Received: 7 December 2024

W) Check for updates

Accepted: 22 February 2026

DOI: 10.1112/topo.70071

RESEARCH ARTICLE

Journal of Topology

Infinity-operadic foundations for embedding

calculus

Manuel Krannich'

IDepartment of Mathematics, Karlsruhe
Institute of Technology, Karlsruhe,
Germany

2Department of Computer and
Mathematical Sciences, University of
Toronto Scarborough, Toronto, ON,
Canada

Correspondence

Alexander Kupers, Department of
Computer and Mathematical Sciences,
University of Toronto Scarborough, 1265
Military Trail, Toronto, ON M1C 1A4,
Canada.

Email: a.kupers@utoronto.ca

Funding information

European Union, Grant/Award Number:
101221003; Natural Sciences and
Engineering Research Council of Canada,
Grant/Award Numbers: 512156, 512250

| Alexander Kupers>

Abstract

Motivated by applications to spaces of embeddings and
automorphisms of manifolds, we consider a tower of
oo-categories of truncated right modules over a uni-
tal co-operad @. We study monoidality and naturality
properties of this tower, identify its layers, describe the
difference between the towers as @ varies and gener-
alise these results to the level of Morita (oo, 2)-categories.
Applied to the BO(d)-framed E;-operad, this extends
Goodwillie-Weiss’ embedding calculus and its layer
identification to the level of bordism categories. Applied
to other variants of the E;-operad, it yields new ver-
sions of embedding calculus, such as one for topological
embeddings — based on BTop(d) — or one similar
to Boavida de Brito-Weiss’ configuration categories —
based on BAut(E,). In addition, we prove a delooping
result in the context of embedding calculus, establish a
convergence result for topological embedding calculus,
improve upon the smooth convergence result of Good-
willie, Klein and Weiss and deduce an Alexander trick
for homology 4-spheres.
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The study of smooth embeddings between smooth manifolds M and N, and families thereof, plays
a central role in geometric topology. From a homotopy-theoretic point of view, it corresponds to
the study of the homotopy type of the space Emb°(M, N) of smooth embeddings, equipped with
the smooth topology. More generally, one often considers spaces Embj (M, N) of embeddings that
extend a given embedding e; : d,M < N on a fixed submanifold 6,M C dM of codimension 0.
There is an approach due to Goodwillie and Weiss [29, 98] to analyse the homotopy types of such
spaces of embeddings through their restriction maps to spaces of embeddings of submanifolds of
M diffeomorphic to a finite disjoint union of open discs. This goes under the name of embedding
calculus and takes the form of a tower of homotopy-theoretic approximations to Embg0 (M,N)

-
0
T,Embg (M, N)
v )

/> T,Embg (M, N)
\V

Embg (M,N) —— ToEmbj (M,N) = .

whose layers — the fibres of the consecutive maps TkEmbg (M,N) - Tk_lEmbg (M, N)—can be
described explicitly in terms of the frame bundles and con%iguration spaces of M and N’; see [98].
Goodwillie, Klein and Weiss [27, 29] proved that this tower often converges, that is, the map

Embg0 (M,N) — T, Embg0 (M,N) := holikakEmbgo (M,N) 2

to the limit of the tower is a weak homotopy equivalence in many cases. The combination of
these results has led to a number of applications to spaces of embeddings, and more recently also
to spaces of diffeomorphisms; see [9, 24, 62, 65, 102] for examples.

Among the various constructions of the tower (1) [1, 13, 28, 94, 98], the one closest to this work
is that by Boavida de Brito-Weiss. Let us briefly outline it, for simplicity in the case where M and
N have no boundary and are of equal dimension d. They consider the functor

E: Ml an} — PSh(Pisc))
(3)
M +— E,; := Emb°(—, M)
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INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS | 3 0f136

from the oco-category .#an) of smooth d-manifolds without boundary and spaces of embed-
dings between them, to the co-category of space-valued presheaves on the full subcategory
9isc3 C «an; of manifolds diffeomorphic to S X R? for finite sets S. On mapping spaces, this
functor induces (2), and the tower (1) is obtained by combining it with the tower of co-categories
induced by restriction

PSh(Zisc;) = PSh(@iscg, ) = PSh(QZiscg’ o) — PSh(QZiscg’ <) (4)

where 915035 « C giscg is the full subcategory on manifolds diffeomorphic to S x R for |S| < k.
When studying spaces of embeddings, it is often useful to compare them for different choices
of source and target manifold — for example, by pre- or post-composition or by gluing along
the fixed part of the boundary — so it would be desirable to extend the tower (1) to coherently
incorporate these comparison maps. As part of [59], we did this for the limit of the tower (2) in the
equidimensional case. This took the form of a functor of symmetric monoidal (e, 2)-categories

E: ncBord’(d)®? — Mod’(d)>? )

whose source nc%Bord’(d)(*? is a bordism (oo, 2)-category with (potentially non-compact)
smooth (d — 1)-manifolds as objects, (potentially non-compact) smooth bordisms as 1-morphisms
and smooth embeddings between bordisms that are fixed on the boundary as 2-morphisms.
The target .#0d’(d)(®? is a (oo, 2)-Morita category of the co-category PSh(@isc))) equipped
with the Day convolution monoidal structure induced by disjoint union in @iscg: it has asso-
ciative algebras in PSh(2isc)) as objects, bimodules as 1-morphisms and maps of bimodules as
2-morphisms. We refer to [59] for a detailed description of the functor (5); for now it suffices to
know, firstly, that it recovers (3) on the co-category of 1-morphisms from the empty manifold to
itself, and secondly — after replacing M and N up to isotopy equivalence with the nullbordisms
M’ :=int(M) Uint(d,M) and N’ : = int(N) U int(e(8,M)) of int(8,M) — that it recovers the limit
of the embedding calculus tower (2) for Embgo (M, N) on the space of 2-morphisms from M’ to N’
and thus equips the map (2) with coherent composition and gluing maps.

However, with an eye towards future applications of embedding calculus, the construction of
the functor (5) from [59] left several desiderata. For instance, one ought to

(i) extend the functor (5) to incorporate, firstly, the tower (1) and not just its limit (2), sec-
ondly, the description of the layers of the tower and thirdly, embedding calculus in positive
codimension,

(ii) develop embedding calculus for (locally flat) topological embeddings between topological
manifolds, and establish analogues in this setting, firstly, of the functor (5), secondly, of
extensions as in (i) and thirdly, of Goodwillie, Klein and Weiss’ convergence result,

(iii) establish an analogue of parametrised smoothing theory (see [54, Essay V]) in the context
of embedding calculus that describes the difference between the smooth and topological
variants.

In this work, we, in particular, establish (i)—(iii) by placing embedding calculus in a new frame-
work based on the theory of co-operads that allows us to treat previous and new variants of
embedding calculus — for example, smooth and topological versions, or a version reminiscent
of Boavida de Brito-Weiss’ configuration categories [14] — as instances of the same construction,
describe the layers in this generality, prove a smoothing theory result that describes the difference
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4 0f 136 | KRANNICH and KUPERS

between the variants and establish a convergence result for topological embedding calculus as
well as improve upon the smooth one. We now outline these results in more detail, starting with
the oco-operadic setup.

A calculus for right modules over an c-operad

Informally, an co-operad O consists of a set of colours, spaces of multi-operations Mul;((c,);es; €)
from a collection of colours (c),cg indexed by a finite set S to a colour ¢ and compo-
sition maps between them that satisfy the axioms of an ordinary coloured operad up to
higher coherent homotopy. Restricting to collections consisting of a single colour, an oo-
operad O has an underlying co-category 0! of colours. The latter is a full subcategory of
a symmetric monoidal co-category Env(0) associated to O, called the monoidal envelope (or
associated PROP), with objects given by collections (c,),cg as above, morphism spaces by
Mapgy () ((€g)sess (d)ier) = Uy . sor Mier Mulp((¢g)sep1(1); d;) and monoidal structure given
by disjoint union. The co-category of right modules' over @ is the symmetric monoidal co-category

rMod(0) := PSh(Env(0))

of presheaves on Env(0) with values in the co-category & of spaces; the monoidal structure is
inherited from Env(6®) by Day convolution. This co-category fits into a tower of co-categories:
writing Env(0), C Env(0) for the full subcategory on the collections (cy);cs With |S| <k
and defining the co-category of k-truncated right modules as rMod, (0) := PSh(Env(0)), the
filtration Env(0); C Env(0), C --- C Env(0) induces by restriction a tower of co-categories

rMod(6) = rMod,(0) — -+ — rMod,(6) — rMod, (6), (6)

which can be seen to specialise to (4) for a suitable choice of @; see below. This first main part of
this work consists of a detailed analysis of this tower. Most of our results assume that the co-operad
0O is unital, that is, its spaces of 0-ary multi-operations Mul,(@; c) are contractible for all colours
¢, and some of our results simplify when passing to the full subcategory rtMod;"(0) C rMod,(0)
of right modules that are unital, that is, their value at @ € Env(0) is contractible. Specialised to
unital right modules, our main results regarding this tower can be summarised as follows (see
Section 4):

Theorem 1. For any unital co-operad O, the tower of co-categories
tMod""(0) = tMod'(0) — -+ — tMod},"(0) — rMod;"(0) @)

induced by (6) satisfies the following properties:

(Convergence) The induced functor tMod""(0) — lim, rMod‘,i“(@) is an equivalence.
(Monoidality) The Day convolution monoidal structure on tMod(0) induces a lift of (7) to a
tower of symmetric monoidal co-categories.

The terminology stems from the case of ordinary 1-coloured operads O: viewing 6 as a monoid in symmetric sequences
with composition product, the notion of a right module over this monoid specialises to a presheaf on the PROP of 6.
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INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS | 50f136

(Naturality) The tower (7) and its symmetric monoidal lift can be made functorial in maps of
unital co-operads via left Kan extension.
(First layer) There is a natural equivalence of symmetric monoidal co-categories

rMod!™(0) =~ PSh(6°), (8)

where PSh(0°°) is equipped with the cocartesian symmetric monoidal structure.

(Higher layers) Writing 0°°' 2 3, for the wreath product of the co-category O°°' with the sym-
8 8 k p 8
metric group on k letters, there is a commutative diagram of co-categories for 1 < k <
(6]

rMod}(6) —2—% PSh(G®!; 3,)2 <y g2l

i \L(og)* l(og)*

rMod™,(6) —2—% PSh(G«!; 3,)1 —<liny 1]

whose left square is cartesian. Moreover, if 0! is an co-groupoid, then the right square is
cartesian as well, and hence so is the outer one. Moreover, this diagram can be made functorial
in operadic right fibrations via left Kan extension.

(Smoothing theory) For an operadic right fibration ¢ : © — % and 1 < k < oo, the square

rMod}"(6) —2% rMod}" (%)

\A A

PSh(6%) —2 pSh(c°!)

induced by the naturality of (7) is a pullback of symmetric monoidal co-categories.
(Morita categories) The tower (7) induces a tower of symmetric monoidal Morita (c0,2)-
categories

r‘%odun(@)(oo,Z) — rﬂodlol:(@)(ool) e > rﬂodlzm(@)(oo,z) 5 rﬂodllln(@)(oo,Z)
defined in terms of algebras and bimodules in rModzn(@). This tower recovers (7) on the co-
category of I-morphisms between the monoidal units. There are analogues of all of the above
properties for this tower, for example, an identification

1u#0d3"(0) ) Cosp(PSh(0™) >

of the first layer as the symmetric monoidal (oo, 2)-category of cospans in PSh(6), or
natural pullbacks of symmetric monoidal (oo, 2)-categories

rlod;™(0) =2 —F 5 1 iody"(U)>D

\ \

Cosp(PSh(0¢))®2 —F% Cosp(PSh(})))

for1 < k < oo and any operadic right fibrationp : 6 — %.
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6 of 136 | KRANNICH and KUPERS

Remark. Some comments on the statement of Theorem 1 are as follows.

(i) Operadic right fibrations © — 9 are maps of unital co-operads for which the induced functor
Env(0) — Env(2) is a right fibration on underlying co-categories, that is, equivalent to the
unstraightening of a functor Env(%)°? — §; see Sections 1.4.5 and 2.3.

(ii) The functors A and Q in the part on the higher layers are constructed in terms of the restric-
tion rMod,; (0) — rMod;_,(0), its two adjoints given by left and right Kan extension along
Env(0)¢_; C Env(0)y, and the restriction rMod, (0) — PSh(6! %, ) along the inclusion
of ¢! =, in Env(0) as the subcategory on those collections (¢,);cs with |S| = k and maps
between them that are bijections on the indexing sets; see Section 4.4.

(iii) The proofthat the left square in the part on the higher layers is cartesian is an application of a
general decomposition result for co-categories PSh(®) of space-valued presheaves on an co-
category € in terms of the co-categories of presheaves on certain full subcategories 6, C €
and their complements €\ 6,; see Section 3.4.

(iv) If 6 isa oo-groupoid, then by (un)straightening, the co-category PSh(0 col) js equivalent to
the overcategory §4c0. We will implicitly make this identification in what follows.

Variants of embedding calculus

Theorem 1 and embedding calculus are closely related. To explain this, let us recall the co-operad
E, of little d-discs, given as the underlying co-operad of the ordinary 1-coloured operad in topo-
logical spaces whose k-ary operations are embeddings Li;int(D¢) < int(D?) of open unit d-discs
whose restriction to each disc is a composition of a scaling and a translation. Given a tangential
structure for E4, that is, a map of co-groupoids 6 : B — BAut(E,) for some oo-groupoid B, one can
form the 6-framed E ;-operad as a colimit

. 6
ES 1= colim <B — BAUt(E,;) < @p)

in the co-category of operads Op, using that Op contains BAut(Ej) as the core of the full subcate-
gory of co-operads equivalent to E;. As we will show, the colours and multi-operations of Eg are
given as

(E9)¥°'~B and Mulg((by)ses;b) = Mulg ((#)sess %) X MyesMapp(by, b),
d

and any map of co-operads ES - ES/ induced by a change of tangential structure (a map of co-
groupoids over BAut(E,)) is an operadic right fibration; see Section 2. Specialising Theorem 1 to
these oo-operads, each choice of tangential structure  gives rise to a variant of embedding calculus
together with a layer identification, an extension to bordism categories and a description of the
effect of a change of tangential structure. We now discuss the three most important cases:

(o) atangential structure o : BO(d) — BAut(E,) defined on the classifying space for real vector
bundles of rank d, giving rise to classical embedding calculus for smooth embeddings,

(t) a tangential structure ¢t : BTop(d) —» BAut(E,;) defined on the classifying space for fibre
bundles with fibre RY, giving rise to a variant of embedding calculus for topological
embeddings,
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INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS | 7 of 136

(p) the universal tangential structure p :=id : BAut(E;) - BAut(E,) giving rise to a variant of
embedding calculus which is part of a new particle embedding calculus.

(0) Smooth embedding calculus

Conjugation with the standard action of the orthogonal group O(d) on the open unit d-disc yields
an O(d)-action on E; which induces a tangential structure o : BO(d) — BAut(E,). Its associated
o-framed E;-operad EY) can be shown to satisty (see Section 5.1)"

(Eg)COl ~BO(d) and Env(E))~ Disc),

S0 its co-category of right modules rMod(E)) agrees with the co-category PSh(Ziscy) considered
above and the tower (6) recovers the previous tower (4). Moreover, since Emb(@, M) ~x for all
manifolds M € #an,, the functor (3) lands in the full subcategory rModu"(Eg) C rMod(Eg) of
unital right modules which features in the tower from Theorem 1. Similarly, on the level of Morita
categories, the target ./ 0d°(d)®? of the functor (5) agrees with 7./ od(Eg)(m*z) and the functor
lands in r.Z od“n(Eg)(‘”’z), so the tower of symmetric monoidal (oo, 2)-categories

o — rllody™ (B9 ®Y — rllod™(E) 2 = Cosp(S /po(ay) 2 ©)

from Theorem 1 for 6 = Eg becomes via (5) a tower under the bordism category ncBord’(d)(2).
We will see that on spaces of 2-morphisms, (a) this tower recovers the classical embedding calculus
tower (1) for the space of smooth embeddings between d-manifolds, and (b) the abstract layer
identification from Theorem 1 recovers the explicit layer identification for (1) in terms of the frame
bundles and configuration spaces of M and N’; see Section 5. The tower (9) may thus be viewed as
an extension of smooth embedding calculus to the level of bordism categories.

(t) Topological embedding calculus

The tangential structure o: BO(d) — BAut(E;) used in smooth embedding calculus can
be shown to factor through the forgetful map BO(d) — BTop(d) via a tangential structure
t : BTop(d) — BAut(E,). As for smooth embedding calculus, the associated ¢-framed E;-operad
E“i satisfies (see Section 5.1)

(E})**' ~ BTop(d) and Env(E) = Disc|,

where Qiscfi is the symmetric monoidal co-category of topological manifolds homeomorphic to
S x R for finite sets S, topological embeddings between them and disjoint union as monoidal
structure. Combining the resulting equivalence PSh(@isc’) ~ rMod(E;) with Theorem 1 for
O0=E fi, the functor (3) and its extension (5) to a bordism category as well as everything discussed
in smooth embedding calculus admit analogues for topological manifolds and topological embed-
dings between them; basically, one replaces all smooth manifolds by topological ones, EJ by E',

"The co-operad Ej is commonly known as the framed Eg-operad — the variant of E; where one allows rotations and
reflections in addition to scalings and translations — but we prefer to avoid this terminology.
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8 of 136 | KRANNICH and KUPERS

and BO(d) by BTop(d); see Section 5. There are comparison maps between the smooth and topo-
logical variants induced by forgetting smooth structures and the change of tangential structures
BO(d) — BTop(d), and the smoothing theory part of Theorem 1 applied to E} — Efi describes the
differences: for instance, it implies that the tower (9) is pulled back from the corresponding tower
for EY, along the functor Cosp(spo(4)) " — CoSP(S /prop()) > of cospan (eo,2)-categories
induced by the map BO(d) — BTop(d). In particular, on spaces of 2-morphisms, this yields an
analogue for topological embeddings between d-manifolds of the smooth embedding calculus
tower (1), such that the latter is pulled back from the former along a map between the first stages
of the towers.

(p) Particle embedding calculus

Any tangential structure for E; is obtained by a change of tangential structure from the identity

= idpaue,) : BAUt(Ey) — BAut(E,). The associated p-framed operad Ef; does not seem to
have received any attention in the literature yet, but plays a distinguished role in our setup since
the smoothing theory part of Theorem 1 implies that the towers for rModu“(Eg) and rMod""(E ;)
from smooth embedding calculus and topological embedding calculus as well as their exten-
sions to Morita categories are pulled back from the corresponding towers for Eg along the maps
between the first stages induced by the changes of tangential structures BO(d) — BTop(d) —
BAut(E,). In particular, the classical embedding calculus tower (1) is pulled back from the tower
for r. od‘m(Ep ) on spaces of 2-morphisms along the map between the first stages. In fact, there
is a ‘deeper’ tower it is pulled back from: the co-operad Ep fits into a sequence of unital oo-
operads Ej — - — El’; o Es o E(’; <, Where E"; « s constructed in the same way as EY
but replacmg the role of E, by a certain k-truncated variant E; <> which roughly speaking only
remembers the multi-operations with < k inputs (see Section 2.2), and hence BAut(E;) with
BAut(E, <)- Applying Theorem 1 to this tower of co-operads yields a (N, U {co}, <)*%-indexed
diagram rMod“n(E ) of co-categories which recovers the previous tower by setting m = co. Set-
ting « = myields a dlagonal tower rMod“n(E .) and setting « = 1 a tower &/ Aut(g, ..) induced
by truncating the E;-operad. These fit into a pullback

rMod."(E}) — rMod‘,m(Ei -

l i} (10)

‘S/BAut(EL,) } S/BAut(Edys,)

of towers. The same discussion applies to the respective Morita categories. We refer to the tower
rMod,(Ef; ..) and its extension to Morita categories r./ od,(Eg .) as particle embedding calculus.

Remark. Given smooth d-manifolds M and N with d # 4, a codimension 0 submanifold 6,M C M
and an embedding e; : dyM < ON, classical smoothmg theory implies that the map induced
by taking derivatives Emb0 (M N) - Map/ BO( (M N) to the space of maps over BO(d) and
under d,M between the clas51f1ers of the tangent bundles is pulled back from the analo-
gous map Embt (M N) - Map/ BTop(d) (M, N) taking topological derivatives; see Section 5.6. By
the convergence results descrlbed below, the maps EmbC (M N)->T EmbCO(M N) for c €
{o,t} are often equivalences, so the above discussion on partlcle embedding calculus shows
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INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS | 9 of 136

that in this case, the topological derivative map is itself pulled back, namely from the map
T Embg’O (M,N) — MapéfAm(Ed)(M , N) featuring in particle embedding calculus. This may come
as a surprise, since the latter is, informally speaking, constructed purely in terms of configuration
space data and no longer involves the homotopy type of BO(d) or BTop(d). In the smooth case,
such pullbacks were known from Boavida de Brito-Weiss’ theory of configuration categories [14],
but the advantage of our approach is that smooth, topological and particle embedding calculus are
all instances of the same construction and come with compatible layer identifications as well as
many naturality properties due to their extensions to bordism categories. In upcoming work [60],
we will make use of this for applications to the homotopy type of Top(d) and to that of spaces of
homeomorphisms of compact manifolds.

Remark (Configuration categories). We expect particle embedding calculus to be closely related
to the theory of configuration categories [14]. We offer two pieces of evidence: firstly, as already
hinted at in the previous remark, one may note that the pasting of the pullback (10) with the square
that expresses rMod"" (E9) as pulled back from rMod"" (Eg ) is on mapping spaces reminiscent of
the pullbacks of Theorem 5.1 loc.cit. Secondly, the final equivalence in (11) below is analogous to
the Alexander trick for configuration categories; see Theorem 10.1 loc.cit.

Positive codimension

We focus on embedding calculus in codimension 0 in this work, because it is the case that is
relevant to the study of automorphism spaces of manifolds, and since questions about positive
codimension embeddings and their embedding calculi can often be reduced to the codimen-
sion O case (see, e.g. the proof of Theorem 6.4). Nevertheless, in Section 5.10, we briefly
explain how smooth embedding calculus in positive codimension can be incorporated into the
setup of Theorem 1, by considering an oo-operad whose monoidal envelope consists of finite
disjoint unions of Euclidean spaces of potentially different dimensions and smooth embed-
dings between them. Replacing it with the similar co-operad involving locally flat topological
embeddings yields an embedding calculus for topological locally flat embeddings of positive
codimension.

Delooping embedding calculus

Initiated by Dwyer and Hess [18], there has been considerable interest in delooping results in
the context of embedding calculus; see [5, 14, 16, 17, 95, 101]. Our set-up turns out to be well
suited for obtaining new (and recovering former) results in this direction as well, especially
when combined with Lurie’s theory of centralisers [72, 5.3]. We illustrate this by carrying out
one example of such a delooping result in Section 5.9, namely the analogue of Morlet’s equiva-
lence Diff a(Dd) ~ Q+1fib(BO(d) — BTop(d)) for the diffeomorphism group of the closed disc
of dimension d # 4 [54, Theorem V.3.4] in the context of the variants of embedding calculus for
tangential structures 6. For the three tangential structures corresponding to smooth, topological,
and particle embedding calculus, it specialises for any d > 0 and 1 < k < oo to equivalences
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10 of 136 KRANNICH and KUPERS

T, Emb(D?, DY) = Qi+1fib(  BO(d) — BAut(E )
T, Emb}, (D4, D?) ~ Q4+1fib( BTop(d) —td> BAut(E; 1)) an
T Emb?(D?, DY) =~ QU+1fib(BAut(E, o) — BAUH(E, ;) =+

closely related to some of the previous delooping results mentioned above; see Remark 5.33.

Convergence results for embedding calculus

Having set up a topological variant of embedding calculus, the missing ingredient for it to be well
applicable in the study of spaces of topological embeddings is an analogue of Goodwillie, Klein
and Weiss’ convergence result. We establish such an analogue, assuming that the target manifold
is smoothable and of dimension d > 5. The proof is by reduction to the smooth case using the
smoothing theory part of Theorem 1 and classical smoothing theory. For this deduction, it is con-
venient to first establish an improvement of the existing smooth convergence result. We now state
a special case of these results, for which we fix a quadruple (M, d,M, N, e ) consisting of topolog-
ical d-manifolds M and N where M is compact, a compact codimension 0 submanifold ,M C M,
and an embeddinge; : 6yM < ON.We call such a quadruple smooth, if all manifolds and embed-
dings involved are smooth. In this setting, the condition in the known convergence result for (2)
to be a weak homotopy equivalence is that M can be obtained from a closed collar from d,M by
attaching handles of index at most dim(N) — 3, or equivalently from a closed collar on ;M :=
dM\int(6,M) by attaching handles of index at least 3. In the improved result, this assumption
is replaced by the weaker condition that the inclusion 0,M C M is an equivalence on tangential
2-types, which means that the inclusion ;M C M is an equivalence on fundamental groupoids,
and that for all components, the spherical Stiefel-Whitney class w, : 7,(M) — Z/2 is non-trivial
if and only if w, : 7,(6;M) — Z/2 is non-trivial. Both the improved smooth convergence result
and its topological counterpart involve this condition.

Theorem 2. Fix a quadruple (M,0,M,N, eao) as above. Assume that d > 5 and that the inclusion
0,M C M is an equivalence on tangential 2-types.

(i) If the quadruple is smooth, then the smooth embedding calculus approximation
EmbgO(M, N) — TooErnbgO(M, N)

is a weak homotopy equivalence.
(ii) Ifthe target manifold N is smoothable, then the topological embedding calculus approximation

Embgo(M, N) — TooEmbgo(M, N)

is a weak homotopy equivalence. Moreover, for d = 5, the smoothability assumption on N can
be weakened to assuming that the topological tangent bundle N — BTop(5) lifts to BO(5).

Remark. Both parts of Theorem 2 have generalisations to positive codimension, but the statements
are more involved (see Section 6). We only mention two consequences of them at this point.
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(i) In codimension > 3, Goodwillie, Klein and Weiss’ result shows that smooth embedding cal-
culus always converges. Our results imply that the same holds for topological embedding
calculus whenever the target is smoothable and of dimension > 5; see Remark 6.9.

(ii) Asan example of our convergence result in codimension 2, we show that embedding calculus
converges for the spaces of smooth or locally flat topological embeddings CP?" < CP?"+1
when restricted to the component of the standard inclusion CP?" ¢ CP?"*+1; see Example 6.7.

The Alexander trick for homology 4-spheres

As a sample application of Theorem 2, we extend work of Galatius-Randal-Williams [24] on
homeomorphisms of contractible manifolds and embeddings of one-sided h-cobordisms from
dimensions d > 6 tod = 5. In particular, we show that the topological group Homeoz(A) of home-
omorphisms of a compact contractible topological 5-manifold A that fix the boundary (a homology
4-sphere) is weakly contractible (see Section 6.3).

Truncated co-operads and the classification of groupoid-coloured
oo-operads

The proof of Theorem 1 and the analysis of the resulting variants of embedding calculus involves
various general results on co-operads. Some of them might be of independent interest, such as the
following.

(i) Assigning to a tangential structure 6 : B — BAut(E,) for E; its associated co-operad ES
extends to an co-operad-valued functor §/payg,) = Op out of the co-category of spaces
over BAut(E,). This turns out to be a replete subcategory inclusion, so, in particular, we
have

0) ~
AUt@p(Ed) = AUtc?/BAut(Ed)(e)'

The analogous statement also holds for E; replaced by any reduced co-operad (a unital co-
operad 6 with 6! ~x). This follows from a general classification result for groupoid-coloured
operads (unital co-operads @ for which 0! is an co-groupoid): writing Gp™d c Op&
Op for the full subcategories of reduced and groupoid-coloured co-operads respectively,
assigning to a functor F: B — Op™ out of an co-groupoid B its colimit in @Op induces an
equivalence

[s Fun(=, 0p™®) = 0p°

between OpE° and the unstraightening of Fun(—,0p™!): & — @at. We deduce this
equivalence from Lurie’s assembly and disintegration for co-operads [72, 2.3] (see Section 2).
(ii) To construct the tower Eg — > Eg o™ ES < from above, we consider an co-category of
Op<k of k-truncated co-operads and show that a certain truncation functor 7 : Op = OpsF
admits a fully faithful right adjoint on the full subcategories of unital co-operads (see

Section 1.4.4 and Section A). This was recently independently proved as part of [15].
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1 | CATEGORICAL PREPARATIONS

We begin by summarising several co-categorical concepts used in the body of this work, alongside
with proofs of various statements we could not locate in the literature. The topics are:

1.1 Category and monoid objects 1.6 Categories of bimodules

1.2 Towers 1.7 Morita categories

1.3 Categories of presheaves 1.8 Algebras over operads and their modules

1.4 Operads 1.9 (Op)lax natural transformations and lax limits
1.5 (Op)lax monoidality 1.10 Miscellaneous on right fibrations

Convention. We work in the setting of co-categories throughout this work, but we drop the co-
prefix: a ‘category’ is an oo-category, a ‘space’ or ‘groupoid’ is an co-groupoid, an ‘operad’ is an
oco-operad, and so on. Whenever, we refer to a concept in the ordinary sense, we explicitly say
so. Regarding the model of co-categories, we in principle follow Lurie [71, 72] and use quasi-
categories, but most of our statements and arguments are model-independent, and in line with
this, we differ from loc.cit. in that we use the equivalence-invariant variants of the co-categorical
concepts that appear, as opposed to their point-set quasi-categorical incarnations. For instance, a
cocartesian fibration or an operad is defined as recalled in [59, Definitions 2.1 and 2.9] as opposed
to as defined in [71, 2.4.2.1] and [72, 2.1.1.10]. We ignore size issues throughout and leave adding
the appropriate adjectives (‘small’, ‘large’, etc.) to the reader, cf. [71, 1.2.15]. Unless said otherwise,
we adopt the notation from [59, Section 2].

1.1 | Category and monoid objects

A category object in a category € with finite limits is a simplicial object X € Fun(A°P, €) such
that the Segal maps X[,; = Xy Xxpg " Xxp X[1] ar€ equivalences for p > 1. These span a full
subcategory Cat(€¢) C Fun(A°P, €). Requiring in addition that X}, be the terminal object yields
the full subcategory Mon(®) C Cat(%) of monoid objects. Replacing the role of A°P in the defi-
nition of Mon(%) with the category Fin, of finite pointed sets and pointed maps between them
gives the full subcategory CMon(%) C Fun(Fin,, €) of commutative monoid objects. The latter
is related to Mon(%) by the functor CMon(%) — Mon(%) induced by pre-composition with the
functor A°? — Fin, as recalled, for example, in [59, Section 2.4]. Writing € at for the category of
categories [71, 3.0.0.1], relevant examples for us are:

(i) Mon(%at), the category of monoidal categories,
(ii) CMon(%at), the category of symmetric monoidal categories,
(iii) Cat(®at), the category of double categories and
(iv) CMon(Cat(%at)), the category of symmetric monoidal double categories.

Regarding (iii), we adopt the following terminology (see [59, Section 2.5] for more details): given a
double category ./ € Cat(%at) C Fun(A°P, €at), its category of objects and category of morphisms
are the values ) and ;) at [0],[1] € A, respectively, its mapping category M 4 y between
objects A, B € /M, is the fibre over (A, B) of the source-target functor (s, t) 1 M) — Mo X M)
given as the value of the two maps 0,1: [0] — [1], and its composition functor M 4 g X Mp - —
M 4 ¢ for objects A, B,C € M| is the functor induced by the face map (0 < 2)* : My = My
and the equivalence /|y ~ M) X Mg 1) resulting from the Segal condition.
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INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS 13 0of 136

1.1.1 | Relative mapping spaces in double categories

Given objects M,N € /) in the category of morphisms in a double category .# and maps
¢: sS(M)—> s(N) and 7: t(M) — t(N) between their sources and targets, the mapping space
between M and N relative to ¢ and 7 is the fibre

Map ,(M,N;¢, 1) = fib(g’f)(Map/%m(M, N) - Map 4, (s(M), s(N)) x Map/ﬂ[ol(t(M), t(N))).

If ¢ and 7 are equivalences, these relative mapping spaces recover the usual mapping spaces
between M and N in the mapping category of .# between s(M) ~ s(M) and t(N) =~ t(N).

Remark 1.1. For many double categories ., the source-target functor (s, t) : M) = Mg X Mg
is a cartesian fibration (see, e.g. Remark 1.15 for a class of examples). In this case, any relative map-
ping space Map , (M, N;¢, 1) is equivalent to an actual mapping space in the mapping category
M gy, Since post-composition with a cartesian lift (¢, 7)*N — N of (5,7) 1 (s(M), t(M)) —
(s(N), t(N)) induces an equivalence Map/%s(M)J(M) (M, (g, 7)*N) ~ Map ,(M,N;g,1).

1.1.2 | Double and (o0, 2)-categories

Double categories are closely related to (oo,2)-categories in that the category Cat(€at) of
double categories contains the category Fat,, , of (o, 2)-categories as a full subcategory. More-
over, any ./ € Cat(%at) has an underlying (oo, 2)-category (%), giving rise to a functor
(=)(®2) : Cat(®at) — Fat(, 5)- The latter has the following properties.

(i) It preserves finite products, and thus also symmetric monoidal structures, that is, induces a
functor of the form CMon(Cat(%at)) —» CMon(Fat q, »))-

(ii) More generally, it preserves pullback squares with bottom right corner in Fat, 5 C
Cat(®at). Since the forgetful functor CMon(%¢) — & preserves and detects limits, this also
implies that CMon(Cat(€at)) - CMon(%at, ,)) preserves pullbacks squares whose bot-
tom right corner maps via the forgetful functor CMon(Cat(€at)) — Cat(€at) to Fat(y, 5 C
Cat(%at).

(iii) The objects of .4 (> can be identified with those of .# and the mapping category between
two objects in . with the mapping category between the corresponding objects in .4 (),

One way to define €at, ,) C Cat(€at), to implement the functor (—)(*2), and to justify prop-
erties (i)-(iii) is as follows: recall from [51, Theorem 4.11] that the nerve N : ¥at - PSh(A) =
Fun(A°P, &) (the Yoneda embedding followed by restriction along A C €at) is fully faithful and
thus yields an equivalence @at ~ CSS(S) to its essential image CSS(8) C PSh(A), also called
the category of complete Segal spaces. Applying Cat(—) this gives an equivalence Cat(%at) =~
Cat(CSS(8)). The category Cat(CSS(8)) contains a full subcategory CSS(CSS(8)) € Cat(CSS(S))
of complete Segal objects in CSS(&)); this is one of the standard models for (o0, 2)-categories (see,
e.g. [37, Section 7]). Via the equivalence Cat(%at) ~ Cat(CSS(&)), this yields a full subcategory
Fat, 5y C Cat(€at). The functor (=) Cat(®at) — Fat, 5 is given by ‘Segalfication fol-
lowed by completion’, as explained, for example, in [36, Remark 3.15]. This remark in loc.cit. also
explains why this functor satisfies (i). Property (ii) holds by a minor extension of this argu-
ment: arguing as in loc.cit. (and adopting the notation), it suffices to show that completion
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14 of 136 | KRANNICH and KUPERS

L, : Seg,(§) — CSS,(S) preserves pullbacks over 2-fold Segal spaces that are already complete.
The latter holds by the argument in the proof of [37, Lemma 7.10]. Property (iii) is explained in
[59, Section 2.5.6].

Remark 1.2. In fact, a double category .# € Cat(€at) has two underlying (o0, 2)-categories: the
one given by the functor (—)(®? as described above, and the one given by the composition

Cat(N) T
Cat(%at) — Cat(Cat(8)) — Cat(Cat($)) — €at(, 1),

where the final arrow is given by ‘Segalfication followed by completion’ (see, e.g. [36, Remark
3.15]) and the middle arrow is the restriction of the self-equivalence of Fun(A°P x A°P, &) given
by permuting the A°P. However, we will only make use of the first way of extracting an (oo, 2)-
category.

1.2 | Towers

For a category €, we write Tow(®) := Fun((N,, U {c0})°P, &) for the category of towers in €,
where (N, U {c0})°P is the opposite of the poset (N, U {0}, <). A tower X € Tow(%) thus con-
sists of an object x € € (the value at o0) and a sequence of morphisms ... - x3 — x, — X; in the
undercategory €, (the values at 1,2, 3, ... € N). If this expresses x as the limit of the x;s (i.e. if
X is a limit cone), then the tower X € Tow(%) is said to converge.

1.3 | Categories of presheaves

Recall that for a category €, we write PSh(%) = Fun(€°P, &) for the category of presheaves on ¢
with values in the category & of spaces. It is the target of the Yoneda embedding y,, : € — PSh(®¥)
which is fully faithful by the Yoneda lemma [71, 5.1.3.1]. Given a functor ¢ : € — 2, we often
consider the functors

¢* : PSh(@) — PSh(¥), @, : PSh(%) — PSh(2), @, : PSh(¥) — PSh(2),

where ¢* is induced by restriction and ¢,, respectively, ¢, is its left, respectively, right adjoint
which is given by taking left, respectively, right Kan extension. There is one more related functor
we will make frequent use of: writing Fun®®™(PSh(®), 2) ¢ Fun(PSh(®), ) for the full subcat-
egory of colimit-preserving functors into a category & with colimits, restriction along y induces
an equivalence Fun®™(PSh(®), ) ~ Fun(%, 2); see 5.1.5.6 loc.cit.. Given ¢ € Fun(¥, 2), we
write

| =1, PSh(®) - 2 (12)
for its pre-image under this equivalence — the unique colimit-preserving extension of ¢ along y¢,.
The functor ¢,(—) is a special case of (12): we have ¢,(—) ~ | — |(y9 op)- The functor can also
be expressed as a co-end: we have | — |, ~ (-) @ ¢

|_|(p
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INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS 15 0of 136

1.4 | Operads

We use Lurie’s model for operads O: functors ©® — Fin, to the category Fin, of pointed finite sets
and pointed maps between these, satisfying certain properties [72, 2.1.1.10], among them the exis-
tence of cocartesian lifts over inert maps (i.e. maps pE MapFln (Su *, TU *) with [p~1(¢)| = 1 for
allt € T)and the property that the functor @ - Myes @{ . from the fibre over S * to the prod-
uct of the fibres over the {s}Ul *’sinduced by the cocartesian hfts of the Segal maps is an equivalence
for all S € Fin. A morphism of operads is a functor over Fin, that preserves cocartesian lifts over
inert maps. This defines a subcategory Op of €at g, . The fibre 0! = @? € ¥at over (1) =
{1, *} € Fin, of an operad 6% — Fin, is its category of colours. The objects in ©® can be identified
with tuples (c,)cs of objects in 6°°! indexed by finite sets S € Fin (see 2.1.1.5 loc.cit.). For such
a tuple (c,),cs and a further object d in 0!, the subspace Mul,((c,)scs; d) € Mappe ((c,)ses> d)
of those components that map to the unique map ¢ : SU *— (1) with ¢~1(x) =x is called the
space of multi-operations from (c,),cg to d (cf. 2.1.1.16 and 2.1.1.1 loc.cit.). These spaces of multi-
operations are related by composition maps that satisfy the axioms of a coloured operad in the
classical 1-categorical sense up to higher coherent homotopy (see 2.1.1.17 loc.cit.). The category of
operads Op has a terminal object, the commutative operad ‘€ om, given by idp;, . From the axioms
of an operad © = (0® — Fin,), it follows that mapping spaces in ©® can be éxpressed in terms
of spaces of multi-operations via natural equivalences

Mape ((¢y)sess (d)er) = U@EMame*(Sl_l*,Tl_l*) HteTMUI@((Cs)s€¢*1(t); dy). (13)
The latter in particular implies the following.

Lemma 1.3. Amap ofoperads ¢ : © — 2 is an equivalence if and only if it induces an equivalence
on categories of colours and all spaces of multi-operations.

Proof. Since both forgetful functors Op — €at /Fm — ®at are conservative, it suffices to show
that 6® — % ® isan equivalence in ¥at. Using % = Mye S% i and that ¢! is an equivalence,

it follows that ©® — % ® is essentially surjective. That itis fully faithful follows from (13) and the
assumption that ¢ is an equivalence on spaces of multi-operations. O

The following will be useful at several occasions. For a proof, see, for example, [2, Lemma 1.13].

Lemma 1.4. The forgetful functor Op — €at g, preserves and detects limits.

1.4.1 | Relation to symmetric monoidal categories

Unstraightening induces a (non-full; see Section 1.5) subcategory inclusion CMon(%at) < Op,
so a symmetric monoidal category can be viewed as a special case of an operad. The essential
image of this inclusion consists of those operads that are also cocartesian fibrations, that is, have
cocartesian lifts over all morphisms in Fin, instead just over inert morphisms. When viewing a
symmetric monoidal category & as an operad, the category of colours €°°! corresponds to the
underlying category of € and the spaces of multi-operations Mul;((c,),cs; d) to the mapping
spaces Mapg (® sy, d) where ® is the monoidal product in €.
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1.4.2 | Monoidal envelopes
The inclusion CMon(%at) & Op from Section 1.4.1 has a left adjoint
Env(—): Op — CMon(%at),

the symmetric monoidal envelope, see 2.2.4 loc.cit. The underlying category of Env(0) for an
operad © = (0% — Fin,) is the wide subcategory of ©® containing the morphisms that map to
an active map in Fin,, that is, a map in the image of the subcategory inclusion Fin < Fin, that
adds a disjoint basepoint (see 2.2.4.3 loc.cit.). In particular, objects of Env(0) are finite collections
(c,)ses Of colours, the monoidal structure is given by disjoint union and the mapping spaces are
(using (13)) given by

Mapg,y (o) ((co)ses» (prer) = I_IgaeMame(S,T) MierMulg ((Cs)sewl(t); d;), 4)

and the composition is induced by the operad composition. For example, the symmetric monoidal
envelope of the commutative operad ¥ om is the symmetric monoidal category of finite sets with
disjoint union as monoidal structure, Env(6om) ~ Fin. Since €om is the terminal operad we
have Op = Op 44, s0 the functor Env(—) lifts to a functor with target CMon(@at) /. In partic-
ular, there is a preferred symmetric monoidal functor 7z, : Env(0) — Fin for any operad 6. On
underlying categories, this functor is the restriction of ©® — Fin, to the pre-image of Fin C Fin,,
so it sends an object (¢;);cs € Env(0) to the indexing set S.

1.4.3 | Unital operads

An operad O is unital if the space Mul,(@; ¢) of 0-ary operations with output colour c is con-
tractible for all colours ¢ € 6! (see 2.3.1.1 loc.cit.). We write Op"" c Op for the full subcategory
of unital operads. The inclusion Op"" C Op admits both adjoints, so it preserves all (co)limits (see
2.3.11oc.cit.). There are several other characterisations of unital operads; for instance, (14) implies
that an operad O is unital if and only if the monoidal unit @ € Env(0) in the symmetric monoidal
envelope is initial. Another characterisation of unital operads is as follows.

Lemma 1.5. O isunital ifand only if r; : Env(O) — Fin has cartesian lifts for injections.

Proof. We first prove the ‘only if’-direction. Given an object (c;),cs € Env(0) and an injection
t: 8" —> S, we have to find a cartesian lift of ¢ along 7, with target (c ). The contractibility of
Mul,;(@; ¢ ) together with the equivalence (14) yields an equivalence

fibl(MapEnV(@)((Ct(s’))s’ES" (Cs)sES) - MapFin(S” S)) = l_ls’eS’MU'l@(CL(s’); cL(s’))’

so (id,y))yes yields a lift T € Mapg,y(0)((¢ys))yesrs (¢5)ses)- We claim that T is cartesian, that
is, that for all objects (d;),cr € Env(0), the following square is cartesian:

Mapg, o) ()iers Cr)ves) —— Mapg,, o) ([drer (€)ses)
< o < 15)
MapFin(T’ S,) L > MapFin(T’S)'
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Arguing as in the construction of the lift 7 using (14) and unitality of 0, it follows that the maps on
vertical fibres are equivalences, so the square is indeed cartesian and the ‘only if -direction of the
claim follows. For the ‘if -direction, we consider the pullback (15) for T = S’ = @&, S a singleton, the
injectiont: @ — S and a cartesian lift 7 with target c. Taking vertical fibres over s~ Mapy;,(@; @)
shows that Mul;(@; @) ~ Mul;(@; ¢) which implies the claim since Mul;(@; @) =~ holds by the
Segal condition in the definition of an operad. O

Corollary 1.6. For a unital operad 6 and an object (c,),cs € Env(0), the assignment that sends a
subset S’ C S to (¢)sey € Env(0) extends to a cubical diagram (here 25 denotes the powerset of S)

(CS)SG- : (25’ g) — EHV(@),
which is natural in (c;),cg and O. Moreover, for all subsets S' C S, the functor

EnV(@)/(CS)S€S, e Env(@)/(cs)seS
induced by post-composition with the map in the diagram (c,)sc. is an equivalence onto the full
subcategory spanned by those morphisms whose underlying map of finite sets has image in S’ C S.

Proof. By the uniqueness of cartesian lifts, sending an inclusion S’ C S” to the cartesian lift
(cg)sesr = (cgr)sesr constructed in the proof of Lemma 1.5 defines a cubical diagram as claimed.
In more detail, by Lemma 1.5, the pullback 7, : Env(0)™ — Fin™ of 7 along the inclusion of
the wide subcategory of Fin consisting of injections is a cartesian fibration, so (7,), : Fun((2%,C
), Env(6)) — Fun((2°%, C), Fin'V) is a cartesian fibration as well 71, 3.1.2.1]. We may thus choose
a cartesian lift of the natural transformation inc — constg in Fun((2%, C), Fin'™) with target
const) . € Fun((2%, ), Env(6)™). The source of this lift is the desired cubical diagram. More-
over, from the fact that the lift (¢y),csr = (cgr)sesr 0f S’ C S” is cartesian, the second claim in the
statement follows by observing that the functor Fin g — Fin g induced by the inclusion s'cS
is an equivalence onto the full subcategory of those morphisms with image in S’ C S. O

We call the maps in the cube (c,),c. of Corollary 1.6 inclusions and write (¢),cgyr C (Cg)gesr-

1.4.4 | Truncation of unital operads

In the ordinary 1-categorical setting, there is a notion of a k-truncated operad for 1 < k < oo given
by from modifying the definition of an operad to only include multi-operations with at most k
inputs. For k = oo, this recovers (non-truncated) operads, and for k = 1, it recovers categories
if one restricts to unital operads. Note that by discarding some of the multi-operations, any k-
truncated coloured classical operad in this sense induces a j-truncated one forany 1 £ j < k < oo.
As we shall explain in Section A, this can be also implemented oco-categorically: restricting to
unital operads, we construct a converging tower of categories

OpS""" = (Op"™ = OpS¥'™ - ... — OpSP'" - OpSI" ~ Fat) € Tow(Fat), (16)

which factors the functor (=)< : Op"" — @at, and we show that all functors in this tower
(called truncation functors) are localisations, that is, admit fully faithful right adjoints.
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18 of 136 | KRANNICH and KUPERS

Writing 7, : Op*® — Op<k"" for the kth truncation functor, 7, for its right adjoint and O, :=
7. Tk (0) € Op"", the counits of the adjunctions in (16) yield a converging tower of unital operads

Oc. = (0= 0.y, -+ = Oy — O ) € Tow(Op™), 17)

for any unital operad © € Op"". By restricting the tower (16) to the cores of the full subcategories
on operads equivalent to a fixed operad © € Op"" and its truncations, we also obtain a tower

BAut(60,) = (BAut(0) ~ BAut(O,,) — ‘- = BAut(O,) — BAut(O,)) € Tow(S).  (18)

In the mentioned appendix, we will also show that the counit © — O, induces an equivalence
on categories of colours and that it is on spaces of multi-operations given by

Mul;((cg)es:€) — s'gg?slqsk Mul;((cg)ses5€); 19)
here the limit is induced by the cubical diagram (c,),c. from Corollary 1.6. We say that a unital
operad O € Op"" is k-truncated if the counit © — O is an equivalence, which is by Lemma 1.3
equivalent to the maps (19) on multi-operations being equivalences.

From the formula (19), one can also deduce the above claimed convergence of (17).

Lemma 1.7. The tower (17) converges.

Proof. Since the forgetful functors Op"" — Op — €at g, detect limits (the first by the discussion
in Section 1.4.3 and the second by Lemma 1.4), it suffices to show that O, convergesin at g, . As
@at i, admits all limits and taking mapping spaces preserves limits, this follows from Lemma 1.3
together with the fact that (17) is constant on categories of colours and is eventually constant on
spaces of multi-operations between any fixed collection of colours as a result of (19). O

Remark 1.8. The formula (19) combined with the description of Env(®) in Section 1.4.2 also shows
that the functor Env(0) — Env(O) is an equivalence when restricting source and target to the
subcategories of objects that map to sets of cardinality < k under the functor to Fin.

1.4.5 | Cocartesian operads and operadic right fibrations

The functor (=)' : Gp"" — Fat that sends a unital operad to its category of colours admits a
fully faithful right adjoint (—)" : ®at — Op"" which sends a category € to its cocartesian operad
&" which satisfies (see [72, 2.4.3])

(€'~ % and Mulgu((c;)iess €) = MesMapg (¢ ©). (20)

The operadic composition in " is induced by composition in €. By uniqueness of adjoints, (—)-
agrees with the right adjoint to the truncation functor Op"* — Op<H'" ~ at from Section 1.4.4.

An operad 0 is called cocartesian if it is equivalent to €" for some category €. This is equivalent
to O being unital and 1-truncated in the sense of Section 1.4.4. It is also equivalent to the counit
0 — (@CM)'-' =: eoLU being an equivalence, which, in turn, is equivalent to the induced functor
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on symmetric monoidal envelopes Env(6) — Env(0°") being an equivalence. Note that the
latter is always an equivalence if one restricts source and target to the pre-images of the wide
subcategory Fin;,; C Fin spanned by injective maps (this follows directly from (14) and (20)).

The cocartesian operad € is a symmetric monoidal category if and only if € admits finite
coproducts (see 2.4.3.12 loc.cit.). In this case, the induced symmetric monoidal structure on % is
the unique symmetric monoidal structure on € that is given by taking coproducts on the level of
homotopy categories (see 2.4.3.19 loc.cit.); it is called the cocartesian symmetric monoidal struc-
ture. A class of examples of cocartesian symmetric monoidal categories are monoidal envelopes
Env(®") of any cocartesian operad; this can be seen from the description of the homotopy
category of the monoidal envelope from Section 1.4.2.

The notion of a cocartesian operad allows us to characterise a class of maps of operads that will
play an important role in the body of this work, operadic right fibrations.

Lemma and Definition 1.9. Given a map of unital operads ¢: 0 — &, the following are
equivalent.

(i) The functor ¢! : 6! — <l s a right fibration and the square

6 —2 3y
Ll
@eolu (FH gpeolu

induced by the unit of (=) 4 (=) is a pullback of operads.
(i) The underlying functor of categories of Env(p) : Env(0) — Env(%) is a right fibration.

The map ¢ : 0 — & is called operadic right fibration if it satisfies one (and hence both) of these
properties. The wide subcategory on these maps is denoted by 6p™ c Gp“™.

In order to prove Lemma 1.9, we first establish a characterisation of right fibrations. In the proof
of it, and in the subsequent proof of Lemma 1.9, we will repeatedly use that right fibrations and
cartesian fibrations are both stable under pullback, and that a functor is a right fibration if and
only if it is a cartesian fibration and all fibres are groupoids (see 2.4.2.4 loc.cit.).

Lemma 1.10. A functor . € — D is a right fibration if and only if the underlying functor of
Env(yY) : Env(®") — Env(DY) is a right fibration.

Proof. Using (14) and (20), one checks that f ib(ds)ses (Env(®!)) =~ Myegf ibds(zp), so since a product
of categories is a groupoid if and only if its factors are, it suffices to show that 1 is a cartesian
fibration if and only if Env(¢)) is. The backward direction follows by noting that 1) is pulled back
from Env(y") along the inclusion @ C Env(2"). To prove the forward direction, we need to find
an Env(y!)-cartesian lift of any morphism (c¢,),cs = (¥(d;)),er in Env(2Y). The latter consists
ofamap a: S — T of finite sets and morphisms a; : ¢, = P(dy)) in D for s € S. Choosing -
cartesian lifts & : ¢ — dy ) of a, for s € S gives amorphism (&;);es — (d);er in Env(%") which
one checks using (14) and (20) to be Env(1)")-cartesian. O

Proof of Lemma 1.9. Assume that ¢ satisfies (i). Since ¢! is a right fibration, the same holds for
Env((¢®°)") by Lemma 1.10. The functor Env(—): 0Op — %at preserves and detects pullbacks
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(use Lemma 1.3 and (14) to see this), so it, in particular, preserves the pullback in (i). Env(gp)
is thus pulled back from the right fibration Env((¢°!)") and is therefore a right fibration itself.
Conversely, if Env(p) satisfies (ii), then ¢! is a right fibration since it is pulled back from Env(g)
along the inclusion %! ¢ Env(). Since Env(—) detects pullbacks, it thus remains to show that
Env(—) applied to the square in (i) is a pullback. By assumption and Lemma 1.10, both rows
in the square are right fibrations. From (14) and (20), we see that the map f ib(cs)ses (Env(p)) —
f ib(cs)ses (Env(p°tH)) on fibres is an equivalence, so the claim follows from Lemma 1.25. O

1.4.6 | Wreath products

Cocartesian operads can be used to define wreath products in a very general setting (see [ 72, 2.4.4]).
We will only need a special case of this: given a category € and k > 0, we consider the pre-image
of the groupoid Fin,~ C Fin of sets of cardinality k and bijections between them under the functor
g @ Env(®Y) — Fin

%13y := Env(€") X, Finy.

From (14) and (20), we see that objects in this category are ordered k-tuples (c;); ;< of objects
in €, and the morphisms (¢;); ;< — (d;)1<<k are given by a permutation o € X, and a k-tuple
(¢; = dg(iy)1<ick of morphisms in €. Note that as a result of the discussion in Section 1.4.5, the
counit ©® — 0°°"Y induced for any unital operad @ an equivalence

6" 5, ~ Env(0) Xy, Finy. (21)

1.5 | (Op)lax monoidality

By unstraightening, the category of symmetric monoidal categories CMon(%at) C Fun(Fin,,, ¥at)
can be viewed as a full subcategory of the category Cocart(Fin,) of cocartesian fibrations over
Fin, and thus as a subcategory of €at g, , or as a full subcategory of the category Cart(Fin,") of
cartesian fibrations and thus as a subcategory of #at /Fin

1.5.1 | Lax monoidality

Viewing CMon(@at) as a subcategory of €at p;, , the condition on morphisms can be weakened
to only having to preserve cocartesian lifts over inert maps (i.e. being a morphism of operads)
instead of all cocartesian lifts, to arrive at the notion of a lax symmetric monoidal functor. We write
CMon'™(®at) for the category of symmetric monoidal categories with lax symmetric monoidal
functors between them. By construction, CMon'®(%at) is a full subcategory of &p which is itself
a (non-full) subcategory of Fat /p;, .

When viewing a symmetric monoidal category % as a cocartesian fibration of Fin,, the
monoidal product of two objects ¢, ¢’ € € can be recovered as the target of the unique cocartesian
lift (c,c’) - ¢ ® ¢’ in the source of the associated cocartesian fibration €® — Fin, that has source
(¢, ¢’) and whose underlying map {1, 2, *} — {1, *} in Fin, sends both 1 and 2 to 1. Taking the image
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of this morphism under a lax monoidal functor ¢ : € — @ gives a morphism (¢(c), p(c')) -
o(c ® ¢’) which need not longer be cocartesian. Taking its cocartesian factorisation gives a
morphism ¢(c) ® p(c’) = ¢(c ® ¢’). These morphisms can be used to characterise those lax
symmetric monoidal functors that are (strong) symmetric monoidal (i.e. preserve all cocarte-
sian morphisms), namely as those ¢ for which the morphisms ¢(c) ® p(c’) = ¢(c ® ¢’) are
equivalences.

1.5.2 | Oplax monoidality

Similarly, viewing CMon(%at) as a subcategory of €at JFin®> the condition on morphisms can be
weakened to only having to preserve cartesian lifts over inert maps; this defines oplax symmet-
ric monoidal functors. The resulting category is denoted by CMon®P'®(%at). Similarly as before,
an oplax symmetric monoidal functor ¢ : € — 9 induces morphisms ¢(c ® ¢’) = p(c) ® p(c)
such that ¢ is symmetric monoidal if and only if they are equivalences.

The opposite °P : €°P — PP of a lax symmetric monoidal functor is oplax monoidal with
respect to the opposite symmetric monoidal structures [72, 2.4.2.7]. This extends to an equivalence

(=)°° : CMon!®(%at) —s CMon®?™(Zat). (22)

1.5.3 | Adjunctions and (op)lax monoidality

Given a lax symmetric monoidal functor R : € — 2 whose underlying functor in % at is the right
adjoint to a functor L : & — &, one obtains for d,d’ € @ morphisms L(d ® d’) — L(d) ® L(d")
by using (co)unit of the adjunction and the morphisms R(c) ® R(c") — R(c ® ¢) from the lax
structure of R to form the composition

L(d®d") - L(RL(d) ® RL(d")) - LR(L(d) ® L(d")) — L(d) @ L(d"). (23)

Conversely, starting with an oplax monoidal structure on L: & — &, one obtains morphisms
R() @ R(¢") - R(c ® ¢') for ¢, ¢’ € € as the compositions

R(c) ® R(¢") = RL(R(c) ® R(c")) = R(LR(c) ® LR(¢")) - R(c ® ). (24)

This suggests that the left adjoint of a lax symmetric monoidal functor can be enhanced to an oplax

monoidal functor and vice versa. This is indeed the case: by [39, Corollary C] or [93, Theorem 1.1],
the construction of (23) and (24) extends an equivalence of categories

CMon®P*L(%at)°P ~ CMon™ R (#at), (25)

where CMon®P!®L(%at) and CMon'®R(%at) are the wide subcategories of CMon®P'®(%at) and

CMon'™(®at), respectively, on those (op)lax symmetric monoidal functors whose underlying
functors in @at are left and right adjoints, respectively.
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1.6 | Categories of bimodules

Recall (e.g. from the summary in [59, Section 2.8]) the functors Ass(—), BMod(-) : Mon(%at) —
%at that send a monoidal category € to the categories Ass(€) and BMod(%®) of associative algebras
and bimodules in €. These categories are related by a forgetful functor BMod(%€) — Ass(€) X € X
Ass(€) whose pullback along the inclusion {4} X € X {B} C Ass(€) X € x Ass(%) for associative
algebras A and B in € is the category BMod 4 3(%) of (A, B)-bimodules in € which comes with a
forgetful functor U, 5 : BMod, 5(€) — €. As mentioned in [59, Remark 2.18], there are at least
two models for these categories and the functors between them that will be relevant for us: one by
Haugseng via non-symmetric generalised operads [36, Section 4] and one by Lurie via symmetric
operads [72, 4.1, 4.3]. As explained in the cited remark, they are known to be equivalent.

There is a canonical associative algebra 1 € Ass(¢) whose underlying object in € is the
monoidal unit. It has the property that U;; : BMod,; ;(¢) — € is an equivalence (see [36,
Corollary 4.50]).

1.6.1 | Leftand right modules

The algebra 1 € Ass(%) allows one to define the category LMod(%) and RMod(®) of left or right
modules in € as the fibre at 1 of the composition BMod(%) — Ass(€) X Ass(€) — Ass(€) whose
final functor is the projection onto the right or left factor. The fibres at A € Ass(&) of the maps
LMod(%) — Ass(€) and RMod(€) — Ass(®) to the other factors are the categories LMod 4 (%)
and RMod 4 (%) of left or right moduless over A. By definition, we have LMod (%) = BMod 4 ;(€)
and RMod4 (&) = BMod, 4(&). There is also a direct construction of these categories not in terms
of bimodules (see [72, 4.2.1.13, 4.2.1.36, 4.3.2.8]).

1.6.2 | Free bimodules

The forgetful functor U,p: BMod, z(€¢) — € is conservative and admits a left adjoint
F,p: € — BMod, 3(€) whose essential image is the subcategory of free (A, B)-bimodules [72,
4.3.3.14]. The component of the unit id - U, zF 45 at an object M € € is given by the map
M — A ® M ® B induced by tensoring with the unit maps1 — Aand 1 — B (see 4.3.3.14 loc.cit.)
The induced monad (U ,pF 45) : € — € exhibits the category BMod 4 z(%) as monadic over €
(see 4.7.3.9 loc.cit.). This implies that any bimodule M € BMod 4 3(%) is the geometric realisa-
tion of the monadic bar construction Bary, . (UspFap,Uqp(M)). € Fun(A°?, BMod 4 5(%))
whose p-simplices are (F,zU 45)P (M) (see 4.7.2.7 loc.cit.), so after applying U,z given by
A®Ptl @ M @ B®P*!, In particular, this shows that every bimodule M € BMod 4 (%) is a sifted
colimit of free bimodules.

Alax monoidal functor ¢ : € — 9 induces a functor ¢ 45 : BMody 5(€) — BMod 4 ,,5)(D)
which makes the left-hand square in the following diagram of categories commute:

BMod, 4(6) BN Ty BMod, 4(%)
\anA” ? \L(PAB (26)
Usa)08) Foyem
BMOdga(A),qo(B)(@) s > D s > BM0d¢(A),¢(B)(@).
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The right-hand square does not commute in general, but its two compositions are related by
a Beck-Chevalley transformation F,4) .59 = ¢apF 45 that results from taking horizontal left
adjoints in the commutative left-hand square.

Lemma1.11. For monoidal ¢, the right square commutes: F 4y o3¢ — ¢ apF ap is an equivalence.

Proof. By conservativity of U 4) .5, We may check this after applying U, 4) 45) in Which case
the Beck-Chevalley transformation becomes the transformation ¢(A) ® ¢(—) ® p(B) » (A ®
(—) ® B) induced by the lax monoidality of ¢. This is an equivalence if ¢ is (strong) monoidal. []

1.6.3 | Presentable monoidal categories

The category BMod(%) of bimodules in a monoidal category & is particularly well behaved if €
is a presentable monoidal category, which means that the underlying category of & is presentable
in the sense of [71, 5.5.0.1] and the monoidal product ® : € X € — & preserves small colimits in
both variables [72, 3.4.4.1]. A presentable symmetric monoidal category is a symmetric monoidal
category which is presentable as a monoidal category. As an example, for a small category &,
the category PSh(®) = Fun(€°P, &) of space-valued presheaves is presentable [71, 5.5.1.1] and
any symmetric monoidal structure on € turns PSh(®) into a presentable symmetric monoidal
category via Day convolution [72, 4.8.1.12].
One way in which BMod(%) is better behaved if & is presentable monoidal is the following.

Lemma 1.12. If a monoidal functor ¢ : € — D between presentable monoidal categories admits
both adjoints, then so does ¢ 4. In this case, if the left adjoint of ¢ is fully faithful, then so is that of

PAB-

Proof. Both source and target of ¢, are presentable by [72, 4.3.3.10 (1)] and the forgetful func-
tors U4 and U, 4),(p) preserve and reflect limits as well as colimits by 4.3.3.3 and 4.3.3.9 loc.cit.,
so it follows that ¢, preserves limits and colimits. This implies the first part of the claim by
the adjoint functor theorem [71, 5.5.2.9]. The second part is equivalent to showing that the unit
Nap : id = @4p9% , of the adjunction ¢’ , 4 ¢, is an equivalence if the unit 7 : id — pp* of
@' 4 ¢ is one. Both ¢ .5 and gole preserve colimits since they are left adjoints, so using that any
bimodule is a colimit of free bimodules by the discussion above and that U 4),p) IS conservative,
nap is an equivalence if Uy o5)(Nap)Fp(a)pep) 18 One. Using Lemma 1.11 and commutativity
of the square obtained from the left square in (26) by taking left adjoints, one sees that this
transformation is equivalent to U4y o(8)Fo(a),0(8) (M), Which is an equivalence if 7) is one. O

1.6.4 | Compatibility with geometric realisations and naturality of bimodules

There is another assumption on the monoidal category € that is relevant in the context of
bimodules and weaker than being presentably monoidal: € is called compatible with geometric
realisations if the underlying category of € has geometric realisations (colimits indexed by A°P)
and the monoidal product ® : € X € — ¥ preserves these geometric realisations separately in
both variables. A monoidal functor is called compatible with geometric realisations if it preserves
geometric realisations. A symmetric monoidal category (or functor) is called compatible with
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geometric realisations if the underlying monoidal category (or functor) is. This defines (non-full)
subcategories Mon(%at)“8" and CMon(%at)¢" of Mon(%at) and CMon(% at), respectively.

One benefit of being compatible with geometric realisations is that in this case, there is a relative
tensor product (=) ®g (=) : BMod 4 5(€) X BModg (€) — BMod 4 (&) for associative algebras
A, B,C € Ass(%) which is preserved by monoidal functors compatible with geometric realisa-
tions [72, 4.4.2.11, 4.4.2.8]. This can, in particular, be used to make the category of bimodules
BMod, 5(€) natural in triples (€, A, B), that is, to extend it to a functor

BMod__(-): [Mon(%at)cgr Ass(—)*? — @at. 27)

on the cocartesian unstraightening of the restriction of Ass(—)*?: Mon(%at) - @at to
Mon(@at)°et,

Lemma 1.13. The assignment (€, A, B) = BMod 4 5(%) lifts to a functor of the form (27). On
morphisms, it sends (¢ : € = D, (p(A), p(B)) — (A, B")) to the composition

A' @) () @) B’
BMod, 3(€) s BMod 1) (5)(2) —————————— BMod ) o(5)(2).

Proof. The natural transformation 7 : BMod(—) — Ass(—)*? induces by unstraightening a map

fMon(%’)at)Cgr BMOd(_) - /Mon(%at)grtp ASS(_)X2 (28)

of cocartesian fibrations over Mon(&at)*¢". By construction, fibres of (28) are BMod, 3(€), so
first part of the claim follows by showing that (28) is itself a cocartesian fibration which we do by
checking Conditions (1)-(4) in the dual version of [36, Proposition 5.45]. Conditions (1) and (2) are
satisfied since (28) is a map of cocartesian fibrations over Mon(% at)8" by construction. Condition
(3) says that the functor BMod(&) — Ass(%)*? is a cocartesian fibration for any € € Mon(%at)"
which holds by Proposition 4.53 loc.cit. (Note, firstly, that, as a result of Lemma 4.19 loc.cit.,
being compatible with geometric realisations implies having ‘good relative tensor products’ in the
sense of Definition 4.18 loc.cit., and secondly, that Haugseng’s relative tensor product is equiva-
lent to that of Lurie; see [59, Remark 2.18]). Finally, Condition (4) says that forall¢p : € - 2 in
Mon(%at)“®", the induced functor ¢ : BMod(%) - BMod(Z) sends 7¢-cocartesian morphisms
to ng-cocartesian morphisms. This follows from the description of 5¢-cocartesian morphisms
in [36, Proposition 4.53] since ¢ preserves relative tensor products. This finishes the proof of the
first part of the claim. The second part follows from the construction of cocartesian lifts in the
proof of Proposition 5.45 loc.cit., together with the description of 7¢-cocartesian morphisms in
Proposition 4.53 loc.cit. . O

1.7 | Morita categories

The relative tensor products (—) ®g (=) : BMod, 5(€) x BModg -(€) — BMod 4 (&) for vary-
ing choices of A, B,C € Ass(%) in a monoidal category compatible with geometric realisations
satisfy various coherences. This can be packaged conveniently into a double category ALG(%) €
Cat(%at), called the Morita category of €, whose category of objects and morphisms are Ass(%)
and BMod(%¥), respectively, and the source-target functor is the forgetful functor BMod(¥) —
Ass(€) x Ass(€) so that the mapping categories are BMod 4 (&) for A, B € €. The composition
functors are given by taking relative tensor products.
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There are several constructions of the Morita category ALG(%). As in [59], we will use the
one by Haugseng [36] (denoted as 2AL8®, (%) in loc.cit.) which is equivalent to a construction by
Lurie [38, Corollary 5.14] that has some advantages (see [59, Remark 2.18] for more explanation).
As recalled in [59, 2.9.4], Haugseng’s model extends the assignment € — ALG(%) to a functor
ALG(-) : Mon(%at)*8" — Cat(®%at) which preserves products and thus induces a functor

ALG(-) : CMon(®at)®" ~ CMon(Mon(®at)*¢") — CMon(Cat(%at)) (29)

whose leftmost equivalence is the restriction of the instance of the equivalence CMon(Mon(%)) ~
CMon(%) for categories € with finite products in the case € = €at (see, e.g. [59, Remark 2.4]).
The functor (29) behaves well with limits.

Lemma 1.14. The functor (29) sends left-cone diagrams in CMon(%at)®" that are limits in
CMon(%at) to limits in CMon(Cat(%at)).

Proof. Since the forgetful functor CMon(Cat(€at)) — Cat(€at) detects limits and Cat(€at) C
Fun(A°P, ¥at) is a full subcategory closed under limits, the Segal condition implies that it suffices
to show that the functors Ass(—), BMod(—) : CMon(%at) — ¥at preserve limits. These functors
factor as the composition of the forgetful functor CMon(%at) — Op which preserves limits since
it admits a left adjoint (see Section 1.4.2), with functors of the form Alg,(—) : Op — @at for fixed
operads 0 € Op where Alg,(%) C FunFin*(@‘g, %®) for an operad % is the full subcategory of
those functors over Fin, that are operad maps (in Lurie’s notation: Alg,.(—) = Ass(—) and
Algg (=) = BMod(—); see [72, 4.1.1.6, 4.3.1.11]). To show that Alg,;(—) preserves limits, it suffices
to show this for the functor Mapg, (2, Alg,(—)) : Op — & for all @ € Fat. The latter is equiv-
alent to the functor that sends (#® — Fin,) € Op to Map;,(0, Fun(2, % ®) XFun(@,Fin,) FiL,)
(cf. 2.2.5.4 ]oc.cit.). Since Map;,(0, —) : Op — & preserves limits and the forgetful functor Op —
@at i, preserves and detects limits, it suffices to show that the functor Op — @at g, that
sends (#® — Fin,) to Fun(2, %®) Xpyn( rin,) Fin, € Fat /Fin, Dreserves limits. The latter is a
composition

forget Fun(2,-) FinXpan( Fin.) ()
Op — Cat g, — Catpun @ Fin,) — > Gatypin,

of limit-preserving functors, so it preserves limits itself and the claim follows. O

Remark 1.15. The double category ALG(®) for any € € CMon(®%at)°#" satisfies the condition from
Remark 1.1 since the forgetful functor BMod(%) — Ass(€) X Ass(®) is a cartesian fibration as a
result of [ 72, 4.3.2.2]. Given an (A, B)-bimodule M, an (4’, B’)-bimodule N and maps of associative
algebras¢: A - A’ and t: B — B/, the cartesian lift (¢,7)*N — N of (¢, 7) can be thought as
given by N with the (A, B)-bimodule structure induced by restriction along (s, 7).

1.71 | Categories of cospans as Morita categories
Given a category € with finite colimits, we can equip it with the cocartesian symmetric monoidal

structure whose monoidal product LI is given by taking coproducts (see Section 1.4.5). As explained
in [40, Section 6], the associated Morita category ALG(€") € CMon(Cat(®at)) has in this case a
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simple description: it is the symmetric monoidal double category Cosp(%) € CMon(Cat(%at)) of
cospansin & the category of objects is &, the mapping categories are overcategories Cosp(€) 4 p =~
€45, and the composition functors are given by taking pushouts (see also [59, 2.10] for a
summary).

Remark 1.16. Two remarks on this construction.

(i) Strictly speaking, the functor ALG(—) as presented above is not applicable to " since the
latter need not be compatible with geometric realisations if € is only assumed to have finite
colimits. However, there is a weaker condition on a monoidal category ¢ under which
ALG(%) is defined: having good relative tensor products (see [36, Definition 4.18]). This is
satisfied for €" is € has finite colimits (see [40, Remark 2.5.14]).

(ii) By [37, Corollary 8.5], the underlying double category Cosp(%) € Cat(¥at) of a cospan
category lies in the full subcategory €at,, ) C Cat(€at) described in Section 1.1.2.

1.8 | Algebras over operads and their modules

We fix a symmetric monoidal category ¢ € CMon(%at) and an operad © € Op throughout
this subsection.

1.8.1 | Algebras over operads

The category Alg,; (&) of O-algebras in the symmetric monoidal category % is defined as the cat-
egory of operad maps from O to the underlying operad of € (see Section 1.4), that is, as the full
subcategory

Alg,(¥) C Fung, (6%,%®) (30)

of the category of functors over Fin, spanned by those functors that preserve cocartesian lifts of
inert morphisms in Fin, . By construction, its core is the space of operad maps from O to the under-
lying operad of € which, in turn, agrees with the space of maps in CMon(%at) from Env(0) to €
by the adjunction from Section 1.4.2, that is, we have equivalences Alg;(%)~ ~ Map@p(@ ,6) ~
Mapcyion(zan(Env(0), €). This lifts to an equivalence of categories: pre-composition with the
counit ® — Env(0) induces an equivalence of categories

Fun®(Env(0), %) ~ Alg,(¥) (31)

whose left-hand side is the category of symmetric monoidal functors, that is, the full subcategory
of Fung;, (Env(0)®, €®) on those functors that preserve all cocartesian lifts [72, 2.2.4.9].

Example 1.17. The categories Ass(%), BMod(®), LMod(%), RMod(%) of associative algebras and
bi, left or right modules discussed in Section 1.6 are the special cases of (30) where O is the asso-
ciative operad /ssoc or one of the operads BM, L M , R M encoding bi, left, or right modules,
respectively (see 4.1.1.3, 4.1.1.6, 4.2.1.7, 4.2.1.13, 4.2.1.36, 4.3.1.6, 4.3.1.12 loc.cit.).
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1.8.2 | Lax monoidal colimit-preserving extensions

Recall from Section 1.3 that the Yoneda embedding induces an equivalence Fun(€,9) ~
Fun®!i™(PSh(®), Z) when & is cocomplete. This has a lax symmetric monoidal refinement: if
% and 9 are symmetric monoidal and the monoidal product in & preserves colimits in both
variables, then the equivalence lifts to an equivalence Alg;‘glflr(‘%)(g) ~ Alg, (), where PSh(D)
is equipped with the Day convolution symmetric monoidal structure (see Section 3.1 below),
Alg;‘;lff(n%)(@) C Algpgp)(2) is the full subcategory of those lax monoidal functors that pre-
serve colimits, and the equivalence is induced by pre-composition with the symmetric monoidal
lift of the Yoneda embedding [72, 4.8.1.10, 4.8.1.12]. In particular, for a lax symmetric monoidal
functor ¢ : € — 9, there is a unique colimit-preserving extension PSh(%) - 9 to alax

symmetric monoidal functor.

|_|¢

1.8.3 | Modules over algebras over operads

For an O-algebra A € Alg,;(¥)in &, there is a category Modg(% ) of O-modules over A. There are
two constructions of this category, one due to Lurie [72, 3.3.3.8] and one due to Hinich [43, Defi-
nition 5.2.1], and they agree for groupoid-coloured operads © by Appendix B loc.cit., in particular
B.1.2. For our purposes, Hinich’s construction is more convenient. To recall it, we write € . for the
operadic nerve [72, 2.1.1.27] of the ordinary 2-coloured operad in sets encoding pairs of a commuta-
tive monoid and a module over it (see, e.g. [34, Example 3.1.10 (1)]), and write 4O := €M X O for
its product in Op with © (as a result of Lemma 1.4, products in Op can be computed as pullbacks in
%at over Fin, ). There are maps of operads 6 — .# 6 — O which compose to the identity: the sec-
ond is induced by the projection €.# — Fin, and the first by the map ¥om — €. that encodes
forgetting the module. Pre-composition induces functors Alg,(€) — Alg ,,(€) — Alg,(®). The
fibre

Mod(%) := fib, (Alg ,,(€) — Alg,(¥)) € %at, (32)

of the second functor at A is category Mod” 4(€) of O-modules over A. It contains a preferred
object A € Mod? 4(®) induced by the image of A under the first functor (informally speaking: A
is a ©-module over itself). The functor Alg ,,,(€) — Alg, (&) is a cartesian fibration (e.g. by [44,
2.12.2.1]), so the categories Mod? 4(€) extend to a functor Mod@ (%) Alg( (€)°P — @at. In par-
ticular,anymap ¢ : A — Bin Alg@ () yields a restriction functor o8 Mod@(%) - Mod@(“g)

Example 1.18. Here are two examples of the above construction:

(i) For 6 = ofssoc, there is an equivalence Modff 0¢(€) ~ BMod 4 4(®), that is, an o/ssoc-
module over an associative algebra A is an (A, A)-bimodule [72, 4.4.1.28].

(ii) For ® = € om, thereisan equivalence Mod;fom(‘g) ~ LMod 4 (%), thatis, a €om-module over
a commutative algebra A in € is a left module over A [72, 4.5.1.4].

Under some assumptions on € and 0, the category Modg(%) is equivalent to a category of left
modules in € over a certain associative algebra in € associated to A. The statement (which is
stated in the special case © = E; in a slightly different form in [72, 5.5.4.16] without proof) will
involve the following construction: given an 0-algebra A in a presentable symmetric monoidal
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category €, we may view it via (31) as a symmetric monoidal functor A : Env(0) — %. Since €
has colimits, this extends to a lax monoidal functor |—|, : PSh(Env(0)) — & by the discussion
in Section 1.8.2.

Theorem 1.19. For an operad O such that (0°°")* is connected, there is an associative algebra U ; in
PSh(Env(0)) and a left U 5-module M 5, such that given any O-algebra A in a presentable symmetric
monoidal category €, there is an equivalence of categories

Mod(€) ~ LMod,;;, |, (),

such that

(i) A, viewed as a O-module over itself, is mapped to the left module |M 4| 4 over |Us| 4,
(ii) the equivalence is compatible with post-composition with (individual) symmetric monoidal left
adjoints g : € — €' between presentable symmetric monoidal categories.

Proof. There ought to be a clean co-categorical proof of this equivalence, but we will content
ourselves with a more ad-hoc argument using model categories. We temporarily change our con-
ventions for this proof: a ‘category’ is now an ordinary category, an ‘operad’ is now an ordinary
operad, and so on. We add co-prefixes to emphasise co-categorical objects.

Fix a Z-cofibrant (i.e. Z; acts freely on O(k) for all k > 0), 1-coloured operad O in Kan complexes
whose operadic nerve N®(0) is equivalent to O (use [10, Corollary 1.2] to find a cofibrant-coloured
operad whose operadic nerve is equivalent to ® and pass to the suboperad generated by a single
colour). Recall that any simplicial model category C induces an co-category C,, € %at by either
taking the coherent nerve of the Kan-enriched category of cofibrant-fibrant objects in C, or equiv-
alently by taking the coherent nerve of the discrete category of cofibrant objects in C followed by
inverting weak equivalences [72, 1.3.4.15, 1.3.4.20]. By [79, Theorems 1.1 and 2.8], any presentable
symmetric monoidal co-category € arises in this way from a simplicial combinatorial symmetric
monoidal model category C, and any symmetric monoidal left adjoint g : € — €’ from a sym-
metric monoidal left Quillen functor g : C — C’. Moreover, by Theorem 2.5 (i) loc.cit., the model
categories C appearing can be chosen so that every 1-coloured simplicial operad O is C-admissible,
meaning that the category Alg,(C) of algebras in C over O carries the transferred model structure
(the unique model structure in which weak equivalences and fibrations are detected by the for-
getful functor to C). Since O is Z-free, it is projectively cofibrant as a symmetric sequence, so by
[80, Theorem 7.11], natural functor of co-categories Algy(C),, — Alg,(C,,) is an equivalence. We
fix a cofibrant representative A € Alg,(C) for A € Alg,(C,,) which, in particular, implies that the
underlying object in C is cofibrant (combine that a cofibration is a retract of a transfinite compo-
sition of relative cell attachments with [23, Lemma V.20.1.A] which says that the underlying map
of a relative cell attachment is a cofibration when O is Z-cofibrant). We now prove the claim by
constructing a zig-zag of equivalences of categories

® o) ® )
Mod(](C,,) < Mod2(C)y, = LMody_(4)(C)eo = LMody;, (4)(Coe) = LMod,y | (Co).

which is natural in left Quillen functorsg: C — C'.

(D The equivalence (D is an instance of [34, Proposition 4.3.2]. The source is the underlying
oo-category of the model category Modg(C) of strict O-modules over A in C as defined, for
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example, in [34, Definition 3.1.17] or in [23, 4.2.2] (in loc.cit. strict O-modules over A are

called representations of the O-algebra A), equipped with the transferred model structure with

respect to the forgetful functor to C.
@ Unwinding the definition of Modg(C), one sees that there is an associative algebra Uy (A) in
C such that there is a strict isomorphism of categories Modg(C) = LModUO(A)(C) compatible
with the forgetful functors to C, where the right-hand side is the category of strict left-
modules over Uy(A) in C (see, e.g. [23, 4.3.1, 4.3.2]). Equipping both sides with the transferred
model structure yields the equivalence ). The algebra Ug(A) and the Uy(A)-module My (A)
that corresponds to A as an O-module over A can be described as follows: recalling that S
denotes the category of simplicial sets, there are simplicial presheaves Uy : Env(0)°? — S and
Mg : Env(0)°® — Son the simplicial envelope of the simplicial operad O, given by (Ug)(S) :=
O(SU ) and (Mg)(S) := O(S) for finite sets S. The presheaf U, carries a canonical strict asso-
ciative algebra structure with respect to the Day convolution symmetric monoidal structure
on presheaves, and M, carries a left Uy-action; both actions are induced by operadic compo-
sition at the input labelled by *. Viewing A as a symmetric monoidal functor A : Env(O) — C,
the associative algebra U5(A) and the Uy (A)-module Mg (A) are given by the simplicial coends
Uo(A) = Ug ®gny0) A and Mo (A) = Mg ®gny(0) A (its underlying object is isomorphic to A),
with algebra and module structure induced by that of Uy and A. The underlying object of
the coend Uy (A) is cofibrant (this can be seen, e.g. by rewriting it as a relative composition
product, cf. 5.1.3 loc.cit., and applying Lemma 15.2.C loc.cit. taking M = @, N = Uy which is
¥-cofibrant because O is, A initial, and B = A which is cofibrant).
This is an instance of [72, 4.3.3.17] and uses that the underlying object of Ug(A) is cofibrant.
The strict coends Ug(A) = Ug ®gny(0) A and M(A) = Mg Qg (o) A agree with the homotopy
coends, using [23, Theorem 15.2.A], that Uy and M, are Z-cofibrant and that A is cofibrant.
They hence model the corresponding co-categorical coends, which are, in turn, equivalent to
|Upl4 and |Mg| 4 (see Section 1.3). The algebra and module structure agree because the lax
monoidal lift of the coend construction is unique, so the one constructed model categorically
agrees with the one constructed co-categorically. O

@O

1.9 | (Op)lax natural transformations and lax limits

On an informal level, an oplax, respectively, lax natural transformation n : F — G between % at-
valued functors F,G : € — %at consists of squares

F(e) == G(c) F(e) === G(c)
F(w)l " lc(cp) respectively F(@\L 7 \LG@) (33)
F(d) W G(d) F(d) T) G(d)

for each morphism ¢ : ¢ — d in ¢ where7,, is a natural transformation 4 F(¢) — G(¢)1,, respec-
tively, G(¢)n, — ny4F(p). Following [39, Section 1.3], here is how to make this precise: writing
Cat for the 2-category of categories, an oplax (respectively lax) natural transformation#: F — G
between functors F,G : € — %at is a 2-functor € [X] [1] — Cat, (respectively, [1] [X] € — Cat,)
where (—) X (—) is the Gray tensor product of 2-categories, with equivalences between its restric-
tion to € [X]{0} ~ &, respectively, € [X{1} ~ € to F, respectively, G (see loc.cit. for further

A ‘' ‘9202 ‘VZVBESLT

wouy

dny) suonipuod pue swie 1 841 89S *[9202/70/62] U0 A%iq1TauluO 481 ‘B1Bojouyde 1 Ind Iisul eynss|ey Aq 1200, 0doyZTTT OT/I0p/oo A8 ARiq1eul

foum

B5US0 17 SUOLUWOD BARE1D 3|qeat|dde ayy Ag peusenob ae sajoite YO ‘&SN JO 3| 10y ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



30 of 136 | KRANNICH and KUPERS

explanations and references). The relation to the informal description above is as follows: given
a morphism in ¥ viewed as a functor [1] — %, a 2-functor of the form € [X][1] — Cat, (or
[1] X € — Cat,) gives by pre-composition a 2-functor [1] [X] [1] — Cat,. The latter corresponds
to diagram as in (33) since the Gray tensor product [1] [X] [1] is the discrete 2-category indicated
by

Lol

There are categories Fun'®*(%, Cat) and Fun°?'®(%, Cat) of functors € — @atand (op)lax natural
transformations between them. These categories are uniquely characterised by equivalences

Mapg,(—, Fun'®™(%, Cat)) ~ Mapg,,(— X €, Cat),
(34)
Mapg . (—, Fun®'®(%, cat)) ~ Mapg,, (€ X —, Cat),

where #at, is the category of 2-categories. Both Fun'®(%, Cat) and Fun?'*(%, Cat) contain
the usual functor category Fun(%, at) as the wide subcategory on those (op)lax natural trans-
formations for which all 2-cells 7, are equivalences. Via the characterising equivalences, this
corresponds to the fact that functors € X @ — ®at for €, € Fat are the same as 2-functors
€ X9 — Cat that send all 2-morphisms to equivalences, that is, factor through the 2-functor
XD — € XD given by inverting all 2-morphisms in € [X] 2. More generally, there is a 2-
functor (¢ X €)X 2 — € X (€' X D) that inverts all 2-morphisms in the image of (¢ X {¢'}) X
@ forc’ € €', so2-functors out of (€ x €’) X D that map these 2-morphisms to equivalences are
the same as 2-functors out of € x (¢’ X 9).

1.9.1 | The mate correspondence

There are wide subcategories Fun®®L(%, Cat) of Fun®?'®(®, Cat), and Fun'®R(®,Cat) of
Fun'®R(@, Cat), given by those lax respectively oplax transformations for which 7, is a left or
right adjoint for all ¢ € &, respectively. As a result of [39, Corollary F], there is an equivalence of
categories

Fun®P®*L(@, Ccat) ~ Fun®R(%, Cat)P, (35)
which is natural in ¥ € ®at with respect to pre-composition. It is the identity on objects and

sends an oplax natural transformation# : F — G to alaxnatural transformation? : G - F where
7.t G(c) — F(c)isforc € € therightadjoint to 7, and 7, is the Beck-Chevalley transformation

F(@)n. = ngnaF (@) = 72G(@n.n, = 1qG(®) (36)

whose outer maps are induced by the (co)units of the adjunctions 7, - 5, and 7, - 5, fore = c,d
and the middle one by 7,,. Diagrammatically, it turns
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Fe) — G(c) Ge) — F(0)
F(qa)l "z lG(@ into G("")l 7z lF(qo)
F(d) T) G(d) G(d) 7]—) F(d).

1.9.2 | Laxlimits

Given a category €, there is a functor laxlimg, : Fun(%, ¥at) - €atthatsendsafunctorF: € —
@at to its lax limit laxlime (F) € €at. Roughly speaking, the lax limit of a ¥at-valued functor is
a variant of the limit that takes the 2-categorical structure of at into account. There are several
equivalent models for the functor laxlimg: one way to define it is via weighted limits as in [26,
Definition 2.9], another one by sending F : & — %at to the category Fung (%, |, F) of sections of
its cocartesian unstraightening /,, F — %, as in Corollary 7.7 loc.cit.

Example 1.20. Functor categories are lax limits: for a category 2, the cocartesian
unstraightening of constg : € — %at is pr,: € X2 — %, so we have laxlimg(constg,)
~ Fung (%, € X 9) ~ Fun(¥, 2).

The lax limit laxlim¢, (F) of a functor turns out to not only be functorial in natural transforma-
tions, but it is also functorial in lax natural transformations, that is, laxlim¢ : Fun(%, ¢at) —
@at extends to a functor laxlimg : Fun'®(%, Cat) — ®at. One way to implement this is to
combine the description of laxlim¢ (F) as sections of the cocartesian unstraightening with [39,
Theorem E]. In this model, it is also clear that given a functor ¢ : € — &%, there is a canon-
ical natural transformation of functors Fun!®(%,Cat) — ®at from laxlimg to laxlimgop*.
For instance, coming back to Example 1.20, the components of the natural transformation
laxlimg to laxlimgo@* at consts, € Fun'®(%, Cat) are given by the pre-composition functor
¢*: Fun(#,2) — Fun(%, D). There are similar notions of oplax limits and (op)lax colimits, but
they will not appear in this work.

1.10 | Miscellaneous on right fibrations

We record five facts on right fibrations (to recall, right fibrations are cartesian fibrations whose
straightening takes values in groupoids). To state these facts, we fix a commutative square of
categories

d—53%g
Y S (37)
B LN

and consider the square of space-valued presheaf categories PSh(—) = Fun((—)°?, &)

PSh(%) —% PSh(D)

vl B (38)

PSh(d) ——% PSh(®),
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given vertically by restricting and horizontally by left Kan extending. The two compositions in
this square are related by a Beck—Chevalley transformation

ay* — 5B, (39)

which can be obtained in two ways that agree as a result of the triangle identities: either as
the composition o y* — §*8,0y* =~ §*B,y,y* — §*B, involving commutativity of (37), the unit
of the adjunction &, 4 §* and the counit of y, 4 y*, or as the composition o,y* — o;y*5*f, =~
aa*d*B, — &*p, involving commutativity of (37), the unit of §, 4 8* and the counit of &) 4 a*. If
B is right fibration and the square (37) is cartesian, then (39) is an equivalence.

Lemma 1.21. Ifthe square (37) of categories is cartesian and 3 a right fibration, then the square of
presheaf categories (38) commutes in that the Beck—Chevalley transformation (39) is an equivalence.

Proof. Once rephrased via the straightening—unstraightening equivalence in terms of categories
of right fibrations as opposed to categories of presheaves, this follows from the fact that right
fibrations are stable under pullback [71, p. 58] along with [26, Proposition 9.7, 9.8]. O

Given a functor ¢ : € — 2 and an object d € 9, we abbreviate €, : = fib,(¢) for the fibre.

Lemma 1.22. Fix k > 0. If the square of categories (37) is cartesian and 8 a right fibration, then
given objects c¢,c’ € €, the map between mapping spaces

Mapg(c,c’) = Mapg (8(c), 6(c"))

is k-connected if the following condition is satisfied: there exists a lift de A, of ¢’ along a such that
forallliftsc € o, of c along a, the map Map ,(c, - Map (¥ (c), y(E’)) is k-connected.

Proof. Consider the commutative diagram in §

A CVL4
Map,(c,c’) — 9 Map (e, d,) ——— d,

I N

B
Map,, (8(c), 8(c')) ——% Map(Bsery Bse)) ——— Bsey-

Since the square of categories in the statement is cartesian, the rightmost vertical arrow is an
equivalence, so to show the claim, it suffices to show that the map on horizontal fibres between
the two horizontal compositions are k-connected. For ¢ € &, this map between horizontal fibres
is the map y : Map(c, - Map (¥ (c), y(E’)), so it is k-connected by assumption. O

Lemma 1.23. Left Kan extension 5, : PSh(%) — PSh(D) along a right fibration f: B — D
preserves limits over weakly contractible categories.

Proof. Writing Fg € PSh(9) for the unstraightening of 3, the functor f, is by [26, Proposition 9.8]
equivalent to the forgetful functor PSh(92) [Fg = PSh(2), so the claim follows from the fact that
forgetful functors p : €, — € of overcategories commute with weakly contractible limits. ~ []
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For categories ¥ and 9, we abbreviate %2 := Fun(9, %) for the functor category.

Lemma 1.24. Given categories & and & with final objects, a functor ¢ : & — F preserving the
final objects and a right fibration 3 : B — D, the following commutative square of categories is
cartesian:

PSh(®)* —— PSh(R)*

¢
\L(ﬁz)"’ \L(ﬁz)”

PSh(2)” —*% PSh(D)?.

Proof. By the argument from the proof of Lemma 1.23, the square is equivalent to the left square
in the commutative diagram of categories whose vertical arrows are the forgetful functors

* evy,
(PSh(D)7) jeonst,, ——> (PSH(D)*) cons;,, —+ PSh(D)

I xS 1

PSh(2)* ——F % PSh(D)® —— % PSh(D);

heree, € & isthe terminal object. The right square is cartesian because e, is terminal and the outer
rectangle is cartesian because ¢(e;) € & is terminal, so the left square is cartesian as well. 1

Lemma 1.25. If a and 3 in the square of categories (37) are right fibrations, then the square is
cartesian if and only if the functor fib,(a) — fibs(B) on fibres is an equivalence for allc € €.

Proof. The task is to show that the functor &/ — % X, € is an equivalence under the stated
hypothesis. Since right fibrations are stable under pullback, this functor is a map of right fibrations
over €, so it is an equivalence if it is an equivalence on all fibres over objects ¢ € € [71, 2.2.3.3].
The latter is equivalent to the hypothesis. [l

2 | GROUPOID-COLOURED OPERADS AND TANGENTIAL
STRUCTURES

Recall from Section 1.4.3 that an operad O € Op is unital if Mul;(@; ¢) is contractible for all ¢ €
0!, The full subcategory Gp“" C Op of unital operad contains two further full subcategories

op™d c OpE° c Op“™, (40)
which will be important for us: 6p™, is the category of reduced operads — unital operads © whose
category of colours 0°°! is trivial, that is, Mul;(c; d) =~ for all colours ¢ and d — and Op#°, is the
category of groupoid-coloured operads — unital operads O for which 0! is a groupoid.

In this section, we explain an alternative point of view on groupoid-coloured operads as ‘fami-
lies of reduced operads indexed over a groupoid’ which motivates a theory of tangential structures
for operads that will be convenient for later applications to embedding calculus. But before getting
into this, we note on passing that from the description of Env(®) in Section 1.4.2, one can deduce
the following characterisation of the subcategories (40).
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Lemma 2.1. A unital operad 6 € Op™"

(i) is groupoid-coloured if and only if the functor 7, : Env(0) — Fin is conservative, and it
(ii) is reduced if and only if T, : Env(0) — Fin is conservative and an equivalence on cores.

2.1 | Groupoid-coloured operads as families of reduced operads

The alternative perspective on groupoid-coloured operads as families of reduced operads is made
precise in the following result, which we deduce from Lurie’s theory of disintegration and assembly
of operads [72, 2.3].

red

Theorem 2.2. Given a functorf: B — Op
of categories (here the colimit is taken in Op, not in Op

whose domain B is a groupoid, there is an equivalence
red)

(colimz8)°! ~ B.

Moreover, sending such functors 6 to their colimits in Op induces an equivalence

/S Fun(—, @pred) colim > @pgc

in€at, g between the cartesian unstraightening of Fun(—, op™d): §°P — Fatand (—)°': Op° —
S.

Proof. The proof involves Lurie’s notion of generalised operads which are functors ©® — Fin,
that satisfy a weakening of the axioms of an operad [72, 2.3.2.1]. In particular, the fibre @(% over
the singleton (0) = {*} € Fin, for a generalised operad need no longer be trivial. The category
of generalised operads Op®" is a subcategory of €at g, which it contains Op as a full subcate-
gory. As preparation for the proof of the claim, we show that taking fibres (=), : Op®" — Fat
is a cartesian fibration whose straightening has an explicit description. By 2.3.2.9 loc.cit., this
functor has a fully faithful right adjoint (—) X Fin, : ®at & Op8" given by sending € € Fat
to the projection pr2 % x Fin, — Fin,. Writing & for the pullback of ev(;; : (6p&")l!] - Gpe"
along (—) X Fin, : ®at - Op&", we consider the full subcategory & C & spanned by those (0® —
€ X Fin,) € & for which the map @® — @ on fibres over (0) is an equivalence. The composition
EcEo (6p#)I1] - Op#” whose 1nal map is evaluation at 0 € [1] is an equivalence; its inverse
induced by the counit of the adjunction ((—)y) = ((—) X Fin,). Since ev[;; : (op#)] - ope is
the unstraightening of (Op®") ,_) : Op#" — @at, we see that Op*" ~ & — @at is the unstraight-
ening of the functor that sends € € @at to the full subcategory Fam(%) C (0p%") ;gypin, ON
the €-families of operads, that is, those maps 6® — & x Fin, of generalised operads that are
equivalences on fibres over (0) (see 2.3.2.10, 2.3.2.11 loc.cit.). In sum, this shows that there
is an equivalence over €at between (=), : Op#" — @at and the cartesian unstraightening
7 [y, Fam(-) - Fat.

If € = B is a groupoid, then the proof of [46, Proposition 2.2] shows that the unstraighten-
ing equivalence Fun(B, at p, ) =~ €at g, restricts to an equivalence Fun(B, Op) ~ Fam(B).
This equivalence is natural in B with respect to pre-composition on the left-hand side and
taking pullbacks on the right-hand side, so combining this with the above discussion restricted
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to full subcategory & C @at yields an equivalence over § between | s Fun(—, Op) and the full
subcategory of Op#" on those generalised operads whose fibre over (0) is a groupoid. Restricting
Op to the full subcategory 6p™ of reduced operads, and Fam(B) correspondingly to the full sub-
category Fam™¢(B) on those families of operads whose fibres are reduced operads, we arrive at
an equivalence |, Fun(—, Op'd) ~ fe Fam™d(—) ~ 0p&ed over & where Op&™d ¢ Gpe" is the
full subcategory of reduced generalised operads in the sense of [72, 2.3.4.2].

To relate this to the statement of the claim, we consider the left adjoint Assem : Op&" — Op to
the inclusion Op C Op8" from 2.3.3.3 loc.cit., which sends a generalised operad to its assembly. By
2.3.4.4 loc.cit., it restricts to an equivalence Op8™™d ~ Op&°. We will now give a description of the
inverse of this equivalence. To this end, we consider the natural transformation y : (—) X Fin, —
inco(—)Y of functors ¥at — Op&" that sends a category & to the map of generalised operads
y: € x Fin, — (¥)" of 2.4.3.6 loc.cit.; here (—)” : €at — Op is the cocartesian operad functor
from Section 1.4.5 and inc denotes the inclusion Op C Op®". Pre-composing y with the functor
(=)°l: Oop*™ — ®at, we get a natural transformation yo(=)°!: (=) x Fin, — inco((—)")-
of functors Op"" — Op®". Pulling it back along the natural transformation inc — inco((—)cehy
induced by the counit ® — (0" of the adjunction described in Section 1.4.5, we obtain a natural
transformation G — inc of functors Op"" — Op#" where G : Op"" — Ops" sends a unital operad
0 to the pullback of generalised operads @ X colyu (6°°! x Fin,) € Op#". Note that because of the
natural equivalence

G(@)«)) = (@ X(@col)u (@COI X Fln*))«)) ~ @COI, (41)

the functor G : Op"" — Op#" restricts to a functor of the form G’ : Op& — Ops>™, and we
claim that this is the inverse to the equivalence Assem : Op8™'d ~ Op&°, To see this, note that
as Assem is left adjoint to inc, the natural transformation G — inc yields a natural transformation
AssemoG — id@pun which restricts to a natural transformation AssemoG’ — id@pgc, so it suffices
to show that the latter transformation is an equivalence, that is, that for all © € Op*°, the natural
map of operads Assem(0 X geolyu (6°°! x Fin,)) — 0 is an equivalence. This is proved in the first
paragraph of the proof of 2.3.4.4 loc.cit.

From the natural equivalence (41), we see that the functor (=), : opred 5 § translates
under the equivalence G’ : OGP ~ Op&™d to (—)°': Gp — &, so putting everything together,
we obtain a commutative diagram of categories

/S Fun(—, @pred) ~ fg Famred(_) ~ @pgn,red Asiem} @pgc

\ % “2
N

whose horizontal functors are equivalences. To finish the proof, it suffices to show that the top
row is induced by taking colimits in Op. This is part of the proof of [46, Proposition 2.2]. O

Remark 2.3. The previous proof crucially relies on [72, 2.3.4.4] which, in turn, relies on 2.4.3.6
loc.cit., which states that a certain functor y : € X Fin, — " that sends (c, SU *) to (¢);cg is an
approximation in the sense of 2.3.3.6 loc.cit., by ‘unwinding the definitions’. Some comments on
this statement are in order (we use the notation and terminology of loc.cit.).

(i) As stated, the statement appears to be incorrect: consider the case € = [1] and the unique
morphism (0,1) — (1,1) = y(1,(2)) in [1]” covering id(,y. If y were an approximation, then
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part(2) in the definition of an approximation in 2.3.3.6 loc.cit. would imply that (0,1) — (1,1)
is up to equivalence in the image of y which is not the case: the image of y does not even
contain an object equivalent to (0,1).

(ii) For most applications of 2.4.3.6 in loc.cit., the weaker claim that y is a weak approximation
in the sense of 2.3.3.6 loc.cit. would suffice, but this is not the case either: consider the same
example as in (i). If the category in (2°) of 2.3.3.6 associated to the morphism (0,1) - (1,1) =
y(1, (2)) were non-empty, then there would be a factorisation of it as an inert map (0,1) —
y(c,(m)) for c € [1] and m > 0 followed by a morphism y(c, (m)) — y(1, (2)) in the image of
7. As (0,1) - (1,1) covers id,,), the underlying morphism of (0, 1) — y(c, (m)) is inert and
injective, so we have m = 2 and ¢ = 1. But there is no inert map (0,1) — (1,1) since such a
map would by definition be y-cocartesian (see 2.1.2.3 loc.cit.), so, in particular, id, ;) would
factor over (1,1) which is not the case.

(iii) However, if € is a groupoid (which is the only case needed for the proof of [72, 2.3.4.4] and
thus for that of Theorem 2.2), the functor y is an approximation as claimed: condition (1) in
2.3.3.6 loc.cit. holds since the morphisms (id, X ') in & x Fin, for ¢ € € give the required
locally cocartesian lifts along & X Fin, — Fin, whose images in € are inert. For condition
(2), we use that, since € is a groupoid, any active morphism X — (¢);c(,y = 7(c,(n)) in &-
with underlying active map ¢ : (m) — (n) is equivalent to a map in €" covering ¢ of the
form (¢)ic(my = (C)ic(nyo given by the identities; this has a cartesian lift as required: (id, X
?).

2.2 | Tangential structures for operads

Informally speaking, Theorem 2.2 says that groupoid-coloured operads @ are the same as reduced
operad-valued functors 6 : B — 0p™! out of groupoids, and that under this correspondence,
one has B ~ 6" and 0 =~ colimyz8. We write 8, : 0°°! — ©p™¢ for the functor associated to a
groupoid-coloured operad 0, and call 6,,(c) € Gp™¢ for a colour ¢ € 6°°' the reduced cover of ©
atc. Amap ¢ : O — 9 between groupoid-coloured operads is an equivalence on reduced covers if
the maps 6,(c) — 6., (p(c)) are equivalences for all c € 6°°'. Given groupoid-coloured operads @
and @', Theorem 2.2, in particular, gives an equivalence

Map,(6,0") = Map . pun(—op) (0, 60), (%, 85),
and thus a fibre sequence
(_)col
MapFun(@COI,@p)(e@’ (6@’ 0(0)) - Map@p(@a @/) b Mapé’(@a)l’ @,COI) (43)
in which we took fibres over a map ¢ € Map (0!, 0/°°"). Moreover, writing Op&®=red C Op&° for
wide subcategory on maps that are equivalences on reduced covers, we can combine Theorem 2.2
with the identification / s Map (-, Oped®) ~ § Jopred= 10 an equivalence

@pgc’ﬁred = (S/@l)rcd,: (44)

that sends 0 € OpE>~red to B, : O — Ep™=. In particular, since any automorphism of a
groupoid-coloured operad is an equivalence on reduced covers, we obtain an equivalence
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Aut,(0) = Autg/@p: (65) forall 0 € Op*-. (45)

Closely related, and in analogy with the notion of a tangential structure for manifolds, we define
the following.

Definition 2.4. A tangential structure for a reduced operad % is a map 6 : B — BAut(%) for a
groupoid B. The 6-framed % -operad for a tangential structure 6 defined as the colimit

]
%° := colim <B — BAU(%) & @p) € Op*©.

The colimit in Definition 2.4 can be made more concrete as follows. By the first part of The-
orem 2.2, the category of colours of % is (%°)°! ~ B and the multi-operations are given by

Mul?le ((CS)SGS; d) = Mul% ((*)SGS; *) X HSESMapB(Cs’ d)’ (46)

where the ¢, and d are colours in (% 8)col ~ B and # is the unique colour of % (see Lemma 2.8
below). As a result of the above discussion, for a fixed reduced operad %, any groupoid-coloured
operad 0 whose reduced covers are all equivalent to % is equivalent to the -framed operad %°
for a unique tangential structure 8, : 6°°' — BAut(%) for %.

Example 2.5. There are standard examples of 8-framed % -operads for a reduced operad % .

(i) The (@ —» BAut(%))-framed % -operad is the initial operad, which in the model for Op from
Section 1.4 corresponds to the inclusion {*} C Fin,.
(ii) The (x*— BAut(%))-framed % -operad is % itself.

(iii) There is the idg,4)-framed % -operad ¢ = colim(BAut(%) < Op"™). As idpy (o) is ter-
minal in the category & /gauy2) Of tangential structures for %, the equivalence (44) implies
that %19 is terminal in the full subcategory of Op&®=red spanned by those operads whose
reduced covers are all equivalent to %. In particular, we have Aut(%19) ~s.

The above discussion can also be generalised to take the truncations % of % from Section 1.4.4
into account. As explained in Section 1.4.4, they fit into a tower % ., of reduced operads and there
is a corresponding tower BAut(%,) of groupoids. A tower of tangentlal structures for 7% is a map
6. : B. » BAut(%,.) in Tow(S). Such a map induces a tower ?l € Tow(0Op#°) featuring the
6)-framed % -operad. For 8, = idpa ). this yields a tower % id Wthh is terminal in the sub
category of Tow(0Op&®) with objects those towers @, for which the reduced covers of O, for k >
are equivalent to %, and maps of towers that are levelwise equivalences on reduced covers.

2.3 | O-framed operads and cocartesian operads

One of the simplest reduced operad is the commutative operad ¥om. Since it is terminal in Op
(see Section 1.4), we have BAut(€om) ~, so tangential structures 6 : B - BAut(€om) for €om
are the same as groupoids B. The associated B-framed & om-operad #om? is also known under a
different name: it is the cocartesian operad B".
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Lemma 2.6. For a groupoid X, there is a natural equivalence of operads
X" =~ colimy(consty,,) = Fom*,
where the right-hand side is the colimit of the constant functor X — Op on the terminal operad.

Proof. Restricting the adjunction (=)' - (=) to the full subcategories Op& c Op“"" and § C
@at, it suffices to show that colim _j(constgy,) : & — Op# isright adjoint to (=)l op& — &,
by the uniqueness of adjoints. By Theorem 2.2, this equivalent to showing that the projec-
tion 7: [ ¢ Fun(—, 0p™d) — & is left adjoint to the functor that sends a groupoid B € § to
(B, constg,,)- This is a general fact: for a functor ¢ : € — €at whose values have terminal
objects, the unstraightening 7 : /Cg ¢ — € has a right adjoint given by sending ¢ € € to (c, f,))
where £, € @(c) is the terminal object (combine the dual version of [72, 7.3.2.6] with 7.3.2.1 and
7.3.2.2 loc.cit.). O

Lemma 2.6 has the following consequence.

Lemma 2.7. A map between groupoid-coloured operads ¢ : O — P is an equivalence on reduced
covers if and only if it is an operadic right fibration in the sense of Definition 1.9.

Proof. Since 6! and 9! are groupoids, any map between them is a right fibration, so ¢ is an
operadic right fibration if and only if the square in Definition 1.9 is a pullback of operads. Since
& C ®at is closed under limits, and thus also 6p&°® C Op, this is equivalent to the square being a
pullback in 6p#°. Using the equivalence Op&° ~ [ Fun(-, 6p™?) together with Lemma 2.6, the
square is equivalent to a square in / s Fun(—, op™?) of the form

col )
(0%,8,) — ="y (gpeol g,

(id,t)\l/ \l/(id,t)

( col

(6!, constggp,) ¢—> (P, constggm)

for a natural transformationn,, : 6, — ¢*65. Here, the natural transformations indicated by ¢ are
induced by the fact that #om € Op™ is terminal. This a pullback in / ¢ Fun(— , 0p™) if and only
if n, is an equivalence which is the definition of ¢ being an equivalence on reduced covers.  []

Lemma 2.7 allows us to establish the promised description (46) of the multi-operations in %°.

Lemma 2.8. Given a functor 8 : B — Op™Y, the space of multi-operations of the colimit colimy8

in Op from a collection of colours (c,)cs in (colimzB)°°' ~ X to a colour d is given by
MulcolimBG((cs)SES; d) ~ MUIG(d)((*)SES; ) X I_IseSNIapB(CS’ d).
Proof. For any unital operad O, the unit of the adjunction (=)' 4 ()" induces a natural map

Po  Mulp((¢))ies; d) —> Mulgeayu(cg; d) = MyegMul s (cy; d), 47
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which in terms of operadic compositions is induced by inserting the unique 0-ary operations
in all but one of the entries. For c0 := colimyz68, we have (c6)°! ~ B, so the target of p.y is
MgesMapg(cg, d), which is empty unless all ¢; € B are in the same component as d, so the same
holds for the domain. We may thus assume ¢, = d for all s and consider the commutative diagram

MyesMulgg(d; d) X Mulggy((%)sess ) +» MesMulg(d; d) X Mulg((d)ses; d) - Mulg((d)ses; d)

\Lidx Do) \Lidx Peo \che

HSeSMulce(d; d) X HseSMule(d)(*; *) + I‘IsesMulce(d; d) X HsesMulce(d; d) —) I‘IseSMulce(d; d),

where the left horizontal maps are induced by the map 6(d) — ¢ induced by {d} C B and the
right ones by operadic composition. As (c8)°! ~ B, it suffices to show that the top horizontal com-
position is an equivalence. As % is reduced, we have Mule(d)(*; %) ~, so the bottom horizontal
composition is an equivalence and it is thus enough to show that the composition on vertical
fibres is an equivalence. In view of the action of the group M,c¢Mul 4(d;d) on the diagram by
pre-composition, it suffices to check this on fibres over the identity operations. In this case, the
map on fibres agrees with the map on vertical fibres of the square of spaces of multi-operations
induced by the square of operads in Definition 1.9 for (0 - &) = (6(d) — c6) induced by {d} C X.
As 6(d) — c0 is by construction an equivalence on reduced covers, this square of operads is a
pullback by Lemma 2.7 and thus induces a pullback on spaces of multioperations, so the claim
follows. O

A similar argument shows that taking 6-framed operads for tangential structures 6 commutes
with truncations of operads as discussed in Section 1.4.4, in the following sense.

Lemma 2.9. Fixk > 1.

(i) Agroupoid-coloured operad O is k-truncated if and only if all its reduced covers are k-truncated.
(ii) Viewing Op<KU™ as the full subcategory of Op“™ of k-truncated operads, the equivalence of
Theorem 2.2 restricts to an equivalence over §

J Fun(=, 0p=ired) = opshe,

where Op<kred ;= Op<kun n opred gnd Op<ke° 1= Op<kun n Opee.
(iii) For a functor 8 : B — Op™ out of a groupoid, there is an equivalence (colimits are taken in
Op)

(colimyep0(b)) _, = colimyep(8(d))-
In particular, if 6 is a tangential structure for a reduced operad %, we have
(%e)gk 2 (%gk)ek,

where 0 is the composition of © with the map BAut(%) — BAut(% ) induced by truncation.

Proof. Arguing as in the beginning of the proof of Lemma 2.8, to show (i), it suf-
fices to prove that for each colour d € 0% and finite set S, the map Mul,((d)ses;d) —
limg g |51<k Muls((d)sesr; d) is an equivalence if and only if the map Mulg, (4)((#)seg; *) —
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limgrcg s1<k Mulg, (4)((*)ses75 #) is an equivalence. Similarly to the previous proof, we consider
the commutative square

Mul, (d)ses; d) — limgicg 571<c Mulp((d)sesrs d)

\LP@ \me

|_|SES Mul(g(d, d) H th’QS,lS’lSk |—|SES/ Mul@ (d, d)

The bottom row is an equivalence, so the top row is an equivalence if and only if the map on
vertical fibres over all basepoints is one. The action of the group My¢Mul,;(d; d) on the square
exhibits the latter to be equivalent to the map on vertical fibre over the identity basepoint being
an equivalence. Arguing as in the previous proof, this map on fibres over the identity is given by
the map Mulg q)((*)ses; *) = limg g |57<k Mulg(g)((+)5eg7; *), s0 the claim follows. Combining
(i) with Theorem 2.2 immediately implies (ii). From this, (ii) follows, as it allows us to identify
Op<FE° as the essential image of /¢ Fun(—, Op<kred) under the equivalence of Theorem 2.2. This
implies (iii) by using that the equivalence in Theorem 2.2 is given by taking colimits. 1

2.4 | Semidirect products of ordinary operads in spaces

The notion of a 8-framed % -operad for a reduced operad % and a tangential structure 6: B —
BAut(%) (see Definition 2.4) has a known analogue for classical operads in the 1-category S of
topological spaces or Kan complexes: for a group object G in S acting on an ordinary 1-coloured
symmetric operad U in S, there is an associated 1-coloured symmetric operad U X G in S, called
the semidirect product of U and G, whose multi-operations are given by (U X G)(k) = U(k) x G¥
and whose operadic composition involves that of U and the G-action on U (see [88, Section 2]).
If U has weakly contractible 0- and 1-ary operations, then its operadic nerve % := N®(U) € Op
from [72, 2.1.1.27] is a reduced operad in our sense and the action induces a tangential structure
0 : BG — BAut(%) (see the proof of Proposition 2.10). As we shall see in the following proposition,
the associated 0-framed % -operad turns out to be equivalent to the operadic nerve X G :=
N®(U X G) of the semidirect product (in the discrete case, this can also be extracted from [3,
Chapter 4]).

Proposition 2.10. In the notation above, if the spaces of 0- and 1-ary operations U(0) and U(1) are
contractible, then there is an equivalence of operads % X G ~ %°.

Remark 2.11. In view of Proposition 2.10, specialising the fibre sequence (43) and the equivalence
(45) to the operad % X G recovers a result of Horel-Willwacher [47, Theorem 1.1] (note that they
work in the model category of ordinary 1-coloured operads in S whose underlying co-category is
not equivalent to a full subcategory of Op, but to one of Op, /; see [46, Section 2.3]).

Proof of Proposition 2.10. We assume that S is the category of Kan-complexes; the case of topo-
logical spaces follows by first taking singular simplicial sets. Recall from [72, 2.1.1.22, 2.1.1.23] that
the operadic nerve N®(0) € Op of a coloured symmetric simplicial operad O in S is constructed
as the coherent nerve N(—) in the sense [71, 1.1.5.5] of a certain S-enriched ordinary category 0%
with a functor to Fin,, defined explicitly in terms of O [72, 2.1.1.22, 2.1.1.23].

First, we explain how the G-action on U induces a functor 6: BG — BAut(%). This is
not entirely obvious, since the operadic nerve considered as a functor from the 1-category of
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coloured symmetric simplicial operads in S to the underlying 1-category of the simplicial cate-
gory whose coherent nerve is Op (see [72, 2.1.4.1]) is not simplicially enriched in evident way (cf.
[51, Section 6]). Instead, we consider the S-enriched category U%® with objects finite pointed
sets, morphism spaces Mapc.e(SU *, TU *) := U . g 756 X [1,er Ul@™1(¢)) and composi-
tion induced by the maps G X [M;cg-1;)U(a ()] x (G x U(B~'(1)) = G x U((Boar)~*(i)) giving
by first letting the second copy of G act diagonally on M jeﬁ—l(i)u(a_l (j)), followed by the map given
by operad composition in U and multiplication in G. Projection induces a functor U>® — Fin, X G
such thatits composition U>® — G with the projection to G is a cocartesian fibration of S-enriched
categories whose fibre is U®. Applying N(—) to this composition we obtain a cocartesian fibration
with fibre  := N(U®), the straightening gives the desired functor 6 : BG — BAut(%).

To show % X G ~ %P, first note that, by the proof of Theorem 2.2, it suffices to show that the
two generalised operads Assem™ (% X G) and Assem ™! (%9) are equivalent in Op®" which we can
check in (€aty,) /pin, , since OpE" & (Faty,) /pin, Is a replete subcategory inclusion. To this end,
note that by the description of Assem~!(—) in the mentioned proof, there is a cartesian square in
(gat/Fin*

Assem (U XG) —> UXG

1 d (48)

Fin, X (U X G)® -5 (U X G)™H.

This can be obtained as the coherent nerve of a square of S-enriched categories over Fin,: firstly,
for any S-enriched category C, the cocartesian operad N(C)- is the coherent nerve of the S-
enriched category CY over Fin, whose objects are sequences (c,),cg Of objects in C indexed by
a finite set S and whose morphism spaces are defined by the formulas (13) and (20). In these
terms, the functor y : Fin, X N(C) — N(C)” arises as N(—) applied to the S-enriched functor
Fin, x C - CH that sends (S, ¢) to (¢),cs- Specialising this to C = (U X G)°°!, this gives the bottom
row in (48). Moreover, by definition of the operadic nerve, we have % X G ~ N((U X G)®) where
(—)® is as before. The projections (U X G)(k) = U x G — G¥ induce a functor (U } G)® — GY
whose coherent nerve gives the right vertical map in (48). The latter functor is a fibration in the
Bergner model structure on simplicial categories by inspection using the description of fibrations
resulting from [71, A.3.2.24, A.3.2.25, A.3.2.9]. Since this model category is left proper (see A.3.2.4
loc.cit.) and N(—) is a Quillen equivalence to the Joyal model structure on simplicial sets whose
underlying co-category is € at (see 2.2.5.1 loc.cit.), we can compute the pullback (48) in simplicial
categories and obtain Assem™ (% X G) ~ N((Fin, X G) Xqu (U X G)®). Spelling out the defini-
tion, ones see that the strict pullback (Fin, x G) Xgu (U X G)® is precisely U>®, so it remains to
show that Assem™ (%°) € Gat g, is equivalent to N(U>®) € Fat p, . But by the proof of The-
orem 2.2, Assem™'(%°) € (%at,,) /Fin, I8 the unstraightening of 6 : BG — BAut(U) & €at g,
which is N(U%®) by construction. O

3 | PRESHEAVES, DAY CONVOLUTION AND A DECOMPOSITION
RESULT

The purpose of this section is two-fold: we record general results on Day convolution symmetric
monoidal structures on categories PSh(®) of space-valued presheaves on symmetric monoidal
categories € (Sections 3.1-3.3) and we establish a natural pullback decomposition of PSh(%)
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involving the category of presheaves on certain full subcategories of € and their ‘complements’
(Section 3.4).

3.1 | Day convolution

Given a symmetric monoidal category &, the category of space-valued presheaves PSh(%) =
Fun(%°P, &) carries a symmetric monoidal structure by Day convolution [72, 4.8.1.12, 4.8.1.13]
which is on objects given by

(F® G)(c) =~ co}i@mﬁ F(c") x F(c", (49)

where the colimit is taken over the pullback (% X &), , of the monoidal product® : € X € — &
along the forgetful functor €., — €. Its unit is given by the representable presheaf Mapy (—, 1)
on the monoidal unit 1. There are several ways to characterise this symmetric monoidal struc-
ture: in CMon(%at), it can be characterised as the unique symmetric monoidal structure on
PSh(%) that preserves small colimits in both variables and for which the Yoneda embedding can
be made symmetric monoidal (see 4.8.1.12 loc.cit.), in CMon'®(®@at) it can be characterised by the
natural equivalence (see Section 1.5 for the notation and 2.2.6.8 loc.cit. for a reference)

MapCMonlaX(%at)(_ X (gOp, é’) ~ MapCMonlax(rgat)(_, PSh(%)),

where X is the product in CMon'®(®at) (which is computed in ¥at /Fin, » SO given by taking pull-
backs over Fin, ). Combined with (22) and the Yoneda lemma, the second characterisation shows
that there is a lift of the pre-composition-functor PSh(—) : €at°? — %at to a functor

PSh(—) : CMon®'®(®at)°®? — CMon'*(#at). (50)

Since pre-composition of presheaves along a functor has a left adjoint induced by taking left Kan
extension, this functor lands in the subcategory CMon'®k(€at) ¢ CMon'™(®%at), so we may post-
compose it with the equivalence (25) induced by taking left adjoints to obtain a lift

PSh(-) : CMon®®™(%at) — CMon®'*(%at) (51)
of the left Kan extension functor PSh(—) : ¥at — ¥at.
Example 3.1. Inclusion of the unit in a symmetric monoidal category € gives a symmetric
monoidal functor 1 < %. Applying (51) to it yields a lax monoidal lift of the evaluation functor
ev, : PSh(%) — &§. Pre-composing the latter with the symmetric monoidal Yoneda embedding,

Yy : ¥ — PSh(%) gives a lax monoidal lift of the functor Map(1,—): € — §.

Lemma 3.2. The functor (51) preserves monoidal functors, and so restricts to an endofunctor on
CMon(%at).

Proof. We show the stronger claim that an oplax monoidal functor F: € — 9 is symmet-
ric monoidal if and only if this holds for its image F, under (51). To see this, note that as
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Day convolution preserves colimits in both variables and left Kan extension preserves colim-
its, the transformation F\o® — ®o(F, X F,) given by the oplax structure is an equivalence if
and only if its pre-composition with the product of the Yoneda embeddings y¢ X y¢ of € is.
Using the naturality of the Yoneda embedding with respect to left Kan extension and that the
Yoneda embedding is symmetric monoidal, tracing through the construction we see that the
component of the natural transformation at y,(c) X yx(c’) is given by the map of presheaves
Yo (= Flc® ")) = y5(—, F(c) ® F(c')) induced by the oplax monoidality of F, and that the
map yg(1lg) = Fi(¥x(1g)) = y4(F(ly)) is the value of yg at 15, — F(1g). Since the Yoneda
embedding is conservative, this shows the claim. O

3.2 | Localising Day convolution

For a symmetric monoidal category € and a full subcategory €, C €, one can sometimes use the
Day convolution symmetric monoidal structure on PSh(&) to construct a symmetric monoidal
structure on PSh(%),), even in situations where %), is not symmetric monoidal itself. To explain
this, we consider the operad PSh(%)® — Fin, associated to the Day convolution structure (see
Section 1.4.1), denote the fully faithful inclusion by ¢ : €, < € and write PSh(%,)® c PSh(%)®
for the full subcategory on those collections of objects (F;),cs (see Section 1.4) for which each
F, is in the essential image of the fully faithful right Kan extension ¢, : PSh(%),) & PSh(®). The
restricted functor PSh(%,)® — Fin, is again an operad, its category of colours is by construction
equivalent to PSh(,,) and the inclusion PSh(%,)® c PSh(%)® a morphism of operads [72, p. 193].
In general, PSh(‘gO)‘X’ — Fin, is not a cocartesian fibration, that is, not a symmetric monoidal
category, but there is the following condition under which it is. It involves the categories (€ X €).,
appearing in the colimit description (49) of the Day convolution.

Lemma 3.3. Ifthe inclusion (€, X €).,; = (€ X €),,, is final for all objects ¢, € €, then

(i) PSh(%,)® — Fin, is a symmetric structure on PSh(%,,),
(ii) this symmetric monoidal structure is objectwise given by F ® G ~ t*(1,(F) ® t,(G)),
(iii) PSh(%,) is a presentable symmetric monoidal category in the sense of Section 1.6.3,
(iv) the inclusion PSh(%,)® C PSh(®)® is lax symmetric monoidal and refines the right Kan
extension t, . PSh(%),) & PSh(¥) and
(v) the oplax symmetric monoidal refinement of the restriction t* : PSh(€) — PSh(%,) resulting
from (iv) and the equivalence (25) is symmetric monoidal.

Proof. During the proof, we will repeatedly use that since ¢ is fully faithful the counit t*t, —
idpgn(,) is an equivalence, the unit idpgp,) — t,.L* is a reflexive localisation in the sense of [71,
p. 362], and the right Kan extension ¢, : PSh(%,) — PSh(%) is fully faithful.

By construction, the fibre of PSh(&,)® — Fin, over (1) is the essential image of t,. The
latter is equivalent to PSh(%),), so to show (i), it suffices to prove that PSh(%,)® — Fin, is an
operad and a cocartesian fibration. This follows from [72, 2.2.1.7, 2.2.1.9] once we show that the
finality condition ensures that if a map ¢ : F — G in PSh(%¥) is an equivalence after applying
Lt*, then $ ®idy; : F® H - G ® H is for any H € PSh(®) an equivalence after applying ¢, t*
as well. Since ¢, is fully faithful and equivalences on presheaves can be tested objectwise, this
follows from showing that if ¢ : F — G has the property that ¢(c,) is an equivalence for all
¢y € 6, then (¢ ® idy;)(cy) is also an equivalence for all ¢, € 6. By (49), the latter is equivalent
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to colim, _ger (F (cYx H(")) » colim,, _,vg(G(c) X H (")) being an equivalence for all
¢y € €. Here, the colimits are taken over (€ X &), ;. Since ¢ is an equivalence when restricted
to €, by assumption, this follows from the assumption that (€, X €). ; — (€ X €),,, is final.

To show (ii), recall that the monoidal product d ® d’ in a symmetric monoidal category & can
be recovered from the corresponding cocartesian fibration 2® — Fin, as the target of the unique
cocartesian lift with source (d, d’) of the unique active map {1, 2, *} — {1, *}. Now observe that in
PSh(%,)®, such a cocartesian lift with source (t,(F),1,(G)) is the composition of the cocartesian
lift (¢,(F),1,(G)) — 1,(F) ® 1,(G) in PSh(®)® followed by the unit ¢, (F) ® 1,(G) — 1,0*(t,(F) ®
1,(G)).

Categories of presheaves are presentable [71, 5.5.1.1], so by symmetry, it suffices to show
that (—) ® G preserves colimits for any G € PSh(%,,). Using (49), the first part of (ii) and the
hypothesis, we first compute for F ~ colim;F; in PSh(%))) and ¢, € %,

(F ® G)(co) = colime,1)e(wxe),, , (1:(F)(€) X (G)(") ~ colimc e, x#),,, (F(€) X 1(G)(c)),

which, since colimits commute with colimits, is equivalent to colimi(colim(c,c/)e(%xg)% /(Fl-(c) X
1.(G)(c"))). Applying the same reasoning backwards, the latter is equivalent to colim;(F; ® G)(c,),
and since colimits of presheaves are computed objectwise, the claim follows.

We observed above that PSh(%,)® c PSh(%)® is a morphism of operads, so it is (by definition)
lax monoidal. On fibres over (1), this functor is the full subcategory inclusion of the essential
image of ¢, into PSh(%®). As t, is fully faithful, this inclusion is equivalent to ¢, itself, so (iv) follows.

The final point (v) claims that for F,G € PSh(%), the instance

FFQG) = "(L.((F) @ 1.((G) —» F(L("(F) @ () —» *(F) ® *(G)

of the composition (23) is an equivalence. In fact, all three maps are equivalences: for the first,
this follows from the property we showed in the first part of the proof by factoring F ® G —
L((F)®L("(G))asF ® G — 1,.(t*(F)) ® G followed by ¢, (1*(F)) @ G — . (t*(F)) ® 1,.(t*(G)).
For the second map, note that by (ii), we have X ® Y ~ ¢*(1,(X) ® 1. (Y)) for X, Y € PSh(%,) and
via this equivalence, the map ¢, (X) ® 1. (Y) = (,(X ® Y) coming from the lax monoidal structure
is given by the unitid — ¢,¢* applied to¢,(X) ® ¢,(Y). Specialising thisto X = (*(F)and Y = ¢*(G),
it follows that the map in question is given by applying t* to the unit id — ¢,t* at some object
(namely ¢,.(X) ® ,.(Y)), which is indeed an equivalence since ¢ is fully faithful. Finally, the third
map is an equivalence since the counit (*1, — id is an equivalence. O

Remark 3.4. Lemma 3.3, (v) can also be deduced from [72, 2.2.1.9 (3)], by showing that the oplax
structure on * induced by the symmetric monoidal structure from 2.2.1.9 loc.cit. agrees with the
oplax structure on ¢* we used above (resulting from (25)). This can be seen by showing that both of
them are obtained from the given lax monoidal structure on ¢, by taking parametrised left adjoints
over Fin, in the sense of [39, 3.1.1].

3.3 | Bimodules in categories of presheaves

Given a symmetric monoidal category ¢ and associative algebras A, B € Ass(PSh(%)) in the
category of presheaves with respect to the Day convolution monoidal structure, there is a
convenient description of the category BMod 4 5(PSh(%)) of (A, B)-bimodules in PSh(%) from
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Section 1.6. To explain this, we consider the composition (F4poys): € — BMod, 3(PSh(%))
of the Yoneda embedding y, of € followed by the left adjoint F,p to the forgetful functor
Uap : BMod, 3(PSh(®)) — PSh(%) from Section 1.6.2. We denote the full subcategory given by
the essential image of (F 450y ) (free bimodules on representables) by

BMod, ¥ (PSh(%)) C BMod 4 5(PSh(%)). (52)

Since BMod 4 5(PSh(%)) has all colimits as a result of [72, 4.3.3.9], this full subcategory inclusion
extends by 5.1.5.5 loc.cit. uniquely to a colimit-preserving functor

PSh(BMod',*(PSh(%))) —> BMod, 5(PSh(%)), (53)
which admits a right adjoint, given by the restricted Yoneda embedding, that is, the Yoneda
embedding of BMod 4 z(PSh(%)) followed by restriction along (52).

Lemma 3.5. The functor (53) is an equivalence with the restricted Yoneda embedding as inverse.

Proof. The second part follows from the first since the restricted Yoneda embedding is right
adjoint to the functor (52). To show that the latter is fully faithful, by [71, 5.1.6.10], it suffices
to show that F ,5(y4(c)) € BMod 4 z3(PSh(€)) is completely compact for all ¢ € €, that is, that
the functor MapBMOdA’B(PSh(%)))(F 48(¥z(c)), —) : BMod, g(PSh(®)) — & preserves colimits. By
adjointness and the Yoneda embedding, this functor is the composition of the forgetful functor
Uap - BMod, 3(PSh(%)) — PSh(€) with the evaluation functor ev, : PSh(%) — & at c. Both of
these preserve colimits: the former as result of [ 72, 4.3.3.9] and the latter since colimits in presheaf
categories are computed objectwise. It follows that (53) is fully faithful, so in order to show that
it is an equivalence, it suffices to prove that its right adjoint — the restricted Yoneda embedding
— is conservative. This follows from the fact that the functors MapBModAyB(PSh(g))(F A5z (), —)
are for ¢ € € jointly conservative as a result of adjointness and the Yoneda lemma. O

Remark 3.6. The definition of BModirif(PSh(%)) and the functor (52) makes sense for any sym-
metric monoidal structure on a category PSh(%) of presheaves; it need not be induced from a
symmetric monoidal structure on % by Day convolution. Moreover, on a closer look, also the proof
of Lemma 3.5 goes through for any symmetric monoidal structure PSh(%), so it, in particular, also
applies to PSh(%,,) fo full subcategories 6, C ¥ as in Lemma 3.3.

3.4 | Decomposing categories of presheaves

We now turn to a decomposition result for the category of space-valued presheaves on a cate-
gory as a pullback in terms of categories of presheaves on certain full subcategories and their
‘complements’. The subcategories we consider are as follows.

Definition 3.7. A category & together with a full subcategory 6, C ¥ closed under equivalences
is a decomposition pair if the following two conditions are satisfied:

(i) if the identity id, of an object ¢ € ¥ factors through an object in %)), then c is contained in &,
(ii) if a composition go f of two composable morphisms f, g in € factors through an object in 6,
then at least one of the morphisms f or g already factors through an object in 4,.
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The conditions in this definition are designed exactly so that one can define a (potentially non-
full) subcategory €\ 6|, of € called the complement, by restricting to objects that are not in 6, and
to morphisms that do not factor through objects in &,. Writingt: €, & € andv: €\6, & €
for the inclusions, we consider the functors four functors

/]

PSh(B,) T—% PSh(G) —23 PSh(B\B,),

where the unlabelled left middle arrow is the restriction ¢* whose left and right adjoints ¢, and ¢, are
given by left and right Kan extension. These functors feature in a pair of natural transformations

A=yt - vt > i),

of functors PSh(®) — PSh(®\ %)), resulting from applying »* to the counit of {;, o ¢* and the unit
of * - t,. Similarly, there is a natural transformation of functors PSh(%,,) - PSh(€\%,)

Q =Wy - v,

obtained by applying v* to the zig-zag ¢ Pl yt*t, — 1, induced by the counits of * -, and
y - ¢*; the former is an equivalence since ¢ is fully faithful. Viewing A and Q as functors
PSh(®) — PSh(€\%,)!?! and PSh(%,) = PSh(€\%,)!"), the announced decomposition result
reads as follows.

Theorem 3.8. For a decomposition pair €, C ‘6, there is a commutative square in €at

PSh(€) —2% PSh(€\G,)?

ﬁl l(osz)* (54)

PSh(®,) —23 PSh(€\B,)!!l.
Ifforallc,d € €\6,, the map

(yor*) (Mapg (=, d) ) (¢) U Mapg ¢, (¢, d) — Mapg(c,d)

induced by v and the counit of 1, - t*, is an equivalence, then the square (54) is cartesian.
Remark 3.9.

(i) The proofof Theorem 3.8 presented below was explained to us by Rozenblyum; a similar proof
and statement will appear in forthcoming joint work of him with Ayala and Mazel-Gee. Before
learning about their argument, the authors knew of a different proof — based on resolving
presheaves by representables — of the weaker statement that the functor from PSh(®) to the
pullback of the remaining entries in Theorem 3.8 is fully faithful, but this proof did not show
essential surjectivity. We are grateful to Ayala, Mazel-Gee and Rozenblyum for allowing us to
include their argument. Since the first version of our work appeared, a different proof of this
result was also independently found by Haine, Ramzi and Steinebrunner [32, Theorem 5.12].
Their proofis less direct, but also applies to categories of presheaves with values in presentable
categories other than spaces.
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(ii) The left Kan extension (i,t*)(Mapg(—, d))(c) in the statement can be equivalently described
as the coend Mapg(c, —) g, Mapg(—, d), so the condition in the theorem becomes that
the canonical map Mapg(c, —) ®g, Mapg(—,d) - Mapg(c, d) is an equivalence onto the
collection of path-components of morphisms that factor through an object in 6,.

Proof of Theorem 3.8 (after Ayala-Mazel-Gee—Rozenblyum). For the first part, we need to provide
a natural equivalence between the clock- and counterclockwise composition in the square. This
arises by applying v* to a natural equivalence between the composition

« & . Y
y* — id — 1,0

of the counit € of ;;, o ¢* and the unit 7 of t* - 1,, and the zig-zag

s Y€ s % Ery ¥ %
w —yu Lt —L.tL,

where € is the counit of (* - ¢,. By the triangle identities, an inverse of y€,. is given by ,t*7), so
it suffices to identify ¢, ;- ovt*(77) with noe. But the structure of € as a natural transformation pro-
vides this, since it gives natural identifications € ot (*(f) =~ foe, for morphisms f: ¢ — d, so in
particular for the components of 7.

Writing & for the pullback of the square without the top left corner, the task for the second part
is to prove that the functor ¢ : PSh(%) — & induced by the commutativity is an equivalence. To
increase legibility in the following proof, we pretend that objects which come equipped with an
equivalence between them are actually equal. We begin by observing some properties of & and
@

(i) The category & has all colimits: using that v*; is a left adjoint and »*i, a right
adjoint, the colimit of a diagram (X;, (v*u(X;) = Z; - v*1.(X;))ie; in & indexed by
some category I where X; € PSh(%,) and (v*y(X;) — Z; - v*1(X;)) € PSh(%\%O)[Z] is
given by (colimX;, (v*y(colim X;) ~ colim (v*(,(X;)) — colim Z; — v*1,(colim X;))) where
the final map is the composition of colimZ; — colimv*t (X;) with the adjoint of
rvy(colim v*1,(X;)) = colim(r*v,v*1,(X;)) — colim X; with respect to the adjunction ¢*v, -
VL.

(ii) The description of colimits in & from (i) shows that ¢ : PSh(€) — < preserves colimits.

(iii) There are functors

m: P — PSh(%,) and m,: P — PSh(€\E,)
given by m;(X,(v"'y(X) - Z - v"1,(X))) =X and 7, X,v'y(X) - Z - v, (X)) =Z.
They are jointly conservative and preserve colimits as a result of (i).
(iv) The functors 7r; and 7, from (iii) admit left adjoints

A,: PSh(&,) — % and A,: PSh(%\%,) — P

given by 4;(X) = X, @*y(X) = v*4,(X) - v*1,(X))) and 4,(Z) = (' (Z), v y'n(Z) —
vy n(Z) U Z — v¥,*v(2))). They feature in natural transformations

(A10yg,) — (poygzor) and  (A,0yp\g,) — (poygov), (55)
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which are, via the adjunctions 4; - 7;, adjoint to the natural transformations yg —
(t*oygot) and yg\g, — (V¥ oygov) that are induced by the inclusions of €, and €\% in
6.

(v) The natural transformations (55) are equivalences. Since the 7; are jointly conservative,
we may test this after applying the 7z; to both transformations. Applying them to the
first transformation yields Vg, = (t*oygor) and (v*ot,oy%oo) — (v*oygot) which are equiv-
alences; the former since %, is a full subcategory and the latter since the Yoneda embedding
is compatible with left Kan extension. Applying the 7; to the second transformation
yields (t*ovjoygn ¢ ) = (("oygov) and (v¥oror* oy o) U yg\g, = (V¥ oygov) which are also
equivalences, the former for the same reason as before and the latter by hypothesis.

To prove the claim, we write # C & for the full subcategory spanned by the essential images of
4 oy%) and (/lzoyg\%;o). Since ¢ and v are jointly essentially surjective, it follows from (v) that
the composition (poy¢) lands in & C P, so (poye ) factors as a functor oy : € — % followed
by the inclusion # C &. Since & has colimits by (i) and ¢ preserves those by (ii), this implies by
taking colimit preserving extensions, that ¢ agrees with the composition of the left Kan extension
(poye), : PSh(®) — PSh(%#) with the colimit-preserving extension ext: PSh(%) — &£ of the
inclusion Z C 2, so the claim would follow if we show that both poy,, and ext are equivalences.

To show that ext is an equivalence, recall from [71, 5.1.6.2] that an object e in a category & is
completely compact if Mapg(c,—): & — § preserves small colimits. Since, firstly, representables
in a presheaf category are completely compact (by the Yoneda lemma and the fact that colimits of
presheaves are computed pointwise) and, secondly, completely compact objects are preserved by
left adjoints whose right adjoints preserve colimits, we conclude from (iii) and (iv) that all objects
in # C & are completely compact in &. This implies by 5.1.6.10 loc.cit. that ext : PSh(Z#) — & of
R C & is fully faithful. Moreover, this functor has a right adjoint # — PSh(Z) given the Yoneda
embedding y followed by restriction along % C 2. Since 7, and 7, are jointly conservative by
(iii), it follows that this right adjoint is conservative as well, so ext is an equivalence because any
fully faithful functor with a conservative right adjoint is an equivalence.

It remains to show that poy, : € — & is an equivalence. It follows from (v) that this functor
is essentially surjective, so we are left to show that for ¢,¢’ € € the composition

Mapy (c,c’) 2, Mappspz) (Y2 (0), & (<)) N Map 5 (¢(y(0)), e (<)) (56)

is an equivalence. We distinguish two cases: whether ¢ € %), or c € €\ .

If c € 6,, then we may test whether (56) is an equivalence by post-composition with
the equivalence Map,(p(y#(c)), p(yz(c'))) = Mapy,((1;0y4,)(c)), (poyz)(c")) induced with
pre-composition with the first map in (55) (which is an equivalence by (v)). Using the
adjunction A, o 7;, the resulting map is equivalent to the natural map Mapg/(c,c’) —
MapPSh(%)(y%(c), *(yg(c’))) which is an equivalence by the Yoneda lemma. The case ¢ € €\,
works the same way, using the second map in (55) and the adjunction 4, - 7,. [

Example 3.10. Fix a category € and an object ¢ € ¥ with the property that any object which
admits both a morphism from ¢ and one to ¢ is equivalent to ¢. Then, the full subcategory €, C € of
objects not equivalent to ¢ is a decomposition pair to which Theorem 3.8 applies: for ¢, ¢’ € €\,
we have (y,0t* )(Mapg(—, ¢))(c) = @ and Mapg\ ¢, (c,c") = Mapg(c,c’) is an equivalence. Under
the additional assumption that every endomorphism in & is invertible, the pullback (54) was in
this case on the level of mapping spaces established by Goppl-Weiss in [30, Theorem 4.1.2].

A ‘' ‘9202 ‘VZVBESLT

wouy

dny) suonipuod pue swie 1 841 89S *[9202/70/62] U0 A%iq1TauluO 481 ‘B1Bojouyde 1 Ind Iisul eynss|ey Aq 1200, 0doyZTTT OT/I0p/oo A8 ARiq1eul

foum

B5US0 17 SUOLUWOD BARE1D 3|qeat|dde ayy Ag peusenob ae sajoite YO ‘&SN JO 3| 10y ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS 49 of 136

3.41 | Naturality of the decomposition

In the remainder of this section, we will establish a result on the naturality of the square in
Theorem 3.8 in the pair 6, C €. The statement involves subcategories

Fat“scedec o, gatCe o gatl!!

defined as follows: @atCsc is the subcategory of @atl!l whose objects are full subcategory
inclusions 6, C € and whose morphisms are those commutative squares

P, <3 9

WL

Gy — €
for which the Beck-Chevalley transformations
Poj* — "p; and @ j, — L.Py (57)

are equivalences. Here, the first transformation is the composition ¢, j* — t*1,¢q,j* =~ t*¢, j,j* —
*@, induced by the unit of ¢, - ¢*, the naturality of left Kan extensions as well as the counit of
Jji -1 j* and the second is the composition ¢, j,, — %@, j, =~ .90 J*j. = 1.9 induced by the unit
of * - 1, where the equivalence is given by the first transformation as well as the counit of j*  j,.

The second subcategory @at“scde¢ of Fat“sc has decomposition pairs €, C € as objects
and as morphisms squares as above with the additional property that ¢ restricts to a functor
P+ D\Z, — €\G, such that the analogue of the first transformations in (57) with j and ¢
replaced by the inclusions 2\2, & 9 and P\, & D is an equivalence. To state the naturally
result for the square in Theorem 3.8, note that the first part of the proof of this theorem produces
for a full subcategory inclusion ¢ : 6, & € a commutative square in at

(yr*—id—e %)

PSh(6) ———— PSh(®)!?!

l*\L l/(osz)* (58)

PSh(8,) — =) pSh(®)!1.

Theorem 3.11. Assigning to a full subcategory inclusion 6, C € the square (58), and to a
decomposition pair 6, C € the square (54) extends to functors

Zatsc —s gat gnd  @atsedee  @arltX[1
which are on morphisms both induced by taking left Kan extensions.
The proof of Theorem 3.11 involves 2-categorical concepts, especially (op)lax natural transfor-
mations. We refer to Section 1.9 for a recollection of the relevant facts and the notation we use.

For brevity, we often leave out the word ‘natural’ in ‘natural transformation’ in what follows. We
write [1]’ := [1] to notationally distinguish two copies of [1]. For a 2-category C, we call a 2-functor
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[11 X [1) — C alax square. Diagrammatically, a lax square looks like the leftmost diagram in

g —%3 b a2 g a—5b
wi ¢, lﬁ 1d\L jl@ \L id llid id (59)
c —y) d a yw —d a —) b.

We always indicate the [1]-direction horizontally and the [1]’-direction vertically. There are two
constructions in a general 2-category C that we will use repeatedly:

(A) Given a lax square [1][X][1]’ = C, we can form a new lax square in C by pre-composition
with the unique 2-functor s: [1][X][1]' = [1] X [1]’ that fixes the non-trivial 2-morphism
and is on objects given by s(0,0) = (0, 0), s(1,0) = (1,1), s(0,1) = (0,0), s(1,1) = (1,1). This
corresponds to turning the leftmost square in (59) into the middle one.

(B) Given a morphism «a: a — b viewed as a functor [1] — C, we can form a lax square by
pre-composition with the unique 2-functor e : [1] X [1]’ — [1] with e(0,0) =0, s(1,0) =1,
5(0,1) = 0, 8(1,1) = 1. This corresponds to turning « into the rightmost square in (59).

‘We begin the proof of Theorem 3.11 with four preparatory lemmas involving the functors
PSh(—,): ¥at“s¢ — ®at and PSh(-): Fat“sc — @at, (60)

which send (6,C%) € @at-sc to PSh(%,) and to PSh(%), respectively, and are on morphisms
induced by left Kan extensions. More precisely, they are the composition of the inclusion
#@atsc C watl!l with the evaluation at i € [1] for i = 0,1 respectively, followed by the functor
PSh(—): ¥at — %at.

Lemma 3.12. There are functors of the form [1] X €at“sc — €at

<PSh(—)E>PSh(—)>, (PSh( —) 2 psh(— )) <PSh( 2 psh(- 0)) (PSh(-@QPSh(—))

whose value at the morphisms ((0 < 1),1d,) is given by the indicated functors, for example, for (=),
by the left Kan extension v, : PSh(%),) — PSh(®¥).

Proof. The first functor is the composition of the projection [1] X Fat“sBc — @at“sc with the sec-
ond functor in (60). The second one is the adjoint of the composition of the inclusion Fatsc C
#atl!l followed by the endofunctor of @at!!! given by post-composition with PSh(—) : €at — #at.
To construct the third one, we view the second functor (—), as an oplax transformation
(-), : ®at<sc [X][1] —» Cat whose components are ¢, so admit right adjoints ¢*. We then apply (35)
to lift these right adjoints to a lax transformation (—)* : [1] [X] #at“Bc — Cat. Unpacking (36), the
two cells of (—)* are given by first transformation in (57), so they are equivalences by assumption,
that is, (—)* gives a strict transformation, that is, a functor (—)* : [1] X Fat“sc — Fat as required.
To construct the fourth functor, we apply the same argument to (—)* in place of (—),, using that
this time the occurring two cells in the lax transformation are given by the second transformation

in (57). O
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Lemma 3.13. There are 2-functors of the form ([1] X [1]") X Fat“sc — Cat
(nr =id), (1> @), ((—)*(—)* = id>, (id - <—)*(—>*>

that agree, restricted to ([1] X {i}) X €atsc ~ [1] x Fat“sc for i = 0,1, with the indicated com-
positions of the functors from Lemma 3.12, and agree, restricted to ([1] X [1]) x {t}, with the lax
squares

PSh(®) —% PSh(@) PSh(@,) —o PSh(®,) PSh(B,) —3 PSh(B,) PSh(E) —o% PSh(®)

I

PSh(€) —> PSh(6) PSh(6,) —— PSh(®,) PSh(6,) ——> PSh(®,) PSh(€) —> PSh(¥)

eaturing the (co)unit transformations of the adjunctions t, < ¢* - t,.
g J ! #

Proof. Consider the unique functors 7, : [1]’ X [1] — [1] with r.(i, j) = 0 if (i, j) = (0,0) and
re(i, j) = 1 otherwise, and r, : [1) x [1] = [1] with ryi, ) =1if (0, j)=(1,1) and r, (i, j) = 0
otherwise. Pre-composing (—), : [1] X Fat“sc — Fat from Lemma 3.12 with these functors gives
two functors [1]' X atsc x [1] — @at that send (1: €, C €) € Fat“sc to the commutative
squares

PSh(6,) — PSh(®) PSh(€,) —+> PSh(@,)
\LLI \Lid respectively \Lid \LL! (61)
PSh(€) —— PSh(®) PSh(,) —— PSh(%).

Viewing these two functors as oplax transformations ([1]’ x €¥atsc) [X] [1] — Cat and applying
(35) (which corresponds in the above two squares to taking horizontal right adjoints) gives 2-
functors €,7: [1] X ([1]’ X ¥at“sc) — Cat that send ¢ € Fat“sc to the lax squares

PSh(8) ——% PSh(%,) PSh(€,) —=3 PSh(@,)
\Lid “ 4 respectively \tg ‘«/n \Lid (62)
PSh(€) —-— PSh(¥) PSh(€) ——> PSh(%)).

By naturality of (35), the restrictions of € to ({i} x €at“sc) [X] [1] for i = 0,1 agree with the 1-
functors (—), and id from Lemma 3.12, respectively, and the same holds for # with 0 and 1
interchanged. In particular, these restrictions send all 2-morphisms to equivalences, so by the
discussion in Section 1.9, the 2-functors € and # factor uniquely over the localisation [1] X ([1]" X
Fat<sc) — ([1] X [1]) x FatCsc that inverts the 2-morphisms in [1] [X] ({i} x €at<sc) fori = 0, 1.
Applying the construction (A) yields the first two functors €,7 : ([1] X [1]’) X ¥at“sc — Cat in
the claim. The exact same procedure but starting with (—)* instead of (—), yields the second two
functors. ]
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Note that we also have functors of the form ([1] [X] [1]’) X €at“sc — Cat
id, ey . e,
(=) (== r) (@.==e0), (©)
by applying (B) to the functors in Lemma 3.12. Their values at t € €at“sc are the lax squares

PSh(€,) ——> PSh(€)  PSh(8) ——% PSh(€,)  PSh(®,) ——> PSh(®)

T A

PSh(6,) ——» PSh(),  PSh(®) —— PSh(,),  PSh(6;) ——> PSh(®).

By horizontally (i.e. in the [1]-direction) and vertically (i.e. in the [1]’-direction) composing
and pasting these 2-functors and the 2-functors from Lemma 3.13, we can build many new
2-functors.

Example 3.14. We spell out a few relevant examples of such compositions and pastings.
Horizontal compositions and pastings are indicated notationally with a - or o symbol, respec-
tively, whereas vertical compositions and pastings are indicated by no symbol or an arrow,
respectively.

(i) Horizontally composing » with id,_y , and id,_y with € and then vertically composing gives
(=) (=)
(e-(=)(=)m)
<(—)! AN (—)!> : (] X [1]) x Fat<se — Cat.

(i) Horizontally composing € with id_),andid_, with €, and then vertically pasting gives

((—» O Oy, 2 (—)*> - (1] RK) X Gat™ — cat,

where K := (0 « 1 — 2) is the span category. Since for ¢ € €atsc, the counit transfor-
mation €: ("1, — id is an equivalence as ¢ is fully faithful, this 2-functor descends to
([1] X K") x €atsc where K’ is the localisation of K resulting from inverting 0 «< 1.

(iii) Vertically pasting id_y- to itself and then horizontally pasting with (ii) gives

((—»o(—)* o S YO Y St <—)*o<—)*),

a 2-functor ([2] X K') X Fat“sc — Cat.
(iv) Pasting ¢ and 7 vertically gives

((—M—)* Sl (—)*(—)*> . (1R [2]) X Batcs — Cat.

We encourage the reader to think of these pastings diagrammatically in terms of their values at
objects ¢ € at“sc, for example, (iii) corresponds to the left diagram in
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PSh(€) ——3 PSh(€,) —— PSh(®) a —%
idT ﬂld idT ﬂe 1, Tid w ‘/e
—

yte,

PSh(€) ——% PSh(®,) —— PSh(®) c—

Lo e b e

PSh(@) —— PSh(Gy) ——> PSh(®), —

(64)

B vl el

Lemma 3.15. Vertical compositions of horizontal compositions of 2-functors in Lemma 3.13 with
functors in (63) satisfy the usual triangle identities, for example, Example 3.14, (i) is equivalent to
id._y.

(=)

Proof. We explain the proof that Example 3.14, (i) is equivalent toid _) ; the other triangle identities
are similar. The claim will follow from a general observation: given a 2-functor [1] [X] [2] — C into
a 2-category C, as indicated by the right-hand diagram in (64), the two procedures to turn it into
a 2-functor of the form [1] [X] [1]’ — C indicated by the following schematic agree:

a—%%b a 2 g » a—%%b
o ; d a —) d a—=—3b o
)/9 l/ﬁ (a) ‘ llé@ () b) = (b) /6 l/ﬁ
c——>d 7 a—= S (pw)(ae) id < oxel (o)) |88 T c——d
K\L / 1) id ﬂpw \L Z x / 9
i a —)mu f e ——— f P
e H f a W f e H f

In words, the two procedures are as follows.

(a) First post-compose the result of applying (A) to the upper square with (B) applied to &, paste
the result vertically with the result of applying the construction (A) to the lower square and
pre-composing horizontally with (B) applied to w, and then vertically compose.

(b) First compose the two squares vertically and then apply (A).

In the universal case id: [1][X][2] = [1] X [2] = C, the two procedures correspond to two
2-functors [1][X][1]" = [1][XI[2]. These are 2-functors in the ordinary sense of classical
2-categories, so the above diagrammatic schematics is actually a proof that they agree.

The two procedures can be applied more generally to 2-functors ([1][X][2]) X € — C for
% € %at. With this in mind, we consider the functor [2] X at“sc x [1] — Fat resulting from
vertically pasting the two functors with values the squares (61). Viewing it as an oplax trans-
formation ([2] x ¥at<sc) [X][1] — Cat and applying (35) as in the proof of Lemma 3.13 yields
([11 X [2]) x Bat“sc — Cat which sends ¢ € Fat“sc to the vertical pasting of the squares (62).
As aresult of the naturality of (35), applying procedure (2) and (b) to it gives Example 3.14, (i) and
id ), respectively, so they agree. O

Lemma 3.16. There is a commutative square in €at

(] x Bat) —— 2§ pun'™([2], Cat)

(OSZ)Xidl/ \L(OSZ)*

([2] x Bate) —25 Fun'™(K’, Cat) ~ Fun™([1], Cat)
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whose horizontal arrows are induced by the indicated functors from Example 3.14 and the adjunction
(34), and the equivalence by K’ ~ [1] given by inverting 0 < 1 and composing with 1 — 2.

Proof. The claim follows once we provide an equivalence of 2-functors [1] [X] [1]’ X €at“sc — Cat

((—»(—)* LA (—)4—)*) o ((—»(—)* O, Oy 2 <—>*<—>*).

Using Lemma 3.15, this follows from the argument at the beginning of the proof of Theo-
rem 3.8. [

Proof of Theorem 3.11. Consider the following diagram in %at:

[1] x Bat<re L} Funlax([z],cat) w
(Osz)xidl l(osz)* / @at.
Alimm

The left square is the commutative square from Lemma 3.16. The two bent functors are instances
of the lax limit discussed in Section 1.9.2. The natural transformation in the triangle is given by the
naturality of lax limits discussed in that section. From the outer part of the diagram together with
the transformation, we get a functor ([2] Ujy; ([1] X [1]")) x ®at“Bc — Fat where the pushout
is formed with respect to (0 < 2): [1] = [2] and [1] = [1] x {1} c [1] X [1]’. On ( € Fat"sc, this
functor evaluates to the left diagram in (the outer square is the restriction to [1] x [1]’, and the
extension to the pushout gives the decomposition of the bottom row as a composition)

[2] x Batc —y Fun'™(K’, Cat) ~ Fun™([1], Cat)

yr*—id—e, 0"

yt* —id—e 0" )[2]

PSh(®)2! S PSh(®)2! PSh(®)2l ——=3% PSh(®

l/(ogz)* l/(ogz)* L*o(—)o(ogz) l/(ogz)* (65)

L=, L=,

PSh(@)! =53 PSh(B,) ——=% PSh(®)Y  PSh(B,)!! ——=—% PSh(®)!.

In particular, composing the left vertical with the left bottom arrow, we get a functor [1] X
[1] x €at<Bc — Fat, which is on ¢ € Fat“sc given by the right diagram in (65). Horizontally
pre-composing it with the functor [1] X [1]’ X €¥at“sc — €at that sends ¢ to the left square in

PSh(®) = PSh(®)® —="2Vy pgh(@)L2] PSh(®)? —% PSh(B\ %)
\L{* \L*O(—)o(osz) \L(Osz)* \L(OSZ)* (66)
PSh(@,) = PSh(®)1*) L2220 psp (g, PSh(®)1! —2% PSh(B\B,)!

yields a functor [1] X [1]' X Fat“Bc — Fat that sends € Fat<sc to (58). By construction, the
functoriality in the ®atsc variable is induced by taking left Kan extension, so this functor sat-
isfies the first part of the claim. To construct the functor in the second claim cone restricts the
functor from the first claim along @at“sc-de¢ < @at“ec and horizontally post-composes it with
a functor [1] X [1] x Gatscde¢ — @at that sends ¢ to the right diagram in (66). To construct the
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latter, one first constructs a functor [1] x Fat“scde¢ — @at that sends (€, C €) € Fat“scde to
v*: PSh(®) — PSh(¥\%,) as in the proof of Lemma 3.12; this uses the additional assumption on
the Beck-Chevalley morphisms involving v* in the definition of @atCsc-dec, O

4 | ACALCULUS FOR RIGHT MODULES OVER AN OPERAD

In this section, we develop the operadic framework outlined in the introduction and in partic-
ular prove Theorem 1. Throughout this section, we fix a unital operad ©® and write as in the
introduction

rMod, (6) := PSh(Env(0)),

for1 < k < oo, where Env(0) ;. C Env(0)is the full subcategory given as the pre-image of the full
subcategory Fing, C Fin of finite sets of cardinality < k under 7, : Env(0) — Fin. As mentioned
in the introduction, the inclusions Env(0); C Env(0), C --- induce a tower of categories

rMod, (0) = (tMod(0) = rMod ,(6) - --- = rMod,(0) — rMod,(0)) € Tow(%at) (67)

by restriction. We call tMod, (0) the category of k-truncated right modules over © and the
restriction functors in the tower (67) truncations. In this section, we

4.1 construct a symmetric monoidal refinement of the tower (67),

4.2 explain how (67) and its symmetric monoidal refinement are functorial in 0,

4.3 discuss a unital variant rMod‘""(60) of rMod, (0);

4.4 describe the first stage tMod, (0) explicitly and determine the layers of the tower (67) by
expressing rMod, (0) — rMod, _;(0) as pulled back from a simpler functor,

4.5 prove a smoothing theory result: for certain maps of operads ® — %, the map of towers
rMod, (0) — rMod, (%) is pulled back along the map between the first stages,

4.6 extend all previous points to the level of Morita symmetric monoidal double categories,
and

4.7 deduce Theorem 1 from the above.

During this section, we will freely use the concepts and notation introduced in Section 1.

4.1 | Symmetric monoidal refinement

The symmetric monoidal structure on Env(®) induces a Day convolution symmetric monoidal
structure ® on rMod(6®) = PSh(Env(0)); see Section 3.1. The colimit formula for it from (49) can
be simplified.

Lemma 4.1. ForX,Y € rMod(0) and (c;);cs € Env(0), there is a natural equivalence

X @ Y)(cies) = Ls=snsn X(cies) X Y((¢iesm),
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where the disjoint union runs over ordered partitions of the finite set S into two parts.

Proof. The indexing category (Env(0) X Env(@))(cl_)ies / for the colimit formula (49) for (X ®
Y)((c;);es) maps via the symmetric monoidal functor 7z, : Env(0) — Fin to the corresponding
category (Fin X Fin)g, for finite sets. There is an equivalence (Fin X Fin)g, o Ug_g gn Fing , X
Fing,, induced by decomposing the source of a map S — T'Ul T’ into the pre-images of T and
T'. Using (14), this lifts to a decomposition (Env(0) X Env(@))(ci)ies /= Us—_gr,,57 Env(0) JeDes X
Env(0) JCDres which, in turn, induces a decomposition of the colimit

X ® Y)((c)ies) = |_|S=S/|_|S” COlimEnv(@)/(ci XEnv(0) /(c;), on KXY ().

dies!
Since (id(cl_)ies,,id(ci)ies,,) € Env(0) JeDies X Env(0) Jepesn 1S @ final object, the (S =S’ L S")-
summand in the decomposition is given by X((c;);cs) X Y((c;);es7), S0 the claim follows. O

As part of the following proposition, we show that the Day convolution structure on rMod(0)
induces compatible symmetric monoidal structures on rMod, (0) for all k.

Proposition 4.2.

(i) The tower rtMod, (0) in €at converges.
(ii) The tower tMod, (O) can be lifted to a converging tower in CMon(% at).
(iii) Objectwise the symmetric monoidal structure on tMod; (0) from (ii) is for all 1 < k < oo given
as in Lemma 4.1. It makes tMod, (O) a presentable symmetric monoidal category.
(iv) rMod,(0) € Tow(CMon(%at)) is contained in the subcategory Tow(CMon(® at)“e").

Proof. The union of full subcategories Env(0) = Ui>1 Env(0), expresses Env(0) as a filtered
colimit in ¥at (e.g. by [70, 03DE]) which implies Item (i) since PSh(—): ®at°? — ¥at pre-
serves limits (since it is right adjoint to Fun(—, &)°P). To prove item (ii), we consider the operad
rMod(0)® — Fin, associated to the Day convolution structure on rMod(®) and the sequence of
full subcategories

.-+ C tMod, (0)® C rtMod,.,,(0)® C --- C Mod(6)® (68)

defined as in Section 3.2. By Lemma 3.3, (i) the restriction rMod,(0)® — Fin, defines a
symmetric monoidal structure on rMod, (0) if the inclusions (Env(0), X Env(@))(cs)ses Vi
(Env(0) X Env(0))(,), ./ are final for all objects (¢;)ses € Env(0)¢;. Arguing as in the proof of
Lemma 4.1, this inclusion is equivalent to the inclusion given by | | s=srus? (BEnV(0) e o/ X
Env(0) ). g/ C LUs—ss Env(0) ), o/ X Bnv(O),) /- The latter is final if the individual
inclusions in the disjoint union are final, and this is the case since each of them preserves the
final object (id, id) (note that |S’| < |S| < k). In view of Lemma 3.3, (iv) this lifts the tower (--- —
rMod; (0) — tMod,;,;(0) — --- —» rMod(0)) in ¥at°? induced by right Kan extensions along the
inclusions to a tower in CMon'®(#at)°P. All functors in this tower admit left adjoints given by
restriction, so this is actually a tower in CMon'#*R(%at)°p. Applying (25), we obtain a lift of (67) to
atower in CMon®P'®*(@at). By Lemma 3.3, (v) this is even a tower in CMon(@at), so serves as a lift
as promised in Item (ii). The first part of item (iii) follows from Lemmas 3.3, (ii) and Lemma 4.1
using that the counit ("¢, — id is an equivalence since the inclusion ¢: Env(0)¢ < Env(0)
is fully faithful. The second part of Item (iii) follows from Lemma 3.3, (iii) (or the formula in
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Lemma 4.1). In view of the definition of the subcategory CMon(%at)®¢" ¢ CMon(%at) in Sec-
tion 1.6.4, item (iv) is equivalent to showing that the symmetric monoidal categories rMod; (©)
are compatible with geometric realisations for all k and that for all # < k the restriction func-
tor rMod; (0) — rMod,(0) preserve geometric realisations. The former holds since rMod; (0) is
even presentable symmetric monoidal by (iii), and the latter since the restriction functor has a
right adjoint by right Kan extension. O

4.2 | Naturality of the tower
The tower rMod, (0) can be made functorial in the operad O:
Theorem 4.3. The construction O — rMod,(O) from Proposition 4.2 extends to a functor
rMod,(-) : Op"™ — Tow(CMon(&at)®"),
which is on morphisms induced by taking left Kan extensions.
The proof of Theorem 4.3 relies on the following lemma (which is, incidentally, the first place
where we use unitality of ©). In its statement and in the remainder of this work, we denote a map

of operads ¢ : ©® — % and its value under the functor Env(—) : Op — ®%at by the same symbol.

Lemma4.4. Foramap ¢ : 0 — P of unital operads and 1 < £ < k < oo, the squares in €at

rMod, (6) i} rMod, (%) rMod, (0) & rMod, (%)
I |
rMod,(0) i} rMod, (%) rMod,(0) L rMod, (%)

commute, that is, the two Beck—Chevalley transformations t*¢, — ¢* and ¢*1,, — 1,¢* are equiva-
lences.

In the following and in subsequent proofs, if we are given a functor ¢ : € — 9 and an object
d € 9 we write €/, and 6, for the pullbacks € Xy, (2/4) and € Xy, (9y/), respectively.

Proof of Lemma 4.4. 1t suffices to show the claim for the first Beck—Chevalley transformation,
since the second is obtained from the first by taking right adjoints. From the colimit formula
for left Kan extensions (see, e.g. [70, 02YC]), we see that it suffices to show that for all (¢,),cg €
Env(%),, the inclusion ((Env(0), )(CS)SeS /)OP C ((Env(0 )Sk)(cs)ses /)OP is cofinal. For this, it is by
[71,4.1.3.1] enough to check that for each ((¢,)scs = (@(d;)ier) € (Env(@)Sk)(cs)ses / the category

(Env(0)<r)ees/ )
( SEEes! ) f((eg)ses—@(der)

is weakly contractible. To this end, consider the image T C T of the underlying map of sets of
(cs)ses = (@(d;));er- As aresult of Corollary 1.6, there is a unique factorisation of this morphism
as the composition of a morphism (c¢)ses — (¢(d;)), 7 followed by the image under ¢ of the

inclusion (d,), .7 € (d;);er- Moreover, the functors induced by (d,),.7 C (d;)ier
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Env(0)/a),; — EWV(0)ay,er  a0d  EnV(P)/g(d,)), 5 — EOV(O) /(p(d))),er

are fully faithful with essential image those morphisms whose underlying map of finite sets has
image in T C T, so it follows that the functor induced by (d,),.7 C (d))ier

(Ev(O) ),/ ) — (EVO) ) )

[(es)ses—=(@(d),7) /(es)ses=(@(d))er)
is an equivalence. But |S| < Z, so |T| < # and hence the identity on ((e5)ses = (@(d)),7) Is an
initial object in the source. In particular, these categories are indeed weakly contractible. O

Proof of Theorem 4.3. We first consider the composition

Env(-) (50)
OPo — CMon(%at) & CMon®®(%at) — CMon'™(Zat)*,

which sends an operad O to the symmetric monoidal category rMod(®) and a morphism¢ : 6 —
&P to the lax monoidal functor ¢* : tMod(Z) — rMod(0) induced by pre-composition. As a result
of the second part of Lemma 4.4, the underlying functor ¢* preserves for all k the essential images
of the right Kan extension functors ¢, : rMod; (%) — rMod(Z) and ¢, : rtMod; (0) — rMod(0),
so the map of operads ¢* : tMod(2)® — rMod(6)® preserves the tower of full subcategory inclu-
sions (68). This lifts OpY! — CMon'®(%at)°P to a functor Ops — Tow(CMon'®(%at)°P). Since
the functorst, : rMod, (@) — rMod, ,,(0)and ¢* : rMod, (%) — tMod, (0) are right adjoints for
all k, this functor lands in the subcategory Tow(CMon'®R(%at)°P), so yields by taking left adjoints
via (25) a functor OpY' — Tow(CMon®P'®X(®at)). By construction, the latter sends 6 € 6p" to
the tower in Tow(CMon(%at)°¢") from Proposition 4.2, and it sends a morphism ¢ : 6 - & in
Op"™ to the map of tower consisting of the oplax symmetric monoidal functors ¢, : tMod;(0) —
rMod, (&) given as the image of the symmetric monoidal functor ¢ : Env(0) — Env(%) under
(51). Since (51) sends (strong) symmetric monoidal functors to (strong) symmetric monoidal func-
tors by Lemma 3.2, it follows that the functor Op_.' — Tow(CMon°P'®*(%at)) lands in Opl) —
Tow(CMon(%at)), so it only remains to show that the left Kan extension ¢, : rMod,(0) —
rMod, (&) lies in CMon(%at)“¢" for all k, that is, preserves geometric realisations. But ¢, is a left
adjoint, so preserves all colimits. O

4.3 | Unital right modules

For some purposes, it is convenient to restrict to the full subcategory rModzn(@) C rMod; (0) of
truncated right modules that are unital, that is, their value at the monoidal unit @ € Env(6 )<k is
contractible. The following records various properties of this subcategory, including an alternative
description as presheaves on the full subcategory Env*o(@)sk C Env(0);, on those objects that
are not equivalent to the unit @ € Env(0);.

Lemma 4.5. For all 1<k < oo, the full subcategory rMod;"(0) C tMod,(0) satisfies the
following.

(i) It is preserved by the truncations (67), so (67) restricts to a tower tMod™"(0) € Tow (% at).
(ii) It is closed under weakly contractible colimits, so in particular geometric realisations.
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(iii) It is preserved by left Kan extension rMod, (0) — rMod, (%) along maps 6 — U in Op"".
(iv) It contains the monoidal unit of tMod, (0) and is closed under monoidal products, so inherits
a symmetric monoidal structure from rtMod, (0) by [72, 2.2.1.2].
(V) The symmetric monoidal category from (iv) is unital as an operad.
(vi) Restriction induces an equivalence of categories rMod‘;n(@ ) ~ PSh(Env*°(0 )<k)-

Proof. Ttem (i) is clear from the definition since the monoidal unit @ lies in Env(0) for all k. Item
(ii) follows from the fact that colimits in categories of presheaves are computed objectwise and that
the colimit of a diagram in & with contractible values which is indexed over a weakly contractible
category is contractible. Item (iii) follows by applying the argument in the proof of Lemma 4.4 to
the case to # = 0 and k = k since Env(0), ~, so the restriction rMod; (0) — rMod,(0) is equiv-
alent to the evaluation evg . rMod,(0) — & whose fibre over =€ & is rModE“(@) C rMod; (0).
As with any Day convolution monoidal structure, the unit rMod, (0) is the representable presheaf
Eg 1= Mapgyy (), (@, —) on the unit, so it is unital since we assumed the operad O to be unital.
Together with an application of Proposition 4.2, (iii) this yields Item (iv). Item (v) follows from
the Yoneda lemma since MaprModE“(@)(E(a’X) ~ X(@) ~xforall X € rModzn(@).

Regarding Item (vi), we only explain the case k = oo; the proof for other k is the same. By
general Kan extension considerations, it suffices to show that the unit X — ¢,1*X of the adjunc-
tion between PSh(Env7’(0)) and rMod(0) given by restriction and right Kan extension along
the inclusion ¢: Env??(0) & Env(0) is an equivalence if and only if X is reduced. By the
limit formula for right Kan extensions, this unit is for (c;);cs € Env(0) given by X((c;);es) —
1im((0{)ies/—>(ci NiesS'#@) X ((c])ics')- The latter is an equivalence if S # @ since id,, )ies 18 in this case
a terminal object for the indexing category, and it is an equivalence if S = @ if and only if X is
unital since in this case, the target is contractible because the indexing category of the limit is
empty since there are no maps from a non-empty to an empty set. O

Corollary 4.6. Theorems 4.2 and 4.3 hold for tMod""(0) in place of tMod, (0), except for the second
part of Proposition 4.2, (iii) on the presentable monoidality. Moreover, the inclusions

rMod"(-) C rMod, (-)
extend to a natural transformation of functors Op"" — Tow(CMon(&at)E").

Proof. Using the properties established in Lemma 4.5, this is a direct consequence of that state-
ments of Theorems 4.2 and 4.3 for the larger category rMod, (0). For the convergence, one uses
that the category rModE“(@) is the fibre at *€ & of the evaluation evy : rMod,(0) — §. O

Remark 4.7. Note that if O is not the initial operad, that is, if 0°°! + &, then rModE“(@) is not
presentable symmetric monoidal for any 1 < k < oo: as a category of presheaves (see Lemma 4.5,
(vi)), it is presentable, but the monoidal structure does not preserve colimits in either of the vari-
ables. To see this, fix an object ¢ € 0°°! and a category J which is not weakly contractible. For
C :=const, € rMod‘lén(@) the constant presheaf with value a point, we write | — | : Fat - & for
the left adjoint to the inclusion & C %at (sometimes called the ‘classifying space’) and compute

[colimjej(C ® O)](c) ~ colimjej[(C ® C)(o)] ~ colimjej[C(c) X C(@)UC(@) X C(e)] =~ |J|u ],

A ‘' ‘9202 ‘VZVBESLT

wouy

dny) suonipuod pue swie 1 841 89S *[9202/70/62] U0 A%iq1TauluO 481 ‘B1Bojouyde 1 Ind Iisul eynss|ey Aq 1200, 0doyZTTT OT/I0p/oo A8 ARiq1eul

foum

B5US0 17 SUOLUWOD BARE1D 3|qeat|dde ayy Ag peusenob ae sajoite YO ‘&SN JO 3| 10y ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



60 of 136 | KRANNICH and KUPERS

where we used Lemma 4.1 and the fact that we can compute the values of a colimit in rMod‘;n(@ )
at objects not equivalent to the unit as the colimit of the values, since the restriction rMod‘;n(@ ) -
PSh(Env?°(6 )<k) is an equivalence by Lemma 4.5, (vi) so preserves colimits. On the other hand,

([colimjej(C)] ® C)(c) =~ ([colimjej(C)](c) X C(@))

U ([colim ;¢ (O))(@) % C(c)) = || * |J| U |J].

4.4 | The layers of the tower

One purpose of the tower rMod,(0) is that it decomposes the category rMod(®) into ‘sim-
pler pieces’, namely rMod,(0) (the bottom layer) and the ‘differences’ between rMod; (0) and
rMod,._,(0) for k > 1 (the higher layers). This section identifies these ‘simpler pieces’, beginning
with the bottom layer.

Theorem 4.8 (The bottom layer). Restriction along 6! c Env(0) induces an equivalence
rMod"™(0) =~ PSh(0°)

of symmetric monoidal categories, where rMod, " (0) is equipped with the Day convolution structure
resulting from Corollary 4.6 and PSh(6°°") with the cocartesian symmetric monoidal structure.

Proof. Lemma 4.5, (vi) implies that the restriction rMod|"(0) — PSh(Env?0(0),) is an equiva-
lence. As Env?éo(@)Sl ~ 0 as a result of (14), it only remains to show that the Day convolution
structure on rMod‘lm(@) is cocartesian, for which it suffices to show that the induced monoidal
structure on the homotopy category is given by the coproduct (see Section 1.4.5). This follows from
specialising the formula in Lemma 4.1to S € Fin with |S| = 1 (this step only works for unital right
modules). O

441 | The higher layers

Our next goal is to explain what data are needed to reconstruct the category rMod, (0) from
rMod,._,(0). This will be an application of the decomposition result for presheaf categories
from Theorem 3.8, but for convenience, we will introduce the objects and notation involved
from scratch: writing ¢ : Env(0),_; < Env(0); for the usual inclusion and v: 0%, <
Env(0) for the inclusion of the wreath product resulting from (21), we consider functors

L

Mod,_,(60) T— rMod,(6) —2—% PSh(6%! 2 %,), (69)

where the unlabelled leftmost middle arrow is the restriction ¢*, whose left and right adjoints ¢,
and ¢, are given by left and right Kan extensions, respectively. The counit of ¢, - ¢* and the unit
of t* - ¢, induce natural transformations v*i,t* — v* — v*(,1* which we view as a functor of the
form

A= @yt - v > v ") tMod, (0) — PSh(6°°"; Zk)[z].
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Similarly, there are natural transformations v*1, < v*yt*t, — v*(, induced by the counits of t* -
t, and ¢, 1 ¢* (the former is an equivalence as ¢ is fully faithful), which we view as a functor

Q = (v*y = v*,) : tMod,(6) — PSh(6° 1 3,)1.

Theorem 4.9 (The higher layers). Fix1 < k < oo.

(i) There is a commutative square in € at

rMod,(6) —2—% PSh(6%!; 3,)[2!

z\L \L(osz)* (70)

Mod,_,(6) —2% PSh(6! 2 x,)1,

which is cartesian.
(ii) If O is groupoid-coloured, then also the commutative square

rMod, (6) —2— Si2!

l l«)szr‘ (71)

rMod,_,(6) —£3 Sl

resulting from extending (70) to the right using colim : PSh(6°'2 %) — &, is cartesian.
(iii) Both (i) and (ii) are also valid with rMod""(0) in place of tMod, (6).

Proof. Item (i) follows from an application of Theorem 3.8, once we show that Env(0),_; C
Env(0) is a decomposition pair in the sense of Definition 3.7, that it satisfies the assump-
tion in Theorem 3.8 and that it has the property that the complementary subcategory
Env(0)4 \Env(0)g,_; C Env(0) is given by 012 %, ~ Env(0) Xg;, Fin} C Env(6). The
first condition in Definition 3.7 follows by applying 7, : Env(0) — Fin and the second condi-
tion follows from the factorisation of morphisms a : (c);es = (d;);er in Env(0), through the
inclusions (d;);eim@) € (d;);er resulting from Corollary 1.6; here @ : S — T is the underlying map
of finite sets. Similarly, since a self-map of finite sets of cardinality k is an equivalence if and only
if it does not factor through a set of lower cardinality, the claim that Env(0), \Env(0)_; agrees
with 6<°12 % ~ Env(0) X, Finy, is equivalent to showing thata morphism a : (¢y)ses = (d)er
in Env(0) with |S| = |T| = k factors through an object in Env(0),_; if and only if this is the
case for the underlying maps of finite sets. This again follows from the factorisation of & through
(d)ieim@ S (dreim@)- This leaves us with verifying the assumption of Theorem 3.8, namely that
the natural map

([101*)(MapEnv((ﬁ)Sk(_’ (d)rer)) (g)ses) U Map .y, ((¢5)ses (drer)
< (72)
MaPEnV(@)Sk((Cs)seS’ (di)rer)

is an equivalence for all (¢y),cs, (d;);er € Env(0) with |S| = |T| = k. To show this, we observe,
firstly, that the second summand in the source of the map in the hypothesis of Theorem 3.8 is by
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definition the collection of those components of the target that map to isomorphisms in Fin (or
equivalently, to surjections, as |S| = |T| = k), and, secondly, that the map from the first summand
lands in the subspace of the target consisting of those components whose underlying map of finite
sets is not surjective; we henceforth indicate this subspace by adding a superscript (—)"S"'. As a
result, the map (72) is an equivalence if and only if its restriction

@ °l*)<MaPEnv(@)<k (- dt)teT))((cs)seS) — Mapﬁi“vr(@)sk((cs)ses, (dper)

nsur
Env(0)¢

equivalence when restricted to Env(0)_;, so it suffices to showing that the counit

is an equivalence. Since Map (= (d)ier) € Mapg,y (o), (= (dy);er) is a subfunctor and an

(o) (MapiBh (=, (dier) ) — Mapls ) (= (der) (73)

is an equivalence in PSh(Env(0) ). To this end, we first show that the map in PSh(Env(0))

c%)llérTn MapEnV(@)sk(_’ der) — Mapﬁi‘f(@)gk(—, (der) (74)

induced by the cubical diagram (d,),c. from Corollary 1.6 is an equivalence. By the second part
of Corollary 1.6, the map Mapg,(s)_, (¢)ses (d)ierr) = Mapgfl‘f( O)<k((c;)sesl, (d);er) 1s for all
(c))ses' € Env(0) and T' ¢ T an equivalence onto the subspace

Mapg;ir(@)sk((cé)ses” (dpier)r C Mapgi‘ér(@)sk ((c;)sES’ ,(dp)er)

of those components whose induced map in Fin has image in T’. As T’ C T varies, these com-
ponents exhaust the whole space because the non-surjectivity condition, so it suffices to show
that the colimit is given by the union of these collections of components indexed by proper
subsets T/ C T. For this, we note that this union has the property that the intersection of the
components corresponding to a subset T/ C T with those corresponding to 7" C T are the ones
corresponding to T’ N T"" C T, which says that the cubical diagram of collections of components
indexed by the poset of subsets of T is strongly cartesian. For strongly cartesian cubical diagrams
consisting of inclusions of components, the colimit of the restriction to the poset of proper sub-
sets of T is given by the union (this follows, e.g. from [78, Lemma 5.10.4]), so (73) is indeed an
equivalence.

Since (, and ¢* are left adjoints and thus preserve colimits, the colimit decomposition (74) shows
that (73) is an equivalence if the component of the counit of the adjunction i, 4 i* at the presheaf
MapEnV(@)gk(—, (d);ep) is for all T ¢ T an equivalence. But since |T’| < k — 1, applying (*(—)
to this presheaf gives the representable presheaf Mapgy (o), o (= (dp)err), so the claim follows
from the fact that left Kan extensions preserves representable presheaves. This concludes the proof
of (i).

Item (ii) follows by pasting the pullback from (i) with that in Lemma 1.24 for ¢ := ((0 <
2): [1] = [2]), B := 6°°'1Z;,and D =%, using that 0! 2 3, is a groupoid since 6! is assumed
to be one, so the map to a point 6° 2%, —=* is a right fibration. Finally, Item (iii) follows
by pasting the pullbacks in (i) and (ii) with the square that expresses rMod,"(0) as the pull-
back of the restriction functor t* : rMod,(6) — rMod,._,(0) along the inclusion rMod," (0) C
rMod;_,(0). ]
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Remark 4.10. Occasionally, it is convenient to factor (71) into a pasting of two commutative squares

rMod, (6) —X—% PSh(Fin})[2l <y gl2]

L*\L \L(ogz)* \L(OsZ)* (75)

rMod,_,(60) —% PSh(Fin})!l <Ay gl

whose left horizontal arrows are obtained from A¢ and Q¢ in (70) using the left Kan exten-
sion PSh(6°°!; %,) — PSh(Fin)’) along the projection 0° %), - Fin, . In Theorem 4.9, (ii) we
showed that if @ is groupoid-coloured, then the outer square is a pullback. The same argument
also shows that the left-hand square is a pullback if @ is groupoid-coloured.

442 | Asimplified description of the right Kan extension

The right Kan extension ¢, : rMod,_;(0) — rMod, (0) featuring in the definition of A and Q
in the description of the higher layers from Theorem 4.9 has a more explicit description in
terms of the cubical diagrams (c,),c. from Corollary 1.6. This is a special case of the following
identification of the right Kan extension along any of the inclusions ¢ : Env(0), < Env(0)
for1 < <k < oo.

Lemma 4.11. For X € rMod,(0) and (¢ );cs € Env(0),, there is an equivalence

L (X)((cy)ses) = X ((ee)ses)

lim
S'CS,|S|<¢
induced by the cubical diagram (c,)sc. from Corollary 1.6. This is natural in X and (c)scs.

Proof. We write P_,(S) for the poset of subsets of S of cardinality < # ordered by inclusion. The
cubical diagram (c,),c. induces functor P, (S) /s = (Env(0),) J(ey)ses- FTOM the limit formula for
right Kan extension, we see that the claim follows from showing that this functor is cofinal, for
which it is by [71, 4.1.3.1] enough to prove that for (o : (d,);er = (¢5)ses) € (Env(@)g)/(cs)ses,
the category ng(s)((dt)teT_’(cs)seS) , is weakly contractible. This is the category of factorisations
(dp)ier = (cg)serr C (cg)ses of a for subsets T/ C S of cardinality < # which is indeed weakly con-
tractible since it has in view of Corollary 1.6 an initial object (d;);er — (¢5)seim@) C (€5)ses Where
o : T — Sisthe map of finite sets induced by a. This implies the first part of the claim. The second
part follows from the naturality of the cubical diagram (c,),c. from Corollary 1.6. 1

Example 4.12 (The second layer). When specialised to k = 2 and restricting to unital right
modules, the pullback square (70) has the form

rMods"(6) —2% PSh(G¢! 3,)1!

,*-\L l(osz)* (76)

PSh(6¢)) —£ % pSh(6<! ; 3,)1;

here we used Theorem 4.8. Using Lemma 4.11 and rewriting the relevant left Kan extension as a
coend, one sees that A° sends X € rMod‘zm(@) to the composition in PSh(0<°! %,) that on a pair
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of colours (c,d) € 0°°' 1 £, is given by the following composition induced by the functoriality of
X

Mapg,,(p)(c U d, =) el X — X(c U d) — X(c) x X(a).

4.4.3 | Naturality of the layers

The identification of the higher layers in Theorem 4.9 can be made natural in operadic right
fibrations in the sense of Definition 1.9, that is, it extends to a functor on the wide subcategory
6p™ ¢ Op“"™ on the operadic right fibrations.

Theorem 4.13. The squares (70) and (71) in Theorem 4.9 extend to functors @prf — @atl!X[ on
morphisms, these extensions are induced by left Kan extension.

Remark 4.14 (Naturality in the tangential structure). By Lemma 2.7, the category 0 p contains the
subcategory Op&-~red of Op"" consisting of groupoid-coloured operads and maps between them
that are equivalences on reduced covers (see Section 2.2). The later is equivalent to the overcate-
gory &' pred= by (44), so for a fixed reduced operad %, we obtain functors & /payya) — Fatl1 X1
that send a tangential structure 6 : B — BAut(%) in the sense of Definition 2.4 to the pullbacks
from Theorem 4.9 for the 6-framed %-operad %°. Informally, speaking, this says that the layers
are natural in the tangential structure.

The key to proving Theorem 4.13 is the following lemma.

Lemma4.15. Foranoperadicright fibrationg : 0 — 9P, both squares in the diagram of categories

rMod;_;(0) ——% rMod,(6) ——> PSh(6*!23})

Pk I

rMod,_(?) ——% rMod, (%) ——5 PSh(P® 1 5,)

commute in the sense that the following Beck—Chevalley transformations are equivalences
P, — L*L*goll* = L*goll*L* =L@ and QD!V* — V*§0!,

where the left one is induced by the (co)unit of t* - 1, and the equivalence from Lemma 4.4.

Proof. Throughout the proof, for a finite set S € Fing, we write jg : Env(0)g < Env(0) for
the inclusion of the fibre of 7r; at S. If |S| < k — 1, we occasionally implicitly consider jg to have
target Env(0)¢,_; as opposed Env(0),. Writing k := {1, ..., k}, we first consider the pullbacks

0%, % Env(0) Env(0), ]%& Env(0)
o and 2 (77)
P e b
PO LT <% Env(P) . Env(P), < Env(P)4

whose vertical maps are right fibrations as pullbacks of Env(0) — Env(%) which is a right fibra-
tion by assumption. Applying Lemma 1.21 to the left pullback square shows that the second
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transformation in the claim is an equivalence. Using that ¢ and j, are jointly essentially surjective,
in order to show that the first transformation is an equivalence, it suffices to prove that the two
transformations obtained applying ¢* and j; toit, ("¢ 1, — "1, 0*pyt, = "1, and jioiL, — j L@y,
are equivalences. For the first, this follows from an application of the triangle identities and the
fact that the counit of (* - ¢, is an equivalence since ¢ is fully faithful. For the second, we first
apply Lemma 1.21 to the right-hand pullback in (77) to rewrite quo,t* - j;zt*cp! as a transforma-
tion of the form ¢ j;t, — j t,¢,. Then, we use Lemma 4.11 to write j;'t, as a limit of functors
Jpte = limggy (y5tg) where yg : Env(0), — Env(0)y is the functor which on objects sends (cy) e
t0 (Cg)ses (from (14), one sees that Env(6 )k = (6°°Hk and this functor is given by projection onto
the factors corresponding to S). Combining this with Lemma 1.23 and the fact that the poset of
proper subsets of k has an initial object, we are left to show that the natural transformations
PiYsls = Vslgp are equivalences for all S ¢ k. This follows from an application of Lemma 1.21
to the pasted pullback

Env(@)E y% Env(O)g j% Env(0)g_;

bk b

Env(g’)E y% Env(P)g <]% Env(P) 1

whose vertical maps are right fibrations since they are pulled back from ¢: Env(0) —
Env(%). Ol

Proof of Theorem 4.13. Assigning an operad O to the inclusion ¢ : Env(0),_; C Env(0)¢ gives
a functor Op"™ — @atl!l. Its restriction to Op™ lands in the subcategory @at<sc:dec from Sec-
tion 3.4.1 since for an operadic right fibration ¢, the relevant Beck-Chevalley transformations
o = g, gL, — 1, and pv* — v¥p, are equivalences: the first by Lemma 4.4 and the sec-
ond and third by Lemma 4.15. Post-composing the resulting functor Op™ — @atsc-de¢ with the
second functor @at<scdec — @atl!X[1] from Theorem 3.11 extends the squares (70) to a func-
tor Op” — @atlIX[1l, By construction, its restriction to the right vertical maps in (70) is the
composition

()0 pshic) (P o
ot 5, @at Cat

Op @atlll,
so we can paste it with the composition
(—)COllEk PSh(-) (_)[2] ((E);* (_)[1] forget
rf ~ (1] [1]x[1]
Op" — Gat~@at, Cat) s %at/(&lzl_)&m) Gat
to obtain a functor Op” — @at!!*[1] that extends the squares (71). O

4.5 | Smoothing theory for right modules

The natural identification of the layers of rMod, (©) in Theorems 4.9 and 4.13 implies, in partic-
ular, that for any operadic right fibration ¢ : ©® — 9, the map of towers rMod, (0) — rMod, (%)
resulting from Theorem 4.3 consists of pullbacks.
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Proposition 4.16. For an operadic right fibration ¢ : 6 — P, the square in CMon(% at)

rMod, (6) —=% rMod, (%)

i I

rMod,(6) —~% rMod,(P)

is cartesian for any 1 < £ < k < o0. The same applies for the subcategories of unital right modules.

Proof. By taking limits and pasting, we can assume k < oo and ¢ = k — 1. Since the forgetful
functor CMon(%at) — %at detects pullbacks, it suffices to prove that the square in the claim is a
pullback of categories. The functoriality of (70) established in Theorem 4.13 yields a commutative
cube

rMod, (%) A S PSh(Pl:x,)2!
| A 1 2] —
rMod, (6) 0 S PSh(0%!2%,)
l rMod,_;(P) l 2 s pSh(Peel g
2 Q /
rMod,_,(6) S PSh(6%! )

whose diagonal arrows are induced by left Kan extension along ¢, the two leftmost vertical arrows
by restriction along t and the two rightmost vertical arrows by restriction along (0 < 2) : [1] — [2].
The front, the back and the right face in this cubes are cartesian: the former two by Theorem 4.9,
(i) and the latter by an application of Lemma 1.24, using that 6°°' : £, — 9! 3, is a right fibra-
tion because it is pulled back from the right fibration Env(®) — Env(%) along Finzk C Fin. This
implies that the left face in the cube is cartesian as well, as claimed. O

Setting # = 1 and invoking Theorem 4.8, Proposition 4.16 implies the following.

Theorem 4.17 (Smoothing theory). For an operadic right fibration ¢ : 6 — P, the square

rMod}"(6) —2% rMod}" (%)

| I

PSh(0%) —2 % pSh(P<))

is a pullback in CMon(%at) forany 1 < k < oo.

Remark 4.18. We think of Theorem 4.17 as a ‘smoothing theory’ for right modules because it is
for certain choices of @ (variants of the E;-operad) closely related to a result in the theory of
high-dimensional manifolds that goes under the same name; see Section 5.6.

4.6 | Extension to Morita categories

We now extend the results from the previous subsection from the categories of (truncated) right
modules to their Morita double categories.
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4.6.1 | A tower of Morita categories

Applying the functor ALG(—) from (29) to the converging tower rMod, (0) € Tow(CMon(%at)")
from Proposition 4.2 and its reduced variant from Corollary 4.6 results in converging towers of
symmetric monoidal Morita double categories

rAdlod,(0) := ALG(rMod,(0)) and r.#o0d"(0) := ALG(rMod"™(0)),

related by a map r.#od"™(0) — r.#od,(0) of towers (use Lemma 1.14 for the convergence). More-
over, the naturality of rMod, (—) and rMod""(—) of Theorem 4.3 and Corollary 4.6 extends these
constructions to functors of the form

rdlod™ (=), rlod,(—): Op"™ —> Tow(CMon(Cat(¥at))), (78)

which are related by a natural transformation that on each entry of the tower is a levelwise full
subcategory inclusion.

Applying ALG(—) to the symmetric monoidal equivalence from Theorem 4.8 and using the
identification of the Morita category of a cocartesian symmetric monoidal category in terms of the
double category of cospans from Section 1.7.1 results in the following identification of 7.Z 0d|" (0).

Theorem 4.19 (The bottom Morita layer). Restriction along 0°°' ¢ Env(0) induces an equivalence
r#od]"(0) ~ Cosp(PSh(6°°Y))
of symmetric monoidal double categories.

Before discussing the higher Morita layers to the next subsection, we observe that the smooth-
ing theory for right modules from Theorem 4.17 directly implies the following variant on the level
of Morita categories, simply by applying ALG(—) and using Lemma 1.14.

Theorem 4.20 (Morita smoothing theory). For an operadic right fibration ¢ : 6 — P, the square

rdlod™(0) —2—% rod"(P)

Cosp(PSh(06°)) —2% Cosp(PSh(P<))

is a pullback of symmetric monoidal double categories for any 1 < k < oo, so in particular induces
pullbacks on the level of bimodule categories and on the level of mapping spaces of the latter.

Instead of going from the kth stage immediately to the first, one may also consider the
intermediate squares of symmetric monoidal double categories

rdlod"(6) —2— rtod}"(P)

I I %

rllody” (6) —2=% rutod;™(P),
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which are pullbacks under the same assumptions of Theorem 4.20, by the gluing property for
pullbacks. Note that this version is also valid for the bigger categories of non-unital right modules;
we only passed to unital right modules before to identify the first stages in terms of cospans.

Example 4.21 (Change of tangential structure). Given a reduced operad % and a map

A—F B
N Ky

BAut(%)

of tangential structures for % in the sense of Section 2.2, the induced map of operads ¢ : %° — %"
is an operadic right fibration by Lemma 2.7. Theorem 4.20 thus, in particular, implies that the
tower r.40d""(%°) is pulled back from r.Zod"™(%") — Cosp(S/B) along the map Cosp(S§,4) —
Cosp($'/5) between the first stages induced by ¢; here, we used the straightening-unstraightening
equivalence PSh(X) = &y for groupoids X. In particular, setting v = idg (%), We see that for any
choice of 6, the tower r.#0d""(%°) is pulled back from r.#0d"(%') — Cosp(S/paut(a))-

More generally, given a tower of tangential structures 6, : B, — BAut(%,) as in Section 2.2,
we geta tower % g % = of unital operads to which we can apply r.# od'" () to obtain a tower of towers
of symmetric mongldal double categories r.#od"" (6 =) Which is pulled back from the tower of
towers r.#/od,"(O_ BALW“)) along the map of towers Cosp($//5,) = Cosp(S$ /pauyz_,)) induced by
the tower of tangentlal structures 6,. )

4.6.2 | The higher Morita layers

Fixing associative algebras A,B € Ass(rMod(0)) viewed as objects of the double category
r#od(0), the tower of double categories r.Zod,(®) induces on mapping categories between A
and B (see Sections 1.1 and 1.7) a tower of categories of bimodules

rdlod,(0), 5 = BMod, p (rMod,(0)), (80)

where A, B, € Ass(rMod, (0)) are the k-truncations of the A and B (to ease the notation, we often
omit the k-subscripts). For A = B the monoidal unit, this recovers the tower rMod, (0) whose
layers we described in Theorem 4.9 (see Section 1.6). In this section, we extend this description to
non-trivial A and B. To do so, we proceed similarly to Section 4.4 and consider functors

l/\li!} v Uy
rdltody_1(0)ap <—> rllod,(0) 45 — PSh(O' 2 %)), (81)

LA«

where the left middle unlabelled arrow is the functor ¢, : r.#0d;(0) 45 — r#0d;_1(0)
featuring in (80), 145 and t,p, are its left and right adjoints (which exist by Lemma 1.12 and
Proposition 4.2, (iii)), v : 02 Z; < rMod;(0) is as in Section 4.4 and U 4p : r.#0d;(0), 5 —
rMod, (0) is the forgetful functor. Analogously to the non-bimodule situation of Section 4.4, there

are functors

Mg i= (VU i = VU, = U

Blaplas Blaglag) | TH0d(0), 5 —> PSh(O* 1 T )12 and

Qup i= (VU ytp = VU

ABlan aptags) @ TA0d_1(0), 5 — PSh(6® 1 £ )1,
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which fit into a commutative square of categories

rllod(0), 5 —2% PSh(6<! 2 3,)12!

z;;B\L l(oszf (82)

Qup

rﬂodk_l(@)ImB H PSh(@COl 14 Zk)[l]

The construction of A 45, Q45 and the square goes as in Section 4.4 by replacing the role of (69)
with (81) (for Q 45, this uses that ¢4, is fully faithful which follows, e.g. from Lemma 4.25 below).

Theorem 4.22 (The higher Morita layers). Fix 1 <k < oo and associative algebras A,B €
Ass(rMod(0)) whose underlying right modules are unital in the sense of Section 4.3.

(i) The square of categories (82) is cartesian.
(ii) If O is groupoid-coloured, then also the commutative square of categories

Aixli
rllod;(0) 5 —=> SI2
Al lwﬁ)* (83)
QL‘
rdlody_,(0), 5 —=> S

obtained by extending (82) to the right using functor colim : PSh(0°':3,) — & is cartesian.
(iii) Both (i) and (ii) are also valid with r.# od""(0) in place of r.# od,(0).

Remark 4.23. The condition in Theorem 4.22 that the underlying right modules of A and B are
unital is not essential, but the statement becomes slightly more involved without that assumption:
the category 6°°' 2 £, needs to be replaced by the pullback BModi‘r’eg(rMod(@ <k X(Fin, ) Fin;/
that appears in the proof of Theorem 4.22 below.

Before proving Theorem 4.22, we describe the functors (Uypt . ) and (U 4pt , ) featuring in
the definition of A4z and Q45 in terms of the variants ¢, ¢, : tMod;_;(0) — rMod, (0) of these
functors in the non-bimodule situation of Section 4.4.

Lemma 4.24. For M € r./l0ody_,(0), p, there are natural equivalences
(UAB [AB*)(M) = (L* UAB)(M) and (UAB [AB!)(M) = |[p] = Ak ® b <A];®_pl ® M ® B]?_p1> ® Bkl’

where the rightmost object is the realisation of the indicated simplicial object in tMod,; (O) which is
induced from the monadic bar construction Bary . (U4pF 45, U 43(M)). of Section 1.6.2.

Proof. The first equivalence follows from applying right adjoints to the equivalence
Fapt* =0, ,F,p of functors rMod,(0) — r.lody_,(0),p resulting from Lemma 1.11. For
the second equivalence, we write M as the realisation of the monadic bar construction
Bary, . (UapFap, Usap(M)). € Fun(A, r.#lod,_1(0) 4 5) with p-simplices (F 45U 45)P*!(M).
Since U 45 L4 preserves colimits as a composition of left adjoints, U 45 145 /(M) is the realisation of
Uap tapBary . (UapF a5, Uyp(M)).). Combining the equivalence 1,5 F 45 = F 41 resulting
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from taking left adjoints in Uyp ¢ , o ¢* U, with the description of the monadic bar construc-
tion after applying U 45 from Section 1.6.2, we see that this simplicial object has p-simplices as
in the claim: U 45 t45(F4pUp)P " (M) = U gpF gty U gp(FagU 45)P(M) =~ A ® ‘1(A;;®f1 M
BZ") ® By O

As for Theorem 4.9, the proof of Theorem 4.22 is an application of the decomposition result
for presheaf categories Theorem 3.8. To apply it, we rewrite (80) in terms of the full subcat-
egory BMod rep(rMod(@)) C BMod , 5(rMod(0)) from Section 3.3: the essential image of the
composition

F
Env(0) “— rMod(0) —% BMod,, 5(rMod(6)).

Restricting to the essential images of the subcategories Env(0), C Env(0) for varying k yields
a tower BMod reP(rMod(@))< of full subcategory inclusions which, in turn, induces a tower
PSh(BMod rep(rMod(@))< ) of presheaf categories by restriction. The latter is equivalent to (80):

Lemma 4.25. There is an equivalence of towers of categories
ralod,(0), 3 ~ PSh(BMod, P (rMod(0))...), (84)
which for « = oo agrees with the equivalence from Lemma 3.5.

Proof. Both towers are contained in the wide subcategory atR of ¥at on those functors that
are right adjoints (for the left one, this uses Lemma 1.12, and for the right one, the left adjoints
are given by left Kan extension), so in view of the equivalence Fat® ~ at"°P induced by taking
adjoints, we may equivalently show that there is an equivalence between the towers of left adjoints

BMod,,_ (tMod, (0))* = PSh(BMod), "} (tMod(0))...)" (85)

in @atl-°P. Now consider the following diagram of categories for 1 < k < £ < »

FaB
Env(0)e, ——> tMod,(0) —~% BMod,, 5 (rMod,(0))

I i l (86)

/‘/H

Env(0), H rMod,(0) —— BMod,, 3, (rMod,(0)),

whose rightmost vertical map is the map in the left-hand tower of (85). Both of the squares in (86)
commute: the left one by the universal property of y and the right one because the corresponding
square of right adjoints commutes. The essential images of the rows are by definition the subcat-
egories indicated by a frep-subscript, so by commutativity, the left-hand tower of (85) preserves
these subcategories. By taking colimit preserving extensions, we thus obtain a map

PSh(BModfrep (rMod, (0))") — BMod, 5 (tMod, (6))" (87)
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of towers in Tow(@at’°P) which is an equivalence by Lemma 3.5. For (85), it thus suffices to show
BMod,,® (tMod,(0))" ~ BMod', P (rMod(0))... (88)

Since the value of at « = oo of the towers in (88) agrees (by definition) and all maps in both towers
are fully faithful (for the right one by definition and for the left one as a result of Lemma 1.12),
we may view both towers as towers of full subcategories of BModfreP (rMod(0)). It thus suffices to
show that the essential image of the map from k to oo in the left tower agrees with the value at k
of the right tower. This follows from commutativity of (86) for k = oo and # = k. O

Proof of Theorem 4.22. Ttems (ii) and (iii) follow from (i) as in the proof of Theorem 4.22. In view of
Lemma 4.25 and the uniqueness of adjoints, to deduce (i) from Theorem 3.8, it suffices to show

(a) BModfmp(rMod(@))< c BModfrep(rMod(@))< is a decomposition pair,
k—1 k p p
(b) there is a commutative square in @at with vertical equivalences

v* Uyp

rlod£0) 4, 5, S PSh(06' 21 %,)
i% R
PSh(BMod, ¥ (tMod(0))<,) —= PSh(BMod), ¥ (tMod(0))\BMod', 7 (rMod(60)) 1),

(c) the assumption of Theorem 3.8 is satisfied for the composition pair in (a).

We first consider the commutative diagram of categories

Env(0) < Y 5 rMod(0) ——2 % BMod, 5(rMod(6))
ﬂ(}\l/Env(t) \l/tl \l/t‘

Fin = Env(6om) % rMod(€om) —) BMod; 4, (rtMod(€om)). (89)

*Lu(_)l—l*K\l/F*L*R \LF*L*R /
Fin, ..,/ = BMod,, , (Fin) < BMod, , (rMod(@om)). (10841 OBuste)

L¥R

Here, t: ©® — %¥om is the map to the terminal operad and *;, %5 stand for copies of the terminal
object in the respective categories. Commutativity of the top left, bottom left and top right square
is provided by the universal property and the symmetric monoidality of the Yoneda embedding
(see Section 3.1) as well as the symmetric monoidality of ¢, from Lemma 3.2. Commutativity of the
triangle is induced by the evident commutativity of the triangle of right adjoints, using that the
diagonal functor is left adjoint to restricting bimodule structures along the algebra maps from ¢, A
and t,B to the terminal algebras * (combine 4.6.2.17, 4.6.3.11 and 4.3.2.8 loc.cit.). By commutativity,
the composition of the two leftmost vertical functors induces a functor

BModfrep(rMod(@)) — BModfreP _(tMod(%om)) ~ Fin (90)

kLR
where Fin, ,,, C Fin,,, is the essential image of the leftmost bottom vertical functor (i.e. the
full subcategory on the injective maps #; Ll *z— S); the equivalence in (90) is induced by the
bottom left square of (89). Unpacking the definition, one sees that (90) sends F ,5(y((cy)ses)) tO
*; LISLI %; on objects and is on morphisms with respect to the equivalence
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Mapgyiod, ,(:Mod(0)(Fap(Y((¢)ses)), Fap(y((dp)ier))) o
91
= | s=s, sy s, AUCsses, ) X Mapgny(0y(¢gses,,» (d)ier) X B(C5)ses,)

induced by the adjunction F 45 4 U 45, the Yoneda lemma and Lemma 4.1 given as follows: S is
sent to %, for k = L,R and S, is sent to T via the map induced by applying 7, : Env(0) — Fin
to the middle factor. In particular, the full subcategory BMod , frep » (tMod(0)) ¢ is the pre- 1mage
under (90) of the full subcategory Fln* g © Fin, . onsets of the form #; LSLI #p with |S| <
With this in mind, the proof of Ttems (a) and (c) is a straightforward adaption of the proof of
the corresponding properties in Theorem 4.9 by replacing the role of 77, : Env(0) — Fin in that
proof with (90) and repeatedly using the adjunction F .5 o U 4. This leaves us with showing (b).
Checking the definition, the complement of the decomposition pair from (a) is the subcategory
of BModfree(rMod(@)) with objects those F ,5(y((¢c,)es) With |S| = k and morphisms given by
the summand in (91) with S; = S; = @. Since A(®) ~ B(@) ~* as we assumed A and B to be
unital, it follows that the upper row in (89) induces an equivalence of categories from 0! 2 ; ~
Env(0) Xp;, Fin; to the complement, so it suffices to show that restriction along this equivalence
makes the diagram in (b) commute. Writing & for the complement, we consider the commutative
diagram of categories

FAk By °)’Env((o)5k

6% %, —2—% Env(0) > BMod,, ™, (tMod,(6))

F spoYrnv(o) °V\Lﬁ Fapoy EnV((‘J)\L Z\Ll/mz

€ < BMod), ¥ (tMod(0)), === BMod;, 7(rMod(0))

whose right-hand square involving the equivalence from (88). Applying PSh(—) : %at? — ®at
to this, the left vertical equivalence and the bottom composition become the respective maps in
the diagram in (b). The right vertical equivalence differs from the respective equivalence in (b) by
pre-composition with the inverse of (87) which is by Lemma 3.5 given by the restricted Yoneda
embedding. We are thus left to identify the two functors BMod ABy (rtMod, (0)) — PSh(0%°! 20
given by (v*oy*oFZkBk oy)and (v*oUAkBk). But (y*oFZkBk oy) =~ Ua,B, by the Yoneda lemma and
the adjunction Fy g = Uy, p, , so we are done. O

4.6.3 | Naturality of higher Morita layers

We now extend the naturality of the layers from Theorem 4.13 to the level of bimodule categories
by making the squares (82) and (83) functorial in maps of triple (0, A, B) — (%, A’, B') given by
a map of unital operads ¢ : 6 — & and equivalences of algebras ¢,(A) ~ A’ and ¢,(B) ~ A" in
rMod(&). To make this precise, we consider the composition

Mod" (— Ass(— X2
Opi® % CMon(@at)ye 227, @t (92)

from which we obtain a functor (Ass(rMod"*(—))>)*2 : Gp™ — @at by restricting to the subcat-
egory Op™ c Gp"™ and passing to the subfunctor taking value in the cores of the values of (92).
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The cocartesian unstraightening of this functor is the category of triples (0, A, B) on which we
make the squares from Theorem 4.13 functorial.

Theorem 4.26. The squares (82) and (83) in Theorem 4.22 extend to functors of the form
f@prf(Ass(rMod‘m(—)):)><2 —> @atl1Ix[1]
which are on morphisms induced by taking left Kan extensions.

Proof. The extension of the square (83) to a functor follows from that of the square (82) as in the
proof of Theorem 4.13, so we may focus on the square (82). Recall from the proof of Theorem 4.22
that this square is the special case of the square (54) for the decomposition pair

BMod,, (rMod(0))_; C BMod,, ¥ (rMod(0)) (93)

in the sense of Definition 3.7, so using the second part of Theorem 3.11, it suffices to upgrade this
composition pair to a functor /gprf (Ass(rMod"™(—))*)*? — @atsc-de¢ which is on morphisms
induced by left Kan extension. For this, we consider the composition

od__(-)
/ un ASS(rMOdun( ))XZ - ./Mon(%)at)cgr ASS( )><2 T’ Cat, (94)

which sends a triple (0, A, B) to BMod 4 z(rMod(0)) =~ r.#(0d(0) 4  and is on morphisms given
by sending a morphism (¢ : 6 — P, ¢,(A) - A, ¢,(B) — B’) in the source of (94) to the top row
in

' ® () (=) B8
BMod, 5(rMod(6)) —— BMod,,(4) 4, (tMod(%)) OO B tod,, 5 (tMod(2))

F ABT W(/\)W(B)/l\ Fay

2]}

rMod(0) : > rMod(%P)
0 0
Env(0) ? > Env(P)

This diagram commutes: the upper left square by Lemma 1.11, the lower left one by the natu-
rality of the Yoneda embedding with respect to left Kan extension and the upper right triangle
by the same argument as for the commutativity of the triangle in (89). The essential images of
the maps from the bottom row to the top row are by definition the frep- subcategorles SO we see
that the functor (94) restricts to a functor BModfrep(rMod( )) with values BMod rep(rMod(@))
Using the notation from the proof of Theorem 4. 22, the source of (94) has a termlnal object given
by (Gom, *;, %), so since BModireER(rMod(%om)) =~ Fin, . the functor BModf_r,e_p(rMod(—))
has a preferred lift to a functor with values in ¥at /PN . Now recall from the proof of The-
orem 4.22 that the subcategories (93) as well as their complements are given by pre-images

of certain fixed subcategories of Fin, ,,, that are independent of the operad and the alge-
bras, so the functor BMod™P(rMod(-)) preserves (93) and their complement, and thus in
particular induces a functor fﬁpun(Ass(rMod‘m(—))z)><2 — ®atlll whose values are the pairs
(93) and which is on morphisms induced by left Kan extension. It thus suffices to justify that
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this functor lands in the subcategory @at“sc:dec ¢ @atl!l once we restrict to the subcategory
/, opT (Ass(rtMod""(=))*)** c [, opun Ass(rMod""(—))*2. This can be done by adapting the proof of
Lemma 4.15 in the case A = B = &, by replacmg the role of Fin with Fin, . and using that
the functor g, : BModfrep(rMod(@)) — BMod'™ (rMod(@)) is a rlght flbratlon if @ is an

P(A)p
operadic right flbratlon since it is a cartesian flbratlon whose fibres are groupoids, which one
shows by directly checking the definition using (91). O

4.7 | Proof of Theorem 1

Theorem 1 is merely a summary of some of the results in the previous subsections: the tower
(7) results from Lemma 4.5, (i) the claimed convergence, monoidality and naturality proper-
ties follow from Proposition 4.2, Theorem 4.3 and Corollary 4.6, the part regarding the first
layer is Theorem 4.8, the claim on the higher layers is contained in Theorems 4.9 and 4.13 and
the smoothing theory is Theorem 4.17. The tower of Morita categories is obtained by applying
the functor (=)(®2) : Cat(®¥at) — Fat(y, ) from Section 1.1.2 to the tower of double categories
rA0d'"(0) from Section 4.6.1. On the level of double categories, extensions of the properties
to the tower r.#0d""(0) of Morita categories have been established in Section 4.6 from which
similar extensions on the level of (o0, 2)-categories follow by applying the functor (—)(-2). For
the smoothing theory pullback, this uses that cospan double categories lie in the subcategory
Fat, 5 C Cat(€at) by Remark 1.16, (ii) and that (—)(2) preserves pullbacks in Cat(@at) whose
lower right corner lies in Fat,, ,) by property (ii) in Section 1.1.2.

5 | VARIANTS OF EMBEDDING CALCULUS

As outlined in the introduction, the tower rMod, (@) from Section 4 and its Morita category refine-
ment r.#od,(0) is for certain operads O closely related to Goodwillie-Weiss embedding calculus
[29, 98, 100], suggests new variants of embedding calculus and allows for various applications of
our general results from Section 4. This section makes this precise. We will

(1) discuss the tower rMod_(Eg) for tangential structures 8 : B — BAut(E,) for the E -operad,

(2) relate the tower rMod,(Eg) for a tangential structure o: BO(d) — BAut(E;) to
Goodwillie-Weiss’ calculus for smooth embeddings and use another tangential struc-
ture t : BTop(d) — BAut(E,) to introduce a version of embedding calculus for topological
embeddings,

(3) utilise the towers on Morita categories r.# od,(Eg) and r.Z od,(E;) to extend smooth and
topological embedding calculus to the level of bordism categories, and discuss manifold
calculus,

(4) discuss some properties of embedding calculus,

(5) identify the layers of embedding calculus in terms of frame bundles and configuration spaces,

(6) deduce smoothing theory results for embedding calculus,

(7) introduce particle embedding calculus and tangential structures for embedding calculus,

(8) give conditions under which T, -self-maps are equivalences,

(9) prove a delooping result for embedding calculus and

(10) end with a discussion of embedding calculus in positive codimension.
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5.1 | The E;-operad and its variants

As mentioned in the introduction, the operads © for which we relate the tower r.Zod,(0) to
embedding calculus are instances of the 8-framed E;-operad ES for tangential structures 6 : B —
BAut(E,). Let us recall how these operads arise.

511 | The 6-framed E;-operad

Fixd > 0. The operad E of little d-discs (also called the operad of of little d-cubes or the E;-operad)
is the operadic nerve [72, 2.1.1.27] of the ordinary operad in the category of topological spaces
with a single colour, spaces of operations the spaces Emb™(S x (—=1,1)4, (=1, 1)4) of rectilinear
embeddings S x (—1,1)¢ < (=1, 1) for finite sets S and composition induced by the composition
of embeddings, see, for example, 5.1.0.4 loc.cit.. Since there is unique embedding @ < (—1,1)¢,
the operad E, is unital and since the space of rectilinear embeddings (—1,1)¢ < (—1,1)¢ is con-
tractible, it is also reduced (in the sense of Section 2.2). Given a tangential structure 6 : B —
BAut(E,), we can form the 8-framed E ;-operad (see Definition 2.4)

6
Eg 1= colim <B — BAut(E,) C @p) € Op-. (95)

This construction generalises several known variants of the E;-operad, in particular, the operads
ES € Op and E € Op,

obtained by replacing the role of the spaces Emb™*(S x (-1, 1)4,(—1,1)%) of rectilinear embed-
dings in the above construction of the E;-operad with the spaces Emb®(S x R%, R%) of all smooth
embeddings (with the smooth topology) or with the spaces Emb’(S x R%, RY) of all topologi-
cal embeddings (with the compact-open topology). To see that Ej and Efi are indeed special
cases of (95), note that these operads are unital, for the same reason as E,, and that the for-
getful maps Emb°(S x R%, R?%) - Emb'(S x R%, R?) induce a map ES - E(‘i of operads which
agrees upon applying (—)°°' with the coherent nerve of the forgetful map of topological monoids
Emb°(R4,R%) — Emb’(R?, RY). Since the inclusion maps

0(d) —» Emb’(R%,R%) and Top(d) — Emb'(R%, RY) (96)

of the topological groups of orthogonal transformations (with the subspace topology of Rdz) and
the group of homeomorphisms of R (with the compact-open topology) are both weak equiva-
lences (this follows from taking derivatives for the first and from the Kister-Mazur theorem [55,
Theorem 1] for the second), this identifies the functor (E))®®" — (E!)®! induced by EY — E, with
the coherent nerve BO(d) — BTop(d) of the forgetful map O(d) — Top(d) of topological groups.
In particular, E} and E; are groupoid-coloured. Since their reduced covers in the sense of Sec-
tion 2.2 are equivalent to the E;-operad and the map Ef, — E; is an equivalence on reduced covers
(combine the argument in the proof of [72, 5.4.2.9] with the commutativity of (42)), it follows from
the discussion in Section 2.2 that E/, is the t-framed E;-operad for a tangential structure

t : BTop(d) — BAut(Ey), (97)
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and that Eg isthe o-framed E;-operad for the tangential structure o : BO(d) — BAut(E,;) obtained
by pre-composing (97) with the forgetful map BO(d) — BTop(d).

Remark 5.1.

(i) The operad Efi also arises as the operadic nerve N(—) of a semidirect product E; X Top(d) in
the sense of Section 2.4, for a strict action of the topological group Top(d) on a certain model
E, of the E;-operad as an ordinary operad in topological spaces (see below), and similarly, E
is the operadic nerve of the semidirect product E; X O(d) for the restriction of the action along
O(d) — Top(d). Using Theorem 2.2 and Proposition 2.10, this, in particular, identifies the tan-
gential structure (97) as being induced by the strict Top(d)-action on E,;. To construct the
model E; on which Top(d) acts, one considers for finite sets S the map of topological spaces
Emb’(S x RY, R?) — M,csEmb’(RY, RY) that forgets that embeddings are disjoint. Using a
Moore paths construction, their homotopy fibres over the identities (idga)scs assemble to
an ordinary operad E; in topological spaces which is easily seen to be equivalent to E; (by
using (—1, 1)¢ = R9 and that any rectilinear self-embedding (—1, 1) is canonically isotopic
to the identity) and on which Top(d) acts strictly by conjugating embeddings. The com-
position maps Emb’(S x R¢, R%) x M,csEmb(RY, R?) — Emb'(S x R¢, R?) then induce an
equivalence between E; X Top(d) and the topological operad described above whose operadic
nerve is Et so one obtains an equivalence on operadic nerves as claimed.

(i) Any topolog1ca1 d-manifold M gives rise to a tangential structure 6,, : M — BAut(E,;) by
composing a classifier for the topological tangent bundle M — BTop(d) with the tangen-
tial structure ¢ : BTop(d) — BAut(E,). The associated 6,,-framed E;-operad E2M € Op° is
denoted by E,, in [72, 5.4.5.1]. It can be thought as an operad whose colours are points in
M and whose reduced cover at m € M is the operad of little d-discs in the tangent space
of M at m. Despite the notation, the operad E,,; is very different from the right module
E\ € rMod(E’ ) that we will considered later in this section; for instance, we have Aut(E Om )~
Autg /BAm(Ed)(M ) by (45), whereas AutrMod(E;)(EM) is often very close to the group Homeo(M )
of homeomorphism of M, by a combination of the main results of [59] and Corollary 5.24
below.

5.1.2 | Right modules over the 6-framed E ;-operad

Specialising the setting of Section 4 to the unital operad EQ for a tangential structure 8: B —
BAut(E,) gives a tower rMod (Ee) of symmetric monoidal categorles of (truncated) right mod-
ules over E; 9 which, in turn, 1nduces a tower r.Z od (E %) of symmetric monoidal Morita double
categories. For the two examples (95), this can be descrlbed more explicitly. The map induced by
Eg - E fj on symmetric monoidal envelopes is equivalent to the functor of symmetric monoidal
categories isc; — @iscfi obtained as the coherent nerve of the forgetful functor between the two
topologically enriched symmetric monoidal categories with objects finite sets, morphism spaces
the embedding spaces Emb°(S x R%, T x R%) and Emb’(S x R%, T x RY), respectively, and sym-
metric monoidal structures given by disjoint union (this follows by combining the construction
of B} > E t‘i from Section 5.1.1 with the explicit model for the monoidal envelope in [72, 2.2.4]). In
particular, we have an equivalence of towers of categories

rMod. (E;)) =~ PSh(@isc], <-) for ¢ € {o, t}, (98)
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where the right-hand side is the tower induced by restriction along the tower of inclusions of full
subcategories Disc;; _, of Pisc]; obtained by restricting the cardinality of the occurring finite sets
S.

5.2 | Embedding calculus, without boundary conditions

The categories @isc], arise as full subcategories of the coherent nerves .# an;, of the topologically
enriched categories of smooth or topological (indicated by ¢ € {o, t}) d-manifolds without bound-
ary M, N, ... and spaces of smooth or topological embeddings Emb“(M, N) between them (with
the smooth or the compact-open topology, respectively). We may thus consider the diagram of
categories

Man’, — PSh(lan) —— PSh(Disc) ..) =~ rMod. (E9)

ia laz 1o (99)

Man', —— PSh(lan!,) —— PSh(Disc} ..) = rMod. (E"),

where y is the respective Yoneda embedding, ¢ is the respective inclusion & iscfi ca anfi and &
stands for the functors that forgets smoothness. We denote the top and bottom composition by

E: ﬂanfi — rMod,(Eg) forc € {o,t} (100)
and their values at a d-manifold M € ,%alnfi by E;; := Emb°(—, M) € rModk(Efl) forl < k < .
Lemma 5.2. The diagram (99) lifts to a commutative diagram of categories.

Proof. Commutativity of the left square is provided by the naturality of the Yoneda embedding.
The rightmost vertical map is a map of towers by the naturality of rMod,(—) from Theo-
rem 4.3. It thus suffices to lift the right-hand square for « = oo to a commutative square which
in turn follows from showing that the Beck-Chevalley transformation §,(* — (*8, of functors
PSh(.# ang) - rMod(Efi) is an equivalence. The class of presheaves for which it is an equivalence
is closed under colimits, since all functors involved are left adjoints. Left Kan extension preserves
representable presheaves, so the class contains Emb®(—, S x R%) € PSh(.# ang) for S € Fin. It
thus suffices to show that any X € PSh(.#an;) is a colimit of presheaves of this form. Any
presheaf is a colimit of representables, so we may assume X = Emb°(—, M) for M € .4 ang. But
Emb(—, M) ~ colimDegm(M)Emb(—, D) where 0, (M) is the poset of open subsets D C M diffeo-
morphic to S x R¢ for S € Fin, by a well-known descent argument (as, e.g. in the proof of [57,
Lemma 6.4]), so the claim follows. O

For M,N € ./ ang, the upper row of (99) induced on mapping spaces a tower of spaces
Emb®(M, N) — Mapyyioq, g2y (Ep- Ex) =: T.Emb°(M, N) (101)

under the space Emb’(M, N) of smooth embeddings. It was shown in [13] that this tower agrees
with the embedding calculus Taylor tower for the space Emb’(M, N) of smooth embeddings
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as introduced in [98] (alternatively, this is a special case of Proposition 5.4 below). Replacing
o-subscripts with ¢ subscripts, we obtain an analogous tower

Emb’'(M,N) — MaprMod_(Eé)(EM,EN) =: T,Emb‘(M, N) (102)

under the space Emb‘(M, N) of embeddings between topological d-manifolds M, N € .Z ané.

5.3 | Extension to bordism categories

We will now explain that the towers r.Z od_(Efi) of Morita categories for ¢ € {o, t} allow for an
enhancement of the functors giving rise to embedding calculus for manifolds without boundary
(100), to the level of bordism categories, which, in particular, give generalisations of (101) and (102)
for spaces of boundary-fixing embeddings between manifolds with boundary, as well as coherent
gluing maps. As indicated in the introduction, this is an extension of a construction from our
previous work [59], so we first recall relevant aspects of the latter.

5.3.1 | Recollection from [59] and extension to topological manifolds

In [59, Section 3-4], we constructed a functor of symmetric monoidal double categories (our nota-
tion differs slightly from that in loc.cit.: we write ncBord°(d) and r.# od(Eg) instead of nc%ord(d)
and .Zod(d))

E: ncRord’(d) — rMod(E)), (103)

which can be informally summarised as follows: the source nc%ord®(d) is a non-compact smooth
d-dimensional bordism double category: the category of objects consists of smooth (potentially
non-compact) (d — 1)-manifolds without boundary and smooth embeddings between them, the
mapping categories consist of (potentially non-compact) smooth d-dimensional bordisms and
smooth embeddings fixing the boundaries between them, the composition functors are induced
by gluing bordisms and the symmetric monoidal structure is by taking disjoint unions. The func-
tor (103) assigns to a (d — 1)-manifold P € nc%Bord’(d) the presheaf Ep,; := Emb(—,P XI) €
PSh(Zisc)) = rMod(EY) for I :=[0,1], equipped with the algebra structure with respect to Day
convolution induced by ‘stacking’ P X I to itself, and to a bordism W : P ~ Q the presheaf
Ey, 1= Emb(—, W) with the (Epy;, Eqy)-bimodule structure induced by ‘stacking’ P X I LIQ X I
to W.

The construction of (103) also goes through for topological manifolds. Since was not discussed
in loc.cit., we shall make good for it now.

Theorem 5.3. There is a commutative square of symmetric monoidal double categories

ncBord’(d) —— r.lod(ES)

! l

ncRBord'(d) —— r.lod(E},),
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where

(1) ncABord(d) for c € {o,t} is a bordism category of potentially non-compact smooth (respec-
tively topological) (d — 1)-manifolds and the left vertical map is induced by forgetting smooth
structures,

(ii) the rightvertical map is induced by the map E;; — Efi of operads from Section 5.1.1 and

(iii) on mapping categories from @ to itself, the square agrees with the outer square in (99) for « = o,
(iv) the horizontal functors land in the levelwise full subcategories r./# odu“(Eg) Crdl od(E(‘;).

Proof. This follows mostly from a minor variant of the construction of (103) for smooth manifolds
in [59, Section 3]. To explain this, recall from Section 3 loc.cit. that (103) arises as follows: firstly
one constructs a composition in CMon(Fun(A°P, at))

Ege0 . ®
ncBord’(d) — ALG(an?) —— ALG(PSh(#an})) — ALG(PSh(Zisc))).  (104)

This involves the symmetric monoidal categories 91503 C %anz from above and the func-
tor ALG(—) : CMon(%at) —» CMon(Fun(A°P, €at)) given by assigning € € CMon(¥at) to its
pre-Morita category ALG(%) € CMon(Fun(A°, ®at)) which, if € is compatible with geomet-
ric realisations, contains ALG(®) € CMon(Cat(%at)) ¢ CMon(Fun(A°P, Fat)) as a levelwise full
subcategory (see 2.9 loc.cit.). The functor E&%° is an explicit geometric construction, and the sec-
ond and third functors in (104) result from applying ALG(—) to the Yoneda embedding of . ang
and the restriction along 91803 (/A ang. To obtain (103) from (104), on@ws that the latter
lands in the levelwise full subcategory r.Z od(ELOi) ~ ALG(PSh(9Z iscg)) C ALG(PSh(QZisc‘;)). All
this can be mimicked for topological manifolds (we add t-superscripts for the topological vari-
ants): as for SZiscfi cH anii above, for the definition of nc%ord'(d) and the construction of
the analogue of E8%, one literally replaces all occurrences of smooth manifolds with topolog-
ical manifolds in [59, 3.1-6], and all spaces of smooth embeddings between smooth manifolds
with the corresponding spaces of topological embeddings. The analogue of the second and third
functors in (104) is defined as in the smooth case, and the proof that the composition lands
in r od(Eé) ~ ALG(PSh(QZiSCZ)) C m(PSh(@isc;)) can be copied almost verbatim, except
that in the proof of Proposition 3.6 loc.cit., one has to replace the frame bundle Fr(M) with the
topological frame bundle Fr‘(M) of germs of topological embeddings of R into M.
To obtain the vertical maps and the commutativity, one constructs a commutative diagram

nc%Bord’(d) % ALG(Man’) —— ALG(PSh(an%)) ——> ALG(PSh(Discy))
+ + + +
nc%Bord'(d) =% ALG(Man’) ——> ALG(PSh(an’)) ——» ALG(PSh(Disc)))

as follows: the first two vertical functors are given by forgetting smoothness and make the first
square commute by construction. The second square is obtained from the functoriality of ALG(—)
and the naturality of the symmetric monoidal Yoneda embedding [72, 4.8.1.12, 4.8.1.13]. The final
square is obtained by applying ALG(-) to a commutative square of symmetric monoidal cate-
gories whose underlying square of categories is the right-hand square in (99) for « = co. Both ¢
and & are symmetric monoidal, so by the discussion in Section 3.1, the vertical functors in the
right-hand square in (99) for « = oo are symmetric monoidal and the horizontal ones lax symmet-
ric monoidal. But by the argument in [59, Lemma 3.10], they are actually (strong) monoidal, so
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since the forgetful functor CMon(%at) — @at is conservative, to lift (99) to a commutative square
in CMon(%at), it suffices that the Beck-Chevalley transformation §,t* — ¢*6, of underlying cate-
gories is an equivalence. We already proved this in Lemma 5.2, so the construction of the square
in the claim is finished. Items (i)-(ii) hold by construction and by using (98). Item (iii) also fol-
lows from the construction, combined with the general fact that mapping categories in Morita
categories are categories of bimodules and that the category of bimodules over the unit algebras
is the underlying category (see Section 1.7). Item (iv) follows from the description of the functor
(103) together with the observation that Emb“(g, M) = for ¢ € {o, t} and any manifold M. []

5.3.2 | Embedding calculus on bordism categories

The map of towers r. od,(Eg) - r M od,(Eé) induced by Eg - Efi and Theorem 4.8 agrees
with the right vertical map in Theorem 5.3 for « = o0, S0 we obtain a commutative diagram of
symmetric monoidal double categories

ncBord’(d) = rﬂodun(Eg) = r/lodgf(EZ) — - — r/%odgn(Eg) — rﬂodTH(EZ) 2 Cosp(S /pow))

+ 2 4 v

nc%Bord'(d) S rlod""(EY) = rlody (E}) — -+ —> rdlody"(E,) —> rdlod;"(E,) 2 Cosp(S /prop(d))

here the identification of the bottom stages uses Theorem 4.8 together with the (unstraighten-
ing) equivalence PSh(¥) ~ &, for groupoids € and (Eg)c"l ~ BO(d) as well as (Eél)COl ~ BTop(d)
(see Section 5.1.1). When transposing the diagram and passing to mapping spaces of mapping
categories, this induces for smooth (d — 1)-manifolds P and Q without boundary and bordisms
M,N : P~ Q between them (all potentially non-compact) a commutative diagram

Emb3(M,N) ——% Emb5(M,N)
[bd R
Mapnc%ord"(d)p,Q (M’ N) 7 Mapnc%ordt(d)p,Q (M,N)

+ +
T.Emb3(M,N) := Mapf/ﬂod(Eg)ppx,,EQX,(EM’EN) — Maprﬂod(E;)prwa[(EM,EN) = TooEmbg(M,N)
~ ~
+ +
T,Emb3(M,N) := Map’/”Odz(EZ)prl,ﬁgxl (Em»En) — Mapr/%odz(E;)pr,,st,(EM’EN) = TZEmbg(M,N)
+ +
T,Emb3(M,N) := Map, od, By oy Bt EN) > M, o oy, (Eyg, Ey) = T,Emb5(M, N)

w w
£ 21

Map/" P, N) —— Map,”" "M, N)

of spaces, where the bottom most two spaces are the mapping spaces in the category (cS’/B)pI_lQ /
of spaces over B € {BO(d), BTop(d)} and under 0M = P LI Q = dN. Two columns of this diagram
recover (101) and (102) in the case P = Q = @. The long vertical compositions from the embed-
ding spaces to the bottom mapping spaces are induced by taking (topological) derivatives (see
Proposition 5.10). Note that the right column is also defined if P, Q, M, and N are not smooth.
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In [59, Theorem 4.5], we showed that the map Embg(M ,N) = TooEmbg(M ,N) in the left col-
umn is equivalent to the limit of the classical embedding calculus Taylor tower for the space
Embj(M, N) of smooth embeddings fixing the boundary from [98]. Replacing the use of the poset
% of open subsets of M that are unions of an open collar of the boundary and a disjoint union of
open discs, with the poset %, for 1 < k < oo where the cardinality of the discs is bounded by k,
the same argument shows that this identification extends to the level of towers.

Proposition 5.4. The left column in the above diagram is equivalent to Weiss’ embedding calculus
Taylor tower for the space Emb3(M, N) of smooth embeddings fixed on the boundary from [98].

For spaces of topological embeddings, embedding calculus has not considered in the literature
yet. We define the topological embedding calculus Taylor tower as the right column in the above
diagram (as mentioned above, the manifolds need not be smooth for this). Other possibilities
would be to adapt to the topological setting the definition from [98] in terms of universal poly-
nomial approximations, or the definition from [13] in terms of homotopy sheafifications; these
constructions would lead to the same result, by a variant of the argument for Proposition 5.4.

Remark 5.5 (Embeddings of triads). Fix c € {o,t}. As already hinted at in the introduction,
the above setting can also be applied to the space of embeddings Embgo(M ,N) between d-
manifolds M and N that agree with a given embedding e; : 6,M < N on a codimension 0
submanifold )M C M: since the inclusion M’ := int(M) U int(d,M) C M and N’ :=int(N) C
int(ea (6,M)) C N are isotopy equivalences relative to int(6,M), and we have M’ = int(6,M) =
AN’ induced by e, we have Embj (M N) ~ Embj(M’,N’), so to apply embedding calculus to
Emb} (M N), one can instead apply it to the equlvalent space Emb}(M’, ', N'") which fits into the
above setup.

Remark 5.6 (Composition and gluing). By construction, for d-dimensional bordisms M,N : P ~
Q, the embedding calculus tower Embg (M,N) - T,Embg (M, N) is induced by the tower of dou-
ble categories ncHBord‘(d) — r.l od.(E7). This, in particular, equips embedding calculus with
coherent composition and gluing maps. For example, given bordisms W,V : Q w R, specialising
the composition functor in a double category (see Section 1.1), we obtain a map of towers from
Emb; (M, N) X EmbS(V, W) — T.Emb3(M, N) x T,Emb3(V, W) to Emb(M Uy V,N Uy W) —
T,Embg(M Ug V,N Uy W) that extends the map on embedding spaces given by gluing embed-
dings along Q. For another example, if M arises as a composition of bordisms M = M, U,
M, : P ~ Q,we have a map of towers from Emb3(M, N) — T,Embj(M, N) to Emb3(M;\L, N) —
T, Embg (M;\L, N) that extends the map on embedding spaces given by restriction along the inclu-
sion M;\L C M, by first gluing on Q X [0,1) : Q w @ and then using pre-composition with the
inclusion M;\L C M U, [0, 1) considered as a morphism in ncBord(d)p .

5.3.3 | Manifold calculus

Fix ¢ € {o,t}. Embedding calculus can be generalised to manifold calculus: given a presheaf F €
PSh(angordC(d)P,Q), its manifold calculus tower is a tower

F — T;F —_— e — T;F — TiF (105)
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of presheaves on nc%’ordc(d)P’Q under F, defined as follows: since r.Z Odc(d)EPx]sEQxl is cocom-
plete as a result of [72, 4.3.3.9], the functor E: nc%Bord“(d)p, — rﬂOdZ(d)EPxI’EQxI has a
colimit-preserving extension | — |; to PSh(nc%ordc(d)P,Q) (see Section 1.3) which agrees with
the colimit-preserving extension in the untruncated case k = oo followed by k-truncation. This
gives a tower

| = |g : PSh(ncBord (d)p o) = 1l Odf(d)prz,Esz (106)

of categories under PSh(anS’ordC(d)P,Q). Each functor in (106) has a right-adjoint given by
the Yoneda embedding followed by restriction along E. The tower (105) is then defined by the
components of the counits of these adjunctions at F (note that [y(=)|p ~ E_,):

I-lg
F(=) = Mappsn(neggord(d)p o) V(=) F) — Mapr/%od‘_'(d)prbEQxl (E-), IF1E).

Appliedto F := Embg(—, N) = y(N) for N € ncBord(d) p,o- this recovers the embedding calcu-
lus tower for Embg (M, N) as discussed above. In Remark 5.8 below, we see that manifold calculus
defined this way agrees with the previously considered version by Boavida de Brito-Weiss [13].

5.3.4 | Comparison to Boavida de Brito-Weiss’ model with boundary

There is a different construction of the two columns of the bottom diagram in Section 5.3.2:
consider the full subcategory (@iscg)P,Q C anEordC(d)PQ for ¢ € {o,t} spanned by those bor-
disms that are diffeomorphic or homeomorphic (depending on c) relative to the boundary to
Px[0,1)uS xR?11Q X (—1,0] for some finite sets S. This has a filtration by full subcategories
(gisc; s-) p.o by bounding the cardinalities of the finite sets S, so we obtain a tower of categories
under ncBord(d)p o

(t*oy) : ncRBord(d)p o = PSh((@ich, Q) (107)

given by the Yoneda embedding y followed by the restrictions ¢ along the full subcategory inclu-
sions. For ¢ = o, this tower was considered in [13] where they showed, in particular, that it agrees
on mapping spaces with the embedding calculus tower from [98] and thus by Proposition 5.4 also
with the tower on mapping spaces induced by our E : ncRBord(d)p o — 1.l Od-(Ecci)prz,Esz' For
¢ =0 and k = oo, we showed in [59, Proposition 4.8] that this equivalence can be lifted to an
equivalence of categories. The same holds for ¢ = ¢ and generalises to the level of towers.

Lemma 5.7. Forc € {o, t}, there is an equivalence

c
rAlod, (Ed )EPXI Eoxr

of towers of categories under nc&ord"(d)p .

Proof. Recall that r.Z od, (Eccl) Epst-Eoxi is a tower of bimodule categories BModEM Eoxt (rMod, (Efi))
(see Section 1.7). Viewing c¢(P) := P X [0,1) and ¢(Q) :=(—1,0] X Q as bordisms P ~ @ and
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@ ~ Q, we consider the diagram of categories

PDiscg € ncBord‘(d)gy —— BMody, 5 (rMod(EY))

C(P)U(—)UC(Q)\L C(P)U(—)UC(Q)\L EL-([’)®(_)®EC(Q)\L
(Disc))pq C ncBord (d)py —— BModg,  r (tMod(EY)),

Eoxi

where the left square commutes by definition and the right one because E is a func-
tor of double categories. The composition along the bottom row is full faithful by the
argument in the proof of [59, Theorem 4.5]. The argument in that proof also shows that
the composition QZiscg - BMOdprl,EQX,(rMOd(Eg)) sends a collection of discs D € QZiscfi o~
Env(Efi) to the free bimodule FprpEsz(ED) in the sense of Section 1.6.2 on the repre-
sentable presheaf on D, so the essential image of this composition is the full subcategory
BModgebeQxl(rMod(Eg)) C BModEle,qul(rMod(Eg)) of Section 3.3. Together with the fully
faithfulness of the bottom row, this implies that the functor E restricts to an equivalence of towers
of full subcategory inclusions

. E f
(91502’ <_)P’Q?BM0dEr;fb EQX,(rMOd(EzCi))S-’ (108)
where the right-hand tower is defined as in the discussion around Lemma 4.25. Abbreviating
rMod(E7) := %¢, we consider the diagram of categories

E nc%Bord (d)p o Cy

BMody, r,,(R) = PSh(BMody, , 5, (%) > PSh(BMod,;™” . (%)) > PSh((Discy)p o)-

Ep

The composition of the first two arrows in the bottom row is an equivalence by Lemma 3.5 and
extends to an equivalence of towers by Lemma 4.25. The final arrow is given by restriction along
the equivalence (108), so also extends to the towers. It thus suffices to provide commutativity data
for the triangle. Rewriting the bottom row using E*j* = (*E*, this was done in the proof of [59,
Theorem 4.5] for ¢ = 0 and the same argument applies if ¢ = ¢. O

Remark 5.8 (Manifold calculus comparison). Under the equivalence of Lemma 5.7, the
tower (106) under PSh(nc(%’ordc(d)P’Q) agrees with the colimit-preserving extension
of (107) which, by uniqueness of colimit-preserving extensions, agrees with the tower
PSh(nce%’ordc(d)P’Q)aPSh((QZiscfi’ <)po) under PSh(nc%ord(d)p,) induced by restric-
tion along ¢ : (@isci Sk)p,Q Cn&%’ordc(d)P,Q. The manifold calculus tower (105) for
F ePSh(ncggordc(d)P,Q) as defined above thus agrees with the tower F — (1.).(t.)*(F)
induced by the counits of the adjunction by restriction and right Kan extension. For ¢ = o, this is
how manifold calculus is defined in [13].

5.4 | Some properties of embedding calculus

There are a number of known formal properties for smooth embedding calculus (see, e.g. [58,
Sections 2.2.3, 2.3]). Essentially, all of them also hold for the topological version. We explicitly
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mention two of the most important ones in the following; others, for example, those in loc.cit.,
follow from these. We fix ¢ € {o, t}.

5.4.1 | Descent for Weiss k-covers

For a bordism M : P ~ Q between manifolds P and Q without boundary (smooth or topological,
depending on c), write O(W) for poset of open subsets of W that contain a neighbourhood of
the boundary 0M = P LI Q, ordered by inclusion. Viewing such open subsets as bordisms P ~ Q
gives a functor O(M) — (ncRBord“(d)p o) /um and thus a functor O(W) — (r.# odc(d)prl,EQX[) JEw
by post-composition with E. Recall that a subposet of O(M) is a Weiss k-cover for 1 < k < oo if
any subset of cardinality < k is contained in an element of ©(M). A Weiss k-cover is complete if it
contains a Weiss k-cover of any finite intersection of its elements. The second part of the following
statement involves the manifold calculus tower (105).

Lemma 5.9 (Descent). For 1 < k < oo, a non-empty bordism M € nc(%’ordc(d)P,Q and a non-
empty complete Weiss k-cover % C O(M), the diagram {Ey}ycq, — Ey in 1Ml Od;(d)prz’Esz
is a colimit diagram, and the diagram T]iF(M) — {TIC{F(U)}UEC,[ a limit diagram for all F €
PSh(ncBord (d)p ).

Proof. For ¢ = 0 and k = oo, the first part was deduced in the proof of [59, Proposition 4.3] from
a well-known descent argument for configuration spaces. The same argument applies for any k
and for ¢ = t. The second part follows from the first by the universal property of the colimit, since
we have T{F(—) = Mapf/”Odi(d)prpEsz (E(_y, [IF|E); see Section 5.3.3. O

5.4.2 | Isotopy extension

There is an isotopy extension theorem in the context of embedding calculus, which describes
under some conditions the fibres of maps between limits of the smooth embedding calculus tower
that are induced by restricting along a submanifold (see [59, Theorem 4.10] and [57, Theorem
6.1, Remark 6.2 (iv)-(v)]). The same statements hold for the limit of the topological embedding
calculus tower, since the proofin the smooth case only uses naturality properties, descent for Weiss
oo-covers and the usual parametrised isotopy extension theorem for spaces of smooth topological
embeddings of codimension 0, which are all are available in the topological setting: the required
naturality is provided by Theorem 5.3, the descent property by Section 5.4.1 and parametrised
isotopy extension for topological embeddings by [20].

5.5 | The layers of embedding calculus

Given that smooth and topological embedding calculus is encoded by the tower r.Z od"" (EY) of
symmetric monoidal double categories under the non-compact bordism category nc%ord‘(d) via
the functor E (for ¢ € {o, t}), its layers are in principle described by the abstract layer identifi-
cations for the towers r.#0d""(0) for general unital operads @ from Theorems 4.19 and 4.22.
However, for many purposes, a more geometric description in terms of manifold-theoretic data is
preferable. We will work out such a description in this subsection. This will, in particular, recover
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Weiss’ description of the layers of the classical embedding calculus tower in terms of relative
section spaces over bundles over configuration spaces [98].

5.51 | The bottom layer

As we already explained in Section 5.3.2, the map to the bottom layer of the topological embedding
calculus tower on bordism categories has the form

E: ncBord' (d) — raod}"(E) =~ Cosp(S prop(a))- (109)
The following shows that it is essentially given by ‘taking topological tangent bundles’.

Proposition 5.10. The functor (109) has the following properties:

(i) it sends a (d — 1)-manifold P without boundary viewed as an object of nc%ord'(d) to the
classifier (P — BTop(d)) € S/grop(a) of its once stabilised topological tangent bundle,
(ii) it sends a bordism M : P ~ Q viewed as an object in the mapping category nc%’ordt(d)P,Q to
the cospan (P - M < Q) € (8 /BTop(d))(PuQ) / over BTop(d) induced by the tangent bundles,
(iii) on mapping spaces of mapping categories

BTop(d) .
Map;cgord(d), , (M, N) = Emb(M, N) — Mapé UM, N) :=Maps, o (M,N),

it is induced by taking topological derivatives.

The same holds for the smooth version when replacing c = t by ¢ = o, BTop(d) by BO(d) and
topological tangent bundles and derivatives by smooth ones.

Proof. We begin with the following general recollections on topological tangent bundles.

(a) One model of the tangent classifier of the topological tangent bundle of a d-manifold M is
given by the following zig-zag:

M — Emb' (R, M)y @) — Emb*(R?, M)ry4) — BTop(d), (110)

where Top,(d) C Top(d) is the topological subgroup of origin-preserving homeomorphisms.
Composing with an appropriate translation gives a homotopy inverse to the inclusion, so
Top(d), =~ Top(d). This explains the middle equivalence between the orbits with respect
to the action by pre-composition. The leftmost map is induced by evaluation at 0, which
is a fibration by isotopy extension, and is an equivalence since the fibre at m e M
of evy: Emb'(RY, M) — M is equivalent to the space of embeddings of R into a R¢-
neighbourhood of m € M which is, in turn, equivalent to Top(d) by the Kister-Mazur
theorem.

(b) In this model, the topological derivative of a codimension 0-embedding e : M < N is given
by the map between the zig-zag (110) for M to the one for N, induced by post-composition
with e.

(c) A model for the once-stabilised tangent bundle of a (d — 1)-manifold P is given by applying
the above to P X (0, 1) and using P X (0, 1) ~ P by the projection.
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With these models for the topological tangent bundles and the derivative, the claim follows by
chasing through the construction of the functor E and the fact that the straightening equivalence
PSh(%) ~ 8¢ for groupoids is given by sending X € PSh(¥€) to colimg (X) — colimg(x) ~ .
The argument in the smooth case is the same; one simply replaces Top(d) by O(d) and all spaces
of topological embeddings by their smooth analogous. O

5.5.2 | The higher layers, without boundary

For topological (d — 1)-manifolds P and Q without boundary, each consecutive functor in the
tower r./ od_(E;)prhEExl under nc.%ordt(d)P’Q fits by Theorem 4.22, (ii) into a pullback square

AU
Epx1EQx1

T‘/%Odk(Etti )prlsElfxl % 8[2]

) \L(osz)* (111)
o

Epx1EQx1 [1]

r./ﬂOdk_l (Efi )E,,X, Epxi %

Our goal of this and the following subsection is to give a geometric description of the composition
of the top horizontal arrow with E : nc%ord'(d)p o — .l Odk(E([i)EPxIxEExI' This will, in particu-
lar, identify the fibres of the left vertical functor in (111) in terms of configuration space data (see
Corollary 5.18). We first deal with the special case P = Q = @, where (111) becomes the pullback

rMod, (E}) —— $PI
\L \L(osz)* (112)
rMod,_,(E}) —% sl

from Theorem 4.9 and (ii).

Remark 511 (Smooth layers). We focus on topological embedding calculus in this subsec-
tion, because the corresponding results for the smooth version follows from the topological
case if P and Q are smooth: by the commutativity of the square in Theorem 5.3 and
the naturality of the higher Morita layers from Theorem 4.26 applied to the map of oper-
ads E) — E;, the composition of the smooth version of the top horizontal arrow in (111)
with E @ ncBord’(d)p o — r#ody(E)g, , k., agrees with the corresponding composition in
the topological case, pre-composed with the forgetful map nc®Bord’(d)p o — nc%’ordt(d)P,Q
followed by the composition.

The geometric description of the higher layers we will give involves point-set topological
constructions for which we work temporarily in a self-enriched convenient category Top of topo-
logical spaces. Given a manifold M without boundary, we consider its kth ordered configuration
space

F (M) := Emb(k,M) = M"\A (M), where A (M) :={(x,...,x,) € M* | x; = x; for some i # j}
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is the thick diagonal; here k := {1, ..., k}. The homotopy link (see, e.g. [85, 2.1])
8"F, (M) := holink(A, (M) c M) € Top

of the thick diagonal is the subspace 8"F,(M) C Map([0, 1], M¥) of paths y: [0,1] — MF
for which y~1(A(M)) = {0}. Evaluation at 1 € [0,1] gives the left map in a sequence of
2, -equivariant maps

8" Fy (M) —> F,,(M) —> holimg, Fs(M) (113)

whose right-hand map to the homotopy limit of the punctured cubical diagram k 2 S — Fg(M) =:
Emb(S, M) is induced by forgetting points. Writing 6"Cy (M) := 6"F(M);, and C, (M) =
Fy (M), for the strict orbits, the sequence (113) induces maps in Top

8"C (M) — C1(M) —> [holimgc Fs(M)]y;s, - (114)

This construction is functorial in codimension 0 embeddings, so (114) gives rise to a topo-
logically enriched functor Manii — Topl?! out of the topologically enriched category Man; of
topological d-manifolds without boundary and codimension 0 embeddings between them. Upon
taking coherent nerves, this gives a functor /4 ané — &I21, This agrees with the top composition
in (128):

Proposition 5.12. For a d-dimensional manifold M without boundary, there is an equivalence in
sl2]

AS(Ey) = (ath(M) — € (M) — [holimgc, Fs(M)] hzk), (115)
which is natural in M, that is, features in an equivalence of functors J anfi - $2l

Remark 513. In Remark 5.16 below, we explain alternative point-set models for 8"C) (M) —
Cr(M).

Example 5.14. We discuss a key example before turning to the proof of Proposition 5.12, namely
M = S x R%for S € Fin. In this case, the map ev, : 8"C; (S X RY) - C;(S x R%) lands in the col-
lection of components CEmJ(S x RY) € Ci(S x RY) of non-injective configurations, that is, those
configurations for which one of the disjoint summands in S x R? contains at least two points
(note that the points are still disjoint, and ‘non-injective’ refers to path components). The induced
map

ev; 1 8"C (S xRY) — CI™(s x RY) (116)

turns out to be a homotopy equivalence, since it has a homotopy inverse given by sending a non-
injective ordered configuration C C S x R to the straight-line paths from the origin of each R%-
summand containing a point in C to C: this is a strict right-inverse to ev; and also a homotopy
left inverse in view of the following homotopy of Alexander-trick type:
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(1—s)-y(ﬁ) ift € 0,1 —s]

h d - -
0.1 x FC(S X RT) > (5,7) <t {t.)/(l) ift € [1-s,1]

> € 3"C (S x RY).

This equivalence is natural in embeddings between S x R? for different S, so induces an
equivalence (8"Cy(—) — Cy(-)) = (C},™(-) C C}) of functors Disc}; — S

Proof of Proposition 5.12. We abbreviate Pisc’ d<k = Discg. Going through the definition, we
see that the inclusion v : (E‘ yeol DI Env(E )<k from Section 4.4.1 agrees with respect to the
equivalence Env(E[) ~ Slec (see Section 5.1. 2) with the inclusion BAut(k x R%) < Discy, of
the automorphlsms of k X R% in Disc, so the functor A°(—) : PSh(Ziscy) — & 2] sends X to

<(‘1‘*X )(k X R g ey = XX Rz ity = (X)X Rd)Aut(kad))’ 117)

where (1 Discg_y & Discy is the inclusion and (=), xre) denotes taking orbits. As a
result of the Kister-Mazur theorem, the group Aut(k x R?) is equivalent to the wreath prod-
uct Top(d)* X =, so we can compute the Aut(k X R%)-orbits by first taking Top(d)*-orbits and
then taking orbits of to the residual X, -action. Combining this with Lemma 4.11, we get a natural
equivalence

(X(x RY = (X)X RD) ey = (XU X R gy = limg ey (X(S X R )Top<d)s))

For X = Ej; = Emb(—, M) € PSh(Zisc) and a finite sets S, evaluating at the centres gives an
equivalence (again as a result of the Kister-Mazer theorem)

Emb(S X RY, M)y ays = Fs(M) = Emb(S, M). (118)

Combining this with the above, we get a natural equivalence
(En(k X RY) > (LB XRD) 0o o (Ck(M) — [limgey Fs(M)ly, )

which identifies the right part of (117) as claimed. To identify the left part of (117), we construct a
natural commutative diagram with horizontal equivalences

(u* Ear)(k X R augere) = (0 E))(K X R pqiiixre) @isc, Emr = 8"Ci(=) Ogise., Bt = 8"Cr(M)

1 { { {

En(k X R puorey = Bk X R puoxre) @aisee B = Ci(=) ®gise, Evr = Ci(M).,

where the two leftmost vertical maps are induced by the counit of ¢, - ¢* and the two rightmost
ones by the evaluation ev; : 6th(—) — Cy(—). The identification between the first two columns
follows from the fact that left Kan extension can be computed via a coend and the compatibility
of coends with colimits. To identify the second column with the third, we construct equivalences

(1 B XRY) = Bk X RD) oy = (C() € CUo)) = (8"C(=) = Cul-)
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of functors Qiscy — s where lemj(S xRY) C C,(SxRY) is defined as in
Example 5.14. The second of these equivalences was explained in Example 5.14.
In view of (118), the first equivalence follows from showing that the counit
(4" Egyga)(k X RY) — Eg, pa(k x RY) = Emb(k X R%,S x R%) induces an equivalence onto
the components whose map on path components is not injective. If |S| < k — 1, then these are
all components, so there is nothing to show since yEg,ga =~ Eq,ga in this case. For |S| = k, we
already established this as part of the proof of Theorem 4.9 (see (73); note that injectivity and
surjectivity are the same for maps of finite sets of equal cardinality).

This leaves us with the task to identify the final two columns in the above diagram. To do so,
we work in a convenient category of topological spaces Top and model the coends by the thick
geometric realisations ||B, (E,,, Discgk,ahck(—))ll and ||B.(Ey;, Disc, Ci (=)l of the respective
bar constructions where E;; = Emb(—, M) is an enriched presheaf on the topologically enriched
category Disc, with objects S x RiforS e Fing, and morphisms codimension 0 embeddings, in
the strict sense (cf. [58, Section 4.4.1]). It suffices to show that the two natural augmentations

IIB.(Ey, Disce, Ci(=DIl = C(M) and  ||B.(Eyy, Discoy, 8"Cr(=)Il = 9"Cr (M) (119)

are equivalences. To this end, we consider the symmetric powers Sym; (M) := M;k which contain
Cy (M) as a subspace, and consider the analogous augmentation ||B,(E,;, Disc¢, Sym; (—=))|| =
Sym; (M). By a standard argument (cf. [58, Proposition 4.5] or [56, Section 4]), this is a Serre
microfibration with weakly contractible fibres, so in fact an Serre fibration [99, Lemma 2.2] and
thus a weak equivalence. Being a Serre fibration with weakly contractible fibres is preserved by
strict pullbacks, so by pulling back along C; (M) C Sym; (M), it follows that the first map in (119)
is a weak equivalence. For the second, we consider the map of augmented semisimplicial spaces

B-(EMs Discﬁka ahck(_)) H B-(EMs DiSCSk, Symk(_))

+ ¥
3" Ci(M) > Sym, (M),

where the top map is induced by ev,,. Setting B, := B.(Ey;, Disc, Symy (=) Xsym, u) a"c (M),
this factors as a horizontal composition of squares

B.(E Discy, 9" Ci(-)) > B, > B.(Ep, Discor, Sym, (=)
+ + N (120)
8"Cr (M) =—= 3"C, (M) ————% Sym,(M).

On thick geometric realisation, the right-hand square becomes a strict pullback which follows
from the general fact that if X, — X_; is an augmented semisimplicial space and Y_; - X_; is
any continuous map, then the induced map || X, Xy Yl = XXy  Y_;isa homeomor-
phism since the pullback functor Top,x  — Top,y_  and the forgetful functor Top,y  — Top
both preserve colimits; the former since it is a left adjoint (see, e.g. [74, 2.1.3]). Since being a Serre
fibration with weakly contractible fibres is preserved by strict pullbacks, we conclude that the
middle vertical map in (120) is an equivalence on thick geometric realisations, so it suffices to
show that the top left horizontal map is an equivalence on thick geometric realisations.

We will show that B, (E,,, Discgk,ahck(—)) — B, is, in fact, a levelwise weak equivalence. By
composing embeddings, we can think of a point in the topological space of 0-simplices of its
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FIGURE 1 The directed paths indicate an element y € 8"C,(M) starting at an element y(—) € Sym,(M),
which has been lifted to B, (E,,, Discs, Sym;(—)) as indicated by the coloured discs. To lift y to
B, (Ey, Discs, 8"C,(-)), we shrink the domain of the directed paths until their image lies in the innermost discs.

domain as a collection of paths y € ath(M ) and a collection of < k embedded discs in M con-
taining y. More generally, a point in the p-simplices in the domain is a y and p + 1 collections of
discs, each nested inside the next and the innermost containing y. In the target, the discs are only
required to contain the starting point of y. So, if we are given a commutative diagram

Si_l > Bp(EMs Discsk’ahck(_))
S +
D' =—— B, = B,(Ep;, Disc, Sym, (-)) Sym>k<(M) o"C (M),

there exists by compactness an € > 0 such that we restrict the paths y, for t € D' to [0,¢] C [0,1],
then they will be contained entirely in the discs (see Figure 1). Restricting all y, to [0,(1 —s) +
se] for s € [0, 1] and reparametrising, we obtain a homotopy of commutative diagrams from the
original one to one that admits a dotted lift. This shows that the top-left horizontal map in (120)
is a levelwise equivalence, which finishes the proof. O

5.5.3 | The higher layers, with boundary
We now describe the top composition in (111) in the more general case where P and Q need not be
empty. Given a bordism M : P ~ Q of topological manifolds, we modify the definition of A, (M)

and 0"F,(M) to

Apo M) :={(x,,...,x;) € M* | x; = x; for some i # j, or x; € 6M = P U Q for some i} € Top

81 Fc(M) 1= holink(Apq (M) € M) = {y & Map([0, 1], M) | ™ (Apq (M) = {0}} € Top.
Evaluation at 1 gives a ¥; -equivariant map 6’;QFk(M ) = F; (M) which on strict &, -orbits induces
OpoCk(M) =8} Fi(M)y, — Fi(M)y, = Ci(M).

The following generalises Proposition 5.12.
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Proposition 5.15. For a d-dimensional bordism M : P ~ Q, there is an equivalence in &2

DS, s Brn) = (85oCM) — C(M) = [holimg g FGD, ),

which is natural in the bordism M, that is, features in an equivalence of functors nc(%’ordt(d)P’Q -
s,

Remark 5.16. There are several other point-set models for the map al}jQCk(M ) = C (M) for a
(potentially non-compact) bordism M : P w Q.

@

(ii)

For smooth bordisms M : P w Q, one can make use of the Fulton—-MacPherson bordification
FM, (M) which is smooth manifold with corners that contains F; (M) as an open subspace
(see [91] for a detailed discussion in the case where M = @, and [64, Section 5.3] for an
explanation of how to generalise this to dM # @). Its interior is F (int(M)), it is natural in
smooth embeddings, it comes with a free ¥, -action extending the evident action on F; (M),
and it is compact if and only if M is compact. By construction, the inclusion F) (M) — M*
extends to a map y : FM (M) — M* with y=1(Apq (M) = 6FM,; (M). Writing CM; (M) :=
FM, (M )Ek for the strict quotient, there is an equivalence of pairs

(achk(M) - Ck(M)) ~ (ICM, (M) C CM, (M), (121)

which is natural in smooth codimension 0 embeddings. This follows by combining the proof
of Proposition 5.12 with the X, -orbits of the equivalence from [58, Proposition 4.5].

The Fulton-MacPherson bordification does not extend to topological manifolds [63], but
there are other manifold models for the map 5£QCk(M ) = C (M) if the bordism M : P ~ Q
is not necessarily smooth. For instance, we have

(05,C M) = €MD) ) = (E\(ApouMD5,) € CLMD) ), (122)

where E C M’Z‘k is a regular open neighbourhood of Apq  (M)s, C Mlzck in the sense of [89,
90]. Such a regular neighbourhood E exists by [90, Proposition 1.6] using Théoréme 5.15,
Lemme 5.16 loc.cit. and the observation that Apg  (M)y, C M’Z‘ is locally triangulable. To
verify the latter, we may take M = R or M = [0, o) X Ré‘1 (though it is convenient to dou-
ble the latter to RY with C,-action given by reflection in the first coordinate), then apply
the existence result for equivariant triangulations for smooth actions of finite groups on
smooth manifolds [49, Theorem] to either the action of ¥ or X, 2 C, on M, take the union
of those simplices that have non-trivial isotropy group and pass to the quotient. The regu-
lar neighbourhood is unique up to isotopy equivalence fixing Apg ; (M)y, by [90, Théoréme
2.2]. To establish the claimed equivalence, one uses Proposition 5.12 loc.cit. and argues as for
0"C (S x RY) =~ Ci (S x RN in Example 5.14.

For the map 6?QF (M) — F (M) before taking X -orbits, one can do better than (122): this
map turns out to be equivalent to the boundary inclusion of a manifold, and this manifold
can be chosen to be compact if M is compact. To see this, we may assume d > 4 and k > 2,
since for d < 3 all bordisms are smoothable and we may use the Fulton-MacPherson bor-
dification describe above, and for k = 1, we have (deFk(M) — F1(M)) ~ (0M C M). In the
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other cases, the pair Apg (M) C M k satisfies the hypotheses of [82, 3.1.1], since it is a closed
locally triangulable subspace (see above) of codimension > 4 of a manifold in dimension > 8
containing the boundary, so has empty interior, is an ANR by [12, Theorem 0.6.1] and 1-LC by
Proposition 1.3.3 loc.cit. As a result, Apg (M) C M k has a mapping cylinder neighbourhood
N in the sense of [82, p. 285]: this is a codimension 0 submanifold N ¢ M* that is closed as a
subspace and contains A Q(M ), together withamap 7 : N — A Q(M )such that N = cyl(r)
relative to A Q(M ). The latter implies the second equivalence in

(65 FL(M) = FiM)) = (intN)\Apg (M) € Fi (M) = (8(MM\int(N) € MF\int(N)),
(123)
and the first equivalence follows as for (122) (in fact, the middle pair in (123) is isotopy equiva-
lent to the pre-image of the right-hand side of (122) under the quotient map F(M) — C; (M),
by the above mentioned uniqueness for regular open neighbourhoods.) Note that if M is com-
pact, then so is the right-hand side of (123). The reason why we cannot apply the same strategy
to obtain a similar model for 6£QCk(M ) = C; (M) as the boundary inclusion of a manifold
without additional work is that in contrast to [90, Proposition 1.6] (which only provides an
open neighbourhood), the result [82, 3.1.1] assumes the surrounding space M¥ to be a manifold
(which M’Z‘k is typically not).

Example 5.17. Before turning to the proof of Proposition 5.15, we discuss a generalisation of
Example 5.14 for bordisms: consider a bordism M € nc%ord'(d) p,o Of the form

M= (Px[0,))USXxRU(-1,0]xQ): P~ Q forS € Fin. (124)

In this case, the map ev; : Ck(M ) = Ci (M) lands in the components Cnig (M) c ¢ (M) of
those configurations for Wthh one point lies in M = P x {0} U {0} X Q or one of the copies of R¢
contains at least two points. A minor variant of the argument in Example 5.17 (use the straight
line paths in P X [0, 1) LI (—1, 0] X Q to the boundary) shows that the induced map

95oCi(S X RY) — Cp 8 (M) (125)
is homotopy equivalence. This gives rise to an equivalence

(6 oCi(=) = Cr(=) = (Cnmj (=) cC of functors (Disc)po — sl where
(921sc d)PQ C ncRBord’ (d)PQ is the full subcategory spanned by the bordisms of the form
(124).

Proof of Proposition 5.15. Adopting the notation from Section 4.6.2 and abbreviating A := Ep;,
B 1= Eg,, arguing as in the first part of the proof of Proposition 5.12 and using the first

equivalence from Lemma 4.24, we see that A%P Eoxt : BMod, B(rModk(Et‘i)) — Sl2lgends X to
XI=Qx >

<(UAB‘ABHZB)(X )k X Rd)Aut(lﬁde) = U p(X)(k X Rd)Aut(Ede) = 10U 45(X)(k X Rd)Aut(Ede) )

ForX =E, € BModA,B(rModk(Efi)),we have U 45(E),;) = Emb(—, M) € PSh(@isc; ), so we can
use the identification of the right-hand map with C;, (M) — [hothCkFS(M )s from the proof of
Proposition 5.12. This leaves us with identifying the left-hand map with 6 Ck(M ) = Cr.(M). As
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part of the proof of Theorem 4.22, we identified this map with respect to the equivalence
BMody;, . (rMod,(E") =~ PSh(BMo dfrep o (MOd(ED) L)
from Lemma 4.25 (induced by the restricted Yoneda embedding) with the map
3 GO X R yggixrety — Xk X R pyyescra) (126)
induced by the counit of j, - j* where j is the inclusion
BMod, ™", (tMod(E{))¢i; C BMod,™ . (tMod(E}))<.

In the proof of Lemma 5.7, we gave geometric description of this inclusion: the functor E restricts
to an equivalence of towers Qlec po<. = BMo dfr:pI Eoxg (rMod(E‘ )<.; see (108) Once rephrased
like this, the identification of (115) forX Ey = Ernba( ,M) € PSh(SZ 1sc ) follows by making
minor adaptations to the argument in the proof of Proposition 5.12 to take the collars P x [0,1)
and (—1, 0] x Q into account (the role of ¢ is played by j and the role of (116) by (125)). O

Corollary 5.18. Fix a topological d-dimensional bordism M : P ~ Q.

(i) For another bordism N : P+~ Q and a point e € Tk_lEmbg(M, N), we have a natural
equivalence

h
T, Emb4(M, N) OpoCi(M) ——— Ci(N)

fib, . ~ L Ty

-

Ty Embi(M. N) CL(M) — [limggy Fs(N)]

Zk

of spaces. Here, the right-hand side is the space of lifts in the commutative square with vertical
arrows as in Proposition 5.15 and horizontal arrows induced by e.

(ii) More generally, for X € r. Odk(Eé)EpX;,EQxf and e € Map
natural equivalence

R0y (B o (Epp,X), we have

h d
MaprmOdk(E&)l:'pxlvl:'()xl (EM’X) aPQ Ck(M) H );(E X R )TOp(d)ZEk
fibe \1/ ~ \L - - \l,
MaP, oq, 5y, Ent:X) €M) > [limsg, X(S x RY)| .

of spaces. Here, the right-hand side is the space of lifts in the commutative square with left vertical
arrow as above, right vertical arrow induced by restriction and horizontal arrows induced by e.

The analogous statements hold in the smooth setting.

Proof. We abbreviate A := Epy; and B := Ep,; for brevity. The first item is the special case X =
E\ of the second item. To prove the second item, we take mapping spaces from Ej, to X in the
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pullback square in (111) and using the induced equivalence on vertical fibres together with (111)
and the definition of A%, ;, and QF, , from Section 4.6.2 to see the fibre in question is equivalent to
the space of fillers in the following diagram of spaces:

a?QCk(M) —— colim (v'Uuptapty (X))

BTop(d)Z;
+ +
C(M) ———————— li *U 4p(X
1 (M) > 50 (g)glzk(v 45(X)) 27

3 !

limgc, F M] colim (V*U sptap.t’o(X)).
[ sck Fs( )Zk — BTop(d)ZEk( ABLaB: Uy (X))

Combining Lemma 4.24 with Lemma 4.11 and tracing through the definition, we see that the
right bottom entry is equivalent to [limgc, X(S X Rd)]Top(d)sz and the right middle entry to
X(k x Rd)Top(d)sz' Rewriting the lifting problem in (127) less symmetrically by composing the
upper right and lower right part of the diagram, the claim follows. The proof in the smooth case
is identical. O

Remark 5.19 (Comparison to Weiss’ layer description). The fibres of C; (N) — [limsg& Fo(N )]Ek
are the total homotopy fibres of the cubical diagram k D S = F¢(N), so by taking pullbacks
of the outer lower right triangle in the square in Corollary 5.18, (i) we see that the space
of lifts in this result is equivalent to a space of relative sections of a map to C; (M) whose
fibres are the total homotopy fibres of k > S — F¢(M), relative to a given section defined on
a’;Qck(M). By Remark 5.16, (ii) the latter can be informally described as the subspace of the
unordered configuration space C, (M) of configurations that ‘are near the thick diagonal or near
the boundary’; this uses that any open neighbourhood of A, , (M) contains a regular open neigh-
bourhood. This recovers Weiss’ original identification of the fibres of the maps T}, Embs(M,N) —
Ty_1Emby(M, N) from [98, Theorem 9.2, Example 10.3], by an independent proof.

Remark 5.20 (Layers in manifold calculus). Corollary 5.18, (ii) also yields a description of
the layers in manifold calculus: recall from Section 5.3.3 that the manifold calculus tower
for a presheaf F € PSh(nc%ord' (d)po) for ¢ €{o,t} is given by the tower of mapping spaces
induced by r.Z od,(Eg)prl’onl from E,, to |F|g, so applying Corollary 5.18, (ii) with X = |F|g
and using the natural equivalence |F|5(SxR%) ~ F(Px[0,1)US x R?11Q X (—1,0]) result-
ing from the commutativity of the final diagram in the proof of Lemma 5.7, we see that
the fibres of the map T]C(F(M) - TIC(_IF(M) are spaces of sections relative to 6£QC,{(M)
of a map to Ci (M) whose fibres are the total homotopy fibres of the cubical diagram
k> S F(Px[0,1)uSxRIL(-1,0]xQ).

Example 5.21 (Second layer). We conclude this subsection with a discussion of the second
layer. We will not rely on the geometric description resulting from Proposition 5.12 for this, but
instead work with the abstract layer description from Section 4.4 directly. We discuss the case
without boundary and for topological manifolds for simplicity, but the smooth case and the
case with boundary are similar. The variant of the layer pullback square we discuss is the left
square in Remark 4.10 which, when restricted to unital right modules and using the equivalence

A ‘' ‘9202 ‘VZVBESLT

wouy

dny) suonipuod pue swie 1 841 89S *[9202/70/62] U0 A%iq1TauluO 481 ‘B1Bojouyde 1 Ind Iisul eynss|ey Aq 1200, 0doyZTTT OT/I0p/oo A8 ARiq1eul

foum

B5US0 17 SUOLUWOD BARE1D 3|qeat|dde ayy Ag peusenob ae sajoite YO ‘&SN JO 3| 10y ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



INFINITY-OPERADIC FOUNDATIONS FOR EMBEDDING CALCULUS | 95 0f 136

rMod|"(E)) = §/grop(q) from Theorem 4.8, specialises to a pullback square of categories

rMod3™(E)) —2— PSh(Bx,)"

1 1 (128)

S /BTop(d) —£ 5 PSh(BZ,).

Using that (Efjl)col T, is equivalent to B(Top(d)? X Z,) (see the proof of Proposition 5.12), we see
from Example 4.12 that the top row A° sends X € rModz(Efi) to the clockwise composition in the
following commutative diagram of X,-spaces induced by the functoriality of X

(Embt(Rd Ll Rd, Rd)Top(d)Z) xTop(d) X(Rd) % X(Rd [l Rd)Top(d)xz

1 l (129)

t 2 A
(Emb (R, RN 10p(a)) Xtopta) XRY) = XR) 1oy ——> XRDpopiay X XRDopays

where A is the diagonal. The Z,-action on this square is induced by swapping the two disjoint
summands in R¢ L RY. The top-left corner can be simplified by using Top,(d) ~ Top(d) as in the
proof of Proposition 5.10 and considering the X, X Top,(d)-equivariant equivalences

Emb’(R? U R%, RY) gy <— Emb' (R URE, RY)py, a0 — Fy(RY),

where the first one is induced by the inclusion Top,(d)CTop(d) and the second one by
restriction along {0} L {0} ¢ R? LIR®. As a Top,(d)-space, we, moreover, have an equivalence
F,(R%) ~ R4\{0} by sending x € R¥\{0} to (0, x) € F,(RY). Using these equivalences and writing
IX] :=X (Rd)Top(d), we see that the left vertical map in (129) is given by the spherical fibra-
tion 7 : S(¢§ 1x]) — |X]| associated to the R%-bundle £ 1x| over |X| induced by the Top(d)-action
on X(R%), with the fibrewise Z,-action given by permuting points in F,(R%) ~ R%\{0}. The
commutative square (129) thus takes the form

S¢x) —> XR*U Rd)Top(d)X2

| l

IX| —2— X~

Informally speaking, this discussion shows that rMod‘zm(Eé) is equivalent to the category of

(i) spaces |X| with an R%-bundle & x| OVer it, together with
(ii) an extension in X,-spaces of the composition (Aox) : S(€ xp) = X = 1X |2 of the projection
of the associated spherical fibration with the diagonal, to a commutative square in X,-spaces.

For the 2-truncated presheaf E;; of a d-manifold M, (i) remembers the underlying homotopy type
of M and the topological tangent bundle TM over it (see Proposition 5.10), and (ii) remembers the
factorisation of (Ao7xr) : S(TM) — M over the two-point configuration space F,(M) = M X M\A
induced by the choice of a X,-equivariant tubular neighbourhood of A C M X M (see [61, Sec-
tion 4]). If M is closed, then the square in (ii) is a pushout and yields the Poincaré embedding
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structure on the diagonal of the underlying Poincaré complex of M induced by the manifold
structure on M.

5.6 | Smoothing theory for embedding calculus

Consider the commutative diagram of symmetric monoidal double categories for 1 < k < oo

ncPBord’(d) % r./%odin(Eg) — Cosp(S,po(a))
N2 4+ 4 (130)
ncBord'(d) — rulody (E}) — Cosp(S mrop(a))-

It follows from the general smoothing theory result for the towers r.#od,"(0) for unital operads
O (see Theorem 4.20) that the right square is a pullback. As part of Theorem 5.22 below, we will
see that classical smoothing theory for manifolds, on the other hand, implies that the outer square
induces for d # 4 pullbacks on all mapping categories, so the same is true for the left-hand square.

Theorem 5.22 (Smoothing theory for embedding calculus).

(i) The right-hand square in (130) is a pullback of symmetric monoidal double categories.
(ii) For d # 4, the outer (and hence the left) square in (130) induces pullbacks on all mapping
categories.

Proof. As already pointed out above,(i) follows by specialising Theorem 4.20 to the map of
groupoid-coloured operads Ej} — Efi (which is an operadic right fibration as a result of Lemma 2.7)
and using the straightening equivalence PSh(¥) =~ &/« for groupoids &.

For (ii), we have to show that the outer square induces a pullback on mapping cate-
gories between smooth (d — 1)-manifolds P and Q without boundary, thought of as objects in
nc%ord’(d). Essential subjectivity of the map from the top-left corner to the pullback of the
remaining corners is equivalent to showing that for every topological d-manifold M with bound-
ary P U Q, any lift of its tangent classifier M — BTop(d) along BO(d) — BTop(d) extending the
lifts on dM = P LI Q induced by the given smooth structure on P and Q is induced by a smooth
structure on M that extending the given one on dM. For d > 4, this is a consequence of the first
part of [54, Theorem IV.10.1], and for d < 4, there is nothing to prove since BO(d) — BTop(d)
is an equivalence ([54, V.5.5.9] for d < 3, and [35, p. 605] for d = 3) and every manifold admits a
smooth structure extending any given one on the boundary (combine [77, Chapters 8, 35] with [45,
Theorem 5.3, p. 122-123]). Fully faithfulness is equivalent to proving that for smooth d-manifolds
M and N with identified boundary 0M =~ 0N = P LI Q, the following square of embedding spaces
spaces is a pullback

Emb3(M,N) —— Emb}5(M,N)

1 1 (131)

Map}"*“ (M, N) — Map """ (M, N);

here the bottom row is as in Section 5.3.2. The first step is to reduce to a situation where M is
compact: pick an exhaustion K, C K; C --- C M by compact submanifolds transverse to M such
that the intersections 9,K; := dM N K; C JK; give an exhaustion of dM by compact submanifolds.
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Consider the squares induced by restriction

EmbJ(M, N) = lim; Emb  (K;,N) ~ Map},* (M, N) — lim; Map{"¢‘“(K;, N)

" ! 1 \

Emb;(M,N) =5 lim, Embg(,Ki(Ki’N ) p/ Bop@pr Ny = lim, Map/ BTOP(d)(Ki,N)

where the sub- or superscript J,K; indicates that we are considering spaces of embeddings (or
maps over BO(d) or BTop(d)) that agree on 9,K; C M with the respective embedding (or map)
induced by the identification 0M =~ dN. All horizontal maps in these squares are equivalences:
for the ones in the right square, this follows by using that the union of the K;, respectively, the
9y K; express K, respectively, 9,K; as a colimit in & /po(q) and & grop(q); for those in the left square,
one can argue as follows: modelling these embedding spaces by simplicial sets, restriction along
K;_, C K, is a Kan fibration by isotopy extension, so the limit lim; Embc 8K, (K;,N) for c € {o, t}
can be computed as the strict limit of simplicial sets, which is isomorphic to Emb 8K, (K;,N)asa
simplicial set. This reduces the claim to showing that (131) is a pullback after replacmg M by K;
for a fixed i and the d-subscripts with d,K;. The latter can be further reduced to the case 0,K; = @,
by choosing a collar ,K; X [0,1] C K; and using the fibre sequences (the upper one uses isotopy
extension again)

ErnbC « (Ki, N) — Emb“(K;, N) — Emb(9,K; x [0,1],N) forc € {o, t}

Map/ BG (K, N) — Map/B6(K,,N) — Map/BC(6,K; X I,N) for G € {O(d), Top(d)}.

It remains to show that the version of the square (131) where the source manifold M is compact and
there are no boundary conditions is a pullback, which is a well-known consequence of smoothing
theory (see, e.g. [8, Corollary 3.2]). O

Writing Bord®(d) C ncBord‘(d) for the levelwise full subcategory obtained by restricting to
compact bordisms for ¢ € {o,t} (see [59, 3.7.1, 4.1.2] for the case ¢ = 0), we have a pullback
decomposition Bord’(d) ~ Bord'(d) XneBord! (d) ncAord’(d) in CMon(Cat(%at)) which we may
combine with the pullback in Theorem 5.22 to conclude.

Corollary 5.23. For1 < k < oo, the commutative square of symmetric monoidal double categories

Bord’(d) —> rlod,(ES)
4+ 4
Bord'(d) — rulod, (E")

induces for d # 4 a pullback on all mapping categories.

5.6.1 | Topological Zisc-structure spaces

Corollary 5.23 has a consequence for the Qisc-structure spaces studied in [59]. To explain this,
recall from [59, 4.5.1] that for a closed smooth (d — 1)-manifold P, the Disc-structure space
S;? #9°(X) of a right-Ep,;-module X € rMod(Ej) is
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S50 (X) 1= fiby (E : ord) — r#lod (ED5, ) €.

This includes the Disc-structure space SS(M) of a compact smooth d-manifold M from 4.5.2
loc.cit. as the case Sj(M) = S?A:ISC’O(EM). The same makes sense in the topological category: for
a closed topological (d — 1)-manifold P and a right-Ep, ;-module X € rMod(Efj), we set

S}g;zisc,t(X) .= fiby (E: Bord'(d)p — r%odk(Eé)gpxl> ES

and S? SCOMY 1= S?;C’O(EM) for compact topological d-manifolds M. Commutativity of the

square in Corollary 5.23 induces comparison maps on horizontal fibres

S?iSC’O(X) N Sp@isc,t(X)’

which are equivalences for d # 4 as a result of Corollary 5.23. In particular, we get the following.

Corollary 5.24. For a compact smooth manifold M of dimension d # 4, the comparison map
Sézl'sc,o(M) N Sézisc,z(M)

between the smooth and topological Disc-structure spaces of M is an equivalence.

Remark 5.25.

(i) One consequence of Corollary 5.24 is that S?isc’o (M) is independent of the smooth structure

of M for d # 4, but this was already known as a result of the 2-type invariance of [59, Theorem
A] (see the discussion below the statement of the theorem).

(ii) It follows from [57, Theorem B] that the map in Corollary 5.24 is for d = 4 not always an
equivalence (cf. Item (iii) of the remark following [59, Theorem C]).

5.7 | Particle embedding calculus and tangential structures

We have considered two tangential structures for the E;-operad in this section so far, o : BO(d) —
BAut(E;) and t : BTop(d) — BAut(E,), due to their relationship to manifold theory via the func-
tors E : ncBord‘(d) —» r od,(Efi) for ¢ € {o,t}. One of the strengths of our setup, however, is
that it allows other tangential structures for E; (and its truncations) that have no direct geometric
analogue. To explain this, we develop the following commutative diagram of towers of symmetric
monoidal double categories

nc®Bord’(d) —> nc%ordt(d)

L= |

rllod:"(E)) —— rdlod."(E}) — rdlod."(E}) — rlod."(ES _, (132)

N A

Cosp(S /o)) —> Cosp(S /Bropa)) = Cosp(S /pauz,)) = CosP(S /paue, -.))
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hinted at in the introduction. Here is the construction:

* Whenever an entry in (132) does not feature a «-sign, it is considered as a constant tower.

* The square (D) is the content of Theorem 5.3 and it induces a pullback (of towers, i.e. levelwise)
on all mapping categories as long as d # 4 by Theorem 5.22.

* The first three entries in the middle row are obtained by applying r.# od""(—) from (78) to the
operad maps ES - Eé - Eg =t Eild induced by the changes of tangential structures

BO(d) ——> BTop(d) —— BAut(Ey,)

I

BAut(E,)

for E;. On bottom layers, the maps between these three towers induce the first three bottom
vertical arrows (see Theorem 4.19). The resulting squares 2)-@3) are pullbacks by Theorem 4.20.

* The square @) is obtained by also taking the truncations E; ¢, := (E;)¢ of the E;-operad into
account (see Section 1.4.4), namely as follows: first one considers the tower

P _. pid
Ed’g_ = E:i,g_ € Tow(Op#°)

of operads featuring the idg (g » -framed E; ; -operad Eif} <« for1 < k < oo (see Sections 2.2).
On categories of colours, this tower gives the sequence of spaces induced by truncation

BAut(E,) ~ BAut(E, .,,) — -+ — BAut(E, .,) — BAut(E, ;).
Then, one applies r.#od""(—) to Eg o Seta double tower
/A od‘_m(Efid <o) € Tow(Tow(CMon(Cat(¥at))))

from which the top right corner in @) is obtained by restricting to the diagonal « = m, the bottom
right corner by restricting to « = 1, the top left one by restricting to m = oo and the bottom left
one by restricting to (+,m) = (1, 00). The square @) is a pullback: apply Theorem 4.20 for fixed
« = k to the change of tangential structure p; : BAut(E;) — BAut(E, ) for the E; ., -operad
and use that the map Eg - Eg,’; . induces an equivalence on r.#od.(—) for « < k, since the map
Env(Eg )<k = Env(Eg,’;k)gk is an equivalence by Remark 1.8 and Lemma 2.9.

For smooth bordisms M, N := P « Q, the diagram (132) induces on mapping spaces of mapping

categories a diagram of towers in spaces consisting of levelwise pullbacks

Emb3(M,N) ——> Emb}5(M,N)

\L '_d;e4 (€)) \L
T.Emby(M,N) — T.Embz(M,N) — T.Emb’"(M,N) — T.Emb’(M,N) (133)
1" o 1" o 1" e 1

Map," (M, N) $ Map!*" PP (M,N) » Map/P" (M, N) » Map) P Fes

! (M, N).

Note that, without the leftmost column, this diagram also exists for topological bordisms.

A ‘' ‘9202 ‘VZVBESLT

wouy

dny) suonipuod pue swie 1 841 89S *[9202/70/62] U0 A%iq1TauluO 481 ‘B1Bojouyde 1 Ind Iisul eynss|ey Aq 1200, 0doyZTTT OT/I0p/oo A8 ARiq1eul

foum

B5US0 17 SUOLUWOD BARE1D 3|qeat|dde ayy Ag peusenob ae sajoite YO ‘&SN JO 3| 10y ARiq1T U1juQ 431 UO (SUORIPUCO-PLR



100 of 136 | KRANNICH and KUPERS

5.71 | Particle embedding calculus

The rightmost upper tower r.Z odu”(Ep .)in (132) (as well as the induced tower T, Embp (M,N)
on mapping spaces of mapping categorles featurmg in (133)) plays a special role in our theory, since
they are in a sense, the universal towers built from tangential structures for the E;-operad and
its truncations (see Example 4.21 for a precise statement). We refer to the towers r.Z od”n(E )
and T, Embp (M, N) as particle embedding calculus, since they are, roughly speaking, constructed
purely in terms of configuration space data and no longer involve the homotopy type of BO(d) or
BTop(d).

Remark 5.26 (Configuration categories). As mentioned in the introduction, particle embedding
calculus is likely to be closely related to Boavida de Brito-Weiss’ theory of configuration categories.
For example, the pullback square obtained by horizontally composing 2)-@) in (133) is very rem-
iniscent of pullback squares in their theory [14, Theorem 6.4]. The precise relationship between
particle embedding calculus and configuration categories is subject of future work.

5.7.2 | Other tangential structures

Instead of the identity tangential structures in the rightmost column of (132), we can consider any
tower 6, B — BAut(E, ) of tangential structures for E; as in Section 2.2 and form the tower
r Al od“n(E ..)- It fits into a diagram of pullbacks of towers

ncBord” °(d) — ncBord' °(d) — r/ﬂod‘,m(EdS:S.) — Cosp(S/z,)
r r
! i LT ! 134
ncord’(d) — ncBord'(d) —> rMlod."(EY ) —> Cosp(S pau,..))

whose rightmost square is an instance of the discussion in Example 4.21. To explain the left part
of this diagram, recall that a tangential structure for d-manifolds isamap v : X — BTop(d). Given
a d-manifold M, a v-structure on M is a lift of its tangent classifier along v. The bordism category
of manifolds with v-structure is the pullback (cf. [59, Definition 3.11])

ncord'(d)” : = ncBord*(d) Xcosp(s Too(@) Cosp(S x)-

The same discussion applies smoothly, where one starts with a map to BO(d). The bordism cate-
gories appearing in (134) are the special cases where v is the pullback of the map 8 : B — BAut(E,)
(the value of 8, at « = o0) along ¢ : BTop(d) - BAut(E;) (or o: BO(d) - BAut(E,;) in the
smooth case). The left two squares in (134) are induced by the universal property of the pullback,
and the fact that they are pullbacks follows by using that Cosp(cS’/_) : & -» CMon(Cat(¥at)))
preserves pullbacks.

Given a d-dimensional bordism M : P ~ Q, a choice of lift #;; : M — B of the composition
of the tangent bundle M — BTop(d) with ¢ : BTop(d) — BAut(E,) along 8 : B — BAut(E,), in
particular, induces similar lifts ¢p, ¢ involving the 1-stabilised tangent bundles of P and Q. In
particular, this lifts P, Q from nc%ord'(d) to objects (P,¢p) and (Q,7() in ncBord" e(d) and
M from ncBord'(d)p otoM,ty) € nc%Bord' (d)(P /),0.)- Given another bordism N : P w Q
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with a lift #y and an identification of the induced lift for P and Q with the lifts £ and ¢, induced
by £y, we consider the images E(py; /), Ext,c) Bty and Ey ¢, ) under

E: ncBord" (d)(P Q) ™ rdl od““(E (135)

d,<e )E(le ep)Eoxteg)

and write

0.
T. Emba ((Ma fM)’ (N’ I’ﬂN)) = Ma ap /”Odun(E (E(MfM)’ E(N,fN)) (136)

d<e )E(sz cp)yE@xteg)

for the tower of mapping spaces between these objects. If the tangential structures ¢, and ¢ are
clear from the context, we omit them in the notation. Note that the kth entry in (136) only depends
on the kth stage 0, : By — BAut(E, ;) of the tower of tangential structures.

Example 5.27. Here are some special cases of (136).

(i) The towers in the middle row of (133) correspond to the towers 0, : B, — BAut(E; ..) of
tangential structures given by BO(d) — BAut(E, .), BTop(d) — BAut(E, .), BAut(E;) —
BAut(E, ..), and BAut(E, .,) — BAut(E, ..), induced by o, t, and the truncation maps.

(ii) Any map 6: B — BAut(E, () for a fixed k can viewed as a tower B, — BAut(E, ,) of
tangential structures by B, = By for n < k and B, = By Xpauyz, ;) BAut(E, (,) otherwise.

(iii) Pre-composing®, : BO(d) — BAut(E,; .,) withamap B — BO(d) yields embedding calculus
with tangential structures common in the theory of smooth manifolds (the topological case
is similar) such as framings B =:x, orientations B = BSO(d) or spin structures B = BSpin(d).
Note that for framings fr: *— BAut(E, ..), we have E(f; < ~Eic.

Remark 5.28 (Layers with tangential structures). The layers in r./ od“n(E .) can be analysed
as follows: the bottom layer is given as r.# od“n(E a0 1) =~ Cosp(§,) by Theorem 4.19. Regard-
ing the higher layers, one notes that the functor from the kth stage to the (k — 1)st factors as a
composition

ralod™ES ) — ratod™ (B3

) rlod™ (ES ) — ratod™™ (B ),

d,<k d,<k—-1 d,.<k—1

where the second functor fits into a pullback with Cosp(&§p, ) — Cosp(S/p, ) by Theorem 4.20
and the first functor fits (on mapping categories) into a pullback with (0 < 2)* : &2l = 1 by
Theorem 4.22, involving the functor

A : r/%od““(E — skl 137)

Epxt.epyBoxig) d.<k )E(PXIfP)’E(QXIfQ)

Moreover, it follows from the naturality of the higher Morita layers in Section 4.6.3 with (135)
agrees with the forgetful functor ncBord'(d) (o followed by the functor ACP Byt VE described
geometrically in Proposition 5.15. In particular, combining this discussion with Corollary 5.18, we

obtain an equivalence
TyEmbS (M, £3), (N, £y)) = Map,* (M, N) (138)

and natural fibre sequences of the form
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OpCi(M) 1 aW T Emb% (M, £5,), (N, £)) PUQ Y B,
i A — fib, v oy N ¢
C(M) - [limsgng(N)L Tk_lEmbg“"((M, o), (N, €x)) M €_M> B

where the loop space is based at #;; and the horizontal maps in the leftmost lifting problem depend
on the point e we took fibres over.

In the example of particle embedding calculus from Section 5.7.1, the map B, — B,_; is given
by the map BAut(E; () — BAut(E, ¢_;) induced by truncation. The latter map can be analysed
using work of Goppl-Weiss [30] (see also [60, Section 2.2.5]).

5.8 | T,-self-maps are equivalences

As a sample application of the geometric-layer identification for embedding calculus from Sec-
tion 5.5, we show that the monoid TkEmbf3 (M, M) with respect to composition is grouplike for all
1 < k < oo under some assumptions on M. This is reminiscent of the fact that self-embeddings of
compact manifolds that fix the boundary are diffeomorphisms. We do this in the more general
context of embedding calculus with tangential structures (see Section 5.7.2), so fix a tangen-
tial structure 6 : B — BAut(E,; ;) and a O-structure 7, on M (i.e. a lift of the composition
M — BTop(d) — BAut(E; ).

Theorem 5.29. Fix 1 < k < o0, a d-dimensional bordism M : P « Q, a tangential structure
: B— BAut(Ed’<k) and a 6-structure ¢y, on M. If M is compact, connected, orientable, has non-
empty boundary, and 7;(M) is polycyclic-by-finite, then the monoid TkEmbg((M ) (M, Er))
is group-like.

The proof involves the following minor generalisation of [41, Proposition 1(a)].

Lemma 5.30. Let (X,0X) € S'! be an oriented finite Poincaré duality pair such that X is con-
nected, 0X # @, the group m,(X) is Hopfian and the group ring Z[m,(X)] Noetherian. Then, any
self-map (¢, p3): (X,0X) — (X,0X) is an equivalence if and only if the map ¢;: 60X — 0X is
an equivalence.

Proof. 1t suffices to prove that ¢ is an equivalence, assuming that ¢, is an equivalence. If ¢;
is an equivalence, then it has degree +1, so the same holds for (¢, ¢;), since dX # @ and X
is connected. This implies that ¢, : 7,(X) — 7;(X) is surjective by the argument in [7, Propo-
sition 1.2] (which goes through for pairs), so an isomorphism since 7;(X) was assumed to be
Hopfian. Writing A := Z[x,(X)], this implies H,. (X, 9*A) = H,(X; A) as A-modules. Moreover,
the map H,(p; A) : H (X, ¢*A) - H; (X; A) induced by ¢ is for all k split surjective by Poincaré
duality (see, e.g. [97, Lemma 2.2]). By finiteness of X, the A-module H; (X; A) is finitely gener-
ated, so as any surjection of finitely generated modules over Noetherian rings is an isomorphism,
we conclude that H,(p; A) is an isomorphism, so ¢ is an equivalence by the relative Hurewicz
theorem. O
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Remark 5.31. A class of groups 7 that satisfy the hypotheses of Lemma 5.30 (i.e. 7 is Hopfian and
Z[r] noetherian) are polycyclic-by-finite groups. Indeed, since these groups contain a polycyclic
subgroup 7’ of finite index, they are finitely generated and residually finite, and therefore Hopfian
(see, e.g. [73, p. 307, 310]). For the fact that the group ring Z[x] is Noetherian, see Theorem 1 (and
the subsequent discussion) in [33].

Proof of Theorem 529. We adopt notation from Sections 5.5 and 5.7. First, we show

that a self-map of A}CE(PXIfP)’E(QxI fp)(E(MfM)) € 8121 is an equivalence if the self-map of

¢ E 11 induced by composition is an equivalence. In view of Proposi-
E(PxI,fP)»E(QfoP)( (M’KM)) €S y p 9 p

tion 5.15 and the discussion in Remark 5.28, we have an equivalence in & (21

A o B Bt ) = (85gCrldM) = C(M) = [holimge, Fs(MDs, ).
The right-hand sequence was obtained from (6§QF,{(M )= Fr (M) - holimSgEFS(M )) by taking
2, -orbits, so it suffices to show that the self-map of the sequence before taking these orbits is
an equivalence if the self-maps of the outer two spaces are. In fact, we will show the stronger
statement that a self-map (¢, ;) of (F.(M), aﬁQFk(M )) is an equivalence if ¢, is one. The pair
(Fr(M), 6QQF,{(M )) is equivalent to the boundary inclusion of a compact manifold by the discus-
sion at the end of Remark 5.16, (ii) so in particular a finite Poincaré pair. For d > 3, we can then
deduce the claim as an application of Lemma 5.30 and Remark 5.31, since 7; (F,(M)) & 7r,(M)*
is polycyclic-by-finite if 7, (M) is. For d < 2, the manifold M is either an interval, a disc or an
annulus. In these cases, F; (M) is aspherical and has Hopfian fundamental group (by the same
reasoning as in Remark 5.31, using that it is a finite-index subgroup of a braid group, which is
finitely generated and residually finite (see, e.g. [73, p. 307]), so it suffices to show that 7,(¢) is
surjective. This holds by the first part of the proof of Lemma 5.30.

We now prove the claim by induction on k. For k = 1, the claim follows from (138) since any
self-map of M under M = P LI Q is an equivalence by the same argument as above. Assuming
the claim for k — 1, we consider the pullback square of monoids resulting from Theorem 4.22

T Bmb((M, €3), (M, €3)) —— Endgu (G (Egr,))
4 1

T Emb3((M, €3,), (M, €,)) — Endgim(QS Eare,)-

Epxr.epyExicp)

By induction, the lower left corner is group-like, which implies together with the first part of the
proof that the top horizontal map has image in the units. Since taking units preserves pullbacks,
it follows that the top left corner is group-like, which finishes the induction. O

5.9 | A delooping result for embedding calculus

In this subsection, we utilise our perspective on embedding calculus — as a special case of our
general calculus for right modules over an operad — to prove an example of a delooping result
in the context of embedding calculus. To state the precise result, fix 1 < k < oo and a tangential
structure 6 : B — BAut(E (). The standard framing on D9 inherited from the inclusion on R¢
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induces a fr-structure £ on D4 in the sense of Section 5.7.2 where fr: x— BO(d) is the tan-
gential structure encoding framings. A choice of basepoint & fib(8) induces a map of tangential
structures fr — 0*0 for E; ¢4, and thus in particular a 0*6-structure 7, on D?. The main purpose
of this subsection is to prove the following delooping result.

Theorem 5.32. For 1 < k < oo, a tangential structure 6 : B — BAut(E; (), and a basepoint *€
fib(B), there is an equivalence of E,-spaces

6
T EmbS ((D% ¢,), (D%, ¢,)) =~ Q*+Ifib(B — BAU(E, ),

where the E;-space structures are given by composition and the loop space structure, respectively.

Remark 5.33. As mentioned in the introduction, there are already many delooping results in the
context of embedding calculus in the literature. Theorem 5.32 is related to several of them.

(i) For the tangential structure 6 = (*— B), Theorem 5.32 recovers the codimension zero case of
[16, Equation (13)], and for 6 = (BO(d) — BAut(E})), it recovers [17, Equation (12)] and the
codimension zero case of [14, Equation (1.3)].

(ii) For the identity tangential structure 6 = (BAut(E; () — BAut(E, ¢;)), Theorem 5.32
becomes TkEmbs (D%, D) ~x, that is, the space of endomorphisms of D¢ in particle embed-
ding calculus is trivial. This should be compared to Boavida de Brito and Weiss’ Alexander
trick for configuration categories [14, Theorem 1.4].

Remark 5.34.

(i) Variants of the method of proof of Theorem 5.32 can be used to obtain many
other delooping results for embedding calculus, for example, deloopings of
T,Emb((M x D4, £),(M x D%, £))* in terms of E-algebra automorphisms of E ;g s, OF
delooping results in positive codimension.

(ii) The left side of Theorem 5.32 can be shown to carry an E,-algebra structure of geometric
origin corresponding to composition and stacking D¢ = [—1,1]¢ in the d directions (this fol-
lows, e.g. by implementing [59, Remark 3.1 (i)] and extending it to the level of towers). With
respect to this E; ,-structure, the equivalence in (5.32) ought to be one of E,;  ; -algebras.

We prove Theorem 5.32 below, after discussing two of its key ingredients.

59.1 | Delooping spaces of E;-module maps

One of the ingredients in the proof of Theorem 5.32 is a delooping result due to Lurie for the
space of maps of E;-modules over A from A to ¢*B where ¢ : A — B is any map of E;-algebras
in €. To state this result in a form suitable for our purposes, we write M* € AlgE (&) for the
units of an Ed algebra M € AlgE (&) in spaces, that is, the value at M of the right adjomt of the
inclusion Alg® d(oS’ ) C Algg (8) of the full subcategory of group-like E;-algebras [72, p. 898]. Com-
bined with the functor Mapcg(l -): AlgEd (®) - AlgEd (&) resulting from the lax monoidal lift
of the functor Mapg(1,—): ¥ — & (see Example 3.1), this allows one to define a group-like E;-
space Mapg (1, B)* € Algg (&), known as the unit space, for any E;-algebra B in any symmetric
monoidal category €. In these terms, the delooping result reads as follows.
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Theorem 5.35. For a presentable symmetric monoidal category € and a morphism ¢ : A — B
of E4-algebras in 6, there is an E4-algebra structure on MapModZa(g)(A, »*B) € S and a fibre
sequence

.QdMap Alge, @)(A,B) — MapModid(g)(A, ®*B)* — Mapg(1, B)*

of E4-algebras where the loop space is taken at ¢. This is natural in pre- and post-composition with
morphisms of E;-algebras in €. If € is unital, it, in particular, yields a natural equivalence of E ;-
algebras

Q4Map Alg;, (#)(A: B) = Mapyoqd ) (A, ©*B)*.

Proof. We write Z ; (p) € AlgEd(%) for the centraliser of ¢ in the sense of [72, 5.3.1.2, 5.3.1.12,
5.3.1.13], which exists if & is presentable monoidal by 5.3.1.15 loc.cit. This centraliser corepre-
sents the functor MapModid @(A®(-),¢"B): AlgEd (€)°P - & as a result of 5.3.1.30 loc.cit., so
for C = 1, one has an equivalence of spaces Map(1,Z E, (p)) ~ MapModid @) (A, 9*B) (cf. (3)on
p. 881 loc.cit.), which induces an E-algebra structure on the right-hand side as claimed. The fibre
sequence and its naturality then follow by setting A’ = 1 in 5.3.2.5 loc.cit., applying Q¢(—) to the
resulting pullback to get a pullback in Algy (S), using the second part in this result and 5.3.2.7
as well as 5.3.2.14 to identify one of the corners naturally with Map. (1, Z Ey (¢))* and another one
as being trivial. Finally, if € is unital, then Map(1, B) ~, so the fibre sequence reduces to an
equivalence. O

59.2 | The enveloping algebra for E ;-modules

Another ingredient in the proof of Theorem 5.32 is the equivalence of categories from Theorem 1.19
in the case O = E;. For this operad, the associative algebra Uy in rMod(E,;) = PSh(Env(Ey))
featuring in the statement, as well as the module My over it admits an explicit description:
as mentioned above, the standard framing ¢ of D lifts the nullbordism D9 : S¢~! » @ from
ZBord!(d) to Bord™(d), so by applying E, this lifts the pair (Egd-1y;, Epa) € LMod(rMod(Eé)) to
(Esi-1x1,2,)» Epa z,.)) € LMod(rtMod(E ).

Proposition 5.36. We have (UEd M Ed) ~ (E(Sd—lx 1.0 B Dd’fsl)) in LMod(rMod(E,)).

st)?

The proof of this proposition will be an application of the following general lemma.

Lemma 5.37. Fix a monoidal category € and two pairs (Ay, M,),(A;,M;) € LMod(%) of an
associative algebra and a left-module over it. Assume that the following two properties are satisfied:

(i) M, ~ M, as objects in € and
(ii) for every object C € € and i € {0, 1}, the following composition is an equivalence.

(—)®M; acto(—)
Map%(C,Ai) e Mapg(c ® Mi’Ai ® Ml) —_— Mapg)(c ® Mi’Mi)‘

Then, (Ay, M) and (A;, M) are equivalent in LMod(%).
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Proof. The proof involves the endomorphism category €[M] of an object M € € from
[72, 4.7.1]. This is a monoidal category with objects given as pairs (X,n) of X €@
and a morphism 7: X®M — M, morphisms spaces Mapg(y((X,7),(Y,9)) given
by the pullback of the forgetful map Mapg/M(n, ) > Map,(X @ M,Y ® M) along
(-)®M: Map,(X,Y) > Map(X ® M,Y ® M) and monoidal structure on objects given
by (X,7)® (Y,p) (X ® Y,no(idy ® ¢)) (see 4.7.1.1. loc.cit. and the preceding discussion, as
well as 4.7.1.30). This category can be used to prove the claim.

Since M, ~ M, we may assume M, = M, =: M. The pairs (4, M), (A;, M) define objectsin the
fibre fib,;(LMod(®€) — €). The latter features by 4.7.1.34 and 4.7.1.35 loc.cit. in an equivalence
fiby,(LMod(%) — ¥) ~ Ass(¥[M]) whose composition with the forgetful map Ass(¢[M]) —
% [M] sends an algebra A € Ass(A) with an action on M to the pair (4,act: A ® M — M). It thus
suffices to show that (4;,act: A; ® M — M) fori = 0,1 are equivalent in Ass(&[M]). This would
follow by showing that both are final objects in Ass(€[M]), which we may test in €[M] since the
forgetful functor detects limits (see 3.2.2.5 loc.cit.). Using the above description of the mapping
spaces, one sees that the second condition in the statement implies that (A;, M) is terminal in
€[M] fori € {0, 1}, so the claim follows. O

Proof of Proposition 5.36. Recall from the proof of Theorem 119 that (Ug,Mg,) is
induced via the coherent nerve from an object (UEd, Mg,) in the simplicial category
LMod(PSh(Env(E)) of strict left-modules: we have Ug (—) = Emb™((-) u (-1,1)%,(-1,1)¢) and
Mg, (=) = Emb™(—, (=1, 1)) as simplicial presheaves on Env(E4), with the algebra and module
structure induced by composition.

With this in mind, we apply Lemma 5.37 in the case ¥ = rMod(E,) to the two pairs in the
claim. The first condition is satisfied since the inclusion Emb™°(—, (=1, 1)%) c Emb'" (-, (=1, 1)%)
is an equivalence, so M, ~ Epa in rMod(E,). Since any presheaf is a colimit of representables,
it suffices to verify the second condition for C = Erypa =~ Epy 1 1) for finite sets T. Spelling
out the condition and using the Yoneda lemma, it follows immediately for (Ug d,M 5 d) and for
(E(si-1x1 ¢,y Epa ¢,) by using that Emb™(T x D¢,$4=1 xI) is equivalent to the fibre of the
restriction Emb'" (T x D L D?, D9) — Emb " (D4, D) ~, by isotopy extension. O

5.9.3 | The proof of Theorem 5.32

We now turn to the proof of Theorem 5.32, beginning with a preparatory lemma on the sequence of
operads ® — Env(0) — rMod(0) given by the unit of the adjunction from Section 1.4.2, followed
by the symmetric monoidal Yoneda embedding.

Lemma 5.38. Let O be an operad.

(i) The map of operads O — rMod(0) is faithful, that is, the map Map,,(%,0) —
Map;,(%,rMod(0)) induced by post-composition is an inclusion of path components for
all% € Op.

(i) If O is k-truncated, then the map of operads © — rMod(0) factors uniquely over the faithful
map of operads rMod, (©) — rMod(0) given by right Kan extension.

Proof. The map Map@p(%, 0) - Map@p(% ,™od(0)) in the first part is obtained from the func-
tor Fun(%®, 6®) — Fun(%#®,rMod(0)®) by passing to certain full subcategories in source and
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target — namely those over Fin, that preserve cocartesian lifts of inert morphisms — followed
by applying cores, so the first claim follows from the fact that it suffices to prove that the func-
tor O® — rMod(0)® in ¥at is fully faithful. The latter follows from the Yoneda lemma and the
description of the mapping spaces in source and target resulting from (13), (14).

From the construction of the symmetric monoidal structure of rMod,”(0) in Proposition 4.2,
(ii) resulting from Lemma 3.3, we see that in order to show the second part, it suffices to show that
for ¢ € 07!, the image Mapg,(p)(—, ¢) € rtMod(0) under 6 — rMod(0) is right Kan extended
from rMod, (0), that is, that the unit Mapg,(s)(—, ¢) = t.0*Mapg,,s)(—, ¢) is an equivalence in
rMod(0). This follows from (19) and Lemma 4.11. O

As a next step in the proof of Theorem 5.32, we consider the following sequence of spaces:

fib, (B — BAut(Ed,gk)) = Map@pgcv:rcd(Ed,sk,(Ed,gk)e) <—]

[‘> MaP@p““(Ed,sk’(Ed,sk)e) Map@p“"(Ed’(Ed,sk)e) f] (139)

Alg, (tMod (Eq <)))™.

R

[—> Map,, (Eg, tMod; ((Eg<)?))

The top equivalence is the equivalence of categories (44) on mapping spaces from E; ¢ to (E,, <k)9
using that Map A < ( *,B) ~ fib(B — BAut(E; ¢,)), the middle equivalence holds because
truncation of unital operads is a localisation (see Section 1.4.4) and (E; <k) is k-truncated by
Lemma 2.9, and the bottom equivalence holds by definition (see Section 1.8.1). The first arrow is
induced by the subcategory inclusion Op8“=red C Op"", so it is an inclusion of components. The
second arrow is induced by post-composition with the map of operads considered in Lemma 5.38
for 0 = (E;;)°, and this lemma also shows that it is an inclusion of components. Note that
the composition (139) sends a basepoint x€ fib(B — BAut(E, ¢;)), viewed as a commutative
diagram

¥ ———5 B
N K (140)
BAut(Ed,Sk) ,
to the composition of operads
¥ 6 Y 6
Eq—Egq — E; CEnv(E, ) < rMod(E, _,) (141)

whose first map is given by truncation, second map by the change of tangential structure (140)
and final map by the symmetric monoidal Yoneda embedding. Since the target of this compo-
sition is a presentable symmetric monoidal category, this composition extends first to Env(E,)
and then along the Yoneda embedding to rMod(E,;) by taking colimit-preserving extension. By
the uniqueness of colimit preserving extensions, the resulting functor rMod(E,;) — rMod(Eg, sk)
agrees with the one given by truncation followed by the change of tangential structures (140) via
left Kan extension.
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Next, we consider a sequence of equivalences of E; -algebras in spaces

Qd+1fib (B - BAut(ECKk)) ~ QdAutAlgEd (rMOdk((Ed,<k)9 ))(A*)

(142)

~ Aut

Modi‘i (rModk((Ed’gk)e))(A*) = AutLModw (tMod; ((Eq,<k)?)) ( |E(Ddfst) |4, )

(S9-1x1, ) 1A

The first equivalence is one of E,,-algebras and results from applying Q4*!(~) to (139), based
at € fib(B — BAut(E; ¢4 )); the E -algebra A, is defined as the image of this basepoint, that
is, as the composition (141). The second one follows from the fibre sequence in Theorem 5.35
for ¢ =id, , using that rModk((Ed,sk)e ) is presentable monoidal by an instance of Lemma 3.3,
(iii) and the unitality of the operad Ei < 1t is an equivalence of E;-algebras with respect
to the E;-structure by composition on the target and the one induced from the loop space
structure on the source; this follows from the naturality part of Theorem 5.35. The final equiva-
lence follows from specialising Theorem 1.19 to ® = E;, combined with Proposition 5.36. Since
we argued above that the colimit-preserving extension | — |, : rMod(E;) — rMod(E® o <k) is
induced by truncation and the change of tangentlal structure (140) the algebra and left mod-
ule (lE(Sd—lxI,fst)l A, |E(Ddfsl)| a,)in rModk((Ed’Sk) ) are obtained from the k-truncation of the
algebra and left module (E(ga-1; ¢, E(pa s,)) in tMod(E;) by the change of tangential struc-

ture (140), so the final space in (142) agrees with TkEmbg((Dd,f*), (D4, ¢,))%. The latter is
grouplike by Theorem 5.29, so we may leave out the (—)*-superscript and thus conclude the
claim.

5.9.4 | Delooping the @isc-structure space of a disc

Theorem 5.32 implies the following delooping result for the Zisc-structure space (see Section 5.6.1
for a recollection).

Corollary 5.39. Ford > 0, is an equivalence S? sel(pd)~Qd+ Aut(E,)/Top(d).
Proof. This follows from the chain of equivalences
S75 (DY) = tiby ,(Bord"™(d)gi-1 — rllod(E)g,, )
= fib(| |,,; BHomeogz(M) — BT, Emb}(D9, D9)*)
~ T, Emb), (D¢, DY) ~ Q41 Aut(E,)/Top(d),

where [M] runs over compact topological d-manifolds M with an identification dM = S¢-! such
that Ey; ~ Epa in r.#0d(E" )E _, up to homeomorphism fixed on the boundary. As E); ~ Epa
implies that M is contractlble (apply the functor r.Z od(E‘ g o = (§/BT0p(d)) /sd-1 to see this),
there is, in fact, a unique such class by the topological Pomcare conjecture, namely that of D9.
Since BHomeo,(D?) is contractible by the Alexander trick, this implies the penultimate equiva-
lence in the above chain. The final equivalence is the case 8 = (BTop(d) — BAut(E,)) and k = oo
of Theorem 5.32, together with the fact that T, Embj(D9, D%) is grouplike by Theorem 5.29. []
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Remark 5.40. Recall from Corollary 5.24 that S? iseopdy o Sa9 se!(pdy as long as d # 4, so
Corollary 5.39 also implies that there is an equivalence

S?isc,o(Dd) ~ QdHAut(Ed)/TOp(d) ford # 4. (143)

Up to passing to certain components in the source and target, the equivalence (143) was already
known from Boavida de Brito and Weiss’ work [14] (see [59, Theorem 8.1] for an explanation of
how to deduce it from their work). Our proof of it here is independent of their work, and comes
with the further advantages that it does not require any restriction on components, and that it
admits a version that is also valid in dimension d = 4, namely Corollary 5.39.

510 | Embedding calculus in positive codimension

So far, we only considered embedding calculus for manifolds of a fixed dimension d, for reasons
we explained in the introduction. However, for the sake of completeness, we briefly explain how
embedding calculus for spaces of embeddings between manifolds of potentially different dimen-
sions can be incorporated into our set-up. This not meant as a comprehensive discussion: we leave
a full development of the theory in positive codimension to future work.

Fixingc € {o, t}, the first observation is that there is an operad E© € Op"" that contains the oper-
ads E(ci for all d as full suboperads (in the sense of [59, 2.7.1]), but also involves embeddings between
Euclidean spaces of different dimension: it is the operadic nerve of the ordinary coloured simpli-
cial operad with colours the non-negative integers and spaces of multi-operations from (d, ),c¢ for
S € Finand d > 0 to d > 0 given by the space Emb®(Li,cgR%, R%) of smooth (if ¢ = 0) or locally
flat topological (if c = t) embeddings. Note that the operad E° is unital, but not groupoid-coloured.

The second observation is that all constructions from [59, 3] and their extensions to topological
manifolds from Section 5.3.1 go through almost verbatim for manifolds that do not have a fixed
dimension (disjoint unions of d-manifolds for potentially different values of d). We denote the
resulting objects by dropping the reference to the dimension d in the notation. In particular, there
is

* asymmetric monoidal category .#an® of manifolds without boundary and without fixed dimen-
sion (smooth or topological, depending on c), and spaces of locally flat embeddings between
them. Its underlying operad contains E° as the full suboperad,

+ the full subcategory Pisc® C .#an® on manifolds of the form Li,.gR% for S € Fin and d, > 0,
which is equivalent to the symmetric monoidal envelope Env(E®) of E€,

* a bordism category nc%ord® € CMon(Cat(%at)) of manifolds without fixed dimension,
containing nc&ord®(d) for all d > 0 as levelwise full subcategories,

* afunctor E : ncBord® — r.#od""(E®) of symmetric monoidal double co-categories.

Applying the theory from Section 4 to the unital operad E€, in particular, upgrades
r#od"(EC) = r#lod)(EC) to a tower E: ncHBord® — r.s#od"(E®) of symmetric monoidal
double categories under nc%ord®. This extends the tower E : ncBord*(d) —» r.# od‘.m(Eg) for
fixed d > 0 we considered in Section 5.3 in that it factors as the following composition in
CMon(Cat(%at)) :

ncBord‘(d) C neBord® — r.llod ™ (E) — r.ilod"(EY),
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where the final map is induced by restriction along the inclusion of operads ¢ : E; C E which
induces a lax symmetric monoidal functor rMod(E¢) — rMod(Eg) by (50) that turns out to be
strong monoidal (e.g. by the formula for Day convolution from Lemma 4.1), and extends to the
level of towers by an argument similar to the proof of Theorem 4.3.

Recall from Section 5.3.2 that the embedding calculus tower Embg (M,N) - T,Embf3 (M,N) to
the space of embeddings between two d-dimensional bordisms M, N : P ~ Q was obtained from
the tower E : nc%Bord“(d) — r i od‘_‘n(Efi) by taking mapping spaces in mapping categories. For
embedding calculus for embeddings of arbitrary codimension, we can use relative mapping spaces
in the sense of Section 1.1.1: given an m-dimensional bordism M : P w Q and an n-dimensional
bordism N : R ~ S, both viewed as objects in the category of morphisms of nc%ord®, and embed-
dingsep : P < Rande, : Q < S,seen as maps in the category of objects of nc#ord", the mapping
space between M and N relative to ep and e, in the sense of Section 1.1.1 recovers the space
Emb;(M, N) of locally flat embeddings M < N that extend ep U e(:

Map,.gorac (M, N; ep, eg) =~ EmbS(M, N).
The embedding calculus tower
Emb§(M,N) — T.Emb5(M, N) (144)
can then be obtained as the tower on relative mapping spaces induced by the composition
ncBord’ — r.lod () - ralod" (EE,). (145)

Remark 5.41. Some comments on this definition are as follows.

(i) The reader might wonder why relative mapping spaces made no appearance in our discus-
sion of embedding calculus in codimension 0. The conceptual reason is that nc%ord®(d)
in contrast to ncBord® satisfies the condition of Remark 1.1: given d-dimensional bor-
disms N: R -~ S, viewed as an object in the category of morphisms nc%ord(d)[;;, and
embeddings ep : P < R and e, : Q < S, viewed as morphisms in the category of objects
nc%ordc(d)[o], a cartesian lift of (ep,ey) with target N along (s,f): nc%’ordc(d)m -
ncBord (d)jo; X ncBord‘(d)g) is given by the inclusion N’ C N of N’ :=int(N) U e(P) U
e(Q). This also gives a conceptual reason for the ‘trick’ in Remark 5.5 to deal with embed-
ding spaces of triads: in the notation of this remark, N’ results from N as the cartesian lift of
(eao, idg).

(ii) In the definition of (144) as being induced by (145), we could have omitted the final func-
tor restriction functor to r.Zod;"(E¢ ) and obtained the same result. Using Remark 1.1 and
Remark 1.15 to rewrite relative mapping spaces as absolute ones, this follows by showing that
for 1 < k € o, the map

Map,. s04,(E0);, 5, Ey, X) — Map,. yod,(5)ep.5, (Ep, X)

induced by the second functor in (145) is an equivalence for all m-dimensional bordisms
M:PwQ,and X € rModk(EC)EP’EQ. To do so, firstly, we use that both sides satisfy descent
with respect to complete Weiss k-covers of M (by an argument as in Lemma 5.9) and, sec-
ondly, that the map is an equivalence for M = [0,1) X PUS X R LI (—1,0] X Q with |S| < k
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by the Yoneda lemma, using that E), is in this case the free (Epy;, Egy) on the representable
presheaf Eq, gm, both in rModk(Ec)EP,EQ and in rModk(E"’)EP’EQ (by an argument as in the
proof of Lemma 4.25). Restricting to r.Zod " (E¢, ) to define (144) has the advantage that we
can make use of the results on r.#od " (E,) from the previous subsections, for example, the
geometric identification of the layers from Section 5.5.3. Not restricting to r.#od"(E®), on
the other hand, equips (144) with better naturality properties, for example, with respect to
pre-composition with positive codimension embeddings.

(iii) A more direct way to construct (144) that does not involve the operad E° is to apply manifold
calculus as in Section 5.3.3 to the presheaf Emb,(—, N) € PSh(nc%ord(m)p ). To see that
the resulting tower agrees with (144), one notes that the kth stage of (144) is an equivalence
for M =[0,1) x PuS X R™ U (—1,0] x Q with |S| < k and that the target satisfies descent
with respect to complete Weiss k-covers of M (see Item (ii) of this remark). This, in particu-
lar, shows that (144) agrees with the previously considered models for embedding calculus,
for example, with the original one from [98]. The advantage of (144) is that it extends (by
construction) to the level of bordism categories, endowing it with more naturality properties
(e.g. with respect to pre- and post-compositions or gluings along parts of the boundary).

Remark 5.42 (Embeddings of positive codimension triads). Given manifolds M and N (possibly
non-compact and of potentially different dimension), a codimension 0-submanifold ,M C oM
and an embeddinge, : 6)M < ON,we can proceed as in Remark 5.5 by replacing M up to isotopy
equivalence relative to int(8,M) with M’ := (int(M) U int(8,M)) : int(8,M) -~ & and consider

Embgo(M, N) ~ Emb{(M’,N) — T.Emb(M',N) := T.Embgo(M, N)

to obtain an embedding calculus tower for the space of embeddings M & N extending e; .

5.10.1 | The bottom layer

Recall from Section 5.3.2 the equivalence r.Zod}"(Ey,) ~ Cosp(S px(,)) for K(m)e
{O(m), Top(m)} depending on ¢ € {o,t} and the description of nc&ord‘(m) — Cosp(S gk (m))
from Proposition 5.10. To generalise this to describe the effect of the bottom layer

ncRBord” — rlod|"(E},) = Cosp($ /pg(m)) (146)
of (145), we denote by O(n; m) < O(n) and Top(n; m) < Top(n) for m < n the topological sub-
groups of those orthogonal transformations or homeomorphisms of R" that preserve the subspace

R™ = R™ x {0}"™™ Cc R" setwise, and by O(n,m) < O(n;m) and Top(n,m) < Top(n;m) the
smaller subgroups where R is pointwise fixed. These subgroups are related by fibre sequences

O(n,m) —» O(n;m) - O(m) and Top(n,m)— Top(n;m) - Top(m), (147)
induced by restriction, and by maps induced by taking products and composition

o(m) x O(n — m) —— O(m) x O(n, m) ——> O(n;m)

Top(m) X Top(n — m) —> Top(m) x Top(n,m) — Top(n; m). (148)
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All maps labelled with a ~-sign are easily seen to be equivalences (isomorphisms of topological
groups, in fact), but the unlabelled arrow is not an equivalence in general (e.g. for m = 20 and
n = 29, it is not; see [76, Example 2]).

Lemma 5.43. Fixn,m > 0.

(i) On categories of objects, the functor (146) sends an (n — 1)-manifold P to

(P Xgrop(n) BTOP(n; m) — BTop(m)) € S /prop(m)

if m < n (involving the once stabilised tangent bundle), and to @ — BTop(m) otherwise.
(ii) On categories of morphisms, (146) sends an m-dimensional bordism N : R ~ S to the cospan

(P XBTop(n) BTop(n;m)) — (N XBTop(n) BTop(n;m)) < (Q XBTop(n) BTop(n; m))

in S grop(m) if M < n, and to the cospan @ — @ < @ otherwise.
(iii) On relative mapping spaces, the functor (146) is induced by taking topological derivatives.

Replacing Top by O and t by o, the same statement holds in the smooth case.

Proof. We prove the second part in the case where ¢ =t and P = Q = @; all other state-
ments follow analogously, similarly to the proof of Proposition 5.10. By construction, the value
of (146) at N is given by Emb’(R™, N)/Top(m) — BTop(m). If dim(N) = n > m, then this is
@ — BTop(m) since Emb’(R™, N) = @. In the other case n < m, we consider the commutative
diagram

Emb'(R™, N)/Top(m) <— Emb'(R",N)/Top(n;m) —> Emb'(R",N)/Top(n) ~ M
+ + +
BTop(m) < BTop(n; m) > BTop(n),

where the horizontal arrows are given restriction, the vertical arrows are the evident ones and the
top-right equivalence holds by the argument in the proof of Proposition 5.10. The leftmost vertical
map is the one we like to identify. Since the right square is a pullback, it suffices to show that the
top-left horizontal map is an equivalence. Using isotopy extension, it suffices to show this for N =
R". Since the inclusion Emb’(R"”, R") C Top(n) is an equivalence by the Kister-Mazur theorem
(see the proof of Proposition 5.10) and restriction induces an equivalence Top(n)/Top(n, m) —
Emb’(R™, R") (see below), we conclude the claimed equivalence

Emb!(R™, R")/Top(m) = (Top(n)/Top(n, m))/Top(m)

~ Top(n)/(Top(m) X Top(n, m)) ~ Top(n)/Top(n; m).

To justify that restriction induces an equivalence Top(n)/Top(n, m) ~ Emb’(R™, R"), we add
subscripts (—), to denote the subspaces of homeomorphisms or embeddings that fix the origin
and superscripts (—)© the spaces of germs of homeomorphisms or embeddings near the origin,
so that the inclusion and taking germs yields vertical maps in the commutative diagram
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Top(n,m) ——» Top(h) ———» Embt(Rm,R")

™~ ™ M
Top,(n, m) ——— Top,(n) ——> Embf)(R’”,R”)
N v N

Top,(n,m)® — Top,(n)® — Emby(R™, R")©.

The claim follows by arguing that all vertical maps are equivalences, the bottom-right horizontal
arrow is a surjective Kan fibration and the bottom-left horizontal map is the inclusion of a fibre.
The top vertical maps admit homotopy inverses given by composition with the appropriate trans-
lations. The left and middle bottom vertical maps are equivalences by the argument in the proof
of [55, Theorem 1], and the right bottom vertical map is an equivalence by restricting the domain
to a small neighbourhood of the origin. The bottom-right horizontal map is a Kan fibration by
isotopy extension [20] whose fibre over the inclusion is the bottom-left horizontal map. For the
surjectivity, choose a chart around the origin that witnesses a given embedding is locally flat. []

5.10.2 | The higher layers

By construction, the tower T,Embg(M m N™) is induced by the tower r.Z Od-(Efn)prz,Eer on
mapping spaces from E), to a bimodule (“Ey, € r.#od,(E,) Epsr Eoxt whose underling right mod-
ule is given by Emb(—, N) € rMod(E;,) ~ PSh(QZiSCfn). The discussion of the higher layers in
rdl Od-(Efn)EpX],onl from Section 5.5 thus applies to this tower. In particular, an application of
Corollary 5.18, (ii) to X = (*E) shows that the description of the higher layers in the codimension

zero case from part (i) of this corollary is also valid in positive codimension.

6 | CONVERGENCE RESULTS FOR EMBEDDING CALCULUS

When considering embedding calculus for topological embeddings — as done in Section 5— one
is led to ask whether there is a convergence result analogous to that by Goodwillie, Klein and
Weiss for smooth embeddings (see Section 6.1 below for a recollection). As part of this section, we
show that this is the case, as long as the manifold one embeds into is smoothable and of dimen-
sion > 5. The strategy is to deduce topological convergence from smooth convergence via classical
smoothing theory and our smoothing theory for embedding calculus from Section 5.6. For this
argument, it is convenient to first prove a strengthening of the existing smooth convergence result;
this should be of independent interest. As an additional application of the latter, we extend work of
Galatius-Randal-Williams [24] on homeomorphisms of contractible manifolds and embeddings
of one-sided h-cobordisms from dimensions d > 6 to dimension d = 5 (see Section 6.3).

The plan for this section is to state the convergence results in Section 6.1, prove them in
Section 6.2 and conclude with the extension of Galatius-Randal-Williams’ work in Section 6.3.

6.1 | Statements of convergence results

The convergence results are stated in the following setting: we fix a quadruple (M, J,M, N, e; )
consisting of
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* acompact topological m-manifold M,

* acompact codimension 0 submanifold )M C oM,

* a potentially non-compact topological n-manifold N with n > m and
* alocally flat embedding e; : dpM < ON,

and consider the embedding calculus approximation (see Remark 5.42).
Embg0 (M,N) — T, Embg0 (M,N)

to the space of locally flat topological embeddings e : M < N with e|; ), = e3 and e 1(6N) =
0yM (the latter condition can be dropped without affecting the homotopy type of the space
of embeddings). If the quadruple (M, Jd,M, N, eao) is smooth; that is, if M and N are smooth,
dyM C M is a smooth submanifold, and e; asmooth embedding, we also consider the embedding
calculus approximation

Embg, (M, N) —> T EmbS (M,N) (149)

to the space of smooth embeddings with the same properties as before. By Goodwillie, Klein and
Weiss’ convergence result, the smooth version (149) is known to be an equivalence when the rela-
tive handle dimension of ,M C M is at most n — 3, that is, when M can be built from a collar on
d,M by attaching handles of index < n — 3 (for a reference, combine [29, 5.1] with [27, Theorem
B] and use Remarks 5.42 and 5.41, (iii)). Our strengthening and extensions of this result are easiest
stated in codimension 0, that is, when m = n, so we focus on this case first.

6.1.1 | Convergence in codimension 0

In the codimension 0 case m = n, the condition in Goodwillie, Klein and Weiss’ convergence
result (that the relative handle dimension of d,M C M is at most n — 3) says equivalently that M
can be built from a collar on 6, M := dM\int(d,M) by attaching (> 3)-handles. We will weaken
this condition to only assuming that 0,M C M is a tangential 2-type equivalence, meaning that
the map fib(6; M — BO) — fib(M — BO) between the fibres of the classifiers of the stable tan-
gent bundles is an equivalence on fundamental groupoids (this is equivalent to the definition of
tangential 2-type equivalence used in [59, 5.1.1]). For instance, if M is spin, this is equivalent to
0;M C M being an equivalence on fundamental groupoids (see Remark 6.2, (i) below). In these
terms, our improved convergence result in codimension 0 reads as follows.

Theorem 6.1 (Smooth convergence in codimension 0). Fix a smooth quadruple (M, d,M, N, eao)
withm =n > 5. If 0,M C M is a tangential 2-type equivalence, the map

Embj (M,N) — T Embj (M,N)
0 0
is an equivalence.

Remark 6.2. Some remarks on the statement of Theorem 6.1 are as follows.
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(i) Since (w;,w,): BO — K(Z/2,1) X K(Z/2,2) is an equivalence on 2-truncations, the condi-
tion that ;M C M is an equivalence on tangential 2-types is equivalent to:
(a) 9;M C M is an equivalence on fundamental groupoids and
(b) atall basepoints, w, : m,(M) — Z/2is trivial if and only if w, : 7,(0;M) — Z/2 is.
Note that the second condition can be rephrased in terms of the components of universal
covers of ;M and M being spin or not.

(i) For n < 2, the map (149) is an equivalence without assumptions on d;M C M by [58].

(iii) If the inclusion 6,M C M has relative handle dimension < d — 3, the convergence result of
Goodwillie, Klein and Weiss not only shows that (149) an equivalence, but also that the
connectivity of the maps TkEmbgo(M ,N) — Tk_lEmbgo(M ,N) in the tower whose limit
is EmbgO (M,N) ~ TooEmbgO(M ,N) increases in k, so, in particular, for i > 1, the tower of
homotopy groups {ni(TkEmbgo (M,N),0}»; based at a fixed embedding ¢ € Emba0 (M,N)
is eventually constant and thus Mittag-Leffler (equivalently, the Bousfield-Kan spectral
sequence based at ¢ Mittag-Leffler converges; see [6, IX.5.6]). In the more general situation
of Theorem 6.1 and the generalisations to positive codimension and topological embed-
dings below, the connectivity of the maps between the finite stages need not increase, but
the tower {ni(TkEmbgO (M, N), 1)}, is still Mittag-Leffler for i > 1. In fact, this is the case
whenever the map (149) is an equivalence, by the following argument: ”1—1(Embgo (M,N),1)
is countable for i > 1 as (e.g. as a result of [59, Lemma 8.7], using that embedding spaces
are second countable locally weakly contractible when equipped with the smooth Whit-
ney topology, because they are open subsets in the space of all smooth maps and the latter
has these properties), so by [6, 9.3.1], the lim'-term lim, ﬂi(TkEmbgo (M, N), 1) is countable.
Since 7;(T' kEmbg0 (M, N),t) is countable for all k > 1 (do an induction over k and use the
description of the layers of the tower), this implies that the tower {ni(TkEmbgO (M,N), )}>1
is Mittag-Leffler by [75, Theorem 2].

Combining Theorem 6.1 with smoothing theory for embedding calculus, we will prove a similar
result in the topological setting. Note that in view of Remark 6.2, (i) the condition that 6,M C M

is a tangential 2-type equivalence makes sense without smooth structures.

Theorem 6.3 (Topological convergence in codimension 0). For a quadruple (M,8,M, N, e; ) with
m = n 2 5, the target N being smoothable and 6,M C M a tangential 2-type equivalence, the map

Embf90 (M,N) — T, Embf90 (M, N)
is an equivalence. Moreover, for n = 5, the smoothability condition on N can be weakened to only
assuming that the topological tangent bundle N — BTop(5) lifts along BO(5) — BTop(5).
6.1.2 | Smooth convergence in positive codimension

We continue by stating the generalisation of Theorem 6.1 to positive codimension. Note that
for a smooth quadruple (M, d,M, N, eao), the normal bundle of an embedding e € Embgo (M,N)

depends only on the image of e in T, Embg0 (M, N), since it can be recovered as the image under
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the composition
T Embg (M, N) — T,Embg (M, N) = Map}," " (M, N Xy(,) BO(n; m)) — Map(M, BO(n — m)).

Here, we used Lemma 5.43 and the equivalence BO(n; m) ~ BO(m) X BO(n — m). As a result, the
map Ernbg0 (M,N) > T, Embg0 (M, N) decomposes as a disjoint union

Lig) Embg (M, N)jg) — gy TooEmbg (M, N

indexed over isomorphism classes [£] € [M, BO(n — m)] of (n — m)-dimensional vector bundles
over M; here the [£]-subscripts indicate the collection of components with normal bundle iso-
morphic to . We write D(§) and S(€) for the closed disc and sphere bundle of a vector bundle

.

Theorem 6.4 (Smooth convergence). Fix a smooth quadruple (M,d,M,N, eao) and (€] €
[M,BO(n —m)]. If n > 5 and D(5)|51M U S(&) c D(&) is a tangential 2-type equivalence, then the
map

is an equivalence.

Remark 6.5. Some remarks on the statement of Theorem 6.4 are as follows.

(i) The tangential 2-type condition is equivalent to the following two conditions:
(a) the map oM US(E)IaIM S(€) — M is an equivalence on fundamental groupoids and
(b) at all basepoints, the map w,(M) + w,(§) : 7,(M) — Z/2 is trivial if and only if its pre-

composition with the map 7,(6; M Ug(s), - S(&)) - m,y(M) is trivial.

Indeed, note that the projection induces an equivalence of pairs (D(§), D(§)| oMY S(&)) ~
(M,0;M Ug(s, sy S(€)), and that T(D(£)) is the pullback of TM @ & along the projection,
s0 w,(TM & &) = w,(M) + w,(§) + w;(M)w, (). On the Hurewicz image, the cup product
w; (M)w, (§) vanishes and thus w,(D(§)) : m,(D(§)) = m,(M) — Z/2 agrees with w,(M) +
w,(&): m,(M) — Z/2, so the claimed characterisation follows from Remark 6.2, (i). This, in
particular, implies that the condition only depends on the underlying spherical fibration of £.

(ii) The statement of Theorem 6.4 includes Goodwillie, Klein and Weiss’ convergence result in
codimension n — m > 3, since in this case, the condition in Theorem 6.4 is always satisfied:
this follows from the characterisation in (i) and the fact that the map d; M Ugy), oM S(¢) -
9;M U )y M ~ M is 2-connected, because it is part of a map of pushout squares whose other
maps are id: ;M — 0, M, S(§)l5,, — 6:M and S(§) - M which are all 2-connected (the
latter two because the fibres are spheres of dimension > 2). In general, the bottom right map
in a map between pushout squares is n-connected if this holds for the other three maps (one
way to see this is to use the groupoid version of the Seifert-van Kampen theorem together
with the Mayer—Vietoris sequence with local coefficients).

In some cases, the tangential 2-type condition on in Theorem 6.4 can be further simplified.
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Lemma 6.6. In the situation of Theorem 6.4, if the codimension isn — m = 2, M is 1-connected and
0oM = oM, then D(§)|5 5 U S(§) = S(§) € D(§) is a tangential 2-type equivalence if and only if

(i) the Euler class e(§) € H>(M; Z) is indivisible and
(ii) the second Stiefel-Whitney class w,(M) € H?(M;Z/2) is non-trivial.

Proof. We use the characterisation of the tangential 2-type condition from Remark 6.5, (i). Firstly
we show that condition (a) is under the stated assumptions equivalent to the indivisibility of e(§) €
H2(M;Z). The long exact sequence of S(¢§) — M shows that S(§) is 1-connected if and only if
the boundary morphism 7,(M) — 7,(S') = Z is surjective. The latter agrees with the Hurewicz
isomorphism 7,(M) = H,(M) followed by evaluation of e(£), so is surjective if and only if e(§)
is indivisible. This leaves us with showing that if (a) holds, then (b) is equivalent to w,(M) # 0.
Since M and S(§) are both 1-connected, (b) is equivalent to the statement

(W, (M) = w,(§) € HA(M;Z/2)) & (7" (w,(M)) = m*(w,(£)) € HA(S(£); Z/2)), (150)

where 7 : S(§) » M is the projection. Using that e(¢) and w,(§) agree modulo 2, the Z/2-Gysin
sequence shows that the right-hand side holds if and only if w,(M) € H2(M;Z/2) is a multiple of
w,(&). As w,(&) is non-trivial because of (2) and e(§) = w,(§) modulo 2, this implies that (150) is
equivalent to the non-triviality of w,(M), as claimed. O

Example 6.7. For an explicit example of convergence not captured by previous results, note
that Lemma 6.6 applies to the normal bundle of the inclusion CP?" ¢ CP?"*1, so Theorem 6.4
shows that embedding calculus converges for the components of the space of embeddings
Emb®(CP?*,CP?"*!) whose underlying immersion is regularly homotopic to the inclusion
CPZn C CP2"+1.

6.1.3 | Topological convergence in positive codimension

We now turn to the analogue of Theorem 6.4 in the topological category. Since not all topologi-
cal embeddings admit normal bundles, there is no analogue of the map BO(n; m) — BO(n — m)
in the topological case, but we can use instead that there is a map BTop(n;m) - BG(n —m) :=
BhAut(S"~"~1) resulting from R"\R™ ~ S"~"~1 and that the condition in Theorem 6.4 only
depends on the underlying spherical fibration of £ by Remark 6.5, (i). More precisely, for a
quadruple (M, 90,M, N, eao), we consider the composition

B

T
T Embj (M,N) $ T;Embj (M, N) = Mapg0 P (M, N Xgrop(ny BTOP(1; m)) j

[—> Map/ ™™ (), BTop(n; m)) ————% Map(M, BG(n — m));
(151)
here we used Lemma 5.43 for the equivalence. Pulling back the decomposition of Map(M, BG(n —
m)) into path components, we arrive at a decomposition of Ernbf90 (M,N) > T, Embg0 (M,N) as

t t
L) Emby (M, N)jg) — [jg) T Emby (M, Ny, (152)
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where [£] runs over equivalence classes of (n — m — 1)-dimensional spherical fibrations over M.
The topological analogue of Theorem 6.4 is phrased in terms of this decomposition.

Theorem 6.8 (Topological convergence). Fix a quadruple (M, d,M, N, eao) and [£] € [M,BG(n —
m)]. If n = 5, N is smoothable, and S(§) Us(f)lal 0,M — M satisfies the condition in Remark 6.5, (i)
then

t t
Embdo(M’N)lfl — TooEmbaO(M’ N)l§J

is an equivalence. Moreover, for n = 5, the smoothability condition on N can be weakened to only
assuming that the topological tangent bundle N — BTop(5) lifts along BO(5) — BTop(5).

Remark 6.9. Some remarks on the statement of Theorem 6.8 are as follows.

(i) By the argument in Remark 6.5, (ii) the condition on £ in Theorem 6.8 is redun-
dant if the codimension satisfies n —m > 3, so Theorem 6.8, in particular, gives
Embgo(M ,N) ~ TooEmbgo(M ,N) in codimension > 3 as long as N is smoothable and of
dimension > 5.

(ii) The simplification of the tangential 2-type condition in Lemma 6.6 only used the underlying
spherical fibration of &, so it also applies to the situation of Theorem 6.8.

6.2 | Proofs of convergence

It is time to prove the promised convergence results.

6.2.1 | Proof of Theorem 6.1

The proof is by reduction to the convergence result by Goodwillie, Klein and Weiss. The key ingre-
dient for this reduction is the following proposition. It involves the notion of a tangential k-type
equivalence for the inclusion P C M of a submanifold with trivial normal bundle, which says that
the map fib(P - BO) — fib(M — BO) involving the stable tangent bundles is an equivalence on
Postnikov (k — 1)-truncations, or equivalently that there exists a factorisation M — B — BO such
that the maps M — B and P C M — B are both k-connected.

Lemma 6.10. Let M be a compact smooth m-manifold and ;M C dM a compact smooth codi-
mension 0 submanifold, such that the inclusion 6, M C M is a tangential k-type equivalence for some
0 < k < min(m — 2, m/2). Then, M can be obtained from 8; M X [0, 1] by attaching trivial k-handles
and arbitrary > k-higher handles.

Proof. Fix a closed collar c(6;M) C M of ;M. The hypothesis implies that ;M C M is an
equivalence on (k — 1)-truncations, so, in particular, it is (k — 1)-connected. As k < m — 3 so
k — 1 < m — 4, it follows from handle trading [96, Theorem 3] that M can be obtained from c(6, M)
by attaching handles of index > k, so the claim follows from showing that we can choose the k
handles to be trivially attached to c(d; M), that is, the attaching embeddinge : L9 S¥~! x D"~ <
8, M is null-isotopic, that is, isotopic to one that extends to an embedding L1 DX x D"™~*~1 < 3, M
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(by isotopy extension, e then extends itself as well). It suffices to show this in the case g = 1; if
g > 1, then isotope the attaching embedding of each handle separately, using that any null-isotopy
is generically disjoint from the other handles, since 2k — 1 < m — 1 = dim(J,M). We thus assume
g=1.

Next, we observe that e: S¥~!x D™k < §,M is null-isotopic if and only if it is null-
concordant. The non-obvious direction is implied by either an elementary general position
argument (given an concordance E : [0,1] x S*~! < [0,1] x 9, M, the composition pr,oF gener-
ically only has intersections between slices E|g, g1 for distinct ¢, using 2k < m — 1), or by
concordance-implies-isotopy [48, §2] using that k — 1 < (m — 1) — 3 holds by assumption.

To construct a null concordance, note that since ;M C M is an equivalence on (k — 1)-
truncations and the attaching sphere e, := e|g-1,4 is nullhomotopic in M since it bounds a
handle, it is also nullhomotopic in d, M, so we may pick an arbitrary nullhomotopy of e, in 3, M.
This gives a homotopy [0,1] x S¥~1 x {0} = [0,1] X 3;M between e, = elsk-15q0p and i|gi-140
for some embedding i: D¥ x D"~k=1 < 3, M. By general position using that k < 2d, we can
assume that this homotopy is given by an embedding E : [0,1] x S¥~! x {0} & [0,1] x ;M (i.e.
a concordance), so it remains to extend E to an embedding on [0, 1] X Sk=1 % pm=k or equiv-
alently that we can extend the given trivialisations of the normal bundle on {0, 1} x S¥~1 x {0}
to [0,1] x S¥~1 x {0}. By potentially reversing the orientation of the second term in the domain
of i, we can do so over an interval connecting both boundary components and it then remains
to extend it over a k-disc. The obstruction to doing so is represented by the homotopy class of
amap u: S¥ — BO(m — k) given by the normal bundle of an embedded sphere e, : S & M
obtained from gluing together E, i, and the bounding handle in M. By stability, since 2k < m,
the map u is trivial if its stabilisation u : S — BO is. The latter is the composition of e, with the
stable normal bundle of M, so since ;M C M is an equivalence on tangential k-types, we find
an element in 7, (6, M) which maps under ;M C M — BO to —[u]. By immersion theory and
general position, this element can be represented by the normal bundle of an embedded sphere
e’ : S < [0,1] x 3; M disjoint from the image of E, so we can take the embedded connected sum
of it with E to remove the obstruction. [l

Using this proposition, we now prove Theorem 6.1. Given a smooth quadruple (M, 9,M, N, eao)
as in the statement, we view M as a bordism M : ;M ~ Jd,M of manifolds with boundary and
apply Lemma 6.10 for k = 2 (note that 2 < min(m — 2, m/2) holds exactly for d > 5) to factor M as
acomposition of bordisms M, : ;M ~ Kand M., : K ~ d,M where M, is obtained from 6; M
by attaching trivial 2-handles and M, , from K by attaching handles of index > 2. Fixing an embed-
dinge € Embg0 v (M5, N) and abbreviating N\e : = N\e(M,,\K), we consider the commutative
diagram

Emby (Mo, N\e) —=— Embg (M,N) —=—% Embj ,(M,,N)

l® le lo

ToEmbg (Mg, N\e) — T Embg (M,N) —=% T Embj (M., N)

induced by restriction and extension by the identity (see Remark 5.6). The map () is an equiva-
lence by the convergence of embedding calculus in handle codimension > 3 since M., is obtained
from 0,M by attaching handles ofindex < m — 2 (read the handle structure backwards). The upper
row is a fibre sequence by ordinary isotopy extension, and the bottom row is a fibre sequence
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by isotopy extension for embedding calculus (see [57, 6.1, 6.5] and [59, 4.4]). To show that 2
is an equivalence, it thus suffices to show that 3) is an equivalence for all choices of e. For
this, note that since M, : K w d;M is obtained by attaching trivial 2-handles to 6, M, we can
attach cancelling 3-handles to K to build a bordism M_, : 9,M w K such that the composed bor-
dism M := M_, Ug M, : 0,M ~ 0, M is trivial, that is, diffeomorphic to 6;M X [0, 1]. Writing
N\e 1= M_, Uyx) (N\e), we consider the diagram

Embg (M, N\e) —=— Embj ,(M,N\e) —=— Embj ,(M_,,N\e)

o @ 1®

T Embg(M,, N\e) — Embj ,(M,N\e) —=5 T, Embg ,(MZ,,N\e).

The maps @ and (§) are an equivalence by the convergence of embedding calculus in handle
codimension > 3 since M_, is obtained from 8, M by attaching handles of index m — 3 and M is
diffeomorphic to a collar on d; M. For the same reason as above, this is a map of fibre sequences,
so (3 is an equivalence as well and the proof is finished.

6.2.2 | Proof of Theorem 6.3

To deduce Theorem 6.3 from Theorem 6.1, note that a smooth structure of N induces a smooth
structure on N and thus one on int(9,M) via e;, such that e; becomes a smooth embedding.
We fix such a choice. Up to removing M and N up to isotopy equivalence with M’ : = int(M) U
int(8,M) and N’ :=int(N) U int(ea0 (IN)), we can consider M and N as nullbordisms of int(6,M)
in nc%ord' (m) (see Remark 5.5). Now consider the diagram of categories (we omit int(—), @, and
E_ from the notation for brevity)

nc%ord’(m) yy — rﬂOdun(Egn)Ea”MX, — (S/Bom))a,mx1/
i v 7
HC%Ol’dt(m)a(,M — T/%Odun(Ein)anMx, — (S/Bropim))a,mx1/

obtained from (130) by taking mapping categories from 0,M to @. By Theorem 5.22, both
squares are pullbacks for m # 4. Since the rightmost vertical functor is a right fibration and
right fibrations are stable under pullbacks, the middle vertical map is a right fibration. The
map in question is the map on mapping spaces of the bottom-left horizontal functor between
M and N, viewed as nullbordisms of d,M. The chosen smoothing of N and e5 : 6,M < ON lifts
N € nc%ord' (M) um to nct%’ordo(m)@0 > S0 by an application of Lemma 1.22, it suffices to show
that the map Ernbg0 (M,N) -» T, Embg0 (M, N) induced by the top-left horizontal functor in the
diagram on mapping spaces is an equivalence for all choices of smoothings of M extending the
given one on d,M. This holds by Theorem 6.1.

To prove the addendum regarding the case m = n = 5, recall that any chosen lift N — BO(5) of
the topological tangent bundle is induced by a smooth structure on N by smoothing theory as long
as one already knows that the restriction of this lift to N is induced by a smooth structure on dN.
Smoothing theory fails in dimension 4, so the latter is not automatic. However, by the sum-stable
smoothing theorem [22, p. 125], there is a smooth structure on dN#(S% x S2)* for some ¢ > 0
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inducing the given lift. Let us assume for the moment that IN\d,M C JN is 0-connected, so all
connected sums with S X S?’s can be taken at dN'\d,M. Then, we have a commutative diagram

Embj (M, N) ——% Embj (M, N§(S?> x D*)%€) — % Emb} (M, N)
+ _ = . + (153)
TEmbj (M,N) —<% T, Emb; (M, N§(S? x D*)%) —=% T Embj (M,N)

induced by the inclusion of N into NH(S? x D*)% and the inclusion of NH(S%x D?)% into
NH(D5)% = N. The middle arrow is an equivalence by the previous case, since N§(S2 x D?)% is
smoothable by the above discussion. Both rows are compatibly homotopic to the identity, so the
outer vertical map is an equivalence because it is a retract of one. To deal with the case where
ON\0,M C dN is not 0-connected, note that ;M C M is an equivalence of tangential 2-types,
so in particular 0-connected. We thus find embedded tubes LI¥D* x [0,1] < M connecting each
component of d,M to a component of 8; M. Setting M’ to be the closure of the complements of
these tubes in M and d,M’ := M’ n ,M, we consider the commutative diagram

Emblt_IkD“x{O}UaD“x[O,l](ukD4 x [0,1],N\e) —=— Embé(,(M, N) —— Embg”(M’,N)
+ + +
T EMb, s pagopuopixion) (UFD* X [0,1], N\e) —=5 T ,Embg (M,N) —=% T Embj (M',N)

for embeddings e € Embgo(M’ ,N). Since N\d,M' — AN is O-connected and 8;M’ C M’ an
equivalence on tangential 2-types by general position, the right-hand vertical map is an equiv-
alence by the previous case and the same also holds after replacing M’ by M’ LI (D4)"" for all
r > 0. As D* x [0,1] is a collar on D* x {0} U D* x [0, 1], the left-hand vertical map is an equiva-
lence as well. By isotopy extension for topological embedding calculus (see Section 5.4.2), this is
a map of fibre sequences, so the middle vertical arrow is an equivalence as well and we conclude
the claim.

Remark 6.11 (Connectivity of the maps to the finite stages).

(i) Replacing the Morita category r.# od(Ey, ) for ¢ € {o, t} by its truncated analogue r.Z od, (E;,)
for some fixed k > 1, arguing as in the first part of the previous proof shows that under
the hypotheses of Theorem 6.3, the map Embt (M N) — TkEmb‘ (M, N) is r-connected for
some fixed r > 0 if this is the case for its smooth analogue Emb0 (M N) - TkEmbt (M,N)
with respect to all smoothings of M relative to a fixed smoothmg of 9,M. If we ‘assume
that 0,M C M is 2-connected and m > 6, then M admits with respect to any smoothing rel-
ative to d,M a smooth handle decomposition relative to d,M with only handles of index

— 3 by handle trading [96, Theorem 3]. Then, [29, Corollary 2.5, 5.1] implies that
Emb0 (M N) ~ T ,Embj (M,N) — T, Emb; (M, N) is at least (k — m + 4)-connected, so
the same is true for Emb‘O(M N)~T, Embf; (M,N) - T Emb} (M,N).

(ii) The conclusions of (i) als(()) hold for m = 5, b&t this requires an a(t)dditional argument, since
even if ;M C M is 2-connected, M need not have a handle decomposition relative to d,M
with only < m — 3 = 2-handles for m = 5. However, by [84, Theorem 1.2], there is such a
handle decomposition after replacing M by ME(S? x D*)% for some k (the boundary con-
nected sums are taken at discs in 8, M). Then one can argue as in the final part of the proof of
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Theorem 6.3, using the retract diagram (153) with TooEmbgo(—, —) replaced by
TkEmbgo(—, —) for ¢ € {o, t}.

(iii) One should also be able to obtain the connectivity estimates in (i) and (ii) for the maps
TooEmbgo(M ,N) — TkEmbgO (M, N) directly from the layer identification in Corollary 5.18
which would have the advantage that it gives a connectivity estimate for T’ Emb[ (M N) -

TkEmb[ (M, N) without the assumption that N is smoothable, in which case it is not known
(but likely) that the map Emb), J(M.N) = T, Emb), ,(M,N) is an equivalence.

6.2.3 | Proof of Theorem 6.4

We reduce smooth convergence in positive codimension to codimension zero as in the proof of
[58, Lemma 2.9]. In the notation used here, Lemma 2.7 loc.cit. provides a commutative diagram
consisting of two pullback squares

Embg, (D(£),N) — T Embj (D(§),N) ————— Map/™*™(D(£), N)
4 4 <+ (154)

BO!
Embg, (M, N)jz; — ToEmbj (M, Nz — Mapgo (M, N Xpo(m BOM; m))g)-

Here, 3,D(§) := D(§)| 3oM> and the additional subscript (—)[5] indicates that we restrict to those
components that map to [§] € Maps (M, BO(n — m)). This makes the rightmost vertical map sur-
jective on components, so the same holds for the other two vertical maps. Hence, the bottom-left
horizontal map is an equivalence if and only if the top-left horizontal map is. The latter holds
by Theorem 6.1 because D(§) and N are of the same dimension and d(D(£))\int(D(§)| aoM) =
D(&)ls,m Ysce), 5y S(€) c D(¢) is a tangential 2-type equivalence by assumption.

6.2.4 | Proof of Theorem 6.8

We try to proceed analogously to the smooth case, but will encounter additional difficulties due
to a lack of topological normal bundles. Let us be more precise about this: for a locally flat m-
dimensional submanifold M C W in a n-dimensional manifold W,the map T'M X T'W |, : M —
BTop(n) x BTop(m) has a preferred lift v(W; M) along BTop(n; m) — BTop(n) X BTop(m). An
open normal bundle of M in W is a lift of v(W; M) along BTop(n — m) X BTop(m) — BTop(n; m),
a closed normal bundle is a lift along the map BHomeo(D"~") x BTop(m) — BTop(n; m) induced
by the map BHomeo(D"~") — BTop(n — m) that takes interiors, and a normal vector bundle is a
lift along BO(n — m) X BTop(m) — BTop(n; m). There are examples of locally flat submanifolds
M c W which do not admit an open normal bundle [87], and hence also no closed or vector bundle
one. Conversely to the existence of normal bundles, given a lift

BTop(n; m)

A
/5/ < \L (155)
M W BTop(m),

one can ask whether there is a manifold W containing M that ‘realises’ £ in the following senses:
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oW w

oM

W

FIGURE 2 A mapping cylinder thickening W of M as in Definition 6.12, (iii). The grey lines indicate the
map 7 : ;W — M. Note that 7 need not be injective.

Definition 6.12. Fix a lift £ as in (155).

(i) A &-thickening of M is a n-dimensional manifold W with a codimension 0 submanifold
doW C dW such that W and d,W contain M and d,M as a locally flat submanifold respec-
tively such that W N M = J,M, together with a homotopy between »(W; M) and & over
BTop(m).

(ii) A compact &-thickening is a &-thickening such that W and ,W are compact.

(iii) A mapping cylinder &-thickening is a compact &-thickening for which there exists
a map 7: 0;W :=dW\int(6,W) > M with 7~1(§,M) =8,W Nnd;W and a homeo-
morphism h: cyl(w) @ W extending id,, such that h=1(6,W) = cyl(7g wns,w) Where
Ta,wna,w - 9W N9 W — J,M is the restriction (see Figure 2 for an example).

Remark 6.13. Note that if & lifts to BTop(n — m) x BTop(m) — BTop(n; d), then the total space of
the associated R"~"-bundle gives a £-thickening (strictly speaking only after removing a collar
of ;M from M), and if £ lifts along BHomeo(D"~™) x BTop(m) — BTop(n; m), then the total
space of the associated D" ™-bundle gives a mapping cylinder &-thickening. In particular, if n —
m < 2, then any & has a mapping cylinder thickening, since the map BO(n — m) X BTop(m) —
BTop(n; m) is (m + 1)-connected in this case (see [59, Lemma 8.16], which relies on [53, Theorem
B] and [22, 9.3A, 9.3D]). For n < 4, this is true in any codimension n — m using the existence and
uniqueness of smooth structures for n < 3 [77] and [22, 9.3A, 9.3D] for n = 4.

As a preparation to proving Theorem 6.8, we record two facts related to £-thickenings.

Lemma 6.14. Fixa lift £ asin (155). If n > 5 and n — m > 3, then any &-thickening of M contains
a mapping cylinder &-thickening of M.

Proof. Given a &-thickening 8,W C W of M, we like to apply [81, Theorem 14, 15] to find com-
pact codimension 0-submanifolds W/ ¢ W and ,W’ C 8,W such that ;W C 8W,and M Cc W/,
8yM c 8,W’ arelocally flat submanifolds with W N M = §,M, and such that ,W C W is home-
omorphic to a mapping cylinder as in the definition of mapping cylinder £-thickening. To extract
this from loc.cit., we use, firstly, that the ‘handlebody’ and ‘stable hypothesis’ in Theorem 14
loc.cit. are satisfied as a result of [54, II1.2.1] and [83, 2.3.1] for the former and the latter by [52]
and [83, 2.2.2] (the four-dimensional results are needed to deal with boundaries of 5-manifolds),
secondly, that the assumption n > 6 in [81, Theorem 15] can be weakened to n > 5 in the case of
manifolds, and finally that the proofs of [81, Theorem 14, 15] in the case d,M = dM can be extended
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to the more general case by slightly adapting the handle inductions involved. Since W’ C W is
codimension 0, we have v(W’; M) ~ »(W; M), and as W is a £-thickening, we have v(W'; M) ~ &,
so (W’,8,W") is mapping cylinder £-thickening as required.

We point out for the interested reader that [50, Theorem 3.6], [82, 3.1.1], [86, 4.1] and [19, The-
orem 2.1] contain results similar to the ones by Pedersen used above. In particular, the statement
of [82, 3.1.1] includes the relative case needed above. O

Lemma 6.15. If n>m >0, the map (—)XR: BTop(n —1,m — 1) - BTop(n,m) is (m +
1)-connected.

Proof. For n—m < 2 or n < 4, this follows from (147) and the (m + 1)-connectivity of the map
BO(n — m) x BTop(m) — BTop(n; m) mentioned in Remark 6.13. For n > 5 and n — m > 3, we
use that the forgetful map Top(n)/Top(n, m) - G(n)/G(n — m) is (2n — m — 3)-connected by
work of Haefliger and Millett [68, p. 147], so as BG(n — 1) —» BG(n) is (n — 1)-connected by
Freudenthal’s suspension theorem, and 2(n — 1) — (m — 1) — 3 > n — 2, it follows that Top(n —
1)/Top(n — 1,m — 1) — Top(n)/Top(n, m) is (n — 2)-connected. As BTop(n — 1) — BTop(n) is
(n — 1)-connected [54, V.§5.(4)] and n — m > 3, it follows that BTop(n — 1, m — 1) — BTop(n, m)
is (m + 1)-connected. O

To prove Theorem 6.8, we refine the decomposition (152) to be indexed over the components
of the space Map/ BTop(m)(pp BTop(n; m)) in (151) as opposed to those of Map(M, BG(n — m)). For
the rest of this section, we fix a class [£] € 7T0Map/ BTop(m)(\f, BTop(n; m)) such that the target in

Embgo (M,N)jz) — TooEmbgo(M, N (156)

is non-empty. Theorem 6.8 follows once we show that this map is an equivalence if £ satisfies the
assumption in the statement. If m = n, this is Theorem 6.3, so we assume m < n. Firstly we prove
the following.

Lemma 6.16. If n > 5, N is smoothable, and there exists a mapping cylinder &-thickening
(W,00W,m,h) of M such that ;W C W is a tangential 2-type equivalence, then (156) is
an equivalence.

Proof. Assuming for a moment that there exists an embedding ej y : 6)W < JN extending
esm © 0oM = OM, we consider the following topological analogue of the diagram (154):

~ BT BT 3
Embj (W,N) = T Embj (W,N) - Mapg“ P N) ~ Mapén P (M, N Xgrop(ny BTOP(1; m))

4 N +

BT
Embj (M, N)ig) 3 TeoEmbj (M, N)jg ——— Map}”™ ™" (M, N Xrop(n) BTop(n; m))je),

where the top-right equivalence is induced by the fact that M C W is an equivalence since W =
h(cyl(r)), and that M ¢ W — BTop(n) factors as v(W; M) followed by BTop(n; m) — BTop(n).
The top left map is an equivalence by Theorem 6.3, by the assumption on W. The rightmost vertical
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map is induced by BTop(n; m) — BTop(m) and surjects onto the components indicated with the
[£] subscript since »(W; M) ~ & because W is a €-thickening. If we knew that

(i) the right square is a pullback and
(ii) the outer square is a pullback,

then it would follow that the middle vertical map is also surjective on components and that the
left square is a pullback, so the bottom left horizontal map would be an equivalence as claimed.
To finish the proof, we are thus left to justify (i) and (ii), as well as

(iii) an extension ey y, of e 5, as assumed above exists.

The argument for (i) is the essentially same as that in the proof of [58, Lemma 2.7]: applying topo-
logical manifold calculus (see Section 5.3.3) to the presheaf M D U Embgow(h(cyl(n'U)), N)on
the poset O(M) of open subsets of M containing a collar on d,M where 7, : 7=3(U) — U is the
restriction, arguing as in the cited proof reduces the claim to finding a complete Weiss co-cover
% C O(M) (see Section 5.4.1) such that for all U € %, the maps Emb’, (U,N) — T,,Emb), (U N)
and Embt wh(eyl(my)), N) = T, Emb‘ w(h(cyl(zy))), N) are equlvglences

We now produce such a cover. By glumg on external collars, we may assume that there is a
collar ,W X [0, o) of 8,W which is respected by the mapping cylinder £-thickening. We then
take % to be the complete Weiss oco-cover % C O given by those open subsets U C M that are
the disjoint union of k open m-discs in M and a collar on J,M, such that (a) the collar is
given as d,M X [0,€) C 6,W X [0, o0) for some € > 0, and (b) each of the open m-discs is con-
tained in a chart exhibiting M as locally flat. Since U is a disjoint union of collar and some
discs, the map Embt (U N)-> T, Emb‘ (U, N) is an equivalences, so we are left to argue that
Emb} W(h(cyl(ﬂu)) N)oT Emb‘OW(ho(cyl(ﬂU)) N) is one as well. To do so, we show that
h(cyl 7)) is isotopy equivalent relative to d,W to a subset U’ C W that clearly has this property.
Namely, we choose U’ ¢ W sothat U’ N W = 3,W, U’ N M = U and there is a homeomorphism
of pairs (U’,U) = (8,W X [0, ), 3,M X [0, )) Ll k x (R",R™). To prove that U’ and h(cyl(ry;))
are isotopy equivalent, note that by construction, there is an equality U’ N M = h(cyl(z)) N M.
This induces a bijection between their components, so it suffices to construct the isotopy equiva-
lence between each component of U’ and the corresponding component of h(cyl(7;;)) separately.
For the collar components, there is nothing to do, as they are equal as a consequence of the
assumption that the mapping cylinder £-thickening respects the fixed collar. To give the construc-
tion for the disc components, we may assume k = 1 and ,W = @, and identify U with R™ and
U’ with R" = R™ x R"™™. Then, there exist for all integers N > 0 a real number §y > 0 such
that {(x,y) € R" X R"™™ | |x| < N +1, |y| < 8y} C h(cyl(mry)), and picking a continuous func-
tionp: Ry; — Ry, sothat1/p(x) < §|, the self-embedding of R" given by (x, y) = (x,y/p(|x]))
has image in h(cyl(zr;;)) and is isotopic to the identity. Similarly, there is for all N > 0 an ey
such that h({(z,t) | |7(z)] < N + 1, |z] > 1 —¢€y}) is contained in U’, and picking a continu-
ous function o : R, — Ry, so that 1/0(x) < €x the self-embedding of h(cyl(z;;)) given by
h(z,t) = h(z,(1 — 1/o(]x]))t) has image in U’ and is isotopic to the identity (see Figure 3).

To show (ii), we identify the rightmost vertical map (without the [£]-subscript) via topolog-
ical immersion theory [25, 66, 67, 69] with the restriction map Immg (W,N) - Immgo(M ,N).
Here, the domain is the space of topological immersions f: M % N with fl5 ) = €5, and
fYON) = 0,M. The target is defined similarly, using W and ez, w- By isotopy extension,
the map on vertical fibres over an embedding e € Embgo(W, M) of the outer square thus

agrees with the forgetful map Embgo(W,N relM) — Immgo(W,N rel M) between the spaces of
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h(eyl(m))

FIGURE 3 By pushing along the interval direction of the mapping cylinder increasingly much as we
approach the boundary of U, we can isotope h(cyl(7;)) (the dark region) into U’ (the green region), with image
given by the red region.

embeddings respectively immersions that extend the given embeddings e y,,e on d,W and M.
This is an equivalence because any compact family of locally flat immersions that are embed-
dings on M U d,W consists of embeddings on an open neighbourhood V of M U 3,W, and we can
isotope the mapping cylinder neighbourhood W into V fixing a neighbourhood of M U d,W

We are left to show (iii). It suffices to construct an extension of e5 5, : oM < N to an immer-
sion f5 a1 9gW % N, since the latter will be an embedding in a neighbourhood of ,M in
dyW and we can isotope W = h(cyl(75,wns,w)) into any neighbourhood of 6,M. Translated
via immersion theory as recalled above, the underlying immersion of €3,M corresponds to a map
dpM — ON Xprop(n—1) BTop(n — 1;m — 1) over BTop(m — 1) and the task is to extend it to a map
over BTop(n — 1; m — 1) with respect to the map v(d,W;d,M): d,M — BTop(n — 1;m — 1), in
other words to solve the dashed lifting problem in

{0,1} x M —— BTop(n —1;m —1) ﬁ BTop(n; m)

L .i.’..Tf._’.f? ........ fo i

[0,1] X M —— BTop(m — 1) ———» BTop(m).

The class £ induces a dotted lift as indicated, and this can be extended to dashed lift as required
by obstruction theory, since d,M is (m — 1)-dimensional and the map between vertical fibres of
the right-hand square is (m + 1)-connected by Lemma 6.15. O

To conclude the proof of Theorem 6.8, we are left to show the following.
Lemma 6.17. A mapping cylinder §-thickening as in Lemma 6.16 always exists.

Proof. For n—m <2 or n <4, we can use the thickening from Remark 6.13 whose inclu-
siond,W C Wis glvenbyD(§ a,m Useer Yoyt S(¢") c D(¢")Ywhere (¢,T'M) : M — BO(n — m) X
BTop(m) is a lift of €. Since the composition BO(n — m) — BTop(n; m) - BG(n — m) is the for-
getful map, D(¢")| oM Us(gf)a . S(&") c D(&') is a tangential 2-type equivalence if the conditions
in Remark 6.2, (i) are satisfied for the S”~"~1fibration underlying &. This holds by assumption.
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For n —m > 3, we proceed differently: since MapBToP(m)/ (M, N Xgrop(n) BTop(n; m))¢) was
assumed to be non-empty, immersion theory as recalled in the proof, Lemma 6.16 ensures that
there exists an immersion f: M % N with f|5 = €55 and f~ 1(6N) = ,M whose induced
lift M — BTop(n; m) of T'M : M — BTop(m) is equivalent to £. Every such immersion admits
an induced neighbourhood, meaning that there is a n-dimensional manifold U together with a
codimension 0 submanifold d,U C dU such that U and d,U contain M and d,M as locally flat
submanifold with 0U N M = d,M and such that f : M % N extends to an immersionF : U & N
with F~1(8N) = ,U (see [66, Section 3], following [31, §7]). Since F extends f, it follows that this
induced neighbourhood is a £-thickening, and applying Lemma 6.14, we can shrink it to a map-
ping cylinder &-thickening (W, 3,W). Since W = cyl(w : ;W — M), the inclusion 6;W C M is
equivalent to W\M C W, so it is a tangential 2-type equivalence because it is even 2-connected
since it is the inclusion of the complement of a locally flat submanifold of codimension > 3 (see,
e.g. [21, Theorem 2] for a reference for this fact that applies to topological manifolds). O

6.3 | The Alexander trick for homology 4-spheres

As a sample application of our improved convergence results, we extend the results in [24] on
one-sided h-cobordisms and homeomorphisms of contractible manifolds from dimensions d > 6
tod = 5.

Theorem 6.18. Theorems A-C in [24] as well as the results in Section 4 loc.cit. hold for d = 5.

Proof. Fix a compact d-dimensional one-sided h-cobordism C: B ~ B’ in the sense of Defini-
tion 1.1 loc.cit., a d-manifold M and an embedding e : B < dM. The “first proof” of Theorem C in
loc.cit. in dimensions d > 6 proceeds in two steps: it first reduces the statement to Emb}(C, M) —
T Emb}(C, M) being an equivalence and then uses that this is true, by Goodwillie, Kleln and
Weiss’ convergence results. The first step goes through for d > 3, and the second step needs d >

For d = 5, we can use Theorem 6.1 instead, since the inclusion B’ =~ dM\int(B) C M is an equiv-
alence on tangential 2-types because it is an equivalence by assumption. Using this extension of
Theorem C loc.cit. to dimension d = 5, the proof of Theorem B loc.cit. applies verbatim. The same
holds for the proof of Theorem A on the contractibility of Homeos(A) for compact contractible
topological d-manifolds A as long as A admits a smooth structure. In loc.cit., it is used that this is
automatic for d > 6 by smoothing theory, but this is not available for d = 5 if we do not already
have a smooth structure on the boundary, so we need to argue differently.

The reduction of Theorem A to Theorem C in loc.cit. goes through in the topological cate-
gory and reduces the claim to the space of topological embeddings Embg A(A\int(Dd), A) being
contractible. A mild adaptation of the argument in the proof of Theorem C loc.cit. further
reduces the latter statement to showing that topological embedding calculus approximation
Emb}, (A\int(D?), A) - T, Emb}, (A\int(D9), A) is an equivalence. By Theorem 6.3, for this, it
suffices that A is formally smoothable, that is, that A — BTop(5) lifts to BO(5). This holds trivially
since A is contractible.

The deduction of the results in Section 4 loc.cit. from Theorem C works verbatim ford = 5. []

Remark 6.19. Galatius and Randal-Williams observe in [24, p. 2] that their Theorem C combined
with the s-cobordism theorem recovers the classification of one-sided h-cobordisms in dimen-
sion d > 6. The s-cobordism theorem fails smoothly for d = 5, so Theorem 6.18 does not yield
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the analogous result in that dimension. It does, however, prove that a five-dimensional one-sided
h-cobordism has a one-sided inverse (for h-cobordisms, this is originally due to Stallings [92, Theo-
rem 4]), since any one-sided h-cobordism C : B -~ B’ of dimension d > 5 embeds by Theorem 6.18
into B X [0, 1] and the complement gives a one-sided inverse.

APPENDIX: TRUNCATION OF UNITAL OPERADS
In this appendix, we establish the results announced in Section 1.4.4: we introduce the categories
@p‘fli of k-truncated unital operads, show that they fit into a converging tower

Ops""" = (Op™ = 6p™™" — - — Op=*"" — Op<H"" ~ Fat) € Tow(®at),  (Al)

and prove that all functors in this tower admit explicit right adjoints which are fully faithful.
Remark A.1. The results in this appendix were independently proven as part of a preprint by
Dubey-Liu [15, Theorem 5.17] which appeared while this work was finalised.

A.1 | Dendroidal Segal spaces

In this appendix, we use a model of the category of unital operads Op"" different to the one used
in the body of this work: complete dendroidal closed Segal spaces. We summarise the relevant
definitions and results.

Operads and dendroidal spaces

Recall from [42, Section 3.2] the category Q of (finite and rooted) trees. The inclusion of linear trees
gives a fully faithful functori : A — Q from the simplicial category (see p. 96 loc.cit.). A dendroidal
space X is a space-valued presheaf on Q. A complete dendroidal Segal space is a dendroidal space
X which

(i) satisfies the Segal condition: for any tree T = T, U, T, obtained by grafting a tree T, along its
root onto a leaf e of a tree T, the map X(T) — X(T,) Xx(, X(T,) induced by the inclusions
e CT; cTfori=1,2isan equivalence (see Lemma 12.7 loc.cit.) and

(ii) is complete: i*X € PSh(A) is complete Segal space in the sense of Rezk (see p. 491 loc.cit.).

By combining results of Barwick [4, Section 10] and Chu-Haugseng-Heuts [10, Theorem 1.1],
there is an equivalence of categories

PSh(Q)8¢ ~ Op, (A.2)

where PSh(Q)8¢ c PSh(Q) is the full subcategory on the complete dendroidal Segal spaces.
Recall that the nerve N : ¥at — PSh(A) (i.e. the Yoneda embedding followed by restriction along
the inclusion A C ¥at) induces an equivalence

@at ~ PSh(A)%&¢ (A.3)

onto the full subcategory PSh(A)%8¢ C PSh(A) of complete Segal spaces [51, Theorem 4.11]. Via
this equivalence and (A.2), the functor (=)' : Gp — %at from Section 1.4 agrees with the restric-
tion i* : PSh(Q)%&¢ — PSh(A)*°&€, In particular, the core (60°°)* € § of the category of colours
of an operad O € Op agrees with the value X ;(n) € & of the corresponding complete dendroidal
Segal space X, € PSh(Q)%8° at the unique tree i([0]) : = 7 € Q without vertices [42, p. 92]. The
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space of multi-operations Mul,((c;);cs; ¢) can be recovered as follows: writing C for the S-corolla
— the tree with one vertex and leaves indexed by S (see p. 93 loc.cit.) — we have

Muly ((¢;)ies; ©) = fibe), q.0) (X5(Cs) = (MyesX o (M) X X5(10)), (A.4)

where the map we take fibres of is induced by the maps 7 — Cg in Q corresponding to the inclu-
sion of the leaves and the root. To obtain the operadic composition, given finite sets S € Fin and
S € Finfor s € S, one considers the unique leaf-preserving morphism1: C, s — T where T
is the result of grafting Cy_fors € S to C at the sth leaf. Using the Segal property, this gives a map
Xo(Cs) X ox () MsesX o (Cs,) = X5(C _s,) Which corresponds to the operadic composition.
From (A.4), one sees, in particular, that © is unital if and only if the map X(C,) — X(») induced
by the inclusion 7 — C,, of the root is an equivalence. Writing PSh(Q)%¢&%V¢ C PSh(Q)%¢®° for the
full subcategory on those X for which this is the case, (A.2) thus restricts to an equivalence

PSh(Q)58¢We ~ GpUn, (A5)

Unital operads and closed dendroidal spaces

Following [42, p. 92, 97], we write Q c Q for the full subcategory of closed trees, that is, trees with
no leaves. A closed dendroidal space is a space-valued presheaf on Q. The inclusion ¢ : Q & Q has
a left adjointcl: Q — Q induced by sending a tree T to its closure T, obtained from T by adding
a new vertex at the end of each leaf (see p. 98 loc.cit.). Left Kan extension along ¢ induces an
equivalence

4 : PSh(Q) —> PSh(Q)"* (A.6)

from the category of closed dendroidal spaces to the category to the full subcategory PSh(Q)! c
PSh(Q) of weakly closed dendroidal spaces, which are dendroidal spaces X for which the map
X(T) — X(T) induced by the inclusion T — T is an equivalence for all trees. Moreover, this left
Kan extension ¢, agrees with the restriction cl* along the closure functor (see p. 510 loc.cit.). For
dendroidal Segal spaces X, the condition of being closed is equivalent to the condition consid-
ered above, namely that X maps 7 — 1 = C, to an equivalence (see Proposition 12.49 loc.cit.).
Combining (A.5) and (A.6), we thus obtain an equivalence

PSh(Q)%¢&¢ ~ Gp"™, (A7)

where PSh(ﬁ)Seg’C C PSh(ﬁ) is the full subcategory of closed dendroidal spaces whose associated
dendroidal space is complete and satisfies the Segal condition.

Remark A.2. One advantage of Q over Q is that there is the following equivalent way to think about
Q (see [42, p- 97]): Qis equivalent to the category of finite posets (E, <) with a unique maximal
element such that for every e € E, the subposet E., :={x € E | e < x} is totally ordered. Mor-
phisms are given by map of posets ¢ : (E, <) — (E’, <) that preserve the incompatibility relation,
that is, for e,e’ € E with e’ # e £ €/, we have p(e') # p(e) £ ¢(e’). For a closed tree T, the asso-
ciated poset (E(T), <) is given by its set of edges with the relation that e < ¢’ if ’ is ‘closer to the
root’, that is, if the unique shortest path from the root to e contains e’ (see page 92 loc.cit.). Writing
P(E(T)) for the poset of subsets of E(T) ordered by inclusion, we have a functor P(E(T)) — Q /T
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sending A C E(T) to its downward completion T, :={e € E(T)|3a € A: e > a} U {root} C E(T)
which we can think of as a tree with amap to T

A.2 | Truncated operads

Writing Q <« C Q for the full subcategory on those closed trees all of whose vertices have at most k
incoming edges, we have inclusions of full subcategories Q<1 C Q<2 Cc-C Q =: Q. The first
subcategory has a simple description: it is isomorphic to A induced by corestrlctlng the com-
position (clot): A - Q — Q. The tower of full subcategories induces by restriction a tower of
categories that factors (=)' : Op"" — @at

163 — — — 159
op 2 PSh(Q.., )8 — - — PSh(Q,)*8¢ — PSh(Q. e '%at,  (A8)

where PSh(5<,{)5‘°'g’C C PSh(§<k) is the full subcategory on those presheaves that satisfy the ana-
logue of the Segal and completeness condition for trees in ﬁgk (note that the completeness
condition for a dendroidal space only depends on its restriction to 5<1, but the Segal condition
does not). The tower (A.8) is our preferred model for truncation of unital operads, meaning that
we define (A.1) as (A.8). In particular, the category of k-truncated unital operads is

Opg, = PSh(agk)seg’c for1 <k < oo

By mimicking the dendroidal description of spaces of multi-operations and operadic composition
from Section A.1.2, a k-truncated operad 6 € 6 p " has a category of colours 0°°!, spaces of multi-
operations Mul,;((c;);cg; c) for all sets S € Flngk of cardinality at most k and composition maps
between them that satisfy the classical axioms of an operad up to higher coherent homotopy.
Lemma A.3. The tower (A.8) in €at converges.

Proof. By the same argument as for Proposition 4.2, (i) the map PSh(ﬁs‘X,) — lim, PSh(ﬁgk) isan
equivalence, so it suffices to show that this equivalence restricts to an equivalence when imposing
the completeness and Segal conditions. For the former, this follows from the observation that for
X e PSh(ﬁsw) being complete only depends on X |5<1 . For the latter, it follows by observing that
the Segal condition resulting from a grafting of a fixed tree T depends only on X |5<k for a choice
of finite k such that all vertices in T have < k incoming edges. O

The strategy of proof for the following result was kindly suggested to us by Gijs Heuts.
Theorem A.4. Forl < k < j < oo, truncation t* @p‘m - @p has a fully faithful right adjoint
T, : @piﬁ — @p;“}.

For O € @p‘f}, a finite set S € Fing, and colours c,c; € 0% fori € S, there is an equivalence

Mul(f*@)((ci)ies; c) ~ 11rIT1| . Mul,((c)ier; ©),

where the limit is induced by restriction along the inclusion of corollas C; — Cg for T C S.
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As preparation, we show the following lemma in which we use the notation of Remark A.2.

Lemma A.5. Fix trees S € 5@ and T € 5\5<k and consider the subset E(T),;, C E(T) of
minimal elements in (E(T), <) (i.e. the leaves). Then, the map

colim gy . Mapg(S,T,) — Mapg(S,T)
induced by the functor T_y : P(E(T)) — Q /T 1S an equivalence.

Proof. From the poset-perspective on Q (see Remark A.2), it is clear that for A c E(T), the
map Mapg(S,T4) — Mapg(S,T) is an inclusion of components, and for A,B C T, we have
Mapg(S, T 4) N Mapg(S, Tg) = Mapg(S, T 445), so by the same argument as in the middle part
of the proof of Theorem 4.9, the colimit in the statement is given by the union, so it suffices to
show that any map ¢ : S — T factors through T, for some A C E(T) i,

To show this, we choose each s € E(S),,;, @ minimal edge 5 € E(T),,;, With 5 < ¢(s) and set
A to be the union of all the 5. Since for any s’ € S, there is a minimal edge s with s < §/, we
have 5 < @(s) < p(s") so p(s") is contained in the downward completion TA¢ of A, and thus ¢
factors through T A, SO We are left with arguing that A, is a proper subset of E(T);,. We assume
the contrary and argue by contradiction: using that T & Q,, choose pairwise different edges
ty,...ty41 € E(T) and an edge t € E(T) such for each i, we have t; < t for all i and the ¢; is mini-
mal with respect to this property (in other words: a sub-(k + 1)-corolla in T). Since we assumed
Ay = E(T)pin, we find s; € E(S) i, With's; < £;. Note that the s; are pairwise different (and hence
also the s;) since the ¢t; are incomparable and E(T )>S_,- is totally ordered. Now choose s € E(S) with
s; < s for all i and s is maximal with this property, and choose for each i an edge s’ € E(S) with
5; < s < s that is maximal with respect to this property. We now claim that the s are pairwise
dlfferent so span a sub-(k + 1)-corolla in S which would contradict S € Q<k In a moment, we
will show that ¢; > go(slf ). Assuming this for now, we can finish the proof: if sl. = sj fori # j, then
t; > qo(slf )= (p(slf )<t j» o since E(T)%a(slg) is totally ordered, ¢; and ¢; are comparable which is not
the case. To show the remaining claim that t; > ¢(s]), we use s| > s;,50 ¢(s) > @(s;) > 5;. Because
t; >s; and E(T)>S—i is totally ordered, we have ¢; > cp(slf Jort; < cp(slf ), but in the latter case, we con-
clude t go(slf ) so as E(T) is totally ordered, it follows that all the go(slf )s are comparable which
is a contradiction since the slf are incomparable and ¢ preserves incomparable elements. O

Proof of Theorem A.4. From the discussion in Sections A.1.1 and A.1.2, we see that the category
@p‘iﬁ = PSh(Q )**®° can be written as a reflexive localisation

PSh(Q 1) ~ PSh(Q<k)[ Segk, C,k]

that inverts two classes of morphisms: interpreting trees as representable presheaves, the first class
Weg k consists of the maps T, U, T, — T as in the Segal condition with T, T,, T, € Q<k and the
second class W consists of the two maps given by applying (cl*oi)) : PSh(A) — PSh(Q) to the
two endpoint inclusions #— J into the nerve of the groupoid J with two objects and a unique iso-
morphism between them, followed by restriction along Q C Q. Note that before localisation, the
restriction 7* : PSh(Q. <j) — PSh(Q;) has a right adjoint 7, given by right Kan extension, and
that the localisation Ly : PSh(Q) — PSh(Q<k)Seg ¢ has a right adjoint given by the subcategory
inclusion j : PSh(Q<k)Seg € PSh(Q<k) so the composition (7,.0j) is a right adjoint to (L, o7*).
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To prove that the asserted right adjoint exists, it thus suffices (see, e.g. [11, Proposition 7.1.14])
to show that (L, 07*) sends the morphisms in W, ; and W ; to equivalences in PSh(ﬁgk)Seg»C;
then (Ljo7,0/) is the desired right adjoint. Since 7*(W ;) = Wc’k by definition, we only need to
show thatfor T, U, T, — T in Wees > the map L, (t*(T; U, T,)) — L. (z*(T)) is an equivalence in
PSh(Q <k)*®€. We will prove this by an induction on |E(T)ys |- If |[E(T)pin| < k, then we have
T,T,,T, € Qg, 80 T"(T U, T,)) — 7°(T) is in Wieg i, SO becomes an equivalence after applying
Ly If |E(T)pin| > k, thenif T € Q, the previous argument applies, so we may assume T & Q
in which case Lemma A.5 together with the fact that colimits of presheaves are computed object-
wise shows that 7%(T) is the colimit of the diagram E(T),;, 2 A — 7%(T4). The same argument
also shows that t*(T; U, T,)) is the colimit of E(T),;, 2 A~ (T NT4) U, enT (T,nT,)), so
the map t*(T; U, T,) — t*(T)is a colimit of maps of the form 7*(T ) — t*((T; N T,) Uent, (Tyn

T 4)) whose value under L, is an equivalence by induction since |E(T 4)min| < |E(T)minl- As Ly is
a left adjoint, so preserves colimits, this implies the claim.

By construction, the unit of the constructed adjunction is obtained from the unit of the adjunc-
tion t* - r, before localisation by restricting along j and applying L,. Since the unit before
localisation is an equivalence as ﬁgk C 5< j is fully faithful, the unit of the constructed adjunc-
tion is an equivalence too, so the right adjoint is fully faithful as claimed. To justify the final
assertion about spaces of operations, note that for X € PSh(§<k)Seg ¢ and S € Fin with |S| <
we have L;(z,(j(X M(Cs) =~ Mappgp g, yeec(L; (t*(C 5)),X) by the Yoneda lemma and adjunctlon
An 1terated application of Lemma A.5 shows that 7*(Cy) =~ colimycg <k (" (Cp).AsCyp € Qi
) CT is Lj-local, we conclude L; (7:*( JjX N(C s) = holimycg 71X (Cr) which gives the claimed
1dent1f1cat10n of the spaces of multl operations by taking fibres of the corresponding map to the
appropriate product of X(7)s. O
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