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Von Mises—Fisher Sampling

Input
von Mises—Fisher (VMF) Density

* K, U:parameters
L :#samples
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Deterministic
Sampling

Methods
e Fibonacci Grid
e Transformation
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Output
Dirac Mixture Density (DMD)

« Sample Positions,
locally homogeneous
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Sampling — Zwicky Box
mmm

1 - Uniform Random iid —
Be——————8X Gaiv'®sign Unscented §

3 T4 Gaussia.: Mixture XlamekXes 30

4 Dirac Mixture / Regular Grid 140
5 apped noryhal Lovxlj-ilgics‘.::?ggia/ 300 ..
6 Von MisgS—Fisher gD 1000

7 Bingitam P-D 3000
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Deterministic Sampling
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Gauss-Hermite Unscented Main Axes Cartesian Fibonacci Localized Cumulative Distr (LCD)
[Jaeckel 2005] [Julier, Uhlmann, 1997] [Huber, Hanebeck, 2008] [Frisch, Hanebeck, 2023] [Hanebeck, Huber, Klumpp, 2009]

Grid Unscented Main Axes Orbit-Planet I Fibonacci Localized Cumulative Distr (LCD)
[Leopardi 2006] [Kurz, Gilitschenski, [Li, Frisch, Noack, [Li, Pfaff, Hanebeck, 2021] [Proposed] [Li, Pfaff, Hanebeck, 2021]
Hanebeck, 2016] Hanebeck, 2019] —
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Random — Deterministic

Random Sampling

« Unbiased

Arbitrary dimension
Smoothness irrelevant
Practical error estimate
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Deterministic Sampling

e Superior convergence
* Reproducible
* Locally homogeneous



Numerical Integration Error

Integrand . /\/\ .

oY

o= |[ 9@ r@ax-1 Y 9@

X€EP

Density

°® : -'.'".
* o LAl
of :’. 9 . ..\ g...:‘:‘?.‘:
O AN
% ?..o U g‘.:%.-si"?"
e ol [J .~.. :,. 4; o of:. *
e o o p) LY . .,‘-!.é:," we e
%0 ®° % ®ooq . s .
Y .' [J [ ] o “'o..z.' w ° .
'y ) oo o0 .\.'u' p
~‘. ° o °s
° .' o .
°
® o

A“(IT Daniel Frisch 7 T?/\S



(Quasi-) Monte Carlo Error

« Central Limit Theorem (CLT) 1 o st
 Foriid samples eE~N O, O'g i y :: *."‘8‘°...
« Convergence: L_% \/Z "..3.: :.::,‘:.‘.
« Depends on E ."' .
e o'
. 0,
» Koksma-Hlawka e < discr(P) - V(g) . e e .
« Convergence: log(L)s~ 1. L1 \ / . aSiRmEs © °
° DependS on ,Low discrepancy“: & ..:.:.:::.0:.0:...0.. °
 discr(P) 1 o ..'o..‘..'.:::: y*
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e o o ° o
* V(9)
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2D Fibonacci Lattices

Fibonacci — Rank-1 Lattice
- L=F,€{1,2,3,5,8,13,21, ...}
 Periodic: 2 dimensions

Fibonacci — Kronecker Lattice
e LEN
 Periodic: 1 dimension

IT

Xizi'

»é|H b*lr—'x

Daniel Frisch

mod 1

mod 1

1.0 -

0.0 =

1.0 =

05 =

0.0— =

Y
Aouedalosip Mo




Inverse Transform Sampling — 1D Gauss

0.0

Gauss

1 X
Fg (9) — E (1 + erf(ﬁ>>
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Gauss

0.0 0.5 1.0
Uniform

Fyl(p) = V2 erf—1(2p — 1)
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Inverse Transform Sampling — 2D Gauss
Regular Grid : Sobol : Fibonacci
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Why Riemannian Manifolds?

TN
Riemannian State Spaces S~
» Robots Ve
* Drones a— ’

 Wind direction
 Wireless AoA

Uncertainty 1
* Predictions

« Simulations: fine-grained
 Drones: small & versatile é
« Measurements tﬂl
axa»

« Sensors: cheap, mass market
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« (Gauss on tangent plane
¢

Typical solution
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Why von Mises—Fisher Density?
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DoA measurements

Fiber track
« Weakly interacting dipoles

Normal® density of the sphere

 Wrapped Gauss for k — o

|sotrop

Appl

(d) k=10

(c) B=39

(Ag=1
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« (Gaussian

 Von Mises—Fisher

IT

Gauss — VMF

fsm o) =op{- 72 C21)

1 d*
f(d,0) = exp {;- (— 2—)} R

N

f(d, k) = exp{k - cos d} §?

NS

f(x,m k) = exp{x - x"m}
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Gauss «— VMF
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Polar Fibonacci Grid

Radial
deformation
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Polar Fibonacci Grid

Tangential
deformation
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Radial
deformation



,Radar-Tracking*“ Density
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Polar Fibonacci Grid — Sphere

Contribution
[MFI-SDF 2023]
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VMF Sampling — State of Art

e Kailai Li and Florian Pfaff and Uwe D. Hanebeck, Nonlinear von Mises--Fisher Filtering Based on Isotropic Deterministic Sampling, MFI 2021
e Kailai Li and Florian Pfaff and Uwe D. Hanebeck, Progressive von Mises--Fisher Filtering Using Isotropic Sample Sets for Nonlinear Hyperspherical Estimation, Sensors 2021
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VMF Sampling — Proposed
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Uniform — VMF
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Implementation

mod 1 = Q(+) — spher2cart(-)
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Contribution

« vMF Sampling

« 2-Sphere

* Locally homogeneous

Extensions
* Densities (Bingham, ...)
« Dimensions

Moment Correction
* K. concentration parameter
e U :mean direction

IT

Conclusion

Daniel Frisch
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