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Overview

Input

• No. Samples

• Dimension

• Covariance matrix

Output

• Sample locationsDeterministic

Sampling
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Polar Fibonacci Grid

Radial 

deformation
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Cartesian Fibonacci Grid → Gaussian
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Fibonacci Matrix

𝑥𝑘+1 =
1 1
1 0

𝑥𝑘 ,

1 1
1 0

→
1 1 1
1 1 0
1 0 0

2D 3D

𝑥0 =
1
1

Linear system generating Fibonacci numbers

Valid generalization if

2 dim + 1 prime

Eigenvalues as

Rotation Matrix
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Uniform Construction
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Uniform to Gauss

2 erf−1(2𝑢)

2 erf−1(2𝑣)

𝐗Reg 𝐗Std 𝐃 ⋅ 𝐗Std 𝐗Gauss

𝐃 𝐕

𝐂 = 𝐈 𝐂 = 𝐃 𝐂 = 𝐕 ⋅ 𝐃 ⋅ 𝐕⊤

2 erf−1(2𝑢)

2 erf−1(2𝑣)

𝐗Fib 𝐗Std 𝐃 ⋅ 𝐗Std 𝐗Gauss

𝐃 𝐕

𝐂 = 𝐈 𝐂 = 𝐃 𝐂 = 𝐕 ⋅ 𝐃 ⋅ 𝐕⊤

Smoothness-
Preserving

Transformation

Gauss, 
not smooth

Regular 
uniform

Fibonacci 
uniform

Gauss, 
smooth
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Transformable Gaussian Samples
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Matrix Roots: Cholesky vs SVD

𝐂 = 𝐕 ⋅ 𝐃 ⋅ 𝐕⊤

𝐗Gauss = 𝐕 ⋅ 𝐃 ⋅ 𝐗SND

𝐂 = 𝐋 ⋅ 𝐋⊤

𝐗Gauss = 𝐋 ⋅ 𝐗SND

SVD: 
smooth

Cholesky:
not smooth
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Deterministic Sampling: State of Art

UKF Main Axes RUKF

Few samples

⇒ Bad estimation

(value & uncertainty)

„Ad hoc“ extensions
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Optimal Deterministic Sampling

Random iid

(irregular but very fast)

Proposed

Fibonacci

(good and fast)

Localized Cumulative Distribution

LCD (best but sometimes slow)
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Simple Evaluation: UKF & GPF

• 𝐿 samples 𝑥𝑖 from prior

• 𝑥𝑖 ∼ 𝒩 𝑥, 𝑥p, 𝐂p

• 𝑥p =
−2
2

• 𝐂p =
1 0
0 52

• Measurement model

• ො𝑦 = 𝑥
3

3
+ 𝑣

• 𝐂𝑣 = 302

• Posterior mean

• UKF: 𝑥e = 𝑥p + 𝐂𝑥𝑦𝐂𝑦𝑦
−1 ො𝑦 − 𝑦p

• GPF: 𝑥e =
1

𝑐
σ𝑖 𝑥𝑖 ⋅ 𝒩 ො𝑦, 𝑥𝑖 3

3
, 𝐂𝑣

• Ground truth: Matlab integral2()
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Simple Evaluation: UKF & GPF

Proposed, 

various moment

corrections

limited by 2nd Gaussian

assumption… 

UKF GPF

30

deterministic

800

random
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Advanced Evaluation

• Specific integrand → Average over multiple integrands

• Spatial harmonics: 𝑔𝑡 𝑥 = exp 𝑖 𝑡 ⋅ 𝑥

• True expectation: E 𝑔𝑡 𝑥 = ℝ𝐷׬ 𝑔𝑡 𝑥 ⋅ 𝑓 𝑥 ⅆ𝑥

• Sample approx: ෡E 𝑔𝑡 𝑥 =
1

𝐿
σ𝑖 𝑔𝑡 𝑥𝑖 , 𝑥𝑖 ∼ 𝑓

• Distance measure: RMSE = 𝒯׬ E 𝑔𝑡 𝑥 − ෡E 𝑔𝑡 𝑥
2
ⅆ𝑡
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Advanced Evaluation

Isotropic:    𝐂 =
1 0 0
0 1 0
0 0 1

Anisotropic:   𝐂 =
1 0 0
0 0.12 0
0 0 0.012

Proposed, 

various moment

corrections
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Runtime

Proposed, 

different 

constructions
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Best Gaussian Sampling

dim 𝐂 > 30?

𝐿: #Samples,
𝐂: covariance

cond 𝐂 < 2?

2 dim 𝐶 + 1 prime?

FibonacciLCD

yes

no

no

no

yes

yes
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Fibonacci → Gaussian Samples
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Thank you for your attention
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