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Abstract

Magnetic skyrmion lattices in noncentrosymmetric chiral magnets form regular hexagonal arrangements
with lattice constants on the order of tens of nanometers. These topological periodic spin textures act as
natural magnonic crystals, eliminating the need for challenging nano-fabrication and enabling bottom-
up engineering of magnon band structures in the exchange-dominated spinwave regime. Such systems
host a rich manifold of topological magnon bands with multipolar character and non-reciprocal dis-
persions. While low-energy excitations at small wavevector have been extensively investigated using
microwave and optical spectroscopies, and excitations at large wavevector have been accessed through
neutron scattering, the intermediate momentum regime, where the spinwave wavelength matches the
lattice periodicity, remains largely unexplored. This regime is essential for understanding magnon prop-
agation, hybridization, and interference in periodic magnetic textures, and is highly relevant for future
magnonic applications. In this thesis, we investigate the spinwave dynamics at intermediate wavevec-
tors in the chiral magnet Cu;OSeOs, focusing on the system’s response to magneto-optic and magneto-
elastic coupling within the skyrmion lattice phase. Two complementary experimental techniques are
employed: micro-focused Brillouin light scattering (BLS) and ultrasonic pulse-echo spectroscopy. In
the first study, we develop a general theoretical framework for analysing BLS spectra, which allows for
the unambiguous identification of the magnon bands observed experimentally. Beyond the well-known
dipolar counterclockwise, breathing, and clockwise modes, we identify two additional multipolar modes
with quadrupole and sextupole character, respectively. By incorporating magneto-elastic coupling into
our theoretical model, we further describe the collective hybrid excitations that emerge from the in-
terplay between magnetic and elastic degrees of freedom. In particular, we analyse the hybridization
between low-energy magnon modes and acoustic phonons induced by the noncentrosymmetric cubic
crystal lattice. The comparison with the experimental data reveal an additional low-energy excitation
with quadrupolar character. Furthermore, we study the opening of a phason gap governed by the strength
of the magneto-elastic coupling. Together, these results advance the experimental and theoretical under-
standing of skyrmion lattice dynamics into previously inaccessible regimes and establish a foundation

for future studies and applications of hybrid magnonic systems based on topological spin textures.
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|§ Introduction

Motivation

Spin waves describe the collective precession of localized magnetic moments in magnetically ordered
materials and can be viewed as the magnetic counterparts of sound or light waves in their respective
media. This classical concept was first introduced by F. Bloch [1, 2] and later refined by Holstein &
Primakoff [3] and Dyson [4], who established the theoretical foundations of spinwave theory. Magnons
are the quanta of spin waves and act as bosonic quasiparticles that carry spin and angular momentum
without implying electric charge transport. Their dual nature enables, for example, the excitation and
propagation [5], reflection and refraction [6-8], interference and diffraction [9-11] of spinwaves and

even Bose—Einstein condensation of magnons [12].

The field of magnonics has developed from this foundation into a rapidly growing research area that seeks
to harness spin waves for the transmission and manipulation of information [13-15]. Unlike charge-
based electronics, where resistive losses and Joule heating limit efficiency and speed, magnonics offers
a route toward low-power and high-frequency signal processing. Spinwave amplitudes and phases can
encode information, and their mutual interference can implement logic operations, all without the mo-
tion of charge carriers. Recent experimental and technological progress has considerably advanced the
capabilities of magnonics. Reliable and efficient excitation and detection schemes, including spin-torque
oscillators [16], spin-Hall effect-based antennas [17, 18], and magneto-optical probes [14, 15], now en-
able the generation and manipulation of magnons with wavelengths as short as a few tens of nanometers
and frequencies extending into the gigahertz and terahertz regimes. The continuous improvement of
magnetic materials with low Gilbert damping, such as yttrium iron garnet and certain chiral magnets,
has allowed coherent spinwave propagation over macroscopic distances. At the same time, advances
in nanofabrication and patterning have enabled the realization of complex magnonic circuits integrating
multiple elements for wave-based computation, frequency multiplexing, and even neuromorphic or reser-
voir computing [19-22]. These developments are motivated by the search for efficient and sustainable

alternatives to CMOS technology, particularly in view of the growing energy demands associated with
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artificial intelligence and data processing.

Spin waves in periodic magnetic structures, often referred to as magnonic crystals, exhibit band structures
similar to those found in photonic or phononic systems, with frequency gaps and dispersions determined
by the underlying periodicity [23]. By engineering such periodic modulations, one can design magnon
band structures with tailored group velocities, bandgaps, and even nontrivial topological properties. This
capability enables the realization of chiral edge modes that propagate without backscattering, offering a
pathway to robust magnonic transport and topological spinwave devices. Traditionally, magnonic crys-
tals have been fabricated through lithographic patterning that imposes artificial periodic variations in
material parameters such as magnetization, anisotropy, or exchange stiffness. While highly versatile,
these top-down approaches are limited by fabrication complexity and spatial resolution, motivating the
exploration of self-organized or emergent magnetic superstructures as naturally periodic platforms for

magnonic phenomena.

An especially promising example of such emergent periodic systems is provided by magnetic skyrmion
lattices. Skyrmions are topologically nontrivial, nanoscale spin configurations stabilized by the compe-
tition between symmetric exchange interactions and antisymmetric Dzyaloshinskii—-Moriya interactions
(DMI) in noncentrosymmetric magnets. Each skyrmion corresponds to a swirling spin texture in which
the magnetization wraps the unit sphere exactly once, endowing it with a quantized topological charge
(see Section 2.1.2). Under suitable magnetic field and temperature conditions, these skyrmions con-
dense into a regular hexagonal lattice with lattice constants typically between 50 and 100 nanometers.
The existence of skyrmions was first predicted theoretically by Bogdanov and collaborators in the early
1990s [24-26] and later confirmed experimentally in the chiral magnet MnSi through small-angle neu-
tron scattering [27]. Soon after, similar skyrmion phases were discovered in materials such as FeGe and
Cu,08e03, as well as in ultrathin films with interfacial DMI [28-36]. These discoveries gave rise to the
field of skyrmionics, which investigates the creation, manipulation, and dynamics of skyrmions for both

fundamental studies and potential technological applications [37].

The skyrmion lattice can thus be understood as a self-organized, reconfigurable magnonic crystal which
provides a unique environment for studying spinwave dynamics in the exchange-dominated regime [38].
Its periodic, noncollinear magnetisation acts as a naturally modulated potential for magnons, resulting
in a complex magnonic band structure characterised by nonreciprocal dispersion induced by the lack
of inversion symmetry [39]. Moreover, its topological nature is reflected in a non-trivial reciprocal-
space topology of the magnon bands, which generates magnonic edge states exhibiting unique transport
phenomena, such as the magnon Hall effect [40—44]. The intricate nature of the skyrmion lattice con-

figuration leads to a rich magnonic band structure, characterised by a plethora of multipolar excitation



modes [39, 45].

Experimentally, the spinwave dynamics of skyrmion lattices have been investigated through a range
of spectroscopic techniques. Wave-guide microwave spectroscopy provides access to zero-wavevector
excitations, revealing the characteristic triplet of counterclockwise, breathing, and clockwise modes [46—
51]. Complementary methods such as resonant elastic x-ray scattering [52] and time-resolved magneto-
optical measurements [53, 54] have confirmed these resonances in the close vicinity of the I™-point. More
recently, inelastic neutron scattering was employed to observe the corresponding finite-wavevector dy-

namics, extending the accessible region of the magnon dispersion [43].

Despite this progress, our understanding of the full magnonic spectrum in skyrmion lattices remains in-
complete. Experimental access is constrained by selection rules and by the limitations of conventional
probes. Microwave spectroscopy is restricted to dipole-active excitations at vanishing wavevector, while
neutron scattering, though capable of reaching large momentum transfers, typically averages over many
modes and cannot resolve individual bands. The intermediate regime, where the magnon wavelength
is comparable to the lattice constant, is particularly challenging. Yet this regime is of crucial impor-
tance for magnonic applications, as it governs the propagation and interference of magnons in naturally

periodic textures and determines how information could be processed or transmitted within such systems.

In this Thesis, we aim to narrow this gap by presenting two complementary studies that advance beyond
the current state of the art. The first study employs magneto-optic coupling to investigate spinwave dy-
namics at wavelengths comparable to the inter-skyrmion distance. Using micro-focused Brillouin light
scattering, we identify different multipolar excitation modes over a broad range of magnetic fields. The
second study explores the influence of magneto-elastic coupling within the skyrmion lattice phase. In
this regime, spin waves interact with acoustic phonons at finite wavevectors, leading to the emergence of
magnon—phonon hybrid modes. Ultrasonic velocity measurements reveal clear evidence of this interac-
tion, providing indirect access to a low-energy multipolar magnon mode. Together, these investigations
extend the understanding of skyrmion lattice dynamics into new regimes, effectively linking conventional

experimental techniques with prospective magnonic applications.

Thesis outline

The Thesis is organised as follow: Chapter 2 introduces the magnetic phase diagram of chiral mag-
nets and develops the mean-field description of isotropic chiral magnets within the Ginzburg—Landau
framework. Special emphasis is placed on the stabilization and properties of the skyrmion lattice con-
figuration, which forms the central focus of this work. Chapter 3 examines the spinwave dynamics

within the magnetically ordered phases of chiral magnets. The analysis is based on the lossless Lan-
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dau-Lifshitz equation, which describes the dynamical response of the local magnetization to external
perturbations and provides the theoretical foundation for the subsequent studies of magnon excitations.
Chapter 4 presents the theoretical formulation of micro-focused Brillouin light scattering (BLS) spec-
troscopy mediated by magneto-optic coupling. The model developed here offers a general description
applicable to various experimental configurations and fills a gap in the existing literature by providing
a systematic approach to interpret micro-focused BLS data. Chapter 5 reports experimental results of
finite-wavevector spinwave spectroscopy across multiple magnetic phases of Cu,OSeO3, obtained using
micro-focused BLS. These measurements reveal two previously unobserved multipolar magnon bands
in the skyrmion lattice phase, extending the understanding of the complex magnonic spectrum of this
system. Chapter 6 introduces magneto-elastic coupling in chiral magnets and investigates its impact on
the equilibrium properties of the skyrmion lattice. Mean-field solutions of the coupled magneto-elastic
system are derived by minimizing the Ginzburg-Landau free energy functional, exploring the interplay
between magnetic and elastic degrees of freedom. Chapter 7 examines how magneto-elastic coupling
modifies the collective excitations of the skyrmion lattice. In particular, it demonstrates how this cou-
pling gives rise to hybridization between spinwave and acoustic phonon modes, leading to the forma-
tion of magnon—phonon hybrid excitations. Chapter 8 presents an experimental study of the phonon
magneto-chiral effect in the skyrmion lattice phase, investigated through ultrasonic pulse-echo measure-
ments. The observed modifications in the phonon velocity provide indirect evidence of a low-energy
multipolar magnon mode. Furthermore, the chapter discusses the behaviour of the phason mode and the
emergence of a phason gap in the presence of magneto-elastic coupling. Finally, Chapter 9 summarizes
the main findings of this work and outlines potential directions for future research, particularly in the
context of understanding the spinwave dynamics in topological magnetic textures for future applications

in the field of magnonics.



4 Theory of Chiral Magnets

In this Chapter, we review the rich magnetic phase diagram of chiral magnets. We begin by introducing
the variety of ordered magnetic phases that emerge below the critical temperature T, highlighting the
energetic mechanisms that stabilise their characteristic non-collinear spin textures. Subsequently, we
develop the mean-field description of isotropic chiral magnets within the Ginzburg—Landau formalism,
including the effects of dipolar interactions. This approach provides a unified framework to capture
the essential features of the different magnetic states and to analyse their relative stability. Finally, we
focus on the magnetic skyrmion lattice phase, where we describe the numerical procedure employed
to minimise the Ginzburg—Landau free energy functional and obtain the equilibrium spin configuration.
The results presented here serve as a foundation for the theoretical analysis presented in the subsequent

Chapters.

2.1 Chiral Magnets

Magnetism in solid-state systems is a macroscopic manifestation of the quantum mechanical interactions
between electron spins. One of the most fundamental models used to describe magnetic ordering in
insulating systems is the Heisenberg model [55, 56], which captures the exchange interaction between
localized spins on a lattice. In its simplest form, the Hamiltonian for a Heisenberg (anti-)ferromagnet is
given by [57]

%eisenberg =—J Z Si : Sja (2.1)
(i.J)

where S; and S; are classical or quantum spin vectors located at sites i and j, respectively, and the sum
runs over nearest-neighbour pairs. The exchange constant J determines the nature of the spin alignment:
J > 0 favours ferromagnetic order, i.e., parallel alignment, while J < 0 leads to antiferromagnetic order,
i.e., antiparallel alignment. This isotropic exchange interaction respects both time-reversal and spatial
inversion symmetries and thus favours collinear spin arrangements. However, in materials lacking in-
version symmetry, either due to their bulk crystal structure or at interfaces, an additional antisymmetric

exchange interaction can arise [58—61]. An important example of this is represented by the Dzyaloshin-
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Figure 2.1.: Helix configuration. The competition between Heisenberg and Dzyaloshinskii—-Moriya interaction
stabilises noncollinear spin textures. In the helical phase, the magnetization winds around q, the propagation
vector denoted by the black arrow in the Figure, and is perpendicular to it.

skii-Moriya interaction (DMI), which plays a fundamental role throughout the rest of this dissertation.
First proposed by Dzyaloshinskii (1958) [62] and microscopically justified by Moriya (1960) [63] using

spin—orbit coupling considerations, the DMI takes the form
Homr = Y Dij- (Si xS;) (2.2)
(i.J)

where D;; is the Dzyaloshinskii—-Moriya vector, whose direction and magnitude are determined by the
details of the crystal symmetry and spin—orbit coupling. Unlike the Heisenberg term, the DMI explicitly
breaks inversion symmetry and favours noncollinear, twisted spin textures with a well-defined sense of

rotation.

This intrinsic asymmetry gives rise to chirality in the magnetic configuration. In a chiral magnet, spin
structures such as helices, cycloids, and skyrmions exhibit a fixed handedness, left- or right-handed,
dictated by the orientation of D;; [64-66]. To understand the effect of the DMI more intuitively, consider
a simple one-dimensional spin chain shown in Fig. 2.1. The Heisenberg term tries to align neighboring
spins, while the DMI prefers them to be perpendicular with a particular handedness. The competition
between these two interactions leads to helical configurations, in which the direction of the spin vector
rotates along the chain. The resulting ground state is a noncollinear and chiral magnetic structure. Here,
the term chirality refers to the geometrical property that the spin configuration cannot be superimposed
on its mirror image by any combination of rotations and translations. In the case of a helical spin texture,
this manifests as a handedness of the rotation: spins may rotate in a right-handed or left-handed fashion
as one moves along the helix axis. The sign of the DMI determines which chirality is energetically

favoured.
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Figure 2.2.: Qualitative magnetic phase diagram of the cubic chiral helimagnets. Magnetic phase diagram as
a function dimensionless temperature and applied magnetic field. T; indicates the transition temperature between
the disordered paramagnetic phase and the helical configuration in the absence of external fields. The critical field
H, denotes the phase transition between the conical and the field-polarised states. The phase diagram is taken
from Ref. [39].

2.1.1 Magnetic phase diagram

Chiral magnets present a rich platform for exploring the interplay of symmetry, topology, and spin dy-
namics [13, 15, 67-69]. The competition between the Heisenberg exchange, DMI, external fields and
anisotropies can stabilize a wide variety of nontrivial spin textures, many of which are of significant
interest for both fundamental physics and technological applications such as magnonics and novel com-
puting [15, 22, 23, 37]. Examples of such materials include the metallic compound MnSi [70] and the
insulating oxide Cu;OSeO3 [71] . Both crystallise in a cubic lattice structure known as the B20 struc-
ture [72], with symmetry transformations described by the space group P2;3. The point symmetry group
at the component sites is C3, the cyclic group of 3-fold 27 /3 rotations about an appropriate [111]-axis.
The nonsymmorphic group P2;3 contains in addition 3 screw rotations which involve 2-fold rotations
about one of the three [100]-axis followed by an appropriate non-primitive translation (0, 1/2, 1/2). It
is worth noticing that the list of symmetry transformations does not include inversion, which makes the
B20 compounds a suitable candidate for exploring noncollinear spin textures in the bulk. In this Thesis,
we focus primarily on the insulating material Cu,OSeQOj3, presenting a series of experiments investigating
its dynamical properties. In fact, due to its relatively low magnetic damping [49], this material represents

the ideal platform for the study of magnon dynamics [39, 48, 50, 51, 73-76].

Fig. 2.2 shows the typical phase diagram corresponding to noncentrosymmetric cubic helimagnets as a

function of temperature and applied magnetic field [27, 30, 77]. At high temperatures, the system is in a
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(c) Field-polarised phase

(a) Helical phase (b) Conical phase (c) Skyrmion lattice phase

Figure 2.3.: Magnetically ordered phases in chiral magnets. Picture taken from Ref. [78]

paramagnetic state, where local magnetization points in arbitrary directions, and the net-magnetization is
zero. Below its magnetic ordering temperature 7. , the material exhibits several distinct magnetic phases,
whose stability is governed by different competing energy terms: symmetric Heisenberg exchange, anti-
symmetric Dzyaloshinskii—-Moriya interaction, Zeeman energy due to applied magnetic fields, and crys-

talline anisotropies.

Helical phase

At low applied magnetic fields and temperatures below 7, cubic helimagnets enter a helical phase [59,
60, 79]. In this regime, the dominant ferromagnetic exchange interaction favours collinear spin align-
ment, while the DMI promotes canting of neighboring spins with a fixed handedness. The competition
between these two interactions results in a long-wavelength spin spiral, or helix, where the magnetization
rotates in a plane perpendicular to the propagation vector q (Fig. 2.3a). In the continuos approximation,
the helix pitch is fixed by the ratio between the DMI and the exchange strength. This quantity plays a
fundamental role in describing the different configurations of standard bulk chiral magnets. In fact, it
determines the typical length scale of the spatial modulation of all the non-collinear spin textures arising
in the ordered magnetic phases. In Cu;OSeOs, the helix pitch is approximately 27t/Q ~ 62nm [48, 75],
where we introduced the characteristic wavevector Q = D/J. The direction of q is determined by the
weak cubic crystalline anisotropy, which selects the [100] axes as easy propagation directions [80]. In
this phase, the system spontaneously breaks rotational symmetry, and multiple helical domains with

different q orientations may coexist.
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Conical phase

When the applied magnetic field reaches the critical value H.j, the system transitions from the helical
phase into the conical phase. In this configuration, the magnetization spirals around the field direction,
forming a cone with its axis aligned along H**', as shown in Fig. 2.3b. The cone angle decreases with in-
creasing field strength, reflecting the increasing influence of the Zeeman energy, which favours alignment

of spins with the external field. This angle 0 is determined according to
M;cos 0 = YeonH 2.3)

where M; indicates the saturation magnetisation and Yo, is the magnetic susceptibility in the conical
phase. Xcon can be determined from the internal magnetic field H™, which depends on the macroscopic
sample shape via the demagnetisation field H¥™ = H'" — H*'. Therefore, a shape independent magnetic

susceptibility can be defined via
1

Xeon — N;

where NV, is the demagnetisation factor corresponding to a principal axis along the applied field direction.

int

xC()n = ) (2‘4)

In Cup0Se0s, the internal magnetic susceptibility is " = 1.76 [48]. The conical phase preserves the
chiral twisting favoured by DMI while partially accommodating the field-induced polarization, repre-

senting a compromise between DMI, exchange, and Zeeman energy contributions.

Field-polarised (FP) phase

At high magnetic fields, the Zeeman energy dominates all other interactions, leading to a transition into
the field-polarised (FP) phase, in which all spins are aligned parallel to the external field (Fig. 2.3¢). This
configuration is reached for the critical field Hy, = M/ Xcon, Which corresponds to a degenerate cone
angle according to Eq. (2.3). We can express the internal critical field value in terms of the magnetic

susceptibility and saturation magnetisation as /.L()Hcirzlt = oM,/ yint

won» With o being the vacuum magnetic

permeability. The value of this critical field in Cu,OSeO3 depends on the temperature and the direction
of the applied field, and it is on the order of 50 mT for low temperatures T < T, with T, ~ 57 K [30].
Despite being dominated by Zeeman interaction, the system does not behave as a standard ferromagnet.

In particular, its low-energy excitation frequency is influenced by the chirality of the crystal lattice.

High-temperature skyrmion lattice (HT-SKL) phase

In a narrow region of the phase diagram, just below 7; and for intermediate magnetic fields, cubic chiral
magnets can stabilise a skyrmion lattice phase, also referred to in the literature as the A-phase. This
configuration was originally predicted by A. N. Bogdanov and collaborators in the late 1980s and early
1990s [24-26], and later experimentally found in the metallic compound MnSi by Miihlbauer et al. [27].
Since then, this phase has been observed in different noncentrosymmetric cubic magnets [28-36], es-

tablishing a new field of research at the intersection of magnetism, topology, and spintronics. Here, the
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system forms a periodic array of magnetic skyrmions: topologically nontrivial spin configurations with
quasi-particle character in which the magnetization whirls forming a vortex-like structure, as illustrated
in Fig. 2.3d (see next Section for more details). In the lattice phase, these skyrmions organise into a
hexagonal arrangement in the plane perpendicular to the applied magnetic field. The lattice constant
weakly depends on the applied magnetic field, and it is of the same order of magnitude as the inverse of
the helix pitch Q. The stability of the skyrmion lattice arises from the interplay between exchange, DM,
Zeeman interactions, and thermal fluctuations. In fact, near the ordering temperature, thermal fluctua-
tions become relevant and can entropically stabilise the skyrmion phase over the competing conical or
helical states [27]. Additionally, in Cu;OSeOs weak magnetocrystalline anisotropy and dipolar interac-

tions play a role in locking the orientation and symmetry of the skyrmion lattice [81, 82].

The resulting magnetic phase diagram is highly sensitive to temperature, magnetic field orientation, and
sample history, reflecting the finely tuned energetic balance describing the system. Moreover, Cu;OSeOs3
showed evidence of two additional phases that can be stabilised under specific conditions: the low-
temperature skyrmion lattice (LT-SkL) phase and the tilted conical phase [80, 83—-87]. Both of these
noncollinear spin texture configurations arise in the low-temperature regime due to the relatively strong
magnetocrystalline anisotropies in this material [84]. The LT-SkL phase represents an additional SkL
phase with similar properties, but it is distinguished by a different stabilisation mechanism: rather than
being entropically driven, its stability arises from competing energy contributions at the mean-field level.
The tilted conical phase emerges when the magnetic field is applied along a low-symmetry direction, i.e.,
not along the crystal principal axes [100]. Here, the propagation vector q of the spin spiral is not per-
fectly aligned with the applied field, and it is tilted towards the crystal easy axes in order to lower the

magnetocrystalline anisotropy contribution.

In addition to the stable configurations presented in the phase diagram, the topological nature of the
skyrmion lattice phase enables the realisation of robust, topologically protected meta-stable phases char-
acterised by a long lifetime [76, 87-89]. For example, for low magnetic fields applied along specific
directions, the system can realise an elongated skyrmion lattice (eSKL) phase [51]. Here, the triangular
magnetic lattice and the circular shape of the skyrmions are distorted to lower the energetic contribution

coming from the magnetocrystalline anisotropy, in analogy with the tilted conical phase.

2.1.2 Magnetic skyrmions

The concept of skyrmion originates from high-energy physics and dates back to the pioneering work of
Tony Skyrme in the early 1960s [90, 91]. In these papers, Skyrme introduced a nonlinear field theory
in which baryons emerge as topological solitons of a continuous pion field. His model, now known as
the Skyrme model, was constructed to describe baryons as stable field configurations within a relativis-

tic Lagrangian that includes both quadratic and quartic gradient terms to prevent collapse of the soliton

10
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Néel-type skyrmion Bloch-type skyrmion

Figure 2.4.: Stereographic projection of (baby) skyrmions. The south pole of the sphere is mapped onto the
origin of R?, while the north pole corresponds to infinity. By introducing the transformation p — tan~'(p), the
infinite plane R? can be compactly represented on a finite disk, where p denotes the radial distance from the origin.
The configurations shown on the left and right correspond to Néel-type and Bloch-type skyrmions, respectively.
The figure is adapted from Ref. [78].

solutions. The resulting configurations, dubbed skyrmions, are characterized by a nontrivial winding
number, corresponding to the conserved baryon number in the model. Mathematically, the Skyrme field
is a mapping from three-dimensional space into a target manifold, typically SU (2) = §. The topological
stability of the soliton is guaranteed by the nontrivial third homotopy group 73(S®) = Z, which classifies

field configurations by an integer-valued topological charge, interpreted as the baryon number.

Though originally proposed in the context of particle physics, the skyrmion concept gradually found
relevance in other areas of physics, including condensed matter, due to its universal topological proper-
ties [92-94]. A particularly important development came with the so-called baby skyrmion: a simplified
two-dimensional analog of the original three-dimensional skyrmion, which emerges in nonlinear sigma
models defined on a two-dimensional plane. In this case, the order parameter field n(r) maps points
in the plane R? to a unit sphere S2, and the solitonic solutions are classified by the second homotopy
group 7, (S?) = Z, which again ensures topological protection [95]. The baby skyrmion model serves

as a particularly useful theoretical playground for studying the general properties of topological soli-
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tons, such as their energetics, interactions, and dynamics [39, 68, 69]. This theoretical framework laid
the groundwork for understanding magnetic skyrmions in chiral magnets, where the local magnetization
vector M(r) plays the role of the order parameter field. In these systems, a magnetic skyrmion can be
viewed as a smooth, topologically nontrivial spin configuration in which the magnetization vector wraps
the unit sphere exactly once over space, thus realizing a baby skyrmion in a real magnetic material.
Fig. 2.4 illustrates the stereographic projection of such vector field from the unit sphere to the target
plane, namely S?> — R2. This is shown for two magnetic skyrmion configurations: Néel type (left) and

Bloch type (right) respectively, which are obtained from different Dzyaloshinskii—-Moriya vectors.

2.1.3 Topological charge of magnetic skyrmions

One of the most fundamental features of magnetic skyrmions is their topological nature, which imparts a
form of robustness to their structure. This topological protection arises from the fact that skyrmions are
characterized by a nontrivial topological invariant, i.e., a quantity that remains unchanged under contin-

uous deformations of the magnetization field [69].

The continuous classical magnetisation M(r) can be used to define the vector field

M)
M(r)]"

A(r) i:R?— §? (2.5)
where 7i(r) € §? is a unit vector indicating the local direction of the magnetization. For isolated skyrmions

or skyrmion lattices embedded in a uniform magnetic background, the boundary condition is typically

lim 7(r) = Ay, (2.6)
[r|—oo

where 7 is a constant unit vector usually aligned with the external magnetic field. It is worth noticing

that here r = (x,y)” is a 2-dimensional vector since we defined the baby skyrmion through the stereo-

graphic projection onto the plane R

This effectively compactifies the spatial plane R? into a two-sphere S2, allowing the field configuration

2 _>5Q

to be interpreted as a mapping A : S,uce spin- Such maps are classified by the second homotopy group

m,(S?) = Z, meaning each configuration is labelled by an integer topological charge, or skyrmion number

Qiop. defined as [96]
1

Orop = i /]RZ it- (0 x Oyit) dxdy. 2.7
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This quantity counts the number of times the magnetization vector wraps the unit sphere as one tra-
verses the spatial plane. This can be used to derive a classification of spin structures based on their

topology [95]. The integrand of the topological charge, sometimes referred to as the topological density,
1 o ma o
q(r)= P (vt X Oyi) (2.8)

can be used to visualize the spatial distribution of the topological charge in a given configuration. It is

often sharply peaked at the center of a skyrmion and decays rapidly away from it.

This topological classification has profound physical implications. First, it leads to quantized and emer-
gent electromagnetic phenomena, such as the topological Hall effect, which arises due to the real-space
Berry curvature induced by the non-coplanar spin texture [39—-43, 69]. Second, it implies that skyrmions
cannot be continuously transformed into the trivial vacuum state without passing through a singular
configuration, thus endowing them with a form of topological protection. This mechanism enables to
explore a wide range of meta-stable configurations in the magnetic phase diagram presented in Fig. 2.2.
For example, the high-temperature skyrmion lattice phase in Cu;OSeO3 can be quenched by applying a
constant magnetic field while rapidly decreasing the temperature. This results in a meta-stable skyrmion
lattice configuration with the same properties as the original phase, and which is made robust due to its
topological nature [50, 88]. Moreover, the topological charge plays a central role in the dynamics of
skyrmions. For example, in the Thiele equation that describes the collective motion of a skyrmion, the
gyrotropic force is directly proportional to Qrop. This causes skyrmions to exhibit a transverse deflection,

the so-called skyrmion Hall effect, when subjected to external currents or gradients [97].

2.2 Theoretical description

The magnetic phase diagram discussed in the previous Section arise from the interaction between elec-
tron spins localised on the atomic crystal lattice. Nevertheless, the noncollinear spin textures that are
stabilised in this context posses a characteristic length scale 27t/Q that governs the spatial variation of
the magnetisation. In bulk chiral magnets, this quantity is typically on the order of tens to hundreds of
nanometers, that is much larger than the atomic lattice spacing. This pronounced separation of length
scales justifies a coarse-grained, continuum description of the magnetisation. Instead of treating individ-
ual spins, we describe the system in terms of a continuous classical field M(r,7), which represents the lo-
cal magnetisation vector at position r and time ¢. This approach allows us to capture the long-wavelength
behaviour of the magnetic textures and is especially well-suited for describing their energetics, dynamics,
and topological properties. In particular, we describe the system via a Ginzburg-Landau model, which

provides the theoretical framework for most of the calculations presented in this dissertation.

13



2. Theory of Chiral Magnets

2.2.1 Ginzburg-Landau theory

The Ginzburg-Landau theory is a powerful phenomenological framework originally developed to pro-
vide a continuum description of phase transitions in the context of superconductivity. Its generality,
however, has made it a foundational tool across many branches of condensed matter physics, including
magnetism [98]. The model is based on the existence of a critical temperature, 7;., and an order param-
eter that is non-zero in the ordered phase, i.e. for T < T;, and which becomes zero when increasing the
temperature above its critical value. Moreover, the continuous character of the phase transition ensures
that the order parameter must be small in the vicinity of the critical temperature. The thermodynamic
equilibrium of the system is reached for the configuration that minimises the dimensionless free energy

of the system G. This quantity can be calculated from the standard partition function via
Z=eY%= / IMe M (2.9)

with F[M] being the free energy functional depending on the order parameter M(r). The free energy can

be computed in the mean-field approximation with respect to the local magnetisation

G ~ minF[M] = FM™] , (2.10)
M(r)

where the stationary solution M™ (r) satisfies the mean-field equation

SF[M]
SM

=0. (2.11)

Mmf

In this Chapter, we present the free energy functional corresponding to the standard chiral magnet, and
derive the corresponding mean-field solutions. As mentioned in the previous Section, these correspond
to the helical/conical configurations, which minimise the free energy in the entire region of the phase
diagram where a spatially modulated spin texture is favoured. In the absence of magnetocrystalline
anisotropies, a mean-field solution for the SkL phase is found only as a local minima of the system.
However, corrections beyond the mean-field approximation can be obtained by including thermal Gaus-

sian fluctuations around the mean-field minimum

1 8’F
G~FM ]+2lndet<6M6M> f. (2.12)
M™

Miihlbauer et al. [27] showed that this first order correction term is sufficient to find a region where the

topologically non-trivial SKL. phase is favoured even for isotropic chiral magnets.
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M FIM]

Te

Figure 2.5.: Mean-field description of a ferromagnetic phase transition. (a) Schematic temperature dependence
of the homogeneous magnetisation M. (b) Sketch of the mean-field free energy functional around the second order
phase transition.

Example : standard ferromagnet

Here, we start by analysing an introductory example represented by the standard ferromagnet, which can
be found in many textbooks, such as in Refs. [55, 56, 98]. Fig. 2.5a illustrates the typical temperature
versus applied magnetic field phase diagram. Below the critical temperature 7, the system is in its or-
dered phase and is characterised by the uniform magnetisation M, which is given by thermal average
of the microscopic spins. This quantity changes continuously across the critical temperature and van-
ishes in the paramagnetic phase, i.e., for T > T;.. This second order phase transition can be described
using Ginzburg-Landau theory and identifying M as the order parameter. Consequently, there must exist
a free energy functional F[M] which satisfies the fundamental symmetries of the system. Moreover,
in the low-energy limit, fast fluctuations of the magnetic moments are suppressed, and therefore one
additionally expands F in derivatives of the local magnetization M(r). In the absence of an applied mag-
netic field and magnetocrystalline anisotropy, the system is invariant under time-reversal symmetry and
under rotation of all spins. Therefore, the Ginzburg-Landau free energy functional for a conventional,

inversion-symmetric ferromagnet is given by
FM] = / dr <r0M2 +J(VM)? +UM* — mH-M) . (2.13)

Here, ry, J, and U are phenomenological parameters determined by the microscopic theory of the
system. For a ferromagnet, J is positive and favours the alignment of all microscopic spins. The
quartic term is responsible for the stability of the system, therefore the prefactor U must be positive.
Lastly, ry is free to change its sign as a function of temperature, thus we consider the linear expansion

ro(T) = a(T —T™) + & ((T — T™)?) with a prefactor @ > 0. 7™ indicates the mean-field critical tem-
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perature, i.e., without considering thermal fluctuations and non-linear contributions.

For zero applied magnetic field, the Ginzburg-Landau free energy functional in Eq. (2.13) is minimised
by a homogeneous magnetisation configuration, i.e., for ;M = 0, with i = x,y,z. The amplitude of the
magnetisation is given by

OF 70
— =2MV 2UM?) =0 M=0VM=+,/——-. 2.14
M (ro+ ) = \V 20 (2.14)

Above the critical temperature, the parameter ry is positive and thus the free energy is minimal for zero
magnetisation. In the ordered phase, the magnetisation grows smoothly and two degenerate solutions
exists for no applied magnetic field. Fig. 2.5b shows the mean-field free energy functional for a homo-
geneous magnetisation in the paramagnetic, i.e., for ry < 0, and the ferromagnetic phase, i.e., for ry > 0.
When applying a magnetic field, the last term in Eq. (2.13) breaks the invariance symmetry and the mag-
netic spins align with the external field. The system is still invariant under the combined transformation

M— —MandH— —H.

2.2.2 Free energy of chiral magnets

The free energy functional of a standard ferromagnet is presented in Eq. (2.13), which reflects the spatial
inversion symmetry of the system. In chiral magnets, the weak spin-orbit coupling leads to the formation
of long-ranged noncollinear spin textures, thus breaking inversion symmetry in the system. This can
be described by an odd power contribution of the spatial derivatives in the expansion of the energy
functional. In linear order, this corresponds to the aforementioned Dzyaloshinskii-Moriya interaction
(DMI) [62, 63]

/erDM-(VxM)7 (2.15)

where the sign of D determines the left- or right-handed chirality of the system. Eq. (2.15) is known as
the Bloch type DMI, which is typically found in bulk chiral magnets. The Ginzburg-Landau free energy

functional is then given by
F[M] = / dr <roM2 +J(VM)? +2DM - (V x M) + UM* — oH - M) : (2.16)

which includes exchange, Dzyaloshinskii-Moriya and Zeeman interactions. The relative strength of the
DM and the exchange interaction can be used to introduce a natural length scale, given by the inverse
of the wavelength Q = D/J, as well as an energy scale, D?/J. This is used to reduce the number of
parameters entering the system via a rescaling of length ¥ = Qr and magnetisation M = /UJ/D>M,

thus leading to

F[M] = K/df‘ ((z+ 1)M? + (VM)? +2M - (V ><M)+M4—y0H-M> : (2.17)
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Here, H = /UJ3/D3H is the rescaled magnetic field, while k = JD/U is a dimensionless prefactor that
determines the relative weight between the mean-field and fluctuation contribution in the free energy
expansion entering Eq. (2.12). The new parameter ¢ = ro/(JQ?) — 1 < T — T™ indicates the distance to

the mean-field phase transition at # = 0, with # > 0 denoting the paramagnetic phase.

In the Ginzburg—Landau formulation of chiral magnetism, additional energy contributions can be incor-
porated into the free energy functional as long as they are consistent with the symmetries of the system.
Two particularly important terms in this context are the magnetocrystalline anisotropy and the dipolar
interaction. The latter is a long-ranged interaction which contributes significantly to both the magnetic
structure and the spinwave dynamics of the noncollinear phases. This contribution to the chiral magnet

free energy functional is presented in the next Section.

The magnetocrystalline anisotropy arises from higher order spin—orbit coupling, and reflects the influ-
ence of the underlying crystal lattice on the preferred orientation of the local magnetization. Although
its energy scale is typically small compared to the exchange and Dzyaloshinskii—-Moriya interactions,
particularly in materials with weak spin—orbit coupling, it nonetheless plays a crucial role in determining
various phenomenological properties. For example, it governs the in-plane orientation of the skyrmion
lattice domains [81, 82] and is responsible for the stabilisation of the low-temperature skyrmion lat-
tice phase observed in Cup,OSeO3 [83-85]. In this Thesis, we restrict our analysis to the limit of weak
spin—orbit coupling and therefore neglect magnetocrystalline anisotropies. This choice is motivated by
the aim of comparing our theoretical results directly with experimental observations. As will be shown
in the following Chapters, our findings already capture the key experimental features with quantitative
accuracy. Therefore, introducing anisotropy terms would require additional, largely unknown parame-
ters, which in turn would risk over-fitting and obscuring the essential comparison between theory and

experiments.

Dipolar interaction

In addition to the short-range Heisenberg exchange and Dzyaloshinskii—Moriya interactions, the spins
also experience long-range interactions. These arise from the fact that each atomic spin carries a magnetic
moment mj, which generates a microscopic magnetic field

& 3P(m1 . f) —1m

Baip(r) = 47 r3

(2.18)

at position r relative to itself. A second magnetic moment m; located at position r would therefore
experience a Zeeman-like energy Egip, = —my - Bgip(r). The characteristic energy scale of the dipolar,
or magnetostatic, interaction is determined by the electron magnetic moment iz and the atomic lattice
size, which is typically of the order of 10~'9m. Usually, this effect is at least three orders of magnitude

smaller than the exchange coupling. Nonetheless, the long-range nature of dipolar coupling, decaying
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only as the inverse cube of the distance, means that its cumulative effect can become relevant in bulk
systems. An example of its macroscopic consequence is the formation of magnetic domains in conven-
tional ferromagnets, where dipolar interactions favour flux-closure configurations that minimize stray

fields [99].

In macroscopic solids, the total magnetic field generated by the ensemble of atomic or electronic mag-
netic moments is a collective effect of a vast number of individual dipoles. Each of these contributes
to the overall dipole—dipole interaction energy. Therefore, calculating the exact microscopic magnetic
field produced by all these dipoles is often an unsuitable task due to the long-range and nonlocal nature
of the dipolar interaction. However, considerable simplifications arise for certain geometries, such as
ellipsoidal samples. In this case, when an ellipsoidal sample is placed in a uniform external field H*X
directed along one of its (semi-)principal axes, the spins tend to align uniformly with the field, resulting
in a collective magnetization M. This uniform magnetization generates a so-called demagnetizing field
H%™ which opposes the externally applied field and acts to reduce the internal magnetic field within the

material. The net internal magnetic field experienced by the sample is then given by:
Hint — HCXI + Hdem ) (2 1 9)

The demagnetizing field can be expressed using the demagnetization tensor N, a symmetric rank-2 tensor
whose components depend solely on the sample’s shape and orientation with respect to the external field.

For ellipsoidal bodies aligned with Cartesian axes £, J, and Z, the demagnetizing field simplifies to

oS O

H" = _N.M=— ‘M, (2.20)

c o =
o 2 o
5

where Ny, Ny, and N, are the demagnetization factors along the respective axes. Importantly, they satisfy

the constraint: Ny +Ny, + N, = 1.

The demagnetising field contributes to the total energy of the system via the magnetostatic interaction.
Within the Ginzburg-Landau framework, and in the limit of long-wavelength magnetisation variations,
i.e., for |k| < 1/L where L is the sample size, the homogeneous dipolar energy contribution takes the
form [99]

Fgip, kj<1/L[M] = éﬂo/dl'M'N'M‘ (2.21)

This term can be understood as an effective energy penalty associated with maintaining a uniform mag-
netisation against the internal field generated by the sample’s own dipolar interactions. Here, the as-

sumption of spatial homogeneity implies that the magnetization varies slowly on the scale of the sample
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dimensions. It is worth noticing that this derivation is strictly correct only for ellipsoidal samples with
one of their (semi-)principal axes oriented along the external magnetic field. Nevertheless, in this Thesis
we do not consider more complicated cases, and we always approximate the sample geometry by an

ellipsoidal body.

For local excitations, characterized by wavevectors |k| > 1/L, it becomes necessary to consider the
explicit form of the magnetic field generated by the magnetisation itself. In this regime, the microscopic
dipole—dipole interaction must be taken into account directly. Because of its long-range nature and
nonlocal coupling, evaluating the dipolar contribution in real space is computationally demanding, even
for small, discretized systems. An efficient approach is offered by working in reciprocal space, where the
convolution form of the dipolar interaction simplifies to a product. Therefore, the dipolar contribution to
the free energy in the large-wavevector limit can be expressed as [99]

1 po (mk'k)(m—k'k)
2v k| ’

Fgip, [k[>1/L[M] = (2.22)

where Vv is the volume of the unit cell, and my denotes the Fourier components of the magnetization field

M(r). These components are defined by the standard Fourier transform
ik-r 1 —ik-r
=) mye and lm:;/MMMe . (2.23)
k

The reciprocal-space expression (2.22) highlights the anisotropic character of the dipolar interaction,
which favours magnetisation components perpendicular to the wavevector Kk, and penalizes those aligned

along it.

The contribution to the free energy functional due to the long-ranged dipolar interaction can be expressed

combining the homogeneous and local contributions as

Faip[M Zk%m m’ (2.24)
with
KK for k| > 1/L
_ 2
Xdipl,ij (k) = uo K . (2.25)

N,'j for |k| < 1/L

The intermediate regime is more difficult to address because then explicit surface terms enter the calcu-

lation. In this Thesis, we restrict the discussion to the asymptotic limits presented here.
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2.2.3 Mean-field analysis

Here we analyse the mean-field solution corresponding to the chiral magnet free energy functional pre-
sented in Eq. (2.17). This was originally done by A. N. Bogdanov et al. [24, 25], and later revised by
S. Miihlbauer et al. [27] where they showed the skyrmion lattice can be found as a stable mean-field
solution upon including Gaussian thermal fluctuations. In this Section we will follow these works and
summarise the most important results. In particular, we are interested in the helical and the skyrmion lat-
tice configurations, which we show here that they are both solutions of the differential equation g—{,[ =0.
These noncollinear textures are periodic in space; therefore, it is convenient to express the corresponding

magnetisation using the Fourier series presented in Eq. (2.23). Remembering the identity

é / dre™ K = § (2.26)

we can express the rescaled free energy as

FM] =}

k

(I+t)mg -m_g + (k-k)(my -m_g) —2imy - (k x m_x) — poH - my 8 o

—+ Z (mk . mk/)(mk// . mkk,k”)] s (227)
k,7k/l
where the "~"-notation was dropped for the sake of readability. It is worth noticing that here k indicates

the dimensionless wavevector k = k/Q, consistent with Eq. (2.17).

In order to show that the helical state is the mean-field solution of the chiral free energy, it is more

convenient to rewrite the functional in the following way

2 — P2H>

FIM]=—v—"

2 H)\?2
—|—sz: m?% [rop (k)—tb'aﬁ]mf—i-/dr (M2+ %) +V <Mf — “g) , (2.28)
20
where rqg(k) = (1+1+ k2)5a[; —2igqpyk?. This formulation is equivalent to Eq. (2.17) and Eq. (2.27).
The matrix [rqp (k) —184p] has eigenvalues {(|k —1/)%, 1+ [Kk|?, (|k -+ 1])*}. Therefore, this term, as
well as the last two terms on the right-hand side of Eq. (2.28), are positive semi-definite. Then, if one
constructs a magnetic configuration that sets all these terms individually to zero, it is proven to be the

mean-field ground state with free energy —V (1> — uoH?) /4.

The first term becomes zero for |k| = 1 in rescaled units, i.e., the solution only possesses a single Fourier

component with wavelength Q = D/J on top of the homogeneous contribution. Consequently, we can
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make an ansatz for the mean-field solution in the ordered, noncollinear phase, which corresponds to r < 0
and UuoH < +/—2t, that is

Acosz 0
M(r)= | Asinz |+ | 0 (2.29)
0 My

describing the conical phase with homogeneous component My = % [ drM(r) = mg_. The free energy
functional in Eq. (2.16) is rotational invariant; therefore, we assumed without loss of generality that the
magnetic field is applied along the -direction, which fixes the dimensionless wavevector k = (0,0, 1) ||
H. The quadratic terms in Eq. (2.28) become zero for My = yigH /2 and 24 = | / -2t — ,ugH 2. This proves
that the helix ansatz is the mean-field ground state for the isotropic chiral magnet in the Ginzburg-Landau
formalism. Moreover, since My ~ LoH, the conical phase changes smoothly into the helical phase for

UoH — 0. In other words, the mean-field formulation does not predict a finite critical field poH,1.

Effects of the dipolar interaction

The helical ground state might undergo two distinct phase transitions. For large temperatures, i.e., t o<
T —T. > 0, the magnetic order parameter becomes null and the system enters the disordered paramagnetic
phase. On the other hand, for t+ < 0 there is a critical field value yygH., such that the conical state
transitions to the spatially uniform field-polarised phase. This occurs when the in-plane component of
the conical state in Eq. (2.29) vanishes uniformly, i.e., for A = %\ /=2t — /.L(%H2 = 0. Therefore, the

mean-field critical magnetic field is determined by
‘LL()HCZ =+ =2t. (230)

Upon including the magnetostatic contribution in the free energy functional, we get an additional pre-

factor in the critical field behaviour, namely

N.
toHe = v/ =2t (1 + ;LJOQ;> : (2.31)

Therefore, the homogeneous component of the magnetisation takes the form

HoH

(2.32)

thus leading to the dimensionless magnetic susceptibility of the conical phase, ¥con = My/H, being

Ho

HoN; *
2+

Xcon = (2.33)
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Figure 2.6.: Triple helix configuration. (a) Basis vectors of the spin order in the skyrmion lattice phase.
(b) Skyrmion lattice configuration obtained using the triple-Q ansatz. The arrows depict the in-plane magnetisa-
tion and the colour coding represents its out-of-plane component.

Compared to the dominating temperature dependence of H.,, the conical susceptibility can be seen as a

constant. The translation to physical units of the magnetic susceptibility reads

oM

S s S— 2.34
JQ? + M2N, (2.34)

Xcon =

According to Eq. (2.4), the magnetic susceptibility in the conical phase can be expressed using its shape

int

independent counterpart x.o:, i.e., .
Xeon
Xeon = ——m— (2.35)
TN,
which then leads to )
; oM;
con = “JQ; : (2.36)

This represents an important quantity that can be directly determined by experimental measurements,

hence setting the ratio between the saturation magnetisation and the energy density D?/J.

Mean-field skyrmion lattice phase : triple-Q ansatz

It is possible to derive a minimal ansatz of the skyrmion lattice configuration from its characteristic signal
observed in neutron scattering experiments [27, 30, 77]. For the high-temperature skyrmion pocket, this
shows six Bragg spots on a regular hexagon in the plane perpendicular to the applied magnetic field.

Consequently, we can identify a minimal basis of three Fourier modes contributing in the skyrmion lattice
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phase. In the presence of a sufficiently large external magnetic field, a finite uniform magnetic component

M; || H arises. Therefore, the quartic term in Eq. (2.27) contains cubic terms with wavevectors k; # 0,

Y (Mpomy,)(my, -my,) 8 (ki +ko +k3). (2.37)

ki, kz k3
A similar term appears in the theory for crystal formation out of the liquid phase, which shows analogies
with the skyrmion lattice nucleation [98]. Here, the three wavevectors are fixed by the inverse length scale
of the system, i.e., by |k;| = Q for i = 1,2,3. Therefore, since these three wavevectors lay in the same

plane, their relative angles result of 120°. This arrangement forms the triangular basis shown in Fig. 2.6a.

The DMI promotes canting of the magnetization, favouring configurations where my, L k; fori=1,2,3.
Furthermore, maximizing the energy gain from the term in Eq. (2.37) requires a significant overlap
between the modulated magnetization components my; and the uniform magnetic component M ¢, which
aligns with the external magnetic field. Consequently, the three wavevectors k; must lie perpendicular to
the direction of the applied magnetic field, assuming anisotropy effects are negligible. This explains the
second key experimental observation: the Bragg spots consistently appear within the plane normal to the
applied field, irrespective of the atomic lattice orientation. To a very good approximation, the skyrmion
lattice can thus be described as a simple superposition of three helices and a uniform magnetization
component
M5 (r) ~ M + i M (r), (2.38)
i=1
where
MPelix(p) = A (ﬁll cos(k; -r) — il sin(k; - r)) (2.39)

is the magnetization of a single chiral helix with amplitude A, and {k;, 4!, #!'} forms an orthonormal
basis. All three helices are left-handed since k; = ! x Al for i = 1,2,3, and their helical wavevectors
k; are perpendicular to the magnetic field, k; 1 H for i = 1,2,3. The skyrmion lattice configuration in

Eq. (2.38) is known as the triple-Q ansatz, and it is shown in Fig. 2.6b.

Using the triple-Q ansatz from Eq. (2.38) within the Ginzburg—Landau free energy framework presented
in Eq. (2.16) reveals that the skyrmion lattice forms a locally stable configuration under certain values of
the reduced temperature t and external magnetic field ppH. Nevertheless, the conical phase continues to
represent the global free energy minimum across the full range of low temperatures and weak magnetic

fields when evaluated at the mean-field level.
As depicted in the inset of Fig. 2.7, the free energy difference between the skyrmion and conical phases

diminishes significantly near intermediate field strengths, around H ~ 0.4H.,. This near-degeneracy sug-

gests that contributions beyond the mean-field approximation, particularly thermal fluctuations, may be
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2. Theory of Chiral Magnets

Figure 2.7.: Mean-field phase diagram with thermal fluctuations. Theoretical phase diagram as a function of
the dimensionless magnetic field and the reduced parameter ¢ = roJ /D2 — 1. Inset: Energy difference between
the skyrmion and conical phases as a function of the applied magnetic field for t = —3.5. The mean-field curve
remains positive over the entire field range, indicating that the conical phase is the global minimum within mean-
field theory. When thermal fluctuation corrections are included, the energy balance is reversed in a narrow region
near the critical temperature T, stabilising the skyrmion lattice phase. The figure is taken from Ref. [27].

essential for stabilizing the skyrmion phase. When Gaussian fluctuations around the mean-field solutions
are included, as formulated in Eq. (2.12), the skyrmion lattice gains additional stability within a limited
field interval [27]. This effect is reflected in the lower curve of the inset in Fig. 2.7, where the skyrmion
free energy drops below that of the conical phase. These results indicate that the skyrmion lattice be-
comes the thermodynamic ground state in a confined region of the temperature—field parameter space
due to fluctuation effects. The resulting phase diagram, incorporating both mean-field and fluctuation

corrections, is presented in Fig. 2.7.

2.3 Linear o model

So far in this Chapter we have assumed that the magnitude of the local magnetisation is constant for a

given temperature and external field, i.e., [M(r)| = My with constant M. However, in the semi-classical
approximation we adopt here, the local magnetisation arises from thermal averaging a large number of
atomic spins, hence spatial fluctuations of its magnitude are in principle allowed. Nevertheless, assum-
ing a constant magnitude reduces the degrees of freedom of the corresponding energy density functional,

thus enabling an analytical description of the problem. This approach is known as non-linear ¢ model.
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2.3. Linear o model

The o model, first introduced by Gell-Mann and Lévy in 1960 in the context of pion-nucleon interactions
in nuclear physics [100], has since become a central tool in various areas of theoretical physics, including
condensed matter. The original linear 6 model describes scalar fields with both radial and angular
degrees of freedom and includes a potential that spontaneously breaks a global symmetry. In the context
of condensed matter, o models arise naturally when describing systems with continuous spin symmetries,
such as bulk chiral magnets. A linear sigma model for magnetism starts from a field ¢ (r) € RY, with

N = 3 for spin systems, and includes both the magnitude and direction of the order parameter [101]

1 A 2
Aom = 5(aucp)2 +7 (9> =", (2.40)
where v sets the scale of spontaneous symmetry breaking. Fluctuations in both amplitude and direction
are allowed, making this model useful near phase transitions where the order parameter modulus is not

fixed.

In contrast, the non-linear 6 model emerges in the low-energy, long-wavelength limit, where amplitude

fluctuations of the order parameter are suppressed. The field n(r) is constrained to lie on the surface of

a sphere
n(r)e s’ ! withn’>=1, (2.41)
and the Lagrangian reduces to
Ao = %(Vn)z, (2.42)

where p; is the spin stiffness. In this model, the only degrees of freedom are the angular fluctuations,
which is often appropriate for describing magnetic textures in ordered magnets deep within the broken
symmetry phase. In this context, the non-linear ¢ model provides a natural language to describe slowly
varying, continuous spin textures. In particular, this method effectively captures the low-energy excita-
tions and topological nature of the different magnetic phases. In fact, the vector field in Eq. (2.5) that

defines the topological charge Qyop arises naturally from the non-linear Lagrangian in Eq. (2.42).

The non-linear 6 model provides an appropriate framework to derive mean-field solutions for the helical
and conical phases, as well as for the topologically non-trivial skyrmion lattice described by the triple-Q
ansatz. In the present work, however, our goal is to obtain numerical solutions of the skyrmion lattice
in the presence of dipolar interactions and to compute the corresponding low-energy excitation spectra.
For this purpose, it is more convenient to adopt a different approach and describe the local magnetisation
using the linear ¢ model instead. This approach allows for a more efficient numerical minimization of
the free-energy functional, as it enables a broader exploration of the energy landscape and reduces the

likelihood of becoming trapped in metastable configurations.
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2. Theory of Chiral Magnets

Within the linear 0 model framework, it is natural to rewrite the free energy density of the chiral magnet
F = Fo+ Fqip with respect to the dimensionless field m(r), with magnetisation M(r) = M;m(r). The

first contribution reads
| 2
Folm] = / dr (J(Vm)2 +2Dm- (V xm) — goMH-m+ 24 (1 — m2> ) , (2.43)

where the last term comes from a simple reformulation of the quadratic and quartic contributions in
the Ginzburg-Landau functional. Here, the phenomenological parameter A measures the stiffness of the
magnetic system towards modulations of the local magnetisation length, which relates to the distance
from the phase transition in analogy with ry before. In fact, in the language of linear c models, magni-
tude modulations of the order parameter are associated with a reconfiguration of the ground state. The

magnetic dipolar contribution to the free energy density reads

HoM;
2

1 _
Fdip = v / drdr’ m;(r) xdi;,- (e =1)m;(r'), (2.44)

with Fourier transform of the dipolar susceptibility given in Eq. (2.25).

In the absence of magnetocrystalline anisotropies, we can assume the skyrmion lattice configuration lays
in the plane perpendicular to the external magnetic field. We further assume that the spin configuration
is uniform along this direction, i.e. 8ZMSkL(r) = 0 with field applied along the z-direction. Therefore,
we are able to express the local magnetisation as M(p) = M;m(p), with p = (x,y)” indicating the in-
plane coordinates. For a boundless magnetic sample in the SKkLL phase, we are interested in the energy
density per unit cell, namely eP* = E /AP'’L, where L indicates the sample dimension along the applied
field direction. The unit cell area for a 2-dimensional hexagonal lattice is given by AP = ?aékL, with
askr. denoting the skyrmion lattice constant. Therefore, the volume integral expressed in Eq. (2.43) and
Eq. (2.44) reduces to

é [ar A;uc [ap. (2.45)

2.3.1 Theoretical formulation in momentum space

In order to numerically minimize the skyrmion lattice energy density it is convenient to reformulate the
problem in reciprocal space. The main reason is that the skyrmion lattice is a periodic structure, and this
allows us to replace the minimization of a continuous real-space field by a discrete problem involving a
finite set of Fourier amplitudes. This discretization reduces the complexity of the calculation, while still

capturing the essential physics of the lattice configuration.
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2.3. Linear o model

We denote by R, the Bravais lattice vectors of the magnetic unit cell. The periodicity of the skyrmion

lattice implies that the magnetization satisfies
M(p +Ra) =M(p). (2.46)
Thanks to this property, the local field m = M/M; can be expanded in a discrete Fourier series:

m(p) =Y m(Gy)e? ¢, (2.47)
Gy

where Gy are the reciprocal lattice vectors of the skyrmion lattice. The Fourier coefficients are obtained

by integrating over the unit cell with area APY¢:

1

m(Gy) = oo / m(p)e P dp. (2.48)

In this representation, the problem of finding the equilibrium skyrmion lattice reduces to optimizing the

Fourier amplitudes m(Gy ) rather than the full continuous field m(p).

Lattice geometry and reciprocal basis

For the hexagonal skyrmion configuration, the Bravais lattice vectors can be expressed as
Rn = aSkL(I’ngl +n2g2), n= (l’ll,l’lz) e (249)

where agiy, denotes the magnetic lattice size, and g;, g, form a covariant basis together with g5 for the

out-of-plane direction, namely

cos(m/6) cos(m/6) 0
g = | —sin(z/6) |, & =|sin(n/6) |, g&=[0]- (2.50)
0 0 1

The corresponding reciprocal lattice retains the same hexagonal symmetry. Its vectors can be written as

2
GV:iﬂf-(vlg1_|_\/2g2>7 Withv:(vl,vz)Engf, (251)
askL

with respect to the dual contravariant basis g'. The relation between covariant and contravariant basis

vectors is encoded in the metric tensors

1 12 0 4/3 —2/3 0
lgil=1{1/2 1 o, [g=le] "' =|-2/3 4/3 0], (2.52)
0 0 1 o 0 1
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2. Theory of Chiral Magnets

which ensure that g' - g; = &/. Explicitly, the contravariant basis vectors are

sin(7/6) 5 sin(7/6) 0
g = e —cos(m/6) |, &= e cos(n/6) |, £=|0]. (2.53)
0 0 1

Energy density in reciprocal space

Before proceeding with the Fourier transformation of the free energy functional, it is convenient to
express it in dimensionless units. This can be obtained by using the inverse length scale Q = D/J,

which gives the transformations

Vv .
, V—>@, V-0V, (2.54)

r—

Q|

with dimensionless quantities ¥, V and V. We now insert the Fourier expansion (2.47) into the real-space

energy density. The orthogonality of the Fourier modes,

1 . / /
p-(Gv—-Gy) _ sV1 sV
Apuc /uc o )= Sy, by, (2.55)

simplifies the integrals. After collecting all contributions, the energy density per unit cell can be ex-

pressed as
ebuc
=Y |IGv/'m(Gy) -m(—Gy) +iGy - |m(Gy) xm(—Gy)| —m(Go)-h (2.56)

D2/J G

+A, lfzzm(Gv)m(va)‘i’ Z <m(le)m(sz)) (m(GV3)'m(GV1 GV2GV3)>

Gy Gv,,Gv,,Gv,
+ Ems Z G2 +Nijml(G0)mJ (Go) | ,
Guro Gyl

where h = g"z%‘H, and A is now expressed in units of energy density D?>/J. Moreover, &ps = %
indicates the dimensionless magnetostatic parameter. It is worth noticing that, using the internal magnetic

susceptibility in Eq. (2.36), we get &g = XC?“.

2.3.2 Numerical implementation

The reciprocal-space energy density in Eq. (2.56) can be minimised with respect to the Fourier compo-
nents m(Gy). This procedure is conceptually similar to the analytical minimisation carried out for the
triple-Q ansatz in the previous Section, where only three Fourier modes were retained. Here, however,

the summations extend over the full reciprocal space, i.e., infinitely many Fourier components. To make
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2.3. Linear o model

the problem numerically tractable, we must introduce a cutoff A such that only reciprocal vectors with
|Gv| < A are included. The use of such a cutoff is physically well-motivated. Experimentally, neu-
tron scattering measurements of the skyrmion lattice reveal contributions from only a finite number of
Fourier components, whose intensity decreases with increasing wavevector magnitude [27]. Theoreti-
cally, the real-space free energy functional is finite for any smooth spin configuration, which guarantees

convergence of its Fourier representation in the limit A — oo.

Independent degrees of freedom

The reciprocal lattice can be organised in concentric hexagonal "rings" around the origin. The rn-th shell
contains all reciprocal vectors Gy lying within the n-th hexagon. Figure 2.8a illustrates the reciprocal
space up to three rings, with the dashed circle marking a cutoff between the second and third rings. To
preserve the sixfold rotational symmetry of the skyrmion lattice, the cutoff must be chosen such that it
falls exactly between two rings. If this condition is not met, the minimisation would artificially break the
hexagonal symmetry. For sufficiently large A the symmetry emerges naturally, but in practice we enforce

this constraint for any finite cutoff used in the calculations.

The computational cost of the minimisation depends directly on the number of degrees of freedom, which
is set by the lattice spacing asir. and the set of Fourier components m(Gy) included within the cutoff.
Since the n-th ring contains 6n points, the total number of reciprocal lattice nodes up to the n-th ring is

1+Y;_, 6. Each node corresponds to a complex three-dimensional Fourier component

T
which amounts to six real parameters.

Additional constraints can be used to reduce the number of independent contributions.

1. Reality of the magnetisation

Since M(p) must be real, the Fourier components satisfy
m(—Gy) =m(Gy)", (2.58)

which implies that only half of the reciprocal lattice nodes need to be considered explicitly. In
Fig. 2.8a, orange dots denote independent nodes, while blue dots follow from complex conjuga-

tion.
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a b

+1
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Figure 2.8.: Skyrmion lattice configuration. (a) Fourier components forming the reciprocal lattice up to the
fourth shell. The gray arrows indicate the fundamental reciprocal lattice vectors G0 and Go,1, while the orange
dots mark the independent Fourier components that remain after accounting for the system’s symmetries. (b)
Real-space skyrmion lattice configuration obtained by numerically minimizing the free energy density using the
Fourier components shown in panel (a). The black hexagon denotes the Wigner—Seitz cell, whose size is given by
the skyrmion lattice constant agyp .

2. Spatial symmetry
The regular skyrmion lattice respects inversion-like constraints: My ,(—p) = —M,,(p) and M (—p)

M,(p). Consequently, the Fourier components obey
m,,(—Gy) = —my(Gy), m(—Gy)=m(Gy). (2.59)

This condition can be violated in the presence of additional energy contributions, such as magne-
tocrystalline anisotropy. In particular, we will relax this condition when including magneto-elastic

coupling in the second part of this Thesis.

Combining these two conditions, each independent Fourier mode reduces to only three real parameters:

T
m(Gy) = <im§! (Gy), imy(Gy), m;(Gv)) . (2.60)

Moreover, for the homogeneous component Gy = 0, only the longitudinal part m’(Gy = 0) survives.

Altogether, the number of degrees of freedom reduces to

1+6+6><<Z6><j> — 1+1+3><<Z3><j>. (2.61)

Jj=1 Jj=1

For example, for n = 4 rings this number reduces significantly from 547 to only 137 independent param-

eters, thus improving the computational time required to find equilibrium configurations.
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Figure 2.9.: Reciprocal lattice vector. Dependence of the skyrmion lattice reciprocal vector on (a) the applied
magnetic field and (b) the magnetostatic parameter. The variation is relatively weak, and in general kgxp ~ Q
within small deviations. The red arrows indicate the specific values of magnetic field and magnetostatic interaction
used for the calculations shown in the opposite figure. In particular, &y,s = 0.88 corresponds to the experimentally
determined value for Cu,OSeQOs.

Control parameters

The energy density per unit cell in Eq. (2.56) is normalised by introducing the natural length scale J/D

and energy scale D?/J. As a result, only three dimensionless parameters remain:

- the rescaled magnetic field & = ¥ %“JH )

. M2
- the magnetostatic parameter &g = “gDE >
- the stiffness A = _2;)7021.

Figure 2.8b shows an example of the resulting skyrmion lattice for Bloch-type DMI, calculated at 2 = 0.5
and &,,s = 0.88, corresponding to the magnetostatic properties of Cu;OSeOs3. The stiffness A = 500 en-
sures the system is deep inside the ordered phase, so that the ground state configuration is robust against
variations of this parameter. The minimisation is performed using Wolfram Mathematica’s built-in New-

ton minimisation method.

The real-space lattice constant agyy, is related to the reciprocal lattice vector ksxp. In particular, for a

regular hexagonal lattice we get

V3 21
ksip = - —— (2.62)

2 asi
Unlike the triple-Q ansatz, where ksyx;, was fixed by the helix wavevector O, the numerical minimisation
allows for this parameter to take any value. Figure 2.9 illustrates the weak dependence of kgij, on the
magnetic field /# and the magnetostatic parameter &,s. In practice, the energy is minimised at values
close to ks, = Q across a broad parameter range. In CuyOSeOs, this corresponds to a skyrmion lattice

constant of agyy, >~ 72 nm.
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In this Chapter, we investigate the spinwave dynamics within the ordered magnetic phases of chiral mag-
nets introduced in the previous Chapter. Our analysis is based on the lossless Landau—Lifshitz equation,
which governs the dynamical response of the local magnetisation to external perturbations. By lin-
earising this equation around the equilibrium configurations, we focus on small-amplitude, low-energy

excitations with respect to the mean-field magnetic texture.

We begin by examining the field-polarised and conical phases, where the problem can be treated semi-
analytically, allowing for an intuitive understanding of the magnon modes. We then extend the analysis
to the skyrmion lattice phase, deriving its magnon band structure and characterising the corresponding
low-energy excitations. Finally, we present numerical results for the magnon dispersion both within the

magnetic lattice plane and along the skyrmion tubes.

3.1 Landau-Lifshitz equation

The dynamics of a magnetic system can be understood by first considering the simplest possible case:
the response of a single magnetic moment to an external magnetic field. A magnetic moment i placed in
a field B experiences the Zeeman interaction, which tends to align the moment along the field direction.
The corresponding torque is

T=pxB, 3.1)

which does not force the moment into alignment immediately. Instead, it causes the moment to precess
around the field direction, much like a spinning top subject to gravity. Just as the axis of a gyroscope
traces out a circular trajectory under the influence of the gravitational torque, a magnetic moment exe-
cutes a continuous precessional motion around B. The origin of this behavior lies in the relation between

the magnetic moment and the underlying angular momentum,
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with ¥ the gyromagnetic ratio. The total angular momentum is defined as the sum of orbital and spin
contributions, J = L4 S. The respective gyromagnetic ratios can be derived systematically, and they read
Y= quq for the orbital part and ys = miq for the spin part, where g and m,, denote the charge and mass of
the particle. Consequently, the magnetic moment takes the form g = y L + %S = 7. (L +2S), which in
general violates Eq. (3.2). To resolve this discrepancy, one considers only the projection of the magnetic
moment onto the total angular momentum J, since this quantity is both well-defined and experimentally

observable. This motivates the introduction of an effective gyromagnetic ratio,

=87, (3.3)

Mg
where g is the Landé factor. The value of g can be measured experimentally and reflects the relative
weights of the orbital and spin contributions to the total angular momentum. Substituting this into the

torque equation gives the fundamental law of motion,

dJ
ar vJ (3.4)
This equation captures the pure precessional dynamics of a moment in a field, analogous to the gyroscope

precessing around the vertical axis under gravity.

If the system contains N magnetic moments per unit volume, we introduce the magnetisation as M =

YNJ, and its time evolution is governed by

dM
o= — YoM x HeT (3.5)

The effective magnetic field can possess several contributions with different physical origins. In general,

we express it as the functional derivative of the free energy,

OF

Heff __ 7
ALLO 8M )

(3.6)

which might include both internal and external contributions. Eq. (3.5) is known as the lossless form
of the Landau-Lifshitz equation, and it describes the conservative precessional motion [102—-104]. Real
magnetic systems also dissipate energy and eventually relax toward equilibrium. To incorporate this ef-
fect phenomenologically, Landau and Lifshitz extended the equation of motion by introducing a damping
torque. This leads to the so-called Landau-Lifshitz-Gilbert equation [105]

dM

o
— = —yuoM x HT + =M
” UpIvl X X

dM

T (3.7

where o denotes the damping parameter. The second term on the right-hand side introduces a damp-

ing mechanism that reduces the component of M perpendicular to the field, eventually aligning the
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magnetization with its equilibrium direction. Importantly, the damping term is constructed such that the

magnitude of M remains constant during motion, reflecting the conservation of spin length in the system.

3.2 Linear spinwave theory in chiral magnets

Here we are interested in the low energy excitation modes of the ordered phases of a chiral magnet.
This can be achieved by considering small fluctuations with respect to the different equilibrium config-
urations presented in the previous Chapter, therefore, solving the Landau-Lifshitz equation in the linear
approximation [3, 4]. We first assume that the equilibrium configuration is described by the spatially
dependent unit vector iieq(r). A complete basis is then given by two unit vectors é;(r) and é(r), span-
ning the locally orthogonal plane with respect to the equilibrium magnetisation, i.e., &;(r) - &;(r) = J;;
and &;(r) x é;(r) = fileq(r). The time-dependent magnetisation is expressed via the Holstein—Primakoff

transformation [3]

i) = 01252y P[22 (e 04w e ) . 68)
where é, = %(él +1ié,). Eq. (3.8) represents the natural framework to describe the spin excitations
precessional motion with amplitudes y(r,7) and y*(r,7) in the clockwise and counter-clockwise direc-
tion, respectively. Here, \l//(r,t)\z indicates the probability density of magnons. In general, the U(1)
symmetry associated with the phase of the complex wavefunction y is broken. This reflects the fact
that the spin angular momentum associated with magnons is not strictly conserved, owing to the effects
of spin—orbit coupling, dipolar interactions, and the presence of a non-uniform magnetization. Conse-
quently, the Schrodinger equation does not provide a correct description of the system, and off-diagonal
terms arise proportionally to Yy and y*yw*. This is analogous to the standard BCS theory for super-
conductors [106]. Therefore, the correct dynamics is given by the Bogoliubov-de Gennes (BdG) wave

equation for the spinor YT = (y, y*), that is,
iht,0,¥(r,t) = ¥ (r,t), (3.9)

where 7, is a Pauli matrix and ¢ indicates the BdG Hamiltonian. It is important to notice that the

Hamiltonian exhibits a particle-hole symmetry of the form
T H T H = I, (3.10)

where %" denotes complex conjugation. This property stems from the fact that the magnetization is a
real-valued quantity. As a result, the spectrum of .77’ consists of eigenvalue pairs ®. Specifically, if
¥ is an eigenstate with eigenvalue ®, then 7,.#"W¥ is an eigenstate with eigenvalue —@. This can be

understood from the bosonic BAG formalism used to describe spin waves, where the Hamiltonian con-
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tains both magnon creation and annihilation operators. This doubling of degrees of freedom ensures
that the equations of motion capture the correct bosonic commutation relations. Because of this struc-
ture, every magnon excitation with positive frequency @ is accompanied by a partner at frequency — .
These negative-frequency solutions are not physical excitations themselves but rather reflect the redun-
dancy introduced by the BdG formalism. The true physical spectrum is therefore given by the positive

frequencies, while the negative ones can be interpreted as their particle—hole counterparts.

3.2.1 Magnon excitations in the field-polarised phase

We start analysing the simplest spin configuration found in chiral magnets, i.e., the spatially uniform field
polarised state. We assume that the external field uoH > uoH. is applied along the Z-direction, hence we
define an orthogonal basis by é; = £ and é, = y. The Hamiltonian governing spinwave excitations in the
field-polarized state can be derived directly from the chiral magnet free energy functional [Eq. (2.16)].

In the absence of dipolar interaction, the result is [39]
H = @(—]IVZ—ZI‘QTZEV) + guploHT (3.11)

where we have introduced the stiffness constant 7 = Jg g /M;.

To account for dipolar effects, it is convenient to switch to momentum space, where the Fourier transform

of the bosonic BdG equation takes the form
[ﬁa)rz - t%”(k)} ¥Yk,0)=0. (3.12)

In the long-wavelength limit, i.e., for |k| < 1/L, the uniform Hamiltonian reduces to [39]

Ny+N,_  Ny—N,
+ YT+ yrx>, (3.13)

Hxj<1/L = gUHoH I+ gUp oM <—Nzﬂ+ > 5

where we also included the contribution of magnetostatic interactions. Plugging this into Eq. (3.12) and

solving the eigenvalue problem, we find the corresponding magnon dispersion

o> = guption/ (H + (N — NM,) (H + (N, — NM,). (3.14)

This coincides with the standard Kittel formula, which describes the ferromagnetic resonance [107]. Im-
portantly, the uniform excitation mode within a large sample in the field-polarised phase is not affected

by the broken inversion symmetry induced by DMI.
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When considering local excitations of the field polarised configuration, i.e., for [k| > 1/L, the BdG
Hamiltonian acquires additional contributions originating from the exchange and DM interactions. This

reads [39]

K1/ = 9<!k21+ 2kafz> + giptoHind + (3.15)

gluptoM; (kik— k2
2k* \ K2 kk )

where Hjyc = H — N M, is the internal field, and k. = k, 4= ik,. Solving Eq. (3.12) gives the magnon

eigenfrequency (k) with

(3.16)

M
ho(q) =220k, + \/ (2K + gupiioHin) (@\kv + g toHiy + g“B“Mkﬂz) :

[k[?

where k| = (kx,ky,O). The square-root contribution in Eq. (3.16) reproduces the well-known Her-
ring—Kittel result for conventional ferromagnets [108]. In addition, the Dzyaloshinskii-Moriya inter-
action generates the linear term 2% Qk,, which effectively shifts the magnon spectrum along the field
direction in momentum space. As a consequence, the dispersion becomes asymmetric with respect to
inversion of k,: for finite longitudinal momentum one finds @(—k) # @(k). This broken reciprocity,
which directly stems from the lack of inversion symmetry inside the system, results in a finite group
velocity even at small wavevectors. Its sign depends on the handedness of the crystal, being positive or
negative for right- or left-handed sample, respectively. This feature represents one of the most interesting
aspects of spinwaves propagation in a chiral magnet, and it will be further explored throughout the rest
of the Thesis.

The dispersion relation reaches its minimum at k = QZ, where the magnon energy gap takes the value
A = gupoH™ — 2Q?. This gap closes at the critical field Hcim, marking the energetic transition between
the field polarised and the conical phase.

Characteristic frequency

The resonance frequencies of spinwaves in a chiral magnet can be expressed in dimensionless units @
by introducing a universal frequency scale for the system, defined as @ = ®/wc,. This scale naturally
arises by rescaling Eq. (3.12), which yields

%

WD) = —— R
c2 7 Ms

(3.17)

where @, is commonly referred to as the critical frequency. The term “critical” originates from its
connection to the critical internal magnetic field Hci‘z“. Indeed, substituting Eq. (2.36) into the definition
Hgy' = M/ Xcon gives
2
Hint o ']Q
c2 — :
MOMS‘

(3.18)
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The critical frequency can then be directly related to this field via
hae = guploHS . (3.19)

This relation provides a fundamental link between the intrinsic frequency scale of the system and an

experimentally accessible parameter, namely the critical magnetic field.

3.2.2 Magnon excitations in the conical phase

The magnetic configuration in the conical phase is given by Eq. (2.29), i.e., M(r) = M#fieq(r) where

sin 6 cos(Qz)
fieq(r) = | sin@sin(Qz) (3.20)

cos @

for H = HZ. Therefore, we define the local orthogonal frame

—sin(Qz) —cos 0 cos(Qz)
1= cos(Qz) |, é=| —cosBsin(Qz7) | - (3.21)
0 sin 0

The magnon Hamiltonian in the absence of dipolar interaction reads [39]

2 il
H =9 < —1IV?—2iQ1.8  (2)V + Q%ne (I— rx)> : (3.22)

with & (z) = (sin @ cos Qz, sin@sinQz, 0)7. This periodic potential leads to Bragg scattering that opens
gaps in the spinwave energy spectrum, thus resulting in the formation of a magnon band structure. Ac-
cording to Bloch’s theorem [109], the spinwave spectrum is periodic @, (k+mQ?) = @, (k) forany m € Z,
where n indicates the band index. Moreover, as a consequence of this periodicity, the BAG equation in

not diagonal in momentum space any more, and it can be expressed as
hot, ¥ (k+mQ2, ®) = #;, (k+m' Q2)¥(k+m' 02, 0). (3.23)

The Fourier transform of Eq. (3.22) becomes

02sin’ 6

A (&) = 8 7 | KP4 =

(1= ) | + 81w ZQSin Ok_T.+ 81w PQsin Ok, T, (3.24)

where k+ = k, - ik,. The contribution of the dipolar interaction was calculated explicitly in Refs. [39, 73],
and is given by

AobK)= Y HED (k— B0, pam- (3.25)
a,f=—1,0,1
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Figure 3.1.: Magnon band structure of the helical phase. Spinwave spectrum calculated for (a) longitudinal
momenta k; || Q and (b) transverse momenta k| in the absence of a applied magnetic field. (c-d) Non-analytical
behaviour of the magnon dispersion of the bulk +-Q resonances for small wavevectors |k| < Q. In zero field, the
dispersion is reciprocal (c), whereas a finite magnetic field induces non-reciprocal propagation (d).

The tensor components are expressed as

Hip(k)  Hij (k)  Hg,'(k
)

Hﬁf(k): Hgllp(k Hf(l)l([))() Hc(i)lpl(k 2k Li(k) Myk) K_(k) (3.26)
Hgy' (k) Hg,'(k) Hg,™ (k) N (k) K.(k) M (k)

with matrix elements

My (k) = |k, |? [i ((1 4 cos® 0)I+2cos OTZ> + sirj@fx} ,

Mo(k) = kZsin® 0(T— 1),

Li(k) = k ki [( T, Fit) + ([ + 1) cos e] : (3.27)
[ sin 6 1 <—(1 +c0526)rxj:2icosery>] ,

K. (k) = ke {(rzq:ny) + (=14 1,)cos 9] .
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3. Linear Spinwave Theory

Due to the intricate form of the BAG Hamiltonian, 77, (k) = S22, (k) + %’j,?;‘f(k), obtaining closed-
form analytical solutions is generally not feasible. However, the problem simplifies considerably for
wavevector aligned with the external field, i.e., k; = 0. In this particular case, the spinwave equation
becomes diagonal again, and the Hamiltonian reduces to

2 int s 2
Ay (e +11Q) = Sy {@(kz%—m’Q)zH—i— 70°(1 +§°°“)Sln - rx)} . (3.28)

The eigenfrequency solution corresponding to the purely longitudinal magnon dispersion results

ho (k) :@kz\/k%+<1+xé2;)Q2 (1 H ) (3.29)

B Hi121t
C.
where we used the cone angle definition [Eq. (2.3)], which reads sinf@=1—H / Hg‘zlt.

The full spinwave spectrum can be obtained numerically by solving the eigenvalue problem defined in
Eq. (3.23). Fig. 3.1a and b show the low energy magnon dispersion for k; = 0 and k, = 0, respectively.
At the Brillouin-zone center, the system hosts a single gapless excitation. This Goldstone mode arises
from the spontaneous breaking of continuous translational symmetry in the helical ground state and is

characterized, at low momenta, by the soft dispersion [110-112]
* ~ ok + Bk |*. (3.30)

The next set of excitations corresponds to the so-called +Q modes. At zero wavevector, these modes rep-
resent spatially uniform precessions of the magnetization, where the total magnetic moment integrated
over the sample volume oscillates in opposite directions: the +Q branch rotates counterclockwise, while
the -Q branch rotates clockwise around the applied magnetic field. Consequently, they can be probed by
magnetic resonance experiments [46]. Because of this helicity matching, the +Q mode evolves continu-
ously into the ferromagnetic resonance (Kittel) mode at the second critical field H.,. Figures 3.1¢ and d
highlight an additional feature: the dipolar interaction induces a non-analytic dependence of the excita-
tion spectrum on the wavevector k, which cannot be captured within a purely local exchange framework.
Furthermore, when a finite external magnetic field is applied, inversion symmetry along the helix axis is
broken. This symmetry breaking gives rise to a non-reciprocal magnon dispersion for finite transverse
momentum, such that

ok, ,—k;)# ok, k) for |k |#0,H#0. (3.31)

This non-reciprocity can be observed by probing the magnon excitations at finite momentum, for example

via Brillouin light scattering [73].
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3.3. Magnon excitations in the SkL phase

3.3 Magnon excitations in the SKL phase

In this Section we focus on the calculation of spinwave excitations within the skyrmion lattice phase.
Our aim is to solve the lossless Landau-Lifshitz equation in linear approximation. To this end, the

magnetization field is decomposed into its static equilibrium part and a small fluctuation,
M(r,t) = Meq(r) + OM(r,1), (3.32)

where Mcq(r) denotes the mean-field solution corresponding to the skyrmion lattice configuration, as
obtained numerically in the previous Chapter. The fluctuation M(r,¢) describes the spinwave ampli-
tude and is assumed to be small compared to the equilibrium magnetization. To derive the linearized

dynamics, we expand the Ginzburg-Landau free energy functional in powers of §M:

SF[M] 1 8°FM|
OMi+ 3 oM SN oM,

Mmf Mmf

SM;+ O (SM). (3.33)

Since Meq minimizes the free energy within mean-field theory, the first-order variation vanishes. Conse-

quently, the expansion can be expressed as
1
FIM) = FMeg] + 5 / drdr’ SMi(r) y;(r, ') SM,(r'), (3.34)
where we have introduced the kernel

) = 8%F
KT ) = S M () oM, (1)
Mq

(3.35)

Substituting this expression into the Landau-Lifshitz equation (3.5) and retaining only linear terms in
OM yields

0, 6M;(r,t) = ys,-jkMeq’j(r)/dr’xk,(r, r') oM (X' 1), (3.36)
where & is the Levi-Civita tensor. At this order, only the equilibrium magnetization enters the pre-
cession term, while higher-order corrections are consistently neglected. This linearized Landau-Lifshitz

equation forms the basis for the spinwave analysis in the skyrmion lattice, as it governs the dynamics of

small-amplitude fluctuations on top of the static, noncollinear background [39, 78].

Here we limit the discussion to the linear response regime of a time-independent system, where the

Hamiltonian has no explicit dependence on time. In this case, the fluctuations of the magnetization can
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3. Linear Spinwave Theory

be expressed in terms of plane-wave modes with well-defined frequency and wavevector. We therefore
adopt the ansatz
SM(r,t) = SM(r)e ' (3.37)

where 6M denotes the spatial profile of the fluctuation. Inserting this ansatz into Eq. (3.36) leads to the
eigenvalue problem

i SM(r) = yeyMeq (1) / dr’ yu(r,r') SMy(r') . (3.38)

The spinwave spectrum is obtained from the eigenvalues @ of this linear operator, while the correspond-
ing eigenfunctions dM(r) describe the spatial structure of the magnon modes. These excitations form
the magnon band structure characteristic of the skyrmion lattice phase, reflecting the noncollinear and

periodic nature of the equilibrium magnetic texture.

3.3.1 Momentum space formulation

The determination of the magnon band structure in the skyrmion lattice phase requires solving the eigen-
value problem given in Eq. (3.38). Due to the presence of dipolar interaction in the system, the calculation
is considerably simplified in reciprocal space, as was already the case for the equilibrium configuration
discussed in the previous Chapter. According to Bloch’s theorem, the spinwave spectrum inherits the

lattice periodicity of the skyrmion crystal, such that
ok+Q)=ow(k) (3.39)

for any reciprocal lattice vector Q = Gy, with n € Z X Z and Gy, defined in Eq. (6.28). It is therefore
natural to decompose a generic wavevector as k = Q + q, where q lies inside the first Brillouin zone (BZ).
Accordingly, the spinwave amplitudes can be written as dm(k) = dmg(q), with Fourier transforms

defined as

dk do

G on m (k) kP~ (3.40)

Sm(k) = / dp di SM(p,1)e {&P=@)  §M(p.1) = /
To proceed, we analyse the Hessian of the free energy functional [Eq. (2.27)], which in Fourier space

takes the form [78]

8%F
Smi(—Kk)SmJ(K)

Meg

= 18(q—q)8p o (Q+q)+8(qa—q)8y D" (Q+4q) (3.41)

+28"Ym o -mg o, or8(q—q)+ 4Zm’;Qum‘(’}Q,+Q,,5(q —q)
Q// Q//

= (1) ge (@8(a—1q)
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3.3. Magnon excitations in the SKL phase

where we used the notation mg = meq(Q), and defined the matrices

r(k) = (1+1+ [k|?)8Y —2ie'k! (3.42)

k'k/
D (k) ll.to ke for k| >1/L

7 (3.43)

N for |k|<1/L

S°F

SM? M
eq

(Q) and continuous (q) momenta explicit. Substituting Eq. (3.41) into the Fourier expression of the

Here we introduced the matrix notation X, 1— , which makes the dependence on both discrete

effective magnetic field yields

eff, effl F J (!
HoH ™ (k) = HoHgy Z S (k) omi i) " ) (3.44)

:Z Sm()

Finally, the linearised Landau-Lifshitz equation (3.36) can be expressed in Fourier space by combining

the skyrmion lattice Fourier decomposition [Eq. (2.47)] with Eq. (3.40). This leads to

—iw8my(q) = yHo Y. €7'mb Her' ()8g 40 (3.45)
QQ//
= _'}/Z (Zgl] m 5Q/+Q// ) (uOHef;fl( ))
Q' /
=Y Z Meg X Q" XO )Q//Q///((1)67”’l}()2///(q)7
Q// /11

where we defined the operator
(meq QQ// = 28 mQ/ 6Q/+Q” Q: (346)

In principle, the sums in Egs. (3.45) and (3.46) run over infinitely many reciprocal lattice vectors. For
numerical implementation, a cutoff |Q| < A is introduced, as already discussed in the previous Chapter.
This truncation is justified since the free energy converges with a finite number of Fourier components
in the skyrmion lattice phase. Nevertheless, the approximation becomes less accurate for higher-energy
magnon modes. Therefore, reliable results are only obtained in the low-energy regime, while quantitative

predictions at larger energies require including an increasingly large number of Fourier components.
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Figure 3.2.: Eigenvalues of (meq X ) Typical distribution of the eigenvalues 4,, introduced in Eq. (3.47), computed

for N =5 shells in reciprocal space. The blue dots correspond to the physical subspace, the red dots represent the
orthogonal basis, and the light-blue dots indicate intermediate eigenvalues that are projected to zero.

Projection onto the dynamical subspace

A direct manifestation of the cutoff introduced in reciprocal space appears when analysing the operator

(meq x ) defined in Eq. (3.46). This operator can be expressed in terms of its eigenbasis v, as
(Mg X)%Q// = Z)ann ®V, € Myxm(C), (3.47)
n

where A, are the corresponding eigenvalues and ® denotes the outer product. The size of the matrix,
m X m, is set by the number of Fourier components retained within the cutoff A. For the hexagonal
lattice of Fig. 2.8, this dimension is

m:3<1+6§:j> , (3.48)

j=1

where N counts the number of reciprocal-space shells. In the limit of an infinite cutoff A — o and for a
normalized magnetization |Meq(r)| = M;, the spectrum of eigenvalues would reduce to the discrete set
A, = {0,%1}. However, within the linear 6-model the magnetization is allowed to vary in magnitude,
thus the eigenvalues fluctuate around these ideal values. Physically, A, = 41 correspond to transverse os-
cillations, while A, = 0 would represent purely longitudinal modes. Since the Landau-Lifshitz equation
does not capture longitudinal fluctuations, the problem must be consistently restricted to the subspace

spanned by eigenvectors with A, ~ +1.

Figure 3.2 illustrates the typical distribution of eigenvalues for N = 5 rings. Because the reciprocal-
space cutoff truncates the Fourier basis, a significant fraction of the eigenvalues fall into an intermediate
regime (shown in light blue), where they cannot be uniquely identified as either longitudinal (A, = 0)

or transverse (A, = +1) modes. These spurious modes predominantly arise from the boundaries in
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3.3. Magnon excitations in the SKL phase

momentum space. To ensure consistency, we project out these ambiguous states by retaining only those

eigenvalues sufficiently close to =1 [78]. In practice, this amounts to defining a projected operator
!/
(megx)” =Y Av,@v;, (3.49)
n

where the sum is restricted to eigenvectors with |A,| > Ap. A typical choice for the projection threshold
is Ap >~ 0.97. For the sake of readability, we have omitted explicit indices in Eq. (3.49). With this

projection, the Landau-Lifshitz equation takes the form

—ig8my(q) = Y(megx)” 25" (q) 5mg(q) (3.50)

where the index o labels the magnon modes.

This projection step has an important physical meaning: it enforces the fact that spin dynamics in the
Landau-Lifshitz framework is purely transversal, i.e. magnetization precesses around the equilibrium
configuration without changing its magnitude. The spurious eigenvalues introduced by the cutoff would
otherwise mix transverse and unphysical longitudinal components, leading to artificial contributions to
the magnon spectrum. By keeping only the eigenvalues close to +1, we effectively isolate the phys-
ical subspace of transverse spin precession, ensuring that the calculated modes correspond to genuine
magnons. The price to pay is a loss of accuracy at high energies, where the truncated Fourier expansion

becomes less reliable, whereas the low-energy spectrum remains robust.

Bogoliubov—de Gennes orthogonality

In contrast to ordinary Hermitian eigenvalue problems, the Bogoliubov—de Gennes structure of the Lan-
dau—Lifshitz equation implies that the spinwave eigenfunctions do not obey the standard Euclidean or-
thogonality relation. Instead, they form an orthogonal basis only with respect to a suitably defined scalar

product. To make this explicit, let us examine the Hermitian conjugate of Eq. (3.50), which reads
) P\ T P
SmL%dG ((imeq X ) ) = 51112%(1(} (imeq X ) = a)a6m(§, 3.51)

P
where we used that both %346 and (imeq X ) are Hermitian operators, and that the magnon eigenfre-
quencies g are real. From this, it follows that the Landau-Lifshitz equation can be expressed in two

equivalent forms:
-1
MMy = g <<imeq x) > Smy, (3.52)

and

N
Sml, HaG = 0o dm), ((imeq x ) ) . (3.53)
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Therefore, by comparing these two expressions one obtains the relation

—1 —1
Sm’, a6 my = 0, 6m’, ('m X )P Smy = wzém, ( : ) 3.54
p/¢BdG o o OMg Meg o B B Mgg X mg . (3.54)

For two distinct, non-degenerate eigenmodes with @y # o, this equality is satisfied if and only if

-1

Sm) <<imeq x )P> Smy =0. (3.55)

In other words, the spinwave functions form an orthogonal basis with respect to the scalar product defined
-1

by the operator <<imeq X ) . This generalised scalar product also provides a natural normalisation

condition for the magnon modes. Indeed, each eigenvector can be rescaled as

P —1
Smy — ——8my  with ng = om, ((imeq X ) ) Smy, (3.56)

ng
ensuring a consistent normalization across all modes. The inverse operator appearing here can be explic-

itly constructed in the projected transverse subspace introduced earlier, which yields

AL
<<imeq x) > —Y v, ®v, (3.57)
o M
where the sum is restricted to the eigenstates with finite eigenvalues A,,.

3.3.2 Mode characterisation

Before analysing the full magnon band structure, it is instructive to examine the lowest-energy excita-
tions at zero wavevector ¢ = 0. In this case, Eq. (3.50) reduces to an eigenvalue problem that yields the
collective modes of the skyrmion lattice, i.e., coherent oscillations of the entire texture. Studying these
excitations provides an insightful intuition on the different excitation modes, and allows us to introduce
a characterisation of the magnon bands. Figure 3.3 shows the out-of-plane component of the magnon
eigenfunctions My (r,#) corresponding to the twelve lowest excited modes, evaluated for the equilib-
rium configuration in Fig. 2.8b with parameters 2 = 0.5, Ems = 0.88 and A = 500. Each panel illustrates
the fluctuation pattern at a fixed time ¢, i.e., the instantaneous deviation from the equilibrium magnetisa-
tion Meq(r). Snapshots of the time evolution for each excitation mode are shown in the Appendix. The
skyrmion lattice hosts a large variety of collective modes, many of which are highly intricate due to the
nontrivial topology and periodic arrangement of skyrmions. Here we highlights some of their important

features, and explain the different nomenclature used in the picture.

In the literature, the three most prominent low-energy excitations that dominate both theoretical and ex-

perimental studies are the counter-clockwise (CCW), breathing and clockwise (CW) mode [45]. These

46



3.3. Magnon excitations in the SKL phase
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Figure 3.3.: Spatial profile of the SKL spinwave functions. Snapshots at a fixed time of the spatial profile of
the out-of-plane component M,. The solutions are calculated at the I'-point of the Brillouin zone, with colours
indicating that the spinwave points parallel (red) or anti-parallel (blue) to the applied magnetic field. The hexagon
in each panel is the Wigner-Seitz cell, whose extension is given by the skyrmion lattice constant agj..

three fundamental modes have been the subject of extensive research because they can be directly ex-
cited by applying a spatially uniform, time-dependent magnetic field. In fact, they yield a finite oscillat-
ing homogeneous magnetisation, dmgy g—o(q = 0) # 0, therefore they possess a macroscopic alternating
current (AC) magnetic dipole moment. Consequently, they couple efficiently to microwave fields, mak-
ing them visible in microwave spectroscopy [46—51] and other experimental probes like resonant elastic
x-ray scattering [52] and time-resolved magneto-optics [53, 54]. Other modes generically do not yield
a microwave response, and their characteristics as well as functionalities are mostly unexplored. Only
for specific values of the magnetic field, the cubic crystalline environment hybridized the CCW and the
breathing resonance, respectively, with a sextupole-1 and octupole mode such that these otherwise dark
modes left a characteristic frequency gap in the microwave response [5S0]. These three modes get their
names from the corresponding time evolution of the total magnetisation M(r,). In particular, the CCW
mode corresponds to a collective gyration of skyrmions around their equilibrium positions in a counter-

clockwise sense. Locally, each skyrmion core undergoes a circular trajectory, while the surrounding spin
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Figure 3.4.: Resonance frequencies of the skyrmion lattice. The low-energy resonance frequencies have been
calculated at the ['-point for &,,; = 0.88, A = 500, and frequencies in the range 0 < /27 < 3.2. The identification
of each mode is determined by the wavefunction analysis shown in Fig. 3.3.

texture follows coherently. The breathing mode represents a radial oscillation of each skyrmion core.
During this excitation, the skyrmion periodically expands and contracts, while its centre remains fixed.
Finally, in contrast to the CCW gyration, the CW mode describes a collective clockwise rotation of the
skyrmion cores. This excitation is not simply the time-reversed partner of the CCW mode: the two are
split in frequency, with the CW mode appearing at higher energies due to the gyroscopic force described

in Section 3.1.

In Fig. 3.3, we introduce an additional classification of the lowest excitation modes of the skyrmion lat-
tice. This scheme is based on the multipolar character and radial structure of the corresponding spinwave
eigenfunctions. For instance, the mode labelled quadrupole-1 refers to the eigenfunction Mg (r,?)
that exhibits a quadrupolar symmetry within the unit cell, with no radial nodes. In contrast, quadrupole-2
is distinguished by the presence of a radial node at a finite distance from the skyrmion core, dividing
the eigenfunction into an inner and an outer oscillating ring inside the magnetic unit cell. Within this
framework, the familiar CCW, breathing, and CW excitations correspond to dipole-1, monopole, and
dipole-2, respectively. Nevertheless, in the following we adopt the conventional nomenclature for these
three modes, since it is widely used in the literature and more directly conveys their dynamical character.
In fact, the purely multipolar classification captures the spatial symmetry of the eigenfunctions, but does
not account for essential dynamical features, such as the sense of rotation of the oscillation. This limi-
tation becomes particularly evident for more complex excitations: for example, in the sextupole-2 mode
the inner and outer rings rotate in opposite directions, a feature that cannot be inferred from multipolar

symmetry alone. A detailed visualization of the time evolution of all the modes shown in Fig. 3.3 is
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provided in the Appendix. Moreover, the multipolar classification fails to capture the character of the
higher—energy excitations, such as the two highest modes displayed here. We do not attempt to refine
the classification at this stage, since these modes play no role in the experimental observations reported
in this Thesis. Nonetheless, it is important to note that the excitation spectrum of the skyrmion lat-
tice can exhibit a remarkably intricate band structure, whose full description requires a more elaborate
framework. Fig. 3.4 displays the magnetic field dependence of the spinwave eigenfrequencies at zero
wavevector. While most modes exhibit only a weak variation with field, certain excitations, such as
the octupole and decupole modes, show a pronounced field sensitivity. The different behaviour enables
the hybridisation between specific modes, which can be induced, for example, by magneto-crystalline

anisotropy [50] or via magneto-optic coupling [74].
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3.3.3 Spectrum

In this Section we finally present the spinwave spectra
of the hexagonal skyrmion lattice configuration. Fig-
ure 3.5 shows the calculated magnon bands for an in-plane
wavevector, restricted to the first Brillouin zone, i.e., q L H
with q € 1% BZ. We see the emergence of a low-energy
excitation with quadratic dispersion, ® ~ |q|*, at small
wavevectors. This mode is the Goldstone mode of the
skyrmion lattice [113]. Its origin can be traced back to the
spontaneous breaking of continuous translational symmetry:
the underlying Hamiltonian is invariant under arbitrary
translations in the plane, but the formation of a periodic
magnetic lattice fixes a discrete set of lattice positions.
According to Goldstone’s theorem, this broken symmetry
implies the existence of a gapless mode. Physically, it cor-
responds to the translational motion of the entire skyrmion
lattice, analogous to phonons in a crystal. The quadratic
dispersion reflects the fact that the skyrmion lattice is a
two-dimensional object without restoring forces against
rigid translations, leading to a particularly soft mode at long
wavelengths. Some branches remain almost dispersionless
(flat bands), such as the sextupole-1 mode. In contrast, other
modes, such as the the CCW and breathing modes, display
strong dispersions within the magnetic BZ. This indicates
that their excitation energy at finite wavevector can vary
significantly from the zero-momentum case typically probed

in experiments.

Figure 3.6 presents the magnon spectra for propagation along
the applied magnetic field direction, i.e., parallel to the
skyrmion tubes. Here we restrict to the case |q, | = 0, such
that the wavevector is purely longitudinal. As expected, the
gapless Goldstone mode continuously approaches zero en-
ergy in the long-wavelength limit g — 0. Moreover, the
spectra are dominated by a pronounced non-reciprocity: the

dispersion at +¢ differs significantly from that at —g;.
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Figure 3.5.: Magnon band structure.
Magnon band structure calculated for in-
plane wavevectors k | H within the first
magnetic Brillouin zone. The first 11 ex-
citation modes are shown here, calculated
for H/H: = 0.5, £, = 0.88 and A = 500.
The modes can be identified according to
the colour coding reported in Fig. 3.4 and
Fig. 3.6.
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Figure 3.6.: Magnon dispersion for longitudinal wavevectors. Theoretically calculated dispersion for |k | =0,

H/Hy = 0.5, &,; = 0.88 and A = 500. The dipole active modes are discontinuous for k; — 0 due to approx-
imations of the dipolar interaction. Among all the low-energy excitations, the CCW mode shows the strongest
non-reciprocity.

This asymmetry is a direct consequence of broken inversion symmetry in the chiral magnetic texture, en-
hanced by the dipolar interaction. Among the various branches, the CCW mode exhibits the most striking
non-reciprocity. Combined with its dipolar nature and resonance frequency lying in the experimentally
accessible GHz range, this makes it the most relevant excitation for studying directional spinwave propa-
gation in skyrmion lattices [76]. Interestingly, several modes display an apparent discontinuity as g — 0.
This behaviour originates from the approximations used in treating the dipolar interaction. In our energy
functional, the dipolar term was expanded only in the asymptotic limits |k| > 1/L and |k| < 1/L, where
L denotes the system size. The intermediate regime, however, is not captured within this approximation,
leading to an artificial mismatch at small wavevectors. A more accurate treatment of the dipolar kernel

would likely resolve this discrepancy, but lies beyond the scope of the present work.

3.3.4 Experimental observations

Over the past decade, substantial efforts have been made to probing the dynamical properties of the
skyrmion lattice phase. To date, two complementary classes of experimental techniques have been most
widely employed: homogeneous excitation methods, such as wave-guide microwave spectroscopy [46—
51], resonant elastic x-ray scattering [52] and time-resolved magneto-optic Kerr effect (TR-MOKE) [53,
54], and momentum-resolved probes, most notably inelastic neutron scattering [43]. These approaches

differ not only in the type of information they yield, but also in the aspects of the magnon spectrum that
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they are naturally sensitive to.

Homogeneous excitation techniques probe the system’s response to spatially uniform time-dependent
magnetic fields. As such, they selectively couple to modes at zero momentum, q = 0, corresponding
to oscillations that are spatially coherent over the entire sample. Experiments of this kind were able to
investigate the properties of dipole-active modes, i.e., the counter-clockwise, clockwise and breathing
modes. These modes appear as sharp absorption resonances in the gigahertz range and constitute clear
dynamical fingerprints of the SKL phase. Importantly, their frequencies and relative spectral weights
provide valuable insight into the stability and internal structure of skyrmions. However, by construction,
homogeneous excitation experiments are blind to the momentum dependence of the excitations. They
cannot resolve how the magnon modes disperse throughout the Brillouin zone, nor can they access di-

rectly higher-order internal modes whose dipole matrix elements vanish for uniform driving.

In contrast, inelastic neutron scattering provides a direct window into the full magnon band structure. By
measuring the energy and momentum transfer associated with neutron spin-flip processes, this technique
resolves excitations much beyond the first magnetic Brillouin zone. A recent neutron scattering study has
confirmed the existence of dispersing Goldstone modes arising from the broken translational symmetry
of the SKL [43], as well as the coexistence of flat and strongly dispersive branches at finite wavevector.
These results complement the picture obtained from homogeneous driving by providing a momentum-
resolved map of the spinwave spectrum. At the same time, this neutron scattering experiment was only
able to explore the convoluted signal of a manifold of spinwave excitations without resolving individual

magnon bands.

Taken together, these two classes of experiments provide a valuable, though still incomplete, picture of
the skyrmion lattice spinwave dynamics in bulk chiral magnets. In particular, the intermediate regime
of wavevectors |q| ~ ksxr, remains largely unexplored, despite its crucial relevance for signal-processing
and computational schemes based on propagating magnons. In the following Chapters, we take a step
toward addressing this gap by presenting two complementary projects that extend beyond the current
state of the art. In the first project, magneto-optic coupling is exploited to probe spinwave dynamics with
wavelengths comparable to the inter-skyrmion distance. Through micro-focused Brillouin light scatter-
ing, we resolve several multipole excitation modes across a wide magnetic-field range. In addition to the
dipolar counterclockwise, breathing, and clockwise modes, a quantitative comparison between experi-
mental spectra and theoretical predictions enabled the identification of the quadrupole-2 and, possibly,
the sextupole-2 modes [74]. The second project investigates the role of magneto-elastic coupling within
the skyrmion lattice phase. Here, spinwaves and acoustic phonons interact at finite wavevector, giving
rise to magnon—phonon hybrid modes. Ultrasonic measurements of the phonon velocity reveal clear

signatures of this coupling, allowing the indirect identification of the low-energy quadrupole-1 magnon
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3.3. Magnon excitations in the SKL phase

mode [114]. Together, these studies extend our understanding of skyrmion lattice dynamics into previ-
ously unexplored regimes, thereby bridging the gap between traditional experimental probes and future

applications in magnonics.

53



3. Linear Spinwave Theory

54



Theoretical description of Brillouin light

scattering

In this Chapter, we introduce the experimental technique of micro-focused Brillouin light scattering
(BLS) spectroscopy, which serves as a powerful tool for probing finite momentum spinwave dynam-
ics with frequency resolution. We first present the theoretical foundations of BLS in its most general
framework, emphasizing how magneto-optic coupling enables the detection of spinwave spectra. This
interaction is conveniently described in terms of the photon—magnon scattering process, which provides a
clear picture of how incident light couples to collective magnetic excitations. Finally, we discuss the spe-
cific implementation of the micro-focused setup, deriving the general expression for the corresponding

BLS cross section.

4.1 Magneto-optic coupling

Brillouin scattering describes the interaction between an electromagnetic field, typically provided by a

monochromatic laser, and low-energy excitations in a crystalline medium. Depending on the nature of
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Figure 4.1.: Schematic diagram of inelastic Brillouin light scattering. (a) Emission (Stokes) and absorption
(anti-Stokes) diagrams of a quasiparticle with wavevector q induced by the incident light. (b) Typical BLS spectra
which measures the frequency shift of the scattered photons with respect to the elastically scattered light.
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4. Theoretical description of Brillouin light scattering

the excitation, the scattered light can couple to acoustic vibrations (phonons), charge-density fluctuations
(polarons), or spin oscillations (magnons). In this dissertation, our focus is exclusively on the magnonic
case. Nevertheless, the scattering geometry and theoretical framework developed here can be readily

adapted to describe the other types of interactions as well [115-117].

Fig. 4.1a shows the fundamental mechanism underlying inelastic Brillouin light scattering. In this pro-
cess, an incoming photon with wavevector k;, interacts with the magnetic medium and either emits or
absorbs a quasiparticle of wavevector . As a result, the photon is scattered with momentum Ky, =
ki, + q. Energy-momentum conservation law implies that the scattered quasiparticle possesses energy
ho = he! (|Kin| — [Kout

the magnon is created or annihilated in the scattering event, the process corresponds to a Stokes or anti-

), where ¢’ is the speed of light within the magnetic sample. Depending on whether

Stokes transition, respectively. This frequency shift produces the characteristic BLS spectrum shown
in Fig. 4.1b, which provides direct access to the spinwave dynamics of the system [117]. In particu-
lar, BLS can reveal non-reciprocity of spinwaves, manifested as asymmetries in the spectral peaks of
the Stokes and anti-Stokes lines. Since these processes probe magnons propagating in opposite direc-
tions, such differences are especially pronounced in chiral magnets, where broken inversion symmetry
plays a key role [73, 118, 119]. It is also worth to compare BLS with inelastic Raman scattering: while
both rely on light—matter interactions, BLS probes much lower excitation energies and correspondingly
smaller wavevectors. This makes it particularly well suited for investigating magnetic excitations over
mesoscopic length scales, such as those found in skyrmion lattices. These advantages, together with
its non-destructive character and high spectral sensitivity, explain why BLS has become an increasingly

powerful and widely adopted technique in modern magnonics [14, 15, 19, 120-124].

4.1.1 Differential scattering cross section

According to Landau and Lifshitz’s formulation of electrodynamics, the photon—magnon differential
scattering cross section can be expressed in terms of the dielectric permittivity tensor, €,y (r,?), and the

polarization vectors of the incoming and outgoing photons, €;, /oy In its general form, it reads [125]

do—out,in (q, (1))
dQ)!

out

o< €out,u e;kn,v ezut,l €in,s <58‘Zv(l', t)5815 (I‘/, t/)>q7w ) (4 1)

up to a prefactor that depends on the optical frequency. This expression shows explicitly that the photon
scattering probability is governed by the correlation function of the fluctuations of the dielectric tensor.
In other words, the magneto-optic coupling enters the cross section through the dependence of €,y on the
magnetization M(r,7). During inelastic scattering, part of the spinwave angular momentum is transferred
to the photon, leading to a characteristic 90° rotation of the scattered polarization vector e, relative to
the incident one ej, [126, 127]. The derivation of Eq. (4.1) further assumes that the frequency shift is
small compared to the photon frequency, i.e., ®/(c’|kin|) < 1. This condition is naturally fulfilled in
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4.1. Magneto-optic coupling

standard BLS, which focuses on the detection of low-energy excitations compared to other experimental

techniques based on inelastic light scattering such as Raman spectroscopy.

In noncentrosymmetric helimagnets, continuous translational invariance is in general broken, hence the

correlation function of dielectric fluctuations can be expressed as
1 , Ny
(8e (r.1)8er5(r 1)) g0 = / drdr'dr eV TTIHON (Sl (r,1) 88,5 (1, 0)) 4.2)

where V is the volume of the system. Here, we are only interested in the magnetic contribution of the
dielectric permittivity tensor, which can be expressed as a series expansion in the magnetisation. Up to

second order in M(r,7), this tensor reduces to [118]
8/4\;(1’,[) - K[,LVAM)L (I‘,l) + G/Jv)L&M)L (I',I)M5 (l’,l) ) 4.3)

where K and G are the magneto-optic coupling tensors of first and second order, respectively. Their
structure is constrained by the crystal symmetry class. For instance, in cubic magnets such as Cu,OSeOs,
one finds K, = K¢&,yy, where €, is the anti-symmetric Levi-Civita tensor, while the quartic term
Gvas reduces to just three independent parameters: Gp;, G2, and Gy4. In particular, we get Gy =
Gyyyy = Gz = Gi1, Gy = Gy = Gyyzr = G2, and Gryxy = Gigy = Gygy, = Gag [128, 129]. Within
linear spinwave theory, the magnetization can be expanded around the equilibrium profile, M(r,t) =
Meq(r) + 6M(r, 1), where M represents the magnon excitations. Substituting this into the expression

for £,y and retaining only linear terms in M gives
8€uy(r,1) = Kyyyp SM,, (r,1) +2Gpyy2.5Meq 1. (1) M5 (1, 1) + O(SM?). (4.4)

Consequently, magnon excitations generate time-dependent fluctuations of the dielectric tensor, which
directly enter the scattering cross section in Eq. (4.1). Explicitly, the correlation function can be ex-

pressed as

(Sei(1.0)855(8'0) = (K + GpeMeao () ) (Kise + GaspeMagr ) (BMg(1.0)0M (0.6

4.5
This result shows how the BLS differential cross section depends both on the magnetic equilibrium
configuration, as well as the corresponding spinwave solutions. Through magneto-optic coupling, we
are able to describe how magnons produce fluctuations of the dielectric tensor, which modulate the
optical field inside the material. This leads to inelastic scattering of photons that exchange their energy
and momentum with spinwave excitations. In other words, the BLS signal provides an optical fingerprint
of the magnon spectrum, with the intensity and symmetry of the peaks directly reflecting the underlying

spinwave dynamics and crystal symmetries.
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4. Theoretical description of Brillouin light scattering

4.1.2 Fluctuation-dissipation theorem

In this Section, we employ the fluctuation—dissipation theorem to draw the connection between the mag-
netic correlation function and the dissipative part of the magnetic susceptibility. We begin by assuming
that the system responds linearly to a weak perturbing source, ¢;(¢). In this case, the change in the

expectation value of an operator ;(¢) is linear in the perturbation,

0(0;(t)) :/dt/)(ij(t;t/)(bj(t/)v (4.6)

where ¥;;(t;¢') is known as the linear response function. We further assume that the system is invariant
under time translation, thus x;;(t;¢") = x;;(t —t') only depends on the time difference, and the Fourier

transform of Eq. (4.6) reduces to
8(01(@)) = [[drdre® (e —1)0;(t) = [ dr'dr e (e ) (1) = s(@)ds(@) . GT)

In particular, we are interested in the imaginary part of the response function, xl’;(w), which is asso-
ciated with dissipative processes in the system. This can be understood from the lack of time-reversal

invariance:
i

2@ =3 (20)-7'@) =3 faz @ -) =1 [ae (1) -x(-0). @

which vanishes only if x(¢) is invariant under r — —z. Another key ingredient is the Kubo formula,

which expresses the response function in terms of commutators of operators,

%ij(t —1') = =i6(t —£')([0i(1), 0;(1")]) , (4.9)

where the expectation value is calculated in the canonical ensemble. The density matrix p = ¢ allows

us to write the expectation value of an operator as

(6i(t)) =Tt [pﬁ,-(t)] . (4.10)

The Kubo formula shows how the system’s response is fundamentally linked to two-point quantum cor-

relation functions.

To proceed, we evaluate the dissipative part of the response function. Using Eq. (4.9), one obtains

2ij(1) = —é (m(t) —m(—r)) @11

— - 360((@00;0) - (0,001 ) + 3800 ((@)-100) - (G071,
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4.1. Magneto-optic coupling

where we used the time translational invariance to set ¢ = 0. Under the same assumption, we get
(0(0)0;(t)) = (0(—1)0;(0)), which then leads to

xlj(t) = —5(0:(1)0;(0)) + = (0;(~1)0,(0)) . (4.12)

The second correlation function can be rewritten using the cyclic property of the trace in the canonical

ensemble,

(0;(—1)6(0)) =Tr e_ﬁHﬁj(—t)eBHe_ﬁHﬁi(O)} =Tr [e_'BHﬁ,'(O)ﬁj(—thiB) = (0,(t—iB)0;(0)),
(4.13)
which connects real-time and imaginary-time correlations. Finally, Fourier transforming Eq. (4.12)

yields the fluctuation—dissipation theorem:

xij(@) = —% (1 - e““") / dt e (Gi(1)0;(0)) (4.14)

which relates the fluctuation in frequency space, captured by the time integral, to the dissipation, repre-
sented by xi’}(a)). This fundamental relation shows that fluctuations of observables in thermal equilib-

rium are directly tied to the dissipative response of the system.
This expression can be used to rewrite the magnon correlation function that appears in Eq. (4.5) by
identifying the operator O (t) — 6Mg (r,t). In this case the fluctuation-dissipation theorem reads

2h
(6Mg (r,1)6Mg (r',0)) = —wxé’é,(r,r’;a)) , (4.15)

where xg 5,(r, r’; ) denotes the magnetic susceptibility. In the low-energy limit, i.e., for B < 1, the

BLS differential scattering cross section from Eq. (4.1) simplifies to [73]

dGout,in (qa CO)
dQ!

out

21 . /
o Mv/drdr’e"q'(r_r)vg(r) Xee (r,r @) v (1), (4.16)
where we defined the auxiliary vector
V(1) = €5y €ins (Km:' +GaspeMeg pr (r’)> : (4.17)

Equation (4.16) provides the general expression for the differential BLS cross section in the case of

scattering between monochromatic plane waves and magnons.
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4. Theoretical description of Brillouin light scattering

4.1.3 Spectral weights
In order to evaluate the BLS scattering cross section in Eq. (4.16), one needs to compute the magnetic
susceptibility xé’ 1 (r,r’; ) for the different ordered phases of a chiral magnet. According to the fluctua-
tion—dissipation theorem [Eq. (4.15)], the imaginary part of the magnetic susceptibility reduces to

(0]

S (OMe(r.1)3M (', 0)

(4.18)

0]

Xee(r 1 0) ~

in the limit of B < 1, which applies to standard BLS experiments. Substituting the Holstein—Primakoff
representation of the spinwave excitations introduced in Eq. (3.8), the right-hand side of this expression

takes the form

gHBM; (. R e,
Holrrio) =522 (0, o), 6 (1) [*(rri0) —g*(rr:0)] (é : "
+,&’

=

H\

S—

N——

—~
b
—_
O
~

where é4 = (&, +ié,)/+/2 is defined with respect to the locally orthogonal frame {&,, é,, &.}. The re-

tarded Green’s function is naturally defined as
R (r ;o) = _% /O dt @ { [\Pi(r,z), le(r’,O)]) , (4.20)

where i, j = 1,2, and ¥! = (y, y*) is the bosonic spinor field introduced in the previous Chapter. The

advanced Green’s function follows from the complex conjugation of Eq. (4.20)
il
gi(rrio) = (gi(r ro) . (4.21)

Therefore, the entire problem of determining the BLS response reduces to computing the retarded

Green’s function for the different magnetic textures across the phase diagram of chiral magnets.

In the field-polarised phase, the retarded Green’s function in reciprocal space is obtained from the Dyson
equation
(ﬁ(w+i0+)rz—j£”) R(q,0) =1, (4.22)

where 7 denotes the BAG Hamiltonian introduced in Eq. (3.15). Here, we consider the case of bulk

magnetic samples and laser wavelengths in the visible range, hence the finite photon momentum transfer
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4.2. Theory of micro-focused BLS

selects the regime |q| > 1/L for the dipolar interaction. Therefore, we find an explicit solution that
reads [73]

I
(ﬁw Fi0t— ﬁwr(q)) (ﬁa) it + ﬁwr(—q))

M (qiq- 4>
hot,+2 <‘q|2]I - ZQQZTZ> + gupUoHind + % +2 )
2ld| 7 49

gt (q,0) = (4.23)

X

where ©"(q) denotes the resonance frequency of the spinwave excitations derived in Eq. (3.16). At fixed
momentum ¢, the Green’s function contains only simple poles, corresponding to delta-function contribu-
tions in the spectral density. This reflects the fact that, according to the lossless Landau-Lifshitz equation
of motion, magnons are perfectly sharp quasiparticles and scattering can only occur exactly at the reso-

nance frequency ©"(q).

A similar procedure applies to the conical and skyrmion lattice phases. In these cases, the retarded
Green’s function is again obtained from the Dyson equation, but the inversion of the corresponding
operator is no longer analytically tractable, unlike in the simple field-polarised phase. Instead, one must
rely on numerical methods, which can be constructed using the magnon eigenmodes 0M derived in the
previous Chapter. These numerical Green’s functions provide the basis for evaluating the BLS response
in non-collinear magnetic phases. The results of this analysis will be presented in the next Chapter, in

the context of micro-focused BLS spectroscopy.

4.2 Theory of micro-focused BLS

In this Section, we present the theoretical model developed to describe micro-focused Brillouin light
scattering. We begin by outlining the experimental setup, highlighting the key features that characterise
the micro-focused configuration. We then calculate the spatial distribution of the electric field resulting
from the focusing of the BLS laser onto the magnetic sample. Finally, we derive the scattering cross
section for the general case of incoherent magnon-photon scattering, based on the coupling between the
spinwave excitations and the electric field. This derivation constitutes one of the main contributions of
this dissertation, as it provides a general analytical framework for interpreting a broad class of micro-

focused BLS experiments, thus filling an important gap in the literature.

4.2.1 Experimental setup

The experimental setup for the cryogenic micro-focused BLS measurements is illustrated in Fig. 4.2 [117].
A monochromatic continuous-wave laser with wavelength A, is focused onto the top surface of the mag-
netic sample using an objective lens. This generates an electric field distribution that interacts with

spinwave excitations during the inelastic scattering processes, which will be examined in detail in the
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4. Theoretical description of Brillouin light scattering

Figure 4.2.: Micro-focused BLS experimental setup. Schematic diagram of the experimental setup for the micro-
focused BLS used in the Chapter 5 to map the magnon spectra in Cu;OSeQO3. The picture is adapted from [133].

following Section. In general, the setup may include a magnon source, such as a microwave antenna,
to generate coherent spinwave excitations inside the magnetic sample. Here, we exclusively consider
incoherent, thermally excited magnons that are present in the sample. A polarising filter ensures that the
laser beam reaches the objective lens with a defined linear polarisation. A second polarising element,
oriented at 90 degrees with respect to the incident beam, selectively transmits only those photons that
have undergone a change in polarisation due to light-matter interaction, thereby isolating the scattered
signal. The reflected light is then analysed using a Fabry—Perot interferometer, which measures the fre-

quency shift relative to the reference laser peak.

This experimental setup can be employed to perform various types of measurements, such as time-
resolved or spatially resolved studies [123, 124, 130-132]. In this work, however, we focus exclusively
on the indirect measurement of magnon spectra at fixed magnetic field. During each measurement run,
the applied magnetic field, laser position, and temperature are kept constant. Meanwhile, the Fabry—Perot
interferometer collects all photons resulting from magnon—photon scattering events, thereby enabling
the sampling of the frequency positions of individual magnon bands along with their relative intensities.
By subsequently varying the applied magnetic field across the entire phase diagram, the full magnon

spectrum can be reconstructed.
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4.2. Theory of micro-focused BLS

a Objective Lens Sample surface b

BLS Laser

Figure 4.3.: Focused electric field. (a) Schematic representation of the focusing process in micro-focused BLS.

The collimated laser beam is tilted by the objective lens and refracted at the sample surface according to Snell’s
law. (b) Schematic illustration of the aplanatic optical system. The electric field is refracted at the surface of
a reference sphere with radius f, and its components are decomposed along the local polarisation directions to
describe the focused field distribution.

4.2.2 Electric field distribution

In Section 4.1, we derived the differential scattering cross section for the case of a plane electromagnetic
wave interacting with a single magnon. Here, the focused BLS laser generates a more intricate electric
field distribution inside the magnetic sample. This can be expressed using the angular spectrum represen-
tation, which consists of a superposition of plane waves propagating in all directions, originating from a
single source point. In the case of a focused beam, the source point corresponds to the focal point of the
optical system, where all light rays converge. This standard problem is discussed in several textbooks;

here, we follow the formulation presented in Ref. [134].

In the micro-focused BLS geometry, a collimated light beam is focused by the objective lens, producing
a conical distribution of incident angles around the optical axis (see Fig. 4.3a). The maximum cone

angle, Onax, is determined by the numerical aperture (NA) of the lens by
NA = ny sin Gy , 4.24)

where n; is the refractive index of the medium in which the lens works. At the sample surface, the light

is refracted according to Snell’s law,

sl
‘kin/out| B Sin 6in/out _m

K

m/out|

- =—, (4.25)
sin By ou M2

where |Kiy| = 27/ Ain, 12 is the material refractive index, and the prime identifies the quantities within
the sample. As a result, the focused laser beam inside the medium forms a conical distribution with cone

angle 6

! .« determined by sin 6/

! .« = NA/ny. The combined effect of the objective lens and the refrac-
tion at the sample interface can be effectively represented by an equivalent aplanatic optical system, in

which the collimated beam is mapped onto a spherical surface of radius equal to the focal length f and
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a b
reference sphere
. E,

incident ray p

h= fsinf / dA

Figure 4.4.: Geometrical optics at an aplanatic lens. (a) Illustration of the sine condition in geometrical optics.
The refraction of light rays at an aplanatic lens is governed by a spherical surface of radius f. (b) Illustration of
the intensity law in geometrical optics. The energy transported along a ray remains constant during refraction,
ensuring conservation of energy flux.

refractive index n; (see Fig. 4.3b).

The aplanatic system is characterised by two principles: the sine condition and the intensity law, see
Fig. 4.4. The sine condition specifies that any optical ray either emerging from or directed toward the
focal point F of an aplanatic lens intersects its corresponding conjugate ray on the surface of a sphere
with radius f, where f is the focal length of the lens. The conjugate ray refers to the incident or refracted
ray that travels parallel to the optical axis, which is determined by the direction of propagation of the

collimated beam. The radial distance p between this ray and the optical axis is given by
p=fsin0O, (4.26)

where 0 represents the divergence angle of the conjugate ray. The intensity law states that the energy
flux along each optical ray must be preserved. We can express this condition in terms of the power
conservation through the infinitesimal cross-section dA, namely dP = %Zﬁgl |E|?dA, where Zye = ﬁgz’r
is the wave impedance with €, and y, being the relative permittivity and permeability, respectively. Thus,

as indicated in Fig. 4.4b, the electric fields before and after refraction must satisfy

Ey| = [Ey] /™ /22 Vcosh), 4.27)
ny '\ H

with n, = /€U, being the refractive index of the media, and dA; = dA; cos 8. Most materials exhibit a
magnetic permeability close to unity at optical frequencies, i.e., | = Uy =~ 1, therefore we omit this term

in subsequent expressions to simplify the notation.

Finally, we can derive the electric field distribution using the angular spectrum representation for the

laser beam focused by the aplanatic lens. We assume that the laser is initially propagating along the
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4.2. Theory of micro-focused BLS

Figure 4.5.: Polarisation vectors. The lens focuses the incoming laser light (dark green) with polarization e;,
which leads to a distribution of polarizations that depend on the wavevector of the focused light. The light green
arrow represents a photon that is scattered after emitting a magnon (red arrow) in the sample and detected with a
polarization filter egy.

Z-direction and linearly polarised in the y-direction, see Fig. 4.3b. In order to describe the refraction on
the reference sphere surface, it is convenient to decompose the incident electric field into its parallel,

E® (v)

oo7in’ OO,iIl’

and orthogonal, E components, where (s) and (p) stands for s- and p-polarisation, respectively.

We introduce the unit vectors 7y and 7, such that

B _ {Ewym‘ ﬁd)} fy, EP — [Em’m.ﬁp}ﬁp, (4.28)

o0, in coin ~

where E. ;, indicates the electric field inside the collimated laser beam. These unit vectors can be ex-
pressed using the spherical coordinates {6, ¢} introduced in Fig. 4.3b, namely iy = —sin¢ £+cos¢ y
and 71, = cos@ £ +sin@ Y. After refraction, the vector 77y remains unaffected, while 71, is mapped ac-
cording to the sine condition to 7ig = cos @ cos @ £+ cosOsin¢ y +sinBZ. Finally, we use the angular
spectrum representation to write the electric field distribution generated by the focused laser within the

material

0} ax 21 o
Ei(r) = /O dOi’n sin Oi’n /0 d(]){n Ee in KT 4.29)

where the origin, r =0, is identified with the focal point, F, of the optical system. The refracted incoming

wavevector expressed in spherical coordinates results

ki, = [Kiy | (£sin 65, cos ¢, + 9sin 6, sin ¢y, — 2cos 6;,), (4.30)
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4. Theoretical description of Brillouin light scattering

as sketched in Fig. 4.5, and the amplitude distribution is given by

Eeoin = €n(6},) tS(Qm)cosd)mnd, +1t7(6! ) sin ¢, A ]1/ \/cos 6! 4.31)

where we assumed that E..j, || §. The function €y, (6i,) describes the intensity profile of the collimated
laser, and its angular dependence reflects the cylindrical symmetry of the beam shape. A monochromatic
laser beam is typically modelled by a Gaussian profile. However, when the lens aperture is much smaller
than the beam diameter, only a small fraction of the light is transmitted, and its intensity can be approxi-
mated by a uniform distribution. The Fresnel amplitudes */7 account for the light transmission through

the surface of the material for the s- and p-polarised components, respectively. We can express these

coefficients as a function of the longitudinal wavenumber, ki, = |Kis| cos 6, and k; in= |k{n] cos Gi’n,
2Uok; in
(0, = ———M>—-— (4.32)
( m) .u2kz,in + .ulk;m
282kz n
(6 _ 4.33
( m) 82kz Jin + glklz in ( )

It is worth noticing that in the limit of small incident angles 6;,, the Fresnel transmission coefficients in

first order approximation reduces to *(0) = t”(0) = m

4.2.3 Micro-focused BLS cross section

Now that we determined the electric field distribution inside the sample, we need to introduce its coupling
to the magnetic spinwave excitations in order to compute the micro-focused BLS cross section. This can
be formulated starting from an effective light—matter interaction action, which includes magneto-optic

terms up to second order in spin—orbit coupling:
Sint = /dtdr ( (Ex JE)-M+Gyyy KEMEVM,IMK) , (4.34)

where E is the electric field from Eq. (4.31), and the coefficients K and Gvax parametrize the magneto-
optic interaction. Expanding the magnetization in lowest-order spinwave theory, the action becomes

linear in the spinwave fluctuation:

st / dtdr ~ ( (E x E) - M +2G 1 cEuEv eqvlaM,() (4.35)

Light polarisation

When deriving the electric field distribution, we assumed that the incoming laser is linearly polarized

along . Inside the magnetic sample, the transmitted polarization becomes

€i, = 1°(65,) cos @y Ags in + 17 (67, sin @y Agr in , (4.36)
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where ° and t? are Fresnel transmission coefficients, and 7y ;n, figr i denote unit vectors describing s—
and p—polarized light inside the sample. The total light polarisation &/ is no longer a unit vector due
to the Fresnel transmission coefficients, which weights the s- and p-polarised components differently.
However, in the limit of small incident angles, this effect reduces to a uniform rescaling with t* =17 =1t.
The experimental setup is only sensitive to out-going light that is linearly polarized along the *-direction,
which is rotated by 90° with respect to the incident laser beam. Accordingly, the polarization vector of

the detected light inside the sample is
€ue = —1°(Bgu) SN Py Ay out + 17 (Bu1) €08 Pyt gy out (4.37)

where 7y oy and 7gr oy are defined analogously to the incoming case.

Transition probability

From Eq. (4.35), the BLS scattering amplitude for a focused beam scattering into an outgoing plane wave

(K. ¢, @out) is proportional to
/ dtdr / do cose’ iy ~ou) T o= ilOn =0t % Sy (1,1) ey - (4.38)

Here we used the fluctuating part of the dielectric permittivity already introduced in Eq. (4.4) with
Kjuv = Ké€yyy where g, is the anti-symmetric Levi-Civita tensor. Note that the time derivative in
the effective action leads to a complex-valued permittivity that depends on the center-of-mass frequency
of the in- and out-going light which is absorbed in the coefficient K = —iK (@out + @i ) /2. We use Fermi’s
golden rule to describe the transition probability between two photon states mediated by the magnon-
photon coupling. Moreover, we consider the thermal average over the initial states, and summing over

the final states of the magnetic subsystem we obtain

Px/dtei(“’i"*w"”‘)t/dr]drz/ dQ, 1dQ, 54 /cos 6] | cos by ,
6, ) k)

ik —K Kkl ,—k /%
Xel( in, 1 nut) rle i( in2" nut) rzeout‘u mz‘,eoutp 11’11 5(582\,(r2,l‘)58p5(r1,0)>, (439)

where the brackets (.) denote the thermal averaging explained in the previous Section. The incoming

polarization vectors e{n , and €/ » are understood to be parametrized with angles related to the two inte-
. .. ¥ 4 I o ! 2rn I

with the abbreviation fer/nax dQ. = |y dO; sin6, [;"do; .

grations over solid angles de , and dQ 2

Now, consider the spatial integrals
/drldrz ei(kgn,l _k/out)'rl e_i(k;n‘z_klout)'l? <88/3V (rZ’ t) 68})5 (1'1 , 0)) =

ml m2
—/dre ) /dRe K2 R (5, (12,1)88p5(r1,0)), (4.40)

67



4. Theoretical description of Brillouin light scattering

that can be decomposed into an integral over the distance, r = r, —ry, and the center-of-mass coordinate,
R = (r; +12)/2. For a translationally invariant system, the correlation function (3¢€};,, (r2,1)6€,5(r1,0))

/

is independent of R and its integral fixes the two incoming wavevectors to be identical, i.e., Kj, | =

K

inp- However, in the presence of a spatial dependent magnetisation texture, such as the conical or

the skyrmion lattice phases, the correlation function is determined by the spinwave fluctuations of the
magnetic structure. For example, the skyrmion crystal breaks translational invariance such that the corre-
lation function in fact depends periodically on the center-of-mass coordinate R with Fourier components
given by the reciprocal lattice vectors of the skyrmion crystal ksx;.. However, the spread of the incom-
ing wavevectors within the focused beam is at most [Akin| = K, ; — K, | < v2n[kin| /1 — cos(260,,,).
which depends on the laser wavelength and the numerical aperture of the lens. In the example of the
magnetic skyrmion texture, this number must be compared with the lowest reciprocal lattice vector ks .
Here, we only consider the case |AKj,| < ksk1, which applies to the experimental observations presented
in the next Chapter. Consequently, the spatial integral over R can only pick up the zero-wavevector com-

ponent of the correlation function similar to a translationally invariant system. The transition probability

in this case reduces to

Poc [ 00,003 Bl il vl pins (58 (1203895 (11,0)) g @)
where the wavevector and frequency transferred from the light beam to the sample are q = ki, — k], and
W = Wiy — Woyt, respectively, and the Fourier transform of the correlation function is given by Eq. (4.2).

The angle-dependent contribution, cos 6.

m’

follows from assuming that the intensity distribution of the
incoming laser beam is homogeneous throughout the entire profile. This applies to the experimental
setup that was used in the measurements we present in the next Chapter, where the beam passes through
a narrow pinhole before reaching the objective lens. A different intensity distribution, such as a Gaussian

profile, would simply lead to a different factor in Eq. (4.41).

Cross section

The transition probability can be understood as the incoherent sum of the intensities of individual scatter-
ing processes, where each incoming wavevector k!, within the focused beam is scattered into an outgoing

wavevector K’

L. Interference between amplitudes corresponding to different ki, does not occur, since

the spread of wavevectors in the focused beam is too small to resolve the periodicity of the magnetic
lattice. This assumption is not a fundamental limitation of micro-focused BLS in general, but it is appro-
priate for the specific experiment analysed in the next Chapter. Finally, by summing over all outgoing

wavevectors, one obtains the BLS scattering cross section

T

2 4 .
o)< [al | Oun0,0)

dQ| ’

out

2 [ X
d Géut sin Géut / d q)i’n / d Gi’n sin Gi’n cos Gi'n (4.42)
0 0

max
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4.2. Theory of micro-focused BLS

with the differential cross section introduced in Eq. (4.1). In principle, this expression could be evaluated
numerically by constructing a sufficiently dense mesh of incoming and outgoing wavevectors, and cal-
culating the differential cross section for each point, as outlined in the previous Section. However, such
a brute-force approach is computationally very demanding, since it requires recalculating both the light

polarization and the magnon dynamics at every integration step.

In order to calculate the micro-focused BLS spectral weights, it is convenient to rewrite the scattering

cross section in the form

(o) o / dQ F s () (50, (1,1)855(1',0))q.0 (4.43)

with the auxiliary tensorial function

2n
Fuvps(q </ d(])m/ dO’ sin 6y, cos 6, ¢l e 5) (4.44)

([ 00 [ aBhsin Oy ) 30 (K

max

where the two integrals are convoluted via the delta function. This formulation naturally separates the
problem into two independent steps. On one hand, we compute the auxiliary function, which depends
exclusively on the experimental geometry and polarization conditions, and it is completely independent
of the magnetic background. On the other hand, we calculate the correlation function of the dielectric
permittivity as a function of the magnon wavevector ¢, which does not require any knowledge of the

experimental setup.

4.2.4 Micro-focused BLS spectra

The formulation of the scattering cross section in Eq. (4.43) already highlights several distinctive fea-
tures of the micro-focused technique. To appreciate these differences, it is instructive to compare them
with those of the k-resolved BLS setup. In the latter, the incident light is not focused, and measurements
are typically conducted in the back-scattering geometry, i.e., for Koyt = —kj,. This fixes the magnon

wavevector to q = 2k!

in» thus allowing the spinwave dispersion to be mapped out by varying the an-

gle of incidence with respect to the sample orientation and applied magnetic field. From a theoretical
perspective, this technique can be analysed using the differential scattering cross section presented in
Section 4.1.1. When damping is neglected in the Landau-Lifshitz equation, i.e., effectively assuming
an infinite magnon lifetime, the resulting magnon-photon scattering process yields delta function-like
spectral peaks in the BLS signal. As a result, k-resolved BLS is ideally suited for probing spinwave non-
reciprocity, which manifests as asymmetries in the position and intensity of the Stokes and anti-Stokes
peaks [73]. In contrast, the micro-focused BLS geometry naturally averages out such non-reciprocity.

This follows directly from the structure of the auxiliary function in Eq. (4.44), which is even in the
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4. Theoretical description of Brillouin light scattering

magnon wavevector due to the cylindrical symmetry of the focused laser beam: F,,,5(—q) = Fyyp5(q)-
Moreover, the auxiliary function determines an intrinsic broadening of the spectral lines, even in the
absence of damping in the magnon dynamics. In fact, the resulting peak shape arises from both the
spinwave contribution, introduced by the correlation function in Eq. 4.43, and the integration over the

auxiliary function, which is fully determined by the experimental setup configuration.

Another important consequence of employing a focused laser beam concerns the spatial profile of the
electric field intensity within the magnetic sample. In traditional k-resolved BLS configurations, the
laser beam typically exhibits a plane-wave character and penetrates the entire depth of the sample. As
a result, magnon-photon scattering events are uniformly distributed throughout the illuminated volume,
enabling a spatially averaged measurement of the spinwave spectrum. In contrast, the micro-focused
BLS technique introduces a significant spatial confinement of the probing field distribution, which is
localised around the focal point. This localisation is governed by the intensity law associated with the
aplanatic lens system, which, under the assumption of spherical wavefronts, determines that the electric
field amplitude scales as 1/r, where r denotes the distance from the focal point. This confinement defines
an effective interaction volume where the vast majority of magnon-photon scattering events occur. This
region is typically on the order of a few cubic micrometres, depending on the numerical aperture of the
objective lens and the optical properties of the sample. Such spatial resolution enhances the quality of the
measurement by isolating single magnetic domain, hence reducing the noise associated with averaging
over domains with differing spin configurations. As a result, the micro-focused BLS configuration pro-
vides a significantly improved signal-to-noise ratio and a clearer interpretation of the observed spinwave
spectra. This capability is particularly advantageous in systems with complex magnetic textures, such as
chiral magnets or multilayers, where spatial inhomogeneities can otherwise obscure key features of the

magnonic response.
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CuzOSeOg

In this Chapter, we report measurements of the finite wavevector spinwave spectroscopy across various
magnetic phases of CuyOSeOs, obtained using micro-focused Brillouin light scattering. We begin by
analysing the field-polarised and conical phases, which serve as a benchmark for the theoretical formu-
lation presented in the previous Chapter. These magnetic phases provide a well-understood context in
which key parameters of the system can be extracted, facilitating both quantitative comparisons and the
validation of our theoretical model. Additionally, this analysis highlights several features intrinsic to the
micro-focused BLS technique, including its spectral resolution and wavevector selectivity. Subsequently,
we focus on the measurement of topological magnon bands associated with the metastable skyrmion lat-
tice phase. The ability of BLS to access finite magnon wavevectors, q, through the light-matter coupling
mechanism proves crucial in this context. In particular, the theoretical model developed herein enables
the identification of additional magnonic branches that, to the best of our knowledge, have not been
observed previously using alternative experimental methods. These findings underscore the power of
micro-focused BLS as a tool for exploring complex magnetic excitations and topological spin textures.
The experimental data presented in this part were acquired by Dr. Ping Che and Prof. Dirk Grundler at
the Swiss Federal Institute of Technology in Lausanne (EPFL).

5.1 Experimental setup

The experiment was performed on a bulk single crystal of Cu;OSeO3, mounted within a magneto-optical
cryostat equipped with superconducting coils for the application of an external magnetic field. The crys-
tal was grown with approximate dimensions of 4mmx3mmx0.5mm, oriented along the crystallographic
directions [001] x [110] x [110], respectively. The orientation of the sample with respect to the incident
laser and the applied magnetic field is illustrated in Fig. 5.1a. The BLS laser is focused on the polished
top (110) surface, while the magnetic field H is applied along the [001] axis. The direction of the applied

magnetic field plays a crucial role in determining the magnetic texture within the sample. In the field-
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5. Cryogenic micro-focused BLS in Cuy; OSeO;

Figure 5.1.: Experimental setup for BLS of magnons in the skyrmion lattice. (a) Sketch of the BLS laser
focused on the (110) surface of CuyOSeOs. The external magnetic field H is applied along [001], i.e., the x
axis. Skyrmion tubes align with the magnetic field and form a hexagonal lattice within the y-z plane. (b) Plane
of the skyrmion lattice shown in panel (a). The arrows depict the in-plane magnetization and the color coding
represent its out-of-plane component. One skyrmion lattice vector connecting two skyrmion centers is assumed
to point along [010]. The lattice constant depends weakly on the external magnetic field, and it is on the order of
asyr, ~ 72nm.

polarised phase, it sets the direction of the uniform magnetisation, while in the conical phase, it defines
the axis along which the helical modulation of the spins develops. Furthermore, in the skyrmion lattice
phase, the external field direction stabilises skyrmion tubes aligned parallelly, as illustrated in the inset of

Fig. 5.1a. For consistency with the theoretical formulation presented in the previous Chapters, the Carte-

sian unit vectors are expressed in the crystallographic basis as follows: £7 = (0,0,1), 5T = —%(1, 1,0),
and 2T = %(1, —1,0). According to this choice, the incident BLS laser propagates along the Z-axis and

is initially linearly polarised along the y-direction, as shown in Fig. 4.5.

We use a monochromatic continuous-wave solid-state laser with a wavelength of Aj, = 532 nm. This
specific wavelength lies within the optical absorption window of Cu;OSeQO3, where the material exhibits
a local minimum in its absorption spectrum near 2.2eV [73]. Therefore, it enables efficient probing of
bulk spinwave excitations in this material. Initially, a polariser is used to ensure the incident collimated
beam is linearly polarised along the j-direction. Then, a narrow pinhole is placed before the objective
lens, effectively matching the beam profile to the aperture of the lens. Consequently, we assume a
uniform intensity distribution across the collimated beam, corresponding to a constant function &y (6, ) =~
€in(0) in the electric field representation given in Eq. (4.31). This approximation is further justified by
the relatively small incident angle 0 < 6/ < 6,

ax- 1N fact, the light passes through an objective lens,

with numerical aperture NA= (.55, and is finally refracted at the sample surface, with refractive index

n=2.03. Therefore, the maximum cone angle inside the magnetic sample is 6},

=16°. This small angle
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5.1. Experimental setup

approximation also allows us to simplify the Fresnel amplitudes by 7/, (6;,) ~ t,/,(0) = ﬁ Therefore,

the electric field amplitude distribution inside the sample reduces to

€n(0) [cos®!
Eoin = lm—i—n . nel . G.D

with incoming polarisation vector defined by

/ ! Al . ! Al
€n = COS Qi 7l iy +SIN Pjp g - (5.2)

Here, #1j, ;, and it ;, represent the unit vectors expressed in spherical coordinates that were introduced in

the previous Chapter, namely

fly i = —sing’£+cos ¢’y (5.3)

Alg in = cos 8’ cos ¢’ £+ cos O'sin¢’ §+sin 6’2, (5.4)

where {6y, ¢, } are shown in Fig. 4.5. The laser beam is focused to a spot size of approximately 4 m
on the sample surface, indicating that the focal point is located roughly 7.2 um beneath the surface. This
length is much larger than the typical magnetic length scale of Cu;OSeOs, which is on the order of
27 /Q ~ 60 nm. Thus, surface-induced effects on the magnetic texture can be neglected, and the system
can be treated in the bulk limit.

Finally, the scattered photons are analysed using a six-pass Fabry—Perot interferometer equipped with
a polarisation filter that transmits only the X-polarised component of the scattered light. This filtering
process suppresses phonon contributions and enhances the signal-to-noise ratio for magnon detection in

the BLS measurements.

5.1.1 Magnon wavevectors domain

The transferred magnon wavevector q is defined as the difference between the internal wavevectors of

the incoming and scattered photons, q = k!, — k.

[ 2 K K
|q| = (k{n - ké)ut) ~ ﬂn|kin| 1- ;ni?ut (55)
|kin’|k0ut’

where we neglected corrections on the order of 107 due to the transferred frequency

The magnitude of the transferred wavevector q can

be approximated as

o = '(kip| — Koy |) = c(|Kin| — [Kou) (5.6)

where ¢’ = ¢/n denotes the speed of light within the material. The accessible range of |q| is determined

by the refractive index n, the laser wavelength Ai, = 27 /|Ki,|, and the numerical aperture of the objective
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Figure 5.2.: Scattering plane. (a) Example of a generic scattering event taking place in the experimental setup
close to the objective lens’ focal point. The opening angle 6! . of the green cone is determined by the aperture of

the lens. The wavevectors of the incoming photon, ki, , the scattered magnon, q, and the outgoing photon, K, ,,, are

all located within the same scattering plane indicated by the yellow surface. Panel (b) shows the same scattering
event in the corresponding scattering plane; whereas the Xgp-axis is located within the xy-plane, the zg-axis is
generally tilted away from the z-axis of panel (a).

lens, which defines the maximum cone angle 6

ax- Lhe largest possible wavevector transfer occurs in the

backscattering geometry, where k[, = —k! , yielding |q| = 2n|ki,| ~ 48.0 rad/um. The minimal value

for |q| is obtained if the angle enclosed between in- and outgoing photon wavevectors is minimal, that is
26!

max

for which |q| ~ 46.2 rad/pm.

It is useful to decompose the magnon wavevector into components parallel and perpendicular to the ap-
plied magnetic field: q = £g| and q_, respectively. The magnitude of these components depends on the
orientation of the scattering plane relative to the external magnetic field, and it can be understood with

the help of Fig. 5.2. In particular, the photon wavevectors, k!, and k!

out> determine the scattering plane

(yellow region) where the magnon wavevector lies. When this plane is perpendicular to the applied field,
then g = 0 and the entire transferred wavevector lies in the transverse direction, |q| = [q_ |, covering
the full range between 46.2 and 48.0 rad/um. The longitudinal component g reaches its maximum
when the magnetic field lies within the scattering plane and the photon wavevectors k! and ki, are

anti-parallel. In that case,

q)| = 2n|kiy|sin 87, =~ 12.9 rad/um. This wavevector range determines the

region of the spinwave spectrum that is accessible in the experiment.

As the focused laser beam enters the sample, it experiences the magneto-optical Faraday effect. In
this process, the linearly polarised light decomposes into two circularly polarised contributions, which
propagate at different speeds inside the magnetic sample. This effect results in a net rotation of the
linear polarisation axis, which strength is usually expressed as the rotation angle per unit length. For

Cu,08Se03, Versteeg et al. [135] measured the Faraday rotation angle 6 as a function of temperature and
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Figure 5.3.: Sketch of temperature-versus-field histories. (a) Zero-field cooling (ZFC) at ugHpc = 0 mT. (b)
Field cooling (FC) at uoHpc = 16 mT. Red arrow indicates the cooling field and green arrow indicate the field
scanning direction.

applied magnetic field. At 7 = 15 K, they reported a maximum rotation of 6g = 0.003 rad/um. When
compared to the typical magnon wavevectors probed in our experimental setup, this effect amounts to a

correction that is four orders of magnitude smaller, and can therefore be safely neglected in our analysis.

5.1.2 Cooling procedure

Fig. 5.3 show the temperature versus magnetic field history of the experimental scan. The procedure is
divided into two steps: the field cooling (red arrow), which serves as a preparation of the sample, and the
field swap (green arrow), when the magnon spectra are collected. In the first step the applied magnetic
field, uoHrc, is kept constant while the temperature decreases down to 7' = 12K. This low temperature
allows to improve the signal-to-noise ratio, which proves crucial to resolve the individual magnon bands
of the skyrmion lattice phase. Meanwhile, the cooling field allows to enter the phase diagram for differ-
ent magnetic textures. Here we analyse two examples of this procedure, namely the zero-field cooling

(ZFC) and the field cooling (FC) for 10mT< ygHrc <16mT.

In the first case, the system enters the conical phase from the paramagnetic phase at around 7, ~ 57K.
Then, once the temperature of T = 12K is reached, the magnetic field is gradually increased (green ar-
row), and the magnon spectra are collected at regular intervals. At the critical field ugH., the system

undergoes a phase transition between the conical and the field polarised phase.

In the FC protocol, instead, the applied cooling field uypHrc is selected such that the magnetic sample
enters the stable skyrmion lattice pocket near 7. ~ 57K. After this, the system is cooled downto T = 12K
at a rate of 25K per minute. This rapid quench enables the skyrmion lattice to persist in a meta-stable
state, protected by its topological nature [76, 87-89]. The metastable SkL. phase is known to display

long lifetimes, making it accessible to experiments. Moreover, this metastable phase survives for a
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5. Cryogenic micro-focused BLS in Cuy; OSeO;

wider range of applied magnetic fields thanks to the low temperature of the system, thus enabling to
reconstruct a richer field-dependent map of the magnon band structures. Once this state is established,
magnon spectra are measured during the subsequent field sweep (green arrow) while the temperature is

held constant at 12 K.

5.2 Zero-field cooling

Fig. 5.4a shows the intensity map of the experimental BLS spectra obtained using the zero-field cooling
protocol (red arrow). Only the anti-Stokes component, corresponding to magnon absorption, is reported
here. After stabilizing the temperature at 7 = 12 K, the external field was increased from 0 mT to
70 mT as indicated by the green arrow. In the field range from O mT to 38 mT, two modes are clearly
resolved: a strong-intensity mode and a weaker, lower-frequency mode, which we attribute to the +Q
and —Q modes of the conical helix phase, respectively. At around 40 mT, the slope of the frequency-
versus-field dependence of the resonance reverses from negative to positive, which indicates a phase
transition. In this regime, an intermediate phase X; may exist, attributed either to a tilted-conical state
or to a low-temperature skyrmion lattice phase. Both phases are known to be metastable or stable, re-
spectively, due to magnetocrystalline anisotropies in Cu,OSeQOj3 at low temperatures for the present field
orientation [80, 83—87]. For larger fields above 48 mT, the resonance exhibits a field dependency typi-
cally attributed to the Kittel mode. This behaviour indicates that the field polarised phase is reached.

In this Section, we restrict the discussion to a comparison between the experimental spectra and the the-
oretical model for the helical and field-polarised phases of the chiral magnet. This approach enables us
to extract several parameters characteristic of the Cu,OSeO3 sample used in the measurements. The de-
tailed derivation of the theoretical BLS intensity map is presented in the following paragraphs. Fig. 5.4b
illustrates the result of this calculation for the same range of applied field and frequency, expressed in

dimensionless units.

5.2.1 Field polarised phase

In order to evaluate the micro-focused BLS spectra in the field-polarized phase, we calculate the scatter-
ing cross section [Eq. (4.43)], where the correlation function is constructed analytically from the Green’s
function given in Eq. (4.23). The most demanding computational step involves evaluating the auxiliary
function F,,,5(q) defined in Eq. (4.44). For this purpose, we discretize the angular domain of integration
into a dense mesh that samples the full solid angle allowed by the numerical aperture of the optical setup.
The integrand is then evaluated point-by-point on this mesh, and the result is obtained by summing over
all angular contributions with appropriate quadrature weights. In practice, the accuracy of the calculation
is controlled by the mesh resolution: a finer angular grid ensures convergence of the integral while cap-

turing the detailed angular dependence of the scattering geometry. This procedure effectively accounts
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Figure 5.4.: Zero field cooling (ZFC) BLS spectra. (a) Anti-Stokes BLS intensities for zero-field cooling (red
arrow) down to T=12K and a subsequent field scan (green arrow). Color bar represent the BLS counts. (b) Theo-
retical BLS spectra of the conical phase, H < H;, and field polarised phase, H > H;, with the same normalization
as in (a).

for the averaging over the conical distribution of incoming and outgoing photon directions inherent to

the micro-focused BLS setup.

The linear spinwave theory presented in Chapter 3 is characterized by three parameters only: a frequency
scale @w.2 = YuUoH, g‘z‘t, a wavevector scale Q = D/J and the magnetic susceptibility within the conical
phase y" =M, /H 2.‘2“, that quantifies the strength of the dipolar interaction. For the latter two parameters,

con

we took values from the literature, i.e., Q = 105 rad/um and y" = 1.76 reported in Ref. [48]. The
frequency scale can be extrapolated within the field polarised phase by taking advantage of the linear
dispersion relation of the Kittel resonance mode. The central peak position corresponding to the uniform

magnon dynamics in the micro-focused BLS geometry is approximated by a linear relationship

27 fKittel H
=Ao+Bo——, (5.7)
Oc2 H02

with Ag and By depending on the experimental setup and sample properties, see Fig. 5.5a. Fitting
Eq. (5.7) to the experimental data yields the parameters @.; /2w = 2.03 GHz. The critical frequency
agrees within our error bar with the value of 2.06 GHz found in Ref. [73] in the same material. We note
that the value for the frequency scale fitted to the data in the field polarized phase implies for a g-factor
of g = 2.1 an internal critical field u,OHCifz“ = 68 mT. This overestimates the value found experimentally
PoHBt = pioHea /(1 + Ny ) ~ 41 mT where oH,» ~ 50 mT and the demagnetization factor Ny ~ 0.13.
A similar discrepancy was found in the angle-resolved BLS experiments performed by Ogawa et al. [73].

The origin of this inconsistency is unclear but could be due to local heating by the laser or due to the so
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Figure 5.5.: Field-polarised BLS spectra. (a) Experimental frequency positions of the Anti-Stokes resonance in
the field-polarised phase (black dots). The theoretical model gives a linear behaviour (orange line) that can be fitted
in order to obtain the parameters toH,» = 53 mT and @, /27 = 2.03 GHz. Panel (c) (Stokes) and (d) (anti-Stokes)
shows line cuts of the spectra obtained at fixed magnetic field tgH = 64 mT (blue symbols) and comparison to
theory with H/H, = 1.21 (red line). A frequency-independent background signal (dark counts) was removed from
the raw BLS spectra to realize a baseline similar to the theoretical curves. Both the experimental and theoretical
data have been normalized with respect to the total spectral weight integrated over the full frequency range from
-7.5 GHz to -1.4 GHz and from 1.4 GHz to 7.5 GHz.

far neglected magnetocrystalline anisotropies.

In order to evaluate the BLS spectra, we need the magneto-optic constants introduced in Eq. (4.5). In a
cubic material, the tensor K, = K€y, with the Levi-Civita symbol €, , is characterized by a single
constant K that sets the overall intensity scale. The higher-order tensor G,y governs the asymmetry
between Stokes and Anti-Stokes intensities. In the field-polarized phase, we obtained a satisfactory
description of the data using G} = G, = 0 and 2iM;Ga4/K ~ 0.123. However, the experimental data
do not provide enough independent observables to uniquely determine all parameters of the tensor. As a
result, the chosen values should be regarded as one possible consistent set that reproduces the measured
spectra within the present analysis. Figure 5.5 shows the measured BLS spectra at tigpH = 64 mT (blue
symbols) compared with the theoretical prediction at H/H = 1.21 (red line). The observed asymmetry
between Stokes and Anti-Stokes signals provides the basis for fitting the magneto-optic constants Ggp.
Notably, the theory captures well the spectral line shape that arises from the geometric averaging of in-
and out-going photon wavevectors in the micro-focused BLS setup and, in particular, it accounts for the

observed full-width-at-half-maximum.

5.2.2 Conical phase

In the conical phase, we evaluate the micro-focused BLS spectra using exactly the same set of parameters
that were extracted in the field polarized phase. Remarkably, no additional adjustments are required: the
frequency scale @y, the characteristic wavevector Q, the magnetic susceptibility ¥ , and the magneto-

optic tensor Gy determined in the FP analysis already provide an excellent description of the data in

the conical state. This consistency demonstrates the robustness of the parameter extraction and highlights
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the predictive power of the theoretical model presented in the previous Chapters.

The spectra obtained in the conical phase exhibit two distinct magnon branches, which we identify
as the +Q and —Q resonances. In the experimental spectra, the +Q branch appears as the dominant
feature, carrying the largest spectral weight, while the —Q branch is visible only as a much weaker
signal. This hierarchy of intensities is a characteristic fingerprint of the conical magnon spectrum and
directly reflects the different coupling strengths between the magnon modes and the probing light. The
asymmetry between the two branches is not unique to our experiment but is a well-established feature
of Cu,0Se03, as confirmed by Ogawa et al. in their angle-resolved BLS measurements [73]. In those
studies, performed with a well-collimated laser beam and a backscattering geometry, a similarly strong
intensity imbalance was reported between the +Q and —Q modes. A key distinction, however, arises
from the use of the micro-focused geometry in our experiment. In the k-resolved BLS configuration, the
scattering condition selects a specific magnon wavevector for each beam incidence angle, which allows
the non-reciprocal character of the conical magnon spectrum to be directly resolved. By contrast, in
the micro-focused BLS setup, the finite numerical aperture of the objective lens introduces an intrinsic
angular averaging over a distribution of photon wavevectors. As a result, the sharp non-reciprocity that
is characteristic of the conical spectrum becomes effectively smeared out in our measurements. The
auxiliary function F,,,5(q) introduced in Chapter 4 reflects this averaging explicitly, being an even
function of q in the case of a focused beam. Consequently, the micro-focused BLS spectra no longer
display the pronounced frequency splitting and directional asymmetry of the modes but rather yield a
broadened, symmetric response that integrates over both directions of magnon propagation. Despite this
difference, the observation of both +Q and —Q resonances in our data demonstrates that the micro-

focused geometry still captures the essential features of the conical spinwave spectrum.

5.3 Field cooling

Figure 5.6 shows the BLS intensity map obtained after a field-cooling (FC) protocol carried out at a rate
of 25 K per minute. In this procedure, the sample was cooled to 12 K while a finite magnetic field of
UoHrc = 16 mT was applied (red arrow). The choice of this field ensures that the system crosses the
high-temperature skyrmion lattice phase during cooling, thereby stabilizing a metastable skyrmion lattice
at 12 K. Previous studies have demonstrated that this metastable phase can be remarkably robust at low
temperatures when the field is aligned along the cubic axes. This is favoured by the topological charge
associated with the magnetic texture, which protects the system against its annihilation. Upon increasing
UoH from 16 mT up to about 55 mT, the resulting BLS spectra display several resonances between 1.4
GHz and 7.5 GHz. These resonances are clearly distinct from those associated with the conical helix
phase, as observed in the ZFC protocol. Both Stokes (negative frequency) and Anti-Stokes (positive

frequency) signals are present, corresponding to the emission and absorption of magnons, respectively.
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Figure 5.6.: Field cooling (FC) BLS spectra. (a) BLS intensities for field-cooling at tloHrc = 16 mT (red arrow)

down to T = 12 K and subsequent field scans (green arrows). Colour bar represents the BLS counts. (b) Theoretical
BLS spectra of the (metastable) skyrmion lattice (MT-SkL) phase, H < H.,, and the field polarized (FP) phase,
H > H_,, with the same normalization as in (a). Line cuts of the spectra for three values of the magnetic field as
indicated by the blue and red arrows at the bottom of panel (a) and (b), respectively, are shown in Fig. 5.8.

We find an asymmetry of intensity between the two signals with the Stokes component being enhanced
compared to the Anti-Stokes one. At around 55 mT, the spectrum reconstructs in a single branch charac-
terised by linear dispersion. This high-field signature is consistent with the Kittel mode appearing in the
field polarized phase. For intermediate magnetic fields between 50 mT and 55 mT, the spectra exhibits a
different behaviour characterised by a dominant magnon band with opposite slope compared to the Kittel
mode. This is the signature of a different magnetic phase, that we denote here by Mixed, which is not

found in our minimal model.

Subsequently, the sample was warmed to 100 K and subjected to the same field-cooling protocol, after
which BLS spectra were collected for magnetic fields smaller than LigHrc, i.e., toH < 16 mT. Notably,
the branches at low field connect smoothly to those detected above 16 mT, confirming the reliability and
reproducibility of the FC preparation. However, for tipH < 5 mT, certain branches either change slope
or disappear altogether, signaling a phase transition near zero field, marked as X2 in the figure. In this
low-field regime, the metastable skyrmion lattice is likely subject to an oblique distortion, producing an
elongated lattice configuration, as previously reported in Refs. 24 and 37. Such distortions are attributed

to the influence of magnetocrystalline anisotropies in the material.
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Figure 5.7.: Theoretically calculated magnon band structure of the skyrmion lattice for H = 0.5H,,. (a) First
Brillouin zone of the skyrmion lattice with one of the reciprocal lattice vectors, kskr., oriented along [100] [81].
(b) Magnon band structure for wavevectors within the plane of the skyrmion lattice, as presented in Fig. 3.5. The
same colouring of relevant modes applies throughout this entire Chapter. (¢) Dispersion of the magnon modes as a
function of wavevector along the skyrmion tubes at fixed in-plane wavevector |q | = 47 rad um~! pointing along
2 || [110]. The red annulus segments in panel (a) and (b) as well as the red shaded regime in ¢ indicate the range
of magnon wavevectors accessible with the BLS setup of this work.

In what follows, we restrict our analysis to the metastable SKL phase in the field range tipH > 5 mT. Ex-
tending the analysis to lower fields would require including corrections to the standard theory introduced
in Chapter 2. Although such corrections can, in principle, be incorporated systematically as higher-order
contributions from spin—orbit coupling, they also introduce a large number of additional unknown param-
eters. This would substantially reduce the predictive power of the theoretical calculation and is therefore

beyond the scope of the present work.

5.3.1 Magnon bands structure

The external magnetic field is applied along the [001] crystallographic axis. Consequently, the hexago-
nal skyrmion lattice forms within the (001) plane, i.e., perpendicular to the field direction. For this field
orientation, it has been shown [81] that one of the reciprocal lattice vectors of the skyrmion lattice aligns
with the [100] direction, implying that one of its primitive lattice vectors lies along [010], as illustrated
in Fig. 5.7a. According to Fig. 2.9, the characteristic reciprocal lattice vector ksiy is of the same order
of magnitude as the helical pitch Q = 105 rad/um, and only weakly depends on the applied magnetic

field. Consequently, the transferred magnon wavevector |q| probed in the experiment is comparable in
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magnitude to kgir . In this regime, inelastic light scattering involving the emission or absorption of single
magnons provides direct access to the magnon dispersion near the boundary of the first magnetic Bril-

louin zone, as illustrated by the red region in Fig. 5.7a.

The theoretically expected magnon band structure for the skyrmion lattice phase of cubic chiral magnets
is displayed in Fig. 5.7 for a field strength H = 0.5H;, using parameters relevant to Cu;OSeOs [39].
Panel a sketches the hexagonal magnetic Brillouin zone, with the red arc indicating the range of trans-
verse wavevectors ¢ L sampled in the experiment. Panel b shows the corresponding dispersion of low-
energy spinwave modes for in-plane wavevectors q . The color coding highlights the modes most rele-
vant to the present BLS measurements, with corresponding names identifying the excitations according
to Section 3.3.2. In particular, the counterclockwise (orange), breathing (green), and clockwise (yellow)
modes are the only dipole-active excitations at the I'-point. Notably, due to their strong dispersion, the
frequencies of the CCW and breathing modes within the experimentally accessible q range differ signif-
icantly from their values at the I'-point. Panel ¢ displays the magnon dispersion along the skyrmion tube
axis, i.e., as a function of q at a fixed |[q | = 47 rad/um directed along the Z-axis. The red-shaded re-
gion marks the experimentally accessible q| range. The CCW mode, in particular, exhibits a pronounced

non-reciprocity, consistent with previous observations reported in Ref. [76].

5.3.2 Mode identification

Similarly to the conical phase, the theoretical calculations of the micro-focused BLS spectra in the
skyrmion lattice phase were performed independently of the experimental measurements. The model
parameters used here were determined by the comparison between the measurements and the theoreti-
cally evaluated BLS intensity in the field-polarized phase. Figure 5.8 presents line cuts of the calculated
spectral weights for three representative magnetic fields, 16, 26, and 38 mT, as indicated by the arrows
at the bottom of Figs. 5.6a and b. The blue symbols correspond to the experimental data obtained in the
metastable skyrmion lattice phase, Fig. 5.6a, while the grey symbols show, for reference, the correspond-
ing spectra in the conical phase, Fig. 5.4a. The red solid lines represent the theoretical BLS spectra. The
colored bars at the bottom of each panel identify the various modes following the color scheme intro-
duced in Fig. 5.7.

At the lowest frequencies, the CCW mode (orange) exhibits the largest spectral weight. Around 26 mT,
it hybridizes with the sextupole-1 mode (dark blue), resulting in two branches that are not clearly dis-
tinguishable in the spectra. The breathing mode (green) gives rise to a prominent spectral peak between
4 and 4.5 GHz. At 16 mT, it hybridizes with the decupole mode (pink), as illustrated in the inset of
Fig. 5.7b. The experimental spectra possess features that are reminiscent of this hybridization both at
positive (Anti-Stokes) and negative (Stokes) frequencies. The CW mode (yellow) is predicted to pos-

sess a relatively small spectral weight, and it is more clearly resolved in the Stokes spectrum. At the
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Figure 5.8.: Normalized line cuts of experimental and theoretical BLS spectra. Line cuts of the spectra in 5.6a

(blue symbols) and Fig. 5.4a (grey symbols) for three magnetic field values pupH = 16 mT, 26 mT and 38 mT with
Stokes signals shown in panels (a), (c¢), and (e) and Anti-Stokes signals shown in panels (b), (d), and (f). The
blue (grey) symbols are obtained in the metastable skyrmion phase (conical phase). The frequency-independent
background signal (dark counts) found in the field-polarized phase was removed from the raw BLS spectra to
realize a baseline similar to the theoretical curves (red lines). Negative counts in the experimental data (blue
symbols) result from the background-signal subtraction. Red solid lines are theoretical BLS spectra for H/H,,
= 0.3, 0.5, 0.72. Coloured bars at the bottom of each panel indicate positions of theoretical skyrmion lattice
resonances using the same colour coding as in Fig. 5.7. Both the experimental and theoretical data have been
normalized with respect to the total spectral weight integrated over the full frequency range from -7.5 GHz to -1.4
GHz and from 1.4 GHz to 7.5 GHz. Inset of (b) shows the hybridization between the breathing and decupole
modes.
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Figure 5.9.: Magnon mode identification. Stokes spectrum of Fig. 5.6a overlaid with magnon frequencies of the
metastable skyrmion lattice phase calculated for a backscattering event with angle of incidence 6;, = O,y = O.

finite wavevectors probed in the experiment, the quadrupole-2 mode (light blue) is expected to exhibit
a stronger signal than the CW mode especially at low field, consistent with the experimental data. In
contrast, the sextupole-2 mode (purple) shows only very weak theoretical intensity. At 16 mT, the ex-
perimental spectra still reveal a finite signal above the noise level in the corresponding frequency range,

whereas with increasing field H the signal becomes weaker and is no longer resolved.

For comparison, the Anti-Stokes spectra obtained in the conical phase using the zero-field-cooling (ZFC)
protocol are shown in light gray. The clear discrepancies in both peak positions and field dependence
between the two data sets demonstrate that the spectral features of the metastable skyrmion lattice phase
(blue) are distinct from those of the conical phase (gray). In particular, the high-frequency peaks, i.e.,

for f > 4.5 GHz, can be unambiguously attributed to the CW and quadrupole-2 modes, respectively.

Figure 5.9 compares the experimental Stokes spectra with the theoretically calculated magnon branches
for a fixed wavevector q = 248 rad um_l, corresponding to an incidence angle 6, = O,y = O in the
present setup. At low frequencies, most of the spectral weight is carried by the CCW mode. As the BLS
experiment probes magnons with a finite wavevector, a hybridization between the CCW and sextupole-1
modes is expected, even in the absence of magnetocrystalline anisotropies (see also Fig. 5.6b). The mea-
sured CCW mode appears broadened over a wide frequency range, consistent with its strong dispersion
for out-of-plane wavevectors and the finite wavevector range collected by the focused BLS setup shown

in Fig. 5.7¢. This broadening, together with the limited signal-to-noise ratio, likely prevents the experi-
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mental resolution of the hybridization with the sextupole-1 mode.

The narrow and intense branch between 4 and 4.5 GHz corresponds to the breathing mode, whose abso-
lute frequency decreases with increasing field in contrast to the CCW mode. The frequency separation
between the CCW and breathing modes is considerably larger than that observed in microwave spec-
troscopy, reflecting their opposite dispersion f(g) as a function of in-plane wavevector, as shown in
Fig. 5.7b. Although the predicted frequency gap associated with the avoided crossing with the decupole
mode is not experimentally resolved, the breathing branch exhibits a small blue shift towards lower fields,

in line with theoretical expectations.

The intensity around 5 GHz is attributed to the CW mode, whereas the nearly field-independent branch at
approximately 5.5 GHz corresponds to the quadrupole-2 mode. Its characteristic weak field dependence
distinguishes it from the +Q mode of the conical phase, whose frequency decreases substantially with
increasing H. In both the theoretical spectra, Fig. 5.6b, and the experiment, Fig. 5.9, the sextupole-2
and octupole modes display negligible BLS spectral weight and are not clearly resolved in the measured

intensity maps.

5.3.3 Conclusions

In this work, we demonstrated that micro-focused BLS can resolve higher-order magnon modes of the
skyrmion lattice phase that have not been accessible through previous experimental techniques such
as microwave spectroscopy [47-51] or neutron scattering [43] in the chiral magnet Cu,OSeO3. In the
backscattering geometry, BLS probes spin waves with relatively large wavevectors, |q| ~ kskr, compa-
rable to the reciprocal lattice vector of the periodic magnetic texture. As a result, this technique provides
access to the intermediate wavevector regime of the magnon dispersion f(g), which bridges the gap
between long-wavelength, ¢ < ksir, and short-wavelength, g > kgsir,, excitations. This regime is of
particular relevance for the design and implementation of future nanomagnonic circuits, where such in-

termediate wavevectors naturally emerge.

The good agreement between the experimental data and theoretical predictions, both in terms of eigen-
frequencies and spectral weights, enabled the unambiguous identification of several magnon modes. We
observed clear evidence of the wavevector-dependent eigenfrequencies of the CCW, breathing, and CW
modes, previously characterized only at the I™-point (¢ = 0). In addition, our measurements revealed
higher-order excitations that had not been experimentally reported before. In particular, a mode with
quadrupole character (quadrupole-2) is distinctly resolved across a broad magnetic field range. For the
sextupole-2 mode, theory predicts very small spectral weights, consistent with the weak signatures ob-
served in our BLS spectra at 16 mT, which vanish at higher magnetic fields. The complex nodal structure

of these higher-order modes within the Wigner—Seitz cell [Fig. 3.3] implies pronounced anti-phase pre-
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cession of neighboring spins within each skyrmion. At the finite wavevector probed by BLS, this leads
to a strongly reduced net spin precession per skyrmion, and hence a weak coupling to light through the
dynamic permittivity tensor — accounting for the low experimental visibility of such modes. Similarly,
the decupole mode exhibits a small BLS spectral weight, but its hybridization with the breathing mode

around 16 mT leaves subtle signatures that are consistent with our observations.

Overall, our study establishes focused BLS as a powerful tool for probing spin dynamics in skyrmion
lattice systems with high spectral resolution. When combined with a quantitative theoretical model of
the scattering process, which captures the distribution of transferred wavevectors, this technique enables
the experimental exploration of magnon minibands within the first magnetic Brillouin zone. The result-
ing quantitative understanding of these magnonic bands represents a key step toward the control and
engineering of magnonic crystals with topologically nontrivial band structures operating at microwave

frequencies.

Looking ahead, the combination of a tightly focused laser spot and the ability to separately detect oppo-
sitely propagating magnons through Stokes and anti-Stokes scattering offers a promising route to identify
magnon edge modes with topological character at the boundaries of skyrmion lattice domains [40—42].
The nontrivial magnon bands uncovered here further enrich the perspective of unconventional computing
architectures based on wavevector-dependent spectral weights [22, 136-138]. These findings highlight
the essential role of cryogenic BLS as a versatile and sensitive probe for advancing the experimental

study of topological spin excitations in complex magnetic textures.
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Theory of magneto-elastic coupling

In this part of the Thesis, we shift our focus to a different coupling mechanism in chiral magnets: the
coupling between their magnetic textures and the underlying crystal lattice. In the previous Chapters, the
discussion was centered on inelastic light scattering processes that were described starting from magneto-
optic coupling. In contrast, our aim here is to develop a theoretical description of how the magnetic and
mechanical properties of the system influence one another and to derive the collective magneto-elastic

excitation dynamics.

The physical picture is the following: magnetic textures can distort the crystal lattice through spin—orbit
interactions, while elastic deformations of the lattice can in turn affect the stability and dynamics of the
magnetic states. This bidirectional coupling, known as magneto-elastic coupling, plays an essential role
in determining both the static and dynamic properties of the material. A central goal of this part of the
Thesis is to formulate a model that captures this interplay and allows us to investigate the resulting col-
lective excitations of the coupled magnons and phonons dynamics. Understanding these hybrid modes
provides a theoretical foundation for exploring the phonon magneto-chiral effect where spin and lattice
vibrations cannot be treated independently. Our attention will be directed especially toward the skyrmion
lattice phase. While skyrmions are now well established as topologically non-trivial magnetic textures,
their coupling to lattice degrees of freedom remains largely unexplored, both theoretically and experi-
mentally. This makes the problem particularly appealing, as it opens the possibility of identifying novel

mechanisms of stability and collective excitations.

The structure of this Chapter is as follows. We begin by introducing the framework of linear elasticity
theory, which provides a baseline description of the mechanical response of the crystal in the absence of
magnetism. Next, we incorporate the contribution of magneto-elastic coupling arising from spin—orbit
interactions, thereby linking the elastic strain field to the magnetic order parameter. This is done via a
mean-field approach, similar to what was presented in Chapter 3, which allows us to determine the stable
configurations of the coupled system. In particular, we put our focus on the skyrmion lattice phase by

providing a formulation of its energy density, and the relative minimisation techniques.
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6.1 Linear elasticity theory

This Section serves as an introduction for the linear theory of elasticity. This theory describes the me-
chanical properties of solid bodies when regarded as continuous media that are weakly deformed under
the action of external forces. The formulation is well established in the literature, and here we closely
follow the derivation presented by Landau and Lifshitz in their book Theory of elasticity [139], as well
as Refs. [55, 56, 140].

At the microscopic level, deformations of a crystal can, in principle, be described by calculating the
energy cost associated with displacing individual atoms from their equilibrium positions. However, this
approach is generally very complex, as it requires accounting for multiple energy contributions and
carefully taking the thermodynamic limit. The classical theory of elasticity takes a different route: it
describes the energy required to deform a solid body under the assumption that the wavelength of the
deformation is much larger than the atomic lattice spacing. In the case of magneto-elastic coupling in
bulk chiral magnets, this assumption is well justified. The relevant magnetic textures are governed by
the characteristic wavevector Q = D/J, which typically corresponds to length scales ranging from tens
to hundreds of nanometers — much larger than the underlying atomic lattice spacing. Consequently,
lattice displacements induced by the magnetic texture through spin—orbit coupling inherit the same long
wavelength. This validates the use of the classical continuum description, where the crystal is modelled
as a continuous medium. A key strength of this approach is its reliance on symmetry principles. Rather
than requiring a detailed microscopic description, the theory builds on symmetry arguments to derive the
governing equations. As aresult, one arrives at a minimal model that captures the essential physics using

only a small set of phenomenological parameters.

6.1.1 Strain tensor

When a solid is subjected to external forces, it deforms with respect to its equilibrium configuration. In
this case, each material point originally located at position r is displaced to a new position r' = r+u(r),

where u(r) denotes the displacement field, defined as
u(r)=r'—r. (6.1)

This definition of the displacement field allows us to quantify how the distance between two nearby points
changes during deformation. Initially, the vector connecting the two points is dl; after deformation, it
becomes dl' = dl+du. Since u(r) is assumed to be a continuous and differentiable function everywhere,

the new distance between the two points reduces to

au[ 8ul~

——drid 6.2
drj dry T4k 62)

a ,
dI? = (dry +duy)* + (dr3 + duz)* + (drs +dus)* = dIP +27u’dridrj +
Ty
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where we used that du; = (du;/dr;)dr;. This expression can be written in an equivalent, more compact
form as
dl* = dP° + 2¢;;drdr;, (6.3)

where we introduced the symmetric rank-2 tensor &;;, which is known as the strain tensor and is defined
as

1 (8u, 8uj+8uk8uk> ' (64)

“=2\on " on " on any
Physically, the diagonal components &; describe normal strains, i.e., relative elongations or compressions
along coordinate axes, while the off-diagonal components &;; represent shear strains, i.e., changes in the
angle between initially perpendicular directions. Within the framework of linear elasticity, we assume
that body deformations, i.e., changes in distances, are always small compared with the distances them-
selves. If this condition is satisfied, then all components of the strain tensor must be small. This enables

us to neglect the quadratic term in Eq. (6.4).

So far, the discussion has been restricted to local deformations. However, in addition to these, a body may
also undergo some global transformations, such as dilatation or shear deformation. These deformations
affect all points in the body equally and thus have a global character, in contrast with the local variations
of the displacement field. We describe such contributions by a space-independent, rank-2 tensor E;j,
referred to here as the global strain. Combining both contributions together, the strain tensor within the
lineal elasticity theory can be expressed as

_1 8ul- 8u]~
8ij_2<8rj+8r,»> +E1]- (6.5)

This element represents the fundamental building block of elasticity theory, as it fully characterizes the

deformation of a solid under external forces, such as the magneto-elastic coupling that we present later.

6.1.2 Free energy functional

When the body is not deformed, each atom occupies its equilibrium position and the system as a whole is
in thermal equilibrium. In this case, the strain tensor vanishes. Once a force is applied, however, the sys-
tem relaxes into a new equilibrium in which the atomic arrangement is modified. Each atom then experi-
ences restoring forces that attempt to bring the body back to its original configuration. These interatomic
forces are inherently short-ranged compared to the characteristic length scales entering magneto-elastic
coupling interactions in chiral magnets, which are determined by the ratio 27t/Q. Since our interest lies
in macroscopic behaviour, we do not need to consider the detailed microscopic force fields. Instead,
the symmetric strain tensor [Eq. (6.5)] provides the essential information: whenever it is nonzero, a de-
formation has taken place, which implies that finite restoring forces act within the material. From an

energetic viewpoint, this corresponds to an increase in the internal energy of the system, balanced by the
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work done by the external field.

Mathematically, this is captured by introducing a harmonic free energy functional of the strain tensor:
P 1 1
/ela[g] = V /dl’ Egijcijklgkl . (6.6)

Eq. (6.6) represents the most general quadratic expression for the elastic energy in terms of the strain
tensor ;. From this formulation, it follows immediately that the undistorted solid, i.e., &; = 0, corre-
sponds to the equilibrium configuration in the absence of external forces. The rank-4 tensor C;jy;, known
as the stiffness tensor, governs the response of the material to deformations. Due to the symmetry of the

strain tensor, C;jy itself satisfies the following index symmetries:
Cijui = Cjitk = Chaij - (6.7)

Physically, one may think of C;j; as a generalized spring constant for the crystal: just as a spring resists
stretching with a restoring force proportional to the applied displacement, the stiffness tensor quantifies
how strongly the crystal resists different types of deformation, such as compression, shear, or combina-

tions of these.

Symmetry classes

The rank of the stiffness tensor reflects the fact that, in a crystalline solid, the material response depends
on both the direction of the applied force and the direction of the resulting deformation. In principle, the
stiffness tensor Cjjy, is a fourth-rank tensor with 3% = 81 components. However, many of these compo-
nents are not independent due to the intrinsic symmetries of the strain tensor and the requirement that
the elastic energy must remain invariant under rotations consistent with the crystal symmetry. The index
symmetries (Cjji = Cjiu = Ciji = Cyij) already reduce the number of independent entries to 21 in the
most general case of a fully anisotropic solid. This maximal anisotropy corresponds to the triclinic crys-
tal system. Higher crystal symmetries constrain the elastic response further, thereby lowering the number
of independent elastic constants [139]. For example, orthorhombic crystals possess 9, tetragonal crystals
6 or 7, and hexagonal crystals 5 independent constants. Of particular relevance here are cubic crystals,
which exhibit very high symmetry that imposes strong constraints on C;jy, leaving only 3 independent
elastic constants, typically denoted C;1, C, and Cy4. Physically, these correspond to the elastic response

under uniaxial compression (Cy1), under shear (Cy4), and the coupling between orthogonal directions

(Cr2).

Voigt notation

To simplify the formulation of elasticity, it is convenient to adopt Voigt notation, which provides a com-

pact way of writing the strain and stiffness tensors by exploiting their index symmetries. Since the
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strain tensor &;; is symmetric, it contains only six independent components which can be expressed as a

six-dimensional vector,

[ €11 ] -81-
€2 &
e=| | = %], 6.8)
283 &
2813 &5
_2812_ _8(,_

In the same spirit, the stiffness tensor C;jx;, which in full form is a fourth-rank tensor with up to 21
independent entries, can be expressed as a symmetric 6 X 6 matrix Cyg in Voigt notation. For example,

in the case of cubic crystals, which is of particular interest for the following discussion, this takes the

form ) )
Cn Cin Ci2 0 O
Cn Cn Ci2 0 0
Cn Cpnp C 0 0
C— 12 Ci2 11 6.9)
0 0 0 Cuq O 0
0 0 0 0O Cu O
| 0 0 0 0 0 Cy]
With these definitions, the quadratic elastic energy density that follows from Eq. (6.6) reduces to
1 1 &
=Y €iCiuen=5 Y €Copp- (6.10)
2.7 2.5
L, J,K,y a,ﬁ—l

This notation is widely used in elasticity theory because it reduces the complexity of tensorial equations

and makes the symmetry constraints on the elastic constants transparent.

6.2 Magneto-elastic coupling

The physical origin of magneto-elastic coupling lies in the mutual interplay between the lattice vibra-
tional degrees of freedom and the spin configuration. On one hand, the arrangement of spins can modify
the equilibrium positions of atoms by exerting forces on the lattice. On the other hand, deformations
of the crystal lattice alter the energy landscape that governs the magnetic configuration. This feedback
mechanism provides a natural route for spin and lattice degrees of freedom to become strongly inter-
twined. Here, we are interested in effects characterised by long wavelength modulations. Therefore, the
building blocks of our theory are naturally provided by the local magnetisation M(r) = M;m(r) and the

strain tensor &;(r).
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The coupling can be systematically classified according to its order in spin—orbit interaction. The leading

contribution is given by

1
%mmmzv/m%memmmg, 6.11)

which represents the lowest-order magneto-elastic free energy functional containing both strain and mag-
netisation fields. The coupling tensor 4;j; is fully constrained by the symmetry class of the underlying
crystal, analogous to the stiffness tensor in linear elasticity. Physically, Eq. (6.11) can be interpreted as
an elastically-induced magnetic anisotropy, where lattice deformations effectively generate an additional

single-ion anisotropy term for the spins [141].

Chiral coupling

Higher-order contributions to the magneto-elastic interaction are also possible. A relevant example is

1
%mmmzv/a%mmem, (6.12)

with the Lifshitz invariant

Wkl(l') = ekspms(r)&mp (I‘) . (6.13)

This term describes how strain can modulate the DM interaction, and is typically considered as a higher-
order effect compared to the anisotropic coupling in Eq. (6.11). However, it can become the dominant
mechanism in specific situations. For instance, in the field polarised phase the leading anisotropic con-
tribution is suppressed, and the strain-induced modulation of the DM interaction provides the primary
source of magneto-elastic coupling. In this regime, the lattice deformation tilts the otherwise collinear

spin order, significantly affecting the collective magnon—phonon dynamics [142].

6.2.1 Coupling tensor

The magneto-elastic coupling tensor A;j; can be conveniently written using Voigt notation, in direct
analogy with the stiffness tensor introduced earlier. As in the case of linear elasticity, the specific form
of A;ju is fully determined by the symmetry of the underlying crystal lattice [141, 143, 144]. However,
since this tensor now couples the strain field to the magnetization, the index contraction differs from that
of the stiffness tensor. As a result, the magneto-elastic coupling generally contains a larger number of
independent components, reflecting the additional degrees of freedom associated with the spin variables.

In the following, we focus on the case of cubic crystals, where symmetry considerations significantly
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6.2. Magneto-elastic coupling

reduce the number of independent terms. In this case, the most general form of the coupling tensor can

be written as

Ao A A2 00
Az A A 00
M1 A A 00
0 0 Ay O
0 0 0 Ag O
0 0 0 0 A

(6.14)

S O©O O O

The individual components Cyp of the stiffness tensor can be directly determined from the phonon dis-
persion, as will be discussed in the following Chapter. In contrast, there exists no straightforward experi-
mental procedure to determine the exact form of the magneto-elastic coupling tensor A,g. This situation
is analogous to that encountered for the magneto-optic coupling tensor G;jy; discussed previously. Here,
we want to employ symmetry arguments to constrain the possible tensor components. For this reason,
the present discussion will be limited to a few representative cases in which we impose additional re-
strictions on the number of independent elements of A,g. In order to achieve this, it is convenient to
introduce the following combinations

A =AiaE Ao, (6.15)

which link the off-diagonal contributions of the coupling tensor. In centrosymmetric cubic magnets, the
system’s symmetry imposes that the anti-symmetric contribution must vanish, i.e, A_ = 0. This is not

the case for noncentrosymmetric materials, where the chiral structure relaxes this condition.

Isotropic coupling

The isotropic coupling tensor represents the simplest case compatible with the cubic symmetry of the
crystal. In this configuration, the magneto-elastic interaction is invariant under spatial rotations, implying
that no magneto-crystalline anisotropies can arise in the system. The symmetry constraints lead to the
relations

},11 — %k_'_ = 2144 and A_= 0, (6.16)

thus reducing the number of independent parameters. In this limit, the strain field couples uniformly to
the magnetisation, producing an isotropic modulation of the magnetic free energy that is independent of

the specific orientation of the deformation.

Chiral coupling

A more general form of the coupling tensor arises in the case of chiral cubic crystals, where the absence

of inversion symmetry allows for antisymmetric components in A,g [143, 144]. This can be quantified
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6. Theory of magneto-elastic coupling

by the combination A_ = A;; — A;; introduced earlier. Hence, the magneto-elastic coupling tensor in this
case reads

A,]] — %A-i- = 2144 and 7L_ 75 O, (6.17)

where the second relation lowers the overall symmetry of the system and introduces a chiral contribution
to the magneto-elastic coupling. This form reflects the handedness inherent to the underlying crystal

structure and may result in asymmetric magneto-elastic responses.

Anisotropic coupling
The magneto-elastic coupling tensor can also be used to effectively introduce magneto-crystalline anisotropies
in the system. In general, this can be done by lowering the symmetry constraint in the first relationship,
that is,
A — %M 00y and A —0. 6.18)

The first inequality breaks the full rotational invariance of the coupling contribution, giving rise to a
directional dependence in the magneto-elastic interaction. As a consequence, the strain field may favour
specific magnetisation orientations or distortions, thereby influencing the equilibrium magnetic configu-

ration and the associated collective excitations.

In the following Chapters, the consequences of these three representative coupling cases will be analysed,
with particular emphasis on their impact on the equilibrium configuration and collective dynamics within

the magnetic skyrmion lattice phase.

6.2.2 Free energy analysis

The complete theoretical description of the system includes three main contributions: the magnetic free
energy derived in Chapter 2, the elastic term associated with lattice deformations, and the magneto-
elastic coupling that links the two subsystems. The total free energy functional can therefore be written
as

Fm,e] = Fym] + Fdip (M| + Zela[€] + Fmec M, €], (6.19)

where % and Zy;, are given by Eq. (2.43) and Eq. (2.44), respectively. The first two terms describe the
purely magnetic contribution, including exchange, Dzyaloshinskii—-Moriya, Zeeman, and dipolar inter-
actions, while the last two encode the elastic and magneto-elastic energies associated with lattice strain

and spin-lattice coupling.

Since the magnetic subsystem already defines a natural energy scale set by the ratio D? /J, it is convenient

to express the elastic and magneto-elastic coefficients in dimensionless form as

= 1
Cita = 7

1

Cij and Afijkl:DT/Jﬂfijkl-

(6.20)
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This rescaling enables a direct comparison between magnetic and elastic energy contributions. The com-
ponents of the stiffness tensor C;jy; are typically determined experimentally from measurements of the
phonon velocities along different crystallographic directions, as will be discussed in the next Chapter.
For most crystals, these components range from tens to hundreds of gigapascals, several orders of mag-
nitude larger than the characteristic magnetic energy scale D?/J. This difference in magnitude reflects
their distinct microscopic origins: the elastic energy arises from interatomic bonding forces that main-
tain the crystal structure, whereas the magnetic energy originates from much weaker spin—spin exchange
interactions. As a consequence, magnetically induced lattice distortions lead to only small variations in

the displacement field u(r), typically well within the linear elasticity regime.

In contrast, the strength of the magneto-elastic coupling tensor is far more difficult to determine experi-
mentally. In the next Chapter, we will infer its strength based on measurements of the phonon velocity
in the presence of an ordered magnetic phase. Typical values range from a few kilopascals to several
megapascals, and they often show a strong temperature dependence, reflecting the underlying spin—orbit
interaction strength. These values are fully consistent with the weak-coupling approximation A /C < 1,

which underlies the validity of our linearised theory.

6.3 Skyrmion lattice phase

In the following, we focus exclusively on deriving the equilibrium configuration of the coupled magneto-
elastic system starting from the magnetic skyrmion lattice phase. To exploit the periodic nature of this
state, we first express the total energy density in reciprocal space, following the same approach intro-
duced in Chapter 2. We then present the numerical solutions for both the magnetic configuration and the
corresponding displacement field u(r), obtained from the minimisation of the total free energy. These
equilibrium configurations will serve as the foundation for the next Chapter, where we investigate the

collective magnon—phonon dynamics emerging from these non-trivial coupled textures.

6.3.1 Formulation in reciprocal space

In Chapter 2, we analysed the periodic structure of the magnetic skyrmion lattice phase starting from the
Bravais lattice vector Ry,. Here, the local displacement field u(r) is modulated by the magnetic texture
through the magneto-elastic coupling. Consequently, we assume that the displacement field inherits the

same periodicity within the magnetic lattice plane, namely

u(p+Rn) =u(p). (6.21)
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6. Theory of magneto-elastic coupling

This periodicity condition further implies that the displacement field is uniform along the out-of-plane
direction, i.e., d;u(r) = 0, where Z denotes the axis perpendicular to the skyrmion lattice plane. Eq. (6.21)

allows us to express the displacement field as a Fourier series over the reciprocal lattice vectors Gy:
u(p) =Y u(Gy)e? . (6.22)
Gy

The Fourier coefficients u(Gy) are obtained by integrating over the magnetic unit cell,

1

u(Gy) = i / C“(P)f"”'G"dm (6.23)

where AP' denotes the area of the primitive magnetic unit cell.

Lattice distortion

In the absence of magneto-elastic coupling, the magnetic skyrmion lattice is assumed to form a perfect
hexagonal structure. Its Bravais lattice vectors are given in Eq. (2.49), defined in terms of the hexagonal
covariant basis g; given in Eq. (2.50). When the magneto-elastic coupling is introduced, however, the dis-
placement field u(r) deforms the underlying atomic lattice. Consequently, the magnetic skyrmion lattice
undergoes a corresponding distortion. To account for this effect, we generalize the original hexagonal

basis by introducing two additional degrees of freedom that parametrize its deformation:

cos <%+%> cos (%+%> 0
g = | —sin (% + %) , & =mn/] sin (% + %) , g&=1|0]. (6.24)
0 0 1

Here, the parameter ¢ quantifies the change in the relative angle between the in-plane basis vectors g;
and g, while 1) describes an oblique distortion of the lattice. However, this parametrization alone does
not account for the overall in-plane rotation of the skyrmion lattice relative to the crystallographic axes.
Since magnetoelastic coupling breaks rotational invariance, the magnetic lattice may reorient itself to

minimize the total free energy. To describe this effect, we introduce an in-plane rotation matrix

cos® —sinf O
Ro=|sin® cos® 0], (6.25)
0 0 1

where 6 denotes the rotation angle of the magnetic lattice with respect to the crystal axes. The distorted

Bravais lattice vectors can therefore be expressed as

Ry, = ask Ry <n1g1 +n2g2> , = (l’l] ,I’lz) ceXxZ. (6.26)
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The area of the primitive unit cell now depends on the distortion parameters 1) and ¢, and is given by

1
ame = 1n \/2+c05(20) + V3sin(2) 6.27)
Naturally, the reciprocal lattice vectors deform correspondingly. They can be written as

2
Gy = T Ry (V1g1 +V282> , withv=(v;,n) e ZxZ, (6.28)
askL

where g are the contravariant basis vectors dual to g;, defined such that g'-g; = & j’ Explicitly, they read

sin (%+%) | sin (%Jr%) 0
g =7|—cos(2+9) | gzzyﬁ cos(2+4) | &=o]. (6.29)
0 0 1
with prefactor
1

y= (6.30)

2cos (% + %) sin (% + %)

Energy density

The reciprocal-space formulation of the dimensionless free energy density per unit cell is obtained by
substituting the Fourier expansion of the magnetisation and displacement fields into the total free en-
ergy functional [Eq. (6.19)]. The magnetic contribution was previously derived in Eq. (2.56). In the
present case, however, the reciprocal lattice vectors Gy now incorporate the additional degrees of free-
dom {n, ¢, 6} that characterize the distortion of the skyrmion lattice, as introduced in Eq. (6.28). The

elastic contribution to the total energy density can be expressed as

e 1 1
= ZFE;iCijEx+ = ) (Gv)ij(Gv)Cijii (Gv)rui(—Gv), (6.31)
px/y 27 2§ ! !

where we have omitted the tilde notation introduced in Eq. (6.20) for the sake of readability. The first term
represents the homogeneous elastic energy, which depends on the macroscopic strain tensor E;;, while
the second term accounts for the periodic elastic modulations in reciprocal space, expressed through the

Fourier amplitudes of the displacement field u;(Gy ).

The magneto-elastic contribution presented in Eq. (6.11) takes the form

Emec .
D2/J = ZEijkijklmk(—Gv)ml(Gv) —1 Z (GV —I—Gn)iuj(—Gv — Gn)lijklmk(Gv)ml(Gn) . (632)
Gy Gy,Gy
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We present here also the chiral magneto-elastic coupling, introduced in Eq. (6.12), which be expressed

in reciprocal space as

ghue
mecz,chlra11 :iZE,-ju,-jklekspms(—Gv)(Gv)jmp(Gv) (6.33)
D) &

+ Y (Gy+Gp)itj(—Gy — Gp) ijuirspms(Gy) (Gy)imp(Gy).
Gv.Gn

Numerical minimisation

In Chapter 2, we introduced the numerical procedure for minimizing the magnetic energy density by
applying a cutoff A in reciprocal space, such that only modes with |Gy| < A were retained. The number
of independent Fourier components, and therefore the dimensionality of the variational problem, was
directly determined by this cutoff. In the present case, the introduction of magneto-elastic coupling
significantly increases the number of degrees of freedom in the system. In addition to the magnetic
Fourier components m(Gy ), we now include the Fourier amplitudes of the displacement field

T
u(Gy) = <u;(cv) it (Gy), 1 (Gy) + it (Gy), 1(Gy) + iug(Gv)> , (6.34)

together with the global strain tensor E;; and the lattice distortion parameters {1, ¢, 6 }. Consequently,
the system’s configuration space becomes substantially larger, leading to a higher-dimensional optimiza-

tion problem.

We can reduce the number of independent components by exploiting additional constraints for the mag-
netic and displacement field. In particular, both these field are real-valued in real space, thus their Fourier
components must satisfy
m(—Gy) =m(Gy)" 635)
u(—Gy) =u(Gy)"
This condition ensures that only half of the Fourier coefficients are independent, effectively reducing the
computational complexity. In Chapter 2, we further simplified the magnetic problem by imposing in-
plane inversion symmetry on the skyrmion lattice, namely m, ,(—p) = —my,(p) and m (—p) = m (p).
However, when the magneto-elastic coupling is included, the lattice distortion breaks the in-plane inver-
sion symmetry, leading to an asymmetric deformation of both the magnetic and elastic textures. There-

fore, this simplification is no longer valid in this case.

Magnetic lattice orientation

Up to this point, we have not explicitly distinguished between the Cartesian axes {X, §, 2} used in our for-
mulation and the crystallographic directions of the underlying lattice. In general, however, the magneto-

elastic coupling breaks the rotational invariance of the isotropic chiral magnet free energy functional. As
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6.3. Skyrmion lattice phase

a result, the orientation of the magnetic lattice relative to the crystal axes becomes relevant. In the fol-
lowing, we assume that the magnetic lattice always lies in the plane orthogonal to the applied magnetic
field. This approximation is well justified for standard cubic chiral magnets, where magnetocrystalline

anisotropies typically induce only small tilts on the order of a few degrees of the skyrmion plane [82].

When the magnetic field poH is applied along one of the principal crystallographic directions, for exam-
ple H || [001], the skyrmion lattice lies in the xy-plane, which corresponds to the [100] and [010] crystal
directions for 8 = 0. In this case, the total free energy can be minimised with respect to the angle 8,
which determines the in-plane relative orientation between the skyrmion lattice vectors, described in
Cartesian coordinates, and the crystallographic axis. Therefore, the energy density formulation and re-
ciprocal lattice definitions presented so far remain valid in this situation. However, when the magnetic
field is tilted away from the principal crystallographic axes, we must account for the mismatch between
the magnetic and crystallographic coordinate systems. Our goal is to preserve the previously derived ex-
pressions for the reciprocal lattice basis [Eq. (6.29)] and for the energy density per unit cell. To achieve
this, we define the Z-axis of our working frame as the direction of the applied magnetic field, so that the

skyrmion lattice always remains confined to the corresponding xy-plane.

While this convention simplifies the treatment of the magnetic structure, it introduces a subtlety: the stiff-
ness and magneto-elastic coupling tensors, C;ji; and A; i, are originally defined in the crystallographic
coordinate system, where the indices i = 1,2,3 correspond to the [100], [010], and [001] directions,
respectively. Consequently, the tensor components must be rotated into the frame associated with the

skyrmion lattice. This is achieved through a fourth-rank tensor transformation rule:
Vit = RinRjmRiesRip Tonnsp » (6.36)

where T; i, represents a generic rank-4 tensor in the crystallographic frame, and R is the rotation matrix
that aligns the crystal axes with the new Cartesian frame defined by the magnetic field and lattice plane.
This transformation also clarifies the notion of an isotropic tensor, as introduced previously. A tensor is
isotropic if it remains invariant under any arbitrary rotation, i.e., if Ti’jkl = T;jiy for all R. In the case of
a cubic crystal, this condition is satisfied when the stiffness and coupling tensor components obey the

proportionality relations
1
Cll—C12=2C44 and 111—§A+:2l44, )L,ZO, (6.37)

respectively.
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Figure 6.1.: Equilibrium configuration for isotropic magneto-elastic coupling. (a-b) Real-space equilibrium
configuration of the magnetisation and displacement field, respectively. The colour indicates the out-of-plane
component, parallel to the applied magnetic field, while arrows denote the in-plane directions. (c) Real-space
elastic deformation magnitude, which becomes maximal at the skyrmions edge where the magnetisation varies
most rapidly in space. The black hexagons denote the Wigner—Seitz cell, whose size is given by the skyrmion
lattice constant agyy . The configurations are calculated for H = 0.5H; and &,,; = 0.88.

6.3.2 Equilibrium configurations

Figure 6.1 illustrates the equilibrium configuration for the fully isotropic case, corresponding to the ten-
sor components defined in Eq. (6.37). In the small magneto-elastic coupling regime, the distortion of
the magnetic lattice is minimal, so the resulting skyrmion lattice closely resembles the configuration
discussed in Chapter 1. The out-of-plane component of the displacement field exhibits a sixfold sym-
metry within the magnetic unit cell. This pattern directly reflects the underlying hexagonal symmetry of
the skyrmion lattice, which dominates when both the stiffness and magneto-elastic coupling tensors are

isotropic.

Fig 6.1c shows the real-space displacement magnitude |u.q(r)|, which remains rotationally invariant
within the unit cell due to the isotropic structure of the coupling tensor. The deformation vanishes in
regions where the magnetization meq(r) is perpendicular to the lattice plane. This occurs at the center
and edges of each magnetic unit cell, where the magnetization is aligned antiparallel and parallel to
the external magnetic field, respectively. In contrast, the deformation reaches its maximum along the
skyrmion edge, where the magnetization direction varies most rapidly in space. In this fully isotropic
configuration, the primary effect of the magneto-elastic coupling is a local contraction of the crystal

lattice toward each skyrmion core.

Elastic deformation

In this Section, we present the equilibrium configurations obtained in the limit of weak magneto-elastic

coupling for a cubic chiral magnet. To establish a quantitative comparison, we employ here the experi-
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mental parameters corresponding to a bulk sample of Cu,OSeO3, which will be further investigated in

Chapter 8. The elastic parameters read [114]
Ci1 =77GPa Cj; =25GPa Cy4 =31GPa, (6.38)

where Cgp denote the independent components of the cubic stiffness tensor in Voigt notation. For
the magneto-elastic coupling tensor, we analyse three representative cases based on the discussion pre-
sented in Section 6.2.1. In particular, we consider: A;; = 3412 = 3412 = 3444 (isotropic), A1 = 3412 =
—3A12 = 344 (chiral), and A;; = 3112 = 3112 = 1.2A44 (anisotropic). It is worth noticing that the chi-
ral example represents an extreme case where A_ = 21, and A, = 0, which is chosen here in order to
maximise the effects of chirality in the system. Moreover, this coupling tensor violates the condition
A1 — A+ /2 = 2244, hence introducing cubic anisotropy in the system. Here, we are interested in the
regime of small magneto-elastic coupling, where the induced lattice deformations are weak and do not
significantly modify the magnetic equilibrium texture. For this reason, we restrict the following discus-
sion to the resulting displacement field configurations. Figure 6.2 shows the equilibrium configurations
of the displacement field for two different orientations of the applied magnetic field: along a principal

crystallographic axis (top rows) and along the cubic diagonal, H || [111] (bottom rows).

For the isotropic magneto-elastic tensor with H || [001], the displacement field closely resembles the
configuration discussed previously. However, when the symmetry of the coupling tensor is lowered, the
equilibrium configuration becomes more intricate. In particular, the total deformation magnitude [ueq(r)|
acquires a two-fold symmetry within the magnetic unit cell. This behaviour reflects the underlying sym-
metry of the cubic crystal in the plane perpendicular to the applied field. In this geometry, the skyrmion
lattice lies in a plane containing two principal crystallographic axes, and the corresponding anisotropy in
the magneto-elastic coupling selectively enhances certain deformation channels over others. As a conse-
quence, the continuous rotational symmetry present in the isotropic case is explicitly broken, giving rise

to the observed two-fold pattern.

When the magnetic field is applied along the cubic diagonal, H || [111], both the stiffness and coupling
tensors must be rotated according to Eq. (6.36). The corresponding rotation matrix is obtained by first

rotating by 7 /4 around the Z-axis, followed by a rotation by arccos(1/+/3) around the new y-axis:

1 -1 2
R=R, <arccos (1/\@)) R, (g) = \% V3 V3 0 |, (6.39)
Viva v

where R;(0) denotes a rotation by an angle 6 about the j-axis. For the isotropic magneto-elastic tensor,

the total deformation strength remains rotationally invariant within the magnetic unit cell. Nevertheless,
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Figure 6.2.: Displacement field configurations. The figure shows different equilibrium configurations of the
displacement field corresponding to H || [001] (top 6 panels) and H || [111] (bottom 6 panels). The three columns
correspond to isotropic, chiral and anisotropic coupling tensor, respectively. The black hexagons denote the
Wigner—Seitz cell, whose orientation is determined by the angle 6. The configurations are calculated for H =
0.5H,; and &g = 0.88. The magneto-elastic coupling strength is set by A;; = 0.22 MPa, which value is compatible
with the high-temperature skyrmion lattice in Cu,0SeOs for T < T, = 57 K (see Chapter 8).
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the out-of-plane component of the displacement field u.q(r) now exhibits a distinct three-fold symmetry.
The same feature is also observed for the chiral and anisotropic coupling tensors, highlighting that the
symmetry of the deformation is now governed by the projection of the cubic lattice onto the plane per-
pendicular to the [111] direction. In this orientation, the underlying crystal exhibits a three-fold rotational
symmetry, which is imprinted onto the equilibrium deformation pattern through the magneto-elastic in-

teraction.

Physically, this behaviour can be interpreted as the selection of symmetry-allowed coupling channels
between the magnetic and elastic subsystems. The orientation of the magnetic field determines the
skyrmion lattice plane, while the crystal anisotropy constrains the form of the elastic response. Depend-
ing on the relative alignment between these two symmetry frameworks, the magneto-elastic coupling
can either preserve or break rotational invariance, leading to distinct deformation textures such as the
two-fold or three-fold patterns observed here. In other words, the symmetry of both the stiffness and
magneto-elastic tensors plays a decisive role in shaping the local equilibrium displacement field within
the magnetic unit cell. The observed deformation patterns reflect how crystal anisotropy and magnetic
order intertwine to define the symmetry and magnitude of the magneto-elastic response. In the follow-
ing Chapter, we present a unified theoretical formulation to describe the collective excitation dynamics

emerging on top of these equilibrium configurations.
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g4 Collective magneto-elastic dynamics in

the skyrmion lattice phase

In this Chapter, we investigate the collective magneto-elastic excitations emerging in the skyrmion lattice
phase of chiral magnets. Our aim is to establish a unified theoretical framework describing the interplay

between spin dynamics and elastic deformations mediated by magneto-elastic coupling.

We derive a linearized theory for the coupled dynamics by combining the Landau-Lifshitz equation for
the magnetization with the elastic wave equation for the lattice displacement field. Both are obtained
self-consistently from the complete free energy functional developed in the previous Chapter, which in-
cludes magnetic, elastic, and magneto-elastic contributions. Linearization around the skyrmion lattice
equilibrium configuration then allows us to study the collective excitation spectrum of the coupled sys-

tem.

This framework enables us to explore the hybrid excitation modes that arise from the coupling mecha-
nism. In particular, we analyse the role of symmetries within the magneto-elastic coupling tensor A; i,
which impose specific selection rules governing the interaction between magnetic and elastic modes. Fi-
nally, we demonstrate that this coupling can give rise to non-reciprocal propagation of acoustic phonons

along the magnetic skyrmion tubes.

7.1 Phonon dynamics

To describe the propagation of elastic waves in the presence of magneto-elastic coupling, we begin by
formulating the equation of motion for the displacement field u(r,7). Any time-dependent deformation

of the crystal lattice carries a kinetic energy contribution, given by [139]

fz/dr;po(&u(r,t))z, (7.1)
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where pg denotes the mass density of the crystal. The corresponding Lagrangian functional of the elastic

medium is then

1 2
L = 9_§ela = E/dl‘ |:p0 (B,u(r,t)) —eij(r,t)C,-jklekl(r,t)} , (7.2)

where the time dependent strain tensor reads

&;j(r,t) = E;j+ % <3iu./(f7f) + a;uz-(m) : (7.3)

The total displacement field can be decomposed into an equilibrium contribution and a small time-
dependent deviation,

u(r,z) = ueqy(r) + du(r,z), (7.4)

where ueq (1) represents the static distortion induced by magneto-elastic coupling, and Su(r,) describes
the dynamic lattice vibration around equilibrium. It is worth noticing that the time-dependent contribu-
tion is not necessarily small compared to the equilibrium configuration. In fact, ueq(r) vanishes in the
limit of zero magneto-elastic coupling, while dynamical perturbations are still allowed. In this context,
Jou must remain small enough for the linear approximation to hold, i.e., quadratic terms in the strain

tensor definition [Eq. (6.5)] can be neglected.

Applying Hamilton’s principle to the Lagrangian (7.2) yields the linearized equation of motion for the

elastic displacement:
_ 0.7, ela

6”,'

This equation describes the propagation of small-amplitude elastic waves in an anisotropic medium char-

po8,2u,-(r,t) = = Cijk18j8k6ul(r,t) . (7.5

acterized by the tensor C;ji;. To analyse these excitations in reciprocal space, we perform a space-time

Fourier transform:

dk do ;
Su(r,1) — / WESu(k)e’(k‘r’“”), (7.6)

with amplitudes determined by
Su(k) = / drdt Su(r,t)e~kr=on) (7.7)
Substituting this form into the equation of motion gives the elastic wave equation in reciprocal space,
po®*Su(k) = D(k)Su(k) (7.8)

where Dj; (k) = C;jiik jki is known as the dynamical matrix. Its eigenvalues determine the allowed phonon
frequencies w(k), while the eigenvectors describe the corresponding polarization modes of lattice vibra-

tions.
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7.2 Unified magneto-elastic dynamics

The collective dynamics of the coupled magneto-elastic system arise from the simultaneous time evolu-
tion of the magnetic and elastic subsystems. These two degrees of freedom are described, respectively,
by the Landau-Lifshitz equation for the magnetization dynamics and by the elastic wave equation for

the displacement field. Combining the two yields a unified description of the coupled system:

om = Lm x %
S (7.9)
pOatzu = _%

where .7 is the total free energy functional introduced in Eq. (6.19), which includes the magnetic, elastic,
and magneto-elastic coupling contributions. To study the collective excitations, we express the dynamical

variables in frequency space, where Eq. (7.9) becomes

X 57
5T ’

w*ppdu = %

The two equations differ in the order of time derivatives: the magnetic subsystem is first order in time ac-

cording to the processional motion of magnetic moments, while the elastic subsystem is second order due

to its inertial character. Consequently, the frequency ® enters the problem with different powers, com-

plicating the formulation of a unified eigenvalue problem. To overcome this, we introduce an auxiliary
field 6& defined by

wdu = wyd§, (7.11)

where @y is an arbitrary scaling frequency to be fixed later. Physically, & is proportional to the velocity
field of the lattice displacements. Substituting this definition, Eq. (7.10) can be rewritten as a set of

first-order equations:

N 8T

®wom = zﬁ“smx Sor

owdéu = o€ . (7.12)
_ 1 67

This transformation recasts the coupled magneto-elastic problem into a linear eigenvalue system in @,

suitable for numerical and analytical analysis of the hybridized excitation spectrum.
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7.2.1 Linearisation

To study small oscillations around the equilibrium configuration, we expand the total free energy func-

tional to second order in the small deviations ém and Su:

8.7 m,u] 8.7 m,u] 1. 6°%[m,uy]
ﬂ\[m,u] zﬁ[meq,ueq] + 67}'}11 5m,~ + T 61/11‘ + 557’”1W 5m]
Meq,Ueq Meq,Ueq Meq,Ueq
1. 82F[m,u 1. &F[m,ul
—Ouj————— ouj+ —0mi———_—— ou;j. 7.13
+ 2 i 61/1,'51/!1' “ + 2 i 5m55uj “i ( )
Meq,Ueq Meq,Ueq

The linear terms vanish because the equilibrium configuration is obtained from the mean-field theory
as the solution that minimises the free energy functional. Substituting this expansion into the linearized

equations of motion yields the compact matrix form:

2 g 2
dm imegx 0 0 % 5‘;‘5; 2& fm?u 0 dm
o du|= 0 I 0 0 ool éu |, (7.14)
1827 187
65 0 0 I 2ppay Sudm  pywy Sudu 0 65

where the factor 1/2 in the off-diagonal contributions comes from the linear expansion of the free energy
density. The next step consists of deriving a dimensionless formulation for this expression. First of

all, the problem contains a natural energy scale set by the ratio D?/J, which defines the characteristic

frequency @ = % DT, introduced in Chapter 3. Moreover, we introduce the dimensionless quantities
u 0
u=— and 8& = —5, (7.15)
askL askL

where agyr, provides the natural length scale within the skyrmion lattice phase. The resulting dimension-

less equation of motion reads:

o om mggx 0 0 Sﬁfm 3 5‘3;‘;’1, 0 om
hadl |l = J /
o | OV 0 Toff o 0 mmt || 8] (7.16)
1 87 827
65 0 01 2 5u'ém ou'ou’ 0 65

Y
MsaékL Po

where we set @y = This compact dimensionless formulation establishes the eigenvalue prob-
lem for the collective magneto-elastic excitations. The corresponding eigenfrequencies describe the
hybridized magnon—phonon modes, while the eigenvectors encode the relative magnetic and elastic char-

acter of each excitation. A detailed discussion of these hybrid modes is presented later in this Section.
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7.2. Unified magneto-elastic dynamics

7.2.2 Excitations in the SKL phase

In order to determine the excitation spectrum in the magnetic skyrmion lattice phase, we follow a proce-
dure analogous to that presented in Section 3.3.1 for the pure magnetic case. The coupled magneto-elastic
system retains the periodicity of the distorted magnetic lattice. Consequently, Bloch’s theorem applies,
and the excitation frequencies satisfy

o(k+Q) = o(k), (7.17)

for any reciprocal lattice vector Q = Gy . Itis convenient to decompose the total wavevector as k =Q+q,
where q lies within the first Brillouin zone of the magnetic lattice. This allows us to label the excitation

amplitudes by their reciprocal lattice index,

sm(k) = dmo(q), Su(k) = Sug(q), SE(K) = 5&¢(q). (7.18)

For the sake of readability, in what follows we omit the primes on the displacement and velocity fields,

even though they remain dimensionless quantities.

We now analyse the individual Hessian contributions entering the collective equation of motion (7.16).
Recall that the magneto-elastic coupling in the total free energy is quadratic in the magnetization and
linear in the displacement field, so the mixed derivatives naturally connect the two subsystems. The

purely magnetic contribution reads

523? 629}“3% / . /
5m,(_k) Smi (k/) - 5ml(—k)5mf (k/) + 5((] —q ) |:6Q’Q/Eklﬁ-klij +1 <Q - Q )kuQ_Q/’lA]dij]
€q eq
= (xo’l)ij (@)8(q—q), (7.19)
QQ

where the the first term corresponds to the magnetic Hessian derived in Eq. (3.41). The notation ug =
ey (Q) refers to the Fourier components of the equilibrium displacement field. Even though this term
originates from the magnetic sector, it already includes corrections due to the magneto-elastic coupling,
reflecting the feedback of the lattice distortion on the magnetic stiffness. The purely elastic contribution

has the standard form

87 | S(q—q)Dig(a) (1.20)
Su(—k)sw)| — 29TV e\ ‘
eq
where the matrix
Dior(a) = 80,0 Cij(Q+4a) (Q+a), (7.21)
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7. Collective magneto-elastic dynamics in the skyrmion lattice phase

plays the role of a dynamical matrix for the phonon modes, analogous to the one obtained in the derivation
of the elastic wave dispersion. Finally, the off-diagonal contribution associated with the magneto-elastic

coupling energy density reads

57
Smi(—K)oui (K

€q

= —2i5(q—q) (Q + q) Jikjmo-qi = (ymec)gQ/ ()6(q—q'). (7.22)

This term explicitly couples the phonon wavevector k to the spatially modulated magnetization through

the magneto-elastic tensor A ;. Its Hermitian conjugate provides the reverse coupling:

.
527 82T
Sul(—K)omi(K)| | Smi(—Kk)ou (K) ' (7:23)

€q €q

All the above contributions can now be inserted into the collective magneto-elastic equation of motion
(7.16). In the numerical implementation, a momentum cutoff is applied in order to determine a finite
subset of Fourier components. Therefore, the operator (meqX ) is replaced by (meqx )", representing its
projection onto the dynamical subspace as defined in Eq. (3.49). The resulting eigenvalue problem for

the coupled magneto-elastic excitations takes the compact form

o [5ma(@ i(megx)” 0 0\ [ % '(@) 3Fmec(@) O Sme(q)
o, | Fte(@ | = 0 10 0 0 maT|| duaa) [, (724
JPCY 0 0 I \37@ D) 0 884 ()

where the index o labels the excitation modes. Here, we omitted the implicit contraction of all the
reciprocal lattice vectors, as well as the matrix indices. The resulting resonance frequencies @y (q)

define the hybrid magnon—phonon band structure within the skyrmion lattice phase.

Eigenmodes
The eigenfunctions obtained from the collective equation of motion (7.24) describe the full set of excita-
tion modes in the skyrmion lattice phase. Each eigenmode is represented by a vector that contains both

the magnetic and elastic components of the excitation,

omyg (q)
va(q) = | Suq(q) |, (7.25)

684(q)

where the index o labels the mode and q is the wavevector within the first Brillouin zone. In principle,
each eigenvector v, (q) contains 3 X 3 x N independent components, where N is the number of points

composing the reciprocal space. However, the displacement du and velocity 6§ components are not

110



7.3. Spectrum

independent, due to the trivial relationship between them. Consequently, the physically relevant infor-

mation is contained in a reduced subspace of the full vector.

Because the eigenmodes describe coupled magneto-elastic excitations, their orthogonality condition
must properly account for both the magnetic and elastic contributions. The magnon part follows the
Bogoliubov—de Gennes orthogonality relation defined in Eq. (3.55), reflecting the non-Hermitian struc-
ture of the Landau-Lifshitz dynamics. In contrast, the phonon part satisfies the standard Euclidean
orthogonality condition associated with real, Hermitian wave equations. To combine these two subparts

consistently, we define the collective scalar product as

smi(q)) [ (i(megx)?)™" 0 0\ [6mp(q)
Sul,(q) 0 I 0 Sug(q) :fo(q)@vﬁ(q)zo for a#pB, (7.26)
5 (q) 0 0 1) \8&4(q)

where the matrix &7 defines the appropriate metric for the hybrid excitations space. Based on this scalar

product, the normalisation of each eigenmode is defined as

V(@) & ——va(q) With ng = v} (q) Pva(q), (7.27)

1
V1o
which ensures a consistent amplitude definition across all magneto-elastic excitation modes.

In the limit of vanishing magneto-elastic coupling, the system supports two independent types of ex-
citations: magnons, with nonzero magnetic components dmg, and vanishing elastic part; and phonons,
characterised solely by duy and 6&,. In this regime, each eigenfunction is purely of one type, and
the hybrid nature disappears. However, when the magneto-elastic coupling is finite, these two branches
hybridise, resulting in modes that carry both magnetic and elastic character. The degree of this hybridis-
ation depends strongly on the wavevector and on the details of the coupling tensor 4; ;. In the following
Section, we analyse these normalised eigenvectors to determine the dominant character of each excita-
tion and to identify the regions in reciprocal space where the magnon—phonon hybridisation becomes

most pronounced.

7.3 Spectrum

In this Section, we analyse the low-energy excitation spectrum of the skyrmion lattice phase in the pres-
ence of magneto-elastic coupling. These collective excitations in the system are characterised by two
distinct energy scales. On one hand, the magnons are typically described by a characteristic frequency
scale @y, which is set by the strength of magnetic interactions. In contract, the acoustic phonon modes

are determined by the elastic stiffness tensor and the crystal mass density, as expressed in Eq. (7.8). Typ-
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7. Collective magneto-elastic dynamics in the skyrmion lattice phase

ically, these energy scales differ by order of magnitudes in standard chiral magnets, as as explained in

the previous Chapter.

To establish a quantitative comparison, we employ here the experimental parameters corresponding to

Cuy0Se03 [114]
C11 =7IGPa C12=25GPa C44 =31GPa pg = 5.05g/cm3, (7.28)

which will be further investigated in Chapter 8. Our main objective here is to characterise the hybridisa-
tion features that emerge in noncentrosymmetric cubic magnets, particularly the selection rules govern-
ing the coupling between magnon and phonon excitations. These features are primarily dictated by the
symmetries of the magneto-elastic coupling tensor. For this tensor, however, direct experimental deter-
minations of its components are not available. In the next Chapter, we will extract an effective estimate
by fitting the measured phonon phase velocities. Typical values of the coupling coefficients A4p lie in

the range of a few hundred kilopascals to several tens of megapascals.

7.3.1 Zero magneto-elastic coupling

Fig. 7.1 shows the excitation spectra in the absence of magneto-elastic coupling. In this case, the low-
energy excitations consist of the magnon modes already presented in Chapter 3 and the acoustic phonon
branches. As expected from their distinct physical origins, the elastic waves exhibit a much steeper
dispersion: their energy increases rapidly with wavevector magnitude. Since the magnetic and elastic
subsystems are decoupled, no signatures of hybridisation are observed in this case. The linear dispersion

of these acoustic modes,

Wph < Vphlql, (7.29)

stems from the fact that their restoring force is elastic and proportional to the gradient of the displace-
ment field. This contrasts with magnon excitations, whose dynamics are governed by the spin precession,

leading to a quadratic low-energy dispersion in the long-wavelength limit.

The phonon branches can be identified from their corresponding eigenfunctions. These excitations orig-
inate from the spontaneous breaking of continuous translational symmetry in the crystal. When atoms
condense into a periodic lattice, the continuous translational invariance of space is reduced to a discrete
subgroup. According to Goldstone’s theorem, each spontaneously broken continuous symmetry gives
rise to a gapless collective mode. Consequently, the crystal hosts three acoustic phonon modes, corre-
sponding to translations along the three spatial directions. These modes have zero energy at the Brillouin
zone center k = 0, reflecting their Goldstone nature. Physically, these modes represent coherent oscil-
lations of the lattice displacement field du. One of them corresponds to displacements parallel to the

propagation direction and is known as the longitudinal acoustic (LA) mode. The other two correspond
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Figure 7.1.: Excitation spectra in the absence of magneto-elastic coupling. Collective mode dispersions calcu-
lated without magneto-elastic coupling for wavevectors parallel to the applied magnetic field, k| H, at H = 0.5H,
and &;,s = 0.88. The acoustic phonon branches (red) exhibit linear dispersion, with one longitudinal (LA) and two
degenerate transverse (TA) modes, the latter displaying a smaller group velocity. The blue and gray lines indicate
the low-energy magnon excitations of the skyrmion lattice. The magnon branches shown in blue correspond to
the modes that will hybridise with the acoustic phonons once magneto-elastic coupling is introduced.

to displacements perpendicular to the propagation direction and form two degenerate transverse acoustic
(TA) modes. These are homogeneous solutions of the collective equations of motion, such that the cor-

responding eigenfunctions are non-zero only for Sug-o(q).

Each phonon branch is associated with a polarisation vector. For the longitudinal mode, the polarisation

reads

LA LA ® D%agy; po ?
P =odug@\ I+ o) = (7.30)

- O O

where Su denotes the phonon component of the normalised eigenvector, while the square-root prefactor
accounts for the trivial contribution from the auxiliary velocity field. In the absence of coupling, the two

TA modes are degenerate and can be represented by any pair of orthogonal unit vectors in the xy-plane.
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Figure 7.2.: Hybridisation with dipole modes. Hybridisation gaps opening between (a) the counterclockwise
(CCW) magnon mode and the left-handed circularly (LHC) polarised transverse phonon, (b) the clockwise (CW)
magnon mode and the right-handed circularly (RHC) polarised transverse phonon, and (c) the breathing (BR)
mode and the longitudinal (LA) phonon. The results are calculated for isotropic magneto-elastic coupling with
A11 = 0.22 MPa and k || H|| [001]. Panels (d)—(f) show the corresponding phonon polarisation weight, defined in
Eq. (7.32), which quantifies how the phonon character is continuously transferred between excitation branches
within the hybridisation regime.

A particularly convenient basis, especially once magneto-elastic coupling is included, is that of circularly

polarised phonons, defined as
1

1
PriL= 75 |+ | -

31
7 (7.31)
0

where pi* and pEA denotes the right- and left-handed circularly polarised state, respectively.

7.3.2 Hybridisation with dipole modes

Once the magneto-elastic coupling is turned on, hybridisation gaps may open between different magnon
and phonon branches. Figures 7.2a—c show the characteristic anti-crossing behaviour between the three
acoustic phonon modes and the dipolar magnon excitations. The results are calculated for the isotropic
magneto-elastic coupling with A;; = 0.22 MPa and H || [001]. The corresponding equilibrium config-
uration of the displacement field is displayed in Fig. 6.2a and d. Figure 7.2a and b show how the
magneto-elastic coupling lifts the degeneracy of the two transverse acoustic phonon modes. In particu-
lar, away from the crossing regions, the transverse mode solutions correspond to right- and left-handed
circularly polarised phonons, whose polarisation can be expressed as in Eq. (7.31). The figure does not
include calculations for negative wavevectors, where the coupling effects are analogous. However, due
to the intrinsic non-reciprocity of the magnon modes in chiral magnets, the acoustic phonon branches

acquire a similar feature. This is known as phonon magneto-chiral effect, which arises due to the simul-
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taneous mirror and time-reversal symmetry breaking. This phenomena has already been observed for
photons [145-149], electrons [150-153] and magnons [154—156]. Moreover, the magneto-chiral effect
has also been observed for phonon excitations in the form of non-reciprocal propagation of surface-

acoustic waves [157, 158] and, more recently, acoustic waves in bulk media [142, 159].

In the hybridisation region, however, the eigenmodes no longer represent purely elastic or magnetic
excitations. Each mode acquires mixed character, containing both phononic and magnonic components.
To quantify this mixing, we identify the homogeneous elastic polarisation ug—g associated with each

collective excitation, and evaluate its projection onto a chosen polarisation basis. This is illustrated in

o D2d? 2
\/1+ (G)ZS;‘LPO> : (7.32)
C

where p% denotes either the longitudinal or one of the two circular polarisations directions. This analysis

Fig. 7.2d-f, where we plot the polarisation weight

P% = 5“(3:0(‘1) p”

reveals a clear mode selectivity: the left-handed circularly polarised transverse phonon couples to the
counterclockwise magnon mode, the longitudinal phonon to the breathing mode, and the right-handed

circularly polarised transverse phonon to the clockwise mode.

The origin of this mode selectivity can be directly understood from the collective excitation dynamics
[Eq. (7.24)]. Since the relevant coupling occurs at small wavevectors, i.e., for |k| < ksk., we can expand
the off-diagonal magneto-elastic term around Q = 0. For small q along the magnetic field direction, one

obtains

5”6:0(%) o< QZliZijéq7Q:06m6:0 (g2)- (7.33)

The right-hand side is nonzero only for the magnetic dipole modes, as discussed in Chapter 3. Fur-
thermore, the symmetry of the isotropic coupling tensor ensures that i = j, which naturally explains the

selection rules observed in Fig. 7.2.

This selective hybridisation mechanism is quite general. We find similar behaviour in all configurations
where the magneto-elastic coupling preserves the same symmetry. In particular, the same selection rules
apply to cubic materials whenever the magnetic field is applied along the principal crystallographic axes

for a generic coupling tensor, or in the isotropic coupling case for any field direction.
Finally, since the coupled excitations involve non-reciprocal magnon modes, the hybridised phonon

branches inherit their non-reciprocity. This effect, which will be examined in more detail in the next

Chapter implies that the propagation velocity of sound waves becomes direction-dependent with respect
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Figure 7.3.: Hybridisation with quadrupolar mode. Hybridisation gap opening between the quadrupole-1
magnon mode and the LHC polarised phonon branch at (a) negative and (b) positive wavevectors, respec-
tively. The results are calculated for the anisotropic magneto-elastic coupling tensor with A;; = 0.22 MPa and
k| H|| [001]. Panels (c) and (d) show the corresponding phonon polarisation weight, defined in Eq. (7.32), which
quantifies how the phonon character is continuously transferred between the two excitation branches.

to the applied magnetic field. Such behaviour provides a direct manifestation of the magneto-elastic

coupling in chiral magnets and offers a mechanism to control acoustic transport via magnetic fields.

7.3.3 Hpybridisation with quadrupole mode

Upon lowering the system symmetry, we enable the coupling between additional magneto-elastic excita-
tions. Here, we consider the anisotropic coupling tensor with A;; = 3412 = 3451 = 1.2A44 = 0.22 MPa,
and magnetic field applied along the cubic diagonal H || [111]. The corresponding equilibrium config-
uration for the displacement field is shown in Fig. 6.2i and 1. Fig. 7.3a and b show the anti-crossing
behaviour between the LHC polarised transversal phonon and the quadrupole-1 magnon mode at neg-
ative and positive wavevectors, respectively. This coupling is allowed by the lowered symmetry of the
magneto-elastic tensor. However, the overall symmetry of the system still prevents coupling with magnon
modes with higher multipolar character, such as the sextupole-1 excitation. The coupling with the dipole
magnon modes at higher frequency is still preserved, and it is usually characterised by larger energy gaps.
The comparison between Fig. 7.3a and b illustrates how magneto-elastic coupling induces non-reciprocal

phonon propagation in the system. Fig. 7.3c and d show the projection of the phonon polarisation onto
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the LHC polarised basis. Similar selection rules are obtained for the chiral coupling tensor and magnetic

field applied along the cubic diagonal.
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Non-reciprocal phonon propagation along

skyrmion strings

In this Chapter, we present experimental evidence of the magneto-chiral effect for bulk acoustic waves in
the skyrmion lattice phase of the noncentrosymmetric helimagnet Cu,OSeO3. The measurements were
obtained using the ultrasonic pulse-echo technique applied to a bulk sample. This technique probes vari-
ations in the phonon phase velocity by tracking how an ultrasonic pulse propagates through a magnetised
sample. Among the various magnetic phases, the skyrmion lattice exhibits the most pronounced effect,
showing a clear reconfiguration of the sound velocity and a distinct hybridisation with the quadrupole-1
magnon mode. The theoretical interpretation of these observations is based on the collective magneto-
elastic framework developed in the previous two Chapters. The experimental data presented in this part
were acquired by Dr. Naofumi Matsuyama at the Helmholtz-Zentrum Dresden-Rossendorf with the help

of Prof. Sergei Zherlitsyn and collaborators from the University of Tokyo.

In addition, we investigate the influence of magneto-elastic interactions on the incommensurate state that
emerges from the coupling between the atomic and magnetic lattices. We study the phason excitation
that emerges from the collective oscillation of the relative phase between these two spatial modulations.
In particular, we find that the phason mode acquires a gap in the presence of a magneto-elastic coupling,
which drives the incommensurate-commensurate phase transition in the system. Furthermore, we predict
a hybridisation between the acoustic phonon and the phason mode, which opens the possibility for future

experimental observation of this effect.

8.1 Ultrasonic pulse-echo measurements

Ultrasonic pulse-echo technique is a powerful experimental method capable of detecting small changes
in sound velocity in the presence of external fields. This well-established approach is described in detail
in Ref. [160]. A schematic representation of the setup is shown in Fig. 8.1. In this method, the sample

is mechanically excited by a short, polarised elastic pulse. The generated ultrasonic wave propagates
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Figure 8.1.: Ultrasonic pulse-echo setup. Schematic diagram of the experimental setup for the ultrasonic pulse-
echo measurements. The sample is excited on one side by a short, linearly polarised elastic pulse, and its echos
are detected on the opposite side. The reference channel enables the phase locking procedure by modulations of
the input frequency.

through the sample, and is reflected back and forth while gradually attenuating. Each time the wave
reaches the opposite end, a fraction of its energy is converted back into an electrical signal and compared

with a reference channel.

In the presence of magneto-elastic coupling, the propagation velocity of the sound wave is modified
due to hybridisation with different magnon modes. The energy is conserved during this process, thus the
velocity attenuation is attributed to a phase shift of the signal. However, a feedback loop can be employed
to match the phase between the signal and the reference channel by adjusting the pulse frequency. This
is known as ultrasound pulse-echo technique with constant-phase scheme. Within this framework, the

relative change of sound velocity is attributed to the change of ultrasound frequency

AV_Aa)

) (8.1
Vo Wy

where vo and @y denote the sound velocity and frequency in the absence of magneto-elastic coupling,
respectively. It is important to note that this experimental technique is sensitive to the phase velocity of
the pulse propagating through the sample. Moreover, because the feedback loop enforces phase locking,

the frequency shift Aw = <a)o(k) - a)(k)> is determined at a fixed wavevector K.

8.1.1 Experimental setup

The experiment was performed on a bulk single crystal of Cu,OSeO3; with approximate dimensions of
4mmx3mmx Imm and a mass density of py = 5.05g/cm>. The elastic constants were determined in the

absence of an external magnetic field, yielding

C11 = 77GPa C12 = 25GPa C44 =31GPa. (82)
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During the measurements, the magnetic field was applied along the cubic diagonal, H || [111], while
the elastic waves propagated along the same direction. The crystal was excited by a linearly polarised
elastic pulse, and the signal was detected along the same polarisation axis. Two configurations were in-
vestigated: longitudinal pulses, with the polarisation parallel to the propagation direction, and transverse

pulses, with linear polarisation perpendicular to the propagation direction.

The experimental setup allows precise control over the temperature, magnetic field, and excitation fre-
quency. For each measurement run, the temperature and frequency were kept constant while varying the
magnetic field. This procedure enabled exploration of the elastic response across the different magnetic
phases of Cuy0SeQOs, presented in Chapter 2. In particular, we are interested in the signature attributed
to the skyrmion lattice phase, which is stabilised for 7 < T, with T, ~ 57K, and magnetic field in the
range 20 mT< ppH <40 mT. Measurements were conducted for temperatures between 50 K and 60 K,

and for pulse frequencies between 65 MHz and 556 MHz.

When the system is excited by a transverse linearly polarised elastic pulse, the sound wave propagates
as a superposition of the two circularly polarized eigenmodes that emerge in the presence of magneto-
elastic coupling. These eigenmodes possess the same energy, h, as the incident pulse but differ in their

wavevectors. The corresponding elastic displacement field can be written as

1 . .
Su 2,t) = 7( TAel(ksza)t)_f_ TAel(ksz(ut)) 7 83
(z1) /2 Pr PL (8.3)
where pﬁ?L denote the polarisation vectors given in Eq. (7.31), kg, are the corresponding wavevectors,
and the propagation direction is taken along the cubic diagonal Z || [111]. We assume that both phonon
modes contribute equally to the total elastic wave propagating in the medium. The detected signal is

measured along the transverse direction [110], obtained by projecting du(z,¢) onto this axis. This yields

ke —k kp + k
cos( R2 Lz) sin( R;L Lz+a)t>. (8.4)

a signal proportional to

The spatial modulation given by the beating term cos ((kR —kp)z/ 2) varies negligibly over the millimetre
scale sample length. In other words, the phase difference (kg — kL )L/27 remains small in the limit of
weak magneto-elastic coupling, where L is the sample length. Consequently, the experimental setup
effectively probes only the average wavevector (kr + ki.)/2, which is the quantity that enters the phase-

locking procedure.

8.1.2 Results

Figure 8.2a presents the results for the linearly polarised transverse acoustic mode at 7 = 56 K for dif-

ferent excitation frequencies. The system’s response in the conical and field-polarised phases, i.e., for
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UoH < 20.5 mT and ypH > 38.5 mT, has been previously analysed in detail by T. Nomura ef al. in
Ref. [142]. In these magnetic phases, the phonon velocity is reduced as a result of the hybridisation be-
tween the transverse left-handed circularly polarised phonon and either the 4+Q resonance mode (in the
conical phase) or the Kittel mode (in the field-polarised configuration). These magnetic excitations are
located at around 2 GHz, therefore the effect observed here is relatively weak. This hybridisation can be
explained by the chiral magneto-elastic coupling introduced in Eq. (6.12), which induces a modulation
of the Dzyaloshinskii—-Moriya interaction by shear strain. It was shown that this contribution dominates
over the standard magneto-elastic coupling considered in this Thesis, owing to the weak spatial modu-
lations of the equilibrium magnetisation in these magnetic textures. The reduction in phonon velocity
becomes most pronounced near the phase transition at yygHg, ~ 62.5 mT. The enhanced attenuation in
this region can be traced back to the field dependence of the +Q mode in the helical phase and of the
Kittel resonance in the field-polarised phase, as shown in Refs. [39, 48] and in Fig. 5.4. The resonance
frequencies of these modes exhibit a minimum near the critical field yuygH.,, such that the energy sepa-
ration between the phonon and the magnetic excitation is smallest in this region, thereby enhancing the

coupling and maximising the phonon velocity reduction.

At intermediate magnetic fields, 20.5 mT < upH < 38.5 mT, the skyrmion lattice phase is stabilised.
Measurements of the phonon velocity in this regime reveal a distinct frequency dependence. In partic-
ular, for transverse phonon pulses at 286 MHz and 328 MHz, the phase velocity exceeds that of the
reference signal. This behaviour indicates proximity to a magnon—phonon hybridisation region, where
the characteristic anti-crossing between the two excitations can lead to an effective increase in the phase
velocity. Measurements of the amplitude variation reveal a maximum reduction of about 1% in this field
range. This signal reduction can be attributed to the phonon Faraday effect, which corresponds to a rota-
tion of the polarisation plane caused by the different propagation velocities of the left- and right-handed
circularly polarised phonons. From this small amplitude reduction, the Faraday rotation angle can be

estimated to be less than 10° across the entire sample length.

Additional measurements were performed at a pulse frequency of 288 MHz. Figures 8.2b and ¢ show the
relative change in phonon velocity at T = 56 K for transverse and longitudinal excitations, respectively.
Within the skyrmion lattice phase, the longitudinal phonon mode exhibits a nearly uniform velocity re-
duction. This reduction is more pronounced in the skyrmion lattice than in the conical or field-polarised
phases. This can be understood in terms of the different coupling mechanisms that dominate in the re-
spective magnetic states. In the skyrmion lattice, the standard magneto-elastic coupling introduced in
Eq. (6.11) leads to an effective hybridisation between the acoustic longitudinal phonons and, for exam-
ple, the breathing mode. This coupling, which is of lower order in the spin—orbit interaction compared

to the chiral contribution dominating the other phases, leads to a stronger renormalisation of the phonon
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8.1. Ultrasonic pulse-echo measurements

velocity in the skyrmion phase.

In Fig. 8.2b, the transverse mode displays a distinct positive velocity shift, consistent with the anti-
crossing behaviour characteristic of hybridised excitations. Furthermore, the data reveal a pronounced
non-reciprocity, with elastic waves propagating faster along the direction of the applied magnetic field.
This observation confirms the presence of a collective magnon mode with a resonance frequency around
300 MHz at small wavevectors, which couples strongly to transverse but not to longitudinal phonons. Im-
portantly, this represents the first experimental observation of the phonon magneto-chiral effect within

the skyrmion lattice phase.

Figures 8.2a—c correspond to measurements obtained while decreasing the applied magnetic field. Here,
the sample was initially in the field-polarised phase, and the field was gradually reduced. In contrast,
Figures 8.2d and e show data obtained under the opposite field history, where the field was increased
from zero, starting in the helical configuration. The clear difference between the responses in Figs. 8.2b
and d reveals a hysteretic behaviour of the system. The origin of this behaviour is not fully understood,
but it may be related to the phase-locking mechanism employed in the experimental procedure. When
the system is excited at frequencies close to the hybridisation gap, the left- and right-handed phonons
propagate with significantly different wavevectors. Consequently, the phase difference (kg — k. )L/27 is
no longer small, and the phase-locking procedure selectively detects one of the two wavevectors instead
of their arithmetic average. According to this interpretation, the difference observed between Figs. 8.2b
and d may arise from the selection of distinct transverse phonon eigenmodes, or from a non-trivial

combination of these two.

8.1.3 Discussion

To compare the experimental results with the theoretical model presented in the previous Chapters, it is
first necessary to determine the characteristic frequency @.,. This quantity is obtained by calculating the
internal critical field at which the system transitions from the conical to the field polarised phase. Using

the experimental data presented in the previous Section, we find

int ‘uOHe%(t
l'LOHZrzl - 1+NZC int

con

~31.5mT, (8.5)

where we used toHS' = 62.5 mT and N, = 0.56. According to Eq. (3.19), this corresponds to a char-
acteristic frequency of @y, /27w = 0.93 GHz. It is worth noticing that this value is considerably smaller
than the one obtained for the same material in Chapter 5. The reason lies in the higher temperature at
which the present measurements were obtained, i.e., just below the critical temperature 7, marking the

transition to the paramagnetic phase. Consequently, the critical internal magnetic field is significantly
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8. Non-reciprocal phonon propagation along skyrmion strings
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Figure 8.2.: Measurements of the phonon phase velocity in Cu,OSeQOs. (a) Change in the phonon phase velocity

for a transverse elastic pulse with 6u L k || H, measured while decreasing the applied magnetic field. For each
input frequency fo, the measurement was repeated three times; red and blue lines indicate the velocity change
for positive and negative field directions, respectively. (b)—(c) show measurements obtained under the same
decreasing-field history for the transverse and longitudinal phonon polarisations, respectively. (d)—(e) correspond
to measurements at the same frequency and temperature, but for increasing magnetic field. The shaded region
marks the field range where the skyrmion lattice phase is stabilised in the range 20.5 mT < poH < 38.5 mT.

reduced, which directly modifies the characteristic frequency ;.

The change in sound velocity obtained via the constant-phase scheme can be analysed starting from the
spectra presented in the previous Chapter. In particular, one needs to compare the resonance frequencies
of the phonon modes calculated with and without the magneto-elastic coupling. The relative change in

phase velocity for a pulse frequency fj is therefore given by

av _ (k) —an(k)

8.6
vo oK) (8.6)

where both resonance frequencies correspond to the same wavevector k, determined by fy = wy(k)/27.

Figure 8.3 shows the calculated velocity change for longitudinal elastic excitation in the low-energy re-
gion probed in the experiment. This has been calculated using parameters corresponding to Cu20SeO3,

with the applied magnetic field H/Hc2 = 0.5. Moreover, the magneto-elastic coupling tensor was set to
M1 =3A12=34;=022MPa and A4y =0.183 MPa. (8.7)

For the longitudinal configuration, we find a nearly uniform reduction of the phonon velocity across

the entire experimental frequency range. This behaviour arises from the hybridisation with the breathing
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8.1. Ultrasonic pulse-echo measurements
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Figure 8.3.: Theoretically calculated longitudinal phonon phase velocity. Calculated phase velocity of the
longitudinal phonon mode in the skyrmion lattice for ou ||k || H. The data are obtained by comparing the phase
velocity with and without magneto-elastic coupling at H = 0.5H; and £, = 0.88. The green arrow indicates the
pulse frequency of 301 MHz used in the experiment. The red and blue curves correspond to positive and negative
wavevectors, respectively.

mode, located around 3 GHz, which slows down the phonon propagation. The relative change in velocity,
on the order of |Av/vg| ~ 5 x 1079, is consistent with the experimental observations shown in Fig. 8.2¢
and e. This agreement indicates that the adopted coupling strength provides a quantitatively reliable

description of the experimental response.

Mode identification

Figure 8.4 shows the calculated change in the phase velocity of the transverse phonon modes. The four
solid lines correspond to the non-degenerate left- and right-handed circularly polarised phonons propa-
gating parallel and antiparallel with respect to the applied magnetic field. As discussed in the previous
Chapter, the left-handed (LHC) mode couples to the quadrupole-1 and counter-clockwise magnon excita-
tions, giving rise to the characteristic anti-crossing behaviour observed near their resonance frequencies.
The right-handed (RHC) mode, on the other hand, experiences a reduction in velocity due to hybridisa-

tion with the clockwise magnon mode, located around ~ 3 GHz.

In the experiment, the system only detects linearly polarised elastic waves. These excitations can be
represented as a superposition of the two circularly polarised phonon states [Eq. (8.3)]. However, the
experimental resolution is insufficient to distinguish the small frequency splitting between the LHC and
RHC branches, as explained previously. The dashed lines in Fig. 8.4 illustrate the average response,
obtained by taking the mean of the two chiral phonon branches at fixed energy Z®. This simplified

treatment does not capture the finer details of the experimental data, such as the field dependence ob-
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8. Non-reciprocal phonon propagation along skyrmion strings
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Figure 8.4.: Theoretically calculated transverse phonon phase velocity. Calculated phase velocity of the trans-
verse phonon modes in the skyrmion lattice for Su Lk || H. The data are obtained by comparing the phase velocity
with and without magneto-elastic coupling at H = 0.5H,; and &.,s = 0.88. The red and blue curves correspond to
positive and negative wavevectors, respectively. The dashed lines represent the right- and left-handed circularly
polarised phonon modes, with the latter exhibiting clear anti-crossing behaviour near 200 MHz and 600-750 MHz.
The solid lines denote the averaged signal obtained by combining the phase shifts of the right- and left-handed
phonon eigenmodes at fixed frequency. The green arrows mark the pulse frequencies corresponding to Fig. 8.2a.

served within the skyrmion lattice phase in Fig. 8.2b and d, but it provides a qualitative understanding

of the magnon—phonon hybridisation and identifies the nature of the collective excitation modes involved.

The calculation predicts a positive shift in the phonon phase velocity for frequencies between approxi-
mately 200 and 250 MHz, in agreement with the experimental observations in Fig. 8.2a and b. This fea-
ture can be attributed to the hybridisation with the quadrupole-1 magnon mode, whose profile is depicted
in Fig. 3.3. Importantly, this observation represents the first experimental evidence of the quadrupole-1

excitation in the skyrmion lattice phase.

Finally, we note that the non-reciprocity between the two counter-propagating phonon branches primar-
ily arises from their coupling to the CCW magnon mode, even at frequencies close to the quadrupole-1
resonance. In fact, this magnetic excitation exhibits a pronounced intrinsic non-reciprocity and couples
strongly to the left-handed circularly polarised phonon, owing to its dipolar character at small wavevec-
tors. Although the present experimental setup—limited by the accessible frequency range and the use
of linearly polarised pulses—does not allow for a direct observation of this effect, the results strongly
suggest that a more pronounced magneto-chiral effect could be achieved by exploiting the hybridisation
with the CCW mode. Such coupling would enable low-energy, direction-dependent acoustic propagation

along the skyrmion strings.
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8.2. Phason mode in the skyrmion lattice phase

8.2 Phason mode in the skyrmion lattice phase

In the present system, the magnetic order forms a two-dimensional skyrmion lattice that develops on
top of an underlying cubic atomic crystal. Commensurate skyrmion lattice phases have been reported,
for instance, in the hcp-stacked Fe monolayer on Ir(111) [161] and in bulk centrosymmetric kagome
magnets [162]. In these materials, the skyrmion textures exhibit characteristic length scales comparable
to the atomic lattice spacing. Consequently, the coupling between the magnetic and atomic lattices is
enhanced, and any incommensurate configuration carries a large energetic penalty. In contrast, skyrmion
lattice phases that occur in noncentrosymmetric helimagnets are characterised by a large unit cell, and
are generally incommensurate [162]. An incommensurate lattice arises when two periodic structures
coexist in the same material but possess wavelengths whose ratios are irrational. In this case, the com-
bined system lacks a common unit cell, and the superposition of the two modulations never exactly
repeats in space. In bulk noncentrosymmetric helimagnets such as Cu,OSeO3, the magnetic modulation
wavelength is several orders of magnitude larger than the atomic spacing, making the two periodicities
effectively independent. When a weak magneto-elastic coupling is introduced, however, it links the mag-
netic and atomic subsystems, and the crystal can no longer be described by a single periodic lattice. The
resulting configuration is an incommensurate state, in which both subsystems remain periodic individu-

ally but interact through the coupling field.

A distinctive feature of such incommensurate systems is the emergence of a gapless phason mode. This
mode represents a collective oscillation of the relative phase between the two modulations: essentially a
sliding motion of the magnetic superlattice with respect to the underlying atomic framework [163—-165].
Unlike conventional phonons, which describe coherent atomic displacements in real space, phasons cor-
respond to fluctuations of the phase of the modulation itself, leaving its amplitude essentially unchanged.
The existence of this excitation stems from a continuous degeneracy: a uniform shift of the modulation
phase does not alter the system’s energy. Consequently, phasons are gapless excitations, analogous to
Goldstone modes that appear whenever a continuous symmetry is spontaneously broken. Within this
context, the magnetic Goldstone mode presented in Chapter 2 can be interpreted as a phason excitation
of the incommensurate system formed by the magnetic and atomic lattices coupled via magneto-elastic

interactions.

When the coupling between the two sublattices becomes sufficiently strong, a phase transition between
the incommensurate and the commensurate state can occur. In this case, the ratio of the respective pe-
riodicities becomes rational, giving rise to a periodic superlattice. As a result, the sliding phason mode
acquires an energy gap [166, 167], which reflects the finite energy cost of translating two commensurate,

or quasi-commensurate, lattices relative to each other. In the present case, the distinct symmetries of the
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Figure 8.5.: Phason gap and lattice distortion. Calculated phason gap opening at the I'-point as a function of
the magneto-elastic coupling strength. The results correspond to H = 0.5H., applied along the cubic diagonal
[111], with &, = 0.88, and include the effects of the anisotropic coupling tensor. The insets display the magnetic
ground state calculated for Ogoup = 33 and Otoup = 45. For Oeoup 2 40, the skyrmion lattice undergoes an oblique
distortion induced by the incommensurability between the hexagonal magnetic lattice and the underlying cubic
atomic lattice.

cubic atomic lattice and the two-dimensional hexagonal magnetic lattice prevent perfect commensura-

bility, thus preventing the realisation of a fully locked state.

8.2.1 Phason gap

In order to investigate the possible emergence of a phason gap, we need to increase the magneto-elastic
coupling between the magnetic and atomic lattices. In Cu;OSeO3, this can be achieved by lowering
the temperature within the magnetically ordered phase, thereby enhancing the spin—orbit contribution
relative to the entropic energy [84]. Nomura ef al. demonstrated this effect by mapping the phonon
magneto-chiral effect as a function of temperature in the conical and field-polarised phases [142]. In par-
ticular, they observed a larger non-reciprocity in the phonon propagation for diminishing temperatures.
Within the skyrmion lattice phase, the temperature can be lowered by quenching the sample and thus

preserving the magnetic texture as discussed in Refs. [51, 76, 87-89], as well as in Chapter 5.

Fig. 8.5 shows the evolution of the phason gap, corresponding to the resonance frequency of the magnetic
Goldstone mode at [k| = 0, as a function of the coupling strength 0oup. The calculation was performed
using the material parameters of Cu;OSeOs introduced previously, with the magnetic field oriented
along the cubic diagonal [111] at H/H,; = 0.5. The magneto-elastic coupling tensor is parametrised

as (xcoupll- j» where Ai ; are given by Eq. (8.7), and 0oup = 1 corresponds to the configuration analysed
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Figure 8.6.: Hybridisation with the phason mode. (a) Low-energy excitation spectra calculated for H = 0.5H.»

applied along the cubic diagonal [111], with &, = 0.88 and anisotropic magneto-elastic coupling with A;; =
7.28 MPa. A pronounced anti-crossing behaviour occurs between the left-handed circularly polarised (LHC)
phonon and the quadrupole-1 magnon mode near @/, ~ 0.25. (b)—(c) Hybridisation gap opening between the
acoustic LHC phonon and the phason mode, calculated for negative and positive wavevectors, respectively.

in Section 8.1. The resulting dependence reveals that the phason gap increases quadratically with Otcoyp.
This behaviour reflects the fundamental effect of magneto-elastic coupling, which pins the relative phase
between the magnetic and atomic lattices. As the coupling grows, a restoring force develops that re-
sists their relative sliding. For weak magneto-elastic interaction, this force is proportional to the cou-
pling strength, and the associated harmonic potential leads to an energy gap that scales quadratically. In
Fig. 8.5, we also observe that the hexagonal skyrmion lattice becomes unstable for a certain value of the
magneto-elastic coupling. The resulting deformations breaks both the rotational symmetry of individual
skyrmions and the hexagonal order of the two-dimensional magnetic lattice. This is an indication that

the system might undergo an incommensurate-commensurate phase transition.

The low-energy excitation spectra for Otoup = 33 are shown in Fig. 8.6a for wavevectors k || H, or-
thogonal to the skyrmion lattice plane. The corresponding coupling parameters, A;; = 7.28 MPa and
A4q = 6.06 MPa, remain much smaller than the elastic stiffness components given in Eq. (8.2), indicating
that the system can be described in the weak-coupling regime. These values are consistent with previous
estimates for other noncentrosymmetric helimagnets and thus represent realistic conditions [168]. Under
these parameters, the hybridisation gap between the transverse left-handed circularly polarised phonon
and the magnetic quadrupole-1 excitation increases substantially. Such enhancement would strongly in-

fluence the phonon propagation dynamics, amplifying the magneto-chiral effect even in the presence of
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8. Non-reciprocal phonon propagation along skyrmion strings

weak non-reciprocity of the quadrupolar magnon mode at small wavevectors.

In this regime, the phason mode acquires a finite energy gap with eigenfrequency @ppa/@c =~ 0.06.
Plugging in the characteristic frequency @, /27w = 0.93 GHz obtained in the previous Section, this cor-
responds to Wpha/27 ~ 56 MHz. In the quenched skyrmion lattice phase, this frequency is expected to
increase further due to the higher critical field tgH,; associated with reduced temperatures. The resulting
energy scale lies near the detection limit of the ultrasonic pulse-echo technique presented in this Chapter.
Nevertheless, for an experimental observation to be possible, the phason must hybridise with at least
one acoustic phonon mode. Figures 8.6b and c illustrate the opening of a hybridisation gap between the
phason and the left-handed circularly polarised transverse phonon. This produces a characteristic sig-
nature in the phase velocity of the acoustic signal, hence measurements of phonon dispersion using the
present setup offer a direct route to probe the magneto-elastic coupling between the atomic and magnetic

subsystems.

The emergence of a phason gap in the skyrmion lattice phase is particularly intriguing, as it represents
a transition from a sliding incommensurate magnetic texture to a state partially locked to the atomic
lattice. This behaviour is conceptually analogous to charge-density-wave or spin-density-wave sys-
tems [169, 170], where weak coupling to the underlying crystal leads to similar pinning effects and
the appearance of a gap in the phason spectrum [166]. Detecting such a feature in Cu;OSeO3; would
provide direct evidence of the magneto-elastic locking mechanism at play and offer valuable insight into
the interplay between long-order chiral modulations of the spin texture, elasticity, and spin—orbit cou-
pling in noncentrosymmetric helimagnets. We are currently planning a collaborative experimental effort
to investigate this phenomenon using ultrasound spectroscopy, aiming to test the theoretical predictions

presented in this Section.
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Conclusions and Outlook

This Thesis has explored the spinwave dynamics of the skyrmion lattice in the chiral magnet Cu,OSeOs3,
focusing on the detection of magnon modes via magneto-optic and magneto-elastic coupling. Magnetic
skyrmion lattices form self-organized, nanoscale periodic arrangements that act as natural magnonic
crystals, providing an ideal platform for studying collective excitations in topologically nontrivial spin
textures. Understanding the full magnonic spectrum of such systems is essential both for elucidating
the fundamental physics of topological magnets and for realizing future magnon-based information tech-

nologies.

While previous experimental techniques, such as microwave spectroscopy and neutron scattering, have
successfully probed, respectively, the long-wavelength and high-energy limits of the magnon disper-
sion, the intermediate wavevector regime remained experimentally inaccessible. This regime, in which
the magnon wavelength is comparable to the skyrmion lattice constant, is crucial for describing wave
propagation, interference, and hybridization in periodic magnetic structures. By combining theoretical
modelling with complementary spectroscopic techniques, this Thesis has bridged this gap and extended

the experimental access to the finite-wavevector dynamics of the skyrmion lattice phase.

Magneto-optic coupling and micro-focused BLS spectroscopy

In Chapter 4, a general theoretical formulation of micro-focused Brillouin light scattering (BLS) was
developed, starting from the microscopic magneto-optic coupling between light and the dynamic magne-
tization. The derived framework accounts for the local electric field distribution within a tightly focused
laser spot and couples it to the computed spinwave eigenmodes of the magnetic texture. This approach
enabled the calculation of BLS spectra in a fully quantitative manner, including the influence of spatial
focusing, selection rules, and the polarization dependence of the scattered light. The resulting model fills
a gap in the existing literature by providing a comprehensive and versatile description of BLS scattering

applicable to a broad range of magnetic systems.
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In Chapter 5, this framework was applied to interpret experimental data obtained through a collabora-
tive study using micro-focused BLS on the skyrmion lattice of Cu,OSeQO3. The experiment probed spin
waves with wavevectors on the order of the reciprocal lattice vector of the skyrmion lattice, |q| ~ kskL,
thereby accessing the intermediate wavevector regime of the magnon dispersion. Analysis of the mea-
sured spectra revealed the three fundamental dipolar excitations, the counter-clockwise, breathing, and
clockwise modes, whose field dependence matched theoretical predictions. Beyond these well-known
modes, two additional higher-order magnon modes with quadrupolar and sextupolar character were iden-
tified for the first time. The agreement between calculated and measured eigenfrequencies, along with the
corresponding spectral weights, confirmed the validity of the theoretical model and established micro-
focused BLS as a powerful and selective probe of complex magnonic excitations in topological spin

textures.

These findings demonstrate that focused BLS provides experimental access to magnon minibands within
the first magnetic Brillouin zone, thereby opening a new route toward studying finite-wavevector dynam-
ics and nontrivial topological effects in chiral magnets. The methodology developed in this Thesis paves
the way for imaging magnon edge modes and nonreciprocal spinwave transport at domain boundaries of

the skyrmion lattice using micro-focused BLS spectroscopy.

Magneto-elastic coupling and hybrid magnon—phonon excitations

In Chapters 6 and 7, the Thesis investigated the coupling between spin and lattice degrees of freedom
and its consequences for the equilibrium and dynamical properties of the skyrmion lattice. Within the
Ginzburg-Landau formalism, a mean-field description of the coupled magneto-elastic system was de-
veloped by minimizing the total free energy. This approach allowed the identification of strain-induced
distortions of the skyrmion lattice and clarified the role of symmetries in the magneto-elastic coupling

tensor components.

By solving the coupled equations of motion, the emergence of hybrid magnon—phonon modes was the-
oretically predicted. These collective excitations arise from the hybridization between low-energy spin-
wave modes and acoustic phonons at finite wavevector. The symmetry analysis clarified which mag-
netic excitations couple efficiently to longitudinal or transverse phonon polarizations, revealing selection
rules determined by the underlying crystal symmetry. The model further predicted the opening of a
phason gap, originating from the incommensurability between the magnetic and atomic lattices. This
phenomenon represents a form of partial locking between the skyrmion lattice and the crystal, analogous

to the pinning of charge-density or spin-density waves in correlated electronic systems.
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Experimental observation of the phonon magneto-chiral effect

In Chapter 8, the theoretical predictions were tested through ultrasonic pulse-echo measurements of the
phonon velocity along the skyrmion tubes in Cu;OSeOs. The experiment revealed clear anomalies in
the phonon dispersion, evidencing magnon—phonon hybridization and a resulting phonon magneto-chiral
effect, that is, nonreciprocal propagation of sound waves depending on their direction relative to the ap-
plied magnetic field. Comparison with theory confirmed that this behaviour originates from coupling to
a low-energy quadrupolar magnon mode, previously undetected in any experiment. The identification
of this mode provides compelling evidence for magneto-elastic coupling effects in the skyrmion lattice
and highlights the potential of ultrasound spectroscopy as a sensitive probe of magnon—phonon hybrid

excitations.

The combined theoretical and experimental results presented in this Thesis establish a consistent picture
of spin—lattice hybridization in chiral magnets and uncover a new level of complexity in the dynamical
behavior of skyrmion lattices. The detection of a quadrupolar mode and indications of a phason gap
represent significant advances in our understanding of how noncollinear spin textures, spin dynamics,

and elasticity intertwine in noncentrosymmetric magnetic materials.

Outlook

Building on the results presented in this Thesis, two main research directions naturally emerge for further
investigation of the spin dynamics in chiral magnets. The first project focuses on the role of magneto-
crystalline anisotropies in determining the equilibrium and dynamical properties of the skyrmion lattice,
particularly in connection with its detection via magneto-elastic coupling. The experimental data dis-
cussed in Chapter 5 reveal indications of a magnetic phase transition at low magnetic fields within the
metastable skyrmion lattice phase at low temperature. We attribute this behaviour to a transition toward
an elongated skyrmion lattice configuration, stabilized by the cubic magneto-crystalline anisotropy. Un-
derstanding this transition and its signatures in the magnon spectra requires incorporating the fourth-order
spin—orbit coupling term into the Ginzburg-Landau free-energy functional. Future work will therefore
extend the theoretical description developed in this Thesis by including this anisotropy contribution and

calculating its effect on the BLS spectra.

The second project aims to further explore the phonon magneto-chiral effect and its evolution at low
temperatures. As discussed in Chapter 8, the observed nonreciprocity in the phonon velocity arises
from hybridization between spinwave and acoustic phonon modes. Since the magneto-elastic coupling
strength increases with decreasing temperature, the effect is expected to become more pronounced in the
meta-stable phase obtained by quenching of the skyrmion lattice. Moreover, operating at lower temper-

atures would shift the phason gap predicted in this Thesis into an experimentally accessible frequency
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range, providing an ideal platform to test the theoretical predictions of magneto-elastic locking between
the magnetic and atomic lattices. Experimental access to this regime would not only confirm the exis-
tence of the phason gap but also allow quantitative assessment of its dependence on coupling strength,

lattice symmetry, and magnetic field orientation.
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.Y Appendix: Spinwave time evolution

In this Appendix we present the time evolution of the low-energy magnon modes of the skyrmion lattice
discussed in Section 3.3. Each figure shows four snapshots within one oscillation period, calculated
for H = 0.5H.», &,s; = 0.88, and A = 500. The top row displays the out-of-plane component of the
spin-wave function om,(r,T /Tp) at the I'-point. The colour scale indicates whether the spinwave is

parallel (red) or anti-parallel (blue) to the applied magnetic field.

The second row shows the out-of-plane component of the total magnetisation, calculated as
m(r,7) = mey(r) +€0m(r,z), (A.1)

where the equilibrium configuration meq(r) is shown in Fig. 2.8b. The parameter € in Eq. (A.1) sets
the relative weight between the ground-state magnetisation meq = Meq/M; and the normalised spinwave
eigenfunction. Here we use € = 0.3, which does not correspond to a physical amplitude but serves to
visualise the deformation of the ground-state configuration induced by the magnon eigenmodes. The

colour code follows that of the top row, representing the out-of-plane component of the magnetisation.
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Figure A.1.: Quadrupole-1.
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Figure A.2.: Sextupole-1.
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Figure A.3.: Counter-clockwise (CCW)
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Figure A.4.: Octupole
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Figure A.5.: Breathing.
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Figure A.6.: Clockwise (CW)
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Figure A.7.: Decupole
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Figure A.8.: Quadrupole-2.
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Figure A.9.: Sextupole-2
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Mean-field phase diagram with thermal fluctuations. Theoretical phase diagram as a
function of the dimensionless magnetic field and the reduced parameter ¢ = roJ/D? — 1.
Inset: Energy difference between the skyrmion and conical phases as a function of the
applied magnetic field for + = —3.5. The mean-field curve remains positive over the
entire field range, indicating that the conical phase is the global minimum within mean-
field theory. When thermal fluctuation corrections are included, the energy balance is
reversed in a narrow region near the critical temperature 7, stabilising the skyrmion
lattice phase. The figure is taken from Ref. [27]. . . . . . .. ... ... ... ... .. 24
Skyrmion lattice configuration. (a) Fourier components forming the reciprocal lat-
tice up to the fourth shell. The gray arrows indicate the fundamental reciprocal lattice
vectors G and G 1, while the orange dots mark the independent Fourier components
that remain after accounting for the system’s symmetries. (b) Real-space skyrmion lat-
tice configuration obtained by numerically minimizing the free energy density using the
Fourier components shown in panel (a). The black hexagon denotes the Wigner—Seitz
cell, whose size is given by the skyrmion lattice constant askr,. . . . . . . . . . . . . .. 30
Reciprocal lattice vector. Dependence of the skyrmion lattice reciprocal vector on (a)
the applied magnetic field and (b) the magnetostatic parameter. The variation is relatively
weak, and in general kgyp ~ Q within small deviations. The red arrows indicate the
specific values of magnetic field and magnetostatic interaction used for the calculations
shown in the opposite figure. In particular, &, = 0.88 corresponds to the experimentally

determined value for CupOSeOs. . . . . . . . . . e 31

Magnon band structure of the helical phase. Spinwave spectrum calculated for (a)
longitudinal momenta k| || Q and (b) transverse momenta k| in the absence of a applied
magnetic field. (c-d) Non-analytical behaviour of the magnon dispersion of the bulk £0
resonances for small wavevectors |k| < Q. In zero field, the dispersion is reciprocal (c),
whereas a finite magnetic field induces non-reciprocal propagation (d). . . ... .. .. 39
Eigenvalues of (meq X ) . Typical distribution of the eigenvalues A, introduced in Eq. (3.47),
computed for N = 5 shells in reciprocal space. The blue dots correspond to the physical
subspace, the red dots represent the orthogonal basis, and the light-blue dots indicate
intermediate eigenvalues that are projectedtozero. . . . . . .. .. ... ... ..... 44
Spatial profile of the SKL spinwave functions. Snapshots at a fixed time of the spatial
profile of the out-of-plane component §M,. The solutions are calculated at the I'-point of

the Brillouin zone, with colours indicating that the spinwave points parallel (red) or anti-
parallel (blue) to the applied magnetic field. The hexagon in each panel is the Wigner-

Seitz cell, whose extension is given by the skyrmion lattice constant agyr.. . . . . . . . . 47
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4.5

Resonance frequencies of the skyrmion lattice. The low-energy resonance frequencies
have been calculated at the I'-point for &,,; = 0.88, A = 500, and frequencies in the range
0 < o/2m < 3.2. The identification of each mode is determined by the wavefunction
analysis shownin Fig. 3.3. . . . . . .. ..o
Magnon band structure. Magnon band structure calculated for in-plane wavevectors
k | H within the first magnetic Brillouin zone. The first 11 excitation modes are shown
here, calculated for H/H,, = 0.5, &,,; = 0.88 and A = 500. The modes can be identified
according to the colour coding reported in Fig. 3.4 and Fig. 3.6. . ... ... ... ...
Magnon dispersion for longitudinal wavevectors. Theoretically calculated dispersion
for |k, | =0, H/H: = 0.5, &, = 0.88 and A = 500. The dipole active modes are dis-
continuous for kj — 0 due to approximations of the dipolar interaction. Among all the

low-energy excitations, the CCW mode shows the strongest non-reciprocity. . . . . . .

Schematic diagram of inelastic Brillouin light scattering. (a) Emission (Stokes) and
absorption (anti-Stokes) diagrams of a quasiparticle with wavevector q induced by the in-
cident light. (b) Typical BLS spectra which measures the frequency shift of the scattered
photons with respect to the elastically scattered light. . . . . . ... ... ... .....
Micro-focused BLS experimental setup. Schematic diagram of the experimental setup
for the micro-focused BLS used in the Chapter 5 to map the magnon spectra in Cu;OSeQOs.
The picture is adapted from [133]. . . . . . . . . . . . . . ... ... ...
Focused electric field. (a) Schematic representation of the focusing process in micro-
focused BLS. The collimated laser beam is tilted by the objective lens and refracted at
the sample surface according to Snell’s law. (b) Schematic illustration of the aplanatic
optical system. The electric field is refracted at the surface of a reference sphere with
radius f, and its components are decomposed along the local polarisation directions to
describe the focused field distribution. . . . . . . ... ... L oL
Geometrical optics at an aplanatic lens. (a) Illustration of the sine condition in geo-
metrical optics. The refraction of light rays at an aplanatic lens is governed by a spherical
surface of radius f. (b) Illustration of the intensity law in geometrical optics. The en-
ergy transported along a ray remains constant during refraction, ensuring conservation of
energy flux. . . . . . . L e e
Polarisation vectors. The lens focuses the incoming laser light (dark green) with polar-
ization ej, which leads to a distribution of polarizations that depend on the wavevector
of the focused light. The light green arrow represents a photon that is scattered after

emitting a magnon (red arrow) in the sample and detected with a polarization filter eqy;.
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Experimental setup for BLS of magnons in the skyrmion lattice. (a) Sketch of the
BLS laser focused on the (110) surface of Cu,0SeQj3. The external magnetic field H is
applied along [001], i.e., the x axis. Skyrmion tubes align with the magnetic field and
form a hexagonal lattice within the y-z plane. (b) Plane of the skyrmion lattice shown in
panel (a). The arrows depict the in-plane magnetization and the color coding represent its
out-of-plane component. One skyrmion lattice vector connecting two skyrmion centers
is assumed to point along [010]. The lattice constant depends weakly on the external
magnetic field, and itis on the order of aggr, ~72nm. . . . . . . ... ... ...
Scattering plane. (a) Example of a generic scattering event taking place in the experi-

mental setup close to the objective lens’ focal point. The opening angle 6,

ax Of the green

cone is determined by the aperture of the lens. The wavevectors of the incoming photon,

K

1’

!/

out» are all located within the

the scattered magnon, q, and the outgoing photon, k
same scattering plane indicated by the yellow surface. Panel (b) shows the same scat-
tering event in the corresponding scattering plane; whereas the Xgp-axis is located within
the xy-plane, the zg,-axis is generally tilted away from the z-axis of panel (a). . . . . . .
Sketch of temperature-versus-field histories. (a) Zero-field cooling (ZFC) at yyHpc =
0 mT. (b) Field cooling (FC) at ugHrc = 16 mT. Red arrow indicates the cooling field
and green arrow indicate the field scanning direction. . . . . . . . ... ... ... ...
Zero field cooling (ZFC) BLS spectra. (a) Anti-Stokes BLS intensities for zero-field
cooling (red arrow) down to T=12K and a subsequent field scan (green arrow). Color bar
represent the BLS counts. (b) Theoretical BLS spectra of the conical phase, H < Hc,,
and field polarised phase, H > H.,, with the same normalization asin (a). . . ... . ..
Field-polarised BLS spectra. (a) Experimental frequency positions of the Anti-Stokes
resonance in the field-polarised phase (black dots). The theoretical model gives a linear
behaviour (orange line) that can be fitted in order to obtain the parameters tioH., = 53 mT
and wy /27 = 2.03 GHz. Panel (c) (Stokes) and (d) (anti-Stokes) shows line cuts of the
spectra obtained at fixed magnetic field ugH = 64 mT (blue symbols) and comparison
to theory with H/H = 1.21 (red line). A frequency-independent background signal
(dark counts) was removed from the raw BLS spectra to realize a baseline similar to the
theoretical curves. Both the experimental and theoretical data have been normalized with
respect to the total spectral weight integrated over the full frequency range from -7.5 GHz

to-1.4GHzand from 1.4 GHzto75GHz. . . . . . . .. ... ... . ... .......
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Field cooling (FC) BLS spectra. (a) BLS intensities for field-cooling at ygHgrc = 16 mT
(red arrow) down to 7 = 12 K and subsequent field scans (green arrows). Colour bar rep-
resents the BLS counts. (b) Theoretical BLS spectra of the (metastable) skyrmion lattice
(MT-SkL) phase, H < H,», and the field polarized (FP) phase, H > H,,, with the same
normalization as in (a). Line cuts of the spectra for three values of the magnetic field as
indicated by the blue and red arrows at the bottom of panel (a) and (b), respectively, are
shownin Fig. 5.8. . . . . . . o . L
Theoretically calculated magnon band structure of the skyrmion lattice for H =
0.5H,. (a) First Brillouin zone of the skyrmion lattice with one of the reciprocal lattice
vectors, kskr, oriented along [100] [81]. (b) Magnon band structure for wavevectors
within the plane of the skyrmion lattice, as presented in Fig. 3.5. The same colouring
of relevant modes applies throughout this entire Chapter. (¢) Dispersion of the magnon
modes as a function of wavevector along the skyrmion tubes at fixed in-plane wavevector
|q.| =47 rad um~! pointing along 2 || [110]. The red annulus segments in panel (a) and
(b) as well as the red shaded regime in ¢ indicate the range of magnon wavevectors
accessible with the BLS setup of thiswork. . . . . ... ... ... ... .. ...,
Normalized line cuts of experimental and theoretical BLS spectra. Line cuts of the
spectra in 5.6a (blue symbols) and Fig. 5.4a (grey symbols) for three magnetic field
values upH =16 mT, 26 mT and 38 mT with Stokes signals shown in panels (a), (¢), and
(e) and Anti-Stokes signals shown in panels (b), (d), and (f). The blue (grey) symbols are
obtained in the metastable skyrmion phase (conical phase). The frequency-independent
background signal (dark counts) found in the field-polarized phase was removed from
the raw BLS spectra to realize a baseline similar to the theoretical curves (red lines).
Negative counts in the experimental data (blue symbols) result from the background-
signal subtraction. Red solid lines are theoretical BLS spectra for H/H., = 0.3, 0.5,
0.72. Coloured bars at the bottom of each panel indicate positions of theoretical skyrmion
lattice resonances using the same colour coding as in Fig. 5.7. Both the experimental and
theoretical data have been normalized with respect to the total spectral weight integrated
over the full frequency range from -7.5 GHz to -1.4 GHz and from 1.4 GHz to 7.5 GHz.
Inset of (b) shows the hybridization between the breathing and decupole modes. . . . . .
Magnon mode identification. Stokes spectrum of Fig. 5.6a overlaid with magnon fre-
quencies of the metastable skyrmion lattice phase calculated for a backscattering event

with angle of incidence 0;, = 6o, =0. . . . . . . . L. L
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6.1

6.2

7.1

7.2

Equilibrium configuration for isotropic magneto-elastic coupling. (a-b) Real-space
equilibrium configuration of the magnetisation and displacement field, respectively. The
colour indicates the out-of-plane component, parallel to the applied magnetic field, while
arrows denote the in-plane directions. (¢) Real-space elastic deformation magnitude,
which becomes maximal at the skyrmions edge where the magnetisation varies most
rapidly in space. The black hexagons denote the Wigner—Seitz cell, whose size is given
by the skyrmion lattice constant agy; . The configurations are calculated for H = 0.5H
and &,s =0.88. . . . L
Displacement field configurations. The figure shows different equilibrium configura-
tions of the displacement field corresponding to H || [001] (top 6 panels) and H || [111]
(bottom 6 panels). The three columns correspond to isotropic, chiral and anisotropic
coupling tensor, respectively. The black hexagons denote the Wigner—Seitz cell, whose
orientation is determined by the angle 6. The configurations are calculated for H =
0.5H., and &, = 0.88. The magneto-elastic coupling strength is set by A;; = 0.22 MPa,
which value is compatible with the high-temperature skyrmion lattice in Cu;OSeOs for

T <T.=57TK (see Chapter 8). . . . . . . . . . i i i ettt

Excitation spectra in the absence of magneto-elastic coupling. Collective mode dis-
persions calculated without magneto-elastic coupling for wavevectors parallel to the ap-
plied magnetic field, k || H, at H = 0.5H, and £, = 0.88. The acoustic phonon branches
(red) exhibit linear dispersion, with one longitudinal (LA) and two degenerate transverse
(TA) modes, the latter displaying a smaller group velocity. The blue and gray lines in-
dicate the low-energy magnon excitations of the skyrmion lattice. The magnon branches
shown in blue correspond to the modes that will hybridise with the acoustic phonons
once magneto-elastic coupling isintroduced. . . . . . . . ... L Lo
Hybridisation with dipole modes. Hybridisation gaps opening between (a) the counter-
clockwise (CCW) magnon mode and the left-handed circularly (LHC) polarised trans-
verse phonon, (b) the clockwise (CW) magnon mode and the right-handed circularly
(RHC) polarised transverse phonon, and (c) the breathing (BR) mode and the longitudi-
nal (LA) phonon. The results are calculated for isotropic magneto-elastic coupling with
A11 = 0.22 MPa and k || H|| [001]. Panels (d)—(f) show the corresponding phonon po-
larisation weight, defined in Eq. (7.32), which quantifies how the phonon character is

continuously transferred between excitation branches within the hybridisation regime. . .
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7.3

8.1

8.2

8.3

8.4

Hybridisation with quadrupolar mode. Hybridisation gap opening between the quadrupole-

1 magnon mode and the LHC polarised phonon branch at (a) negative and (b) positive
wavevectors, respectively. The results are calculated for the anisotropic magneto-elastic
coupling tensor with A;; = 0.22 MPa and k || H || [001]. Panels (c) and (d) show the cor-
responding phonon polarisation weight, defined in Eq. (7.32), which quantifies how the

phonon character is continuously transferred between the two excitation branches.

Ultrasonic pulse-echo setup. Schematic diagram of the experimental setup for the ul-
trasonic pulse-echo measurements. The sample is excited on one side by a short, linearly
polarised elastic pulse, and its echos are detected on the opposite side. The reference
channel enables the phase locking procedure by modulations of the input frequency.
Measurements of the phonon phase velocity in Cu; OSeQOs. (a) Change in the phonon
phase velocity for a transverse elastic pulse with du L k || H, measured while decreas-
ing the applied magnetic field. For each input frequency fy, the measurement was
repeated three times; red and blue lines indicate the velocity change for positive and
negative field directions, respectively. (b)—(c) show measurements obtained under the
same decreasing-field history for the transverse and longitudinal phonon polarisations,
respectively. (d)—(e) correspond to measurements at the same frequency and tempera-
ture, but for increasing magnetic field. The shaded region marks the field range where
the skyrmion lattice phase is stabilised in the range 20.5 mT < ugH < 38.5mT. . . . . .
Theoretically calculated longitudinal phonon phase velocity. Calculated phase veloc-
ity of the longitudinal phonon mode in the skyrmion lattice for ou | k || H. The data are
obtained by comparing the phase velocity with and without magneto-elastic coupling at
H = 0.5H., and &, = 0.88. The green arrow indicates the pulse frequency of 301 MHz
used in the experiment. The red and blue curves correspond to positive and negative
wavevectors, respectively. . . . . .. L L L
Theoretically calculated transverse phonon phase velocity. Calculated phase velocity
of the transverse phonon modes in the skyrmion lattice for du L k || H. The data are
obtained by comparing the phase velocity with and without magneto-elastic coupling at
H = 0.5H,; and &,,s = 0.88. The red and blue curves correspond to positive and negative
wavevectors, respectively. The dashed lines represent the right- and left-handed circu-
larly polarised phonon modes, with the latter exhibiting clear anti-crossing behaviour
near 200 MHz and 600-750 MHz. The solid lines denote the averaged signal obtained
by combining the phase shifts of the right- and left-handed phonon eigenmodes at fixed

frequency. The green arrows mark the pulse frequencies corresponding to Fig. 8.2a. . . .

. 116

. 120

126

161



162

8.5 Phason gap and lattice distortion. Calculated phason gap opening at the I'-point as a
function of the magneto-elastic coupling strength. The results correspond to H = 0.5H,;
applied along the cubic diagonal [111], with &, = 0.88, and include the effects of the
anisotropic coupling tensor. The insets display the magnetic ground state calculated for
Ocoup = 33 and Oeoup = 45. For Qeoup 2 40, the skyrmion lattice undergoes an oblique
distortion induced by the incommensurability between the hexagonal magnetic lattice
and the underlying cubic atomic lattice. . . . . . . ... .. ... ... ...

8.6 Hybridisation with the phason mode. (a) Low-energy excitation spectra calculated
for H = 0.5H,, applied along the cubic diagonal [111], with &,,; = 0.88 and anisotropic
magneto-elastic coupling with A;; = 7.28 MPa. A pronounced anti-crossing behaviour
occurs between the left-handed circularly polarised (LHC) phonon and the quadrupole-1
magnon mode near @/ ®c; ~ 0.25. (b)—(c) Hybridisation gap opening between the acous-
tic LHC phonon and the phason mode, calculated for negative and positive wavevectors,

respectively. . . . . . . L e e e e e e

A.l Quadrupole-1. . . . . . . ..
A2 Sextupole-1. . . . . . . . e e
A.3 Counter-clockwise (CCW) . . . . . . . . . . . .. . . . . e .
A4 Octupole . . . . . . . . . e e
A5 Breathing. . . . . . . . . . .. e
A.6 Clockwise (CW) . . . . . . . . e
A7 Decupole . . . . . . . .. e e
A.8 Quadrupole-2. . . . . . . ... e e
A9 Sextupole-2 . . . . ...
A.10 Eight excitation . . . . . . ... .. ... ...
A.ll Dodecapole. . . . . . . . . . .
A.12 Twelfth excitation . . . . . . . . . ... ... ..
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