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Ability of entanglement and purity to help to detect systematic experimental errors
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Measurements are central in all quantitative sciences, and a fundamental challenge is to make observations
without systematic measurement errors. This holds in particular for quantum information processing, where other
error sources, such as noise and decoherence, are unavoidable. Consequently, methods for detecting systematic
errors have been developed, but the required quantum state properties are yet unexplored. We theoretically
develop a direct and efficient method to detect systematic errors in quantum experiments and demonstrate it
experimentally using quantum state tomography of photon pairs emitted from a semiconductor quantum dot.
Our method can be scaled to multiqubit systems, and we find that entanglement and quantum states with high

purity can help identify systematic errors.

DOLI: 10.1103/b74j-xxv2

I. INTRODUCTION

The last 30 years in quantum information science [1-3]
promise exciting applications such as quantum communica-
tion [4-6], efficient problem solving beyond the reach of
classical computers [7,8], and the simulation of complex
many-body systems. [9-12]. All of these applications strongly
rely on the correct readout of quantum information via mea-
surements of a quantum system. For instance, quantum state
tomography [13] and shadow tomography [14,15] are typical
examples of an information readout procedure that utilizes
a finite number of measurements of equally prepared state
copies. In state tomography, however, measurement errors can
lead to nonphysical estimates of the quantum state. In prac-
tice, statistical and systematic errors are the most prominent
types of measurement errors, and they are relevant not only in
quantum state tomography but also in other tools to analyze
quantum systems [16-21].

Statistical errors in measurements arise from finite statis-
tics: each experiment is repeated only a finite number of
times and the observed frequencies of outcomes do not nec-
essarily correspond to the outcome probabilities. In quantum
state tomography this can lead to nonphysical state estimates.
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The current literature addresses statistical errors by discussing
confidence regions of estimators [22—-27] or by using statisti-
cal tools [28] to find the necessary number of measurement
repetitions to recover a physical state estimate [29].

In contrast to statistical errors, systematic errors originate
from various environmental influences and imperfections, and
various works discussed the impact of errors like misalign-
ment of the measurement basis. This concerns determining
the state fidelity and entanglement witnesses [30], systematic
errors due to bias in quantum state estimators [31,32], robust-
ness of tomography schemes [33—-35] and the characterization
of photon detectors [36,37]. All of these results emphasize the
variety and relevance of statistical and systematic errors in the
field of quantum information.

This naturally leads to the question of how to distinguish
statistical from systematic errors. Both error types can have
similar effects, but while repeated experiments can suppress
statistical errors, systematic errors may reveal fundamental
flaws in the experiment. Reference [38] constructed witnesses
to certify systematic errors from measurement data. Moreover,
Ref. [39] discussed the chi-squared goodness-of-fit test to
assess the quality of the reconstructed state with respect to a
previously chosen model and how to modify the test appropri-
ately for states close to the border of the physical state space.

In this work, we first develop theoretically a direct and
efficient method to detect systematic errors. Then, we experi-
mentally implement the scheme using entangled photon pairs
emitted by a semiconductor quantum dot [40]. We employ
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strain tuning on the source [41,42] to generate two-photon
polarization states with a varying degree of entanglement and
purity. We use quantum state tomography as an example for
an involved quantum information task, but one can adjust the
ideas for other quantum tasks and experimental platforms as
well. Our findings demonstrate that even quantum states with
a low purity can be sensitive enough to signal the presence
of systematic errors. Moreover, if two or more particles are
considered, entanglement of the probe states can be essential
in our scheme to detect the error.

II. SYSTEMATIC ERROR DETECTION METHOD

We first review measurement schemes for tomography and
quantum state estimators, as they form the basis for the sys-
tematic error detection method introduced subsequently.

A. Measurement schemes for tomography

To determine the quantum state, one measures a set of
tomographically complete measurement operators P; on N
copies of the quantum state, described by the density op-
erator p. The operators P; are Hermitian and constitute a
basis to the space of all observables where i denotes a spe-
cific measurement outcome. Local Pauli measurements [43]
are a frequently used tomographically complete set of mea-
surements for qubits, consisting of all 3" strings of Pauli
measurements acting on n qubits. From now on, we focus on
these, albeit our idea works for other measurement schemes
[44-48] as well. Quantum state tomography determines p
from the experimentally observed frequencies f;, which ap-
proximate the outcome probabilities and are defined as the
number of times the outcome of a tomographically complete
set of observables P; occurs relative to N. In the limit of
N — oo one recovers the true underlying outcome probabili-
ties as predicted by Born’s rule.

B. Biased and unbiased state estimators

Once the outcome frequencies are obtained from the mea-
surement procedure, an estimate for the quantum state can be
determined. For that, different estimator kinds exist, which
may be unbiased or biased. By definition, unbiased esti-
mators have the property that the expectation value of the
estimator equals the true value. From the fact that the set
of allowed density matrices is constrained by the positivity
of their eigenvalues, one can show that unbiased estimators
deliver necessarily nonphysical states [31], meaning that the
predicted state py may be not positive semidefinite.

The least-squares estimator is an unbiased estimator, which
we focus on and is defined for single qubits as:

1 32
pLs = 5(11 + ZfiP,), )
i=1

where f; are the frequencies observed experimentally. For
n-qubit states, Eq. (1) sums over the 4" — 1 nontrivial tensor
products of Pauli measurements, each with two possible out-
come frequencies. Frequency f; can occur where the resulting
estimate pps has negative eigenvalues. This is more likely if

the underlying quantum state p has a high purity and lies close
to the surface of the Bloch sphere, see Fig. 1(a).

On the other hand, to ensure valid quantum states, one
may impose additional positivity constraints. This necessarily
leads to biased state estimators. For example, one may take
as an estimate pp the closest positive semidefinite state to
the least-squares estimate ppg with respect to the squared
Hilbert-Schmidt norm [26], which can be expressed as the
optimization problem,

py = arg minTyg)—1|oLs — 113. )
=0

Clearly, if only statistical fluctuations are present, the unbi-
ased estimator prs converges to a physical state in the limit
of many repetitions of the experiment N — oo. If, however,
a severe systematic error occurs, this is not necessarily the
case. One may end up with very different estimates p g and
oB, wWhich results in a non-negligible distance D between the
estimates,

D = ||pLs — psll2 = Trl(pLs — pB)*1"%, 3)

which utilizes the Hilbert-Schmidt norm as a metric. If D > 0
even for large N, this is a signature of systematic errors. This
is the core idea of our method to recognize systematic errors.

Figure 1 illustrates the concept of our systematic error
detection method for single qubits. In Fig. 1(a), we see the
Bloch sphere, the physical state space of a single qubit, and
as blue dots the state p. We assume that a severe systematic
or statistical error occurs (for demonstration purposes), which
leads to a least-squares estimate p g (orange dot) far outside of
the Bloch sphere. Consequently, the distance D, purple arrow,
between the biased estimate pg, green dot, is non-negligible.
If we apply a depolarization channel to p, its purity p reduces,
indicated by the yellow arrow between the blue dot and the
transparent blue dots. With decreasing purity p, the distance
D also decreases (see transparent orange dots).

Figure 1(b) shows the single-qubit Pauli measurement set-
ting for qubits implemented by the polarization of photons.
The kth basis measurement setting determines the frequencies
fi and f; that correspond to its eigenvalues, and is adjusted
in the brown area by the rotations x; and ¥y of the phase
gates Z and ST. The phase gates Z and S correspond to a
half-wave (1/2) and quarter-wave (A/4) plate, respectively.
Subsequently, the measurement oy is performed in the green
area, which is implemented by a polarizing-beam splitter
(PBS) followed by two photon detectors (D1, D2). Figure 1(c)
shows the calculated distance D from Eq. (3) as a function
of the basis adjustment angle 7 for the state p = |i)(i], +1
eigenstate of Y, where an applied depolarizing channel tunes
the purity from 0.75 to 1. We simulate all Pauli measure-
ments as observed correctly, except for oz, where we vary the
alignment angle vz, with 0 ° indicating perfect alignment. For
Yz = 45°, we find the maximum distance D when measuring
oy instead. The distance D decreases with state purity and
reaches zero at a purity of pni, = 0.75, see Appendix B for
details.

C. Rigorous formulation of the method

The definition of D alone cannot certify systematic errors,
as it does not differentiate between statistical and system-
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FIG. 1. Illustration of the detection scheme for systematic errors in a simple setting. (a) The Bloch sphere is the physical state space of
a single qubit. The blue dot denotes a quantum state p to be determined from Pauli measurements. Severe systematic or statistical error can
lead to a least-squares estimate prs (orange dot) outside the Bloch sphere, and thus the distance D (purple arrow) between a physical (but
biased) estimate pg of Eq. (2) (green dot) is finite. If this distance D persists for large statistical samples, this is a signature of a systematic
error. The distance D decreases with lower purity p = Tr(p?) of the state p, as suggested by the purple and yellow arrows. (b) Single-qubit
Pauli measurements for polarized photons: in the brown area the kth Pauli measurement setting for obtaining the two frequencies f; and f;,
corresponding to the eigenvalues, is adjusted by the rotations y; and v of the half-wave plate (Z gate) and the quarter-wave plate (S* gate),
respectively. The polarizing beam splitter (PBS) and single-photon detectors (D1 and D2) conduct the o, measurement, shown in the green
area. (¢) The calculated distance D depends on the adjustment angle 1/, of the Pauli Z basis, and its magnitude decreases with the purity of
the true, underlying state p = [i)(i| (oy eigenstate). The maximum D at vz = 45 ° occurs when oy is measured instead of o7, and for a purity

p = 0.75 the error cannot be detected anymore.

atic errors. Concentration bounds have proven to be useful
statistical tools to find the probability that a quantity ob-
tained by finite experimental repetitions deviates from its
true mean. We follow the spirit of Ref. [27], and interpret
quantum state tomography as sum of independent, zero-mean,
random vectors such that we can utilize the vector Bernstein
inequality to derive the following proposition, see Appendix C
for details.

Proposition 1. Let prs and pg be the least-squares and
biased estimate from Eqgs. (1) and (2), respectively. The ob-
served frequencies f; determine the least-squares estimate py g
from measuring N identical state copies of the underlying
quantum state p. Then, the probability &, that the distance
D of Eq. (3) between prs and pg is equal to or greater than
obeys:

_N‘L’2 3 ] @
2% 5"3 42t /5]

where n is the number of qubits on which local Pauli measure-
ments are measured.

This bounds the probability §y, that only statistical errors
cause a distance D > 1t between prs and pg, and if this is
smaller than a threshold fixed beforehand, one can reject the
hypothesis that only statistical errors occur. Consequently,
if the distance D of Eq. (3) is significantly larger than the
corresponding 7, the systematic error test successfully detects
a systematic error with confidence level 1 — J,.

Osta =P[D > 7] < 86Xp|:

III. NECESSARY STATE PROPERTIES
FOR ERROR DETECTION

The single-qubit example above highlights that the purity
of the state is relevant to detect errors. So, we investigate the

minimal purity, for which there exists a one- or two-qubit state
0, which detects a local single-qubit error on qubit one. We
assume that the systematic error on qubit one is such that the
corrupted Pauli measurements &, are linear combinations of
all three Pauli measurements:

3
5;; == ZMMV Oy, (5)
v=1

where the rows of the misalignment matrix M have to be
normalized to ensure that the expectation values of the Pauli
observables are restricted to 1. The error M influences all
observed frequencies on qubit one and, as a consequence from
Eq. (1), we obtain a corrupted least-squares estimate pps.

To check whether the least-squares estimate corresponds
to a valid state, we use results on the positivity constraints
of multiqubit states [50,51]. Any quantum state p has pos-
itive eigenvalues and must satisfy the inequalities ¢;(p) < 0
[50,51]. The number of inequalities, ! = 2" — 1, depends on
the number of qubits n. If any of the parameters ;(pLs) is
greater than zero, then p s has a negative eigenvalue, and
one can use our method to detect the error. We begin with
the minimal necessary purity for single-qubit systems in the
following.

A. Single-qubit system

For the single-qubit case, we analytically determine the
minimal necessary purity pmin. The actual underlying state is
pLs = u;0;/2, which has a purity of Tr(p*) = u?/2 with i €
{0, 3} and up = 1. If we suppose to have the misalignment M,
the erroneous least-squares estimate results in pys = it;0,/2
with i € {0, 3}. As aremark, we assume that the coefficient in
front of oy = 1, is not affected by errors; hence uy = iy = 1.
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For single-qubit states only one positivity constraint ¢; exists:
t1(p) =Trp” — 1 0. (6)

To determine the minimal necessary purity of p, we begin
with the minimal purity g = Tr(p?) = 1/2 of the maximally
mixed state p = 1/2 and determine p that maximizes Eq. (6).
We then increase the variable purity g of the underlying state
until we find a p that violates Eq. (6), which we express as an
optimization problem depending on 7 and Tr(p?):

X] = max pLsM)) = max (#2)/2 — 1
: Tr(p2)<p§1(pLs( 2 u,m/zsp( ’)/

= max [|M"u|? =02, M), (7)
Yup<a
where o, denotes the largest singular value of the mis-
alignment matrix M, and # is the absolute value of the true
underlying Bloch vector u.

We define the minimal necessary purity pmi, as the first
purity g that violates the positivity condition given by Eq. (6),
and in this case the maximal absolute value of the Bloch
VeCtor Umax 1S equal to one, 1 = upqx o2 (MT). From this we

max
determine the lowest necessary purity ppi, as follows:

1 1 1
pmin=§(1+umax)= §<l+m>- (3
If we consider the numerical results in Fig. 1(c), the maximum
distance D is obtained for vz = 45 °, where oy is measured
instead of oz, which corresponds to the following misalign-
ment matrix Mz:

1 0 0
M,=|0 1 of. 9)
01 0

We determine the minimal necessary purity pyi, = 0.75 from
Eq. (8) by plugging in Mz, which is in perfect agreement
with our numerical results in Fig. 1(c). Now, we extend our
discussion to two-qubit systems.

1. Two-qubit system

We assume that the errors are local systematic errors,
which means that there is no correlated error. Thus, the first
and second qubits may be subject to local errors M; and
M,, respectively. We express the least-squares estimate in the
Einstein-sum convention by prs = 1/4 ry, 0, ® o,, where
u, v € {0, 3}, where we assume that the coefficient rop = 1.
We change our notation, as we directly use the results of
Ref. [51], which collects these coefficients r,, in the Bloch

. <>
matrix r:
1 | ro1 reo 1o
< r r r r 1 v
o o |2 3| ’ (10)
o | 21 rn I3 u R

3o | 131 3 133

where the vectors u and v correspond to the local Bloch
vectors of the first and second qubit, respectively, and R is the
correlation matrix. From the misalignment matrices we obtain
the erroneous local Bloch vectors i = M;u and vV = M, v,
and the erroneous correlation matrix R = M; R Mg ; see de-
tails in the Appendix B.

In the two-qubit case we have three positivity constraints
i, which depend on the local Bloch vectors and the correlation
matrix as follows [51]:

a)=r1>P-4<0 (11)
) =7 1?P=-2)—2m'Rv—detR) <0 (12)

53(0) = — 8 Rv —detR) — (| 7 > —2)> — 8u’ Repr v
+ 4 VI + R[>+ R V[ + [ Reot 1)
<0, (13)

where R, is the cofactor matrix of R. The entries of the
cofactor matrix R ; are obtained from the first minor
(determinant for square matrices) of the matrix that is ob-
tained from R by deleting ith row and jth column, which
are, in addition, multiplied by (—1)*/. The term || ¥ |> =
1+ [[u||®> + [Iv]|> + || R || is proportional to the purity of the
state, and the norms of the Bloch vector and the correlation
matrix are the Euclidean and Hilbert-Schmidt inner product
| R ||> = Tr(R"R), respectively.

The idea of determining the minimal necessary state purity
Pmin of p for single-qubit states of Appendix B 1 naturally
extends to two-qubit states. We assume that both qubits are
subject to the misalignments M; and M, respectively. To
determine the minimal necessary purity of the underlying state
p, we increase the purity gof p, beginning with the maximally
mixed two-qubit state. We then ask whether for the estimate
pLs one of the positivity constraints is violated. We denote
by x; the maximum violation that can be reached by any
constraint £;(prs):

X = max G(ps) VIe({l,2,3}. (14)

p with Tr(p?)<gp
{6(p)<0} for i=1,2,3
Note that we use all three positivity conditions ¢; to ensure that
the true underlying two-qubit state p is positive semidefinite.
We begin with a state purity of o= 0.25 and increase it until
one of the results x; becomes positive. The corresponding
value of gis then defined as the minimum required purity of
the state, pmin.

Inspired by this analysis, we further investigate the neces-
sary state purity to detect errors. In particular, we want to see
whether the detection capabilities of product and entangled
states differ. To compare the error detection capability of
entangled and product states, we add to Eq. (14) additional
conditions ¢; from the PPT criterion [52,53]. The PPT crite-
rion for qubit systems states that if p is separable, then its
partial transpose on the first (second) subsystem pT'® >0
must be positive semidefinite. If we insert p™2 into Eq. (13),
we get conditions ¢; that ensure the positivity of the par-
tial transpose of pT2. Since oy is the only Pauli matrix that
changes sign under partial transposition, only the terms det R
and 8u'R.,v in Eq. (13) change signs and result in two
additional conditions €, and €3; see Appendix B for details.
If we restrict ourselves to separable states, the optimization
problem Eq. (14) changes to:

X = max

Tr(0*)<g

{€1(0)<0,52(p)<0,83(p)<0}
{£2(0)<0, £3(0)<0}

G(pLs) V0ie(l,2,3}.  (15)
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FIG. 2. (a) Capability of single-qubit states (blue) and two-qubit states (entangled in orange, separable in green) to detect the error of
exchanging oy and o7 on qubit one. We show the maximum positivity constraint values depending on the purity p of the underlying state p,
and find that only entangled states yield values x; above the dashed line, meaning that they detect this error. (b) The two entangled photons
from the quantum dot are prepared and separated in the green area, and individual single-qubit Pauli measurements are performed in the red
area, see Refs. [41,49] for details. (c) We show our experimental results for the distance D depending on A, the offset on qubit one that we
apply for each measurement setting k, i.e., ¥, = ¥"° + A. The red, blue, and green dots are in accordance with the lines from the simulated
predictions for all three quantum states, and correspond to purities from 0.56 to 0.92. The confidence level to detect a systematic error begins
with 90% for a distance D > 0.25 (gray area), which allows detection of almost all errors for highly entangled states (red points).

Concretely, we analytically determine the minimal neces-
sary state purity pmin for all possible misalignment errors M;
in the oy and o7 basis acting on qubit one:

1 0 0
M; = | sin(B)sin(x¢) cos(«) cos (B) sin (@) |,
sin (8)sin(y) cos(8)sin(y) cos(y)

(16)

depending on the four angles «, 8, y, and §. Note that this
is indeed already the most general error on a single qubit in
the formalism of misalignment matrices, since rotations of
the ox measurement can be counteracted by a local unitary
transformation.

We determine ppn,;, of single-qubit states, separable two-
qubit states, and general two-qubit states for all combinations
a, B,y,8 of {0, %, %, %”, %}. First, we find, without any
exception, that for two-qubit quantum states, less purity is
sufficient for the detection of systematic errors compared to
single-qubit systems. The values of py, for two-qubit systems
are between 0.29 and 0.34, which is significantly below the
smallest possible purity of the maximally mixed single-qubit
state 0.5. Still, this result has to be handled with care, as
purities of states with a different number of qubits are difficult
to compare.

Furthermore, we find that the error of exchanging oy and
oy, corresponding to a partial transposition on qubit one, gives
different results for entangled and product states. In particular,
only entangled states can detect this error. In Fig. 2(a) we
show the results for the maximum positivity constraints x;
depending on the state purity p where the error is the described
exchange on the first qubit. The orange and green dots are the
x3 values for entangled and separable states, respectively, and
the values x; for single qubits are represented by the blue dots.
Only the values of the entangled state exceed the black dashed
line at x; = 0 at py,;, = 0.33, which means that there exists a

state that is suitable for detecting the error. We stress that an
unintentional exchange of the wave plates in Fig. 1(b) is an
example of a partial transposition error and thus it can only be
detected by entangled states.

In principle, it is possible to determine pu, for n-qubit
states, but the number of optimization variables scales as
2" x 2". Therefore, in the following, we present an approxi-
mation for determining the n-qubit critical purity.

2. Approximation for n-qubit critical purity

Here, we propose an approximation that utilizes the fact
that many quantum states observed in the laboratory can be
accurately described as pure states affected by random noise.
Thus, we propose to search for a pure probe state Oprobe =
|Y) (| with components ¥; = a; + i b; instead of an arbitrary
state Pprobe. NOW, the optimization problem depends on only
2 x 2" variables. We select the probe state pprope as the state
for which the erroneous least-squares estimate py s exhibits the
largest negative eigenvalue:

max — spec(Prs), 17

i pec(pLs) a7
where we demand normalization of the probe state |v). We
apply white noise with strength €4, to the probe state:

- 1

P;ﬁ:ﬁe =(- Edep),oprobe + Gdep; (18)
until we find any negative eigenvalue. We define the minimal
necessary purity pmin as the first purity of Pprope, such that all
eigenvalues of Pprope are positive.

We test the approximation for the case of measuring oy
instead of oz as shown in Figs. 1(c) and 2(a). For single-
qubit states we get with this approximation a critical purity of
= pmin = 0.75, which is the same as we find in Fig. 1(c)
and from Eq. (8). We find for a two-qubit state with this error
on the first qubit a purity of p**™" = 0.38. The two-qubit purity

min
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FIG. 3. We consider an error of measuring oy instead of o7 on
the first qubit of the three-qubit state probe state Yprobn. at which
we apply white noise Eq. (18) to change the purity p. The orange
and blue dots represent the smallest eigenvalue of the erroneous and
probe states, respectively, as a function of p. The minimal necessary
purity for our error detection method is pit = 0.18, where the er-
roneous estimate has a negative eigenvalue as marked by the dashed
black line. In comparison, the probe state does not have any negative
eigenvalues.

is slightly higher than the exact value p{™ = 0.33, but is still
much smaller than the purity of states commonly used for
quantum information tasks.

For three qubits having the mentioned error at qubit one,
we find a minimal necessary purity of p2"" = 0.18 with this
approximation. Figure 3 shows the minimum eigenvalue as a
function of the purity pprope. The dashed black line highlights
the zero eigenvalue line, and if an estimate has a negative
eigenvalue, we can detect it with our method of Eq. (3).

IV. EXPERIMENTAL DEMONSTRATION

We demonstrate that our method is practically feasible
by using entangled two-qubit photonic states emitted by a
GaAs quantum dot [54]. Our device [41], which embeds
the quantum dot, achieves high coincidence rates with an
integrated cavity and allows tuning the purity of the quan-
tum state by strain tuning of the excitonic fine structure
of the emitter [41,42,54]. The achieved coincidence rate al-
lows one to perform quantum tomography as a function of a
measurement variable and collect enough data to properly
estimate the statistical uncertainty while ensuring stability of
the experimental conditions during acquisition. Figure 2(b)
illustrates the experimental setup, which includes the light
emission from the quantum dot followed by spectral filters to
split the state into two single-qubit measurement paths. We
consider the scenario where all measurement settings k on
qubit one have a constant angular offset A in the quarter-wave
plate adjustment angle Y, = 1//,?‘60 + A. This systematic error
is relevant in laboratory practice because it corresponds to an
error in the alignment of the wave plates.

Figure 2(c) shows the experimental results for distance
D depending on the offset A for quantum states with three
different purity values from 0.56 to 0.92 that result from a
single strain-tuned quantum dot [41,42,54]. The distance D
increases as a function of the purity, which agrees with the
previous discussion. The black line is the simulation of the
expected distance D as a function of A by using the correctly
measured quantum states at A = 0. We see that the simulation

agrees with the measurement result. We underline that our
method detects systematic errors with a confidence level of
90% or higher for distances D > 0.25, which is reached for
nearly all errors A for highly entangled states. We refer to
Appendix D for details on the statistical evaluation and the
confidence level of the experimental results.

V. DISCUSSION

Systematic errors in the readout of quantum information
may be severe and complex to recognize. We have intro-
duced a user-friendly error detection method that compares
the estimates from an unbiased and biased estimator on the
same measurement data. Additionally, we have determined
the probability that any deviation between these estimates
is due to a systematic error by taking into account the
number of measurement repetitions. Furthermore, we have
analytically determined the minimum state purity required to
detect a single-qubit error and found that entangled states
are particularly effective for this purpose. Finally, we have
experimentally demonstrated the applicability of our error
detection method for Pauli measurements of a two-qubit pho-
tonic state. Our results show that this method is valuable for
identifying systematic measurement errors and that the purity
of the quantum state affects the error detection capabilities.
We provide a nonexhaustive discussion on the detection of
other common systematic errors on qubits implemented by the
photon’s polarization in Appendix F.

An experimentally relevant extension of this work is the
analysis of the role of correlated errors. In this scenario, it is
especially interesting to study the performance of entangled
states. Future studies on the role of multiple single-qubit er-
rors are also highly desirable. In fact, one can show that two
errors may cancel each other such that not even an entangled
state would be sufficient to detect it, see Appendix B for
examples. Closely related to this aspect is the search for a
suitable modification of our method that enables the location
of the qubit on which the error occurs. We predict that this
work and its future developments will help researchers design
their experiments and offer a valuable tool for the faithful
implementation of quantum information processing and quan-
tum communication protocols.
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APPENDIX A: QUANTUM STATE ESTIMATORS

In this section, we briefly review the definition of a to-
mographically complete set of measurements. We continue
with a summary on biased and unbiased quantum state esti-
mators. In particular, we focus on the least-squares estimator
and the convex optimization problem returning the closest
physical estimate to the linear inversion estimate, as we
have introduced in the main text. To provide the reader
with alternatives for state estimators, we briefly explain the
maximum-likelihood estimators.

1. Tomographically complete set of measurements

A tomographically complete set of measurements is a set
of Hermitian operators that constitutes a basis to the operator
space L(H), and allows us to fully reconstruct the premea-
surement state from its expectation values. For instance the
set of Pauli observables {ox, oy, 07z} is an example for a
tomographically complete set of measurements on a single
qubit. One can write a tomographically complete set of oper-
ators as an informationally complete positive operator-valued
measure (IC POVM), which is a set of Hermitian, positive
semidefinite operators P; € H,, which return unique proba-
bility distributions for two different states p % o. In order to
normalize the returned probability distributions we demand
that )" | P; = 1 holds. The measurement of a quantum state
o € L(Hy) results in one of the outcomes i € {1, ...m} and

the probability [p]; that outcome i is observed is given by
Born’s rule:

[pli = Tr(P; p),

where [p]; denotes the ith component of the probability vector
p € R™. It is impossible to directly access the probabilities,
Eq. (A1), from a single copy of p, but by performing a se-
quence of measurements on N identically prepared copies of p
one can estimate outcome frequencies fy for the probabilities
given by Born’s rule:

(AL)

s
[fnli = ﬁl, (A2)
where n; is the number of times the outcome i is observed and
in the limit of N — oo the observed frequencies correspond
to the true probabilities.

a. Single-qubit Pauli basis measurements

A widely used tomographically complete set of measure-
ments are local single-qubit Pauli basis measurements. The
set of operators P; for Pauli basis measurements written as an
IC POVM on a single-qubit system is as follows:

Pi = {3lo) (o5 |, slox ) ox .- 5loz ) oz 1}, (A3)
which corresponds to the projections on the eigenstates of
the Pauli matrices. Note that the normalization factor 3
corresponds to the total number of different Pauli basis mea-
surement settings. If we implement single-qubit Pauli basis
measurements on larger systems, the set of tomographically
complete measurements contains all tensor products of the
states in Eq. (A3). For the two-qubit system we investigate
the main text, we obtain the following 36 operators

P, ={§lod) (o3| ® log ) (ox ], ..., §loy Moy | ® lo, ) o7 1},

(A4)

where the prefactor of 9 corresponds again to the number of
distinct Pauli basis measurement settings.

2. Unbiased estimators

In general, the least-squares estimator py g is obtained from
the inversion of the linear map A : L(H,) — R™, which has
been induced by Born’s rule Eq. (A1). If the map A is injec-
tive, it can be inverted as follows:

pLs = (AT AT (f)),

where fy are the observed frequencies. The actual expression
for Eq. (AS5) depends on the operators P;, and in the following
we discuss the case of single-qubit Pauli basis measurements.

(AS5)

a. Linear inversion for single-qubit Pauli measurements

In this section we wuse the convention [1,
Tr(oxp), Tr(oyp), Tr(ozp)] to parametrize the Bloch vector
as vector in R*. By this convention we mean to express
states as linear combination of the identity and the Pauli
matrices, whereby for the latter their expectation values serve
as coefficients. We represent the linear map .4 as matrix A by
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taking into account our convention for vectors:

1 1 0 0
1 =1 0 0
Iftr o 1 o0
Azg 1 0 -1 0 (A6)
1 0 0 +1
1 0 0 -1

We use the Moore-Penrose pseudoinverse [55,56] to invert the
linear map induced by Born’s rule, and thus, the least-squares
estimator for local Pauli measurements of a single-qubit is
given as follows:

pLs = (AT A)TTAT £

Jo
13 13 13 13 173 13\ |5
1 1 —1 0 0 0 0 fa
=310 o 1 -1 o olls
o o o o 1 —1]|%
fs

==, fi—f. fr—fa Fi—f. (A7)

where the vector contains the observed frequencies f; corre-
sponding to the set of measurements in Eq. (A3). In the last
line we use the fact that the individual probabilities for each
Pauli basis setting sum up to one, e.g., (f1 + fo = 1). Thus,
if we rewrite the vector in Eq. (A7) in terms of the Pauli
matrices, we find that the least-squares estimator for local,
single-qubit Pauli basis measurements corresponds to a linear
combination of the all Pauli matrices:

pLs = 3[14 (fi = f)ox + (fs — fooy + (fs — fo)ozl,
(A8)

where we identity the differences in the probabilities as the
components of the Bloch vector. Note that the estimated state
pLiN has unit trace due to construction of the measurement
set P, but it is not guaranteed to be positive semidefinite
for every configuration of the outcome frequencies fy. The
n-qubit least-squares matrix A, is obtained from the n-fold
tensor product of the single-qubit matrix A in Eq. (A7).

3. Biased estimators

If one wishes to ensure that the estimated quantum state pg
is positive semidefinite and has unit trace, then the used esti-
mator is necessarily biased [31]. Here, we discuss our convex
optimization approach of the main text, which is related to the
work of Smolin et al. [57] and Guta et al. [26], because they
introduce physical state estimators as optimization problems
and we follow their spirit. Furthermore, we briefly review
the maximum-likelihood estimator, because it is a commonly
used method.

a. Convex optimization estimator

As we have proposed in the main text, the state pp is
obtained from the convex optimization problem of finding the
closest physical state pg to the least-squares estimate ppg in

the terms of the squared Frobenius norm:

: 2
pp = arg min(p)=1||oLs — @[3
970

= arg minmr(p)=1 Tr((prs — ©)°), (A9)

=0
where we used the fact that we are considering Hermitian
matrices to simplify the expression given by the Frobenius
norm.

Here, we shortly discuss the analytical solution to the con-
vex optimization problem, Eq. (A9), for a single qubit. Let
pLs and pp be the unbiased and biased single-qubit estimate to
a single-qubit quantum tomography experiment, respectively.
The positivity constraints in Eq. (A9) reduce to a single con-
straint for the single-qubit case, which is that the purity of the
quantum state has to be smaller equal than one to be a physical
state. If the unbiased estimate lies beyond the Bloch sphere,
the closest biased estimate lies on the surface of the Bloch
sphere, and is obtained by projecting the unbiased estimate on
the surface of the Bloch sphere. Thus, the analytical solution
for the single-qubit biased estimate is

oLs if Tr(pLs?) < 1
PB =1, | 3 ,  (A10)
5(]1 + oD uiai) else
where u; = Tr(o; pnp) is the experimentally obtained Bloch
vector component corresponding to the ith Pauli ba-
sis measurement, and the normalization coefficient u =

Uk + u} + u is the length of the Bloch vector of the un-

biased estimate.
We are solving Eq. (A9) for more than one qubit numeri-
cally by using the convex optimization tool CVXPY [58—60].

b. Maximum-likelihood estimator

Here, we want to review another prominent biased esti-
mator, the maximum-likelihood estimator (MLE) [61], which
estimates the quantum state py g maximizing the probability
of observing the measurement outcome frequencies:

PMLE = arg maxr(p)=1L(p)
p=0

= arg maxty(p)—1 ]_[ Tr(P; p), (A11)

pF0
where £ is a nonlinear functional in p modeling the prob-
ability distribution underlying the measurement, we assume
for the explicit implementation of £ that the outcomes cor-
responding to Tr(P; p) are independently and identically
distributed random variables. We refer the reader to the
Refs. [62] or [63] for a detailed discussion on the difference
between least-squares estimator and the MLE.

A critical issue of our proposed estimator and MLE is that
it predicts quantum states with zero eigenvalues, as pointed
out in Ref. [62], and this causes an incompatibility with
error bars. Furthermore, the conclusion that an estimated
outcome will never appear for future measurement execu-
tion is a very strong claim, in particular if the reasoning is
based on finite measurement statistics. To circumvent this,
Refs. [61,64] suggest computing many estimates pyrg by
simulating measurement frequency data by sampling from a
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Poissonian distribution with the mean values being the ob-
served frequencies, which has been criticized in Ref. [62].

APPENDIX B: NECESSARY PURITY TO DETECT
SYSTEMATIC ERRORS

In this section, we support the discussion on the smallest
necessary purity of the true, underlying quantum state p from
the main text. We assume having local systematic errors in the
implementation of the measurement basis, which is modeled
by the misalignment matrix M from the main text, and M has
to have normalized normalized rows in order to represent a
physical measurement. In particular, the normalization of the
rows has to be such that the eigenvalues of each misaligned
matrix 6; are +1. For example, if the misaligned Pauli Z
basis is 67 = o oy + (1 — o) 07, the normalization N is de-
termined from [0 + (1 — @)*]/N = 1.

1. Single-qubit system

We mention here the details on the Bloch components that
we only briefly mention in the main text. For a single-qubit
error M, the erroneous Bloch vector is given by t = M u, be-
cause each Bloch vector component u; transforms as follows:

ft,‘ = Tr(&lp) =Tr ZMU ajip
J

= ZMU Tr(o;p)
J

=> Mju;. (B1)
J

The erroneous Bloch vector components #; determine the
erroneous least-squares estimator prg:

1 1
PLs = 3 1 +ZTY(01/0)MM or | = §<]l +Xk:ﬁkak>-

.l
(B2)

In order to determine the minimal, necessary state purity for
detecting a systematic error we need the purity of the erro-
neous least-squares estimator:

1
Tr(,bﬁs) = 1 2+ Tr ZTr(&k,o)akTr(&kfp)ak/
k k!

(1 +) (Tr(akm)z)
k

_1 o) _ 1 -
_2(1+;uk)—2(1+||u|| ). (B3)

Note that the purity of the single-qubit state without errors
corresponds to Eq. (B3), if we exchange the erroneous Bloch
vector i1 by the correct one u.

N =

2. Two-qubit system

As in the main text, we have local, systematic errors M,
and M, on the first and second qubit, and no correlated error.
From these misalignment matrices we obtain the erroneous

local Bloch vectors, it = M;u and Vv = M, v, and the erro-
neous correlation matrix is given as R = M| R Mg , because
its components transform as follows:

Fij=Tr(6:®6;p)=Tr ZMl,ilal®M2,jmam P

l,m

=Tr ZMl,il 0y ®GmMg,mj o

I,m

= ZMl’il Tr((o7 ® Gm)p)Mg,mj
l,m

= ZMl.il Tim M2T,m/ : (B4)
I,m

We use the erroneous least-squares estimator as an unbiased
estimator, which we express in the tensor product basis of
Pauli matrices, 0, ® o,,, with erroneous components 7:

POLs = }T;/Lv oy 0y. (B5)

a. Systematic errors detection with separable states

Here we discuss how we modified the optimization prob-
lems of the main text to investigate the difference between
entangled and product states in their capability to detect spe-
cific errors. As discussed in the main text, the PPT criterion
[52,53] utilizes the partial transpose on a bipartite qubit sys-
tem that is defined by:

o2 = (1®T)(p), (B6)

where T, denotes the map corresponding to the transposition
of the subspace of qubit two.

We can directly insert o' into the positivity conditions,
presented in the main text, to ensure the positivity of the
partial transpose of pT2. To reduce the number of positivity
constraints of the partial transposed state, £ (p12), we investi-
gate how the terms of positivity conditions, presented in the
main text, change under partial transposition on the second
qubit. Only the Pauli ¥ matrix changes the sign under partial
transposition, T(oy) + —oy. Additionally, separable states
remain separable (and keep their purity) under local unitary
transformations. Since one can flip the sign of two Paulis
(such as ox and o) simultaneously by a local unitary trans-
formation, one may interpret the partial transposition (assisted
by a local unitary transformation) so that the entire local
Bloch vector of the second qubit v changes the overall sign,
T(v) — —v. In this way, transposition changes the sign of all
terms r; ; in the correlation matrix R,

—ry —Ti2 —Tr
Ty(R)=|—ra1 —rn —r3|. (B7)
—r31  —rn 33

The changes of the local Bloch vector of qubit two, v, and the
correlation matrix R under partial transposition on the system
of the second qubit affect only the sign in three terms of the
positivity conditions of ¢, and ¢3, which we highlight in the
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FIG. 4. The maximal reachable positivity constraints x;, as stated
in the main text, of the erroneous state are presented as a function
of the single- and two-qubit quantum state purity p. We assume the
systematic error of measuring oy instead of oz on one qubit. The
black dashed line is located at a value of zero, and if a condition
is x; is above that line, it means that there exists a quantum state
with the respective purity which can detect the error. The minimal
necessary state purity is 0.75 and 0.3 for single- and two-qubit states,
respectively.

following equation in red. We denote the two conditions for
the positivity of the partial transpose ¢, and €3:

e200)= (| 7 I?—2)—2'Rv+detR) <O (BY)

e3(p) = — 8 RV +detR) — (|| 7 || — 2
+ 4([ul® V> + [a" R + [RV[* + || Reot II*)
+ 8u" Reor v < 0. (B9)

3. Two-qubit results for necessary purity
to detect systematic errors

In this section we present the results supporting the key
statements of the main text. We show that the minimum
necessary state purity differs for two- and single-qubit states
when having the same local systematic error on the first qubit.
Finally, we discuss and show results for local single-qubit
errors that can only be detected with entangled states.

a. Single-qubit vs two-qubit states

Here, we consider again the single-qubit example as from
the main text, where we assume to have the error of measuring
oy instead of oz on the first qubit. We compare the error
detection capabilities of single- and two-qubit states. In the
case of two qubits, we numerically determine the values x;
by optimizing the three problems, stated in the main text, for
purity values of p ranging from 0.25 to 1. In the case of a
single qubit, we optimize x; of the main text for purity values
of p ranging from 0.5 to 1. Figure 4 shows the results for
the single- and two-qubit optimization x; as function of the
state purity p, where the blue dots are the results from the
single-qubit optimization x;, and the orange, green, and red
dots correspond to the two-qubit results of x;, x, and x3,
respectively. Note that we analytically determine the value of
x; for the lowest single-qubit purity 0.5 of the single-qubit

TABLE I. Single-qubit error (oy measurement for o) detection
with several product states containing the erroneous single-qubit
state B, with purity 0.7.

Product states &1 & &3
5,1 -0.20 - -
B ® Py ~1.480 0.120 ~0.014
55, ® B3 ~0.760 ~0.040 -0.002

P3,®(1,0,0)T ~0.400 0 0

4Corresponds to single-qubit case.

True, underlying state.

°Same results are obtained for the other eigenstates (0, 1,0)" and
0,0, DT.

state, to avoid numerical problems with optimization at this
edge point.

These results show that the minimum necessary purity for
two-qubit states is significantly smaller than that for single-
qubit states. In particular, the results show that two-qubit
quantum states are more sensitive to detect an error in a
single-qubit Pauli measurement, due to the additional ¢, and
3 positivity constraints, which are violated already at a purity
of 0.3 and 0.4, respectively. The single- and two-qubit &
inequalities are violated at similar purity values of 0.75 and
0.7, respectively, which agrees with the minimal necessary
purity of 0.75 in Fig. 1(c), where the distance D vanishes for
states with a purity below 0.75. Of course, one has to keep
in mind that the purities of quantum states with a different
number of qubits are sometimes difficult to compare.

b. Tensor products with single-qubit state copies

We have also studied whether one can enhance the single-
qubit error detection capabilities by adding uncorrelated
ancillas. We again consider the error of measuring oy instead
of o on the first qubit. We use the true underlying single-qubit
state pj, with purity of 0.7, which maximizes x; of the main
text. In particular, we consider three cases of tensor products.
First, we find that the tensor product of an erroneous state
copy f;, with a correct copy pg ; does not violate any pos-
itivity condition. Second, the same holds for a tensor product
of two copies of the erroneous state ;. Finally, if we con-
sider pj ; together with any eigenvector corresponding to the
positive eigenvalue of o;, we only get a maximal value of 0
for ¢, and ¢3. Table I summarizes the results for ¢; depending
on the type of product state. In summary, these attempts to
enhance the detection capability of a single-qubit error by
employing some tensor products in different cases have not
been successful.

¢. Error detection capability: Entangled vs separable states

In this section we summarize the difference between prod-
uct and entangled two-qubit states in their capability to detect
local systematic errors on the first qubit. We focus on the case
of a severe systematic error on a single qubit, as this is the
most probable error. As stated in the main text, this error can
be described by the matrix M, (¢, 8, y, §), and we assume that
there is no systematic error present on the second qubit, i.e.,
M, =1.
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FIG. 5. Numerical results for the maximal values of x; in (a), x, in (b) and x3 in (c) depending on the purity of the true underlying two-qubit
state p for the error of interpreting the Y and Z as Z and Y Pauli measurement, respectively. The blue and orange dots represent the x; values
for entangled and separable states as discussed in the main text. If a point is above the black line at x; = 0, it means that one of the positivity
constraints is violated, and thus, there exists at least one state that can detect the error. Only for entangled states, the results of x, and x; are
above the dashed line at a purity of 0.45 and 0.35, respectively. This error relates to the partial transposition on a subsystem, which explains

why only entangled states are sensitive to this error.

We checked all permutations of the four angles for the in-
terval {0, T, 7, %, 7 }. For each angular setting we determine
the values x; for the whole state space and for separable states
as stated in the main text, where we vary the purity values
from 0.32 to 0.38. The optimization over the whole state
space includes both entangled and separable states, whereas
the optimization over the separable states includes only those,
which enables us to compare entangled and separable states in
their error detection capability.

We have checked 625 different angular settings, where 25
of those angular settings correspond to not having an error,
because the sin (0) terms let M result in the identity matrix.
In summary, we have 600 erroneous angular settings [82].

We find that the optimization problem resulting in x3 is
the most stringent condition, because it is already positive at
the smallest purity values. We observe this property of x3 for
all erroneous settings and for both entangled and separable
states. Furthermore, we find that the first positive value of
conditions x; and x; strongly depends on the angular setting
M, . However, the first positive value of x3 is almost the same
for all angular settings, which we find in the interval between
0.29 and 0.34, and 54% of all erroneous settings return the
smallest necessary state purity of 0.31.

For most of the cases, we find that the minimum necessary
state purity is the same for entangled and separable states. In
some of these cases, the entangled states return larger x; values
than separable states, but this happens only at purity values
above the minimal necessary state purity, which has been the
same for both state types.

The error M| witha = y = % B =& =0, is the only one
for which the results of entangled and product states differ
drastically, and corresponds to the Pauli basis permutation:
X=X, Y+~ Z,Z+— Y. Figures 5(a)-5(c) show the results
x; of the optimization problems for entangled and separable
states as blue and orange dots, respectively. The black dashed
line is at x; = 0, and if a point is above the line, it means that
there exists a state that can detect the error. We find that only
entangled states can detect this error, as seen in Figs. 5(b) and
5(c), where only the blue dots are above the black, dashed line
at critical purities of 0.45 and 0.35, respectively. The product

state results, orange dots, are all below the dashed line, which
means that they cannot detect the error.

The above-mentioned error of permuting two bases cor-
responds to the partial transpose map together with an
appropriate local unitary transformation. Thus, it is under-
standable that separable states are unable to detect those
errors. From the above discussion, the following questions
arise naturally: what happens if the adjustment angles are
close to (but not exactly equal to) the partial transpose er-
ror? and is there still a difference between the entangled
and separable states? To address this questions, we study
the error mentioned above with a small angular offset n:
a=y=7%+nand B =8 =mn. We find for a value of n =
0.05rad = 2.9° that again only entangled states violate the
conditions x, and x3 significantly as one can see in Figs. 6(b)—
6(c). For separable states, there is a violation, but it is much
smaller and difficult to characterize experimentally. In this
sense, entangled states can help detect systematic errors.To
conclude this section, we find that entangled states are more
powerful than separable states in detecting errors on one qubit,
as our discussion shows. Additionally, we find that entangled
and separable states have the same minimal necessary state
purity for many errors. However, in some cases, the numerical
value of x; is larger for entangled states than for separable
states, but this happens only for state purities beyond the
smallest necessary state purity.

APPENDIX C: STATISTICAL AND SYSTEMATIC
ERROR DISTINCTION

In this section we utilize the vector Bernstein inequality
from Ref. [27] to state a probability 4, that the distance
D between the least-squares and biased estimate, Eq. (3), is
caused by statistical errors. In order to be able to use the
vector Bernstein inequality, we have to reformulate the dis-
tance D such that it contains the true, underlying quantum
state p. The distance D is the smallest distance between the
least-squares estimator pps and the physical state space, and
thus, it is strictly smaller than the distance between the least-
squares estimate and the true, underlying quantum state p:
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FIG. 6. Numerical results for the maximal values of x; in (a), x, in (b) and x3 in (c) depending on the purity p of the true underlying
two-qubit state p for the error M; with angles « =y = 7 +n and 8 = § = n. This error corresponds to exchanging the Y and Z basis,
but with a small angular offset of = 0.05rad = 2.9°. The blue and orange dots represent the x; values for entangled and separable states,
discussed in the main text. The black dashed line is at x; = 0, and marks the threshold value when the positivity constraint is violated and at
least one state exists, which can detect the systematic error. The violations that can be reached with separable states are much smaller than the
ones for entangled states, therefore entangled states can help in detecting this kind of error.

D = |lpis — pslla < llous — pll,. Furthermore, we interpret
quantum state tomography as sum of independent, zero-mean,
vector-valued random variables, where we define o as the
average of the variances of the random variables. With this
assumptions we utilize Eq. (A16) from Ref. [27], which
makes us of the pseudoinverse map induced by Born’s rule
(A : p+— f). In summary, we obtain the following bound on
the probability g, to observe statistical errors:

dsta = PllloLs — psll, = 71 < Plllos — pll, = 7]
N7? 3 ]
20234+ 2t/0]

where t is a finite distance. For local Pauli measurements on
n qubits o is equal to 5"/,

< 8exp |:— (C1H

APPENDIX D: EXPERIMENTAL METHODS

1. Photon source and experimental setup

A single GaAs/AlGaAs quantum dot (QD) embedded in
a circular Bragg resonator cavity, also known as a bullseye
cavity, serves as the source of entangled photons. The QD is
a semiconductor nanostructure formed by tens of thousands
of atoms, whose electronic structure features discrete energy
levels due to quantum confinement. This is a distinctive fea-
ture of quantum emitters, namely light sources that rely on
deterministic emission mechanisms and can produce photonic
states with small multiphoton components [65]. The QD is
fabricated by Al-droplet etching epitaxy, a technique that cre-
ates symmetric conical nanoholes in an Al 33Gag g7 As matrix,
here about 7nm in height and 50 nm in base diameter [66],
that are filled with GaAs. The quantum dot is embedded in
a photonic microcavity, here a circular Bragg resonator, that
enhances photon extraction. The whole structure is sketched
in Fig. 7(a). More details on source fabrication and further
microprocessing steps, in addition to the full sample design
and optical performance, are described in Ref. [41].

Pairs of polarization-entangled photons are generated by
the physical mechanism of the biexciton-exciton cascade,
which is depicted in Fig. 7(b). If two electron-hole pairs are

confined in the quantum dot, a so-called biexciton state with
total angular momentum J = 0O along the quantization axis
defined by the growth direction, is created. This excited state
decays via spontaneous emission, a process that can follow
two radiative paths based on the presence of two possible
intermediate states, namely bright exciton states with different
projections of the total angular momentum along the main
confinement axis (superposition of M, = +1 states). The en-
ergy of the first optical transition (biexciton to exciton) is
lower than the energy of the second transition (exciton to
ground state) due to differences in Coulomb interaction in
the excitonic states. Following the relevant optical selection
rules, when the two decay paths are indistinguishable, that is
when the two intermediate bright exciton states are degener-
ate, the two photons of the radiative cascade are emitted in the
lpT) = 1//2(JHH) + |VV)) state of polarization [67].
Including nonidealities, the two-qubit density matrix that
describes the polarization state of the two correlated pho-
tons depends on a few parameters (see also Appendix F 1).
The main factor that influences the density matrix is the fine
structure splitting, that is the energy splitting between the two
intermediate bright-exciton states of the radiative cascade.
Fine-structure splitting introduces a phase in the entangled
state that depends on the randomly distributed emission time
of the exciton-to-ground state transition [68,69]. Under the
assumption of no spin dephasing processes, the state follows

the following form: |v/) = Lz(|HH) + eiBrsst/h|yV)), where

Efrss is the fine-structure splitting and 7 is the emission time of
the exciton, where zero is the emission time of the biexciton.
If the emission is time gated and the detector resolution is
fast enough, this phase might be resolved, however, otherwise
the phase evolution results in a mixed density matrix, which

deviates from the dominant term |¢p1) = LZ(IHH) + [VV)).

The amount of mixedness depends on the ratio between fine
structure splitting and exciton recombination lifetime. With-
out the assumption of no spin dephasing, the state evolution
can be found in matrix form in Appendix F. Here we control
the fine structure splitting to modify the density matrix of
the emitted two-photon states at a source level. Our entan-
gled photon source is integrated on top of a micromachined
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FIG. 7. (a) Sketch of the entangled photon source. A layer with GaAs QDs is fabricated via droplet etching epitaxy at the middle of a
140 nm thick Alj33Gag¢7As membrane. The membrane is integrated on top of a micromachined piezoelectric substrate to induce controlled
strain in the material. A circular Bragg grating microstructure is etched around a single QD to improve photon collection from above. (b) Energy
level picture of the biexciton-exciton radiative cascade that generates polarization-entangled photons. A fine structure splitting S separates the
two bright exciton states. A resonant two-photon absorption process directly populates the biexciton state.

piezoelectric substrate which allows us to induce a controlled
strain and finely tune the value of fine structure splitting. In
this experiment, the QD source is operated at three different
levels of fine-structure splitting, namely 0.6 ueV (negligible
effect on the entanglement), 7.9 ueV, and 13.9 ueV. These
three values of fine-structure splitting correspond to a state pu-
rity of 0.92, 0.65, and 0.56, in order. The lifetime is 93 ps and
42 ps for the exciton-to-ground-state and biexciton-to-exciton
transition, respectively.

The photon source is cooled to 5K inside a low-vibration
closed-cycle He cryostat, where a single QD is optically ex-
cited by focusing laser light through a 0.81 NA objective
positioned within the cryostat in a confocal arrangement. The
radiative cascade is prompted by populating the biexciton
state of the QD via two-photon resonant excitation [70,71].
The optical excitation is performed with a Ti:Sapphire pulsed
laser with 80 MHz repetition rate. A 4f pulse shaper with
an adjustable slit on its Fourier plane is used to select the
laser energy at half the ground-to-biexciton state transition
energy, enabling two-photon absorption, and at a bandwidth
of 1060 ueV, to minimize state mixing induced by laser-
induced level shifts [72]. The power of the laser pulses is
set at w pulse of the Rabi oscillations, that is in the condi-
tion, which maximizes brightness. To mitigate blinking, the
QD charge environment is stabilized using an uncollimated
halogen lamp with a black-body spectrum [73]. The QD emits
polarization-entangled photon pairs via the biexciton-exciton
cascade. The two-qubit density matrix that describes the po-
larization state of the two correlated photons depends on a
few parameters (see also Appendix F 1), including the fine-
structure splitting, that is the energy splitting between the
two intermediate bright-exciton states of the radiative cascade.
The effect of the fine-structure splitting is to introduce a
phase in the entangled state that depends on the randomly
distributed emission time of the exciton-to-ground state tran-
sition [68,69]. If the acquisition is not time gated, this results
in a mixed density matrix with a dominant term due to the
l¢pT) = 1/v/2(JHH) + |VV)) state and an additional contri-
bution from the |¢~) = 1/+/2(JHH) — |VV)) state, whose
relative weight depends on the ratio between fine-structure
splitting and exciton recombination lifetime.

The light emitted by the QD is collected by the same
objective used for optical excitation and separated from the

excitation path using a 90:10 beam splitter. The back-scattered
laser light is suppressed using tunable volume Bragg gratings
with a spectral bandwidth of 0.4 nm. A second set of volume
Bragg gratings, operated in reflection mode, is employed to
spectrally separate the emission from the two optical tran-
sitions that are at 793.55nm and 795.39 nm. The quantum
tomography setup consists of two sets of a half-wave plate
and a quarter-wave plate (for state rotation), a polarizing
beam splitter (for state projection), and two silicon avalanche
photodiodes. The quarter-wave plate rotated by the additional
angular offset A is in the analyzer of the photons from the
biexciton-to-exciton transition. The detectors have a time jitter
of approximately 400 ps (FWHM) and a detection efficiency
of 46% including receptacle losses. The single-photon events
are recorded using a time-to-digital converter from Swabian
Instruments with a resolution of 10 ps (rms). Each two-qubit
quantum state tomography is performed with two detectors
per qubit in nine different polarization settings, amounting to
a total of 36 coincidence measurements [74]. The acquisition
time for each polarization setting is 30 s at a coincidence rate
of approximately 27 kcps.

2. Measurement data evaluation

We provide details on the evaluation of the measurement
data shown in the main text to allow the interested reader to re-
construct the results from the given measurement data. We use
two source codes, one to determine an array of coincidence
events from the raw detector clicks and the other one to evalu-
ate the estimators and their distance. For the evaluation of the
estimator distance, we divide the total measured coincidence
counts for each basis setting in N, = 1000 subexperiments
consisting of Np; = 400 coincidence events each. We split
the array of measurement data in N,; = 400 blocks of size
N, = 1000, whereas we assign each index in one block to
one coincidence event of a subexperiment. Subsequently, we
evaluate for each subexperiment the quantities of interest and
bin the outcomes in a histogram.

Figures 8(a) and 8(b) show the histograms with the results
for the D(A = 100°) and D(A = 60°) measurement points
of the states with the largest and smallest underlying purity,
respectively. The resulting histogram of the high-purity quan-
tum state exhibits a Gaussian statistics as seen in Fig. 8(a),
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FIG. 8. (a) The histogram summarizes the determined distance D(A = 100°) for 1000 subexperiments for the state with the largest
underlying state purity value (0.6 ueV fine structure splitting). (b) We observe for the state with the lowest purity that the resulting histogram
for the distance D(A = 60 °) exhibits a non-Gaussian statistical behavior. The reason for the enhancement of zero-distance bin is that the
nonphysical state lies inside the physical state space, because the purity is so low that even with systematic error the nonphysical estimator is

a physical state.

and thus, we fit a Gaussian distribution over the histogram. We
use the mean value and the standard deviation of the Gaussian
distribution as the measurement result and its error in Fig. 2(c)
of the main text, respectively.

For the low-purity results we observe for some angles A an
outcome distribution, which differs clearly from the Gaussian
distribution, see Fig. 8(b). We observe this outcome distribu-
tions because the purity is so low that most of the, though
erroneous, unbiased estimates still result in a physical state,
and thus, the zero distance bin is filled up with most of the
measurement results. For these specific cases we do not fit
a Gaussian distribution over the histogram. In particular, we
sum over all histogram values beginning from D = 0 until we
reach a cumulative value of 68.2% of the total measurement
outcomes, and we define the mean value and its standard
deviation as the central bin and half of the width of the interval
containing 68.2% of the data. The reason for taking 68.2% is
that it corresponds with the definition of the standard deviation
for the Gaussian function. Table II contains all mean and
standard deviation values for the low-purity state with the
offsets A for which the histogram is non-Gaussian.

a. Confidence regions for measurement data

In this section, we analyze the confidence region for the
experiment described in the main text. The confidence level
is defined as 1 — &5, Where g, represents the probability
that the distance D between the biased and unbiased estima-
tors exceeds t due to a systematic error. This probability is

TABLE II. Statistical properties for non-Gaussian histograms.

A(deg)? Mean p in 1073 Standard deviation ¢ in 1073
50 0 1.5
60 5 5
130 0 0.5

*We consider the lowest-purity quantum state (13.9 ueV fine struc-
ture splitting) for all angles.

"We obtain twice values of the order of 107!'¢ which is far below the
detection resolution, thus we set the value equal to 0.

provided by Eq. (4) in the main text. In our experiment, we
focus on a two-qubit state, meaning n = 2, and we perform
a total of N =9 - 400 measurements. Figure 9 illustrates the
confidence region as a function of t from which we see that
for a distance 7 = (0.25 we get already a confidence level
of 90%. Note that the bounds coming from the Bernstein
inequality can get larger than 1, which results in probabilities
out of the interval [0,1] and has been reported in the literature
[75,76]. Therefore, we adjust the probabilities in Fig. 9 when
we observe values of T below 0.

APPENDIX E: QUANTUM STATE TOMOGRAPHY
OF QUBITS IMPLEMENTED AS THE
POLARIZATION OF PHOTONS

Here, we review concisely how to implement local, single-
qubit Pauli measurements of qubits, which are realized by
the polarization of a photon. In particular, we discuss the
how to implement single-qubit unitary operations with wave

1.0 ¢ 1

— N=9-400
0.0 | ]

0.0 01 02 03 04 05 0.6
T

FIG. 9. The confidence level 1 — &, gives the probability that
the distance between the estimators D exceeds 7 due to a systematic
error for the experiment in the main text. We use Eq. (4) from the
main text with the parameters n =2 and N = 9 - 400 to obtain the
confidence level as a function of t. We reach a confidence level of
90% for a value of T = 0.25.
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plates, and further, we discuss how Pauli measurements are
implemented in those photonic systems.

1. Single-qubit unitary operations

The implementation of unitary rotations of the photon’s
polarization is crucial for the realization of local, single-
qubit Pauli measurements. In our work we use quarter- and
half-wave plates to perform unitary rotations on the photon’s
polarization, thus we summarize briefly the matrix formalism
to treat wave plates, following the book of Pedrotti ez al. [77].
A wave plate is an optical component (often cutout from a
birefringent crystal), which causes an additional phase shifts
for both the horizontal |H) and vertical |V) component of the
photon’s polarization. The most general form of a wave plate
W is given by the following matrix,

éde 0 e (1 0
W = (0 ei‘E}') = e H (O ei(EV_é‘H)>’ (El)

where ey and ey represent the phase change shift of the H
and V component of the polarization. A quarter wave plate
with fast axis vertically aligned, i.e., perpendicular to both
the optical table and the photon’s propagation direction, is
obtained from Eq. (E1) for phase shift of 7 /4 and —mr /4 for
the horizontal and vertical polarization component:

i 1 0
Uqwp pav = e™/* <0 > (E2)

—1

Note that the matrix in Eq. (E2) is the st gate. If the fast axis of
the quarter-wave plate is oriented horizontally, i.e., parallel to
the optical table, the representing matrix differs from Eq. (E2)
in terms of the sign of the relative and absolute phase,

Ugwp.pan = e 7/ <(1) ?) (E3)
The matrix representation of a half-wave plate with fast axis
oriented vertical is given as follows,

a1 0
Upwp pay = €7/ (O _1). (E4)

A half-wave plate with fast axis oriented horizontal is de-
scribed by the same matrix as in Eq. (E4), merely the sign
of the absolute phase term is opposite. Note that the matrix,
Eq. (E4), corresponds to the Z gate.

2. Single-qubit Pauli basis measurements

The photonic system we consider utilizes the polarization
of a photon to implement the basis states of a qubit. Therefore,
a computational basis measurement (o7 measurement) is im-
plemented by observing clicks on a single-photon detector on
each exit of a polarizing beam splitter (PBS). The remaining
Pauli measurements are performed by inserting a quarter- and
half-wave plate prior to the PBS, see Fig. 2(b) in the main text
for a visualization of the measurement setup. The fast axis
rotation angles ¥ and y; for the quarter- and half-wave plate
are determined from the expectation values of the kth Pauli

TABLE III. Pauli measurement angles.

Pauli basis W X
ox 0 %
oy % 0
oz 0 0

measurement setting as follows:
Tr(oxp) =Tr(R™ (x)oz R™ (= x) R™ (1) SR™ (=)
x o7 R™ (1) STR™ (=) R™ (x)07"
x R™ (= xp)p), (E5)

where k € {1,...N,} is one of the N, measurement basis
settings, and R™" is the rotation matrix:

—sin(f)
cos(f) ) (E6)

rot py _ [ €OS(0)
R (6)_<sin(9)

We summarize the rotation angles for the Pauli basis measure-
ments in Table III.

APPENDIX F: EXPERIMENTAL ERRORS WITH
POLARIZATION-ENTANGLED PHOTON PAIRS

In this section we provide a nonexhaustive list of possible
errors in a quantum optics laboratory, where the photon’s
polarization defines the qubit and local, single-qubit Pauli
basis measurements are performed with wave plates and beam
splitters. For other qubit implementations [78] and optical
components, as for example electro-optic modulators [79],
other error settings may occur.

1. Rotation of a single Pauli basis

In the main text, we present the single-qubit case with a
misalignment of a single Pauli basis. Here, we simulate two-
qubit quantum states of varying purity emitted by quantum
dots. Ideally, the emitted quantum state from a quantum dot
is the Bell state |¢T), but fine-structure splitting and the finite
lifetimes of the exciton lead to a state deviating from |¢T).
We use the model proposed by Hudson ef al. [68] to describe
a plausible quantum state p generated by a quantum dot:

1+ Kgyy 0 0 gzt
1 0 1 —kgyy 0 0
] 0 1-kdy 0
2Kg2,)VZ 0 0 14 Kg’lgl’%,
(F1)
with

ghy =1/ +11/1s5).
gy = 1/(1+ 71 /tss + 71 /Tav).
_ gz?vsrl

1+
= T2 and (= 5 (F2)

Z
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FIG. 10. (a) Distance D as a function of rotation angle vz of the quarter-wave plate on qubit 1 for six different two-qubit state purities,
ranging from 0.58 to 0.92. The rotation effects the basis terms: o7 ® ox, 0z ® oy, and o7 ® oz. The maximum D is found for an angle
Yz = 45°, where oy is measured for o7. The distance D decreases for decreasing state purities. (b) Fidelity with respect to |¢™) evaluated for
the least-squares estimator o g (blue) and biased estimator pg (orange) depending on the rotation ¥ of the quarter-wave plate at qubit 1. The
estimators are obtained from the measurement of the state with purity 0.92. The fidelity values differ as function of the rotation angle and have

a maximum at % = 45 ° where oy is measured instead of o7.

In this simulation we set the lifetime of the exciton
71 = 150 ps, and the fraction of photon pairs originating ex-
clusively from the quantum dot « = 0.02. We consider spin
scattering and cross dephasing negligible by setting tgs = 1 us
and tgy = 1 us. We vary the fine-structure splitting from 0 to
10 ueV, which results in quantum states with purity ranging
from 0.92 to 0.58, as in the experiment reported in the main
text.

We perform local, single-qubit Pauli measurements
Pgv1 ® Pgpo with a fixed sequence of basis measurements:
ox ® ox, ox Q 0y,...07 @ oy, 07 ® o7 applied to qubit 1
and 0, respectively, such that the number of wave plate ro-
tations is minimal. We assume that an error occurs during
the adjustment of the oz basis on qubit 1, which implies
effects on the three basis measurements: o7 ® ox, oz ® oy,
and o7 ® oz. Figure 10(a) shows the distance D as function
of the angle vz on qubit 1 for quantum states with a purity
ranging from 0.58 to 0.92. The maximum of the distance D
is found for the angle ¥z = 45 °, this corresponds to the case
of measuring oy instead of oz. Furthermore, we see that the
magnitude of the distance D decreases for decreasing values
of the state purity, as discussed in the main text.

Figure 10(b) shows the fidelity with respect to the Bell state
|¢T) for the estimators pr s (blue) and pp (orange) as function
of the angle vz on qubit 1. Both types of estimators have been
obtained from the measured quantum state with purity 0.92.
The resulting fidelity for the physical and nonphysical estima-
tor differs from each other as function of 1. The maximal
difference in fidelity is obtained for ¥, = 45°, where oy is
measured instead of o7.

2. Exchange of wave plate sequence

Here, we consider the unintended exchange of the quarter-
and half-wave plate in the measurement setup of Fig. 2(b).
We assume that the wave plates are perfectly aligned and
the angles are adjusted as given in Table III. Mathematically,
this error corresponds to exchanging the oz(o7") and ST(S)

between the rotation matrices R(v/;) and R(x;) in Eq. (ES),
respectively. This error case has an effect on the implementa-
tion of the ox and oy basis,

Y
UX,enor— E 1_1

1 0
OY,error = —07 = — o —1)

These errors caused on the ox and oy measurement are de-
tectable under as discussed in Appendix B.

1 .
__'_11>:O'x—o'y+o'z

(F3)

3. Misalignment of the quarter-wave plate’s fast axis

Here, we discuss the cases of the unintended horizontal
instead of vertical alignment of the quarter-wave plate’s fast
axis, this exchange corresponds to the use of matrix Eq. (E3)
instead of Eq. (E2) for the Pauli measurements. The same
misalignment of the half-wave plate’s fast axis causes no prob-
lems, because the resulting matrix Eq. (E4) is up to a global
phase factor the same for vertical and horizontal orientation
of the fast axis. Mathematically, the horizontal orientation of
the quarter-wave plate corresponds to exchanging the S™ and
(S) gate in Eq. (ES), which affects the oy basis measurement
as follows,

(F4)

OY error = —O0Y,

and this error corresponds performing a transposition of the
single-qubit or a partial transpositon of the two-qubit quantum
state, respectively. This error is not detectable, if we only have
a single-qubit state or a two-qubit state product state. But as
soon as the two-qubit state is entangled, we are able to detect
this error as we have demonstrated in the main text and in
Appendix B3 c.
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4. Further errors

For the sake of completeness, we mention briefly other
possibilities for errors and provide references to works con-
sidering these errors in detail.

The wave plates used in the Pauli basis measurement, can
lead to errors effecting the matrices in Egs. (E2), (E3), (E4)
of the quarter- and half-wave plates, which may result in non-
physical quantum state estimates. West and Smith [80] discuss
polarization errors for zero-order wave plates caused by thick-
ness mismatch, optical axis tilt and fast axis misalignment of
the two crystals used in the wave plate. The polarization error

caused by the light’s incidence angle is discussed as well by
West and Smith. Boulbry ef al. [81] discuss the emerging of
elliptical eigenpolarization modes caused by the misalignment
of the optical axis a double crystal, achromatic, zero-order
quarter-wave plate.

Altepeter et al. [64] provide an extensive discussion
on errors of photonic polarization qubit measurements and
how to correct them. They discuss errors caused by the
crosstalk and absorption of the polarizing beam splitter
as well as the effect of the efficiency mismatches of the
two single-photon detectors used at the two beam-splitter
exits.
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