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1. Introduction

At the beginning of the 1960s, Tosio Kato asked, whether, given two Hilbert spaces
V C H with V being dense in H, the domain of the square root of the maximal accretive
operator L in H associated to a closed and sectorial sesquilinear form a: V x V — C
always coincides with the form domain, i.e., whether D(L'/ 2) = V. In the subsequent
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years it became clear by counterexamples of Lions [35] and McIntosh [36] that such a
result does not hold in this generality. Lions already specified the question to elliptic
operators L = —div(uV-) with bounded measurable coefficients which became known
as the Kato square root problem. It was eventually resolved in the whole space to the
affirmative by Auscher, Hofmann, Lacey, McIntosh and Tchamitchian [10] in 2002.

In the last two decades there has been a surge of interesting results that revealed,
for instance, a deep connection of the square root property to boundary value prob-
lems [1,3,6,8,11,12,32], operator-adapted function spaces [8,12,31], maximal regularity
and quasilinear PDE [5,7] and many more [4,17,18,23,29,30]. Since the restriction from
densely defined, closed and sectorial sesquilinear forms to elliptic operators in divergence
form is quite drastic, there has always been the question for which other operators this
square root property holds.

For elliptic operators the validity of the square root property was extended to situ-
ations including rough boundary geometries and mixed boundary conditions [15,19,24]
as well as to operators on submanifolds [38]. Using the theory of Muckenhoupt weights,
it was extended to elliptic operators with degenerate coeflicients [20-22]. It was further
established for Schrodinger operators [16] and parabolic operators [9,40].

The purpose of this paper is to enrich the class of operators sharing the square root
property by a nonlocal operator that naturally arises in the theory of fluid mechanics.
More precisely, we consider the generalized Stokes operator in the whole space, which is
formally given by

Au = —div(uVu) + V¢, div(u) =0 (1.1)

and assume that the coefficients p are bounded and measurable, and satisfy a Garding
inequality. The sesquilinear form to which A is associated is given by

d
a:HRY) x HY(RY) - C, (u,v)—~ Y /ufjﬂaﬁujaavidx, (1.2)
a,B,,j=1pa

where H! (R?) := {u € H'(R% C?): div(u) = 0}. Thus, the square root property for the
generalized Stokes operator asks for the identification of D(A'/2) with HL(R?).

Even though the sesquilinear form in (1.2) has the same form as for elliptic operators
in divergence form, it has the crucial difference expressed in the fact that the form
domain is only given by H! (R?). This results in the appearance of the pressure gradient
in (1.1) and, in stark contrast to elliptic operators, has the effect that A is nonlocal.
The locality of elliptic operators is a key-property for the derivation of one of the most
important tools used in the proof of the square root property commonly known as off-
diagonal estimates. For the resolvent of the generalized Stokes operator such off-diagonal
estimates are not known. Recently, the second author established a nonlocal version of
such estimates with polynomial decay [43] but, so far, the order of decay is too small and
thus insufficient for our purposes. We will improve the order of decay of these estimates
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by an iterative procedure and thereby attain a sufficient order of decay. Afterwards we
will show how to adapt the proof of the square root property for elliptic operators to
these new nonlocal estimates.

Let us state the main result of this article in detail. We start with our assumptions
on the coefficients.

Assumption 1.1. The coefficients p = (uffﬂ)iﬁ’i,j:l with uiajﬁ € L>®(R% C) for every
1< a,pB,i,j < d satisfy for some po, n® > 0 the inequalities
d ..
Re Z /ugﬁagujﬁaui dz > pe||Vullie (u € HY(R?; C?))

@B,i.j=1Ra

and

esssup eq | (@)l gcaxay < p°

The generalized Stokes operator A is realized on L2(R9) via the sesquilinear form
n (1.2). Thus, A is given by Au := f, where u € D(A) and f are associated via

D(A) ::{u € HL(R?) : 3f € L2(RY) such that

Vo € HL(R) it holds a(u,v) = /f . Edm}.
Rd

The main result of this article concerns a characterization of the domain of the square
root of A as the space of divergence-free H!-vector fields. We stress, that neither sym-
metry nor regularity of the coefficients is assumed.

Theorem 1.2. Let p satisfy Assumption 1.1. Then A has the square root property, i.e.,
we have that D(AY?) = HL(R?) and

CY[Vullee < |AY?ullz < Ol Vull:  (u € Hy(R))
where C' > 0 only depends on d, pe and p®.

A particular application that Kato had in mind was the Lipschitz dependency of the
square roots A'/2 with respect to the coefficients y measured in the L>-topology, which
is proven via holomorphy. To formulate such properties and statements let us emphasize
the coefficients in the notation of A by writing A, for the generalized Stokes operator
with coefficients p.
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Theorem 1.3. The set O := {u: p satisfies Assumption 1.1 for some e, u® > 0} is open
in the L°°-topology and the map

O = L(H,(RY), L3 (RY)), s A7

is holomorphic, i.e., for every u € O and M € L= (R%; L(C9*?)) there exists r > 0 such
that the map

. d d 1/2
{zeC:|z| <r} = LHALRY,LEZ(RY)), =z~ Au+zM

is holomorphic.

This kind of holomorphy of p +— A}/ 2 implies the above-mentioned local Lipschitz
property for small perturbations which reads as follows.

Corollary 1.4. Let py € O. Then there exists § > 0 and a constant C > 0 depending only
on (p1)e, (#1)®,d and § such that for all pz € O with ||pg — p1l|Lee (Re;o(Caxay) < & we
have

”A;l/gQ - A}AQHL(H},,LE,) < C”:U'Q - /L1||LOO(Rd;£(CdXd)).

Let us mention that the generalized Stokes operator arises in the theory of fluid
mechanics as the linearization of non-Newtonian fluids, see, e.g., [41, Sec. 12.1]. In this
context, symmetric coefficients are of particular interest and the square root property
can be established by Kato’s second representation theorem [34] using pure abstract
reasoning. However, already for elliptic operators in divergence form, there is no known
proof that establishes the Lipschitz estimate in Corollary 1.4 for symmetric coefficients by
remaining in the class of operators with symmetric coefficients. All existing proofs, such
as the one presented here, use in a crucial way the square root property for operators with
nonsymmetric coefficients. Thus, this Lipschitz estimate can be regarded as nontrivial
even if one is only interested in symmetric coefficients.

The outline of this paper is as follows. In Section 2 we collect elementary L2-
estimates on the resolvent of the generalized Stokes operator and then establish the
above-mentioned nonlocal off-diagonal estimates of polynomial order. Afterwards we
begin to adapt the proof of the square root property for elliptic operators as it was
presented in [27]. In Section 3 we shortly recapitulate the reduction to a square function
estimate which is then established in Sections 4 and 5. Section 4 presents how the classi-
cal principal part approximation can be adapted to these nonlocal off-diagonal estimates
of polynomial order, leading — as in the elliptic situation — to a reduction to a Carleson
measure estimate. This is established in Section 5 where a T'(b)-type test function has to
be constructed. Compared to elliptic operators there will be an additional constraint in
this construction as it has to cope with two ingredients at the same time — divergence-
freeness and locality. Here, a suitable Bogovskii correction will be crucial. In the final
Section 6 we establish Theorem 1.3 and Corollary 1.4.
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Notation

Throughout this article, the dimension is denoted by d and satisfies d > 2. We will
write N for the set of all positive integers and Ny for the set of all non-negative integers.
The norms of C and C¢ will be denoted by |- |, all other norms will be labeled accordingly.
We will use the euclidean norm on C? and C?*?. The open ball centered in 2 € R¢ and
with radius r > 0 is denoted by B(z,r). Given an open ball B and ¢ € Ny, the ¢-th
dyadic annulus around B is defined by

Cy(B) := B(z, 2 )\ B(z,2%) if £>1 and Cy(B):=2B.
Given a cube @ C R? we denote its sidelength by £(Q). As for balls, we define
Co(Q) =271Q\2Q if £>1 and Co(Q) = 2Q.

In estimates it will be convenient to write @ < 8 or a 2 [ if there exists C' > 0,
depending only on parameters not at stake, such that a < C'8 or Ca > 5. We will write
a~fifa <P and a 2 S. In some situations it will be more handy to keep the notation
a < CB or Ca > B.In this case C is generic.

The characteristic function of a set A C R? is denoted by 14. If A is measurable we
denote its Lebesgue measure by |A|. In the case 0 < |A| < oo, we define the mean value
of f € L (R%) as

(f)a :=][fdx 1=|117|/fd1;.
A A

Important function spaces of divergence-free vector fields are given by

L2(RY) := {f ¢ L2A(R% C%): div(f) = 0 in sense of distributions}
H! (R?) == {f € HY(R% CY): div(f) = 0}.

Recall that
C,(RY) = {p € CX (R CY): div(p) = 0}

is dense in L2(R?) as well as in H.(R?), see Lemma I1.2.5.4 and Lemma I1.2.5.5 in [42].
The space of all bounded and antilinear functionals from H!(RY) — C is denoted by
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H;1(R?). Given u € H'(RY C?), we regard its gradient as the matrix given as the
transpose of the Jacobian of u, i.e., Vu = (Oaus)2 ;.

For o € (0,1) the fractional Sobolev space with differentiability « will be denoted by
H*(R?). We write its norm in integral form

2 2
Il 5= 152 + 17 e W%Hﬂm;(ﬂr oSl )

For f € H*(RY) we will need to calculate a counterpart of the homogeneous H®-seminorm
on a measurable set A C R% which we write as

2 3
oy = (] T day)
AxA

X

2. L2-theory of the generalized Stokes resolvent

This section is devoted to properties of the generalized Stokes operator. It contains
elementary properties that directly follow from classical form theory. The main result of
this section is Proposition 2.5 which can be seen as nonlocal off-diagonal estimates for
the generalized Stokes resolvent. We start by introducing an extension of the generalized
Stokes operator in H, }(R%).

Definition 2.1. The weak (generalized) Stokes operator A : HL(RY) C H;1(RY) —
H, 1(R?) associated to the sesquilinear form a is defined by

(Au, v) g1 = a(u, v) (u,v € HL(R)).

Observe that u € D(A) if and only if Au € L2(R?). Hence, A is an extension of A.
For later reasoning it will be important to deduce a representation of A as a product of
the operators div, p and V. For fixed x, the coefficients may be interpreted as a linear
operator from C%4*4 to C4¥4 via

d
(Zﬂw DGs) - (Gec™).
j,6=1 ’
If one defines the dot-product of two matrices G, H € C%*? as G- H = Za ie1 GaiHai,
then the sesquilinear form defined in (1.1) can be written as
a(u,v) = /,uVu - Vo da. (2.1)

Rd
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Given F € L2(R%; C%%) its weak divergence is defined, as usual, as an element in
H= (R4 C%) := (H'(R% C?)) via

d
(div(F),wyg-1 =~ Y _ [ Faifawidz  (we H'(R%C?)).

a,i:le

To interprete the function v € H! (R?) in (2.1) as an element in H!(R¢; C?¢) we introduce
the canonical inclusion ¢ : H} (RY) — HY(RY;C?). If P ==/ : H-}(R%; C?) — H; 1 (R?)
denotes its adjoint, then for u,v € HL(R?) we have

(Au, v) -1 z/,uVu Vi(v) de=(—div(pVu), t(v))a-1 g = (=P div(uVu), v)g-1 g -
R4

We record this representation in the following lemma.
Lemma 2.2. We have
Au = —Pdiv(uVu) (v HL(R)).

Remark 2.3. The representation in Lemma 2.2 was already proven by Mitrea and Mon-
niaux for the classical Stokes operator (with div(uVu) replaced by Aw) in bounded
Lipschitz domains, see [37, Prop. 4.5].

The control on the essential supremum of the £(C%*?)-norm of p in Assumption 1.1
can precisely be understood as |p(z)G|caxa < p®|G|gaxe for G € C¥*4 and x € R%
Thus

la(u, v)| < p*[Vulli2 [Vollee (0 € HY(RECY),

so that a is, in particular, a bounded sesquilinear form on H! (R?). The Garding-type
estimate in Assumption 1.1 exactly means that a is coercive. As a consequence, the
uniform resolvent bounds in the next proposition, in particular the sectoriality of the
generalized Stokes operator in L2(R?), follow from classical form theory involving the
Lax—Milgram lemma. The proof will be omitted.

For the rest of this section, we will denote a sector in the complex plane with opening
angle 260, 6 € (0, ), around the positive real line as

Sp :={z € C\ {0} : Jarg(z)| < 6}.

Proposition 2.4. Let v satisfy Assumption 1.1. Then there exists w € (w/2,7) depending
only on d, pe and p® such that S, C p(—A) N p(—A) and for all 6 € (0,w) there exists
C > 0 such that for all A\ € Sg and all f € LZ(R?) we have
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A+ A Fllee + A2V + A) 7 Iz < ) fllea-
Moreover, there exists C > 0 such that for all A € Sg and all F € L2(R%; C%*4) we have
AZIA+ AP div(F) ez + [V + AT P div(F)||z < Cf|F e
The constant C' only depends on 0, d, u® and ie.

Finally, we present an off-diagonal type estimate for the family ((A +.4) 1P div)yes,,
which plays a key role in the proof of the square root property below.

Proposition 2.5. There exists w € (1/2,m) such that for all € (0,w) and v € (0,d + 2)
there exists C > 0 such that for all balls B = B(zo,7), A € Sg and F € L?(R%; C4*4)
the following nonlocal off-diagonal estimates are valid

C co n n—k—1 C »
n=0k=0 s=0 on+lp

The constant C' only depends on 6, v, d, 4* and -
Proof. For the sake of clarity, we will write |- | = |+ |caxa in this proof.

Let u € HL(R?) be given by u := (A + .A)"1Pdiv(F). Then in [44, Thm. 1.2], the
following nonlocal Caccioppoli inequality was proven

|/\|Z2"’k / |u|2dx+22 v / Vuf? da

2k B 2k B
- —(v+2)k C 2 - —vk 2
<) 2 uf? dz +C ) 2 |F|? dz
k=0 k=0

2k+1RB 2k+1 B

for some C' > 0 depending only on p,, 1°, v and dimension d. Dropping the series of the
gradients, dividing by |\| and estimating 2~ (+2)k < 9=V tyurns the estimate into

- —V C . —V 1%
> 2 k/|u|2dx§|)\|r222 k / \u|2dm+|)\|22 k / |F|?dz. (2.2)
k=0 2k B k=0 2k+1 B

2k+1 B

Observe that on the right-hand side almost the same term as on the left-hand side
appears but that B is replaced by 2B. Thus, this term can be estimated by using (2.2)
once again but with B replaced by 2B. This leads to

—vk 2 —uk 2
ZQ /|u\ < B WZ [ i

2k+2 B
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[eS) £—1

c —v
Z(H)W—Q?)2 k / |F|? da.

= = ok+e+1B

C 1
>

Iterating this procedure with growing radii leads in the limit to

3 gk |u|2dzgﬂzz(n Ws) R AT
k=0 2k B £=0 k=0 =0 ok+L+1 B
C oo 00 -1 C .
= — 27" F|*d
)\|ZZ( |)\|T2225) / |F|” dz
k=0¢=0 *s=0 2k+e+1R
oo o0 n—k—1
C C
= 2 vk F|?d
S (I e )2 [ IrPa
k=0 n=k s=0 gntip

n—k—1 C
|ZZ< H |)\|T2225>2_Vk / [F[*dz. O

n=0 k=0 5=0 ontip

Corollary 2.6. For all v € (0,d+2) there exists a constant C > 0 such that for allt > 0,
balls B = B(xg,r) with r >t and F € L%(R%; C¥*9) we have

/|t (1+2A) P div(F )|2dx<C22_”" / |F|¢axa da.

n=0 C,,,(B)

The constant C only depends on v, d, u® and fie.

Proof. For the sake of clarity, we will write || = |- |cax« in this proof.
First observe that A2 (A + A) P div(F) = t(1+ t2A) 1P div(F) if A = ¢t~2. Next, an
application of Proposition 2.5 with v’ € (v,d + 2) yields

—k—1
C N\,
=

=0 on+1p

/|t (1+t2A) " 'Pdiv(F |2dx<zzn:(n

n=0 k=0

oo

ZZCn k:2 (n—k—1)(n— Ic)Q vk / |F|2d:L'

- - 2n+lB

Without loss of generality, assume that C' > 1. Let ky € Ny be such that C < 2’“0*1”",
so that C2=(n=F=1) < 9=v" whenever n — k > ko. Then

n n—=ko n
ch—kQ—(n—k—l)(n—k)Q—V'k: < Z 2—V/(n—k)2—1/k + Z Cko—12—l//c ,S 9—vn

k=0 k=0 k=n—ko+1
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Consequently,
Zch7k27(nfkfl)(n7k)271/k / |F|2 dz < 2271/71 / |F|2 de.
n=0 k=0 ont1p n=0 ont1p

Splitting 27! B into annuli finally yields

R / FRdr =YY 2 / FRde g 2 / FPdz. ©
n=0 ont1p n=0 (=0 Co(B) £=0 Co(B)
Remark 2.7.

(1) One can replace balls by cubes in the statements of Proposition 2.5 and Corollary 2.6
since one can prove the nonlocal Caccioppoli inequality for cubes as well.

(2) If supp(F) C Cp(B) for some n € N, then the estimate in Corollary 2.6 turns into
[t(1 + 2 A) T P div(F) |2y < C27 2| Fllr2(c(B))s
which is an off-diagonal estimate of polynomial order %.

3. Reduction to a square function estimate

As for elliptic operators, the square root property for the generalized Stokes operator
is equivalent to the square function estimates

r dt
Jleaq+ et S S 1valts (e BLRY) (3.1
0
and
* 2 A4x\—1, 112 di 2 1 d
Jea (14 A7) Ml T S IVulfe (w e HLRY)
0

where A* is the Hilbert space adjoint to A. An abstract argument for this was presented
in [27, Prop. 12.7]. We shortly recapitulate the proof of necessity of this equivalence here.

Since A* is a generalized Stokes operator which coefficients (given by (p*)iajﬁ = ué’;)
still satisfy Assumption 1.1 it will suffice to establish (3.1) for the class of all generalized
Stokes operators subject to Assumption 1.1.

Consider the holomorphic function f(2) := 1/z(1+2)7! on S,. As A is m-accretive it
has a bounded H*-calculus due to von Neumann’s inequality [25, Thm. 7.1.7]. McIntosh’s
theorem [25, Thm. 7.3.1] implies that A satisfies quadratic estimates, i.e., that
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Jls@ i G =it e L2@Y) (52)
0

Given u € D(A), one calculates f(t2A)AY?u = tA(1 +t>A)~'u, so that (3.1) combined
with (3.2) applied to v = A2y turns into

r e dt
1A 2u)lfe < / IEAQ+ £ A)Mullfe = S IVulf (v € D(A)),
0
Since D(A) is dense in H. (R?) with respect to the H. (R%)-norm (this follows abstractly
by [34, Thm. VI.2.1]), the closedness of A'/? yields that H.(R?) C D(A'/?) and that
1A ullie S [Vulz (u€ Hy(RY)).

Replacing A by A* we deduce the same estimate for A*. Thus, Assumption 1.1 yields
for u € D(A)

pal|Vulfs < Rea(u,u) = Re{Au, u)rz < | A ?ul|r2l|(A7)Pullie S A 2ullpz | Vul|pa.

Since D(A) is a core for AY/? (see [34, Thm. V.3.35]), we conclude that D(A'/2) C HL (R%)
and that

IVulls S [AY2ullz (u e D(AYV?))
by density. Thus, Theorem 1.2 is proved once the square function estimate (3.1) can

be established for all generalized Stokes operators A which coefficients satisfy Assump-
tion 1.1.

4. Principal part approximation

Since the square function estimate (3.1) requires a control by F := Vu we rewrite the
expression on the left-hand side in terms of Vu by using Lemma 2.2

tA1+ 2 A) = t(1 + 2 A) T Au = —t(1 + 2 A) TP div(uVu) = 04(Vu).  (4.1)
Definition 4.1. For ¢t > 0 define the bounded operator ©; by
0;: L2(R% ¥y 5 1L2(R%CY), O.F = —t(1 + 2 A) "' P div(uF).
Recall that (—t(1 + t2A4)"'Pdiv);~o defines a bounded family of operators in

L(L2(R4;C4*4) L2(R%;C4)) and further satisfies the nonlocal off-diagonal bounds from
Proposition 2.5 and Corollary 2.6. Since ©; arises from that family by multiplication by
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the bounded, matrix-valued function u, these estimates are transferred to ©; and will
be used frequently in the following. A first application is the following definition of ©;
on bounded matrix-valued functions.

Proposition 4.2. Let b € L>®°(R%; C%*?). Then for everyt > 0 and ball B = B(x,r) C RY
the limit

(")tb = hm @t(lngb)
j—oo

exists in LIQOC(Rd; C%) and is independent of x and r. Additionally, one obtains the same
limit if B is replaced by a cube with sides parallel to the coordinate azes.

Proof. Let K C R? be an arbitrary compact set. Then there exists jo € N such that
K C 290 B. Assume from now on that £ > j > jg. Proposition 2.5 implies

1©4(1ae5b) — ©4(Laib) 12 sy < 1106(Larpr2s BO) T2 (200 )

oo n—k—1
< c 271119 1 b 2
~ 22(s+i0) 2 ! ” 2¢B\27 B ||L2(2J'o+"+1B)
n=0 k=0 s=0 t2
—k—

(o
(

1

—vk 2
22(&+Jo)r2>2 v '||bHL2(2jo+n+1B)

[SS) n—k—1 C
<y IT s )2 120 Bl ol
n=j—jo k=0 s=0 t2
—k
< Z Z ct? " 2—(n—k—1)(n—k)2—uk . |2j0+n+1B‘ Hb||2
k= 22joy2 Lee-
n=j—jo

Choosing jo large enough, we can assume that C't?/(2%072) < 1. Moreover, maximizing
the coefficient 2~ ("=F=D(n=k)9=vk with respect to k shows that

1©¢(12¢5b) — ©4(12Bb) 2 () < C(v) Z n2=V" - |200F LB |||

n=j—jo

< C(v,d, jo,r) Z n2( = |p||? .

n=j—jo

which converges to zero for £,7 — oo because we can choose v > d. Hence,
(©¢(12:pb)) jen is a Cauchy sequence in L*(K) for every K, which implies the con-
vergence in L2 (R4 C?).

B-independence of the limit as well as that B could be replaced by a cube follows by an
analogous pattern, see, e.g., [8, Prop. 5.1]. Recall that (as was mentioned in Remark 2.7)
the off-diagonal estimates hold for cubes as well. O
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Definition 4.3 (Principal part of ©;). Identify the matrices ejx = (6jm0kn )t 1 € C*4,
where 6,,, denotes Kronecker’s delta, with the respective constant functions on R¢. For
t > 0 we define the principal part of ©; as

(’Yt)jk = Gt(ejk) € leoc(Rd; Cd)

for all j,k = 1,...,d. In many situations, we will regard v;(z), for z € R% and ¢t > 0
fixed, as a linear operator in £(C%*?¢ C?) defined via

d

e(2)- G =) (u(@)pGie (G eC™).
Jk=1

The norm of v;(x)- will be denoted by |y¢(z)-|z(caxa,ca)-

The idea of the principal part is to approximate the operator ©, in an averaged sense
in order to reduce the square function estimate (3.1) to a certain Carleson measure
estimate. For this purpose, we next introduce the dyadic averaging operator as in [27,
Sec. 9.3].

Definition 4.4.
(1) For each j € Z we define dyadic cubes of generation 27 as elements of the set
Oy = {272 +[0,29)% : . € 2%}

and denote by L] := Ujczlly; the collection of all dyadic cubes. Moreover, for ¢t > 0
set [1; :== [y, for the unique integer with 291 <t < 27,
(2) For u € L} (R?) and t > 0 define the dyadic averaging operator (at scale t) as

loc

(Agu) () = f u(y) dy
Q

where Q € [J; is the unique dyadic cube which contains x € R%.

When a scalar operator, such as the averaging operator, is applied to a vector- or
matrix-valued function, we agree from now on to apply the operator to each component
separately.

In the following proposition, the principal part will be applied to an average of Vu.
Observe that the trace of the matrix Vu satisfies tr(Vu) = 0 because u is divergence-free.

To capture this fact, we introduce the following projection onto trace-free matrices on
Cdxd
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G
tr( )Iddxd

Tp: C4 5 C¥4 TG :=G—
where Idgxq € C?*? is the identity matrix. The map v;(x) - To € L(C¥*4 C9) will be
understood as v¢(z) - ToG = () - (ToG) for G € CI¥*

Proposition 4.5 (Reduction to a Carleson measure estimate). If

/Wuet e ANV TS IVulEs (u e By (RY), (4.2)

0

and if |y¢(x) - To|7(caxa cay dedt

HL(RY).

is a Carleson measure, then (3.1) is valid for all u €
Proof. Observe that v(x)-(A:Vu)(z) = y¢(x)- To (A Vu)(2) since div(u) = 0. Using (4.2)
we estimate

T at at
/M@AVuué——<g/u@t e AT &
0

dx dt
//N&wun@mm<>%m@mm>
0 R4
r dz dt
SIVulls + [ [ AT @R eshi@) - Tl o o0 50
0 R4

Under the assumption that |y (x) - Tol? £(Caxa cay dztdt is a Carleson measure, the sec-

ond term can be estimated by the L2-norm of Vu due to Carleson’s lemma, see [27,
Thm. 9.19]. The relation (4.1) now implies the claim. O

The rest of this section is devoted to establish (4.2). We follow the approach of [27] by
first showing uniform bounds of ; - A; and its approximation ©; —v; - A in L2(R%; C?).
The following representation of ~; - A F for F € L2(R%; C?*?) will play a useful role in
their proofs. For a fixed dyadic cube Q € [; we have for z € Q

www@=é@mmwﬂw[(i% o) @)

, J k=1

= [0 (1re(F)q)](=).

Thus, by virtue of Proposition 4.2, we obtain
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= o0 (4.3)
= lim > 0(1o,0)(Fle) = >_Oi(low@ (Fa)-
£=0 =0
Lemma 4.6. For all t > 0 we have
ve - AcFllz S |Fle (F € L3R C4%9Y).
Proof. It is enough to show

for all cubes Q € [;. As for (4.4), we use (4.3) and apply the off-diagonal type estimates
for ©; from Corollary 2.6 with £(Q) > t in order to estimate

|7 - AeF L2 (@) < ZH@t(chQ)(F)Q)HL?(Q)

£=0
oo o0 %
<oy (L e Eoltce) 09
£=0 “n=0

=C> 27 (Folle(cua))-
£=0
By Holder’s inequality, it follows

C 3 C 3
I(Flalhacion = - < [CQIE

d
caxa Q|2 IFllL2q) = 22| FllL2(q)-

/Fdx
Q

Hence, we get

d—

2VZHF||L2(Q) < C|F|lL2 @)

7t - AeFl|L2 (@) < CZQ
=0

where we used in the last inequality that the choice v > d is admissible. This
proves (4.4). O

The following lemma provides already an estimate in the direction of (4.2) but with
a fractional Sobolev norm instead of an L?-norm on the right-hand side. Observe, that
the information that F' is a gradient is not (yet) used in this estimate. Note that such
a control by a fractional Sobolev norm was also used in the resolution of the parabolic
Kato problem, see [9, Sec. 7.3].
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Lemma 4.7. For allt > 0 and « € (0,1) we have
10 =% - A)FllLe St Fllge  (F € H¥(R%GCH).

Proof. Similar to the proof in [27, Lem. 13.6] we argue in two steps: First we work on a
fixed dyadic cube and then sum over a partition of R%. So fix a cube Q € [J;. Since ©,
is bounded from L2(R%;C9*?) to L2 (R?), we have

O.F = Z O, (lcz(Q)F) (F c LQ(Rd; (Cdxd))
=0

with convergence in L2(R¢;C?). Subtracting (4.3) on @ and applying the off-diagonal
estimates from Corollary 2.6, we find

1O =7 - AN Fllz(@) < D110 (Levi@) (F = (F)@)) (g

=0
[ee) oo %

< <Z2‘”“H1@(Q)(F— (F)Q)Hiz(cn(Q)))
=0 \n=0

= 275 F — (F)glle@1q)-
=0

Next, the aim is to control the right-hand side by a fractional Sobolev—Poincaré inequal-
ity. For a sufficiently good control on the dependency of the implicit constant on ¢, we
introduce a telescopic sum and estimate

[F' = (F)qll22e+19)
(41
<|IF = (F)aesigllie i) + D 1(Faig — (Flai-igllie @)
j=1
+1
1
= [|IF = (F)art1gllie@eig) + 12771 Q)2 Z| )2iq — (F)2i-1qlcaxa

41
= ||F = (F)arigllieengy +1241Q) Z 27— 1Q‘ (Flarq e
(Cd)(d
4+1 1
<|IF = (F)aesigllieeng + 1241 Q)2 Z PErH | F = (F)2iqllLz2iq)

where we used Holder’s inequality in the last step. Now, apply the fractional Sobolev—
Poincaré inequality from [33, Lem. 2.2] componentwise with p,q¢ = 2 and « € (0,1):
There is a constant C', depending only on d, such that
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|F - (F)21Q||L2(2J'Q) < C|2jQ|%HF||Ha(21Q) < Ct&2aj||FHHa(2jQ) (4.6)

for all j € N. This leads to

IF' = (F)ellL2 210

{+1
5t 2 (£+1)||F||Ha(28+1Q) + |2£+1(2|2 Z WH HHQ(2JQ)
l+1
aoo and aj—%j
~ {92 Z||FHH@(2£+1Q) +t 22£22 J 2]||FHHa(2jQ)'

j=1

Summarizing, we showed for 0 < v/ < v

1(©: =1 - At Fl[72(0)

- 241 2
S 32 (2 Pl gy + 28 2T Pl gy

=0 j=1

o) +1
§t2a22ué(22aé”F|%Ia(2£+lQ) (€+ 2d€222aj dJHFHQQ 250) )

£=0 j=1

Now, summing over all Q € [, yields

18 — vt - A F|22

o 41
SJ 2 Z 22_U €<22a€”F|2‘a(2e+1Q (€+ 1 2(%2220[] dJ”Fnz" 2JQ)>

Qeld, =0 j=1

41
_ t2a Z 9=V v (22a€ Z ||F‘ H(¥(2Z+1Q (f + 1)2(” Z 22aj_d] Z ||F‘ I%I(y(ZjQ)) .

Qell; j=1 Qell;

Observe that

2 ‘F )|(Cd><d
S 1P = X [ [ e sy

Qell; Qell; 21Q 21Q
|F(2) = F(y)|gaxa
S//< 2 12]0(90)) o=y W
ReRe Q€lk
d |F |(Cd><d
< QJ// |x— ‘d+2a dx dy
R4 R4
= de”FH?{a(Rd)
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for all j € N. Thus, we conclude
1(© =7t - Ap) |72

oo {+1
S 052 (SR, gy + (0 12 S 2N

=0 j=1
S t2aHF||2_ @) Z 9~V ¢ <2(20+d)€ + (£ + 1)2(2a+d)€>
£=0
< 2P g

where the series converges for every « € (0, 1) since we can choose d+2a < v/ < d+2. O

To prove (4.2), we will first smooth out the “harsh” approximation to get a control via
quadratic estimates of some well-behaved operator and afterwards remove the smooth-
ing again to gain back the full estimate. For this purpose, we introduce the following
smoothing operator in the spirit of [27].

Definition 4.8. For ¢ > 0 define the following smoothing operators on L2(R%):
Poi=(1—-t*A)"" and Q;:=tV(l —t*A)"L.

As a reminder, the reader should keep in mind that we agreed to use the same notation
for extensions of operators on vector fields by acting componentwise.

Proposition 4.9. For F € L2(R% C%*4) the following smoothed principal part approwi-
mation holds

r dt
[1©0 = AyRFIE S S 17
0
Proof. Due to Lemma 4.7 and the characterization of fractional Sobolev-spaces through
the fractional Laplacian (see [26, Prop. 3.6]), we have
1(©¢ = 7e - A)PiFl|re S t|PF g = [[t*(=A) 2 (1 — t?A) "' F 2

for @ € (0,1). We conclude by quadratic estimates of the form (3.2) with the func-
tion f(z) = 2% (1 + 2z)~! which are valid for the Laplacian by McIntosh’s theorem [25,
Thm. 7.3.1], since the Laplacian admits a bounded H*-calculus on L?(R%). 0O

To remove the smoothing, we split

Ot =7 At) = (O =y - A) P+ 0:(1 = Py) — v - Ai(1 = Py) (4.7)
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and elaborate square function estimates for the last two terms.

Proposition 4.10. For every u € H(RY) we have the square function estimate
o0
5 dt < 9
18:(1 = P)Vulliz — < [IVullLe.
0

Proof. First observe that for every u € HL (R?) we also have —t2A(1—#2A)~1u € HL(RY)
for all ¢ > 0 since the Laplacian commutes with derivatives. Thus, we can compute by
virtue of (4.1)

O:(1 - P)Vu

(©:V)(1 = P)u

(LA(L+ 2 A) 1) (—PA1 = PA) )
(1= (1 +£2A4)7 ") (—tAQ - ?A) 1)
(1-(1+£4)"")Q;Vu,

where Q;Vu = (Q;Vuy,...,QfVuy) . By the sectoriality of A, we conclude
[©¢(1 = P)Vullre < [1QF Vullr:
such that the claim follows now from [27, Lem. 13.9]. O

Proposition 4.11. For all u € HL(R?) we have
2 de < 2
lve - Ae(1 = P)Vullgs — S [IVullL..
0

Proof. Observe that A; = A?. Then the uniform L?-bounds of v; - A; by Lemma 4.6
reduces the square function estimate to

2, dt

/IIAt (1= P)Vul SIVul:  (uwe Hy(R).

This estimate is now independent of the operator A and well-known, see, e.g., [27,
Prop. 13.13]. O

The proof of the above proposition uses an interpolation inequality, which will be of
use in the last section. Let us state it at this point and refer to [27, Lem. 13.12] for a
detailed proof.
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Lemma 4.12. There is a constant C' > 0 such that for all dyadic cubes Q € [ and all

u € HY(RY;,C?) we have
2
< L (][ |u|2dx> <][ |Vu|Eaxa da:)
Cdxd Q)

‘][Vudx
Q

A combination of Propositions 4.9, 4.10 and 4.11 with the splitting (4.7) establishes
the full principal part approximation.

Proposition 4.13 (Principal part approxzimation). We have the square function estimate
/ 1O —7e- A)Vuls S < IVuls  (ue HA(RY).

5. The Carleson measure argument

In order to finish the proof of Theorem 1.2 it suffices, by virtue of Propositions 4.5
and 4.13, to show that

dx dt
[7e() - TO|%(Cdxd7Cd) 5

is a Carleson measure. We shortly recapitulate the notion of a Carleson measure.

Definition 5.1. A Borel measure v on Ri‘H is called a Carleson measure if there exists
C > 0 such that

v(RQ) <ClQl (el

where R(Q) == @ x (0,4(Q)] denotes a Carleson box. The infimum over all constants C
is called the Carleson norm of v and denoted by ||v||c.

For elliptic operators in divergence form a key idea in the proof of the Kato property
is to use a sectorial decomposition of the range of the principal part. In our situation we
have to decompose the range of v; - Ty which is a proper subset of the range of ~;-. Since
v(z) is a (d x d)-matrix with entries in C? we have for x € R and t > 0

Ye(x) - To CV = {C- To: ¢ € (CH} C £(C™? C?)

where (¢ - Ty is defined in the same way as () - Tg.
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Lemma 5.2. V is a closed subspace of L(C?*4 C).

Proof. Let (£,),en € V converge to some ¢ € L(C%*4 C9). Since &, = z, - Ty for some
2n € (C?)4%d and Ty is a projection we get

.G =2, TG = 2, - T2G = £, ToG (G e C¥™9),
As a consequence we find that
€G = lim &, ToG =€ToG = ) | &(eji)(ToG)jk = ¢ - ToG,
jk=1

where (i, = {(e;x) and ej, was defined in Definition 4.3. O

The sectorial decomposition will now be defined with respect to the space V. For the
sake of brevity, we will write the £(C%*? C?)-norm of elements in V as |- |y.

Definition 5.3. Let € > 0. For £ € V with |£|y, = 1, define the open cone with central axis
€ by

f={weV\{0} ||t — €], <e}

Our goal is now to prove the following Carleson measure estimate, where we restrict
the values of the principal part to a cone I'g.

Proposition 5.4 (Directional Carleson estimate). There is a choice of € > 0, depending
only on d, e and p®, such that for every & € V with ||y = 1 we have

J[ @) 1B a0 EE S j0l @D,

R(Q)

Taking the directional Carleson measure estimate from Proposition 5.4 for granted,
we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Since V C L£(C?*9 C9) is closed, by Lemma 5.2, its unit sphere
is compact in the subspace topology. Thus, we can cover V' \ {0} by finitely many cones
I‘Zl, ceey I‘ZN, where N depends only on d and e. The estimate from Proposition 5.4 yields

N

dx dt dx dt
//|’Yt(x)'To$) : S//Zm(m)'T0|\2;1ng(’7t(x)'To) ; < CNIQ|
R(Q) R(Q) 7=

for every cube @ € U as required. Thus, |y(x) - T0|$,d”idt defines a Carleson measure.

Combined with Propositions 4.13 and 4.5, we obtain (3.1) which, thanks to Section 3,
proves Theorem 1.2. O
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The remainder of this section is devoted to the proof or the directional Carleson
measure estimate which bases on the construction of a T'(b)-type test function. More
precisely, for given @ € [ and £ € V with ||y, = 1, we strive for a construction of
functions bg, such that

lwly S Jw((Abg) ()]  (weTF)
for a hopefully large set of (z,t) € R(Q). The test function bf, should have two properties:

(1) Tt should be a gradient of an H!(R?)-function in order to make the principal part
approximation accessible.

(2) It should point in the direction of the unit matrix £ € C%*? that realizes the norm
of .

The first point will be achieved by making an ansatz for bf, as the gradient of a suitable
resolvent of A, i.e.,

by ~ V(1 +%0(Q)*A)~ .

Since (1 +20(Q)%A)~! is an approximation of the identity if ¢ is sufficiently small, the
second point roughly holds if ® is chosen such that V& = £, i.e., ®(z) == ET (x —zq),
where x¢ is the center of Q. A problem is, that @ is neither L?-integrable nor divergence-
free. It will suffice to modify ® by a multiplication with a bump function to achieve the
L2-integrability. The divergence-freeness should be achieved by a Bogovskil correction.
However, this only works if o +— & (z — xq) is itself divergence-free which is only the
case if the trace of the matrix ET vanishes. We will show, that there will be now harm
. =T =T
if we replace & by (To€)"'.

From now on, the map § € V with [§]y = 1 is fixed and we write I'* := T'g. Let
& € C%%4 be such that

|€lcaxa =1 and |£€] = [¢]y.

We will fix this choice of € in the following. Before we present the construction of b in
detail, let us introduce our final tool, the so-called Bogovskii operator.

Fix a cube Qg := (—1,1)% and define C := 2Q(\ Qo. A Bogovskif operator B¢ : L2(C) —
H}(C; C%) denotes a solution operator to the divergence equation for functions f € LZ(C)

div(u) = f inC,
u=0 ondC,

that is bounded from LZ(C) to H}(C; C?). Here, L2 denotes the subspace of L? of average-
free functions on C. Here, we use the operator constructed in [28, Sec. II1.3], which
satisfies
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div(Bef) = f and |Befllu(c) < CpogllfllL2(e) (f € L§(C))

for some constant depending only on d. On the sets aC, for a > 0, one can construct
Bogovskil operators by rescaling as follows: If f € L3(aC), then f,(z) := af(ax) lies in
L3(C). Define

[Bac f1(z) := [Be fal(a™ ') (f € LE(aC), x € aC).

Clearly, Bac is bounded from LZ(aC) onto H}(aC;C?) and satisfies div(Bacf) = f.
Furthermore, we have

IVBacflliz(ac) < Chogllflliz@ey  (f € Li(aC)) (5.1)

with the same constant Cp,y > 0 as above. Finally, by translation we might define
Bogovskil operators for translated annuli as well and these will again satisfy (5.1) with
the same constant.

Now, we are prepared for the construction of the T'(b)-type test function.

Proposition 5.5. There exists g € (0,1] such that for all 0 < e < gy, all £ € V satis-
fying [€ly = 1 and all cubes Q € [ there exists by, € L2(R%; C¥4) with the following
properties:

1) gl < Q2.
@) [¢f tyas| =1

Q
® [ bt oA @p L < L
R(Q)

Proof. We fix @ € [ and abbreviate £ := ¢(Q). Similarly, we simplify notation by
omitting € and ) when constructing the test function b = bg,.
We start by fixing n € C°(2Q) such that

n=1 in Q and |nllL=+£]|Vn|L~ <C. (5.2)

With zg the center of ), we construct a smooth function with compact support, whose
gradient is equal to £ on Q as follows. First, note that

div ((TOE)T(Q: — xQ)) =0.
Let B be the Bogovskil operator in 2Q° \ @ as introduced above and define

®(z) = n(2)(Tof) " (z — 2q) — B(Vn - (To€) ' (- — 2q)) (), (5.3)
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where we regard B(Vn - (To€) " (- — zg)) to be extended by zero outside of 2Q° \ Q.
Finally, we define the desired test function as

b=2V(1+e22A) 1. (5.4)
Then, we have
1
FH— Ve = V(1+er?A) - 1)@

= V(—(1+ 22 A) 22 A) D (5.5)
= 2PV (1 + 22 A) P div(uV o).

Let us prove that we can pick € small enough such that b has the stated properties.
In order to prove (1), we begin by calculating

|V(I) |(Cd><d = |V77 (TOZ)T(I - zQ)|(cd><d, + |U($)TOZ|Cdxd
+[VB(Vn - (To€) " (- = 20)) (%) g
Taking L2-norms, we obtain by (5.1) and (5.2) together with the boundedness of Ty and
the property |€|caxa = 1

Toé|caxa
veiz, 5 Toljen /| ol dz + QI ToElcos S 1QITuklcsa S Q1 (56

Combining (5.5) and Proposition 2.4, we find

Ib =2V < [uVe[E. < 10|

~

and together with (5.6) we arrive at (1).
We turn to the proof of statement (2). As V& = Ty& on Q, we can write

][ (b—2Tof) dz = ][ (b—2V®) dx = 2e¢° ][Vu dz, (5.7)
Q Q Q

where in the second step we have used (5.5) and u := (1 + &22A)" 1P div(uV®). The
uniform L2-bounds in Proposition 2.4 in combination with (5.6) yield

C
Julls < S1QIM? and [Vl < QP

so that estimating the average on the right-hand side of (5.7) by means of Lemma 4.12
leads us to
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2 Cetyt

‘][ (b—2To€) dz < [lu]lL2 ]| Vullre < Ce,
) coxa QI

where C' varies from step to step. Since € € V and Ty is a projection, we have £ = £To€
so that

gfbdx:2§é+§][(b—2Toz)dx
Q Q

Recall that £ was chosen in such a way, that |£€] = |¢]y, = 1 which yields

‘ngbdx

Now, (2) follows by taking e < C~1.
For the proof of (3), we start with the principal part approximation from Proposi-
tion 4.13 and then use (1) to bound

>2—/Ce.

Cdxd

>2—[ly

g[ (b 2Tyf) da

L
1 dmdt dt
5 [ e Toad @l < [ (I A - B0 + 0l=)

0

dt
< [blf2s + / Ol < (5.8)

dt
<1+ / ol <.

Recall from (5.4) that b is by definition the gradient of a function in HL (R?) and so that
applying Proposition 4.13 was allowed. For the last term, we compute O;b as

Oib = —2t(1 + 2 A) P div(pV(1 +e2(*A) "' D)
=2(1+2PA) AL+ 2PA) D
=—t((L+£2A)7") (1 + 2P A) " Pdiv)2uVe.

We use Proposition 2.4 once again and (5.6) in order to control

12 42
H@tb”i? N W”QMV(I’HI%? S W'Ql'

Finally, integration in ¢ yields
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14
dt 1
2
[1eai S < Sl
0

which we use back in (5.8) to conclude provided we take e < 1. O

Having a T'(b)-type test function at our disposal, the Carleson measure property will
follow by a combination of a stopping time argument with a John—Nirenberg lemma, for
Carleson measures. Concerning the first, we refer to [14, Lem. 5.11] or [27, Lem. 14.8]
for a proof.

5 5

Lemma 5.6. Let ¢g € (0,1] be the parameter from Proposition 5.5. Then there exists

0 < € < gg, depending only on d, pe and u®, such that for each dyadic cube Q € [ there
ezists a collection of pairwise disjoint dyadic subcubes (Q;); of Q for which the sets

E@ =Q\[JQ; and F(Q) = RQ\JRWQ)) (5.9)

have the following properties:

(1) ‘E(Q)’ > n|Q|, for some n > 0 depending only on d, pe and u®,
1
(2) ‘w(Atba)(xﬂ > §|w|, whenever (x,t) € E*(Q) and w € I'°.

Lemma 5.6 (2) guarantees that the Borel measure v on ]Ri+1 defined on Borel sets
E C R by

dzdt
t

() = [ @) T ey (o) - To)
E

satisfies for cubes ) € [J

B @) = [ o) Tolp et 7o) F
E*(Q)
<t [ b Toasg) @ L
E*(Q)

The right-hand side can be controlled by virtue of Proposition 5.5 (3) leading to the
estimate

WEQ) <TI0l (QeD), (5.10)

where C' is the constant from the very proposition. The Carleson measure property of
v and thus the statement of Proposition 5.4 finally follows by a combination of (5.10)
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with Lemma 5.6 (1) and the following John—Nirenberg lemma for Carleson measures.
We refer to [27, Lem. 14.10] for its proof. The argument is nowadays standard in the
verification of the square root property of elliptic operators.

Lemma 5.7. Let v be a Borel measure on Ri"’l and suppose that there exist constants
k,m > 0 with the following properties. For every dyadic cube Q € L1 there exist pairwise
disjoint dyadic subcubes Q; of Q such that the sets E(Q) and E*(Q) defined in (5.9)

satisfy

(1) |5 )| =@l
(2) v(E*(Q)) < k|Q|.

Then v is a Carleson measure with ||v|c < kn~t.

6. Holomorphic dependency

In this section we present the proof of Theorem 1.3 and follow an argument of Auscher
and Tchamitchian for elliptic operators in divergence form [13, Sec. 0.5]. Even though
the necessary modifications to the generalized Stokes operator are very small, we give
the full argument for the sake of completeness. We start by proving that the set O in
Theorem 1.3 is open.

Lemma 6.1. The set O := {u : p satisfies Assumption 1.1 for some e, 1® > 0} is open
in the L -topology.

Proof. Let p satisfy Assumption 1.1 with constants u®, e > 0 and M = (M;Jﬁ)OK =1
with M7, € L®(R?; C) for all 1 < a, 8,1, < d be such that

[te
lpe = Ml|oe a2 (caxay) < %5

Then M is obviously bounded and fulfills for u € H!(R%; C%)

d d

Re Z /M” (%uja u; dr = Re Z /ugjﬁaﬁujaaui dx
a,ﬁyiJ:le [e4 ﬁai’jled
+ Re Z /(M;Jﬁ — 1135)0pujOqu; da
o Brini=1ga

> pie||Vullf2 — | M — tllLoe (R 2 (Caxay | Vaul|7
He 2

> Heigyll2,.

=9 [Vullf

Hence, M satisfies Assumption 1.1 and the claim follows. O
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As in the introduction, we emphasize the dependency of A on the coefficients p by
writing A,,. The corresponding weak Stokes operator will be denoted by A,,.

Proof of Theorem 1.3. Let g satisfy Assumption 1.1 and let M = (M” )4 =1 With
M&jﬁ € L®(R%4C) for all 1 < «,f,i,j < d. By means of the previous lemma, the
holomorphic map C 3 z — u, = pg + zM maps into O whenever it is restricted to a
small ball |z] < M- For u € L2(R?) we have

(424, )7 = (L +124,)

1
(L+2AL) 7 = (L + 17 A,) N
=1+
t2

L2 A,) (L 4+ 2 A,,) — (L + A )] (L+12A4,,) 7!
(142 Au) " [P div((po + 2M)V+) = Pdiv(uo V)] (1 + 12 A, ) !
=t12((1 +12A,,) P div) e MV(1 + 24, ) u.

Iterating this identity yields

oo

(1424, Z[tQ ((1+ 2 4,,) " Piv) 2MV| " (14 £24,,) "

which converges in L2(R%) whenever ¢ > 0 is small enough. Indeed, the families
(t2V (1 + 2 A,,) P div)iso and (((1 + t2A,,) P div)iso are uniformly bounded in
L2 by Proposition 2.4 such that

H [tz((l + 12 AL,) TP div)zMV}n(l +12A,,) 7"

L2
< CP IMIE 19 (L + 2 Au) Mulls (g1
< CT 2" [ M £ Cllul 2
<27"C||ul|Le

for e < (2C1)~! and where C; > 0 denotes the boundedness constant from Propo-

sition 2.4. Now, using the Balakrishnan representation for square roots (see [27,
Prop. 6.18]) we have for all u € D(4,/%) = HL(R?),

N
=l
<
|
EREN

/A#z (1+t2A,.) tudt
0

= 3/%[&1 (1+ %A, ) Hudt

oo

0
= 2/l[1d—z [tQ((l-l—tgA )_1PdiV>ZMV}n(1+t2A )_1 wdt
B Ho 1o

0

p 2
T t =
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Aﬂo(l + t2AM0)_1u

Il
2o
w|*—‘ 0\8

Z [t2 (14 2A,,) "' P div)zMV} (1+2A,,) tudt
where the integrals have to be understood as improper integrals in L2 (R?). Focusing on

\/l Z |:t2((1 “FtQAMO)_lPle)ZMV}n(l +t2AH0)_1’U,dt
0

. 1 i n _
:}1m/t—22[t2((1+t2u4#0) 17>d1v)sz] (1+t2A,,) tudt,
5

3
Il
N

we first interchange integration and summation due to (6.1) to get

oo S
—lim } / %2 [tQ((l +t2AM0)*1Pdiv)sz} (1+2A4,,) " udt.

§—0

Next, we want to interchange the limit with the series by dominated convergence but
not in the space L2(R%). Instead we will work in H;!(R9) to guarantee existence of a

limit in the first place. For this purpose, set for 0 < 6 <1

f5: N = H;YRY),  f5(n) = / ti? [t2((1 +t2Aﬂ0)*1Pdiv)2Mvr(1 +12A,,) tudt,
5

then one has existence of a pointwise limit by the following argument: For 0 < §’ < § <1

and v € H.(R?) one has

(fs(n) — fsr(n), ”>H;1,H},

:/ i< [2((1+ 24,,) ' Pdiv):M V| " +t2A#0)*1u,v>L2 |t
% o’ o

1 _ . n —
+/t—2<{t2((1+t2AMO) 1’F’dlv)zMV} (1+t2A,,) 1U’U>L§,Lg dt.
5/

Recall, that the adjoint of A,  is the generalized Stokes operator with coefficients j.
Thus, by duality and uniform boundedness of the families (£*V (1 + t2.A4,,)) "' P div)¢o
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and (t(1 +t2A,,) P div);>o in L? from Proposition 2.4 we estimate the integrand as
follows

1

t2‘<[t2((1+t2"4”0> 17’diV)2MV] (1+ 62 4,,) "0, v)

L2,L2

n—1
= tlQ ‘ <t2]\4v [tg ((1+t2¢4,u0)_17) div )ZMV} (1+t2AM0)_1u7 tv(1+t2AZO)_1U>L2 L2

1
—2thMV{t2((1+t2Aﬂo) IPdw)sz} (1+t2Aﬂo)’1uHL2'||tV(1+t2A;0) T
1 _ * \—

<0 Ha[ Mo - V(14 £ Apg) "tz - 1V (1 + 245 )" ol |pa.

Depending on the size of t we choose two different ways of controlling the gradients of
the resolvents. On the one hand, Proposition 2.4 implies for u,v € L2(R9)

167 (1 + 2 Aug) M ullrz - BV + 82 A% ) " ollee S Jlullez - o]l
and, on the other hand, the square root property yields for u,v € H: (R9)

[V (1 + 82 A) s - 1V (1 + 245 ) o]s
3 2 1 w o\ 1 2 e o1
~ [[tAG (L + 7 Au) ullLe - [[t(A4,)2 (L + AL ) vl
2 —143 2 4% V=1, g% VL
=t +t7A,,) " Ajoullre - [E(1+ AL )7 (A},) 2 vl|Le
1 « 21
SPNAZulle - [1(A5,) 2 0]l
~ ?||[ V|2 - | Vol 2.

Hence, the integrand can be controlled by O ~!|z|"||M||Pe min{1,¢=2} - |Ju|m||v]|m
which yields

[(fs(n) = for(n), v)g-1 | S O IM e [l 0] 122 (8 = 8).

This shows pointwise convergence of fs as § — 0 and simultaneously gives a summable
majorant for the sequence for ¢ € (0, 1], namely

—n

n— 2
1F5 () |12 ey S CT7Hal™ M Eee e < o, Il = g(n).

Thus, by dominated convergence it follows

Jo%S) B
lim Z/t%[ﬁ((l +t2AM)*17>div)sz} (14 12A4,,) tudt
L%

§—0
—
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S

oo
. 1 _ . " _
- Z}%/ﬁ{tz((l—&-ﬁfluo) 1’Pd1v)zMV} (1+t2A,,) tudt.
Again due to Balakrishnan representation for square roots and the above identity we
conclude that

Apu=Afu+ 3 2 "Tou in Hy ' (RY) (6.2)

n=1

holds for all v € HL(R?) and appropriate operators (T},)nen € L(HL(R?), H 1(R?)).
This readily proves holomorphy of the map z +— A,l,ézu in the H, !-topology. To show
convergence in L2 (R?) we use Taylor’s theorem (see, e.g., [2, Prop. A.1]) in H;!(R?) to
represent the coefficients as

1 1 dw
Tnu = — / AﬁwUW

lw|=r

for 7 > 0 small enough. Now, due to the Kato property it is

1 s ldw| _ 1 dw|
Tt < 5= [ Iakuls e S 5 [ IVule i = "IVl

|w|=r |w|=r

Thus, the right-hand side of (6.2) actually converges absolutely in L2(R%) if |z| < r
and is equal to A}/zzu. Since each of the operators A,l/zg lies in £(HL(R?),L2(R%)) the
property [2, Prop. A.3] allows to conclude holomorphy with respect to the operator norm
by strong holomorphy. This proves the claim. O

As mentioned in the introduction, that holomorphy implies a local Lipschitz property,
is well known and treated, e.g., in [39, Thm. 3.24] (see also [6, Thm. 2.3]) in the context
of holomorphic functional calculus for perturbed Dirac operators. Although, as above,
the changes to the square root of the generalized Stokes operator are very small, we
present the full argument for the sake of completeness.

Proof of Corollary 1.4. Let u; € O and 0 < & < (u1)e. Then for all uy € O satisfying
0 < [|p2 = palpee e, (Caxay) < § we have that

M2 — [
11 = palle (Ra;c(Caxay)

Wy = p1 + 26 -

belongs to O if z € D := {w € C : |w| < 1}. In this case, Theorem 1.2 and Theorem 1.3
imply that
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CiIVulle < 142l < Cs|[Vaullz (u € Hy(R?))
for some constant Cs > 0 depending only on d, (41)e, (#1)® and § and that the map
D3>z~ AY? € L(HL(RY),LZ(R))
is holomorphic. Next, define the function

I i

G:D — L2(RY), G(z):=
AR G = Gl

for u € HL(R?) and some constant C’ > 0 to be chosen such that

1/2 1/2
| A ulle + ] A’ ulle - Cs+Co _

1.
C'[VaullLe =T

1G(2)ll= <

Then for v € L2(R?) with |Jv||2 = 1 the scalar-valued function
D>z~ <G(Z)3U>L3,L(2T

is holomorphic, maps onto the unit disk D and is equal to 0 if z = 0. This allows us to
apply Schwarz lemma from complex analysis to get the estimate

1G(2)l[l> = sup  [(G(z),v)Lz 2| < 2]
UELi(Rd)
vl 2=1

for all z € D. Using the definition of G(z) and choosing z = H“rm”LméRd:“CdXd)) eD

we get

C/
|A)22u — A}/ Pul|pe < THVuHL2 |2 = p1llLoe rac(caxay)

1

for all u € HL (R?) which proves the claim. O
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