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Spherically Separable Sampling

Methods

• Low-Discrepancy 

Uniform Samples

• Orthogonal 

Transformation

Input

Spherically Separable Density

• component parameters

• L : #samples

Output

Dirac Mixture Density (DMD)

• Sample Positions, 

locally homogeneous

Deterministic

Sampling
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Numerical Integration Error
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State of Art – Deterministic Sampling

Dimension Domain Density Method #Samples

1 ℝ𝑑 Uniform Random iid 5

2 𝕊𝑑 Gaussian Unscented 9

3 𝕋𝑑 Gaussian Mixture Main Axes 30

4 Truncated Normal Regular Grid 100

5 Wrapped normal
Low-Discrepancy

+ Orth. Trafo
300

6 Von Mises–Fisher LCD 1000

7 Bingham PCD 3000
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State of Art – Low-Discrepancy + Orthogonal Transformation Sampling

Dimension Domain Density Method #Samples

1 ℝ𝑑 Uniform Random iid 5

2 𝕊𝑑 Gaussian Unscented 9

3 𝕋𝑑 Gaussian Mixture Main Axes 30

4 Truncated Normal Regular Grid 100

5 Wrapped normal
Low-Discrepancy

+ Orth. Trafo
300

6
Von Mises – 

Fisher
LCD 1000

7 Bingham-like PCD 3000 [Frisch 

MFI 2023]

[Frisch 

Fusion 2022]

[Swinbank

2006]



Daniel Frisch 6

Proposed – ℝ2

Dimension Domain Density Method #Samples

1 ℝ𝑑 Uniform Random iid 5

2 𝕊𝑑 Gaussian Unscented 9

3 𝕋𝑑 Gaussian Mixture Main Axes 30

4 Truncated Normal Regular Grid 100

5 Wrapped normal
Fibonacci / 

Low-Discrepancy
300

6 Von Mises LCD 500

7 Bingham PCD 3000
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Proposed – 𝕊2

Dimension Domain Density Method #Samples

1 ℝ𝑑 Uniform Random iid 5

2 𝕊𝑑 Gaussian Unscented 9

3 𝕋𝑑 Gaussian Mixture Main Axes 30

4 Truncated Normal Regular Grid 100

5 Wrapped normal
Low-Discrepancy

+ Orth. Trafo
300

6
Von Mises 

x von Mises 
LCD 1000

7 Bingham-like PCD 3000
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Proposed – ℝ3

Dimension Domain Density Method #Samples

1 ℝ𝑑 Uniform Random iid 5

2 𝕊𝑑 Gaussian Unscented 9

3 𝕋𝑑 Gaussian Mixture Main Axes 30

4 Truncated Normal Regular Grid 100

5 Wrapped normal
Fibonacci / 

Low-Discrepancy
300

6
Von Mises 

x von Mises 
LCD 500

7 Bingham PCD 3000
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Anisotropic Rescaling
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Inverse Transform Sampling – 1D Gauss
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Gaussian Sampling
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Gaussian Samples



Daniel Frisch 13

Gauss → VM
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• Gaussian

𝑓 𝑑, 𝜅 = exp 𝜅 ⋅ cos 𝑑

𝑓 𝑥,𝑚, 𝜅 = exp 𝜅 ⋅ 𝑥⊤𝑚
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Gauss ⟷ VM
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VM x VM Sampling
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“Anisotropic VMF” Density
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“Bingham-Like” Density
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3D “Radar Tracking” Density
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Polar Fibonacci Grid

Radial 

deformation
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Polar Fibonacci Grid

Angular 

deformation

Radial 

deformation
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“Radar-Tracking” Density
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Evaluation: Expectation Computation
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Conclusion

Achieved

• Deterministic Sampling

• homogeneous

• superior convergence

• Various #Samples 

• Various Densities 

• spherically separable

Applications

• Directional State Estimation

• assumed density quaternion 

filtering

• directional estimation

• Directional Control

• directional sampling for MPC 

exploration
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Thank you for your attention
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