =+ J (k )) Z Tz‘(n)(kn)

Sp — s* an 42 T ( n) Pl

Y T by T O R I ((Tiﬁ‘il(kn))?)
5 = 8" zz s*HT("(n) = Sn

~

Sn, T(n)

S ) T (ka) = > 71-(”)<kn>+op((s*+iw)

Sn J=s*+1 1=s*+2 Sn
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~ X (n) 2
Sp — 8§ — 1 n n (Ts* (kn))
=B G L 3 70 + op(TE)
n i s* 42 n
- (n) 2
Sy — 8* — 1 n (Ts* (kn))
= HTLL(%) —p+ OP<+Sin>,

where the rate of the Op term is a result of the quadratic error term of the Taylor expansion

given by

AR 23
-5 -1 Z] =s*+1 j (kn) = (n)
( gn — s* Sn -1 Z le (k )

S e T (k)

1=s*+2
R 2 - —1
_ [T 1 ) ™) (1 ~ (0
= Z T Z T, > T (k)
Sn j=s*+1 i=s*42 i=s%42
—~ 2 —1
1w 1 & on on
== (TS*+1(1€”)—M > T Z T, :
n n j=s* 41 ni %42

Since by Assumption (E4) we have 1/(5, — s*) Z;”A-’;S*H Tj(")(k:n) N pand 1/5, Z%\iswrz
Ti(n) (kn) N 1, we get the order of the error term as above. Inserting the Taylor expansion

into (3.36) gives

AICS, (s* + 1) — AICS, (5%)

= TS(?J)rl(kn) (— log (Ts(f}rl(k:n)) + log ( Z T ™)k ))
1=s*+1

R (n) 2
T (kn
+ = . Ts(?—z-l(kn) —p+14+ O]P’<( = ﬂ( ) )

Sn

™™ (K,
o

Note that T(*+1(

kn)
follows from T(*ll (kn,

0 since 8y, /k, — ¢ € (0,1) and Ts(fil(k:n) = op(ky). Then

/5n
) T (k) /30— 0 and

P
—
P

— 00

Z T (k) = 1

i s*+1

that

AICS, (5" +1) — AICS, (s*) - —o0.
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3.4.5. PROOFS OF SECTION 3.3.3

PROOF OF THEOREM 3.37

Step 1: Suppose s* < s, < g, and g, /v/S, = op(1). By the definition of the AIC®

AICY (s,) — AICS, (s%)

(n)(kn)>—log(A 1 % T(n) ) Z Tn)

Z T; n) n) log ( ——
( K Sn = Sn i=8np+1 K i=sp+1

Jj=s*+1
> ) 3 T 4 (o ).

j=s*+1 n i=s*+1

1
+log<A "
Sp— 8

A Taylor expansion of the logarithm around 1 combined with

Sn

=517

> @) » 1,
so T (k)

which follows from Assumption (E4) and s,/s, 25 0 as n — oo, result in

AICY (s,) — AICS, (s%)

Sn Sn (n)

n 1 T (k
E TJ( )(kn)log S—_ E 71(71)( )
j=s*+1 n i=s*+1 T] (kn)

. (3.37)

j s*+1
Note that the error term of the Taylor expansion of the logarithm is similarly to the
proof of Theorem 3.53 indeed op(1) since sn2(T5(f)(k:n))2 /8n —> 0 for s* +1 < s, < qp.
By Assumptions (E4) and (E5) follows for s* + 1 < j,, < g, that

o~

Sp — s* B
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. 1 7" (ky
< |l )] g (- > ,f ))]
n i=s*+1
()] -0

—~ (n)
which allows us to replace Tj(n)(k;n) log (Q ) Dy T(n)E ;) by T( )(kn) log (Tmfl(k))
n—3S j n

and an additional op(1) term. Moreover, Assumption (E5) with s* < s, < gy, for ¢,,/v/5p, =
op(1) yields that

n n_s*)2 n (QH_S* 2 n P
§ sl (S_ngs(*il("/‘n) < g_ngs(M)rl(krn) 0.
] S*Jrl n n

Hence,

AICS, (s,) — AICS, (%)

_ N () og [ S o
_j%‘:-i-l {TJ (kn) (1 ® (T](n)(kn)> " 1) % SZTL:-HT }+ P(l)

Since the function f(z) = z (log (&) + 1) with derivative f'(z) = log(p/x) for = > p

is decreasing in x and liminf, Tq(: )(kn) > u P-a.s. (because otherwise we receive a

contradiction to Assumption (E4)), an application of Assumptions (E4) and (E5) with
T (k) > T (k) > -+ > T (k) yields that

AIC}, (s,) — AICS, (s%)

Sp, — 8*

> {Tﬁﬂﬂk@(log(%) + ) i " }+01P>(1)

T5*+1 n i=8n+1

LN qu <log (j]) + 1) —pu+1= ,u(q(l —log(q)) — 1+ ;)

By assumption the right-hand side is positive and the assertion follows. This condition is

also a necessary condition, since if it is not satisfied, we do not have consistency against
the (s* + 1)-th model.
Step 2: Suppose s < s*. We obtain analogously to the other step that

AICS, (s) — AICS, (s*)

K,
T (k) (T () 1 7 (k) T (k,)
= J log | -2 —log | = P PP
j=s+1 Fin ( Fon Sn T8 o Fn izt Kn
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R (n) S () R
T ) (T (k) | TP\ & T (k)
_ J J _ J 7 n
- ko log( K log | 3 ._Z ko Z.Z ko

(n) Sn (n) *
* T, k [ —
] ( — S Z] =s*+1"j ( )) i (k’n) (S S )

— s* fn st T(”) (kn) k:n kn

(s = %)
kn

i=s*+1

=En1+ Ena+ Eps+ (3.38)

Next, we derive the behavior of each of the terms in (3.38). By Assumption (E3) follows

< Tk, T (k, s
Eny= 3 jk( )log( ]k( )> = 3 #log (1))

j:3+1 j=S+1

Further, by Assumptions (E2), (E3) and (E4) we have that

and therefore

Sn T(n) kn s* T(n) kn s* s*
—log(z jk())z ’k()&—log Z P+ cp Z i

j=s+1 =s+1 j=s+1 i=s+1
as well as
1\ S T (ka) ST (k) e
—log [ = Z k log ( ) Z k — 00
n—§ i=s+1 n i=s+1 n
such that

1 T (ky, T: -
Era— —log ( <>) 1O e,

Sn TS ;5 kn i=s+1 kn

Similarly, from Assumptions (E2), (E3) and (E4) follows for ¢ > 0

7 Sn n
E — IOg - S ZJ =s*+1 ] (kn) ,'Tz( )(kn)
n,3 S, — s* an — T(n)(k}n) ky,

)

i=s*+1

P 0
— log ( s ) Clt.
1= s+1pz +:u’

For ¢ = 0 we get with the same assumptions that

S CyCRes > Y AR ERTS
n,3 kn Sn ézz i1 T( )(k )
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P
— 0,

since zlog(x) — 0 for x N\, 0. In summary, as (s — s*)/k, — 0 as n — oo, we get

AICY, — AIC; (s*
o (5) - e (57) P, .

PROOF OF THEOREM 3.39

Step 1: Suppose s* < s, < qn and ¢, /+/S, = op(1). In this case,

QAIC, (,) — QAICE, (57) (3.39)
= 3 10g (T (k) + (50 — ) log (ﬁgf) (0 — 5 log (Rady ) + (50— 5°).
j=s*+1 pn

In the following, we derive an alternative representation of the second summand by using a

Taylor expansion of the logarithm. Therefore, note that

P P
<AZ* - 1) = W(k’npi —knpy, )
n nrn

~

B ; <((§n882)_(§8;5*)> i Tj(n)(kn)_ ! in: Tj(”)(kn))

~g* =~
k;npn j:5n+1 STL S’I’L ]:8*-‘1-1

= Op(sp/3n) = op(1), (3.40)

which justifies a Taylor expansion, and the behavior of the error term

~Sn 2
(gn - Sn) (;\Z* - 1) = OP(S?L/(/S\TL) = O]p(l).
By Assumption (E4) and Tj(n)(kn) = Op(1) for j = s*+1,...,s due to Assumption (E5)

and by using the Taylor expansion we have as n — oo that

7Sn

~ P
Sn — Sn log(/\*>
( ) %

n

= (8, — sn) ﬁsi—l + op(1)
— \°n n ﬁs* P

n

—~ s (n) —~
_e e ™, g
= (B — )2 ng_s H ](n)( ) 4 (80— 50) (222 — 1) + 0p(1)
Sn = Sn Zjls*+1 T} (kn) Sn = Sn

s (n)
no T (ky
g + s, — 8" +op(1).
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Then, we get

QAIC}, (sn) — QAICY, (s7)

s s (n)
= Z log (TJ(")(k:n)> — Z -4~ (kn) + 8p — 8" — (s, — ") log (1) + s — s + 0p(1)
Jj=s*+1 j=s*+1 H
s (n) (n)
n T (ky, T (k,
S <log( i ( ))_ i ( )+2>+0P(1)_
7 7

Jj=s*+1

Since the function log(z) — x is monotone decreasing in x for x > 1 and the Tj(n)(k:n) are

also decreasing in j and lower bounded by 1, follows by Assumption (E5)

+2) + op(1)

Sn Sn 2

QAICS, (s0) — QAICE, (s%) s, — s (1o (TS@ 1(kn)) T (k)
1

> s*+1(1og(Q) —q+2) +0p(1),

which yields the consistency. Note that this condition is also a necessary condition, since if

it is not satisfied, we do not have consistency against the (s* + 1)-th model.

Step 2: Suppose s < s*. Due to Assumption (E3) we have as n — oo,

o E ST s o TV &
= 2 ot Y A o X At
Sn T8 i e njmgry1 Sn TS j=s+1
as well as

Hence, if ¢ = 0 then
—1log(8.755) 5 . (3.41)

Therefore, we have as n — oo for ¢ > 0,

QAICY, (s) ~ QAICE, (57)

Sn
| AT‘(n)(kn) Sp— S N Sy — s* e s —s*
= = X sloa (Bt ) + T los(Gan) — T loa(Banl ) +

j=s+1 Sn
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s*  log(8,) + log ( z . ) 5, —s o 5, — s* gt s —s*
= - Y _ + ——1log(5,p;,) — —=—1log(8np}, ) + —
i Sn Sn Sn Sn
s* /
S .+ c
N log ( j=st1 P ,u> > 0.
cp

If ¢ = 0, then the difference converges to oo in probability by (3.41).

PROOF OF THEOREM 3.40

Step 1: Suppose 5* < s, < ¢, and ¢,/v/3, = op(1). Since p5 < p¢ , it follows that

MSEICS, (s,) — MSEICY, (s*)

3 (n) 2 3 (n) 2
« kn & 7 (kn) kn & 7,7 (kn)
S CEOEEDS (fk—pnn) -y (fk—pn

P st P i
1 o n e\ 2 o n o\ 2
o\ j=sn+1 J=s"+1

(3.42)

By Assumption (E4) and Tj(")(kn) < Tiyll(kn) = Op(1) for j > s* due to Assumption
(E5), we get

(/S\n - S*)kn ~5* o~ 1 o (n) Sn — 8" & (n)
el VO A * T3 (kn) — = * T;™ (kn)
Sp — S Sp — S jg*:-i-l J (Sn - Sn)(sn — S ) j§+1 /
1 I8 () s —sn 1 o (n)
= 2 B e 3 (k)
= Op(1). (3.43)

Hence, with k,p5 £, w and knpin N u by Assumption (E4) we get

]. /S\n Pt ~ ¥ o~ P
(2§ S T (k) — kalPh + pi)) = knpy, — knpy, — p—p=0. (3.44)
N oj=s*+1

From this it follows with (3.43) that

2 3 T (kn)kn(y = 55) + (5 — sR2((73)% = (3)?)
Jj=s*+1
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= Sukn(Py —15) (2 Z T kn (B3 +pn))

N oj=s*41

=50 (3.45)

For the last term in (3.42), we have

o~

Sn

S (T k)~ k) Z (70 (k) — ko)

j=s+1 Jj=s*+1
s Sn
== 3 T (ka)? + 2kap, Z TP (k) +2 S T (ka)kn(B — 55)
j=s*+1 j=s*+1 J=s*+1

+ (5" = 8)kn(57)? + G — s")KL((57)* — (B7,)%)

Vv

- 2 - n ~s* ~s
S (T t) = kapy) +2 3 T (kP — )
jmsm41 j=s 41

+ (80— s")kR((B7)* = (75)°),

where we used that 0 < T\ (kn) — knpip < T8y (kn) — ki for j = s* +1,..., 0.
Further, as Ts(fll(k:n) — knpir RN gu — p for j =s*+1,...,s, by Assumption (E4) and
Assumption (E5), it follows from (3.45) that

1 on i N on . L
(- S @l k) 2 Y T Rkl A)
Sp — S . .
Jj=s*+1 j=s*+1
+ (0= SR = (B2 )D)
P
—(¢ -1

In summary with k,p5 N u by Assumption (E4), (3.42) then yields

MSEICS (s,) — MSEICS, (s*)

*

Sp — S

1 2 n _5\2
> 2+ Tnp (5 — 5 ( - > (Ts(*}rﬂk‘n) - knﬂn)
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Step 2: Suppose s < s*. Analogously to the proof of Theorem 3.39 we get by Assump-
tions (E2), (E3) and (E4) that

~ s* T(n) (k’ ) ~ Sn T(n) (k’ ) s*
~ s Sn J n Sn j n P /
— n S SN .
onPn Sp— s _Z ko, * kn, _Z: Sn— 8 _2: Pi et
Jj=s+1 Jj=s+1 Jj=s+1
pr 0

as well as
gt P
SnpPy, — ClL.

With T](n)(k:n)/k:n N pj; by Assumption (E3) and T](n)(kn) = Op(1) due to Assumption

(E5) follows
5 (n) 2
AslA 3 Tﬂk(k”) -
Pnfn ;254 n

s (n) 2 s (n)
1 no (T (k, o T (k)
= E (J ( )) —2p; g < (£n) +5,(p5)?

——
Pnsn \ ;21 Fn j=st1

S (i p}+cu) i (¥})?.

j:s+1 j:S+1

Additionally, Assumption (E5) gives that Tj(n)(kn) < T(Z)rl(k:n) = Op(1) and since k, 3 £,
p by Assumption (E4) we have that

0< - i k) 1 5, s
=5, K 5 kndn

1o (1 (k) 2
- Z g o

pn Sn j=s*+1

S0 ) S )
1 ;" (ka)? 1 ;" (kn) 1
= e X T % X T ta
Pn N oj=g*41 n . n

o0

Therefore,

MSEIC}, (s) — MSEIC}, (s*)

kn §TL
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3 (n) 2 3 (n) 2
s — g* 1 no (T (k) 1 no (T (k) .
=9 E ZJy N s = § 3 N oS
+ 5 ( :9\ pn ﬁs*/s\ kn IOTL

knSn  SnPp ;S

Jj=s+1

* -1 *
S S
P
— ( > P —i—cu) > (p)* > 0.

PROOF OF THEOREM 3.41

(a) Note that

(o] o /S\
BICUkn(S) = 2AICk‘n (S) — 2s —+ 2s log (k’n) + Slog (27}'(@,7—3)) .
We now consider the different cases s > s* and s < s* separately.
Step 1: Suppose s* < s, < ¢, and ¢, //S, = op(1). We receive similarly to Step 1 in the
proof of Theorem 3.37 that

BICU}, (s,) — BICUS, (s%)

(sn — s*) log(kn)
2

(sn — s*) log(ky)

Sn ;\n
(n) P 1 (m)
5 L (s () o) - S 10w
js*+1{ ’ ( (T-( )(kn)) ) R |

J

L2+ Sn o ( §n ) _ s* lo </S\Tl>
(s, — s*) log(ky) & 270(Sn — Sn) (s, — s*) log(ky,) & 27(8, — s*)
+ O]P’(log(kn)_l)

.o,

Step 2: Suppose s < s*. Here we have as in Step 2 in the proof of Theorem 3.37 and due
to log(kn)/kn — 0 that

BICU;, (s) — BICU}, (s*)

kn,
AICS, (s) — AICY, (s%)  —25 + 2slog (ky) + slog (52—
=2 +
K, kn,
. 2s* — 2s*log (ky,) — s* log (%)
kn,
P

— 0OQ,
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and thus, the assertion follows.
(b) Again, note that

BICL;, (s) = 2AICy, (s) —2s + slog (kn) + slog (5%) .
" (k
1 n

27T

By a calculation analog to part (a), the BICL® is also consistent since log — k) B
20T™ (ky,)

log(ﬁ)>0asn—>oo.



CHAPTER 4

PCA FOR MULTIVARIATE EXTREMES

In this chapter, we use the PCA approach for the dimension reduction of multivariate
extreme data. We propose two information criteria, an Akaike information criterion and a
Bayesian information criterion for both the fixed- and the high-dimensional cases. In the
fixed-dimensional case we assume that the dimension is fixed and the number of extremes as
well as the sample size go to infinity. In the high-dimensional case, the dimension is assumed
to grow proportionally to the number of extremes. Notably, in the high-dimensional case,
it is possible that the number of extremes is smaller than the dimension.

In the following, we consider a regularly varying random vector X with spectral vector ©
and, similarly to Section 2.2.2, apply Principal Component Analysis to ®. The underlying
framework is the spiked covariance model (cf. (1.4)), which we adapt to the extreme case

as follows.

SPIKED COVARIANCE MODEL:  The eigenvalues A1, ..., \q of ¥ = Cov(®) satisfy

)\12)\22"'2)\17*>)\p*+1:"':)\d—1::)\>0' (41)

The smallest eigenvalue \; is not considered here to avoid numerical instability, as it
can be equal to 0. Generally, for this approach we assume that the random vector X and
therefore also ©® are R-valued. However, if X takes values only in Ri such that © is
concentrated on the positive orthant, the components of @ are linearly dependent. In this
case, the value of the last entry of ® can be inferred from the first d — 1 entries and hence
Aq¢ = 0. The number of spiked eigenvalues p*, i.e., the number of eigenvalues larger than A,
allows us to estimate the lower dimensionality for the dimension reduction in (Q).

In the following, we develop an AIC and a BIC to estimate p*. The main goal of
this chapter is to derive necessary and sufficient conditions for our AIC and BIC to be
consistent and thus to reliably reduce the dimension as in question (Q). For this purpose,
we differentiate between two cases where n observations are available and k,, of these are
extreme. The first is the classic large sample size and fixed-dimension case, where n — oo
and the dimension d is fixed. As is typical for such information criteria (cf. Remark 2.17),
we find that the BIC is consistent, whereas the AIC is not consistent. In the second case,
we assume that d = d,, depends on n and d,,/k, — ¢ > 0 as n — oc.

In this case, the empirical eigenvalues are no longer consistent estimators of the theoretical
eigenvalues (cf. Section 4.1.2). Therefore, we require methods from random matrix theory
to derive the asymptotic properties of the empirical eigenvalues, which are the components
of the AIC and BIC. For high-dimensional i.i.d. data with finite fourth moments, we
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know from Theorem 4.3 that the empirical spectral distribution function converges to the
Marcenko-Pastur law, which describes the bulk distribution of the empirical eigenvalues.
The spiked covariance model (4.1) extends the Marcenko-Pastur framework by allowing for
a small number of spiked eigenvalues corresponding to relevant dimensions for the PCA.
In the context of this chapter, we also derive the asymptotic properties of the empirical
eigenvalues of X, whose bulk converges to the Marcéenko-Pastur distribution, and use these
results for the investigation of the consistency of our information criteria.

This chapter is organized as follows. In Section 4.1, we give a short summary of results
for the asymptotic behavior of empirical eigenvalues for non-extreme data. THen, in
Section 4.2, we properly define the empirical eigenvalues Xn,l, . 7Xn,d of X, which are the
main components in the definition of the information criteria. In addition, we explore
the asymptotic properties of the empirical eigenvalues, where in the high-dimensional
case we restrict our study to a parametric family of distributions, the so-called directional
model. The subjects of Section 4.3 are the AIC and the BIC for estimating the location
p* of the spiked eigenvalue in the fixed-dimensional case, where Section 4.4 explores the
high-dimensional case when d,,/k, — ¢ > 0 as n — co. We will examine the case 0 < ¢ < 1
and ¢ > 1 separately in Section 4.4.1 and Section 4.4.2, respectively. In both cases, we
derive sufficient criteria for the AIC and the BIC to be weakly consistent. The proofs for
the results presented in this chapter are provided in Section 4.5. Note that most parts of
this chapter consist of Butsch and Fasen-Hartmann (2025a). Throughout this section, we

use the Lo norm || - ||2.

4.1. PRELIMINARIES

In this section we give a brief overview of the results for the asymptotic behavior of empirical
eigenvalues for non-extreme data, where we present the results for the fixed-dimensional
setting in Section 4.1.1 and for the high-dimensional setting in Section 4.1.2. We consider
the settings where the effective sample size is given by k,, as we are working in the

subsequent sections with the number of extremes given by k.

4.1.1. FIXED-DIMENSIONAL CASE

For non-extreme data, the asymptotic distribution of the eigenvalues of the empirical

covariance matrix was analyzed in the Gaussian case in Anderson (1963).

Theorem 4.1 (Theorem 1, Anderson, 1963 and Lemma 1, Fujikoshi and Sakurai, 2016).
Suppose that

T
R 1 kn 1 kn 1 kn
‘Iln::kiz Uj—kuUZ‘ Uj—kuUi
n =1 n =1 n =1
is an empirical covariance matriz derived from a normally distributed sample Uy, ..., Uy,

with sample size k,,, where the covariance matriz ¥ has eigenvalues (1 > (o > -+ > (p >
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Cpt1 = - = Ca = ¢ > 0. Let the standardized sample eigenvalues for j = 1,...,d be
defined by

Gng = V(G = ).
Then the following results hold.

(a) The limiting distributions of En,h . ,En,p, {5n7p+1, ey é%d} are independent.

(b) For j=1,...,p we have as n — 0o

gn,j 3) N((), QCJQ)

c) The limiting distribution o Nn Tyenns Nn d forb,iq,..., 44 has joint density propor-
b+ ) p+
tional to

d—p _ Zd*P 2 2 P
C(d_i)(d_pjrl)/ze i=1 fip/ (1) [T Civp = Cisp) W1 > -+ > La}.
t,j=1,

i

A generalization of this result beyond the normal distribution in R¢ can be found in
Dauxois et al. (1982), where random functions in a separable Hilbert space are considered.
Note that we directly get the consistency of the empirical eigenvalues in this setting in

contrast to the high-dimensional case presented next.

4.1.2. HIGH-DIMENSIONAL CASE

In EVT one works only with a fraction of the data, which corresponds to the most extreme
observations, and as a result the sample size is vastly reduced. Therefore, it is possible
that the dimension of the data is proportional to the sample size. In this case, the
classical limiting theorems are not valid in general, as shown in this section. Instead,
we are in the realm of random matrix theory, where the dimension of the data d, is
supposed to be proportional to the effective sample size k,,. In this section we introduce
the Marcenko-Pastur law, which is then generalized by the spiked covariance model.

Before we introduce the Maréenko-Pastur (MP) law, we give the necessary notation. For
this, let A € R *dn be a matrix with eigenvalues A\ (A™), ..., Ag, (A™). Then we
define the so-called empirical spectral distribution (ESD) (Bai and Silverstein, 2010, p. 5)
of A by

" 1 &
FA )(x) = Z 1{0(A™) <z}, zeR,

and if the pointwise limit as n — oo of the ESD exists, the resulting function is called
limiting spectral distribution (LSD) of A,
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MARCENKO-PASTUR LAW

For the introduction of the MP law we do not assume that the random variables are
heavy-tailed. The connection between EVT and the MP law is established later. We begin
by presenting the definition of the distribution and subsequently describe its generation as

the limiting spectral distribution of a sequence of matrices.

Definition 4.2. The Marcenko-Pastur (MP) law with distribution function F. for ¢ > 0

has density function

fm:%@W“wW—m%ﬂ—@%memﬂﬂmwﬁm

0, otherwise,

and point mass 1 —1/c at 0 if ¢ > 1.

Suppose that V() = (Vi,..u, Vdn)T € R% is a centered random vector consisting of i.i.d.

(n)

symmetric components with variance 1. Let V; oy Vk(:) be a sample of i.i.d. random

vectors following the distribution of V(™). Then we define the sample covariance matrix by

S(n) — Z(V(") _ v(”))(v(n) _ v(n))T7

)

where V" .= ﬁ Zf;l Vi(n). Note that the covariance matrix of V(™ is given by 1.

Theorem 4.3 (Theorem 3.6, Bai and Silverstein, 2010). Let Vl("), ceey V}C(:) be a sample of
i.i.d. random vectors following the distribution of V(™. If dp/kn — ¢ >0 asn — oo, then

P( lim s (x) = Fo(x) for allx € C(F)) =1,

n—oo

where F, is defined as in Definition 4.2 and C(F,) is the set of all continuity points of F,.

Remark 4.4. Note that a rank-1-update such as V(”) has no influence on the LSD. Indeed,
by Bai and Silverstein (2010, Theorem A.44) holds for matrices A, B(") ¢ R *Fn that

n n n n 1
[FATATT BB < - rank(A™ — B®)

n

which gives the desired result.

A consequence of Theorem 4.3 is that the empirical eigenvalues do not converge in
probability to their theoretical counterparts and, therefore, are not consistent. As illustrated
in Figure 4.1 for a standard multivariate normal distribution, the left-hand plot shows the
low-dimensional case, where the estimator is consistent and concentrated near the true value
1. On the right-hand side we see the high-dimensional case, where the histogram of the

empirical eigenvalues approaches the MP law (denoted by the red line). This is one major
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(a) Low-dimensional case (b) High-dimensional case

Figure 4.1.: Histogram of empirical eigenvalues of a standard multivariate normal distribution for
the low-dimensional case on the left hand side (d = 5,k, = 500,¢ = 0.01) and the
high-dimensional case on the right hand side (d = 250,k, = 500,c¢ = 0.5), where
c¢c=d/k,. The red line is the density of the MP law.

difference between the fixed-dimensional case, where empirical eigenvalues are consistent
estimators, and the high-dimensional case. Clearly, results from the fixed-dimensional case

cannot be taken for granted, and different methods are needed.

SPIKED COVARIANCE MODEL

For the Marcenko-Pastur law it is assumed that the eigenvalues of the covariance matrix of
V(™ are all equal to 1. The case where some eigenvalues are larger than 1 was the topic of
Johnstone (2001). In that work, the spiked covariance model was introduced, where for a
fixed p € N with p < d,, the eigenvalues of the non-negative definite symmetric matrix I'

are similar to (1.4) given by
AM>X > > A > 1= =X7g, = 1.

The asymptotic behavior of the empirical eigenvalues was analyzed in Baik and Silverstein
(2006) and is introduced next. Suppose that Vl(n)7 e V}c(:) is a sample of i.i.d. random
vectors following the distribution of V(™ defined as in Section 4.1.2, where the components

of V(") have second moment equal to 1 and the fourth moment is finite. Let

kn
T®) . k:i Z I‘(n)l/Q‘/;(n)‘/i(”)TI\(n)lﬂ

=1

be the sample covariance matrix with eigenvalues A (X™),..., A\g (X)), Then, for
dp/kn — ¢ > 0 the following results hold for the cases ¢ < 1 and ¢ > 1.
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Theorem 4.5 (Theorem 1.1, Baik and Silverstein, 2006). Suppose that lim,, oo dp, /Ky =
ce (0,1).

(a) If \j > 1+ \/c then as n — oo a.s.

C)\j
A -1

(Y™ = A+

(b) For j =argmin{i € {1,...,p+1}: \; <14 +/c} holds as n — o a.s.
A (Y)Y = (14 e)2
(¢) As n — oo a.s. holds
Aa, (X)) 5 (1= /o).
Note that j = argmin{i € {1,...,p+ 1} : \; < 1+ /c} is the index of the largest

non-spiked eigenvalue, i.e. the largest eigenvalue smaller than 1+ /c.

Theorem 4.6 (Theorem 1.2 Baik and Silverstein, 2006). Suppose that limy, o dy/kn =
c>1.

(a) If \j > 1+ \/c then as n — oo a.s.

C)\j
Aj—1

ATy = N, +

(b) For j =argmin{i € {1,...,p+ 1} : \; <1+ +/c} holds as n — o a.s.
AT = (14 e)2

(¢) As n — oo a.s. holds
M, (X)) = (1 = V/e)?

and A, 11(XY™), ..., Ag, (X)) =0 for all n € N.

From these results, we see that a phase transition occurs, depending on whether the
eigenvalues are greater or less than 1+ /c. If an eigenvalue is smaller than 1+ /¢, we say
that the eigenvalue is in the bulk, and then the limit of the empirical eigenvalues lies P-a.s.
in the support of the MP law. On the other hand, all empirical eigenvalues corresponding
to eigenvalues larger than 1+ /¢, which we call spiked eigenvalues in the following, remain
spiked in the limit, by which we mean that they are separated from the support of the MP

law.
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Remark 4.7. Note that Theorem 4.3 remains valid when exchanging S™ by Y since
as n — oo it holds P-a.s. that

p
IRV

dy =

Building on these results, we derive in the following sections asymptotic results for the

high-dimensional setting for extremal data.

4.2. ASYMPTOTICS OF THE EMPIRICAL EIGENVALUES OF X

The information criteria AIC and BIC of this chapter are defined by the empirical eigenvalues
/\n’l, e )\n 4 of X. Therefore, in the first step, in Section 4.2.1, we define and explore the
empirical eigenvalues and their asymptotic properties in the fixed-dimensional case, and
then, in Section 4.2.2, in the high-dimensional case. With the knowledge of the asymptotic
behavior of the empirical eigenvalues, we will be able to derive the asymptotic behavior of
the AIC and the BIC in Section 4.3 and Section 4.4. The proofs of this section are moved
to Section 4.5.1.

4.2.1. FIXED-DIMENSIONAL CASE

In the case where the dimension d is fixed, we consider the following model.
Model S.

(S1) Let X, X1, Xo,... be a sequence of i.i.d. regularly varying random vectors with tail

index o > 0 and spectral vector ©.

(S2) The eigenvalues A1, ..., \q of ¥ = Cov(®) satisfy

AlE)\QZ"‘E)\p*>)\p*+1:‘-':Ad,1:IA>0.

(S3) Let (kpn)nen be a sequence in N with k, — oo and ky/n — 0 for n — oc.

(S4) Suppose (uy)nen is a positive sequence such that for n — oo, nP(|| X ||2 > up)/kn — 1

vec(XXT)
"R [( ||2i||3 ) 1{z]| X2 > un}] g (VGC(E[@@TD> H —0
2

and

sup vy

ze[ﬁ,l—i—r] n 1

The spiked covariance model enters through assumption (S2), where p* is the number of
relevant eigenvalues. The last assumption (S4) is a technical assumption that we require
for some proofs (cf. Remark 4.9). Uniform convergence is required in order to replace

the threshold u, with the order statistic || Xy, +1,,)[l2- Ultimately, this condition is an
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assumption on the slowly varying function of the tail distribution of || X||2 and it is an
assumption on the growth rate of k,. Under these model assumptions, the empirical

estimator for ® is defined as

A 1 2
6, — — {1 Xills > [1X o, 1.0

and hence, the empirical covariance matrix f)n of X is
5213 (X o) (X _6.) X,k > IXenmlh) (42
= — jll2 kn4+1,n) 112 .
= 2 X T X0 f (bt L)

with eigenvalues Xn,h ey Xn,d where n € N is the number of observations and Xy, 1)
denotes the observation with the (k,, + 1)-th largest norm. Both the AIC and the BIC for
the estimation of p* will be defined by the empirical eigenvalues Xn,l; ey de. Therefore, it
is important to know the asymptotic behavior. We start to derive the asymptotic behavior
of the empirical covariance matrix ﬁn in the next proposition and use this to derive the

asymptotic behavior of the empirical eigenvalues.

Proposition 4.8. Let Model S be given. Then as n — oo,
VEn(E, - 8) 25 S,
where vec(S) follows a centered normal distribution with covariance matriz
Cov(vec((® —E[@])(© —E[@])")).

Remark 4.9. In the bivariate case and for h : R? + R defined as h(z,y) = zy, the

asymptotic distribution of

n
o 2 () 1Ol > Xl
was derived in Larsson and Resnick (2012, Theorem 1). The techniques of the proof can be
generalized and applied to Vec(ﬁn) with the technical assumption (S4), and therefore, the
proof of Proposition 4.8 is omitted. Note that if ||@[|2 = 1 for 8 € R? then || vec(60T)||2 = 1
and higher moments of ® exist, since ® is bounded. A complementary result on the
asymptotic behavior of the empirical covariance matrix is also given in the recent publication
Drees (2025, Theorem 2.1).

Now, we are able to present the asymptotic distribution of the empirical eigenvalues.
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Theorem 4.10. Let Model S be given.
(a) Then as n — oo,

o~ ~

Mty s And—1) = (M, dam1) + Op(1/Vkn),

(b) and

o~

an(<Xn,p*+17 s And—1) — ALg_pe_1) 2 M,

where the entries of the random vector M € RYP" =1 are the (d — p* — 1) largest
etgenvalues of PyS Py in decreasing order, S is defined as in Proposition 4.8 and
P, € R¥*? s the orthogonal projection onto the space spanned by the eigenvectors

with respect to the eigenvalue A of 3.

4.2.2. DIRECTIONAL MODEL IN THE HIGH-DIMENSIONAL CASE

In the high-dimensional setting, where d = d,, depends on n and d,, — o0 as n — oo,
we restrict our studies to a parametric family of distributions, the so-called directional
model. A directional model has the advantage that the underlying random vectors have
an independent radial and directional component, but still the covariance matrix of the
spectral vector has a spiked structure. The explicit definition of a directional model is the

following.

Directional Model:  Suppose for any n € N that

re = [ T O o pausan (4.3)
Odn><p* Idn*p*

* * . . . .
where Ty, € RP*P" 4s a covariance matrixz with eigenvalues

gn,l > 2 gn,p* > 17

v = V1,..., Vdn)T € R 4s a centered random vector consisting of i.i.d. symmetric
components with variance 1 and finite fourth moment and Z is a standard Fréchet distributed

random variable. Then the sequence of random vectors (X(n))neN with

()12 (n)
T v 7 € Rén

xm - - - ¥
T 2y ()],

)

follows the so-called directional model.

Due to construction, we see directly that the directional component

x (1) Y2y (n)

@(?’L) = = y
XMz o2y,
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of X is independent of the radial component || X ™|, = Z, and additionally, @™ is the

spectral vector of the multivariate regularly varying random vector X (™ of index 1. Thus,

the dependence structure of X (™ is completely determined by @,

Remark 4.11.

(a)

In high-dimensional models it is necessary to specify the model as we have done with
the directional model, because due to the increase in dimensionality, the empirical
covariance matrix and even the covariance matrix do not converge and hence, it will
be impossible to get any kind of limit result without assuming some structure on
the underlying random vector X (™). Our model assumption results on the one hand,
in a spiked covariance model for COV(G)(”)) where p*, the location of the smallest
eigenvalue bigger than 1, is independent of n and fixed (see Lemma 4.12 for more
details). On the other hand, it implies the independence of the directional and radial
parts of X (™ so that the order statistic of an i.i.d. sequence ||X£n) ll2, - .- ,HXT([L)HQ
is reflected by the order statistic of the i.i.d. sequence of radial parts Zi,..., Z,.

The directional model is inspired by several models in the non-extreme world. For
instance, Bai et al. (2018) employed a model of the form I‘(”)l/QV(”), while Jiang
et al. (2023) considered a model of the form V(™ /||[V(™)||;. The first model is not
suitable for statistical inference of extremes because the radial and directional parts
are not independent, whereas the second model is not suitable either, as the covariance
matrix only has eigenvalues equal to 1 if the components V; are symmetric. Therefore,
our model X = I‘(")1/2V(”)/HI‘(”)1/2V(”) l2 - Z combines both approaches: The
factor I‘(")l/ QV(“) serves as a latent vector for the directional component ©(™ which

m 12y () |l2 ensures

captures the spiked covariance structure. Normalizing it by ||T'(
that the norm of X (™ is solely determined by Z facilitating the calculation of the
order statistics of an i.i.d. sequence with distribution || X £n)||2 by the order statistics

of the radial parts.

Although COV(G)(")) is a spiked covariance model with p* leading eigenvalues (see
Lemma 4.12) the support of the distribution of O™ might have a higher dimension
than p*. However, if &, - is large, then the support of O™ is more concentrated on

the p*-dimensional subspace generated by the leading eigenvalues.

One special case for ®™ is the angular central Gaussian distribution, which is
obtained by using a Gaussian distribution for the i.i.d. entries of V(). The density
of the angular central Gaussian distribution ®( is given by (Tyler, 1987) as

dn
Foon (6] TM) = 22 det(D)~1/2(gTTM g)=0n/2, g e fw e R : af, = 1}

(%)

where det(-) is the determinant and I'(-) is the Gamma function.
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(d) Scaling of V(™ has no influence on the distribution of X, therefore setting the

variance of V; to 1 is no restriction.

(e) The empirical spectral distribution (see Section 4.1.2) of T'("™) is defined as

d
(n) 1 &
i=1

n ,_

and the limiting spectral distribution (LSD) of T(™ is the Dirac measure 41, since

dn
d

Pifi<a)=1{1<2}, zeR

n—o0

n 1 &
lim FT" (z) = Jim. T > 1{én; <a}+

n

In the following, we denote the covariance matrix of @™ as
®™ = Cov(@™)

whereas T'(™ is the covariance matrix of the non-standardized directional component
1"(”)1/ V(). Not only I';, has the eigenvalues &, 1,...,&,p+ but '™ has likewise these
eigenvalues. Additionally, I'™ has (d,, — p*)-times the eigenvalue 1 which we denote as
well as & pe 41, - - -, &n,d,- We are still in the setup of the last section because not only the

eigenvalues of (") satisfy the spiked covariance structure

gn,l > 2 fn,p* >1= gn,p*+l == én,dn
in (4.1) but as well the eigenvalues of (" satisfy the structure in (4.1) although (™ has
different eigenvalue than T'("),

Lemma 4.12. Suppose (X ™), cn follows the directional model and And >0 > Ap g, are
the ordered eigenvalues of 3™ = Cov(®™). Then

A77‘7p* > An’p*_‘—]‘ == An7dn'

Hence, there is a spike after the p*-th eigenvalue A, ,« of >(") and the eigenvalues Anp*415
..y Mn.d,—1 are all equal, as required in the definition of the spiked covariance model in
(4.1). Further, the dimension of the low-dimensional structure is the same as for the fixed

dimensional case. We summarize the model in the following.
Model D.

(D1) Let X(™ X Y”), Xén), el fln) be an i.i.d. sequence of d,,-dimensional random vectors

satisfying the Directional Model with E[|V;]?] < oo.

(D2) The ordered eigenvalues &,1 > - -+ > &4, of T in (4.3) satisfy

577/71 Z 2577/7]7* > ]_ :§n7p*+1 — ... :gn,dn,
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whereas the ordered eigenvalues of 2 are denoted by A1 2> > Ad,,-

(D3) Let (kp)nen be a sequence in N with k, — oo, k,/n — 0 and

dp/kn —c>0, asn— oo.

Remark 4.13.

(a) The assumption d,,/k, — ¢ > 0 as n — oo guarantees that the dimension d,, increases

with a rate similar to the number of extremes k,,.

(b) Due to Lemma 4.12, Model D is also a spiked covariance model but it is a special
type of spiked covariance, namely, a directional model, where the dimensionality

parameter p* is independent of n although the dimension d,, depends on n.

(c¢) Eigenvalues which are larger than 1 + /¢, are called distant spiked eigenvalues,
whereby the asymptotic behavior of the corresponding empirical eigenvalues changes
if they are above or below 1 + y/c (cf. Section 4.1.2). Due to Silverstein and Choi
(1995, Theorem 4.1 and Theorem 4.2), the assumption &, p+ > 1+ \/c is equivalent
to ¢l ({npr) > 0 where

gel) :=x<1+c/xt_tdél(t)) :x(1+xf1). (4.4)

(d) The convergence in (D3) is analogous to the assumption S, /ky, e [0,1) in

Section 3.3. In both settings we assume that the dimension of the underlying space
and the number of categories of the multinomial distribution, respectively, grow

proportionally to k.
Analog to (4.2) we define the d,, x d,, empirical covariance matrix of (™ as

(n) (n) i
X ~ X, ~ n n
Z( s @<n>> . (3)”2—6(")) LX) > X0 123,

(n) (n
X] HXJ'
(4.5)

with eigenvalues A, 1,..., Ay 4,, Where

1 x™
=12

=0T LX)l > 1X 50, ll2)-
=1 i

In contrast to the empirical covariance matrix 2, in (4.2) with a fixed dimension d x d, the
dimension of the empirical covariance matrix 2™ in (4.5) is d,, X d,, and hence, growing

n n.



4.2. ASYMPTOTICS OF THE EMPIRICAL EIGENVALUES OF X 99

~

Let us first present the asymptotic distribution of the eigenvalue Xml, .y Angd, Of
(") ynder the constraint that IT',, and its eigenvalues &, 1, ..., &, p+ are converging, and
afterwards when &, ,» — co. Recall that the MP law Fi (cf. Definition 4.2) has density

fe(a) = {273“W1 + V0?2 —a)(x — (1= Ve)?), @€ ((1- Vo) (1+/0)?),

0, otherwise,

and point mass 1 —1/c at 0 if ¢ > 1.

Theorem 4.14. Let Model D be given. Suppose that T, — T and (&n1,. .., &np) —
(&1,...,&p) as n — oo with & > 1+ (/e

(a) Leti € {1,...,p*}. Then the asymptotic behavior

~

P
dpAni — pc(&), asn — oo

holds, where . is defined as in (4.4).

(b) Let (in(a))nen be a sequence in N with i, () > p* and in(a)/d, — o € [0,1] for any
a € (0,1). Then

sup ’dnj\n,in(a) - F(1- a)‘ 50, asn— oo,
a€e(0,1)
where FS is the generalized inverse of F,. In particular, if (gn)nen S a sequence in
N with g, = o(d,,) and ¢, > p*, then dnxn,qn RN (1+e)%

(c) Suppose 0 < ¢ <1 and (gn)nen is a sequence in N with g, = o(d,) as n — co. Then

as n — 0o,

(d) Suppose ¢ > 1 and (qn)nen s a sequence in N with ¢, = o(d,) as n — co. Then as

n — oo,
1 kn ~ P
2 Z dn)\n,z — C.
n — qn i—qnt1
So far we have assumed that the first p* eigenvalues &, 1,...,&, p* of '™ are bounded.

Alternatively, it is also possible to suppose that &, ,« — 0o as n — oo.
Theorem 4.15. Let Model D be given. Suppose &, p= — 00 and &, 1 = o(d}/Z) as n — oo.
(a) Leti € {1,...,p*}. Then the asymptotic behavior

dnxm/fm LN 1, asn— o

holds.
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(b) Let (in(a))nen be a sequence in N with i,(c)) > p* and in(a)/dn — o € [0,1] for any
a € (0,1). Then

sup ’anW(a) —F(1— oz)’ 50, asn— oo,
ag(0,1) ’
where F is defined as in Theorem 4.14. In particular, if (gn)nen s a sequence in N
with ¢, = o(dy) and g, > p*, then ann,qn N (14 +/c)?.

(c) Suppose 0 < ¢ <1 and (¢n)nen s a sequence in N with ¢, = o(d,) as n — oco. Then

as n — oo,
dn,

S dudni — 1
=

1
dy, —

(d) Suppose ¢ > 1 and (qn)nen is a sequence in N with ¢, = o(dy,) as n — oco. Then as

n — 00,

kyn —
(e) Suppose 0 < c <1 and leti € {1,...,p*}. Then as n — oo,

dnxn,i

P
- y ~— — 00.
T 2jmit1 GnAn

Remark 4.16. The assumption &, 1 = o(d}/ 2) as n — oo guarantees that the largest

eigenvalue grows sufficiently slowly compared to the dimension d,,. When all moments of
V1 exist this assumption can be relaxed to &, 1 = o(dﬁ) as n — oo for any 8 < 1 due to
Remark 4.33.

4.3. INFORMATION CRITERIA IN THE FIXED-DIMENSIONAL CASE

The aim of this section is to derive estimators for p*, the location of the spike in the
eigenvalues of 3 = Cov(®), which defines the dimensionality of the PCA, by exploiting
information criteria. In the context of PCA for Gaussian data, an Akaike information
criteria (AIC) and a Bayesian information criteria (BIC) were developed in Fujikoshi and
Sakurai (2016) and the consistency was analyzed in the high-dimensional case for general
data in Bai et al. (2018). In this chapter, we adopt these information criteria and study
their statistical properties. In this section, we start with the fixed-dimensional case and
give the proper definitions of the information criteria under Model S. The proofs of this

section are moved to Section 4.5.2.

Definition 4.17. Suppose Xml, e ,de_l are the empirical eigenvalues of 3, as defined
in (4.2).
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(a) The Akaike information criterion (AIC) for the fixed-dimensional case is defined as

P R 1 =1 _
AICy, (p) =kn Y _10g(Ani) + kn(d — 1 —p)log (———— > Anj)
i=1 d=1-p,5%

kp—1

n

d—1
+ kyp log ( ) + kn(d —1)(log(2m) + 1)

+2(p+1)(d—p/2),
forp=1,...,d— 2 and an estimator for p* is p, = argmin;,<4_o AIC, (p).

(b) The Bayesian information criterion (BIC) for the fixed-dimensional case is defined as

p R 1 -1
BICk, (p) =kn »_1og(Ani) + kn(d — 1 — p)log (d_T > M)
i=1 pj=p+1

katos (51 ka1 00sm) 4 1)

n

+ log (k) (p + 1)(d — 5 /2),
for p=1,...,d — 2 and an estimator for p* is p, = argmin; << 4_o BICy, (p).
Remark 4.18.

(a) The penalty (p+ 1)(d —p/2) = (p+ 1)d — p(1 + p)/2 arises as it is the number of
parameters that define a (d — 1)-dimensional normal distribution with an arbitrary
mean vector and covariance matrix following the p-th spiked covariance model (cf.
Fujikoshi and Sakurai, 2016, Section 2). As baseline model, we take a (d — 1)-
dimensional normal distribution instead of a d-dimensional normal distribution
because © is a random vector on the unit sphere and hence, potentially the first
(d — 1) components already determine the last component. In summary, we use a
modified version of the AIC and the BIC of Fujikoshi and Sakurai (2016) by replacing
d with d — 1 and dropping the last empirical eigenvalue de.

(b) The AIC and BIC are invariant to scaling of the eigenvalues. Consequently, scaling

the sample covariance matrix 3,, or equivalently the eigenvalues A\, 1,..., Ay -1,

does not affect the point at which the information criteria achieve their minimum.

Next, we check the consistency of the AIC and the BIC. First, we present the result for
the AIC and second for the BIC.

Theorem 4.19. Let Model S be given and M be the limit vector in Theorem 4.10. Then

Jim P(AICy, (p) > AICy, (p")) =

P(gp(M) >0)  forp>p",
1 for p < p*,
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where
L, ] -1 2 1 -1 2
gp(m) = _22.:%;1”% ~2(d—1-p) <jzzp;rlmj> T 3d-1-p7) (j:p*ﬂmj)
—(d=p=2)(d=p+1)+(d=p" =2)(d—p"+1)
for m = (myq,...,mq) € R%

Remark 4.20. Under some technical assumptions on the distribution of ®, it is possible
to state a density for M (cf. Davis, 1977) and derive that P(g,(M) > 0) < 1. For the

present chapter, it is sufficient to give an example such that the AIC is not consistent.

Example 4.21. We assume the Directional Model, where '™ := I' := diag(9,4,4, 1),
V) =V = (V}, Vo, V3, V4) " with V; ~U({-1,1}),i=1,...,4, Z ~ Fréchet(1) and the
dimension d = 4 is fixed. Then, we have |]I‘(”)1/2V(”)||2 =|TV]2=v9+4+4+1=18
and @™ := © := (3Vy, 2Vh, 2V, V4)/V/18. We have E[®] = 04, ¥ = I'/18, where the
eigenvalues of 3 are (1/2, 2/9, 2/9, 1/18) and the corresponding eigenvectors are the unit
vectors eq, ..., e; € R Consequently, the spiked covariance assumption is satisfied with
A=2/9,d=4and p* =1.

In the following, we calculate the probability P(go(M) < 0) by first determining the
asymptotic distribution of M. An application of Theorem 4.10 (b) yields

\/E((Xm% X7173) - (Av A)) i> (MQ, M3)

in R? is the joint distribution of the decreasingly ordered non-null eigenvalues of

0 0 0 0\ (S11 Siz2 Siz Sua) (0 0 0 O 0 0 0 0
PSP, 01 0 OS2 Sa2 S23 Saa| |0 1 0 O _ 0 Sy So3 0O 7

0 01 Of][S13 Saz3 S33 S3a| |0 0 1 0 0 Sz S33 0

0 0 0 0/ \Sia Soa S3a Sua/ \O 0 0 O 0 0 0 0

where vec(.S) follows a centered multivariate normal distribution with covariance Cov(vec(
(@ —E[O®])(® —E[®])")) and Py := (e, e3) - (e2,e3)" € R*** is the projection onto the
2-dimensional eigenspace of the orthonormal eigenvectors e, e3 corresponding to A = 2/9.
Since V(Sq2) = E[O3] — (E[©3])? = 0 and V(S33) = 0, the distributions of Sop and S33 are
degenerate with expectation zero. By the symmetry of Py.S Py, the non-null eigenvalues of

the matrix PySP) can be calculated directly and are given by
M2 = 523 and M3 = —523.

Next, since (d —p* —2)(d—p*+1)—(d—p—2)(d—p+1) =4 for p=2 and p* =1, the
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inequality g2(M) < 0 is equivalent to

1

4(M2 + ]\43)2 = 533

1 1
4 < 51\422 - §M32 —
Due to the definition of S, the distribution of So3 is Gaussian with expectation zero and
V(S23) = E[©20%] = 1 so that P(g2(M) < 0) > 0.

In contrast to the AIC, the BIC is a weakly consistent information criterion and selects

the true dimension p* with probability converging to 1 as stated in the next theorem.

Theorem 4.22. Let Model S be given. Then

Jim P(BIC, (p) > BICy, (p) =1 forp # "

The non-consistency of the AIC and the consistency of the BIC are typical for these
information criteria in the fixed-dimensional case similar to the results in Chapter 3. In
the high-dimensional case, the asymptotic properties, derived in the next section, differ.
In view of question (Q), we can conclude that in theory the BIC reliably reduced the

dimension.

4.4. INFORMATION CRITERIA IN THE HIGH-DIMENSIONAL CASE

The topic in this section is information criteria in the high-dimensional case of Model D,
where d = d,, depends on n and d,,/k, — ¢ > 0 as n — oco. For the definition of the
information criteria and the asymptotic properties, we need to differentiate between the
cases ¢ < 1 and ¢ > 1. The reason behind it is that if d,, > k,, the last d,, — k,, empirical
eigenvalues of (™) are equal to zero, i.e. kanﬂ = ... = Xn,dn = 0. Therefore, in
Section 4.4.1, we analyze the information criteria for 0 < ¢ < 1 and in Section 4.4.2 for

¢ > 1. The proofs of this section are provided in Section 4.5.3.

4.4.1. INFORMATION CRITERIA FOR 0 <c< 1

In the case 0 < ¢ < 1, the definition of the information criteria are similar to the fixed-
dimensional setting but we would like to point out that in the high-dimensional setting, we
do not necessarily evaluate the information criteria at all possible values 1,...,d, — 1 but
rather restrict to 1,...,¢q, with g, < d,,. The number ¢, is called the number of candidate

dimensions.

Definition 4.23. Suppose Xn,l, e 7Xn,dn—1 are the empirical eigenvalues of () as defined
in (4.5) and let ¢, < d, — 2.

(a) The Akaike information criterion (AIC®) for the high-dimensional case with d,, < ky,
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is defined as

. p N 1 dn—1 R
AIC}, (p) =Y 1og(Ani) + (dn — 1 = p)log (s————— > Anj)
— dyn—1—p .~
L Jj=p+1
ky — 1\% 1 1)(2d,, —
+ log ( k: ) + (d, — 1)(log(27) + 1) + UA )]({ p)7
forp=1,...,d, — 2 and an estimator for p* is p,, == argmin; ., AIC} (p).

(b) The Bayesian information criterion (BIC®) for the high-dimensional case with d,, < ki,

is defined as

. p R 1 dn,—1 R
BICR, (p) = D 10g(An,i) + (dn — 1 = p)log (-——r—— D Any)

— dp—1—p ~
i= Jj=p+1

ko — dp—1
+ log < nk ) + (dn, — 1)(log(2m) + 1)

+1)(d, —p/2
Hog(kn)(p )(dn = p/2)
kn,
forp=1,...,d, — 2 and an estimator for p* is p,, == argmin, ., BIC} (p).

In the next theorem, we present sufficient assumptions for the AIC® to be weakly

consistent, i.e.,

lim ]P’(arg min AIC;, (p) = p*) =1

and afterwards for the BIC®.

Theorem 4.24. Let Model D with 0 < ¢ < 1 be given and let the number q, of candidate

dimensions satisfy q, = o(d,) as n — 0.

(a) Suppose T'yy = T and ({1, &npe) = (&1,..., &) as n — oo with &« > 1+ \/c.
If the gap condition

pe(&pr) =1 —log(pe(ép)) —2¢ >0 (4.6)
with @. as defined in (4.4) holds, then the AIC® is weakly consistent.

(b) Suppose T, = T and (&nn,. .. 6npr) — (&1,...,&p+) as n — 0o with & > 1+ /c.
If the gap condition (4.6) does not hold, then

lim P min {AIC}, (p) — AIC}, (p")} > 0) <1

n— 00 (1§p<p*
and the AIC® is not weakly consistent.

(¢c) Suppose &n pr — 00 and &p1 = o(d}/z) asn — 0o. Then the AIC® is weakly consistent.
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Remark 4.25.

(a) The division of AIC® by k,, in contrast to the AIC has no influence in applications,
as it does not affect the location of the minimum of the information criteria for a
fixed sample size n. As a result, in the simulation study, the minima of AIC and
AIC? coincide, and we do not need to distinguish between these criteria. The division
by ky in the definition of AIC®, as in Bai et al. (2018), ensures that the limit of the

information criteria exists.

(b) The gap condition (4.6) was introduced in Bai et al. (2018) and it also guarantees

that the gap between &, and the non-dominant eigenvalues is sufficiently large.

In the following theorem, consistency criteria for the BIC® are stated, which are slightly
different from the results for the AIC®.

Theorem 4.26. Let Model D with 0 < ¢ < 1 be given. Suppose that either

Ty, — T such that (&p1, .- Enpr) = (E1,..., &) as m — 0o with Ep« > 1+ /e,

or

bnpr =00 and &1 =o(d/?)  asn— oo

(a) If &, p+/log(dy) — 0 as n — oo, then

lim P(_ min {BIC} (p) - BIC}, (p")} >0) <1

n—00 1<p<p*
and the BIC® is not weakly consistent.
(b) If &, p [ log(drn) — 00 as n — oo, then the BIC® is weakly consistent.

Remark 4.27.

(a) When the gap condition is fulfilled, the AIC® is weakly consistent whereas the
consistency of the BIC® depends on the properties of &, . The BIC® and, if the
gap condition is violated, the AIC®, tends to underestimate the number of significant
principal components. A similar result was also obtained by Bai et al. (2020) for

multivariate linear regressions in high dimensions.

(b) The consistency of the AIC® and BIC® in the high-dimensional case is opposite to
the fixed-dimensional case. Specifically, while the AIC may not be consistent and the
BIC is consistent in the fixed-dimensional setting, the opposite behavior is observed
in the high-dimensional setting, similar to Chapter 3. Moreover, in Theorem 4.24
(b), we have

lim P( min {AIC}, (p) - AIC}, (p)} > 0) <1,

n—oo ( 1§p<p*
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which is opposite to the fixed-dimensional case, where the AIC tends to overestimate

rather than underestimate the number of principal components.

(c¢) The case ¢ = 1 is excluded from the consideration due to potential complications with
the asymptotic behavior of the eigenvalues (cf. Bai et al., 2018, Section 4). While
Theorem 4.14 and Theorem 4.15 are valid for ¢ = 1, issues arise with the convergence
of ratios of quantiles of the Marcenko-Pastur law in Bai et al. (2018, Lemma 2.3)
when ¢, = o(d,) is not assumed. If ¢, = o(d,,) is assumed, then the results for
0 < ¢ < 1 also apply to ¢ = 1. Additionally, the support of the Marcenko-Pastur law
for ¢ = 1 is given by the interval (0,4), which can lead to empirical eigenvalues close
to zero, causing numerical problems when calculating the logarithm of the empirical

eigenvalues.

(d) If limy o0 &n p+/ log(dy) € (0, 00) further assumptions are needed to assess the con-
sistency of the BIC®.

(e) In view of the high-dimensional case in Chapter 3, if &, ,+ — 0o, we are in a similar
setting to T}, ¢« (k) P, 50 where both AIC and BIC are consistent.
4.4.2. INFORMATION CRITERIA FOR ¢ > 1

For the case ¢ > 1 we have to adapt the information criteria. Therefore, we follow the
definition of the AIC and the BIC in Bai et al. (2018), which leads to the following definition.

Definition 4.28. Suppose Xml, e ,Xn,dn_l are the empirical eigenvalues of 3™ as defined
in (4.5) and let g, < ky, — 2.

(a) The Akaike information criterion (AIC*) for the high-dimensional case with d,, > ky,

is defined as

i} p R 1 kn—1 R
AIC;, (p) = Zlog()\m) + (kn —1—p)log (———— Z Anj)
— kpn—1—p .4
) Jj=p+1
dy, — 1\ Fn ™t +1)(2kn —
+ log ( ) + (kp, — 1)(log(2m) + 1) + v )EZ p),
forp=1,...,k, — 2 and an estimator for p* is p,, == argmin; ., AIC}, (p).

(b) The Bayesian information criterion (BIC*) for the high-dimensional case with d,, > ki,

is defined as

. P R 1 kn—1 R
BIC}, (p) =) _log(An;i) + (kn — 1 — p)log (7k g > Any)
i=1 n j=p+1

_ kn—1
+ log (dnd 1) + (kp — 1)(log(2m) + 1)

n

(p+1)(kn —p/2)
dy, ’

+ log(dy)
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forp=1,...,k, — 2 and an estimator for p* is p,, == argmin; ., BICy (p).

For the consistency analysis of the AIC* and BIC* we use the same definition for weakly

consistent as for the AIC® in Section 4.4.1.

Theorem 4.29. Let Model D with ¢ > 1 be given and let the number q, of candidate

dimensions satisfy q, = o(d,) as n — co.

(a) Suppose T'yy = T and (§u,1,- - &npe) = (&1, ., &) as n — 0o with &« > 1+ \/c.
If the modified gap condition

"Oc(iw*)_l_log<(pc(im>—2>0 (4.7)

C

with @c as defined in (4.4) holds, then the AIC* is weakly consistent.

(b) Suppose Ty, = T and (&n,. .. 6npr) = (&1, &pr) as n— 00 with {p« > 1+ /c. If
the modified gap condition (4.7) does not hold, then the AIC* is not weakly consistent.

(¢c) Suppose that &, p» — 00 and &1 = o(d}lﬂ) as n — oo. Then the AIC* is weakly

consistent.

Theorem 4.30. Let Model D with ¢ > 1 be given. Suppose that either
T, — T such that (&p1, .- Enpr) — (€1, .., &) as m — 0o with Ep« > 1+ 1/,

or

bnpr — 00 and  En1 =o(dY?)  asn — occ.
(a) If &, p+/log(dyn) — 0 as n — oo, then the BIC* is not weakly consistent.

(b) If &, p [ log(dy) — 00 as n — oo, then the BIC* is weakly consistent.

Remark 4.31.

(a) The AIC* is weakly consistent when the gap condition is fulfilled and not consistent
otherwise, whereas the consistency of the BIC* depends on the asymptotic behavior

of &, p+. The results are identical to the case 0 < ¢ < 1.

(b) Since the last (d,, — k) eigenvalues of £ are equal to 0, additional simulation
studies showed that if the dimension d,, is sufficiently large, setting some eigenvalues of
() to zero has no big influence on the performance of the AIC* and BIC*. However,
when ¢ < 1, the zero eigenvalues do influence the performance of the AIC and BIC.
In such cases, we recommend first projecting the data onto a lower-dimensional space

to ensure that the zero eigenvalues have no impact on the analysis.
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4.5. PROOFS

4.5.1. PROOFS OF SECTION 4.2

Proof of Theorem 4.10.

(a) We use Theorem A.46 in Bai and Silverstein (2010), which states that for Hermitian
matrices A, B € R™*? with eigenvalues \;(A) and \;(B), i = 1,...,d, the inequality

‘max [Ai(A) = Ai(B)| < [|A - Bl (4.8)

i=1,...,

holds. A conclusion from Proposition 4.8 is that /&, (2, — ) = Op(1) and therefore
(4.8) yields

~

Onts s And—1) = A, - Aa1) + Op(1/VEn).

(b) The result corresponds to Dauxois et al. (1982, Proposition 8), which is based on a

similar convergence as Proposition 4.8.

Proof of Lemma 4.12. Note that

(n)
50 = Cov(@™) = 1oy [V ) pml/?
[ xCORGR % OIR

Utilizing the spectral decomposition T'™ = W(”)D(”)W(")T, where W) = (Wl(n), ceey

WCE:)) is a d,, X d,-dimensional orthogonal matrix and
D" = diag(D,,, I, ) := diag(&n1, - - - Enpes 1, ..., 1) € REXdn

is a diagonal matrix consisting of the eigenvalues of T'"™) | we receive with ||[W ™ x|y = ||z||2
for € R% that

Y2y () D2y (n)
> — Cov TV — W™ Cov 1/2V W(")T.
Hr(n) V(n)H2 HD(n) V(n)H2

Hence, the matrices

(m) Y2y, (n) ()12, (n)
Cov [ EOUVO N g o [ 2V
T2V )y D) ZV ()|,

are similar and share the same eigenvalues (Horn and Johnson, 2013, Theorem 1.3.22).
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Therefore, we assume in the following w.l.o.g. that I'™ = D) and hence,

(n)
™ — Cov ( D

1/2V(n)
| D@2y ),

is a diagonal matrix. Indeed, since D is a diagonal matrix and Vi, .. ., Vg,, are symmetric
and i.i.d., the components of D(”)l/zV(”)/HD(”)l/2

eigenvalues of X(") are the diagonal entries

172 172
diag(2™); =E [gmvl ] =E l nili ] , di=1,...p"

V(|5 are uncorrelated. Further, the

(INORREOIT Fo1&n VP + X VY
and
(n) (n) Vi
diag(zn)i:diag(zn)dn:ﬂ?[ z " =d ], i=p +1,...,dp,
Z§:1 gn,jVjQ + Zjip*«‘rl Vj2

which has multiplicity (d,, — p*). For 1 <i < p* and [ > p*, the function

5‘/2'2 - ‘/l2

* dn
5%2 + Z?;l gn,j‘/;z + Zj:p*+1 ‘/}2
Ve

is strictly increasing function in £ since the derivative in £ is strictly positive. A conclusion
is then for 1 < ¢ < p* with §,; > 1 and [ > p* that

r 2 12
diag(2™); — diag(Z™), = E e fn,ﬂ/z; sz 2
_ijl fn,P*Vj + Zj:p“rl VJ

‘/22_‘/[2

* d7l
Yt G VP A V4 XV
L i

> E =0.

Therefore, we receive that the first p* diagonal entries of (™) correspond to the p* largest
eigenvalues of (™ namely diag(X()y, ..., diag(X™),« and the remaining (d,, — p*)

eigenvalues are strictly smaller and identical to diag(E(”))dn. O

PROOF OF THEOREM 4.14

For the proof of Theorem 4.14 we combine ideas for the spiked covariance model from
Johnstone and Yang (2018) and for compositional data from Jiang et al. (2023). First,
we derive an alternative representation for 2 in (4.5). As a consequence of the in-

dependence between the radial components Zi,..., 7, and the directional components
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/HX H25 o kn /HX HQ we obtain
R n F(n)l/Qv( n) n X(”)
O =3 > A} BY
2 (kn+1,n) "
=1 T v, =X

and similarly

kn (n) kn (n) (n) kn @ \
sy L X; _ s X X 1A XY ) Dgm
ki ; ll2

e I e 2 1) X~ e 2
(4.9)
The eigenvalues of £’ are denoted by X;Ll, . 7X;1 4, and due to (4.9) we receive that
3 37 D 5 3
A Ana,) = Ants o Andy)- (4.10)

Thus, to prove Theorem 4.14 it suffices to derive the asymptotic behavior of ()\n Lreee)s )\;1 )
2

which relies on the spectral analysis of the empirical covariance matrix of I‘(”)l/ v,

Therefore, assume that Vln), e Vk(:) is an i.i.d. sequence with distribution V™, i.e.

Vi(n) € R% has i.i.d. entries with mean 0 and variance 1. Then we define the sequence of

matrices
) — LS (Pl 2y W1/2y(n)
ro=— " r "
Fn ;( v Z V")
= n =1

1/2 1 & 1/2
: < T Py ) 1? Z r > n €N, (4.11)
whose eigenvalues are denoted by En,l > > gn,dn > 0. The aim now is to write 3’

and Y™ as matrix products. Therefore, define
v = (v V) e R

and

L2y ()

I5%, o, [Py 51y @ REnxkn

T™ = diag( 0™
which allows us to write

(n) (n) (T
( X(l) X(’“n) ) — ! 2pm) (),
1X1™ |2 X5, 12
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Finally, with the projection matrix P = (I, — 1,1} /kn), the matrices 2 and ¥ ),
as defined in (4.9) and (4.11), can be written as
W2y pyT,

i (4.12)
yo) p)T,

In the following theorem the connection between the eigenvalues Em and an'm is derived.

Theorem 4.32. Let Model D be given. Suppose that I'yy — T' and (§n1,. .., &nps) —
CST ,fp +) as n — oo. If Enl, . ,En dn denote the eigenvalues of XY™ in (4.11) and

A;L’l, N ., denote the eigenvalues on n (4.9), then as n — oo,

max ygm AN, ;| = 0.
1<i< ’

Proof of Theorem 4.32. Due to Theorem A.46 in Bai and Silverstein (2010) and the sub-

multiplicativity of the spectral norm we receive that

\/?_ W . NZS LOREVIOL HEOF I T )1/2y)(n) p(n)

INOREVIO!
Vn

max
1<i<d,

IN

e lvaT® =5,

1/2

| ORI
Vi |,

= |Vd, 7™ — 1,
"2

= J,-H,,  (4.13)

where we used that the spectral norm of P(™ is bounded by 1, because the only eigenvalues
of P are 1 and 0 as P™ is a projection matrix.

Step 1. First, we show that J, in (4.13) converges to 0 in probability. Therefore, we
use the partitioning of the random vector 1"(”)1/ 2Vj(") into the first p* dependent entries

and the remaining d,, — p* independent entries
1/2 (n) (n) (m)N\T
/2y ()VJ{L 7} ( U1’ Ujpr) T).
J
‘/;.’{p +11'~-:dn} (‘/jv(p*+1)’ Tt V77dn)

The eigenvalues of (\/cTnT(”) — Iy,,) correspond to the diagonal entries. Since we apply the

spectral norm, we receive that

J1/2 H\FT(”) — H1/2 = max Vo -1

2 1<i<kn « (n 1/2
== f:lez +Zl p+1Vzl)

On the one hand, by IE[VMQ] =1,d,/k, — ¢ > 0 and Bai and Yin (1993, Lemma 2) we
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obtain that as n — oo

2
max 721 =ptl —1 ]Pi'sy 0.
1<i<kn d,
On the other hand, for 1 <i < k,,
z (n) 1/2y,(n) 1/2 (n) 2 z 2
SO = v < DRIV B = G Y Vi
=1 =1

Since the second moment of V{2 exists, we can conclude from Markov inequality for ¢ > 0
kn
>e| < Z}P’ > —E
= &n,1
= k,P > —5
" ( §n 1 )

2 . p*
2
E|> Vi
=1

n

-
Z Vii? %
1

gn,l
P >~ max
dp 1<i<kn, =

, (4.14)

where the right-hand side converges to 0 as n — oo, since k,/d,, — ¢~ and 5%71/ dp — 0

as n — 0o. Therefore, we get

To summarize,

p (n) d 2
= Ui+ 2221 Vig
max 1
1<i<kn dy,
rgm? Sy 2
1=1 Y4 l=p*+1 Vi, P
< max = % ||+ max =l Y )= 0
1<i<kn dy, 1<i<kn dy,

Finally, by the mean value theorem the inequality

1
I1—-1/Vz| <2z —1] forx>§

holds and hence, as n — oo,

. —1/2
1/2 19 m? 1 < 2 / P
J o= = ax 1-— T Uy" +— Z Vii — 0. (4.15)
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Step 2. Next, we show that H,, in (4.13) is P-a.s. bounded. By Yin et al. (1988, Theorem
1) (cf. Bai and Silverstein, 2010, Theorem 5.8)

T

- INOREVID! /2 Amax (VP V)Y b o
Vi || e

as n — 00, where A\pax(+) denotes the largest eigenvalue of a matrix.

Finally, a combination of (4.13), Step 1 and Step 2 result in the statement. O

Remark 4.33. For the convergence of the right-hand side of (4.14) and hence, (4.15) to
zero, it is not necessary that &, 1 is bounded; it is sufficient that &, 1 = o(\/d,,) as n — oo.
But if all moments of V; exist, it is even sufficient to assume that &, 1 = o(dﬁ) as n — oo
for some 5 < 1. Indeed, we get analog to (4.14) for £ > 0 that

51/(1 B) 1/(1-p)
> s) <k Vﬂ—ﬁ)E

— 0

*

Z V1,2
=1

m /=B

as n — 0o, since ky/d,, — ¢ and 572171_5)71/%(11_6)71_1 = (€1 /dDYYV=P) = o(1) as n — oo.

Next, we repeat results on the asymptotic distribution of the eigenvalues of Y (™) which
is mainly based on Bai and Yao (2012) and Bai et al. (2018).

Lemma 4.34. Let Model D be given. Suppose that Ty, — I' and (§n1,. .. &nps) —
(&1,...,&p+) as n — oo with §p« > 1+ /c. Then the following statements hold.

(a) If 1 <i<p* (ie. & > 1+ /), thenfmp—ai ©we(&i) as n — oo.

b) Define I* :=0 ifc<1andl*:=1—c ' ifc>1. Then
(

lim sup ‘F‘r(n)“(a) —Ff(a)‘ =0 P-as,

N0 e (l*,1)

where FX™ < s the generalized inverse of the empirical spectral distribution function

of Y and F.(x) is defined as in Theorem 4.14.
(c) If in(a) > p* (i.e. § 0y =1) and in(a)/dn — a € (0,1) as n — oo, then

sup ‘fn in(Q) - F(1- a)‘ Frasg. 0, asn— oco.
a€e(0,1)

In particular, if (gn)nen s a sequence in N with ¢, = o(d,) as n — oo and g, > p*,
then qun Log (1+ o)™

(d) Suppose 0 < ¢ <1 and (¢n)nen 5 a sequence in N with ¢, = o(d,) as n — co. Then
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as n — oo,

1
dn —qn

dn, - p
Z gn,i ﬁ. 1
i=qn+1

and for gn > p* we receive that En,qn Pag. (1++/c)?.

(e) Suppose ¢ > 1 and (qn)nen is a sequence in N with g, = o(d,) as n — oo. Then as

n — 00,

1
kn — an

kn
>  P-a.s.
Z §ni — ¢
i=qn+1

and for gn > p* we receive that En,qn Pog (1+/c)?.

Proof.

(a)

When the eigenvalues ({51, ..,&np) = (&1, .., &p+) do not depend on n, (a) goes
back to Bai and Yao (2012, Theorem 4.1) (cf. Bai et al., 2018, Lemma 2.1). In the
case I'y = T and (&1, .-, &np) — (&1,-..,&p+) as n — oo the assertion also holds
because by Bai and Silverstein (2010, Theorem A.46) it can be shown with the same

arguments as before that

Yn)
VEn

1P, =23 0,
2

VEna(T) - %&,i@)\ <7y —Tls

max
1<i<p~

where Em(rn) and EM(I‘) is the empirical eigenvalue when I'), and T', respectively is

used.

The second part is similar to Bai and Yao (2012, Theorem 4.1) however, the wording
is not clear and therefore we prefer to include the proper statement and proof here.
Note, if dy,/kn, — ¢ > 0 as n — oo, then for almost all w € Q, Fre (w) converges in
distribution to F. (cf. Bai et al., 2018, p. 1054 and Silverstein, 1995, Theorem 1.1).
This means that there exists a set Qy € F with P(€y) = 1 and for any w € Qy and
any continuity point x € R of F,,

lim FX" (z,w) = F.(x).

n—oo

Since the distribution function F, is continuous on the interval I := ((1 —/c)?, (1 +

V/¢)?), a conclusion of Polya’s Theorem is the uniform convergence

lim sup |F*" (r,w) — Fc(z)’ =0,

n—oo zel

which implies by de Haan and Ferreira (2006, Lemma 1.1.1) and again Polya’s
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Theorem as well as the uniform convergence of the quantile function

. T e _
Jim aesgl)’l) ‘F (o,w) — F (a)‘ =0.

(c) Since fAn’in(a) = ™ “(1 —iy(ev)/dy,) the statement follows directly from (b).

(d) Due to (b), we receive that

1 dn d, L
> b = / FY™ (1 - a)da
U n — 4n JO

1
Lag 1./ FF(1—a)da=1.
0

1 kin ~ d 1737:, (n)
Y b = = / FY"<(1-a)da
kn — qn i—gnt1 kn — qn I—Z—Z

1
Lag c-/ Fr(1-a)da=c.
1—c—1

Finally, we have all the auxiliary results for the proof of Theorem 4.14.

Proof of Theorem 4.14. (a) An assumption is that { > 1 4 y/c and hence, ; is a distant
spiked eigenvalue for i = 1,...,p*. A conclusion of Lemma 4.34 (a) is then that Em Pasg
©ve(&). Combined with Theorem 4.32 we receive that an;“ N ve(&) as n — 0.
Due to (4.10), the identical distribution of X;” and XM, we obtain the final statement,
N
dpAni — @c(&) as n — oo.
Similarly as in (a), the statements (b)-(d) are combinations of Lemma 4.34, Theorem 4.32

and (4.10). 0

PROOF OF THEOREM 4.15

For the proof of Theorem 4.15, Theorem 4.32 is not useful and an adapted version does
not exist. Therefore, the approach is slightly different. First, the next lemma gives the
asymptotic distribution of the eigenvalues of sy , which is then used for the proof of
Theorem 4.15.

Lemma 4.35. Let Model D with &, ,+ — 0o and &,1 = o(dfll/z) as n — oo be given. If
ie{l,...,p*} then

doX. .
€ 51 asn — oo.
n,t
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Proof. We proceed similarly to the proof of Bai et al. (2018, Lemma 2.2) and use the spec-
tral decomposition of T™. Let T(") = W(”)D(n)W(")T, where W) = (Wl(n), e Wé:))
is a (d, x dy)-dimensional orthogonal matrix and D™ := diag(D,,, I, _~)

= diag(&na,- -5 €npes 1.0, 1) € Rén¥dn consists of the eigenvalues of T'™. Then with

representation (4.12) and

n)T

A® — pm)p(n) pr)p(n)( (4.16)
we receive
5500 — Ly 2y Ty ) ) pe)p) ) Ty pm 2 g T
— klnw(n) DO T A e pm Y2y m T (4.17)

n

Further, the eigenvectors are partitioned into the first p* and the remaining eigenvec-
tors by defining w = (Wl(n), ce WISIL)) in R&*P and WM = (Wp(f_)H, ce Wé:)) in
Rdn*(dn=P") guch that

1/2 (n) "

oM =L/2 w250 T ) Grn
f](n)/ _ iw(n) ( A( )W Dn Dn %% A( )W( )) W(n)T.
kn,

w

W T AW D2 W T AW ")

Similarly, we receive with (4.12) and

B™M — V(N)P(N)V(H)T (4.18)

that

1/29(0) | LT /Y2 12570 | mn) i
1 W (D w'" BOW D" D,)’W Bmw( )) W(”)T.

T — —
kn WO T w2 W T B W)

Let i € {1,...,p*}. The Courant-Fischer min-max theorem (Horn and Johnson, 2013,
Theorem 4.2.6) gives

dn X, ; .
ni _ o inf sup w' By, (4.19)

gn,i gnz V10— 1ERIN 4y 4y v ||lw|2=1

The proof is split into two parts, wherein we establish that dniiﬂ/ &n,i is bounded below

and above by a random variable which converges in probability to 1 as n — oo.

Step 1: First, we derive a lower bound of (4.19) which converges in probability to 1.
Therefore, note for arbitrary u; € R% with ||uj|j2 = 1 for 1 < j < p*, Bai et al. (2018,
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Lemma A.2 ) yields that as n — oo,

B®)

max Pag 0, (4.20)

1<j<p*

where B(™ is defined as in (4.18). Now, let A(™ be defined as in (4.16). Then

(n) (n)
o7 (B _d,A ) u;

J kn kn
BM™  4,AM

<% b,

= ki 128 (P(") —d,T™ P(”)T(")T) pm "
" 2

< %HV(”)H% (P(”) — d,T™Pp™ 4 g, 7P _ g 70 p<n>T<n>T> 2
1

< IVOBIPO L (14 V&™) | VaT™ - I,

.
On the one hand, Yin et al. (1988, Theorem 3.1) implies that

1
VEn

1 n n P-a.s.
kfllV( 3 = (—=IV™2)? =3 (1 + Vo).

On the other hand, since &, 1 = o(di/Q) as n — 0o, a conclusion of Remark 4.33 is that
IVd,T™ — I, |l2 — 0 and |VdaT™ ||y < | T, |2+ IVdpT™ — I, || — 1. In summary,

as n — o0

B®™ 4 A B®™ 4 A P
T n n
u; ( T— uj| < R 0, (4.21)
n n n n 2
and finally, using (4.20) we have as well
d. A P
Tn _
ax |u, W 1| — 0. (4.22)
Further, for arbitrary vectors vi,...,v;_1 € R we take a vector w, = Z§:1 ajVVj(")
orthogonal to vy,...,v;_1 with Z§:1 af = 1 and hence, [lwyllz = 1. Since W) is an
orthogonal matrix, we receive with representation (4.17) that
Doy TS0,
= S W T D2y A g ) o0 2y Ty
gni : n
g l=1
N 26 gy T A )
B Z “ £n i Wj kn, Wj
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A conclusion of (4.19), ||W Hg =1 and (4.22) is then

du X, _
> inf dn 2(”)'
{n,i v1,...,0;_1 ERIn gnz
> inf Z 2w A gy
acR: E] 1 J 1‘7 1 kn

T (n)
(n) T dnA w _ | B

>1— max —1

=7 agispr| Y kn 7

as n — oQ.

Step 2: Next, we derive an upper bound for (4.19) which converges in probability to 1.
Therefore, note that

d N, d -
ot o inf sup w! Wy
§n,i gn i V10— 1ERIR g | gy s g fJw]la=1
d ~
< =z sup w' S,

Sni L W™ W) Jlwlla=1

Since VVl(n) 1 VV](n) for | # j we can write a vector w L Wl("), ceey VVl(fi with ||lw|2 =1
as

w = u+ (1 - ),

where c € [0,1],u f Za]VV](n) —wW"a alla= ? ;a5 =1and v= Z 1 bj W( ")

= wmp satisfying Z 41 bj2 = 1. Recall that W(")Tz( W) — W(")T“g:)W( ).
Then,

dn

sup w' D™
Sni o L w ™ W) Jlwfla=1

d O PN

< ™ sup {02 sup oW srgr,
Eni c€[0,1] acRP" —it+1,
lall2=1

+(1-c) sup b'W™ Ti(")’w(")b}
beR4—P"
[[b]|2=1

ey o

sup 4c¢”  sup a; §n, W W;

gn t c€[0,1] acRP" 7, Jzz ! o ’
llallz=1

A __
F = WO TEZ WO,

oy Vi

d
< =% sup {C2 Sup Z“&”W(n
gn,i c€(0,1] a€RP" ~i, j=;
llallz=1
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— An) __
F= WO TEZ WO,

n

)T A
< sup {62 sup Za dn VVJ( )
c€[0,1] aeRP —+1 i K
lall2=1
+(1—c2)£d", ﬁ?‘(””ﬂﬁ?(”) 2}.

Note that (4.21) and W (™ being a orthogonal matrix imply that

— d A™  B®Y _
(n)T [ Zn2 ° (n)

d,A™ B

kn, kn,

2.0

2

2 |
We then conclude from HW(")T%W(") |2 S+ V€)% (cf. proof of Lemma 2.2 (i) Bai
et al., 2018) and &, ; — oo that as n — oo,

1

G T I A =)
gn,i

P
— 0.
Ky, 2

Additionally, with W" ol WAy ) 1 for j=i+1,...,p" by (4.22) we get,

d X/ X d R b p*
It sup w!' MW =5 sup {02 sup Za?} =
Sni T Snd i W), celo.1] v ==
Jtw]=1 =
as n — oo, which proves Step 2. O

Lemma 4.36. Let Model D with &, - — 0o and &,1 = of 711/2) as n — oo be given. Then

as n — oo,

sup Fd”g(n),(m) — F.(x) o,
z€((1-ve)?,(14+v/)?)

where Fdng(n)/ is the empirical spectral distribution function of d, 2™ and F.(x) is defined
as in Theorem 4.14.

Proof. For ease of notation define the interval I := ((1 — /c)?, (1 ++/c)?).

Let FWW TBOW ky and FW(n)Td"A(mW '/kn be the empirical spectral distribution

function of W™ TB®W ™) /g and W™ Td, AMW® /k, respectively. Due to (4.21),
it follows by Bai and Silverstein (2010, Theorem A.45) that as n — oo,

B(”) d ( ) =
Fw(n)T w(n) (.Z‘) Fw(n)T dn Ay (n) (x) P

sup — 0.

zel

By Silverstein (1995, Theorem 1.1) and Bai and Silverstein (2010, Theorem A.44) combined



120 CHAPTER 4. PCA FOR MULTIVARIATE EXTREMES

with rank(I — P(") = rank (2 1knlT ) = 1 there exists a set Qy € F with P(€) = 1 so

that for any w € € the convergence

(n) &=

Jim sup [PV 0 ) Fur) = 0
X
holds which ends in
) T dn A 5
sup FWOTREEWY ) R o (4.23)
S

Since the matrices W™ ' d, S(W ™ and d, 5™ share the same eigenvalues an;L,p* 15
. ,an;%dn, we get for any i € {p* +1,...,d, — p*} with the interlacing theorem for the
eigenvalues (Horn and Johnson, 2013, Theorem 4.3.28) P-a.s. that

T d, A

n

A (ﬁ;(n) W<n>) > At <W<n>Tdn§;<n>/W<n>)

= A et (4.24)

Therefore, due to (4.23) and (4.24),

~ dn
sup FinE () — Fe(z)| =sup|— » 1 {dn)\;”» < x} — Fi(x)
zel zel |Yn ;4 ’
W T dnA™ T 4p*
< SLé[I) w W — F.(z)| + AN 0,
€T n
which is the statement. O

Proof of Theorem 4.15. The proof of Theorem 4.15 (a)-(d) follows with the same arguments
as the proof of Lemma 4.34 using only Lemma 4.35 and Lemma 4.36 in combination with
SRS SO (cf. (4. )) Only the proof (e) remains. Therefore, note that for i < p* the

asymptotic behavior e R and - Zd_p ‘41 i %5 0asn — oo hold by (a) and
(d), respectively. Hence
dn)\n,i _ dn)\n,z
1 dn N D* N 1 dn N
Bt it nAng = 2imig1 Gndng g 25t pe 1 AnAny
dna\\n,l
> = n, — — 00,
p*—i dndni 1 dn dn>\n,j
dn—1 gn,i dn—1 j:p*+1 5’"«7’5

which shows (e). O
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4.5.2. PROOFS OF SECTION 4.3

Proof of Theorem 4.19. Since by Remark 4.18 (b) the AIC is scale invariant and hence,
we assume w.l.o.g. that A = 1.

Step 1: Suppose p > p*. Note

20p+1)(d—p/2) = (d=1)(d+2) = =(d—p—2)(d—p+1).

By the definition of the AIC we obtain

. P R 1 -1
AlCy, (p) — AICk, (p") = kn Z log(An,i) + kn(d —1 —p)log (d—l—p Z An,j
Jj=p+

i=p*+1

1 d-1
— kn(d—1—p*)log m An,j

where we used that p > p*. Inserting the alternative representation

~ ~ 1
T
()\H,P*+17 SRR )\n,d) = 1d—p* + \/77Mn’
where
Mn = \/E(()\R,P*-Flv R 7)‘n,d)T - 1d_P*)’
gives that
1
AIC AIC ! 77 Mni
ka (P) — AICk, _Z Og( VEn >
=p*+1
+kn(d—1—p)log< Z )
d=1-p Pj=p \ﬁ
—Fn(d—1—p*)log [ 1+ M,
d—l—p*j:;H\/E ’

—(d=p—=2)d-p+1)+(d—p"—2)(d—p"+1).

Furthermore, M,, = Op(1) due to Theorem 4.10 (b). Additionally the Taylor expansion of
the logarithm as x — 0,

log(l4+2z) =2 — 1352 + O(z%),

2
gives that
AICy, (p) — AICk, (p")
- 1
=k, My, ; — M2 3/2 )
2 (s g M 00t

i=p*+1
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2
+ kn Z —_— Z + Op(k,, 3/2)
Jj=p+1 \/> 2(d (] =p+1 \ﬁ )
1 e )2 3/2
St V=1 p) o Ve

—(d=p=2)d-p+1)+(d=p"=2)(d—-p"+1)

=kn Y. <—M2 + Op(k; 3/2))

1=p*+1

2
i _2((1—11—(2 Vn m) + Op(k;*?)

=p+1

B 2
‘”"‘mzl(z,ﬂg)+%ww%

p*+

—(d—p—2)(d—p+1)+*(d—p*—2)(d—p*+1)

1 &, 1 i 1 ! i
=_= E M2 — ——— § M, - E M,, ;
2 m2(d - ) B TPy ey PP

i=p*+1 J=p+1

—(d—p—2)(d—p+1)+(d—p*—2)(d—p* + 1)+ Op(k;'/?).

An application of Theorem 4.10 (b) gives then

AlICk, (p) — AIC, (p") (4.25)
2 2
2y gt (£ ) gt (£ )
=p*+1 =p+1 Jj=p*+1
(d p=2)d=—p+1)+(d—p"=2)(d—p"+1). (4.26)

Hence, the assertion follows.

Step 2: Suppose p < p*. Again by the definition of the AIC we receive

AICy, (p) — AICy, ( Z L5
. == Y log(ny) + (d—1-p)log [ ——— > X
kn j=p+1 d=1-p,27,
—(d—l—p)log(d_l_ Z )
W—p D= p s )+ [ -2y £ 1)

kn
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Due to Theorem 4.10 (a), Xm N Ai fori=1,...,d — 1 holds and therefore,

- . o d—1
AICy, (p) . AlICy, (p*) P Z log (A;) + (d — 1 — p)log (# Z Aj)
n j=p+1 Jj=p+1

Using \j =1fori=p*+1,...,d—1 we get

- 1 d—1
—-22 bg@ﬂ+%d—1—4ﬂbg<ngj"§: &>
j=p+1 Pimrtr
J d—1
= _ Z 1og(Aj)+(d—1—p)10g<d_1_ Z AJ)
j=p+1 =ptl

i +1 )‘j
_ Jj=p
= log ( 1 d—1 N ')(d—l—p) > 07

d—1—p £=j=p+17J
due to the inequality of arithmetic and geometric means (Uchida, 2008) which says that

1/(d—1—
(T2, A) V@1

S
A " <1 O
d—1—p &j=p+171
Proof of Theorem 4.22.
Step 1: Suppose p > p*. Due to (4.25) we receive
BICy, (p) — BICy, (p*)
log(ky, % * log(kn
=18 g )@y e - B gy 1 00,
A division by log(k,) provides
BIC, (p) — BICk,(p*) » 1 1
n n Sd—p =2 d—p 1)~ (d—p—2)(d—p+1
log () —r5ld=p"=2)d-p"+1) - 5(d-p-2)(d-p+1),

which is strictly positive.

Step 2: Suppose p < p*. Since as n — 0o,

BICy, (p) — BICy, (p*)  AICy, (p) — AICy, (p7)

kp kn
_log(kn) =2 ((d—p*=2)(d—p*+1) (d—p—2)(d—p+1)
Tk ( 2 N 2 ) =0,

the statement follows from Theorem 4.19.
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4.5.3. PROOFS OF SECTION 4.4

Proof of Theorem 4.24. Note, as stated in Remark 4.18, the information criteria are scale

invariant and hence

o~

AICS, (Pni Ansds- - s Andn—1) =t AIC}, (pn) = AICS, (Pnidudnts- s dnXg g, _1)-

Due to Theorem 4.14 for (a,b) and Theorem 4.15 for (c), the proof of Bai et al. (2018,
Theorem 3.1) for En,l, e ,Emdn_l can be carried out step by step for ann,l, ces ,ann,dn_l.
The only difference is that there we have almost sure convergence and here we have

convergence in probability. O

Proof of Theorem 4.26. Due to the scale invariance of the BICy, (p*), log(dn)/log(k,) — 1
as n — 0o, Theorem 4.14 and Theorem 4.15, the proof of Bai et al. (2018, Theorem 3.2)
for Em, . ’En,dn—l can be carried out step by step for annyl, .. ,ann,dn_l. ]

Proof of Theorem 4.29. Due to the scale invariance of the AIC*, Theorem 4.14 and Theo-
rem 4.15, the proof of Bai et al. (2018, Theorem 3.3) for En,l, e ,{An,dn_l can be carried
out step by step for anm, . ,ann,dn_l. O

Proof of Theorem 4.30. Due to the scale invariance of the BIC*, log(d,,)/log(k,) — 1 as
n — 00, Theorem 4.14 and Theorem 4.15, the proof of Bai et al. (2018, Theorem 3.4) for
En,l, o ,En,dn,l can be carried out step by step for dnxml, o ,dnxn,dn,l. O



CHAPTER D

SIMULATION STUDY

Until now, we considered question (Q) from a theoretic viewpoint. In this chapter, we
compare the performance of the different information criteria through simulation studies
and real-world data. For the simulation study, we start with the SRV approach from
Chapter 3 in Section 5.1. In the second part of this chapter, Section 5.2 we employ the
PCA approach from Chapter 4. Then, we apply them to real-world data in Section 5.3.
All calculations are performed in R (R Core Team, 2025) with RStudio (Posit team,
2025). Parts of the code for the following simulation study are available at:
https://gitlab.kit.edu/projects/164856,
https://gitlab.kit.edu/projects/178647.

5.1. SIMULATION STUDY: DIRECTIONS OF EXTREMES

In this section, we consider the information criteria from Section 3.2. We simulate n times
a multivariate regularly varying random vector X of dimension d.

In Section 5.1.1 we give a brief overview of the error measures used. For the distribution of
X, we distinguish two cases: Either X exhibits asymptotic independence (Section 5.1.2) or
asymptotic dependence (Sections 5.1.3 and 5.1.4); these examples can also be found in Meyer
and Wintenberger (2023). In the first two examples, we also consider the high-dimensional
case, where the dimension is large. In all examples, we estimate the parameter s* based on
the n observations with the different information criteria: AIC, BICU, BICL, MS]:]IC and
QAIC, and then estimate the probability vector p = (p1,...,ps,0,...,0) by ﬁf;; given
in (3.4). For comparison, we run simulations for the local model with a fixed k,, and for

the global model with an estimated k,. Since r is not known, we use the estimator
80 = I80(2)| = {B € P} : Tu(Cp, kn) > 0}

at this point also for the fixed-dimensional case. In total, we conducted 500 repetitions for

each setting.

5.1.1. ERROR MEASURES

To quantify the discrepancy between the true distribution p as defined in Section 3.1.3
and the estimated distribution ﬁi?ﬁk in (3.4) we use different measures. We start with the

Hellinger distance, which is for two probability measures P and Q with densities p and ¢


https://gitlab.kit.edu/projects/164856
https://gitlab.kit.edu/projects/178647
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defined by

12,0y =4 [ (o) as= 1~ [ ototoran

Since (v/p(z)— \/q(ﬂ:))2 and /p(z)q(x) are always positive, we obtain 0 and 1 as lower and
upper bounds of the Hellinger distance. Thus, it follows that H (P, Q) € [0, 1]. For discrete

probability measures P and Q with probabilities p1,...,pm and q1,...,gmn for m € N the
Hellinger distance is given by H(P,Q) := %H\/ﬁ — /4|2 where p = (py, ... ,Pm) | and
q=(q1,.-. ,qm)T. The Hellinger distance between P and Q is equal to zero if and only if
p = q almost sure. On the other hand, H(P, Q) is equal to 1 if and only if p - ¢ = 0 almost

sure.

Since our primary goal is the identification of the relevant directions s*, we employ
alternative measures. These measures evaluate the validity of a detected direction without

considering the weight assigned to it.

To be more precise, the confusion matrix visualizes the performance of an information
criterion. Suppose that an information criterion gives s} as an estimator for the number s*
of true directions of 2¢ — 1 possible directions. Then we define the confusion matrix for the

different information criteria (IC)

Theoretic direction | No theoretic direction | #Directions
IC detects direction True positive (TP) False positive (FP) sk
IC detects no direction | False negative (FN) | True negative (TN) 24 —1 -3
#Directions s* 2¢ 1 — s* 2¢ — 1

and as error measures

A 5 1 TP + TN FP + FN
ccurac IrTor ‘= — =
Y TP+ TN+ FP+FN 241 '
Fy Error =1 — 21P =1- £PA,
2TP + FP + FN s*+s

which reflect the errors. If we take 1 — Accuracy Error and 1 — I} Error, respectively, we
obtain the original definition of Accuracy and F; as in Powers (2008) such that our error
measures are negatively oriented and a lower value is better. The Accuracy Error measures
the relative number of false classified directions, whereas the F; Error is the harmonic
mean based on the precision and the recall. Note that the precision error is the relative
amount of actual theoretical directions to the number of detected directions, whereas the

recall gives the proportion of theoretical directions.

5.1.2. ASYMPTOTICALLY TAIL INDEPENDENT MODEL

In the first example, we consider d-dimensional i.i.d. random vectors whose spectral measure

only concentrates on the axes. For the distribution of the random vectors, we use the model
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Error measure: Hellinger Error measure: Hellinger
d: 40 d: 40

0.75- < : 075 -

0.50 — 0.50

! }
. H = [ K] .
025 o= (L I =5
1000 5000 10000 20000 1000 5000 10000 20000

Error measure: Accuracy Error measure: Accuracy
d: 40 d: 40

1000 5000 10000 20000 1000 5000 10000 20000
Error measure: FOne Error measure: FOne
d:40 d: 40

0.25- ! + 5 0.25- L1t
T ! ! ! f '
L == a4l a L

0.00 ! | — 0.00 .
1000 5000 10000 20000 1000 5000 10000 20000
n n
AIC &= BICL &2 BICU &2 MSEIC = QAIC AIC &= BICL &2 BICU &2 MSEIC = QAIC
(a) Local model with k,/n = 0.05 (b) Global model

Figure 5.1.: Simulations for asymptotically independent data with s* = d = 40 directions of extremes:
In the top row we use as error measure the Hellinger distance, in the middle row the
Accuracy Error and in the bottom row the Iy Error, which are plotted against the
sample size n on the x-axis.

introduced in Section 3.3.2 and set d = s* = 40, i.e. there are no normally distributed
random variables added.

The results are presented in Figure 5.1, on the left hand side for the local model with
kyn = 0.05 - n and on the right hand side for the global model. In the local model, we
see that for small values of n, as n = 5000 and n = 10000, the AIC and MSEIC perform
better than the other information criteria, while for n = 10000 the QAIC performs only
slightly worse than the AIC and the MSEIC. But this changes for n = 20000: When
evaluating the Accuracy Error and the F; Error, the BIC and the QAIC outperform the
AIC and MSEIC. It even seems that the Accuracy Error and the F; Error of the AIC
and MSEIC increase, suggesting a tendency toward overfitting, which is in agreement with
the theoretical results that the AIC and MSEIC are overfitting with positive probability
(Theorem 3.7 and Theorem 3.20), whereas the QAIC and BIC are consistent (Theorem 3.14
and Theorem 3.28). If we compare the simulation results for the local model (left part of
Figure 5.1) with the results for the global model (right part of Figure 5.1), we realize that
for n = 5000 and 10000 the global model of the AIC and BIC performs better than their
corresponding local models, whereas the global model of the QAIC is, on average, better
than its local version, it has many outliers with the tendency to overfit.

For the high-dimensional example, we assume that k,/n = 0.1 is fixed and we consider
s* =50,75,100 and d,, = s*, s* +25, s* 4+ 50 leading to 2°0 —1 ~ 101705 o 2150 —1 & 104515

potential directions. Since s* is relatively large compared to vk, and k,, we selected
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qn = kyn. The Hellinger distance is plotted in Figure 5.2, where a lower value is better and

the number of estimated dimensions in Figure 5.3, where a value closer to s* is better.

Hellinger distance Hellinger distance Hellinger distance
n: 10000 n: 15000 n: 20000
s*: 50 s*: 50 s*: 50

1.00-
0.75-

0.50-

o T g%'_’_ o7, e SR =

L] [ d
= bl A T
0.00-
' ' ' ' ' ' ' '
50 75 100 50 75 100 50 75 100
d
Hellinger distance Hellinger distance Hellinger distance
n: 10000 n: 15000 n: 20000
575 s*: 75 s*: 75

ﬁ .ﬁ .ﬁ .

o : . o &, AF .

+ 2 dere  gdey
L]
0.00 -
75 100 125 75 100 125 75 100 125
d
Hellinger distance Hellinger distance Hellinger distance
n: 10000 n: 15000 n: 20000
s*: 100 s*: 100 s*: 100

0.75- é$ %% %%

050~
025- % > -

0.00-

oo
._{I],
-
41+
woffo
Jo
l-eo

100 125 150 100 125 150 100 125 150
d

aic £ BicL = Bicu E5 MsEIC QAIC

Figure 5.2.: Simulations for asymptotically independent data and Normal noise with s* = 50, 75,100
and d, = s*,8* + 25,s* + 50: The Hellinger distance is plotted against the dimension
on the x-azis.

In Figure 5.2 we see that, generally, the estimation improves when n becomes larger.
The performance of the BIC declines with an increase in dimension. This is also visible in
Figure 5.3, where the BIC tends to underestimate the number of relevant directions heavily
when the dimension is large. For the AIC it is different, where in the low-dimensional case
the AIC has the tendency to overestimate the number of relevant directions and not in the
high-dimensional case. After an investigation, it became evident that the underestimation
by the BIC results from the stronger penalization, which overpowers the log-likelihood
term for small n.

In Table 5.1 the ratio s,,/k, is displayed. The values of the ratio are between 0.43 and
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Figure 5.3.: Simulations for asymptotically independent data and Normal noise with s* = 50, 75,100
and d,, = s*,s* + 25,5* + 50: The estimated number of relevant directions is plotted
against the dimension on the x-axis.

0.624 and hence not at the border of the interval (0,1). For increasing n and d the ratio is

relatively stable, which is in agreement with the assumption that s, /k, converges.

5.1.3. ASYMPTOTIC DEPENDENT MODEL

Next, we present an additional simulation study for a model with asymptotic dependence
which can also be found in Meyer and Wintenberger (2020). Consequently, not only
directions with || = 1 are relevant. Let X be an R? valued random vector and d;, ds, ds €
N U {0}, such that

d > d1 +2d2-|—3d3.
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s* d n=10000 n =15000 n = 20000

50 50 0.466 0.447 0.430
75 0.553 0.527 0.516
100 0.563 0.542 0.528
775 0.508 0.477 0.466
100 0.584 0.556 0.542
125 0.595 0.564 0.554
100 100 0.535 0.504 0.485
125 0.612 0.579 0.562
150 0.624 0.591 0.569

Table 5.1.: Mean of the ratio 8, /k, for asymptotically independent data and Normal noise with
s* =50,75,100 and d = s*,s* + 25, s + 50.

The parameters d1, do, ds specify the number of one-, two-, and three-dimensional directions.
In the following, we denote by Exp(1) the exponential distribution with parameter 1. The
marginal distributions of X are defined by

X; ~ Pareto(1), j=1,...,dx,
(Xj,Xj+1) ~ (Pareto(1), X; + Exp(1)), j =di1 + 1,d1 +3,...,d1 +2-dy — 1,
(X, Xjt1, Xjy2) ~ (Pareto(1), X; + Exp(1), X; + Exp(1)),
jmdi+2-do+1,di+2-dy+4,. .. dy+2-dy+3-ds—2,
X; ~ Exp(1), j=di+2-do+3-d3+1,...,d.

The random vector Z from Definition 2.13 puts mass on the sets

C{l}, e ,C{dl},
C{d1+1,d1+2}7 sty C{d1+2-d271,d1+2-d2}7
C{d1+2-d2+1,d1+2-d2+2,d1+2-d2+3}7 sty C{d1+2-d2+3-d372,d1+2-d2+3-d371,d1+2-d2+3-d3}'

In total, there are s* = dy + d2 + d3 directions with probability mass, and the goal is again
to identify these directions. For the simulation study in Figure 5.4 we chose k,/n = 0.05
for the fixed case, d; = 10,ds = d3 = 5 and d = 50 resulting in s* = 20 extreme directions.
The plots show similar features as for the asymptotic independent case in Section 5.1.2 (cf.
Figure 5.1).

For the high-dimensional asymptotic dependent simulation study, we chose d; = 10, dy =
0,15,30, d3 = 5 and d = 50,100 and 200 resulting in s* = 20, 35,50 extreme directions.
Furthermore, ky,/n = 0.05 is fixed.

In Figure 5.5, the Hellinger distance of the AIC and the BIC decreases for larger n.
However, in Figure 5.6 we see a similar behavior of the AIC and BIC as in the asymptotic
independent case in Section 5.1.2 (cf. Figures 5.2 and 5.3), where the AIC tends to
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Figure 5.4.: Simulations for asymptotic dependent data with s* = 20 directions of extremes and
d = 50: In the top row we use as an error measure the Hellinger distance, in the middle
row the Accuracy Error and in the bottom row the Fy Error, which are plotted on the
y-axis against the sample size n on the x-axis.

overestimate s* when the dimension is low and the BIC underestimates s* in this case.
The behavior of the ratio s, /ky, in Table 5.2 is similar to before and in agreement with

the assumption of the convergence of it.

5.1.4. MAX-MIXTURE MODEL

We explore an additional simulation study for the max-mixture model of Simpson et al.
(2020), which exhibits asymptotic dependence. For § € P; and d = 5 suppose Fg =
(Fp.j)jep is a |B|-dimensional random vector with Fréchet(1) distributed margins and the
following dependence structure. First, Fy; oy and Fyy 51 have a bivariate Gaussian copula
with correlation parameter p = 0.25. On the other hand, Fiy 33y, Fi345) and F(123 45}
have a three-dimensional and five-dimensional extreme value logistic copula, respectively,
with dependence parameter ¥. Then the regularly varying vector X € R® of index —1 is
defined as

maX{?F{LQ},h $F12,3),15 %F{1,2,3,4,5},1}
{%F{mm, P22, %F{1,2,3,4,5},2}
X =(X1,....X5) = max{%F{1,2,3},3’ 2 Fl3.45).3: %F{1,2,3,4,5},3}
maX{%F{4,5},47 #4540 %F{1,2,3,4,5},4}
5
7
{ J

1 1
Frasy s, 7FB45)5 781,2345)5
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Figure 5.5.: Simulations for asymptotic dependent data with s* = 20, s* = 35 and s* = 50 relevant
directions, d = 100,d = 200 and d = 300, Exponential noise and as error measure the
Hellinger distance, which is plotted on the y-axis against the dimension d on the x-axis.

Since the Gaussian copula exhibits pairwise asymptotic independence, the random vector
© puts mass on the cones Cyyy, Cyay, Cray, Crsy5 Cri23), Cgsa5): Cri1,2,34,5) and by the
choice of the scaling factors, each cone has the same probability. However, the distribution
of Z is not discrete and we need to estimate the support of Z via a Monte-Carlo simulation,
where we use the implementation of Meyer and Wintenberger (2023). Since the choice of
weights is fixed for dimension d = 5 we only consider this example in the fixed-dimensional
setting.

The simulation results of this 5-dimensional model with s* = 7 are presented in Figure 5.7.
In this simulation study, the dependence parameter ¥ takes values 0.1, 0.5 and 0.9 and the
sample sizes are n = 1000, 5000, 10000 and 20000. As before, we conduct 500 repetitions.
We report only the Hellinger distance, as the Accuracy error and the Fj error are not
informative in this context. This is because, in the Monte Carlo simulation used to estimate

the probabilities of the cones (which are not known explicitly), all 25 — 1 = 31 possible
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Figure 5.6.: Simulations for asymptotic dependent data with s* = 20, s* = 35 and s* = 50 relevant
directions, d = 100,d = 200 and d = 300, Exponential noise and the number of estimated
relevant directions, which is plotted on the y-azis against the dimension d on the x-axis.

cones were detected and thus classified as a relevant direction. The figure shows similar
patterns across all information criteria. In particular, as the sample size n increases, the
performance improves. The dependence parameter ¥ does not appear to have a strong
impact on the information criteria. However, for n = 1000, the Hellinger distance tends to

be smaller when 9 is higher, suggesting a potential influence at smaller sample sizes.

5.2. SIMULATION STUDY: PCA FOR MULTIVARIATE EXTREMES

In this section, we present the simulation study for the approach in Chapter 4. Again,
For the

distribution of X, we distinguish three models. First, in Section 5.2.1 we use the directional

we simulate n times a regularly varying random vector X of dimension d,,.

model and in Section 5.2.2, we extend the directional model by adding an additional noise

term. Finally, the model in Section 5.2.3 exhibits asymptotic dependence but differs from
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s* d  n=10000 n=15000 n = 20000

20 100 0.389 0.373 0.364
200 0.457 0.442 0.428
300 0.512 0.491 0.483

35 100 0.411 0.387 0.375
200 0.449 0.426 0.412
300 0.477 0.455 0.441

50 100 0.437 0.404 0.384
200 0.466 0.430 0.418
300 0.488 0.452 0.435

Table 5.2.: Mean of the ratio S, [k, for asymptotic dependent data with s* = 20, s* = 35 and s* = 50
relevant directions, d = 100,d = 200 and d = 300.

the directional model. In all models, we estimate the parameter p* by p, based on n
observations. We run the simulations with 500 repetitions. Throughout these examples,
¢ = dp/ky,. When ¢ < 1 we use the AIC and the BIC, and if ¢ > 1 we use the AIC* and
the BIC*. If for some c, k, is greater than n, we set k, = n.

Note that we do not directly compare the approaches from Chapter 3 and Chapter 4, as
the requirements for the support of the noise are vastly different. In Chapter 3 we assumed
that there are only a few directions and in Chapter 4 we assumed that we have mass on

every axis.

5.2.1. DIRECTIONAL MODEL

First, we consider the directional model with p* = 10 as introduced in Section 4.2.2. On
the one hand, we investigate the fixed-dimensional case with d = 20 and on the other hand
the high-dimensional case with d = 100, 200 and 300. For comparison, we run simulations
with sample sizes n = 1000, 5000, 10000. The matrix I',, from (4.3) is a diagonal matrix
and the deterministic eigenvalues &, 1,...,&n p+ are all equal to A*, which is chosen to be
larger than 1 and to satisfy the distant spiked eigenvalue condition \* > 1+ y/c. The
entries of V(™ are i.i.d. standard normally distributed.

The results for d = 20 are presented in Figure 5.8. The estimator p,, of both information
criteria gets closer to the true value p* = 10 if k,, increases. For n = 1000 and k,,/n = 0.01,
we have k,, = 10 < d = 20 and therefore we use the AIC* and BIC*. Both information
criteria underestimate p*, which is expected as the number of extreme observations k,
equals p*. In all other cases, the AIC and BIC are used. For k,/n > 0.05 and \* = 3, the
AIC either estimates p* or shows more outliers above p*. Overall, the AIC performs better
when \* or k, increases. The BIC estimates the true value of p* or underestimates p*,
where the number of cases with underestimation decreases when \* or k,, grows. This is
also intuitive: for a higher value of A\*, the spike is more pronounced. In comparison to the

AIC, the estimates of the BIC have, in general, fewer fluctuations and outliers.
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Figure 5.7.: Simulations for the maz-mizture model with s* =7 directions of extremes and d = 5:
From top to the bottom, the dependence parameter increases from 9 = 0.1, 9 = 0.5 to
¥ = 0.9. The Hellinger distance is plotted against the sample size n on the x-axis.

For the high-dimensional case d > 100, Figure 5.9 depicts the simulation results. Note
that for A* = 3 the gap condition is satisfied when ¢ < 1, and for A* =5 and 20 for all c.
It should also be noted that for fixed n and d,, but increasing ¢, the number of extreme
observations k, decreases, leading to a smaller sample size. The AIC and AIC* both profit
from an increase in dimension and A*. Overall, the estimates of both criteria get better
for a larger dimension. In comparison to Figure 5.8, we see that the AIC* has a tendency
to underestimate p* for A* <5, ¢ = 2 and ¢ = 3, which is consistent with Theorem 4.29.
The estimates p,, of the AIC and AIC* are closer to p* in comparison to the BIC and
BIC* as soon as the gap condition is fulfilled. When the gap condition is not satisfied,
the information criteria underestimate p*, where for ¢ > 0.5 the BIC and BIC* only give

usable results for \* = 20. For ¢ > 1 the BIC* shows underestimation in all cases.

5.2.2. DIRECTIONAL MODEL WITH NOISE

In this example, we again consider the directional model with the same choice of distributions
as in Section 5.2.1, but additionally, we add noise. As noise, we use the d-dimensional

random vector

€ ~ ‘Nd (Od, %Id)

)
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Figure 5.8.: Simulations for the directional model with p* = 10 and dimension d = 20: From left to
the right the sample size increases from n = 1000, n = 5000 to n = 10000. From top to
bottom, the value of the relevant eigenvalues increases from \* = 3, A* =5 to \* = 20.
In every subplot the ratio ky/n increases from left to right from 0.01, 0.05, 0.1 to 0.15.
The box plots show the estimator p,, for p* = 10 of the AIC and BIC.

where the absolute value is entry-wise. Due to the scaling of the covariance matrix by
100/d the variance of the norm of & converges as d — oo to 100/v/2 (see Lemma A.3).

Then, we construct the regularly varying random vector

1/2V(n)

v

) _ (")

I Z+eeRY,
n

1/2

where T V(") and Z are defined as in Section 5.2.1 and € is given as above.

The results are shown for d = 20 in Figure 5.10. In general, the results are similar
to Figure 5.8, but with a greater deviation from the true value p*. In most cases (e.g.
n = 5000, 10000, k,/n > 0.05 and A\* > 5), the information criteria estimated p, = 11
relevant eigenvalues, therefore identifying not only the 10 dominant eigenvalues but also
including the noise. The noise leads to more fluctuation of the AIC estimates, especially to
overestimation of p*. For the BIC there are cases (e.g. n = 1000, \* < 5 and k,,/n = 0.15),
where the BIC estimates p, = 1 instead p* = 10 and without noise the estimate is
concentrated near p* = 10. The AIC does not show this behavior. The influence of the
noise decreases for larger \*, resulting in a larger spike.

Figure 5.11 provides a visualization of the results in the high-dimensional cases d = 100,
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Figure 5.9.: Simulations for the directional factor model with p* = 10 and sample size n = 5000:
From left to the right the dimension increases from d = 100, d = 200 to d = 300. From
top to bottom, the value of the relevant eigenvalues increases from \* =3, \* =5 to
A* =20. In every subplot the ratio ¢ = d/k, increases from left to right from ¢ = 0.25,
¢c=0.5,¢c=0.75,c=1.5, ¢c=2 to c = 3. The box plot shows the estimator p, for
p* =10 for the different information criteria.

d = 200 and d = 300. We see that the effect of the noise is similar to the low-dimensional
case. The overall fluctuation increases compared to the simulation without noise in
Figure 5.9. The information criteria estimate the noise as an additional direction, for
example, when A\* = 20 and d = 300.

5.2.3. SPIKED ANGULAR (GAUSSIAN MODEL

In this section, we consider the contaminated spiked angular Gaussian model, which can
also be found in Avella-Medina et al. (2025). For 1 < p* < d we define the regularly varying

random vector
X =NZeR?

where Z is a univariate standard Fréchet distributed random variable, N follows a d-

dimensional centered normal distribution with covariance matrix

p*
H = Z)\iviv; + )\Id,
=1
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Figure 5.10.: Simulations for noisy directional factor model with p* = 10 and dimension d = 20:
From left to the right the sample size increases from n = 1000, n. = 5000 to n = 10000.
From top to bottom, the value of the relevant eigenvalues increases from \* =3, A* =5
to \* = 20. In every subplot the ratio k, /n increases from left to right from 0.01, 0.05,
0.1 to 0.15. The box plots show the estimator D, for p* = 10 for the AIC and BIC.

where v;, i = 1,...,p" are orthogonal vectors and A\ > Ag > -+ > A\ps > A =--- =X >0.
Note that the distribution of X differs from the directional model in Section 5.2.1, as the
normal distribution is not standardized when X is generated. The spectral vector arising
from X concentrates on a p-dimensional subspace and is given by (see Avella-Medina et al.,
2025)

_ E[IN6n iz (]
PO)= "gNT

For the comparison, we run simulations with sample size n = 5000, dimension d = 100,
d = 300 to d = 900. The matrix H is fixed for each sample but is initially randomly
generated for the simulation, where the eigenvectors v; are generated following the approach
of Mezzadri (2007) with the R package pracma and the eigenvalues \; = -+ = Ajg = 20
are equal to 20, p* = 10 and the last eigenvalue A\ varies; we analyze the behavior of the
information criteria when A approaches 0 and thus the spiked covariance assumption is
closer to being violated. Therefore, we compare the results for A = 0.01, A = 0.1, and
A=1

The results are illustrated in Figure 5.12. It is evident that, when the gap is sufficiently
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Figure 5.11.: Simulations for the noisy directional factor model with p* = 10 and sample size
n = 5000: From left to the right the dimension increases from d = 100, d = 200 to
d = 300. From top to bottom, the value of the relevant eigenvalues increases from
A* =3, M =5 to \* =20. In every subplot the ratio ¢ = d/k,, increases from left to
right from ¢ = 0.25, ¢ = 0.5, c=0.75, c = 1.5, ¢ =2 to ¢ = 3. The box plot shows the
estimator p, for p* = 10 for the different information criteria.

large, then the BIC and BIC* are less affected by a small eigenvalue A than the AIC and
AIC*. The smaller \ is chosen, the larger the overestimation of the AIC and AIC* is,
whereby for d = 900 and A = 0.01,0.1 the AIC* overestimates p* more than AIC. When

A =1 and d > 300 the performance of all criteria is nearly identical.

5.3. APPLICATION TO REAL-WORLD DATA

In this section, we evaluate the performance of the proposed information criteria on two
real-world datasets. The first, concerning wind speed measurements (see Section 5.3.1),
is analyzed using the methodology developed in Chapter 3 and corresponds to a fixed-
dimensional setting. The second dataset, comprising precipitation records from Germany
(see Section 5.3.2), is examined via the techniques introduced in Chapter 4, and can be
considered to be in a high-dimensional regime in which the dimension exceeds the sample

size.
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Figure 5.12.: Simulations for spiked angular Gaussian data with p* = 10: From left to the right the
dimension increases from d = 100, d = 300 to d = 900. From top to bottom, the value
of X\ increases from A = 0.01, A = 0.1 to A = 1. In every subplot the ratio ¢ = d/ky,
increases from left to right from ¢ =0.25, c=0.5, c=0.75, c=1.5, c =2 to c = 3.
The box plot is log-scaled and shows the estimator p, for the different information
criteria.

5.3.1. APPLICATION TO WIND SPEED DATA

In the following, we examine the dependence structure of extreme wind speeds using the
same example as Meyer and Wintenberger (2023) by applying the method from Chapter 3.
For this purpose, the daily average wind speeds at 12 synoptic meteorological stations in the
Republic of Ireland from 1961 until 1978 with n = 6574 observations are considered. The
data was subject to Haslett and Raftery (1989) and taken from StatLib - Datasets Archive
(2023). To what extent dependencies exist that are not due to the geographical proximity,
will be analyzed in the following. The locations of the stations are shown in Figure 5.14 and
consist of: Belmullet (BEL), Birr (BIR), Claremorris (CLA), Clones (CLO), Dublin (DUB),
Kilkenny (KIL), Malin Head (MAL), Mullingar (MUL), Roche’s Pt. (RPT), Rosslare
(ROS), Shannon (SHA) and Valentia (VAL). For preprocessing, we use the same Hill
estimator & = 10.7 (see Section 2.1.3) as Meyer and Wintenberger (2023). We considered
values of k,, between 33 and 1183.

The values of the estimators for ky, ky,/n, and s* are presented in Table 5.3.

The number of extreme observations k,, varies between 230 and 1118, which corresponds

to 3% to 17% of the data. However, the information criteria reported the number of
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~

IC ko k/n &
AIC 460 0.07 11
BICU 1118 0.17 12
BICL 1118 0.17 13
MSEIC 230 0.03 9
QAIC 592 0.09 11

Table 5.3.: Estimators for the wind speed dataset based on the different information criteria.

extreme directions between 9 and 13, which is not a large range compared to the choice of

ky. On the left-hand side of Figure 5.13, the values of the information criteria are plotted

against the threshold k,,, while on the right-hand side, the number of estimated directions

is also plotted against k,. The vertical lines indicate the minimum of the information

criteria. It appears that for the number s of extremal directions, there is a more distinct
plateau around the optimal value k,, for BICU, MSEIC and QAIC compared to AIC and

BICL.
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Figure 5.13.: On the left-hand side in the figure the value of the information criteria (IC) and on
the right-hand side, the number s of extremal directions is plotted against k,. The
values of the IC are scaled, such that they start at 1. The vertical lines indicate the
minimum value of the information criteria.

A graphic of the Republic of Ireland is given in Figure 5.14, where the black dots highlight

the different locations of the stations. Colored diamonds close to a station are markers
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Figure 5.14.: Mazimal subsets recovered by the information criteria of the daily average wind speed.

for estimated extreme wind speeds at that station based on an information criterion. All
information criteria only identify stations on the coast as extreme, all inland stations have
non-extreme wind speeds. AIC missed one station on the coast, which is Valentia located
more than 130 km from the other stations. MSEIC, QAIC, BICU and BICL recovered the
same maximal clusters and missed the coastal stations Shannon and Dublin. The first
station, Shannon, is connected to the ocean, but is nearly 40 km from the open sea. The
second station, Dublin, is oriented towards the Irish Sea, rather than the Atlantic Ocean.
All information criteria identified Belmullet, Mullingar, Rosslare and Roche’s Pt., and four

out of five information criteria also recognized Valentia.

5.3.2. APPLICATION TO PRECIPITATION DATA

In the following, the information criteria developed in Chapter 4 are applied to precipitation
data in Germany taken from DWD Climate Data Center (CDC) (1951 - 2022). The dataset
consists of daily station observations of the precipitation height for Germany between
January 1, 1951 and March 31, 2022 at d = 500 stations. The stations are marked by black
dots in Figure 5.15. The data is preprocessed to include only observations from January,
February and March, and transformed to standard Fréchet margins (see Section 2.1.3).
After data cleaning, the resultant dataset contains n = 2546 observations, each with
precipitation records from at least one station. In Figure 5.15 we see the stations of the

empirical eigenvectors v; = (vgi), .. .,vc(;))T, where vj(.i) > 0-61)8))’ 1 =1,...,5, of the 5
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Figure 5.15.: Left figure: Map of Germany with all stations highlighted by black dots. Right figure:
Map of Germany with the most extreme stations of the empirical eigenvectors of the
five largest empirical eigenvalues, colored by eigenvectors.

~

largest empirical eigenvalues Xn,l, ..., A5 if ky = 76; the stations of each eigenvector are
colored differently.

We consider 1% to 15% of the data as extreme, corresponding to 25 to 382 observations.
In these cases d > k,, and, therefore, we assume to be in the high-dimensional setting with
¢ > 1 and apply AIC* and BIC* from Definition 4.28. The number of candidate models ¢,
for the AIC* is chosen as d/2 = 250 to account for the assumption of Theorem 4.29.

50-

40-

30-

20-

10-

25 51 76 102 127 153 178 204 229 255 280 306 331 356 382
- AIC* BIC*

Figure 5.16.: The estimated number p,, of significant eigenvalues determined by AIC* and BIC*
plotted against k.

Figure 5.16 shows the number of estimated significant eigenvalues p,, mapped against
kn. The estimates using AIC* stabilize between k,, = 76 and k,, = 178, ranging from 24
to 28, before further increasing. In contrast, BIC* stabilizes for k, between 76 and 229,

with values of 5 and 6. Even for k, > 255, the BIC* remains between 7 and 9, whereas
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Figure 5.17.: For k,, = 76, on the left hand side the scaled ordered empirical eigenvalues Xn,i/xn,lg
i =1,...,75 and on the right hand side the differences of the ordered empirical
eigenvalues divided by the value of the largest eigenvalue (Ap; — Anit1)/An1, @ =
1,...,75 are plotted. The vertical line indicates the AIC* estimator p,, = 25 and the
BIC* estimator D, = 5.

AIC* continues to increase. This difference between the estimates is aligned with the
heavier penalty imposed by BIC*, which leads to smaller estimates compared to AIC*.
These estimates reduce the dimensionality of d = 500 by factors of 20 and 100, respectively.
For comparison of these different estimates, the scaled empirical eigenvalues Xm /Xn,l,
1=1,...,75, are plotted in the left picture of Figure 5.17. At first view, they seem not to
be constant after some point, contradicting the spiked covariance assumption. But in a

spiked covariance model with

AM>A> o> A > Mg == XAg_1 = A > 0.
we have
Mz A fori=1,...,p*  and Az A g fori=p"+1,...,d.
A1 A1
Therefore, the scaled increments (Xm — Xn7i+1> / Xml i=1,...,75, of the empirical eigen-

values are plotted in the right picture of Figure 5.17. We realize that after some point
these increments are nearly constant zero, indicating that these are non-spiked eigenvalues.
The information criteria seem to estimate the point where these increments are constant
zero because in the interval [5,24], which is spanned by our estimators, this happens. In
the non-extreme value setting, Hung et al. (2022) analyzed a dataset on the habitual diet
of the human gut microbiome, in which the empirical eigenvalues and the estimators of the
information criteria, displayed in Hung et al. (2022, Fig. 10 (c)), have a similar behavior

to our empirical eigenvalues in our Figure 5.17.



CHAPTER 0

CONCLUSION AND OUTLOOK

In this thesis, we developed and analyzed information criteria to the reduce the dimension
of extreme data, thereby answering question (Q). The information criteria, derived from
two different approaches, achieve a dimension reduction in high-dimensional settings where
the dimension can grow with the sample size.

In Chapter 3, we developed three different information criteria for the number of extreme
directions s* based on the concept of sparse regular variation. In the fixed-dimensional
setting, we derived information criteria for the choice of the optimal threshold k,,. We first
considered the QAIC, which follows the same ideas as an Akaike information criterion but
is based on a Gaussian likelihood function in contrast to the multinomial model of the
AIC of Meyer and Wintenberger (2023). We showed that the AIC is not consistent, but
the QAIC is consistent in the fixed-dimensional setting. Next, we introduced the MSEIC,
where the idea of minimizing the mean squared error as a risk function is analogous to the
AIC, which minimizes the Kullback—Leibler divergence, but without requiring a likelihood
assumption. However, similar to the AIC, it is not consistent. The last information criterion
in this chapter is the BIC, which is based on a Bayesian approach for a multinomial model
analogous to the AIC of Meyer and Wintenberger (2023). The advantage of BICU and
BICL in the fixed-dimensional case is that they are weakly consistent information criteria
for the number of extreme directions s*. Then, we moved to the high-dimensional setting
and adapted all four information criteria for this setting. Under suitable assumptions,
we showed that all information criteria are consistent, provided that for the AIC, QAIC
and MSEIC the fluctuation of the number of observations across bias directions is not
too large. In the simulation study of the local model for large n and fixed dimension, we
observed that AIC and MSEIC tend to overestimate s* for large sample sizes, but for small
n the MSEIC performs extraordinarily well. This changes in the high-dimensional setting,
where the information criteria do not have the tendency to overestimate and the BIC even
underestimates s* if the dimension is large. Overall, all information criteria performed
quite well, none was particularly superior in all situations.

In Chapter 4, we proposed information criteria based on the AIC and BIC for Gaussian
random vectors to detect the number p* of significant principal components in multivariate
extremes, which corresponds to the location of the spike in the eigenvalues of the covariance
matrix of the spectral measure. We used a spiked covariance model for the eigenvalues of
3, where &)+ is the smallest spiked eigenvalue. Our analysis encompassed both the classical

large-sample setting and the high-dimensional setting, which has become increasingly
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relevant for extreme value theory in today’s applications. We established the consistency of
the BIC in the large-sample setting, where we derived some new results on the asymptotic
properties of the empirical eigenvalues of 3 under the spiked covariance model. In the
high-dimensional setting, we employed methods from random matrix theory to validate
the consistency of the AIC and the BIC when working with the directional model. In
particular, we derived the behavior of the empirical eigenvalues by connecting them to the
empirical eigenvalues for the underlying latent vector. In the simulation study, we also
observed that in the fixed-dimensional case the AIC has the tendency to overestimate the
true dimension if the sample size n is large. In contrast, in the high-dimensional case, the
BIC underestimates the true dimension when the sample size n is low.

Furthermore, the performance of the information criteria was validated through a
simulation study. Since we used two different methods to reduce the dimension, it is not
possible to directly compare the information criteria of the two methods. However, in general,
the information criteria for both methods worked and generally showed similar behavior
and consistency results. For example, under some assumptions, the BIC is consistent in
both settings and the AIC is only consistent in the high-dimensional case. Similarly, the
simulation studies for both methods showed that the AIC tends to overestimate the true
dimension if the sample size is large and the dimension is small, compared to the BIC,
which underestimates the true dimension if the sample size is small and the dimension is
high. These results are also in accordance with the literature, as mentioned before.

In view of question (Q), we derived information criteria to consistently reduce the
dimension of data following the SRV or PCA approach, even in high-dimensional settings
where the dimension tends to infinity. Along the way, we derived new theory for the fixed-
and high-dimensional settings. In addition, the information criteria were successfully applied
to real-world datasets. Therefore, we have developed methods that allow practitioners
to select from a variety of information criteria depending on the suspected dependence
structure in order to address the problem of dimension reduction for extreme data.

Although we have thoroughly addressed all aspects of question (Q) using multiple
methods, new research questions have emerged. Next, we present open questions, which

could be part of further research.

 In the high-dimensional setting for the spiked covariance model, we assume that &, is
a distant spiked eigenvalue in the sense that £y« > 14 +/c and ¢ = limy, o0 dy, /Ky, > 0.
For applications, these eigenvalue assumptions are restrictive, as we see in our data
example in Figure 5.17, where the empirical eigenvalues decrease but do not stabilize
at some point. Therefore, it would be worthwhile to explore more general eigenvalue
structures of the covariance matrix of X such as £« > 1+ y/c and =41 < 1+ +/c

where all eigenvalues §; for j = p* +1,...,d, are in a neighborhood of 1 or 0.

e In Chapter 4, the case ¢ = 0 is not covered and could be further investigated. We

suspect that the AIC and the BIC, as defined here, are inconsistent even when a
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type of gap condition like (4.6) is satisfied. Such a condition relates to the distance
between the smallest eigenvalue bigger than 1, denoted by &, ,+, and the following

eigenvalue, denoted by &, p«41.

o Additionally, as a starting point for this line of research on PCA for high-dimensional
extremes, the consistency results of the information criteria were based on the
assumption that the underlying model is a directional model, similar to multivariate
statistics, where the first results were derived for Gaussian models with a special
covariance structure. Of course, it would also be interesting to explore generalizations

or alternatives to the directional model.

e The optimal choice of k,, is nontrivial, as it has a direct influence on the estimates
of the information criteria. For the choice of k,, further research is needed in the
high-dimensional setting of Section 3.3 and for the PCA approach in Chapter 4, as
discussed for the SRV approach (Chapter 3 and Meyer and Wintenberger, 2023).

e There are other methods to reduce the dimension of data, which are established in
the non-extreme field of statistics. For example, Autoencoders (cf. Goodfellow et al.,
2016, Chapter 14), which are neural networks that encode data to a lower-dimensional
space and then decode it to get back to the original space. One could also estimate
the true dimension of the encoded space. Another method is to apply self-organizing

maps (Kohonen, 2001), which can be used to derive low-dimensional representations.

o In this thesis, we considered the setting in which both the effective sample size and the
dimension grow proportionally at most. Another possibility is the high-dimensional,
low-sample-size case, where the dimension grows while the sample size remains fixed.
For example, Jung and Marron (2009) analyzed the consistency of PCA in this
framework. In a similar way, PCA could be studied for extremes in situations where

the dimension increases much faster than the sample size.

In conclusion, we proposed several solutions to question (Q) and many opportunities for

further research have arisen.
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APPENDIX A

AUXILIARY RESULTS

A.1. AUXILIARY RESULTS FOR THE QUASI-AKAIKE INFORMATION
CRITERION

In this section, we present supplementary results for Section 3.2.1. Note that most parts of
this chapter consist of Butsch and Fasen-Hartmann (2025b).

A.1.1. ProorF oF LEMMA 3.43

Lemma 3.43. Suppose the assumptions of Proposition 3.11 hold and p’ (7) is defined

analog to p’ (T ) in (3.9). Then as n — oo,

(B:(T) = B3(Tw))
(P = (Tw)

Yn 1:\/Ediag(pn,17 -y Pns, (’rp%s)’ Py 7pn)_1/2

(B — (7))

D
— Nr+1 (0r+1, E) )

where

21, Osx(r—s
5= " X(lr_le ]
0(7"73))((84»1) I s — r_;_b

Proof. From Assumption (A4) and the continuous mapping theorem we receive that

I Osx(r—s)
1l Tn .
0 Vs Vky, diag(p;;) /2 (k —pn)
17”_5]‘:75 "

O(T—S)XS IL_s— s

I 0s r—s
Ly N (01"4-17 ( o ( H)L(sl,)T_g)) .
O(r‘fs)x(erl) I, — e

Finally, it follows from the independence of T, and T as well as Pnj/pn — 1, j > s* by
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Assumption A, that as n — oo,

I Osx(r—s)
17 T
v,=| o e | Vhndingon) 2 (12 - )
0 17"*51:—3 "
(r—s)xs I r—s
I Osi%(rfs) ;7v_,
-1 o] S|V diag(p;) 2 <k" - p;i) +op(1)

0(7‘—5) X O(T’—S) x (r—s)
2 Noi1(0,41, ).

A.1.2. Proor oF LEMMA 3.44

Lemma 3.44. Suppose the assumptions of Proposition 3.11 hold and p’ (7) is defined
analog to @;(’7'”) in (3.9).

(a) Then as n — oo,

Vlog L, (B2 (T ) | Ta) (B2 (Tw) — B2(T)) — 0.

n
(b) Suppose py, = (Dn,1;---sDnss pn) " satisfies
15n — 2 (Tl < 185(T ) = B5(Tw)l, neN.

Then as n — o0,
(B2(Tw) = B3, (T) " (V2 log L, (B | Ta)

—n —n

o (diag (1, - P o/ (= $)71)) - (B5,(Tn) = B5(T)) — 0.

Proof. (a) The derivatives of the log-likelihood function are

T2
~5\2 n,j
- 1 kn (1‘3?) k2 .
— log L T, :—T—7~7n, :1,---,
o B T =5 TS T ’ ’
and
- T?
5)  kn (P°)* — 75
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Hence,

Vlog Ly, (P (Tn) | Tn) (P (Tn) - JL(Tn))

11 e ET T
"X\ 2,0 2 Gy ) BT BT
T2,
(r—s) [ kn (B (T0)* — e iy
(T T2 22 oy | T BT
IS BT =B (Ta)  (r—5) Ba(T) = 2(T)
2 & Bi,(Tn) 2 i (Tn
b (oo P (T -

=:tlp1+ In,2 + In,3-

First, note that I, ;1 = op(1) = I, 2 due to Lemma 3.43 and /k,, p, — oo. Therefore,
it remains to investigate I, 3. We define the function g : R"™* — R as g(z) =

(r —s)? me)Q with Jacobian vector

—
(1r75$

T T4 T
Y iy wlrfs r—s
(1T m)2 — (1T :I:)3) for x € R"°.

r—S

Vg(x) =2(r — 3)2(

Then, g(1,_s) = — s and Vg(1,_s) = 0, . From Assumption (A4) we already get

the asymptotic behavior

Tn s T
V knpn (7{—:77} - 1rs> 2} -/\/;”73(07"757 Irfs)-
PnRn

Then an application of the delta-method yields

Vg (s Tt ) oo

Pn kn

or equivalently

VEnpn J=st+1 7 ;k% 5 — (r—s) :\/Tpn( Z G (7721)) (r—s))
( jmst1 ﬁ(ﬂ,s)) i1 On(Tn

= op(1).
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On the other hand, Lemma 3.43 implies that

kn ~S (T ~s
;(Bn(Tn) — n(Th)) = Op(1).
Finally, this results in

T2
k ~ T ((T)? = 75
Ing = == (Pn(Tn) = p(T)) — = -

2 j=s+1 (Bn(Tn))Q
1 [k r T

=5 lA’fLTn_AiLTn V knpn = i - = 1

(b) The Hessian matrix of the log-likelihood function is

N 1 1 T2, 1
Vo8 L (81| ) = ding (2(92 R AT N il
i b 2 7;:?? Fy) PR
Let P = (Dn,1, - > Pn,ss pn) | With ([P — B2 (Tl < (185, (Tn) — B, (T )11~ Then,
V21og Ly, (n | Tn) + kn diag(pn,1, - - -, Prs, pu/ (1 — 8)) 7"
:diag(zpl —knzlﬁ; ;“”212— ”7132 ,; i
n,1 n,1 n,1 Pn,s n Pns Pngs

(r— j 1 Ea(r—s)
2 k Z j 3 )

=s+1 TL TL pn
—: diag(Bn(1), .. ,Bn<s>, Ba(s +1)).

Since pp ;i /Pn,; £, 1, 7=1,...,s, we receive for the entries B, (j), 7 =1,...,s that
2
P B (j) = 2 1 7—"2] B N ¥ Eﬂp”’j +1-50.

(A1)

Similarly we receive with p,k, — oo and p,/pp £ 1 for the entry B, (s + 1) that

k(’”_s)) 0. (A2

n j=s+1 n pn Pn

Pn Pn (7" -
Prp (s4+1)="n -
K (s+1) Kl ( 2 2
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Additionally, due to Lemma 3.43 we have as n — oo,

E(@%,J(%n) - ]:9\781,](7-”)) =0Op(1) and Z(ﬁfz(%n) - ?Z(Tn)) = Op(1).

(A.3)

Therefore, Slutzky’s lemma, (A.1), (A.2) and (A.3) yield

(B5(Tw) = BL(Tw) " diag(Ba(1),.., Bu(s), Buls + 1) (B5(Tw) — 55(T))

n . ) |
)3 (,/ (755 (T >—ﬁz,j<m)> (5B

— 0

as n — oo, the statement.

A.2. AUXILIARY RESULTS FOR THE MEAN SQUARED ERROR
INFORMATION CRITERION

In this section, we present supplementary results for Section 3.2.2.

A.2.1. PROOF OF LEMMA 3.47

Lemma 3.47. Suppose Assumptions (B1) and (B2) hold. Then for p’ € R, the asymptotic

behavior

T/

H\/” — T/, diag(p/) /2 (n {},’ b p’)

n,2d

= gy (BT )] +o0 () )

ngn

E

as n — oo holds.

Proof. Under the Assumptions (B1) and (B2) we get

( / ')2 T/ )
:E["’] = W + ()| T 20
n
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. [(Tn,j(k:n))2 gy T

k?

n

e[y

1
+OP <>
n— T’rIL,Qd
1
+ op (T’ > .
n-— n,24d
T’ 1
H n—T),,dag(p/) "/ (”{ o) —p’>

n—"T'

n,2¢

Hence,

2
2]
1 T . 2
n_T/ 5] _p/'
DS [((n—Tg,Za J
Tl
= Ngn Z?E

£ e (B ) o o)

= nan (B @IT k)] + o (- ) ).

A.2.2. PROOF OF LEMMA 3.48

Lemma 3.48. For ¢’ € (0,1) the equality

T ..
H\/H(Q’(l —q)7? (22 —(1- Q')>

2
. (1—qn) (¢ — qn)?
] - (nq’(l —¢) " qug1- q’)>

2

holds.

Proof. A straightforward calculation gives with

E

]

__n (”q”(i; an) | ”2(17;2 W o - )"l ~ ) 41— q’)2>

T,
H\/E(Q’(l —q))? (T;f -(1- Q’)>

_an(l=a) | (1=62)" =201 =) —gu) + (1 = ¢)?
¢(1-¢) ¢(1-q)

_anl=a) (¢ =)
¢(1-¢) ¢d0-q)

_ (1 - Qn) n (q/ - Qn)z
— (q’(l —¢) M- q’))
:nqn< 0 =) | (o~ n)” )

ng(1-¢)  aqd(1—¢)

the statement.
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A.3. AUXILIARY RESULTS FOR THE BAYESIAN INFORMATION
CRITERION

In this section, we present supplementary results for Section 3.2.3.

A.3.1. ProOF oF LEMMA 3.49 AND LEMMA 3.50

First, we provide the proofs of the auxiliary results in this subsection.

Lemma 3.49. Let the assumptions of Theorem 3.25 hold. Define the ball

U (Pp) = {P" € 051 [P* = Py ll2 < enp}

with radius €,y == (pn)?/2 for v > 4/3 around p;,. Then the following statement holds

_ sup log LM,in (P | Tn(kn)) — log LM,jn (P, | Tn(kn))
pSEUEn,'y (pr)

1 =S =S =S =S =S
— 50" = B}) V?log Lugg (B, | T (kn)) (" — D7) | = 0p(1).

Proof. First, we apply a multivariate Taylor expansion to the log-likelihood function
log Lasg (- | Tn(kn)) around the MLE p;, at p® analog to Lemma 2 of Meyer and Winten-
berger (2023) (based on a generalization of Cauchy’s Mean Value Theorem see Hille, 1964)

which gives the existence of a constant 6, € (0,1) such that

log LM,jn (P° [T (kn))
= log Lagy (B, | Tu(kn)) + (B° — P7,) ' Vlog Lagg (P}, | To(kn))

1 ~3 =5 =5 foc =5 =5
+5P° ;) 'V log Lz (6up;, + (1 — 00)p° | Tn(kn)) (B° — )
= log LM,fn (P, | Tn(kn))

(p°—p5)"

+ = V2 og Ly (0nB}, + (1= 0)P" | T (kn)) (B” — B7,)-

Thus, we receive

log Lygg (P | T(kn)) —log Lazg (P, | T (kn))

1

1 p,) V2o Lagy (P} Ta(kn))(B° — B7)

1 ~s __ =5 e~ =5
= 5| =BT (V10w Lugg (0,57 + (1~ 0,05 | Tulle)

=V og Lugs (5| Talh) ) (5° — 57

. (A4)

Therefore, to prove the statement, we show that the right side is op(1). Inserting the
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derivatives of the log-likelihood function

d
2%—-1
Tn,l - Zj:s+1 T"hj
- =l
Py 172j=1p§
T,

Vlog LM,jn (P | Tn(ky)) =

d

2%—-1
Tn,s _ Ej:s«l»l Tn,j
=~ ——
P3 1_23':1 p;

~. Tn kn n,s kn r: n,
VQIOgLMg (p® | T (kn)) :—diag(’is(Q),..., ;8(2 )) 2 stl ~j2 1.1/,
" (P1) (P2) (1=, %)

and applying the triangle inequality yields

‘(IN’S - (V2 log Lz (0np), + (1 = 0n)P" | T (kn))

- Vlog Lugy (B3 Talk) ) (5° ~ B7)

~ ~ . Tn l(kn) Tn s(kn>
<o —p5)T4 d ( ) ., —— : — )
—\(” Pn) { N\ 0nps + (1= 00507 (Bubiys + (1= 6,)55)°

~ang(T2 L Tl )

)T{ §:5+1Tn7j
=N _ 2
(1= 525-1(0n55, + (1 — 0.)5))

> imst1 In,j e
J s: An] . '15'12—(175_17;)
(1= 5mn,)

= 1(P”) + 12(P”).

In the following we only show that I5(p®) is uniformly op(1); the calculation for I1(p*)
is similar but with a faster rate, since p; > 0, j =1,...,s" and p, — 0. Therefore, an

application of the mean value theorem to the function z + 1/z? yields

T T j(kn) T T j(kn)
5(p*) = knll* = B3 S S — ‘
- n 2 2
(1 —225=1(0np;, ; + (1 — 9n)23f)) (1 =251 ﬁng)
1 1
_ =5 _ =S512(,. _ \AS —_
= kallp® = prlli(r — s)n Ot (007 @)
. 201 —=0,)|p8 — 7*
< ka5 = B30 — )y 2L OnlPn — 77 (4.6)

min(|p3], [p°])?
Since p® € U, . (p;,) and pj;, = Op(p,) we obtain

sw B = Os(keed o)
pSEUEn,’y(pr)
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Finally, e, = (pn)7/2 and kyp(pn)*’™2 < kn(pn)? — 0 (due to Assumption (C3)) which

results in the uniform convergence of supgoy o) L2(P°) £, 0 and the statement
En,y \Fn

follows. H

Next, we derive boundaries for the eigenvalues of the second-order derivative of the

log-likelihood function.

Lemma 3.50. Let the assumptions of Theorem 3.25 hold. Define A\, o = Tnlfi?kn) and

o kn skn
)\n,l A Tn,s(kn) "'I_ ZT T

j=s4+1 T (kn)

. For p® € ©4 we have on the one hand,

=5 =8 =5 =5 =5 =8 —1 =5 =5 =5
Aa(B = P) (B° = 5y) < (B = L)' =V log Lugg (B, | Tu(kn))(B° — P7,)  P-as.

and on the other hand,

~s =S ~s =S ~s =S 1 ~s ~s =8
Ana (B = B3) (0" = By) = (B = By) ' 1=V log Lz (By, | Tu(kn))(p° — 57,)  P-as.

Proof. Let p* € ©. Inserting the MLE p? in the second order derivative in (A.5) yields

ky, kn, kny,

1
V2log Lass (95 | To(ky)) = dia + ‘1,-1]
g, Vo8 Lasg, (L1 (ko) = ding (7o ) 4 sy o
= M, + N,.
The eigenvalues of M,, and N,, are
K 1
- M /L - b 78)
Hi Tn,sfi+1(kn)
and L
SKn .
v=——— and v; =0, 1=2,...,s,
Y T s(kn) Z
respectively. By Aq,...,As with Ay > - > A; we denote the ordered eigenvalues of

M, + N,,. Then Weyl’s inequality (cf. Horn and Johnson, 2013, p. 239, Theorem 4.3.1)
and Assumption (A2) yield
kn, kn, skn

=ps <As <A <puptuv = + = :)\n,l- (A?)
Tn,S(k’n) Zj:s—‘d Tn,j(kn)

Apog = =
2 Tn,l(kn)

An application of A.2.5 in Fujikoshi et al. (2010) and inequality (A.7) give then with

=5 _ =8 =5 _ =8 =5 _ =8 —1 =5 =5 _ =8
Ana(B" = B3) (0" = By) < (B = By) ' 1=V log Ly (By, | Tu(kn)) (" — 5,)

< A1 (8 = 23)" (P° - B})

the statement. ]
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A.3.2. PROOF OF PROPOSITION 3.51

Proposition 3.51. Under Assumptions (B1), (B3) and (D4) the asymptotic upper bound

as n — oo,

—2E[logEx[Lar: ,  (P°| Ty 11, )]

< — 2E[log ((n — T} 50)!) — (1 — T} 1) (log(n = T, ) — 1)

ngn s r
— 25 Eflog Lagy (B} (To(kn)) | Tu(kn))] + 25 log (K =) S)) + C'log(ngn),

n
for a constant C > 0 independent of s and n, holds.

Proof. Assumption (B3) says that

E [—2 logE [LMLT' (P°| T'rll,{l,‘..,r})]]
d

n,2

SE{E{—2IOgLM27T, (pn( n,{1,.. )‘ {17 -7 )
d

) |
+ QSE[log ((n - 7'12d)\/:) } — slog(27m) 4 o(1).

First, we find an upper bound for the first term. Therefore, note that for j =1,...,s the

equality

IE{T,’MlOg(ﬁn; ) ' }

= E[T/L,j log (n_ﬂ}],Qd)
n,

/
n,2¢

= E[Tfll,j log(TAj)]TT’m] - E[Tﬁ,j log(n — 1T, Qd)‘ ]

holds. An application of (3.33) in the first step (which holds as well in analog form for
17, ;) and Assumption (B1) in the second step give then

= E[T, | 2d] IOg(E[TAﬂTAQd]) — log(n — 7IL,2d)E[ ’ Qd] + Op(1)
n_T,;d E[T,, i(ky, n_Tnd
= B 1) tog (ZTs ) S g gt — 7,0
n-— 7/L2d /
— R [T (k)| log(n — T, 5a) + Op(1)
n—T . E[T,, i (kn
= TQE[TnJ(l@n) log ([/;()]ﬂ + Op(1),



A.3. AUXILIARY RESULTS FOR THE BAYESIAN INFORMATION CRITERION 167

where we used in the calculations as well that (n — T ,4)/kn = Op(1) due Assumption

(B3). Finally, we apply again (3.33) to receive

_ ]{;?”E[Tn,j(kn)log (T”;C(f"))} +03(1)

Similarly, we obtain as well

/
n,24

Z E[ Jlog (B5(Th 11 y))

Jj=s+1

_ n2d ET: ]E[ log(pn)]-FOP(l)' (A.9)
Jj=s+1

A consequence of the log-likelihood function (cf. (3.3)), (A.8) and (A.9) is then

E[—QIOgLMj_T, P (T q1,op) | T, y) ,’%24
d

,

!/

n—"T
27"’2dlog(kn!)

= —2log ((H—Tn gd)! +QZE10g T/,j!)‘Trlzgd} + kn

7j=1
n —

T —
_zTnﬂdlog(kn!)— ! "QdZE[ k) log (75.,)]

Jj=s+1

By the last equality on page 28 in Meyer and Wintenberger (2023) and »77_y Ty, j(kn) = ky,
we receive that

> Eflog(T;, ;1)|T;, 5a] (A.11)
j=1

T " !
< T Y 0B T ()] + (1= T ) o () + okl = T 0

n

and
T n—T,
2(n — TT/L,2d) log (%) + 2]{7 log(ky!)
<2(n— Tr’wd)(log(n - T;’Qd) — 1)+ Cylog(n — T7’172d), (A.12)

for some constants C'1,Cy > 0 independent of s and n.
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Plugging then (A.11) into (A.10) yields

E[ — 210g LM'rssz/ (pn n {1 ) ’ {1, LT 'r/L,2di|
d

n,2

) n—T o n—=T .
< —2log ((n — T}, ya)!) +2(n — T} 4a)log ( .- ) +2 - log(kn!)
n— TT’L 0 r s »
— 2 og (k) - ;E[log(ij(kzn)!)] + Zl E([T,.,i(kn) log (73]
= j=
+ Z E {T ) log (pn)} } + Cy log(n — T/%Qd)
Jj=s+1
-7 -7
:—210g((n—Tn2d))+2(n— nQd)log( - n2d)+2 . n,24 log(kn!)
n—T o R )
_ QT’E[log Lagg (7 (Tn(kn)) [ Tn(kn))] + Crlog(n — 17 54),

and using inequality (A.12) gives then
< ~210g ((n — T y2)1) +2(n — T}, ) (log(n — T, ) ~ 1)

n— Trlz d ~
— 2——"2Bllog Lasy (5}(Th(kn)) | Tu(kn))] + C3log(n — T}, 50).

Finally, Assumption (B3), the last upper bound and Jensen’s inequality result in

E {—2 log E,\[LM:_T, (P° | Trll,{1,...,r})ﬂ

n,2d

< —2E [log ((n— T/md)!) —(n— Tn 9d) (log( T;%Qd) — 1)}
n— T/l 0 N
_ 2E{T’E[log Loz (B3 (To(kn)) \Tn(kn))]]
y r

+ 28E[10g ( (n — mzd) m)} + Cslog(ngy)

< 9 [1og (0 = T} )t) — (n = T 50) (l0(n — T 50) — 1)}
nGn s r
277 “Ellog Lusg (B3(Tn(kn)) | T (k)] + 25 log (ko[ 5o = S))
+ C'log(ngy,),
where C' > 0 is a constant independent of s and n. O

A .3.3. PROOF OF PROPOSITION 3.52

The target of this section is to prove Proposition 3.52. Note that for the estimator
Gn = (n—T ,4)/n for g, holds under Assumption (D3) that G./gx £ 1, since Elgn/q.] =1
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and V(Gn/qn) = ngn(1 — @)/ (n%q;) — 0.

Lemma A.1. Let Uégm(qAn) ={q€(0,1):|qg—aqul <e,.}, whereby we choose e, ., = g},
for v >4/3. Then under Assumption (D3)

2
~ ~ n\Gn —
sup log Lpin, (1 — qn | T’r/L,Qd) —log Lin, (1 — @y | T;L,2d) + 2(”A = op(1).

€U’ (an) In
n,y

Proof. First, we expand the log-likelihood function around the MLE ¢,,. The derivatives
of log Lpin, (1 —q| T ,.) are given by

o T e n—=T .
—log Lin, (1 —q|T! ya) = —2 o
aq 0og an( q ‘ n72d) 1— q + q )
52 T e n—=T 4
——log Lpin, (1 —q|T! 54) = —2"% — o
(g2 o8 Lm0l T2 = o 7

Applying a Taylor expansion onto log Lgin, (1 — ¢ | T} ,4) at g, provides for g, € UL, (Gn)
’ n,y
that there exists some ¢, € (0,1) such that

log Lpin, (1 = Gn | T}, 54)

. ~ ., 0 .
= log LBinn(l —dn ‘ Trlhzd) + (Gn — @n) 7~ log LBinn(l —qn ‘ Trll,zd)

dq
1. ., 0? . U
=+ 5((]71 —qn) W log Lpin, (1 — ¢ndn — (1 — cn)n | Tn,zd)
n 0% 1
= log Lan(l —Gn ‘ TrlL,zd) + 5(% - an)zwg log LBinn(l —nGn — (1 = ¢n)dn | TT/L,Qd)’

(A.13)

where we used that the MLE @, is a root of the first derivative.

Then we have

~ -9
~ —~ n -
108 L gin, (1= Gn | T2, 54) — 108 Lin, (1 — G | T/ 50) + 1 (@0 —an)”

2
— ’Z(gn — @n)Q(aa;zi log Lpin, (1 — cngn — (1 — ) qn | T/%Qd) + ZW'
1—a q, 1
g@” — 0| - (1 —cnGn — (Clln— cn)@n)?  (cnn + ((11n_ c)in)®
1—g, 1 a0
< gsﬁfﬁ (1= cndn — ((in_ en)Gn)? + gsﬁw G (Cnln + ((in_ cn)an)2‘
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and using that %5277 < ng2/2 — 0 by Assumption (D3) as well as

1_(/]\71

P
— — — 1
(1 — CnQGn — (1 - Cn)Qn

5| < |a-a)/0-ad - 0 - )@ - o)

gives
. ~ 1 —ea ~ 1— i
= ﬁegw " ~3 ’1 _ (enll +(A cn)dn) -(1 + (entln +(A Cn)qn)) +op(1)
27" (enGn + (1 = cn)gn) an an
n 1 ~ ~ (Cn(/]\n + (1 - Cn)(?n)
=5¢ ~ ~ 1—cn)lgn — ¢ '<1+ — + op(1
27" (CnQn + (1 - Cn)Qn)Z( n)| " n‘ qn ( )
n 1 (@ + (1 —cn)en5)
o 1—cp)e -(l—i— e~ nﬁ)—i—o 1
= 9 ny (Qn + (1 _ Cn)ef%;y)z( n) n,y an ]P’( )
—2
= Op(ney,/qz) = Op(ngy)~?) = op(1),
where we used that v > 4/3 as well as the consistency of g, for ¢, and thus 6;% =g <qgt

and ng2 — 0 by Assumption (D3). Thus the assertion follows.
O

Lemma A.2. Under Assumption (D3) we have for sufficiently large n that

—2log Ex[Lgin,(1 — | T7/172d)]
< ~210g Lpin, (1 — G | T}, 1) — log(2) + log(n/du) + 02(1).

where §n, == (n —T' ,,)/n is an estimator for q,. The expectation of the op(1) term is of

n,24
order o(1).

Proof. 1t follows from Lemma A.1 that

~ / ~ / n (E]vn - E]\n)2
1Og Lan(l —Qn ‘ Tn,gd) - IOg Lann(l —dn | ngd) - 5 C_/Z\ + OIP(l)
n

uniformly for g, € U/, (g») and €,
n,y

~=qy for v >4/3.

Due to the uniformity of the limit in the last equation we receive similarly to (3.25)

Ex[LBin, (1 = q| T} 54)]

2/ _exp (logLan(l —q|T) zd)) dg
U;;L (an) ’

~ \2
—~ n -
= Lo, (1~ | Ti) [ o _nlaZ @7 4o (14 0p(1))
’ U;/ (gn) 2 dn
n,y

and thus,

—2log Ey[Lpin, (1 — ¢ | T, 54)]
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n(q—q,)?
< —210g Lpin, (1 = Gn | T} 34) — 2log/ ()xp(—f’f”) dg + op(1)
Adn

an

=2 10g Lan Qn ‘
)

27 n/Qn Qn)
—210g/ qn “n/qn ( B Gn/n )dq-l-OIP(l)

21
= —2log L 21
Og Blnn( qn ‘ ) Og n/qn
Py 1 (g —
— 210g/ JURY "/ n exp (g qn) dg + op(1).
U, (@) V27 2 G/
n,y

For the next step we need qﬂnafﬁ = ng>’~! — co. Since v > 4/3 and an/?’ — o0 by

Assumption (D3) we define ¢, == ¢/, 43 and have 2y —1 = 5/3. Due to Assumption (D3)
and G, /qn %, 1 we obtain similarly to (3.27) that

n/Qn q_‘/]\n)2
1 dqg = 1).
og 0, @ V2 ( 3 an > q = op(1)

Thus the assertion follows.

O

Proposition 3.52. Suppose Assumptions (B3) and (D3) hold. The expectation of the

binomial likelihood satisfies as n — oo the inequality

~2E[log Ex L, (1 — 71 T} 50)]] < — 2log(nl) + 2E[log((n — T} 50)!)] + 2E[log(T), )
— 2nqy, log( n/n) +2 log(n) + Cngp,

for a constant C' > 0 independent of s and n.

Proof. Without loss of generality, we assume in the following that the constant C > 0,
which is independent of s and n, is chosen sufficiently large such that the following
inequalities hold.

Under Assumption (B3), we are allowed to use the second equation on page 31 in the

proof of Lemma 6 in Meyer and Wintenberger (2023)

E[log Lgin, (1 = gn | T}, 5a)]
= Eflog Lpin, (1 = —*| T} 50)] + (n _ qn> ( t _n(l—gq )) '

kn/n 1 —ky/n

A combination with the asymptotic expansion in the last equation on page 31 in the proof
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of Lemma 6 in Meyer and Wintenberger (2023)

ngn  n(l—gn) _ ( _kn> n
kn/n 1—ky/n - kn/n+o(kn>’

gives then

n

o Ok

B{log L (1 — a0 7 50] = Bllog Ly, (1~ 2 770] — (%2 =4,
By Assumption (B3) follows the existence of a positive constant C; > 0 such that
E[log Liim, (1 — g | T", 50)] 2 Ellog Lpmm, (1 — "2 |77 ] - (k’" _ qn>2 " g,
, n ; n kn/n
Since ng, — oo and for g, == (n — T/md)/n we have
E[log Lin,, (1 = qn | T}, 54)] — E[log Lin,, (1 — Gn | T}, 54)] — O,

as n — 00, it follows the existence of a constant Cy > 0 such that

~ kn, kny, 2 n
E[log LBinn(l —dn | TAQd)] > E[log LBinn(l - z ’Téygd)] - (n - Qn) m - CZnQn-

A combination of Lemma A.2 and the equation above gives the existence of a constant
C3 > 0 such that

—2E[log Ex[LBin, (1 — q| T’rIL,Qd)H

< —2E[log Lpin,, (1 — n | TAQd)] —log(2m) + E [log (;)} +o0(1)

< —2E[log Lpin, (1 — k;l—n ‘T,rll’zd)] + 2(% - qn>2knn/n + E{log ((%)} + Csng,. (A.14)

Inserting
kn
E[log Lpin,, (1 — . | T}, 54)]
K, ko,
= log(n!) — Ellog((n — T} 54)!)] — E[log(T}, 54)] + n(1 — ga) log (1 - ;) + ngy log (;)

into (A.14) yields
—2E[log Ex[Lgin,, (1 — ¢ T}, 34)]]
kn
< —2log(n!) + 2E[log((n — T}, 5a)!)] + 2E[log(T, ,4!)] — 2n(1 — g) log (1 — W)

— 2ngy, log (k ) +2 (n — qn)2 kﬁ +E {log (quﬂ + C3ngy,.- (A.15)

n
n n
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We have by Assumption (B3) that —log(1 — ky/n) < Cyqy for some Cy > 0 and thus,

n
kn/n

2
—2n(1 — gp) log(1 — kyp/n) + 2 <IZL - qn) < Csngy (A.16)

for some C5 > 0.
Finally, we use for B ~ Bin(n, p,) with np, — oo a Taylor expansion and the Chernoff

inequality resulting in the existence of a positive constant C' > 0 such that
log(E[B]) — C < E[log(B)1{B > 0}].

But due to Assumption (D3) we know that ng, =n — T’ ., ~ Bin(n, ¢,) with ng, — oo

n,2
such that
n n
E [log (A>] <log (—) + Cs < 2log(n) + Cs (A.17)
for some constant Cs > 0. Hence, the statement follows from (A.15)-(A.17). O
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Lemma A.3. Let 100
Eq ~ ‘Nd(Od, TId)

9

where the absolute value is entry-wise. Then
lim V(|legll2) = 100/v/2.
d—o0

Proof. Indeed, since |le4||3 ~ 100/d - x3, where X2 is a chi-square distribution with d
degrees of freedom, the formula for the moments of a chi-square distribution (cf. Hogg
et al., 2005, Theorem 3.3.2) gives

V(lleall) = Efleald] - Ellealal)® = = (4 - (\@Fg{% )”/ 20

Further by Gautschi’s inequality (cf. Elezovié et al., 2000, p. 1) we have

(d— 1)1/2 - I((d+1)/2) - <d— 1 +1)1/2

2 I(d/2) 2

and therefore

100d—-1 100 d—1 100 d—1 100d + 1
L - \2d- = —1) <V < —V2(d- ") = ="
V2 d V2 ) < Vlledl) < =-v2(d - =) V2 d

2 d
Letting d — oo on the left and on the right-hand side gives the statement. O






NOTATION

Symbols

P-a.s.
—

P, Px

R, Ry

d d
RY, R4

almost sure (a.s.) convergence

identity matrix in R%*4

operations for a € R and «, y € R? that are meant component-wise
covariance (matrix)

convergence in distribution

Rdxd

a diagonal matrix in with the components of a vector € R? on

the diagonal
expectation (vector)

partial derivative of a function f with respect to the i-th component of

the vector x

zero vector (0,...,0)" in RY

vector of ones (1,...,1)" in R?

set of continuity points of a function f

power set of {1,...,d} and power set of N

set of natural numbers

gradient of a function f : R% — RF, represented as a matrix in RF*¢
probability

boundary of a set A

convergence in probability

power set of {1,...,d} and N excluding the empty set, i.e, Py \ {0} and
P(N)\ {0}

Euclidean projection onto the simplex Sfl[l

set of (positive) real numbers

set of (positive) real d-dimensional vectors

unit sphere with respect to the Ly-norm, i.e, {x € R?: ||z|2 = 1}

simplex with respect to the Li-norm, i.e, {z € RY : |z|, = 1}
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\% variance
BLEN vague convergence

x|y Ly-norm, Y%, |z4|, for a vector & € R?

7j=11%J
x||2 Euclidean (L) norm, d: z2, for a vector & € R
J=1"j

w

— weak convergence

List of abbreviations

(M)EVT (multivariate) extreme value theory

AIC Akaike information criterion

BIC Bayesian information criterion

ESD empirical spectral distribution

ii.d. independent and identically distributed
Lasso Least Absolute Shrinkage and Selection Operator
LSD limiting spectral distribution

MLE maximum likelihood estimator

MP law Marcéenko-Pastur law

MSE mean squared error

MSEIC mean squared error information criterion
PCA Principal Component Analysis

QAIC quasi-Akaike information criterion

RV regular variation

SRV sparse regular variation
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