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Perfectly harmonic spin cycloid and multi-Q
textures in the Weyl semimetal GdAlSi
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Akiko Kikkawa4, Ryo Misawa1, Priya R. Baral 1, Shunsuke Kitou 6,
Yuiga Nakamura 7, Hiroyuki Ohsumi 8, Yoshikazu Tanaka8,
Hajime Sagayama 9, Hironori Nakao 9, Yuki Ishihara1, Kamini Gautam 4,
Oscar Fabelo 10, Yasujiro Taguchi 4, Youtarou Takahashi 1,4,
Masashi Tokunaga 4,5, Taka-hisa Arima 4,6, Yoshinori Tokura 1,4,11,
Ryotaro Arita 4,12, Jan Masell 3,4, Satoru Hayami 13 &
Max Hirschberger 1,4

A fundamental question in condensed matter physics concerns how topologi-
cal electronic states are influenced by many-body correlations, and magnetic
Weyl semimetals represent an important material platform to address this
problem. However, the magnetic structures realized in these materials are
limited, and in particular, no clear example of an undistorted helimagnetic state
has been definitively identified. Here, we report clear evidence of a harmonic
helimagnetic cycloid with an incommensurate magnetic propagation vector
Q in the Weyl semimetal GdAlSi via resonant elastic X-ray scattering, including
rigorous polarization analysis. This cycloidal structure is consistent with the
Dzyaloshinskii–Moriya interaction prescribed by the polar crystal structure of
GdAlSi. Upon applying a magnetic field, the cycloid undergoes a transition to a
novel multi-Q state. This field-induced, noncoplanar texture is consistent with
our numerical spin model, which incorporates the Dzyaloshinskii–Moriya
interaction and, crucially, anisotropic exchange interactions. The perfectly
harmonic Weyl helimagnet GdAlSi serves as a prototypical platform to study
electronic correlation effects in periodically modulated Weyl semimetals.

Inversion-breaking Weyl semimetals host two-fold degenerate band
crossingswith a quasi-relativistic, linear energy-momentumdispersion
and protected surface Fermi arcs1. As such, inversion breaking Weyl
semimetals provide a platform to study the interplay between many-

body correlations and topologically nontrivial electronic states. Rele-
vant proposals include the formation of an axion insulator2–4 and a
three-dimensional fractional quantum Hall effect from disordered
domains in a Weyl charge-density-wave5–7. Such states are realized by
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band-folding of Weyl fermions into a small Brillouin zone upon for-
mation of periodically modulated order, and conditions for the
hybridization of Weyl points have been derived and phrased in the
language of special relativity8. In this context, topics of interest have
been not only charge order but also the formation of periodically
modulated helimagnetic states in inversion broken Weyl semimetals,
and the question of the relevant magnetic interactions in such Weyl
semimetals9–15. However, an ideal platform for studying the interplay of
Weyl fermions with helimagnetism—a perfect and undistorted heli-
magnetic structure in an inversion breaking Weyl semimetal—has
never been reported by quantitative polarization analysis in diffraction
experiments16,17.

Here, we report the undistorted, cycloidal helimagnetic ground
state of GdAlSi with perfectly isotropic Gd3+, a material in which Fermi
arcs from Weyl nodes have been identified, and a possibly related
anomalous Hall effect has been observed under a magnetic field; the
experiment supersedes a prior numerical prediction of collinear anti-
ferromagnetism (altermagnetism) in this material18,19. We further
demonstrate a field-induced transition to a complex staggered cone
structure, which represents a superposition of two magnetic waves,
i.e., a multi-Q state. Our numerical spin calculations successfully
reproduce the ground state and field-induced phase transitions of
GdAlSi, emphasizing the role of symmetry-allowed Dzyaloshinskii-
Moriya (DM) and anisotropic exchange interactions.

Results
Electronic and magnetic state of GdAlSi
GdAlSi crystallizes in the polar tetragonal I41md structure with neither
inversion center nor Mz mirror plane, leading to a Weyl semimetallic
state that is strongly coupled to themagnetic texture, see Fig. 1a, b and

Supplementary Fig. S412–14,18–26. In this material class, ferromagnetism,
canted ferromagnetism, topological antimerons, nearly collinear up-
up-down order, and helimagnetic order have been reported from
experiments on PrAlSi/Ge27, CeAlSi28, CeAlGe29, NdAlSi/Ge12,14,30, and
SmAlSi13, respectively. However, there is no prior confirmation of an
undistorted helimagnetic order by polarization analysis, hindering
discussion of the relevant exchange interactions. Figure 1a illustrates a
subset of these electronic Weyl points in the electronic structure of
noncentrosymmetric GdAlSi, and their approximate position close to
the kc = 0 plane of the tetragonal Brillouin zone in the paramagnetic
state of noncentrosymmetric GdAlSi. In this article, we demonstrate
the helimagnetic order in GdAlSi, which interconnects theWeyl points
as indicated by yellow arrows in Fig. 1a, and which has the character of
a harmonic cycloid defined by

mðrÞ=mðQÞ e½110� cos Q � rð Þ+ ec sin Q � rð Þ
h i

ð1Þ

Here, e[110] and ec are unit vectors along the crystallographic [110]- and
c-axes, respectively; Q = (q, q, 0) with q = 0.673(2) reciprocal lattice
units (r.l.u.) is a lattice-incommensurate propagation vector. This
cycloidal spin texture and the corresponding magnetic unit cell are
illustrated in Fig. 1b, where the staggered square lattices of gadolinium
ions in GdAlSi are projected onto a single plane. The conventional unit
cell of the magnetic state is about six times larger than the
conventional unit cell of the paramagnetic state; primitive unit cells
are discussed in Supplementary Fig. S9.

The period and propagation direction of the helimagnetic “wave”
in GdAlSi are readily understood from the viewpoint of a minimal
exchange Hamiltonian with isotropic nearest-neighbor interaction
J1 < 0 and inter-layer coupling Jc < 0, illustrated in Fig. 1c. Consistent
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Fig. 1 | Undistorted helimagnetism in the Weyl semimetal GdAlSi. a Illustration
of magnetic modulation vectors Q1, Q2 connecting between Weyl nodes in the
electronic structure of GdAlSi. The black box indicates the kc = 0 cut of the tetra-
gonal Brillouin zone (BZ) in the paramagnetic state. b Experimentally observed
cycloidal helimagnetic structure in the ground state of GdAlSi (B = 0) projected
onto the (001) plane. Only magnetic Gd sites are shown; the black (red) boxes
indicate a single unit cell in the paramagnetic (in the helimagnetic) state.

cGadolinium sublattice in the I41md tetragonal structure of GdAlSi with definitions
for nearest-neighbor (J1) and next-nearest neighbor interactions (Jc). d Evolution of
magnetic modulation vector Q1 = (q, –q, 0) and Q2 = (q, q, 0) for J1, Jc < 0. A
helimagnetic structure with q = 2/3 can be realized in this simple framework.
e Calculated, momentum-resolved density of states (QDOS) in the kc = 0 plane of
the tetragonal BZ. 24 Weyl nodes (red circles) are found close to kc = 0.
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with the experiment, this natural choice of interactions (i) selects only
propagation vectors of the type Q1,2 = ( ± q, ± q, 0), constrained by
tetragonal symmetry and (ii) reproduces the experimentally relevant
range of q for a reasonable Jc/J1 ratio (see Fig. 1d). Details of the cal-
culation are given in Supplementary Note S5.

Importantly, the Q-vector observed experimentally in GdAlSi is
well matched to the distance between sets of Weyl points in the elec-
tronic structure, as shown in our calculations of Fig. 1e. Prior work on
NdAlSi has demonstrated amodification of quantumoscillations at the
Weyl nodes below the onset of magnetic order12. The reciprocal effect
of relativistic fermions on the magnetic structure, a strong contribu-
tion to magnetic interactions by Weyl electrons via modified
Ruderman-Kittel-Kasuya-Yosida interactions, has not yet been con-
clusively demonstrated9–11. Indeed, electronic structure calculations on
RAlSi (R = rare earth) show that states far from the Fermi energy pre-
dominantly fix the value of Q31. Therefore, Weyl nodes and helimag-
netic order both exist in GdAlSi, but helimagnetism is not
predominantly caused by theWeyl electrons and thematching ofQ to
the separation of Weyl points in momentum space is accidental, see
also Supplementary Note S4.

Zero-field cycloid from resonant elastic X-ray scattering (REXS)
From magnetic susceptibility measurements and the resistivity ρxx in
GdAlSi, we demonstrate a conducting ground state with a magnetic
Néel point TN = 32K (Fig. 2a, b). The magnetic susceptibility has very

weak anisotropyboth above andbelowTN (see Supplementary Fig. S3);
ρxx appears affected by magnetic fluctuations above and around TN,
but fluctuations freeze out upon cooling. We employ resonant elastic
X-ray scattering (REXS) measurements to reveal the helimagnetic
order of GdAlSi (Methods). Figure 2c illustrates the experimental
geometry of the sample with respect to the X-ray beam. Satellite
magnetic peaks for two magnetic domains D1, D2 in vicinity of the
fundamental Bragg reflection (2, 0, 0) are observed with the propa-
gation vector along the 〈110〉 directions: QD1 = (q, −q, 0) or
QD2 = (q, q, 0). Figure 2d indicates that q is not perfectlymatched to the
lattice, i.e., incommensurate, in GdAlSi: q = 2/3 + δ with δ = 0.006.

Polarization analysis of the scattered X-rays reveals that the zero-
field state of GdAlSi is the only known, undistorted helimagnetic spin
texture in a magnetic Weyl semimetal12,13. In general, the Fourier
transformed magnetic momentm(Q) is separated into three mutually
orthogonal components:

mðQÞ=mcðQÞec +mkðQÞeQ +m?ðQÞec × eQ, ð2Þ

where ec and eQ are unit vectors along the [001] direction of the tet-
ragonal structure and along Q, respectively. In our experiment, the
incident X-rays are linearly polarized with their electric field
component within the scattering plane (π-plane). The scattered
X-rays can have two polarization components: parallel (π0) and
perpendicular (σ0) to the scattering plane. These two polarization
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Fig. 2 | Undistorted helimagnetic ground state of GdAlSi from resonant elastic
X-ray scattering (REXS). a Temperature-dependent magnetic susceptibility χ in a
small magnetic field applied. The Néel point TN is indicated. b Metallic, T-depen-
dent resistivity ρxx with a decrease below TN. c Experimental configuration of
resonant elastic X-ray scattering (REXS) measurements (Methods). The scattering
plane (yellow) is perpendicular to [001]. π (π0, σ0) represent the polarization
direction of the incident (scattered) X-ray beam with wave vector ki (kf), respec-
tively. X-rays are incident on the sample surface at an angle ω (Methods). d REXS
line scan profile of the (2+q, q, 0)magnetic reflection without analyzer plate, where
q = 2/3 + δ and δ = 0.006; Gaussian fit is shaded in red. Inset: T-dependence of q in
Q2 = (q, q, 0), evidencing incommensurability with the lattice. e, f Polarization
analysis in REXS, assuming equal population of helimagnetic domains in zero

magnetic field. e Rocking scan (ω) profile around (2+q, −q, 0), which is a con-
tribution from the QD1 k ½110� domain. Iπ�π0 and Iπ�σ0 reflectmc(Q)2 and m∥(Q)2,
respectively, wheremc(Q), m∥(Q), and m⊥(Q) are Fourier modes of the magnetic
moment along the [001] direction, along Q, and along the axis perpendicular to
both of them, respectively (Eq. (2)). Inset: experimental setup projected onto the
HK0 scattering plane. f The corresponding rocking scan of (2+q, q, 0) originating
from the QD2∥[110] domain. Here, Iπ�π0 and Iπ�σ0 mainly reflectmc(Q)2 andm⊥(Q)2,
respectively. g Undistorted helimagnetic cycloid structure with m∥(Q)/
mc(Q) = 0.966(7) obtained by polarization analysis in REXS at various magnetic
reflections. The model expectation for a harmonic cycloid is indicated by the
dashed line. Inset: helimagnetic cycloidal texture.
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components are separated at the detector (Methods). In our geometry,
the π � π0 scattered intensity always detects mc(Q); we further select
two representative magnetic reflections for which the intensity of the
π � σ0 channel corresponds tom∥(Q) andm⊥(Q) inEq. (2), respectively.
Figure 2e, f suggests that GdAlSi has mc(Q) and m∥(Q) of comparable
magnitude, but not m⊥(Q): this corresponds to a harmonic helimag-
netic cycloidal structure at zero magnetic field, which is further
confirmed by quantitative analysis with m∥(Q)/mc(Q) = 0.966(7) in
Fig. 2g. This incommensurate magnetic cycloid has face-centered
orthorhombic symmetry (magnetic space group Fdd2. When
approximated as a commensurate structure with q = 2/3, themagnetic
space group is Fd0d02.).

Multi-Q spin textures of GdAlSi induced by a magnetic field
Weapply amagnetic field to the cycloidal helimagnetic ground state of
GdAlSi (phase I), B∥[110], and observe two field-induced transitions in
Fig. 3a, b. Strictly speaking, the critical field for the transition into the
field-aligned ferromagnetic state,Bc ≈ 75 T, is beyondour experimental
range. We estimate Bc by linear extrapolation ofM(B) to the saturation
magnetization of Gd3+, 7μB. Using REXSwith polarization analysis in an
applied field of 7 T along the [110] direction, we determine the mag-
netic structure of phase II (Supplementary Fig. S1). As summarized by
the illustration in Fig. 3c, this is a superposition of twomagnetic waves,
termed a multi-Q state: the dominant component is an incommensu-
ratemagnetic cycloid alongQ1 = (q,−q, 0)withq ≈0.673(2),whose spin
components are in the ½1�10�-c plane, perpendicular to B. This is paired
with a subdominant up-up-down pattern along the commensurate
Q2 = (2/3, 2/3, 0) for the spin component parallel to B, m[110](Q). The
combination of incommensurate and commensurate modulations can
be depicted as a staggered cone structure, as in Fig. 3c.

Spin model calculations and field-induced phase transition
GdAlSi’s simple helimagnetic cycloidal order in zero magnetic field
can be explained from a simple model of frustrated isotropic
exchange interactions, as in Fig. 1c, d, when adding Dzyaloshinskii-
Moriya interactions (DMI) that are allowed by the symmetry of the
polar crystal structure31. While this real-space spin Hamiltonian
provides intuitive understanding, it suffers from an inherent frus-
tration of model parameters. Therefore, to reproduce the heli-
magnetic multi-Q textures under a magnetic field, we fix the
direction and amplitude of Q and introduce a Fourier-space model
that includes both DMI and anisotropic exchange interactions. This
model is discussed in the following. Figure 3d illustrates the rela-
tive alignment of the ordering vectorQ, the polarization P imposed
by the I41md crystal structure, the Dzyaloshinskii-Moriya (DM)
vector D, and the anisotropic exchange Janis. Consider the example
of Q1∥½110�: Here, the relevant D couples the magnetization
components m110 ! m½110� (Q1) and mc(Q1), whereas Janis couples
m½110�(Q1) and m½1�10�ðQ1Þ.

We use an effective Fourier-spaceHamiltonian on a square lattice,
which includes both DMI and anisotropic exchange interactions in the
matrix ΓαβQν

32, viz.

H= � 2
X
ν,α, β

ΓαβQν
mαðQνÞmβðQνÞ �

X
i

B �mðriÞ, ð3Þ

wheremα(Qν) with α = x, y, z and ν = a-h are Fourier components of the
localized magnetic moment m(ri); ν = a, b are incommensurate with
the lattice, ν = c, d are commensurate, and ν = e-h represent higher
harmonics formed by superposition of ν = a-d (Methods). The second
term represents the Zeeman energy with B= ðB,B, 0Þ=

ffiffiffi
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Fig. 3 | Field-induced multi-Q spin textures and magnetic model calculations
for the Weyl semimetal GdAlSi. a, b Magnetization isotherms at T = 4.2 K from
experiment and model calculations. The magnetic field B is along the [110] axis.
TwoB-induced transitions are visible as sharpmaxima indM/dB. cMulti-Qmagnetic
texture observed in phase II of GdAlSi. The structure is composed of an incom-
mensurate, harmonic cycloid along Q1 and a commensurate, collinear up-up-down
texture with moments parallel to B. See Supplementary Note S1 for detailed

experiments on this structure. d Illustration of two Weyl cones of opposite charge
and the magnetic interactions allowed for the polar (polarization P∥[001]) crystal
structure of thismaterial: TheDzyaloshinskii-Moriya (DM) interactionD⊥Q and the
anisotropic exchange interaction Janis, which favor cycloidal and proper-screw
habits, respectively. e, f Magnetic scattering intensity I(Q) in the kc = 0 plane cal-
culated from Eq. (3) in the B = 0 ground state and in the field-induced state; the
undistorted cycloid and the magnetic texture of (c) are well reproduced.
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In Fig. 3e, f, we show the calculated magnetic scattering inten-
sities, i.e., the square of themagnetic structure factor, for phases I and
II. The model reproduces the cycloidal helimagnetic ground state,
with two incommensurate Fourier components ±Q1. Moreover, the
model also features the field-induced phase II, with two strong and
incommensurate reflections at ±Q1 of cycloidal spin habit, combined
with two weaker commensurate reflections at ±Q2 with collinear spin
habit (spins parallel to B). In other words, the calculation is well
consistent with the experimental magnetic structure in zero field
(Fig. 1b) and infinitemagneticfield (Supplementary Fig. S1). This good
alignment between theoretical and experimental results, as a function
of magnetic field, supports the accuracy of our magnetic structure
analysis in Figs. 2, 3. It also indicates that the Hamiltonian of Eq. (3) is
suitable to describe magnetic order in GdAlSi. In Supplementary
Note S5, we further truncated the Fourier-spacemodel of Eq. (3) after
a few near-neighbors and recover the intuitive real-spaceHamiltonian
in Fig. 1c. The present model describes effective magnetic interac-
tions between localmagneticmoments,which are implicitlymediated
by conduction electrons. However, models of itinerant magnetism
may provide a complementary perspective on the spin cycloid and
multi-Q order in GdAlSi33–35.

Discussion
Our Hamiltonian model focuses on Fourier components with char-
acteristic propagation vectorsQν, which arewell matched to the Fermi
surface of GdAlSi in Fig. 1e. Here, pairs ofWeyl nodes facing each other
along the [110] direction are connected byQ, cf. Fig. 1a, and we expect
a strong response of the electron gas when the helimagneticQ-vector
changes its direction12. Indeed, controlling these Q-domains in mag-
netic Weyl semimetals, by magnetic field or current, provides a valley-
selective way to open a (partial) charge gap at the Weyl cones, if
they have an energy-like causal connection in the folded Brillouin
zone8. GdAlSi will serve as a prototypical material for studying the
modification of Weyl nodes by a perfect helimagnetic cycloid, in
contrast to the previously reported materials that exhibit a net mag-
netization (NdAlSi/Ge)12,14,24,30.

Our study also emphasizes the role of symmetry-allowed Dzya-
loshinskii-Moriya (DM) interactions, which favor the cycloidal spin
habit, combined with anisotropic exchange, which stabilizes the multi-
Q order in a magnetic field. As compared to previous studies12–15,29, we
here demonstrate the helimagnetic state in GdAlSi by rigorous polar-
ization analysis; this is necessary to determine the spin rotation plane,
which must form the basis for any discussion of DM or anisotropic
exchange interactions. Note that the screw-type DM interaction, which
has been proposed for magnetic Weyl systems9,11, is strictly symmetry-
forbidden by the polar crystal structure of RAlSi, R = rare earth (Sup-
plementary Note S6 and Supplementary Fig. S12). However, proper-
screw states can be stabilized by the presently observed anisotropic
exchange interactions. Anisotropic exchange, which is known to pro-
mote complex spin textures36, may play a role not only in NdAlSi12,13,15

but also in the wider class of inversion breaking Weyl semimetals.

Methods
Crystal growth and characterization
Single crystals of GdAlSi were synthesized by the Al flux method. High
purity chunks of Gd, Al, and Si were loaded into alumina crucibles with
molar ratioGd:Al:Si = 1: 20: 2, sealed in anevacuatedquartz tube, heated
to 1175 ∘C, held at this temperature for 12 h, cooled to 700 ∘C at 0. 7 ∘C/h,
kept at 700 ∘C for 12 h, and centrifuged to remove residual Al flux. The
samples were characterized by powder X-ray diffraction (XRD) of cru-
shed single crystals and by Laue X-ray diffraction of single crystals.

Magnetization and electrical transport measurements
Magnetization was measured with a Magnetic Property Measurement
System (MPMS, Quantum Design) and with the vibrating sample

magnetometer (VSM) option of a Physical Property Measurement
System (PPMS, Quantum Design). The M-H curve up to 60T in Fig. 3a
was measured in a pulsed magnetic field using an induction method
with coaxial pickup coils. Electric transport measurements with rec-
tangular shaped samples were performed using the PPMS. A standard
four-probe method was applied to enable precise transport measure-
ments irrespective of contact resistances.

Resonant elastic X-ray scattering (REXS)
REXSmeasurementswere performed at beamline BL19LXUof SPring-8
and BL-3A of Photon Factory, KEK. The photon energy of the incident
X-rays was tuned to the Gd L2 absorption edge (~7.936 keV), corre-
sponding to the 2p1/2 to 5d transition (Supplementary
Figs. S13 and S14). For the zerofieldmeasurements at SPring-8, a single
crystal of GdAlSi with a polished (100) surface was set in a cryostat so
that the scattering plane was (H, K, 0). For the finite field measure-
ments at KEK, we set the sample in a vertical-field superconducting
magnet with a scattering plane close to (H, H, L), so that the magnetic
field was applied almost along the [110] direction.

At both SPring-8 and KEK, the incident X-rays had linearly polar-
ized electric field in the scattering plane (π-polarization). The (006)
reflection of a pyrolytic graphite (PG) plate with 2θ = 88.6∘ was used to
detect the polarization component of the scattered X-rays in the
scattering plane (π0) and out of the scattering plane (σ0), by rotating
the PG plate around the X-ray beam. Leakage of unwanted polarization
components is only 0.6%. Inserting the analyzer plate changes the
absolute scattering intensity by almost two orders of magnitude.
However, in the present study we quantitatively analyze the relative
strength of the π-π0 and π-σ0 channels. Therefore, neither the differ-
ence in absolute intensity nor the momentum-transfer dependence
significantly affect our conclusions. The PG plate had a size of
~3 cm × 3 cm, sufficiently larger than the incident beam size
(~1mm × 1mm), ensuring that the entire beam was covered and that
geometrical effects are negligible. During the resonant process, the
X-ray photons couple to the 5d conduction electrons, which in turn are
coupled to the localized 4f magnetic moments. The resonant scatter-
ing amplitude f res can be expressed as

f res =C0ε
*
f � εi + iC1ðε*f × εiÞ �mðQÞ+C2ε

y
fOεi, ð4Þ

where Ci, εi, εf, andm(Q) are constants, the polarization vectors of the
incident and scattered X-rays, and the Fourier component of the
magnetic moment, respectively. Among these terms, only the second
termdepends explicitly onm(Q), and thus encodes information about
the magnetic structure. Consequently, the resonantly enhanced scat-
tering intensity I = f res � f *res is given as follows37;

I / jðεi × εf Þ �mðQÞj2: ð5Þ

In our experiments, the intensity Iπ�π0 for the π � π0 channel is pro-
portional to moutðQÞ

�� ��2 and the intensity Iπ�σ0 for the π � σ0 channel is
proportional to ðminðQÞ � kiÞ2, wheremin(Q) andmout(Q) are magnetic
moments in the scattering plane and perpendicular to it. In our
experimental geometry, mout(Q) corresponds to mc(Q), and min(Q) is
separated into m∥(Q) and m⊥(Q) as described in the Main Text.

Theharmoniccycloidal structure at zerofieldobtained in Fig. 2g is
supported by the absence of higher-harmonic reflections (Supple-
mentary Note S7 and Supplementary Figs. S5, S15) and by neutron
diffraction measurements (Supplementary Note S2 and Supplemen-
tary Fig. S2).

Fourier-space model calculations
The data in Fig. 3e, f and Supplementary Fig. S16 are obtained by
simulated annealing for an effective spin Hamiltonian on a two-
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dimensional square lattice,

H= � 2
X
ν,α, β

ΓαβQν
mαðQνÞmβðQνÞ �

X
i

B �mðriÞ, ð6Þ

where mα(Qν) with α = x, y, z, ν = a-h are Fourier components of the
localized magnetic moment m(ri), and ΓαβQν

is a matrix containing the
DMI and anisotropic exchange interaction. The second term repre-
sents the Zeeman energy with B= ðB,B, 0Þ=

ffiffiffi
2

p
. N = 602 is the total

number of spins and the amplitude of each spin is fixed to unity. To
obtain the low-energy spin configuration, the temperature is gradually
reduced from T = 1 to T = 0.001 with a ratio Tn+1 = αTn, where Tn is the
nth-step temperature and α is set between 0.999990 and0.999999. At
each temperature, a local spin update is performed in real space based
on the standard Metropolis algorithm. At the final temperature,
105–106 Monte Carlo sweeps are performed for the measurement.

The explicit propagation vectors in Eq. (6) are: Qa = (q, q, 0),
Qb = (−q, q, 0), Qc = ðq0,q0, 0Þ, Qd = ð�q0, q0, 0Þ, Qe = 2Qa + Qd,
Qf = 2Qa − Qd, Qg = 2Qb + Qc, and Qh = 2Qb − Qc with q = 0.35 and
q0 = 1=3. Here,Qa andQb are the incommensurate wave vectors,Qc and
Qd are the commensurate wave vectors, and Qe−Qh are higher har-
monic wave vectors that assist the stabilization of the field-induced
distorted helimagnetic state consisting of several spin density waves.
To map the three-dimensional spin structures onto the two-
dimensional square lattice, q = 0.35 and q0 = 1=3 are incorporated,
instead of the experimentally observed q = 2/3 + δ (δ = 0 and 0.006).

Themodel parameters of the exchangematrix in Eq. (3) are set to
satisfy the effective 4-fold rotational symmetry of the crystal structure
of GdAlSi as follows38: The isotropic exchange interaction is given by
Γxxa = Γyya = Γzza = Γxxb = Γyyb = Γzzb � J, Γxxc = Γyyc = Γzzc = Γxxd = Γyyd = Γzzd � α1J,
and Γxxe = Γyye = Γzze = Γxxf = Γyyf = Γf f

zz = Γxxg = Γyyg = Γzzg = Γxxh = Γyyh = Γzzh �
α2J, the DMI is given by Γzxa = � Γxza = Γzya = � Γyza = � Γzxb = Γxzb = Γzyb = �
Γyzb � D and Γzxc = � Γxzc = Γzyc = � Γyzc = � Γzxd = Γxzd = Γzyd = � Γyzd � α1D,
and the symmetric anisotropic exchange interaction is given by
Γxya = Γyxa = � Γxyb = � Γyxb � E and Γxyc = Γyxc = � Γxyd = � Γyxd � α1E

0 with
J = 1, α1 = 0.98, α2 = 0.95, D = 0.01, E = 0.045, and E 0 =0:05. With these
parameters, the harmonic spin cycloid at zero field and multi-Q order
under a high magnetic field are reproduced, see also Supplementary
Notes S3, S8 and Supplementary Figs. S16, S17, and S18.

Electronic structure calculations
First-principles calculations of the electronic structure were carried
out using the all-electron, full-potential Korringa-Kohn-Rostoker
Green’s function method39. Relativistic spin-orbit coupling was inclu-
ded self-consistently, and the Gd atoms were treated with the gen-
eralized gradient approximation (GGA) exchange-correlation
functional with a HubbardU (GGA+U)40.Uwas chosen to be 6 eV. The
angular momentum cutoff for the Green’s function orbital expansion
was set to lmax = 3, and the complex energy contour was defined using
51 integration points. To reduce computational cost, the calculations
are carriedout basedon theprimitive crystallographic unit cell, not the
conventional unit cell (Supplementary Fig. S9). Self-consistent calcu-
lations for the primitive cell were performed with a k-mesh of
30 × 30 × 30. For Fig. 1e and Supplementary Fig. S8a, b, Fermi surface
cuts were computed from the quasiparticle density of states (QDOS) in
the fully polarized ferromagnetic state41. For the primitive helimag-
netic supercell, we considered a k-mesh of 4 × 4 × 4 and the Gd
magnetic moments were constrained to the helimagnetic configura-
tion with propagation vectorQ = (2/3, 2/3, 0) (Supplementary Fig. S8).
Effective magnetic interactions between the Gd 4fmagnetic atoms are
computed using the infinitesimal rotation method (Supplementary
Fig. S6)31,42–44. The Berry curvature integrated over all the occupied
states in the ferromagnetic state is shown in Supplementary Fig. S7.

Second harmonic generation (SHG)
SHG measurements were performed to show inversion-symmetry
breaking of bulk GdAlSi in the paramagnetic phase at room tempera-
ture. As a light source, we used a Ti:sapphire oscillator (MaiTai HP,
Spectra Physics) with a pulse duration of 100 fs, repetition rate of
80MHz, and center wavelength of 800 nm. The laser pulse is focused
onto the c-plane surface of GdAlSi in 45-degree oblique incidence and
the reflected SHG is detected by a spectrometer equipped with a
liquid-nitrogen-cooled charge coupled device. Supplementary
Fig. S4a, b respectively show the incident light-polarization depen-
dence of horizontally polarized (Pout) and vertically polarized (Sout)
SHG intensity at room temperature; the output polariser is fixed with
polarization parallel to the [101]-axis (Pout) and [010] axis (Sout). We
observed a clear polarization anisotropy of SHG in both cases, in
accord with the inversion breaking crystal symmetry. In the para-
magnetic phase with point group 4mm, the allowed terms for the
horizontally polarized (Pout) and vertically polarized (Sout) SHG inten-
sities, IP(ϕ) and IS(ϕ), are,

IPðϕÞ /
1
8

2aχxxz +bχzxx + cχzzz
� �

cos2ϕ+2dχzyysin
2ϕ

h i2
, ð7Þ

ISðϕÞ / 2 eχyyz cosϕ sinϕ
h i2

: ð8Þ

Here, χijk(2ω) and ϕ represent a tensor element of the second-order
nonlinear optical susceptibility and the polarization angle for the
fundamental light, respectively; a, b, c, d, and e denote prefactors
including the Fresnel coefficient, beamconditions of the incident light,
and so on. As shown in Supplementary Fig. S4b, c, the model well
reproduces the observed anisotropy of SHG polarization, which
highlights inversion breaking of the crystal, in particular the absence
of a horizontal mirror plane.

Data availability
All experimental data to reproduce the figures are available onZenodo
at https://doi.org/10.5281/zenodo.1822896745.

Code availability
The source code used to perform the calculations described in this
paper is available from the corresponding authors upon request.
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