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Overview

Methods

• Maximum likelihood

• Wasserstein distance

• Hungarian Algorithm 

• Nonlinear optimization

Input

TOA measurements

(indistinguishable)

Output

All target positions Multi Target 

Multilateration

Receivers

• Passive 

• Known locations

• Synchronized

Estimation

• Independent, 

no prior knowledge

• No Tracking involved
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Multilateration

𝑡𝑖 = 𝑝𝑡 + ൗ𝑝 − 𝑠𝑖 𝑐0 , 𝑖 ∈ 1, 2, 3

TTT

TOA

TOA

TOA

c0
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Solve Single Target

Continuous

Nonlinear

Optimization

Levenberg-Marquardt

Objective function

𝑝𝑡, 𝑝

Hypothesize TTT & position

𝐷 =෍

𝑖

𝑝𝑡 + ൗ𝑝 − 𝑠𝑖 𝑐0 − ต𝑡𝑖
2

Hypothesized

TOA

Actual

TOA

𝑝𝑡, 𝑝

Initial guess

𝑝𝑡, 𝑝

Optimal result

Distance

Measure
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Multi Target Multilateration

𝑗𝑡𝑖 = 𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 , 𝑖, 𝑗 ∈ 1, 2, 3
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Multi Target Multilateration

𝑗𝑡𝑖 = 𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 , 𝑖, 𝑗 ∈ 1, 2, 3
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Multi Target Multilateration

𝑗𝑡𝑖 = 𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 , 𝑖, 𝑗 ∈ 1, 2, 3

Dense

Transmission

Event
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Solve Multiple Targets

Continuous

Nonlinear

Optimization

Objective function

𝑗𝑡, 𝑗𝑝 , 1𝑗 ∈ 1, 2, 3

Hypothesize TTT & position

𝐷 =෍

𝑖

෍

𝑗

𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 −ต𝑗𝑡𝑖
2

Hypothesized

TOA

Actual

TOA

𝑗𝑡, 𝑗𝑝

Initial guess

𝑗𝑡, 𝑗𝑝

Optimal result

Levenberg-Marquardt
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Solve Multiple Targets

Continuous

Nonlinear

Optimization

Objective function

𝑗𝑡, 𝑗𝑝 , 1𝑗 ∈ 1, 2, 3

Hypothesize TTT & position

𝐷 = min
𝜋𝑖

෍

𝑖

෍

𝑗

𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 −
𝜋𝑖(𝑗)𝑡𝑖

2

Hypothesized

TOA

Actual

TOA

𝑗𝑡, 𝑗𝑝

Initial guess

𝑗𝑡, 𝑗𝑝

Optimal 

result

Wasser-

stein

Levenberg-Marquardt
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Wasserstein Distance I

Time

Three hypothesized TOAs

One actual TOA

Single measurement

• Nearest neighbor

• Minimum of vector
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Wasserstein Distance II

Time

Three hypothesized TOAs

Three actual TOAs
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Wasserstein Distance II

Time

Three hypothesized TOAs

Three actual TOAs

Equal number of TOAs

• Associate earliest with earliest etc. 

• Sort the TOA vectors
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Wasserstein Distance III

Time

Three hypothesized TOAs

Two actual TOAs

Different numbers of TOA

• Linear assignment problem

• Hungarian algorithm 
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Solve Multiple Targets

Continuous

Nonlinear

Optimization

Objective function

𝑗𝑡, 𝑗𝑝 , 1𝑗 ∈ 1, 2, 3

Hypothesize TTT & position

𝐷 = min
𝜋𝑖

෍

𝑖

෍

𝑗

𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 −
𝜋𝑖(𝑗)𝑡𝑖

2

Hypothesized

TOA

Actual

TOA

𝑗𝑡, 𝑗𝑝

Initial guess

𝑗𝑡, 𝑗𝑝

Optimal 

result

Wasser-

stein

Levenberg-Marquardt
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Solve Multiple Targets

𝑗𝑡, 𝑗𝑝 , 1𝑗 ∈ 1, 2, 3

Hypothesize TTT & position

𝐷 = min
𝜋𝑖

෍

𝑖

෍

𝑗

𝑗𝑡 + ൗ𝑗𝑝 − 𝑠𝑖 𝑐0 −
𝜋𝑖(𝑗)𝑡𝑖

2

Hypothesized

TOA

Actual

TOA

𝑗𝑡, 𝑗𝑝

Initial guess

𝑗𝑡, 𝑗𝑝

Optimal 

result

Wasser-

stein

Continuous

Nonlinear

Optimization

Objective function

Levenberg-Marquardt
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Evaluation
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Evaluation



Daniel Frisch 19

Evaluation
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Evaluation
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Evaluation
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Evaluation
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Video: Simulation and Real Data Examples
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Example Before vs After



Daniel Frisch 25

Conclusions

Multi Target Multilateration

Features

• Unknown Associations

(TOA to target)

• Passive Sensors 

• Reliability

• Independent Estimates
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END
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