PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: December 22, 2025
ACCEPTED: January 23, 2026
PUBLISHED: March 10, 2026

Complete next-to-next-to-leading order QCD corrections
to the decay matrix in B-meson mixing at leading power

Ulrich Nierste ®,* Pascal Reeck ©,* Vladyslav Shtabovenko ©°
and Matthias Steinhauser ¢

@ Institut fir Theoretische Teilchenphysik, Karlsruhe Institute of Technology (KIT),
Wolfgang-Gaede Strafle 1, Karlsruhe, Germany

b Theoretische Physik 1, Center for Particle Physics Siegen, Universitit Siegen,
Walter-Flex-Str. 3, 57068 Siegen, Germany
E-mail: ulrich.nierste@kit.edu, pascal.reeck@ueb.de,

shtabovenko@physik.uni-siegen.de, matthias.steinhauser@kit.edu

ABSTRACT: We compute next-to-next-to-leading order corrections to the decay width dif-
ference of mass eigenstates and the charge-parity (CP) asymmetry ag in flavour-specific
decays of neutral B mesons. We include both current-current and penguin operators at
three-loop order. All input integrals in the transition amplitude are reduced to a small set
of master integrals which depend on the ratio of the charm and bottom quark masses. The
latter are computed using semi-analytic methods which provide deep expansions around
properly selected values of m./my. We provide numerical results for AI' and AT'/AM, both
for the By and B; system, including a detailed uncertainty analysis. Using the experimental
value for the mass difference AM, we predict Al's = (0.078 + 0.015) ps~!. For the CP
asymmetries we find af, = (2.2740.13) x 107° and af, = —(5.19 4 0.30) x 10~%. Furthermore,
we show that the ratios (AT's/AM;)/(ATy/AM,) and AT'y/ATs can be predicted with high
precision. The former quantity permits the prediction ATy = (0.00215 4 0.00013) ps~! from
the measurements of AMy and ATI's. We further discuss the impact of AI'g/AI's on the
CKM unitarity triangle and present ready-to-use formulae which permit improved predictions
once updated results for the operator matrix elements are available.
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1 Introduction

B, and Bs mesons mix with their antiparticles via box diagrams involving two W bosons.
As a consequence, a meson tagged as By, where ¢ = d or ¢ = s, at time ¢ = 0 evolves into a
superposition of B, and Bq for t > 0. The time evolution of this coupled system reads

d [ |Bqglt r? B,(t
Z.<!q( )>>: (Mq_l.) <q( )>>' (L1)
dE\| By (t)) 27 \|By(1))
M? = M9 and T'7 = I'?" are the 2 x 2 mass and decay matrix, respectively, and Bq—Bq mixing
occurs because the off-diagonal elements M, and '}, are non-zero. The initial conditions for

the time-dependent states are | B,(0)) = |B,) and | B,(0)) = |B,). By diagonalising M?—4T'?/2
one finds the mass eigenstates | B, 1.(t)) and |By g (t)) which obey exponential decay laws,

—iM1t-11 M9 4T
|Byr()) = |Byr)e Mt Tl |Byu (1)) = | Bypr) e Mt ~Tut/2,

The labels refer to “light” and “heavy” and the exponentials involve the masses and widths
of the two eigenstates. One can perform the diagonalisation with the ansatz

’Bq7L> =D ‘Bq> +4q ‘Bq> ) ’Bq,H> =p |Bq> —q ’Bq> ) where |p!2 + \q|2 =1 (12

Bq—Bq mixing is a AB = 2 transition, meaning that the beauty quantum number changes
by two units. These transitions are characterised by four theoretical quantities which are

q
|Mi12|7 ’F(f2|7 d’q = arg <_12> ) (1'3)

and the relative phase between M, and the amplitude of a chosen b quark decay [1]. For
the latter usually b — ccs is taken and within the Standard Model (SM) the corresponding



mixing-induced CP asymmetry in By(t) — J/1¥Kg permits the experimental determination
of the angle g = arg(—V.4V,;/(ViaVj;)) of the standard unitarity triangle of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix V. The counterpart for Bs— B, mixing is Bs(t) — J/,
measuring the angle 8, = arg(—V:Vy/(ViEVy)) of a “squashed” unitarity triangle in the
SM. The three quantities in eq. (1.3) universally affect all decays of neutral B, mesons and
are related to three phenomenological quantities as

AM, = M}, — M} = 2|M{,)],
AT, =T —T% = 2|1y cos ¢q,

_ Yl I'{
al. = ‘]\412 ‘ sin ¢g = Im]w12 . (1.4)
Furthermore, we introduce
Aly ri,
—Re—¢ (1.5)
AM, M12

The quantity af, is the CP asymmetry in flavour-specific decays, characterised by the feature
that B, — f is allowed while Bq — f is forbidden. The corresponding CP asymmetry reads

P(By(t) > )~ D(By(t) > F) .
F(Bi(t) > )T Byt - ) e+ ach (16)

In refs. [2, 3] it is explained how one can disentangle af, from the direct CP asymmetry ad‘r

by e.g. studying the untagged rate. In egs. (1.4) and (1.6) we have neglected corrections of
order [T'Yy/M{,|* ~ 1075 or Im[['{,/M{,] < 1073 and will do so throughout this paper.

AM,, which equals the B, — Bq mixing oscillation frequency, and the CP phases jy)
determine the magnitude and phase of M{, but are insensitive to I'Y,. These quantities
have different sensitivities to new physics and I'{, is e.g. interesting to probe b decays into
final states with new invisible particles [4].

The theory predictions of AI'; and a'fls all involve the decay matrix element I'{,. To
calculate M, or I'{, one employs an operator product expansion (OPE) separating the
short-distance physics described by perturbatively calculable Wilson coefficients from the
long-distance dynamics contained in hadronic operator matrix elements calculated by non-
perturbative methods such as lattice gauge theory. Yet the calculation of I'}, differs from the
one of M{, in two important aspects: firstly, I'{5 involves an expansion in powers of Aqcp/ma,
the Heavy Quark Ezpansion (HQE), where Aqcp ~ 400 MeV is the fundamental scale of
QCD with new operators and coefficients in each power of Aqcp/my [5]. Secondly, the QCD
corrections to I'Y, are governed by as(my), which is about twice as large as as(m;) entering
the perturbative series for Mj,. In this paper we present the complete NNLO corrections
to the leading-power term of I'{5. In the phenomenological applications we need the ratio
', /M, and the NLO result for M{, is sufficient to match the NNLO precision of 'Y,

For the calculation of 'Y, one first employs the weak |AB| = 1 Hamiltonian HL@B‘ !
obtained by integrating out top quark and W boson,

fHIAB\ 1 H\AB| 14 91AB|=1

peng ’ (17)
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Figure 1. Leading-order diagrams contributing to I'Y, with two current-current operators (left) and
one current-current and one penguin operator (right). 'Y, originates from decays into final states into
which both B, and B, can decay, indicated by the dashed line in the left figure.

which describes the weak interaction in terms of effective dimension-six operators with the
two terms containing current-current and penguin operators, respectively. The former are
four-quark operators describing W-mediated tree-level decays and QCD corrections to it.
H‘I)Aei':l involves four additional four-quark operators and the chromomagnetic operator. We
can safely neglect higher-order electroweak corrections, which would add more operators to
7—[@@:1. The Wilson coefficients of the current-current operators have been calculated to
next-to-leading order (NLO) in refs. [6, 7] and to next-to-next-to-leading order (NNLO) in
ref. [8]. The chromomagnetic operator is proportional to the strong coupling, so that we will
only need the corresponding NLO coefficient [9, 10] for our NNLO prediction of I'Y,. Since
I'Y, involves |AB| = 2 transitions, it is generated at second order of HeﬁB‘zlz
1

i, =
127 900,

Abs(B,|i / d'z T HAP= (o) HAP=1(0)|B,), (1.8)
where “Abs” denotes the absorptive part of the matrix element. The contribution to I'{,
with two current-current insertions,

Mo = gy A1 [ ale THEP @ 0)15,). (1.9
is shown in the left diagram of figure 1. The HQE expresses I'}, .. as a linear combination of
local dimension-six AB = 2 operators whose LO Wilson coefficients are found by matching
the diagrams of figure 1 to the tree-level matrix elements of these operators. For the leading
power of the 1/my, expansion we need two physical AB = 2 operators. Their hadronic matrix
elements are the only non-perturbative quantities need for the predictions of ATy and af..

The leading-power contribution to I'{, .. has been calculated to NLO in refs. [11-13].
This calculation involves two-loop diagrams with one extra gluon compared to figure 1 as
well as one-loop matrix elements of the AB = 2 operators and results in O(a;) corrections
to the desired AB = 2 matching coefficients. Subsequently NNLO corrections have been
calculated to order a?ng, where ny =5 is the number of active quarks, [14-16] and finally
completely to order a2 [3, 17]. These calculations involve expansions in the quark mass ratio
m./my and the result of ref. [3] with matching coefficients up to order (m./m;)?° constitutes
our final NNLO prediction of I'Y, ...



HL%IlBg‘Zl contributes less to F%Q than H‘CQBl:l because the numerical size of the Wilson

coefficients of four-quark penguin operators is smaller as compared to the four-quark current
ones, and the chromomagnetic penguin operator is proportional to as. The second-largest
contribution to I'{, is therefore

1 . = = D,
Pl = 57 Abs(B|i [ d'e T HAP @)HAE O0)1By) . (1.10)
. . |AB|=1 AB|=1 _ . o .
subsuming the interference effects of Hee and Hpeng , with the LO contribution depicted

in the right diagram of figure 1. The NLO contribution with a chromomagnetic operator

to I'{y,, involves only a one-loop diagram and is included in the result of ref. [11]. The

NLO calculation of I'Y, ¢p ncluding four-quark penguin operators has been performed in
ref. [18] to order (m./ms)?. Ref. [19] contains the NNLO contribution to I'{,, involving
one chromomagnetic operator.

The third contribution to I'{, is

1 . _ _ =
Iy, = T Abs(B,| z/ d*z T Hom = (@) Hab=1(0)[ By) - (1.11)

While T'fy , contributes to both AT and ag,, this is not the case for '{, , which does not affect
agy- This is because I'fy , and MY, have the same CKM factor, so that Im (I'f,,, /M{,) =0
in eq. (1.5). The agns terms and the complete NLO corrections to I'f, op

in refs. [15] and [19], respectively, both to order (m./my)?. The latter reference also contains

have been calculated

two-loop contributions with one or two insertions of the chromomagnetic operator, which go
beyond NNLO. Finally we mention that the 1/my power corrections are only calculated to LO
of QCD [13, 20, 21] and furthermore involve so-far poorly known hadronic matrix elements [22].

In this paper, we present the complete NLO and NNLO calculation of the leading-power
terms in I'{y,, and T'{, , which includes a deep expansion in m./m;, and novel three-loop
results for diagrams with two insertions of four-quark penguin operators. To appreciate the
first point we remark that af oc (m./mp)?, so that a precise prediction calls for an expansion
of I'Y, beyond (m./my)?. The NNLO prediction of AT in ref. [3] has a theoretical uncertainty
of the same size as the current experimental error, so that improvement is desirable. With
the inclusion of the missing penguin contributions we aim at decreasing this uncertainty,
which we estimate from the renormalisation scale dependence.

The phenomenological role of the four quantities AT’y and af, with ¢ = d or s is very
different: the experimentally well-determined ratio AT'/AM; is essentially independent of
all CKM parameters, including the controversial |V|, and therefore directly probes the
SM (3, 17]. The SM prediction for af, is too small to ever be measured, but can be two orders
of magnitude larger in the presence of new physics [13]. Future precise measurements of
af and AT will provide novel constraints of the apex (p,7) of the CKM unitarity triangle
(UT). We define the CKM combinations

No=ViVi,  M=ViVe, N =Vily, (1.12)
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Figure 2. CKM unitarity triangle with constraints from B— B mixing observables.

and recall
¢ — _
N
_E:Rtel = 1—p+in,
4 R, —if —o(1=p)+n%+in
_lu Tugia g f A f’f)j”jm, (1.13)
Af Ry Ry (1—=p)2+17

which involves angles and sides of the UT shown in figure 2. The constraint from a?s has
already been discussed in refs. [3, 12], and figure 2 further shows the orthogonal constraint
from AT'y/AM,. The dominant contribution to this quantity comes with the same QCD
corrections as AI's/AM; and the hadronic matrix elements are the same up to SU(3)p
breaking corrections. Furthermore, the CKM factor Re (A% /\{) is proportional to cos o (see
eq. (1.13)), which the global SM fit to the UT determines close to 0, so the linear and
quadratic terms of this ratio in AT';/AM, are negligible. Similarly, the quantity Re (A /A7)
is tiny (see, e.g., eq. (73) of ref. [3]), so there is no substantial difference in AI'/AM across
the Bs and By systems stemming from the CKM factors. These features allow us to predict
the double ratio AT yAM,/(AMyAT) with high precision. Since three of the four involved
quantities are already measured precisely, the future determination of AI'y will provide us
with an excellent test of the SM from the double ratio.

The paper is organised as follows: in the next section we present the effective Hamiltonian
and the operators used in this paper. Furthermore, we discuss in detail the numerical result
for the 1/my-suppressed contributions as extracted from the literature. Section 4 is dedicated
to phenomenology and discusses the quantities ATy, af, and AT',/AM, for the By and By
systems. We provide NNLO corrections including a detailed uncertainty analysis. Furthermore,
NNLO predictions for the double ratio (AI's/AM,)/(AT'y/AM,) are discussed. Finally, we
construct Al'y/AT'y and discuss its complementary to a‘fis for providing constraints on the
CKM unitarity triangle. We summarise our findings in section 5.



2 General formalism

The |AB| = 1 Hamiltonian in the CMM operator basis [23] reads

2
7_[\AB| 1_ 43f‘ l Aq(ZC Qi + CSQS) - )\%ZCZ‘(Q@' - Q7)
i=1

+ Vg Veb Z CiQF" + VgV Z CiQi°| +h.c., (2.1)
i—1 i—1
where G is the Fermi constant and
Q1 = qry Ty upy*Ty,, Q5 = qryuur upy!'or,
= quy, T ey Ty, Q5" = qryuur cLY!br,
QY = quyuT%cr ury"Tb Q3¢ = qryucr upy'by,
Q1= qry L ey Ty, Q2 = qryucr eLYbr,
Qs = qyubr > _ 7', Qs = qu T > dVTq
q q
Q5 = ALY YusVusbL Y AV V3G, Qo = QY Vo Vs T0L D TV A2 AT
q/ q/
Qs = ———myqro’’T br G, (2.2)
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Here q;, = Prq with P, = (1 —v35)/2, o =i[y*,4"]/2, and T® is the generator of SU(3)..
It helps to write 'Y, as

Iy = —(A9)? 2AINITYS — (A)°Ty (2.3)
)\flIL CC uc )\qu 2 uu cc uc
—(A)? |95 + 2)\q (' 12) + (>\q> (g +T5 —2I75) | - (2.4)
¢

with real coefficients I'{} multiplying the three possible CKM factors. The current-current
contributions in figure 1 match eq. (2.3) such that a,b = u, ¢ correspond to the quarks on the
internal lines. In the step from eq. (2.3) to eq. (2.4) we have used A\ = —\{ — A4 to get an
expression best suited to normalise I'{, to M{,, which is proportional to (A{)?. The penguin
operators in HL@B‘:I
contribute to all three I'*’s in eq. (2.3) but only to the first term in the square bracket of

are proportional to A{. Terms quadratic in the penguin coefficients

eq. (2.4). The second term in this square bracket receives contributions from the interference
of penguin and current-current operators.
The individual contributions in eq. (2.4) evaluate to [3]

2 2
ab __ CT1FTnb

%= gy (A CHBQIB) + FEG) By QslBy] + T80y, 9

with two matrix elements of dimension-six AB = 2 operators,

Q = 4 (59" Ppb°) (5%, PLb?),
Qs = 4 (5°Prb?) (5°Prb"), (2.6)



where Pr = (1 + 75)/2 and ¢, d are colour indices. The mass ratio z = [me(up) /mp ()]
involves the charm and bottom masses in the MS scheme, both defined in five-flavour QCD,
Mp, is the B, meson mass, and G is the Fermi constant. The calculation of the Wilson
coefficients H(z) and ﬁgb(Z) for ab = cc, uc, uu at NNLO of QCD is the subject of this paper.

F‘llg 1/my, comprises power corrections of order Aqcp/my which have been calculated at
LO of QCD in ref. [20], NLO results are not available yet. As a first step to NLO, the mixing
of dimension-seven operators into dimension-six operators under renormalization has been
recently calculated in ref. [24]. Since LO Aqcp/me-terms will finally dominate the theoretical
uncertainties of our predictions, we present F12 1my, here in a way which allows the reader
to include future improvements of the calculation of the hadronic matrix elements entering
F‘fg 1/ F‘b 1, involves seven dimension-seven operators commonly denoted by Ry, Ry,
and Ry, with k = 1,2,3. Their definitions can be found in refs. [13, 20, 22].

Defining r{ = (By| R;|B,) and 7] = (B, | R;|B,) one finds

G2m?
b _ F% b q b q b~q
LYo 1 ymy = 24m M, { 0 To + Z [gf r+ g} JH (2.7)
with the coefficients g] , 93 (subsummg the results of refs. [12, 20, 21]) defined in ref. [13].

Estimating the uncertainties of gJ , g]b from their u-dependence in the interval [2.1 GeV,
8.4 GeV], we quote our central values for the scale u; = 4.2 GeV and the matching scale
1o = 165 GeV of the weak effective Hamiltonian, finding

Gymj q q ~q

+ (0.85 £ 0.15)r4 — (2.62 =+ 0.28)74+(0.03 + 0.01)rd — (0.09 £ 0.01)7]  (2.8)

_ 4.48 GeV (2.9)

2
m _
- (4.48 éeV) 5.18 ps ! (1 + 0-10)scale (1 + 0'52)mat. el. for q=d

2
- <m"> 7.77ps ™ (1 £ 0.09)scate (1 £ 0.49)mat. o, for ¢ = s

2( ({C2,l/mb - %5 l/mb) =
GFmb
247 Mp,
+ (0.001 £ 0.000)r4 — (0.004 =+ 0.000)74 + (0.032 £ 0.005)71
—(0.099 £ 0.010)74]

[(0.007 = 0.001)rZ—(0.015 = 0.003)r? + (0.046 % 0.005)77

2
m _
- (4'48 ée ) 0.2099 ps (1 + 0.07)scale (1 & 0.33)mat. . for ¢ =d (2.10)

121 /my +199,1/my, — 2115 1/m, =
GFmb
247 Mp,
+ (0.001 = 0.000)7% — (0.002 £ 0.000)7% + (0.004 = 0.001)r
— (0.013 % 0.001)7]

[(0.001 = 0.000)7¢ — (0.001 = 0.000)r + (0.004 = 0.000)7

2
m —
- <4.48éev) 0.0031 ps (1 £ 0.08)scate (1 £ 0.33)mar. o. for g=d (2.11)



The numerical result in eq. (2.9) is found with the hadronic matrix elements calculated for
g = s in ref. [22]; their uncertainties combine to the value indicated by “mat. el.” which
dominates over the scale uncertainty from the coefficients in eq. (2.8). The small scale
uncertainties in the last lines of egs. (2.9) to (2.11) result from partial cancellations between
the different terms and underestimate the uncertainty from missing higher-order terms of the
perturbation series. Still, even if one adds the quoted scale uncertainties of the coefficients in
quadrature, one finds the uncertainty stemming from matrix elements significantly larger.

There are only five independent matrix elements due to relations like rd = —r4(1 +
O(1/my, as)). Those matrix elements which are not available for ¢ = d are obtained by
rescaling their ¢ = s counterparts with f3 M3 /(f3 Mz, ) and in the case of Ry and Ry
also by mg/ms. The largest corrections to AT'y stem from 954 J in eq. (2.9), which is
dominated by rd, 74, and r{. The terms in egs. (2.10) and (2.11) give negligible contributions
to AT'y. For af, one instead needs the second term of eq. (2.4), because the first term does
not contribute to Im (I'{,/M{,). Since better lattice results will be available by the time
experiments can probe the SM prediction for ag,, we only provide numerical results for ¢ = d
in eqs. (2.10) and (2.11), both of which are dominated by 7§ and r¢ = 7¢ + 74 /2.

3 Amplitude generation

In this section, we highlight some of the technical details of the amplitude generation. Since
'Y, is computed using the matching coefficients of the AB = 2 transition operator, the mixing
amplitude is calculated from the AB = 1 Hamiltonian as well as the AB = 2 transition
operator separately. In both cases, we use QGRAF [25] to generate the amplitudes, tapir [26] to
generate the topology files and insert Feynman rules, and exp [27, 28] to map the amplitudes
to the corresponding topology. The amplitudes are then evaluated using calc, an in-house
program written in FORM [29-32] which makes use of color [33] to efficiently evaluate the
QCD colour factors. The spinor structures are treated using a projector routine [34], which
is integrated into calc and resolves tensor products of two spin lines with up to eleven ~
matrices each. In a separate calculation, we use tensor reduction as a cross-check for this
step [34]. The resulting scalar integrals are reduced to masters using Kira [35-37], which
are then evaluated using the “expand and match” approach [38-41]. For more details on
the usage of the individual parts of the toolchain, see ref. [34].

For the AB = 2 transition operator, two-loop diagrams are calculated to obtain the
NNLO amplitude, see figure 3. The AB = 2 side of the matching equation is the same
as in ref. [3] since it does not depend on the type of AB = 1 operators used on the other
side of the matching. In addition to the evanescent operators given in ref. [3], the fifth
generation is needed for the matching of the penguin operator contributions. However, the
physical results do not depend on the O(e) parts of the definition of the evanescent operators
beyond the second generation as given in ref. [3]. Therefore, no further complications arise
with the fifth generation, and they can be arbitrarily defined as long as they vanish in
four dimensions under a Fierz transformation. For a more detailed discussion including the
1/mp-suppressed operator Ry, see ref. [3].

When calculating the mixing amplitude from two effective AB = 1 operators, three-loop
diagrams like the ones shown in figure 4 are computed. The diagram type shown on the right
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Figure 3. Two-loop Feynman diagrams of the AB = 2 transition operator. The blue dot stands for
the insertion of one of the operators @), Qg or Ry.
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Figure 4. Three-loop Feynman diagrams with two AB = 1 insertions shown in orange.

is special because it is one-particle reducible with a flavour-changing self-energy (FCSE) on
one of the external legs. While the QCD self-energies on external legs can be omitted in the
calculation, since the QCD wave function renormalisation cancels from the Wilson coefficients,
the corresponding diagrams with an FCSE must be included in the amplitude. These diagrams
first appear at NLO when considering insertions of one or more penguin operators.

The calculation of the three-loop amplitudes with up to two penguin operators is
challenging from the perspective of the appearing spinor structures. Up to eleven « matrices
appear on each of the two spin lines, requiring the most complicated projectors constructed
in ref. [34]. For the case of one current-current operator and one penguin operator, we have
carried out an independent cross-check using tensor integrals and Feynman gauge in the limit
of me = 0. This result depends on nine new three-loop on-shell master integrals (having
at most six lines) that where not contained in the set of 23 masters calculated in ref. [17].
On the level of the unrenormalised three-loop amplitude we found full agreement with the
calculation using projectors and an expansion in z = m? /mg

The matching coefficients computed in this work are available in computer-readable
format up to 21 on the website [42]

4 Phenomenology

In this section, we present our result for the B mixing observables as well as their implications
for the determination of the CKM unitarity triangle and new physics searches. The input
parameters used in our phenomenological analysis are given in table 1, see also section 5 of
ref. [3]. In all results presented here, the scale variation is carried out between 2.1 GeV and
8.4 GeV for the purpose of determining the scale uncertainty. This is quoted for the leading
and sub-leading 1/m; terms separately in most cases. The uncertainties from the other input
parameters are clustered in three groups: the bag parameters B, ES; the matrix elements of
the 1/my suppressed operators, and all remaining input variables.



as(Mz) = 0.1180 + 0.0009 [43] |m.(3CeV) = (0.993 4 0.008) GeV  [44]

mP® = (172.4+0.7) GeV [43] my(My) = (4.163+£0.016) GeV  [45]

Mp, = (5366.88+0.14) MeV ~ [43] Mp, = (5279.64+0.12) MeV ~ [43]

Bp, = 0.813+0.034 [46] Bp, = 0.806 + 0.041 [46]

By = 1.31£0.09 [46] By, = 1.2040.09 [46]
fB, = (0.2303 +0.0013) GeV [47-50] fB, = (0.1905 =+ 0.0013) GeV [47-50]

¢ = (1.216 £ 0.016) [46] % = (1.2109 + 0.0039) [47]

Table 1. Input parameters for the numerical analysis. The quoted mP®'® corresponds to my(my) =
(162.6 +0.7) GeV in the MS scheme. We use the values for Bp, = Bp, (p2) and Bg g, = Bs g, (12)

with pe = mgde. For our NNLO results in the pole scheme we convert the quoted m;(m;) from

the MS scheme with the two-loop formula to mg(’le = 4.758 GeV. For the PS scheme predictions
we use mi > = 4.480 GeV corresponding to a factorisation scale of y; = 2GeV. The quoted central
values for m.p, imply z(4.2GeV) = (m.(4.2 GeV)/mp (4.2 GeV))? = 0.049540, where the charm mass
is calculated for five active quark flavours. The quantity £ is defined in eq. (4.15).

4.1 AT, and AT,/AM,

We start with the quantities A" and AT'/AM and discuss them separately for the By and
Bg system. In all cases, we present results in three renormalisation schemes for the overall
factor m%. For our final numerical prediction we choose a combination of the MS and PS
scheme. Results for the pole scheme are only provided for comparison.

4.1.1 B; system

In the three renormalisation schemes our predictions for AT's/AM; are given by

AT +0.49 +0.09 -3

NI (398083, cate -0 M0 scate. 1/ 011 . 07811, £0.06imput ) x 107 (pole)

AFS +0.19 +0.09 -3

AN = (44558230 ot 080 cate, 1/ F012 5, H0.781 /pm, £0.05imput ) x 10~% (MS),

AT +0.33 +0.09 -3

NI = (438032 e 000 cate, 1y FO12 5. 07811, £0.055mput ) X 107° (PS), (4.1)

where the central value is obtained at the scale 1 = . = pp = 4.2 GeV. The renormalization
scale dependence of AT's/AM; is shown in figure 5.

It is worth noting that the inclusion of the penguin operators up to NNLO results in
a reduction of the symmetrised scale uncertainty by about 8% on average compared to
ref. [3]. This is visualised in figure 6.

The results presented here can be directly compared with ref. [3] to gauge the impact
of a deeper expansion in z = m?/ mz at NLO for the penguin contributions as well as the
inclusion of the penguin operators at NNLO. For the MS scheme, we note that for the NLO
penguin contributions, i.e. those proportional to C'i_g x C3_g, the inclusion of all charm mass
terms amounts to 30% of the sum of the 20 and z' terms. At NNLO, the penguin operators
contribute about 12% to the total NNLO part. As a result, the central value including the
1/my corrections in the MS and PS schemes is changed by about 2%.
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Figure 5. Renormalisation scale dependence at LO (short dashes), NLO (long dashes) and NNLO
(solid) for AT's/AM;. The plot shows the scale variation of the leading-power terms where the scales
p1 = pp = e are varied together. The grey band shows the experimental value of eq. (4.5).

Combining the experimental result [51]
AME® = 17.7656 + 0.0057 ps ! (4.2)

with the results in eq. (4.1) we obtain precise predictions for AT:

0.88 0.16 -2 _—1
AT = (7062685 e 0bcate, 1/my £ 01955, £ 1391m, £ 0.10mpuc ) x 1072 ps™" (pole),
— +0.34 +0.16 —2 1 /xra
AT = (7905631 08 e, 1y £ 021575, 1391/, % 0.09impuc ) x 102 ps™" (MS),
— +0.59 +0.16 -2 _—1
ATy = (777568, e 08 cate, 1y £ 020,575, % 13911, % 0.09%nput ) x 102 ps™" (PS).

(4.3)

The results in the MS and PS schemes are averaged in our final result. For the uncertainty,
we add the upper and lower bounds in quadrature, which are then symmetrised and averaged
across the schemes. We obtain

AT, = (0.078 £ 0.015) ps ', (4.4)

which is in excellent agreement with the experimental value [52]

AT®P = (0.0781 £ 0.0035) ps !, 4.5
S
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Figure 6. Renormalisation scale dependence in the MS scheme for AT /AM, with and without
penguin operators at NNLO. Note that the current-current result contains a shallow expansion up to
2! for the NLO penguin contributions whereas the full NNLO result encompasses a deeper expansion
up to 2! at NLO too. The scale variation shown is of the leading-power terms where the scales
W1 = pp = pe are varied together.

4.1.2 Bg system

In the By system, our predictions for AT'y/AM, are given by

Alq 049 +0.12 -3

N (3835633 cate "0 30 scate, 1/my £ 011 55, £ 0791/, £ 0.06iupue ) x 1073 (pole),
ATy 4019 40.12 -3 (MS

AMd = (4'29_0'4050316_0‘20503167 1/mb :l: 0'12B§S :l: 0'791/mb :l: 0.051nput) X 10 (MS) 5

Alq +0.33  +0.12 -3

NI (422038 08 cate, 1y E 0125 £ 0791/, +0.05pu ) x 107% (PS). (4.6)

As for the By system, we can compare with ref. [3] to show the impact of our updated
calculation with a deeper expansion in z = m?/ m% at NLO for the penguin contributions and
the penguin operators at NNLO. The NLO penguin contributions including all terms amount
to about 26% of the two leading terms in the MS scheme, which is similar to the B, case.
At NNLO, the penguin operators contribute about 12% to the total NNLO part and their
inclusion brings down the scale uncertainty of the leading 1/my, terms by almost 10%. The
overall result is changed by a similar amount to the B, system with the central value shifting
by about 2%. The renormalization scale dependence of AT'y/AM, is shown in figure 7.

In ref. [12] it was found that at NLO the ratio AT'z/AM)j receives only small corrections
of 2% from the terms proportional to A% /A¢. i.e. the second and third terms in eq. (2.4). At
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Figure 7. Renormalisation scale dependence at LO (short dashes), NLO (long dashes) and NNLO
(solid) for AT'y/AM,. The scale variation shown is of the leading-power terms where the scales
11 = pp = W are varied together.

NNLO the same behaviour can be observed with the A% /A¢ terms contributing in total only
1.9%. As the ratio AT's/AM; also receives negligible corrections from the terms proportional
to the CKM elements, the two ratios have very similar numerical values, see egs. (4.1) and (4.6).

Using the experimental value [52]

AMS® = (0.5069 £ 0.0019) ps !, (4.7)
we obtain
0.2 0.06 — -
ATy = (1945938 | 4090 e 1y £ 0065 £ 040 /s, 4 0.03ipu ) x 107ps™" (pole),
0.10 0.06 —-3..—1 ArQ
ATg = (2074030 050 cate, 1y 0065 %0401 /3y, 0031 ) x 107ps™" (MS),
_ +0.17 +0.06 —3...—1
ATy = (2145517 5080 e, 1y £ 0-06 55 0,40 /0, 003100t ) X 10%ps ™" (PS)

(4.8)
from the results in eq. (4.6) after multiplication with AM;™. Adding the uncertainties in
quadrature for the upper and lower bounds separately, symmetrising the total uncertainty in

each scheme and averaging the results for the MS and PS schemes we obtain

ATy = (0.00215 + 0.00045) ps ! . (4.9)
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4.2 af,

From the calculation performed for AI'y/AM, we can extract results for ag by taking the
imaginary part of I'{,/M{,. For the B, system we obtain!

0.00 0.01 -5
ay = (2275000 e 6 Sbcate, 1/my 001 55,0041 /0, 00T ) x 1077 (pole),
_ +0.10  +0.01 p—
oy = (2245010 0 Shcate, 1y FO01 55 20.041 1, 0.0Ti0p ) x 1077 (MS),

a, = (230002 6 80 scate, 1y FO-01 5 0041/, £0.0Tmput ) x 107° (PS). (4.10)

For the B, system we have?

d 0.00 0.03 —4
ot = = (518008 e 00 cate, 1/, £ 0085 £ 009 /s, £ 016305 ) x 107 (pole),
d _ 4023 +0.03 B . -4 TS
ot = = (5125038 00 e, 1y T 00355, % 0.091 )/, £ 016100 ) x 1074 (M),
d 0.07 0.03 —4
ot = = (5262087 e 00 cate, 1y £ 0085 £ 009 /s, £ 0165 ) x 107 (PS). (4.11)

Comparing our updated results with ref. [3], we note that the central values or both B and
By are shifted by 0.5% in the MS scheme. In the B, system, the expansion of the NLO
penguin contributions beyond z! is as big as this leading term but has the opposite sign.
Similarly, both for Bs; and By the NNLO penguin terms make up about 1% of the NNLO
contribution. The renormalization scale dependence of af, and a‘fis is shown in figure 8.

Adding the uncertainties in quadrature for the upper and lower bounds, symmetrising
the total uncertainty in each scheme, and averaging the results for the MS and PS schemes
we obtain

af, = (2.27+£0.13) x 107°,
af = —(5.1940.30) x 1074, (4.12)

4.3 The double ratio (AT'y/AMy)/(ATs/AMy)

The double ratio

ATy AM,
AM,; " AT,

Tds = (4.13)
is phenomenologically significant as it can be used to obtain a very accurate prediction for
ATl'y. This is because the ratio ry, is very close to one, theoretical uncertainties cancel, and
the other three quantities, AMy, AM; and Al's are measured to high precision.

The ratio happens to be &~ 1 since most of the dependence on the hadronic matrix elements
cancels in I'12/Mj9, and additionally the difference stemming from the CKM elements is
small. Parametrising the ratio for each of the B, systems as [12]

I, 4 AL (A2
—= = 10" |+ al— + V15|, (4.14)
MY, M (A9)?

'The uncertainties from the 1/m; bag parameters are smaller than those given in ref. [3] since the correlation
between Rs, R3 and Rs has been accounted for in eqs. (4.10) and (4.10).

2Note that there is a typo in eq. (96) of ref. [3]: the lower limit of the “scale, 1/m;” uncertainty should
read “—0.01” and not “—0.08".
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Figure 8. Renormalisation scale dependence at LO (short dashes), NLO (long dashes) and NNLO
(solid) for af, (top) and af, (bottom). The scales 1 = up = p. are varied simultaneously for the
leading-power terms while the 1/my-suppressed terms are kept fixed at the central scale.

we find that the constants a, b and ¢ only have a weak dependence on the ratio of the
hadronic matrix elements (Q) and (Qg). In the B system, the ratio A3 /Xf is small, and
for the B, system the linear term for AT'y;/AM, is proportional to cosa, which is close
to zero near the apex of the UT (see figure 2), while the quadratic correction is doubly
Cabibbo-suppressed [12]. As mentioned above, we find that the sum of the a? and b? terms
contributes about 0.2% and 1.9% for B, and By, respectively.

One additional attractive feature of the double ratio 74, is that the uncertainty of the
ratio of the hadronic matrix elements for By and Bj is substantially smaller than that of the
individual matrix elements. This feature stems from the fact that the matrix element are equal
in the limit of exact SU(3)p symmetry. Moreover, the SU(3)r breaking in the decay constant
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is precisely known and furthermore SU(3)pr breaking in the bag parameters is found to be
small where calculated. Here, we use the parametrisation of the leading order matrix elements

_ /3. Bs,
~ f3,Bs,’

2 (4.15)

which has been determined very precisely in ref. [46], see table 1. For the bag parameters
for (Qg), we calculate a similar ratio

2 E/
e = /8058 B 5.5, (4.16)
f5,Bs B,
using the numerical value from ref. [46] (see table XI),

B®

B
s = (1.092 £ 0.034) (4.17)

B®)

Bg

and the ratio of the parameters n3 and ng, which we calculate from the definition given
in ref. [46],

B — (0.996 51 +0.00039) . (4.18)

For the bag parameters in our convention
By =13B®) | (4.19)
we combine the results from egs. (4.17) and (4.18) to obtain

B
=3Bs — (1,088 +0.034) . (4.20)
BS,BS

With the ratio of the decay constants from table 1 we therefore obtain
&s = (1.263 £ 0.020) . (4.21)

The bag parameters for the 1/m; suppressed matrix elements can also be found in the
literature [22, 46]. However, using the results for the By and By mesons in the double ratio
would vastly overestimate the uncertainty. For this reason we proceed as follows: we adopt
the values for the bag parameters of the By meson from the literature [22, 46]. Afterwards
we add manually SU(3)p-breaking effects. To investigate this effect, we take the numerical
values of the bag parameters for Bs; mesons obtained from lattice calculations as quoted in
ref. [3] and parametrise the corresponding values in the By system using

B BRins
<BQ‘ RZ ’BQ> = f%qM%qBRi,Bq ) BRiaBd = T .

The variable ¢ encodes the extent of SU(3)p symmetry breaking in both the bag parameters.

(4.22)

For our numerical analysis we choose

¢=1.0+01, (4.23)
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Figure 9. Renormalisation scale dependence at LO (short dashes), NLO (long dashes) and NNLO
(solid) for r4s. The scale variation shown is of the leading and sub-leading terms in the HQE where
the scales 1 = pp = p. are varied together. Note that for the NLO and NNLO scale dependence,
the respective ag corrections were included in the individual T';5 /M5 ratios without truncating the
double ratio in .

which allows for up to 10% SU(3)r breaking. We note that with this parametrisation, only
the ratio of the decay constants as given in table 1 is required as numerical input for rys,
not the individual decay constants.

Our results for the double ratio read

ras = 0.962470005 1o, comp. £0-012 555 £0.040; /1, £0.003i0pu¢ (pole)

ras = 0.9648 50082 1o comp. £0-011 55 +0.0361 /1, £0.003impur (MS),

ras = 0.96427 0002 1o comp. 001255 £0.0361 /1, £0.003impue (PS). (4.24)
Note that the uncertainty of the 1/my-suppressed terms stems mainly from the unknown
size of SU(3)r breaking. Neglecting the uncertainty of ¢, the uncertainty labelled 1/m; is
just £0.008. In figure 9 we show the remaining renormalisation scale dependence of the
leading and sub-leading 1/m; terms combined of the double ratio. It is worth commenting
on the increasing scale dependence from LO to NNLO. This is due to the fact that the scale
dependence of the I'12 /M ratios in the By and By systems are almost identical, see figures 5
and 7. Therefore, small deviations which appear at higher orders lead to a seemingly worse
convergence of the perturbative series. However, overall the scale dependence of the leading
power terms is still small and the prediction of rys very accurate.

Averaging the results of the MS and PS schemes and adding the uncertainties of the
upper and lower bounds in quadrature before symmetrising, we obtain our final result for
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the double ratio

ras = 0.965 + 0.038 . (4.25)

Using this together with the experimental values of the mass differences from eq. (4.7) and
eq. (4.2) as well as Al's from eq. (4.5) we obtain our most accurate theoretical prediction of

AT’y = (0.00215 £ 0.00013) ps ! . (4.26)

Comparing this result to the previously obtained value in eq. (4.9), the uncertainty has
been reduced by 70% thanks to the better control of the hadronic uncertainties in the
double ratio 4.

4.4 Unitarity triangle constraints from a}is and AT'y/AT;

As shown in figure 2, future measurements of ags and AI'y will lead to important constraints
on the apex (p,7n) of the unitarity trlangle

We update the constraint from af shown in figure 8 of ref. [3] and further discuss the
ratio AT'y/ AT, from which many of the theoretical uncertainties cancel. For these analyses,
it is useful to define the quantities a, b, and ¢ via eq. (4.14). With eq. (2.4) one finds

XJ)Z
q _ 104 ( t (1:%’
M,
(A)?
at = =210 LL (15~ TY),
12
q 4 ()\;])2 n cc uc
b = —10 Ve Iy + 75 —2I73) (4.27)
12

which is convenient because (A?)? /MY, and thus a, b, and c are real, and the ratios A% /\{
in eq. (4.14) have simple expressions in terms of the improved Wolfenstein parameters. For
q = d the latter are given in eq. (1.13) and for ¢ = s we have
A% 2 =y o 4(_= =2 o - 6
N = A=) + A (—p(l —p) =" +in(l - 2p)) + O(N), (4.28)
t
where \ ~ |V, with A = 0.225 is a Wolfenstein parameter.
The ratio of the width differences can be written as

2 cd+adRe)\—+bdR ()\g)Q
AI‘d o i MBd Lﬁl (Ag)Q (4 29)
AT, & Mp, |N (A)* '

5 +af Re)\s—i-bsR

(AD)?

where the ratio &2 from eq. (4.15) was used. For eq. (4.29) we need a further parametrisation
of the CKM factors in terms of p and 7,

2

NI e (7 + (= p)?) x (1+22(1-2p)) + O (1) . (4.30)

A?
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MS | LO NLO NNLO PS | LO NLO NNLO

ad | 8207120 10.407981  11.4079:52 ad | 9.5370%0 11117022 1111038
bj | 0.06970050 011270650 0.134%05  0f | 00815 01227565 0.140F0GS
cd | —69.710T 641742 —58.3H40 cd | —81.0752 662157  —57.6733

Table 2. Updated results for the values a, bd and cf in the MS (left) and PS (right) schemes for the
B, system. The uncertainty shown here is the perturbative scale uncertainty obtained from varying
w1 = pp = pe simultaneously between 2.1 GeV and 8.4 GeV.

MS [ LO NLO NNLO PS [ LO NLO NNLO

ay | 8237124 1043798 11447056 ay | 9567547 1115702 11.7675:38
51 0.07270:058  0.11550933 01375008 by | 0.08370:058 0.12570:925 0.1431003
¢ | —711T82 _gpatitS 59,673 g | —82.6T04  —67.6759 —58.9t33

Table 3. Updated results for the values af, b5 and ¢ in the MS (left) and PS (right) schemes for the
B, system. The uncertainty shown here is the perturbative scale uncertainty obtained from varying
1 = Wy = pe simultaneously between 2.1 GeV and 8.4 GeV.

The ratio in eq. (4.29) can be further simplified since the numerical values of {a?, b¢, c?}
and {a®,b°, c*} agree very well within their (perturbative) uncertainties, see tables 2 and 3.
We can thus simplify the ratio in eq. (4.29) to

2 1+ -R N, +-R (A)”
e — + -Re —=
AT, € Mp, | X a_ A (As)27 '
: 1 Re —% Re =%
TN T gy
where the superscripts were dropped.
The flavour-specific CP asymmetry a‘fis is similarly parametrised as
d [ g b ( g)2‘| 4 ( )
ay, = [aIm— 4+ bIm x 107", 4.32
° A (Af)?

By inserting eqgs. (1.13) and (4.28) into eq. (4.31) one finds the constraint on (p,7)
defined by AT'y/AT's. Analogously the constraint from af is obtained by inserting eq. (1.13)
into eq. (4.32).

In order to construct the constraints on the CKM triangle, we calculate the quantities a,
b and ¢ in eq. (4.14) to LO, NLO and NNLO. These constants can be further decomposed
into a leading and sub-leading 1/m-suppressed contribution,

a=ag+ap,
b="by+ b1,
c=co+cy, (4.33)
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where the subscripts 0 and 1 denote the leading and sub-leading terms of the HQE respectively.
The sub-leading contributions of a? and ¢ have been calculated previously and are given in
ref. [3]. For completeness we list them again here together with the new value for c,

af =0.622100% 4035005,
d __ +0.011
b{ = 0.09170:005 1. 0.031para

¢f =15.361195 . +8.03puma (4.34)

where the uncertainties from varying all input parameters have been attributed to the sub-
leading terms, denoted “para”. The leading contributions ag, by, co hence only have a scale

¢

uncertainty. The “para” uncertainty is dominated by m. for a; and b; while 7 has the
biggest impact for ¢;. Note that the scale uncertainties are obtained as before by varying
w1 = pp = pe simultaneously between 2.1 GeV and 8.4 GeV. The sub-leading term is only
known to LO and is therefore the same for all renormalisation schemes up to minor differences

in the parametric uncertainties. For the By system we find similarly

aj =0.616700% £ 0.35para
b5 = 009010 0040 = 0-030para

¢§ =15.287508 . & 790054 , (4.35)

For the leading-1/my, contributions, the results in the MS and PS schemes are given in
table 2. When comparing to the results obtained for the current-current contributions only
at NNLO in ref. [3], we note that by is unchanged because the penguin operators do not yield
additional contributions to the (A%)2 term. In fact, only the mixed current-current penguin
contributions affect ag, and only in terms of ag. The results for ¢y are entirely new.

Using the numerical values of a, b and ¢ given here, the constraints shown in figure 10
can be plotted, where the error bands only include the uncertainty from the scale variation
of the leading-1/m; term. To motivate more accurate determinations of the quantities a‘fis
and AI'y, we have shown the constraints stemming from hypothetical measurements differing
by a factor of two. Since all terms involving a/c or b/c are small, AT';/AT's can be predicted
with high precision. The factor |A¢|2/|\§|? is the same as in AMy/AM;, so that the curve
in the (p,n) plane looks very similar to the corresponding circle around (1,0) with radius
R; shown in light red in figure 2. Since AT'y/AT's and AMy/AM depend on new-physics
parameters in a very different way, this feature can be used to identify new physics in either
ratio or in other quantities entering the global fit of (p, 7).

To illustrate the size of the uncertainties of all input parameters, including the non-
perturbative matrix elements, compared with the perturbative uncertainties of our calculations,
we also show the constraints on the apex of the CKM triangle with all uncertainties combined
in figure 11. We observe that the bands for AT';/AT's are still very narrow and the current
status of theoretical predictions lead to strong constraints on the apex of the unitarity triangle.
This is possible because the ratio of the leading-1/my, matrix elements is proportional to &2,
which has been determined very accurately on the lattice.
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Figure 10. Constraints on the apex of the CKM triangle in the PS scheme. The bands correspond to
the perturbative uncertainty of the leading-1/m; term, which have been added in quadrature, and are
plotted for a2 = —5x 1074, a>® = —1x 1073, (AT4/AT,)® = 0.029 and (AT4/AT,)® = 0.0145.
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Figure 11. Constraints on the apex of the CKM triangle in the PS scheme. The bands correspond to
the full uncertainty and are plotted for a?s’(l) =-5x1074, a?s’@) =—1x 1073, (AT4/AT,)™M = 0.029
and (AT4/AT',)?) = 0.0145. The perturbative uncertainties of the leading-power and 1/mj-suppressed

contributions have been added in quadrature here.
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MS | co ao bo
Q | —42.6715+£05 1097555 £0.21  0.10873938 +0.005
Qs | —84.67088 +£0.99 2.66%335 £0.11  0.14175:523 +0.011

Table 4. Results in the MS scheme for the individual matrix element coefficients with the two-sided
perturbative and symmetrised input uncertainty. The scale uncertainty is obtained from varying
11 = py = W simultaneously between 2.1 GeV and 8.4 GeV.

PS | co ao bo
Q | —41.9737+05 11.2070%5 +£0.23  0.11570032 + 0.006
Qs | —84.4198+1.0 274100+ 011 013975022 + 0.012

Table 5. Results in the PS scheme for the individual matrix element coefficients with the two-sided
perturbative and symmetrised input uncertainty. The scale uncertainty is obtained from varying
1 = pp = pe simultaneously between 2.1 GeV and 8.4 GeV.

4.5 Numerical results independent of CKM values and hadronic matrix
elements

In this section, we present our results independent of any input values pertaining to the
CKM matrix or the hadronic matrix elements, which carry most of the input uncertainties.
Following eq. (4.14), we write

'y 4 A X2 | (Bg| O|By)
= 1074 % Y co +ap S + bo Sty | L0 (4.36)
M, zo: Al M2 | (B Q|By)

where the sum is over the set of operators

0 €{Q,Qs, Ry, R1, Ry, Ry, R3} . (4.37)
Note that the matrix elements of Ry and R3 were eliminated using [20]
Ry =—Ry,
R3 = Rg+ %Ez ) (4.38)

which holds up to corrections of higher order in oy and 1/my. In the parametrisation of
eq. (4.36), all input parameters that depend on the specific B, mesons was factored out such
that the constants ap, bp and co are the same for Bs; and B;. The results are given in
tables 4, 5 and 6, where the 1/mj-suppressed terms do not differ between the two schemes
since they are only know to LO. The uncertainties of all coefficients are dominated by the
scale uncertainty since the remaining input parameters have a minor impact on the final
result and are known relatively precisely.

The values given in tables 4, 5 and 6 can be used to update, e.g. the constraints on
the CKM triangle as shown in figure 11 once more accurate results for input values like the
hadronic matrix elements become available. It is worth noting that the constraints from
AT 3/AT; are essentially unchanged with the current input values whether the simplified
formula from eq. (4.31) or the full parametrisation in eq. (4.36) is used.
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1/my | co ao bo

Ry | 279733405  —0.493700% £0.019  —0.044913985 + 0.0024
Ry | —55.871%4+0.9 0.99701% 4+ 0.04 0.0907001% & 0.005

R | 17272249 —3.0519-20 £ 0.11 —0.27710033 +£0.015

Ry | 23173143 —0.73%515 4+ 0.02 0.061570-098 4 0.0036
Ry | 3897045 +014 4477033 4+0.17 0.57970:9%8 +0.032

Table 6. Results for the 1/m;-suppressed matrix element coefficients with the two-sided perturbative
and symmetrised input uncertainty. The scale uncertainty is obtained from varying p; = up = pc
simultaneously between 2.1 GeV and 8.4 GeV.

5 Conclusions

In this paper, we complete the NNLO corrections from leading-power operators to the decay
width difference and the charge-parity asymmetry. We include all current-current and penguin
operators in the three-loop contributions of the |AB| = 1 part and incorporate the full charm
quark mass dependence through deep expansions in m./m;p. New ingredients from this paper
are the penguin contributions at NNLO and their full charm quark mass dependence at NLO.

We perform a detailed phenomenological analysis of ATy and af, both for the By and
the By system. The inclusion of the penguin contribution at NNLO leads to shifts below 2%
and 0.5% for AT, and af, respectively for the central values of the renormalisation scale.
However, we observe a further stabilisation of the dependence on the renormalisation scale
which we use to estimate the uncertainties from unknown higher-order corrections. They
amount to about £7% for AT'; and +£5% for af. A further reduction requires a four-loop
calculation in the |AB| = 1 theory accompanied by a three-loop calculation on the |AB| = 2
side together with a proper definition of the corresponding evanescent operators. Such a
calculation will most likely not be available in the foreseeable future.

In our prediction the dominant uncertainty stems from 1/mj, corrections. In order to
allow for a simple incorporation of future improvements, we provide ready-to-use formulae
for AT'y/AM, where updated values for the leading and 1/my-suppressed bag parameters
can be inserted in a straightforward way.

A phenomenological interesting quantity is the double ratio (AT's/AM) /(AT y3/AMy)
since hadronic uncertainties cancel to a large extent, and the perturbative uncertainty is
reduced to the sub-percent level. We calculate the most accurate prediction of AI'y to date
with a combined uncertainty of around 6%, which can be further reduced to the sub-percent
level with more accurate determinations of the hadronic bag parameters.

Finally, we combine the predictions for ags and ATl'y/ATs to show how the apex of
the CKM triangle can be constrained from mixing observables in the By and Bj system
alone, without the information from a global fit to CKM parameters. We find that the
constraints from af, and in particular AT'y/ATy yield very stringent constraints given a
particular set of measurements, which motivates more accurate experimental determinations
of the B mixing observables.
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