
Optimal Sensor Placement for Multilateration Using 

Alternating Greedy Removal and Placement

Intelligent Sensor-Actuator-Systems Laboratory (ISAS)

Institute for Anthropomatics and Robotics

Karlsruhe Institute of Technology (KIT)

Karlsruhe, Germany

https://isas.iar.kit.edu

Daniel Frisch and Uwe D. Hanebeck

MFI 2022 Conference Presentation



Daniel Frisch 2

Overview

Input

Multilateration Setup
• All satellite (sensor) locations
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Overview

Input

Multilateration Setup
• All satellite (sensor) locations

• Coverage area

Output

Best Sensor Locations
• Selected satellite locations

• Coverage requirements fulfilled

AGREP
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Multilateration

𝑡𝑖 = 𝑡0 + ൗ𝑝 − 𝑠𝑖 𝑐0 , 𝑖 ∈ 1, 2, 3

TTT

TOA

TOA

TOA

c0
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Solve NLE

Continuous

Nonlinear

Optimization

Levenberg-Marquardt

Objective function

𝑡0, 𝑝

Hypothesize TTT & position

𝐷 =෍

𝑖

𝑡0 + ൗ𝑝 − 𝑠𝑖 𝑐0 − ต𝑡𝑖

2

Hypothesized

TOA

Actual

TOA

𝑡0, 𝑝

Initial guess

𝑡0, 𝑝

Optimal result

Distance

Measure
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MLAT and Accuracy

𝑥 =
𝑝

𝑡0

𝑡𝑖 = ℎ𝑖 𝑥 + 𝑣𝑖

ℎ𝑖 𝑥 = 𝑡0 + 𝑐0
−1 𝑝 − 𝑠𝑖

ො𝑥 = arg min
𝑥

෍

𝑖=1

𝑁

ℎ𝑖 𝑥 − 𝑡𝑖
2

∇ℎ𝑖 𝑥 =
𝑝 𝑥 − 𝑠𝑖

𝑥

𝑝 − 𝑠𝑖

𝑝 𝑦 − 𝑠𝑖
𝑦

𝑝 − 𝑠𝑖

𝑝 𝑧 − 𝑠𝑖
𝑧

𝑝 − 𝑠𝑖
1

⊤

𝐇 =
∇ℎ1 𝑥

⋮
∇ℎ𝑁 𝑥

𝐂𝑣 = 𝐇𝐂𝑥𝐇⊤Δ𝑡 = 𝐇 Δ𝑥

𝐂𝑥 = 𝐇⊤ 𝐂𝑣 −1𝐇 −1

𝐉𝑥 = 𝐇⊤𝐉𝒗𝐇

Differentials: 
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MLAT Fisher Information

𝐉𝑥 = 𝐇⊤𝐉𝒗𝐇

𝐉𝑥 = 𝐇⊤𝐇

=෍

𝑖=1

𝑁

Δℎ𝑖 Δℎ𝑖
⊤

𝐂𝑣 = 𝐈

𝐉𝑥 =෍

𝑖=1

𝑁

𝐉𝑖
𝑥

𝐉𝑖
𝑥 = Δℎ𝑖 Δℎ𝑖

⊤

Total FIM

Sensor-specific FIM
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Information Metrics / Matrix Means

• T – optimality

Trace

• Sensor superposition

• Constant

• A – optimality

Average Variance

• No sensor superposition

• Depends on sensor locations

• D – optimality

Determinant

• E – optimality

Smallest Eigenvalue

Θ = trace(𝐉𝑥)

Θ = trace(𝐂𝑥)

Θ = det(𝐉𝑥)

Θ = Λmin(𝐉
𝑥)

GDOP

PDOP 𝐂𝑥 =

𝜎𝑥
2 𝜎𝑥𝑦 𝜎𝑥𝑧 𝜎𝑥𝑡

𝜎𝑦𝑥 𝜎𝑦
2 𝜎𝑦𝑧 𝜎𝑦𝑡

𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧
2 𝜎𝑧𝑡

𝜎𝑡𝑥 𝜎𝑡𝑦 𝜎𝑡𝑧 𝜎𝑡
2

HDOP
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Rank-1 Update

𝐂𝑥 = ෍

𝑖=1

𝑁

𝐉𝑖
𝑥

−1

𝐉𝑖
𝑥 = Δℎ𝑖 Δℎ𝑖

⊤

Θ = trace 𝐂𝑥

Minimize Θ

Rank-1 Matrix

Add 1 sensor:

Rank-1 update
𝐂𝑥 += −

𝐂𝑥Δℎ𝑖 𝐂
𝑥Δℎ𝑖

⊤

1 + Δℎ𝑖
⊤𝐂𝑥Δℎ𝑖

Θ +=−
𝐂𝑥Δℎ𝑖 2

2

1 + Δℎ𝑖
⊤𝐂𝑥Δℎ𝑖
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Search Routines

• Combinatorial Search

• Complexity: 𝒪 𝑀
𝑁

• Combinatorial Gray Code

• Greedy Removal

• Init: Dense

• Remove least important

• Greedy Placement

• Init: Few sensors

• Combinatorial

• OR Greedy Removal

• Add most beneficial

• Alternating Greedy Removal

and Placement (AGREP)

• Init:

• Dense

• OR Random

• Greedy Removal

• Greedy Placement

• Greedy Removal

• … 



Daniel Frisch 11

Search Routines
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Evaluation
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Conclusion

Achieved

• Sensor Selection Algorithm AGREP

• Tailored for MLAT

• Finds global optimum fast (2D LOS)

Future Work

• More complex geometries

• Non-square floor plans

• NLOS

• Realistic measurement model

• Improve AGREP

• More random decisions 

• Include GP aspects 
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Thank you for your attention
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