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static, spherically symmetric case we utilize metrics of non-singular black holes that are
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the resulting VHFQPO’s to escape to infinity, spanning the range from 1kHz (M = 10M⊙)
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absence of such VHFQPO’s from X-ray binary spectra implies the presence of a horizon
around the central, compact object.
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1 Introduction

The prospect and eventual realization of the observation of gravitational waves and the
direct imaging of a supermassive black hole precipitated much activity in the study of
exotic, compact objects [1]. The subject of this paper is devoted to a somewhat orthogonal
avenue, namely, the observation of a set of distinct frequencies in the kilohertz regime
that emanate from compact X-ray sources and have been dubbed “high-frequency quasi-
periodic oscillations” [2]. In the following years, the “relativistic precession model” began
to relate these frequencies to the orbital properties of infalling matter [3–6]: Close to the
innermost circular orbit (ISCO), massive charged particles of the accretion plasma experience
perturbations around their otherwise stable orbit. Since for a given mass of the central
object the ISCO can be determined uniquely, this explains the existence of a distinct set
of high-frequency quasi-periodic oscillations. For the sake of brevity, in the rest of this
paper we will refer to those frequencies collectively as quasi-periodic oscillations (QPOs),
dropping the “high-frequency” prefix.

If the central object is modeled as a black hole, determining the QPOs can lead to an
estimation of the black hole mass and spin [7]. Naturally, such studies have been performed
and extended to the context of exotic, compact objects [8–15]. Models for such objects
are accompanied by additional new physics parameters, which can then be constrained
utilizing measured QPO’s.

In this paper, we report on a previously overlooked phenomenon, focussing on non-singular
black hole models [16, 17]. In the static, spherically symmetric case, such models depend on
the ADM mass of the central object, denoted as M , as well as a regularization length scale
parameter L > 0. At distances r ≫ L the metrics asymptote to the Schwarzschild solution,
but differ appreciably in the region r ≲ L. As a generic property of such models, there exists
an outer horizon (as well as an inner horizon1) provided that

L < L⋆(M) , (1.1)
1The inner horizon is susceptible to mass inflation instability [18, 19], but this issue can be ameliorated by

introducing a suitable redshift function [20–22]. Since in this paper we will consider exclusively horizonless
geometries, issues related to the mass inflation instability do not affect our considerations.
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which we will refer to as the “horizon condition.” If the horizon condition is violated, we refer
to such a geometry as horizonless, and the resulting non-singular metric ceases to describe
a black hole and describes an exotic, compact object instead [23–25].

It should be noted that there exist a multitude of descriptions for exotic compact objects,
including several contenders that do not allow for a simple analytic description [1], and it is
not clear if all of these metrics can be approximated as the horizonless limit of non-singular
black hole metrics. However, from a reductionist perspective it is quite convenient that
this limit point exists.

For stationary, non-singular geometries, marginally stable massless orbits (“light rings”)
occur in pairs [26, 27]. Similar existence theorems have been formulated for massive orbits [28,
29] that are the subject of the present work. Such horizonless geometries can hence feature
two stable circular orbits: the well-known innermost stable circular orbit (ISCO) at r = rISCO
that is slightly affected by the presence of the regulator L, as well as an additional stable,
circular orbit at

r = rL-ISCO ≪ rISCO , (1.2)

which exists for all L, but is only part of the exterior spacetime in the absence of the horizon.
To date, its astrophysical relevance in connection to QPO’s has not been discussed. For
compact objects in the stellar mass range the resulting QPO’s from that orbit exceed those
from the ISCO position by a factor of O(20), justifying the name “very-high frequency” QPO’s
(VHFQPO’s). In a slight abuse of nomenclature, we still refer to the (formerly innermost)
stable circular orbit as the ISCO, whereas we will refer to the additional orbit as L-ISCO (as
in L-induced innermost stable circular orbit). For a sketch of the shape of such an effective
potential and the position of these two orbits see figure 1. The non-singular geometry close
to the coordinate origin r = 0 endows the effective potential with an additional minimum
at small radii. The slope at this minimum is dictated by the regulator scale L and hence
very sensitive to its precise value, making quasi-periodic oscillations around that minimum
a potential probe for such new physics.2

This paper is organized as follows: In section 2 we will briefly discuss the orbital dynamics
and the key relations to arrive at analytic expressions for QPO’s, before introducing several
non-singular models in section 3, including a model-independent description of the novel
L-ISCO at r = rL-ISCO. We evaluate the frequencies in section 4 before summarizing our
conclusions in section 5.

2 Stable circular orbits

We will consider the following form of non-singular, spherically symmetric metrics:

ds2 = −f(r)dt2 + dr2

f(r) + R2(r)(dθ2 + sin2 θdφ2) . (2.1)

2Inner stable massless orbits raise stability issues due to the trapping of electromagnetic and gravitational
radiation [30]. This has since been shown to not generically lead to instabilities but rather introduce a weak
high-frequency radiation “hair” [31]. While it is possible that similar conclusion holds for massive orbits, the
test particle analysis performed in the present work is not adapted to answer this question. We will therefore
comment on the limitations of this analysis in the Conclusions.
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Figure 1. We sketch the effective potential of a massive particle in the Schwarzschild geometry
(dotted line) and in the spacetime of a non-singular compact horizonless object (solid line) as a function
of distance in arbitrary units. The Schwarzschild geometry features an innermost stable circular
orbit (ISCO) at r = rISCO, and in presence of a regulator L > 0 its location is shifted slightly outward.
More importantly, in case of the horizonless geometry, a new entirely L-induced innermost stable
circular orbit (L-ISCO) at r = rL-ISCO arises. The existence of this L-ISCO is guaranteed by the
regularity of the metric of the compact non-singular object, inducing an inflection point in the effective
potential at small distances r ∼ L. Notably, the L-ISCO is only connected to the entire spacetime if
L > L⋆ such that the resulting metric has no horizon and describes a compact, non-singular object.

Note that we keep the function R(r) general in order to be able to accommodate wormhole-
type geometries more easily (as opposed to keeping the gtt and grr components distinct). Then,
the motion of a massive particle in the equatorial plane is governed by the conserved quantities

E = (−1)gµνuµξν = f ṫ , (2.2)
J = gµνuµζν = R2φ̇ , (2.3)

where uµ = (ṫ, ṙ, 0, φ̇) is the 4-velocity, ξ = ∂t is the timelike Killing vector, and ζ = ∂φ

is the rotational Killing vector. Consequently, E denotes the energy per rest mass, and J

denotes the angular momentum per rest mass of the particle and we utilized the symbol J

to avoid confusion with the regulator length scale L. The dynamics can then be inferred
from the normalization of the 4-velocity, yielding

ṙ2 = E2 − Veff , Veff =
(

1 + J2

R2

)
f . (2.4)

The relativistic precession model [3–6] relates the Keplerian frequency Ωφ and the radial
frequency Ωr to a pair of observable quasi-periodic oscillation frequencies,

fU = 1
2π

Ωφ , fL = 1
2π

(Ωφ − Ωr) , (2.5)
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where the latter corresponds to the periastron precession. These frequencies can be computed
from the metric functions and the effective potential via

Ω2
φ = f ′

2RR′

∣∣∣∣
r=r0

, Ω2
r = 1

2V ′′
eff(r)

∣∣∣∣
r=r0

, (2.6)

and ′ = ∂/∂r. The definition for Ωr is well-defined only if it is evaluated in a minimum of the
potential (that is, for a stable orbit) since otherwise it corresponds to an imaginary frequency.
We denote the location of that stable orbit as r0, and it satisfies the following relations:

ṙ|r=r0
= 0 , r̈|r=r0

= 0 , V ′′
eff(r0) > 0 . (2.7)

The second condition can be used to express this radius value as the solution of

V ′
eff(r0) = 0 , (2.8)

and the first relation can be combined with eq. (2.4) to yield the energy of that orbit,
E2 = Veff(r0). Note that in general there exist several solutions to eq. (2.7), which we
collectively denote as r0.

Last, in phenomenological studies of QPO’s it is convenient to consider instead of the
angular momentum J the so-called “emission radius” of the QPO (which is the radius r0 of
the stable circular orbit given that angular momentum). Taking the circular orbit condition
r̈ = 0 from (2.7) we can rewrite this as V ′

eff(r0) = 0 and extract

J2 = R3f ′

2R′f − Rf ′

∣∣∣∣∣
r=r0

. (2.9)

The right-hand side of the above expression is only positive if the numerator and denominator
have the same sign. For monotonous metric functions f(r) (as is the case for the Schwarzschild
metric) the numerator does not change sign and allowed emission radii are hence given by
2R′f > Rf ′, which for the Schwarzschild metric induces the well-known relation r0 >

3GM . Non-singular metrics generally feature inflection points in the function f(r), and
non-trivial radial functions R(r) further obfuscate the above relation, leading to potentially
new emission regions.

3 Non-singular compact objects

We would like to emphasize that VHFQPO’s are a generic feature of compact, non-singular
horizonless objects. For this reason we will first discuss them in the context of well-known non-
singular spacetime geometries, before extending their notion in a model-independent manner.

3.1 Prototypical examples

For the sake of concreteness, in this section we will focus on the Bardeen [32], Dymnikova [33],
Hayward [34], and Simpson-Visser [35] metrics which are summarized in table 1. Notably,
all of the considered metrics exhibit a non-trivial horizon condition, and the form of the
metric functions f(r) is rather similar (except for the Simpson-Visser metric), see figure 2.
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Name M(r)/M R(r) L⋆/(2GM)

Bardeen r3

(r2 + L2)3/2 r 0.3849

Dymnikova 1 − e−r3/L3
r 0.6866

Hayward r3

r3 + 2GML2
H

r 0.5291

Simpson-Visser r√
r2 + L2

√
r2 + L2 1.0000

Table 1. The four non-singular black hole metric functions under consideration in this paper, where
the metric is given by ds2 = −f(r)dt2 + dr2/f(r) + R2(r)dΩ2. We defined the mass function M(r)
via the expression f(r) = 1 − 2GM(r)/r, and rescale LH =

√
L3/(2GM) for the Hayward metric in

what follows. For each metric, the last column gives the maximum regulator value L⋆ for which a
black hole horizon exists.

    

Figure 2. We qualitatively compare the function f(r) for the Schwarzschild, Bardeen, Dymnikova,
Hayward, and Simpson-Visser metric in the black hole case (left) and the horizonless case (right).
Notice the pronounced minimum in the metric functions of the Bardeen, Dymnikova, and Hayward
metric at finite r, as opposed to the minimum at r = 0 for the Simpson-Visser metric.

The latter describes a wormhole, and hence differs appreciably at its near-origin behavior,
despite also featuring a horizon.

Before moving on to the algebraic treatment of the example metrics, it is convenient to
define a dimensionless distance ρ, a dimensionless regulator l, and a dimensionless angular
momentum j

ρ = r

2GM
, l = L

2GM
, j = J

2GM
. (3.1)

We also define dimensionless frequencies ωφ and ωr via

ωφ = 2GM Ωφ , ωr = 2GM Ωr . (3.2)
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The frequencies (2.6) and the circular orbit location (2.7) can be determined straightfor-
wardly. Establishing a point of reference, for the Schwarzschild metric we obtain

ω2
φ = 1

2ρ3 , (3.3)

ω2
r = 3j2(ρ − 2) − ρ2

ρ5 , (3.4)

0 = ρ2
0 − 2j2ρ0 + 3j2 . (3.5)

The latter equation, solved for j, gives

j2 = ρ2
0

2ρ0 − 3 . (3.6)

Recall that an ISCO only exists (in the above case) provided j ≥
√

3. These relations
provide a convenient consistency check, since all subsequent investigations must reproduce
the above results in the limit of l → 0.

For the Bardeen metric one finds

ω2
φ = ρ2 − 2l2

2(ρ2 + l2)5/2 , (3.7)

ω2
r = 3j2

ρ4 + −2l4 + 11l2ρ2 − 2ρ4 + 3j2(l2 − 4ρ2)
2(ρ2 + l2)7/2 , (3.8)

where the frequencies are to be evaluated at ρ = ρ0. The angular momentum can be written as

j2 = ρ6
0 − 2l2ρ4

0

2(ρ4
0 + l4 + 2l2ρ2

0)
√

ρ2
0 + l2 − 3ρ4

0

. (3.9)

Note that the existence of ρ0 depends in general on the values of j and l, and a general
analytic discussion of the properties can be technically challenging. Later, we will utilize
numerical methods to find solutions to these equations.

For the Dymnikova metric one has instead

ω2
φ = 1 − e−ρ3/l3(1 + 3ρ3/l3)

2ρ3 , (3.10)

ω2
r = 6j2(ρ − 2) − 2ρ2

2ρ5 + e−ρ3/l3 2l6ρ2 + 9ρ8 + 3j2(4l6 + 4l3ρ3 + 3ρ6)
2ρ5l6

,

j2 =
ρ2

0

[
1 − e−ρ3

0/l3(1 + 3ρ3
0/l3)

]
2ρ0 − 3 + 3e−ρ3

0/l3
[
ρ3

0/l3 + 2ρ0 − 3
] . (3.11)

For the Hayward metric we find

ω2
φ = ρ3 − 2l2

2(ρ3 + l2)2 , (3.12)

ω2
r = 3j2

ρ4 − 9ρ4(j2 + ρ2)
(ρ3 + l2)3 + 3ρ(j2 + 3ρ2)

(ρ3 + l2)2 − 1
ρ3 + l2

,

j2 = ρ7
0 − 2l3ρ4

0
ρ5

0(2ρ0 − 3) + 2l6 + 4l3ρ3
0

, (3.13)

– 6 –
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and for the Simpson-Visser metric, the only metric in our lineup with a non-trivial function
R(r), we have

ω2
φ = 1

2(l2 + ρ2)3/2 , (3.14)

ω2
r =

3j2
(√

l2 + ρ2 − 2
)

− (r2 + l2)[1 − l2/(2ρ2)])
(l2 + ρ2)7/2 +

j2l2
(
3 − 2

√
l2 + ρ2

)
2(l2 + ρ2)7/2 , (3.15)

j2 = ρ2
0 + l2

2
√

l2 + ρ2
0 − 3

. (3.16)

The above expression form the basis of the subsequent investigations.

3.1.1 Numerical investigation

Studying now the existence of stable circular orbits, we work numerically as follows.

• Since we are ultimately interested in horizonless objects, it makes sense to keep the
parameter l = L/(2GM) fixed and perform a two-dimensional scan in (j, r)-space for
solutions of eq. (2.7), resulting in various contour lines.

• On top of the resulting parametric jr-curves we determine the regions in (j, r)-space
where V ′′

eff > 0, that is, where the potential exhibits minima.

• The intersection of the contour lines and the minimal regions then gives allowed values
for stable, circular orbits.

The results are summarized in detail in the appendix in figure 8. The results are qualitatively
similar between the Bardeen, Dymnikova, and Hayward metric, whereas the Simpson-Visser
metric exhibits a strikingly different behavior. Hence, starting with the Bardeen, Dymnikova,
and Hayward metric, we find the following:

• At small regulators L < L⋆, there exist two branches of stable circular orbits. The
smaller radius, rL-ISCO, only exists thanks to L > 0 and is located at rL-ISCO ∼ L,
whereas the larger one is the Schwarzschild ISCO rISCO that is slightly moved towards
the black hole for Bardeen and Hayward and is unchanged in the Dymnikova csae.

• For larger regulators L > L⋆ the horizon disappears, and for small angular momenta
j ≲

√
3 there still exist two stable orbits rL-ISCO and rISCO.

• Only for excessively large regulators l ≫ 1 (or, at fixed regulator, for excessively
large j ≫ 1) the two stable orbits merge into one. In this case, the geometry differs
appreciably from the Schwarzschild geometry in its exterior, which is why we will not
consider this case in detail.

Notably, we find that in the horizonless case there exists an effectively j-independent value
for rL-ISCO ≪ rISCO, with a largely l-independent location for rISCO. This means that the
precise value of their angular momentum is not so important for their radial position rL-ISCO.

– 7 –
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The Simpson-Visser metric, which is a wormhole metric, differs strongly from this picture.

• It only features a single stable, circular orbit.

• The radial value of this orbit is always bounded from below irrespective of the value of L.
In particular, for L > L⋆ there remains an unstable maximum leading to a drastically
different behavior compared to the non-singular black hole metrics considered above.

Importantly, in the Simpson-Visser case no new bound orbits at small radii emerge.

3.1.2 Analytical investigation

We can attempt to understand this behavior qualitatively from an analytical perspective.
Namely, the presence of the regularization parameter L > 0 deforms the metric at distances
r ≲ L away from the Schwarzschild form, which will have consequences for the effective
potential and the innermost stable orbit responsible for the quasi-periodic oscillations at
r = rISCO.

Since the non-singular metrics approach the Schwarzschild form at large radii r ≫ L, the
qualitative form of the effective potential for a massive particle at large distances is

Veff(r ≫ L) ∼
(

1 + J2

r2

)(
1 − 2GM

r

)
+ O

[(
L

r

)p]
, (3.17)

where p is some positive power. From a global analysis of this function one realizes that
the angular-momentum repulsion ∝ J2 is necessary to induce the existence of a minimum
in this potential at large distances.

At small distances r ≲ L, however, this is not required: the metric deviates appreciably
from the Schwarzschild metric, and it generally features a positive term that leads to the
existence of a stable minimum in the metric function itself, see figure 2. Multiplying this
metric function with the prefactor (1 + J2/r2) does not alter the existence of that minimum
significantly. For this reason, even for J = 0, one finds a stable minimum at small radii for
the non-singular metrics discussed in this paper. This is a crucial insight: irrespective of
angular momentum, there exists a stable, bound orbit for massive particles at small radii.
This is what we have confirmed by our explicit numerical analysis.

We emphasize: In the presence of a horizon when L ≤ L⋆ these orbits are contained in
the black hole interior, and one would need to introduce horizon-penetrating coordinates to
study them rigorously. However, in the absence of a horizon, that is, when L > L⋆, these
orbits are causally connected to the full, horizonless spacetime.

3.2 Model-independent approach

Let us now consider a more general case, where the metric function f has a certain regularity
structure close to the origin. In order to do so, it is convenient to define an effective
regulator ℓ via

ℓ = Lλ (2GM)1−λ , (3.18)

– 8 –
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where λ is a real parameter that is usually positive. A suitable parametrization of the metric
function f at small distances can then be written as

f = 1 − f0 − f2

(
r

ℓ

)2
+ fn

(
r

ℓ

)n

+ O
[
(r/ℓ)n+1

]
, (3.19)

where f0, f2, and fn are all dimensionless, and n > 2 is a free exponent. The parameter f0 is
non-zero in wormhole spacetimes (such as the Simpson-Visser metric) but otherwise vanishes.
The (r/ℓ)2-term captures the universal behavior of non-singular geometries near the origin,
with f2 allowing for both a de Sitter core (f2 > 0) as well as an anti-de Sitter core (f2 < 0). A
linear term in r is not allowed since it would induce a conical angle deficit around the origin.
We truncate this model at the n-th order, but in principle this could be further refined.

Next, we parametrize the radius function R via

R = R0 + R1

(
r

ℓ

)
+ R2

(
r

ℓ

)2
+ O[(r/ℓ)3] , (3.20)

where all coefficients Ri have dimensions of length, and for all metrics considered here (except
for the Simpson-Visser metric) one has R0 = R2 = 0 and R1 = ℓ. With the formalism
established, let us now consider our example metrics and compute

• the parameters {λ, f0, f2, fn, n} from f(r);

• the parameters {R0, R1, R2} from R(r),

with the results are tabulated in table 2 in the appendix.
It is our goal to express the location of the innermost minimum of the effective potential

in terms of these parameters. To that end, we define the dimensionless numbers ĵ = J/ℓ and
r̂ = r/ℓ, and substitute the above parametrizations (3.19) and (3.20) into V ′

eff(r0) = 0, yielding

(2f2r̂2 − nfnr̂n) [R0 + r̂(R1 + R2r̂)]
{

J2 + [R0 + r̂(R1 + R2r̂)]2
}

(3.21)

+ 2J2r̂(R1 + 2R2r̂)(1 − f0 − f2r̂2 + fnr̂n) = 0 .

Noticing that the term inside the braces is a sum of squares, and that the term in brackets is
the radial distance function R which is also positive, we see that the fn-term is necessary to
find a positive solution for r̂ in the above equation. In other words, it follows that there are no
real solutions for r̂ in the case of fn = 0, which means that the universality of the regular center
around r = 0, as encoded by fn, is not enough to guarantee the emergence of the new modes.
This is interesting from an observational point, since it means that distinct non-singular
horizonless objects will feature distinct locations of their innermost circular orbits.

Let us now simplify our considerations. Since we demonstrated above that the location
of the potential minimum is largely independent of J , we might be tempted to set J = 0 in
the above. However, this corresponds simply to f ′(r0) = 0 and hence, via eq. (2.6), would
induce Ωr = 0. Since J2 > 0 requires f ′(r0) > 0 we hence define

rL-ISCO ≈ c ℓ + ϵ GM , c =
(

nfn

2f2

)1/(2−n)
, (3.22)

– 9 –
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Figure 3. We plot the observationally detected HFQPO’s for five black hole X-ray binaries and two
neutron star X-ray binaries (error bars magnified by a factor of 10 for the black hole systems and by a
factor of 5 for 4U 1608–52) against the Hayward model for representative values for the mass M and
the regulator L > 0, close to those reported elsewhere in the literature [11]. Our methods reproduce
a qualitatively good fit with the Cir X1 values, and different masses, regulators, and models can
equivalently reproduce the other data points. We take this as a verification of our numerical setup.

with ϵ ≪ 1 chosen such that the emission radius does not correspond exactly to the minimum
of f(r) (which is located at r = cℓ) but is located at a slightly larger radius — a practical
choice that yields numerically reasonable results is ϵ = 10−(2...4). The order of magnitude
for the L-ISCO is set by the effective regulator ℓ.

This simple analytic expression shows, again, that fn/f2 > 0 is required for the existence
of this orbit. Moreover, it shows that a relative sign between f2 and fn is not allowed, which
is an important observation since it relates the existence of this new class of orbits to the
properties of the core (de Sitter or anti-de Sitter).

4 Quasi-periodic oscillations

Combining the results of the previous sections, we now compute the quasi-periodic oscillation
frequencies, focussing on the VHFQPO’s for the new, innermost stable circular orbit rL-ISCO.
Before evaluating those, let us however briefly verify our computations by considering the
HFQPO’s that we obtain for the traditional ISCO located at rISCO. Experimentally measured
HFQPO’s are tabulated in table 3, and an overlay of the Hayward model can be seen in
figure 3. As indicated in the literature, it is possible to find a non-vanishing regulator L > 0
that reproduces the measured QPO’s, albeit at a slightly different mass value for the central
neutron star or black hole [8–15]. With this consistency check performed successfully, let
us now focus on the new results.

Since we are interested in the characteristic phenomenology of compact, horizonless
non-singular objects we fix the dimensionless regulator l = L/(2GM) close above the critical
threshold value L⋆. Given a mass parameter M , this then induces automatically a regulator
L which means that the angular momentum j = J/(2GM) is the only free parameter in our
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Figure 4. Very-high frequency quasi-periodic oscillations (VHFQPO’s) for the horizonless versions of
the Bardeen metric (l = 0.40), Dymnikova metric (l = 0.70), and Hayward metric (l = 0.55). The lower
VHFQPO’s span up to a few kilohertz, whereas the upper frequency reaches the O(20)kHz regime.

consideration. Accordingly, we will numerically vary j and display the upper and lower quasi-
periodic oscillation frequencies as an implicit function of that parameter. As is customary,
we will keep the j-dependence implicit and plot the two frequencies directly against each
other in an fU fL-diagram, and we will consider the angular momentum range

j ∈
[
0,

√
3
]

. (4.1)

The lower range is indeed allowed, unlike the case of the ISCO, as demonstrated by our
previous numerical considerations. As a mass value we take M = 2M⊙, and then fix L such
that we saturate the horizon condition and generate a horizonless metric. In particular,
we choose the values l = 0.40 (Bardeen), l = 0.70 (Dymnikova), and l = 0.55 (Hayward).
The results are displayed in figure 4; notably, the resulting frequencies are much larger than
the HFQPO’s encountered in the literature, justifying the tentative naming as “very-high
frequency quasi-periodic oscillations” (VHFQPO’s). The negativity of the upper frequency
simply means that the periastron is precessing clockwise (in the mathematically negative
direction), since both Ωr > 0 and Ωφ > 0.

Can these VHFQPO’s be matched to experimental data? Clearly, for typical masses
between 2M⊙ . . . 12M⊙ the frequencies are much too high to be detected inside the bandwidth
of current experiments focusing on the frequency band from a few Hz up to the very low kHz
band. However, noticing that VHFQPO’s also scale with the inverse mass of the compact
central object, we point out that a central mass of 50M⊙ would be necessary to shift the
VHFQPO’s into the observable band, see figure 5. Of course this is not a physically realistic
scenario, since the mass of the X-ray sources can be measured via other methods and does
not exceed 12M⊙, see table 3. Conversely, an absence of such frequencies from observational
data, if experimentally confirmed, would then imply the absence of compact, non-singular
horizonless objects in the considered mass range.
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Figure 5. We plot the VHFQPO’s for the Hayward model for a physically somewhat unrealistic
mass of M = 50M⊙ for the regulator values l = 0.55 and l = 0.75, both corresponding to compact,
non-singular horizonless objects. While the l = 0.55 case (solid line) lies outside of the observed
HFQPO’s, the l = 0.75 case (dashed line) has a small overlap with experimental data. Results for the
Bardeen and Dymnikova cases are qualitatively similar and not displayed here.

Utilizing the general formulae (2.6) and the expressions (3.19) and (3.20), inserting
r = cℓ + ϵGM , we arrive at a model-independent description of the VHFQPO’s. However,
their precise algebraic form, while straightforward to obtain, is rather cumbersome. This
also prohibits a direct verification via the analytic results of the previous section. For this
reason we consider again the three cases of l = 0.40 (Bardeen), l = 0.70 (Dymnikova),
and l = 0.55 (Hayward), and superimpose the model-independent frequencies based on
the coefficients of table 2; see figure 6. As it turns out, the model-independent description
overestimates the frequencies by a factor of 2 . . . 8, which is not ideal, but is not avoidable with
our crude expansion scheme. It could be further improved by adding additional expansion
parameters, but for the purpose of this paper we instead utilize this result and rescale the
model-independent frequencies by a factor of cL = 1/3 and cH = 1/5.

For this reason we opt to study the qualitative features numerically via a scatter plot.
We fix the mass parameter m = {2, 4, 6, 8, 10}M⊙ and vary the other parameters, informed
by typical values from table 2, uniformly randomly distributed in the following ranges:

• λ ∈ [0.5, 2.5], ϵ ∈ [10−4, 10−2];

• R0, R1, R2 ∈ [0, 2ℓ];

• f0 ∈ [0, 0.2], f2 ∈ [0.5, 2];

• n ∈ [4, 6], and fn ∈ [0.5, 2].

The rescaled VHFQPO’s are collected in a scatter plot in figure 7, with values similar to
those extracted from the Bardeen, Dymnikova, and Hayward example cases from above.
Conversely, if such VHFQPO’s were to be measured in Nature, one could map those to the
above coefficients, which would be useful for inferring the shape of the central, non-singular
geometry of the compact object lurking in such putative X-ray binaries.
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Figure 6. We plot the VHFQPO’s obtained from the Bardeen, Dymnikova, and Hayward model
as dashed lines, and superimpose the model-independent VHFQPO’s matched to each scenario with
a solid line. The auxiliary coefficients for the upper frequency range from 1

8 to 1
5 , and for the lower

frequency from 1
4 to 1

2 , indicating that the model-independent parametrization is only accurate up to
factor 2 . . . 8 in the displayed mass range.

  

Figure 7. Taking the rescaling factors cU and cL into account, we plot the resulting VHFQPO’s
for a range of parameters for masses in the range from 2M⊙ to 10M⊙. With increasing mass M , the
VHFQPO’s cluster at smaller values, but still exceed typical frequencies encountered as HFQPO’s for
realistic X-ray binary systems.
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5 Conclusions

In this paper, we explored a class of stable, circular orbits in the deep interior of non-
singular spacetime geometries. Focussing on three analytic models (Bardeen, Dymnikova,
and Hayward) we demonstrated that such orbits arise generically, and are causally connected
to the entire spacetime if the resulting geometries become horizonless, which is guaranteed if
their regularization parameter exceeds a critical value L⋆. Conversely, for the Simpson-Visser
non-singular wormhole-type geometry we demonstrated that such orbits never exist.

In the recent literature, much attention has been devoted to the study of high-frequency
quasi-periodic oscillations (HFQPO’s) arising from massive particles on the innermost stable
circular orbit around compact, non-singular objects [8–15], making use of the relativistic
precession model or similar mechanisms [47]. In this paper, we pointed out that for many
non-singular spacetime models there exists a novel, inner stable circular orbit whose radius
is dictated by the regularization parameter L > 0, and that the resulting frequencies are
larger by a factor of 10–100 compared to the well known HFQPO’s, dubbing them very-high
frequency quasi-periodical oscillations (VHFQPO’s). To the best of our knowledge, such
frequencies have not been discussed in this context before.

Depending on the mass of the central compact object, they range up to 25 kHz. Notably,
it is the condition of a vanishing horizon that(i) makes these frequencies able to escape to
spatial infinity, and (ii) relates the regulator and the mass of the object via the relation
L > L⋆(M). Typically, the relation between L⋆ and M is linear, which leads to a strong
correlation between the regulator value and the mass M of the compact object. If the
regulator L is universal and does not depend on each object separately, a detection of one set
of VHFQPO’s could lead to insights into the general structure of non-singular spacetimes.
Conversely, the absence of VHFQPO’s pushes the possible value for L to smaller and smaller
values, which would then imply that all X-ray binary systems with a compact object of a
mass exceeding the Buchdahl limit would feature a horizon.

It is entirely possible that the deep interior of black holes is accurately described by
general relativity. However, the existence of singularities in their interior forms a theoretical
bias against this scenario, and makes the resolution of such singularities desirable from a
theoretical point of view. Non-singular black hole geometries, such as the Bardeen, Dymnikova,
Hayward, and Simpson-Visser models, accomplish exactly that, and the present work shows
that VHFQPO’s are a tool to confirm or rule out the horizon for such geometries.

Besides non-singular black hole geometries, much activity has been focused on exotic
compact objects [1, 13], such as Proca stars [48]. While many of such geometries are only
known numerically, their small-r behavior is similar to that modeled by eqs. (3.19) and (3.20).
Typically, the gtt and grr components are distinct from one another, which can be captured
in our parametrization via the radial function R(r).

Non-singular black hole models have been criticized for their inner-horizon instabilities [18,
19], which, however, can be cured via additional red-shift factors that become relevant only at
the innermost horizon [20–22]. These redshift factors can again be mapped into the function
R(r) via a suitable coordinate transformation, making our model-independent parametrization
applicable to the case of improved non-singular black hole geometries as well. However,
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since VHFQPO’s are relevant for horizonless geometries, stability issues related to the inner
horizon are not expected to be of major concern.

However, there are limitations to the test particle approach, which we would like to
address now briefly.

In this work, the effects of the backreaction of accumulating particles at the L-ISCO (the
new, innermost stable circular orbit) onto the geometry have been ignored. It is possible
that friction between these particles leads to a natural depletion of angular momentum of
massive particles on the L-ISCO, inducing a de-population of the L-ISCO that could prevent
potential instabilities from occurring. At the same time, it is also possible that at distances
r ∼ L, where the L-ISCO is located, effects beyond general relativity become important that
would lead to a different coupling between matter and gravity or matter among itself.

For a deeper understanding of the L-ISCO VHFQPO phenomenology for compact,
horizonless objects it is hence necessary to develop a framework that can account for the
backreaction of the background geometry. One possible consequence could be a dampening
of the VHFQPO signal, but it is also conceivable that unstable horizonless configurations
re-collapse into black holes and disconnect the L-ISCO region from the external spacetime,
removing the signals completely from the spectrum. Last, the time scale of such effects is
important as well, for if the recollapse happens slowly it is conceivable that a part of the
oscillations would escape to infinity and could then be theoretically observable in a reasonably
parametrized short-time Fourier transform of the X-ray spectrum.

For these reasons, the reported results on VHFQPO’s should be seen as an upper bound
of a possible observational effect that should be refined in future analyses.

Finally, there are several ways in which the presented studies can be extended. First,
what is the role of angular momentum? Does its presence shift the values of the VHFQPO’s
to smaller or larger values? And, second, a detailed analysis of the sensitivity of experimental
missions to resolve the existence of potential VHFQPO’s is desirable, along with a more
streamlined analysis toolchain involving a Markov chain Monte Carlo analyses as presented
e.g. in ref. [11]. Last, we also recently explored the notion of mass-dependent regulators [25],
and it would be interesting to track the impact of such non-standard regulators on the
phenomenology of the described VHFQPO’s.
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A Additional details

In this appendix, we list numerical coefficients for the expansion scheme (3.19)–(3.20) as well
as numerical values and their uncertainties for observed QPO’s in X-ray binaries.

Name λ f0 f2 n fn R0 R1 R2

Bardeen 3
2 0 1 4 3

2 l 0 ℓ 0

Dymnikova 3
2 0 1 5 1

2 l3/2 0 ℓ 0

Hayward 3
2 0 1 5 l3/2 0 ℓ 0

Simpson-Visser 3
2

2GM
L −1

2 4 −3
2 l L 0 L2

4GM

Table 2. The considered non-singular metrics can be approximated by the expansion parameters in
eqs. (3.19) and (3.20). In the above, l = L/(2GM) and ℓ = Lλ(2GM)1−λ.

        

        

        

        

Figure 8. Top to bottom: Bardeen metric, Dymnikova metric, Hayward metric, and Simpson-Visser
metric. Left to right: increasing values of the regulator L. In each panel, plotted are radii that
satisfy V ′

eff(r0) = 0; the dashed lines denote black hole horizons (if present), and the dotted lines
show the location of the Schwarzschild ISCO position on the horizontal axis and the minimal angular
momentum on the vertical axis. The large shaded areas denote regions where V ′′

eff(r) > 0. The overlap
of the solid line and the shaded regions hence correspond to stable radial orbits.
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Name M/M⊙ fU fL Refs.
GRO J1655-40 5.4 ± 0.3 441 ± 2 298 ± 4 [36, 37]

XTE J1859+226 7.9 ± 0.5 227 ± 2 129 ± 2 [38]

H 1743+322 8.0 – 14.1 242 ±3 166 ± 5 [39–41]

XTE J1550-564 9.1 ± 0.6 276 ± 3 184 ± 5 [42]

GRS 1915+105 12.4+2.0
−1.8 168 ± 3 113 ± 5 [43]

Cir X1 2.2 ± 0.3 229 ± 18 56.1 ± 1.3 [44]
281 ± 32 83.1 ± 2.5
311 ± 20 97.5 ± 2.7
359 ± 42 106.5 ± 2.5
404 ± 17 136.5 ± 5.4
407 ± 33 122.3 ± 7.2
419 ± 48 100 ± 26
438 ± 38 137.4 ± 5.4
445 ± 20 127.6 ± 3.6
497 ± 61 157 ± 22
505 ± 51 226 ± 18

4U 1608–52 2.15 – 2.60 850 ± 7 538 ± 20 [45, 46]
879 ± 4 568 ± 1
899 ± 7 602 ± 1

951 ± 22 613 ± 1
956 ± 10 671 ± 2
974 ± 7 694 ± 3

1000 ± 13 658 ± 2
1040 ± 13 770 ± 1
1046 ± 10 736 ± 1

Table 3. Experimental values of observed high-frequency quasi-periodic oscillation frequencies for
five black hole X-ray binaries (first five entries) and two neutron star X-ray binaries (last two entries).
The uncertainties have been rounded up to the displayed precision.
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