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Overview

Methods

• Distance for DMDs

• Localized Cumulative 

Distribution (LCD)

• Modified Cramér-von Mises 

Distance

• Analytical integration

• Numerical optimization

Input

Dirac Mixture Density (DMD)

• Random

Output

Dirac Mixture Density (DMD)

• Deterministic 

Optimal

Reduction
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Notation

Input

Dirac Mixture Density (DMD)

• Random

Output

Dirac Mixture Density (DMD)

• Deterministic 

ሚ𝑓 𝑥 =
1

𝑀
෍

𝑗=1

𝑀

𝛿(𝑥 − 𝑦𝑗)

𝑓 𝑥 =
1

𝐿
෍

𝑖=1

𝐿

𝛿(𝑥 − 𝑥𝑖)

M=5000 L=30

𝑥 ∈ 𝕊2 ⊂ ℝ3
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Distance Measure for DMDs I

Domain (1D)

DMD 1

DMD 2

• 𝐿2 norm of PDFs? 

• No common support 

• 𝐿2 norm of CDFs? 

• Works for 1D

𝐷2 = න

−∞

∞

ሚ𝑓 𝑥 − 𝑓 𝑥
2
d𝑥 = 0
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−∞

∞

෨𝐹 𝑥 − 𝐹 𝑥
2
d𝑥 , 𝐹 𝑥 = න

−∞

𝑥

𝑓 𝑡 d𝑡
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CDF in Higher Dimensions
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Localized Cumulative Distribution (LCD)

𝐹 𝑥, 𝑦, 𝑏 = න

𝑦−𝑏

𝑦+𝑏

න

𝑥−𝑏

𝑥+𝑏

𝑓 𝑡, 𝑢 d𝑡 d𝑢

𝐹 𝑚, 𝑏 = ඵ

𝑥−𝑚 ≤𝑏

𝑓 𝑥 d𝑥

𝐹 𝑚, 𝑏 = ඵ

𝒳

𝑓 𝑥 𝐾 𝑥,𝑚, 𝑏 d𝑥 LCD
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Modified Cramér-von Mises Distance

𝐷2 = න

ℝ+

𝑤(𝑏) න

𝒳

෨𝐹 𝑚, 𝑏 − 𝐹 𝑚, 𝑏
2
d𝑚 d𝑏

Distance measure for comparing all types of densities: 

• discrete vs discrete

• discrete vs continuous

• continuous vs continuous
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Overview: DMD-DMD Distance

ሚ𝑓 𝑥 =
1

𝑀
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Overview: DMD-DMD Distance
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Overview: DMD-DMD Distance

ሚ𝑓 𝑥 =
1

𝑀
෍

𝑗=1

𝑀

𝛿(𝑥 − 𝑦𝑗) 𝑓 𝑥 =
1

𝐿
෍

𝑖=1

𝐿

𝛿(𝑥 − 𝑥𝑖)

𝐹 𝑚, 𝑏 = න

𝒳

𝑓 𝑥 𝐾 𝑥,𝑚, 𝑏 d𝑥

𝐷2 = න

ℝ+

𝑤(𝑏) න

𝒳

෨𝐹 𝑚, 𝑏 − 𝐹 𝑚, 𝑏
2
d𝑚 d𝑏

DMD1 DMD2

LCD1 LCD2

Modified 

Cramér-von Mises 

Distance
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ሚ𝑓 𝑥 𝐾 𝑥,𝑚, 𝑏 d𝑥



Daniel Frisch 11

Overview: Deterministic Sampling

Continuous

Nonlinear

Optimization

Quasi-Newton Optimizer

𝑥𝑖 𝑖=1

𝐿
Hypothesize DMD2

𝑥𝑖 𝑖=1

𝐿
Initial guess

constant 𝑥𝑖 𝑖=1

𝐿
Optimal result

Objective
Function
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Kernel Functions I

𝐾 𝑥,𝑚, 𝜎 = exp −
𝑥 −𝑚

⊤
𝑥 − 𝑚

2 𝜎

𝐾 𝑑, 𝜎 = exp
1

𝜎
⋅ −

𝑑2

2

• Gaussian Kernel

𝐾 𝑑, 𝑏 = exp 𝑏 ⋅ cos 𝑑

𝐾 𝑥,𝑚, 𝑏 = exp 𝑏 ⋅ 𝑥⊤𝑚

• Von Mises–Fisher Kernel

ℝ2

𝕊2
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Kernel Functions II
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Computational Complexity I

𝐷2 =
1

𝑀2
෍

𝑗=1

𝑀
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𝑖=1

𝑀
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෍
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cos ൗ𝑑 2

𝑐1 Ei 𝑐1𝑏 − 𝑐2 Ei 𝑐2𝑏 +
1

𝑏
𝑒𝑐2𝑏 − 𝑒𝑐1𝑏

𝑏1=0.001

𝑏2=∞

𝑐1 = +2 cos ൗ𝑑 2 − 2

𝑐1 = −2 cos ൗ𝑑 2 − 2

𝑑 = cos−1 𝑦⊤𝑥
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Computational Complexity II

Continuous

Nonlinear

Optimization

Quasi-Newton Optimizer

𝑥𝑖 𝑖=1

𝐿
Hypothesize DMD2

𝑥𝑖 𝑖=1

𝐿
Initial guess

constant 𝑥𝑖 𝑖=1

𝐿
Optimal result

Objective
Function
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Evaluation

General procedure

1. Select spherical distribution

2. Draw M random samples 𝑦𝑗

3. Draw L initial guess samples 𝑥𝑖

4. Optimize L sample positions

• Minimize LCD-based distance measure

5. Use result as deterministic samples
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libDirectional
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Examples

Projected Gaussian Distribution

ProjGaussianDist()
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Examples

Projected Gaussian Mixture Distribution

ProjGaussianMixtureDist()
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Examples

Spherical Harmonics Distribution

SphericalHarmonicsDistributionReal()
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Examples

Custom Distribution

CustomHypersphericalDistribution()
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Examples

Mixture Distribution

HypersphericalMixture()

• BinghamDistribution()

• AngularCentralGaussianDistribution()
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Examples

Bingham Distribution

BinghamDistribution()
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Conclusion

Deterministic Sampling on Sphere

• Application scenarios

• Monte Carlo experiments

• Proposal density

• Importance sampling

• State estimation

• Control 

• Universally applicable

• DMD → DMD 

• Weighted DMD → DMD 

Outlook

• Hyperspheres

• Higher dimensions

• Riemannian manifolds

• Torus

• Cylinder

• Special Euclidean Groups

• Continuous → Discrete

deterministic sampling

• For certain densities
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Thank you for your attention
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