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This study outlines and discusses model reduction problems. The concept of Singu-
larly Perturbed Vector Fields (SPVF) is revisited as a framework for handling the
decomposition of motions and, in particular, for addressing the fundamental prob-
lem of initial-data consistency in reduced models. This issue arises because the initial
conditions generally do not lie on the slow invariant manifold that approximates the
reduced system. To address this, this study demonstrates how the method of Intrin-
sic Low-Dimensional Manifolds (ILDMs) can be employed both to approximate the
slow manifold and to generate consistent initial data. Two classical benchmark exam-
ples in model reduction theory are examined to verify and discuss the approach. The
Lindemann mechanism is used to illustrate how SPVF theory reconciles the standard
asymptotic limits and thereby captures both pressure dependence and variations in
reaction order. The Michaelis—Menten model serves as a key example where standard
reduction approaches — such as QSSA and PEA — may fail under certain asymptotic
conditions. The SPVF framework provides a systematic way to understand these limita-
tions by clarifying the asymptotic structure and its parameter dependencies. Meanwhile
the ILDM method not only offers an efficient way to approximate the slow manifold
but also supplies consistent initial data projection procedure, ensuring a physically and
mathematically sound reduced system.

Keywords: Mechanisms of chemical kinetics; model reduction; singular perturba-
tions; slow/fast invariant manifolds; initial data projection

1. Introduction and motivation

The problem of model reduction has attracted an increasing attention in the recent decades
due to the progress made in numerical computations, which became a valuable tool in
scientific research, industry and engineering [1-3]. The usage of numerical integration
packages and increase of role of computations not only in engineering but also in science
has extended the range of applications for modelling leading both to improvement and
to growth in the complexity of combustion models and to the extension of experimental
data for model validation. The collected data have become complex in terms of dimension,
while models developed grow both in dimension and in stiffness especially with respect to
considered chemical kinetic models [4].

There are two main reasons for this. One concerns the internal property of
combustion processes which are highly sensitive to, e.g. temperature and species
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concentration variations, etc. This is manifested by the fact that combustion is typically
localised/concentrated phenomena in space and in time. As a result, the chemically react-
ing source terms become highly non-linear with respect to parameters and variables used
to model the chemical reactions. Hence, modelling of such processes with given accuracy
becomes challenging [5].

Another reason is relevant to the way chemical kinetic models have been developing.
Typically one starts with simple several steps models that describe certain phenomena with
a given accuracy. Then the scope of the phenomena changes and one intends to account
for wide parameters/regimes/configurations range to describe additional phenomena and
experimental evidences. This is typically performed by an extension of the original chem-
ical reaction network by adding steps to the original set of elementary reactions. This
has been implemented capturing additional phenomena successfully; however, such an
extension must not degrade the performance of the original model in its initial application
range. Thus an extension can only be realised if the added sub-models effectively cancel
out while being implemented in the original regime. The system then becomes artificially
over-determined and stiff.

To cope with the problem of overdetermination of mathematical models with the focus
on a limited application range, numerous model reduction techniques have been developed
over the past few decades as referenced in [6, 7]. Their primary goal is to automati-
cally decrease the number of system variables within the model, while ensuring that the
performance remains largely unaffected.

All these approaches can be roughly subdivided into two groups. The first is based on
so-called progress variables, parameters (e.g. flamelets [8]) while methods in the second
group rely on multiple time scales (ILDM [9], CSP [10], REDIM [11], etc.).

Methods belonging to the first group concern specific regime/configuration only assum-
ing the initial data is limited and rely solely on the detailed solutions for a reacting system
being automatically invariant as the system solution. The reduced system state is then con-
sidered to be constrained to the detailed solution trajectory/profile started at the confined
set of initial data. A significant hurdle with application of these approaches is in selecting
initial conditions and boundary conditions for distributed systems such that the represen-
tative states are obtained to constrain the system that will accurately capture the detailed
system behaviour. If the chosen initial/boundary data are not representative and assumption
is not valid, then the reduced model might not accurately capture the system’s dynamics
across its intended application range.

Methods in the second group [10] are based on the intrinsic property of existing multi-
ple time scales and are, therefore, independent of any additional assumption. They can be
implemented for an arbitrary initial state and only need to provide the appropriate projec-
tion of the initial state onto so-called low-dimensional manifolds. A valuable advantage of
such approaches based on time-scale separation is that they reduce not only the dimension
but also the stiffness of the original mathematical model. Main methods of this group are
based on a local time scale analysis [9, 10]. Although such approaches are preferable they
might also have shortcomings in applications. For instance, different time scale divisions
for the same set of parameters in different subdomains, ‘ghosts’ low-dimensional mani-
folds as approximation of the slow invariant manifold, which have nothing to do with the
slow manifold and require special tools for their recognition [12].

As it turns out, both groups (and likely any other existing model reduction approach)
rely on low-dimensional manifolds. However, these manifolds differ significantly both in
their construction and properties when addressing the model reduction problem. In the
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first group, manifolds usually have a dimension equal to that of the ‘initial data set’ plus
a number of progress variables. The methods in the second group rely on manifolds that
depend on the internal structure of the time scale hierarchy present in the system. Being
based on attractive slow manifolds, they remain stable with respect to small perturbations.
To address these assumptions and formalise the fast/slow separation, the theory of Singu-
larly Perturbed Systems (SPSs) has been established [13]. This theory can be utilised once
the decomposition is known and explicit.

In applications, especially for relatively high-dimensional systems, deriving a dimen-
sionless form using already known key parameters that control time scale differences
analytically is possible, but not realistic. Therefore, an automatic procedure that can per-
form this task is of primary importance both to with respect finding characteristic time
scales, key system parameters as well as to find out appropriate SPS form (proper dimen-
sionless form) of the engineering scale problem. The question then arises as — what should
be done if the system is presented in a dimensional form, and neither key parameters nor
variables governing the different time scales are known.

The first methods to address this problem were ILDM (Intrinsic Low-Dimensional Man-
ifold) [9] and CSP (Computational Singular Perturbation) [10]. Both assume that time scale
separation is present in the system, can be defined locally, and that asymptotic limits are
valid across the range of initial data and system parameters. A discrete spectral gap of the
non-linear source term is typically used for this purpose [14].

The theory of coordinate-free singular perturbations, known as Singularly Perturbed
Vector Fields (SPVF) [15], was developed to extend the standard theory of singular pertur-
bations. It formulates the main question of model reduction for over-determined systems
that are represented as singularly perturbed vector fields.

The SPVF theory answers several important questions relevant to defining the hidden
small system parameter, identifying regular and singular vector field components, and
understanding the structure and dimension of fast fibers as manifolds for fast motions and
base sets — slow manifolds [14, 15]. These serve as a substitute for the standard SPS coor-
dinates. This knowledge becomes crucial for the description of fast manifolds, and it is
necessary to evaluate attractive slow manifolds, and it helps correctly project arbitrary
initial states onto these slow manifolds.

Additionally, these insights are also required to clarify in detail the attractiveness prop-
erty of the slow manifolds, which are intended for model reduction. The SPVF’s theoretical
basis for model reduction, founded on multiple time scales, has been established to address
all implementation-relevant questions and the treatment of related problems. From a pure
mathematical point of view, the main purpose of the SPVF method is to identify a fiber bun-
dle structure of the original model in the systems’ state space and, if possible, transform it
into a standard SPS system through a corresponding change of variables.

In cases where such a transformation is linear — meaning the fast fibers have a linear
structure — the theory simplifies to applying the standard SPS framework to the trans-
formed systems. To evaluate the corresponding linear transformation, the Global Quasi-
linearisation Procedure (GQL approach) has been developed [14]. This paper presents
suggested ideas and highlights the importance of the extended singular perturbation the-
ory (SPVF) for the successful description and application of multiple-time-scale-based
approaches. It begins with a brief revision of the standard SPS theory, outlining the major
steps in SPVF development. This is important for self-consistency.

Next, two basic benchmark examples from model reduction theory are revisited: the
Lindemann (LD) [16] and Michaelis—Menten (MM) [17, 18] models. In the case of the LD
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model, a linear transformation to the original model exists and can be used to delineate
two important asymptotical limits for describing pressure-dependent reactions. The MM
model, even in appropriate asymptotical limits, presents difficulties with implementing
standard model reduction tools like the quasi-steady-state assumption (QSSA) [19, 20].
In this scenario, non-linear fibers become evident and can be approximated by the ILDM
fast subspace. The analytical study performed demonstrates how SPVF theory augmented
with the ILDM approximation of fast manifolds can overcome difficulties of initial data
projection in applications with a weak asymptotic limit.

2. Singularly perturbed vector fields (SPVF)

Before a detailed analysis of the reduced model applications to the Lindemann mechanism
and the Michaelis—Menten enzyme kinetics the main idea and concept behind the SPVF
method is outlined shortly. Let us start from the standard SPS system [13, 21],

2 = Gy (1)

j (x’ ))’ l

dr

Here, x € R", y € R” correspondingly fast and slow variables, ¢ << 1, F(x,y) and G(x,y)
are of the same order. The first equation is the fast equation and the second one is the slow
equation. The fast null-cline is a zero approximation of the corresponding slow invariant
manifold. Let z := (x,y) and ®(z,¢) := (F(2), ¢ G(2)).

A coordinate-free description of the zero approximation of the slow invariant manifold
is given by ®(z,0) = F(z) = 0. The rank of the Jacobi matrix Jo () is less or equal to n
that is the dimension of the fast motions. These basic considerations have leaded to the
concept of SPVFs [15, 22].

In many cases, the existence of a small parameter ¢ and the decomposition of the vector
field into slow and fast sub-fields are not known. Therefore this coordinate-free definition
can be useful. Let ®(z) := F(z) + €G(z) where all vector functions F,G, ® : R"™" —
R"™", Here, F(z) is the fast subfield and G(z) is the slow subfield. The classical zero
approximation € — 01is ®(z) = F(z). Two main cases are possible: a non-degenerate and
a degenerate and the standard SPS is an example of a degenerate one.

In the non-degenerate system dimension of the slow set F(z) = 0 is zero (typically a
number of isolated points). This corresponds to a regularly perturbed vector field .

In the so-called degenerate case, dimension of the zero set M of all solutions of equation
F(z) = 0 is not zero. This corresponds to a ‘singularly perturbed’ vector field ®. Under
additional assumption that all vector fields are smooth it is possible that the set M is a
combination of manifolds of different dimensions. This special case is very complex and,
thus, an additionally assumption that M is a manifold of a fixed dimension — m has been
made.

2.1. Degenerate vector fields

This case corresponds to the theory of Singularly Perturbed Vector Fields (SPVF) [22]. For
systems with such vector fields slow invariant manifolds exist. The determination of the
degeneracy of a vector field represents a complex problem and relatively simple cases are
discussed here.
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Let us return to the case ®(z) := F(z) + €G(z) where ® : R"™ — R"™ where Jo(z)
denotes Jacobi matrix of the fast vector field

0P (z) 0F (2)

Jo(2)em0 = : @)

J = ,
(@ 0z 0z

The assumption about the generation of the fast vector field made leads to the fact that the
rank of this matrix has to be constant and equals to n. Consequently, the dimension of the
slow manifold is equal to m, and the dimension of the ‘fast motion’ is equal to n.

Consider now z € M and take a union of all trajectories S, of the fast vector field —
F(z) that pass through z. These will be so-called a fast fibers — manifolds associated with
the point z € M. In general, these fibers can vary significantly from point to point, and
the overall situation can become quite complex. Conditions for existence and properties
of slow manifolds and of fiber bundles of the Singularly Perturbed Vector Field (SPVF)
can be found in [23]. Once the decomposition is known and a new coordinate system
that transforms an original model into a singularly perturbed one is found, the problem of
model reduction can be stated as being converted to the well-studied and settled theory
of singularly perturbed systems (Equation 1). This theory can then be used to reduce
the model and reduce the dynamics of the system either on the fast fibers/manifolds or
constrain them to the evolution within the slow manifold.

There are other complex issues with manifolds-based model reduction. These can occur
when a slow manifold has degenerate solution branches, or when those branches lose
stability and attractiveness with respect to the fast manifolds. The first issue relates to
situations where formal solutions exist but might be nonphysical [12] or leave the physical
domain (e.g. species concentrations become negative). In the second case, the system’s
solution trajectory will not tend toward such an unstable branch of the manifold, and the
formal usage of such branches can lead to unpredictable errors. These complex issues are
much more delicate, typically relevant to situations where a particular asymptotic limit is
already in question, and remain beyond the scope of this study. The reader is referred to [6,
13, 23] for more details on the subject.

An automatic procedure for the decomposition of the vector field ® onto slow and fast
parts is developed only under assumption that the corresponding fiber bundle is a priori
vector bundle. From the brief outline above, one can conclude that the level of degeneracy
and the particular asymptotic limit can be determined and tested by investigating the sys-
tem Jacobi matrix, as suggested in the ILDM [9]. Thus the decomposition structure and the
fast/slow vector fields can be approximated via relevant eigenspaces of the system Jacobi
matrix similar as in [14].

3. Lindemann model

To illustrate the idea and to demonstrate how useful a suggested combination might be
both at the analytical and computational levels, the Lindemann model is considered first.
This simple weakly non-linear model is a classic example that highlights the importance of
a comprehensive, global approach to obtain system decomposition, which might account
for different asymptotic limits automatically.

In his classic paper, Lindemann used his model to successfully explain several gas phase
decomposition reactions that do not follow first-order uni-molecular kinetics (A —> P),
but rather exhibit higher (up to the second) order kinetics. He also addressed the question



6 V. Bykov and V. Goldshtein

of the energy required for molecular decomposition to sustain the flame propagation [24].
Lindemann established the appropriate mechanism by introducing an excited and an inert
species:

A+M =A"+M
A* — P, 3)

Here, A specifies the reactant, A* specifies its excited form, P is the product and M is an
inertial body (third body) concentration. The low mass action leads to the quadratic form
of the first reaction rate (Equation 3), ¥ = (A,M,A*, P):

Ri(y) = k[ [AlIM] — ky [A*]IM],
Ry(y) = ky [A™]. “4)

The fact that only two reactions exist, the rank of stoichiometry matrix is only two (see
appendix Subsection A.1) gives us two linearly independent equations of the system, which
are trivially decoupled. The limits of high and low pressure can now be investigated by
using standard model reduction assumption, e.g. QSSA with the natural choice of A* as
radical — fast variable in the plane (A, A*):

dA] s
o = R = —kIANIM] + ky [ATIIM ],
d[A*] R + —[A* FA*

o =R = R() = kTAIM] =k [AT]IM] =k TA7). o)

However, the obvious choice to represent the system equation (5) would be the choice of
variables — (A, P):

d[A] . -
o = —Ri(Y) = =k [AlIM] + k[ [AT]IM] =
— k{ TAIIM] + ky [M1(Co — [A] — [PD),
d[P] A%l _ ot
5 = RO =K =k (C)~ [A] - [P). ©)

This is because in this form, both reactions are decoupled. They can then be individually
compared and used to define an appropriate dimensionless form, depending on which reac-
tion is dominating in the considered limit. Then the standard Singularly Perturbed Systems
(SPS) theory can be applied for the analysis, as shown below.

3.1. Well-known high and low pressure asymptotic limits

Application of both standard approximations — QSSA and PEA — can be justified by using
standard theory of singularly perturbed system accompanied by proper scaling the time
variable.
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3.1.1. Standard QSSA
The activated species A* plays a role of radical in the detailed mechanism, thus it is logical
to treat it as a fast variable. This means that in this process the quasi-equilibrium for A*
d[A*]
dt

defines the slow manifold approximation and thus the system can be reduced using this
constraint.

This leads to a simplified form of the corresponding equation for the product formation
(Equation 6) depending on the educt concentration (Equation 7)

~ 0= k[AIIM] = ky [A*]IM] = k3 [A*] = 0, @)

d[P] ki TAlIM]
—— =R =k 8
” 2(Y) = k5 M)+ K (®)
Different limits of the rates k1+, ki, k; , provide
e First order for high-pressure limit
_ d[P] kT TAIIM] ki ks
k(M = —— =k [AY] =k — ~ L2 [A]; 9
1[ ]>>2:> dr 2[ ] 2k;[M]+k£L k;[] ()

e The non-linear dependence of the concentration expressed as [A]%, « # 1, is observed
for low pressure limit. This occurs when the complicated dependence of the third body

— M on A, A* due to e.g. linear integrals is taken into account, namely:
d[P] o kI [AlIM ]

KTIM] << k= o = K A*] = K Cof T
1 2

~ ki [AlIM]. (10
3.1.2. Standard PEA

Because the only one elementary reaction (i.e. reversible one) is present, partially
equilibrium of this only reaction means

_ ki
Ri(Y) = k[ [AlIM] — ky [A¥][M] ~ 0 = [A*] = k—l_[A]. (11)
1
By applying this particular assumption, the only one limit (Equation 9) can be recovered
+
due to [A*] = i—‘_[A]. Still the observed in the experiments higher order dependencies in A
1
can be nevertheless attained when an additional assumption of quasi-steady state of this
reaction is made, namely,

dR A A*
W) _ A AT

dr dr dr
Theoretically, this corresponds to a higher order of approximation of the correspond-

ing slow invariant manifold of the system leading to more accurate predictions with an

[M]~0 (12)

.
additional factor of :—L
1

ki kTAlIM]

Rk
a0 e (1)

Therefore, it is now possible to recover the low and high pressure limits and obtain the
following relations similar to Equations (9), (10)
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e First order in the PEA high pressure limit

dp] kﬁk+ kHIA]IM] N <E>2[A].

k[ M = — = b 1207
M1 == T Vi B SR

(14)

e The higher orders in the PEA low pressure limit are obtained when complicated
dependence of M on, e.g. A, A* due to liner integrals is taken into account, namely,

APl K KM ()

k(M k= =L -
1M1 << itk kMG kg

[A][M]. 15)

Now the question is how all these limits can be treated in such a way that assumptions
as well as limits can be rigorously justified, e.g. answer what equations — Equations (9)
or (14) and Equations (10) or (15) provide a better approximation of the reduced model?

3.2. Application of the SPVF

To answer this question, a particular limit is considered on the same plane taken such that
chosen coordinates are not suitable for the SPS consideration. We reformulate the original

system by introducing the limit of high pressure above with ¢ := k’% << 1 systems small
parameter: ]

d[A] .

5 = R = —KAIM] + kT TATIM],

d[A*] + — * - *

P Ri(Y) — Ro(¥) = ki [AlIM ] — ki [AT]IM ] — ek~ ColA], (16)

The choice of fast and slow sub-fields
D(z,8) :=F(z) + ¢ G(2) (17)

is obvious in this limit by denoting z = ([A], [A*])

F(z) := (k[ IM1A] + k] [M][A*], kT IM1[A] — ki [M][A™]),

G(2) := (0,k; Co[A™]). (18)
For simplicity and illustration, let us consider [M | ~ [A], which is a good approximation at
least at the beginning of the process. By using an additional assumption that the backward
and forward reaction constants are equal kf“ =k, and considering dimensionless variables

as x = [A]/Cy and y = [A*]/C, with the fast time scale — do = kf'dt the original system
becomes

do = —x(x —y),

d

2 xx—y) —ey, (19)
do

with the standard initial condition xy = 1,yy = 0 when no product is present in the initial
mixture composition.

It is clear that F(z) = (—x(x — y),x(x — y))7 is a degenerate vector field with the slow
manifold defined to the leading order as ¢ — O by F(z) =0

Mo = {(x,y) : x —y = 0}. (20)
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3.2.1. Initial data projection in SPVF's with the ILDM

We will use now the form Equation (19) where both equations are fast in the limit consid-
ered. The decomposition of motions exists and is controlled by the system small parameter
&. Suppose we have a scattered initial data and we want to reduce the system. In this case,
the initial data must be projected toward the slow curve of the system, given by the zeroth
order approximation (Equation 20) (see, e.g. Figure 1). It should be noted that the prob-
lem of projection onto slow manifolds is well known and has been treated first mentioned
in [25] and referred in the report [26] in chapter 6.5 as ‘inclusion of the homogeneous
solution’. The original iterative method of the CSP [25] was modified to take into account
the fact that during the fast relaxation the system state will evolve along the fast manifolds
approximated by the CSP basis of arbitrary order [27, 28] computed at the initial state. By
restricting the states on the fast fibers and by using a few Newton iterations, the point on the
slow manifold can then be identified. In this way, the so-called radical correction algorithm
was established in the CSP method to improve the starting solution of the reduced model
and it was implemented, e.g. in [29, 30]. In this respect, the only difference to current
study is the observation that the first order of the CSP basis, which corresponds to the
ILDM, can be used and computed at the initial data point. This is shown to be sufficient to
achieve reliable accuracy for projected state in the considered examples.

The simplest and most straightforward way to implement this is by considering sys-
tem Jacobi matrix Jg (z), computed at the initial values zy. Then the fast manifold can be
approximated by the eigenspaces of J¢ (z9) [9].

Figure 1 shows typical state plane with its vector field and trajectories starting at dif-
ferent initial conditions, corresponding to varying initial ratios between the main educt
and product concentrations that corresponds to changing initial conditions. It is clear that
to define an appropriate reduced model as constrained solution onto the slow curve one
should project (find relevant) initial data on the slow manifold; one cannot simply keep an
initial value to integrate the reduced system. The later might lead to unpredictable results.

Yy Yy
1.0, 1.0,
N N
. SRR VER A R NN AN B
N ARRAR Y ) 2
M M DR ANRRNR N R g 2
0.8l N 0.8;“ \ \\«‘«‘«« NN LN Y ~
N N )
. AR L LNy
\ R AN\ ey
S p! < ™
. \ AR ‘v;_< ~ RN
0.6r N 0.6[ " - SR
N WO VY e
. \ w“‘ oy o\ \ g B A
s x
(=, YY) GO ARG )
N \ S~ ~
0.4 . 0. 4F A ALY AR OO
'R b SO NN
A N AN >
v ~
0.2 0.20 1 1 1
< YW\ D\ Ny >
vl ™ “
<™ oW N\ Ny
NNy O\ N\ >N
0.0 - PR L L L X 0.0 L L x
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. The state plane — (x,y). System solutions are shown by the blue solid lines for ¢ = 0.1,
xo = (0.6,0.7,0.8,0.9, 1.0). Streamlines show the system vector field, red dashed line is an approxi-
mation for the slow manifold, while blue dashed line is an approximation of the fast manifold based
on eigenspaces of the Jacobi matrix at zg. (x*,y*) = (0.53,0.48) denotes the intersection point of
Equation (21) (colour online).
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x y
1.0 *
0.5;y
0.8 0.4
0.6
N x* 0.3
0.4; 0.2
0.2¢ 0.1
; ; : T ; ; ; T
2 4 6 8 10 2 4 6 8 10

Figure 2. The detailed (solid line) versus reduced (red dashed line) system solutions starting at
z0 = (1,0) for e = 0.1. (x*, y*) denotes the intersection point of Equation (21) (colour online).

To achieve this, the left eigenvectors of the Jacobi matrix are used to define both an approx-
imation of the fast manifold going through zo as well as the slow curve [31, 32] and the
intersection z* = (x*, y*) yields the initial data for the system as shown in Figure 2, namely:

My = {(x,y) : Zy(2" — 20) = 0} UM, = {(x,y) : Zr (") = O}. 1)

In the considered example, time scales are estimated by Jo(zp) at the initial point
z20 = (1,0). Eigenvalues are A = —30.3, A; = —0.66 producing the small parameter
estimation at the initial data e, = A;/As = 0.021 with Z; = (—0.94,0.48) and Z, =
(—0.76, —0.73) yielding (x*,y*) = (0.53,0.48).

3.2.2.  SPVF and coordinates transformation

To accomplish the primary goal of the Singular Perturbation Vector Field (SPVF) method,
which is to find new coordinates that transforms the original model into a standard Singular
Perturbation System (SPS), the explicit fast subfield can be used to redefine the origi-
nal system. To the leading order the fast subfield in Equation (19) can now be integrated
(dx/dy = —1), and the integral curve u = x 4 y can be used as a slow variable [22] to
represent the system in the standard SPS form with, v: = y as a fast variable. In the slow
time dt = edo, the standard SPS form yields:

du
—_— = =V,
dr
dv
e— =Ww—v)(u—2v) —ev. 22)
dr

The standard SPS form of the model given by Equation (22) recovers the proper form of
Equation (6) when the reactions have different time scales. This form can and can now
be used to proceed with model reduction and has no problem with the decomposition.
In the leading order, initial data can be projected keeping the slow variable constant u =
uy = (xo + o). This, however, will be less accurate since the limit with ¢ = 0.1 is not
asymptotically small and the ILDM will outperform the zeroth order approximation, while
the first one will be close to this of the ILDM obtained here [33].
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4. Michaelis—-Menten model

The second benchmark example, although not directly relevant to the combustion pro-
cesses, but still represents another benchmark problem for model reduction.

The enzyme kinetics and the model can shed some light on how to treat the system in
its dimensional form. An additional motivation to consider this example is to demonstrate
and analyse the problem in a dimensional form with strong non-linear behaviour, where
the asymptotic limit is not strictly valid. Furthermore, the system is the focus of intensive
ongoing investigations in the field of systems biology, both on theoretical and application
levels (starting from [18, 28, 30, 34]). Significant efforts have been made to justify the stan-
dard asymptotic limits (e.g. Quasi-Steady-State Approximation (QSSA)) in cases where no
coordinate fully satisfies the QSSA conditions [30]. We intend to show that SPVF repre-
sents the only theoretical basis to treat such systems, which are close to, and even slightly
beyond, particular asymptotic limits.

In the case of enzyme kinetics, it was observed that the presence of a small amount of a
substance called an enzyme significantly promotes the decomposition of the substrate into
the product S — P, leading to a non-linear dependence of product formation on substrate
concentration [17]. This is exactly the same as the presence of an active radical in a gas
mixture enhancing combustion chemistry.

Quite similar to the Lindemann formalism, an extension of the one-step model has been
suggested [17]

S+E=SE
SE —> P. (23)

A two-step mechanism in combination with the quasi-steady-state approximation (QSSA)
of the complex C: = SE, helped to explain most of the observations [30]. Moreover, it
has become a prevailing tool for modelling the dependence of reaction rate on substrate
concentration and for the estimation of reaction rate parameters of the reduced reaction:

S — P. (24)

The differential equations that are traditionally used to model this situation are

dE
% = —kF[EIS] + k7 [C] + ko[ CT,

drs

% = K TENS] + & [C] — kol CT,

dic

% — K[ [EIIS] — k [C] + ko[ C,

dp]

& =klCl (25

The typical initial conditions are
[E] =Ep, [S]=S0, [C]1=0, [P]=0.

As in the previous model, there are two linear integrals in this system and the system
effectively planar, namely,

[E](0) + [C](1) = Eo,  [S]1(0) + [C](®) + [P1(2) = So. (26)
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Remark These two integrals define a two-dimensional invariant manifold of conserved
quantities of the original system. There are at least sixth ways to express the original system
on this two-dimensional manifold. All these systems are equivalent, but their representa-
tions under different asymptotical limits as degenerate systems can lead to nonequivalent
forms and consequently to different conclusions.

In this respect one of the most used and convenient forms to implement the standard
QSSA is the following 2D system of the MM model using complex and substrate species

d[s

% = —Ry = —k[SI(E)o — [C]) + & [C],

d[C

% — R, — Ry = kF [SI(Elo — [C]) — K [C] = ko[Cl. 27)

4.1. Standard asymptotic limits of enzyme kinetics

Following the most complete study of QSSA assumption concerning the system (27),
namely, Segel and Slemrod [34] the QSSA for [C] is assumed. The reduced system for
substrate concentration and product formation of simplified/reduced model Equation (24)
becomes

dis1 E]oLS]

—Ry = —ky——, 28
& b T IS] (28)

. . ki +k
where the so-called Michaelis-Menten parameter — K,, = == 2 appears as a consequence
1

of the QSSA and definition of the slow manifold defined to the leading order by

[EolS]

J— = + - - n - = T K, +1[5]
Ri = Ro = K[ ISI(ED — [CD — K [C] = kol Cl =0 = [C] = — .

(29)

By using the second linear integral the corresponding equation for the product can be
written easily. In the original work of Segal and Stemrod [34] for QSSA was used an addi-
tional assumption Ey << 1. The corresponding zero approximation includes Ey = 0, i.e.
% = % = 0, see also in Appendix Subsection A.3. It means that QSSA is not directly
applicable. The authors used some additional reasoning to avoid this contradiction.

4.2. Motivation and objective for considering MM

The question of verification of the QSSA assumption, definition of the system’s small
parameter and its dependence on the characteristic time scales of different processes
involved led to complications that were extensively treated in [34].

In this study, the objective is not to present a reduced model in a certain asymptotic limit,
but rather to use asymptotic analysis and the typical orders of the system’s parameters to
answer how the detailed mechanism (23) can be properly reduced if the original coordi-
nates do not support the standard SPS form. Accordingly, problems of decomposition of
motions and fast/slow manifold approximations should become evident.
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4.3. Dimensional approaches, asymptotic limits and conserved subspaces

To be specific, let us start from the original complete system, where only one linear integral
has been used, namely, [E] + [C] = [E]o.

drs

% = —R; = —k{ [SI([E]o — [C]) + k{ [C],

dic

% =R — Ry = k{ [SI([E]o — [C]) — k{ [C] — ko[ C],

drp

% =R, = ko[C]. (30)

The system’s second linear integral [S] + [C] + [P] = [S]o is obvious, but for a while it is
kept in the system for the reasons, which should be clarified later.

Following the standard theoretical line, the asymptotic assumption should be imple-
mented for reliable limit to be considered and, hence, dimensionless form can be developed
to reduce the number of system parameters and variables. This way real system dimension
in parameters and variables space can be identified and used for further investigations and
understanding the considered process and delineating the typical system dynamics and
variety of different regimes.

So far, in the original detailed model, we have five physical parameters —
[STo, [E]o,kf,kf,kg and three variables [S], [C], [P]. The typical asymptotic limit of the
system considered here arises from differences in enzyme and substrate concentrations
[STo >> [E]y and reaction rates kf“ [Elo ~ k| >> ky. This leads to a natural inherent hier-
archy within the system. The dimensionless form can be constructed using natural scaling
for variables

(s,¢,p) = ([S1/[S)o. [C]/[E]o. [P1/[S]0)

and rates. Using the limiting reaction rate for the time — dt = kpdt, we obtain the
dimensionless form of the system (30) as

ds
— = —1/6((1 — ¢)s — no),
dr

d
eSC —1/8((1 = )5 — ne) — ec,
dr

dp_
dr

ec, 31
which should be considered with the standard initial conditions

(s,c,p) = (1,0,0).

The choice of scaling is natural simply because of the linear integrals provide estimates
max[C] < [E]o and max[P] < [S]o.
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One obvious small parameter emerges
€ =[Elo/[Slo << L.
In this case, the linear integral is represented in the form
s+ec+p=1. 32)
Additionally two more dimensionless parameters need to be specified:
8 = ka/(k{ [Elo) << 1,

which is the ratio of the second and first-forward reaction rates and

n = ki /(K [S]o) ~ O(1),

relevant to the first backward and forward reaction rates.

Note that the linear integral now Equation (32) is senseless for the zero approximation
of the invariant manifold ¢ — 0. It means the linear integral degenerates in this asymptotic
limit. It can be corrected by three ways: using the first approximation; formally distinguish
singular and regular perturbation, using an another representation of the original model
on the manifold, for example, by using species (s, p). Of course all representations are
equivalent but its asymptotic analysis can lead to different conclusions. We will discuss in
details all these three ways.

Note that the second parameter can also be large or small, depending on the internal
hierarchy in the first reaction. For now, we will consider it to be of order one. However it
is ease to see that it might also be small enough, i.e.

n = ki /(KT E10)[ELo/[Slo = ki /(k{ [Elo)e.

This is especially true if we keep in mind the basic assumption — k; ~ k1+[E]o. Three
parameters describe

e ¢ — difference in concentrations;
e § —ratio of the rate of the first forward reaction to the rate of the second limiting one;
e 1 — weighted ratio of the rates of the first forward and backward reactions.

The form of the system (31), (33) can now be used to explain observations made where
the standard limit is valid. In this case, there is a bi-hierarchy resulting in product for-
mation that is several orders of magnitude slower than the balance between substrate and
complex. Furthermore, the rate of change of the substrate can be neglected at the leading
order once the balance between the first backward and forward reactions is established.
Such that even if § is considered as an additional singular perturbation parameter, the sit-
uation may become more acute, but it does not significantly change the outcome of the
analysis. Therefore, § might be kept at an order of unity compared to the differences in the
concentrations, which defines the system small parameter to the leading order.

The last system has two perturbations with the same parameter ¢ singular and regular.
The singular perturbation is responsible for fast reaction in the initial period (fast motion)
and the regular perturbation is responsible for the product formation. Formally, it will
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be more reasonable to use different notations for both perturbations: € for the singular
perturbation and €, for the regular one.

& —1/8((1 —¢)s — o),
dr

dc
e— =1/6((1 —c)s —nc) — €c,
dr

dp

i = €c, (33)

Therefore instead of usual scale of approximations of the slow manifold (curve), we have
more flexible row of approximations for the (€, €;) pair, i.e. (0,0)-approximation, (0,1)-
approximation, (1,1)-approximation. It seems that (0,1)-approximation is reasonable for
QSSA analysis, see also Subsection A.2 in Appendix, where further analytical estimate for
the first-order approximation of the slow curve is given. For example, the (0,1)-slow curve
is the following:

1/6((1 —c¢)s —nc) —ejc =0.
Additionally, the third equation of the system (Equation 33) decouples from two other

equations. Hence, the slow invariant curve can be obtained by the standard SPS technique
leading to the slow manifold equation to the first order given by

5
c(s):ﬁ(l—es_‘_n). (34)

The latter confirms the leading order of the standard QSSA-based reduced model
(Equation 27). When product, e.g. substrate, is only measured in experiments, no addi-
tional information can be obtained about the rates and all three parameters needed to be
specified for developing the detailed model. In this case, there are only two becomes avail-
able, namely, the ratio of the rates of the first forward and backward reactions due to n
and second reaction rate constant due to characteristic time scales. In order to be able to
estimate the rate of first reaction § is needed. For this the detailed information on the fast
transient in terms of the complex behaviour should be provided since the substrate is also
a slow variable with respect to the complex in the considered limit. Alternatively, if one
has a situation when the first order in Equation (34) is significant, then the correction to
the slow curve becomes important and the estimate for § has to be provided as well. This,
however, is not feasible in the considered limit. In this case

€8 = [Elo/[Slo k2/(ky' [Elo) = ka/ (ki [So) << L.

The case of non-linear transformation in frequently considered limit is shortly outlined in
Appendix Subsection A.3. In the following, however, linearly decomposed vector field is
considered in for this benchmark in the dimensional form under consideration of a weak
asymptotic limit discussed above.

4.4. Benchmark example of the weak asymptotic limit

In their seminal 2001 paper, Roussel and Fraser [18] used a different set of coordinates,
namely (s,p), to represent the planar system after a detailed analysis of the previous QSSA
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Figure 3. System solution of Equation (25) for the initial point (So, po, Eo, co) = (8,0,4,0) (colour
online).

approximation. In their model, both equations shared the same time scales. The SPVF
analysis performed below avoids these technical difficulties through a corresponding trans-
formation of coordinates using the ILDM approach similar to the previous section. Note
that the appendix constructs a nonlinear fiber bundle, which can be used in distinguished
asymptotic limit to improve accuracy to the first-order approximation provided by the
ILDM [33].

Additionally, the system is considered in the dimensional form showing the scaling
invariance of the ILDM with respect to estimation of the decomposition present in the
system. Accordingly, the original system (Equation 25) is considered here with com-
monly used illustrative parameter set — {kfr =2,k =1, k=15, [Elp =4, [Slo=8}.
For considered set of physical parameters, the dimensionless parameters become & =
0.5, § =0.18, n = 0.06.

The detailed solution profiles are shown in Figure 3. Although there is no evident scaling
differences in the parameter set used, one sees two stage behaviour of the system solu-
tion variables, after about # = 0.25 s the relatively fast motion is over and relatively slow
dynamics in terms of variables changes is observed.

Figure 4 shows the state plane in the (s, p) projection with a number of system solution
trajectories having different initial points, but yielding same conserved quantity - si; + p§ =
so. These are taken to yield the same equilibrium and to show how relatively fast part of
the system solution trajectory looks like. After the transient stage all solution trajectories
are merging signifying the slow manifold existence.

4.5. Initial data projection with the ILDM

Now, the ILDM is applied once again at the initial point similar to the Lindemann case
(Equation 21) yielding approximations for both slow and fast manifolds in the con-
sidered z = (s,p) plane. In this example, time scales are estimated by J¢(z0) at the
initial point zg = (s9,0). Eigenvalues are A; = —26.03, A; = —0.46 producing the small
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Figure 4. The state plane — (s,p). System solutions are shown by the blue solid lines for
SZ; + pé = 50, 53 = (8,7,6,5,4). Streamlines show the system vector field, red dashed line is an
approximation for the slow manifold, while blue dashed line is an approximation of the fast man-
ifold based on eigenspaces of the Jacobi matrix at zo. (s*,p*) denotes the intersection point of
Equation (21) for the initial point (sg, po) = (8, 0) (colour online).
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Figure 5. The detailed (solid line) versus reduced (red dashed line) system solutions starting at
70 = (8,0) and (s*, p*) denotes the intersection point of Equation (21) (colour online).

parameter estimation at the initial data e,; = A;/A; = 0.018 with Z} = (—0.96, —0.66) and
Z, = (=0.07, —1.16) yielding (s*, p*) = (4.95, —0.19).

This is illustrated also in Figure 4, where by intersection of the slow and fast manifolds
an initial state for reduced model is defined. Although the asymptotic limit is not well
justified still due to non-linearity of the vector field, the decomposition exists and, more-
over, it is captured successfully by the modified ILDM, ¢, = 0.018. This represents a very
important observation and confirm the robustness of the suggest approach showing proper
asymptotic can be valid slightly beyond assumed limits. Figure 5 shows the performance of
the reduced versus detailed system solutions once the initial point is found and the ILDM
approximation for the slow invariant manifold is considered. In this comparison, the accu-
racy remains quite high in spite the fact the asymptotic limit exists but cannot be accessed
by studying physical system parameters and initial conditions only.
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5. Conclusion

In this paper, the questions of automatic detection of appropriate asymptotic limits, choice
of system representation for model reduction are revisited in a very simple but meaningful
and important benchmark models. These are typically used to illustrate and to describe
multiple-scale behaviour of chemically reacting systems. Moreover, these represent basic
and fundamental building blocks to construct complicated networks/models of chemical
kinetics in various fields of chemical reaction engineering.

It is demonstrated how the framework of SPVFs can redefine the decomposition and
subsequently the reduced model. The key element in the theory and in applications is the
family of fast manifolds, which can reconcile the decomposition problem. The modified
ILDM computed on the initial data is also shown to help in the estimation and approxima-
tion of these fast manifolds. Thus it becomes extremely useful for both manifold definition
and initial data projection.

The Lindemann model was used to illustrate how the theory can be implemented if no
appropriate representation is available, i.e. both variables are fast. While the Michaelis—
Menten model was used to demonstrate a weak asymptotic limit and show how the
suggested combination (SPVFs and ILDMs) is implemented and performs being applied to
the system in the dimensional form. In both cases, the suggested combination overcomes
both theoretical and technical difficulties in these important benchmark models.
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Appendix. Non-linear SPVF analysis and first-order approximation

A.l. Lindemann model, linear integrals
The reaction mechanism characteristic constants are

n=2, ng=4, kz_ =0,
with a simple stoichiometric matrix

-1 0
0 0

s=|; (A1)
0 1

The following mathematical model, which is established and detailed elsewhere [16] is reproduced
here for completeness and educational purposes. This aims to help readers to grasp the essence of
the idea and concept suggested, namely:

-1 0 —k [ANIM ] + k{ [A*]IM]
dy [0 0| (R _ 0 (A2)
e | 1 =1 \Ra)) T | K TAIIM] — ky [A*1IM] — K [A%] |

0 1 k;r[A*]

The two trivial linear integrals of the system (Equation A2) are determined by the rank of the matrix
S. These linear integrals are important for the reduction of dimension of the model system. It can be
seen that, by construction, the first trivial integral is given by the expression
dM]
dr

This means that the third-body concentration does not change during these elementary reactions.
The second linear integral must exist, since the rank of the stoichiometric matrix S is 2. Indeed, by
summation all equations up, one obtains

dlA] | d[A*] d[P] * *

o T4 T g =0 WA IPI= (Al + (ATl + [Plo == Co. (A4)
Here, quantities [A]o, [A*]o, [P]o are initial data.

=0, [M]=const. (A3)
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A.2. First-order approximation — Michaelis—Menten

We start with the system presentation by Equation (27). The very same result can be obtained when
([P],[S]) are used instead similar as, e.g. in Lindemann model. The key is assumption about rate of
processes involved, namely, one can assume the first reaction is a fast one, while the second defines
a rate limiting reaction — Ry >> R or vice versa. In the first most common case, both equations
represent the fast motion and are singularly perturbed. Then according to the SPVF theory, one
can define suitable coordinates to decompose the vector field — FF = Fy + Fy, with Fy = (=R, Ry);
Fy = (0,R2) and obtain [C] for fast and [C] + [S] for slow one. At this stage, one can employ the
QSSA and recover (28) with slow manifold (29). But let us follow strictly the theory which says in
zero order approximation the slow manifold is defined by Fy

[E]o[S]
18]

ke

Ry = K [SI(ETo — [C]) =k [C1 =0 = [C] = (A5)

and then in the zero-order approximation the system (28) holds, but with K, = :—1 While the first-
1

order correction, which can be obtained to the leading order by invariance condition, namely, via
standard differentiation of the zero order approximation along the vector field

dR, dRy d[S]  9Ry d[C]

@~ 7 s a Cael dr (A0
kF(LEl — [CD) _

T+ 21— ) &F[SIUE]o — [C]) — k[C]) — ka[C] = O. A7

(+ o (k" [SI(E]o — [CD) — k; [C]) — k2[C] (A7)

In this correction, one can see that the original idea of QSSA approximates the first-order correction

of the manifold when (U[Es]]()-r# <« 1, which is actually similar to Equation (81) from [34]. An esti-
[Elo

mation for g = Bk < 11in [34] is given with estimation by initial values, namely, [C] — O,
[S] — [S]o and standard definition can now be recovered — Kp,.

The correction term found in (A6) can be used to support the standard QSSA assumption. It can be
taken into account when reaction rate parameters are estimated and the model is fitted to the exper-
imental data. This might be extremely useful in situations when the asymptotic limit is not strictly
attained. This poses an interesting question to the follow-up studies on modelling experimental
transient or steady data.

An additional remark concerns the other asymptotic limit of R, >> R a very similar approach can
be used to single out the leading order and more important first-order correction to the slow invariant
manifold. Though in this case, the second reaction has to be considered as an elementary reaction.

A.3. Non-linear SPVFs — Michaelis—Menten

Consider the Michaelis—Menten model using observable variables substrate s and product p to
represent the system. The corresponding model is as follows:

ds n + -

5 = “Kireos+ ks + kD (so = (s +p))

dp

5 = lebo—(s+p) (A3)

The initial data are s(0) = sp, p(0) = 0. Under normal circumstances ey << 1.
The system has the unique stationary point s = 0, p = so.
The system trajectories are solutions of the ordinary differential equation
dp _ kz(so — (s +p))
ds  —kfeos+ (ks +k)(so — (s+p)

(A9)

The non-linear version of the SPVF algorithm is relevant here. This means that we are looking for a
non-linear change of coordinates that transforms the original system to a singularly perturbed one.
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Slow nonlinear part of the original vector field is as follows:

du 1 ko ds dp
dr k| kf sk de dr |
The new slow variable u can be easily calculated as

k;
2 in(kf s + kD) — 2

u(s,p) = (kf“)Z K

The new fast variable v is orthogonal to the new slow variable u. Here is a relevant representation:

dv 1 [kfs+kds  dp
dr & ky de o de |’
The new fast variable v can be easily calculated as
kfs2 +ki's
vis,p) = ——F/—— —
(s,p) ko

Let us detail the justification for the division of new variables into slow and fast. Let’s begin by
considering the slow variable u as it’s defined in the original variables:

du ko

— = ————¢S.
dr ks +k;

The function +k2 — is a monotone growing one. Its maximal value is — k2 Because ¢y << 1
k" s+k; ki so+k;

the new variable u is a slow variable.
By similar simple calculations for v, we obtain
kfs+k; k3
ki (kD)2 + ki ky

v
— = —eps +

o :|(So—(5+p))~

Therefore the new variable v is a fast variable.

The slow curve % =0 takes the form s+ p =sp in the zero approximation. The (0,1)-

approximation is as follows:

kifs+ky k3
ki (k)25 + ki ky

0= —eps + |: i| (so — (s +p)). (A10)
It’s more informative, just like the previous model was.

We note that Segal and Slemrod [34] have used an additional assumption for their QSSA approx-
imation so — (s + p) ~ 0. It is the null-cline for %, and naturally leads to the conclusion that
»_y,

The (0,1)-approximation of the slow motion along the slow curve is

du ky

— = ——————€S.
dr ks + ki

Let us remark that the equation for trajectories is the following:
k

2 + - 2 ’
pls) = —nkis+k;)+k 60/ —
Koot PET o ki s(so — (s 4 p) (K stk )2 — K seo))

N

—+ const.
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