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Analytical solution for dynamic evaporation of liquid in isothermal condition
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An analytical solution based on a diffuse-interface model is presented for an isothermal evaporation problem
at subsaturated vapor pressure. The macroscopic equations are derived from the free-energy formulation widely
used in the lattice Boltzmann literature, distinguishing our approach from conventional evaporation models
that rely on jump conditions or purely kinetic theory. The interface behavior is fully described by differential
equations, eliminating the need for assumptions such as local thermodynamic equilibrium at the interface. We
derive an exact analytical solution for the inviscid case and propose an approximate solution that accounts for
viscous effects. Our model reveals a relationship between evaporation rate and viscosity within the diffuse-
interface framework. The analytical results are validated against numerical simulations using the open-source
parallel library openlb, demonstrating excellent agreement within the framework of diffuse-interface methods.
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I. INTRODUCTION

Understanding and predicting the evaporation phenom-
ena is crucial for engineering applications, e.g., food drying
[1], industrial dehydration [2], distillation process [3], vac-
uum evaporation [4], paint drying [5], evaporative cooling
[6], steam power generation [7], and others. There are dif-
ferent ways to study this phenomenon: analytically [8–16],
numerically [17–19], and experimentally [20–22]. For highly
complex problems, numerical and experimental approaches
are essential. However, the analytical method provides phys-
ical insights that lead to a deeper understanding of the
phenomenon, making it highly valuable.

There is extensive literature on evaporation modeling. An
important result is the Hertz-Knudsen relation [8–11]. An-
other significant contribution involving kinetic theory was
made by Schrage [12], who calculated evaporation fluxes of
pure substances and multicomponent systems. Notable re-
sults employing macroscopic phase change modeling include
the one-dimensional Stefan problem [13], originally devel-
oped for a solid-liquid phase transition and Scriven’s solution
[14] for droplet evaporation. Recent articles extend these ap-
proaches to more complex situations [15,16].

Another approach to modeling multiphase systems that has
gained popularity in numerical studies is the diffuse-interface
model. This model treats the interface as a thin region in which
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fluid properties continuously transition between the vapor and
liquid phases. The phase-field model [23–25], which usually
employs the Cahn-Hilliard [26,27] or the Allen-Cahn [28]
equation, is a diffuse-interface model used in combination
with several numerical methods, for example, lattice Boltz-
mann methods (LBMs) [29], finite-element methods (FEMs)
[30], and finite volume (FV) [31] or immersed boundary
methods (IBMs) [32]. Other examples of diffuse-interface
model-based methods are the free-energy [33–35] and the
pseudopotential [36,37] LBMs, which are single-component
methods capable of modeling a liquid-vapor phase transition
without any special treatment of the interface. Due to good
parallelizability and robustness, LBM is generally well suited
for complex flow applications [38–41], even at large scales
[42]. Notably, many of the diffuse-interface models listed
above (or derivates thereof) are implemented in open-source
libraries such as openlb [43] and thus readily available for
parallel execution on personal devices or clusters of any size.

While diffuse-interface models such as Cahn-Hilliard
are well established in numerical and analytical studies of
phase separation [44], their use in analytical descriptions
of liquid evaporation processes remains limited. However,
these models also hold great potential for the development
of analytical solutions since the fluid behavior is fully
described by differential equations. This eliminates the need
for assumptions such as local equilibrium at the interface,
which is commonly used in sharp-interface modeling. This
represents a significant advancement in the analysis of
nonequilibrium thermodynamics.

In this work, we employ a diffuse-interface model to study
the evaporation process. To simplify the problem, we con-
sider an isothermal system subject to a subsaturation pressure
condition. A similar system was previously studied by
Jamet [45], but using a sharp-interface approach. With our
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FIG. 1. Schematic representation of the one-dimensional isother-
mal evaporation problem under subsaturated vapor pressure. The
system consists of a vapor region on the left and a liquid region
on the right, separated by a flat interface located at xint (t ). A pres-
sure pv < psat (T ) is imposed at the vapor boundary, which drives
evaporation and causes the interface to move toward the liquid phase
with velocity uint . The right boundary represents a plane of symmetry,
where u = 0 and ∂xρ = 0.

innovative methodology, we observed a dependence of the
evaporation rate on the fluid viscosity—a behavior that has not
been captured by any existing model in the literature. Finally,
we derived an analytical solution for the evaporation rate in
the inviscid case and an approximate solution for the viscous
case. The predictions from our solutions are confirmed by
simulations using an LBM implemented in the open-source
parallel library openlb [43].

The practical applications of our analytical solution are
as follows: First, it provides predictions that can be tested
in experiments to validate diffuse-interface methods or sug-
gest future corrections to this approach. Second, our solution
can also be used to construct benchmark cases to test
numerical approaches for diffuse-interface models. Third, pre-
dicting evaporation phenomena under subsaturation pressure
is crucial in, e.g., fuel injection systems, especially within
low-pressure chambers. This process has significant impli-
cations for combustion engines [46]. In future works, our
approach of constructing an analytical solution can be ex-
tended to nonisothermal and multicomponent problems.

The article is organized as follows: In Sec. II, the physical
problem of isothermal evaporation under subsaturation pres-
sure is introduced. In Sec. III, the governing equations are
presented. Section IV details the analytical solution proce-
dure, including the derivation of the interface velocity and its
dependence on physical parameters. In Sec. VI, the analytical
solution is evidenced through comparisons with LBM simula-
tions, and the influence of viscosity and pressure differences
on the interface dynamics is analyzed. Finally, in Sec. VII,
we summarize and discuss the main findings and propose
directions for future work.

II. PROBLEM DESCRIPTION

The problem considered in this work is a dynamic, isother-
mal liquid-vapor evaporation process, similar to that described
by Jamet [45]. We consider a system consisting of two phases,
liquid and vapor, separated by a flat interface. Owing to this
geometry, the problem reduces to a one-dimensional configu-
ration, as illustrated in Fig. 1. The temperature T is uniform

FIG. 2. Top: Density profile ρ∗ as a function of domain coor-
dinate x∗ at three instants t∗. Bottom: Velocity profile u∗ for the
same conditions. All quantities are dimensionless and defined in (5).
Simulations conducted with the model of Wagner [47] implemented
in openlb [43] (see Sec. V for details).

and constant throughout the domain. At equilibrium, the sys-
tem exhibits a homogeneous pressure equal to the saturation
pressure psat (T ). We investigate the system behavior when a
subsaturated pressure pv < psat (T ) is imposed in the vapor
phase, which induces steady evaporation of the liquid region.

To illustrate this phenomenon, we perform a numerical
simulation using the free-energy LBM formulation proposed
by Wagner [47]. Figure 2 shows the density and velocity fields
obtained from the numerical simulation. The top panel shows
the density profile ρ∗ at three time instants (t∗ = 750, t∗ =
2500, and t∗ = 4250). On the left boundary (vapor phase), a
pressure lower than the saturation pressure, pv = 0.99psat, is
imposed. The superscript ∗ indicates dimensionless quantities
such as t∗. The definition of the dimensionless quantities is
presented in Sec. III. The simulation details are presented in
Sec. V.

The density profile in Fig. 2 exhibits three distinct regions,
which are typical of diffuse-interface models. On the far left,
the density is uniform and equal to the vapor bulk value ρv,
whereas on the far right, it is uniform and equal to the liquid
bulk value ρl. Between these two constant-density regions lies
a thin transition layer where the density varies smoothly from
ρv to ρl, representing the diffuse interface. From t∗ = 750 to
t∗ = 4250, this liquid region becomes progressively smaller,
demonstrating that the imposed boundary condition leads to
a sustained evaporation process. The lower panel of Fig. 2
shows the corresponding velocity profile. In the liquid region,
the velocity remains zero due to symmetry, whereas in the
vapor region, the velocity profile confirms that mass exits the
domain through the left boundary.

This simulation was performed for a uniform dimension-
less viscosity ν∗ = 1. We repeated the simulation for different
viscosity values and recorded the interface position for several
other time instants. For consistency, the interface location was
extracted as the point where the density reaches the midpoint
between the bulk phases, ρ = 1

2 (ρv + ρl ). The results are
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FIG. 3. Interface displacement, x∗
int (t

∗) − x∗
int (t

∗ = 1000), as a
function of time t∗ for several viscosities ν∗. All quantities are
dimensionless and defined in (5). Simulations were performed using
the model of Wagner [47] implemented in openlb [43] (see Sec. V for
details). The interface position is defined, in the context of a diffuse-
interface method, as the location where the fluid density reaches the
midpoint value, ρ = 1

2 (ρv + ρl ), where ρv and ρl are the vapor and
liquid densities, respectively.

summarized in Fig. 3. Two interesting behaviors are observed.
First, for sufficiently long simulation times, the “position vs
time” curve is a straight line, which implies a constant inter-
face velocity. The second surprising result is that the interface
velocity depends on the fluid viscosity. This dependence of
the evaporation rate on fluid viscosity is not present in clas-
sical evaporation models [8,9,12] or in analytical solutions to
evaporation problems [13,14], showing a different behavior.

In the next sections, we focus on obtaining an analytical
solution that describes this physical phenomenon.

III. GOVERNING EQUATIONS

This problem is modeled by the one-dimensional (1D)
mass and momentum conservation equations,

∂ρ

∂t
+ ∂ (ρu)

∂x
= 0, (1a)

ρ
∂u

∂t
+ ρu

∂u

∂x
= −∂ p

∂x
+ ∂τxx

∂x
, (1b)

where ρ denotes the density, u is the velocity, p is the pressure,
and τxx is the viscous stress as presented in Krüger et al.
[48, p. 6]:

τxx =
(

4

3
ν + νb

)
ρ

∂u

∂x
, (2)

and, unless stated otherwise, all variables depend on time t
and space x. The symbols ν > 0 and νb in (2) represent the
shear and bulk kinematic viscosity coefficients, respectively.
For dilute monatomic gases, kinetic theory [49] predicts νb =
0, which coincides with Stokes’ hypothesis [50]. Notably, the
bulk viscosity for nonideal fluids is a complex topic [51,52].
In addition, the stress-tensor behavior at the interface is barely
described in the literature.

In particular, in this work, we compare the analytical so-
lution of a problem governed by Eqs. (1a) and (1b) with
the numerical simulations performed with LBM based on
an isothermal flow assumption. Thus, we use a different

stress-tensor definition than (2), i.e.,

τxx = 2νρ
∂u

∂x
. (3)

The alternative form of the stress tensor given in (3), com-
pared to the complete expression in (2), arises from the fact
that the bulk viscosity predicted by the Bhatnagar-Gross-
Krook [53]-based lattice Boltzmann model is incompatible
with the assumption of isothermal flow. Unless stated oth-
erwise, we continue with the stress tensor defined in (3).
The implications of this consideration can be tested and, if
necessary, future corrections can be made.

In addition, we use a Korteweg-type pressure [54]

p = pEOS + κ

2

(
∂ρ

∂x

)2

− κρ
∂2ρ

∂x2
, (4)

where pEOS denotes the equation of state (EOS) and κ > 0 is
the surface tension coefficient.

A fixed pressure pv is imposed on the boundary. Since the
temperature is fixed, this will imply a fixed vapor density at
the boundary ρv. Then, we define the following dimensionless
quantities:

x∗ := x

ρv

√
pv

κ
, t∗ := t

pv√
ρ3

vκ
, u∗ := u

√
ρv

pv
,

ν∗ := ν√
ρvκ

, ρ∗ := ρ

ρv
, p∗ := p

pv
. (5)

Equation (5) defines the set of dimensionless quantities em-
ployed in this work, including the dimensionless viscosity
ν∗ := ν/

√
ρvκ .

IV. ANSATZ FOR A MODEL SOLUTION

When performing initial simulations, we observed that the
interface was moving with a constant speed (cf. Fig. 3). Thus,
in the ansatz used further below to derive an analytical solu-
tion, we make explicit use of the following assumptions:

(1) After a transient time, the solution reaches a state
where the interface propagates with constant velocity uint.

(2) The right boundary will have a zero velocity by sym-
metry and will retain a constant density.

(3) The previous assumptions suggest that we can pick a
reference frame (x′, t ′) that moves with the interface, where
any field φ is then independent of time, i.e., ∂φ/∂t ′ = 0.

The transformation between the old and new frames of
reference is

x′ = x − uintt,

t ′ = t, x = x′ + uintt
′,

t = t ′. (6)

From the definitions in (6) and the consideration of As-
sumption 3 above, it follows that

∂φ

∂t
=

(
∂φ

∂t ′

)
∂t ′

∂t
+

(
∂φ

∂x′

)
∂x′

∂t
⇒ ∂φ

∂t
= −uint

∂φ

∂x′ ,

∂φ

∂x
=

(
∂φ

∂t ′

)
∂t ′

∂x
+

(
∂φ

∂x′

)
∂x′

∂x
⇒ ∂φ

∂x
= ∂φ

∂x′ . (7)
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A. Mass conservation

Now, the mass conservation equation (1a) is rewritten in
terms of x′. Since the solution is independent of t ′, we write
∂φ/∂x′ = dφ/dx′, which gives

−uint
dρ

dx′ + d (ρu)

dx′ = 0 ⇒ (uint − u)
dρ

dx′ = ρ
du

dx′ . (8)

We integrate (8) and obtain a relation between ρ and u up to a
constant C1,∫

dρ

ρ
=

∫
du

uint − u
+ C1 ⇒ ρ(uint − u) = eC1 = const.

(9)

According to Assumpion 2, in the liquid region, ρ = ρl and
u = 0, respectively. Then, from (9), we obtain

ρ(uint − u) = ρluint. (10)

Thus, our main finding from the mass conservation equa-
tion (1a) is (10), which leads to the useful relation

du

dx′ = (uint − u)

ρ

dρ

dx′ ⇒ du

dx′ = ρluint

ρ2

dρ

dx′ . (11)

We make explicit use of (11) below.

B. Momentum conservation

Considering the momentum equation (1b), we start by re-
placing the derivatives in terms of t and x with derivatives in
terms of x′, which gives

−ρuint
du

dx′ + ρu
du

dx′ = − d p

dx′ + d

dx′

(
2νρ

du

dx′

)
. (12)

Next, we rewrite the left-hand side of (12) using (10) and (11)
to obtain

ρ(u − uint )
du

dx′ = −ρ2
l u2

int

ρ2

dρ

dx′ . (13)

Using (11), we also rewrite the viscous term as

2νρ
du

dx′ = 2ρluint
ν

ρ

dρ

dx′ . (14)

Now, all terms of (12) that were dependent on u are re-
placed by terms that depend on ρ. Hence, we have reached
a closed-form equation that depends on one variable only. All
terms of the modified momentum conservation equation based
on (12)–(14) can be grouped in the form

d

dx′

(
p + (ρluint )2

ρ
− 2ρluint

ν

ρ

dρ

dx′

)
= 0, (15)

which gives

p + (ρluint )2

ρ
− 2ρluint

ν

ρ

dρ

dx′ = C2 = const. (16)

Considering that density gradients are equal to zero in the bulk
regions, we can evaluate the constant C2 in (16) and obtain

C2 = pv + ρ2
l u2

int

ρv
and C2 = pl + ρ2

l u2
int

ρl
. (17)

Next, we proceed by manipulating the differential equation in
a more convenient form to solve.

C. Final ordinary differential equation

From (4), (16), and (17), we have the following ordinary
differential equation (ODE) in terms of x′:

κρ
d2ρ

dx′2 − κ

2

(
dρ

dx′

)2

+ 2ρluint
ν

ρ

dρ

dx′ = f (ρ), (18a)

where

f (ρ) = pEOS − pv − u2
intρ

2
l

(
1

ρv
− 1

ρ

)
. (18b)

The ODE (18a) can be converted into a more convenient
form by applying a simplification based on the assumption
that the density function ρ = ρ(x′) is monotonically growing,
i.e., dρ/dx′ > 0 for all x′. Then, the dependency on x′ can be
transformed into a dependency on ρ.

Considering dρ/dx′ as a function of ρ, we have that

dρ

dx′ = z(ρ),

d2ρ

dx′2 = dz

dx′ ⇒ d2ρ

dx′2 = dz

dρ

dρ

dx′ ⇒ d2ρ

dx′2 = 1

2

dz2

dρ
. (19)

Also, the first two terms of the left-hand side of (18a) can be
grouped such that

κρ
d2ρ

dx′ − κ

2

(
dρ

dx′

)2

= κρ

2

dz2

dρ
− κ

2
z2

⇒ κρ
d2ρ

dx′ − κ

2

(
dρ

dx′

)2

= ρ2

2

d

dρ

z2

ρ
. (20)

By applying the transformations of (20) to (18a), we obtain a
nonlinear ODE,

d

dρ

z2

ρ
+ 4

ρluint

κ

ν

ρ3
z = 2

κ

f (ρ)

ρ2
. (21)

The ODE (21) is an Abel’s equation of the second kind. This
equation has the general form [55]

[g0(ρ) + g1(ρ)z]
dz

dρ
= f2(ρ)z2 + f1(ρ)z + f0(ρ). (22)

Equation (21) is a particular case of (22) with coefficients,

g0(ρ) = 0, g1(ρ) = 2

ρ
,

f0(ρ) = 2

κ

f (ρ)

ρ2
, f1(ρ) = −4

ρluint

κ

ν

ρ3
,

f2(ρ) = 1

ρ2
. (23)

Looking for a general solution to (21) may not be worth
the effort, as the procedure could be too complex for practical
applications. Therefore, we will proceed with an approximate
solution.

D. Exact solution of inviscid case

The simplest case occurs when there is no viscosity, ν = 0.
Thus, (21) can be simplified,

d

dρ

z2

ρ
= 2

κ

f (ρ)

ρ2
. (24)
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Next, we integrate the whole expression

z2(ρ)

ρ
− z2

v

ρv
=

∫ ρ

ρv

2

κ

f (ρ)

ρ2
dρ, (25)

where zv = z(ρv). The boundary condition zv = 0 (no density
gradients in the bulk phases) is applied to obtain a solution
for z(ρ),

z(0)(ρ) =
√

ρ

∫ ρ

ρv

2

κ

f (ρ)

ρ2
dρ. (26)

The symbol z(0) represents the solution of z for the inviscid
case. The selection of the positive sign in the solution (26)
means that the interface density grows with respect to the x
direction. In Fig. 2, this represents the interface in the left-
hand side.

Then, we replace f (ρ) in (26) by (18b), and apply the
boundary conditions zL = z(ρL ) = 0 (no density gradients in
the bulk phases). After this step, we obtain the following
expression:

0 =
∫ ρl

ρv

pEOS − pv

ρ2
dρ −

∫ ρl

ρv

u2
intρ

2
l

ρ2

(
1

ρv
− 1

ρ

)
dρ. (27)

Finally, we perform the integral in the second term of the
right-hand side of (27) and isolate uint,

u(0)
int =

√∫ ρl

ρv

pEOS−pv

ρ2 dρ√
ρl

ρv

(
1
2

ρl

ρv
− 1

) + 1
2

, (28)

where u(0)
int represents the interface velocity for the inviscid

case. The positive velocity is compatible with the orienta-
tion of the interface (26) (see Fig. 2). The inviscid interface
velocity is completely independent of κ . An important con-
sideration regarding (28) is the dependence of the liquid
density ρl on the interface velocity. As a result, determining
the correct liquid velocity requires solving a coupled system
comprising (28) and the following two additional equations:

pl = pv + ρ2
l u2

int

(
1

ρv
− 1

ρl

)
, pl = pEOS(ρl, T ). (29)

Next, we consider the case with viscous effects.

E. Approximate solution of viscid case

The equivalent of (25) for the viscid case is

z2(ρ)

ρ
− z2

v

ρv
=

∫ ρ

ρv

[
2

κ

f (ρ)

ρ2
− 4

ρluint

κ

ν

ρ3
z(ρ)

]
dρ. (30)

The problem with (30) is that we cannot use it to explicitly
solve for z. To overcome this challenge and obtain an ap-
proximate solution, we consider that the viscosity ν has a
small influence on the interface profile, which depends on
z. At least, this approximation will be valid for sufficiently
small ν. Thus, we assume that z in the viscous case can
be approximated by z(0) from the inviscid case. We use this
approximation to compute the integral of the second term on
the right-hand side of (30).

Applying the boundary condition zl = 0 and the previous
assumption to (30) yields

0 =
∫ ρl

ρv

[
2

κ

f (ρ)

ρ2
− 4

ρluint

κ

ν

ρ3
z(0)(ρ)

]
dρ. (31)

Replacing f (ρ) in (26) by (18b) leads to a final equation that
describes the interface velocity:

Au2
int + Buint + C = 0, (32a)

A = ρl

ρv

(
1 − 1

2

ρl

ρv

)
− 1

2
, (32b)

B = −2ρl

∫ ρl

ρv

ν

ρ3
z(0)dρ, (32c)

C =
∫ ρl

ρv

pEOS − pv

ρ2
dρ. (32d)

Notably, the solution approach above is valid even if ν

depends on ρ. The interface velocity is obtained by simply
solving the quadratic equation (32a) toward

uint = −B − √
B2 − 4AC

2A
, (33)

where the choice of sign in (33) is motivated by the following
reasons:

(i) A is always negative (A < 0) if ρv < ρl,
(ii) B is always negative (B < 0) if ρv < ρl,
(iii) C is always positive (C > 0) for pv < psat(T ).

Consequently, we conclude that a positive solution for uint

is only possible for (33). The positive solution was selected
due to the interface orientation choice in (26). The interface
velocity must be solved together with the liquid density by
coupling (33) with (29). The validity of the solution (33) is
examined in Sec. VI.

Although the present derivation is restricted to a planar
one-dimensional configuration, the same diffuse-interface for-
mulation can, in principle, be extended to higher-dimensional
problems. For geometries with strong symmetry—such as an
evaporating cylinder (axisymmetric) or a spherical droplet—
the governing equations can be reduced to a one-dimensional
form in the radial coordinate, where curvature effects appear
through the capillary term in the pressure tensor. This leads to
a more general differential equation that could serve as a basis
for analytical or approximate solutions in future studies.

V. LATTICE BOLTZMANN METHOD
AND openlb IMPLEMENTATION

In this work, we compare the analytical results given by
(28) and (32a) against LBM simulations performed using
openlb [43]. This is a powerful open-source LBM library ap-
plied in various fluid dynamics applications, including subgrid
particulate flows [56], fully resolved particle flows [57,58],
turbulence simulations [59,60], optimization [61,62], subgrid
multiphase flows [39], and fully resolved multiphase flows
[35]. The numerical framework employed in this work is
based on openlb release 1.8 [63]. A preliminary version of the
proposed method is already included in this release, whereas
the full implementation of the model will be made publicly
available in a future openlb release.
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The governing equation is the lattice Boltzmann equa-
tion [48], with single-relaxation-time collision operator

fi(t + �t, x + ci�t ) − fi(t, x) = �t

τ

(
f eq
i − fi

) + �tFi,

(34)

where fi and f eq
i denote the distribution function and its

equilibrium counterpart, respectively. The indexes i label the
lattice velocity ci at which fi is evaluated. The relaxation
time τ is related to the fluid kinematic viscosity ν = c2

s (τ −
0.5�t ). The parameter c2

s = (1/3)(�x/�t )2 is called lattice
sound speed [48]. The equilibrium distribution function de-
pends on the fluid density ρ and the equilibrium velocity ueq

α

[64],

f eq
i = wiρ

(
1 + ciα

c2
s

ueq
α + ciαciβ − c2

s δαβ

2c4
s

ueq
α ueq

β

)
, (35)

where wi are the lattice weights for each lattice direction i.
The equilibrium velocity is a quantity used to define f eq

i and
its relation with the real fluid velocity is introduced later.

The term Fi is called the forcing scheme and accounts for
the addition of an external force Fα to the LBM. Wagner [47]
proposed the following forcing scheme for the free-energy
LBM:

Fi = wi

[
ciα

c2
s

Fα + ciαciβ − c2
s δαβ

2c4
s

(
Fαueq

β + Fβueq
α + ψδαβ

)]
.

(36)

The external force is given by

Fα = −ρ∂αμ + c2
s ∂αρ. (37)

The first term on the right-hand side is the thermodynamic
force and is related to the gradient of the chemical potential.
The second term is a correction since the LBM naturally
yields the pressure tensor of an isothermal ideal gas, pαβ =
ρc2

s , which must be removed. The spatial derivatives are com-
puted using second-order central finite difference stencils.

The cancellation of the original pressure tensor pαβ = ρc2
s

is not perfect in the numerical sense. As a result, this leads
to numerical errors related to gradients of the density. To this
end, a correction term ψ is added to the method,

τψ =
(

τ − 1

4

)
FαFα

ρ
+ 1 − Cψ

12
∇2ρ. (38)

The correction term in (38) was originally designed by Wag-
ner [47] to eliminate higher-order discretization errors and
thereby improve the accuracy of the method. In principle,
setting Cψ = 0 removes the entire residual of the underly-
ing pressure tensor, yielding the cleanest representation of
the continuum limit. However, we found that this complete
cancellation also removes a source of artificial numerical dif-
fusion that plays a stabilizing role in practical simulations.

To preserve stability while still keeping the correction ef-
fective, we keep a small value for Cψ in this work. Since this
term acts only on discretization errors, its influence vanishes
under grid refinement. Accordingly, we carried out a grid-
refinement study to ensure that our results are independent of
the mesh resolution. For completeness, a direct comparison
between the original choice Cψ = 0 and the stabilized value

adopted here is presented in Sec. VI, highlighting the regimes
in which the proposed strategy significantly enhances numer-
ical stability.

The Wagner forcing has been validated primarily for 1D
cases. This means that an extension for 2D cases was not
provided yet. The velocity set corresponds to the standard
two-dimensional nine-velocity scheme (D2Q9),

ci =
⎧⎨
⎩

(0, 0), i = 0,

(c, 0), (0, c), (−c, 0), (0,−c), i = 1, . . . , 4,

(c, c), (−c, c), (−c,−c), (c,−c), i = 5, . . . , 8.

(39)

The macroscopic variables are computed from the moments
of the distribution function,

ρ =
∑

i

fi, (40a)

ρueq
α =

∑
i

ficiα. (40b)

The physical fluid velocity uα depends on ueq
α and the

force Fα ,

uα = ueq
α + �t

2

Fα

ρ
. (41)

In this work, we use an equation of state based on the
Landau free-energy functional [65],

pEOS = pc(νρ + 1)2(3ν2
ρ − 2νρ + 1 − 2τw

)
, (42a)

νρ = ρ − ρc

ρc
, τw = Tc − T

Tc
, (42b)

where ρc, pc, and Tc are the critical density, pressure, and
temperature. The chemical potential is described by

μ = 4pc

ρc
νρ

(
ν2

ρ − τw

) − κ∇2ρ. (43)

For a planar interface in equilibrium, the bulk densities
(ρsat

v and ρsat
l ), the parameter ξ (related to the interface thick-

ness), and surface tension γ are given by

ρsat
v = ρc(1 − τw ), ρsat

l = ρc(1 + τw ),

ξ =
√

κρ2
c

4τw pc
, γ = 4

3

√
2κ pc(τw )3/2ρc. (44)

The superscripts in ρsat
v and ρsat

l mean that these densities are
defined under the saturation condition.

There is no universal definition of interface thickness in
the literature. In this work, we therefore use ξ as a parameter
controlling the interface steepness and define the interfacial
region as an the interval of width 10ξ centered at the midpoint
density ρ = 1

2 (ρv + ρl ). This convention encompasses the
major portion of the diffuse transition layer and is consistent
with the visual behavior of the density profiles.

In this work, the value of Cψ is linked to the interface
resolution and we therefore adopt the definition

Cψ = 0.0045

(ξ/�x)2
. (45)

As the interface resolution is increased (i.e., ξ/�x grows), the
value of Cψ tends to zero, ensuring that the scheme converges
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to the original formulation proposed by Wagner under grid
refinement. The factor 0.0045 was determined empirically to
ensure stability without degrading numerical accuracy. The
appropriate value of ξ is obtained through a grid convergence
study.

We define the density ratio under the saturation
condition as

rsat
ρ = ρsat

l

ρsat
v

⇒ rsat
ρ = 1 + τw

1 − τw

. (46)

The fluid temperature is directly related to rsat
ρ . Thus, through-

out this work, we report rsat
ρ instead of the fluid temperature.

Accordingly, the problem is characterized by only three inde-
pendent dimensionless parameters: fp = pv/psat, rsat

ρ , and ν∗.
In this work, the simulations are carried out in a unit system

called “lattice units,” frequently employed in the LBM litera-
ture. In this system, we set dx = 1 and dt = 1. Also, we fix
ρsat

v = 1. For each test, we provide the necessary parameters
to reproduce our simulations within this unit system. Param-
eters not explicitly specified can be obtained by matching the
dimensionless quantities.

Considering a system of length L∗, we first initialize the
density profile using the hyperbolic tangent function,

ρ(x∗) = ρv + ρl

2
+ ρl − ρv

2
tanh

(
x∗ − 0.25L∗

√
2ξ ∗

)
, (47)

with ξ ∗ = ξ
√

pv/(ρv
√

κ ).
The initialization of the velocity profile is discussed later.

After defining the macroscopic quantities, the distribution
function is initialized to be equal to its equilibrium counterpart
(35). Periodic boundary conditions are applied in the bottom
and top to reproduce the 1D case. In the side boundaries,
the chemical potential and the density are fixed for the vapor
value.

A subtle but important numerical aspect concerns the
treatment of viscosity in the bulk regions. During the initial
transient regime of the simulations, we observed that low-
viscosity settings may lead to weak oscillations in the density
and velocity fields, which arise from the rapid motion of
the interface combined with small residual numerical noise.
These oscillations are irrelevant to the physics of the problem,
but can slow down the convergence toward the steady inter-
face velocity.

To suppress these transient oscillations efficiently, we
adopt a smoothly varying relaxation time τ (x), assigning
the desired relaxation time τint only in the neighborhood
of the interface and using a higher relaxation time τbulk = 1 in
the bulk region. The transition between the two viscosities is
implemented through a hyperbolic-tangent blending function,

φ(x) = 1

2

[
1 − tanh

( |x − xint| − Lcore

Ltrans

)]
, (48)

where xint is the interface position, Lcore is the half width of
the region where the interface relaxation time is applied (we
set Lcore = 12ξ ), and Ltrans = ξ controls the thickness of the
transition layer. The effective relaxation time is then defined
by the convex combination

τ (x) = φ(x) τint + [1 − φ(x)] τbulk. (49)

This smooth transition avoids the spurious reflections that
would result from discontinuous viscosity jumps. Importantly,
this viscosity modification has no impact on the final results.
The bulk regions exhibit a uniform velocity, as shown in
Fig. 2, implying ∂xu = 0 and therefore a vanishing viscous
stress tensor. This fact was confirmed by comparing simula-
tions performed with uniform viscosity and with the spatially
varying viscosity described above, which produced indistin-
guishable interface velocities within numerical precision.

A major difficulty arises at small density ratios. According
to the inviscid prediction (28), the interface velocity increases
sharply as the density ratio ρl/ρv approaches unity since the
denominator of the expression tends to zero in this limit. At
the same time, near the critical point, the speed of sound
decreases because the equation of state exhibits an inflec-
tion point where d p/dρ → 0. As a result, a regime naturally
emerges in which the interface velocity becomes comparable
to the acoustic velocity.

For the most critical case investigated in this work (rsat
ρ =

2, pv = 0.96, psat , and ν∗ = 1/64), we obtain uint/us ≈ 0.175,
where us denotes the isothermal sound speed in the liquid.
Although this value remains below the speed of sound, it
already places the system in an acoustically stiff regime. In
this situation, the time required for pressure waves to prop-
agate from the interface to the domain boundaries and return
becomes comparable to the timescale over which the interface
itself undergoes a significant displacement, making simula-
tions near the critical point particularly challenging.

For this reason, we introduce a sponge layer in the liquid
region to accelerate the dissipation of these pressure waves
and thus shorten the transient period. Let xref = xint + 15ξ

denote a point in the liquid phase sufficiently close to the
interface. The density and chemical potential for x > xref are
then updated according to

ρ(x) ← (1 − ε) ρ(x) + ε ρ(xref ),

μ(x) ← (1 − ε) μ(x) + ε μ(xref ), x > xref , (50)

with ε = 10−3, which introduces only a minute relaxation
toward ρ(xref ) and μ(xref ), yet is sufficient to ensure rapid
dissipation of the outgoing waves generated during the early
interface motion.

Both this boundary sponge and the spatially varying re-
laxation time serve exclusively to suppress the early-time
transients. Once the interface velocity approaches its asymp-
totic regime, these numerical aids are switched off and the
simulation proceeds with uniform viscosity and without any
damping.

Next, we assess the influence of these stabilization strate-
gies. We begin by considering three cases without any
numerical aid, shown in the top panel of Fig. 4. For this
comparison, we use the vapor velocity at the left boundary
of the system. This choice is motivated by the difficulty of
tracking the interface velocity in the transient regime since
strong acoustic waves can affect the density profile in the
interfacial region without representing an actual advection of
the interface.

In case 1, the system is initialized using the analytical
velocity profile from Eqs. (33)–(10). In case 2, the velocity
field is initialized to zero. Case 3 is also initialized with zero
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FIG. 4. Vapor phase velocity magnitude |u∗
v| at left boundary

over time t∗ for LBM simulations in openlb [43]. All cases use rsat
ρ =

32, pv = 0.95psat , and ν∗ = 1.0. Top: Case 1 (L∗ = 50), initialized
with the analytical velocity profile. Case 2 (L∗ = 50), initialized
with zero velocity. Case 3 (L∗ = 100), initialized with zero velocity.
Bottom: Comparison between Case 1 without numerical aid and
a corresponding simulation employing both stabilization strategies
(49) and (50). We set γ = 1.5/ε in lattice units.

velocity, but employs a longer computational domain. Al-
though the transient period differs between the three cases, all
of them converge to the same steady vapor velocity, regardless
of the initial condition or domain length. Therefore, we adopt
the analytical initialization to reduce the transient duration.

In the bottom panel of Fig. 4, we examine the combined
effect of the sponge layer and the increased bulk viscosity.
We compare case 1 without any aid to an otherwise identical
simulation where both stabilization strategies are applied.
Both simulations converge to the same interface velocity
(since the relaxation time at the interface is the same), but the
simulation with numerical aid converges substantially faster,
as the oscillations produced during initialization decay much
more rapidly.

Although none of the numerical aids introduced above
were found to affect the final steady-state interface veloc-
ity, we nevertheless disable all stabilization mechanisms as
soon as the interface reaches its terminal velocity in every
simulation. This ensures that the reported results are entirely
free from any influence of the numerical tools used solely to
shorten the transient period.

Finally, before presenting the results, we conducted a mesh
study to determine the appropriate resolution for the simula-
tions. To this end, we ran three cases with rsat

ρ = 32, ν∗ =
1/64 considering pressure fractions fp = 0.99, 0.96, and 0.90.
Since domain length is not relevant, we used the interface res-
olution, given by ξ/�x, as a measure of simulation resolution.
This value provides an estimate of the number of nodes that

FIG. 5. Interface velocity u∗
int dependency on interface resolution

ξ/�x for LBM simulations in openlb [43]. Results using ν∗ = 1/64
and setting γ = 1.5/ε in lattice units.

occupy the interface. We set γ = 1.5/ξ in lattice units; this
choice keeps κ constant for all grids.

The results are presented in Fig. 5. The difference in uint

between resolutions 15 and 25 was smaller than 0.5% for
fp = 0.90 and 0.96. For fp = 0.99, larger grids were nec-
essary to achieve this variation. Thus, for this specific case
(rsat

ρ = 32 and fp = 0.99), we divide our Cψ by a factor of
10 to increase the precision at lower resolutions. Figure 5
already incorporates this change. With this modification, the
differences between resolutions 15 and 25 were smaller than
0.18%. The same test was repeated for rsat

ρ = 8 and rsat
ρ = 2.

We concluded that for all cases, ξ/�x = 15 was enough while
using Cψ of (45). The only exception in this work is the case
rsat
ρ = 32 with fp = 0.99, for which Cψ is divided by a factor

of 10 to maintain ξ/�x = 15.

VI. RESULTS

A. Verification of the modeling framework

Before testing the inviscid analytical solution (28) and
the approximate viscous solution (33), we first validate the
physical equations underlying our approach. The validation is
based on comparisons with numerical simulations using the
free-energy LBM proposed by Wagner [47] and implemented
in openlb [43]. The results demonstrate that the observed
effects arise directly from the governing physical equations.

Equation (16) is crucial to our work, as it describes the
pressure variations given by (4) resulting from momentum ex-
change and viscous forces acting at the interface. To assess the
contribution of each term, we adopt the following definitions:

pnonideal := pEOS + κ

2

(
∂ρ

∂x′

)2

− κρ
∂2ρ

∂x′2 , (51a)

pmomentum := pv + ρ2
l u2

int

(
1

ρv
− 1

ρ

)
, (51b)

pfriction := pv + 2ρluintρ
dρ

dx′ , (51c)
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 nonideal

FIG. 6. Pressure p∗ (left vertical axis) and density ρ∗ (right
vertical axis) along domain length x∗. Dimensionless quantities are
defined in (5). Pressure definitions are given in (51). Simulation re-
sults with rsat

ρ = 2, pv = 0.99psat , and ν∗ = 0.5 obtained from LBM
implemented in openlb [43]. The vertical lines represent the bound-
aries of the diffuse interface according to the convention defined in
Sec. V. We set γ = 10−4 in lattice units.

ptotal := pv + ρ2
l u2

int

(
1

ρv
− 1

ρ

)
+ 2ρluint

ν

ρ

dρ

dx′ . (51d)

We perform an LBM simulation with rsat
ρ = 2, pv =

0.99psat, and ν∗ = 0.5, and run the simulation until a steady-
state velocity solution is reached. From the resulting density
and velocity fields, we compute (51a)–(51d). The first- and
second-order derivatives in these equations are approximated
using central finite differences with second-order accuracy.

Figure 6 shows the density profile for this simulation and
the variation of pnonideal and ptotal across the interfacial region.
Both pressures are equivalent, which is consistent with (16).
We observe that when moving from the vapor region across
the interface, pnonideal increases, reaching a peak inside the
interfacial region, and then decreases toward the liquid region.
The value of pnonideal is higher in the liquid region than in the
vapor region.

In Fig. 6, we observe that pmomentum grows continuously
from the vapor region to the liquid region due to momentum
exchange across the interface. In the bulk regions, pnonideal

equals pmomentum, indicating that momentum exchange is
solely responsible for the pressure difference between bulk
phases.

Finally, we also plot pfriction in Fig. 6. The value of this
quantity grows inside the interface due to the velocity gradient
across the interface. However, friction does not contribute to
the pressure difference between the two bulk phases. The nu-
merical results are fully consistent with the proposed physical
model.

B. Comparison with lattice Boltzmann method

We compare the analytical approximation given by (33)
against results obtained from LBM simulations. To assess
the robustness of the model, we consider three representative
density ratios, rsat

ρ = 2, 8, and 32. We then analyze how the

FIG. 7. Dependency of interface velocity u∗
int on fluid kinematic

viscosity ν∗ for fixed rsat
ρ and different values of fp = pv/psat. Di-

mensionless quantities are defined in (5). Points represent simulation
results using LBM implemented in openlb [43]. LMB 1 is respective
to simulations using Cρ value as (45) (with exception of rsat

ρ = 32 and
fp = 0.99 where we divide Cρ by 10) and LBM 2 to Cρ = 0.

interface velocity u∗
int varies as a function of the kinematic

viscosity ν∗. Simulations are performed across a range of
pressure ratios defined as fp = pv/psat.

In all simulations, the interface is initially positioned at
x = 0.25L, where L denotes the length of the computational
domain. The simulations are then carried out until the inter-
face reaches x = 0.75L. To accelerate the transient evolution
and reduce the computational cost, auxiliary numerical tech-
niques are employed during the early stages of the simulation
(49) and (50). These numerical aids are completely switched
off once the interface reaches the midpoint of the domain,
x = 0.5L, ensuring that all measurements of the interface ve-
locity are performed under unbiased dynamical conditions. In
addition, these numerical aids are applied only in simulations
with ν∗ < 1. The simulations with rsat

ρ = 2, 8, and 32 employ
γ = 10−4, 5 × 10−3, and 0.1, respectively, in lattice units.

Two distinct sets of simulations are performed, denoted as
LBM 1 and LBM 2. In LBM 1, the stabilization parameter
Cψ is set according to (45) in order to enhance numerical
stability, whereas in LBM 2 we strictly enforce Cψ = 0. As
shown in Fig. 7, the use of a nonzero Cψ significantly enlarges
the range of stable simulations, enabling cases that could not
be simulated otherwise. Importantly, the comparison between
LBM 1 and LBM 2 demonstrates that the introduction of this
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TABLE I. Relative error between the analytical approximation
and LBM simulations for different density ratios rsat

ρ , pressure frac-
tions fp, and viscosities ν∗.

rsat
ρ fp ν∗ Relative error (%)

32 0.99 1/64 0.27
32 0.99 8 0.50
32 0.90 1/64 0.24
32 0.90 8 0.24
8 0.99 1/64 0.64
8 0.99 6.4 1.04
8 0.90 1/64 0.05
8 0.90 8 1.51
2 0.99 1/64 0.02
2 0.99 8 6.27
2 0.96 1/64 0.04
2 0.96 8 26.36

numerical stabilization does not affect the physical results:
Both approaches yield indistinguishable interface velocities
within numerical accuracy. This confirms that the proposed
stabilization strategy improves robustness without altering the
underlying dynamics.

It is important to note that the viscid solution given by (33)
is an approximation and may deviate from the exact solution
of the underlying differential equation. However, the free-
energy LBM is a consistent numerical method for solving the
mass and momentum conservation equations, and its results
converge to the exact solution as the spatial and temporal
resolution increases. Therefore, we use high-resolution LBM
simulations as a reference to assess the accuracy of our ana-
lytical approximation.

The results of this comparison are shown in Fig. 7. The
overall behavior of the solution is qualitatively similar across
all cases. For very low viscosities, the solution converges
to the inviscid limit given by (28). Conversely, when ν∗ is
sufficiently large, the interface velocity becomes small and
the quadratic term u2

int in (32a) can be neglected. In this high-
viscosity regime, the interface velocity exhibits an inverse
dependence on the viscosity.

The difference observed between the numerical and analyt-
ical solutions arises from using the inviscid solution z(0) as an
approximation for the actual solution z in (31). As the results
show that the interface velocity uint decreases significantly
with increasing density ratio, the product νuint in (21) remains
small, making the viscous effect less relevant. Consequently,
the inviscid solution z(0) becomes closer to the actual one and
the approximation based on the inviscid case becomes more
accurate for high density ratios.

A selection of relative errors between the analytical ap-
proximation and the LBM results is compiled in Table I. Three
main trends can be identified from the data: First, the approx-
imation becomes less accurate as the viscosity ν∗ increases.
This is consistent with the construction of our solution, which
is derived from the inviscid limit and, therefore, performs best
in low-viscosity regimes. Second, the error also increases as
the pressure fraction fp = pv/psat decreases. A third trend is
observed with respect to the density ratio. For lower values

such as rsat
ρ = 2, the approximation becomes significantly less

accurate.
This suggests that near the critical point—where the den-

sity ratio approaches unity—the interface becomes more
sensitive to viscous effects. Since our approximation relies on
the assumption of proximity to the inviscid case, its accuracy
degrades in this regime, where the influence of viscosity be-
comes more pronounced.

These observations help delineate the validity range of
the proposed approximation. The solution consistently yields
accurate results in the low-viscosity regime. Moreover, we
observe that if the density ratio remains above 8 and the pres-
sure fraction exceeds 0.90, the approximation remains reliable
across a broad range of viscosities. For rsat

ρ = 2, however, the
pressure fraction should be kept below 0.99 in order to get
accurate results.

C. Comparison with sharp-interface solution

Jamet [45] modeled a similar problem using a sharp-
interface approach. His formulation is based on the framework
originally proposed by Ishii [66], which is derived from apply-
ing jump conditions across the interface under the assumption
of thermodynamic equilibrium. Under this assumption, the
following equation is obtained (see Ishii [66, p. 41, Eqs. (2)–
(106)] and Jamet [45, Eq. (16)]):

pv = psat − 1

2

ρvρl

ρl − ρv

(uv − ul )
2. (52)

Assuming symmetry in our test case, such that ul = 0, and
using (10), we obtain

uint =
√√√√ psat − pv

ρ2
l

2

(
1
ρv

− 1
ρl

) . (53)

This relation shares similarities with (28). In fact, (53) can
be derived from (28) if we assume∫ ρl

ρv

pEOS

ρ2
dρ ≈

∫ ρl

ρv

psat

ρ2
dρ. (54)

This is essentially the Maxwell construction, which holds
under thermodynamic equilibrium. However, under nonequi-
librium conditions, this approximation may no longer be
valid. Moreover, this macroscopic model does not capture the
dependence of the evaporation flux on viscosity.

Next, we compare our inviscid solution (28) with the sharp-
interface model given by (53). The results for different values
of rsat

ρ and fp are shown in Fig. 8. Overall, the two solu-
tions exhibit excellent agreement. Noticeable deviations are
observed only when fp is significantly reduced (e.g., to 0.7) or
near the critical point, where rsat

ρ approaches unity.
The small discrepancies observed in Fig. 8 originate from

the approximation in (54), which replaces the integral of pEOS

by its equilibrium Maxwell construction. This approximation
is exact only under thermodynamic equilibrium, whereas our
diffuse-interface solution is obtained for a nonequilibrium
evaporation process with finite mass flux and a pressure below
saturation. As a result, the sharp-interface model assumes an
interface that instantaneously satisfies equilibrium conditions,
while the diffuse model captures deviations from equilibrium
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FIG. 8. Dependency of interface velocity u∗
int on the density ratio

rsat
ρ for different values of fp = pv/psat. Plot shows a comparison

between our inviscid solution (28) and Jamet solution (53).

across the transition layer. These deviations become more
pronounced as the density ratio approaches unity or as pv/psat

decreases, explaining the increasing difference between the
two predictions.

For general purposes, we conclude that the two models
yield comparable predictions across a wide range of condi-
tions. In future work, we intend to extend this comparison
by incorporating LBM simulations using more stable collision
operators. At present, the use of the single-relaxation-time op-
erator restricts our ability to access sufficiently low viscosities
to fully explore the inviscid regime.

VII. CONCLUSION

This work presents an analytical approximation to the
problem of isothermal evaporation under subsaturation pres-
sure conditions using a diffuse-interface model. For the
inviscid case, our solution is exact. By avoiding traditional

assumptions such as local thermodynamic equilibrium at the
interface, the proposed approach offers a different perspective
on the relationship between evaporation rates and viscosity.
The derived solution is evidenced against numerical simula-
tion results produced with an LBM implemented in openlb,
demonstrating excellent agreement and reinforcing its physi-
cal consistency.

The findings highlight the potential of diffuse-interface
models in studying phase-change phenomena, not only as a
predictive tool but also as a benchmark for numerical meth-
ods. The results provide clear evidence that the evaporation
dynamics, including interface velocity, are strongly influenced
by fluid viscosity, which is often overlooked in the existing lit-
erature. Furthermore, this found analytical solution can serve
as a reference for experimental validation of diffuse interface
methodologies or as a basis for future refinements of these
models.

Future work could extend this approach to nonisothermal
conditions and multicomponent systems, enabling broader ap-
plications in practical scenarios such as fuel atomization and
heat-transfer processes. By bridging the gap between analyt-
ical models and numerical simulations, this study contributes
to a more comprehensive and accurate modeling of phase-
change phenomena in complex systems.

The simulation code used to generate all numerical results
shown in the manuscript is available in Ref. [63].
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