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CHAPTER 1

Introduction

Extreme Value Theory (EVT) gained attention in the 20th century, initially within the
field of civil engineering (Coles, 2001). Early applications focused on challenges such as
determining the height of dams required to withstand a once-in-a-century flood. It was
also applied to model other meteorological events, including extreme wind speeds, heat
waves, wave heights, river flow rates and precipitation. More recently, EVT has been
applied in other domains, including the financial industry, to analyze insurance losses,
stock market shocks, and operational risk. A key obstacle in estimating a once-in-a-century
event, however, is the uncertainty regarding its potential magnitude, as such an event may
not have occurred during the observation period.

Therefore, a specialty of EVT is its focus on only the most extreme observations to
make inferences about the far tail of a distribution. Hence, EVT can be viewed as an
extrapolation technique where conclusions about unobserved extreme levels are drawn
from a small number of extreme realizations. In many practical applications, such as those
mentioned above, interest extends beyond univariate extremes, e.g., the height of a dam at
a single location or the loss associated with a single asset, to multivariate settings involving
multiple spatial locations or assets. For instance, to better understand the occurrence
of extreme concentrations of the greenhouse gas ozone and the associated meteorological
factors, an extreme value study was conducted in Russell et al. (2016) investigating the
dependence structure of these factors on extreme ozone levels. The dependence structure
of extremes was also analyzed in other fields, such as the study of high sea levels (Tawn,
1992), precipitation (Jiang et al., 2020) and in finance (Hilal et al., 2014). This necessitates
the use of multivariate extreme value theory (MEVT), which accounts for the dependence
structure among components of multivariate data, as such dependencies can critically
influence the occurrence and frequency of joint extreme events.

A classical concept for modeling multivariate extremes is multivariate regular variation
(Resnick, 1987, 2007; Falk, 2019). A d-dimensional random vector X ∈ Rd is called
multivariate regularly varying with index α > 0 (tail index) if there exists a measure S on
the unit sphere Sd−1 := {x ∈ Rd : ∥x∥ = 1} (spectral measure) such that

P
(∥X∥

t
> r,

X

∥X∥
∈ A

∣∣∣ ∥X∥ > t

)
−→ r−αS(A), t → ∞, (1.1)

for all r > 0 and all Borel sets A ⊂ Sd−1 with S(∂A) = 0. The Sd−1-valued random
vector Θ with distribution P(Θ ∈ ·) = S(·) is called spectral vector. The spectral measure
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S models the directional components and contains information about the dependence
structure in the extremes of X. Therefore, a primary goal is the estimation of S. Note that
for the norm ∥ · ∥ we subsequently use either the L1 norm, defined by ∥x∥1 :=

∑d
j=1 |xj |

for x = (x1, . . . , xd) ∈ Rd, or the Euclidean (L2) norm, defined by ∥x∥2 :=
√∑d

j=1 x2
j for

x = (x1, . . . , xd) ∈ Rd. Furthermore, in what follows, the term dimension refers to the
(ambient) dimension d of the space Rd.

Although the estimation of the spectral measure S for bivariate data has been addressed
in previous work, e.g. Einmahl et al. (2001); Einmahl and Segers (2009), the extension to
arbitrary dimensions presents challenges, as mentioned in Clémençon et al. (2023).

Additionally, as data become more widely available in modern applications, both the
sample size and the dimensionality of the observations may increase proportionally. The
increasing of the dimension leads to the well-known curse of dimensionality (Bellman, 1957),
which significantly complicates the estimation of the spectral measure S. In the setting
of MEVT, this challenge is further amplified because inference is based only on extreme
observations, which are by definition scarce.

However, in high-dimensional regimes, the spectral measure often exhibits sparsity and
is concentrated on a lower-dimensional subspace. Consequently, a common strategy in
multivariate statistics is to perform dimension reduction prior to estimation: first, one
identifies the approximate support of S, and second, one estimates S restricted to this
subspace. This approach can substantially improve both computational efficiency and
estimation accuracy.

This leads to the main research question of the thesis:

(Q) How can the dimension of extreme data be reliably reduced in high dimensions?

This question touches on several topics. First, we are dealing with extreme data, for
which, as noted, observations are scarce. Second, the task of "reducing the dimension"
paves the way for estimating the low-dimensional support of the spectral measure. To
accomplish this, we use information criteria, which are tools for model selection. The
criteria we consider include the Akaike information criterion (AIC; Akaike, 1974) and the
Bayesian information criterion (BIC; Schwarz, 1978). Furthermore, our objective for the
dimension reduction is to estimate the extremal dependence structure reliably, which, in
this framework, means that the information criteria are consistent. Finally, we assume that
the dimension is large and may even tend to infinity. Consequently, we consider not only
the classical large-sample setting (fixed dimension, sample size tending to infinity) but also
the high-dimensional regime, where both the sample size and dimension diverge. In the
latter case, the asymptotic behavior of the information criteria differs substantially from
that in the fixed-dimensional setting.

The literature on dimension reduction methods for multivariate extremes using statistical
learning methods has grown rapidly in recent years. For example, Chautru (2015) identified
groups of jointly extreme variables by applying Principal Component Analysis (PCA)
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followed by cluster analysis with spherical k-means to the spectral measure of a multivariate
regularly varying random vector. Chiapino et al. (2019) used the joint tail dependence
coefficient for this task. In Jalalzai and Leluc (2021), the empirical risk between the data
and the output of a representation function evaluated on the data is minimized over extreme
regions.

Another approach to reduce the dimension of an Rd
+-valued random vector (i.e. a real-

valued random vector with positive entries) involves the estimation of S using the L1 norm.
The support of S can be identified by the disjoint partition of the (positive) unit simplex
Sd−1

+ := {x ∈ Rd
+ : ∥x∥1 :=

∑d
j=1 |xj | = 1} with respect to the L1 norm into sets of the

form

Cβ := {x = (x1, . . . , xd)∈ Sd−1
+ : xi > 0 for i ∈ β, xi = 0 for i /∈ β} ⊆ Sd−1

+ , β ⊂ {1, . . . , d}.

(1.2)
Knowing S(Cβ) for all β ⊆ {1, . . . , d} allows us to draw conclusions about the support of
S and the directions of extreme events. The sets β ∈ P∗d , each corresponding to Cβ, will
henceforth be referred to as directions. If S(Cβ) > 0, it implies that the components in
the set β are jointly extreme and thus we have an extreme event in the direction β. The
dimension is then reduced by separately considering the entries of X belonging to maximal
directions, where a direction β ∈ P∗d is maximal for Θ, if

P(Θ ∈ Cβ) > 0 and P(Θ ∈ Cβ′) = 0 for all β′ ⊋ β.

However, the disjoint partition of Sd−1
+ consists of 2d − 1 sets, so it is huge for large values

of d, and estimating S(Cβ) is non-trivial. The underlying assumption is that the support
of Θ is that s∗, the number of directions β ⊂ {1, . . . , d} with S(Cβ) > 0, is small, i.e.
s∗ ≪ 2d − 1.

However, complications arise for the estimation. On the one hand, for β ⊂ {1, . . . , d}
with |β| < d holds Cβ = ∂Cβ, which implies the interior of Cβ is the empty set. As a
consequence, if S(Cβ) > 0, then the convergence in (1.1) for A = Cβ does not necessarily
hold. On the other hand, if X has a continuous distribution, empirically there are no
observations in the set Cβ. Therefore, the empirical estimator for S(Cβ) based on (1.1)
is not consistent and is not useful. To avoid this problem, numerous approaches have
been suggested, such as the support detection algorithm DAMEX (Detecting Anomalies
among Multivariate EXtremes) of Goix et al. (2017) which works with truncated ε-cones to
generate continuity sets that approximate the sets in (1.2). Simpson et al. (2020) use the
concept of hidden regular variation on a collection of nonstandard subcones of [0, ∞]d\{0}.

An alternative solution to mitigate this problem is proposed in Meyer and Wintenberger
(2021, 2023) by introducing the concept of sparse regular variation, which is equivalent
to regular variation under some mild assumptions (see Section 3.1 for a definition). The
main difference between regular variation and sparse regular variation is that the self-
normalization X/∥X∥1 in (1.1) is replaced by the Euclidean projection π(X/t) of X/t
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onto Sd−1
+ for large t > 0. The Euclidean projection π : Rd

+ → Sd−1
+ is defined (and

implemented as in Duchi et al., 2008) by

π(v) = arg min
w∈Sd−1

+

∥w − v∥2
2. (1.3)

The advantage of this projection is that the resulting vector π(X/t) is typically sparser,
i.e. has more zero entries than X/∥X∥1. This is particularly advantageous when only a few
components are jointly extreme, as in a high-dimensional setting. However, the empirical
estimator of Meyer and Wintenberger (2021) for the number of extreme directions, i.e.
directions in which extreme events occur, in the sparse regularly varying model is biased
and overestimates the true number of directions. To correct this, Meyer and Wintenberger
(2021, 2023) developed an Akaike Information Criterion (AIC) consisting of two steps. The
first step uses an AIC for bias selection to estimate the number of extreme directions. The
second step extends this to an AIC for threshold selection to simultaneously estimate the
threshold.

An alternative line of research applies Principal Component Analysis (PCA) to extremes.
For an Rd-valued regularly varying random vector X, the dependence structure of the
extremes is captured by the spectral vector Θ and its covariance matrix is denoted
as Cov(Θ). Drees and Sabourin (2021) and Drees (2025) established a mathematical
framework for PCA for the empirical covariance estimator of Cov(Θ) by analyzing the
squared reconstruction error, the excess risk and the asymptotic behavior.

Recently, Clémençon et al. (2024) extended the PCA approach to Hilbert-valued regularly
varying random objects, whereas Avella-Medina et al. (2025) used kernel PCA, a nonlinear
generalization of PCA. In addition, Cooley and Thibaud (2019) introduced decompositions
to analyze tail dependence, summarized in the tail dependence matrix to which PCA
was then applied. Furthermore, Rohrbeck and Cooley (2023) derived extreme principal
components of the tail dependence matrix to model river flow in northern England and
southern Scotland. This also enables them to generate synthetic data for the river flow.
Wan (2026) analyzed the extremal dependence structure of random vectors projected on
a (d − 1)-dimensional hyperplane and subsequently applied PCA. Variants of k-means,
an unsupervised clustering method, have also been applied to extreme observations. For
example, Janßen and Wan (2020) analyzed spherical k-means for extreme observations and
investigated it further for a max-linear model. In Fomichov and Ivanovs (2023) a different
cost function was used, leading to k-principal-component clustering and Avella Medina
et al. (2024) used a random k-nearest neighbor graph applied to a linear factor model to
estimate the spectral measure. In Bernard et al. (2013) the Partitioning Around Medoids
algorithm was proposed and compared to classical k-means based on french precipitation
data.

Outside the extreme value framework, PCA has been analyzed in the high-dimensional
setting. For example, the spiked covariance model, introduced by Johnstone (2001), is a
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widely used model for PCA and similar applications in high-dimensional statistics. The
model is used in Fujikoshi and Sakurai (2016) and Bai et al. (2018) for PCA in the
fixed- and high-dimensional cases, respectively. In Bai and Yao (2012) convergence of
the empirical eigenvalues is analyzed. Additionally, Jiang et al. (2023) applied the model
to high-dimensional compositional data and Johnstone and Yang (2018) considered a
spiked model to analyze the sample correlation matrix. Furthermore, the spiked covariance
model has found applications in a variety of fields, including speech recognition, wireless
communication, and statistical learning as mentioned in Paul (2007). The spiked covariance
model was originally proposed for a Gaussian distribution with covariance matrix Σ whose
eigenvalues λ1, . . . , λd satisfy

λ1 ≥ λ2 ≥ · · · ≥ λp∗ > λp∗+1 = · · · = λd =: λ > 0. (1.4)

The idea behind the model is that we have p∗ leading (or spiked) eigenvalues, i.e.
eigenvalues which are strictly larger than λ. Hence, the Gaussian distribution concentrates
in the directions of eigenvectors corresponding to these leading eigenvalues. Note that p∗

differs from s∗. The motivation behind it is that s∗ from the aforementioned approach is
the number of relevant directions and lies between 1 and 2d − 1, whereas p∗ is the number
of leading eigenvalues, which lies between 1 and d. Generally, we assume that both s∗ and
p∗ are unknown and relatively small compared to 2d − 1 and d, respectively.

For non-extreme data, information criteria to estimate p∗ were investigated in Fujikoshi
and Sakurai (2016) for Gaussian random vectors in a large-sample asymptotic framework
and in Bai et al. (2018) for general data in the high-dimensional case. These criteria are
motivated by a Gaussian likelihood function. Since in a Gaussian spiked covariance model
the log-likelihood function can be written as a functional of the empirical eigenvalues both
the AIC and BIC are defined as functionals of these empirical eigenvalues.

However, research on the number of significant principal components (the so-called
dimensionality) in PCA for multivariate extremes has been limited. In Drees and Sabourin
(2021), the dimension was estimated by examining empirical risk plots. An alternative
approach is to analyze the scree plot, which is the plot of the empirical eigenvalues, in search
of an "elbow" as a cutoff point, indicating a minimal variation in the empirical eigenvalues
after this point. However, a big challenge in extreme value theory is the choice of the
threshold t, which defines extreme observations as those whose norm exceeds t. Changing
this threshold also changes the number of extreme observations and, consequently, the
estimates of the empirical eigenvalues. Thus, a change of the threshold results in a different
scree plot and possibly a different elbow. One of the few works that developed a statistical
method for estimating the dimensionality is that of Drees (2025). The proposed method is
based on asymptotic results for the reconstruction error of the projections and is a testing
problem, but a disadvantage is the dependence on several tuning parameters.

Another approach to data clustering is proposed in the recent work of Chen et al. (2025),
where data from multiple datasets are clustered into groups based on the value of the
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tail index. In this setting, the dimension of the data is also allowed to approach ∞.
Furthermore, the recent overview by Clémençon and Sabourin (2025) provides an in-depth
look at the intersection of machine learning and extreme value theory.

A completely different line of research to represent the sparsity structure in multivariate
models are graphical models as in, e.g., Engelke and Hitz (2020); Engelke and Volgushev
(2022); Engelke et al. (2024); Gissibl et al. (2021); Gissibl and Klüppelberg (2018), to name
only a few. A method for fitting the flexible Hüssler-Reiss distribution, popular for its use
in graphical models, to high-dimensional data is presented in Lederer and Oesting (2024).
A comprehensive overview of recent advances in probabilistic and statistical aspects of
sparse structures in extremes is given in Engelke and Ivanovs (2021).

Our contributions

In this thesis, we propose and analyze methods for identifying lower-dimensional structures
in the support of the spectral measure. To address question (Q), we consider two different
techniques for dimension reduction. The first induces sparsity via the projection π in (1.3),
which is motivated by a Least Absolute Shrinkage and Selection Operator (Lasso) approach.
We call this approach the sparse regular variation (SRV) approach. The dimension reduction
is then achieved by considering maximal directions. The second achieves a dimension
reduction through Principal Component Analysis, which is based on a spiked covariance
model similar to (1.4). We call this approach the Principal Component Analysis (PCA)
approach. The two settings differ in the assumptions made about the support of S. In
the first, the SRV approach, it is assumed that X is Rd

+-valued, the L1 norm is used and
the support of S is sparse, meaning that only a few Cβ have positive probability mass.
In the second, the PCA approach, it is assumed that X is Rd-valued, the L2 norm is
used and the support of S concentrates on a low-dimensional subspace of the unit sphere
Sd−1, with the remaining components regarded as noise. Hence, both settings rely on
an underlying signal-noise model, and we aim to distinguish between signal and noise by
employing information criteria to estimate the true signal.

In the following, we give an overview of our contributions in both settings and the
connection to question (Q).

In the first setting, we work with the partition given in (1.2) and want to find all directions
β such that S(Cβ) > 0. In the context of question (Q) the dimension is reduced by finding
these directions with positive probability mass and hence maximal directions. Here we focus
on deriving information criteria and analyze their consistency in the fixed-dimensional and
the high-dimensional setting. The derivation is done for the fixed-dimensional setting, where
we first derive a Bayesian Information Criterion (BIC), which goes back to Schwarz (1978).
Besides this classical and widely-used information criterion, we also develop two novel
information criteria. Firstly, we consider the quasi-Akaike information criterion (QAIC).
Similarly to the AIC, the QAIC minimizes the Kullback-Leibler divergence between the
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true distribution and the distribution of the model. However, we assume a Gaussian model,
in contrast to the multinomial model used for the AIC. The idea behind this is motivated
by the asymptotic normality of the random vector of counts of each direction (number of
observations contained in Cβ). Secondly, the mean squared error information criterion
(MSEIC) is the other novel information criterion, where we approximate the weighted
mean squared error (MSE) of the relative number of extreme observations and the true
probabilities of the directions. We show that if the dimension d is fixed, the AIC for bias
selection in Meyer and Wintenberger (2023) is not a weakly consistent information criterion,
as opposed to the reliability required in question (Q). The similarly derived MSEIC is
also not consistent. In contrast, the BIC and the QAIC are consistent information criteria.
Furthermore, we apply the information criteria to the high-dimensional case, where it is
assumed that the dimension d depends on the sample size n such that d = dn → ∞ as
n → ∞. In this setting, we show that the AIC, BIC, QAIC and MSEIC are consistent. In
addition, we also give information criteria to estimate the number of extremes kn for fixed
d.

In the second setting, we work with a spiked covariance model (1.4) as the covariance
structure for Θ and the dimension reduction of question (Q) is done by applying a PCA
procedure to Θ. Hence, a low-dimensional representation of the data is achieved by
estimating the number of relevant eigenvalues and the principal components. Motivated
by the asymptotic normality of the empirical estimator of Θ, we adapt the AIC and
BIC derived in Fujikoshi and Sakurai (2016) for the fixed-dimensional case and in Bai
et al. (2018) for the high-dimensional case to use them with Θ and estimate p∗. In the
fixed-dimensional case, we use the asymptotic normality of the empirical eigenvalues to
analyze the consistency of the information criteria. We show that the BIC is consistent
and the AIC is not consistent. In the high-dimensional case, the self-normalization of Θ
induces dependencies that require new theoretical developments. By combining results
from random matrix theory and compositional data analysis, we prove that the spectral
distribution of the empirical eigenvalues converges. This allows us to show that both
AIC and BIC are consistent information criteria. In addition, the information criteria are
applicable when the dimension is larger than the number of extreme observations. To the
best of our knowledge, this is the first approach to develop consistent information criteria
for the dimensionality p∗ of PCA in high-dimensional multivariate extremes. The only
other comparable information criteria, those of Meyer and Wintenberger (2023) and from
the SRV approach, use the concept of sparse regular variation to construct sparsity in the
data, which is a different assumption from that underlying this PCA approach.

In summary, we recap the key contributions of our work, emphasizing its significance
and potential impact.

• In response to question (Q), we consider two distinct approaches to reduce the
dimension. The advantage is that the assumed structure of the support of Θ is
different and therefore a wide variety of dependence structures is covered.
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• In both settings, we introduce information criteria which are consistent and allow us to
estimate the extremal dependence structure. Since the properties of the information
criteria differ, it is possible to choose one that suits specific needs, e.g., preferring a
larger model over one that is too small, or vice versa.

• Among the information criteria considered are the novel QAIC and MSEIC. The
underlying idea of these criteria can be extended to other scenarios in which asymptotic
normality holds, thereby offering substantial potential for applications beyond the
present setting.

• We obtain supplementary results in both the fixed- and high-dimensional regimes,
contributing new theory to MEVT and to random matrix theory.

• Finally, we validate our methods with a simulation study and apply them to real-world
examples. The real-world examples include a low-dimensional case, where wind speed
data is analyzed, and a high-dimensional case, where the data consists of precipitation
measurements and the number of extremes is smaller than the dimension of the space.

Outline of the thesis

This thesis is structured as follows. In Chapter 2 we introduce the main concepts on
which the subsequent results are based. We start in Section 2.1 with univariate and
multivariate regular variation. As already stated above, multivariate regular variation is a
key framework in multivariate EVT and allows us to analyze the dependence structure.
In addition, we introduce the Hill estimator for the extremal index and describe how
the marginal distribution of data can be transformed, and we also discuss the notions of
asymptotic (full) dependence and asymptotic independence. In Section 2.2 we move to the
high-dimensional setting and present the approaches to reduce the dimension and induce
sparsity, based on SRV and PCA. Then we give an introduction to the model selection
via information criteria in Section 2.3. The most widely used information criteria, the
AIC and the BIC, are introduced and the mean squared error is presented. In Chapter 3
we begin with the introduction of the so-called relevant directions and bias directions in
Section 3.1. The underlying model is introduced as well. Then, in Section 3.2 the first
information criteria are presented. In Section 3.2.1 we define the QAIC and show further
that the QAIC is consistent in contrast to the AIC. The information criterion based on
the mean squared error, which is derived similarly to the AIC and is also inconsistent,
is analyzed in Section 3.2.2. The final information criteria in this chapter, the BIC and
its consistency, are treated in Section 3.2.3. The high-dimensional setting is treated in
Section 3.3, where we first define bias directions for this setting in Section 3.3.1 and
then analyze the numerical behavior of these directions in Section 3.3.2. In Section 3.3.3
the information criteria are adapted to the high-dimensional setting and the consistency
is analyzed. Moving on to Chapter 4, the PCA approach is given and the underlying
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model is detailed. Further, Section 4.1 lays the foundation for analyzing the behavior of
empirical eigenvalues of a covariance matrix for fixed dimension (Section 4.1.1) and in high
dimensions (Section 4.1.2), where we introduce the Marčenko-Pastur law and draw the
connection to the empirical eigenvalues. The asymptotic behavior of the eigenvalues for
the fixed-dimensional and high-dimensional case for extremes is derived in Section 4.2. For
both cases, we introduce the AIC and BIC in Section 4.3 and Section 4.4. Along the way,
we also analyze the consistency properties of the information criteria. Following up on the
theoretical results, the simulation study is presented in Chapter 5. In Section 5.1 we present
the results for the SRV approach and in Section 5.2 the results for the PCA approach. We
apply each method to a real-world dataset in Section 5.3: wind speed measurements from
the Republic of Ireland, representing the fixed-dimensional setting for the first approach,
and precipitation measurements from Germany, representing the high-dimensional setting.
Finally, in Chapter 6 we come to a conclusion and refer to question (Q). Furthermore, we
reflect on the new research questions which have arisen. In Appendix A auxiliary results
are stated.





CHAPTER 2

Fundamentals

This chapter presents the fundamental concepts on which this thesis is built. We start in
Section 2.1 with the introduction of extreme value theory and regular variation. Then,
moving to the high-dimensional setting, in Section 2.2 the procedures used to induce
sparsity or reduce the dimension, given by SRV and PCA, respectively, are presented.
Finally, in Section 2.3, we introduce the information criteria used for model selection.

2.1. Extreme Value Theory

First, we introduce univariate regular variation in Section 2.1.1, before we present multi-
variate regular variation and the polar decomposition in Section 2.1.2. In the last part,
Section 2.1.3, the Hill estimator and a method to transform the marginal distribution as a
data preprocessing step are given.

2.1.1. Univariate regular variation

Regular variation is a concept for modeling the behavior of functions, where regularly
varying functions behave similarly to power functions. We start with the introduction of a
regularly varying function before we proceed with regularly varying random variables.

Definition 2.1. A function f : R+ → R+ is regularly varying (at ∞) with index α ∈ R,
when for x > 0

lim
t→∞

f(xt)
f(t) = xα.

For α = 0 the function is called slowly varying. Examples of slowly varying functions
are log(1 + x) and log(log(e + x)). Furthermore, due to the characterization theorem (cf.
Bingham et al., 1989, Theorem 1.4.1), a regularly varying function f with index α can be
represented as f(x) = L(x)xα, where L is a slowly varying function.

Next, we consider regular variation of random variables which is defined using the
cumulative distribution function.

Definition 2.2. Let X be an R+-valued random variable with cumulative distribution
function F . Then X is called regularly varying with (tail) index α if F := 1 − F is regularly
varying with index −α. In this case, we write X ∈ RV(α).
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Remark 2.3.

(a) A random variable is regularly varying if and only if the distribution function F is in
the domain of attraction of the Fréchet distribution (Embrechts et al., 1997, Theorem
3.3.7).

(b) Univariate regular variation is introduced for R+-valued random variables because the
theory of multivariate regular variation for a vector X ∈ Rd is based on the regular
variation of its norm, ∥X∥, which is an R+-valued random variable. Univariate
regular variation can also be defined for R-valued random variables.

(c) If X ∈ RV(α) with α ≥ 0, then (Kulik and Soulier, 2020, Proposition 1.4.6)

E[|X|β] < ∞ for β < α

and

E[|X|β] = ∞ for β > α,

which means that the moments only exist up to the order of the index α.

There are equivalent conditions for regular variation of positive random variables, which
we present in the next theorem. A sequence of measures (µn) on the Borel-σ-field of (0, ∞]
converges vaguely to µ on (0, ∞], denoted by µn

v→ µ, if∫
(0,∞]

f dµn →
∫

(0,∞]
f dµ

as n → ∞ for every non-negative continuous function f with compact support. In the
following M+(0, ∞] is the space of all non-negative Radon measures on the σ-field of (0, ∞],
i.e. the set of all non-negative measures which are finite on compact subsets of (0, ∞].

Theorem 2.4 (Theorem 3.6, Resnick, 2007). Let X be an R+-valued random variable with
cumulative distribution function F and F = 1 − F . Then, the following statements are
equivalent.

(a) F is regularly varying with index −α for α > 0.

(b) There exists a sequence an with an → ∞ as n → ∞ such that

lim
n→∞

nF (anx) = x−α, x > 0.

(c) There exists a sequence an with an → ∞ as n → ∞ such that

µn(·) := nP
(

X

an
∈ ·
)

v→ µα(·),

in M+(0, ∞] and µα
(
(x, ∞]

)
= x−α.
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Remark 2.5. If one of the conditions is fulfilled, one may choose (cf. Resnick, 2007,
Remark 3.3)

a(t) = F←
(

1 − 1
t

)
and an = a(n), where F←(x) := inf{z ∈ R : F (z) ≥ x} is the generalized inverse of F .

2.1.2. Multivariate regular variation

Until now, we only considered univariate random variables. However, the concept of
regular variation can also be transferred to the multivariate case, as introduced in (1.1).
For the definition of multivariate regular variation we follow Chapter 3 in Mikosch and
Wintenberger (2024), where it is not required that every component is regularly varying;
rather, the norm of the vector is regularly varying.

Definition 2.6. Let X be an Rd-valued random vector, where ∥X∥ is regularly varying
with index α > 0 such that there exists a sequence an > 0 with nP(∥X∥ > an) → 1 as
n → ∞. Then, X is called regularly varying if a non-null Radon measure µ on the Borel
σ-field of Rd

0 := Rd \ {0} exists, such that as n → ∞

µn(A) := nP
(

X

an
∈ A

)
→ µ(A)

for every µ-continuity set A, which means that µn converges vaguely to µ (cf. Portmanteau
theorem in Resnick, 2007, Theorem 3.2).

Further, it is possible to define regular variation in spherical coordinates, which is
convenient when a separation between the radial component and the directional component
of a regularly varying random vector is desired.

Proposition 2.7 (Proposition 3.2.20, Mikosch and Wintenberger, 2024). Let X be an
Rd-valued random vector. Then X is regularly varying with index α > 0 and non-null
Radon measure µ on Rd

0 if and only if one of the following conditions holds.

(a) (i) ∥X∥ is regularly varying with (tail) index α > 0.

(ii) As x → ∞ the following vague convergence holds

P(X/x ∈ ·)
P(∥X∥ > x)

v→ µ(·).

(b) (i) ∥X∥ is regularly varying with (tail) index α > 0.

(ii) There exists an Sd−1-valued random vector Θ such that as x → ∞,

P
(

X

∥X∥
∈ ·
∣∣∣∥X∥ > x

)
w−→ P(Θ ∈ ·).
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(c) The weak convergence

P
((∥X∥

x
,

X

∥X∥

)
∈ ·
∣∣∣∥X∥ > x

)
w−→ P((Y, Θ) ∈ ·)

holds as x → ∞, where Y ∼ Pareto(α) is independent of the Sd−1-valued random
vector Θ.

(d) The weak convergence

P
(

X

x
∈ ·
∣∣∣∥X∥ > x

)
w−→ P(Y Θ ∈ ·)

holds as x → ∞, where Y ∼ Pareto(α) is independent of the Sd−1-valued random
vector Θ.

We write X ∈ RV(α, Θ).

The random vector Θ (or the distribution of Θ) is called spectral vector (or spectral
measure) of X. In later chapters, we work with different norms for Θ. Recall that we
mainly use the L1 norm, given by ∥x∥1 =

∑d
j=1 |xj | for x = (x1, . . . , xd) ∈ Rd, and the

Euclidean norm, given by ∥x∥2 =
√∑d

j=1 x2
j for x = (x1, . . . , xd) ∈ Rd. The distribution

of Θ depends on the choice of the norm. Nevertheless, it is possible to transform the
distribution of the spectral vector from one norm to another. For the following result, we
index Θ by the norm used.

Proposition 2.8 (Proposition 3.2.22, Mikosch and Wintenberger, 2024). Suppose X ∈
RV(α, Θ∥·∥), where Θ∥·∥ ∈ Sd−1

∥·∥ = {x ∈ Rd : ∥x∥ = 1}. For another norm ∥ · ∥0, the
spectral measure Θ∥·∥0 of X on Sd−1

∥·∥0
= {x ∈ Rd : ∥x∥0 = 1} is given by

P(Θ∥·∥0 ∈ ·) = E
[

∥Θ∥·∥∥α
0

E[∥Θ∥·∥∥α
0 ]1

{
Θ∥·∥

∥Θ∥·∥∥0
∈ ·
}]

.

In the following, we omit the indexation with the norm, as the choice will be clear from
the context.

The spectral vector can be seen as the direction of X given that ∥X∥ is sufficiently large.
Hence, in Θ the extremal dependence structure of X is decoded and various choices for Θ
are possible. Next, we present asymptotic independence and asymptotic full dependence as
possible dependence structures of a regularly varying random vector X and its spectral
vector. While multiple notions of asymptotic dependence (cf. Das and Fasen-Hartmann,
2025) exist, we adopt the definitions from Resnick (2007).

Definition 2.9 (Asymptotic independence). An Rd
+-valued, regularly varying random

vector X with index α possesses asymptotic independence if the limit measure µ from
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Definition 2.6 satisfies

µ( dx1, . . . , dxd) =
d∑

j=1
δ0( dx1) ⊗ · · · ⊗ δ0( dxj−1) ⊗ µα( dxj) ⊗ δ0( dxj+1) ⊗ · · · ⊗ δ0( dxd),

where δ0 is the Dirac measure in 0 and µα is defined in Theorem 2.4. Hence, for x =
(x1, . . . , xd) > 0 we have

µ([0, x]c) =
d∑

j=1
x−α

j .

Hence, for a random vector X exhibiting asymptotic independence, the mass of the limit
measure µ is concentrated on the axis (cf. Resnick, 2007) and the spectral vector Θ takes
only the standard unit vectors as values P-a.s.

Definition 2.10 (Asymptotic full dependence). An Rd
+-valued, regularly varying random

vector X with index α possesses asymptotic full dependence if the limit measure µ from
Definition 2.6 satisfies for x > 0

µ([0, x]c) =
(

min
j=1,...,d

xj

)−α
.

If X exhibits asymptotic full dependence, then the components of X are strongly
dependent in their joint upper tail.

2.1.3. Statistical Methods

When working with real-world data, it can generally not be assumed that the marginal
distributions are identical or have 1 as tail index. For example, in Section 5.3.2 we
consider precipitation data, where the magnitude of an extreme realization depends on
the geographic location and a value that is extreme at one station may be a non-extreme
observation at another. However, we introduce in this section a method for estimating the
tail index α and a method to transform the marginal distribution.

Hill estimator

For a regularly varying random variable X with index α, one of the most widely used
estimators of α is the Hill estimator (Hill, 1975). Note that the Hill estimator estimates
1/α and not α directly. Let X1, . . . , Xn be an i.i.d. sample from the distribution of X, and
denote by X(1,n) ≥ · · · ≥ X(n,n) the corresponding order statistics. Then for k = 1, . . . , n−1
the Hill estimator is defined by

Hk,n := 1
k

k∑
i=1

log
X(i,n)

X(k+1,n)
.

The Hill estimator is a consistent estimator, as shown in the following theorem.
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Theorem 2.11 (Mason, 1982). Suppose that X1, X2, . . . is an i.i.d. sequence of regularly
varying random variables with index α > 0 and (kn) is a sequence in N such that kn → ∞
and kn/n → 0 as n → ∞. Then follows that

Hkn,n
P−→ α−1.

Note that if X is regularly varying with index α, then it follows by direct calculation
that Xα is regularly varying with index 1.

Marginal transformation

To analyze extremal dependence independently of the marginal distributions, it is standard
practice to transform each marginal distribution to a common, heavy-tailed distribution,
such as the unit Fréchet distribution. This is achieved using a transformation similar to
the probability integral transformation. In the following, we present the procedure for
a univariate sample; this method can also be applied to each marginal of a multivariate
sample.

Suppose that X is a random variable with continuous distribution function F and
generalized inverse F←. Then for x ∈ (0, 1) holds by the definition of the generalized
inverse that

P(F (X) ≤ x) = P(X ≤ F←(x)) = F (F←(x)) = x.

Hence, F (X) is uniformly distributed on (0, 1). On the other hand, if G is a distribution
function with generalized inverse G← and U ∼ U(0, 1), then G←(U) follows the distribution
of G. Therefore, we can transform X to the distribution G via the transformation
G←(F (X)).

In practice, F is unknown and is estimated by the empirical distribution function,
which allows us to transform a data sample X1, . . . , Xn to the unit Fréchet distribution
with distribution function G(y) = exp(−y−1) for y > 0. The generalized inverse is
G←(u) = −(log u)−1. Then, the transformed sample Y1, . . . , Yn is calculated as

Yi := −
(

log
( 1

n + 1

n∑
j=1

1{Xj ≤ Xi}
))−1

.

The scaling factor is chosen as n + 1 instead of n to avoid taking the logarithm of 1 for the
largest observation, which would result in a division by zero. Note that

1
n + 1

n∑
j=1

1{Xj ≤ Xi} = Ri

n + 1 ,

where Ri is the rank of Xi in the sample X1, . . . , Xn. This allows us to calculate Yi using
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the ranks of X1, . . . , Xn by

Yi = −
(

log
( Ri

n + 1
))−1

.

2.2. Sparsity and Dimension reduction for extremes

As mentioned in Chapter 1, the estimation of the support of the spectral measure S is
challenging when the dimension is high. In this section, we will present the underlying
framework of the SRV and PCA approach from Chapter 1 in more detail. First, we
introduce the concept of the Least Absolute Shrinkage and Selection Operator (Lasso) and
sparse regular variation in Section 2.2.1. Then, in Section 2.2.2 we present the approach
based on Principal Component Analysis (PCA).

2.2.1. Sparse regular variation

In this section, we introduce the concept of sparse regular variation which goes back to
Meyer and Wintenberger (2021, 2023). The main idea is to use the Euclidean projection
instead of the self-normalization for regular variation to mitigate the issue mentioned in
Chapter 1 with the sets Cβ using Θ. The idea of this method is based on the Least Absolute
Shrinkage and Selection Operator (Lasso). Lasso originated in the context of regression
models to set coefficients to zero, where it is a regularization method that restricts the L1

norm of the coefficients. It was first introduced by Tibshirani (1996) and is now a widely
used method. The regularization with the L2 norm, called Ridge regression, does not have
this property (see Hastie et al., 2015). The same idea can be applied to project a vector
onto the L1 simplex instead of using the self-normalization X/∥X∥1 in Proposition 2.7 (cf.
Meyer and Wintenberger, 2021) and thus setting some components to zero, i.e. to induce
sparsity.

The motivation for this approach arises when one analyzes the support of the spectral
vector Θ as given in (1.1) to determine directions in which extreme events occur. For
this, the simplex Sd−1

+ is partitioned into the sets Cβ as defined in (1.2) and each partition
is separately addressed. Note that we assume that X is an Rd

+-valued regularly varying
random variable throughout this section and the L1 norm is used.

For the analysis of the dependence structure of the tail of X, we recall the notion of a
maximal direction for Θ from Chapter 1.

Definition 2.12 (Maximal direction for Θ). A direction β ∈ P∗d is maximal for Θ, if

P(Θ ∈ Cβ) > 0 and P(Θ ∈ Cβ′) = 0 for all β′ ⊋ β.

However, as mentioned in Chapter 1 there arises a problem, when dealing with these
maximal directions for Θ. The sets Cβ for β ̸= {1, . . . d} are lower dimensional sets in
Rd. As a consequence, when P(Θ ∈ Cβ) > 0 holds, then Cβ is not a continuity set of the
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spectral measure.
To mitigate this issue, in Meyer and Wintenberger (2021) the self-normalization of X,

i.e. X/∥X∥1, was replaced by the Euclidean projection π(X/t) of X/t onto Sd−1
+ . The

Euclidean projection πz onto the L1 simplex (cf. Duchi et al., 2008) is for a vector v ∈ Rd
+

and a z > 0 defined by

πz : Rd
+ → Sd−1

+ (z) := {x ∈ Rd
+ : ∥x∥1 = z}

v 7→ w = arg min
w∈Sd−1

+ (z)
∥w − v∥2

2,

where w ∈ Sd−1
+ (z). For z = 1 we write π := π1 as in (1.3).

1

1

Sd−1
+

π(D)

D

π(C)

C

π(B)

B

π(A)

A

(a) Euclidean projection

1

1

Sd−1
+

D/∥D∥

D

C/∥C∥

C

B/∥B∥

B

A/∥A∥

A

(b) Self-normalization

Figure 2.1.: Projection of four points onto the simplex Sd−1
+ by using the Euclidean projection on

the left hand side and self-normalization on the right hand side.

In Figure 2.1 we see the difference between the Euclidean projection and the self-
normalization. The number of zero components of the points B and C and their projections
does not change, since both projections lie in the interior of the simplex. However, the
number of zero components of the points A and D and their projections differ, since the
Euclidean projection sets some components to zero. When we evaluate the preimage of the
subsimplex in Figure 2.2 this becomes even more evident.

This lets us now define sparse regular variation (see Meyer and Wintenberger, 2021).

Definition 2.13. An Rd
+-valued random vector X is called sparse regular varying, if a

Sd−1
+ -valued random vector Z and a non-degenerate random variable R exist such that

P
(∥X∥1

t
> r, π

(
X

t

)
∈ A

∣∣∣∣ ∥X∥1 > t

)
→ P(R > r, Z ∈ A), t → ∞,

for all r > 0 and all Borel sets A ⊂ Sd−1
+ with P(Z ∈ ∂A) = 0.
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1

1

Sd−1
+

(a) Euclidean projection

1

1

Sd−1
+

(b) Self-normalization

Figure 2.2.: Preimages of the Euclidean projection on the left hand side and self-normalization on
the right hand side.

Remark 2.14. (a) Note that R is Pareto(α)-distributed for an α > 0 and models the
radial part, whereas the Sd−1

+ -valued random vector Z corresponds to the angular part.
Therefore, we write briefly X ∈ SRV(α, Z). However, R and Z are not independent.

(b) The concept of sparse regular variation introduced by Meyer and Wintenberger (2021)
is currently limited to random vectors in the positive orthant. A corresponding theory
for Rd-valued random vectors has not yet been developed. Consequently, in this
setting, we also restrict our analysis to random vectors in the positive orthant.

(c) Since the preimages π−1(Cβ) are sets with positive Lebesgue measure, the sets Cβ are
continuity sets of P(Z ∈ ·). Finally, from Meyer and Wintenberger (2021, Proposition
2) we know that

P(π(X/t) ∈ Cβ | ∥X∥1 > t) −→ P(Z ∈ Cβ), as t → ∞,

so that P(Z ∈ Cβ) can be estimated empirically in contrast to S(Cβ) = P(Θ ∈ Cβ).

As shown in Meyer and Wintenberger (2021), sparse regular variation and regular
variation are under suitable conditions equivalent. For the equivalence of them, the
following sets and functions are introduced. Let

Ax := {u ∈ Sd−1
+ : u ≥ x}, for x ∈ Bd

+(0, 1) := {x ∈ Rd
+ : ∥x∥1 ≤ 1},

χβ := {x ∈ Bd
+(0, 1) : xβ > 0β, xβc = 0βc}, for β ∈ P∗d ,

χ0
β := {x ∈ Bd

+(0, 1) : xβc = 0βc}, for β ∈ P∗d .
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By λβ we denote the Lebesgue measure on χβ. For β, γ ∈ P∗d with γ ⊃ β define

Gβ(x) := P(Zβ > xβ, Zβc ≤ xβc), for xβ ∈ B
|β|
+ (0, 1), xβc ∈ B

|βc|
+ (0, 1)

and
Hβ,γ(u, v, w) = P(ϕγ(Z)β ≥ u, min

j∈γ\β
ϕγ(Z)j > v, max

j∈γc
ϕγ(Z)j ≤ w)

for u ∈ B
|β|
+ (0, 1), v, w ∈ [0, 1], where ϕγ : Sd−1

+ → Rd
+, u 7→ ϕγ(u) is defined by

ϕγ(u)j =

 uj + ∥uγc∥1
|γ| , for j ∈ γ,

uj + ∥uγc\{j}∥1
|γ|+1 , for j ∈ γc.

Additionally, we need to following assumption on Hβ,γ .

Assumption RV. For all β, γ ∈ P∗d with γ ⊃ β and for λβ-a.s. all x ∈ χβ, the function
Hβ,γ is continuously differentiable at (xβ, 0, 0) with value dHβ,γ(xβ, 0, 0).

The equivalence of regular variation and sparse regular variation results from the next
Theorem Theorem 1, (Meyer and Wintenberger, 2021, Theorem 1).

Theorem 2.15 (Theorem 1, Meyer and Wintenberger, , 2021).

(a) If X ∈ RV(α, Θ), then X ∈ SRV(α, Z) with Z = π(Y Θ) and

Gβ(x) = E
[(

1 ∧ min
j∈β+

( |β|Θj − |Θβ|
|β|xj − 1

)α

+

∧ min
j∈βc

(
|Θβ| − |β|Θj

)α

+
− max

j∈β−

( |β|Θj − |Θβ|
|β|xj − 1

)α

+

)
+

]

for all x ∈ χ0
β such that xj ̸= 1

|β| for all j ∈ β and with β+ := {j ∈ β : xj > 1
|β|} and

β− := {j ∈ β : xj < 1
|β|}.

(b) If X ∈ SRV(α, Z) and Assumption RV holds then X ∈ RV(α, Θ), where Θ satisfies

P(Θ ∈ Ax) = P(Z ∈ Ax) + 1
α

∑
γ⊃β

dHβ,γ(xβ, 0, 0)
(

xβ − 1
|γ|

,
−1
|γ|

,
−1

|γ| + 1

)⊤

for β ∈ P∗d and λβ-almost surely all x ∈ χβ.

Hence, when a random vector X is regularly varying, we can also assume that under
suitable assumptions that X is also sparse regularly varying. In Chapter 3 we will use the
concept of sparse regular variation in more depth.

2.2.2. Principal component analysis

Alternatively to SRV, we use in this section another widely used method for dimension
reduction namely Principal Component Analysis (PCA). We introduce a PCA approach
for extremes, which is motivated by Drees and Sabourin (2021) and Drees (2025).
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In PCA (see Muirhead, 1982) the set of principal components is used as a set of coordinates
to represent the data as linear combinations of them. For d-dimensional data, there exist d

principal components, which correspond to the eigenvectors of the covariance matrix. To
achieve dimension reduction, only the principal components corresponding to directions
with large variance, reflected by a large value of the corresponding eigenvalue, are used.
The number of principal components to keep is later determined by information criteria.

PCA cannot be applied directly to a vector X ∈ RV(α, Θ), since by Remark 2.3 (c) the
second and even the first moments of the components do not have to exist. However, the
spectral vector Θ lives on the sphere and has norm equal to 1 and hence all moments
exist. The application of PCA to Θ is the subject of Drees and Sabourin (2021). Let
Σ := Cov(Θ) with spectral decomposition

Σ = OΛO⊤,

where O := (O1, . . . , Od) ∈ Rd×d is an orthogonal matrix and Λ := diag(λ1, . . . , λd) ∈ Rd×d

consists of the eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λd of Σ. The principal components of Θ are
then given by

Tj = O⊤j (Θ − E[Θ]), j = 1, . . . , d.

When we represent the data with only the first p eigenvectors O1, . . . , Op, with p ≤ d, we
get

(T1, . . . , Tp) = (O1, . . . , Op)⊤(Θ − E[Θ]),

which is a low-dimensional representation of Θ − E[Θ]. This transformation is optimal
(see Seber, 1984) in the sense that the subspace Vp = span(O1, . . . , Op) minimizes the risk
R∞(V ) (or the expected reconstruction error) defined as

R∞(V ) := E[∥ΠV (Θ) − Θ∥2] = E[∥ΠV ⊥(Θ)∥2],

where ΠV is the projection of Θ onto V , over all linear subspaces V with dim(V ) = p.
The projection ΠV is estimated using the empirical covariance matrix of an i.i.d. sample
Θ1, . . . , Θn of Θ given by

Σ̂n := 1
n

n∑
j=1

(
Θj − 1

n

n∑
i=1

Θi

)(
Θj − 1

n

n∑
i=1

Θi

)⊤

with eigenvalues λ̂1, . . . , λ̂d.
In Drees and Sabourin (2021) the asymptotic properties of the empirical risk are derived

and analyzed. Suppose X1, . . . , Xn is an i.i.d. sequence following the distribution of X. For
Θ̂n,i := Xi/∥Xi∥1{∥Xi∥ > ∥X(kn+1,n)∥}, i = 1, . . . , n, kn → ∞, kn/n → 0 the empirical
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counterpart of R∞(V ) is defined as

R̂n,kn(V ) := 1
kn

n∑
i=1

∥ΠV ⊥(Θ̂n,i)∥2.

Then Drees and Sabourin (2021) showed the consistency of the empirical risk, i.e.
R̂n,kn(V ) → R∞(V ) as n → ∞. In addition, the consistency of the empirical risk minimizer
is presented. This is shown by the convergence to zero of the distance between the
minimizing subspace with dimension p of R̂n,kn(V ) and R∞(V ) under a specific metric.
Furthermore, risk bounds are derived for the empirical risk. In Drees (2025) the analysis of
the risk was further extended and a multiple testing procedure is introduced to estimate
the true subspace.

2.3. Model Selection and information criteria

The selection of a suitable model is an important step in statistics and extreme value theory.
As stated in (Burnham and Anderson, 1998, p. 5), the question is ‘What model to use?’.
We first need to choose a model that fits our data before we can explore it. The tools used
in this thesis for selecting a fitting model are information criteria. In other works in the
field of extreme value theory information criteria have also been used. For example, in the
context of graphical models for extremes Engelke and Hitz (2020) used information criteria
to fit a multivariate Pareto-model and in Kiriliouk et al. (2019) information criteria were
used for fitting multivariate generalized Pareto distributions. As a result, in the first part
of this section we present the general idea of an information criterion and the definition of
consistency. The section concludes with examples of information criteria such as the AIC
in Section 2.3.1, the BIC in Section 2.3.2 and the mean squared error in Section 2.3.3. The
application of the information criteria in the extreme setting is made in Chapter 3 and
Chapter 4.

Next, we introduce the general concept of information criteria. For this, let M1, . . . , ML

be a family of models. We assume that we have a random variable Y which is distributed
according to an unknown and unique model Ml∗ for 1 ≤ l∗ ≤ L. Then, given realizations
Y1, . . . , Yn of Y , the goal is to determine which model is the true model. In general,
an information criterion quantifies the fit of the observation Y to a possible model. In
the following, we denote by ICn(l) an arbitrary information criterion for the l-th model
Ml, 1 ≤ l ≤ L given Y1, . . . , Yn. We follow the convention that information criteria are
negatively oriented and a lower value of an information criterion indicates a better fit.
Thus, the idea of an information criterion is that it should be small when the correct model
is chosen and large for all other models.

In the literature, there is a large number of different information criteria which are based
on different ideas or refinements of other information criteria. In this work, we use the
Akaike information criterion (AIC) of Akaike (1974), the Bayesian information criterion
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(BIC) or the Schwarz information criterion of Schwarz (1978) and an information criterion
based on the mean squared error. Other information criteria are the deviance information
criterion (cf. Spiegelhalter et al., 2002), the Watanabe-Akaike information criterion (cf.
Watanabe, 2010), the Takeuchi information criterion (cf. Burnham and Anderson, 1998),
the Hannan-Quinn information criterion cf. (cf. Hannan and Quinn, 1979) and many more.

Next, we define consistency for information criteria.

Definition 2.16. Let Ml∗ be the true model and ICn(l) an information criterion for the
l-th model and n ∈ N. The information criterion ICn(l) is called consistent if

lim
n→∞

P((ICn(l) − ICn(l∗)) > 0) = 1 for l ̸= l∗.

In the following, we give a brief summary of the Akaike information criterion, the
Bayesian information criterion and the mean squared error.

2.3.1. Akaike Information Criterion

The AIC is an estimator for the expected Kullback-Leibler divergence, evaluated at the
maximum likelihood estimator. For a distribution P with density p and a family of
distributions Ml(ϑl) with density qϑl

for ϑl ∈ Θl, where Θl is some parameter space and
l = 1, . . . , L, L ∈ N with respect to a measure µ, the Kullback-Leibler divergence is defined
by

KL(P, Ml(ϑl)) =
∫

p log
(

p

qϑl

)
dµ = E

[
log

(
p(Y )

qϑl
(Y )

)]
with Y ∼ P .

The target is to determine the optimal model by minimizing the Kullback-Leibler
divergence.

The approach of Akaike (Akaike, 1974) was first to insert the MLE for ϑl and then
to perform a bias correction. Hence, we approximate the Kullback-Leibler divergence by
inserting an estimator ϑ̂l(Ỹ ) ∈ Θl for ϑl of Ỹ ∼ P independent of data Y ∼ P

E
Ỹ

[KL(P, Ml(ϑ̂l(Ỹ )))] = E
Ỹ

[EY [log (p(Y ))]] − E
Ỹ

[
EY

[
log

(
q

ϑ̂l(Ỹ )(Y )
)]]

.

Then we approximate the last term

E
Ỹ

[
EY

[
log

(
q

ϑ̂l(Ỹ )(Y )
)]]

with

log
(
q

ϑ̂l(Y )(Y )
)

− Dl
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for a suitable constant Dl > 0. Since E
Ỹ

[EY [log (p(Y ))]] is not influenced by the chosen
model, the Akaike information criterion is defined as

−2 log
(
q

ϑ̂l(Y )(Y )
)

+ 2Dl.

The multiplication by −2 ensures that the information criterion is negatively oriented and
it cancels the 1/2 factor of a Gaussian log-likelihood function.

2.3.2. Bayesian Information Criterion

Alongside the AIC, the Bayesian information criterion (Schwarz, 1978) is one of the most
popular information criteria in practice. The idea behind it is to select the model with the
highest posterior probability.

Let data Yn with true density f and a family of models Ml with parameter vector
ϑl, l = 1, . . . , L be given. We denote the likelihood function of ϑl given Yn and the model
Ml by LMl

(ϑl | Yn), the probability for the l-th model Ml by π(Ml) and by g(ϑl | Ml) the
prior distribution of ϑl given Ml. The conditional density h of Ml and ϑl given Yn is with
Bayes’ theorem given by

h((Ml, ϑl) | Yn) = π(Ml)g(ϑl | Ml)L(Yn | (Ml, ϑl))
f(Yn) .

The BIC aims to determine a model Ml that is suitable for the given data Yn by
maximizing the posterior probability of the model Ml given the data Yn

P(Ml | Yn) =
∫

h((Ml, ϑl) | Yn) dϑl

or equivalently, by minimizing

−2 logP(Ml | Yn) = −2 log π(Ml) − 2 log
∫

g(ϑl | Ml)L(Yn | (Ml, ϑl)) dϑl + 2 log f(Yn).

In Cavanaugh and Neath (1999) it is shown that under certain assumptions it is possible
to asymptotically bound the term

−2 log
∫

g(ϑl | Ml)L(Yn | (Ml, ϑl)) dϑl

by the lower bound

−2 log L(Yn | (Ml, ϑ̂l)) + Dl log(n) + R2(Ml)

and the upper bound

−2 log L(Yn | (Ml, ϑ̂l)) + Dl log(n) + R1(Ml)
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where R1(Ml) and R2(Ml) are constant with respect to n and R2(Ml) < R1(Ml), Dl is a
constant depending on the model Ml and ϑ̂l is the MLE.

Then an information criterion based on these bounds can be defined by

−2 log L(Yn | (Ml, ϑ̂l)) + Dl log(n).

Remark 2.17. In the fixed-dimensional, large sample size setting (i.e. d ∈ N, n → ∞),
the AIC is usually not consistent while the BIC is consistent (see Burnham and Anderson,
1998, Section 2.8.2 and Claeskens, 2016, Section 2.2.1). In the high-dimensional, large
sample size setting, the AIC can be consistent (e.g. Bai et al., 2018).

2.3.3. Mean Squared Error

A criterion for measuring the performance of a model or an estimator is the mean squared
error. In general, if ϑ̂ ∈ Rd is an estimator for a true parameter ϑ ∈ Rd then the mean
squared error is defined as

E
[
∥ϑ̂ − ϑ∥2

2

]
.

The mean squared error can be motivated by a normal distribution. If ϑ̂ ∼ Nd(ϑ, Id), then
follows for the likelihood function

LNd
(ϑ | x) = (2π)−d/2 exp

(
−1

2(ϑ̂ − ϑ)⊤(ϑ̂ − ϑ)
)

of ϑ̂ that

−2E
[
log LNd

(ϑ | ϑ̂)
]

= d log(2π) + E
[
(ϑ̂ − ϑ)⊤(ϑ̂ − ϑ)

]
= d log(2π) + E

[
∥ϑ̂ − ϑ∥2

2

]
.

Hence, minimizing the mean squared error is equivalent to maximizing the expected
likelihood function. A lower value of the mean squared error indicates a better fit of the
estimator ϑ̂ ∈ Rd to the true parameter ϑ ∈ Rd. Thus, the mean squared error is always
positive and can be seen as a risk function. Further, it is possible to decompose the mean
squared error into a bias and variance term

E∥ϑ̂ − ϑ∥2
2 = E

[
(ϑ̂ − ϑ)⊤(ϑ̂ − ϑ)

]
= tr

(
E
[
(ϑ̂ − ϑ)(ϑ̂ − ϑ)⊤

])
= tr

(
E
[(

ϑ̂ − E[ϑ̂] − (ϑ − E[ϑ̂])
)(

ϑ̂ − E[ϑ̂] − (ϑ − E[ϑ̂])
)T ])

= tr
(
E
[(

ϑ̂ − E[ϑ̂]
)(

ϑ̂ − E[ϑ̂]
)T ]

+ E
[
(ϑ̂ − ϑ)

]
E
[
(ϑ̂ − ϑ)

]⊤)
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= tr
(
Cov(ϑ̂)

)
+ ∥E[ϑ̂] − ϑ∥2

2.

Therefore, minimizing the mean squared error results in a bias-variance trade-off.



CHAPTER 3

Directions of extremes

In this chapter, we use the SRV approach, which is based on sparse regular variation
introduced in Meyer and Wintenberger (2021, 2023) (cf. Section 2.2.1) and propose three
different information criteria to estimate the number of extreme directions in both fixed
and high-dimensional settings. The Bayesian information criterion (BIC), the quasi-Akaike
information criterion (QAIC) and the mean squared error information criterion (MSEIC)
are derived. They are particularly suitable for high-dimensional data with a sparsity
structure in the extremes, while the application of these information criteria is very simple
in practice and is not computationally intensive. The information criteria are first derived
for the fixed-dimensional case and then subsequently adapted to the high-dimensional
case. For the fixed-dimensional case, we also develop procedures to estimate the optimal
threshold simultaneously to the estimation of the number of extreme directions.

Throughout this chapter, we assume that X is an Rd
+-valued random vector, which

is sparse regularly varying (cf. Definition 2.13). The goal is to determine all directions
β ⊂ {1, . . . , d} such that P(Z ∈ Cβ) > 0, where Z is the limit vector from sparse regular
variation (Definition 2.13) and Cβ is defined in (1.2). Knowledge of these directions allows
us to obtain maximal directions and hence, a dimension reduction as mentioned in (Q).

The statistical model behind the proposed BIC is the same as that of the AIC in Meyer
and Wintenberger (2023). We fit a multinomial model to the number of extreme observations
in the subspaces Cβ and derive an asymptotic upper bound on the posterior likelihood,
which then defines the BIC. In contrast, the QAIC approximates the Kullback-Leibler
divergence between the true model and a Gaussian model, rather than a multinomial model
as used in the AIC and BIC, respectively. The advantage of the BIC and QAIC in the
fixed-dimensional case over the AIC is that they are consistent information criteria for bias
selection. In this setting, bias selection refers to estimating the number of extreme directions
and thereby separating them from the bias directions introduced later. Finally, the third
method, the MSEIC (mean squared error information criteria) is so named because it is
based on an approximate of the mean squared error (MSE) between the relative number of
extreme observations and the true probabilities of extremes in the different subspaces Cβ.
Although the MSEIC is not consistent for bias selection in the fixed-dimensional case, it
performs remarkably well in all simulations. However, the consistency results differ in the
high-dimensional case, to which we adapt the information criteria. While the BIC remains
consistent, the AIC, MSEIC and QAIC are also consistent. For the fixed-dimensional case,
we further expand the information criteria for the threshold selection, where the threshold
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is estimated simultaneously.
The chapter is organized as follows. In Section 3.1 we properly define extreme directions

based on the concept of sparse regular variation and introduce consistent and asymptotically
normally distributed estimators for the probabilities of the extreme directions as in Meyer
and Wintenberger (2023). We also present statistical models for our information criteria.
The main results of the chapter for the fixed-dimensional case are derived in Sections 3.2.1
to 3.2.3. In Section 3.2.1, we first introduce the QAIC for bias selection and threshold
selection following the framework of an Akaike information criterion, which aims to minimize
the expected Kullback-Leibler (KL) divergence, here applied to a Gaussian likelihood
function. Unlike the AIC proposed by Meyer and Wintenberger (2023), we prove that the
QAIC for bias selection is a consistent information criterion. In Section 3.2.2, we develop
the MSEIC and finally, in Section 3.2.3, the BIC for both bias selection and threshold
selection. In addition, we demonstrate in these sections that the BIC is a consistent
information criterion for bias selection, whereas the MSEIC is not consistent. Then, in
Section 3.3 the information criteria for bias selection are adapted to the high-dimensional
case and conditions for the consistency of all information criteria are derived. The main
proofs of the chapter are moved to Section 3.4, while the proofs of some auxiliary results
can be found in Appendix A. Note that most parts of this chapter consist of Butsch and
Fasen-Hartmann (2025b, 2026).

3.1. Preliminaries

This section addresses the main concepts of this chapter, which are based on Meyer
and Wintenberger (2021, 2023). Recall that sparse regular variation was introduced in
Section 2.2.1. We start with the introduction of an extreme direction for sparse regular
variation in Section 3.1.1. The challenging task in the statistical inference of extreme
directions is the detection of the bias directions which are rigorously defined and motivated
in Section 3.1.2. Then, in Section 3.1.3, we give an overview of the statistical inference of
the empirical estimator of the probabilities of extreme directions and the assumptions of
the present chapter. Finally, in Section 3.1.4, we present statistical models on which the
information criteria are based. Note that throughout this section, we assume that d ∈ N is
fixed.

3.1.1. Sparse regular variation and extreme directions

A proper definition of extreme direction is now the following, where we use the notation
that Pd is the power set of the set {1, . . . , d} and P∗d := Pd \ ∅.

Definition 3.1. A direction β ∈ P∗d is an extreme direction, if P(Z ∈ Cβ) > 0. The set of
all extreme directions is denoted as

S(Z) := {β ∈ P∗d : P(Z ∈ Cβ) > 0} with s∗ := |S(Z)|.
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In this context, we reduce the dimension by only considering the corresponding entries
of X for each maximal directions β ∈ S(Z). The aim of this chapter is to estimate s∗, the
number of extreme directions under sparse regular variation, by using information criteria
in order to estimate the maximal directions.

Remark 3.2. The use of the Euclidean projection leads to a sparse representation, in the
sense that under π more components are projected to zero compared to the normalization
v 7→ v/∥v∥1 as mentioned in Section 2.2.1. Therefore, it is not surprising that according to
Meyer and Wintenberger (2021, Theorem 2), S(Cβ) > 0 implies P(Z ∈ Cβ) > 0 for β ∈ P∗d .
Thus, an extreme direction under regular variation is as well an extreme direction under
sparse regular variation, but the opposite does not necessarily hold. However, the maximal
directions under regular variation and sparse regular variation are equivalent, such that we
do not lose much information on the support of S under sparse regular variation.

3.1.2. Bias directions

A major challenge for the estimation of the extreme directions is that the empirical
estimators of the probabilities P(Z ∈ Cβ), β ∈ P∗d , detect more extremal directions than
there are true extremal directions, which we call bias directions. To better understand
the idea of bias directions, we require some further notation. Suppose ∥X(1,n)∥1 ≥ · · · ≥
∥X(n,n)∥1 is the order statistic of ∥X1∥1, . . . , ∥Xn∥1 and the number of extreme observations
used for the estimations is denoted by kn ∈ N, whereas we assume that kn → ∞ as n → ∞.
Suppose that there exists a sequence of high thresholds un > 0 for n ∈ N such that
kn/n ∼ P(∥X∥1 > un) and un → ∞ as n → ∞. Due to Meyer and Wintenberger (2023,
Proposition 1) the empirical estimator

Tn(Cβ, kn)
kn

:= 1
kn

n∑
j=1

1

{
π(Xj/∥X(kn+1,n)∥1) ∈ Cβ, ∥Xj∥1 > ∥X(kn+1,n)∥1

}
,

of the probability

p(Cβ) := P(Z ∈ Cβ) = lim
n→∞

P(π(X/un) ∈ Cβ | ∥X∥1 > un) (3.1)

is a consistent estimator, so that the set of empirically observed extreme directions is

Ŝn(Z) := {β ∈ P∗d : Tn(Cβ, kn) > 0}.

To be able to relate the true set of extreme directions S(Z) with the empirically estimated
set of extreme directions, we define the set

R := {β ∈ P∗d : lim
n→∞

knpn(Cβ) = ∞} and r := |R|,
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where R depends on the chosen sequence (kn)n∈N, which we neglect for ease of notation,
and

pn(Cβ) := P(π(X/un) ∈ Cβ | ∥X∥1 > un).

Of course, β ∈ S(Z) implies knpn(Cβ) → ∞ such that, trivially, S(Z) ⊆ R and
s∗ ≤ r. Under the Assumption HRV, a shorthand for hidden regular variation, we
can say more about the relations of these sets.

Assumption HRV. For every β ∈ P∗d we define the cone

Cβ :=

x = (x1, . . . , xd)⊤ ∈ Rd
+ :

∑
j∈β

(xj − max
i∈βc

xi) ≥ 0

 ⊆ Rd
+

and suppose that the random vector X is multivariate regular varying on Rd
+ \ Cβ with

tail index α(β) and exponent measure µβ satisfying

µβ

({
x = (x1, . . . , xd)⊤ ∈ Rd

+ : max
i∈β

xi < 1, min
i∈βc

xi ≥ 1
})

> 0.

A conclusion from Meyer and Wintenberger (2023, Proposition 2) is then that under
Assumption HRV even

lim
n→∞

P(S(Z) ⊆ R ⊆ Ŝn(Z)) = 1 (3.2)

holds. Thus, the empirical estimator tends to overestimate the set of extreme directions
(but does not underestimate it asymptotically). On the one hand, for n large and β ∈ P∗d
with Tn(Cβ, kn) = 0 this means that β is not an extreme direction. But on the other hand,
for n large there might be a β ∈ P∗d with Tn(Cβ, kn) > 0 that is not an extreme direction;
a mathematical more rigorous interpretation is given in Meyer and Wintenberger (2023).
Such a direction is referred to as a bias direction as mentioned above. The main challenge
is to identify these bias directions.

Remark 3.3. There exists as well a stronger statement than (3.2). Suppose additionally
that limn→∞ knpn(β) = 0 for all β ∈ P∗d \ R. A conclusion of Meyer and Wintenberger
(2023, Lemma 1) is then that limn→∞ P(Tn(Cβ, kn) = 0) = 1 for all β ∈ P∗d \ R and hence,

lim
n→∞

P(S(Z) ⊆ R = Ŝn(Z)) = 1.

In particular, this means that ŝn := |R| = |Ŝn(Z)| P−→ r as n → ∞.

3.1.3. Statistical inference for the probabilities of extreme
directions

The general assumptions of the present chapter are motivated by the statistical inference
of the probabilities of extreme directions as derived in Meyer and Wintenberger (2023). To
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understand the statistical inference and hence, the assumptions, we have to enumerate the
β ∈ P∗d in the following way with p(Cβ) as defined in (3.1):

β1 := arg max
β∈P∗

d

p(Cβ),

β2 := arg max
β∈P∗

d
\{β1}

p(Cβ),

...

βs∗ := arg max
β∈P∗

d
\{β1,...,βs∗−1}

p(Cβ),

where the remaining βs∗+1, . . . , β2d−1 with p(Cβj
) = 0, j = s∗ + 1, . . . , 2d − 1, are ordered

in an arbitrary but fixed order such that βj ∈ R for j = s∗ + 1, . . . , r. We write briefly for
j = 1, . . . , 2d − 1,

pj := p(Cβj
), pn,j := pn(Cβj

) := P(π(X/un) ∈ Cβj
| ∥X∥1 > un),

Tn,j := Tn(Cβj
), Tn,j(kn) := Tn(Cβj

, kn),

where
Tn(Cβ)

kn
:= 1

kn

n∑
j=1

1{π(Xj/un) ∈ Cβ, ∥Xj∥1 > un}.

Finally, we define the associated vectors

p := (p1, . . . , pr)⊤, pn := (pn,1, . . . , pn,r)⊤,

T n := (Tn,1, . . . , Tn,r)⊤, Tn(kn) := (Tn,1(kn), . . . , Tn,r(kn))⊤.

In the next theorem, we summarize the asymptotic behavior of these estimators as derived
in Meyer and Wintenberger (2023, Theorem 1 and Proposition 3).

Proposition 3.4. Suppose Assumption HRV holds and the sequence (kn)n∈N in N with kn →
∞ and kn/n → 0 satisfies R = Ŝn(Z) almost surely for all n large enough. Furthermore,
assume that for some τ > 0 and any j = 1, . . . , r as n → ∞,

sup
r∈[ 1

1+τ
,1+τ ]

√
kn

pn,j

∣∣∣ n

kn
P(X/un ∈ {x ∈ Rd

+ : r∥x∥1 > 1, π(rx) ∈ Cβj
}) − rα(βj)pn,j

∣∣∣ → 0.

(a) Then, as n → ∞,

√
kn diag(pn)−1/2

(T n

kn
− pn

) D−→ Nr(0r, Ir).
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(b) If additionally
√

kn(pn,j − pj) → 0 as n → ∞ and j = 1, . . . , r, then as n → ∞,

√
kn diag(pn)−1/2

(
Tn(kn)

kn
− pn

)
D−→
(
Ir − √

p · √
p⊤
)
Nr(0r, Ir).

Motivated by this result, we define for any n ∈ N

p∗n := (pn,1, . . . , pn,s∗ , ρn, . . . , ρn)⊤ ∈ Rr with ρn := 1
r − s∗

r∑
j=s∗+1

pn,j

and suppose the following assumption throughout the chapter.

Assumption A.

(A1) Suppose (kn)n∈N is a sequence in N with kn → ∞ and kn/n → 0. Furthermore,
R = Ŝn(Z) almost surely for all n large enough, which implies r = |R| = |Ŝn(Z)| ≥ s∗

almost surely for all n large enough.

(A2) Tn,1(kn) ≥ Tn,2(kn) ≥ · · · ≥ Tn,r(kn) almost surely for all n large enough.

(A3) Suppose that as n → ∞,

√
kn diag(p∗n)−1/2

(
Tn(kn)

kn
− p∗n

)
D−→
(
Ir − √

p · √
p⊤
)
Nr(0r, Ir).

(A4) Suppose that as n → ∞,

√
kn diag(p∗n)−1/2

(T n

kn
− p∗n

)
D−→ Nr(0r, Ir).

Remark 3.5.

(a) A justification of Assumption (A1) is given in Remark 3.3, where a sufficient criterion
for limn→∞ P(R = Ŝn(Z)) = 1 is stated. Assumption (A1) is particularly useful for
modeling purposes, as can be seen in the derivation of the AIC in Meyer and Win-
tenberger (2023), and from other statements in that chapter such as Proposition 3.4
above. If Assumption (A1) is not made, then the consistency results in this chapter
can be obtained by replacing r with ŝn := |Sn(Z)| and assuming

√
knρn(ŝn −r) P−→ 0

(cf. Remark 3.8 and Remark 3.15).

(b) Assumption (A2) is motivated by the fact that we have Tn(kn)/kn
P−→ p and thus,

for n sufficiently large Tn(kn) is ordered by size with probability close to 1 because p

is ordered by size.

(c) The assumptions (A3) and (A4) are not strong, in the case pn,s∗+1 = . . . = pn,r = ρn,
Proposition 3.4 gives a sufficient criterion for (A3) or (A4) to hold.

The following lemma is a direct consequence of Assumption A.
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Lemma 3.6. Suppose Assumption A holds. Then the following statements are valid.

(a) ρn → 0 and ρnkn → ∞ as n → ∞.

(b) For j = 1, . . . , s∗ and n → ∞,

Tn,j(kn)
knpn,j

P−→ 1 and Tn,j

knpn,j

P−→ 1.

(c) For j = s∗ + 1, . . . , r and n → ∞,

Tn,j(kn)
knρn

P−→ 1 and Tn,j(kn)
kn

P−→ 0,

and similarly,
Tn,j

knρn

P−→ 1 and Tn,j

kn

P−→ 0.

3.1.4. Statistical models

A challenging task in extreme value theory is the optimal choice of kn, the number of
extreme observations used for the estimation procedure. Therefore, we follow a two-step
procedure as motivated in Meyer and Wintenberger (2023). In the first step, we fix kn and
estimate the relevant extreme directions β ∈ S(Z) and separate them from the so-called
bias directions β ∈ Ŝn(Z) \ S(Z) using some information criteria. Therefore, this step is
called bias selection. In the second step, we estimate the threshold kn, this step is therefore
named threshold selection. In the following subsections, we present some statistical models
for the bias selection and the statistical models for the threshold selection.

The local model for the bias selection

Due to Assumption (A1) with r = |Ŝn(Z)| the random vector Tn(kn) is multinomial
distributed with kn repetitions and unknown r-dimensional probability vector pn,kn which
converges as n → ∞ to p. To detect the bias directions and hence, to estimate s∗ and
answer question (Q), the idea is now to fit for any s ∈ {1, . . . , r} a multinomial distribution
from the class {Mult(kn, As(p̃s)) : p̃s ∈ Θs} where As : Rs → Rr is defined as

As(p̃s) =
(

p̃s
1, . . . , p̃s

s,
1 −

∑s
j=1 p̃s

j

r − s
, . . . ,

1 −
∑s

j=1 p̃s
j

r − s

)⊤

and the parameter space Θs is defined as

Θs :=

p̃s = (p̃s
1, . . . , p̃s

s) ∈ (0, 1)s : p̃s
1 ≥ · · · ≥ p̃s

s,
s∑

j=1
p̃s

j < 1

 ,
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which reflects that there are r − s bias directions. Finally, we define

ρ̃s :=
1 −

∑s
j=1 p̃s

j

r − s
∈ (0, 1) for p̃s ∈ Θs.

We summarize this in the following model.

MODEL M s
kn

: The family of multinomial distributions {Mult(kn, As(p̃s)) : p̃s ∈ Θs}
with likelihood function

LMs
kn

(p̃s | Tn(kn)) = kn!∏r
j=1 Tn,j(kn)!

s∏
j=1

(p̃s
j)Tn,j(kn)

r∏
j=s+1

(ρ̃s)Tn,j(kn)

and log-likelihood function

log LMs
kn

(p̃s | Tn(kn)) = log(kn!) −
r∑

j=1
log(Tn,j(kn)!) +

s∑
j=1

Tn,j(kn) log(p̃s
j)

+ log(ρ̃s)
r∑

j=s+1
Tn,j(kn) (3.3)

is called Model M s
kn

.

Now, an information criterion aims to find the Model M s
kn

from s ∈ {1, . . . , r} which
best fits the distribution of Tn(kn) and results in an estimator ŝ∗n for s∗. Then, for a given
estimator ŝn of s∗ we estimate the probability vector p by

p̂
ŝ∗

n
n,∗ :=

(
p̂

ŝ∗
n

n,1∑ŝ∗
n

j=1 p̂
ŝ∗

n
n,j

, . . . ,
p̂

ŝ∗
n

n,ŝ∗
n∑ŝ∗

n
j=1 p̂

ŝ∗
n

n,j

, 0, . . . , 0
)⊤

, (3.4)

where

p̂s
n := (p̂s

n,1, . . . , p̂s
n,s)⊤ :=

(Tn,1(kn)
kn

, . . . ,
Tn,s(kn)

kn

)⊤
(3.5)

is the maximum likelihood estimator (MLE) of the multinomial model M s
kn

(see Meyer
and Wintenberger, 2023, Section 4.1). Finally, we define

ρ̂s
n := 1

r − s

(
1 −

s∑
j=1

p̂s
n,j

)
=
∑r

j=s+1 Tn,j(kn)
(r − s)kn

as estimator for ρ̃s.

The global model for the threshold kn

Next, we extend the previous model and assume that kn ∈ N is not fixed anymore, it has
additionally to be estimated. For this task, we use all observations X1, . . . , Xn and not
only the kn largest observations. We consider the random vector T ′n = (T ′n,1, . . . , T ′

n,2d)⊤ in
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R2d which includes extreme and non-extreme observations, where the 2d − 1 components
T ′n,1, . . . , T ′

n,2d−1 count the number of extreme observations in the subsets Cβ1 , . . . , Cβ2d−1
.

The 2d-th component T ′
n,2d counts the number of non-extreme values and is Bin(n, 1 − qn)-

distributed for some qn ∈ (0, 1). Note, that the vector T ′n is not directly observable because
we do not know which observations are extreme. To be more precise we assume that
T ′n ∼ Mult(n, p′n) with

p′n = (qnp′n,1, . . . , qnp′n,2d−1 , 1 − qn)

and the conditional distribution given T ′
n,2d = n − kn satisfies

P(T ′
n,1,...,T ′

n,2d−1
)|T ′

n,2d
=n−kn

= P(Tn,1(kn),...,T
n,2d−1(kn)). (3.6)

The idea of this assumption is that if we have kn extreme observations (and hence, n − kn

non-extreme observations), then the distribution of the extreme directions (T ′n,1, . . . , T ′
n,2d−1)

in the global model is the same as that of the local model (Tn,1(kn), . . . , Tn,2d−1(kn)) with
threshold kn.

Now, the approach to detect the bias directions and the threshold kn is similar to the
previous section. We fit a multinomial distribution from the class {Mult(n, A′s(p̃′s)) : p̃

′s ∈
Θ′s} to the non-observable random vector T ′n where A′s : Rs+1 → R2d is defined as

A′s(p̃′s) = (q′sp̃
′s
1 , . . . , q′sp̃

′s
s , q′s

1 −
∑s

j=1 p̃
′s
j

r − s
, . . . , q′s

1 −
∑s

j=1 p̃
′s
j

r − s︸ ︷︷ ︸
r−s

, 0, . . . , 0︸ ︷︷ ︸
2d−r−1

, 1 − q′s)⊤

and the parameter space Θ′s is

Θ′s :=

p̃′s = (p̃′s1 , . . . , p̃′ss , q′s) ∈ (0, 1)s+1 : p̃′s1 ≥ · · · ≥ p̃
′s
s ,

s∑
j=1

p̃′sj < 1

 = Θs × (0, 1).

Finally, we define

ρ̃′s :=
1 −

∑s
j=1 p̃′sj

r − s
for p̃′s ∈ Θ′s.

This ends in the following model.

MODEL M ′s
n : The family of multinomial distributions {Mult(n, A′s(p̃′s)) : p̃′s ∈ Θ′s}

with log-likelihood function

log LM ′s
n

(p̃′s | T ′n) = log(n!) −
2d∑

j=1
log(T ′n,j !) +

s∑
j=1

Tn,j log(q̃p̃s
j)

+

 2d−1∑
j=s+1

T ′n,j

 log(q̃ρ̃s) + T ′n,2d log(1 − q̃) (3.7)

is called Model M ′s
n .
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To link the global model with the local model we require further assumptions.

Assumption B.

(B1) Suppose T ′
n,2d and Tn are independent, and for j = 1, . . . , r we have as n → ∞,

E
[

1
n − T ′

n,2d

T ′n,j |T ′n,2d

]
= E

[ 1
kn

Tn,j(kn)
]

+ oP(1).

(B2) Suppose for j = 1, . . . , r we have as n → ∞,

E
[

1
(n − T ′

n,2d)2 (T ′n,j)2|T ′n,2d

]
= E

[ 1
k2

n

(Tn,j(kn))2
]

+ oP(1).

(B3) There exist constants K1, K2 ∈ (0, ∞) such that

K1 < lim inf
n→∞

nqn

kn
≤ lim sup

n→∞

nqn

kn
< K2.

Due to the Assumptions (B1) and (B2) the first and second moment of the relative
number of extreme observations in the global model and the local model behave similarly.
The last Assumption (B3) gives a connection between the asymptotic behavior of qn and
kn. In particular, it implies kn = O(nqn) as n → ∞.

3.2. Information criteria in the fixed-dimensional case

In this section we derive the information criteria for the fixed-dimensional case, i.e. we
assume that d ∈ N is fixed. We start with the QAIC in Section 3.2.1, where we also analyze
the consistency of the AIC from Meyer and Wintenberger (2023). Then, in Section 3.2.2
and Section 3.2.3 we derive the MSEIC and the BIC, respectively.

3.2.1. Quasi-Akaike information criterion

In the following, we propose an information criterion inspired by the Akaike information
criterion and therefore, we refer to as quasi-Akaike information criterion (QAIC). Unlike
the approach of Meyer and Wintenberger (2023), which is based on the likelihood function
of a multinomial distribution, our method employs the Gaussian distribution. More
specifically, the Akaike information criterion (AIC) introduced by Meyer and Wintenberger
(2023) for selecting the number of extreme directions is motivated by minimizing the
expected Kullback-Leibler (KL) divergence between the true distribution of Tn(kn) and
the multinomial distribution Mult(kn, p̂s

n) where p̂s
n is the MLE given in (3.5). The AIC is

defined as
AICkn(s) := − log LMs

kn
(p̂s

n | Tn(kn)) + s, s = 1, . . . , r, (3.8)
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for fixed kn. The number s∗ of extreme directions is then estimated via

ŝ∗n = arg min
s=1,...,r

AICkn(s).

However, a limitation of the AIC is that it is not a weakly consistent information criterion
which is typically expected in a fixed-dimensional setting as n → ∞ and d ∈ N (cf.
Remark 2.17).

Theorem 3.7. Suppose Assumption A holds. Then

lim
n→∞

P(AICkn(s) > AICkn(s∗))

< 1 for s > s∗,

= 1 for s < s∗.

A key conclusion of Theorem 3.7 is that the AIC has asymptotically a non-vanishing
probability of overestimating s∗ and hence, it is not a weakly consistent information
criterion. The proof of Theorem 3.7, along with all proofs of this section, is relegated to
Section 3.4.1.

Remark 3.8. Suppose Assumption (A1) is replaced by the condition
√

knρn(ŝn − r) P−→ 0
and that the AIC is defined using ŝn instead of r. Then

√
knρn

ŝn∑
j=r+1

(
Tn,j(kn)

ρnkn
− 1

)
= oP(1)

and hence, if we follow the proof of Theorem 3.7, we see that the consistency result remains
true for this modified AIC, which is finally used in practice.

In contrast, the main advantage of the QAIC, which we introduce next, is that it is a
weakly consistent information criterion.

Quasi-Akaike information criterion for the number of directions s

The reason behind employing the likelihood function of a Gaussian distribution for the
QAIC is that due to Assumption A the asymptotic behavior as n → ∞,

√
kn diag(p∗n)−1/2

(T n

kn
− p∗n

)
D−→ Nr(0r, Ir)

holds, i.e. the asymptotic distribution of T n is similar to the distribution of an r-variate
normal distribution with mean knp∗n and covariance matrix kn diag(p∗n). Therefore, the
idea is to calculate the expected Kullback-Leibler divergence of the true distribution PT n

of T n with density f∗ and the normal distribution Nr(knBs(p̃s), kn diag(Bs(p̃s))), p̃s =
(p̃s

1, . . . , p̃s
s, ρ̃s) ∈ Rs+1

+ , where Bs : Rs+1
+ → Rr

+ is defined as

Bs(z) =
(
z1, . . . , zs, zs+1, . . . , zs+1

)⊤
.
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The likelihood function of Nr(knBs(p̃s), kn diag(Bs(p̃s))) is denoted by LNr (p̃s|T n). For
p̃s we use the estimator

p̂s
n
(T̃ n) := (p̂s

n,1(T̃ n), . . . , p̂s
n,s(T̃ n), ρ̂s

n(T̃ n))⊤ ∈ Rs+1
+ with

p̂s
n,j(T̃ n) := T̃n,j

kn
, j = 1, . . . , s, ρ̂s

n(T̃ n):= 1
r − s

r∑
j=s+1

T̃n,j

kn

(3.9)

where T̃ n is an i.i.d. copy of T n.

Remark 3.9. It might happen that
∑s

j=1 p̂s
n,j(T̃ n) + (r − s)ρ̂s

n(T̃ n) ̸= 1. In this case,
Bs(p̂s

n
(T̃ n)) is in general not a probability vector and (p̂s

n,1(T̃ n), . . . , p̂s
n,s(T̃ n)) /∈ Θs. But

due to Assumption (A4) we have as n → ∞,

p̂s
n,j(T̃ n)

pn,j

P−→ 1 and
ρ̂s

n(T̃ n)
1

r−s

∑r
j=s+1 pn,j

P−→ 1,

such that limn→∞ P((p̂s
n,1(T̃ n), . . . , p̂s

n,s(T̃ n)) ∈ Θs) = 1.

In summary, we calculate

E
[
KL(PT n , Nr(knBs(p̃s), kn diag(p̃s)))|

p̃
s=p̂

s

n
(T̃ n)

]
= E [log f∗(T n)] − E

[
log

(
LNr (p̂s

n
(T̃ n)|T n)

)]
. (3.10)

Remark 3.10. The AIC is based on the multinomial distribution whereas the QAIC is
based on the multivariate normal distribution. Although it seems at first view that both
approaches are different they are related due to local limit theorems for the multinomial
distribution as given in Ouimet (2021).

Next, we derive an auxiliary result that helps to approximate the second term in (3.10)
for s ≥ s∗.

Proposition 3.11. Suppose Assumption A holds and s ≥ s∗. Furthermore, let T̃ n be an
independent and identically distributed copy of T n, and let p̂s

n
(T̃ n) be the estimator in

(3.9) and similarly we define p̂s
n
(T n). Then there exists a random variable Y with E[Y ] = 0

such that as n → ∞,

log LNr (p̂s
n
(T̃ n) | T n) + 1

2r log(2π) + 1
2r log(kn)

+ 1
2

s∑
j=1

log(p̂s
n,j(T n)) + 1

2(r − s) log(ρ̂s
n(T n)) + r + s + 1

2
D−→ Y.

Therefore, for s ≥ s∗ we approximate the second term in (3.10) by

− E
[
log LNr (p̂s

n
(T̃ n) | T n)

]
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≈ 1
2E
[
r log(2π) + r log(kn) +

s∑
j=1

log(p̂s
n,j(T n)) + (r − s) log(ρ̂s

n(T n)) + r + s + 1
]

and neglect the expectation. The first term E [log f∗(T n)] in (3.10) and the +1 do not
influence the choice of the model, therefore we skip them. This leads to the following
definition of the theoretic quasi-information criterion for s ≥ s∗,

QAIC ′kn
(s) := r log(2π) + r log(kn) +

s∑
j=1

log(p̂s
n,j(T n)) + (r − s) log(ρ̂s

n(T n)) + r + s.

If s < s∗ this information criterion works as well since

s∑
j=1

log(p̂s
n,j(T n)) + (r − s) log(ρ̂s

n(T n))

P−→
s∑

j=1
log(pj) + (r − s) log

(∑s∗
j=s+1 pj

r − s

)
> −∞

and for s > s∗ we have

s∑
j=1

log(p̂s
n,j(T n)) + (r − s) log(ρ̂s

n(T n)) P−→ −∞.

Therefore, the information criterion does not select s < s∗.
Moreover, since

s∑
j=1

log(p̂s
n,j(T n)) + (r − s) log(ρ̂s

n(T n))

−
s∑

j=1
log(p̂s

n,j(Tn(kn))) + −(r − s) log(ρ̂s
n(Tn(kn))) P−→ 0

the choice between estimator p̂s
n
(T n) or p̂s

n = p̂s
n(Tn(kn)) ∈ Θs with ρ̂s

n = ρ̂s
n(Tn(kn))

does not significantly change the outcome, so either can be used. Since in applications un

and hence, p̂s
n
(T n) is unknown, we finally define the information criterion based on the

estimators p̂s
n and ρ̂s

n.

Definition 3.12. For the number of extreme directions s with fixed kn the quasi-Akaike
information criterion (QAIC) is defined as

QAICkn
(s) := r log(2π) + r log(kn) +

s∑
j=1

log(p̂s
n,j) + (r − s) log(ρ̂s

n) + r + s

for s = 1, . . . , r and an estimator for s∗ is ŝ∗n := arg min1≤s≤r QAICkn
(s).

Remark 3.13.

(a) During the derivation of the QAIC we assumed that r is constant and hence, it
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should not influence the optimal value of the QAIC. However, the simulation study
shows that in applications r has a significant impact on the performance of the QAIC
because in practice r depends on kn.

(b) The derivation of a QAIC with an estimator based on the likelihood function of the
normal distribution LNr is possible with similar results but leads to a more elaborate
and longer calculation. In this case, the estimator is given by

p̂ G
n,j = −1

2kn
+
√

1
4k2

n

+ Tn,j(kn)2

k2
n

, j = 1, . . . , s,

ρ̂ G
n = −1

2kn
+

√√√√ 1
4k2

n

+ 1
r − s

r∑
j=s+1

Tn,j(kn)2

k2
n

.

The performance of both approaches is similar and therefore only QAIC is included
in the simulation study.

Theorem 3.14. Suppose Assumption A holds. Then

lim
n→∞

P(QAICkn
(s) − QAICkn

(s∗) > 0) = 1 for s ̸= s∗.

In view of question (Q), the QAIC has the advantage that it is weakly consistent for
fixed kn in contrast to the AIC.

Remark 3.15. Suppose Assumption (A1) is replaced by the condition ŝn
P−→ r and that

the QAIC is defined using ŝn instead of r. Then the consistency result remains true for this
modified QAIC. Note that here a weaker condition is used as for the AIC in Remark 3.8,
where we required

√
knρn(ŝn − r) P−→ 0.

Quasi-Akaike information criterion for the threshold kn

For the QAIC for the threshold kn we follow the definition of the global model for the AIC
in Meyer and Wintenberger (2023) which is defined as

AICn,s(kn) := AICkn(s)
kn

+ kn

n

with AICkn(s) as in (3.8). However, since we consider two times the negative likelihood
instead of just the negative likelihood we include additionally the factor 1/2 and obtain
the following information criterion.

Definition 3.16. For the number of exceedances kn the quasi-Akaike information criterion
(QAIC) for the threshold kn for the Model M ′s

n is defined as

QAICn,s(kn) :=
QAICkn

(s)
2kn

+ kn

n
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=
r log(2π) + r log(kn) +

∑s
j=1 log(p̂s

n,j) + (r − s) log(ρ̂s
n,j) + r + s

2kn
+ kn

n

for kn = 1, . . . , n with estimator k̂n := arg minkn∈K

{
min1≤s≤r QAICn,s(kn)

}
for K ⊂

{1, . . . , n}.

Remark 3.17. An interpretation of this information criterion is as follows. The division
by kn can be seen as a weight, which is assigned to a pair (s, kn). Therefore, when kn is
large, the weight of the corresponding model gets smaller. Also, kn/n corresponds to the
relative proportion of extreme observations and acts as a penalty for increasing kn.

3.2.2. Mean squared error information criterion

Next, we explore an information criterion based on the mean squared error (MSE) for both
the number of directions s as well as for the threshold kn, which performs in particular well
for a small number of observations. The proofs of this section are moved to Section 3.4.2.

Mean squared error information criterion for the number of
extreme directions s

The basic idea of the AIC is to minimize the Kullback-Leibler distance of the true dis-
tribution and a parametric family of distributions. This minimum is approximated by
the expected Kullback-Leibler distance of the true distribution and the estimated distri-
bution as is done in (3.10). In the following, we use the same ideas but instead of using
the Kullback-Leibler distance, we use the normalized mean squared error (MSE) of the
parameter estimator and find an approximation of

MSEkn(s) := E
[
ℓ2(p̂s

n
(T̃n(kn))|Tn

)]
(3.11)

instead of E
[
log LNr (p̂s

n
(T̃ n) | Tn(kn))

]
as is done in (3.10), where T̃n(kn) is an independent

and identically distributed copy of Tn(kn) and

ℓ2(p̃s|Tn(kn)
)

:=
∥∥∥∥√kn diag(Bs(p̃s))−1/2

(
Tn(kn)

kn
− Bs(p̃s)

)∥∥∥∥2

2

=
s∑

j=1

kn

p̃s
j

(
Tn,j(kn)

kn
− p̃s

j

)2
+ kn

ρ̃s

r∑
j=s+1

(
Tn,j(kn)

kn
− ρ̃s

)2

for p̃s = (p̃s
1, . . . , p̃s

s, ρ̃s) ∈ Rs+1
+ . Note, if in Assumption (A3) not only the weak convergence

but also the componentwise L1 convergence holds, then the approach is motivated by
limn→∞ E

[
ℓ2((pn,1, . . . , pn,s∗ , ρn)|Tn(kn)

)]
= r − 1. First, we derive an auxiliary result that

helps to approximate ℓ2(p̂s
n
(T̃n(kn))|Tn(kn)

)
.

Theorem 3.18. Suppose Assumption A holds and s ≥ s∗. Furthermore, let T̃n(kn) be an
independent and identically distributed copy of Tn(kn), and let p̂s

n
(T̃n(kn)) be the estimator
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in (3.9). Similarly, we define p̂s
n
(Tn(kn)). Then there exists a random variable Y with

E[Y ] = 0 such that as n → ∞,

ℓ2(p̂s
n
(T̃n(kn))|Tn(kn)

)
− kn

ρ̂s
n(Tn(kn))

r∑
j=s+1

(
Tn,j(kn)

kn
− ρ̂s

n(Tn(kn))
)2

− 2s
D−→ Y.

Therefore, for s ≥ s∗ we approximate (3.11) by

MSEkn(s) ≈ E
[

kn

ρ̂s
n(Tn(kn))

r∑
j=s+1

(
Tn,j(kn)

kn
− ρ̂s

n(Tn(kn))
)2

+ 2s

]
.

Analogously to Section 3.2.1, we neglect the expectation, which leads to the following
information criterion.

Definition 3.19. For the number of extreme directions s with fixed kn the mean squared
error information criterion (MSEIC) is defined as

MSEICkn(s) := kn∑r
l=s+1

Tn,l(kn)
kn(r−s)

r∑
j=s+1

Tn,j(kn)
kn

−
r∑

i=s+1

Tn,i(kn)
kn(r − s)

2

+ 2s,

for s = 1, . . . , r − 1 with MSEICkn(r) := 2r. An estimator for s∗ is defined by ŝ∗n :=
arg min1≤s≤r MSEICkn(s).

Theorem 3.20. Suppose Assumption A holds. Then

lim
n→∞

P(MSEICkn(s) > MSEICkn(s∗))

< 1 for s > s∗,

= 1 for s < s∗.

In particular, for s < s∗ this information criterion is consistent, but unfortunately not for
s > s∗. However, this is not surprising because the basic ideas are related to the AIC which
is also not a consistent information criterion. However, the simulation study in Section 5.1
shows that MSEIC performs extremely good in practice.

Mean squared error information criterion for the threshold kn

Now, we extend the information criterion MSEIC to choose the optimal threshold kn.
Therefore, we use not only our knowledge about the extreme observations but also our
knowledge of the non-extreme observations, similarly to the global model M ′s

n , only that
there is no distributional assumption. As before we assume here that T ′n,{1,...,r} pertains the
information about the observed extreme directions and T ′

n,2d the non-extreme observations,
where T ′

n,2d is assumed to be binomially distributed. The MSE information criterion for
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the threshold kn is then defined as weighted MSE

MSE′sn :=E

q′E

∥∥∥∥∥√n − T ′
n,2d diag(p′)−1/2

(
T ′n,{1,...,r}
n − T ′

n,2d

− p′
)∥∥∥∥∥

2

2

 ∣∣∣∣
p′=p̂n( T̃n(kn)

kn
),q′= kn

n


+ E

(1 − q′)E

∥∥∥∥∥√n(q′(1 − q′))−1/2
(

T ′
n,2d

n
− (1 − q′)

)∥∥∥∥∥
2

2

 ∣∣∣∣
q′= kn

n

 (3.12)

with weight q′ for the estimation of the probabilities of extreme directions and weight
(1 − q′) for the estimation of the probability of non-extremes. Since we want to make
statements about the optimal choice of kn which models the number of extreme directions,
the weight in the estimation of the probabilities of the extreme directions is chosen higher.
A connection between the MSE information criterion for the threshold kn and the MSE
information criterion for the number of extreme directions s exists through the following
theorem.

Theorem 3.21. Suppose Assumptions (B1), (B2) and kn(1 − nqn

kn
)2 → 0 as n → ∞. Then

MSE′sn = qn

(
MSEkn(s) + n

kn
+ no

( 1
nqn

))
.

Since qn is not influenced by kn and o((nqn)−1) is of a smaller order than 1/kn by
Assumption (B3), we neglect qn and the last term. Consequently, we define the following
information criterion.

Definition 3.22. For the number of exceedances kn the mean squared error information
criterion (MSEIC) for the threshold kn for the Model M ′s

n is defined as

MSEICn,s(kn) := MSEICkn(s) + n

kn
, kn = 1, . . . , n,

with estimator k̂n := arg minkn∈K

{
min1≤s≤r MSEICn,s(kn)

}
for K ⊂ {1, . . . , n}.

Remark 3.23. The general structure of this threshold information criterion differs from
the other derived information criteria for the threshold selection as

AICn,s(kn) = AICkn(s)
kn

+ kn

n
and QAICn,s(kn) =

QAICkn
(s)

2kn
+ kn

n
.

Therefore, we performed a simulation study with the criterion MSEICkn(s)/kn + kn/n,
defined analog to AICn,s(kn). The simulation study confirms that this choice of information
criteria is not the suitable choice. The result is not surprising, since MSEIC is not based
on a likelihood-based approach.
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3.2.3. Bayesian information criterion

The basic idea of the Bayesian information criterion (BIC) is to find the model with the
highest posterior probability given the data. First, we derive a BIC for s and then for kn.
The proofs of this section can be found in Section 3.4.3.

Bayesian information criterion for the number of extreme directions
s

In the following, we derive a BIC for s by bounding the posterior probability as in Cavanaugh
and Neath (1999). Therefore, we assume throughout this section Model M s

kn
and use

the following notation. Let Q be a discrete prior distribution over the set of models
{M s

kn
: s = 1, . . . , r}, g( · | M s

kn
) be the prior density over the parameter space Θs given

Model M s
kn

, LMs
kn

( · | Tn(kn)) be the likelihood function of Model M s
kn

if we observe Tn(kn)
and f be the (unknown) marginal probability of Tn(kn). Given the data Tn(kn) the goal
is to determine the Model M s

kn
with the highest posterior probability P(M s

kn
|Tn(kn)) for

s = 1, . . . , r. Therefore, note that Bayes Theorem yields for the posterior density for M s
kn

and p̃s

h((M s
kn

, p̃s) | Tn(kn)) =
LMs

kn
(p̃s | Tn(kn))g(p̃s| M s

kn
)Q(M s

kn
)

f(Tn(kn)) .

Hence, the posterior probability for M s
kn

is

P(M s
kn

|Tn(kn)) =
Q(M s

kn
)
∫

Θs
LMs

kn
(p̃s | Tn(kn))g(p̃s | M s

kn
) dp̃s

f(Tn(kn)) .

Consequently maximizing the posterior probability is equivalent to minimizing

−2 logP(M s
kn

|Tn(kn)) =2 log f(Tn(kn)) − 2 logQ(M s
kn

)

− 2 log
(∫

Θs

LMs
kn

(p̃s | Tn(kn))g(p̃s | M s
kn

) dp̃s
)
. (3.13)

For the derivation of the BIC, we require further assumptions.

Assumption C. For any s ∈ {1, . . . , r} we assume the following:

(C1) There exist constants 0 < b ≤ B < ∞ such that the prior density g( · | M s
kn

) on Θs

satisfies
b ≤ g(p̃s | M s

kn
) ≤ B for all p̃s ∈ Θs.

(C2) The prior distribution Q is a uniform distribution on {M s
kn

: s = 1, . . . , r}, i.e.
Q(M s

kn
) = 1

r for s = 1, . . . , r.

(C3) knρ
5/3
n → ∞ and knρ2

n → 0.
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Remark 3.24.

(a) Both Assumptions (C1) and (C2) are assumptions on prior distributions, and they
reflect that we have no prior information in advance. The lower bound of Assumption
(C1) can be relaxed since we require only a lower bound in the neighborhood of p̂s

n.
However, it has been omitted in this chapter for the sake of brevity.

(b) The assumption on the uniform distribution on the set of all possible models in (C2)
is an uninformative prior distribution where all models have the same probability.
Thus, the term −2 logQ(M s

kn
) = 2 log r in (3.13) is independent of s and has, from

a theoretical point of view, no influence on the information criterion. Of course, it
is possible to use a prior distribution depending on s but then the BIC receives an
additional penalty term.

(c) The assumption knρ
5/3
n → ∞ in (C3) ensures that ρn does not converge to zero too

quickly.

The next theorem gives an upper bound for

−2 logEgs [LMs
kn

(p̃s | Tn(kn))] := −2 log
∫

Θs

LMs
kn

(p̃s | Tn(kn))g(p̃s | M s
kn

) dp̃s,

whereby Egs denotes the conditional expectation regarding the prior density g(· | M s
kn

) on
Θs. This results then in an upper bound for the negative log posterior probability of the
s-th Model M s

kn
given Tn(kn).

Theorem 3.25. Suppose Assumptions A, (C1) and (C3) hold. Then the inequality

−2 logEgs [LMs
kn

(p̃s | Tn(kn))]

≤ − 2 log LMs
kn

(p̂s
n | Tn(kn)) − s log(2π) + 2s log

(
kn

√
r

r − s

)
− 2 log b + oP(1)

as n → ∞ holds.

Plugging in Assumption (C2) and the upper bound in Theorem 3.25 in (3.13) results in

−2 logP(M s
kn

(kn)|Tn(kn))

= 2 log f(Tn(kn)) + 2 log r − 2 logEgs [LMs
kn

(p̃s | Tn(kn))]

≤ −2 log LMs
kn

(p̂s
n | Tn(kn)) − s log(2π) + 2s log

(
kn

√
r

r − s

)
+ 2 log f(Tn(kn)) − 2 log b + 2 log r + oP(1).

This motivates the definition of the following information criterion, where the terms
2 log f(Tn(kn)) − 2 log b + 2 log r are neglected as they are not influenced by s.
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Definition 3.26. For the number of extreme directions s with fixed kn the Bayesian
information criterion concerning the upper bound (BICU) is defined as

BICUkn(s) := −2 log LMs
kn

(p̂s
n | Tn(kn)) + 2s log (kn) + s log

(
r

2π(r − s)

)
,

for s = 1, . . . , r − 1 and an estimator for s∗ is ŝ∗n := arg min1≤s≤r−1 BICUkn(s).

Motivated by the BICU, which is based on the largest eigenvalue λn,1 from Lemma 3.50,
we define a BIC based on a lower bound for the posterior distribution by using the smallest
eigenvalue λn,2 = kn/Tn,1(kn) from Lemma 3.50.

Definition 3.27. For the number of extreme directions s with fixed kn the Bayesian
information criterion concerning the lower bound (BICL) for Model M s

kn
is defined as

BICLkn(s) := −2 log LMs
kn

(p̂s
n | Tn(kn)) + s log (kn) + s log

(
kn

2πTn,1(kn)

)
, s = 1, . . . , r,

and an estimator for s∗ is ŝ∗n := arg min1≤s≤r BICLkn(s).

Theorem 3.28. Suppose Assumption A holds. Then

(a) lim
n→∞

P(BICUkn(s) > BICUkn(s∗)) = 1 for s ̸= s∗,

(b) lim
n→∞

P(BICLkn(s) > BICLkn(s∗)) = 1 for s ̸= s∗.

Thus, in contrast to the AIC, both information criteria are weakly consistent and select
asymptotically with probability 1 the true Model M s∗

kn
. This is also a typical property of

Bayesian information criteria (cf. Remark 2.17).

Bayesian information criterion for the threshold kn

In the following, we determine an upper bound for the posterior probability of the global
Model M ′s

n analog to the previous section using the following assumptions.

Assumption D. Suppose the following statements hold.

(D1) There exist constants 0 < b′ ≤ B′ < ∞ such that the prior density g′( · | M ′s
n ) on Θ′s

satisfies
b′ ≤ g′(p̃′s|M ′s

n ) ≤ B′ for all p̃′s ∈ Θ′s.

(D2) The prior distribution Q′ is a uniform distribution on {M ′s
n : s = 1, . . . , r}, i.e.

Q′(M ′s
n ) = 1

r for s = 1, . . . , r.

(D3) lim
n→∞

nq
5/3
n = ∞ and lim

n→∞
nq2

n = 0.
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(D4) For Eλ[LMs
n−T ′

n,2d

(p̃s | T ′n,{1,...,r})] :=
∫

Θs
LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r}) dp̃s the following

upper bound

E
[
−2 logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})]
]

≤ E
[
E
[

− 2 log LMs
n−T ′

n,2d

(p̂s
n(T ′n,{1,...,r}) | T ′n,{1,...,r})

∣∣∣T ′n,2d

]]
+ 2sE

[
log

(
(n − T ′n,2d)

√
r

r − s

) ]
− s log(2π) + o(1)

holds.

Remark 3.29.

(a) Assumptions (D1) and (D2) in the global model correspond to the Assumptions (C1)
and (C2) in the local model. Assumption (D3) is the counterpart to Assumption
(C3) for the binomial part of the likelihood function in the global model.

(b) Assumption (D3) ensures a suitable convergence rate of qn and implies nqn → ∞.
For example qn := n−11/20 fulfills the conditions of Assumption (D3).

(c) Assumption (C3) for the local model is required for the proof of Theorem 3.25.
Assumption (D4) for the global model is motivated from Theorem 3.25 and (3.6).
Because we then obtain directly

E
[
−2 logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})]|T
′
n,2d = kn

]
≤ E

[
− 2 log LMs

n−T ′
n,2d

(p̂s
n(T ′n,{1,...,r}) | T ′n,{1,...,r})

∣∣∣T ′n,2d = kn

]
+ 2sE

[
log

(
(n − T ′n,2d)

√
r

r − s

)
|T ′n,2d = kn

]
− s log(2π) + o(1)

for kn satisfying the assumptions of the previous section and T ′n,1 ≥ T ′n,2 ≥ . . . ≥ T ′n,r.
Assumption (D4) for the global model is only a slightly stronger assumption than
Assumption (C3) for the local model.

In analogy to the BIC for the local model, the goal is to derive asymptotic bounds for
−2 logP(M ′s

n |T ′n) which we obtain through upper bounds for

−2 logEg′
s
[LM ′s

n
(p̃′s|T ′n)] := −2 log

{∫
Θ′

s

LM ′s
n

(p̃′s | T ′n) · g′(p̃′s|M ′s
n ) dp̃′s

}
, (3.14)

where Eg′
s

denotes the conditional expectation with respect to the prior density g′( · |M ′s
n )

on Θ′s given Model M ′s
n .
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Theorem 3.30. Under Assumptions (B1), (B3) and D the asymptotic upper bound as
n → ∞,

−2E
[
logEg′

s
[LM ′s

n
(p̃′s | T ′n)]

]
≤ nqn

(
−2

E[log LMs
kn

(p̂s
n | Tn(kn))]

kn
+ 2 s

nqn
log

(
kn

√
r

2π(r − s)

)
+ 2 log(n)

nqn
+ C

)

holds, where C > 0 is a constant independent of s and n.

Compared to Theorem 3.25 in the previous section, we take additionally the expectation
in Theorem 3.30 to achieve a connection between the global model and the local model.

Theorem 3.30 motivates the definition of the following information criterion, where the
expectation is omitted, the inequality is divided by nqn and the term 2 log(b′)/(nqn) as well
as C are neglected as they are either constant concerning s or converge to zero uniformly.

Definition 3.31. For the number of exceedances kn the Bayesian information criterion
concerning the upper bound (BICU) for the threshold kn for Model M ′s

n is defined as

BICUn,s(kn) :=
−2 log LMs

kn
(p̂s

n | Tn(kn)) + 2s log (kn) + s log
(

r
2π(r−s)

)
kn

+ log(n2)
kn

= BICUkn(s)
kn

+ log(n2)
kn

,

for kn = 1, . . . , n, with estimator k̂n := arg minkn∈K

{
min1≤s≤r BICUn,s(kn)

}
for K ⊂

{1, . . . , n} for kn.

Similarly to Definition 3.27 we also define the Bayesian information criterion based on
the lower bound for the threshold kn.

Definition 3.32. For the number of exceedances kn the Bayesian information criterion
concerning the lower bound (BICL) for the threshold kn for Model M ′s

n is defined as

BICLn,s(kn) := BICLkn(s)
kn

+ log(n2)
kn

, kn = 1, . . . , n,

with estimator k̂n := arg minkn∈K

{
min1≤s≤r BICLn,s(kn)

}
for K ⊂ {1, . . . , n}.

Remark 3.33. Note that in practice, we estimate, of course, r by ŝn = |Ŝn(Z)| and plug
this estimate into the information criteria. In this setup, all the consistency results in this
section remain true if we additionally assume

√
knρn(ŝn − r) P−→ 0 as n → ∞. However,

the motivation for the definitions of the information criteria is much clearer when it is
assumed that r = |Ŝn(Z)| is deterministic and independent of n.
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3.3. High-dimensional setting

Until now, we considered the setting where the dimension d is fixed. In the following, we
analyze the high-dimensional case, where it is assumed that the dimension is allowed to
grow with the sample size n. Since the number of possible bias directions increases, we
also let the number of both bias and observed directions increase. However, the number
of relevant directions is assumed to remain constant. In this section, the information
criteria from the fixed-dimensional model are adapted to this high-dimensional setting.
This requires adapting the previous definitions for the high-dimensional setting, although
the underlying motivation is unchanged.

This section is structured as follows. In Section 3.3.1 we introduce the underlying model
and define bias directions in the high-dimensional setting. In addition, we analyze the
(numerical) behavior of the bias directions in a small simulation study in Section 3.3.2.
Finally, in Section 3.3.3, the information criteria are adapted to the high-dimensional
setting. The proofs of this section are moved to Section 3.4.5.

3.3.1. Bias directions in high dimensions

For the high-dimensional case, we expand the model from the fixed-dimensional case used
in Section 3.1.4. Let X(n) be an Rdn

+ -valued random vector, where dn → ∞. Similarly to
the fixed-dimensional case, we assume that X(n) exhibits some extreme behavior but the
number of directions in which the extremes occur is fixed and relatively small compared
to the growing dimension dn. As before, the major challenge in estimating the extreme
directions is that we tend to identify more extremal directions than actually exist. To better
understand the idea of these directions in high dimensions, we require some further notation.
Let X

(n)
1 , X

(n)
2 , . . . be a sequence of i.i.d. random vectors following the distribution of X(n).

Suppose ∥X
(n)
(1,n)∥1 ≥ · · · ≥ ∥X

(n)
(n,n)∥1 is the order statistic of ∥X

(n)
1 ∥1, . . . , ∥X

(n)
n ∥1 and

the number of extreme observations used for estimation is denoted by kn ∈ N, whereas we
assume that kn → ∞ and kn/n → 0 as n → ∞. Then we define for β ∈ P∗N := P(N) \ {∅},

T (n)(β, kn) :=
n∑

j=1
1


π

 X
(n)
j

∥X
(n)
(kn+1,n)∥1

 , 0, 0, . . .

 ∈ Cβ, ∥X
(n)
j ∥1 > ∥X

(n)
(kn+1,n)∥1

 .

Note that if β /∈ P∗dn
, then T (n)(β, kn) = 0.

The directions β ∈ P∗N are partitioned and named as follows using that

∑
β∈P∗

N

T (n)(β, kn) = kn.

Definition 3.34.

(a) A direction β ∈ P∗N is called a relevant direction if lim infn→∞ T (n)(β, kn)/kn > 0 a.s.
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The number of relevant directions is defined by

s∗ := |{β ∈ P∗N : lim inf
n→∞

T (n)(β, kn)/kn > 0}|.

(b) A direction β ∈ P∗N is called a bias direction of type (i) if T (n)(β, kn)/kn
P−→ 0 and

T (n)(β, kn) P−→ ∞.

(c) A direction β ∈ P∗N is called a bias direction of type (ii) if T (n)(β, kn)/kn
P−→ 0 and

lim supn→∞ T (n)(β, kn) < ∞ a.s.

(d) The set of observed directions is defined as

Ŝn := {β ∈ P∗N : T (n)(β, kn) > 0}

and the number of observed directions as

ŝn := |Ŝn|.

Remark 3.35.

(a) For large n, the support of X(n) given that ∥X(n)∥1 is large, becomes more concen-
trated on the space spanned by the relevant directions.

(b) As we are working with finite n we are not able to observe only relevant directions
but also bias directions, which act as noise. The number of observations in each bias
direction grows at a slower rate than kn, but it can still go to infinity.

Furthermore, we order the values of T (n)(β, kn) for β ∈ P∗N such that T
(n)
i (kn) corresponds

to the direction with the i-th largest number of observations. The ordered vector containing
all directions is denoted by

T (n)(kn) := (T (n)
1 (kn), . . . , T

(n)
2dn−1(kn))⊤.

In the following, we fix kn and estimate s∗, the number of relevant directions using some
information criteria.

For this, we make the following assumptions.

Assumption E.

(E1) Suppose that all relevant directions β ∈ P∗N satisfy |β| < ∞ and for the number of
relevant directions holds

s∗ < ∞.

(E2) As n → ∞ holds ŝn
P−→ ∞ and ŝn/kn

P−→ c ∈ [0, 1).
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(E3) Suppose j ≤ s∗. Then

T
(n)
j (kn)

kn

P−→ p′j ∈ (0, 1).

(E4) Suppose there exists a µ ≥ 1 such that

1
ŝn

ŝn∑
j=s∗+1

T
(n)
j (kn) P−→ µ.

(E5) Suppose there exists a q ≥ 1 such that

T
(n)
s∗+1(kn) P−→ qµ.

Remark 3.36.

(a) Similarly to the fixed-dimensional case (cf. Section 3.1 and Meyer and Wintenberger,
2023), we assume by Assumption (E1) that there is a fixed number of relevant
directions. Furthermore, since the relevant directions are finite, we are able to observe
relevant directions empirically.

(b) Note, since ŝn ≤
∑ŝn

j=1 T
(n)
j (kn) ≤ kn, we get that ŝn/kn is bounded and then

Assumption (E2) guarantees that the ratio converges. Due to this assumption, we
have a clear differentiation from the fixed-dimensional setting, where ŝn is assumed
to be fixed.

(c) The motivation for Assumption (E3) is based on the case for finite d, where
T (n)(β, kn) P−→ p(Cβ) for β ∈ P∗d , by Proposition 3.4. However, since c > 0 is
possible, p′j may not be equal to p(Cβ) for the corresponding β to T

(n)
j (kn).

(d) If c > 0 then by Assumption (E2) as n → ∞

1 ≤ 1
ŝn

ŝn∑
j=s∗+1

T
(n)
j (kn) ≤ kn

ŝn

P−→ 1
c

∈ (1, ∞).

Since the sequence of the weighted sum is bounded, we assume (E4).

(e) Assumption (E5) guarantees that there are no bias directions of type (i). If T
(n)
s∗+1(kn)

diverges, we cannot expect the information criteria to be consistent as presented later
(cf. Theorem 3.53).

(f) If c > 0 and p′ :=
∑s∗

j=1 p′j , then µ = (1 − p′)/c.
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3.3.2. Empirical observations

For an initial analysis of the behavior of the bias directions and the number of observed
directions ŝn, we conduct a simulation study. We run each of the following settings with
100 repetitions, where we consider dn-dimensional i.i.d. random vectors whose spectral
measure only concentrates on the first s∗ axes and fill the remaining entries with i.i.d.
random variables, which act as noise. To define their distribution, we assume that H =
(hij)1≤i,j≤s∗ ∈ Rs∗×s∗ with hij

i.i.d.∼ U((0, 1)) and

Σ := diag(H⊤ · H)−1/2 · H⊤ · H · diag(H⊤ · H)−1/2.

Note that Σii = 1, i = 1, . . . , s∗ and Σij < 1, i ̸= j. Suppose now Y = (Y1, . . . , Ys∗) ∼
Ns∗(0s∗ , Σ) under the condition of Σ whose components have, by construction, as marginal
distribution the standard normal distribution Φ. It is well known that the multivariate
normal distribution with correlations smaller than 1 exhibits pairwise asymptotic inde-
pendence (Corollary 5.28 Resnick, 1987). Now, let Y 1, . . . , Y n, i = 1, . . . , n be an i.i.d.
sequence of random vectors with distribution Y and U i

1, . . . , U i
dn−s∗ be the absolute value

of an independent sequence of independent normally distributed random variables. Then
we define the i.i.d. random vectors Xi = (Xi

1, . . . , Xi
dn

)⊤ ∈ Rdn
+ , i = 1, . . . , n, as

Xi
j :=


1

1−Φ(Y i
j ) , 1 ≤ j ≤ s∗,

U i
j−s∗ , s∗ + 1 ≤ j ≤ dn.

In the simulation, the ratio kn/n is decreasing and we consider s∗ = 50.

n kn dn ŝn ŝn/kn

5000 500 100 309.99 0.62
10000 750 125 407.5 0.54
20000 1000 150 454.32 0.45
40000 1500 175 582.37 0.39

Table 3.1.: Average of the realizations of ŝn and ŝn/kn over 100 realizations.

In Figure 3.1 are the entries of T (n)(kn)/kn mapped for different values of n and d. We
observe that the number of observed directions increases, but the number of occurrences for
each direction is nearly constant to 1 for the last directions. From Table 3.1 it is evident,
while kn increases also ŝn increases nearly proportionally. Another observation from the
plot is that not only the number of entries after the green line increases but also the number
of entries between the cyan line and the green line. In addition, the gap between the
smallest relevant index and the first bias index widens as n increases, indicating that the
order of the number of observations differs.
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(a) n = 5000, kn = 500, dn = 100
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(b) n = 10000, kn = 750, dn = 125
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(c) n = 20000, kn = 1000, dn = 150
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(d) n = 40000, kn = 1500, dn = 175

Figure 3.1.: Mapping of one realization of the entries of T (n)(kn)/kn. The cyan line indicates the
50-th entry and the green line the first entry of T (n)(kn) equal to 1. In this example,
50 directions are relevant.

3.3.3. Information criteria in the high-dimensional case

In the following, we introduce the information criteria for the high-dimensional case and
present the conditions for consistency. In the high-dimensional case, we do not evaluate all
possible models, but restrict the set of candidate models by qn with qn ≤ 2dn − 1. For an
information criterion IC, an estimator for s∗ is

ŝ∗n := arg min
1≤s≤qn

ICkn(s).

Akaike information criterion

We recall that the Akaike information criterion for the fixed-dimensional case introduced
by Meyer and Wintenberger (2023) (cf. (3.8)) is motivated by minimizing the expected
Kullback-Leibler (KL) divergence between the true distribution of T (n)(kn) and a multi-
nomial distribution. In the following, the definition of the AIC is adopted from the
fixed-dimensional case and adjusted to the high-dimensional case by exchanging r with ŝn.
The Akaike information criterion (AIC◦) for the high-dimensional case is defined as

AIC◦kn
(s) := − log(kn!) +

ŝn∑
j=1

log(T (n)
j (kn)!) −

s∑
j=1

T
(n)
j (kn) log

T
(n)
j (kn)

kn


− log

 1
kn(ŝn − s)

ŝn∑
j=s+1

T
(n)
j (kn)

 ŝn∑
j=s+1

T
(n)
j (kn) + s, s = 1, . . . , qn.
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In Section 3.2.1 we showed that the AIC is not consistent for fixed d, which is a typical
property of an AIC in the large sample size and fixed dimensional case (cf. Remark 2.17).
In the high-dimensional case, the AIC is consistent as shown in Bai et al. (2018) or later
in Chapter 4. In the present setting, we can also establish the consistency of the AIC,
provided that there is no bias direction of type (i).

Theorem 3.37. Suppose Assumption E holds and let qn/
√

ŝn = oP(1). Then, the AIC is
weakly consistent, i.e.

lim
n→∞

P
(

arg min
1≤s<qn

AIC◦kn
(s) = s∗

)
= 1

if and only if

gAIC◦(q, µ) := q
(
1 − log

(
q
))

− 1 + 1
µ

> 0.

Remark 3.38. Since in Figure 3.1 the entries of T (n)(kn) between the cyan line and the
green line do not appear to differ by a large margin from the values after the green line, we
only consider bias directions of type (ii) in Theorem 3.37 and assume that the set of bias
directions of type (i) is empty by imposing Assumption (E5). This setting is also in line
with the consistency results derived in Bai et al. (2018), where the strength of the noise, i.e.
the value of the non-spiked eigenvalues in the mentioned paper, is assumed to be constant.
If bias directions of type (i) are present, we have shown in Section 3.4.4 that the AIC is
not consistent.

Quasi-Akaike information criterion

The quasi-Akaike information criterion from Section 3.2.1 is inspired by the Akaike infor-
mation criterion by minimizing the KL divergence. However, in contrast to the approach of
Meyer and Wintenberger (2023), which is based on the likelihood function of a multinomial
distribution, the approach in Section 3.2.1 uses the Gaussian distribution for the derivation
of the QAIC. Similarly to the AIC, the QAIC is adapted to the high-dimensional setting
as follows.

For the number of extreme directions s with fixed kn the quasi-Akaike information
criterion (QAIC◦) for the high-dimensional case is defined as

QAIC◦kn
(s) := ŝn log(2π) + ŝn log(kn) +

s∑
j=1

log
(T

(n)
j (kn)

kn

)
+ (ŝn − s) log(ρ̂s

n) + ŝn + s

for s = 1, . . . , qn, where ρ̂s
n := 1/(ŝn − s)

∑ŝn
j=s+1 T

(n)
j (kn)/kn.

In the fixed-dimensional case the QAIC is consistent (cf. Section 3.2.1) and in the
high-dimensional case we also have the consistency of the QAIC, as shown in the next
theorem.
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Theorem 3.39. Suppose Assumption E holds and let qn/
√

ŝn = oP(1). Then the QAIC◦

is consistent, i.e.

lim
n→∞

P
(

arg min
1≤s<qn

QAIC◦kn
(s) = s∗

)
= 1

if and only if

gQAIC◦(q) := log (q) − q + 2 > 0.

The condition log (q)−q +2 > 0 is similar to the condition for the AIC◦ in Theorem 3.37,
where q, the spread of the noise, is not allowed to be too large.

Mean squared error information criterion

The basic idea of the AIC is to minimize the Kullback-Leibler distance of the true dis-
tribution and a parametric family of distributions (cf. Section 2.3.1). This minimum is
approximated by the expected Kullback-Leibler distance of the true distribution and the
estimated distribution. In Section 3.2.2 the same ideas were used but instead of using
the KL distance, we used the normalized mean squared error (MSE) of the parameter
estimator to derive the MSEIC. The mean squared error information criterion (MSEIC◦)
for the high-dimensional case is defined as

MSEIC◦kn
(s) := kn∑ŝn

l=s+1
T

(n)
l

(kn)
kn(ŝn−s)

ŝn∑
j=s+1

T
(n)
j (kn)

kn
−

ŝn∑
i=s+1

T
(n)
i (kn)

kn(ŝn − s)

2

+ 2s,

for s = 1, . . . , qn.
Similarly to the AIC, we showed in Section 3.2.2 that the MSEIC is not consistent in

the fixed-dimensional case but it is in the high-dimensional case.

Theorem 3.40. Suppose Assumption E holds and let qn/
√

ŝn = oP(1). If

gMSEIC◦(q, µ) := 2 − (q − 1)2µ > 0

is satisfied, then

lim
n→∞

P
(

arg min
1≤s<qn

MSEIC◦kn
(s) = s∗

)
= 1.

Bayesian information criterion

The idea of the BIC is to determine the Model s with the highest posterior probability
P(s|T (n)(kn)) given the data T (n)(kn) for s = 1, . . . , ŝn (cf. Section 2.3.2). In Section 3.2.3
we derived the BIC by bounding the posterior probability as in Cavanaugh and Neath
(1999). The Bayesian information criterion concerning the upper bound (BICU◦) for the
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high-dimensional case is defined as

BICU◦kn
(s) := −2 log(kn!) + 2

ŝn∑
j=1

log(T (n)
j (kn)!) − 2

s∑
j=1

T
(n)
j (kn) log

T
(n)
j (kn)

kn


− 2 log

 1
kn(ŝn − s)

ŝn∑
j=s+1

T
(n)
j (kn)

 ŝn∑
j=s+1

T
(n)
j (kn) + 2s log (kn)

+ s log
(

ŝn

2π(ŝn − s)

)
for s = 1, . . . , qn and the Bayesian information criterion concerning the lower bound
(BICL◦) for the high-dimensional case is defined as

BICL◦kn
(s) := −2 log(kn!) + 2

ŝn∑
j=1

log(T (n)
j (kn)!) − 2

s∑
j=1

T
(n)
j (kn) log

T
(n)
j (kn)

kn


− 2 log

 1
kn(ŝn − s)

ŝn∑
j=s+1

T
(n)
j (kn)

 ŝn∑
j=s+1

T
(n)
j (kn) + s log (kn)

+ s log
(

kn

2πT
(n)
1 (kn)

)

for s = 1, . . . , qn.
In the fixed-dimensional case the BIC is consistent (cf. Section 3.2.3) and we can also

show that it is consistent in the high-dimensional setting.

Theorem 3.41. Suppose Assumption E holds and let qn/
√

ŝn = oP(1). Then holds that

(a) lim
n→∞

P
(

arg min
1≤s<qn

BICU◦kn
(s) = s∗

)
= 1,

(b) lim
n→∞

P
(

arg min
1≤s<qn

BICL◦kn
(s) = s∗

)
= 1.

This result is also in line with the consistency results in Bai et al. (2018), where the
BIC is consistent in the high-dimensional setting when the strength of the signal (i.e. the
leading eigenvalues or in our case T

(n)
1 (kn), . . . , T

(n)
s∗ (kn)) go to infinity.

Remark 3.42. Note that the numerical implementation of the information criteria derived
in Section 3.2 for the local model and in this section does not differ, therefore we denote
the information criteria for the simulation study only by AIC, BIC, QAIC and MSEIC.

Comparison of possible values of q and µ for the consistency

In the following, we plot gAIC◦(q, µ), gQAIC◦(q) and gMSEIC◦(q, µ) as functions in q for fixed
µ. If the value of one of the functions is positive, then (q, µ) or q is a feasible point for the
consistency of the AIC◦, QAIC◦ or MSEIC◦, respectively.
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Figure 3.2.: Plot of the functions in q for the consistency of gAIC◦(q, µ), gQAIC◦(q) and gMSEIC◦(q, µ)
for µ = 1 and µ = 2.

In Figure 3.2 the functions for the consistency of the information criteria are displayed
as functions of q for µ = 1 and µ = 2. The QAIC◦ has the largest range of positive values.
Additionally, the function of the QAIC◦ does not depend on µ, while the range for the
consistency of the AIC◦ and MSEIC◦ depends on the value of µ. As µ increases, the
interval in which the functions for the AIC◦ and MSEIC◦ are positive shrinks. Note that
the height of the functions has no influence on the theoretical consistency results. For the
consistency, it is only necessary that the functions are positive.

3.4. Proofs

3.4.1. Proofs of Section 3.2.1

Proof of Theorem 3.7

Proof of Theorem 3.7.
Step 1: Suppose s > s∗. By the definition of the AIC and the log-likelihood function in
(3.3) it follows that

AICkn(s) − AICkn(s∗)

= − log LMs
kn

(p̂s
n | Tn(kn)) + s + log LMs∗

kn

(p̂s∗
n | Tn(kn)) − s∗

= −
s∑

j=s∗+1
Tn,j(kn) log

(
Tn,j(kn)

kn

)
− log

 1
r − s

r∑
j=s+1

Tn,j(kn)
kn

 r∑
i=s+1

Tn,i(kn)

+ log

 1
r − s∗

r∑
j=s∗+1

Tn,j(kn)
kn

 r∑
i=s∗+1

Tn,i(kn) + (s − s∗), (3.15)
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where we used that s > s∗. Inserting the alternative representation

Tn,j(kn) = knρn +
√

knρnYn,j

where

Yn,j :=
√

knρn

(
Tn,j(kn)

ρnkn
− 1

)
, j = s∗ + 1, . . . , r,

gives that

AICkn(s) − AICkn(s∗)

= −
s∑

j=s∗+1
(knρn +

√
knρnYn,j) log

(
1 + 1√

knρn
Yn,j

)

− log

1 + 1
r − s

r∑
j=s+1

1√
knρn

Yn,j

 r∑
i=s+1

(knρn +
√

knρnYn,i)

+ log

1 + 1
r − s∗

r∑
j=s∗+1

1√
knρn

Yn,j

 r∑
i=s∗+1

(knρn +
√

knρnYn,i)

+ (s − s∗). (3.16)

For the asymptotic behavior we apply Assumption (A3) which results in

(Yn,s∗+1, . . . , Yn,r) D−→ (Ys∗+1, . . . , Yr) =: Y ∼ Nr−s∗(0r−s, Ir−s∗), n → ∞, (3.17)

and thus,

Yn,i = OP(1) for i = s∗ + 1, . . . , r.

This and the Taylor expansion of the logarithm

log(1 + x) = x − 1
2x2 + O(x3), x → 0,

we insert in (3.16) such that

AICkn(s) − AICkn(s∗)

= −
s∑

j=s∗+1
(knρn +

√
knρnYn,j)

( 1√
knρn

Yn,j − 1
2

1
knρn

Y 2
n,j

)

−
( 1

r − s

r∑
j=s+1

1√
knρn

Yn,j − 1
2
( 1

r − s

r∑
j=s+1

1√
knρn

Yn,j

)2)

·
r∑

i=s+1
(knρn +

√
knρnYn,i)
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+
( 1

r − s∗

r∑
j=s∗+1

1√
knρn

Yn,j − 1
2
( 1

r − s∗

r∑
j=s∗+1

1√
knρn

Yn,j

)2)

·
r∑

i=s∗+1
(knρn +

√
knρnYn,i)

+ (s − s∗) + OP((knρn)−1/2).

Since knρn → ∞ (Lemma 3.6(a)) we receive

AICkn(s) − AICkn(s∗) = − 1
2

s∑
j=s∗+1

Y 2
n,j − 1

2(r − s)

 r∑
j=s+1

Yn,j

2

+ 1
2(r − s∗)

 r∑
j=s∗+1

Yn,j

2

+ (s − s∗) + oP(1).

Due to (3.17) and the continuous mapping theorem we finally obtain as n → ∞,

AICkn(s) − AICkn(s∗) D−→ − 1
2

s∑
j=s∗+1

Y 2
j − 1

2(r − s)

( r∑
j=s+1

Yj

)2

+ 1
2(r − s∗)

( r∑
j=s∗+1

Yj

)2
+ (s − s∗). (3.18)

Obviously,

P
(

−1
2

s∑
j=s∗+1

Y 2
j −

(∑r
j=s+1 Yj

)2

2(r − s) +

(∑r
j=s∗+1 Yj

)2

2(r − s∗) + s − s∗ < 0
)

> 0.

Step 2: Suppose s < s∗. We obtain analog to (3.15) that

AICkn(s) − AICkn(s∗)

=
s∗∑

j=s+1
Tn,j(kn) log

(
Tn,j(kn)

kn

)
− log

 1
r − s

r∑
j=s+1

Tn,j(kn)
kn

 r∑
i=s+1

Tn,i(kn)

+ log

 1
r − s∗

r∑
j=s∗+1

Tn,j(kn)
kn

 r∑
i=s∗+1

Tn,i(kn) + (s − s∗). (3.19)

A direct consequence of Tn,j(kn)/kn
P−→ 0 for j = s∗ + 1, . . . , r (Lemma 3.6(c)) and

limx→0 x log(x) = 0 is that

log

 1
r − s∗

r∑
j=s∗+1

Tn,j(kn)
kn

 r∑
i=s∗+1

Tn,i(kn)
kn

P−→ 0.

Furthermore, Lemma 3.6(b) yields Tn,j(kn)/kn
P−→ pj > 0 for j = 1, . . . , s∗ and thus, as
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n → ∞,

s∗∑
i=s+1

Tn,i(kn)
kn

log
(

Tn,i(kn)
kn

)
− log

 1
r − s

r∑
j=s+1

Tn,j(kn)
kn

 r∑
i=s+1

Tn,i(kn)
kn

D−→
s∗∑

i=s+1
pi

log (pi) − log

 1
r − s

s∗∑
j=s+1

pj

 , (3.20)

while we used pi = 0 for s∗ ≤ i ≤ r. Next, we apply the log sum inequality (Cover, 2006,
Theorem 2.7.1) to the limit of (3.20) and receive

s∗∑
i=s+1

pi

log (pi) − log

 1
r − s

s∗∑
j=s+1

pj

 =
s∗∑

i=s+1
pi log

(
pi

1
r−s

∑s∗
j=s+1 pj

)

≥

 s∗∑
i=s+1

pi

 log
( ∑s∗

i=s+1 pi

s∗−s
r−s

∑s∗
j=s+1 pj

)
=

 s∗∑
i=s+1

pi

 log
(

r − s

s∗ − s

)
> 0, (3.21)

since r > s∗. Dividing (3.19) by kn and using (3.20) and (3.21) gives

1
kn

(AICkn(s) − AICkn(s∗)) D−→
s∗∑

i=s+1
pi

log (pi) − log

 1
r − s

s∗∑
j=s+1

pj

 > 0,

and thus, the assertion follows.

Proof of Proposition 3.11

Before we are able to present the proof of Proposition 3.11 we require some auxiliary
lemmata whose proofs are moved to Appendix A.1 of the Supplementary Material. In the
following, we work with the r-dimensional multivariate normal distribution Nr(knBs(p̃s),
kn diag(Bs(p̃s))), p̃s ∈ Rs+1

+ , which has a negative log-likelihood function

−2 log LNr (p̃s | T n) =r log(2π) + r log(kn) +
s∑

j=1
log(p̃s

j) + (r − s) log(ρ̃s)

+ kn

( s∑
j=1

1
p̃s

j

(Tn,j

kn
− p̃s

j

)2
+

r∑
j=s+1

1
ρ̃s

(Tn,j

kn
− ρ̃s

)2)
.

Lemma 3.43. Suppose the assumptions of Proposition 3.11 hold and p̂s
n
(T n) is defined

analog to p̂s
n
(T̃ n) in (3.9). Then as n → ∞,

Yn :=
√

kn diag(pn,1, . . . , pn,s,
ρn

(r − s) , ρn, . . . , ρn)−1/2



(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)(
Tn,s+1

kn
− ρ̂s

n(T n)
)

...(
Tn,r

kn
− ρ̂s

n(T n)
)


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D−→ Nr+1 (0r+1, Σ) ,

where

Σ :=

 2Is+1 0s×(r−s)

0(r−s)×(s+1) Ir−s − 1r−s1⊤
r−s

r−s

 .

Lemma 3.44. Suppose the assumptions of Proposition 3.11 hold and p̂s
n
(T n) is defined

analog to p̂s
n
(T̃ n) in (3.9).

(a) Then as n → ∞,

∇ log LNr (p̂s
n
(T n) | T n)(p̂s

n
(T̃ n) − p̂s

n
(T n)) P−→ 0.

(b) Suppose p̄n := (p̄n,1, . . . , p̄n,s, ρ̄n)⊤ ∈ Rs+1
+ satisfies

∥p̄n − p̂s
n
(T n)∥1 ≤ ∥p̂s

n
(T̃ n) − p̂s

n
(T n)∥1, n ∈ N.

Then as n → ∞,

(p̂s
n
(T̃ n) − p̂s

n
(T n))⊤

(
∇2 log LNr (p̄n | T n)

+ kn
(

diag(pn,1, . . . , pn,s, ρn/(r − s))−1)) · (p̂s
n
(T̃ n) − p̂s

n
(T n)) P−→ 0.

Proof of Proposition 3.11. Using a Taylor expansion of log LNr (p̂s
n
(T̃ n) | T n) around

p̂s
n
(T n) yields the existence of a random vector p̄n := (p̄n,1, . . . , p̄n,s, ρ̄n)⊤ with

∥p̄n − p̂s
n
(T n)∥1 ≤ ∥p̂s

n
(T̃ n) − p̂s

n
(T n)∥1

such that

log LNr (p̂s
n
(T̃ n) | T n)

= log LNr (p̂s
n
(T n) | T n) + ∇ log LNr (p̂s

n
(T n) | T n)

(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)
+ 1

2
(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)⊤∇2 log LNr (p̄n | T n)
(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)
.

Applying Lemma 3.44 (b) gives

log LNr (p̂s
n
(T̃ n) | T n)

= log LNr (p̂s
n
(T n) | T n)

− 1
2
(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)⊤
kn diag(pn,1, . . . , pn,s, ρn/(r − s))−1(p̂s

n
(T̃ n) − p̂s

n
(T n)

)
+ oP(1).
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Inserting the definition of log LNr (p̂s
n
(T n) | T n) and p̂s

n,j(T n) = Tn,j

kn
, j = 1, . . . , s, yields

log LNr (p̂s
n
(T̃ n) | T n)

= −1
2r log(2πkn) − 1

2

s∑
j=1

log(p̂s
n,j(T n)) − 1

2(r − s) log(ρ̂s
n(T n))

− 1
2kn

r∑
j=s+1

1
ρ̂s

n(T n)

(Tn,j

kn
− ρ̂s

n(T n)
)2

− 1
2
(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)⊤
kn diag(pn,1, . . . , pn,s, ρn/(r − s))−1(p̂s

n
(T̃ n) − p̂s

n
(T n)

)
+ oP(1).

Next, we move some terms on the right-hand side and use ρn/ρ̂s
n(T n) P−→ 1 (cf. Lemma 3.6

(c) and the assumption s ≥ s∗) and Yn as defined in Lemma 3.43, which result in

logLNr (p̂s
n
(T̃ n) | T n) + 1

2r log(2πkn) + 1
2

s∑
j=1

log(p̂s
n,j(T n)) + 1

2(r − s) log(ρ̂s
n(T n))

= − 1
2kn

r∑
j=s+1

1
ρn

(Tn,j

kn
− ρ̂s

n(T n)
)2

− 1
2
(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)⊤ · kn diag(pn,1, . . . , pn,s, ρn/(r − s))−1(p̂s
n
(T̃ n) − p̂s

n
(T n)

)
+ oP(1)

= − 1
2Y ⊤n Yn + oP(1)

D−→ − 1
2Y ⊤Y

by Lemma 3.43, where Y ∼ Nr+1 (0r+1, Σ). Since

E[−1
2Y ⊤Y ] = −1

2E[trace(Y ⊤Y )] = −1
2trace(Σ) = −r + s + 1

2

the assertion follows.

Proof of Theorem 3.14

Proof of Theorem 3.14.
Step 1: Suppose s < s∗. We have p̂s

n,j = p̂s∗
n,j for j = 1, . . . , s and due to Lemma 3.6 (b,c)

we have as n → ∞,

p̂s∗
n,j

P−→ pj > 0, j = 1, . . . , s∗,
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and similarly ρ̂s
n

P−→ 1
r−s

∑s∗
j=s+1 pj > 0 as well as ρ̂s∗

n
P−→ 0. Thus,

−
s∗∑

j=s+1
log(p̂s∗

n,j) + (r − s) log(ρ̂s
n) P−→ −

s∗∑
j=s+1

log(pj) + (r − s) log
( 1

r − s

s∗∑
j=s+1

pj

)

and log(ρ̂s∗
n ) P−→ −∞. Therefore, we have as n → ∞,

QAICkn
(s) − QAICkn

(s∗)

= −
s∗∑

j=s+1
log(p̂s∗

n,j) + (r − s) log(ρ̂s
n) − (r − s∗) log(ρ̂s∗

n ) + (s − s∗)

P−→ ∞.

Step 2: Suppose s > s∗. In this case, we have by Lemma 3.6 (b,c) that

p̂s
n,j

ρn

P−→ 1, j = s∗ + 1, . . . , s,

and similarly ρ̂s
n/ρn

P−→ 1 as well as ρ̂s∗
n /ρn

P−→ 1. Hence, with the continuous mapping
theorem we receive log(p̂s

n,j/ρn) P−→ 0 for j = s∗ + 1, . . . , s, log(ρ̂s∗
n /ρn) P−→ 0 and

log(ρ̂s
n/ρn) P−→ 0 as n → ∞. Thus, as n → ∞,

QAICkn
(s) − QAICkn

(s∗)

=
s∑

j=s∗+1
log

(
p̂s

n,j

ρn

)
+ (r − s) log

(
ρ̂s

n

ρn

)
− (r − s∗) log

(
ρ̂s∗

n

ρn

)
+ (s − s∗)

P−→ s − s∗ > 0,

which gives the statement.

3.4.2. Proofs of Section 3.2.2

Proof of Theorem 3.18

The proof of Theorem 3.18 is similar to the proof of Proposition 3.11. In the first step,
we start to calculate the Jacobian vector of ℓ2(p̃s|Tn(kn)

)
for p̃s = (p̃s

1, . . . p̃s
s, ρ̃s) ∈ Rs+1

+ ,
which is

∇ℓ2(p̃s | Tn(kn)
)

=kn

((p̃s
1)2 − Tn,1(kn)2

k2
n

(p̃s
1)2 , . . . ,

(p̃s
s)2 − Tn,s(kn)2

k2
n

(p̃s
s)2 ,

r∑
j=s+1

(ρ̃s)2 − Tn,j(kn)2

k2
n

(ρ̃s)2

)

and the Hessian matrix is

∇2ℓ2(p̃s | Tn(kn)
)

= 2 diag
(

Tn,1(kn)2

kn(p̃s
1)3 , . . . ,

Tn,s(kn)2

kn(p̃s
s)3 ,

r∑
j=s+1

Tn,j(kn)2

kn(ρ̃s)3

)
.
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Analog to Lemma 3.43 and Lemma 3.44 we get the following results.

Lemma 3.45. Suppose Assumption A holds, s ≥ s∗ and p̂s
n
(Tn(kn)) is defined analogously

to p̂s
n
(T̃n(kn)) in (3.9). Then as n → ∞,

Un :=
√

kn diag
(

pn,1, . . . , pn,s,
ρn

(r − s)

)−1/2 (
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)
D−→ Ns+1

(
0s+1,

(
2(Is − √

p{1,...,s}
√

p{1,...,s}
⊤) 0s

0⊤s 2

))
.

Lemma 3.46. Suppose Assumption A holds, s ≥ s∗ and p̂s
n
(Tn(kn)) is defined analogously

to p̂s
n
(T̃n(kn)) in (3.9).

(a) Then as n → ∞,

∇ℓ2(p̂s
n
(Tn(kn)) | Tn(kn)

)(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

) P−→ 0.

(b) Suppose p̄n := (p̄n,1, . . . , p̄n,s, ρ̄n)⊤ ∈ Rs+1
+ satisfies

∥p̄n − p̂s
n
(Tn(kn))∥1 ≤ ∥p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))∥1, n ∈ N.

Then as n → ∞,

(
p̂s

n
(T̃n(kn))−p̂s

n
(Tn(kn))

)⊤
·
(

∇2ℓ2(p̄n | Tn(kn)
)

− 2kn diag
(

pn,1, . . . , pn,s,
ρn

(r − s)

)−1)

·
(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

) P−→ 0.

Proof of Theorem 3.18. Using a Taylor expansion of ℓ2(p̂s
n
(T̃n(kn)) | Tn(kn)) around p̂s

n

(Tn(kn)) yields the existence of a random vector p̄n := (p̄n,1, . . . , p̄n,s, ρ̄n)⊤ with

∥p̄n − p̂s
n
(Tn(kn))∥1 ≤ ∥p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))∥1

such that

ℓ2(p̂s
n
(T̃n(kn)) | Tn(kn))

=ℓ2(p̂s
n
(Tn(kn)) | Tn(kn)) + ∇ℓ2(p̂s

n
(Tn(kn)) | Tn(kn))

(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)
+ 1

2
(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)⊤∇2ℓ2(p̄n | Tn(kn)
)(

p̂s
n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)
.

Applying Lemma 3.46 gives

ℓ2(p̂s
n
(T̃n(kn)) | Tn(kn))
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= ℓ2(p̂s
n
(Tn(kn)) | Tn(kn)) +

(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)⊤
· kn diag(pn,1, . . . , pn,s, ρn/(r − s))−1(p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)
+ oP(1)

= kn

r∑
j=s+1

1
ρ̂s

n(Tn(kn))

(
Tn,j(kn)

kn
− ρ̂s

n(Tn(kn))
)2

+
(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)⊤
· kn diag(pn,1, . . . , pn,s, ρn/(r − s))−1(p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)
+ oP(1).

Next, we move some terms on the right-hand side and use Lemma 3.45, which result in

ℓ2(p̂s
n
(T̃n(kn)) | Tn(kn)) − kn

r∑
j=s+1

1
ρn

(
Tn,j(kn)

kn
− ρ̂s

n(Tn(kn))
)2

=
(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)⊤
kn diag(pn,1, . . . , pn,s, ρn/(r − s))−1

·
(
p̂s

n
(T̃n(kn)) − p̂s

n
(Tn(kn))

)
+ oP(1)

= U⊤n Un + oP(1)
D−→ U⊤U,

as n → ∞, where U⊤U ∼ 2χ2
s. Since E[U⊤U] = 2s the assertion follows.

Proof of Theorem 3.20

Proof of Theorem 3.20.
Step 1: Suppose s < s∗. An application of Lemma 3.6(b,c) gives on the one hand,

1∑r
l=s+1

Tn,l(kn)
kn(r−s)

r∑
j=s+1

Tn,j(kn)
kn

−
r∑

i=s+1

Tn,i(kn)
kn(r − s)

2

P−→ 1∑s∗
l=s+1

pl
r−s

s∗∑
j=s+1

pj −
s∗∑

i=s+1

pi

r − s

2

,

where we already applied that pj = 0 for j = s∗, . . . , r. Moreover,

ps+1 −
s∗∑

i=s+1

pi

r − s
≥ ps+1 − s∗ − s

r − s
ps+1 = r − s∗

r − s
ps+1 > 0.

Hence,

kn∑r
l=s+1

Tn,l(kn)
kn(r−s)

r∑
j=s+1

Tn,j(kn)
kn

−
r∑

i=s+1

Tn,i(kn)
kn(r − s)

2
P−→ ∞. (3.22)

On the other hand, define

Vn :=
√

knρn

(
Tn,{s∗+1,...,r}(kn)

ρnkn
− 1r−s∗

)
and V ∼ Nr−s∗(0r−s∗ , Ir−s∗).
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By Assumption (A3) we have Vn
D−→ V . Furthermore, since Tn,l(kn)/(knρn) P−→ 1 for

l = s∗ + 1, . . . , r by Lemma 3.6(c), it follows that

ρn∑r
l=s∗+1

Tn,l(kn)
kn(r−s∗)

kn

ρn

r∑
j=s∗+1

Tn,j(kn)
kn

−
r∑

i=s∗+1

Tn,i(kn)
kn(r − s∗)

2

= ρn∑r
l=s∗+1

Tn,l(kn)
kn(r−s∗)︸ ︷︷ ︸

P−→1

V ⊤n (Ir−s∗ − 1
r − s∗

1r−s∗1⊤r−s∗)⊤(Ir−s∗ − 1
r − s∗

1r−s∗1⊤r−s∗)Vn︸ ︷︷ ︸
D−→χ2

r−s∗−1

D−→ χ2
r−s∗−1 = OP(1). (3.23)

Combining (3.22) and (3.23) yields

MSEICkn(s) − MSEICkn(s∗)

= 2(s − s∗) + kn∑r
l=s+1

Tn,l(kn)
kn(r−s)

r∑
j=s+1

Tn,j(kn)
kn

−
r∑

i=s+1

Tn,i(kn)
kn(r − s)

2

− kn∑r
l=s∗+1

Tn,l(kn)
kn(r−s∗)

r∑
j=s∗+1

Tn,j(kn)
kn

−
r∑

i=s∗+1

Tn,i(kn)
kn(r − s∗)

2

P−→ ∞.

Step 2: Suppose s > s∗. An application of (3.23) and Lemma 3.6(c) yield

kn∑r
l=s∗+1

Tn,l(kn)
kn(r−s∗)

r∑
j=s∗+1

Tn,j(kn)
kn

−
r∑

i=s∗+1

Tn,i(kn)
kn(r − s∗)

2

− kn

ρn

r∑
j=s∗+1

Tn,j(kn)
kn

−
r∑

i=s∗+1

Tn,i(kn)
kn(r − s∗)

2

=

 ρn∑r
l=s∗+1

Tn,l(kn)
kn(r−s∗)

− 1


︸ ︷︷ ︸

P−→0

kn

ρn

r∑
j=s∗+1

Tn,j(kn)
kn

−
r∑

i=s∗+1

Tn,i(kn)
kn(r − s∗)

2

︸ ︷︷ ︸
D−→χ2

r−s∗−1 by (3.23)

= oP(1). (3.24)

Since s > s∗ the analog holds when s∗ is replaced by s. Using Vn = (Vn,s∗+1, . . . , Vn,r)⊤

defined as above, we have the representation Tn,j(kn)
knρn

= 1√
knρn

Vn,j +1. Thus, when inserting
the definition of MSEIC we get with (3.24) that

MSEICkn(s) − MSEICkn(s∗)
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= 2(s − s∗) + kn

ρn

r∑
j=s+1

Tn,j(kn)
kn

−
r∑

i=s+1

Tn,i(kn)
kn(r − s)

2

− kn

ρn

r∑
j=s∗+1

Tn,j(kn)
kn

−
r∑

i=s∗+1

Tn,i(kn)
kn(r − s∗)

2

+ oP(1)

= 2(s − s∗) +
r∑

j=s+1

√knρn

(
Tn,j(kn)

knρn
− 1

)
−

√
knρn

(r − s)

r∑
i=s+1

(
Tn,i(kn)

knρn
− 1

)
2

−
r∑

j=s∗+1

√knρn

(
Tn,j(kn)

knρn
− 1

)
−

√
knρn

(r − s∗)

r∑
i=s∗+1

(
Tn,i(kn)

knρn
− 1

)
2

+ oP(1)

= 2(s − s∗) +
r∑

j=s+1

Vn,j − 1
(r − s)

r∑
i=s+1

Vn,i


2

−
r∑

j=s∗+1

Vn,j − 1
(r − s∗)

r∑
i=s∗+1

Vn,i


2

+ oP(1)

D−→ 2(s − s∗) +
r∑

j=s+1

Vj − 1
(r − s)

r∑
i=s+1

Vi


2

−
r∑

j=s∗+1

Vj − 1
(r − s∗)

r∑
i=s∗+1

Vi


2

.

Similar to the proof of Theorem 3.7, there exists a positive probability that the right-hand
side is positive. Hence, the assertion follows.

Proof of Theorem 3.21

Before we are able to present the proof of Theorem 3.21 we require some auxiliary lemmata
whose proofs are moved to Appendix A.2 in the Supplementary Material.

Lemma 3.47. Suppose Assumptions (B1) and (B2) hold. Then for p′ ∈ Rr
+ the asymptotic

behavior

E

∥∥∥∥∥√n − T ′
n,2d diag(p′)−1/2

(
T ′n,{1,...,r}
n − T ′

n,2d

− p′
)∥∥∥∥∥

2

2


= nqn

( 1
kn

E[ℓ2(p′|Tn(kn)
)
] + o

( 1
nqn

))
as n → ∞ holds.

Lemma 3.48. For q′ ∈ (0, 1) the equality

E

∥∥∥∥∥√n(q′(1 − q′))−1/2
(

T ′
n,2d

n
− (1 − q′)

)∥∥∥∥∥
2

2

 = nqn

(
(1 − qn)

nq′(1 − q′) + (q′ − qn)2

qnq′(1 − q′)

)

holds.

Proof of Theorem 3.21. For q′ ∈ (0, 1) and p′ ∈ Rr
+ we have as a consequence of Lem-
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mas 3.47 and 3.48, that

q′E

∥∥∥∥∥√n − T ′
n,2d diag(p′)−1/2

(
T ′n,{1,...,r}
n − T ′

n,2d

− p′
)∥∥∥∥∥

2

2


+ (1 − q′)E

∥∥∥∥∥√n(q′(1 − q′))−1/2
(

T ′
n,2d

n
− (1 − q′)

)∥∥∥∥∥
2

2


= nqn

(
q′

kn
E[ℓ2(p′|Tn(kn)

)
] + o

(
q′

nqn

))
+ nqn

(
(1 − qn)

nq′
+ (q′ − qn)2

qnq′

)
.

Therefore, it follows that

E
[
q′E

∥∥∥∥∥√n − T ′
n,2d diag(p′)−1/2

(
T ′n,{1,...,r}
n − T ′

n,2d

− p′
)∥∥∥∥∥

2

2

 ∣∣∣∣
p′=p̂n( T̃n(kn)

kn
),q′= kn

n

]

+ E
[
(1 − q′)E

∥∥∥∥∥√n(q′(1 − q′))−1/2
(

T ′
n,2d

n
− (1 − q′)

)∥∥∥∥∥
2

2

 ∣∣∣∣
q′= kn

n

]

= nqnE
[(

q′

kn
E[ℓ2(p′|Tn(kn)

)
] + o

(
q′

nqn

)) ∣∣∣
p′=p̂n( T̃n(kn)

kn
),q′= kn

n

]

+ nqnE
[(

(1 − qn)
nq′

+ (q′ − qn)2

qnq′

) ∣∣∣
q′= kn

n

]

= nqn

(
1
n

MSEkn(s) + (1 − qn)
kn

+
(kn

n − qn)2

qn
kn
n

+ o
(
n−1

))
.

Due to the asymptotic behavior as n → ∞,

(kn
n − qn)2

qn
kn
n

+ o(n−1) =
kn(1 − nqn

kn
)2

nqn
+o(n−1) = o((nqn)−1) + o(n−1) = o((nqn)−1),

where we used the additional assumption kn(1 − nqn

kn
)2 → 0 as n → ∞, we can conclude

the statement.

3.4.3. Proofs of Section 3.2.3

Proof of Theorem 3.25

In the next two lemmata, we derive auxiliary results used for the derivation of an upper
bound of the posterior probability P(M s

kn
|Tn(kn)). First, in Lemma 3.49, we give a Taylor

approximation of the log-likelihood function log(LMs
kn

( · |Tn(kn))) of Model M s
kn

, and
second, in Lemma 3.50, we present boundaries for the eigenvalues of the Hessian of the
log-likelihood function; the proofs of these auxiliary results are included in Appendix A.3.1
of the Supplementary Material. Finally, for the proof of the upper bound of the log-posterior
distribution in Theorem 3.25 we combine these two results.
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Lemma 3.49. Let the assumptions of Theorem 3.25 hold. Define the ball

Uεn,γ (p̂s
n) := {p̃s ∈ Θs : ∥p̃s − p̂s

n∥2 < εn,γ}

with radius εn,γ := (ρn)γ/2 for γ ≥ 4/3 around p̂s
n. Then the following statement holds

sup
p̃s∈Uεn,γ (p̂s

n)

∣∣∣∣ log LMs
kn

(p̃s | Tn(kn)) − log LMs
kn

(p̂s
n | Tn(kn))

− 1
2(p̃s − p̂s

n)⊤∇2 log LMs
kn

(p̂s
n | Tn(kn))(p̃s − p̂s

n)
∣∣∣∣ = oP(1).

Lemma 3.50. Let the assumptions of Theorem 3.25 hold. Define λn,2 := kn/Tn,1(kn) and
λn,1 := kn/Tn,s(kn) + skn/

∑r
j=s+1 Tn,j. For p̃s ∈ Θs we have on the one hand,

λn,2(p̃s − p̂s
n)⊤(p̃s − p̂s

n) ≤ (p̃s − p̂s
n)⊤−1

kn
∇2 log LMs

kn
(p̂s

n | Tn(kn))(p̃s − p̂s
n) P-a.s.

and on the other hand,

λn,1(p̃s − p̂s
n)⊤(p̃s − p̂s

n) ≥ (p̃s − p̂s
n)⊤−1

kn
∇2 log LMs

kn
(p̂s

n | Tn(kn))(p̃s − p̂s
n) P-a.s.

Proof of Theorem 3.25. In the following let γ = 4/3 and εn := εn,4/3 = (ρn) 4/3/2. An
application of Lemma 3.49, Lemma 3.50 and Assumption (C1) give

−2 logEgs [LMs
kn

(p̃s | Tn(kn))]

≤ − 2 log
∫

Uεn (p̂s
n)

LMs
kn

(p̃s | Tn(kn)) dp̃s − 2 log b

≤ − 2 log LMs
kn

(p̂s
n | Tn(kn))

− 2 log
∫

Uεn (p̂s
n)

exp
{−kn

2 (p̃s − p̂s
n)⊤−1

kn
∇2 log LMs

kn
(p̂s

n | Tn(kn))(p̃s − p̂s
n)
}

dp̃s

− 2 log b + oP(1)

≤ − 2 log LMs
kn

(p̂s
n | Tn(kn)) − s log(2π) + s log(knλn,1) − 2 log b

− 2 log
∫

Uεn (p̂s
n)

(
knλn,1

2π

)s/2
exp

{
−1
2

(p̃s − p̂s
n)⊤(p̃s − p̂s

n)
1/(knλn,1)

}
dp̃s + oP(1). (3.25)

The integrand is a s-dimensional Gaussian density with expectation vector p̂s
n and

covariance matrix (knλn,1)−1Is. Furthermore, due to the definition of λn,1, Assumption
(C3) and Lemma 3.6, the asymptotic behavior

0 ≤ knλn,1ε2
n = kn(ρn)5/3

4︸ ︷︷ ︸
→∞

(
knρn

Tn,s(kn) + sknρn∑r
j=s+1 Tn,j

)
︸ ︷︷ ︸

Lemma 3.6→ 1{s≥s∗}+ s
r−max(s,s∗)

P−→ ∞ (3.26)
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holds in probability. Let N ∼ Ns(0s, Is). Since ∥N∥2
2 ∼ χ2

s the Markov inequality yields

∫
Uεn (p̂s

n)

(
knλn,1

2π

)s/2
exp

{
−1
2

(p̃s − p̂s
n)⊤(p̃s − p̂s

n)
1/(knλn,1)

}
dp̃s

= P

 p̂s
n + 1√

(knλn,1)
N ∈ Uεn(p̂s

n)

∣∣∣∣∣∣Tn(kn)


= 1 − P

(
∥N∥2

2 ≥ knλn,1ε2
n

∣∣∣Tn(kn)
)

≥ 1 − s

knλn,1ε2
n

→ 1,

as n → ∞ almost surely, where we used in the last step (3.26). Thus,

−2 log
∫

Uεn (p̂s
n)

(
knλn,1

2π

)s/2
exp

{
−1
2

(p̃s − p̂s
n)⊤(p̃s − p̂s

n)
1/(knλn,1)

}
dp̃s = oP(1). (3.27)

Inserting (3.27) into (3.25) gives then

−2 logEgs [LMs
kn

(p̃s | Tn(kn))]

≤ −2 log LMs
kn

(p̂s
n | Tn(kn)) − s log(2π) + s log(knλn,1) − 2 log b + oP(1).

Since Tn,j(kn) ≥ 1 for j = 1, . . . , s, we receive the upper bound

λn,1 =
(

kn

Tn,s(kn) + skn∑r
j=s+1 Tn,j(kn)

)
≤ kn

(
1 + s

r − s

)
= kn

r

r − s
,

and finally,

−2 logEgs [LMs
kn

(p̃s | Tn(kn))]

≤ −2 log LMs
kn

(p̂s
n | Tn(kn)) − s log(2π) + 2s log

(
kn

√
r

r − s

)
− 2 log b + oP(1),

which is the statement.

Proof of Theorem 3.28

Proof of Theorem 3.28.
(a) Note that

BICUkn(s) = 2 AICkn(s) − 2s + 2s log (kn) + s log
(

r

2π(r − s)

)
.

We consider now the different cases s > s∗ and s < s∗ separately.
Step 1: Suppose s > s∗. We receive with (3.18) that

BICUkn(s) − BICUkn(s∗)
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=2 AICkn(s) − 2s + 2s log (kn) + s log
(

r

2π(r − s)

)
− 2 AICkn(s∗) + 2s∗ − 2s∗ log (kn) − s∗ log

(
r

2π(r − s∗)

)
=2(s − s∗) log(kn) + OP (1) .

Dividing the last equation by log(kn) results in

BICUkn(s) − BICUkn(s∗)
log(kn)

P−→ 2(s − s∗) > 0,

where we used log(kn) → ∞.
Step 2: Suppose s < s∗. Here we have as in the proof of Theorem 3.7 and due to
log(kn)/kn → 0 that

BICUkn(s) − BICUkn(s∗)
kn

= 2AICkn(s) − AICkn(s∗)
kn

+
−2s + 2s log (kn) + s log

(
r

2π(r−s)

)
kn

+
2s∗ − 2s∗ log (kn) − s∗ log

(
r

2π(r−s∗)

)
kn

D−→ 2
s∗∑

i=s+1
pi

(
log (pi) − log

(
1

r − s

s∗∑
j=s+1

pj

))
> 0,

and thus, the assertion follows.
(b) Again, note that

BICLkn(s) = 2 AICkn(s) − 2s + s log (kn) + s log
(

kn

2πTn,1(kn)

)
.

By a calculation analog to part (a), the BICL is also consistent since s log
(

kn
2πTn,1(kn)

) P−→

s log
(

1
2πp1

)
> 0 as n → ∞.

Proof of Theorem 3.30

First, we derive some auxiliary results before we prove Theorem 3.30. Therefore, note that
due (3.7) (cf. Equation (1.23) in the Supplementary Material of Meyer and Wintenberger,
2023) and

∑2d−1
j=1 T ′n,j = n − T ′

n,2d , the likelihood function of Model M ′s
n can be written as

LM ′s
n

(p̃′s | T ′n) = LMs
n−T ′

n,2d

(p̃s | T ′n,{1,...,r}) · LBinn(1 − q̃ | T ′n,2d), (3.28)
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for p̃′s = (p̃s, q̃) ∈ Θ′s = Θs × (0, 1), where

LBinn(1 − q̃ | T ′n,2d) :=
((

n

T ′
n,2d

))
(1 − q̃)T ′

n,2d q̃
n−T ′

n,2d (3.29)

is the likelihood function of the binomial model. Next, we define the following expectations
with respect to the Lebesgue measure λ. Let

Eλ[LMs
n−T ′

n,2d

(p̃s | T ′n,{1,...,r})] :=
∫

Θs
LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r}) dp̃s,

Eλ[LBinn(1 − q̃ | T ′
n,2d)] :=

∫
(0,1) LBinn(1 − q̃ | T ′

n,2d) dq̃.
(3.30)

Then taking the expectation and logarithm in (3.28) results under Assumption (D1) in

−2 logEg′
s
[LM ′s

n
(p̃′s | T ′n)]

≤ −2 log b′ − 2 log
{∫

Θs×(0,1)
LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r}) · LBinn(1 − q̃ | T ′n,2d) d(p̃s, q̃)
}

= −2 log b′ − 2 log
{∫

Θs

LMs
n−T ′

n,2d

(p̃s | T ′n,{1,...,r}) dp̃s ·
∫

(0,1)
LBinn(1 − q̃ | T ′n,2d) dq̃

}
= −2 log b′ − 2 logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})] − 2 logEλ[LBinn(1 − q̃ | T ′n,2d)]. (3.31)

In the following two auxiliary lemmata, we determine upper bounds for the expectation
of both summands.

Proposition 3.51. Under Assumptions (B1), (B3) and (D4) the asymptotic upper bound
as n → ∞,

−2E
[
logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})]
]

≤ −2E
[
log

(
(n − T ′n,2d)!

)
− (n − T ′n,2d)

(
log(n − T ′n,2d) − 1

) ]
− 2nqn

kn
E[log LMs

kn
(p̂s

n(Tn(kn)) | Tn(kn))] + 2s log
(
kn

√
r

2π(r − s)
)

+ C log(nqn),

for a constant C > 0 independent of s and n, holds.

Proposition 3.52. Suppose Assumptions (B3) and (D3) hold. The expectation of the
binomial likelihood satisfies as n → ∞ the inequality

−2E[logEλ[LBinn(1 − q̃ | T ′n,2d)]] ≤ − 2 log(n!) + 2E[log((n − T ′n,2d)!)] + 2E[log(T ′n,2d !)]

− 2nqn log(kn/n) + 2 log(n) + Cnqn,

for a constant C > 0 independent of s and n.

Proof of Theorem 3.30. For the ease of notation we define x log x as zero if x = 0. Inserting
the bounds derived in Proposition 3.51 with constant C1 and Proposition 3.52 with constant
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C2 into (3.31) gives for sufficiently large n that

−2E[ logEg′
s
[LM ′s

n
(p̃′s | T ′n)]] + 2 log b′

≤ −2E[logEλ[LMs
n−T ′

n,2d

(p̃s | T ′n,{1,...,r})]] − 2E[logEλ[LBinn(1 − q̃ | T ′n,2d)]]

≤ −2E
[
log

(
(n − T ′n,2d)!

)
− (n − T ′n,2d)

(
log(n − T ′n,2d) − 1

)]
− 2nqn

kn
E[log LMs

kn
(p̂s

n | Tn(kn))] + 2s log
(
kn

√
r

2π(r − s)
)

− 2 log(n!) + 2E[log((n − T ′n,2d)!)] + 2E[log(T ′n,2d !)]

− 2nqn log(kn/n) + 2 log(n) + (C1 + C2)nqn

=
{

−2 log(n!) + 2E
[
(n − T ′n,2d)

(
log(n − T ′n,2d) − 1

) ]
+2E[log(T ′n,2d !)]

}
+
{

− 2nqn

kn
E[log LMs

kn
(p̂s

n | Tn(kn))] + 2s log
(
kn

√
r

2π(r − s)
)

− 2nqn log(kn/n) + 2 log(n)
}

+ (C1 + C2)nqn

=: In,1 + In,2 + (C1 + C2)nqn. (3.32)

Next, we simplify In,1. Therefore, we use the following calculation. Let B be a positive
random variable with finite positive variance. For u > 0 and x > 0 the inequality
log(x/u) ≤ x/u − 1 holds, which is equivalent to x log(x) ≤ x2/u + x log(u) − x. Then we
have

E[B log(B)] ≤ E[B2]
u

+ E[B] log(u) − E[B],

and in particular for u = E[B2]/E[B] we receive

E[B log(B)] ≤ E[B] log(E[B2]/E[B]).

Since E[T ′
n,2d1{T ′

n,2d > 0}] = E[T ′
n,2d ] = n(1 − qn) and E[T ′2

n,2d1{T ′
n,2d > 0}] = E[T ′2

n,2d ] =
nqn(1 − qn) the previous inequality gives

E[T ′n,2d log(T ′n,2d)1{T ′n,2d > 0}]

≤ n(1 − qn) log
(

n2(1 − qn)2 + nqn(1 − qn)
n(1 − qn)

)
= n(1 − qn) log (n(1 − qn) + qn)

= n(1 − qn) log (n(1 − qn)) + n(1 − qn) log
(

n(1 − qn) + qn

n(1 − qn)

)
≤ n(1 − qn) log (n(1 − qn)) + C3 (3.33)
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for a constant C3 > 0 independent of s and n. Furthermore, we use the inequality

n log n − n < log(n!) < n log n − n + log n + 1 (3.34)

to derive a bound for E[log(T ′
n,2d !)]. Hence, using the upper bound (3.34), (3.33) and

applying Jensen inequality we receive that

E[ log(T ′n,2d !)]

= E[log(T ′n,2d !)1{T ′n,2d > 0}]

≤ E[T ′n,2d log(T ′n,2d)1{T ′n,2d > 0}] − E[T ′n,2d1{T ′n,2d > 0}] + E[log(T ′n,2d1{T ′n,2d > 0})]

≤ n(1 − qn) log (n(1 − qn)) − n(1 − qn) + log (n(1 − qn)) + C4

for a constant C4 > 0 independent of s and n. Additionally to the last inequality, we obtain
by (3.34) and (3.33) (for n − T ′

n,2d instead of T ′
n,2d and qn instead of 1 − qn, respectively)

that

In,1 = −2 log(n!) + 2E
[
(n − T ′n,2d)

(
log(n − T ′n,2d) − 1

) ]
+2E[log(T ′n,2d !)]

< −2n log(n) + 2n + 2nqn log(nqn) − 2nqn + 2n(1 − qn) log(n(1 − qn))

− 2n(1 − qn) + 2 log(n(1 − qn)) + C5

= [−2n log(n) + 2nqn log(n) + 2n(1 − qn) log(n(1 − qn))]

+ [2nqn log(qn) + 2 log(n(1 − qn)) + C5]

≤ 2nqn log(qn) + 2 log(n) + C5 (3.35)

for some constant C5 > 0 independent of s and n holds, where we used that the bracket in
the second last equation is negative.

Combining (3.32) and (3.35) ends up with

−2E[logEg′
s
[LM ′s

n
(p̃′s | T ′n)]]

≤In,1 + In,2 − 2 log b′ + C2nqn

≤ − 2nqn

kn
E[log LMs

kn
(p̂s

n | Tn(kn))] + 2s log
(

kn

√
r

2π(r − s)

)

+ nqn

(
2 log

(
nqn

kn

)
+ 2 log(n)

nqn

)
+ nqn max

i=1,...,5
Ci

=2nqn

[
−
E[log LMs

kn
(p̂s

n | Tn(kn))]
kn

+ s

nqn
log
(
kn

√
r

2π(r − s)
)

+ log(n)
nqn

]
+ Cnqn,

for a constant C > 0 independent of s and n.
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3.4.4. Proofs of Section 3.3.1

In this section we show that the AIC is not consistent if there are bias directions of type
(i). For this we work under the previous assumptions for c ∈ (0, 1) when T

(n)
s∗+1(kn) P−→ ∞

and T
(n)
s∗+2(kn) = OP(1). The case in which more entries go to infinity then goes in a similar

way.

Theorem 3.53. Suppose Assumption (E1), (E2) and (E4) are satisfied, c ∈ (0, 1),
T

(n)
s∗+1(kn) P−→ ∞, T

(n)
s∗+1(kn)/kn

P−→ 0 and T
(n)
s∗+2(kn) = OP(1). Then

lim
n→∞

P
(

AIC◦kn
(s∗ + 1) > AIC◦kn

(s∗)
)

= 0

holds, i.e., the AIC◦ is not consistent.

Proof of Theorem 3.53. By the definition of the AIC◦ it follows that

AIC◦kn
(s∗ + 1) − AIC◦kn

(s∗)

= −
s∗+1∑

j=s∗+1
T

(n)
j (kn) log

T
(n)
j (kn)

kn


− log

 1
ŝn − s∗ − 1

ŝn∑
i=s∗+2

T
(n)
i (kn)

kn

 ŝn∑
i=s∗+2

T
(n)
i (kn)

+ log

 1
ŝn − s∗

ŝn∑
j=s∗+1

T
(n)
j (kn)

kn

 ŝn∑
i=s∗+1

T
(n)
i (kn) + (s∗ + 1 − s∗)

= T
(n)
s∗+1(kn)

− log
(
T

(n)
s∗+1(kn)

)
+ log

 1
ŝn − s∗

ŝn∑
i=s∗+1

T
(n)
i (kn)


+ log

 ŝn − s∗ − 1
ŝn − s∗

∑ŝn
j=s∗+1 T

(n)
j (kn)∑ŝn

i=s∗+2 T
(n)
i (kn)

 ŝn∑
i=s∗+2

T
(n)
i (kn) + 1, (3.36)

where we used that s∗ + 1 > s∗. By Assumption (E4) follows

1
ŝn − s∗ + 1

ŝn∑
j=s∗+1

T
(n)
j (kn) P−→ µ,

which gives in combination with a Taylor expansion of the logarithm that

log

 ŝn − s∗ − 1
ŝn − s∗

∑ŝn
j=s∗+1 T

(n)
j (kn)∑ŝn

i=s∗+2 T
(n)
i (kn)

 ŝn∑
i=s∗+2

T
(n)
i (kn)

=

 ŝn − s∗ − 1
ŝn − s∗

∑ŝn
j=s∗+1 T

(n)
j (kn)∑ŝn

i=s∗+2 T
(n)
i (kn)

− 1

 ŝn∑
i=s∗+2

T
(n)
i (kn) + OP

((T (n)
s∗+1(kn))2

ŝn

)

= ŝn − s∗ − 1
ŝn − s∗

ŝn∑
j=s∗+1

T
(n)
j (kn) −

ŝn∑
i=s∗+2

T
(n)
i (kn) + OP

((T (n)
s∗+1(kn))2

ŝn

)
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= ŝn − s∗ − 1
ŝn − s∗

T
(n)
s∗+1(kn) − 1

ŝn − s∗

ŝn∑
i=s∗+2

T
(n)
i (kn) + OP

((T (n)
s∗+1(kn))2

ŝn

)

= ŝn − s∗ − 1
ŝn − s∗

T
(n)
s∗+1(kn) − µ + OP

((T (n)
s∗+1(kn))2

ŝn

)
,

where the rate of the OP term is a result of the quadratic error term of the Taylor expansion
given by

 ŝn − s∗ − 1
ŝn − s∗

∑ŝn
j=s∗+1 T

(n)
j (kn)∑ŝn

i=s∗+2 T
(n)
i (kn)

− 1

2
ŝn∑

i=s∗+2
T

(n)
i (kn)

=

 ŝn − s∗ − 1
ŝn − s∗

ŝn∑
j=s∗+1

T
(n)
j (kn) −

ŝn∑
i=s∗+2

T
(n)
i (kn)

2 ŝn∑
i=s∗+2

T
(n)
i (kn)

−1

= 1
ŝn

T
(n)
s∗+1(kn) − 1

ŝn − s∗

ŝn∑
j=s∗+1

T
(n)
j (kn)

2 1
ŝn

ŝn∑
i=s∗+2

T
(n)
i (kn)

−1

.

Since by Assumption (E4) we have 1/(ŝn − s∗)
∑ŝn

j=s∗+1 T
(n)
j (kn) P−→ µ and 1/ŝn

∑ŝn
i=s∗+2

T
(n)
i (kn) P−→ µ, we get the order of the error term as above. Inserting the Taylor expansion

into (3.36) gives

AIC◦kn
(s∗ + 1) − AIC◦kn

(s∗)

= T
(n)
s∗+1(kn)

− log
(
T

(n)
s∗+1(kn)

)
+ log

 1
ŝn − s∗

ŝn∑
i=s∗+1

T
(n)
i (kn)


+ ŝn − s∗ − 1

ŝn − s∗
T

(n)
s∗+1(kn) − µ + 1 + OP

((T (n)
s∗+1(kn))2

ŝn

)

= T
(n)
s∗+1(kn)

{
− log

(
T

(n)
s∗+1(kn)

)
+ log

 1
ŝn − s∗

ŝn∑
i=s∗+1

T
(n)
i (kn)

+ ŝn − s∗ − 1
ŝn − s∗

+ OP

(
T

(n)
s∗+1(kn)

ŝn

)}
− µ + 1.

Note that T
(n)
s∗+1(kn)/ŝn

P−→ 0 since ŝn/kn → c ∈ (0, 1) and T
(n)
s∗+1(kn) = oP(kn). Then

follows from T
(n)
s∗+1(kn) P−→ ∞, T

(n)
s∗+1(kn)/ŝn

P−→ 0 and

1
ŝn − s∗

ŝn∑
i=s∗+1

T
(n)
i (kn) P−→ µ

that

AIC◦kn
(s∗ + 1) − AIC◦kn

(s∗) P−→ −∞.
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3.4.5. Proofs of Section 3.3.3

Proof of Theorem 3.37

Step 1: Suppose s∗ < sn < qn and qn/
√

ŝn = oP(1). By the definition of the AIC◦

AIC◦kn
(sn) − AIC◦kn

(s∗)

= −
sn∑

j=s∗+1
T

(n)
j (kn) log
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ŝn∑
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T
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ŝn∑
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) ŝn∑
i=s∗+1

T
(n)
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A Taylor expansion of the logarithm around 1 combined with
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P−→ 1,

which follows from Assumption (E4) and sn/ŝn
P−→ 0 as n → ∞, result in
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ŝn∑
i=s∗+1

T
(n)
i (kn)

T
(n)
j (kn)


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T
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ŝn∑
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Note that the error term of the Taylor expansion of the logarithm is similarly to the
proof of Theorem 3.53 indeed oP(1) since sn

2(T (n)
s∗ (kn))2 /ŝn

P−→ 0 for s∗ + 1 ≤ sn ≤ qn.
By Assumptions (E4) and (E5) follows for s∗ + 1 ≤ jn ≤ qn that

∣∣∣∣T (n)
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ŝn∑
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T
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µ
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≤
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µ
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∣∣∣∣log
(

µ

µ
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µ
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)
and an additional oP(1) term. Moreover, Assumption (E5) with s∗ < sn ≤ qn for qn/

√
ŝn =

oP(1) yields that∣∣∣∣∣∣s
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T
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T
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Hence,
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Since the function f(x) = x
(
log

(µ
x

)
+ 1

)
with derivative f ′(x) = log(µ/x) for x > µ

is decreasing in x and lim infn→∞ T
(n)
qn (kn) ≥ µ P-a.s. (because otherwise we receive a

contradiction to Assumption (E4)), an application of Assumptions (E4) and (E5) with
T
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s∗+2(kn) ≥ · · · ≥ T
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sn (kn) yields that
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(
log
(

µ

T
(n)
s∗+1(kn)

)
+ 1
)

− 1
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)
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(
q
(
1 − log(q)

)
− 1 + 1

µ

)
.

By assumption the right-hand side is positive and the assertion follows. This condition is
also a necessary condition, since if it is not satisfied, we do not have consistency against
the (s∗ + 1)-th model.

Step 2: Suppose s < s∗. We obtain analogously to the other step that
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=
s∗∑

j=s+1

T
(n)
j (kn)

kn
log

T
(n)
j (kn)

kn

− log

 1
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Next, we derive the behavior of each of the terms in (3.38). By Assumption (E3) follows
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Further, by Assumptions (E2), (E3) and (E4) we have that
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Similarly, from Assumptions (E2), (E3) and (E4) follows for c > 0
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For c = 0 we get with the same assumptions that
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( ŝn − s

ŝn
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P−→ 0,

since x log(x) → 0 for x ↘ 0. In summary, as (s − s∗)/kn → 0 as n → ∞, we get

AIC◦kn
(s) − AIC◦kn

(s∗)
kn

P−→ ∞.

Proof of Theorem 3.39

Step 1: Suppose s∗ < sn < qn and qn/
√

ŝn = oP(1). In this case,

QAIC◦kn
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=
sn∑

j=s∗+1
log

(
T

(n)
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(
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n

)
+ (sn − s∗).

In the following, we derive an alternative representation of the second summand by using a
Taylor expansion of the logarithm. Therefore, note that
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)

= 1
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n
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n
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T
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j (kn)

)
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which justifies a Taylor expansion, and the behavior of the error term
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n
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n
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n/ŝn) = oP(1).

By Assumption (E4) and T
(n)
j (kn) = OP(1) for j = s∗ + 1, . . . , s due to Assumption (E5)

and by using the Taylor expansion we have as n → ∞ that
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(
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n
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n

)
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)
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Then, we get

QAIC◦kn
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=
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sn∑

j=s∗+1

(
log

(
T

(n)
j (kn)

µ

)
−

T
(n)
j (kn)

µ
+ 2

)
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Since the function log(x) − x is monotone decreasing in x for x ≥ 1 and the T
(n)
j (kn) are

also decreasing in j and lower bounded by 1, follows by Assumption (E5)
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)
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≥ 1
s∗ + 1

(
log (q) − q + 2

)
+ oP(1),

which yields the consistency. Note that this condition is also a necessary condition, since if
it is not satisfied, we do not have consistency against the (s∗ + 1)-th model.

Step 2: Suppose s < s∗. Due to Assumption (E3) we have as n → ∞,

T
(n)
j (kn)

kn

P−→ p′j > 0, j = 1, . . . , s∗,

and with Assumptions (E2), (E3) and (E4) follows
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ŝn − s

P−→
s∗∑

j=s+1
p′j + cµ,
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n

P−→ cµ.

Hence, if c = 0 then

− log(ŝnρ̂s∗
n ) P−→ ∞. (3.41)

Therefore, we have as n → ∞ for c > 0,
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(s) − QAIC◦kn
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ŝn
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1
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log(ŝnρ̂s

n) − ŝn − s∗
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= −
s∗∑

j=s+1

log(ŝn) + log
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ŝn
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If c = 0, then the difference converges to ∞ in probability by (3.41).

Proof of Theorem 3.40

Step 1: Suppose s∗ < sn < qn and qn/
√

ŝn = oP(1). Since ρ̂s
n ≤ ρ̂s∗

n , it follows that

MSEIC◦kn
(sn) − MSEIC◦kn

(s∗)

= 2(sn − s∗) + kn

ρ̂sn
n
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By Assumption (E4) and T
(n)
j (kn) ≤ T

(n)
s∗+1(kn) = OP(1) for j > s∗ due to Assumption

(E5), we get
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Step 2: Suppose s < s∗. Analogously to the proof of Theorem 3.39 we get by Assump-
tions (E2), (E3) and (E4) that
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ŝn∑
j=s∗+1

T
(n)
j (kn)2

k2
n

≤ 1
ρ̂s∗

n kn
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(ρ̂s∗

n )2

P−→ 0.

Therefore,

MSEIC◦kn
(s) − MSEIC◦kn

(s∗)
knŝn
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= 2s − s∗

knŝn
+ 1

ŝnρ̂s
n

ŝn∑
j=s+1

T
(n)
j (kn)

ŝn
− ρ̂s

n

2

− 1
ρ̂s∗

n ŝn

ŝn∑
j=s∗+1

T
(n)
j (kn)

kn
− ρ̂s∗

n

2

P−→

 s∗∑
j=s+1

p′j + cµ

−1
s∗∑

j=s+1
(p′j)2 > 0.

Proof of Theorem 3.41

(a) Note that

BICU◦kn
(s) = 2 AIC◦kn

(s) − 2s + 2s log (kn) + s log
(

ŝn

2π(ŝn − s)

)
.

We now consider the different cases s > s∗ and s < s∗ separately.
Step 1: Suppose s∗ < sn < qn and qn/

√
ŝn = oP(1). We receive similarly to Step 1 in the

proof of Theorem 3.37 that

BICU◦kn
(sn) − BICU◦kn

(s∗)
(sn − s∗) log(kn)

= 2
(sn − s∗) log(kn)

·
sn∑

j=s∗+1

{
T

(n)
j (kn)

log

 µ

T
(n)
j (kn)

+ 1

− 1
ŝn − s∗

ŝn∑
i=sn+1

T
(n)
i (kn)

}

+ 2 + sn

(sn − s∗) log(kn) log
(

ŝn

2π(ŝn − sn)

)
− s∗

(sn − s∗) log(kn) log
(

ŝn

2π(ŝn − s∗)

)
+ oP(log(kn)−1)

P−→ 2 > 0.

Step 2: Suppose s < s∗. Here we have as in Step 2 in the proof of Theorem 3.37 and due
to log(kn)/kn → 0 that

BICU◦kn
(s) − BICU◦kn

(s∗)
kn

= 2
AIC◦kn

(s) − AIC◦kn
(s∗)

kn
+

−2s + 2s log (kn) + s log
(

ŝn

2π(ŝn−s)

)
kn

+
2s∗ − 2s∗ log (kn) − s∗ log

(
ŝn

2π(ŝn−s∗)

)
kn

P−→ ∞,
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and thus, the assertion follows.
(b) Again, note that

BICL◦kn
(s) = 2 AIC◦kn

(s) − 2s + s log (kn) + s log
(

kn

2πT
(n)
1 (kn)

)
.

By a calculation analog to part (a), the BICL◦ is also consistent since log
(

kn

2πT
(n)
1 (kn)

)
P−→

log
(

1
2πp′

1

)
> 0 as n → ∞.



CHAPTER 4

PCA for multivariate extremes

In this chapter, we use the PCA approach for the dimension reduction of multivariate
extreme data. We propose two information criteria, an Akaike information criterion and a
Bayesian information criterion for both the fixed- and the high-dimensional cases. In the
fixed-dimensional case we assume that the dimension is fixed and the number of extremes as
well as the sample size go to infinity. In the high-dimensional case, the dimension is assumed
to grow proportionally to the number of extremes. Notably, in the high-dimensional case,
it is possible that the number of extremes is smaller than the dimension.

In the following, we consider a regularly varying random vector X with spectral vector Θ
and, similarly to Section 2.2.2, apply Principal Component Analysis to Θ. The underlying
framework is the spiked covariance model (cf. (1.4)), which we adapt to the extreme case
as follows.

Spiked Covariance Model: The eigenvalues λ1, . . . , λd of Σ = Cov(Θ) satisfy

λ1 ≥ λ2 ≥ · · · ≥ λp∗ > λp∗+1 = · · · = λd−1 =: λ > 0. (4.1)

The smallest eigenvalue λd is not considered here to avoid numerical instability, as it
can be equal to 0. Generally, for this approach we assume that the random vector X and
therefore also Θ are Rd-valued. However, if X takes values only in Rd

+ such that Θ is
concentrated on the positive orthant, the components of Θ are linearly dependent. In this
case, the value of the last entry of Θ can be inferred from the first d − 1 entries and hence
λd = 0. The number of spiked eigenvalues p∗, i.e., the number of eigenvalues larger than λ,
allows us to estimate the lower dimensionality for the dimension reduction in (Q).

In the following, we develop an AIC and a BIC to estimate p∗. The main goal of
this chapter is to derive necessary and sufficient conditions for our AIC and BIC to be
consistent and thus to reliably reduce the dimension as in question (Q). For this purpose,
we differentiate between two cases where n observations are available and kn of these are
extreme. The first is the classic large sample size and fixed-dimension case, where n → ∞
and the dimension d is fixed. As is typical for such information criteria (cf. Remark 2.17),
we find that the BIC is consistent, whereas the AIC is not consistent. In the second case,
we assume that d = dn depends on n and dn/kn → c > 0 as n → ∞.

In this case, the empirical eigenvalues are no longer consistent estimators of the theoretical
eigenvalues (cf. Section 4.1.2). Therefore, we require methods from random matrix theory
to derive the asymptotic properties of the empirical eigenvalues, which are the components
of the AIC and BIC. For high-dimensional i.i.d. data with finite fourth moments, we
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know from Theorem 4.3 that the empirical spectral distribution function converges to the
Marčenko-Pastur law, which describes the bulk distribution of the empirical eigenvalues.
The spiked covariance model (4.1) extends the Marčenko-Pastur framework by allowing for
a small number of spiked eigenvalues corresponding to relevant dimensions for the PCA.
In the context of this chapter, we also derive the asymptotic properties of the empirical
eigenvalues of Σ, whose bulk converges to the Marčenko-Pastur distribution, and use these
results for the investigation of the consistency of our information criteria.

This chapter is organized as follows. In Section 4.1, we give a short summary of results
for the asymptotic behavior of empirical eigenvalues for non-extreme data. THen, in
Section 4.2, we properly define the empirical eigenvalues λ̂n,1, . . . , λ̂n,d of Σ, which are the
main components in the definition of the information criteria. In addition, we explore
the asymptotic properties of the empirical eigenvalues, where in the high-dimensional
case we restrict our study to a parametric family of distributions, the so-called directional
model. The subjects of Section 4.3 are the AIC and the BIC for estimating the location
p∗ of the spiked eigenvalue in the fixed-dimensional case, where Section 4.4 explores the
high-dimensional case when dn/kn → c > 0 as n → ∞. We will examine the case 0 < c < 1
and c > 1 separately in Section 4.4.1 and Section 4.4.2, respectively. In both cases, we
derive sufficient criteria for the AIC and the BIC to be weakly consistent. The proofs for
the results presented in this chapter are provided in Section 4.5. Note that most parts of
this chapter consist of Butsch and Fasen-Hartmann (2025a). Throughout this section, we
use the L2 norm ∥ · ∥2.

4.1. Preliminaries

In this section we give a brief overview of the results for the asymptotic behavior of empirical
eigenvalues for non-extreme data, where we present the results for the fixed-dimensional
setting in Section 4.1.1 and for the high-dimensional setting in Section 4.1.2. We consider
the settings where the effective sample size is given by kn, as we are working in the
subsequent sections with the number of extremes given by kn.

4.1.1. Fixed-dimensional case

For non-extreme data, the asymptotic distribution of the eigenvalues of the empirical
covariance matrix was analyzed in the Gaussian case in Anderson (1963).

Theorem 4.1 (Theorem 1, Anderson, 1963 and Lemma 1, Fujikoshi and Sakurai, 2016).
Suppose that

Ψ̂n := 1
kn

kn∑
j=1

Uj − 1
kn

kn∑
i=1

Ui

Uj − 1
kn

kn∑
i=1

Ui

⊤

is an empirical covariance matrix derived from a normally distributed sample U1, . . . , Ukn

with sample size kn, where the covariance matrix Ψ has eigenvalues ζ1 > ζ2 > · · · > ζp >
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ζp+1 = · · · = ζd = ζ > 0. Let the standardized sample eigenvalues for j = 1, . . . , d be
defined by

ζ̃n,j :=
√

kn(ζ̂j − ζj).

Then the following results hold.

(a) The limiting distributions of ζ̃n,1, . . . , ζ̃n,p, {ζ̃n,p+1, . . . , ζ̃n,d} are independent.

(b) For j = 1, . . . , p we have as n → ∞

ζ̃n,j
D−→ N (0, 2ζ2

j ).

(c) The limiting distribution of ζ̃n,p+1, . . . , ζ̃n,d for ℓp+1, . . . , ℓd has joint density propor-
tional to

(d − p)
ζ(d−p)(d−p+1)/2 e−

∑d−p

i=1 ℓ2
i+p/(4ζ2)

d−p∏
i,j=1,

i ̸=j

(ℓi+p − ℓj+p)1{ℓp+1 > · · · > ℓd}.

A generalization of this result beyond the normal distribution in Rd can be found in
Dauxois et al. (1982), where random functions in a separable Hilbert space are considered.
Note that we directly get the consistency of the empirical eigenvalues in this setting in
contrast to the high-dimensional case presented next.

4.1.2. High-dimensional case

In EVT one works only with a fraction of the data, which corresponds to the most extreme
observations, and as a result the sample size is vastly reduced. Therefore, it is possible
that the dimension of the data is proportional to the sample size. In this case, the
classical limiting theorems are not valid in general, as shown in this section. Instead,
we are in the realm of random matrix theory, where the dimension of the data dn is
supposed to be proportional to the effective sample size kn. In this section we introduce
the Marčenko-Pastur law, which is then generalized by the spiked covariance model.

Before we introduce the Marčenko-Pastur (MP) law, we give the necessary notation. For
this, let A(n) ∈ Rdn×dn be a matrix with eigenvalues λ1(A(n)), . . . , λdn(A(n)). Then we
define the so-called empirical spectral distribution (ESD) (Bai and Silverstein, 2010, p. 5)
of A(n) by

F A(n)(x) := 1
dn

dn∑
j=1

1{λj(A(n)) ≤ x}, x ∈ R,

and if the pointwise limit as n → ∞ of the ESD exists, the resulting function is called
limiting spectral distribution (LSD) of A(n).
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Marčenko-Pastur law

For the introduction of the MP law we do not assume that the random variables are
heavy-tailed. The connection between EVT and the MP law is established later. We begin
by presenting the definition of the distribution and subsequently describe its generation as
the limiting spectral distribution of a sequence of matrices.

Definition 4.2. The Marčenko-Pastur (MP) law with distribution function Fc for c > 0
has density function

fc(x) =


1

2πxc

√
((1 +

√
c)2 − x)(x − (1 −

√
c)2), x ∈ ((1 −

√
c)2, (1 +

√
c)2),

0, otherwise,

and point mass 1 − 1/c at 0 if c > 1.

Suppose that V (n) = (V1, . . . , Vdn)⊤ ∈ Rdn is a centered random vector consisting of i.i.d.
symmetric components with variance 1. Let V

(n)
1 , . . . , V

(n)
kn

be a sample of i.i.d. random
vectors following the distribution of V (n). Then we define the sample covariance matrix by

S(n) := 1
kn

kn∑
i=1

(V (n)
i − V(n))(V (n)

i − V(n))⊤,

where V(n) := 1
kn

∑kn
i=1 V

(n)
i . Note that the covariance matrix of V (n) is given by Idn .

Theorem 4.3 (Theorem 3.6, Bai and Silverstein, 2010). Let V
(n)

1 , . . . , V
(n)

kn
be a sample of

i.i.d. random vectors following the distribution of V (n). If dn/kn → c > 0 as n → ∞, then

P( lim
n→∞

F S(n)(x) = Fc(x) for all x ∈ C(Fc)) = 1,

where Fc is defined as in Definition 4.2 and C(Fc) is the set of all continuity points of Fc.

Remark 4.4. Note that a rank-1-update such as V(n) has no influence on the LSD. Indeed,
by Bai and Silverstein (2010, Theorem A.44) holds for matrices A(n), B(n) ∈ Rdn×kn that

∥F A(n)A(n)⊤ − F B(n)B(n)⊤∥ ≤ 1
dn

rank(A(n) − B(n))

which gives the desired result.

A consequence of Theorem 4.3 is that the empirical eigenvalues do not converge in
probability to their theoretical counterparts and, therefore, are not consistent. As illustrated
in Figure 4.1 for a standard multivariate normal distribution, the left-hand plot shows the
low-dimensional case, where the estimator is consistent and concentrated near the true value
1. On the right-hand side we see the high-dimensional case, where the histogram of the
empirical eigenvalues approaches the MP law (denoted by the red line). This is one major
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d = 5 , n = 500 , c = 0.01
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(a) Low-dimensional case

d = 250 , n = 500 , c = 0.5
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(b) High-dimensional case

Figure 4.1.: Histogram of empirical eigenvalues of a standard multivariate normal distribution for
the low-dimensional case on the left hand side (d = 5, kn = 500, c = 0.01) and the
high-dimensional case on the right hand side (d = 250, kn = 500, c = 0.5), where
c = d/kn. The red line is the density of the MP law.

difference between the fixed-dimensional case, where empirical eigenvalues are consistent
estimators, and the high-dimensional case. Clearly, results from the fixed-dimensional case
cannot be taken for granted, and different methods are needed.

Spiked covariance model

For the Marčenko-Pastur law it is assumed that the eigenvalues of the covariance matrix of
V (n) are all equal to 1. The case where some eigenvalues are larger than 1 was the topic of
Johnstone (2001). In that work, the spiked covariance model was introduced, where for a
fixed p ∈ N with p ≤ dn the eigenvalues of the non-negative definite symmetric matrix Γ(n)

are similar to (1.4) given by

λ1 > λ2 > · · · > λp > λp+1 = · · · = λdn = 1.

The asymptotic behavior of the empirical eigenvalues was analyzed in Baik and Silverstein
(2006) and is introduced next. Suppose that V

(n)
1 , . . . , V

(n)
kn

is a sample of i.i.d. random
vectors following the distribution of V (n) defined as in Section 4.1.2, where the components
of V (n) have second moment equal to 1 and the fourth moment is finite. Let

Υ(n) := 1
kn

kn∑
i=1

Γ(n)1/2V
(n)

i V
(n)

i
⊤Γ(n)1/2

be the sample covariance matrix with eigenvalues λ1(Υ(n)), . . . , λdn(Υ(n)). Then, for
dn/kn → c > 0 the following results hold for the cases c < 1 and c > 1.



92 Chapter 4. PCA for multivariate extremes

Theorem 4.5 (Theorem 1.1, Baik and Silverstein, 2006). Suppose that limn→∞ dn/kn =
c ∈ (0, 1).

(a) If λj > 1 +
√

c then as n → ∞ a.s.

λj(Υ(n)) → λj + cλj

λj − 1 .

(b) For j = arg min{i ∈ {1, . . . , p + 1} : λi < 1 +
√

c} holds as n → ∞ a.s.

λj(Υ(n)) → (1 +
√

c)2.

(c) As n → ∞ a.s. holds

λdn(Υ(n)) → (1 −
√

c)2.

Note that j = arg min{i ∈ {1, . . . , p + 1} : λi < 1 +
√

c} is the index of the largest
non-spiked eigenvalue, i.e. the largest eigenvalue smaller than 1 +

√
c.

Theorem 4.6 (Theorem 1.2 Baik and Silverstein, 2006). Suppose that limn→∞ dn/kn =
c > 1.

(a) If λj > 1 +
√

c then as n → ∞ a.s.

λj(Υ(n)) → λj + cλj

λj − 1 .

(b) For j = arg min{i ∈ {1, . . . , p + 1} : λi < 1 +
√

c} holds as n → ∞ a.s.

λj(Υ(n)) → (1 +
√

c)2.

(c) As n → ∞ a.s. holds

λkn(Υ(n)) → (1 −
√

c)2

and λkn+1(Υ(n)), . . . , λdn(Υ(n)) = 0 for all n ∈ N.

From these results, we see that a phase transition occurs, depending on whether the
eigenvalues are greater or less than 1 +

√
c. If an eigenvalue is smaller than 1 +

√
c, we say

that the eigenvalue is in the bulk, and then the limit of the empirical eigenvalues lies P-a.s.
in the support of the MP law. On the other hand, all empirical eigenvalues corresponding
to eigenvalues larger than 1 +

√
c, which we call spiked eigenvalues in the following, remain

spiked in the limit, by which we mean that they are separated from the support of the MP
law.
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Remark 4.7. Note that Theorem 4.3 remains valid when exchanging S(n) by Υ(n) since
as n → ∞ it holds P-a.s. that

1
dn

p∑
j=1

λj(Υ(n)) → 0.

Building on these results, we derive in the following sections asymptotic results for the
high-dimensional setting for extremal data.

4.2. Asymptotics of the empirical eigenvalues of Σ

The information criteria AIC and BIC of this chapter are defined by the empirical eigenvalues
λ̂n,1, . . . , λ̂n,d of Σ. Therefore, in the first step, in Section 4.2.1, we define and explore the
empirical eigenvalues and their asymptotic properties in the fixed-dimensional case, and
then, in Section 4.2.2, in the high-dimensional case. With the knowledge of the asymptotic
behavior of the empirical eigenvalues, we will be able to derive the asymptotic behavior of
the AIC and the BIC in Section 4.3 and Section 4.4. The proofs of this section are moved
to Section 4.5.1.

4.2.1. Fixed-dimensional case

In the case where the dimension d is fixed, we consider the following model.

Model S.

(S1) Let X, X1, X2, . . . be a sequence of i.i.d. regularly varying random vectors with tail
index α > 0 and spectral vector Θ.

(S2) The eigenvalues λ1, . . . , λd of Σ = Cov(Θ) satisfy

λ1 ≥ λ2 ≥ · · · ≥ λp∗ > λp∗+1 = · · · = λd−1 =: λ > 0.

(S3) Let (kn)n∈N be a sequence in N with kn → ∞ and kn/n → 0 for n → ∞.

(S4) Suppose (un)n∈N is a positive sequence such that for n → ∞, nP(∥X∥2 > un)/kn → 1
and

sup
x∈[ 1

1+τ
,1+τ ]

√
kn

∥∥∥∥∥∥ n

kn
E

vec(XX⊤)
∥X∥2

2

1

1{x∥X∥2 > un}

− xα

(
vec(E[ΘΘ⊤])

1

)∥∥∥∥∥∥
2

→ 0.

The spiked covariance model enters through assumption (S2), where p∗ is the number of
relevant eigenvalues. The last assumption (S4) is a technical assumption that we require
for some proofs (cf. Remark 4.9). Uniform convergence is required in order to replace
the threshold un with the order statistic ∥X(kn+1,n)∥2. Ultimately, this condition is an



94 Chapter 4. PCA for multivariate extremes

assumption on the slowly varying function of the tail distribution of ∥X∥2 and it is an
assumption on the growth rate of kn. Under these model assumptions, the empirical
estimator for Θ is defined as

Θ̂n := 1
kn

n∑
i=1

Xi

∥Xi∥2
1{∥Xi∥2 > ∥X(kn+1,n)∥2},

and hence, the empirical covariance matrix Σ̂n of Σ is

Σ̂n := 1
kn

n∑
j=1

(
Xj

∥Xj∥2
− Θ̂n

)(
Xj

∥Xj∥2
− Θ̂n

)⊤
1{∥Xj∥2 > ∥X(kn+1,n)∥2} (4.2)

with eigenvalues λ̂n,1, . . . , λ̂n,d where n ∈ N is the number of observations and X(kn+1,n)

denotes the observation with the (kn + 1)-th largest norm. Both the AIC and the BIC for
the estimation of p∗ will be defined by the empirical eigenvalues λ̂n,1, . . . , λ̂n,d. Therefore, it
is important to know the asymptotic behavior. We start to derive the asymptotic behavior
of the empirical covariance matrix Σ̂n in the next proposition and use this to derive the
asymptotic behavior of the empirical eigenvalues.

Proposition 4.8. Let Model S be given. Then as n → ∞,

√
kn
(
Σ̂n − Σ

) D−→ S,

where vec(S) follows a centered normal distribution with covariance matrix

Cov
(
vec((Θ − E[Θ])(Θ − E[Θ])⊤)

)
.

Remark 4.9. In the bivariate case and for h : R2 7→ R defined as h(x, y) = xy, the
asymptotic distribution of

1
kn

n∑
i=1

h

(
Xi

∥Xi∥2

)
1{∥Xi∥2 > ∥X(kn+1,n)∥2}

was derived in Larsson and Resnick (2012, Theorem 1). The techniques of the proof can be
generalized and applied to vec(Σ̂n) with the technical assumption (S4), and therefore, the
proof of Proposition 4.8 is omitted. Note that if ∥θ∥2 = 1 for θ ∈ Rd then ∥ vec(θθ⊤)∥2 = 1
and higher moments of Θ exist, since Θ is bounded. A complementary result on the
asymptotic behavior of the empirical covariance matrix is also given in the recent publication
Drees (2025, Theorem 2.1).

Now, we are able to present the asymptotic distribution of the empirical eigenvalues.
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Theorem 4.10. Let Model S be given.

(a) Then as n → ∞,

(λ̂n,1, . . . , λ̂n,d−1) = (λ1, . . . , λd−1) + OP(1/
√

kn),

(b) and

√
kn
(
(λ̂n,p∗+1, . . . , λ̂n,d−1) − λ1d−p∗−1

) D−→ M ,

where the entries of the random vector M ∈ Rd−p∗−1 are the (d − p∗ − 1) largest
eigenvalues of PλSPλ in decreasing order, S is defined as in Proposition 4.8 and
Pλ ∈ Rd×d is the orthogonal projection onto the space spanned by the eigenvectors
with respect to the eigenvalue λ of Σ.

4.2.2. Directional model in the high-dimensional case

In the high-dimensional setting, where d = dn depends on n and dn → ∞ as n → ∞,
we restrict our studies to a parametric family of distributions, the so-called directional
model. A directional model has the advantage that the underlying random vectors have
an independent radial and directional component, but still the covariance matrix of the
spectral vector has a spiked structure. The explicit definition of a directional model is the
following.

Directional Model: Suppose for any n ∈ N that

Γ(n) :=
(

Γn 0p∗×dn

0dn×p∗ Idn−p∗

)
∈ Rdn×dn , (4.3)

where Γn ∈ Rp∗×p∗ is a covariance matrix with eigenvalues

ξn,1 ≥ · · · ≥ ξn,p∗ > 1,

V (n) = (V1, . . . , Vdn)⊤ ∈ Rdn is a centered random vector consisting of i.i.d. symmetric
components with variance 1 and finite fourth moment and Z is a standard Fréchet distributed
random variable. Then the sequence of random vectors (X(n))n∈N with

X(n) := Γ(n)1/2
V (n)

∥Γ(n)1/2
V (n)∥2

· Z ∈ Rdn ,

follows the so-called directional model.

Due to construction, we see directly that the directional component

Θ(n) := X(n)

∥X(n)∥2
= Γ(n)1/2

V (n)

∥Γ(n)1/2
V (n)∥2

,
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of X(n) is independent of the radial component ∥X(n)∥2 = Z, and additionally, Θ(n) is the
spectral vector of the multivariate regularly varying random vector X(n) of index 1. Thus,
the dependence structure of X(n) is completely determined by Θ(n).

Remark 4.11.

(a) In high-dimensional models it is necessary to specify the model as we have done with
the directional model, because due to the increase in dimensionality, the empirical
covariance matrix and even the covariance matrix do not converge and hence, it will
be impossible to get any kind of limit result without assuming some structure on
the underlying random vector X(n). Our model assumption results on the one hand,
in a spiked covariance model for Cov(Θ(n)) where p∗, the location of the smallest
eigenvalue bigger than 1, is independent of n and fixed (see Lemma 4.12 for more
details). On the other hand, it implies the independence of the directional and radial
parts of X(n), so that the order statistic of an i.i.d. sequence ∥X

(n)
1 ∥2, . . . ,∥X

(n)
n ∥2

is reflected by the order statistic of the i.i.d. sequence of radial parts Z1,. . . , Zn.

(b) The directional model is inspired by several models in the non-extreme world. For
instance, Bai et al. (2018) employed a model of the form Γ(n)1/2

V (n), while Jiang
et al. (2023) considered a model of the form V (n)/∥V (n)∥1. The first model is not
suitable for statistical inference of extremes because the radial and directional parts
are not independent, whereas the second model is not suitable either, as the covariance
matrix only has eigenvalues equal to 1 if the components Vi are symmetric. Therefore,
our model X(n) = Γ(n)1/2

V (n)/∥Γ(n)1/2
V (n)∥2 · Z combines both approaches: The

factor Γ(n)1/2
V (n) serves as a latent vector for the directional component Θ(n), which

captures the spiked covariance structure. Normalizing it by ∥Γ(n)1/2
V (n)∥2 ensures

that the norm of X(n) is solely determined by Z facilitating the calculation of the
order statistics of an i.i.d. sequence with distribution ∥X

(n)
1 ∥2 by the order statistics

of the radial parts.

(c) Although Cov(Θ(n)) is a spiked covariance model with p∗ leading eigenvalues (see
Lemma 4.12) the support of the distribution of Θ(n) might have a higher dimension
than p∗. However, if ξn,p∗ is large, then the support of Θ(n) is more concentrated on
the p∗-dimensional subspace generated by the leading eigenvalues.

One special case for Θ(n) is the angular central Gaussian distribution, which is
obtained by using a Gaussian distribution for the i.i.d. entries of V (n). The density
of the angular central Gaussian distribution Θ(n) is given by (Tyler, 1987) as

fΘ(n)(θ | Γ(n)) = 2π
dn
2

Γ(dn
2 )

det(Γ(n))−1/2(θ⊤Γ(n)−1
θ)−dn/2, θ ∈ {x ∈ Rdn : ∥x∥2 = 1}

where det(·) is the determinant and Γ(·) is the Gamma function.
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(d) Scaling of V (n) has no influence on the distribution of X(n), therefore setting the
variance of Vi to 1 is no restriction.

(e) The empirical spectral distribution (see Section 4.1.2) of Γ(n) is defined as

F Γ(n)(x) = 1
dn

dn∑
i=1

1{ξn,i ≤ x}, x ∈ R,

and the limiting spectral distribution (LSD) of Γ(n) is the Dirac measure δ1, since

lim
n→∞

F Γ(n)(x) = lim
n→∞

1
dn

p∑
j=1

1{ξn,j ≤ x} + dn − p

dn
1{1 ≤ x} = 1{1 ≤ x}, x ∈ R.

In the following, we denote the covariance matrix of Θ(n) as

Σ(n) := Cov(Θ(n))

whereas Γ(n) is the covariance matrix of the non-standardized directional component
Γ(n)1/2

V (n). Not only Γn has the eigenvalues ξn,1, . . . , ξn,p∗ but Γ(n) has likewise these
eigenvalues. Additionally, Γ(n) has (dn − p∗)-times the eigenvalue 1 which we denote as
well as ξn,p∗+1, . . . , ξn,dn . We are still in the setup of the last section because not only the
eigenvalues of Γ(n) satisfy the spiked covariance structure

ξn,1 ≥ · · · ≥ ξn,p∗ > 1 = ξn,p∗+1 = · · · = ξn,dn

in (4.1) but as well the eigenvalues of Σ(n) satisfy the structure in (4.1) although Σ(n) has
different eigenvalue than Γ(n).

Lemma 4.12. Suppose (X(n))n∈N follows the directional model and λn,1 ≥ · · · ≥ λn,dn are
the ordered eigenvalues of Σ(n) = Cov(Θ(n)). Then

λn,p∗ > λn,p∗+1 = · · · = λn,dn .

Hence, there is a spike after the p∗-th eigenvalue λn,p∗ of Σ(n) and the eigenvalues λn,p∗+1,

. . . , λn,dn−1 are all equal, as required in the definition of the spiked covariance model in
(4.1). Further, the dimension of the low-dimensional structure is the same as for the fixed
dimensional case. We summarize the model in the following.

Model D.

(D1) Let X(n), X
(n)
1 , X

(n)
2 , . . . , X

(n)
n be an i.i.d. sequence of dn-dimensional random vectors

satisfying the Directional Model with E[|V1|4] < ∞.

(D2) The ordered eigenvalues ξn,1 ≥ · · · ≥ ξn,dn of Γ(n) in (4.3) satisfy

ξn,1 ≥ · · · ≥ ξn,p∗ > 1 = ξn,p∗+1 = · · · = ξn,dn ,
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whereas the ordered eigenvalues of Σ(n) are denoted by λn,1 ≥ · · · ≥ λn,dn .

(D3) Let (kn)n∈N be a sequence in N with kn → ∞, kn/n → 0 and

dn/kn → c > 0, as n → ∞.

Remark 4.13.

(a) The assumption dn/kn → c > 0 as n → ∞ guarantees that the dimension dn increases
with a rate similar to the number of extremes kn.

(b) Due to Lemma 4.12, Model D is also a spiked covariance model but it is a special
type of spiked covariance, namely, a directional model, where the dimensionality
parameter p∗ is independent of n although the dimension dn depends on n.

(c) Eigenvalues which are larger than 1 +
√

c, are called distant spiked eigenvalues,
whereby the asymptotic behavior of the corresponding empirical eigenvalues changes
if they are above or below 1 +

√
c (cf. Section 4.1.2). Due to Silverstein and Choi

(1995, Theorem 4.1 and Theorem 4.2), the assumption ξn,p∗ > 1 +
√

c is equivalent
to φ′c(ξn,p∗) > 0 where

φc(x) := x

(
1 + c

∫
t

x − t
dδ1(t)

)
= x

(
1 + c

x − 1

)
. (4.4)

(d) The convergence in (D3) is analogous to the assumption ŝn/kn
P−→ c ∈ [0, 1) in

Section 3.3. In both settings we assume that the dimension of the underlying space
and the number of categories of the multinomial distribution, respectively, grow
proportionally to kn.

Analog to (4.2) we define the dn × dn empirical covariance matrix of Σ(n) as

Σ̂(n) := 1
kn

n∑
j=1

 X
(n)
j

∥X
(n)
j ∥2

− Θ̂(n)

 ·

 X
(n)
j

∥X
(n)
j ∥2

− Θ̂(n)

⊤ 1{∥X
(n)
j ∥2 > ∥X

(n)
(kn+1,n)∥2},

(4.5)
with eigenvalues λ̂n,1, . . . , λ̂n,dn , where

Θ̂(n) := 1
kn

n∑
i=1

X
(n)
i

∥X
(n)
i ∥2

1{∥X
(n)
i ∥2 > ∥X

(n)
(kn+1,n)∥2}.

In contrast to the empirical covariance matrix Σ̂n in (4.2) with a fixed dimension d × d, the
dimension of the empirical covariance matrix Σ̂(n) in (4.5) is dn × dn and hence, growing
in n.
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Let us first present the asymptotic distribution of the eigenvalue λ̂n,1, . . . , λ̂n,dn of
Σ̂(n) under the constraint that Γn and its eigenvalues ξn,1, . . . , ξn,p∗ are converging, and
afterwards when ξn,p∗ → ∞. Recall that the MP law Fc (cf. Definition 4.2) has density

fc(x) =


1

2πxc

√
((1 +

√
c)2 − x)(x − (1 −

√
c)2), x ∈ ((1 −

√
c)2, (1 +

√
c)2),

0, otherwise,

and point mass 1 − 1/c at 0 if c > 1.

Theorem 4.14. Let Model D be given. Suppose that Γn → Γ and (ξn,1, . . . , ξn,p∗) →
(ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +

√
c.

(a) Let i ∈ {1, . . . , p∗}. Then the asymptotic behavior

dnλ̂n,i
P−→ φc(ξi), as n → ∞

holds, where φc is defined as in (4.4).

(b) Let (in(α))n∈N be a sequence in N with in(α) > p∗ and in(α)/dn → α ∈ [0, 1] for any
α ∈ (0, 1). Then

sup
α∈(0,1)

∣∣∣dnλ̂n,in(α) − F←c (1 − α)
∣∣∣ P−→ 0, as n → ∞,

where F←c is the generalized inverse of Fc. In particular, if (qn)n∈N is a sequence in
N with qn = o(dn) and qn > p∗, then dnλ̂n,qn

P−→ (1 +
√

c)2.

(c) Suppose 0 < c ≤ 1 and (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞. Then
as n → ∞,

1
dn − qn

dn∑
i=qn+1

dnλ̂n,i
P−→ 1.

(d) Suppose c > 1 and (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞. Then as
n → ∞,

1
kn − qn

kn∑
i=qn+1

dnλ̂n,i
P−→ c.

So far we have assumed that the first p∗ eigenvalues ξn,1, . . . , ξn,p∗ of Γ(n) are bounded.
Alternatively, it is also possible to suppose that ξn,p∗ → ∞ as n → ∞.

Theorem 4.15. Let Model D be given. Suppose ξn,p∗ → ∞ and ξn,1 = o(d1/2
n ) as n → ∞.

(a) Let i ∈ {1, . . . , p∗}. Then the asymptotic behavior

dnλ̂n,i/ξn,i
P−→ 1, as n → ∞

holds.
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(b) Let (in(α))n∈N be a sequence in N with in(α) > p∗ and in(α)/dn → α ∈ [0, 1] for any
α ∈ (0, 1). Then

sup
α∈(0,1)

∣∣∣dnλ̂n,in(α) − F←c (1 − α)
∣∣∣ P−→ 0, as n → ∞,

where F←c is defined as in Theorem 4.14. In particular, if (qn)n∈N is a sequence in N
with qn = o(dn) and qn > p∗, then dnλ̂n,qn

P−→ (1 +
√

c)2.

(c) Suppose 0 < c ≤ 1 and (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞. Then
as n → ∞,

1
dn − qn

dn∑
i=qn+1

dnλ̂n,i
P−→ 1.

(d) Suppose c > 1 and (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞. Then as
n → ∞,

1
kn − qn

kn∑
i=qn+1

dnλ̂n,i
P−→ c.

(e) Suppose 0 < c < 1 and let i ∈ {1, . . . , p∗}. Then as n → ∞,

dnλ̂n,i

1
dn−i

∑dn
j=i+1 dnλ̂n,j

P−→ ∞.

Remark 4.16. The assumption ξn,1 = o(d1/2
n ) as n → ∞ guarantees that the largest

eigenvalue grows sufficiently slowly compared to the dimension dn. When all moments of
V1 exist this assumption can be relaxed to ξn,1 = o(dβ

n) as n → ∞ for any β < 1 due to
Remark 4.33.

4.3. Information criteria in the fixed-dimensional case

The aim of this section is to derive estimators for p∗, the location of the spike in the
eigenvalues of Σ = Cov(Θ), which defines the dimensionality of the PCA, by exploiting
information criteria. In the context of PCA for Gaussian data, an Akaike information
criteria (AIC) and a Bayesian information criteria (BIC) were developed in Fujikoshi and
Sakurai (2016) and the consistency was analyzed in the high-dimensional case for general
data in Bai et al. (2018). In this chapter, we adopt these information criteria and study
their statistical properties. In this section, we start with the fixed-dimensional case and
give the proper definitions of the information criteria under Model S. The proofs of this
section are moved to Section 4.5.2.

Definition 4.17. Suppose λ̂n,1, . . . , λ̂n,d−1 are the empirical eigenvalues of Σ̂n as defined
in (4.2).
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(a) The Akaike information criterion (AIC) for the fixed-dimensional case is defined as

AICkn(p) :=kn

p∑
i=1

log(λ̂n,i) + kn(d − 1 − p) log
( 1
d − 1 − p

d−1∑
j=p+1

λ̂n,j
)

+ kn log
(kn − 1

kn

)d−1
+ kn(d − 1)(log(2π) + 1)

+ 2(p + 1)(d − p/2),

for p = 1, . . . , d − 2 and an estimator for p∗ is p̂n := arg min1≤p≤d−2 AICkn(p).

(b) The Bayesian information criterion (BIC) for the fixed-dimensional case is defined as

BICkn(p) := kn

p∑
i=1

log(λ̂n,i) + kn(d − 1 − p) log
( 1
d − 1 − p

d−1∑
j=p+1

λ̂n,j
)

+ kn log
(

kn − 1
kn

)d−1
+ kn(d − 1)(log(2π) + 1)

+ log(kn)(p + 1)(d − p

2/2),

for p = 1, . . . , d − 2 and an estimator for p∗ is p̂n := arg min1≤p≤d−2 BICkn(p).

Remark 4.18.

(a) The penalty (p + 1)(d − p/2) = (p + 1)d − p(1 + p)/2 arises as it is the number of
parameters that define a (d − 1)-dimensional normal distribution with an arbitrary
mean vector and covariance matrix following the p-th spiked covariance model (cf.
Fujikoshi and Sakurai, 2016, Section 2). As baseline model, we take a (d − 1)-
dimensional normal distribution instead of a d-dimensional normal distribution
because Θ is a random vector on the unit sphere and hence, potentially the first
(d − 1) components already determine the last component. In summary, we use a
modified version of the AIC and the BIC of Fujikoshi and Sakurai (2016) by replacing
d with d − 1 and dropping the last empirical eigenvalue λ̂n,d.

(b) The AIC and BIC are invariant to scaling of the eigenvalues. Consequently, scaling
the sample covariance matrix Σ̂n, or equivalently the eigenvalues λ̂n,1, . . . , λ̂n,d−1,
does not affect the point at which the information criteria achieve their minimum.

Next, we check the consistency of the AIC and the BIC. First, we present the result for
the AIC and second for the BIC.

Theorem 4.19. Let Model S be given and M be the limit vector in Theorem 4.10. Then

lim
n→∞

P(AICkn(p) > AICkn(p∗)) =

P(gp(M) > 0) for p > p∗,

1 for p < p∗,
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where

gp(m) := −1
2

p∑
i=p∗+1

m2
i − 1

2(d − 1 − p)

 d−1∑
j=p+1

mj

2

+ 1
2(d − 1 − p∗)

 d−1∑
j=p∗+1

mj

2

− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1)

for m = (m1, . . . , md) ∈ Rd.

Remark 4.20. Under some technical assumptions on the distribution of Θ, it is possible
to state a density for M (cf. Davis, 1977) and derive that P(gp(M) > 0) < 1. For the
present chapter, it is sufficient to give an example such that the AIC is not consistent.

Example 4.21. We assume the Directional Model, where Γ(n) := Γ := diag(9, 4, 4, 1),
V (n) := V := (V1, V2, V3, V4)⊤ with Vi ∼ U({−1, 1}), i = 1, . . . , 4, Z ∼ Fréchet(1) and the
dimension d = 4 is fixed. Then, we have ∥Γ(n)1/2

V (n)∥2 = ∥ΓV ∥2 =
√

9 + 4 + 4 + 1 =
√

18
and Θ(n) := Θ := (3V1, 2V2, 2V3, V4)/

√
18. We have E[Θ] = 04, Σ = Γ/18, where the

eigenvalues of Σ are (1/2, 2/9, 2/9, 1/18) and the corresponding eigenvectors are the unit
vectors e1, . . . , e4 ∈ R4. Consequently, the spiked covariance assumption is satisfied with
λ = 2/9, d = 4 and p∗ = 1.

In the following, we calculate the probability P(g2(M) < 0) by first determining the
asymptotic distribution of M . An application of Theorem 4.10 (b) yields

√
kn
(
(λ̂n,2, λ̂n,3) − (λ, λ)

) D−→ (M2, M3)

in R2 is the joint distribution of the decreasingly ordered non-null eigenvalues of

PλSPλ =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0




S11 S12 S13 S14

S12 S22 S23 S24

S13 S23 S33 S34

S14 S24 S34 S44




0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 =


0 0 0 0
0 S22 S23 0
0 S23 S33 0
0 0 0 0

 ,

where vec(S) follows a centered multivariate normal distribution with covariance Cov(vec(
(Θ − E[Θ])(Θ − E[Θ])⊤)) and Pλ := (e2, e3) · (e2, e3)⊤ ∈ R4×4 is the projection onto the
2-dimensional eigenspace of the orthonormal eigenvectors e2, e3 corresponding to λ = 2/9.
Since V(S22) = E[Θ4

2] − (E[Θ2
2])2 = 0 and V(S33) = 0, the distributions of S22 and S33 are

degenerate with expectation zero. By the symmetry of PλSPλ, the non-null eigenvalues of
the matrix PλSPλ can be calculated directly and are given by

M2 = S23 and M3 = −S23.

Next, since (d − p∗ − 2)(d − p∗ + 1) − (d − p − 2)(d − p + 1) = 4 for p = 2 and p∗ = 1, the
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inequality g2(M) < 0 is equivalent to

4 <
1
2M2

2 + 1
2M2

3 − 1
4(M2 + M3)2 = S2

23.

Due to the definition of S, the distribution of S23 is Gaussian with expectation zero and
V(S23) = E[Θ2

2Θ2
3] = 1 so that P(g2(M) < 0) > 0.

In contrast to the AIC, the BIC is a weakly consistent information criterion and selects
the true dimension p∗ with probability converging to 1 as stated in the next theorem.

Theorem 4.22. Let Model S be given. Then

lim
n→∞

P(BICkn(p) > BICkn(p∗)) = 1 for p ̸= p∗.

The non-consistency of the AIC and the consistency of the BIC are typical for these
information criteria in the fixed-dimensional case similar to the results in Chapter 3. In
the high-dimensional case, the asymptotic properties, derived in the next section, differ.
In view of question (Q), we can conclude that in theory the BIC reliably reduced the
dimension.

4.4. Information criteria in the high-dimensional case

The topic in this section is information criteria in the high-dimensional case of Model D,
where d = dn depends on n and dn/kn → c > 0 as n → ∞. For the definition of the
information criteria and the asymptotic properties, we need to differentiate between the
cases c < 1 and c > 1. The reason behind it is that if dn > kn, the last dn − kn empirical
eigenvalues of Σ̂(n) are equal to zero, i.e. λ̂n,kn+1 = · · · = λ̂n,dn = 0. Therefore, in
Section 4.4.1, we analyze the information criteria for 0 < c < 1 and in Section 4.4.2 for
c > 1. The proofs of this section are provided in Section 4.5.3.

4.4.1. Information criteria for 0 < c < 1

In the case 0 < c < 1, the definition of the information criteria are similar to the fixed-
dimensional setting but we would like to point out that in the high-dimensional setting, we
do not necessarily evaluate the information criteria at all possible values 1, . . . , dn − 1 but
rather restrict to 1, . . . , qn with qn ≤ dn. The number qn is called the number of candidate
dimensions.

Definition 4.23. Suppose λ̂n,1, . . . , λ̂n,dn−1 are the empirical eigenvalues of Σ̂(n) as defined
in (4.5) and let qn ≤ dn − 2.

(a) The Akaike information criterion (AIC◦) for the high-dimensional case with dn < kn
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is defined as

AIC◦kn
(p) :=

p∑
i=1

log(λ̂n,i) + (dn − 1 − p) log
( 1
dn − 1 − p

dn−1∑
j=p+1

λ̂n,j
)

+ log
(

kn − 1
kn

)dn−1
+ (dn − 1)(log(2π) + 1) + (p + 1)(2dn − p)

kn
,

for p = 1, . . . , dn − 2 and an estimator for p∗ is p̂n := arg min1≤p≤qn
AIC◦kn

(p).

(b) The Bayesian information criterion (BIC◦) for the high-dimensional case with dn < kn

is defined as

BIC◦kn
(p) :=

p∑
i=1

log(λ̂n,i) + (dn − 1 − p) log
( 1
dn − 1 − p

dn−1∑
j=p+1

λ̂n,j
)

+ log
(

kn − 1
kn

)dn−1
+ (dn − 1)(log(2π) + 1)

+ log(kn)(p + 1)(dn − p/2)
kn

,

for p = 1, . . . , dn − 2 and an estimator for p∗ is p̂n := arg min1≤p≤qn
BIC◦kn

(p).

In the next theorem, we present sufficient assumptions for the AIC◦ to be weakly
consistent, i.e.,

lim
n→∞

P
(

arg min
1≤p<qn

AIC◦kn
(p) = p∗

)
= 1

and afterwards for the BIC◦.

Theorem 4.24. Let Model D with 0 < c < 1 be given and let the number qn of candidate
dimensions satisfy qn = o(dn) as n → ∞.

(a) Suppose Γn → Γ and (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +
√

c.
If the gap condition

φc(ξp∗) − 1 − log(φc(ξp∗)) − 2c > 0 (4.6)

with φc as defined in (4.4) holds, then the AIC◦ is weakly consistent.

(b) Suppose Γn → Γ and (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +
√

c.
If the gap condition (4.6) does not hold, then

lim
n→∞

P
(

min
1≤p<p∗

{
AIC◦kn

(p) − AIC◦kn
(p∗)

}
> 0

)
< 1

and the AIC◦ is not weakly consistent.

(c) Suppose ξn,p∗ → ∞ and ξn,1 = o(d1/2
n ) as n → ∞. Then the AIC◦ is weakly consistent.
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Remark 4.25.

(a) The division of AIC◦ by kn in contrast to the AIC has no influence in applications,
as it does not affect the location of the minimum of the information criteria for a
fixed sample size n. As a result, in the simulation study, the minima of AIC and
AIC◦ coincide, and we do not need to distinguish between these criteria. The division
by kn in the definition of AIC◦, as in Bai et al. (2018), ensures that the limit of the
information criteria exists.

(b) The gap condition (4.6) was introduced in Bai et al. (2018) and it also guarantees
that the gap between ξp∗ and the non-dominant eigenvalues is sufficiently large.

In the following theorem, consistency criteria for the BIC◦ are stated, which are slightly
different from the results for the AIC◦.

Theorem 4.26. Let Model D with 0 < c < 1 be given. Suppose that either

Γn → Γ such that (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +
√

c,

or
ξn,p∗ → ∞ and ξn,1 = o(d1/2

n ) as n → ∞.

(a) If ξn,p∗/ log(dn) → 0 as n → ∞, then

lim
n→∞

P
(

min
1≤p<p∗

{
BIC◦kn

(p) − BIC◦kn
(p∗)

}
> 0

)
< 1

and the BIC◦ is not weakly consistent.

(b) If ξn,p∗/ log(dn) → ∞ as n → ∞, then the BIC◦ is weakly consistent.

Remark 4.27.

(a) When the gap condition is fulfilled, the AIC◦ is weakly consistent whereas the
consistency of the BIC◦ depends on the properties of ξn,p∗ . The BIC◦ and, if the
gap condition is violated, the AIC◦, tends to underestimate the number of significant
principal components. A similar result was also obtained by Bai et al. (2020) for
multivariate linear regressions in high dimensions.

(b) The consistency of the AIC◦ and BIC◦ in the high-dimensional case is opposite to
the fixed-dimensional case. Specifically, while the AIC may not be consistent and the
BIC is consistent in the fixed-dimensional setting, the opposite behavior is observed
in the high-dimensional setting, similar to Chapter 3. Moreover, in Theorem 4.24
(b), we have

lim
n→∞

P
(

min
1≤p<p∗

{
AIC◦kn

(p) − AIC◦kn
(p∗)

}
> 0

)
< 1,
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which is opposite to the fixed-dimensional case, where the AIC tends to overestimate
rather than underestimate the number of principal components.

(c) The case c = 1 is excluded from the consideration due to potential complications with
the asymptotic behavior of the eigenvalues (cf. Bai et al., 2018, Section 4). While
Theorem 4.14 and Theorem 4.15 are valid for c = 1, issues arise with the convergence
of ratios of quantiles of the Marčenko-Pastur law in Bai et al. (2018, Lemma 2.3)
when qn = o(dn) is not assumed. If qn = o(dn) is assumed, then the results for
0 < c < 1 also apply to c = 1. Additionally, the support of the Marčenko-Pastur law
for c = 1 is given by the interval (0, 4), which can lead to empirical eigenvalues close
to zero, causing numerical problems when calculating the logarithm of the empirical
eigenvalues.

(d) If limn→∞ ξn,p∗/ log(dn) ∈ (0, ∞) further assumptions are needed to assess the con-
sistency of the BIC◦.

(e) In view of the high-dimensional case in Chapter 3, if ξn,p∗ → ∞, we are in a similar
setting to Tn,s∗(kn) P−→ ∞ where both AIC and BIC are consistent.

4.4.2. Information criteria for c > 1

For the case c > 1 we have to adapt the information criteria. Therefore, we follow the
definition of the AIC and the BIC in Bai et al. (2018), which leads to the following definition.

Definition 4.28. Suppose λ̂n,1, . . . , λ̂n,dn−1 are the empirical eigenvalues of Σ̂(n) as defined
in (4.5) and let qn ≤ kn − 2.

(a) The Akaike information criterion (AIC∗) for the high-dimensional case with dn > kn

is defined as

AIC∗kn
(p) :=

p∑
i=1

log(λ̂n,i) + (kn − 1 − p) log
( 1
kn − 1 − p

kn−1∑
j=p+1

λ̂n,j
)

+ log
(

dn − 1
dn

)kn−1
+ (kn − 1)(log(2π) + 1) + (p + 1)(2kn − p)

dn
,

for p = 1, . . . , kn − 2 and an estimator for p∗ is p̂n := arg min1≤p≤qn
AIC∗kn

(p).

(b) The Bayesian information criterion (BIC∗) for the high-dimensional case with dn > kn

is defined as

BIC∗kn
(p) :=

p∑
i=1

log(λ̂n,i) + (kn − 1 − p) log
( 1
kn − 1 − p

kn−1∑
j=p+1

λ̂n,j
)

+ log
(

dn − 1
dn

)kn−1
+ (kn − 1)(log(2π) + 1)

+ log(dn)(p + 1)(kn − p/2)
dn

,
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for p = 1, . . . , kn − 2 and an estimator for p∗ is p̂n := arg min1≤p≤qn
BIC∗kn

(p).

For the consistency analysis of the AIC∗ and BIC∗ we use the same definition for weakly
consistent as for the AIC◦ in Section 4.4.1.

Theorem 4.29. Let Model D with c > 1 be given and let the number qn of candidate
dimensions satisfy qn = o(dn) as n → ∞.

(a) Suppose Γn → Γ and (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +
√

c.
If the modified gap condition

φc(ξn,p∗)
c

− 1 − log
(

φc(ξn,p∗)
c

)
− 2

c
> 0 (4.7)

with φc as defined in (4.4) holds, then the AIC∗ is weakly consistent.

(b) Suppose Γn → Γ and (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +
√

c. If
the modified gap condition (4.7) does not hold, then the AIC∗ is not weakly consistent.

(c) Suppose that ξn,p∗ → ∞ and ξn,1 = o(d1/2
n ) as n → ∞. Then the AIC∗ is weakly

consistent.

Theorem 4.30. Let Model D with c > 1 be given. Suppose that either

Γn → Γ such that (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +
√

c,

or
ξn,p∗ → ∞ and ξn,1 = o(d1/2

n ) as n → ∞.

(a) If ξn,p∗/ log(dn) → 0 as n → ∞, then the BIC∗ is not weakly consistent.

(b) If ξn,p∗/ log(dn) → ∞ as n → ∞, then the BIC∗ is weakly consistent.

Remark 4.31.

(a) The AIC∗ is weakly consistent when the gap condition is fulfilled and not consistent
otherwise, whereas the consistency of the BIC∗ depends on the asymptotic behavior
of ξn,p∗ . The results are identical to the case 0 < c < 1.

(b) Since the last (dn − kn) eigenvalues of Σ̂(n) are equal to 0, additional simulation
studies showed that if the dimension dn is sufficiently large, setting some eigenvalues of
Σ(n) to zero has no big influence on the performance of the AIC∗ and BIC∗. However,
when c < 1, the zero eigenvalues do influence the performance of the AIC and BIC.
In such cases, we recommend first projecting the data onto a lower-dimensional space
to ensure that the zero eigenvalues have no impact on the analysis.
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4.5. Proofs

4.5.1. Proofs of Section 4.2

Proof of Theorem 4.10.

(a) We use Theorem A.46 in Bai and Silverstein (2010), which states that for Hermitian
matrices A, B ∈ Rd×d with eigenvalues λi(A) and λi(B), i = 1, . . . , d, the inequality

max
i=1,...,d

|λi(A) − λi(B)| ≤ ∥A − B∥2 (4.8)

holds. A conclusion from Proposition 4.8 is that
√

kn(Σ̂n − Σ) = OP(1) and therefore
(4.8) yields

(λ̂n,1, . . . , λ̂n,d−1) = (λ1, . . . , λd−1) + OP(1/
√

kn).

(b) The result corresponds to Dauxois et al. (1982, Proposition 8), which is based on a
similar convergence as Proposition 4.8.

Proof of Lemma 4.12. Note that

Σ(n) = Cov(Θ(n)) = Γ(n)1/2 Cov
(

V (n)

∥Γ(n)1/2
V (n)∥2

)
Γ(n)1/2

.

Utilizing the spectral decomposition Γ(n) = W (n)D(n)W (n)⊤, where W (n) = (W (n)
1 , . . . ,

W
(n)
dn

) is a dn × dn-dimensional orthogonal matrix and

D(n) := diag(Dn, Idn−p∗) := diag(ξn,1, . . . , ξn,p∗ , 1, . . . , 1) ∈ Rdn×dn

is a diagonal matrix consisting of the eigenvalues of Γ(n), we receive with ∥W (n)x∥2 = ∥x∥2

for x ∈ Rdn that

Σ(n) = Cov

 Γ(n)1/2
V (n)

∥Γ(n)1/2
V (n)∥2

 = W (n) Cov

 D(n)1/2
V (n)

∥D(n)1/2
V (n)∥2

W (n)⊤.

Hence, the matrices

Cov

 Γ(n)1/2
V (n)

∥Γ(n)1/2
V (n)∥2

 and Cov

 D(n)1/2
V (n)

∥D(n)1/2
V (n)∥2


are similar and share the same eigenvalues (Horn and Johnson, 2013, Theorem 1.3.22).
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Therefore, we assume in the following w.l.o.g. that Γ(n) = D(n) and hence,

Σ(n) = Cov

 D(n)1/2
V (n)

∥D(n)1/2
V (n)∥2


is a diagonal matrix. Indeed, since D(n) is a diagonal matrix and V1, . . . , Vdn are symmetric
and i.i.d., the components of D(n)1/2

V (n)/∥D(n)1/2
V (n)∥2 are uncorrelated. Further, the

eigenvalues of Σ(n) are the diagonal entries

diag(Σ(n))i = E
[

ξn,iV
2

i

∥Γ(n)1/2
V (n)∥2

2

]
= E

[
ξn,iV

2
i∑p∗

j=1 ξn,jV 2
j +

∑dn
j=p∗+1 V 2

j

]
, i = 1, . . . , p∗

and

diag(Σ(n))i = diag(Σ(n))dn = E
[

V 2
dn∑p∗

j=1 ξn,jV 2
j +

∑dn
j=p∗+1 V 2

j

]
, i = p∗ + 1, . . . , dn,

which has multiplicity (dn − p∗). For 1 ≤ i ≤ p∗ and l > p∗, the function

ξV 2
i − V 2

l

ξV 2
i +

∑p∗

j=1
j ̸=i

ξn,jV 2
j +

∑dn
j=p∗+1 V 2

j

is strictly increasing function in ξ since the derivative in ξ is strictly positive. A conclusion
is then for 1 ≤ i ≤ p∗ with ξn,i > 1 and l > p∗ that

diag(Σ(n))i − diag(Σ(n))l = E
[

ξn,iV
2

i − V 2
l∑p∗

j=1 ξn,p∗V 2
j +

∑dn
j=p∗+1 V 2

j

]

> E

 V 2
i − V 2

l∑p∗

j=1
j ̸=i

ξn,p∗V 2
j + V 2

i +
∑dn

j=p∗+1 V 2
j

 = 0.

Therefore, we receive that the first p∗ diagonal entries of Σ(n) correspond to the p∗ largest
eigenvalues of Σ(n) namely diag(Σ(n))1, . . . , diag(Σ(n))p∗ and the remaining (dn − p∗)
eigenvalues are strictly smaller and identical to diag(Σ(n))dn .

Proof of Theorem 4.14

For the proof of Theorem 4.14 we combine ideas for the spiked covariance model from
Johnstone and Yang (2018) and for compositional data from Jiang et al. (2023). First,
we derive an alternative representation for Σ̂(n) in (4.5). As a consequence of the in-
dependence between the radial components Z1, . . . , Zn and the directional components
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X
(n)
1 /∥X

(n)
1 ∥2, . . . , X

(n)
kn

/∥X
(n)
kn

∥2 we obtain

Θ̂(n) =
n∑

j=1

Γ(n)1/2
V

(n)
j

∥Γ(n)1/2
V

(n)
j ∥2

1{Zj > Z(kn+1,n)}
D=

kn∑
j=1

X
(n)
j

∥X
(n)
j ∥2

,

and similarly

Σ̂(n)′ := 1
kn

kn∑
j=1

 X
(n)
j

∥X
(n)
j ∥2

− 1
kn

kn∑
i=1

X
(n)
i

∥X
(n)
i ∥2

 X
(n)
j

∥X
(n)
j ∥2

− 1
kn

kn∑
i=1

X
(n)
i

∥X
(n)
i ∥2

⊤ D= Σ̂(n).

(4.9)

The eigenvalues of Σ̂(n)′ are denoted by λ̂′n,1, . . . , λ̂′n,dn
and due to (4.9) we receive that

(λ̂′n,1, . . . , λ̂′n,dn
) D= (λ̂n,1, . . . , λ̂n,dn). (4.10)

Thus, to prove Theorem 4.14 it suffices to derive the asymptotic behavior of (λ̂′n,1, . . . , λ̂′n,dn
),

which relies on the spectral analysis of the empirical covariance matrix of Γ(n)1/2
V (n).

Therefore, assume that V
(n)

1 , . . . , V
(n)

kn
is an i.i.d. sequence with distribution V (n), i.e.

V
(n)

i ∈ Rdn has i.i.d. entries with mean 0 and variance 1. Then we define the sequence of
matrices

Υ(n) := 1
kn

kn∑
i=1

(
Γ(n)1/2

V
(n)

i − 1
kn

kn∑
j=1

Γ(n)1/2
V

(n)
j

)

·
(

Γ(n)1/2
V

(n)
i − 1

kn

kn∑
j=1

Γ(n)1/2
V

(n)
j

)⊤
, n ∈ N, (4.11)

whose eigenvalues are denoted by ξ̂n,1 > · · · > ξ̂n,dn > 0. The aim now is to write Σ̂(n)′

and Υ(n) as matrix products. Therefore, define

V(n) := (V (n)
1 , . . . , V

(n)
kn

) ∈ Rdn×kn

and

T (n) := diag(∥Γ(n)1/2
V

(n)
1 ∥−1

2 , . . . , ∥Γ(n)1/2
V

(n)
kn

∥−1
2 ) ∈ Rkn×kn ,

which allows us to write

(
X

(n)
1

∥X
(n)
1 ∥2

, . . . ,
X

(n)
kn

∥X
(n)
kn

∥2

)⊤
= Γ(n)1/2V(n)T (n).
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Finally, with the projection matrix P (n) := (Ikn − 1kn1⊤kn
/kn), the matrices Σ̂(n)′ and Υ(n),

as defined in (4.9) and (4.11), can be written as

Σ̂(n)′ = 1
kn

(Γ(n)1/2V(n)T (n)P (n))(Γ(n)1/2V(n)T (n)P (n))⊤,

Υ(n) = 1
kn

(Γ(n)1/2V(n)P (n))(Γ(n)1/2V(n)P (n))⊤.
(4.12)

In the following theorem the connection between the eigenvalues ξ̂n,i and dnλ̂′n,i is derived.

Theorem 4.32. Let Model D be given. Suppose that Γn → Γ and (ξn,1, . . . , ξn,p∗) →
(ξ1, . . . , ξp∗) as n → ∞. If ξ̂n,1, . . . , ξ̂n,dn denote the eigenvalues of Υ(n) in (4.11) and
λ̂′n,1, . . . , λ̂′n,dn

denote the eigenvalues of Σ̂(n)′ in (4.9), then as n → ∞,

max
1≤i≤dn

∣∣ξ̂n,i − dnλ̂′n,i

∣∣ P−→ 0.

Proof of Theorem 4.32. Due to Theorem A.46 in Bai and Silverstein (2010) and the sub-
multiplicativity of the spectral norm we receive that

max
1≤i≤dn

∣∣∣∣√ξ̂n,i −
√

dnλ̂′n,i

∣∣∣∣ ≤

∥∥∥∥∥∥
√

dnΓ(n)1/2V(n)T (n)P (n)
√

kn
− Γ(n)1/2V(n)P (n)

√
kn

∥∥∥∥∥∥
2

≤
∥∥∥P (n)

∥∥∥
2

·
∥∥∥√dnT (n) − Ikn

∥∥∥
2

·

∥∥∥∥∥∥Γ(n)1/2V(n)
√

kn

∥∥∥∥∥∥
2

=
∥∥∥√dnT (n) − Ikn

∥∥∥
2

·

∥∥∥∥∥∥Γ(n)1/2V(n)
√

kn

∥∥∥∥∥∥
2

=: Jn · Hn, (4.13)

where we used that the spectral norm of P (n) is bounded by 1, because the only eigenvalues
of P (n) are 1 and 0 as P (n) is a projection matrix.

Step 1. First, we show that Jn in (4.13) converges to 0 in probability. Therefore, we
use the partitioning of the random vector Γ(n)1/2

V
(n)

j into the first p∗ dependent entries
and the remaining dn − p∗ independent entries

Γ(n)1/2
V

(n)
j =

Γ1/2
n V

(n)
j,{1,...,p∗}

V
(n)

j,{p∗+1,...,dn}

 =:
(

(U (n)
j,1 , . . . , U

(n)
j,p∗)⊤

(Vj,(p∗+1), . . . , Vj,dn)⊤

)
.

The eigenvalues of (
√

dnT (n) − Ikn) correspond to the diagonal entries. Since we apply the
spectral norm, we receive that

J1/2
n =

∥∥∥√dnT (n) − Ikn

∥∥∥1/2

2
= max

1≤i≤kn

∣∣∣∣∣∣∣
√

dn(∑p∗

l=1 U
(n)
i,l

2
+
∑dn

l=p∗+1 Vi,l
2)1/2

− 1

∣∣∣∣∣∣∣ .
On the one hand, by E[Vi,j

2] = 1, dn/kn → c > 0 and Bai and Yin (1993, Lemma 2) we
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obtain that as n → ∞

max
1≤i≤kn

∣∣∣∣∣∣
∑dn

l=p∗+1 Vi,l
2

dn
− 1

∣∣∣∣∣∣ P-a.s.−→ 0.

On the other hand, for 1 ≤ i ≤ kn,

p∗∑
l=1

U
(n)
i,l

2
= ∥Γ1/2

n V
(n)

i,{1,...,p∗}∥
2
2 ≤ ∥Γ1/2

n ∥2
2∥V

(n)
i,{1,...,p∗}∥

2
2 = ξn,1

p∗∑
l=1

Vi,l
2.

Since the second moment of V 2
1 exists, we can conclude from Markov inequality for ε > 0

P

ξn,1
dn

max
1≤i≤kn

∣∣∣∣∣∣
p∗∑

l=1
Vi,l

2

∣∣∣∣∣∣ > ε

 ≤
kn∑
i=1

P

∣∣∣∣∣∣
p∗∑

l=1
Vi,l

2

∣∣∣∣∣∣ >
dn

ξn,1
ε


= knP

∣∣∣∣∣∣
p∗∑

l=1
V1,l

2

∣∣∣∣∣∣ >
dn

ξn,1
ε


≤ kn

ξ2
n,1

d2
nε2E

∣∣∣∣∣∣
p∗∑

l=1
V1,l

2

∣∣∣∣∣∣
2

, (4.14)

where the right-hand side converges to 0 as n → ∞, since kn/dn → c−1 and ξ2
n,1/dn → 0

as n → ∞. Therefore, we get

max
1≤i≤kn

∣∣∣∣∣∣∣
∑p∗

l=1 U
(n)
i,l

2

dn

∣∣∣∣∣∣∣ ≤ ξn,1
dn

max
1≤i≤kn

∣∣∣∣∣∣
p∗∑

l=1
Vi,l

2

∣∣∣∣∣∣ P−→ 0.

To summarize,

max
1≤i≤kn

∣∣∣∣∣∣∣
∑p∗

l=1 U
(n)
i,l

2
+
∑dn

l=p∗+1 Vi,l
2

dn

− 1

∣∣∣∣∣∣∣
≤ max

1≤i≤kn

∣∣∣∣∣∣∣
∑p∗

l=1 U
(n)
i,l

2

dn


∣∣∣∣∣∣∣+ max

1≤i≤kn

∣∣∣∣∣∣
∑dn

l=p∗+1 Vi,l
2

dn

− 1

∣∣∣∣∣∣ P−→ 0.

Finally, by the mean value theorem the inequality

∣∣1 − 1/
√

x
∣∣ ≤ 2 |x − 1| for x >

1
2

holds and hence, as n → ∞,

J1/2
n = max

1≤i≤kn

∣∣∣∣∣∣∣1 −

 1
dn

p∗∑
l=1

U
(n)
i,l

2
+ 1

dn

dn∑
l=p∗+1

Vi,l
2

−1/2
∣∣∣∣∣∣∣ P−→ 0. (4.15)
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Step 2. Next, we show that Hn in (4.13) is P-a.s. bounded. By Yin et al. (1988, Theorem
3.1 ) (cf. Bai and Silverstein, 2010, Theorem 5.8)

Hn =

∥∥∥∥∥∥Γ(n)1/2V(n)
√

kn

∥∥∥∥∥∥
2

≤
∥∥∥∥Γ(n)1/2

∥∥∥∥
2

·
∥∥∥∥∥V(n)

√
kn

∥∥∥∥∥
2

2
= ξn,1

λmax(V(n)⊤V(n))
kn

P-a.s.−→ ξ1

as n → ∞, where λmax(·) denotes the largest eigenvalue of a matrix.
Finally, a combination of (4.13), Step 1 and Step 2 result in the statement.

Remark 4.33. For the convergence of the right-hand side of (4.14) and hence, (4.15) to
zero, it is not necessary that ξn,1 is bounded; it is sufficient that ξn,1 = o(

√
dn) as n → ∞.

But if all moments of V1 exist, it is even sufficient to assume that ξn,1 = o(dβ
n) as n → ∞

for some β < 1. Indeed, we get analog to (4.14) for ε > 0 that

P

ξn,1
dn

max
1≤i≤kn

∣∣∣∣∣∣
p∗∑

l=1
Vi,l

2

∣∣∣∣∣∣ > ε

 ≤ kn

ξ
1/(1−β)
n,1

d
1/(1−β)
n

ε1/(1−β)E


∣∣∣∣∣∣

p∗∑
l=1

V1,l
2

∣∣∣∣∣∣
1/(1−β)

 → 0

as n → ∞, since kn/dn → c and ξ
(1−β)−1

n,1 /d
(1−β)−1−1
n = (ξn,1/dβ

n)1/(1−β) = o(1) as n → ∞.

Next, we repeat results on the asymptotic distribution of the eigenvalues of Υ(n) which
is mainly based on Bai and Yao (2012) and Bai et al. (2018).

Lemma 4.34. Let Model D be given. Suppose that Γn → Γ and (ξn,1, . . . , ξn,p∗) →
(ξ1, . . . , ξp∗) as n → ∞ with ξp∗ > 1 +

√
c. Then the following statements hold.

(a) If 1 ≤ i ≤ p∗ (i.e. ξi > 1 +
√

c), then ξ̂n,i
P-a.s.−→ φc(ξi) as n → ∞.

(b) Define l∗ := 0 if c ≤ 1 and l∗ := 1 − c−1 if c > 1. Then

lim
n→∞

sup
α∈(l∗,1)

∣∣∣F Υ(n)←(α) − F←c (α)
∣∣∣ = 0 P-a.s.,

where F Υ(n)← is the generalized inverse of the empirical spectral distribution function
of Υ(n) and Fc(x) is defined as in Theorem 4.14.

(c) If in(α) > p∗ (i.e. ξin(α) = 1) and in(α)/dn → α ∈ (0, 1) as n → ∞, then

sup
α∈(0,1)

∣∣∣ξ̂n,in(α) − F←c (1 − α)
∣∣∣ P-a.s.−→ 0, as n → ∞.

In particular, if (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞ and qn > p∗,
then ξ̂n,qn

P-a.s.−→ (1 +
√

c)2.

(d) Suppose 0 < c ≤ 1 and (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞. Then
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as n → ∞,

1
dn − qn

dn∑
i=qn+1

ξ̂n,i
P-a.s.−→ 1

and for qn > p∗ we receive that ξ̂n,qn

P-a.s.−→ (1 +
√

c)2.

(e) Suppose c > 1 and (qn)n∈N is a sequence in N with qn = o(dn) as n → ∞. Then as
n → ∞,

1
kn − qn

kn∑
i=qn+1

ξ̂n,i
P-a.s.−→ c

and for qn > p∗ we receive that ξ̂n,qn

P-a.s.−→ (1 +
√

c)2.

Proof.

(a) When the eigenvalues (ξn,1, . . . , ξn,p∗) = (ξ1, . . . , ξp∗) do not depend on n, (a) goes
back to Bai and Yao (2012, Theorem 4.1) (cf. Bai et al., 2018, Lemma 2.1). In the
case Γn → Γ and (ξn,1, . . . , ξn,p∗) → (ξ1, . . . , ξp∗) as n → ∞ the assertion also holds
because by Bai and Silverstein (2010, Theorem A.46) it can be shown with the same
arguments as before that

max
1≤i≤p∗

∣∣∣∣√ξ̂n,i(Γn) −
√

ξ̂n,i(Γ)
∣∣∣∣ ≤ ∥Γn − Γ∥2

∥∥∥∥∥V(n)
√

kn

∥∥∥∥∥
2

∥P (n)∥2
P-a.s.−→ 0,

where ξ̂n,i(Γn) and ξ̂n,i(Γ) is the empirical eigenvalue when Γn and Γ, respectively is
used.

(b) The second part is similar to Bai and Yao (2012, Theorem 4.1) however, the wording
is not clear and therefore we prefer to include the proper statement and proof here.
Note, if dn/kn → c > 0 as n → ∞, then for almost all ω ∈ Ω, F Υ(n)(ω) converges in
distribution to Fc (cf. Bai et al., 2018, p. 1054 and Silverstein, 1995, Theorem 1.1).
This means that there exists a set Ω0 ∈ F with P(Ω0) = 1 and for any ω ∈ Ω0 and
any continuity point x ∈ R of Fc,

lim
n→∞

F Υ(n)(x, ω) = Fc(x).

Since the distribution function Fc is continuous on the interval I := ((1 −
√

c)2, (1 +
√

c)2), a conclusion of Polya’s Theorem is the uniform convergence

lim
n→∞

sup
x∈I

∣∣∣F Υ(n)(x, ω) − Fc(x)
∣∣∣ = 0,

which implies by de Haan and Ferreira (2006, Lemma 1.1.1) and again Polya’s
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Theorem as well as the uniform convergence of the quantile function

lim
n→∞

sup
α∈(l∗,1)

∣∣∣F Υ(n)←(α, ω) − F←c (α)
∣∣∣ = 0.

(c) Since ξ̂n,in(α) = F Υ(n)←(1 − in(α)/dn) the statement follows directly from (b).

(d) Due to (b), we receive that

1
dn − qn

dn∑
i=qn+1

ξ̂n,i = dn

dn − qn

∫ 1− qn
dn

0
F Υ(n)←(1 − α) dα

P-a.s.−→ 1 ·
∫ 1

0
F←c (1 − α) dα = 1.

(e) Similarly to (d) we have

1
kn − qn

kn∑
i=qn+1

ξ̂n,i = dn

kn − qn

∫ 1− qn
dn

1− kn
dn

F Υ(n)←(1 − α) dα

P-a.s.−→ c ·
∫ 1

1−c−1
F←c (1 − α) dα = c.

Finally, we have all the auxiliary results for the proof of Theorem 4.14.

Proof of Theorem 4.14. (a) An assumption is that ξi > 1 +
√

c and hence, ξi is a distant
spiked eigenvalue for i = 1, . . . , p∗. A conclusion of Lemma 4.34 (a) is then that ξ̂n,i

P-a.s.−→
φc(ξi). Combined with Theorem 4.32 we receive that dnλ̂′n,i

P−→ φc(ξi) as n → ∞.
Due to (4.10), the identical distribution of λ̂′n,i and λ̂n,i, we obtain the final statement,
dnλ̂n,i

P−→ φc(ξi) as n → ∞.
Similarly as in (a), the statements (b)-(d) are combinations of Lemma 4.34, Theorem 4.32

and (4.10).

Proof of Theorem 4.15

For the proof of Theorem 4.15, Theorem 4.32 is not useful and an adapted version does
not exist. Therefore, the approach is slightly different. First, the next lemma gives the
asymptotic distribution of the eigenvalues of Σ̂(n)′, which is then used for the proof of
Theorem 4.15.

Lemma 4.35. Let Model D with ξn,p∗ → ∞ and ξn,1 = o(d1/2
n ) as n → ∞ be given. If

i ∈ {1, . . . , p∗} then

dnλ̂′n,i

ξn,i

P−→ 1 as n → ∞.
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Proof. We proceed similarly to the proof of Bai et al. (2018, Lemma 2.2) and use the spec-
tral decomposition of Γ(n). Let Γ(n) = W (n)D(n)W (n)⊤, where W (n) = (W (n)

1 , . . . , W
(n)
dn

)
is a (dn × dn)-dimensional orthogonal matrix and D(n) := diag(Dn, Idn−p∗)
:= diag(ξn,1, . . . , ξn,p∗ , 1, . . . , 1) ∈ Rdn×dn consists of the eigenvalues of Γ(n). Then with
representation (4.12) and

A(n) := V(n)T (n)P (n)T (n)V(n)⊤ (4.16)

we receive

Σ̂(n)′ = 1
kn

W (n)D(n)1/2
W (n)⊤V(n)T (n)P (n)T (n)V(n)⊤W (n)D(n)1/2

W (n)⊤

= 1
kn

W (n)D(n)1/2
W (n)⊤A(n)W (n)D(n)1/2

W (n)⊤. (4.17)

Further, the eigenvectors are partitioned into the first p∗ and the remaining eigenvec-
tors by defining W

(n) = (W (n)
1 , . . . , W

(n)
p∗ ) in Rdn×p∗and W̃ (n) = (W (n)

p∗+1, . . . , W
(n)
dn

) in
Rdn×(dn−p∗) such that

Σ̂(n)′ = 1
kn

W (n)

D
1/2
n W

(n)⊤
A(n)W

(n)
D

1/2
n D

1/2
n W

(n)⊤
A(n)W̃ (n)

W̃ (n)⊤A(n)W
(n)

D
1/2
n W̃ (n)⊤A(n)W̃ (n)

W (n)⊤.

Similarly, we receive with (4.12) and

B(n) := V(n)P (n)V(n)⊤ (4.18)

that

Υ(n) = 1
kn

W (n)

D
1/2
n W

(n)⊤
B(n)W

(n)
D

1/2
n D

1/2
n W

(n)⊤
B(n)W̃ (n)

W̃ (n)⊤B(n)W
(n)

D
1/2
n W̃ (n)⊤B(n)W̃ (n)

W (n)⊤.

Let i ∈ {1, . . . , p∗}. The Courant-Fischer min-max theorem (Horn and Johnson, 2013,
Theorem 4.2.6) gives

dnλ̂′n,i

ξn,i
= dn

ξn,i
inf

v1,...,vi−1∈Rdn
sup

w⊥v1,...,vi−1,∥w∥2=1
w⊤Σ̂(n)′w. (4.19)

The proof is split into two parts, wherein we establish that dnλ̂′n,i/ξn,i is bounded below
and above by a random variable which converges in probability to 1 as n → ∞.

Step 1: First, we derive a lower bound of (4.19) which converges in probability to 1.
Therefore, note for arbitrary uj ∈ Rdn with ∥uj∥2 = 1 for 1 ≤ j ≤ p∗, Bai et al. (2018,
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Lemma A.2 ) yields that as n → ∞,

max
1≤j≤p∗

∣∣∣∣∣u⊤j B(n)

kn
uj − 1

∣∣∣∣∣ P-a.s.−→ 0, (4.20)

where B(n) is defined as in (4.18). Now, let A(n) be defined as in (4.16). Then∣∣∣∣∣u⊤j
(

B(n)

kn
− dnA(n)

kn

)
uj

∣∣∣∣∣
≤
∥∥∥∥∥B(n)

kn
− dnA(n)

kn

∥∥∥∥∥
2

= 1
kn

∥∥∥∥V(n)
(

P (n) − dnT (n)P (n)T (n)⊤
)

V(n)⊤
∥∥∥∥

2

≤ 1
kn

∥V(n)∥2
2

∥∥∥∥(P (n) − dnT (n)P (n) + dnT (n)P (n) − dnT (n)P (n)T (n)⊤
)∥∥∥∥

2

≤ 1
kn

∥V(n)∥2
2∥P (n)∥2

(
1 + ∥

√
dnT (n)∥2

) ∥∥∥√dnT (n) − Ikn

∥∥∥
2

.

On the one hand, Yin et al. (1988, Theorem 3.1) implies that

1
kn

∥V(n)∥2
2 = ( 1√

kn
∥V(n)∥2)2 P-a.s.−→ (1 +

√
c)2.

On the other hand, since ξn,1 = o(d1/2
n ) as n → ∞, a conclusion of Remark 4.33 is that

∥
√

dnT (n) −Ikn∥2
P−→ 0 and ∥

√
dnT (n)∥2 ≤ ∥Ikn∥2 +∥

√
dnT (n) −Ikn∥2

P−→ 1. In summary,
as n → ∞ ∣∣∣∣∣u⊤j

(
B(n)

kn
− dnA(n)

kn

)
uj

∣∣∣∣∣ ≤
∥∥∥∥∥B(n)

kn
− dnA(n)

kn

∥∥∥∥∥
2

P−→ 0, (4.21)

and finally, using (4.20) we have as well

max
1≤j≤p∗

∣∣∣∣∣u⊤j dnA(n)

kn
uj − 1

∣∣∣∣∣ P−→ 0. (4.22)

Further, for arbitrary vectors v1, . . . , vi−1 ∈ Rdn we take a vector wv =
∑i

j=1 ajW
(n)
j

orthogonal to v1, . . . , vi−1 with
∑i

j=1 a2
j = 1 and hence, ∥wv∥2 = 1. Since W (n) is an

orthogonal matrix, we receive with representation (4.17) that

dn

ξn,i
w⊤v Σ̂(n)′wv

= dn

ξn,i

i∑
j,l=1

ajalW
(n)
j

⊤
W (n)D(n)1/2

W (n)⊤A(n)

kn
W (n)D(n)1/2

W (n)⊤W
(n)
l

=
i∑

j=1
a2

j

ξn,j

ξn,i
W

(n)
j

⊤dnA(n)

kn
W

(n)
j .
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A conclusion of (4.19), ∥W
(n)
j ∥2 = 1 and (4.22) is then

dnλ̂′n,i

ξn,i
≥ inf

v1,...,vi−1∈Rdn

dn

ξn,i
w⊤v Σ̂(n)′wv

≥ inf
a∈Ri:

∑i

j=1 a2
j =1

i∑
j=1

a2
jW

(n)
j

⊤dnA(n)

kn
W

(n)
j

≥ 1 − max
1≤j≤p∗

∣∣∣∣∣W (n)
j

⊤dnA(n)

kn
W

(n)
j − 1

∣∣∣∣∣ P−→ 1

as n → ∞.
Step 2: Next, we derive an upper bound for (4.19) which converges in probability to 1.
Therefore, note that

dnλ̂′n,i

ξn,i
= dn

ξn,i
inf

v1,...,vi−1∈Rdn
sup

w⊥v1,...,vi−1,∥w∥2=1
w⊤Σ̂(n)′w

≤ dn

ξn,i
sup

w⊥W
(n)
1 ,...,W

(n)
i−1,∥w∥2=1

w⊤Σ̂(n)′w.

Since W
(n)
l ⊥ W

(n)
j for l ≠ j we can write a vector w ⊥ W

(n)
1 , . . . , W

(n)
i−1 with ∥w∥2 = 1

as

w = c2u + (1 − c2)v,

where c ∈ [0, 1], u =
∑p∗

j=i ajW
(n)
j = W

(n)
a, ∥a∥2 =

∑p∗

j=i a2
j = 1 and v =

∑dn
j=p∗+1 bjW

(n)
j

= W̃ (n)b satisfying
∑dn

j=p∗+1 b2
j = 1. Recall that W̃ (n)⊤Σ̂(n)′W̃ (n) = W̃ (n)⊤A(n)

kn
W̃ (n).

Then,

dn

ξn,i
sup

w⊥W
(n)
1 ,...,W

(n)
i−1,∥w∥2=1

w⊤Σ̂(n)′w

≤ dn

ξn,i
sup

c∈[0,1]

{
c2 sup

a∈Rp∗−i+1,
∥a∥2=1

a⊤W
(n)⊤Σ̂(n)′W

(n)
a

+ (1 − c2) sup
b∈Rd−p∗

,
∥b∥2=1

b⊤W̃ (n)⊤Σ̂(n)′W̃ (n)b

}

= dn

ξn,i
sup

c∈[0,1]

{
c2 sup

a∈Rp∗−i,
∥a∥2=1

p∗∑
j=i

a2
jξn,jW

(n)
j

⊤A(n)

kn
W

(n)
j

+ (1 − c2)∥W̃ (n)⊤A(n)

kn
W̃ (n)∥2

}

≤ dn

ξn,i
sup

c∈[0,1]

{
c2 sup

a∈Rp∗−i,
∥a∥2=1

p∗∑
j=i

a2
jξn,iW

(n)
j

⊤A(n)

kn
W

(n)
j
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+ (1 − c2)∥W̃ (n)⊤A(n)

kn
W̃ (n)∥2

}

≤ sup
c∈[0,1]

{
c2 sup

a∈Rp∗−i+1,
∥a∥2=1

p∗∑
j=i

a2
jW

(n)
j

⊤dnA(n)

kn
W

(n)
j

+ (1 − c2) dn

ξn,i

∥∥∥∥W̃ (n)⊤A(n)

kn
W̃ (n)

∥∥∥∥2

}
.

Note that (4.21) and W̃ (n) being a orthogonal matrix imply that∥∥∥∥∥W̃ (n)⊤
(

dnA(n)

kn
− B(n)

kn

)
W̃ (n)

∥∥∥∥∥
2

≤
∥∥∥∥∥dnA(n)

kn
− B(n)

kn

∥∥∥∥∥
2

P−→ 0.

We then conclude from ∥W̃ (n)⊤B(n)

kn
W̃ (n)∥2

P−→ (1 +
√

c)2 (cf. proof of Lemma 2.2 (i) Bai
et al., 2018) and ξn,i → ∞ that as n → ∞,

1
ξn,i

∥∥∥∥W̃ (n)⊤dnA(n)

kn
W̃ (n)

∥∥∥∥2
P−→ 0.

Additionally, with W
(n)
j

⊤
dnA(n)

kn
W

(n)
j

P−→ 1 for j = i + 1, . . . , p∗ by (4.22) we get,

dnλ̂′n,i

ξn,i
≤ dn

ξn,i
sup

w⊥W
(n)
1 ,...,W

(n)
i−1,

∥w∥2=1

w⊤Σ̂(n)′w
P−→ sup

c∈[0,1]

{
c2 sup∑p∗

j=i
a2

j =1

p∗∑
j=i

a2
j

}
= 1

as n → ∞, which proves Step 2.

Lemma 4.36. Let Model D with ξn,p∗ → ∞ and ξn,1 = o(d1/2
n ) as n → ∞ be given. Then

as n → ∞,

sup
x∈((1−

√
c)2,(1+

√
c)2)

∣∣∣∣F dnΣ̂(n)′(x) − Fc(x)
∣∣∣∣ P−→ 0,

where F dnΣ̂(n)′ is the empirical spectral distribution function of dnΣ̂(n)′ and Fc(x) is defined
as in Theorem 4.14.

Proof. For ease of notation define the interval I := ((1 −
√

c)2, (1 +
√

c)2).
Let F W̃ (n) ⊤B(n)W̃ (n)/kn and F W̃ (n) ⊤dnA(n)W̃ (n)/kn be the empirical spectral distribution
function of W̃ (n)⊤B(n)W̃ (n)/kn and W̃ (n)⊤dnA(n)W̃ (n)/kn, respectively. Due to (4.21),
it follows by Bai and Silverstein (2010, Theorem A.45) that as n → ∞,

sup
x∈I

∣∣∣∣F W̃ (n) ⊤ B(n)
kn

W̃ (n)
(x) − F W̃ (n) ⊤ dnA(n)

kn
W̃ (n)

(x)
∣∣∣∣ P−→ 0.

By Silverstein (1995, Theorem 1.1) and Bai and Silverstein (2010, Theorem A.44) combined
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with rank(I − P (n)) = rank( 1
kn

1kn1⊤kn
) = 1 there exists a set Ω0 ∈ F with P(Ω0) = 1 so

that for any ω ∈ Ω0 the convergence

lim
n→∞

sup
x∈I

∣∣∣∣F W̃ (n) ⊤ B(n)
kn

W̃ (n)
(x, ω) − Fc(x)

∣∣∣∣ = 0

holds which ends in

sup
x∈I

∣∣∣∣F W̃ (n) ⊤ dnA(n)
kn

W̃ (n)
(x) − Fc(x)

∣∣∣∣ P−→ 0. (4.23)

Since the matrices W (n)⊤dnΣ̂(n)′W (n) and dnΣ̂(n)′ share the same eigenvalues dnλ̂′n,p∗+1,

. . . , dnλ̂′n,dn
, we get for any i ∈ {p∗ + 1, . . . , dn − p∗} with the interlacing theorem for the

eigenvalues (Horn and Johnson, 2013, Theorem 4.3.28) P-a.s. that

λi

(
W̃ (n)⊤dnA(n)

kn
W̃ (n)

)
≥ λp∗+i

(
W (n)⊤dnΣ̂(n)′W (n)

)
= dnλ̂′n,p∗+i (4.24)

≥ λp∗+i

(
W̃ (n)⊤dnA(n)

kn
W̃ (n)

)
.

Therefore, due to (4.23) and (4.24),

sup
x∈I

∣∣∣∣F dnΣ̂(n)′(x) − Fc(x)
∣∣∣∣ = sup

x∈I

∣∣∣∣∣∣ 1
dn

dn∑
i=1

1

{
dnλ̂′n,i ≤ x

}
− Fc(x)

∣∣∣∣∣∣
≤ sup

x∈I

∣∣∣∣F W̃ (n) ⊤ dnA(n)
kn

W̃ (n)
(x) − Fc(x)

∣∣∣∣+ 4p∗

dn

P−→ 0,

which is the statement.

Proof of Theorem 4.15. The proof of Theorem 4.15 (a)-(d) follows with the same arguments
as the proof of Lemma 4.34 using only Lemma 4.35 and Lemma 4.36 in combination with
Σ̂(n) D= Σ̂(n)′ (cf. (4.9)). Only the proof (e) remains. Therefore, note that for i < p∗ the
asymptotic behavior dnλ̂n,i

ξn,i

P−→ 1 and 1
dn−i

∑dn
j=p∗+1

dnλ̂n,j

ξn,i

P−→ 0 as n → ∞ hold by (a) and
(d), respectively. Hence,

dnλ̂n,i

1
dn−i

∑dn
j=i+1 dnλ̂n,j

= dnλ̂n,i

1
dn−i

∑p∗

j=i+1 dnλ̂n,j + 1
dn−i

∑dn
j=p∗+1 dnλ̂n,j

≥
dnλ̂n,i

ξn,i

p∗−i
dn−i

dnλ̂n,i

ξn,i
+ 1

dn−i

∑dn
j=p∗+1

dnλ̂n,j

ξn,i

P−→ ∞,

which shows (e).
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4.5.2. Proofs of Section 4.3

Proof of Theorem 4.19. Since by Remark 4.18 (b) the AIC is scale invariant and hence,
we assume w.l.o.g. that λ = 1.
Step 1: Suppose p > p∗. Note

2(p + 1)(d − p/2) − (d − 1)(d + 2) = −(d − p − 2)(d − p + 1).

By the definition of the AIC we obtain

AICkn(p) − AICkn(p∗) = kn

p∑
i=p∗+1

log(λ̂n,i) + kn(d − 1 − p) log

 1
d − 1 − p

d−1∑
j=p+1

λ̂n,j


− kn(d − 1 − p∗) log

 1
d − 1 − p∗

d−1∑
j=p∗+1

λ̂n,j


− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1),

where we used that p > p∗. Inserting the alternative representation

(λ̂n,p∗+1, . . . , λ̂n,d)⊤ = 1d−p∗ + 1√
kn

Mn,

where
Mn :=

√
kn((λ̂n,p∗+1, . . . , λ̂n,d)⊤ − 1d−p∗),

gives that

AICkn(p) − AICkn(p∗) = kn

p∑
i=p∗+1

log
(

1 + 1√
kn

Mn,i

)

+ kn(d − 1 − p) log

1 + 1
d − 1 − p

d−1∑
j=p+1

1√
kn

Mn,j


− kn(d − 1 − p∗) log

1 + 1
d − 1 − p∗

d−1∑
j=p∗+1

1√
kn

Mn,j


− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1).

Furthermore, Mn = OP(1) due to Theorem 4.10 (b). Additionally the Taylor expansion of
the logarithm as x → 0,

log(1 + x) = x − 1
2x2 + O(x3),

gives that

AICkn(p) − AICkn(p∗)

= kn

p∑
i=p∗+1

( 1√
kn

Mn,i − 1
2

1
kn

M2
n,i + OP(k−3/2

n )
)
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+ kn

 d−1∑
j=p+1

1√
kn

Mn,j − 1
2(d − 1 − p)

 d−1∑
j=p+1

1√
kn

Mn,j

2

+ OP(k−3/2
n )


− kn

 d−1∑
j=p∗+1

1√
kn

Mn,j − 1
2(d − 1 − p∗)

 d−1∑
j=p∗+1

1√
kn

Mn,j

2

+ OP(k−3/2
n )


− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1)

= kn

p∑
i=p∗+1

(
−1

2
1
kn

M2
n,i + OP(k−3/2

n )
)

+ kn

− 1
2(d − 1 − p)

 d−1∑
j=p+1

1√
kn

Mn,j

2

+ OP(k−3/2
n )


− kn

− 1
2(d − 1 − p∗)

 d−1∑
j=p∗+1

1√
kn

Mn,j

2

+ OP(k−3/2
n )


− (d − p − 2)(d − p + 1) + 1

2(d − p∗ − 2)(d − p∗ + 1)

= −1
2

p∑
i=p∗+1

M2
n,i − 1

2(d − 1 − p)

 d−1∑
j=p+1

Mn,j

2

+ 1
2(d − 1 − p∗)

 d−1∑
j=p∗+1

Mn,j

2

− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1) + OP(k−1/2
n ).

An application of Theorem 4.10 (b) gives then

AICkn(p) − AICkn(p∗) (4.25)

D−→ −1
2

p∑
i=p∗+1

M2
i − 1

2(d − 1 − p)

 d−1∑
j=p+1

Mj

2

+ 1
2(d − 1 − p∗)

 d−1∑
j=p∗+1

Mj

2

− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1). (4.26)

Hence, the assertion follows.
Step 2: Suppose p < p∗. Again by the definition of the AIC we receive

AICkn(p) − AICkn(p∗)
kn

= −
p∗∑

j=p+1
log(λ̂n,j) + (d − 1 − p) log

 1
d − 1 − p

d−1∑
j=p+1

λ̂n,j


− (d − 1 − p∗) log

 1
d − 1 − p∗

d−1∑
j=p∗+1

λ̂n,j


− (d − p − 2)(d − p + 1) + (d − p∗ − 2)(d − p∗ + 1)

kn
.
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Due to Theorem 4.10 (a), λ̂n,i
P−→ λi for i = 1, . . . , d − 1 holds and therefore,

AICkn(p) − AICkn(p∗)
kn

P−→ −
p∗∑

j=p+1
log (λj) + (d − 1 − p) log

( 1
d − 1 − p

d−1∑
j=p+1

λj
)

Using λi = 1 for i = p∗ + 1, . . . , d − 1 we get

−
p∗∑

j=p+1
log (λj) + (d − 1 − p) log

( 1
d − 1 − p

d−1∑
j=p+1

λj

)

= −
d∑

j=p+1
log (λj) + (d − 1 − p) log

( 1
d − 1 − p

d−1∑
j=p+1

λj

)

= − log

 ∏d
j=p+1 λj( 1

d−1−p

∑d−1
j=p+1 λj

)(d−1−p)

 > 0,

due to the inequality of arithmetic and geometric means (Uchida, 2008) which says that

(∏d
j=p+1 λj

)1/(d−1−p)

1
d−1−p

∑d−1
j=p+1 λj

< 1.

Proof of Theorem 4.22.
Step 1: Suppose p > p∗. Due to (4.25) we receive

BICkn(p) − BICkn(p∗)

= log(kn)
2 (d − p∗ − 2)(d − p∗ + 1) − log(kn)

2 (d − p − 2)(d − p + 1) + OP(1).

A division by log(kn) provides

BICkn(p) − BICkn(p∗)
log(kn)

P−→ 1
2(d − p∗ − 2)(d − p∗ + 1) − 1

2(d − p − 2)(d − p + 1),

which is strictly positive.
Step 2: Suppose p < p∗. Since as n → ∞,

BICkn(p) − BICkn(p∗)
kn

− AICkn(p) − AICkn(p∗)
kn

= log(kn) − 2
kn

((d − p∗ − 2)(d − p∗ + 1)
2 − (d − p − 2)(d − p + 1)

2

)
→ 0,

the statement follows from Theorem 4.19.
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4.5.3. Proofs of Section 4.4

Proof of Theorem 4.24. Note, as stated in Remark 4.18, the information criteria are scale
invariant and hence

AIC◦kn
(pn; λ̂n,1, . . . , λ̂n,dn−1) =: AIC◦kn

(pn) = AIC◦kn
(pn; dnλ̂n,1, . . . , dnλ̂′n,dn−1).

Due to Theorem 4.14 for (a,b) and Theorem 4.15 for (c), the proof of Bai et al. (2018,
Theorem 3.1) for ξ̂n,1, . . . , ξ̂n,dn−1 can be carried out step by step for dnλ̂n,1, . . . , dnλ̂n,dn−1.
The only difference is that there we have almost sure convergence and here we have
convergence in probability.

Proof of Theorem 4.26. Due to the scale invariance of the BIC◦kn
(p∗), log(dn)/ log(kn) → 1

as n → ∞, Theorem 4.14 and Theorem 4.15, the proof of Bai et al. (2018, Theorem 3.2)
for ξ̂n,1, . . . , ξ̂n,dn−1 can be carried out step by step for dnλ̂n,1, . . . , dnλ̂n,dn−1.

Proof of Theorem 4.29. Due to the scale invariance of the AIC∗, Theorem 4.14 and Theo-
rem 4.15, the proof of Bai et al. (2018, Theorem 3.3) for ξ̂n,1, . . . , ξ̂n,dn−1 can be carried
out step by step for dnλ̂n,1, . . . , dnλ̂n,dn−1.

Proof of Theorem 4.30. Due to the scale invariance of the BIC∗, log(dn)/ log(kn) → 1 as
n → ∞, Theorem 4.14 and Theorem 4.15, the proof of Bai et al. (2018, Theorem 3.4) for
ξ̂n,1, . . . , ξ̂n,dn−1 can be carried out step by step for dnλ̂n,1, . . . , dnλ̂n,dn−1.



CHAPTER 5

Simulation study

Until now, we considered question (Q) from a theoretic viewpoint. In this chapter, we
compare the performance of the different information criteria through simulation studies
and real-world data. For the simulation study, we start with the SRV approach from
Chapter 3 in Section 5.1. In the second part of this chapter, Section 5.2 we employ the
PCA approach from Chapter 4. Then, we apply them to real-world data in Section 5.3.

All calculations are performed in R (R Core Team, 2025) with RStudio (Posit team,
2025). Parts of the code for the following simulation study are available at:

https://gitlab.kit.edu/projects/164856,
https://gitlab.kit.edu/projects/178647.

5.1. Simulation study: Directions of extremes

In this section, we consider the information criteria from Section 3.2. We simulate n times
a multivariate regularly varying random vector X of dimension d.

In Section 5.1.1 we give a brief overview of the error measures used. For the distribution of
X, we distinguish two cases: Either X exhibits asymptotic independence (Section 5.1.2) or
asymptotic dependence (Sections 5.1.3 and 5.1.4); these examples can also be found in Meyer
and Wintenberger (2023). In the first two examples, we also consider the high-dimensional
case, where the dimension is large. In all examples, we estimate the parameter s∗ based on
the n observations with the different information criteria: AIC, BICU, BICL, MSEIC and
QAIC, and then estimate the probability vector p = (p1, . . . , ps∗ , 0, . . . , 0)⊤ by p̂

ŝ∗
n

n,∗ given
in (3.4). For comparison, we run simulations for the local model with a fixed kn and for
the global model with an estimated kn. Since r is not known, we use the estimator

ŝn = |Ŝn(Z)| = |{β ∈ P∗d : Tn(Cβ, kn) > 0}|

at this point also for the fixed-dimensional case. In total, we conducted 500 repetitions for
each setting.

5.1.1. Error measures

To quantify the discrepancy between the true distribution p as defined in Section 3.1.3
and the estimated distribution p̂

ŝ∗
n

n,∗ in (3.4) we use different measures. We start with the
Hellinger distance, which is for two probability measures P and Q with densities p and q

https://gitlab.kit.edu/projects/164856
https://gitlab.kit.edu/projects/178647
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defined by

H(P, Q) :=

√
1
2

∫ (√
p(x) −

√
q(x)

)2
dx =

√
1 −

∫ √
p(x)q(x) dx.

Since
(√

p(x)−
√

q(x)
)2 and

√
p(x)q(x) are always positive, we obtain 0 and 1 as lower and

upper bounds of the Hellinger distance. Thus, it follows that H(P, Q) ∈ [0, 1]. For discrete
probability measures P and Q with probabilities p1, . . . , pm and q1, . . . , qm for m ∈ N the
Hellinger distance is given by H(P, Q) := 1√

2∥√
p − √

q∥2 where p = (p1, . . . , pm)⊤ and
q = (q1, . . . , qm)⊤. The Hellinger distance between P and Q is equal to zero if and only if
p = q almost sure. On the other hand, H(P, Q) is equal to 1 if and only if p · q = 0 almost
sure.

Since our primary goal is the identification of the relevant directions s∗, we employ
alternative measures. These measures evaluate the validity of a detected direction without
considering the weight assigned to it.

To be more precise, the confusion matrix visualizes the performance of an information
criterion. Suppose that an information criterion gives ŝ∗n as an estimator for the number s∗

of true directions of 2d − 1 possible directions. Then we define the confusion matrix for the
different information criteria (IC)

Theoretic direction No theoretic direction #Directions
IC detects direction True positive (TP) False positive (FP) ŝ∗n

IC detects no direction False negative (FN) True negative (TN) 2d − 1 − ŝ∗n

#Directions s∗ 2d − 1 − s∗ 2d − 1

and as error measures

Accuracy Error := 1 − TP + TN
TP + TN + FP + FN = FP + FN

2d − 1 ,

F1 Error := 1 − 2TP
2TP + FP + FN = 1 − 2TP

s∗ + ŝ
,

which reflect the errors. If we take 1 − Accuracy Error and 1 − F1 Error, respectively, we
obtain the original definition of Accuracy and F1 as in Powers (2008) such that our error
measures are negatively oriented and a lower value is better. The Accuracy Error measures
the relative number of false classified directions, whereas the F1 Error is the harmonic
mean based on the precision and the recall. Note that the precision error is the relative
amount of actual theoretical directions to the number of detected directions, whereas the
recall gives the proportion of theoretical directions.

5.1.2. Asymptotically tail independent model

In the first example, we consider d-dimensional i.i.d. random vectors whose spectral measure
only concentrates on the axes. For the distribution of the random vectors, we use the model
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(a) Local model with kn/n = 0.05 (b) Global model

Figure 5.1.: Simulations for asymptotically independent data with s∗ = d = 40 directions of extremes:
In the top row we use as error measure the Hellinger distance, in the middle row the
Accuracy Error and in the bottom row the F1 Error, which are plotted against the
sample size n on the x-axis.

introduced in Section 3.3.2 and set d = s∗ = 40, i.e. there are no normally distributed
random variables added.

The results are presented in Figure 5.1, on the left hand side for the local model with
kn = 0.05 · n and on the right hand side for the global model. In the local model, we
see that for small values of n, as n = 5000 and n = 10000, the AIC and MSEIC perform
better than the other information criteria, while for n = 10000 the QAIC performs only
slightly worse than the AIC and the MSEIC. But this changes for n = 20000: When
evaluating the Accuracy Error and the F1 Error, the BIC and the QAIC outperform the
AIC and MSEIC. It even seems that the Accuracy Error and the F1 Error of the AIC
and MSEIC increase, suggesting a tendency toward overfitting, which is in agreement with
the theoretical results that the AIC and MSEIC are overfitting with positive probability
(Theorem 3.7 and Theorem 3.20), whereas the QAIC and BIC are consistent (Theorem 3.14
and Theorem 3.28). If we compare the simulation results for the local model (left part of
Figure 5.1) with the results for the global model (right part of Figure 5.1), we realize that
for n = 5000 and 10000 the global model of the AIC and BIC performs better than their
corresponding local models, whereas the global model of the QAIC is, on average, better
than its local version, it has many outliers with the tendency to overfit.

For the high-dimensional example, we assume that kn/n = 0.1 is fixed and we consider
s∗ = 50, 75, 100 and dn = s∗, s∗+25, s∗+50 leading to 250 −1 ≈ 1015.05 to 2150 −1 ≈ 1045.15

potential directions. Since s∗ is relatively large compared to
√

kn and kn, we selected
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qn = kn. The Hellinger distance is plotted in Figure 5.2, where a lower value is better and
the number of estimated dimensions in Figure 5.3, where a value closer to s∗ is better.

Hellinger distance
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s*: 50

Hellinger distance

n: 15000

s*: 50

Hellinger distance

n: 20000

s*: 50
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d
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Figure 5.2.: Simulations for asymptotically independent data and Normal noise with s∗ = 50, 75, 100
and dn = s∗, s∗ + 25, s∗ + 50: The Hellinger distance is plotted against the dimension
on the x-axis.

In Figure 5.2 we see that, generally, the estimation improves when n becomes larger.
The performance of the BIC declines with an increase in dimension. This is also visible in
Figure 5.3, where the BIC tends to underestimate the number of relevant directions heavily
when the dimension is large. For the AIC it is different, where in the low-dimensional case
the AIC has the tendency to overestimate the number of relevant directions and not in the
high-dimensional case. After an investigation, it became evident that the underestimation
by the BIC results from the stronger penalization, which overpowers the log-likelihood
term for small n.

In Table 5.1 the ratio ŝn/kn is displayed. The values of the ratio are between 0.43 and
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Figure 5.3.: Simulations for asymptotically independent data and Normal noise with s∗ = 50, 75, 100
and dn = s∗, s∗ + 25, s∗ + 50: The estimated number of relevant directions is plotted
against the dimension on the x-axis.

0.624 and hence not at the border of the interval (0, 1). For increasing n and d the ratio is
relatively stable, which is in agreement with the assumption that ŝn/kn converges.

5.1.3. Asymptotic dependent model

Next, we present an additional simulation study for a model with asymptotic dependence
which can also be found in Meyer and Wintenberger (2020). Consequently, not only
directions with |β| = 1 are relevant. Let X be an Rd valued random vector and d1, d2, d3 ∈
N ∪ {0}, such that

d ≥ d1 + 2d2 + 3d3.
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s∗ d n = 10000 n = 15000 n = 20000

50 50 0.466 0.447 0.430
75 0.553 0.527 0.516
100 0.563 0.542 0.528

75 75 0.508 0.477 0.466
100 0.584 0.556 0.542
125 0.595 0.564 0.554

100 100 0.535 0.504 0.485
125 0.612 0.579 0.562
150 0.624 0.591 0.569

Table 5.1.: Mean of the ratio ŝn/kn for asymptotically independent data and Normal noise with
s∗ = 50, 75, 100 and d = s∗, s∗ + 25, s∗ + 50.

The parameters d1, d2, d3 specify the number of one-, two-, and three-dimensional directions.
In the following, we denote by Exp(1) the exponential distribution with parameter 1. The
marginal distributions of X are defined by

Xj ∼ Pareto(1), j = 1, . . . , d1,

(Xj , Xj+1) ∼ (Pareto(1), Xj + Exp(1)), j = d1 + 1, d1 + 3, . . . , d1 + 2 · d2 − 1,

(Xj , Xj+1, Xj+2) ∼ (Pareto(1), Xj + Exp(1), Xj + Exp(1)),

j = d1 + 2 · d2 + 1, d1 + 2 · d2 + 4, . . . , d1 + 2 · d2 + 3 · d3 − 2,

Xj ∼ Exp(1), j = d1 + 2 · d2 + 3 · d3 + 1, . . . , d.

The random vector Z from Definition 2.13 puts mass on the sets

C{1}, . . . , C{d1},

C{d1+1,d1+2}, . . . , C{d1+2·d2−1,d1+2·d2},

C{d1+2·d2+1,d1+2·d2+2,d1+2·d2+3}, . . . , C{d1+2·d2+3·d3−2,d1+2·d2+3·d3−1,d1+2·d2+3·d3}.

In total, there are s∗ = d1 + d2 + d3 directions with probability mass, and the goal is again
to identify these directions. For the simulation study in Figure 5.4 we chose kn/n = 0.05
for the fixed case, d1 = 10, d2 = d3 = 5 and d = 50 resulting in s∗ = 20 extreme directions.
The plots show similar features as for the asymptotic independent case in Section 5.1.2 (cf.
Figure 5.1).

For the high-dimensional asymptotic dependent simulation study, we chose d1 = 10, d2 =
0, 15, 30, d3 = 5 and d = 50, 100 and 200 resulting in s∗ = 20, 35, 50 extreme directions.
Furthermore, kn/n = 0.05 is fixed.

In Figure 5.5, the Hellinger distance of the AIC and the BIC decreases for larger n.
However, in Figure 5.6 we see a similar behavior of the AIC and BIC as in the asymptotic
independent case in Section 5.1.2 (cf. Figures 5.2 and 5.3), where the AIC tends to
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(a) Local model with kn/n = 0.05 (b) Global model

Figure 5.4.: Simulations for asymptotic dependent data with s∗ = 20 directions of extremes and
d = 50: In the top row we use as an error measure the Hellinger distance, in the middle
row the Accuracy Error and in the bottom row the F1 Error, which are plotted on the
y-axis against the sample size n on the x-axis.

overestimate s∗ when the dimension is low and the BIC underestimates s∗ in this case.
The behavior of the ratio ŝn/kn in Table 5.2 is similar to before and in agreement with

the assumption of the convergence of it.

5.1.4. Max-mixture model

We explore an additional simulation study for the max-mixture model of Simpson et al.
(2020), which exhibits asymptotic dependence. For β ∈ P∗d and d = 5 suppose Fβ =
(Fβ,j)j∈β is a |β|-dimensional random vector with Fréchet(1) distributed margins and the
following dependence structure. First, F{1,2} and F{4,5} have a bivariate Gaussian copula
with correlation parameter ρ = 0.25. On the other hand, F{1,2,3}, F{3,4,5} and F{1,2,3,4,5}

have a three-dimensional and five-dimensional extreme value logistic copula, respectively,
with dependence parameter ϑ. Then the regularly varying vector X ∈ R5 of index −1 is
defined as

X := (X1, . . . , X5)⊤ :=



max
{

5
7F{1,2},1, 1

7F{1,2,3},1, 1
7F{1,2,3,4,5},1

}
max

{
5
7F{1,2},2, 1

7F{1,2,3},2, 1
7F{1,2,3,4,5},2

}
max

{
3
7F{1,2,3},3, 3

7F{3,4,5},3, 1
7F{1,2,3,4,5},3

}
max

{
5
7F{4,5},4, 1

7F{3,4,5},4, 1
7F{1,2,3,4,5},4

}
max

{
5
7F{4,5},5, 1

7F{3,4,5},5, 1
7F{1,2,3,4,5},5

}


.
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Figure 5.5.: Simulations for asymptotic dependent data with s∗ = 20, s∗ = 35 and s∗ = 50 relevant
directions, d = 100, d = 200 and d = 300, Exponential noise and as error measure the
Hellinger distance, which is plotted on the y-axis against the dimension d on the x-axis.

Since the Gaussian copula exhibits pairwise asymptotic independence, the random vector
Θ puts mass on the cones C{1}, C{2}, C{4}, C{5}, C{1,2,3}, C{3,4,5}, C{1,2,3,4,5} and by the
choice of the scaling factors, each cone has the same probability. However, the distribution
of Z is not discrete and we need to estimate the support of Z via a Monte-Carlo simulation,
where we use the implementation of Meyer and Wintenberger (2023). Since the choice of
weights is fixed for dimension d = 5 we only consider this example in the fixed-dimensional
setting.

The simulation results of this 5-dimensional model with s∗ = 7 are presented in Figure 5.7.
In this simulation study, the dependence parameter ϑ takes values 0.1, 0.5 and 0.9 and the
sample sizes are n = 1000, 5000, 10000 and 20000. As before, we conduct 500 repetitions.
We report only the Hellinger distance, as the Accuracy error and the F1 error are not
informative in this context. This is because, in the Monte Carlo simulation used to estimate
the probabilities of the cones (which are not known explicitly), all 25 − 1 = 31 possible
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Figure 5.6.: Simulations for asymptotic dependent data with s∗ = 20, s∗ = 35 and s∗ = 50 relevant
directions, d = 100, d = 200 and d = 300, Exponential noise and the number of estimated
relevant directions, which is plotted on the y-axis against the dimension d on the x-axis.

cones were detected and thus classified as a relevant direction. The figure shows similar
patterns across all information criteria. In particular, as the sample size n increases, the
performance improves. The dependence parameter ϑ does not appear to have a strong
impact on the information criteria. However, for n = 1000, the Hellinger distance tends to
be smaller when ϑ is higher, suggesting a potential influence at smaller sample sizes.

5.2. Simulation study: PCA for multivariate extremes

In this section, we present the simulation study for the approach in Chapter 4. Again,
we simulate n times a regularly varying random vector X of dimension dn. For the
distribution of X, we distinguish three models. First, in Section 5.2.1 we use the directional
model and in Section 5.2.2, we extend the directional model by adding an additional noise
term. Finally, the model in Section 5.2.3 exhibits asymptotic dependence but differs from
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s∗ d n = 10000 n = 15000 n = 20000

20 100 0.389 0.373 0.364
200 0.457 0.442 0.428
300 0.512 0.491 0.483

35 100 0.411 0.387 0.375
200 0.449 0.426 0.412
300 0.477 0.455 0.441

50 100 0.437 0.404 0.384
200 0.466 0.430 0.418
300 0.488 0.452 0.435

Table 5.2.: Mean of the ratio ŝn/kn for asymptotic dependent data with s∗ = 20, s∗ = 35 and s∗ = 50
relevant directions, d = 100, d = 200 and d = 300.

the directional model. In all models, we estimate the parameter p∗ by p̂n based on n

observations. We run the simulations with 500 repetitions. Throughout these examples,
c = dn/kn. When c < 1 we use the AIC and the BIC, and if c > 1 we use the AIC∗ and
the BIC∗. If for some c, kn is greater than n, we set kn = n.

Note that we do not directly compare the approaches from Chapter 3 and Chapter 4, as
the requirements for the support of the noise are vastly different. In Chapter 3 we assumed
that there are only a few directions and in Chapter 4 we assumed that we have mass on
every axis.

5.2.1. Directional model

First, we consider the directional model with p∗ = 10 as introduced in Section 4.2.2. On
the one hand, we investigate the fixed-dimensional case with d = 20 and on the other hand
the high-dimensional case with d = 100, 200 and 300. For comparison, we run simulations
with sample sizes n = 1000, 5000, 10000. The matrix Γn from (4.3) is a diagonal matrix
and the deterministic eigenvalues ξn,1, . . . , ξn,p∗ are all equal to λ∗, which is chosen to be
larger than 1 and to satisfy the distant spiked eigenvalue condition λ∗ > 1 +

√
c. The

entries of V (n) are i.i.d. standard normally distributed.
The results for d = 20 are presented in Figure 5.8. The estimator p̂n of both information

criteria gets closer to the true value p∗ = 10 if kn increases. For n = 1000 and kn/n = 0.01,
we have kn = 10 < d = 20 and therefore we use the AIC∗ and BIC∗. Both information
criteria underestimate p∗, which is expected as the number of extreme observations kn

equals p∗. In all other cases, the AIC and BIC are used. For kn/n ≥ 0.05 and λ∗ = 3, the
AIC either estimates p∗ or shows more outliers above p∗. Overall, the AIC performs better
when λ∗ or kn increases. The BIC estimates the true value of p∗ or underestimates p∗,
where the number of cases with underestimation decreases when λ∗ or kn grows. This is
also intuitive: for a higher value of λ∗, the spike is more pronounced. In comparison to the
AIC, the estimates of the BIC have, in general, fewer fluctuations and outliers.



5.2. Simulation study: PCA for multivariate extremes 135

(a) Local model with kn/n = 0.05 (b) Global model

Figure 5.7.: Simulations for the max-mixture model with s∗ = 7 directions of extremes and d = 5:
From top to the bottom, the dependence parameter increases from ϑ = 0.1, ϑ = 0.5 to
ϑ = 0.9. The Hellinger distance is plotted against the sample size n on the x-axis.

For the high-dimensional case d ≥ 100, Figure 5.9 depicts the simulation results. Note
that for λ∗ = 3 the gap condition is satisfied when c < 1, and for λ∗ = 5 and 20 for all c.
It should also be noted that for fixed n and dn but increasing c, the number of extreme
observations kn decreases, leading to a smaller sample size. The AIC and AIC∗ both profit
from an increase in dimension and λ∗. Overall, the estimates of both criteria get better
for a larger dimension. In comparison to Figure 5.8, we see that the AIC∗ has a tendency
to underestimate p∗ for λ∗ ≤ 5, c = 2 and c = 3, which is consistent with Theorem 4.29.
The estimates p̂n of the AIC and AIC∗ are closer to p∗ in comparison to the BIC and
BIC∗ as soon as the gap condition is fulfilled. When the gap condition is not satisfied,
the information criteria underestimate p∗, where for c ≥ 0.5 the BIC and BIC∗ only give
usable results for λ∗ = 20. For c > 1 the BIC∗ shows underestimation in all cases.

5.2.2. Directional model with noise

In this example, we again consider the directional model with the same choice of distributions
as in Section 5.2.1, but additionally, we add noise. As noise, we use the d-dimensional
random vector

ε ∼
∣∣∣Nd

(
0d,

100
d

Id

)∣∣∣,
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Figure 5.8.: Simulations for the directional model with p∗ = 10 and dimension d = 20: From left to
the right the sample size increases from n = 1000, n = 5000 to n = 10000. From top to
bottom, the value of the relevant eigenvalues increases from λ∗ = 3, λ∗ = 5 to λ∗ = 20.
In every subplot the ratio kn/n increases from left to right from 0.01, 0.05, 0.1 to 0.15.
The box plots show the estimator p̂n for p∗ = 10 of the AIC and BIC.

where the absolute value is entry-wise. Due to the scaling of the covariance matrix by
100/d the variance of the norm of ε converges as d → ∞ to 100/

√
2 (see Lemma A.3).

Then, we construct the regularly varying random vector

X(n) = Γ(n)1/2
V (n)

∥Γ(n)1/2
V (n)∥

· Z + ε ∈ Rdn ,

where Γ(n), V (n) and Z are defined as in Section 5.2.1 and ε is given as above.
The results are shown for d = 20 in Figure 5.10. In general, the results are similar

to Figure 5.8, but with a greater deviation from the true value p∗. In most cases (e.g.
n = 5000, 10000, kn/n ≥ 0.05 and λ∗ ≥ 5), the information criteria estimated p̂n = 11
relevant eigenvalues, therefore identifying not only the 10 dominant eigenvalues but also
including the noise. The noise leads to more fluctuation of the AIC estimates, especially to
overestimation of p∗. For the BIC there are cases (e.g. n = 1000, λ∗ ≤ 5 and kn/n = 0.15),
where the BIC estimates p̂n = 1 instead p∗ = 10 and without noise the estimate is
concentrated near p∗ = 10. The AIC does not show this behavior. The influence of the
noise decreases for larger λ∗, resulting in a larger spike.

Figure 5.11 provides a visualization of the results in the high-dimensional cases d = 100,
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Figure 5.9.: Simulations for the directional factor model with p∗ = 10 and sample size n = 5000:
From left to the right the dimension increases from d = 100, d = 200 to d = 300. From
top to bottom, the value of the relevant eigenvalues increases from λ∗ = 3, λ∗ = 5 to
λ∗ = 20. In every subplot the ratio c = d/kn increases from left to right from c = 0.25,
c = 0.5, c = 0.75, c = 1.5, c = 2 to c = 3. The box plot shows the estimator p̂n for
p∗ = 10 for the different information criteria.

d = 200 and d = 300. We see that the effect of the noise is similar to the low-dimensional
case. The overall fluctuation increases compared to the simulation without noise in
Figure 5.9. The information criteria estimate the noise as an additional direction, for
example, when λ∗ = 20 and d = 300.

5.2.3. Spiked angular Gaussian model

In this section, we consider the contaminated spiked angular Gaussian model, which can
also be found in Avella-Medina et al. (2025). For 1 ≤ p∗ ≤ d we define the regularly varying
random vector

X = NZ ∈ Rd,

where Z is a univariate standard Fréchet distributed random variable, N follows a d-
dimensional centered normal distribution with covariance matrix

H :=
p∗∑

i=1
λiviv

⊤
i + λId,
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Figure 5.10.: Simulations for noisy directional factor model with p∗ = 10 and dimension d = 20:
From left to the right the sample size increases from n = 1000, n = 5000 to n = 10000.
From top to bottom, the value of the relevant eigenvalues increases from λ∗ = 3, λ∗ = 5
to λ∗ = 20. In every subplot the ratio kn/n increases from left to right from 0.01, 0.05,
0.1 to 0.15. The box plots show the estimator p̂n for p∗ = 10 for the AIC and BIC.

where vi, i = 1, . . . , p∗ are orthogonal vectors and λ1 ≥ λ2 ≥ · · · ≥ λp∗ > λ = · · · = λ > 0.
Note that the distribution of X differs from the directional model in Section 5.2.1, as the
normal distribution is not standardized when X is generated. The spectral vector arising
from X concentrates on a p-dimensional subspace and is given by (see Avella-Medina et al.,
2025)

P(Θ ∈ ·) =
E[∥N∥δN/∥N∥(·)]

E[∥N∥] .

For the comparison, we run simulations with sample size n = 5000, dimension d = 100,
d = 300 to d = 900. The matrix H is fixed for each sample but is initially randomly
generated for the simulation, where the eigenvectors vi are generated following the approach
of Mezzadri (2007) with the R package pracma and the eigenvalues λ1 = · · · = λ10 = 20
are equal to 20, p∗ = 10 and the last eigenvalue λ varies; we analyze the behavior of the
information criteria when λ approaches 0 and thus the spiked covariance assumption is
closer to being violated. Therefore, we compare the results for λ = 0.01, λ = 0.1, and
λ = 1.

The results are illustrated in Figure 5.12. It is evident that, when the gap is sufficiently
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Figure 5.11.: Simulations for the noisy directional factor model with p∗ = 10 and sample size
n = 5000: From left to the right the dimension increases from d = 100, d = 200 to
d = 300. From top to bottom, the value of the relevant eigenvalues increases from
λ∗ = 3, λ∗ = 5 to λ∗ = 20. In every subplot the ratio c = d/kn increases from left to
right from c = 0.25, c = 0.5, c = 0.75, c = 1.5, c = 2 to c = 3. The box plot shows the
estimator p̂n for p∗ = 10 for the different information criteria.

large, then the BIC and BIC∗ are less affected by a small eigenvalue λ than the AIC and
AIC∗. The smaller λ is chosen, the larger the overestimation of the AIC and AIC∗ is,
whereby for d = 900 and λ = 0.01, 0.1 the AIC∗ overestimates p∗ more than AIC. When
λ = 1 and d ≥ 300 the performance of all criteria is nearly identical.

5.3. Application to real-world data

In this section, we evaluate the performance of the proposed information criteria on two
real-world datasets. The first, concerning wind speed measurements (see Section 5.3.1),
is analyzed using the methodology developed in Chapter 3 and corresponds to a fixed-
dimensional setting. The second dataset, comprising precipitation records from Germany
(see Section 5.3.2), is examined via the techniques introduced in Chapter 4, and can be
considered to be in a high-dimensional regime in which the dimension exceeds the sample
size.
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Figure 5.12.: Simulations for spiked angular Gaussian data with p∗ = 10: From left to the right the
dimension increases from d = 100, d = 300 to d = 900. From top to bottom, the value
of λ increases from λ = 0.01, λ = 0.1 to λ = 1. In every subplot the ratio c = d/kn

increases from left to right from c = 0.25, c = 0.5, c = 0.75, c = 1.5, c = 2 to c = 3.
The box plot is log-scaled and shows the estimator p̂n for the different information
criteria.

5.3.1. Application to wind speed data

In the following, we examine the dependence structure of extreme wind speeds using the
same example as Meyer and Wintenberger (2023) by applying the method from Chapter 3.
For this purpose, the daily average wind speeds at 12 synoptic meteorological stations in the
Republic of Ireland from 1961 until 1978 with n = 6574 observations are considered. The
data was subject to Haslett and Raftery (1989) and taken from StatLib---Datasets-Archive
(2023). To what extent dependencies exist that are not due to the geographical proximity,
will be analyzed in the following. The locations of the stations are shown in Figure 5.14 and
consist of: Belmullet (BEL), Birr (BIR), Claremorris (CLA), Clones (CLO), Dublin (DUB),
Kilkenny (KIL), Malin Head (MAL), Mullingar (MUL), Roche’s Pt. (RPT), Rosslare
(ROS), Shannon (SHA) and Valentia (VAL). For preprocessing, we use the same Hill
estimator α̂ = 10.7 (see Section 2.1.3) as Meyer and Wintenberger (2023). We considered
values of kn between 33 and 1183.

The values of the estimators for kn, kn/n, and s∗ are presented in Table 5.3.
The number of extreme observations kn varies between 230 and 1118, which corresponds

to 3% to 17% of the data. However, the information criteria reported the number of
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IC k̂ k̂/n ŝ∗

AIC 460 0.07 11
BICU 1118 0.17 12
BICL 1118 0.17 13
MSEIC 230 0.03 9
QAIC 592 0.09 11

Table 5.3.: Estimators for the wind speed dataset based on the different information criteria.

extreme directions between 9 and 13, which is not a large range compared to the choice of
kn. On the left-hand side of Figure 5.13, the values of the information criteria are plotted
against the threshold kn, while on the right-hand side, the number of estimated directions
is also plotted against kn. The vertical lines indicate the minimum of the information
criteria. It appears that for the number s of extremal directions, there is a more distinct
plateau around the optimal value k̂n for BICU, MSEIC and QAIC compared to AIC and
BICL.

Figure 5.13.: On the left-hand side in the figure the value of the information criteria (IC) and on
the right-hand side, the number s of extremal directions is plotted against kn. The
values of the IC are scaled, such that they start at 1. The vertical lines indicate the
minimum value of the information criteria.

A graphic of the Republic of Ireland is given in Figure 5.14, where the black dots highlight
the different locations of the stations. Colored diamonds close to a station are markers
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Figure 5.14.: Maximal subsets recovered by the information criteria of the daily average wind speed.

for estimated extreme wind speeds at that station based on an information criterion. All
information criteria only identify stations on the coast as extreme, all inland stations have
non-extreme wind speeds. AIC missed one station on the coast, which is Valentia located
more than 130 km from the other stations. MSEIC, QAIC, BICU and BICL recovered the
same maximal clusters and missed the coastal stations Shannon and Dublin. The first
station, Shannon, is connected to the ocean, but is nearly 40 km from the open sea. The
second station, Dublin, is oriented towards the Irish Sea, rather than the Atlantic Ocean.
All information criteria identified Belmullet, Mullingar, Rosslare and Roche’s Pt., and four
out of five information criteria also recognized Valentia.

5.3.2. Application to precipitation data

In the following, the information criteria developed in Chapter 4 are applied to precipitation
data in Germany taken from DWD-Climate-Data-Center-(CDC) (1951 - 2022). The dataset
consists of daily station observations of the precipitation height for Germany between
January 1, 1951 and March 31, 2022 at d = 500 stations. The stations are marked by black
dots in Figure 5.15. The data is preprocessed to include only observations from January,
February and March, and transformed to standard Fréchet margins (see Section 2.1.3).
After data cleaning, the resultant dataset contains n = 2546 observations, each with
precipitation records from at least one station. In Figure 5.15 we see the stations of the
empirical eigenvectors v̂i = (v(i)

1 , . . . , v
(i)
d )⊤, where v

(i)
j ≥ 0.6v

(i)
(1), i = 1, . . . , 5, of the 5
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Figure 5.15.: Left figure: Map of Germany with all stations highlighted by black dots. Right figure:
Map of Germany with the most extreme stations of the empirical eigenvectors of the
five largest empirical eigenvalues, colored by eigenvectors.

largest empirical eigenvalues λ̂n,1, . . . , λ̂n,5 if kn = 76; the stations of each eigenvector are
colored differently.

We consider 1% to 15% of the data as extreme, corresponding to 25 to 382 observations.
In these cases d > kn and, therefore, we assume to be in the high-dimensional setting with
c > 1 and apply AIC∗ and BIC∗ from Definition 4.28. The number of candidate models qn

for the AIC∗ is chosen as d/2 = 250 to account for the assumption of Theorem 4.29.
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Figure 5.16.: The estimated number p̂n of significant eigenvalues determined by AIC∗ and BIC∗

plotted against kn.

Figure 5.16 shows the number of estimated significant eigenvalues p̂n mapped against
kn. The estimates using AIC∗ stabilize between kn = 76 and kn = 178, ranging from 24
to 28, before further increasing. In contrast, BIC∗ stabilizes for kn between 76 and 229,
with values of 5 and 6. Even for kn ≥ 255, the BIC∗ remains between 7 and 9, whereas
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Figure 5.17.: For kn = 76, on the left hand side the scaled ordered empirical eigenvalues λ̂n,i/λ̂n,1,
i = 1, . . . , 75 and on the right hand side the differences of the ordered empirical
eigenvalues divided by the value of the largest eigenvalue (λ̂n,i − λ̂n,i+1)/λ̂n,1, i =
1, . . . , 75 are plotted. The vertical line indicates the AIC∗ estimator p̂n = 25 and the
BIC∗ estimator p̂n = 5.

AIC∗ continues to increase. This difference between the estimates is aligned with the
heavier penalty imposed by BIC∗, which leads to smaller estimates compared to AIC∗.
These estimates reduce the dimensionality of d = 500 by factors of 20 and 100, respectively.
For comparison of these different estimates, the scaled empirical eigenvalues λ̂n,i/λ̂n,1,
i = 1, . . . , 75, are plotted in the left picture of Figure 5.17. At first view, they seem not to
be constant after some point, contradicting the spiked covariance assumption. But in a
spiked covariance model with

λ1 > λ2 > · · · > λp∗ > λp∗+1 = · · · = λd−1 =: λ > 0.

we have

λi − λi+1
λ1

> 0 for i = 1, . . . , p∗ and λi − λi+1
λ1

= 0 for i = p∗ + 1, . . . , d.

Therefore, the scaled increments (λ̂n,i − λ̂n,i+1)/λ̂n,1 i = 1, . . . , 75, of the empirical eigen-
values are plotted in the right picture of Figure 5.17. We realize that after some point
these increments are nearly constant zero, indicating that these are non-spiked eigenvalues.
The information criteria seem to estimate the point where these increments are constant
zero because in the interval [5, 24], which is spanned by our estimators, this happens. In
the non-extreme value setting, Hung et al. (2022) analyzed a dataset on the habitual diet
of the human gut microbiome, in which the empirical eigenvalues and the estimators of the
information criteria, displayed in Hung et al. (2022, Fig. 10 (c)), have a similar behavior
to our empirical eigenvalues in our Figure 5.17.
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Conclusion and outlook

In this thesis, we developed and analyzed information criteria to the reduce the dimension
of extreme data, thereby answering question (Q). The information criteria, derived from
two different approaches, achieve a dimension reduction in high-dimensional settings where
the dimension can grow with the sample size.

In Chapter 3, we developed three different information criteria for the number of extreme
directions s∗ based on the concept of sparse regular variation. In the fixed-dimensional
setting, we derived information criteria for the choice of the optimal threshold kn. We first
considered the QAIC, which follows the same ideas as an Akaike information criterion but
is based on a Gaussian likelihood function in contrast to the multinomial model of the
AIC of Meyer and Wintenberger (2023). We showed that the AIC is not consistent, but
the QAIC is consistent in the fixed-dimensional setting. Next, we introduced the MSEIC,
where the idea of minimizing the mean squared error as a risk function is analogous to the
AIC, which minimizes the Kullback–Leibler divergence, but without requiring a likelihood
assumption. However, similar to the AIC, it is not consistent. The last information criterion
in this chapter is the BIC, which is based on a Bayesian approach for a multinomial model
analogous to the AIC of Meyer and Wintenberger (2023). The advantage of BICU and
BICL in the fixed-dimensional case is that they are weakly consistent information criteria
for the number of extreme directions s∗. Then, we moved to the high-dimensional setting
and adapted all four information criteria for this setting. Under suitable assumptions,
we showed that all information criteria are consistent, provided that for the AIC, QAIC
and MSEIC the fluctuation of the number of observations across bias directions is not
too large. In the simulation study of the local model for large n and fixed dimension, we
observed that AIC and MSEIC tend to overestimate s∗ for large sample sizes, but for small
n the MSEIC performs extraordinarily well. This changes in the high-dimensional setting,
where the information criteria do not have the tendency to overestimate and the BIC even
underestimates s∗ if the dimension is large. Overall, all information criteria performed
quite well, none was particularly superior in all situations.

In Chapter 4, we proposed information criteria based on the AIC and BIC for Gaussian
random vectors to detect the number p∗ of significant principal components in multivariate
extremes, which corresponds to the location of the spike in the eigenvalues of the covariance
matrix of the spectral measure. We used a spiked covariance model for the eigenvalues of
Σ, where ξp∗ is the smallest spiked eigenvalue. Our analysis encompassed both the classical
large-sample setting and the high-dimensional setting, which has become increasingly
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relevant for extreme value theory in today’s applications. We established the consistency of
the BIC in the large-sample setting, where we derived some new results on the asymptotic
properties of the empirical eigenvalues of Σ under the spiked covariance model. In the
high-dimensional setting, we employed methods from random matrix theory to validate
the consistency of the AIC and the BIC when working with the directional model. In
particular, we derived the behavior of the empirical eigenvalues by connecting them to the
empirical eigenvalues for the underlying latent vector. In the simulation study, we also
observed that in the fixed-dimensional case the AIC has the tendency to overestimate the
true dimension if the sample size n is large. In contrast, in the high-dimensional case, the
BIC underestimates the true dimension when the sample size n is low.

Furthermore, the performance of the information criteria was validated through a
simulation study. Since we used two different methods to reduce the dimension, it is not
possible to directly compare the information criteria of the two methods. However, in general,
the information criteria for both methods worked and generally showed similar behavior
and consistency results. For example, under some assumptions, the BIC is consistent in
both settings and the AIC is only consistent in the high-dimensional case. Similarly, the
simulation studies for both methods showed that the AIC tends to overestimate the true
dimension if the sample size is large and the dimension is small, compared to the BIC,
which underestimates the true dimension if the sample size is small and the dimension is
high. These results are also in accordance with the literature, as mentioned before.

In view of question (Q), we derived information criteria to consistently reduce the
dimension of data following the SRV or PCA approach, even in high-dimensional settings
where the dimension tends to infinity. Along the way, we derived new theory for the fixed-
and high-dimensional settings. In addition, the information criteria were successfully applied
to real-world datasets. Therefore, we have developed methods that allow practitioners
to select from a variety of information criteria depending on the suspected dependence
structure in order to address the problem of dimension reduction for extreme data.

Although we have thoroughly addressed all aspects of question (Q) using multiple
methods, new research questions have emerged. Next, we present open questions, which
could be part of further research.

• In the high-dimensional setting for the spiked covariance model, we assume that ξp∗ is
a distant spiked eigenvalue in the sense that ξp∗ > 1 +

√
c and c = limn→∞ dn/kn > 0.

For applications, these eigenvalue assumptions are restrictive, as we see in our data
example in Figure 5.17, where the empirical eigenvalues decrease but do not stabilize
at some point. Therefore, it would be worthwhile to explore more general eigenvalue
structures of the covariance matrix of Σ such as ξp∗ > 1 +

√
c and ξp∗+1 < 1 +

√
c

where all eigenvalues ξj for j = p∗ + 1, . . . , dn are in a neighborhood of 1 or 0.

• In Chapter 4, the case c = 0 is not covered and could be further investigated. We
suspect that the AIC and the BIC, as defined here, are inconsistent even when a
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type of gap condition like (4.6) is satisfied. Such a condition relates to the distance
between the smallest eigenvalue bigger than 1, denoted by ξn,p∗ , and the following
eigenvalue, denoted by ξn,p∗+1.

• Additionally, as a starting point for this line of research on PCA for high-dimensional
extremes, the consistency results of the information criteria were based on the
assumption that the underlying model is a directional model, similar to multivariate
statistics, where the first results were derived for Gaussian models with a special
covariance structure. Of course, it would also be interesting to explore generalizations
or alternatives to the directional model.

• The optimal choice of kn is nontrivial, as it has a direct influence on the estimates
of the information criteria. For the choice of kn further research is needed in the
high-dimensional setting of Section 3.3 and for the PCA approach in Chapter 4, as
discussed for the SRV approach (Chapter 3 and Meyer and Wintenberger, 2023).

• There are other methods to reduce the dimension of data, which are established in
the non-extreme field of statistics. For example, Autoencoders (cf. Goodfellow et al.,
2016, Chapter 14), which are neural networks that encode data to a lower-dimensional
space and then decode it to get back to the original space. One could also estimate
the true dimension of the encoded space. Another method is to apply self-organizing
maps (Kohonen, 2001), which can be used to derive low-dimensional representations.

• In this thesis, we considered the setting in which both the effective sample size and the
dimension grow proportionally at most. Another possibility is the high-dimensional,
low-sample-size case, where the dimension grows while the sample size remains fixed.
For example, Jung and Marron (2009) analyzed the consistency of PCA in this
framework. In a similar way, PCA could be studied for extremes in situations where
the dimension increases much faster than the sample size.

In conclusion, we proposed several solutions to question (Q) and many opportunities for
further research have arisen.
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APPENDIX A

Auxiliary results

A.1. Auxiliary results for the quasi-Akaike information
criterion

In this section, we present supplementary results for Section 3.2.1. Note that most parts of
this chapter consist of Butsch and Fasen-Hartmann (2025b).

A.1.1. Proof of Lemma 3.43

Lemma 3.43. Suppose the assumptions of Proposition 3.11 hold and p̂s
n
(T n) is defined

analog to p̂s
n
(T̃ n) in (3.9). Then as n → ∞,

Yn :=
√

kn diag(pn,1, . . . , pn,s,
ρn

(r − s) , ρn, . . . , ρn)−1/2
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D−→ Nr+1 (0r+1, Σ) ,

where
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 2Is+1 0s×(r−s)

0(r−s)×(s+1) Ir−s − 1r−s1⊤
r−s

r−s

 .

Proof. From Assumption (A4) and the continuous mapping theorem we receive that
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0⊤s
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Finally, it follows from the independence of T n and T̃ n as well as pn,j/ρn → 1, j > s∗, by
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Assumption A, that as n → ∞,

Yn =
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A.1.2. Proof of Lemma 3.44

Lemma 3.44. Suppose the assumptions of Proposition 3.11 hold and p̂s
n
(T n) is defined

analog to p̂s
n
(T̃ n) in (3.9).

(a) Then as n → ∞,

∇ log LNr (p̂s
n
(T n) | T n)(p̂s
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Hence,
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First, note that In,1 = oP(1) = In,2 due to Lemma 3.43 and
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knρn → ∞. Therefore,
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Then, g(1r−s) = r − s and ∇g(1r−s) = 0⊤r−s. From Assumption (A4) we already get
the asymptotic behavior
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On the other hand, Lemma 3.43 implies that√
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= diag
( 1

2p̄2
n,1

− kn

T 2
n,1
k2

n

1
p̄3

n,1
+ kn

pn,1
, . . . ,

1
2p̄2

n,s

− kn

T 2
n,s

k2
n

1
p̄3

n,s

+ kn

pn,s
,

(r − s)
2

1
ρ̄2

n

− kn

r∑
j=s+1

T 2
n,j

k2
n

1
ρ̄3

n

+ kn(r − s)
ρn

)
=: diag(Bn(1), . . . , Bn(s), Bn(s + 1)).

Since p̄n,j/pn,j
P−→ 1, j = 1, . . . , s, we receive for the entries Bn(j), j = 1, . . . , s that

pn,j

kn
Bn(j) = pn,j

kn

(
1

2p̄2
n,j

− kn

T 2
n,j

k2
n

1
p̄3

n,j

+ kn

pn,j

)
= pn,j

2knp̄2
n,j

−
T 2

n,jpn,j

k2
np̄3

n,j

+ 1 P−→ 0.

(A.1)

Similarly we receive with ρnkn → ∞ and ρ̄n/ρn
P−→ 1 for the entry Bn(s + 1) that

ρn

kn
Bn(s + 1) = ρn

kn

(r − s)
2

1
ρ̄2

n

− kn

r∑
j=s+1

T 2
n,j

k2
n

1
ρ̄3

n

+ kn(r − s)
ρn

 P−→ 0. (A.2)
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Additionally, due to Lemma 3.43 we have as n → ∞,√
kn

pn,j

(
p̂s

n,j(T̃ n) − p̂s
n,j(T n)

)
= OP(1) and

√
kn

ρn

(
ρ̂s

n(T̃ n) − ρ̂s
n(T n)

)
= OP(1).

(A.3)

Therefore, Slutzky’s lemma, (A.1), (A.2) and (A.3) yield

(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)⊤ diag(Bn(1), . . . , Bn(s), Bn(s + 1))
(
p̂s

n
(T̃ n) − p̂s

n
(T n)

)
=

s∑
j=1

(√
kn

pn,j

(
p̂s

n,j(T̃ n) − p̂s
n,j(T n)

))2 (
pn,j

kn
Bn(j)

)

+
(√

kn

ρn

(
ρ̂s

n(T̃ n) − ρ̂s
n(T n)

))2 (
ρn

kn
Bn(s + 1)

)
P−→ 0,

as n → ∞, the statement.

A.2. Auxiliary results for the mean squared error
information criterion

In this section, we present supplementary results for Section 3.2.2.

A.2.1. Proof of Lemma 3.47

Lemma 3.47. Suppose Assumptions (B1) and (B2) hold. Then for p′ ∈ Rr
+ the asymptotic

behavior

E

∥∥∥∥∥√n − T ′
n,2d diag(p′)−1/2

(
T ′n,{1,...,r}
n − T ′

n,2d

− p′
)∥∥∥∥∥

2

2


= nqn

( 1
kn

E[ℓ2(p′|Tn(kn)
)
] + o

( 1
nqn

))
as n → ∞ holds.

Proof. Under the Assumptions (B1) and (B2) we get

E

( T ′n,j

(n − T ′
n,2d) − p′j

)2 ∣∣∣T ′n,2d


= E

[
(T ′n,j)2

(n − T ′
n,2d)2 − 2p′j

T ′n,j

(n − T ′
n,2d) + (p′j)2

∣∣∣T ′n,2d

]
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= E
[

(Tn,j(kn))2

k2
n

− 2p′j
Tn,j(kn)

kn
+ (p′j)2

]
+ oP

(
1

n − T ′
n,2d

)

= E
[(

Tn,j(kn)
kn

− p′j

)2]
+ oP

(
1

n − T ′
n,2d

)
.

Hence,

E

∥∥∥∥∥√n − T ′
n,2d diag(p′)−1/2

(
T ′n,{1,...,r}
n − T ′

n,2d

− p′
)∥∥∥∥∥

2

2


= E

(n − T ′n,2d)
r∑

j=1

1
p′j

E

( T ′n,j

(n − T ′
n,2d) − p′j

)2 ∣∣∣T ′n,2d


= nqn

 r∑
j=1

1
p′j

E
[(

Tn,j(kn)
kn

− p′j

)2]
+ o

( 1
nqn

)
= nqn

( 1
kn

E[ℓ2(p′|Tn(kn)
)
] + o

( 1
nqn

))
.

A.2.2. Proof of Lemma 3.48

Lemma 3.48. For q′ ∈ (0, 1) the equality

E

∥∥∥∥∥√n(q′(1 − q′))−1/2
(

T ′
n,2d

n
− (1 − q′)

)∥∥∥∥∥
2

2

 = nqn

(
(1 − qn)

nq′(1 − q′) + (q′ − qn)2

qnq′(1 − q′)

)

holds.

Proof. A straightforward calculation gives with

E

∥∥∥∥∥√n(q′(1 − q′))−1/2
(

T ′
n,2d

n
− (1 − q′)

)∥∥∥∥∥
2

2


= n

(q′(1 − q′))

(
nqn(1 − qn)

n2 + n2(1 − qn)2

n2 − 2(1 − q′)n(1 − qn)
n

+ (1 − q′)2
)

= qn(1 − qn)
q′(1 − q′) + n

(1 − qn)2 − 2(1 − q′)(1 − qn) + (1 − q′)2

q′(1 − q′)

= qn(1 − qn)
q′(1 − q′) + n

(q′ − qn)2

q′(1 − q′)

= qn

(
(1 − qn)
q′(1 − q′) + n

(q′ − qn)2

qnq′(1 − q′)

)

= nqn

(
(1 − qn)

nq′(1 − q′) + (q′ − qn)2

qnq′(1 − q′)

)

the statement.
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A.3. Auxiliary results for the Bayesian information
criterion

In this section, we present supplementary results for Section 3.2.3.

A.3.1. Proof of Lemma 3.49 and Lemma 3.50

First, we provide the proofs of the auxiliary results in this subsection.

Lemma 3.49. Let the assumptions of Theorem 3.25 hold. Define the ball

Uεn,γ (p̂s
n) := {p̃s ∈ Θs : ∥p̃s − p̂s

n∥2 < εn,γ}

with radius εn,γ := (ρn)γ/2 for γ ≥ 4/3 around p̂s
n. Then the following statement holds

sup
p̃s∈Uεn,γ (p̂s

n)

∣∣∣∣ log LMs
kn

(p̃s | Tn(kn)) − log LMs
kn

(p̂s
n | Tn(kn))

− 1
2(p̃s − p̂s

n)⊤∇2 log LMs
kn

(p̂s
n | Tn(kn))(p̃s − p̂s

n)
∣∣∣∣ = oP(1).

Proof. First, we apply a multivariate Taylor expansion to the log-likelihood function
log LMs

kn
(· | Tn(kn)) around the MLE p̂s

n at p̃s analog to Lemma 2 of Meyer and Winten-
berger (2023) (based on a generalization of Cauchy’s Mean Value Theorem see Hille, 1964)
which gives the existence of a constant θn ∈ (0, 1) such that

log LMs
kn

(p̃s | Tn(kn))

= log LMs
kn

(p̂s
n | Tn(kn)) + (p̃s − p̂s

n)⊤∇ log LMs
kn

(p̂s
n | Tn(kn))

+ 1
2(p̃s − p̂s

n)⊤∇2 log LMs
kn

(θnp̂s
n + (1 − θn)p̃s | Tn(kn))(p̃s − p̂s

n)

= log LMs
kn

(p̂s
n | Tn(kn))

+ (p̃s − p̂s
n)⊤

2 ∇2 log LMs
kn

(θnp̂s
n + (1 − θn)p̃s | Tn(kn))(p̃s − p̂s

n).

Thus, we receive∣∣∣∣ log LMs
kn

(p̃s | Tn(kn)) − log LMs
kn

(p̂s
n | Tn(kn))

− 1
2(p̃s − p̂s

n)⊤∇2 log LMs
kn

(p̂s
n | Tn(kn))(p̃s − p̂s

n)
∣∣∣∣

= 1
2

∣∣∣∣(p̃s − p̂s
n)⊤

(
∇2 log LMs

kn
(θnp̂s

n + (1 − θn)p̃s | Tn(kn))

− ∇2 log LMs
kn

(p̃s | Tn(kn))
)

(p̃s − p̂s
n)
∣∣∣∣. (A.4)

Therefore, to prove the statement, we show that the right side is oP(1). Inserting the
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derivatives of the log-likelihood function

∇ log LMs
kn

(p̃s | Tn(kn)) =



Tn,1
p̃s

1
−
∑2d−1

j=s+1 Tn,j

1−
∑s

j=1 p̃s
j

...
Tn,s

p̃s
s

−
∑2d−1

j=s+1 Tn,j

1−
∑s

j=1 p̃s
j


, (A.5)

∇2 log LMs
kn

(p̃s | Tn(kn)) = − diag
(

Tn,1(kn)
(p̃s

1)2 , . . . ,
Tn,s(kn)

(p̃s
s)2

)
−

∑r
j=s+1 Tn,j(

1 −
∑s

j=1 p̃s
j

)2 · 1s · 1⊤s ,

and applying the triangle inequality yields∣∣∣∣(p̃s − p̂s
n)⊤

(
∇2 log LMs

kn
(θnp̂s

n + (1 − θn)p̃s | Tn(kn))

− ∇2 log LMs
kn

(p̂s
n | Tn(kn))

)
(p̃s − p̂s

n)
∣∣∣∣

≤
∣∣∣∣(p̃s − p̂s

n)⊤
{

diag
(

Tn,1(kn)
(θnp̂s

n,1 + (1 − θn)p̃s
1)2 , . . . ,

Tn,s(kn)
(θnp̂s

n,s + (1 − θn)p̃s
s)2

)
− diag

(
Tn,1(kn)
(p̂s

n,1)2 , . . . ,
Tn,s(kn)
(p̂s

n,s)2

)}
(p̃s − p̂s

n)
∣∣∣∣

+
∣∣∣∣∣(p̃s − p̂s

n)⊤
{ ∑r

j=s+1 Tn,j(
1 −

∑s
j=1(θnp̂s

n,j + (1 − θn)p̃s
j)
)2

−
∑r

j=s+1 Tn,j(
1 −

∑s
j=1 p̂s

n,j

)2

}
· 1s · 1⊤s (p̃s − p̂s

n)
∣∣∣∣∣

=: I1(p̃s) + I2(p̃s).

In the following we only show that I2(p̃s) is uniformly oP(1); the calculation for I1(p̃s)
is similar but with a faster rate, since pj > 0, j = 1, . . . , s∗ and ρn → 0. Therefore, an
application of the mean value theorem to the function x 7→ 1/x2 yields

I2(p̃s) = kn∥p̃s − p̂s
n∥2

1

∣∣∣∣∣
∑r

j=s+1
Tn,j(kn)

kn(
1 −

∑s
j=1(θnp̂s

n,j + (1 − θn)p̃s
j)
)2 −

∑r
j=s+1

Tn,j(kn)
kn(

1 −
∑s

j=1 p̂s
n,j

)2

∣∣∣∣∣
= kn∥p̃s − p̂s

n∥2
1(r − s)ρ̂s

n

∣∣∣∣ 1
(θnρ̂s

n + (1 − θn)ρ̃s)2 − 1
(ρ̂s

n)2

∣∣∣∣
≤ kn∥p̃s − p̂s

n∥2
1(r − s)ρ̂s

n

2(1 − θn)|ρ̂s
n − ρ̃s|

min(|ρ̂s
n|, |ρ̃s|)3 (A.6)

Since p̃s ∈ Uεn,γ (p̂s
n) and ρ̂s

n = OP(ρn) we obtain

sup
p̃s∈Uεn,γ (p̂s

n)
I2(p̃s) = OP(knε3

n,γρ−2
n ).
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Finally, εn,γ = (ρn)γ/2 and kn(ρn)3γ−2 ≤ kn(ρn)2 → 0 (due to Assumption (C3)) which
results in the uniform convergence of supp̃s∈Uεn,γ (p̂s

n) I2(p̃s) P−→ 0 and the statement
follows.

Next, we derive boundaries for the eigenvalues of the second-order derivative of the
log-likelihood function.

Lemma 3.50. Let the assumptions of Theorem 3.25 hold. Define λn,2 := kn
Tn,1(kn) and

λn,1 := kn
Tn,s(kn) + skn∑r

j=s+1 Tn,j(kn) . For p̃s ∈ Θs we have on the one hand,

λn,2(p̃s − p̂s
n)⊤(p̃s − p̂s

n) ≤ (p̃s − p̂s
n)⊤−1

kn
∇2 log LMs

kn
(p̂s

n | Tn(kn))(p̃s − p̂s
n) P-a.s.

and on the other hand,

λn,1(p̃s − p̂s
n)⊤(p̃s − p̂s

n) ≥ (p̃s − p̂s
n)⊤−1

kn
∇2 log LMs

kn
(p̂s

n | Tn(kn))(p̃s − p̂s
n) P-a.s.

Proof. Let p̃s ∈ Θs. Inserting the MLE p̂s
n in the second order derivative in (A.5) yields

−1
kn

∇2 log LMs
kn

(p̂s
n | Tn(kn)) = diag

( kn

Tn,1(kn) , . . . ,
kn

Tn,s(kn)
)

+ kn∑r
j=s+1 Tn,j(kn) · 1s ·1⊤s

=: Mn + Nn.

The eigenvalues of Mn and Nn are

µi = kn

Tn,s−i+1(kn) , i = 1, . . . , s,

and
ν1 = skn

Tn,s(kn) and νi = 0, i = 2, . . . , s,

respectively. By λ1, . . . , λs with λ1 ≥ · · · ≥ λs we denote the ordered eigenvalues of
Mn + Nn. Then Weyl’s inequality (cf. Horn and Johnson, 2013, p. 239, Theorem 4.3.1)
and Assumption (A2) yield

λn,2 = kn

Tn,1(kn) = µs ≤ λs ≤ λ1 ≤ µ1 + ν1 = kn

Tn,s(kn) + skn∑r
j=s+1 Tn,j(kn) = λn,1. (A.7)

An application of A.2.5 in Fujikoshi et al. (2010) and inequality (A.7) give then with

λn,2(p̃s − p̂s
n)⊤(p̃s − p̂s

n) ≤ (p̃s − p̂s
n)⊤−1

kn
∇2 log LMs

kn
(p̂s

n | Tn(kn))(p̃s − p̂s
n)

≤ λn,1(p̃s − p̂s
n)⊤(p̃s − p̂s

n)

the statement.
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A.3.2. Proof of Proposition 3.51

Proposition 3.51. Under Assumptions (B1), (B3) and (D4) the asymptotic upper bound
as n → ∞,

−2E
[
logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})]
]

≤ − 2E
[
log

(
(n − T ′n,2d)!

)
− (n − T ′n,2d)

(
log(n − T ′n,2d) − 1

) ]
− 2nqn

kn
E[log LMs

kn
(p̂s

n(Tn(kn)) | Tn(kn))] + 2s log
(
kn

√
r

2π(r − s)
)

+ C log(nqn),

for a constant C > 0 independent of s and n, holds.

Proof. Assumption (B3) says that

E
[
−2 logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})]
]

≤ E
[
E
[

− 2 log LMs
n−T ′

n,2d

(p̂s
n(T ′n,{1,...,r}) | T ′n,{1,...,r})

∣∣∣T ′n,2d

]]
+ 2sE

[
log

(
(n − T ′n,2d)

√
r

r − s

) ]
− s log(2π) + o(1).

First, we find an upper bound for the first term. Therefore, note that for j = 1, . . . , s the
equality

E
[
T ′n,j log

(
p̂s

n,j(T ′n,{1,...,r})
)∣∣∣T ′n,2d

]
= E

[
T ′n,j log

( T ′n,j

n − T ′
n,2d

)∣∣∣T ′n,2d

]
= E[T ′n,j log(T ′n,j)|T ′n,2d ] − E[T ′n,j log(n − T ′n,2d)|T ′n,2d ]

holds. An application of (3.33) in the first step (which holds as well in analog form for
T ′n,j) and Assumption (B1) in the second step give then

= E[T ′n,j |T ′n,2d ] log(E[T ′n,j |T ′n,2d ]) − log(n − T ′n,2d)E[T ′n,j |T ′n,2d ] + OP(1)

=
n − T ′

n,2d

kn
E
[
Tn,j(kn) log

(E[Tn,j(kn)]
kn

)]
+

n − T ′
n,2d

kn
E[Tn,j(kn)] log(n − T ′n,2d)

−
n − T ′

n,2d

kn
E
[
Tn,j(kn)

]
log(n − T ′n,2d) + OP(1)

=
n − T ′

n,2d

kn
E
[
Tn,j(kn) log

(E[Tn,j(kn)]
kn

)]
+ OP(1),
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where we used in the calculations as well that (n − T ′
n,2d)/kn = OP(1) due Assumption

(B3). Finally, we apply again (3.33) to receive

=
n − T ′

n,2d

kn
E
[
Tn,j(kn) log

(Tn,j(kn)
kn

)]
+ OP(1)

=
n − T ′

n,2d

kn
E
[
Tn,j(kn) log

(
p̂s

n,j

)]
+ OP(1). (A.8)

Similarly, we obtain as well

r∑
j=s+1

E
[
T ′n,j log

(
ρ̂s

n(T ′n,{1,...,r})
)∣∣∣T ′n,2d

]

=
n − T ′

n,2d

kn

r∑
j=s+1

E
[
Tn,j(kn) log

(
ρ̂s

n

)]
+ OP(1). (A.9)

A consequence of the log-likelihood function (cf. (3.3)), (A.8) and (A.9) is then

E
[

− 2 log LMs
n−T ′

n,2d

(p̂s
n(T ′n,{1,...,r}) | T ′n,{1,...,r})

∣∣∣T ′n,2d

]
= −2 log

(
(n − T ′n,2d)!

)
+ 2

r∑
j=1

E[log(T ′n,j !)|T ′n,2d ] + 2
n − T ′

n,2d

kn
log(kn!)

− 2
n − T ′

n,2d

kn
log(kn!) − 2

n − T ′
n,2d

kn

s∑
j=1

E
[
Tn,j(kn) log

(
p̂s

n,j

)]

− 2
n − T ′

n,2d

kn

r∑
j=s+1

E
[
Tn,j(kn) log

(
ρ̂s

n

)]
+ OP(1). (A.10)

By the last equality on page 28 in Meyer and Wintenberger (2023) and
∑r

j=1 Tn,j(kn) = kn

we receive that
r∑

j=1
E[log(T ′n,j !)|T ′n,2d ] (A.11)

≤
n − T ′

n,2d

kn

r∑
j=1

E[log(Tn,j(kn)!)] + (n − T ′n,2d) log
(n − T ′

n,2d

kn

)
+ C1 log(n − T ′n,2d)

and

2(n − T ′n,2d) log
(n − T ′

n,2d

kn

)
+ 2

n − T ′
n,2d

kn
log(kn!)

≤ 2(n − T ′n,2d)(log(n − T ′n,2d) − 1) + C2 log(n − T ′n,2d), (A.12)

for some constants C1, C2 > 0 independent of s and n.
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Plugging then (A.11) into (A.10) yields

E
[

− 2 log LMs
n−T ′

n,2d

(p̂s
n(T ′n,{1,...,r}) | T ′n,{1,...,r})

∣∣∣T ′n,2d

]
≤ −2 log

(
(n − T ′n,2d)!

)
+ 2(n − T ′n,2d) log

(n − T ′
n,2d

kn

)
+ 2

n − T ′
n,2d

kn
log(kn!)

− 2
n − T ′

n,2d

kn

{
log(kn!) −

r∑
j=1

E[log(Tn,j(kn)!)] +
s∑

j=1
E
[
Tn,j(kn) log

(
p̂s

n,j

)]

+
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j=s+1
E
[
Tn,j(kn) log

(
ρ̂s

n

)]}
+ C1 log(n − T ′n,2d)

= −2 log
(
(n − T ′n,2d)!

)
+ 2(n − T ′n,2d) log

(n − T ′
n,2d

kn

)
+ 2

n − T ′
n,2d

kn
log(kn!)

− 2
n − T ′

n,2d

kn
E[log LMs

kn
(p̂s

n(Tn(kn)) | Tn(kn))] + C1 log(n − T ′n,2d),

and using inequality (A.12) gives then

≤ −2 log
(
(n − T ′n,2d)!

)
+ 2(n − T ′n,2d)(log(n − T ′n,2d) − 1)

− 2
n − T ′

n,2d

kn
E[log LMs

kn
(p̂s

n(Tn(kn)) | Tn(kn))] + C3 log(n − T ′n,2d).

Finally, Assumption (B3), the last upper bound and Jensen’s inequality result in

E
[
−2 logEλ[LMs

n−T ′
n,2d

(p̃s | T ′n,{1,...,r})]
]

≤ − 2E
[
log

(
(n − T ′n,2d)!

)
− (n − T ′n,2d)

(
log(n − T ′n,2d) − 1

)]

− 2E
[n − T ′

n,2d

kn
E[log LMs

kn
(p̂s

n(Tn(kn)) | Tn(kn))]
]

+ 2sE
[

log
( (

n − T ′n,2d

)√ r

2π(r − s)
)]

+ C3 log(nqn)

≤ − 2E
[
log

(
(n − T ′n,2d)!

)
− (n − T ′n,2d)

(
log(n − T ′n,2d) − 1

)]
− 2nqn

kn
E[log LMs

kn
(p̂s

n(Tn(kn)) | Tn(kn))] + 2s log
(
kn

√
r

2π(r − s)
)

+ C log(nqn),

where C > 0 is a constant independent of s and n.

A.3.3. Proof of Proposition 3.52

The target of this section is to prove Proposition 3.52. Note that for the estimator
q̂n = (n−T ′

n,2d)/n for qn holds under Assumption (D3) that q̂n/qn
P−→ 1, since E[q̂n/qn] = 1
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and V(q̂n/qn) = nqn(1 − qn)/(n2q2
n) → 0.

Lemma A.1. Let U ′ε′
n,γ

(q̂n) := {q ∈ (0, 1) : |q − q̂n| < ε′n,γ}, whereby we choose ε′n,γ := qγ
n

for γ ≥ 4/3. Then under Assumption (D3)

sup
q̃n∈U ′

ε′
n,γ

(q̂n)

∣∣∣∣∣log LBinn(1 − q̃n | T ′n,2d) − log LBinn(1 − q̂n | T ′n,2d) + n

2
(q̃n − q̂n)2

q̂n

∣∣∣∣∣ = oP(1).

Proof. First, we expand the log-likelihood function around the MLE q̂n. The derivatives
of log LBinn(1 − q | T ′

n,2d) are given by

∂

∂q
log LBinn(1 − q | T ′n,2d) =

−T ′
n,2d

1 − q
+

n − T ′
n,2d

q
,

∂2

(∂q)2 log LBinn(1 − q | T ′n,2d) =
−T ′

n,2d

(1 − q)2 −
n − T ′

n,2d

q2 .

Applying a Taylor expansion onto log LBinn(1 − q | T ′
n,2d) at qn provides for q̃n ∈ U ′ε′

n,γ
(q̂n)

that there exists some cn ∈ (0, 1) such that

log LBinn(1 − q̃n | T ′n,2d)

= log LBinn(1 − q̂n | T ′n,2d) + (q̃n − q̂n) ∂

∂q
log LBinn(1 − q̂n | T ′n,2d)

+ 1
2(q̃n − q̂n)2 ∂2

(∂q)2 log LBinn(1 − cnq̂n − (1 − cn)q̃n | T ′n,2d)

= log LBinn(1 − q̂n | T ′n,2d) + n

2 (q̃n − q̂n)2 ∂2

(∂q)2
1
n

log LBinn(1 − cnq̂n − (1 − cn)q̃n | T ′n,2d),

(A.13)

where we used that the MLE q̂n is a root of the first derivative.
Then we have∣∣∣∣ log LBinn(1 − q̃n | T ′n,2d) − log LBinn(1 − q̂n | T ′n,2d) + n

2
(q̃n − q̂n)2

q̂n

∣∣∣∣
=
∣∣∣∣n2 (q̃n − q̂n)2 ∂2

(∂q)2
1
n

log LBinn(1 − cnq̂n − (1 − cn)q̃n | T ′n,2d) + n

2
(q̃n − q̂n)2

q̂n

∣∣∣∣
= n

2 (q̃n − q̂n)2
∣∣∣∣− 1 − q̂n

(1 − cnq̂n − (1 − cn)q̃n)2 − q̂n

(cnq̂n + (1 − cn)q̃n)2 + 1
q̂n

∣∣∣∣
≤ n

2 ε′2n,γ

∣∣∣∣ 1 − q̂n

(1 − cnq̂n − (1 − cn)q̃n)2

∣∣∣∣+ n

2 ε′2n,γ

∣∣∣∣ 1
q̂n

− q̂n

(cnq̂n + (1 − cn)q̃n)2

∣∣∣∣
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and using that n
2 ε′2n,γ ≤ nq2

n/2 → 0 by Assumption (D3) as well as

∣∣∣∣ 1 − q̂n

(1 − cnq̂n − (1 − cn)q̃n)2

∣∣∣∣ ≤
∣∣∣∣(1 − q̂n)/(1 − cnq̂n − (1 − cn)(q̂n − ε))2

∣∣∣∣ P−→ 1

gives

= n

2 ε′2n,γ

q̂n

(cnq̂n + (1 − cn)q̃n)2

∣∣∣∣1 − (cnq̂n + (1 − cn)q̃n)
q̂n

∣∣∣∣·(1 + (cnq̂n + (1 − cn)q̃n)
q̂n

)
+ oP(1)

= n

2 ε′2n,γ

1
(cnq̂n + (1 − cn)q̃n)2 (1 − cn)|q̂n − q̃n| ·

(
1 + (cnq̂n + (1 − cn)q̃n)

q̂n

)
+ oP(1)

≤ n

2 ε′2n,γ

1
(q̂n + (1 − cn)ε′n,γ)2 (1 − cn)ε′n,γ ·

(
1 +

(q̂n + (1 − cn)ε′n,γ)
q̂n

)
︸ ︷︷ ︸

→2

+oP(1)

= OP(nε′3n,γ/q2
n) = OP(nq3γ−2

n ) = oP(1),

where we used that γ ≥ 4/3 as well as the consistency of q̂n for qn and thus ε′3n,γ = q3γ
n ≤ q4

n

and nq2
n → 0 by Assumption (D3). Thus the assertion follows.

Lemma A.2. Under Assumption (D3) we have for sufficiently large n that

−2 logEλ[LBinn(1 − q̃ | T ′n,2d)]

≤ −2 log LBinn(1 − q̂n | T ′n,2d) − log(2π) + log(n/q̂n) + oP(1),

where q̂n := (n − T ′
n,2d)/n is an estimator for qn. The expectation of the oP(1) term is of

order o(1).

Proof. It follows from Lemma A.1 that

log LBinn(1 − q̃n | T ′n,2d) = log LBinn(1 − q̂n | T ′n,2d) − n

2
(q̃n − q̂n)2

q̂n
+ oP(1)

uniformly for q̃n ∈ U ′ε′
n,γ

(q̂n) and ε′n,γ = qγ
n for γ ≥ 4/3.

Due to the uniformity of the limit in the last equation we receive similarly to (3.25)

Eλ[LBinn(1 − q | T ′n,2d)]

≥
∫

U ′
ε′

n,γ
(q̂n)

exp
(
log LBinn(1 − q | T ′n,2d)

)
dq

= LBinn(1 − q̂n | T ′n,2d)
∫

U ′
ε′

n,γ
(q̂n)

exp
(

−n

2
(q − q̂n)2

q̂n

)
dq · (1 + oP(1))

and thus,

−2 logEq[LBinn(1 − q | T ′n,2d)]
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≤ −2 log LBinn(1 − q̂n | T ′n,2d) − 2 log
∫

U ′
ε′

n,γ
(q̂n)

exp
(

−n

2
(q − q̂n)2

q̂n

)
dq + oP(1)

= −2 log LBinn(1 − q̂n | T ′n,2d)

− 2 log
∫

U ′
ε′

n,γ
(q̂n)

√
2π

n/q̂n

√
n/q̂n

2π
exp

(
−1

2
(q − q̂n)2

q̂n/n

)
dq + oP(1)

= −2 log LBinn(1 − q̂n | T ′n,2d) − 2 log
√

2π

n/q̂n

− 2 log
∫

U ′
ε′

n,γ
(q̂n)

√
n/q̂n

2π
exp

(
−1

2
(q − q̂n)2

q̂n/n

)
dq + oP(1).

For the next step we need n
qn

ε′2n,γ = nq2γ−1
n → ∞. Since γ ≥ 4/3 and nq

5/3
n → ∞ by

Assumption (D3) we define ε′n := ε′n,4/3 and have 2γ − 1 = 5/3. Due to Assumption (D3)

and q̂n/qn
P−→ 1 we obtain similarly to (3.27) that

log
∫

U ′
ε′

n
(q̂n)

√
n/q̂n

2π
exp

(
−1

2
(q − q̂n)2

q̂n/n

)
dq = oP(1).

Thus the assertion follows.

Proposition 3.52. Suppose Assumptions (B3) and (D3) hold. The expectation of the
binomial likelihood satisfies as n → ∞ the inequality

−2E[logEλ[LBinn(1 − q̃ | T ′n,2d)]] ≤ − 2 log(n!) + 2E[log((n − T ′n,2d)!)] + 2E[log(T ′n,2d !)]

− 2nqn log(kn/n) + 2 log(n) + Cnqn,

for a constant C > 0 independent of s and n.

Proof. Without loss of generality, we assume in the following that the constant C > 0,
which is independent of s and n, is chosen sufficiently large such that the following
inequalities hold.

Under Assumption (B3), we are allowed to use the second equation on page 31 in the
proof of Lemma 6 in Meyer and Wintenberger (2023)

E[ log LBinn(1 − qn | T ′n,2d)]

= E[log LBinn(1 − kn

n
| T ′n,2d)] +

(
kn

n
− qn

)(
nqn

kn/n
− n(1 − qn)

1 − kn/n

)
.

A combination with the asymptotic expansion in the last equation on page 31 in the proof
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of Lemma 6 in Meyer and Wintenberger (2023)

nqn

kn/n
− n(1 − qn)

1 − kn/n
=
(

qn − kn

n

)
n

kn/n
+ O(kn),

gives then

E[ log LBinn(1 − qn | T ′n,2d)] = E[log LBinn(1 − kn

n
| T ′n,2d)] −

(
kn

n
− qn

)2 n

kn/n
+ O(kn).

By Assumption (B3) follows the existence of a positive constant C1 > 0 such that

E[log LBinn(1 − qn | T ′n,2d)] ≥ E[log LBinn(1 − kn

n
| T ′n,2d)] −

(
kn

n
− qn

)2 n

kn/n
− C1nqn.

Since nqn → ∞ and for q̂n := (n − T ′
n,2d)/n we have

E[log LBinn(1 − qn | T ′n,2d)] − E[log LBinn(1 − q̂n | T ′n,2d)] → 0,

as n → ∞, it follows the existence of a constant C2 > 0 such that

E[log LBinn(1 − q̂n | T ′n,2d)] ≥ E[log LBinn(1 − kn

n
| T ′n,2d)] −

(
kn

n
− qn

)2 n

kn/n
− C2nqn.

A combination of Lemma A.2 and the equation above gives the existence of a constant
C3 > 0 such that

−2E[logEλ[LBinn(1 − q̃ | T ′n,2d)]]

≤ −2E[log LBinn(1 − q̂n | T ′n,2d)] − log(2π) + E
[
log

( n

q̂n

)]
+ o(1)

≤ −2E[log LBinn(1 − kn

n
| T ′n,2d)] + 2

(kn

n
− qn

)2 n

kn/n
+ E

[
log

( n

q̂n

)]
+ C3nqn. (A.14)

Inserting

E[log LBinn(1 − kn

n
| T ′n,2d)]

= log(n!) − E[log((n − T ′n,2d)!)] − E[log(T ′n,2d !)] + n(1 − qn) log
(
1 − kn

n

)
+ nqn log

(kn

n

)
into (A.14) yields

−2E[ logEλ[LBinn(1 − q̃ | T ′n,2d)]]

≤ − 2 log(n!) + 2E[log((n − T ′n,2d)!)] + 2E[log(T ′n,2d !)] − 2n(1 − qn) log
(
1 − kn

n

)
− 2nqn log

(kn

n

)
+ 2

(
kn

n
− qn

)2 n
kn
n

+ E
[
log

( n

q̂n

)]
+ C3nqn. (A.15)
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We have by Assumption (B3) that − log(1 − kn/n) ≤ C4qn for some C4 > 0 and thus,

−2n(1 − qn) log(1 − kn/n) + 2
(

kn

n
− qn

)2 n

kn/n
≤ C5nqn (A.16)

for some C5 > 0.
Finally, we use for B ∼ Bin(n, pn) with npn → ∞ a Taylor expansion and the Chernoff

inequality resulting in the existence of a positive constant C > 0 such that

log(E[B]) − C ≤ E[log(B)1{B > 0}].

But due to Assumption (D3) we know that nq̂n = n − T ′
n,2d ∼ Bin(n, qn) with nqn → ∞

such that

E
[
log

( n

q̂n

)]
≤ log

( n

qn

)
+ C6 ≤ 2 log(n) + C6 (A.17)

for some constant C6 > 0. Hence, the statement follows from (A.15)-(A.17).

A.4. Auxiliary results for Section 5.2.1

Lemma A.3. Let
εd ∼

∣∣∣Nd

(
0d,

100
d

Id

)∣∣∣,
where the absolute value is entry-wise. Then

lim
d→∞

V(∥εd∥2) = 100/
√

2.

Proof. Indeed, since ∥εd∥2
2 ∼ 100/d · χ2

d, where χ2
d is a chi-square distribution with d

degrees of freedom, the formula for the moments of a chi-square distribution (cf. Hogg
et al., 2005, Theorem 3.3.2) gives

V(∥εd∥2) = E[∥εd∥2
2] − (E[∥εd∥2])2 = 100

d

(
d −

(√
2Γ((d + 1)/2)

Γ(d/2)
)2)

.

Further by Gautschi’s inequality (cf. Elezović et al., 2000, p. 1) we have

(
d − 1

2

)1/2
≤ Γ((d + 1)/2)

Γ(d/2) ≤
(

d − 1
2 + 1

)1/2

and therefore

100√
2

d − 1
d

= 100
d

√
2
(
d − d − 1

2 − 1
)

≤ V(∥εd∥2) ≤ 100
d

√
2
(
d − d − 1

2
)

= 100√
2

d + 1
d

.

Letting d → ∞ on the left and on the right-hand side gives the statement.





Notation

Symbols

P-a.s.−→ almost sure (a.s.) convergence

Id identity matrix in Rd×d

xa,
√

x, x · y operations for a ∈ R and x, y ∈ Rd that are meant component-wise

Cov covariance (matrix)

D−→ convergence in distribution

diag(x) a diagonal matrix in Rd×d with the components of a vector x ∈ Rd on
the diagonal

E expectation (vector)

∂
∂xi

f(x) partial derivative of a function f with respect to the i-th component of
the vector x

0d zero vector (0, . . . , 0)⊤ in Rd

1d vector of ones (1, . . . , 1)⊤ in Rd

C(f) set of continuity points of a function f

Pd, P(N) power set of {1, . . . , d} and power set of N

N set of natural numbers

∇f(x) gradient of a function f : Rd 7→ Rk, represented as a matrix in Rk×d

P probability

∂A boundary of a set A

P−→ convergence in probability

P∗d , P∗N power set of {1, . . . , d} and N excluding the empty set, i.e, Pd \ {∅} and
P(N) \ {∅}

π Euclidean projection onto the simplex Sd−1
+

R, R+ set of (positive) real numbers

Rd, Rd
+ set of (positive) real d-dimensional vectors

Sd−1 unit sphere with respect to the L2-norm, i.e, {x ∈ Rd : ∥x∥2 = 1}

Sd−1
+ simplex with respect to the L1-norm, i.e, {x ∈ Rd

+ : ∥x∥1 = 1}
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V variance

v−→ vague convergence

∥x∥1 L1-norm,
∑d

j=1 |xj |, for a vector x ∈ Rd

∥x∥2 Euclidean (L2) norm,
√∑d

j=1 x2
j , for a vector x ∈ Rd

w−→ weak convergence

List of abbreviations

(M)EVT (multivariate) extreme value theory

AIC Akaike information criterion

BIC Bayesian information criterion

ESD empirical spectral distribution

i.i.d. independent and identically distributed

Lasso Least Absolute Shrinkage and Selection Operator

LSD limiting spectral distribution

MLE maximum likelihood estimator

MP law Marčenko-Pastur law

MSE mean squared error

MSEIC mean squared error information criterion

PCA Principal Component Analysis

QAIC quasi-Akaike information criterion

RV regular variation

SRV sparse regular variation


	Introduction
	Fundamentals
	Directions of extremes
	PCA for multivariate extremes
	Simulation study
	Conclusion and outlook
	Bibliography
	Auxiliary results
	Notation

