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Maximum Likelihood (ML) Estimation

y = h(x) + v,

v~ fv(z)

M = arg max f, (y — h(&))
! y

* linear h, Gaussian f,
- LLS

* nonlinear h, Gaussian f,,
« NLS

« “Ausgleichsrechnung’,
Carl Friedrich Gauss, 1800

* nonlinear h, non-Gaussian f,
* Nonlinear Optimization

IT

Linear Eqn System

Gaul3-Newton
Levenberg-Marquardt
Gradient Descent
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Newton’s method
Gradient Descent
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Weighted Linear Least Squares (WLLS)

overdetermined probabilistic
linear egn system

maximum likelihood

optimization problem
» quadratic loss function

analytic solution

leads to linear egn system
global optimum!

y=Hx+v, veN(50C,)
M = arg max fo (z = H&)

#ML = arg min HHx — yHZ

X . 27V -

2y ne) 65t (12 y) =0
A

H'C;'Hx =H'C;ly o Ax =
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Maximum Likelihood (ML) Estimation

y=h(x)+v, v~ f®)

M = arg max f, (y — h(&))
! y

* linear h, Gaussian f, - Linear Eqn System

« LLS
. . 28
 nonlinear h, Gaussian f, « Gaul-Newton 1=
+NLS » Levenberg-Marquardt ;|
o “Ausg|eiChSI’eChnung”, ° Gradlent Descent |
Carl Friedrich Gauss, 1800
« nonlinear h, non-Gaussian f, * Newton’s method
*  Nonlinear Optimization « Gradient Descent
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. Problem: y = h(x) + v, v ~ fsnp (D)

» ML/NLS Estimator: ¥ = arg min ‘ h(x) — )’H

» Gauss-Newton: Xk+1 = Xk — Q- (Hll-Hk)_lH;cr (ﬁ(&) ~ X)

Y
Output of objectiveAfunction

Xk+1 = Xk — Qg (HIIHk + /u)_lHII (ﬁ(&) — Z)

- Levenberg-Marq.:
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WNLS

- Problem: y = h(x) +v, v~ @

)
. ML/NLS Estimator: £ = arg min (2(x) -y) " (2(x) -y)

= argxmin (ﬁ(g) — X)T (RRT)™1 (h(ﬁ) B X)

T

= argmin (R (a(x) - 7)) (R (h(x) - ))

X

» Gauss-Newton: Xk+1 = Xxp — Qg (HZHk)_lHII (R_l (h(i) B X))
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Primary Surveillance Radar (PSR)

+ non-cooperative targets +

— SNR < L —_
R-R-R‘R

— powerful emissions —
— expensive systems —
— low accuracy —
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Secondary Surveillance Radar (SSR)

+ high localization accuracy +

+ SNR &« =t +
R-R

+ small transmitters & receivers +
— requires cooperative targets —
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Multilateration
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Multilateration

» solving for target pos
* Nonlinear Least Squares

ti:pt+Hp—§i /co + v

- dealing with TTT
« TDOA: eliminate TTT

« “star” variant __ state

 “successive”’ variant of art

« “combinatoric” variant _|

e solvefor TTT

« with NLS optimizer
« exploit linearity
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TDOA - “Star”
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TDOA - “Consecutive”
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TDOA - “Combinatorial”
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TDOA Measurement Equation

tt = Pt ”p —st||/co + v, vt ~ N 0,02)

=] -l -s

t) —t! = Fv) — !
\ ] |\ Co J | }
y" ht (x) v

(i, €{(1,2),(1,3),(1,4),(2,3),(2,4), (3.4)}

y=h(x)+v, v ~N@,0C,)
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Covariance

e “Consecutive” C —1 2 —1 0
topology v

/ 2 1 1 1

. “Star” C — 1 2 1 1
topology v\1 1 2 1
\1 1 1 2
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/co + v

th =Pt + Hp—si‘
* unknowns X : - =

* one of the unknowns appears
linearly only

- for p given: linear eqn for Pt
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Mixed NLS and LLS

« mixed linear+nonlinear
measurement egn

* ELN € Rn and &NL € Rm
must be different variables

y =Hxn +h(xn) +v o

* given Xyi,, We can solve for Xy
in closed form / LLS “new y’

+ (n +m)-dim NLS — m-dim NLS!
LLS HTC;1H ‘ &LN —_ HTC;1 ‘ [X — h(&NL)] | insert x;y 1n (1)

y=H-(H'C;'H)"'H'C;" [X - h(&NL)] h(xnL) + v
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Mixed NLS and LLS

X = H - (HTC,le)_lHTC;l [X — h(&NL)] + h(&NL) + v
I-H-(H'C,'H)'H'C, Dy =(U—-H- (H'C,'"H)""H'C; Dh(xnL) + v
\ I J

| |
variant 1. new “y” new ‘h(x)” = y=h(x)+ v NLS

y =h(xn) +A-H-(H'C,'"H)'H'C, ) v |
o |
variant 2: new v’ = y=h(x)+v WNLS

.. With €W = (I—H-(HTC;'H)*HTC; ) 1c"8[(1—H - (HTC;'H)"'HTC;1)~1]T
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TTT Estimator
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LM Objective Function

N
ti=Pt+%HB—§i + ! Pf(g):%Zti—%HB—ii
_ 4 1=
i(p) +; o -5t -
o (o) = |71 (@) 457 -
i () + o s - e
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e 4D LM 1 _
. with TOAs OLm i (P, pt) = Pt 4+ — HP — 51‘
. 264 ns — ¢ U=

P ()= (z-2()

e additional matrix mult.

_ ¢

e 273 NS
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Code

LM objective function
« vector-valued
* in-place

function 6_TOA_LM!(8, p) 1 Hp i
@ .= 1/c * [norm(p .- s[:,i]) for i in 1:N]//////” ct=

N
A Pz?:thi—al—si
end \ Ni=1 c

ouns (2) =7 (p) + o
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Conclusion

Disadvantages TDOA (stateofart)y Advantages TOA (proposed)

* Non-diag Cov * Only 3 variables
« easy to forget / get wrong « closed-form TTT
Then non-efficient estimate e No TTT initial guess
« Slower

« Diagonal Cov
* more matrix multiplications
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