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Abstract

We propose a positivity preserving finite element discretization for the nonlinear
Gross—Pitaevskii eigenvalue problem. The method employs mass lumping techniques,
which allow to transfer the uniqueness up to sign and positivity properties of the con-
tinuous ground state to the discrete setting. We further prove that every non-negative
discrete excited state up to sign coincides with the discrete ground state. This allows
one to identify the limit of fully discretized gradient flows, which are typically used to
compute the discrete ground state, and thereby establish their global convergence. Fur-
thermore, we perform a rigorous a priori error analysis of the proposed non-standard
finite element discretization, showing optimal orders of convergence for all unknowns.
Numerical experiments illustrate the theoretical results of this paper.
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1 Introduction

The Gross—Pitaevskii eigenvalue problem arises in quantum physics where it describes
the stationary quantum states of Bose—Einstein condensates. The problem involves a
non-negative confinement (or trapping) potential V € L°°(2) and a positive parameter
k describing the repulsive interaction of the particles in the condensate. As domain we
consider a bounded convex Lipschitz domain 2 C Rd, d € {1, 2, 3}, noting that the
restriction to a (sufficiently large) domain along with homogeneous Dirichlet boundary
conditions is a reasonable modeling assumption for quantum states at the lowest part
of the energy spectrum. The Gross—Pitaevskii eigenvalue problem then seeks L2-
normalized eigenstates {u; : j € N} C H(} (2) and corresponding eigenvalues
Aj € R such that

— Auj+ Vuj+klujPuj = rju; (1.1)

holds in the weak sense. The function |u ; | represents the density of the stationary
quantum state u ; and A ; denotes the corresponding chemical potential. All eigenvalues
of (1.1) are real and positive and the smallest eigenvalue is simple, cf. [16]. In the
following, we assume without loss of generality that the ordering of the eigenvalues
is non-decreasing, i.e., we have that 0 < A1 <Ay <....

Eigenvalue problem (1.1) can be considered as the Euler-Lagrange equation for
critical points of the Gross—Pitaevskii energy, defined for all v € H& (£2) as

EW) = 2(Vv, Vo) 2 + 2 (Vv, v) 2 + £(Jv[Pv, v) 2. (1.2)

The ground state, which is the stationary quantum state of lowest energy, can be
characterized as the solution to the following constrained minimization problem

ue arg min EW). (1.3)
veHy ()1 vl 2=1

There are several important theoretical results that hold for the ground state. First, the
ground state exists and is unique up to sign. Second, the ground state coincides, up to
the sign, with the eigenfunction u1 of (1.1) corresponding to the smallest eigenvalue .
Third, the ground state satisfies |u| > 0 in 2, which means that the sign of the ground
state can be chosen such that it is positive in 2. Moreover, by Picone’s inequality
[11], any eigenfunction u; without a change of sign must necessarily coincide with
the ground state. The proofs of these theoretical results can be found, e.g., in [16, 30].

In the literature there are a number of spatial discretizations to approximate the
Gross—Pitaevskii ground state. Such discretizations may be based, for example, on
finite element methods (FEMs) in primal [16, 17, 48] or mixed [24] and hybrid [27]
formulations, spectral and pseudospectral methods [9, 16], or mesh-adaptive methods
[20, 33]. Multiscale methods such as [28, 32, 34, 43], which are based on the (Super-)
Localized Orthogonal Decomposition (cf. [29, 31, 40]), are also popular discretization
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methods. We emphasize that very little is known about whether the discrete solutions
obtained by these methods satisfy the above-mentioned properties of the continu-
ous ground state. Very recently, partial progress has been made in [18], where the
uniqueness and positivity of the discrete ground state for a lumped finite difference
discretization was proved. To the best of our knowledge, it is still an open question
whether the other properties can be transferred to the discrete setting.

In addition to the choice of a suitable spatial discretization, one has to deal with the
solution of the resulting finite-dimensional constrained minimization problem, which
is a discrete version of (1.3). An overview of algorithms for this purpose is given in
the recent review paper [26]. Popular methods include Sobolev gradient flows such as
[10,21, 37, 44], Riemannian optimization methods [5-7, 22], Newton-type algorithms
such as the (shifted) J-method [2, 35], and the self-consistent field iteration [15, 19].
We highlight [30], where a gradient flow method based on an energy-adaptive metric
is proposed. After appropriate pseudo-time discretization, the resulting iteration was
reinterpreted as an energy-adaptive Riemannian gradient descent method in [6]. The
global convergence of the iteration to the continuous ground state was shown in [30].
Crucial ingredients to prove this convergence result are the uniqueness and positivity of
the ground state as well as Picone’s inequality to identify the limit of the iteration as the
ground state, given a non-negative initial guess. These properties no longer hold after
discretization in space using, e.g., standard methods such as linear or quadratic FEMs.
Therefore, the reasoning from the continuous setting cannot be transferred to the
discrete setting, and a global convergence result for the fully discrete case is still
unknown.

To address the lack of positivity preservation, inspired by work on discrete maxi-
mum principles for convection—diffusion problems (see, e.g., the recent review article
[12]), we consider a mass-lumped linear FEM for the Gross—Pitaevskii eigenvalue
problem. For this particular discretization, we are able to prove that it preserves the
above-mentioned properties of the continuous ground state. More precisely, we show
that the discrete ground state is unique up to sign and coincides with the discrete
eigenfunction corresponding to the smallest discrete eigenvalue. We also prove that the
discrete ground state is positive in €2 and that a discrete version of Picone’s inequality
holds. These results allow us to establish the global convergence of a fully discretized
version of the Sobolev gradient flow of [30] to the discrete ground state, for any
non-negative initial guess.

Furthermore, a rigorous a priori analysis of the proposed non-standard FEM is
performed, proving optimal orders of convergence as the mesh size is decreased.
Note that the achieved orders are the same as for the standard linear FEM, which
does not preserve positivity. We emphasize that for estimating the lumping errors,
the corresponding theory for linear eigenvalue problems cannot be directly applied,
and more specific tools need to be developed. The theoretical results of this paper are
supported by a number of numerical experiments. The corresponding code is available
at https://github.com/moimmahauck/GPE_P1_lumped.

The paper is organized as follows: In Sect. 2 we introduce the proposed discretiza-
tion for the Gross—Pitaevskii problem. The uniqueness and positivity of the discrete
ground state are proved in Sect. 3. A discrete version of Picone’s inequality is derived
in Sect. 4, which is then used to establish the global convergence of a fully discretized
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Sobolev gradient flow to the discrete ground state. An a priori error analysis of the pro-
posed method is given in Sect. 5. Finally, in Sect. 6 we provide numerical experiments
to support our theoretical findings.

2 Finite element discretization

Consider a geometrically conforming and shape-regular hierarchy of simplicial finite
element meshes {7;};, of the domain Q2. We denote the elements of a mesh 7, in
the hierarchy by K and define the mesh size 4 > 0 as the maximum diameter of
the elements in 7, i.e., h := maxgc7, diam(K). Given the mesh 7;,, we denote by
n € N its number of interior and boundary nodes and by {p; : j = 1,...,n}
the coordinates of the nodes. For the discretization of the Gross—Pitaevskii problem,
we use a linear FEM combined with a classical mass lumping approach, cf. [46].
Henceforth, we denote by V), the ansatz space of the linear FEM consisting of globally
continuous 7p-piecewise polynomials of total degree at most one, and by V}? the
subspace satisfying homogeneous Dirichlet boundary conditions at d€2. We define the
mass-lumped bilinear form for 7, -piecewise continuous functions v, w as

. - k] d+1
(v, w) = E Lg(v,w), Lg@,w)=———> VIg(Prg())Wk(Prgx))
d+1+*
KeT, j=1
2.1
where | K| denotes the volume of the simplex K and 7¢: {1,...,d+1} — {1,...,n}

maps the local node indices of the element K to the corresponding global node indices.
For discrete functions vy, € V}, this bilinear form is actually an inner product, and we
denote its induced norm by

lonll? = £p, vp).

The proposed method is based on an energy functional obtained by replacing the
L>-inner products in the definition of the energy &, cf. (1.2), by their lumped counter-
parts. Assuming that the potential V is 7j,-piecewise continuous, the resulting energy
functional is for all v, € V}? defined as

En(vn) = 2(Vop, Vop) 12 + SV, vp) + 5L *vn, vp). 2.2)

The discrete ground state u;, € V,? of the proposed method is then defined as the
solution to the finite-dimensional constrained minimization problem

up € argmin &y (vp). 2.3)

vV uplle=1

In the discrete setting, the boundedness of the norms of the minimizing sequence
implies the strong convergence of a subsequence (Bolzano—Weierstrass theorem).
Thus, the discrete energy minimizers uj; and —uj, always exist. However, note that
the uniqueness up to sign of the minimizer, which holds for the continuous problem,
does not generally hold in the discrete setting. The approach to prove uniqueness in
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the continuous setting is to transform the original non-convex problem into a convex
one acting on the densities (the squared modulus of the state). This approach is not
applicable for standard FEMs, because the set

2. 0
@ s o e VY ol = 1)

is not convex, cf. [16]. For non-standard FEMs, such as non-conforming or mixed
FEMs, the latter lack of convexity can be overcome in some cases. However, the lack
of certain positivity properties still remains a problem. Therefore, we adopt a mass
lumping approach similar to the one used in the context of positivity preservation for
convection—diffusion problems; see also the review article [12].

The Euler-Lagrange equations for critical points of the energy &), give rise to the
nonlinear eigenvalue problem: Seek (vy, up) € Vh0 x R with ||vy|l¢ = 1 such that

(Vou, Vwp) 2 + €V oy, wp) 4+ c€(vpPon, wy) = pmnl(op, wy) — (2.4)

holds for all w, € V,? . Note that the discrete ground state uj, is an eigenfunction
of (2.4), and we denote the corresponding eigenvalue by A;,. We emphasize that, in
contrast to the continuous setting, it is generally not clear that the discrete ground state
coincides up to sign with the eigenfunction corresponding to the smallest eigenvalue,
and that ), is a simple eigenvalue, cf. [16].

3 Uniqueness and positivity of the discrete ground state

In this section, we will show the uniqueness and positivity of the discrete ground state
obtained by the proposed mass-lumped FEM. In addition, we will prove that the ground
state eigenvalue is the smallest eigenvalue of eigenvalue problem (2.4) and that it is
simple. These results are not only of physical interest, but also lay the foundation for
the proof of a discrete Picone-type inequality in Section 4. This inequality is essential
for establishing the global convergence of fully discretized Sobolev gradient flows to
the discrete ground state.

To derive the desired discrete uniqueness and positivity properties we need to
impose certain geometric conditions on the mesh 7. More precisely, denoting by
{Aj:j=1,...,m}C Vf the set of hat functions corresponding to the interior nodes
of the mesh 7, where m € N is the number of interior nodes, one needs to ensure
that the stiffness matrix S € R™*" with Sij = (VAj, VA;) 2 is an M-matrix, cf.
[42]. The M-matrix property is classical in the context of discrete maximum princi-
ples, and various sufficient geometric conditions on the mesh 7;, have been identified
in the literature. A necessary and sufficient condition for the M-matrix property is
given, for instance, in [46, Lem. 2.1]. In two dimensions, this condition reduces to the
requirement that the sum of the angles opposite any edge does not exceed m, which
is closely related to 7, being a Delaunay triangulation. In three dimensions, the con-
dition is satisfied, for example, by non-obtuse tetrahedral meshes. For a discussion
of suitable refinement strategies for tetrahedra, we refer to [13] and the references
therein. In addition to the M-matrix property, we will make the technical assumption
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that S is irreducible. This assumption is typically not restrictive and, if not already
satisfied, can be ensured by appropriate local refinement of the considered mesh. For
local refinement strategies that preserve the M-matrix property, we refer to [45] for
the two-dimensional case and to [38] for the three-dimensional case.

The following theorem encapsulates the first major result of this paper. By deriving
a strictly convex minimization problem for |uj|?, we are able to prove the desired
uniqueness and positivity properties of the discrete ground state. We emphasize that,
in contrast to [18], where a similar result is proved for a mass-lumped finite difference
discretization, our proof does not rely on the explicit knowledge of the stiffness matrix
and thus also allows the consideration of unstructured meshes. Furthermore, also the
techniques used in the proofs are different. Contrary to [18], our proof does not make
explicit use of the Perron—Frobenius theorem.

Theorem 3.1 (Uniqueness and positivity of discrete ground state) Suppose that the
stiffness matrix S is an irreducible M-matrix. Then the discrete ground state uy, defined
in (2.3) is unique up to sign. Furthermore, by appropriately flipping its sign, the discrete
ground state can be chosen to be positive in SQ.

Proof This proof is done in two steps: In Step 1 we prove the positivity of the discrete
ground state and in Step 2 its uniqueness. Below, the proof of [39, Thm. 2.1] will serve
as source of inspiration. There the uniqueness and positivity of the continuous ground
state was first proved; see also [16].

Step 1: Any discrete ground state u;, € Vho can be written as the linear combi-
nation up, = Y7 u;Aj, where u := (uj)j_; € R™ denotes the corresponding
coefficient vector. Denoting a non-negative version of the discrete ground state by
up = ZT:] luj| A, it can be shown that & (it,) < & (up). The proof of this inequal-
ity exploits that the off-diagonal entries of S are non-positive, which holds by the
M-matrix property of S. Therefore, without loss of generality, we can assume that there
exists a non-negative discrete ground state u;, > 0. Next, we will show that u;, > 0 is
indeed positive in 2. Given a 7j,-piecewise continuous non-negative weighting func-
tion w, we denote by w = (wj)/;:1 € R* with k := (d + 1) - #7}, the corresponding
vector of element-wise nodal evaluations. We define the weighted lumped mass matrix
M(w) € R™*™ by M(w);; := £(wAj, A;) and write M for the unweighted lumped
mass matrix. Note that for any w € R¥, the resulting weighted lumped mass matrix
M(w) is diagonal. Furthermore, we denote by P € R**" the canonical prolongation
matrix. Denoting by V € R the vector of element-wise nodal evaluations of V, and
by u? the component-wise square of u, the coefficient vector u solves the following
generalized eigenvalue problem

Au=,Mu, A:=S+M(V)+MPu?), (3.1

cf. (2.4). This is a linear problem because we fixed the vector u in the definition
of the matrix A. Since the matrix A is the sum of an M-matrix and a non-negative
diagonal matrix, it is also an M-matrix, cf. [42, Thm. 2]. Additionally, the matrix A
is irreducible. This is because S is irreducible and has positive diagonal entries, and
therefore adding a non-negative diagonal matrix does not change the matrix’ sparsity
pattern. Introducing the variable v := M'/?u allows us to write (3.1) as the classical
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eigenvalue problem Bv = A,v with B := M~!/2AM~!/2, Since M is a diagonal
matrix with positive diagonal entries, the matrix B is symmetric positive definite. A
consequence of the irreducibility and the M-matrix property of A is that A~! > 0
holds entry-wise; see, e.g., [14, Ch. 6, Thm. 2.7]. It can then be easily verified that
also B~! > 0 holds entry-wise. Since B ly = A,:lv, we can conclude that v > 0,
which implies that u > 0 and hence u;, > 0 in .

In the following, we will show by contradiction that any discrete ground state
satisfies |uj;| > 0in €2, 1.e., there cannot be a change of sign. Consider a discrete ground
state u, = Z’;’:l u;A; with a change of sign, i.e., there exists an index pair {k, [}
such that #; < 0 and u; > 0. We denote u; = Z;’Ll luj|Aj and recall that it holds
luj| > Oforall j € {1,..., m}, which can be shown by applying the arguments from
above to uy. Then by the irreducibility of S, there exists a path (k =iy, ...,i, =)
with p > 1 of non-repeating indices connecting k and / such that S;_;, ., # 0 holds
forallg € {1, ..., p — 1}. There must be at least one change of sign in this path, i.e.,
there exists r € {1, ..., p — 1} such thatu;, <0 < u;,,, holds. Note that u;, or u;,_,
cannot be zero, since it holds that |u;| > O for all j € {1, ..., m}. Therefore, by the
M-matrix property of S it holds that

Sivip oy Wi i, 1| < 0 < Sipiy i, iy

which yields that &, (it5,) < &, (up,). This contradicts the assumption that u, is a ground
state and thus proves that |u;,| > 0 must hold in €2.

Step 2: Next, we prove the uniqueness of the discrete ground state by express-
ing the coordinate vector of the discrete ground state as the solution of a strictly
convex minimization problem. To overcome the non-uniqueness caused by the sign,
this minimization problem will seek the component-wise square of the ground state’s
coordinate vector. Defining for any p = (p j)’;: | € R* with p > 0 the norm

#7p, d+1

IK|
ple=>_>" 251 Pi-D@n.
i=1 j=1

the desired minimization problem is then posed on the convex set
C={weR": w>0, |Pw|c = 1}.

and seeks

v € argmin $ VW SVW + L[V o PW)|c + £PW2c, (3.2)

weC

where /- denotes the component-wise square root and o the component-wise multipli-
cation. To show that this minimization problem is strictly convex, it suffices to verify
the convexity of the first and second summands in (3.2) and the strict convexity of the
last summand (recall that « > 0). For proving the convexity of the first summand, we
consider arbitrary v,w € C and 0 < ¢t < 1. By the Cauchy-Schwarz inequality, it
holds for alli, j € {1, ..., m} that
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1 vivj + (1 — 1) Jwiw; < Vv + (1 — Hwivtv; + (1 — Hw;. (3.3)

The M-matrix property of S then implies that its off-diagonal entries are non-positive,
which together with (3.3) yields that

v+ d=—nw SYiv+ (1 —nw
= ZSjj(tvj + (1 - t)wj) + ZS,-J-\/tvi + (- t)w,-«/tvj + (1 - t)wj
J i#]
<tV SV H (1= DYW SYW,

which proves the convexity of the first summand. The convexity and strict convexity of
the second and third summand in (3.2), respectively, follows immediately. The unique
existence of a solution v to (3.2) then follows by classical convex optimization theory.
Noting that +u;, minimizes (2.3) if and only if v = u? minimizes (3.2), the unique
existence up to sign of the discrete ground state can be concluded. O

Note that in the following we will always choose the signs of the ground state u
and its discrete approximation u;, so that both functions are positive in 2. The next
theorem, which is the second major result of this paper, shows that the discrete ground
state eigenvalue A, is the smallest eigenvalue of the nonlinear eigenvalue problem (2.4)
and that 1, is a simple eigenvalue. We emphasize that until now mainly the properties
of the linearized discrete Gross-Pitaevskii eigenvalue problem have been studied (see,
e.g., [18]), while the properties of the nonlinear discrete eigenvalue problem are not
well understood.

Theorem 3.2 (Discrete ground state eigenvalue) Suppose that the stiffness matrix S is
an irreducible M-matrix. Then for any eigenpair (vy,, iLp) € V}? X R of (2.4), it holds
either that w, > A or that u, = Ay and v, = Fuy. Therefore, the ground state
eigenvalue Ay, is the smallest eigenvalue of (2.4) and it is simple.

Proof The proof is again done in two steps: In Step 1, we consider a linearized version
of the discrete eigenvalue problem (2.4) and prove preliminary results, which are then
used in Step 2 to prove the assertion. The following proof is inspired by [16, Lem. 2],
where a similar result is proved in the continuous setting.

Step 1: To derive a linearized version of (2.4) we freeze the nonlinearity in the
discrete ground state u,. The resulting linearized eigenvalue problem seeks eigenpairs
(vn, wn) € V) x R with [luyll¢ = 1 such that

(Von, Vwp) 2 + 6V o, wy) + c€(upl*on, wi) = wpl(vp, wp) (3.4)

holds for all wy, € V}? . We note that the discrete ground state eigenpair (uj,, 1) is also
an eigenpair of problem (3.4). By the min-max principle, the smallest eigenvalue of
(3.4), denoted by . 1, can be characterized as
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Mh1 = inf (Yo, Vup) g2 4 €(Vup, vp) + cl(Jup | vp, vp),
veV0: loplle=1

and the associated eigenstate, denoted by vy, 1, is the state where the minimum is
attained. Using the same arguments as in the proof of Theorem 3.1, one can prove that
|vp,1] > 0 holds in ©2. As a consequence, we obtain that £(vy 1, up) # 0, which in
turn implies that 1 = Aj, and that py 1 is a simple eigenvalue of (3.4).

Step 2: Next, we return to the nonlinear eigenvalue problem (2.4). We consider
an arbitrary eigenvector vy, of (2.4), which we write as the linear combination v, =
Z’}Ll v;Aj. A non-negative version of v, can be defined as v, = Z;”:l [vjlA;
and we denote w;, = v, — uy. In the case that w, < 0 in 2, we have uy(x) >
vp(x) > 0 at each point x € €2, and one obtains with ||v,]l; = |luplle = 1 that
vy, = uyp. This implies that (vy,, up) is also an eigenpair of the linearized eigenvalue
problem (3.4). Therefore, using that Aj is the smallest eigenvalue of the linearized
eigenvalue problem (3.4) and that it is simple, yields either that u;, > Aj or that
vy = tup and pup = Ap. In all other cases, there exists a node p of the mesh 7,
with Wy, (p) > 0. We consider the function wy, = v, — up = Y ;- w; A; which, after
possibly replacing v, by —uvy, satisfies w,(p) > 0. We can split the function wy,
as wy = w; + wj,, where w;{ = Z?:l w;’Aj with w;’ = max(w;,0) > 0 and
wo = Z;f':l w;Aj with w; = min(w;, 0) < 0. Testing the eigenvalue problems

for vy and uy, cf. (2.4), with w;l" and subtracting the resulting equations yields that

(Vwp, Vw2 + €Vwy, wh) + xliqwy, wi) — A l(wy, w))

3.5)
+ 1 ((Vf — up)yvp, wih) = (n — 2n)€(op, w).

In the following, we prove that the left-hand side of (3.5) is positive. Noting that, by
the M-matrix property of S, it holds that

(Vwy, Vw2 = (Vw +w™), Vw2 > (Vwyh, V)2
and that
LVw,, wh) = uw; , wh) = w, , w) =0
by definition (2.1) of the lumped bilinear form, we obtain the estimate

(Vwy, Vw,j)Lz + L(Vwy, w;[) + Kﬂ(u%wh, w;;) — M l(wy, w;[)

> (V) Vw2 + 6(Vw;, wh) + kl@iwy, wh) — apl(w;f, wi) > 0.
Together with the estimate
(W, — up)vn, wi) = Ln (o + up)wi, wi) = Ly + wp)wl, wil) >0

and recalling that x > 0, we obtain the positivity of the left-hand side of (3.5). Since
L(vy, w,f) > 0, it must holds that w, > A, which concludes the proof. O
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4 Global convergence to discrete ground state

In this section, we present a fully discretized Sobolev gradient flow and prove its global
convergence to the discrete ground state. To prove the global convergence, one needs
to identify the limit of the fully discretized gradient flow, which can be done using
the following theorem. The theorem proves that any non-negative discrete eigenstate
of (2.4) must necessarily coincide with the discrete ground state. The proof of this
result is based on a discrete version of Picone’s inequality, cf. [11]. Note that such an
inequality is also key to proving a similar result in the continuous setting; see, e.g.,
[30, Lem. 5.4].

Theorem 4.1 (Non-negative discrete eigenstates) Suppose that the stiffness matrix S is
an irreducible M-matrix and let (vy,, up) € V}? X R be an eigenpair of (2.4). Then, if
v, > 0, it must hold that vy, = uy, and u, = Ap. Therefore, any non-negative discrete
eigenstate must coincide with the discrete ground state.

Proof Also this proof is done in two steps: In Step 1, we first prove a discrete version
of Picone’s identity, which is then used in Step 2 to conclude the assertion.

Step 1: Let us consider arbitrary vectors u, v € R” withu > 0 and v > 0. One can
prove by Young’s inequality that for the components of u and v, denoted by u; and

v;, respectively, it holds for all 7, j € {1, ..., m} that
1u? 1u5
uiujfzv—ivj-i-zv—jvi- 4.1

The matrix S is a symmetric positive definite M-matrix, which implies that its diagonal
entries are positive and its off-diagonal entries are non-positive. Interpreting the square
and the division of vectors component-wise, the symmetry of S and (4.1) yield that

2
(Sv,u?/v) = ZS’f_UJ_ZSJJM + Z Slj( Z—vl)
j

1<j<i<m

2
_ZS”M + Z Sl,2< M—v,) ZS,Juu]—(Su u),

1<j#i<m i,j
(4.2)

where (-, -) denotes the Euclidean inner product of R”. This inequality can be con-
sidered a discrete version of Picone’s inequality.

Step 2: First, note that using the arguments from the proof of Theorem 3.1, one can
prove that v, > 0 actually implies that v; > 0 holds in 2. Therefore, u;, and v, are
both positive discrete eigenstates of (2.4) with the eigenvalues A, and wj,, respectively.
Due to their positivity, we can define the test function wy, = I, (u% /v), where we
set wy, to zero for all boundary nodes, i.e., wj, € V}? . Here I, : Co(ﬁ) — V}, denotes
the nodal interpolation. Note that, by the normalization condition |juy|l¢ = 1, it also
holds that £(vy,, w,) = 1. Applying the discrete Picone inequality, cf. (4.2), for the

@ Springer



Positivity preserving finite element method for the Gross—Pitaevskii. ..

coordinate vectors u and v of the representation of u;, and vy, in terms of the hat
functions, we obtain that

tn = 1l n, wy) = (Vop, Vwg) 2 + £V o, wy) + c€(vg [*va, wi)
< (Vup, Vup) 2 + €Vup, up) + c(unl?, lop )

< hn = 5€unl®, lunl?) + 5 vnl?, Jonl?).
In the last step we have used (2.1) and Young’s inequality. We conclude that
— K 2 2 K 2 2y
28 (vp) = pn — 3Lvpl", [pl™) < An — 5L(unl”, lun|™) = 2Ex (un).

Therefore, it must hold that vy, is a ground state. Due to the uniqueness of the discrete
ground state, cf. Theorem 3.1, it follows that v, = up and u; = Aj. O

In the following, we present a method for solving the discrete constrained minimiza-
tion problem (2.3) in practice. The method is an application of the energy-adaptive
Sobolev gradient flow [30] to the present discrete setting. There it is proved that the
iteration, obtained after discretizing the gradient flow, converges globally to the con-
tinuous ground state. In this section, we will prove that a similar convergence result
also holds after discretization in space, i.e., the resulting fully discretized gradient flow
converges globally to the discrete ground state.

To define the fully discretized gradient flow, we introduce the discrete Green’s
operator of the Gross-Pitaevskii problem. This operator is henceforth denoted by
g{;h Vi — V,? and, for a fixed wy, € V;? , 1s defined as the map of a source term fj,

to the solution uy,, which is uniquely defined by requiring for all v, € Vho:

Ay, (up, v) 7= (Y, Vop) g2 + Vg, vp) + €(wpPup, vp) = €(fn, vp).  (4.3)

Given the initial guess u2 € V;? with ||u2 lle = 1, the iterates of the fully discretized
gradient flow are for alln =0, 1,2, ... defined as

~n
Up

iy lle”

4.4)

~n+1 h —1ph .
iyt = (1=t + "), Gun) " Gty U -

where (7")32  is a sequence of positive step sizes.

To ensure that iteration (4.4) decreases the discrete energy at every step, it is nec-
essary to impose an upper bound on the sequence of step sizes. Such a bound follows
directly from the proof of Theorem A.1 (given in the appendix), which, in turn, closely
mirrors the reasoning of [30, Lem. 4.7]. The bound reads:

1 V2
" <2min{ ——, —§ u? 7]/2, 1 4.5
- 1+xCiC; 4 nlatn) > )

for all n. Here, C1, C, > 0 are constants that can be estimated by explicitly evaluating
certain expressions. More precisely, the constant Cy is the norm equivalence constant
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satisfying || vi ||% < Cqllvn ||‘z4 forall vy, € V;? . Using a transformation to the reference
simplex, one obtains the following explicit bound:

1

Ci<———,
b= y(d + 1)d!

where y > 0 denotes the smallest eigenvalue of the element mass matrix correspond-
ing to the reference simplex for the quadratic FEM (using the Lagrange basis). The
constant C» is the continuity constant of the embedding HO1 (Q) — L*(Q). Using
Holder’s inequality and the Gagliardo-Nirenberg-Sobolev inequality (see, e.g., [23,
Sec. 5.6.1]), we obtain the explicit bound

QP d =1,
C =29t d=2,
41|12 d =3,

where |€2| denotes the volume of 2. Inserting the above bounds into (4.5) gives an

upper bound for the step sizes which is explicitin «, d, y, £ (u?l), and |€2].
Moreover, to prevent stagnation of iteration (4.4), we require that the step sizes are

uniformly bounded away from zero, i.e., there exists a constant ¢ > 0 such that

™ >c (4.6)

holds for all .

Under conditions (4.5) and (4.6), the following corollary proves a global conver-
gence result for the fully discretized gradient flow (4.4). For the global convergence
proof, Theorem 4.1 is of great importance, since it allows to identify the (non-negative)
limit function of iteration (4.4) as the discrete ground state. To the best of our knowl-
edge, this is the first global convergence result to the discrete ground state in the
fully discrete setting. Our arguments are not restricted to the fully discretized gradient
flow (4.4). In fact, the arguments apply to any iteration used for the numerical solution
of (2.3) that converges globally to a stationary state and preserves the non-negativity
of the iterates, e.g., the J-method from [2] with a suitable shift or the H 1—gradient
flow from [18]. Note that it is possible to quantify the rate of local linear convergence
of the above methods, along with a corresponding convergence radius. This has be
done, e.g., for the gradient flow of [30] with an energy-adaptive metric in [6, 25, 47],
for the H 1-gradient flow in [18, 21], and for the damped J-method in [2].

Corollary 4.2 (Global convergence to discrete ground state) Suppose that the stiffness
matrix S is an irreducible M-matrix and let the step size condition " < 1 for all n
as well as conditions (4.6) and (4.5) be satisfied. Then given a non-negative initial
guess ug > 0, which is normalized with respect to the lumped Lz-norm, the sequence
()2 defined by (4.4) satisfies for all n that uj, > 0. Furthermore, the sequence of
iterates converges to the ground state uy, defined in (2.3).

Proof From Lemma A.1, it follows that the energy is decreased in each iteration and
that a limit energy E; = lim,,_, o &, (u},) exists. Using the same arguments as in the
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proof of [30, Thm. 4.9], we obtain, up to subsequences, that u’g — vy, where vy, € Vh0
is a discrete eigenstate satisfying [|v,[l¢ = 1 and &, (v,) = E; . Note that specifying the
norm in which convergence occurs is not necessary, since all norms are equivalent in
finite-dimensional spaces. Furthermore, it follows from the definition of the iteration,
cf. (4.4), that for step sizes 7,, < 1 the iteration preserves the non-negativity of the initial
iterate. As a consequence, the limit eigenstate vy, is also non-negative. By Theorem 4.1
it must hold that v, = uj,, where u;, denotes the discrete ground state defined in (2.3).
Note that, in the following, we will write u, instead of v, for the limit of iteration (4.4).
It remains to show that the whole sequence (“Z)sz:O converges to uy. For this we
will use that (uy, Ap) is the eigenpair corresponding to the smallest eigenvalue of
the linearized eigenvalue problem (3.4), which was shown in Step 1 of the proof of
Theorem 3.2, and that u, is positive in €2 according to Theorem 3.1. Noting that

Enuy) — Ejy = (au (uj, up) — S P12 — G, Wy un) — S lunl*17)
= %auh(uz + up, uZ —up) + %K(Iu’,ﬂz — |Mh|2, |u2|2 — |uh|2)
= 3 (au, (uf — wp, uhy — up) — Apluf — wp, u)y — up))

+ S lup P = fun P Ll = Junl),

where we have used that £(up, up) = L(uy,uy) = 1 and ay, (up, uj — up) =
Al(up, uy —up) = —%Ahﬁ(uz — up, uy — up). Then, one obtains that

) — lunl?, 1> — lun®) < 2(Epul) — Ef) — 0.

From the latter convergence result one can conclude that |uj, |2 — |up|?, which, due
to the non-negativity of uj, and uj,, implies that uj, — up, i.e., the convergence of the
whole sequence to uy,. This completes the proof. O

5 A priori error analysis

This section performs an a priori error analysis of the proposed mass-lumped finite
element discretization for the Gross—Pitaevskii problem. Recall that we choose the
signs of u and uj, such that u, u, > 0 holds in 2. To simplify the notation below, we
abbreviate the ground state energy and its discrete counterpart by

E=EWw), Ep:==E&uy)

and introduce a notation that hides constants independent of / in estimates.

Remark 5.1 (Tilde notation) If it holds that a < Cb, where C > 0 is a constant that
may depend on the domain, the mesh regularity, the coefficients V and «, and the
ground state u, but is independent of the mesh size i, we may write a < b to hide the
constant. Analogously, we may write b 2 a for a > Cb.

The following theorem proves optimal orders of convergence for the ground state,
energy, and eigenvalue approximations of the proposed method.
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Theorem 5.2 (A priori error analysis) Assume that V is Tj,-piecewise H>-regular with
an uniformly bounded piecewise H?-norm. Then, the ground state approximations uy,
defined in (2.3) converge to the ground state u defined in (1.3) with

lu =l She llw—unll2 < B2 (.1

Furthermore, the energies and eigenvalue approximations Ej, and Ay, converge to their
continuous counterparts E and X, respectively, with

|E — Ep| Sh*, |h—dnl S h% (5.2)

Proof This proof is done in two steps. In Step 1 we prove the boundedness of the
discrete energies Ej, and their second-order convergence to E. This result is then used
to establish the first-order H'-convergence of the ground state approximations uy, to
the ground state u. In Step 2 we employ a duality argument to prove the second-order
L?-convergence of uy, to u, which also implies the second-order convergence of the
eigenvalue approximations Aj, to A.

Step 1: In this proof we utilize [16, Thm. 3], which proves the convergence of
the standard linear FEM to the ground state. The ground state approximations of this
method are henceforth denoted by i), € Vho. From estimate (B.7) and Lemma B.3 and
the uniformly bounded H I_norm of & 1, we conclude that

Wanlle = Udlanle + D = Wanli — 1 S A (lanl 2 ldnllee + 1anl3) S 2%
(5.3)

which yields the estimate |||, || — 1| < h2. This estimate allows us to estimate the
error between 1y, and its rescaled version iy, := uy,/||iy||¢, which is normalized with
respect to || - ||¢. To estimate the difference between the energies &, (i) and E, we
employ the triangle inequality which yields that

|En(in) — E| < |Ep(in) — En(p)| + 1Ex (i) — ER)| + 1EWR) — E|
= B+ B2+ Es.

Below the terms E1, E», and E3 are estimated individually. Using (5.3), we obtain
for the first term that £; < h2. To estimate E,, we use bounds (B.7) and (B.8), the

~

uniformly bounded piecewise H>-norm of V, and the uniform L°-bound for i, from
Lemma B.3. This yields the following estimate:

=
=2

A A A A A 2A A A 2A A
[C(Vup, i) — (Vup, ap) 2| + Lup| "y, up) — (ipl“tp, ip) 2|

=
201n ~ ~ o2 ~ o2 ~ o2 2
S h(lanl 2 llan e + lanllgy + lanlzee I Vinl;2) S h°

The estimate B3 < h? for the third term can be found in [16, Thm. 3]. Combining the
above estimates yields that

\En(iin) — E| < h% (5.4)
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Usingthat E;, < &, (up,) and (5.4), we obtain that the discrete energies E, are uniformly
bounded, and hence the same applies to ||up| g1, ||Mi||(, lupllze forall 1 < g < 6,
and Aj. Using Lemma B.3, we additionally get the uniform boundedness of ||uy || 1.
Next, we define uy, = uy/||up|| 2, whichis a L2-normalized version of u,. Similar to
(5.3), one can prove that ||jup| 2 — 1] < h?, which yields that

lup — dnll g < h2 (5.5)

To estimate the difference between the energies Ej, and & (iy,), we employ the triangle
inequality to get that

|Ep — E@p)| = |Ep — Eup)| + 1€ wp) — Eun)l,

where the first term can be estimated similarly as Z, and the second term can be
estimated using that ||lupl/;2 — 1] < h?. We obtain that

|Ep — En)| < b2 (5.6)

To derive the second-order error estimate for the discrete energies, we bound the
difference E;, — E from above and below. We derive the bounds

Ep — E = Ep — & (ip) + Enliin) — E < EnGiip) — E < W2,

5.7

Ey— E = Ep — EGiip) + E(itp) — E > Ejp — E(itp) 2 —h?,
where we used (5.4) and E; < &,(uy) for the upper bound as well as (5.6) and
E < E(uy) for the lower bound. This proves the second-order convergence of the
energy approximations, which is the first estimate in (5.2).

To prove the first-order H '-convergence of the ground state approximations, we use
the triangle inequality and (5.6) and (5.7) to get that | E—& (i15,)| < hZ. Recalling that i,
and u have the same signs, [16, Thm. 1] proves the first-order estimate ||it, —u|| g1 S h
for the rescaled approximations uy. Using the triangle inequality and (5.5), we can
conclude the first-order H'-convergence of the ground state approximations, which
is the first estimate of (5.1).

Step 2: Next we use a duality argument to prove the second-order L?-convergence
of the ground state approximations. This argument is based on the auxiliary problem
of [16, Eq. (23)] which, for a given w € L*(Q), seeks z € ut = {v € H}(Q) :
(u,v);2 = 0} C H} (Q) such that

Jur(z,v) = (Vz, Vo) 2 + (V + 3ku® — M)z, v) 2 = (W, V)2 (5.8)
holds for all v € u™. The well-posedness of this problem is a consequence of the Lax-
Milgram theorem using the coercivity and continuity of the bilinear form J,, ;, cf. [16,

Lem. 1], and the fact that u~ is a complete subspace of H(} (£2). A direct conclusion
is that ||z|| g1 < [lwll 2. Note that z indeed satisfies that
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(Vz, Vu) 2 + (V + 3ku® — )z, v) 2

= 2c(u?, 2) 12, )2 + (W, v) 2 — (W, u)p2(u, v) 2

for any v € Hol(Q), which implies that
— Az + (V +3ku® = W)z =26, 2) jou +w — (w, u)j2u (5.9)

holds in the weak sense. Classical elliptic regularity theory on convex domains then
implies that z € H 2(Q) with the estimate

Nzl S = (V4 3ku® = Nz + 2, 2) pou +w — (w, w) oull 2 < lwllg2.

Here, we used the fact that ||u||;2 = 1, the uniformly boundedness of u in the L°°-
norm and that ||z|| g1 < [|w] 2. Due to the continuous embedding H2(Q) — CY(Q)
we also get the estimate ||z||z~ < [lwll 2.

Proceeding similarly as in the proof of [16, Thm. 1], we define the function uj} =
up + %Ilﬁh - u||izu € H(}(Q) and note that it holds (u, u);> = 1 since [|up|l2 = 1.
Setting w = uy — u, using definition (5.8), and performing a number of algebraic
manipulations, we obtain that

lwliF> = (W, uj — w2 + lwljs = sz uy —w) + glwls

= Jup(w,2) + SIwl7 2 T, 2) + Hlwll}

= Jup (W, I42) + Jup(w, 2 = Ii2) + kw0, 2) 2 + Flwll},, (5.10)

where I, : Co(ﬁ) — V}, denotes the nodal interpolation. Note that, in the last step,
we have used that J,, » (u, v) = 2k (u3, v);2 holds for all v € Hg (R2). To estimate the
terms on the right-hand side of (5.10), we will use the following estimates

Iz = Inzllgr S hllwllzz, IMazllg S lwligz, IMazliee S llwllz2, (51D

which can be proved using the properties of the nodal interpolation and the H2-
regularity of z. For the second and third terms, we obtain using these estimates that
Jur(w,z = Ih2) S lwlgillz = Izl g S hllwllgllwll g2

and
2 3 2 1.3 3
kllwl?, @, 22 < llwl?, el izl e S Twiids,

respectively. To treat the first term on the right-hand side of (5.10), we use that
(Vun, VIn2) 2 = dnlun, 1n2) = €Vup, In2) — kLG, 12),
which allows us to rearrange the term as

Jup(w, Inz) = Jya@p — up, Inz) + Jyp(up —u, 1p2)
= JuGitn — up, In2) + ((Vup, Ihz) g2 — (Vup, 1r2))
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+ K((M?,, Inz) 2 — Ly, 1h2)) + (Anlup, Inz) — Mup, In2);2)
+ K(3(u2uh, Inz)2 — 2(u?, In)2 — (u,31, Ihz)Lz)
=W 4+ Wy + W3+ Wy 4 s,

Below we estimate the terms W; fori = 1, ..., 5 individually. Using (5.5) and (5.11),
we obtain for the term W; that

Wi S llun = anll g 1 nzllge S B2 1wl
The terms Wy and W3 can be estimated by using (B.7), (B.8), which yields that
Wy S K2 Vunll 2 lun 7o 1V Inzll 2 + 1 Vup o llunll e nzlie) S 2wl g2,
and
W3 S (unll g Mzl g + lunll 2 zlies) S B2 wll .
Before considering the term Wy, we derive an estimate for the error of the eigenvalue
approximations. Noting that A = 2F + §||u||‘1t4 and A, = 2E;, + %Hu% ||%, and using
the first estimate of (5.2), we obtain that
A =l SIE = Enl + [l s — Nunlga] + [lenl o = Nz 2] S B>+ llu = unll 2.

(5.12)
This result allows us to estimate W4 as

Wy < ApllQup, Inz) — (s Inz) 2] + [(Ap — A (up, 1h2) 12|
Szl gy + MHpullze) + 1 — A un — u, 1h2) 2]+ 1O — 2, 2 — 1n2) 2]
S P lwllgz + (h* + llun — ull2) (lun — ull 2wl 2 + Allwl 2).

where we used that (u, z);2 = O since z € ut. Finally, for the term W5, we get that
2 2 2
Ws = |ic((up —u)”Qu +up), In2) 2| S Nlun —ulljMnzlie S lup —ullp2llwllg2.

Combining the above estimates then yields the following second-order estimate for
the rescaled ground state approximations:

~ 2
lan —ullp2 = wligz S 2°

The desired L2-convergence result for the ground state approximations can be con-
cluded using the triangle inequality and (5.5). This proves the second estimate in (5.1).
The second-order convergence of the eigenvalue approximations follows directly from
(5.12), which proves the second estimate in (5.2). O
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Fig. 1 Ilustration of the harmonic potential on the left and and a discrete ground state approximation on
the right

6 Numerical experiments

In this section, we present numerical experiments that support the theoretical pre-
dictions of this paper. To solve the discrete minimization problem (2.3), we use the
fully discretized Sobolev gradient flow defined in (4.4). Note that, especially for large
values of «, the step size bound (4.5) which we needed to prove global convergence,
is very restrictive (explicit values for each numerical experiment can be found in the
respective subsections). Therefore, for the sake of computational efficiency, we use
the adaptive choice of step sizes as outlined in [30, Rem. 4.3], where we restrict the
one-dimensional minimization problem to step sizes in [0, 1] to ensure non-negativity
of the iterates; see also [6]. The initial iterate is constructed by interpolating a constant
function to the finite element space V}? with zero boundary conditions and normalizing
the resulting function with respect to the lumped L>-norm. The iteration is terminated
if the relative L?-residual of the current iterate falls below 10~'2. For implementation
details, see the code available at https://github.com/moimmahauck/GPE_P1_lumped,
which is derived from a basic implementation of the FEM used in [41].

Harmonic potential with strong interaction

The problem considered in the first numerical experiment is posed on the domain
Q = (-8, 8)2. We consider the harmonic potential V (x) = %l)cl2 and the particle
interaction parameter x = 1000. The corresponding ground state is point symmetric
with respect to the origin and decays exponentially. For a depiction of the harmonic
potential and an approximation to the ground state, we refer to Fig. 1. Note that for
this parameter setting with a large «, the step size bound of (4.5) takes a very small
value of about 5 x 107, This value practically means a stagnation of the gradient
flow algorithm and is therefore not feasible in practice, which explains why we use
the adaptive algorithm described above.

To verify the optimal orders of convergence of the proposed method, we consider
a hierarchy of Friedrichs-Keller triangulations generated by successive uniform red
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Fig. 2 Error plots for the proposed method and the standard linear FEM for the harmonic potential. The
relative L2-approximation errors of the ground state and its gradient are shown on the left. On the right, the
relative energy and eigenvalue approximation errors are shown

refinement of an initial triangulation consisting of two triangles. Note that since no
analytical solution is available, all errors are computed with respect to a reference solu-
tion. This reference solution is computed using the standard linear FEM on the mesh
obtained by twice uniform red refinement of the finest mesh in the considered hierar-
chy. In an abuse of notation, we denote the reference ground state and the reference
energy and eigenvalue by u, E, and X, respectively. We compare the approximations
of the proposed method with those of the standard linear FEM on the same mesh. For
the standard linear FEM, the potential is integrated exactly using a quadrature rule of
sufficiently high order. The ground state, energy, and eigenvalue approximations of
the standard linear FEM are denoted by iy, Eh, and 5»;,, respectively. Note that for
both spatial discretizations all iterates remain non-negative in €2. For the proposed
mass-lumped FEM this could be proved in Corollary 4.2. One observes that the fully
discretized gradient flow (4.4) effectively minimizes the discrete energy from iterate
to iterate. It takes about fifty iterations for this problem to reach the specified tolerance.

Figure 2 compares the convergence behavior of the proposed mass-lumped FEM
to that of the standard linear FEM. One observes optimal convergence orders for the
proposed method, which is consistent with the theoretical prediction in Theorem 5.2.
The same convergence behavior can be observed for the standard linear FEM. Interest-
ingly, the eigenvalue and energy approximations of the proposed lumped discretization
seem to be slightly better than those of its non-lumped counterpart.

Next, in Fig. 3 we examine the energy and eigenvalue approximations of the pro-
posed method and compare them to those of the standard linear FEM. One observes
that the standard linear FEM approximates the ground state energy from above due
to its conformity. This is generally not true for the proposed lumped method, which
can also be observed for lumped FEMs in the context of linear elliptic eigenvalue
problems; see, e.g., [4].
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Fig.3 Energy and eigenvalue approximations shown on the left and right, respectively, computed using the
proposed method and the standard linear FEM

Disorder potential with exponential localization

For the second numerical experiment we consider a disorder potential on the domain
Q = (—1, 1)%. This potential is constructed using a Cartesian grid of the domain with
32 elements in each dimension. The potential is then chosen as the piecewise constant
function on this Cartesian grid, whose element values are given by realizations of
independent coin toss random variables taking the values 0 and (2¢)~2 with € = %;
see Fig. 4 (left) for an illustration. The particle interaction parameter « is chosen to
be one. For such coefficients there occurs an effect called Anderson localization (see,
e.g., [1, 3, 8] for numerical and theoretical studies), which enforces an exponential
localization of the ground state; see Fig. 4 (right). For the parameter setting in this
numerical experiment, the step size bound of (4.5) takes a value of about 4 x 1073,
Due to the smaller «, this bound is less restrictive than that of the previous numerical
experiment. Nevertheless, for better computational efficiency, we use the adaptive
choice of step sizes as outlines above.

Similar to the previous numerical experiment, we consider a hierarchy of Friedrichs-
Keller triangulations. To compute the reference solution, we again use the standard
linear FEM on the mesh obtained by twice uniform red refinement of the finest mesh in
the hierarchy. We emphasize that this example is numerically quite challenging, as can
be seen from the comparatively large number of iterations required. While the fully
discretized Sobolev gradient flow method of (4.4) required about fifty iterations for
the previous numerical example, it takes several hundred iterations for this numerical
example to converge to the specified tolerance. This discrepancy is related to the fact
that the spectral gap to the second eigenvalue that determines the local linear rate of
convergence, cf. [25], scales with the small parameter €.

Also for this numerical example, it can be observed that the discrete ground states of
the proposed method and the standard linear FEM are positive in 2. For the proposed
method this was shown in Corollary 4.2. Generally, it seems difficult to construct
numerical examples where the positivity is violated for the standard linear FEM.
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Fig.4 Illustration of the disorder potential on the left and and a discrete ground state approximation on the
right
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Fig. 5 Error plots of the proposed method and the standard linear FEM for the disorder potential. The
relative L2—approximati0n errors of the ground state and its gradient are shown on the left. On the right, the
relative energy and eigenvalue approximation errors are shown

Furthermore, in Fig. 5, we also observe the optimal order of convergence of both
methods as the mesh size is decreased. This again supports the theoretical predictions
of Theorem 5.2. Note that the error curves are almost on top of each other, which
makes it difficult to distinguish between them.

7 Conclusion

In this paper, we have proposed a mass-lumped FEM for the approximation of the
Gross—Pitaevskii ground state. This method is able to preserve many properties of the
continuous ground state, such as positivity and uniqueness up to sign, or a Picone-
type inequality. The latter paves the way for proving the global convergence of fully
discretized gradient flow methods to the discrete ground state. We also prove that the
proposed method has the same order of convergence as the standard linear FEM. The
proposed method enjoys certain computational advantages over the standard linear
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FEM, e.g., a computationally cheaper assembly of the (diagonal) nonlinear term in
each iteration of the fully discretized gradient flow method.
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Appendix A. Energy reduction of fully-discretized gradient flow

Lemma A.1 (Discrete energy reduction) Assume that the step sizes {t"*} satisfy condi-
tions (4.5) and (4.6). Then, for iteration (4.4), it holds that

Enu ™y < E ).

Proof The proof is similar to that of [30, Lem. 4.7] in the infinite-dimensional setting.
We present the proof for the sake of completeness.
Firstly, using the definition of the iteration in (4.4), we obtain that

£(~n+l — Mh, l/lh) =T ( Z(uh’ uh) + Z(Mh, ghnuh) lﬁ(ghnuh, uh)) = O
This implies that

~nt1 ~nt ~nt1
|| b ||z = ||uh||£+ || b _Mh”e +2£( b —uﬁ,uﬁ)

~n+1
= ||14h||g + || v Mh”g ””h”( =1

and
! Tyl (u”+l uj, 12”“ —up)
= —ay @y i =) + €y G g (G @ — )
(A.1)
+1 h -1 ~ntl
= _au’,;(uh,uz —Mh)'i‘é(uh,g "uh) E(uh, i, h)
= —aun(uh, gt — uy).
From (A.1), we further obtain that
a,) (un+1 Mh, LN‘Z-H - Mh) = a,; (Mh—Ha ~n+1) - Zau" (“”+1 - u’;p uZ) — Ay (MZ, “Z)
= a, (u"'H, N”'H) + 4 aun (u""'1 —uy, IZZ'H —up) — ay (uy, uy),

@ Springer


http://creativecommons.org/licenses/by/4.0/

Positivity preserving finite element method for the Gross—Pitaevskii. ..

which implies that
Enup) — Eny ™) = Gayn (ufy, up) = S upl*117)

. (261 n+1(~n+1 ﬁZ+l)

a2
)

AR AR e A D)
+ (r,, — )czuz(u"Jrl uj, MZ_H —uj)

A L G ¥ 7 e O A 11))
+ (& = Dao@yt —ul, aptt — ulh)

s +1 ~n+1
—EMay ™ = uf P17+ (G = Dao@t —up @t —ul).

K£(|~n+1|

I\/

Here, we have used that
eyt = P jay g ) < 20y = Pl =g P8y~ 1)

and " < % Then,

i+l on2 ~n+1 2 11 2
€(li), up | (5l + g + (7 — Dyl
~n+1 2,2 1 ~n-+1 2 2
> Sl = PI7 + (7 — Dedap ™ —up P, lupl?)
~n+1
> =Sy — up P17

Now we prove the lemma by induction. Note that using (A.1), we get that

1 ~n+1 ~n+1 n ~n+1 n
r_"auZ(”h —uh,uh —uh)z—auz(uh,uh —uy)

" (ayy (up, up) — 1) < 20" ().

For n = 0, we have that

ao (i), — uf), it} — uf) < 2(192E W) <1

and

~ 0,212 kC\C3 ~1 [N kC1C3 0 2

%|||uh—uh| Iy < 3 2||V(Mh—uh)||L2 =< 2a0(uh—uh,uh—uh)
kC1C5 ~1 0
= 2ao(uh - uh, h Mh),
which lets us conclude that
0 -1 L1 «Cic - 0 ~1 0
En(up) = Eplity) = (7o — 3 — =3 2)aolity, — uy, i, —uy) = 0.

Hence, we obtain the energy reduction property:
Enlup) = Enliiy) = Enluy).

@ Springer



M. Hauck et al.

Next assume that the result holds for any 1 < k < n. For k = n + 1, we note that
aoiy ™ —ul iy — ul) < 22" E(uf) < 2(t")2Euf) < 1.
Following a similar argument as above yields

~nt1 202 _ kCiC3  pil ~n+1
S —upPF < S2aoy T —ul iyt — ulh)

and
~n+1 1 1 KC]C4 ~n+1 ~n+1
Enup) — En(y ™) = (& — 5 — 5 D)aoy ! —uf, iy —uf) >0,

which lets us conclude that &, (u}) > &, (ﬂZH) > & (uZH), completing the proof. O

Appendix B. Frequently used bounds in error analysis

The following lemma provides estimates for the lumping error, which are an important
ingredient in the convergence proof of Theorem 5.2.

LemmaB.1 (Lumping error) Given the potential V, which is assumed to be Tj,-

piecewise H?-regular with uniformly bounded piecewise H?-norm, it holds for all
vy, wy € Vy, that

16V on, wa) — Vo, wa) 2] S H(IVollLe IVwplize + 1V op e llwallzs

(B.1)
+ lorlle IVwalle + lloallze llwallzw),
where 1 < p, q, r, s, t, u, v, w < oo are arbitrary numbers satisfying that
1 1 _ 1,1 _1,1_5 1,1 _1
;J'_a_l’ r+s_t+u_6’ v+w_2'
Furthermore, it holds for all vy, w, € Vy, that
e(Jwp)? - 2 < h*(|IV 2 v
[€(wn | wh, vr) — (wal“wa, vi) 2| S B2 (IVwn s llwall 7 1 Vs | o B.2)

2
+ IVwplize llwallzallvallzr),

where 1 < p, q, r, s, t, u < oo are another set of arbitrary numbers satisfying that

RSN
=~ —
Il
—_
@ |—
+
=~
+
S |—
Il
—_

+1+

=

Proof We begin with the proof of (B.1). Henceforth, we denote by I, == ) & T, Ix
the 7;,-piecewise nodal interpolation, where Ik is the local nodal interpolation on the
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element K . This operator is well-defined for 7;,-piecewise H>-regular functions such
as V. Using the triangle inequality, we obtain that

[L(Vvp, wp) — (Vop, wp) 2|

(B.3)
< eUpVup, wp) — UpVop, wp) 2| + U Vop, wp) 2 — (Vop, wy) 2]

Classical approximation results for 1 yield for the second term that
2
|(Vvp, wi) g2 = Ip Vo, wp) 2] S A= loplley lwpll o

To estimate the first term on the right-hand side of (B.3), we will use for each
element a transformation to the reference simplex K. For the simplex K € 7, this
transformation is an affine linear mapping given by F : K> K , X — Bgx + bg,
where Bx € R4 and bx € R?. We introduce for any simplex K the functional

Eg: HY(K) >R, v— (v, D2k — Lk, 1),

which measures the mass lumping error. Note that, due to the continuous embedding
H*(K) — C°(K) this functional is well-defined and continuous. To estimate the
norm of the functional Ex we will perform a transformation to the reference simplex
using the map F and apply the Bramble—Hilbert lemma (see, e.g., [36, Thm. 3.27]) to
estimate the resulting functional E'p on the reference simplex. Note that in this proof
we denote quantities that have been transformed to the reference simplex using a hat.
The change of variables formula for integrals then yields that

Eg (v) = |det(Bg)|E g (D). (B.4)

To estimate E g (0) we now apply the Bramble-Hilbert lemma. Since for all functions
? € PL(K) it holds that E # (V) = 0, we obtain the estimate

|[Eg ()| < CeullE (B.5)

where Cpy > 0 and || E¢ || denotes the finite operator norm of the functional E .
Applying (B.4) and (B.5) for the particular function v = g v, wy,, where we abbre-
viate g, := IV, yields that

Ek (qnvnwn) < Ceul| det(Bi)II1E g I11Gn0nn] 2 i) (B.6)

By the equivalence of norms in finite dimensions, we obtain that |G, 05w | ;2 &)~
|GnOn Wy 2.1 &) This result can then be used to continue (B.6) as follows

Ex (gnvhwp)
d

S 1 det(Bi)| Gntnidnlyor g, = 1det(Bx)I Y 1190 (Gndndi)ll 1
i,j=1
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,S | det(BK)| (”th ”LOO(IQ)”Vﬁh ||Lp(12)||V12)h ”L‘I(IE)
+ ”Véh”[ﬁ(]&)(”vv}l”]‘r(k)”lbh”Lr([g) + ||ﬁh||Lz(12)||vwh ”Lu(k)))
< ||BK||2(||CIh o) IVURll e (k) I VWl La (k)

+ 1Vanll Lo iy (Vv Lr oy lwall s ey + Tonll Ly |V wn ”L“(K)))»
where we have used Holder’s inequality as well as [36, Thm. 3.26] to transform the

L?”-norms on the reference element back to the physical element. Further, we have
used the local estimates

||IKV||L°°(K) SJ ||V||H2(1<), ||VIKV||L6(K) 5 ||IKV||H2(K) S ||V||H2(K)

which hold for all K € 7. The estimate for the first term on the right-hand side
of (B.3) can be concluded using the bound || Bx || < kg from [36, Thm. 3.27] for the
norm of the matrix Bg, and after summing over all elements K € 7j,. Assertion (B.1)
then follows directly. The proof of (B.2) uses similar arguments and will be omitted
for the sake of brevity. O

The latter lemma was stated in a fairly general form. In the error analysis, we will
frequently rely on the two consequences given in the following corollary.

Corollary B.2 As a direct consequence of (B.1), we obtain that

16V vn, wi) = Vo, wi) 2| S H(IVnl 21V will 2 + 1V sl 2wl 3
+ llonll 31V wall 2 + loall 2 lwallze)  (B.7)

S 02 (Ilonll g llwall g+ lvall 2wl o)
holds for all vy, w, € Vy. From (B.2) we obtain that, for all vy, wy, € Vj,

1(wn Pwn, va) — (wiPwi, va) 2] S B2 (IVwill 2 lwall e [ Voal 2 B5)
+ Vw125 lwall e lvnll o).

The next lemma proves L°°-bounds for the ground state approximations u;, defined

in (2.3), and the ground state approximations obtained by the standard linear FEM,
denoted by uj,.

Lemma B.3 (Uniform L°°-bounds) Suppose that the energies E,(uy,) and (i) are
uniformly bounded. Then, the L°°-bounds

lunllLe S 1, lldnliee S1
hold uniformly in h > 0.
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Proof Let us first prove the L°°-bound for the ground state approximations i, of the
standard linear FEM. We define i}, € H(} (2) as the weak solution to

— Al = =Viiy — k|in*in + rnitn = fi- (B.9)

It holds that f, € L*(2) with | f5l 12 < 1. Classical elliptic regularity theory on

~

convex domains can then be used to show that 12;1 e HZ(Q)N H(% (2) with the estimate

gl g2 S Ifall2 S 1. Note that the discrete function i), € Vh0 is the Galerkin
approximation to itj and therefore satisfies the classical error estimate

1A ~ ~ A ~
h= iy, — anll 2 + 1V GG — ap)ll2 S hlitg| g2

Denoting by Ij,: C°(Q) — V, the nodal interpolation, we can estimate the L*°-norm
of i1, using the triangle inequality as

lanllee S Nin — Intty llLoe + [ pity, |l =t E1 + Eo.

The summand E; can be estimated using a classical comparison result for L”-norms
of discrete functions and the approximation properties of the nodal interpolation as

- —d/2 )~ - —d2(5 A - A
81 S h iy — Bag) 2 < b (Ilin — agll 2 + llig, — Inag)

S0 S 1.
For the term Z,, we obtain using the continuous embedding H>(2) — C°() that
B2 < lldjlleee < lligllg2 S 1.

Combining the above bounds proves the uniform L°°-bound for iy,.

For proving the uniform L°°-bound for u;,, we need to derive a problem similar to
(B.9) with an L2-right-hand side. Note that the functional

F(vp) = €(=Vup, — lup*un + knin, vy)

is in the dual space of V}, C L?(2), which means that, by the Riesz representation

theorem, there exists g5 € V}, such that (g, vy);2 = F(vy) holds for all v, € V). It
also yields the following bound for the L2-norm of gj,:

F(vp)
lignll,2 = sup SN = Vg — lunPup + rpuplle. (B.10)

vy Tonlz2

Here we used that on the space V},, the norm || - ||¢ is uniformly equivalent to the L2-
norm. Below, we will estimate the terms on the right-hand side of (B.10) separately.
Using the assumed boundedness of the energies, the embedding H'(Q2) — L4(S)
for 1 < g < 6, and the norm equivalence of | - || and the L%-norm on Vj, we
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obtain the estimates ||Vuplle < IV Iz llunlle S N1V I llunll2 S 1and Aplluplle S
Anllupll2 < 1. It remains to show the uniform boundedness of the the second term
on the right-hand side of (B.10). Note that, similar to [36, Thm. 3.46], one can show
the uniform equivalence of the L%-norm and the norm defined by

d+1 1/6
lvall = ( Z Z h(pmn))

Ke’T

on the space V},. This yields the bound

6
HounPunlle = lunll® S Nunlfe < 1,

which, together with the previous estimates proves that || g, ||;2 < 1. The right-hand
side g; now takes the place of f}, in (B.9), and proceeding similarly as above for i,
gives the desired uniform L°°-bound for uy. O
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