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Abstract

We consider the damped time-harmonic Galbrun’s equation, which is used to model
stellar oscillations. We introduce a discontinuous Galerkin finite element method
(DGFEM) with H (div)-elements, which is nonconforming with respect to the convec-
tion operator. We report a convergence analysis, which is based on the frameworks of
discrete approximation schemes and T-compatibility. A novelty is that we show how
to interpret a DGFEM as a discrete approximation scheme and this approach enables
us to apply compact perturbation arguments in a DG-setting, and to circumvent any
extra regularity assumptions on the solution. The advantage of the proposed H (div)-
DGFEM compared to H!-conforming methods is that we do not require a minimal
polynomial order or any special assumptions on the mesh structure. Further, we extend
the analysis of the symmetric interior penalty DGFEM to a DGFEM without a penalty
term, which considerably improves the smallness assumption on the Mach number to
a fairly explicit bound. In addition, the method is robust with respect to the drastic
changes of magnitude of the density and sound speed, which occur in stars.
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1 Introduction

In this article we introduce and analyze a particular finite element method to approx-
imatively solve the damped time-harmonic Galbrun’s equation
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-V (pcf divu) + (dive)Vp — V(Vp-u) — p(w+idp +i2x)%u (1a)

+ (Hess(p) — p Hess(¢))u + yp(—iw)yu=1{ in O,
v-u=0 ond0O, (1b)

where the Lagragian displacement vector u is the only unknown, p, p, ¢, ¢y, b, 2 and
f denote density, pressure, gravitational potential, sound speed, background velocity,
angular velocity of the frame and sources, dp := Z?:l b;dx, denotes the directional
derivative in direction b, Hess(p) the Hessian of p, O C R3 a bounded domain,
and damping is modeled by the term —iwy pu with damping coefficient y. Galbrun’s
equation was first derived in [1] as a linearization of the nonlinear Euler’s equation and
serves as a model in aeroacoustics [2] and in an extended form in asterophysics [3]. In
the time-domain Galbrun’s equation was analyzed in [4]. In the time-harmonic domain
a well-posedness analysis in an aeroacoustic setting was reported in [5] through the
introduction of an additional transport equation. Different to that, in a stellar context
well-posedness results were reported in [6, 7] by exploiting the damping effects in
stars. Concerning the numerical approximation of Galbrun’s equation it is well known
[8] that naive discretizations may yield unreliable results.

To construct stable methods a path is to follow the analysis from the continuous
level [6] and to try to mimic the analysis on the discrete level. Here the main tool of [6]
was the concept of weak T'-coercivity analysis, which is to construct an explicit test
function operator to prove Fredholmness with index zero. The crucial point here is that
introducing this T operator explicitly its error with respect to discrete versions can be
studied. Indeed such a framework was introduced in [9] and applied successfully to
various Maxwell eigenvalue problems [10-12] and perfectly matched layer methods
[13, 14]. However, it turned out to require too strong assumptions to allow the analysis
of discretizations to Galbrun’s equation.

As aremedy a version with weaker assumptions was introduced in [ 15] and success-
fully applied for the convergence analysis of divergence stable H'-conforming finite
element discretizations of Galbrun’s equation. Therein the so-called divergence sta-
bility is ensured by assumptions on the mesh structure and the polynomial order of the
method. However, those methods have a significant computational cost, e.g. in three
dimensions general meshes are speculated to require a minimal polynomial degree
between six and eight [16, 17] and barycentrically refined meshes require a minimal
polynomial degree three [18]. Although we note that barycentric refinement produces
a lot additional degrees of freedom without a reduction of the element diameters.

In this article we employ H (div)-conforming finite elements and treat the non-
conformity with respect to the convection operator with a discontinuous Galerkin
technique. In particular, we apply a reconstruction operator to lift the jumps and avoid
a stabilization term to optimize the assumption on the smallness of the Mach num-
ber. The obtained method does not require any special assumption on the meshes and
works for all polynomial orders greater equal than one. Most importantly the method
is robust with respect to drastic changes of magnitude of the density and sound speed,
which occur in stars. Apart from proving the convergence of the method a major contri-
bution of this article is to show how to interpret a DGFEM as a discrete approximation
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scheme (DAS) [19]—a concept to perform numerical analysis rooted in the 1970s
(see Sect. 3.1 for a definition).

The remainder of this article is structured as follows. In Sect.2 we introduce the
applied H (div)-discontinuous Galerkin finite element method. In Sect. 3 we recall the
abstract framework from [15] and show that our H (div)-DGFE-method constitutes
an asymptotically consistent discrete approximation scheme. In Sect.4 we introduce
discrete operators (7;,),¢N, analyze their properties and report our main convergence
result in Theorem 19.

2 Formulation of the H(div)-DDG-FEM

For two Hilbert spaces (X, (-, -)x), (Y, (-, -)y) let L(X, Y) be the space of bounded
linear operators from X to Y, and set L(X) := L(X, X). For any space X of scalar
valued functions let X := X3. For A € L(X) let the bounded sesquilinear form a(-, -)
be defined by the relation

(Au,u'Yx =a(,u’) forallu,u’ € X, 2)

and vice-versa for a given bounded sesquilinear form a(-, -) let A € L(X) be defined
by the relation (2). Wecall A € L(X) coercive, ifinf,cx\jo) [{Au, u)|/|lu ||%( >(.Fora
bijective operator T € L(X) wecall A € L(X) weakly left (right) T-coercive, if there
exists a compact operator K € L(X) such that T*A + K (AT + K) is coercive. Note
that historically the notion of left T -coercivity was used, because then the operator T
selects a suitable test function: (T*Au, u)x = a(u, Tu). However, when conducting
the stability/compatibility analysis at the discrete level the notion of right weak 7'-
coercivity seems favorable [15], because it avoids the introduction and subsequent
treatment of adjoint operators. For expressions A, B € R we employ the notation
A < B, if there exists a constant C > 0 such that A < CB. The constant C > 0
may be different at each occurrence and can depend on the domain O, the physical
parameters p, cg, p,, ¢, ¥, b, w, 2, and on the sequence of Galerkin spaces (X,,)neN-
However, it will always be independent of the index »n and any involved functions
(u,v € X, u, € X, etc.) which may appear in the terms A and B.

2.1 Variational formulation

Let O C R? be a bounded convex Lipschitz polyhedron, @ € R\ {0} and Q €
IR3. For brevity all function spaces without specified domain are considered on the
domain O, e.g. L? = Lz((’)), etc.. Let ¢5, p € wloeoO, R), y € L*°(O,R) and
constants c;, Cs, L0 YV > 0 be such thatﬁ < ¢(X) < ¢y, p = p(x) < p and
y < y(x) < y forall x € O. In addition let b € W]’OO(O, R3) be compactly
supported in O and p, ¢ € W2’°°((9, R). For a scalar function u we consider its
gradient to be a column vector Vi := (9, u, Ox, U, 3X3u)T, its Hessian to be a matrix
Hess(u) := (0x,0x,,)n,m=1,2,3, and for a (column) vectorial function u we consider
its gradient to be a matrix Vu := (0, W;)n,m=1,2,3. We abbreviate the L2~ and L2-
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scalar products as (-, -). For any space X C L?let Xy = {u € X: (u, 1) = 0} and

L3 := L. For functions f € Wh>® fe W' we denote their Lipschitz constants as

C% and CfL. In addition we introduce the space H},O :={ueH": v.u=00n00}and

the weighted semi norm |u|%{I2 = ||csp'/2Vu||(2L2>3x3. Letop :=b-V = Z?:] by dx,,

csp
for which the following integration by parts formula holds:

(papu, u’) = —(ou, dpu’),
provided that the conservation of mass div(pb) = 0 holds true. We further introduce

X:={ue L?: divu e Lz, dpu € L2, v-u=0o0nd0},
(u, ') := (divu, divu’) + (dpu, dpu’) + (u, u’),

which constitutes a Hilbert space [6, Lemma 2.1]. We recall that C8° is dense in X
[15, Theorem 6]. Let

a(u,v') ;= (pdivu, diva’) — (o(@ + idp + i), (@ + idp + iQ2x)u’)
+ (divu, Vp -u') + (Vp -u,dive’) + ((Hess(p) — p Hess(¢))u, u')

—iw{ypu,u)

3)

for allu, w’ € X. Then assuming the conservation of mass div(pb) = 0 the variational
formulation of (1) is a(u, u’) = (f, w’) for all w’ € X [6, Sect. 2.3].

2.2 H(div)-finite elements

Let (7,),en be a sequence of tetrahedral meshes of O, and F,, (f,ilm) be the collection
of the (interior) faces of 7,,. For = € 7, denote F; C F, the faces of 7, and D, :=

int{zt:7 €7y, int = (I} the macro element of t which consists of all elements
that share a face with t. Also for F € F, we define the macro element 77 =
int{t: F € Fr,t € T,}. Further for Y € {tr, D;,F,tp: 1t € T,, F € F,} and a
scalar function g we abbreviate 8, = infyeys g(X) and g7, 1= sup,y, g(x).Fort € 7,
and F € F, let h; and h respectively be their diameters. Let h: F,, — R be defined
by blF := hp for F' € F, and h,, := max;c7, h;. We assume that lim, oo h, =0
and that (7,),cn is shape regular, i.e., there exists a constant Cg, > 0 such that

he < Cqhhg forallt €7,, F € Fr,n € N. 4)

Let Py be the space of scalar polynomials with maximal degree k € Np. In this article
we consider Brezzi-Douglas-Marini elements [20, Chapter 14.5.1] due to their approx-
imations properties. In principle other H (div)-elements such as Raviart-Thomas
elements can easily be treated with the framework of this article, although some details
need to be treated with care. We consider the polynomial degree k ¢ N = {1,2,...}
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to be uniform and fixed in the entire article. We introduce the finite element spaces

X, :={u € Ho(div): u|; € Py forall T € 7,},
XnWbC :={ue H(div): u|; € Py forall T € 7,},
Qn:={uel} ul; € PforalteT,},

O™ = (u e L?: ul, € P forall t € T,}.

We consider the spaces Q,, QnWbC to be equipped with the standard L?-scalar product,
whereas the scalar product on X,, will be specified later on. For each t € 7, let
nf: H’(t) —> P¢,s > 1/2 and ni: L%(t) — Py be the respective standard local
interpolation operators, and 7¢: H® — X'*¢ s > 1/2, n?|, := 7,7 € 7, and
mli L2 — oW 7l| .= 7l t € T, be their global versions.

To be more specific, 7¢ and 77! are defined in terms of basis functions and degrees

of freedom as described, e.g., in [20, Ch. 5, Ch. 14]. Since the BDM element is only
scarcely treated in [20] we refer to [21, p. 62, p. 106-107] for its degrees of freedom
and basis functions. Note that n£ is nothing else than the L>-orthogonal projection
onto P (7).

Note that 7év € X, if v- v = 0on 0 and w}v € Q, if v € L%. We recall the
commutation div n,f = n,i div and the approximation (and boundedness) properties
[20, Theorem 11.13]

lv— 771?"|H’"(r) = Caprh;_m|V|H’(r)’ v — ”yl,U|H'"(r) = Caprh;_m|U|H’(r) 5)
and an approximation result on faces [20, Remark 12.17]
IV =70Vl 290y < Canhy ™ P IVlwr o) (6)

with constants Cypr, Cap > Oforallr € [1,k+1],m € [0,r],ve H (1),v € H' (1),
t € 7,, n € N. In addition, we recall the discrete trace inequality [20, Lemma 12.8]

il 23y < Cahz Va2 )
and the discrete inverse inequality [20, Lemma 12.15]
Jul g1 ey < Cinvhy llull 2oy ®)
with constants Cyq;, Ciny > Oforallu € Pr, vt € 7,,n € N.

2.3 Distributional discontinuous Galerkin method

Let Hrl,w(’Z;) :={uelL?®: ul; e H' (v) forallt € 7,,}. For F € ﬂm we denote the
neighboring elements of F as 71, 1o € 7,. Then foru € HII,W(T,!) and F € ﬂ“t we
denote the traces of u|;, and u|,, on F as u; and up respectively. Thus foru e H;],w(Tn)
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and F € J:,ilm we define the following average and jump terms

1
{u} := 5(“1 +uy), [ullp := (b-vpu; +(b-v2)uz onF,

where v, v, are the outer unit normal vectors on the elements 71, 7 adjacent to the
face F. In addition we introduce the abbreviations

. 2.
Compo= )0 Gy I = o)
FeFint

We introduce a lifting operator (see, e.g., [22, Chapter 4.3]) related to the differential
operator d. Note that we choose a sign convention for R,f asin [23], which is opposite
to the one used in [22, Chapter 4.3]. Let [ € N.

Q, =¥, el ¢, eP forallt € T,}.

Then foru, € X, and F € ]—',il"‘ let R,f u, € Q, be the solution to

(Riwn, ¥,) = —([upllo, (¥, )y2p) forall g, €Q,.

We observe that supp(R,f u,) = tF and it easily follows with (7) that

IR wall 2 < Caclb™"?Munlplly2py forallu, € X,, F e F',neN.  (9)

Then we define R, := ) pc rin R,f and the linear operator Dy : X, — Q,, by
(D[r;un)|r = Op(uyle) + (Ryuy) |, forall T € 7,.

We remark that for less complicated equations the natural choice for / is/ = k — 1,
while / = k might simplify the implementation [22]. However, for the DG method
applied in this article it is advisable to choose indeed / = k to exploit the full potential
convergence rate (see Theorem 19). Also note that [ > 1 (i.e. [ = 0 is excluded)
is necessary to obtain Lemma 8§ and subsequent results. We introduce the following
scalar product on X,

(u,, w))x, = (divu,, divw),) + (u,, w,) + (Dpu,, Dpu,).

Now let

an Uy, ) == (cZpdivuy, diva),) — (p(w + i D +iQx)u,, (0 + i D +iQ2x)u,)
+ (divu,, Vp-u) + (Vp - u,, divuy,)

+ ((Hess(p) —p Hess(¢))uy, w,) —iw(ypuy,, w,) forall u,, ), €X,.

(10)

Thus it easily follows that sup, cy [AnllL(x,) < 0.
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3 Abstract framework
3.1 Discrete approximation schemes and T-compatibility

We remark that in this section we use the symbols A, A, for generic operators, because
the symbols A, A, are already occupied due to the introduction of the sesquilinear
forms a(-, -) and a, (-, -) in (3) and (10). For a Hilbert space X and A € L(X) we
consider discrete approximation schemes (DAS) of (X, A) in the following way. Let
(X)nen be a sequence of finite dimensional Hilbert spaces and A, € L(X,). Note
that we do not demand that the spaces X, are subspaces of X. Instead we demand that
there exist operators p, € L(X, X,) such that lim,_. || pyu|lx, = llu|lx for each
u € X. We then define the following properties of a discrete approximation scheme:

e A sequence (u,),eN, Uy € Xy is said to converge to u € X, if lim, || ppu —
upllx, = 0.

e A sequence (up)neN, Un € X, is said to be compact, if for every subsequence
N’ C N there exists a subsubsequence N” C N’ such that (u,),en” converges (to
au € X).

e A sequence (A )neN, A e L(X,) is said to be asymptotlcally consistent or to
approximate A € L(X), if limy_ o0 ||A,,pnu pnAu||xn =0foreachu € X.

e A sequence of operators (An),,EN, An € L(Xp) is said to be compact, if for every
bounded sequence (u,)neN, n € Xy, llunllx, < C the sequence (Anun)neN is
compact.

e A sequence of operators (A, JneN, A, € L(X,) is said to be stable, if there exist
constants C, ng > 0 such that A, is invertible and ||A 1||L(X y < Cforalln > ny.

e Asequence of operators (An)neN, An € L(X,)issaidtobe regular,if |u,|x, < C
and the compactness of (Anun)neN imply the compactness of (i), eN-

The following theorem will be our tool to prove the regularity of approximations.

Theorem 1 (Theorem 3 of [15]) Assume the existence of a constant C > 0, sequences
(An),,eN, (Twnen, (Bp)nen, (Kp )neN and B € L(X) which satisfy the followmg
for each n € N one has that An, T,, By, K, € LX), I TullLx, 1T, ||L(Xn):
I BullL(x,) ||Bn_l lLx,) < C, B is bijective, (K;),en is compact,

lim |7, ppu—pnTullx,=0 and lim ||B,p,u — p,Bulx, =0 foreachu € X,
n—o00 n—oo
and
AnT, = By + K.

Then (A~n)neN is regular.

We recall the following lemma, which shows that DAS-regularity (not to be mis-
taken by smoothness) together with the bijectivity of the continuous problem imply
convergence.
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Lemma2 (Lemmas 1 & 2 of [15]) Let A € L(X) be bijective and (X, An, pn)nen
be a discrete approximation scheme of (X, A) which is regular and asymptotically
consistent. Then (A )neN is stable. If u, u, are the solutions to Au = f and Anun =
Jn € Xy, and lim, o | pn f — fullx, =0, then lim, . || pput — uy|x, = 0.

3.2 Interpretation of the H(div)-DDG-FEM as DAS

For u € X let p,u € X, be the solution to

(pnu,w))x, = (divu, divu),) ;2 + (u,w)); 2 + (dpu, Dpwy); 2 forallw), € X,.

It easily follows that p, € L(X,X,) and ||p,llr(x,x, =< l.In addition, there holds
the Galerkin orthogonality

0 = (div(u — p,u), divu,) ;2 + (u — pyu, u)) 2 + (dpu — Dy ppu, Dpwy )2 (11)

for all w,, € X,. In order to analyze p, further we introduce the distance function
d,(u, u,) betweenu € X and u,, € X,, as

dn(u, wy) 1= 1 divi — divug |12, + [ — w, 7, + 3w — Dju, 12,

The introduction of d, (-, -) is necessary, because in general the jump [[u]ly is not
well-defined for u € X and hence the convenient measure of error |[u — u,||x, is not
well-defined without assuming extra regularity of the solution u. It can easily be seen
that d, (-, -) satisfies the triangle inequalities

dy(u,u,) < d,(0,u,) + lu—1ulx, dp(u,u,) < dy,(u,u,) + [lu, — ﬁn”Xn

forallu,u € X, u,u, € X,,.

Lemma3 Foreachu € HLO one has d,(u, pyu) < d,(u, Jr,fu).

Proof We compute by means of (11) that

dy(u, pyw)* = || div(u — p,wli7> + lu = pyullfs + 8y — Dj puully
= (div(u — p,u), div(u — n,‘l’u))Lz + (u— ppu,u— n,fu}Lz
+ (pu — Dy pyu, dpu — Dgn,f’u)Lz

< dy(u, pyu)d,(u, ﬂy‘,lu)
which proves the claim. O

Lemma4 Foreachu € H\y N H'™, s > 0, one has d,, 7%u) < hp™ M u]| .
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Proof The claim follows from the definition of d,, (-, -) that
195w — Dpmullp 2y < l10pu — dp7rull 2oy + IRaS Ul 2,

(5), (6), (9) and [[u]lp = 0. o
Lemma5 For eachu € X we have that lim,—, o d, (u, pyu) = 0.

Proof Since C3° is dense in X [15, Theorem 6] for each € > 0 we can choose it € C{°
such that |ju — @||x < €. Then we estimate

dp(u, ppu) < dy(u, ppu) + || pp(u — W|Ix,
< dy(u, pp0) + [ pp(@ — W) |x, + lu—ufx
<d,(a, p,u) + 2e.

Thus it follows with Lemmas 3 and 4 that lim sup,,_, ., d, (u, p,u) < 2¢. Since € > 0
was arbitrary the claim follows. O

Lemma 6 Foreachu € Hll,0 we have that lim,,_, o d,, (u, n,‘fu) =0.

Proof In principle we proceed as in the proof of Lemma 5. However, to construct a
suitable smooth approximation @ which respects the boundary condition v -t = 0 we
need to introduce some technical details. Let /] C U> C O be such that suppb C U,
dist(suppb, oUf;) > 0, dist(Ud;, 0lr) > 0 and dist(U>, 90O) > 0. Note that such
U, Uy exist, because by assumption dist(dO, suppb) > 0. Then let x € C* be such
that y =0ondQand x =l inU. Foru € H},O letu; ;= xuand up := (1 — x)u.
Let € > 0 be given. Since u; € H(l) and C8° is dense in H(l) we can find a; € C8° such
that |lu; — 0y ||1 < €. Then we have the estimates

dy(u, 780) < dy(uy, wlay) + dy (ua, 78uy)
and

d - 4= ~ d -
dy(uy, myuy) < dy(ay, wpug) + [lug — g flx + [, (uyp —ap)llx,

~ d~ d ~
Sdp(ay, m,uy) + (I + sup ||, ”L(H‘I,O,Xm))”ul —uy g
meN

S hallnllge + €.
Thus lim sup,, . dy, (uy, n,‘,iul) < € and hence lim, ¢y dy, (uy, n,‘ful) = 0. For up
we use the smoothing operators ’Cim ICZO defined in [24, (4.1)] which satisfy the
subsequently used commutation property V - InyOg = IC?OV - g [24, Lem. 4.3(iii)],
setp = ICf,Ouz and estimate

d - _d= ~ d ~
dy(up, T w2) < dp(02, 7, U2) + (U — Walx + |77, (w2 — W2)|Ix,, -
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In addition we compute that

d ~ 2 d ~ 2 . d ~ 2
7y (w2 —w) I, = Il (w2 — W) I} + [l div oy, (w2 —w)|7»
n_d ~ 2
+ Y IDpm (w2 — w)lfs,,-
TEZL

Let g € (2, 6). We use the bound ||7T,‘,1V||Lz S Ivlipe + 1 divv]iz2, v € H(div) N L?
[20, Chapter 17.2]. It follows that
Iyl (w2 — )17 > + Il div 7 (w2 — W) |5

= |l (ua — W) |7, + Il div(uz — Ww)|;,

< g — dallfg + [l divuy — divig|?,

= (1 = K¢ puallgs + (1 = K2 o) divu]|F,.
In addition, there exists an g > 0 such that Uy |z, = (K¢ om2)lyy, = O forall € €
(0, €9), which we assume henceforth. There also exists an index ng > 0 such that

D, C U, for all T € 7, with t N suppb # @ for all n > ng, which we assume
henceforth. Thus

d ~ 2 2 ~ 12
Y 1D (2 =632y < D Iblfeep,, 2 = Ballfy = 0.
teT, teT,

Further we note that ||u; — iz [|[x = [|[up — 02 || z7(giv), because supp bNsupp(uy —i) =
). Altogether we obtain that

dy (2, 75 w2) < hyllfallge + 111 = K¢ pualify + (1= K2 ) divuglf?,
and hence

lim sup d, (w2, 7wwg) < 11(1 = K¢ puallfs + 11 = KL o) divug]|?,.
neN

Due to the continuous Sobolev embedding H' <> L it holds that u, € L9,
and the right-hand side of the former inequality tends to zero for ¢ — 0. Thus
limyen dy (ug, 71,‘,1 uy) = 0 and the proof is finished. O

Lemma7 Foreachu € X we have that lim,_, || patt|x, = llulx.
Proof We compute
||pnu||§§" = (paW, ppu)x, = (divu, div p,u);2 + (u, p,u);2 + (pu, Dy pyu); 2

= lul% + (divu, div(p,u — w)) ;2 + (U, p,u —u)2
+ (opu, Dﬁpnu — Opu)p2.
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Since
[(divu, div(p,u —w)) ;2 + (u, pyu—u)p2 + (dpu, Dﬁpnu — dpu)y2|
< |lullxd, (u, pyu)
the claim follows from Lemma 5. O

Thus (X, Ay, pn)nen forms a discrete approximation scheme of (X, A). Before
we establish the asymptotic consistency of this scheme we need to state a weak com-
pactness result.

Lemma8 Let (u,),en, Uy € X, satisfy sup, oy llunllx, < oo. Then there existu € X
2 2 2

L . L> . L
and a subsequence N' C N such that u,, — u, divu,, — divu and Dgun — Opu.

Proof Since u,, Dyu, and div u, are bounded sequences in L? and L? respectively,
2

. L
there exist u,g € L%, g € L? and a subsequence N’ C N such that u, — u,
2 2

Dyu, LN g and divu, LN g. It remains to show that g = dpu and ¢ = div u. To this
end we work with a distributional technique. For conforming differential operators
(here the divergence operator) this technique is quite standard and for a reconstructed
differential operator it can be found, e.g., in the proof of [23, Theorem 5.2]. Let
¥ € C5° and ¢ € C°. Then

(g, ¥) = lim (divu,, ¥) = lim —(u,, Vif) = —(u, Vi)

and hence ¢ = divu. Let ¥, be the lowest order standard H'-interpolant of ¥ on the
mesh 7,,. We compute

(Dpuy, ¥) = (Dpus, ¥ — ¥,) + (Dpu,, )
(Dpwn, ¥ — ¥, + Y (O, ¥ 120y — ([T, {8,3) fin
teT,
= (Dpun. ¥ = ¥,) + D (@t W2y — (0D ¥) 2
tel,
= (Dpu,, ¥ — ¥,) — (uy, (3 + div(b))¥,)
= —(u,, O + div(b)¥) + (Dpun, ¥ — ¥,)
+ (u,, (O + div(b)) (¥ — ¥,)).

Since [ — ¥, llgt S 2nll¥llge and [lu, [, < 1it follows that

~

(g ¥) = lim (Dju,, ¥) = lim —(u,, @+ div()y) = —(u, @ + div(b))y)
and hence dpu = g. O

Theorem 9 For each u € X we have that lim,_, || A pput — ppAulx, = 0.
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Proof Letu € X and (u,)nen, U, € X, |Ju, I, = 1 be such that
A, pru — ppAulx, < [{Ayppu— ppAu, u,)x,| + 1/n.

For each arbitrary subsequence N’ C N we consider (u,),cn and apply Lemma 8,
which yields a subsequence of N’ and an element in X which we name N” ¢ N and
u’ € X which satisfy the weak convergence properties stated in Lemma 8. Then it
follows with the definition of p,, that

lim (p, Au, u,)x, = lim ((div Au, divu,) + (Au, u,) + (dpAu, Dju,))
neN” neN”

= (div Au, divu) + (Au, u') + (dpAu, pu')
= (Au,u)x = a(u,v).

We further compute that

(Anpa, Wp)x, = an(ppu, uy)
= (cf,o div ppu, divu,) — (p(w + i Dy + iQx) pau, (0 + i Dy +iQx)u,)
+ (div pyu, Vp -u,) + (Vp - ppu, divu,) + ((Hess(p) — p Hess(¢)) pyu, uy,)
—iw(yppnu, uy)
= (csz,o divu, divua,) — (p(w +idp +iQ2x)u, (w +i Dy +i2x)uy)
+(diva, Vp -u,) + (Vp -u,divuy) (12)
+((Hess(p) — p Hess(¢))u, u,) — iw(ypu, uy)
+ (cf,o div(p,u —u), divuy,)
—(p((@ + i2x)(ppu — ) + i Dy pyu — idpu), (w + i Dy + iQ2x)uy,)
+ (div(ppu —u), Vp -u,) + (Vp - (ppu —u), divuy,)
+ ((Hess(p) — pHess(¢))(pru —w),u,)  — io{yp(ppu —u), uy).

13)

It holds that lim, e (12) = a(u, u’). Further we estimate that [(13)| < d,(u, p,u)

and hence lim,ecn7(13) = 0 due to Lemma 5. Thus altogether we obtain that
limuen” [[An prt — pnAullx, = 0 and hence lim,—, o |Anppat — prAulx, = 0,
which finishes the proof. O

4 Convergence analysis
4.1 Weak right T-coercivity

First we recall how the well-posedness of the continuous problem (1) is established
[6]. That is the injectivity of (1) [6, Lemma 3.7], which follows in a straightforward
fashion combined with the weak T-coercivity of (1). Actually for the latter we use in
the current article right T-coercivity instead of left T-coercivity as in [6], and we also
choose a slightly different construction of 7" compared to [6]. The reasons for these
changes are to be aligned with the forthcoming discrete analysis. To construct 7 we
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first derive a topological decomposition of X. Thus we introduce
q:= cs_2p_1Vp (14)
as in [6, (3.3)] and for u € Hy(div) we seek a solution v € H? to

(div+q-)Vv = (div +q-)u in O, (15a)
v-Vo=0 on 0. (15b)

Note at this point that we only demand u € Hp(div) C X and the reason why we
emphasize this is that the discrete spaces satisfy X, C Hy(div), but X,, ¢ X (in
general). To start with we consider (15) as variational problem in H I If a solution v €
H' to (15) exists, then it follows with convenient regularity theory [25, Theorem 2.17]
that the map u — v is in L(Hy(div), H?). Although the sesquilinear form associated
to the left hand-side of (15) is only weakly coercive and we cannot guarantee the
injectivity of the associated operator. As a remedy we consider the problem on H*2
and introduce in addition to the low order perturbation q- another perturbation through
an operator M. In addition we replace q- by PL%q~ (with PL% being the orthogonal

projection from L? to L%) to enable a suitable perturbation analysis. Thus let Hf’ Neu :=
{¢p € H?: v- V¢ =0} and

L
M=) " yn(div-, div Vey),
=1

where the number L € Ny is the dimension of the kernel space of (div +PL%q-)V €

L(H*z’Neu, L3), ¢ € H*Z,New I = 1,...,L,is an orthonormal basis with respect
to the Hf’Neu—equivalent inner product (A-, A-) of the kernel space, and {; €
L%, [l = 1,...,L, is an orthonormal basis of the L%—orthogonal complement of
(div +Pqu~)VH*2’Neu. Then we consider the problem: find v € Hf’Neu satisfying
(div —|—PL%q - +M)Vv = (div —|—PL(z)q -+M)u in O, (16a)
v-Vv=0 on 00, (16b)

instead of (15). Thus for u € X we set
v := Pyu:= Vv, (17

w:=u—vand

Tu:=v—w, (18)

where v is the solution to (16). Note that at this point we introduced the projection
operator Py, but whenever the context is clear we will use the shorthand notation
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v = Pyu, w = u — Pyu (which suppresses the dependence on u). It follows from
its construction that 7 € L(X) and TT = Idx. It follows from the definition of
w and (16) that (div +Pqu - +M)w = 0, which we rearrange as (div+q-)w =
(Idz2 — PLS)(q -w) — Mw for the forthcoming analysis. Since the operators Id; > — P, 2
and M are compact the proof of [6, Theorem 3.11 ] needs only to be adapted slightly
to obtain that A is weakly right 7'-coercive. We do not give more details at this point,
because the proof will be contained in the proof of Theorem 18.

4.2 Construction and properties of T,

Next we introduce a discrete variant 7,, of T and analyze its properties.

4.2.1 Definition of T,,
Foru € Hy(div) let v € Hf be the solution to

(div+P2q - +M) VT = (div +n,§PL(qu - +M)u, (19a)
v-Vi=0. (19b)

Note that in comparison to (16) in the right hand-side of (19) the term PL(z)q~ is
changed to n,l, P;2q- and therefore we use a new symbol v to denote the solution to
(19). Subsequently for u € Hp(div) and v being the solution to (19) let

v:i=Pyu:=Vv and v, := Pyu:= V. (20)
Foru, € X, let w, :=u,, — v, and set
T.u, := v, —W,. 21

Again, let us mention that when possible we avoid to use the explicit operators Py; , Py,
and use the abbreviations v,,, w,, instead.

4.2.2 Boundedness of T,

Lemma 10 There exists a constant C > 0 such that || Py, || x,) < C foralln € N.

Proof Let u, € X, be given and v be the solution to (19). First we note that
1012 S llugllx, - Since VU € H' the function n,ilVf) is well defined and the uniform
boundedness of Py, follows from div ¢ Vi = 7! div V9, the point-wise convergence
of 74, 7}, (5), (6) and [VT]l = 0. o

Lemma 11 There exists a constant C > 0 such that || T, ||Lx,) < C foralln € N.

Proof Follows from Lemma 10 and the definition (21) of T,,. O
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4.2.3 Stability of T,

Lemma 12 Let 0,, = PV” PV,, — PV,,- Then, limn_mo ||0n||L(X,1) =0.

Proof Letu, € X, and vy be the solution to (19). Then Py, u, = n,f V ;. Let v be the
solution to (19) with u,, being replaced by rr,fl V17 in the right-hand side. We compute

(div+Pp2q - +M)Vy = (div -+, Pp2q - +M)m, Vi
= 7! (div +Pp2q - M)V + MV, — 7l MV (22)
= 7! (div +Paq - +M)u, + M(x? —1dx) VD,
+(Id;3 —m, )MV 5y
= (div+71, P24 - +M)u, + Opuy

with Oqu, := M(r¢ —1dx) V) + (Idyz —m,)M V) + (7, —1d;2) Mu,. Since M is
1

a compact operator which maps into L(2) and Id 12 7

converges point-wise to zero on
L%, it follows that (Id L2 —7!)M tends to zero in the operator norm. For the remaining

first term in 6n we estimate

1M () —1d5) Py, 1, 12) S 11 divery — 1) Py I, 12

= |, —1d,2) div Py, Il 12)-
We compute

div Vo) = (div —HT,ZlPL%q -+Mu, — (Pqu -+M)Vy,
7! div vy = (div ! Py2q - +M)u, — n,l,(PL(z)q M)V + (! —1d)Mu,.

Hence

d I
IM (e = 1d5) Py N, 02) S (P2 = ) (P2 - +M) Py oy aivy. 22)
I
+ [I(7, — Id)M”L(HO(div),L(Z))'

The former right-hand side tends to zero due to the previously used arguments and
l
1Pz = 7)) (Prad - Py )N L irgcaivy 22y < Pnlld - Py, L cgaivg, ity S Fone
Now it follows from (div +PL(z)q - 4+M)V (3, — ¥1) = Opu, that
1Py, Py, = Py)uallx, S 1V32 = Vil S 10ul 5, 12 Iunllx,
and the claim is proven. O
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Lemma 13 There exist constants ng, C > 0 such that T, is invertible and
||Tn’1 lLcx,) < C foralln > ny.

Proof 1t follows from Lemma 12 and the definition of 7, that 7,7, = 4Py, Py, —
4Py, +1dx, = Idx, +40,.Since || O, (x,) tends to zero there exists anindex ng > 0
such that || O, | L (x,) < 1/8 for all n > ng and hence || (Idx, +40,)7! llLcx,) <2 for
n > ng.Itfollows that 7, ! = (Idx, +40,) "' T, and thus || T, | Lx,) < 21 TnllLcx,)s
n > ng. The claim follows now from Lemma 11. O

4.2.4 Asymptotic consistency of T,

Lemma 14 One has that lim,_, o ||(Py, pn — pn Pv)ullx, = 0 for eachu € X.

Proof Recall that Py, PV,I and Py, are defined in (17) and (20) respectively. We
estimate

”(PVnpn - PnPV)u“X,,
< d,(Pyu, pnPVu) + dy(Pyu, PVnpnu)

= dy(Pyu, p, Pyu) + d,(Pyu, 7 Py, pyu)
< dy(Pyu, p, Pyu) +dy(Pyu, 7l Py w) + |7 Py (u — puw)llx,
< du(Pyu, p, Pyu) + d, (Pyu, 7 Pyw) + | Pyu — Py ullx + [[u — pyull i
S dn(Pyu, py Pyw) + dp(Pyu, 7l Pyw) + [[(Ppz — 7,)(Pr2q - w2
+ dn (u, pyu).

The claim follows now from Lemmas 5 and 6 and the point-wise convergence of n,ll.
]

Lemma 15 One has that lim,,_ o (T, pn — paT)ullL(x,x,) = 0 for eachu € X.

Proof The assertion follows from Lemma 14 and the definitions (18), (21) of T', T,,. O

4.3 Discrete weak T,,-coercivity

Let us collect some properties, to emphasize the essential ingredients for the proof of
the forthcoming Theorem 18. We recall the identity [6, (3.7)]

(2pdivy, divv) = |v|f{12 + (KGV, V) (23)

csp

with a compact operator Kg € L(V) for all v e V, where

. . 2 .
Vi={Voive H2gh I lvi=1ly, -
5P

@ Springer



Convergence analysis of nonconforming...

Note that actually (23) is in [6] formulated only for a subspace of V. However, the
proof to extend this result to V requires no changes at all. The purpose of the next
lemma is to work out an estimate in weighted norms, which is essential to obtain the
robustness with respect to p/p and ¢ /¢5.

Lemma 16 We have that

oDy dvIZ, < (€201 +h2Colle; bl2~ vl

5P
with constants C~’n > 0,

(C;ﬁ) ((Casztht) + sup sup ||7T ”L(Hl(r))) Il - ”Hi(f) = |H1(r)
neNrte7,

forally € H)), n eN.

Proof For each T € 7,, we estimate

s 1 0
10 amdVIZa ) < lles DI, Vi,
1 P T
S ”C_y b”LoocSTp‘[”an ||L(Hi(f))|V|Hl(‘E)

2
= ||C_lb||L°°”7T ”L(Hl(r))(1 +h2 cs2p (CC ﬂl/Z) ) |V|illz @’
c5p

where we have used that

__1p 12 hCL
CstPt Cst Pt n~cop'l
o1/ V"”Lzz m = o 1/2|U|H1 RO =+ ¢, p!/2 )|U|H' @
—‘L’ —‘L’

CY‘L’IO‘E |U|H () = ”
for a scalar function v. We further compute

1 1 —_ —1
1o RamriVli2iey = 10" Y RETIVI2¢0) < Capellb “Im VIl 20
FeF;

= CaiPe b "Iy = VIl 2 (o)

Hence we deduce by means of (6) that

2 — n! d 2 2 — -1 d 2
Cai D Pellb Py = VIbli{a,, < Ca D Pe Y 10 Aty = vInlga )
teT, teT, FeF,

2
G Y pe X (310 0 b~ i)

teT, FeF; Jj=1

Cdt Yo Y Z“b " b)((rdv); — v)lle(F)

teT, FeF, j=1

IA

| /\
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< lle;BlIE~Cq Y- &2po, b (@l =iz,
e,

—13,12 2 ~2 ~2 —2— 2
= ”Cs b||L°OCasztht Z CST’OOI|V|H'(I)
€T,

2
= 116 "Bl < CACCR (1 + (Chy )2 - (CC %) IV

cgp
with a constant C > 0 that only depends on Cgy,. Thus the claim follows. O

It further follows from (22) that for u, € X, (with u, = v, 4+ w, as defined in
Sect.4.2.1)

(div —i—n,l,PL%q)wn = —Mw, — Oyu,, (24)

where we recall that M € L(Hp(div), L2 o) is compact and ||0,,|| L%, L2) tends to
zero. The next lemma shows that operators such as M lead to compact sequences of
operators in the sense of discrete approximation schemes.

Lemma 17 Let KF™, KX KM e L(X,) be defined by

(K P uy, u))x, := (Py,un, Py,u);2,
(K}, u) ), = (mean(q - wy), mean(q - w))) .2,
(K Oun,uy)x, = (KG Py un, K Py, uy)v,
(KM uy,u))x, = (Muy, Mul,) 2,

foralluy, u), € X,. Then (Kva)neN, (K,fG)neN, (KM), ey are compact in the sense
of discrete approximation schemes.

Proof Let (u,),eN, U, € X, be a given bounded sequence |lu,|x, < 1 for each
n € N. Let an arbitrary subsequence N’ C N be given. Recall the compact Sobolev
embedding Ey1 12 € L(H!,,L?) and that Py, = ¢ Py, Py € L(Ho(div), H!)),
n € N are uniformly bounded. Then there exists az € L? and a subsequence N” ¢ N/
such that lim,, ¢y ||z — Py a2 = 0. It further follows that

d d
lz— Py, uplly2 = 1z — 7, Py unlly2 < Iz — Py unlly2 + [(1— ) Py uglly2

neN”
Sz — Py unlip2 + byl Py upllgn —— 0.

We want to show that lim,en» || py Pyz — K,f Pvun||x" = 0 for a subsequence

N"” < N’. To this end let u, € X,, |u,llx, = 1, n € N’ be such that

IpnPiz—KF ™ upllx, < [(paPiz— Kt u,, w))x, |+ 1/n. By means of Lemma 8

we choose N/ € N” and u € X such that u), converges weakly to u in the sense of
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Lemma 8. We compute

(pn Pz, w))x, = (div Pz, divw)) + (Pyz, w),) + (3 Pjz, Dpu,)

2, (div Piz. divu) + (Piz, u) + (9 Piz, pu) = (Piz, u)x = (z, Pyu)

and

(KEPVa, )%, = (Py,uy, Py,u,);>
= (P, Uy — 2. Py,u)p2 + (2.7 Py )2
= (Py,u, — z, Py,u,)2 + (z, nfvau;l)Lz + (z, nff(P\;n — Py)uy);2
= (Py,u, — z, Py,w));2 + (z, Pyu)) > + (z, (nf — 1) Pyu)2
+ (z, Jrj(P‘;n — Py)u);2
= (Py,u, —z, Py,w));2 + (z, Pyu)) > + (z, (nf — 1) Pyu);2
+(z, () — D(Py — Py)w)) 2 + (2, (Py — Py)w,)po.

As previously, we estimate

11— 2 Pyul gz + 1= 7Y (Py, — Poyw,lipe S kol Py g + [Py, u )
< Iy

In addition, we can write (Py — Py)ul, = S(r} — PLg)(q -w),) with

S := V((div+P,2q- +MV) e L} 1Y)
and hence

(z, (Py — Py)w)y2 = (2, S(m,, — Pp2)(q-uy))y

EN/N
= ((n] - P12)S"z, P12(q- u;)>L% =750,

where we used that n,ll is an orthogonal projection which converges point-wise. Since

neN”

(z, Pyuy) 2 = (Pyz, W) fodiv) —> (Pyz, ) py(aiv) = (2, Pyu)p2

the claim for (KEPV),cn follows. The proofs for (K"),cn, (KK6y,cn and
(K ,ﬁ” )neN can be derived by a very same technique. O

In order to formulate Theorem 18 we introduce some additional quantities. For a
selfadjoint matrix m let A_(m) be its smallest eigenvalue. We introduce the matrix
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function m = —p~ " Hess(p) + Hess(¢). Further let

—A—(m(x))
Cm := max {0, sup —_} and 6:=arctan(C,,/|w|) € [0, 7/2), for w+#O.
xe0  Y(x) =

Remark 1 Let us compare the assumption on the smallness of ||c_1b||LOO in Thm 18

with the one of the H'- -conforming FEM [15, Thm. 23, (3.19)]: (C#)Z m VS.

,Bdlsc izgm (where the constant Cy; from [15] equals Cm) Both include the
part m, which originates from the analysis at the continuous level. The #-

independent terms 7 and (the squared discrete inf-sup constant of the divergence)

(e #
ﬂgis . are artefacts of the respective finite element discretizations. Of course they reduce

the admissible range of ||cs_lb||]24Oo compared to the continuous level, but this can be
.2

&L which

Cs™p

we avoided with the FEM of the present article can be of magnitude 10?2 for realistic
parameters!

Theorem 18 If [lc; 'bll7~ < then A,T, = B, + K, with (B, €

@ 1+C§1/\w|2’
L(X;))nen is uniformly bounded and stable, (K, € L(Xp))neN is compact, and there
exists a bijective operator B € L(X) such that lim,_, o || B, patt — pyBu|x, = 0 for
eachu € X.

Proof We will use that

an(uy,w) = (c2p(divu, + ) Pra(q- w,)), divu), + 7! Pr2(q-up))
— (e3P P2 (@ ), 7y Pra(q - w)) — (pliwy + mu,, )
+ (2pdivu,, (I — n,ll)PL(z)(q -w,) + mean(q - u),))
+(c2p((T - n,l,)PL% (q-u,) + mean(q - u,)), divu),)
— (p(@+iDp +iQx)u,, (0 +iDp +iQx)u),).

Step 1. (definition of B, and K,). Let Kg € L(V) be the compact operator from
(23). Let

(Byuy, W))x, =
(pdivvy,, divv)) — (pi Dpvy, iDpv,,)
+ (e} Pty P (d - W), 7, Pra(d - W) (25a)
— (piDyVy, (w0 +iDy + zQx)w )
+ (p (w+lDb +t§2X)wn,szv ) (25b)
+ (p(w + sz +iQ2x)w,, (0 + lDb + zQx)w )
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and

and

(Kyuy, u;,)X,, =

<Knun, u;)X,, :

+ (oY +m)Wa, w,) (25¢)
+ (v, V;) + Cl(KGPVnu,,, KGP(/nu;l)V + (Mw,, MWZI)
+ (Onuy,, Opul,) (25d)

Ca((Vu, V) + (KG Py W, KG Py W)y + (Opuy, Opuy)  (262)

+ (Mw,, Mw,)) + (mean(q - w,), mean(q - W,,))) (26b)
+ (63 pq - Vo, divv,) + (S p div v, g - V)
— (p(0 +iQ2X)Vp, (@ +iQ2X)V),) (26¢)
— (p(@ + iQX)V, i DIVL) — (i DYy, (@ + i Q2X)V))
— i@ (ypVa, V) (26d)
— (omvy, v,,) (26e)
— (pmVy, W) — iy pVn, Wy)
— (el o7y Pra(a - Vi), 1, Pya (- w)) (26f)
(,O(a)+l§2x)vn,(a)+lDb+le)w ) (26g2)
(c p(div +JT L%q-)vn, Mw, + 0,,un) (26h)
+ (c2p((d —nn)PL(z) (q - vy) + mean(q - v,)), divw,) (261)
+ (cf,o divv,, (Id —n,ll)PL% (q-w,) + mean(q - v,)) (26))
+ (pmWn, V,) + i@ (y pWa, V)
+ (e pmy Pz (@ Wa), m, P2 (- v,) (26k)
+ (p(w +iDp + i2X)Wy, (0 + iQ2X)V),) (261)
+ (S p(Mw, + Opuy), (div 47! Pi2q)v,) (26m)
—(cZp((d —n,i)PL(z) (q - W,) + mean(q - w,)), divv,)  (26n)
— (c2p divw,, (Id —n,ll)PL% (q-Vv),) +mean(q - v,)) (260)
— (cip(Mw, + Ouy,), MW, + O,u)) (26p)

— {cip((d =) Py2(q - Wy) + mean(q - wy)), divw,)  (26q)
— (c2p divw,, (Id —n,ﬂ)PL% (q- W) + mean(q - W,)) (26r)

— C2(Vn, vy,) — (C1 + C2) (K Py Wy, KG Py Wy )y (27a)
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— (1 + C2)(Mw,, Mw,) — C>(mean(q - W,,), mean(q - W,,))

- - (27b)
— (14 C2)(0yu,, Onu;l)

for all u,, w, € X,,, where the constants C;, C2 > 0 will be specified later on. Then
with B, = Bn +K » it holds that A,,T,, = B, + K,,. We discuss the details of this
decomposition in the following. First note that (A, T,u,, u,)x, = a,(Tyu,, w),) =
an(Vy — Wy, V), + W,). Second note that the operators Ign and K, contain only
terms which are intuitively compact, i.e., they are sums of operators tending to zero,
having finite dimensional range, involving the compact operator Kg or a compact
Lz-embedding (v, <> L?).

Nevertheless, proving that each term in K,, does indeed yield a compact sequence
of operators in the sense of discrete approximation schemes seems tedious. Instead,
we only prove this compactness for K, and absorb K, into the coercive part B,,. To
ensure the coercivity of B, we choose the constants C1, C sufficiently large.

On the other hand, the compactness of (K,),ecn is ensured by Lemma 17 and
limy— o0 || On || L(x,..2) = 0. Note that we added the line (25d) into the definition of
Bn for stability reasons and together with (26a), (26b) they cancel out with (27a),
(27b). Also note that in (26) we grouped together all terms of the kinds (vy, v},),
(Vn, W), (Wn, V), (W,, w),) respectively and we included blank lines to emphasize
those different blocks. At several places we applied (24). The uniform boundedness
of B,, n € N follows straightforwardly.

Step 2. (coercivity of B,). The commutation property div n,fl = n,ll div will enable
us to adapt (23) to v, in an apt way. To this end we compute

n

divy, = divr?Vi = 7! AG = 7! (—(PL(z)q M)V + (div -+ Praq —i—M)un)
= —(P3q- +M)Vi + (div +71, Pr2q - +M)u,
+1d —n,i)(Pqu M)V + () —1d)Mu,
= AT+ (1d—7,)(Py2q - +M) Py, w, + (, — I Mu,
= AD+ énun.

By the same technique as used previously in the proof of Lemma 12 it follows
that limy— oo [ Onllx, 12y = O- Thus with (Opuy, u))x, = (¢2pdivy,, Onul,) +

n

(2pOnuy,, divv,) + (¢2pOyu,, O,ul) it holds that lim,  « || O, ||, = 0 and
(c2p div vy, divy,) = (2 pAD, AT) + (Onlly, Wy)x, - (28)
Thus (28) and (23) yield that

(e p div v, divva) = [VOlg,  + (Kg Py, tn, Py un)v + (O, )z, (29)

5P
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Due to the smallness assumption on the Mach number there exist € € (0,1), T €
(0, 7/2 — 60) and ng > 0 such that

Co.remo i= 1= (CH*(1 + sup hZCx) ey bl (1 +tan*(@ + T)(1 — )7 1) — 2¢

n>ng

is positive. Henceforth we assume that n > ng. Now we estimate by means of a
weighted Young’s inequality and the definition of 6 that

1
cos(f + 1)
= llesp” divval2 = 10" Divalls 2 + [Vall2 2 + C1l K Py w5y + 1MW, |17

Re (efi(GJrr) sgnw(énum un)Xn)

+ 1 0nun 172 + llesp 0 Pra(@ - W)l + 107 (@ + i Dy + i)Wl
+ (pmwy, Wp)y2 + 2tan(0 + 7) sgnw Im((p(w + iDy +iQ2x)W,, i Dyvy,))
— ol tan(® + )| (y0) "Wal,

> llesp” divvallz, — (1 +tan*@ + )0 — &)~ ) 1p " DEvalls + a2
+ C1lIKG Py unlly + IMWall72 + 1 Onunll7> + lles o, Pra(a - wa) g
+elp”(w+iD} + iQx)wnllig + Jwl(tan(d + 7) — tan9)||(yp)l/2w,,||i2.

Thence Lemma 16 and (29) yield that

lesp div a7, — (14 tan*©@ + )1 =€)~ ) o " Dgvallts + vl
+ CillKG Py way

> €(llesp™ divvallz + 10 “DyVallp2) + Coeen VolG + IVallp2
cgp
€1 — V1K Py will? — (6 Py |13 0 2
+(C 1KG Py wally — (8 sup 1Py, 1175, vy + 1 Onll e, ) 1l
48 n meN m m n

. 1
> emin{e,”p. p. HIvally, + (C1 = 75 I1K6 Py, wliy

— (8'sup 1Py 117, vy + 1OnllLcz,) Il -
meN
Further (24) yields that
A(IMWall7> + 1 Onunll7> + 7, Pya (@ - wi)llf2) = [l div w7
and hence

IMWall 72 + 1 Onall 2 +llesp 7, Pra(@ - Wi If2 +ellp (@ +i Dy + i) Wallf»

+ lol(tan(@ + 1) — tan 0) [ (yp) "Wall?» 2 [IWall%, -
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Thus

1
cos(f + 1)

1
= Cyllunly, + (€1 = 35 )IK6 Py, wl

Re (e—i(G-H') Sgnw<l§nun7 un)Xn)

— (8 sup 1Py 17, vy + 10nllLey)llual,

meN

with a constant C 5> 0 independent of §, Cy, n > ngy. Hence we can choose § > 0
and n| > ng such that

1
cos(f + 1)

Cp

Re <e—i(9+r) sgnw(énun’ lln)Xn> > 7”“"”§§n

1 2
+ (€1 = 55 )1Ke Py wiliy
for all n > n1. Now we choose C; > 1/(46) to obtain that

1

. ~ Cj
cos @+ ) (e B, wz, ) = Sl

foralln > nj.

Step 3. (coercivity of B,). To start with, we estimate the first term in (26i) and
note that (26j), (26n), (260), (26q), (26r) can be estimated similarly. To this end we
compute that

[(c3p(Ud =) Py (q - W), divv,)| = [(Pp2(q - Wa), (1d —,)(c5 p divv))|

< gl Wl 2 I1(d =72 (2 p div V) |l 2.

Then we apply a discrete commutator technique [26] and estimate

10d —m) (e pdivv) Iy = Y I1Ad =m) (e p div vl

ted,
_ l 2 oIV 12
= Y IAd=m)((c;p — ) div V)l .,
TEZL
< D lGp = e dive, s,
€7,
< (Ch )y Y Idivw, I3, = (C5 ) Ryl divv, 17

tel,

with suitably chosen constants ¢;, T € 7,,. Let

2 . 2 2 A 2 2 2
unl?, = 1Vall2s + 1K Py, unlly + 1100uall 22 + 10w, 2 + [ mean(q - w,) |12,
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We estimate

1

s e (7T K, vz,

2 2
> C2|un|Y _hnCYJ”un”X - CY,2||un||X,1|un|Y,l
n 1n
with constants Cy 1, Cy 2 > 0. Thus

1

cos(d + 1) Re (eﬂwﬂ) By, u")X”)

C..
B 2 2 2
> L ju,liF, + Calunl}, = by, lualiy, = Cr 2wl lualy,

(C/4 = haCy Dlwall, + (C2 = C5 5/CH)uy 5, .

v

Now we choose Cp > C )2,’2 /C 12§ and obtain the uniform stability of B, for large enough
index n.

Step 4. (asymptotic consistency of B,). Similarly to the discrete setting, it holds
that AT = B + K with

(Bu,u)x :=
(2pdivy, divy') — (pidpv, idpV) + <c§pPL3 @- W), Pra(q-w))
— (pidpV, (@ +idy +iQ2xX)W) + (p(w +idy +i2x)W, idpV)
+(p(@+idh + iQOW, (@ + i3y + iQLOW) + (p(iy + m)w, w')
+(v,V)+Ci1{(Kgv, KgV)y + (Mw, MW)
+ Cr((v, V) + (KgV, KgV)v + (Mw, Mw') + (mean(q - w), mean(q - w')))
+{c2pq - v,divV) + (2 pdivy, q- V) — (p(w +iQX)V, (@ +iQx)V)
— (p(w+i2X)V, ipV) — (pidpV, (0 +iQ2X)V) —iw(ypv, V) — (pmv, V)
— (pmv, W) —io(ypv, W) — (] pPr3(a- V), Pra(q- W)
—{(p(w +iQ2X)V, (@ + i3y + iQ2X)W) — (2 p(div +PLaq)V, Mw)
+ (c2pmean(q - v), divw') + (c?p div v, mean(q - W))
+ (omw, V') + iw{ypw. V) + (¢} P2 (- W), Pr3(q - V)
+ (p(w+idp +i2x)W, (@ +iQX)V) + (cf,on, (div +PL%q-)V/)
— (c2p divw, mean(q - V)) — (c¢?p div w, mean(q - V'))

— (c2pmean(q - w), divw') — (cZp divw, mean(q - W) — (cZpMw, MW')
and

(Ku,u')x := —Co(v, V) = (C1 + C2)(KgV, KgV')v — (1 + C2)(Mw, Mw')

— C>(mean(q - w), mean(q - w'))
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for all u, w’ € X. In addition, the coercivity of B follows along the same lines of the
respective proof for B,. To prove the asymptotic consistency of B, B, we first show
the asymptotic consistency of K, K,,. Thus let u € X be given. We need to show that
limy— o0 | pnKu — Ky ppullx, = 0. Letu), € X,,, |lu,|lx, = 1, n € N be such that
lpnKu— Kyppullx, <|{paKu— K, ppu,u,)x, |+ 1/n.Let N’ C N be an arbitrary
L2
subsequence. Due to Lemma 8 there exist N’ C N’ and u’ € X such that u), — u’,
L? L?
divu;, — divu’, Dyu;, — dpu’, and we conveniently compute
(pnKu,u))x, = (div Ku, divu)) + (Ku, u,) + (dKu, Dpu),)
N .
2, (div Ku, dive) + (Ku, 0') + (3pBu, dpu’) = (Ku, u')x.

On the other hand we estimate

(V. ¥,) = (Pv, patt, V)| = [(Pyu — 7 Py puu, v,,)]

Pyu — ﬂ,ﬁl

SK Py, v,)| + dy(u, pyu)
S (Pyu =l Pyu, v,)| + dy(u, pyu)
+ (P2 =) Q- w2

S hallPyullg + dy(u, paw) +11(Pr3 = 7,)(q - W] .2
and

(Kgv, KG Py w,)v — (KG Py patt, KG Py w,)vl
= (Kg(Pvu — Py pyu), KG Py w,)v|
S KG(Pyu— Py w), K Py w,)v| + dy(u, pyu)
SI(PLz = )@ - Wl 2 + dy(u, pyu)

and

(Mw, Mw,)y — (Mw,(p,u), Mw,)|
= (M (W — W, (pyu)), MW,,)]|
= [(M(u— Pyu — (p,u— Py, pyu)), Mw,))|
< llu = Pyu — (pyu — Py, ppw) | Hdiv)
S 1Pyu — Py, ppull gdiv) + dn(u, pyu)
Sl pn Pvu — Py, ppull gdiv) + dn (0, ppu) + d, (Pyu, p, Pyu)

and

[(mean(q - W), mean(q - W,,))v — (mean(q - W, (p,u)), mean(q - w,,))|

S lu = Pyu — (ppu — Py, ppu) || 5 div)
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<l puPva — Py, ppull vy + dn(a, pyu) + dy, (Pyu, p, Pyu).
Thus

lim (K, pawy,)x, + C2(V, v,,) + (C1 + C2)(KGV, K6 Py wy)v

n— oo

+ (14 C2)(Mw, Mw),) + Cp(mean(q - w), mean(q - w,,))| = 0.

We further use the operator S := V((div +PL(z)q . +M)V)_1 € L(L2, V) (where we

changed the space L? to V compared to the proof of Lemma 17) and compute

(Kgv, K Py w,)v = (KGKGv, Py wy)y
= (KGKav, Pyvw)v + (KGKGv. S(, — Pra)(@ - w))y
= (PyKGKGV. u)) i) + (1, — Pr2)S*KEKGv. q-w,) 12
LA (PyKEKGV, W) oaiv) = (Kgv, KgV)v

and hence

limy, e (Cz(V, v,) + (C1 + C)(Kgv, Kg Py wy)v + (1 + Co)(Mw, Mw,)

+C>(mean(q - w), mean(q - w,,)))
=Co(v, V) + (C1 + C){KgV, KgV)v + (1 + Co)(Mw, MW')
+C;(mean(q - w), mean(q - w'))
= (Ku,u')x.

Thus we obtained that lim,, o || p, Ku — K, pyu|lx, = 0 for each u € X. It remains
torecall B, = A, T, — K,, B= AT — K and to estimate

|(pnB — Bapn)ullx,

< l(pnK — Kppullx, + I(pn AT — Ay T, po)ulx,

< l(pnK = Kppullx, + (prA — Appn)Tullx,
+ 1 Anll Lyl (pa T = Tupu)ullx, -

Thus lim, o [[(pn B — Buppullx, = 0 follows from the just proven asymptotic
consistency of K,,, K, Theorem 9, Lemma 15 and from the uniform boundedness of
(An)neN~ ]

4.4 Convergence results
Theorem 19 Letf € L? and u € X be the solution to a(u, u') = {f,u') for allu’ € X.

Then, there exists an no > 0 such that for all n > nq the solution u, € X, to
an(un, uy) = (f.u),) for allu), € X, exists and lim,,_, o dy (u, u,) = 0. In addition,
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ifu e HY, divu e H', p € W% andb € W5 with s > 0, then d, (u, u,) <
hmin(1+s,k) +hmin(s,l)
n n .

Proof Due to Theorems 9 and 18 we can apply Theorem 1. Since A is injective
and hence bijective Lemma 2 yields that (A,),cN is stable. Let g € X be such that
(g, w)x = (f,u);2 forallu’ € Xand g, € X, be such that (g,, u),)x, = (f,u),);2
for all w, € X,. To obtain that lim,_, o dy(u, u,) = 0 it remains to show that
lim,, o | png€—8, |, = 0. We proceed conveniently and choose u), € X,,, [lu) [x, =
1,n € Nsuch that | p,g — g,llx, < |[{psg — &, W,)x, | + 1/n. For an arbitrary sub-
sequence N C N we choose u’ € X and N” C N as in Lemma 8 and obtain that

(Png — g, u)x, = (divg, divu)) + (g, u)) + (dpg, Dpu)) — (f, u))

2 (goul)x — (Fu)) =0,

from which it follows that lim,_, || p»g — 8,1Ix, = 0, and hence lim,_, »c d,, (u, u,)
= 0. To obtain the convergence rate we first estimate

dp(u,u,) < d,(u, pnu) + ||Pnll - un”Xn 5 dp(u, pnu) + | An (Pnll - un)”X,,

and further compute that

[An(pra—w)lx, = sup |ap(pa —u,, w)| = O(d,(u, pyu), n — 00)
I, l1x, =1
+  sup |<cf.,0 divu, divu,) — (p(w +idp + iQ2x)u, (0 + i Dy +iQx)u),)
I, 1%, =1

+ (diva, Vp -u,) + (Vp -u,divu)) + ((Hess(p) — p Hess(¢))u, u),)

—io(ypu,w,) — (f,u))2|.
The next step is to integrate by parts
(2pdivu,divu)) = —(V(Zpdivu),u,), (Vp-u,divu,) = —(V(Vp-u),u,),

where the left arguments in the L>-scalar products of the former right-hand sides are
in L2 due to the assumptions u € H!, divu € H!, Cs, 0 € w1 and p € W2,
Note that due these assumptions and because u solves the PDE with f € L? we also
have dpdpu € L2. The integration by parts of the operator Dy is performed similarly
as in the proof of Lemma 8. Thus let ¥, € Q, be a suitable H' projection of
plo+idy +i2x)u,e.g. ¥, = T(p(w+idy +i2x)u) with J, as in [24, (6.4)].
We compute

(p(w+idy +iQ2x)u, Dyuy) = (¥, Dpu,) + (p(w +idp +iQ2x)u— ¢, Dpuy)
and

(¥, Dpuy) = Y (¥, b, + R, )2
€T,
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=3 (W W) 120, — (W, 10, )
teT,

Z (¥, 3bll;)L2(r) — (¥, (v b)u;)LZ(gr)

ted,

= —((3 + div(b))¥,,. u))

= —((@ + div(b)) p(w + idp + i2x)u, u,,)
+ ((@p + div(b)) (¥, — p(@ + idp + iQx)u), w,)

= —(pdp(®+idp + iQ2x)u,u,) — (div(ob)(w + idp +iQ2x)u, u),)
+ ((@p + div(b)) (¥, — p(@ + iy + i2Xx)u), uy,).

Thus

sup |(c§p divu, divu),) — (p(@ +idp + i2x)u, (0 + iDy + iQx)u),)

It 5, =1
+ (diva, Vp - u) 4+ (Vp - u, divul) + ((Hess(p) — p Hess(¢))u, u,)
—iw(ypu,uy) — (f,u))p 0|

Slp(w+idp +iQ2x)u— 9, = < hnmin(s,l)

due to the properties of 7, and (5). Since we can estimate d, (u, p,u) with Lemma 4
the claim follows. O
Remark 2 The unusual regularity assumptions and convergence rate j 75
—i—h,,min(s’l) of Theorem 19 deserve some discussion. First we note that for a right-
hand side f € L? it follows that —V (c2p divu) + pddpu € L?, which neither allows
us to deduce that V(cf, pdivu) € L2 nor that pOpopu € L2. This is the reason why we
explicitly need to assume that u € H' and divu € H'.

If the polynomial degree / of the lifting operator R, is chosenas! = k,andifk <'s,
then we obtain the convenient rate h’,‘l However, if the solution and the parameters
have only a maximal regularity s < co and k > 1 + s, then we obtain only the rate
h;,, which is one power less then the conveniently expected rate. The reason for this
unusual result is that we employ a DG method without a (b-jump) stabilization term,
which results in a weaker norm.

Remark 3 1In principle the previous analysis of this article can also be applied to other
DG variants such as the symmetric interior penalty method, where we note that the
sign of the coefficient of the penalty term (h" [, b, [w, ) Fint in the sesquilinear
form needs to be negative (or have a suitable complex sign). Of course, the norm || - [|x,
and everything related would need to be adapted. Further note that it follows along
the lines of the proof of [27, Theorem 8] that there exists a constant C > 0 such that

I(Bo) (b}l £ < CClp P unll2 + 10wl 2),
1(6p) (@ + 9 + i)l i < C(llp” (@ + 9 + iQX)ullp2 + 110wy 1 2)
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for all u, € X,, n € N, where dpu, is interpreted piece-wise with respect to the
mesh 7,,. Note the inconvenient term || p/u,, Iy 2 in the former right hand-sides. Then
it follows that for a large enough penalty parameter « > 0 the following coercivity
estimate holds

[llp" G+ 8y + i)Wall 2 + @l “IWallb | g + il (07) W7 -
— (pl(@ + 0 +i)Wa}, [Walb) i — ([Wa b, p{(e + i + iQX)Wa}) 7 |

2 M@ + it + i)W g2 + 1167 LW b | + [1(0y) Wil
(30)

Now the crux is that in the proof of Theorem 18 we multiply with e~/ @+7)sgne apq
hence the real part of the coefficient of || (oY), ||i2 depends on 8 and will become
small for large 6. Thus « will depend on 0 as well and has to be chosen sufficiently
large to guarantee a coercivity estimate of kind (30). Until now this produces no severe
drawbacks. However, when repeating the respective estimates in the proof of Theorem

18 the additional term —a [|h~ [ ¥ ]Iy Ilﬁmm needs to be estimated by |W|§Il , which
n 0

Cs
leads to a more restrictive assumption on the smallness of the Mach number. We
conclude that the penalty parameter o needs to be balanced in a nontrivial way to
guarantee a coercivity estimate for w,, while avoiding an unnecessarily restrictive
assumption on the smallness of the Mach number.
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