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1. INTRODUCTION

The concept of dispersion - or variability - is a cornerstone of statistics, playing a

pivotal role in both theoretical developments and applied methodologies. However, when we

speak of “dispersion”, it is essential to clarify what precisely is being measured and how this

measurement is defined. In this context, two foundational questions arise: Given a random

variable X and a functional ν(X), under what conditions can ν(X) be considered a valid

measure of dispersion? Furthermore, given two random variables X and Y , when can we say

that X is more dispersed than Y ?

The first question was systematically addressed by Bickel and Lehmann (1976, 1979),

who identified a set of core properties that any dispersion functional should satisfy. Specifi-

cally, a measure of dispersion ν(X) should be non-negative, i.e., ν(X) ≥ 0, with equality if X

is degenerate. It should be translation invariant, so that ν(X+k) = ν(X) for any constant k,

and it should satisfy absolute homogeneity: ν(λX) = |λ| ν(X). A classical example fulfilling

these conditions is the standard deviation. In some contexts, absolute homogeneity is relaxed

to positive homogeneity, allowing rescaling only by positive factors.

The second question – how to compare the dispersion of two random variables – has

been addressed through stochastic ordering. Several types of stochastic orders have been

introduced for this purpose (see, e.g., Shaked and Shanthikumar, 2006; Müller and Stoyan,

2002). Among these, the dispersive order, denoted ≤disp, introduced by Bickel and Lehmann

and further developed by Lewis and Thompson (1981), plays a central role. According to this

order, a random variable X is more dispersed than Y if the differences between corresponding

quantiles of X consistently exceed those of Y . This order is particularly strong, implying

a range of dispersion-related comparisons and preserving important measures such as the

standard deviation. For these reasons, Bickel and Lehmann (1979) and Oja (1981) viewed

the dispersive order as a canonical tool for formalizing dispersion comparisons.

In the continuous case, the dispersive order has proven to be a powerful framework for

comparing well-known distribution families and has been shown to preserve various classical

dispersion measures, including the standard deviation, the Gini mean difference, differential

entropy, and the L2-norm of the density. These properties have made it valuable in fields

such as finance, actuarial science, and reliability theory.

Although stochastic orderings for discrete distributions have generally received consid-

erable attention in the literature (see, e.g., Giovagnoly and Wynn, 2008; Klenke and Mattner,

2010), the application of the dispersive order to such distributions presents serious limita-

tions. As discussed in Eberl and Klar (2025) and formalized in Theorem 1.7.3 of Müller and

Stoyan (2002), a necessary condition for F ≤disp G is that the support of F must be contained

within that of G. While this condition is benign for continuous distributions, it becomes pro-

hibitively restrictive in the discrete case. It effectively excludes most lattice distributions

and empirical distributions with ties or differing sample sizes. These challenges stem from

the discontinuities in the cumulative distribution function and the irregular spacing of the

quantile levels, which complicate quantile-based comparisons in the discrete domain.

To address these difficulties, Eberl and Klar proposed a new dispersive order tailored to
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univariate discrete distributions. This refined order preserves many appealing features of the

continuous dispersive order while adapting them to the discrete context. However, despite

this advancement, the Eberl-Klar order remains relatively strong and may not accommodate

all practical needs.

The goal of this paper is to go further by introducing a more flexible and weaker form

of dispersion comparison for discrete random variables. Our approach builds on the notion of

probability concentration originally formulated by Lévy (1937), and we establish connections

to classical concepts such as majorization, entropy, and randomness. Through a detailed

study of the properties of this proposed order, we underscore the necessity for dispersion

measures that are well-suited to the structure of discrete data.

This line of reasoning also motivates the introduction of a new family of dispersion

measures specifically designed for discrete random variables. These measures fulfill the ax-

iomatic framework of Bickel and Lehmann while offering the adaptability required to capture

the peculiarities of discrete distributions. Altogether, our contribution offers a unified and

interpretable framework for analyzing dispersion in discrete settings, enriching and extending

existing methodologies.

The structure of the paper is as follows. In the next section, we introduce the weak

dispersive order for discrete distributions. Section 3 examines its main properties, while

Section 4 demonstrates that the proposed order is strictly weaker than the discrete dispersive

order of Eberl and Klar. In Section 5, we define new measures of variability based on the

concentration function and analyze their properties. Finally, several empirical illustrations

and concluding remarks are presented in Sections 6 and 7.

2. THE WEAK DISPERSIVE ORDER FOR DISCRETE DISTRIBUTIONS

In Fernández-Ponce and Suárez-Llorens (2003), the authors introduced the weak dis-

persive order specifically for continuous distributions, providing several characterizations and

analyzing its relationship with both the classical dispersive order and the majorization order.

We recall its definition in what follows.

Let X and Y be two random variables with continuous distribution functions F and

G, respectively. The random variable X is said to be less weakly dispersive than Y , denoted

X ≤wd Y or equivalently F ≤wd G, if for all ε > 0 the following inequality holds:

sup
x0

[F (x0 + ε)− F (x0)] ≥ sup
y0

[G(y0 + ε)−G(y0)] .

The authors also say that X and Y are equally dispersed in the weakly dispersive sense,

denoted by X =wd Y , if both X ≤wd Y and Y ≤wd X hold. It is easily seen that the relation

≤wd defines a partial order on the set of continuous distribution functions of real-valued

random variables.

As mentioned above, Fernández-Ponce and Suárez-Llorens (2003) considered only con-

tinuous distribution functions. In the continuous case, it is well known that

sup
x0

[F (x0 + ε)− F (x0)] = QX(ε) = sup
x0

Pr{X ∈ [x0, x0 + ε]},
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where QX(ε) is the Lévy concentration function, a widely used measure of probability con-

centration in the literature.

Remark 2.1. a) Generally speaking, if X ≤wd Y holds, then whenever there

exists an interval of length ε in the support of Y , there also exists an interval of the

same length in the support of X that accumulates at least as much probability. The

supremum is well-defined, since the expression F (x+ ε)− F (x) is bounded.

(b) Intuitively, this reflects a different perspective compared to the classical dispersive order.

In the classical setting, we fix a probability level q− p and search for an interval that is

more widely separated. Here, we fix the interval length ε and look for an interval that

accumulates more probability.

(c) In the general case (i.e., not necessarily continuous distributions), the supremum may

not be attained at a point in the support due to the right-continuity of F . However,

this technicality is not crucial for the interpretation or application of the order.

In the discrete case, a natural way to define the weak dispersive order is based directly

on the Lévy concentration function, as follows:

Definition 2.1. Let X and Y be two discrete random variables with distribution

functions F and G, respectively. Then X is said to be less weakly dispersive than Y , denoted

X ≤wd Y , or equivalently F ≤wd G, if for all ε > 0, it holds that

QX(ε) = sup
x0

Pr{X ∈ [x0, x0 + ε]} ≥ QY (ε) = sup
y0

Pr{Y ∈ [y0, y0 + ε]}.

It is well known that the concentration function QX(ε) is right-continuous and non-

decreasing in ε. Moreover, it is easy to verify that QX(ε) → 1 as ε → ∞. Finally, QX(0) can

be defined as the limit from the right:

QX(0) := lim
ε→0+

QX(ε) = sup {pi},

where pi = Pr[X = xi], i = 1, 2, . . . , denotes the point masses of X.

Definition 2.1 can also be expressed in a more constructive form. Let X and Y be

two discrete random variables with supports RX and RY , and associated probability masses

pi = Pr[X = xi] and qi = Pr[Y = yi], respectively. The supports may be finite or countably

infinite, and they may differ both in cardinality and in the location of their support points.

Given two support points xi, xj ∈ RX , denote their distance by dXi,j = |xj − xi|. Anal-
ogously, define dYi,j = |yj − yi| for yi, yj ∈ RY . Then, X ≤wd Y if and only if, for every

ε > 0,

max
i,j:dXi,j≤ε

∑
k:xi≤xk≤xj

pk ≥ max
i,j:dYi,j≤ε

∑
k:yi≤yk≤yj

qk.(2.1)

For two lattice distributions on N0, we have X ≤wd Y if and only if, for all m ∈ N0,

sup
i∈N0

{
i+m∑
k=i

pk

}
≥ sup

j∈N0


j+m∑
k=j

qk

 .(2.2)
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For any i0 such that
∑∞

k=i0
pk < maxk{pk}, we can replace the supremum over i ∈ N0

by a maximum over the finite set {0, . . . , i0}. The same holds for Y with a corresponding

index j0. Setting l0 = max{i0, j0}, the condition in (2.2) becomes equivalent to

max
i∈{0,...,l0}

{
i+m∑
k=i

pk

}
≥ max

j∈{0,...,l0}


j+m∑
k=j

qk

 .(2.3)

Hence, the supremum in (2.2) is actually attained. The same argument applies to

distributions on Z and to lattice distributions with arbitrary step size.

3. PROPERTIES OF THE WEAK DISPERSIVE ORDER

This section outlines several properties of the weak dispersive order. We begin with

two elementary observations:

Remark 3.1. a) Suppose there exists a fixed ε > 0 that is smaller than the

distance between any two distinct points in the support of both X and Y ; that is,

ε < dXi,j and ε < dYl,r for all i < j and l < r. In this case, the condition X ≤wd Y implies

that max{pi} ≥ max{qi} This situation always occurs when both X and Y have finite

supports.

b) The supremum defining the Lévy concentration function may be attained at multiple

intervals. Since the set of rational numbers is dense in R, it suffices to evaluate the

weak dispersive order on a countable collection of ε values. That is, the order relation

can be verified by considering only a countable subset of positive ε.

We next present a consequence of the weak dispersive order in terms of the range of

the support:

Property 3.1. Let X and Y be discrete random variables with bounded supports.

Denote the minimum and maximum elements of the support of X by xl and xu, respectively,

and those of Y by yl and yu. Then, if X ≤wd Y , it follows that

xu − xl ≤ yu − yl.

Proof: The proof follows by contradiction, setting ε = yu − yl.

The following result allows many comparisons. First, we recall the definition of a

contraction function.

Definition 3.1. Let ϕ : R 7→ R be a real function. We will say that ϕ is a contraction

if |ϕ(y)− ϕ(x)| ≤ |y − x|, for all x, y ∈ R.
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Theorem 3.2. Let X and Y be two random variables such that X =st ϕ(Y ), where

ϕ is a monotone contraction function. Then X ≤wd Y .

Proof: Let us suppose first that ϕ is a non-decreasing contraction. Then

Pr {Y ∈ [x0, x0 + ε]} ≤ Pr {ϕ(Y ) ∈ [ϕ(x0), ϕ(x0 + ε)]}

= Pr {X ∈ [ϕ(x0), ϕ(x0 + ε)]}

≤ Pr {X ∈ [ϕ(x0), ϕ(x0) + ε]} ,

where the first inequality follows by just taking in account that ϕ is non-decreasing, and

the second equality by considering that X =st ϕ(Y ). For the last inequality, we use both

assumptions ϕ is a non-decreasing function and ϕ is a contraction function. Then |ϕ(x0 +
ε) − ϕ(x0)| = ϕ(x0 + ε) − ϕ(x0) ≤ ε, which leads that [ϕ(x0), ϕ(x0 + ε)] ⊆ [ϕ(x0), ϕ(x0) +

ε]. Therefore, the probabilities are ordered. The proof easily concludes by considering the

supremum. The proof for a non-increasing contraction function follows a similar argument.

Remark 3.2. The inverse of a strictly monotone contraction function is an expan-

sion function, i.e., a function where two images are more widely separated than the corre-

sponding values of the images. Therefore if ϕ(X) =st Y for a strictly monotone expansion

function then X ≤wd Y holds.

Corollary 3.1. If X ≤disp Y in the classical Lewis and Thompson sense, then

X ≤wd Y holds.

Proof: The proof follows directly from using jointly Theorem 1.7.4 of Müller and

Stoyan (2002) and Theorem 3.2.

Remark 3.3. Note, however, that the classical dispersive order is incompatible with

almost all discrete distributions, including lattice and most empirical distributions (Eberl and

Klar, 2025). The following simple example shows that the weak dispersive order is weaker

than the classical dispersive order: Let U{1, n} denote the uniform distribution on {1, . . . , n}.
Obviously, U{1,m} ≤wd U{1, n} for m ≤ n, but they are not generally ordered with respect

to the dispersive order in the L-T sense. For example, U{1, 2} and U{1, 5} are not ordered

with respect to ≤disp.

As another example, we compare Bernoulli distributions.

Example 3.1. Let X ∼ Be(p1) and Y ∼ Be(p2) be two Bernoulli random vari-

ables. A straightforward calculation shows that X ≤wd Y if and only if max{p1, 1 − p1} ≥
max{p2, 1− p2}. Then, Be(p) ≤wd Be(0.5), for all p ∈ [0, 1].

On the other hand, it follows directly from Prop. 2.5 in Eberl and Klar (2025) that

neither X ≤disp Y nor Y ≤disp X holds for p1 ̸= p2.
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The next result directly follows from Theorem 3.2.

Corollary 3.2. Given a discrete random variable X, we obtain that

a) X ≤wd (≥wd) aX + b, ∀|a| > (<) 1, b ∈ R.

b) X =wd −X + b =wd X + b, ∀b ∈ R.

Remark 3.4. Corollary 3.2 points to an important difference between the weak and

the usual dispersive order. The equivalence class of a distribution with cdf F with respect to

=disp is given by all shifts of F , i.e. {F (·− b) : b ∈ R} (see Oja, 1981, p. 157), so distributions

that are equivalent with respect to dispersion can only differ in location. Consequently,

−X =disp X does not hold in general. The same holds for its discrete counterpart considered

in Section 4.

Corollary 3.2 b) shows that, besides shifts, also reflections belong to the equivalence

class of a distribution with respect to =wd. But this is not the complete equivalence class, as

the following example shows. Consider random variables X and Y with support {1, . . . , 5}
and probability mass functions p = (0.1, 0.4, 0.05, 0.3, 0.15) and q = (0.4, 0.1, 0.25, 0.15, 0.1),

respectively. Then, X =wd Y, but X and Y are not location shifts of one another.

The following proposition and its proof closely follow Lévy (1937) and hold for all types

of random variables—discrete, continuous, or otherwise.

Proposition 3.1. Let X and Y be two independent random variables. Then,

QX+Y (ε) ≤ QX(ε), ∀ε > 0.

So X + Y ≥wd X holds.

Proof: By considering the convolution, we obtain that

Pr{X + Y ∈ [x0, x0 + ε]} =

∫
R
Pr{X ∈ [x0 − y, x0 − y + ε]} dFY (y)

≤
∫
R
QX(ε)dFY (y)

= QX(ε), ∀ε > 0,

where the first inequality follows from the fact that the interval has length ε. Taking the

supremum, the proof follows easily.

Example 3.2. By Prop. 3.1, many well-known distributions can be ordered with

respect to ≥wd.

a) Let X and Y have Poisson distributions with parameters λ and µ. Then, X ≤wd Y if

and only if λ ≤ µ.
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b) Let X and Y have binomial distributions Bin(m, p) and Bin(n, p). Then, X ≤wd Y if

and only if m ≤ n.

c) Let X and Y have negative binomial distributions NB(r, p) and NB(s, p). Then,

X ≤wd Y if and only if r ≤ s.

d) As an example of distributions with an arbitrary number of modes, consider the Her-

mite distributions Herm(a, b), a, b > 0: if U and V are independent Poisson ran-

dom variables with parameters a and b, then Z = U + 2V ∼ Herm(a, b). Now, if

X ∼ Herm(a1, b1), Y ∼ Herm(a2, b2), and X and Y are independent, then X + Y ∼
Herm(a1 + a2, b1 + b2), where a1, a2, b1, b2 > 0. It follows that Herm(a, b) ≤wd

Herm(c, d) if a ≤ c and b ≤ d. It is worth recalling that the Hermite discrete ran-

dom variable can model overdispersion in count data (see, e.g., Johnson et al., 2005;

Kemp and Kemp, 1965).

As two examples, Figure 1 shows the probability mass functions of three Hermite dis-

tributed random variables X, Y and Z with X <wd Y <wd Z. In the left panel,

a1 = a2 = 0.10, a3 = 0.15, b1 = 0.10, b2 = b3 = 0.15; in the right panel, a1 = a2 =

0.10, a3 = 0.15, b1 = 1.0, b2 = b3 = 1.1.
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Figure 1: Both panels show probability mass functions of three Hermite
distributed random variables X (black), Y (darkgrey) and Z
(lightgrey) with X <wd Y <wd Z.

When the probability mass functions of two discrete distributions are decreasing, the

following result can help to establish the weak dispersive order between the two distributions.

Proposition 3.2. Let X and Y be two random variables on N with decreasing

probability mass functions. Further, assume X ≤st Y , where ≤st denotes the usual stochastic

order. Then, X ≤wd Y holds.

Proof: We just need to take into account that the supremum is always achieved at

k = 1, i.e.,

QX(ε) = sup
x0

Pr{X ∈ [x0, x0 + ε]} = FX(1 + ε) = FX(k),

where k is the maximum integer equal to or less than 1 + ε. The proof then concludes with

the assumption that the two distributions are ordered in the stochastic sense.
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Example 3.3. Let us consider two applications of Proposition 3.2.

a) Let X ∼ Geom(p1) and Y ∼ Geom(p2) be two geometric random variables, i.e. the

number of trials needed to get one success. By Proposition 3.2, X ≤we Y if and only if

p1 ≥ p2.

b) Here, we consider the logarithmic distribution, which has many applications. For ex-

ample, it has long been used to model species abundances (Fisher et al., 1943) and

intensities (see, e.g., Williams, 1964). Let X have a logarithmic distribution with prob-

ability mass function

f(k, p) =
−1

log(1− p)

pk

k
, k ≥ 1,

and let Y be logarithmically distributed with probability mass function f(k, q), k ≥ 1,

where 0 < p, q < 1. For the logarithmic distribution, it is easy to see that X ≤lr Y ,

where ≤lr denotes the likelihood ratio order, if p ≤ q. Since the likelihood ratio order

implies the stochastic order (see, e.g., Müller and Stoyan, 2002, p. 12), we obtain X ≤st

Y if p ≤ q. On the other hand, if X ≤st Y , then EX = −[log(1− p)]−1p/(1− p) ≤ EY ,

which implies p ≤ q. Thus, X ≤st Y if and only if p ≤ q.

Using Proposition 3.2, it immediately follows that X ≤wd Y if and only if p ≤ q.

4. RELATION TO THE DISCRETE DISPERSIVE ORDER OF EBERL AND

KLAR

We begin with some definitions and results necessary to understand the discrete dis-

persive order of Eberl and Klar (2025), which serves as a fundamental order for defining

measures of dispersion for discrete distributions in an axiomatic way.

Definition 4.1. Let D denote the set of discrete distributions, and let F ∈ D be a

cdf with probability mass function f and let X ∼ F . The class D0 ⊆ D is defined by

F ∈ D0 ⇔ supp(F ) is order-isomorphic to a subset of Z with at least two

elements

⇔ ∃ a subset A ⊆ Z, |A| ≥ 2, and a bijection φ : supp(F ) → A

such that x ≤ y ⇔ φ(x) ≤ φ(y) ∀x, y ∈ supp(F ).

Proposition 4.1. Define I = {Z,N,−N} ∪ {{1, . . . , n} : n ∈ N≥2} and

SA =
{
(xj , pj)j∈A ⊆ R× (0, 1] : xi < xj for i < j, pj > 0 for j ∈ A,

∑
j∈A

pj = 1
}

for A ∈ I \ Z as well as

SZ =
{
(xj , pj)j∈Z ⊆ R× (0, 1] : xi < xj for i < j, pj > 0 for j ∈ Z,

∑
j∈Z

pj = 1,

inf{j ∈ Z :
∑
i≤j

pi ≥ 1
2} = 0

}
.
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For any F ∈ D0, there exists a unique index set A ∈ I that is order-isomorphic to supp(F ),

and there exists a unique sequence (xj , pj)j∈A ∈ SA such that Pr(X = xj) = pj for all j ∈ A.

This unique association is denoted by F =̂ (A, (xj , pj)j∈A). A is said to be the indexing set

of F and (xj , pj)j∈A is said to be the identifying sequence of F .

In the following, let F =̂ (A, (xj , pj)j∈A) and G =̂ (B, (yj , qj)j∈B). Furthermore, we

use the conventions xa = −∞ and F (xa) = 0 for a < minA as well as xa = ∞ and F (xa) = 1

for a > maxA, provided that the minimum and the maximum exist, respectively. Eberl and

Klar (2025) defined the following relations, where A = A \ {minA}.

Definition 4.2. Let F,G ∈ D0.

a) The relation ⇋ on the set A×B is defined by

a ⇋ b ⇔ (F (xa−1), F (xa)) ∩ (G(yb−1), G(yb)) ̸= ∅.

for a ∈ A, b ∈ B. The set R(⇋) of all (a, b) ∈ A×B with a ⇋ b is said to be the set of

(F,G)-dispersion-relevant pairs of indices.

b) The relation ⇋∧ on the set A×B is defined by

a ⇋∧ b ⇔ (a ⇋ b) ∧ (a− 1 ⇋ b− 1)

for a ∈ A, b ∈ B. The set R(⇋∧) of all (a, b) ∈ A×B with a ⇋∧ b is said to be the set

of (F,G)-∧-dispersion-relevant pairs of indices.

Eberl and Klar (2025) proposed the following discrete dispersive order.

Definition 4.3. Let F,G ∈ D0. G is said to be at least as ∧-discretely dispersed as

F , denoted by F ≤∧-disc
disp G, if the following two conditions are satisfied:

(i) qb ≤ pa ∀(a, b) ∈ R(⇋),

(ii) xa − xa−1 ≤ yb − yb−1 ∀(a, b) ∈ R(⇋∧).

Now, we can formulate the main result of this section. It shows that for distributions

in D0, the weak dispersive order is indeed weaker than the discrete dispersive order.

Theorem 4.1. Let F,G ∈ D0, where D0 is defined as in Eberl and Klar (2025, Def.

3.1). Then, F ≤∧-disc
disp G implies F ≤wd G.

Proof: In this proof, we utilize the notation from Eberl and Klar (2025). In partic-

ular, let F =̂ (A, (xj , pj)j∈A) and G =̂ (B, (yj , qj)j∈B).

In the following, we will prove that, for all y∗ ∈ R and all ε > 0, there exists a x∗ ∈ R
such that F (x∗ + ε)− F (x∗) ≥ G(y∗ + ε)−G(y∗). This then directly implies F ≤wd G.

Let y∗ ∈ R and ε > 0. Choose b, β ∈ B ∪ {minB − 1} with b ≤ β such that yb+1 =

sup{y ∈ R : G(y) = G(y∗)} and yβ = inf{y ∈ R : G(y) = G(y∗ + ε)}. Since the case
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b = β is trivial, we assume b < β. Furthermore, choose a ∈ A ∪ {minA − 1} such that

F (xa) = max ([0, G(yb)] ∩ F (R)). Then, we have F (xa) ≤ G(yb) < F (xa+1).

Let ka+1 = b+ 1 and note that a+ 1 ⇋∧ ka+1. Now, exactly one of the following two

conditions is satisfied:

(i) G(yb+1) ≤ F (xa+1),

(ii) G(yb+1) > F (xa+1).

In case (i) under the condition F (xa+1) < 1, we choose ka+2 ∈ B ∩ [ka+1 + 1,∞) such that

G(yka+2−1) = minNNG
F (a + 2). This implies G(yka+2−1) ≤ F (xa+1) and a + 2 ⇋∧ ka+2. If

F (xa+2) < 1, we choose ka+3 ∈ B such that G(yka+3−1) = minNNG
F (a + 3). According to

Eberl and Klar (2025, Lemma A.2 in the supplement), we have ka+3 > ka+2. As long as

F (xa+i) < 1, i = 2, 3, . . . , we can keep on choosing ka+i+1 ∈ B ∩ [ka+i + 1,∞) such that

G(yka+i+1−1) = minNNG
F (a+ i+ 1).

In case (ii), we choose ka+2 = b+2, which is equivalent toG(yka+2−1) = maxNNG
F (a+2).

(Note that G(yb+1) < 1, because assuming G(yb+1) = 1 implies F (xa+2) = G(yb+1) = 1 and

thus pa+2 < qb+1 in spite of a + 2 ⇋ b + 1, which contradicts F ≤∧-disc
disp G.) This implies

G(yka+2−1) > F (xa+1) and a+ 2 ⇋∧ ka+2 as well as

0 < G(yka+2−1)− F (xa+1)

= G(yb+1)− F (xa+1)

= (G(yb)− F (xa)) + (qb+1 − pa+1)

≤ G(yb)− F (xa).

Then, we make the same distinction as previously, just increasing the indices by one. Again,

exactly one of the following conditions is true:

(i’) G(yb+2) ≤ F (xa+2),

(ii’) G(yb+2) > F (xa+2).

In case (i’) under the condition F (xa+2) < 1, we proceed as in case (i), just starting with one

index higher, i.e. by choosing ka+3 ∈ B∩[ka+2+1,∞) such thatG(yka+3−1) = minNNG
F (a+3).

In case (ii’), we proceed as in case (ii), just starting with one index higher, i.e. by choosing

ka+3 = b+ 3.

Overall, we iteratively obtain

(4.1) ∀j ∈ A ∩ [a+ 1,∞) ∃ pairwise distinct kj ∈ B ∩ [b+ 1,∞) : j ⇋∧ kj .

In this iteration, we either remain in cases (ii), (ii’), (ii”), . . . or we at some point get

into cases (i), (i’), (i”), . . . and remain there from that point on out. Let β̃ = max{k ∈
B ∩ (−∞, β] | ∃j ∈ A : k = kj} and define α ∈ A by β̃ = kα. Then, (4.1) can be made more

specific in the following sense:

∀j ∈ {a+ 1, . . . , α} ∃pairwise distinct kj ∈ {b+ 1, . . . , β̃} : j ⇋∧ kj .
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It follows that

xα − xa+1 =
α∑

j=a+2

xj − xj−1

≤
α∑

j=a+2

ykj − ykj−1 ≤
β̃∑

k=b+2

yk − yk−1

= yβ̃ − yb+1 ≤ yβ − yb+1 < ε.

Choose δ > 0 small enough such that x∗ = xa+1 − δ and x∗ + ε ≥ xα.

If the pair of α and kα = β̃ is in case (i’. . . ’), then we have G(yβ̃−1) ≤ F (xα−1) <

G(yβ̃) ≤ G(yβ). If F (xα) = 1, then G(yβ) ≤ F (xα) obviously holds; if F (xα) < 1, then

G(yβ−1) < minNNG
F (α+1) and thus G(yβ) = minNNG

F (α+1) ≤ F (xα) holds because of the

maximality of β̃. Overall, it follows that

F (x∗ + ε)− F (x∗) ≥ F (xα)− F (xa) ≥ G(yβ)−G(yb) = G(y∗ + ε)−G(y∗),

concluding the proof if the pair of α and kα = β̃ is in case (i’. . . ’).

If the pair of α and kα = β̃ is in case (ii’. . . ’), then we have F (xα−1) < G(yβ̃−1) < F (xα)

and G(yβ̃−1) − F (xα−1) ≤ G(yb) − F (xa). If F (xα) = 1, then G(yβ) ≤ F (xα) obviously

holds. If F (xα) < 1, then either α + 1 and kα+1 > β are in case (i’. . . ’), which implies

G(yβ) ≤ G(ykα+1−1) ≤ F (xα); or α + 1 and kα+1 = β + 1 are in case (ii’. . . ’), which implies

0 < G(yβ)− F (xα) ≤ G(yb)− F (xa). Overall, it follows that

F (x∗ + ε)− F (x∗) ≥ F (xα)− F (xa)

= (G(yβ)−G(yb)) + (G(yb)− F (xa))− (G(yβ)− F (xα))

≥ G(yβ)−G(yb) = G(y∗ + ε)−G(y∗),

concluding the proof if the pair of α and kα = β̃ is in case (ii’. . . ’).

The next example shows that several common dispersion measures do not preserve the

weak dispersive order.

Example 4.1. The interquartile range (IQR) does not preserve the order ≤∧-disc
disp

(Eberl and Klar, 2025, Theorem 4.7). Since, by Theorem 4.1, the order ≤wd is weaker than

≤∧-disc
disp , it follows that the IQR also does not preserve ≤wd.

Other common measures of dispersion do preserve ≤∧-disc
disp (Eberl and Klar, 2025). How-

ever, the following three-point distributions illustrate that this is not generally true for ≤wd.

Consider two distributions:

p = {p0 = 0.6, p1 = 0.2, p2 = 0.2}, q = {q0 = 0.3, q1 = 0.5, q2 = 0.2}.

It is straightforward to verify that p ≤wd q. On the other hand, the dispersion measures for

these distributions yield:

• Standard deviations: SDp = 0.80, SDq = 0.65;
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• Mean absolute deviations from the mean: MADp = 0.72, MADq = 0.54;

• Gini mean differences: GMDp = 0.80, GMDq = 0.74.

All differences SDp − SDq, MADp −MADq, and GMDp −GMDq are strictly positive. Based

on these classical measures, the distribution p would be considered to be more dispersed than

q, despite p ≤wd q.

As the empirical illustrations in Section 6 show, such discrepancies are relatively rare

but stem from deeper conceptual differences, which are discussed in further detail in the next

section.

5. NEW MEASURES OF VARIABILITY BASED ON THE CONCENTRA-

TION FUNCTION

The preceding example highlights an important conceptual distinction: the Lévy con-

centration function captures concentration rather than deviation from a central location.

Traditional dispersion measures such as the standard deviation (SD) and the median abso-

lute deviation (MAD) quantify variability with respect to a fixed location parameter, typically

the mean or median. In contrast, the Gini mean difference (GMD) assesses variability by

averaging the absolute differences between all pairs of independent copies of the random

variable. Formally, for a random variable X, the GMD is defined as:

GMDX = EX′
[
EX|X′

[
|X −X ′|

]]
,

where X ′ is an independent copy of X.

In the example under discussion, although all three classical dispersion measures are

larger for distribution p than for distribution q, both distributions share the same support.

Thus, the higher concentration of p indicates a lower level of uncertainty or randomness.

From a practical perspective, if one had to predict a likely value, choosing for p would be

more straightforward than for q, suggesting that p is more “predictable”. This interpretation

is supported by the Shannon entropy values: H(p) = −
∑

pi log2(pi) = 1.371, while H(q) =

1.485. The lower entropy for p reflects reduced uncertainty.

This relationship is underpinned by the fact that the vector p majorizes q (i.e. q ⪯ p);

that is,
∑k

i=1 x[i] ≥
∑k

i=1 y[i] for all k, where x[i] denotes the i-th largest entry of x. Since

entropy is Schur-concave - that is, f(q) ≥ f(p) if q ⪯ p - it decreases as the distribution

becomes more concentrated. Hence, in this example, greater concentration corresponds to

lower entropy, providing a compelling case where classical dispersion measures may fail to

capture the perceived variability in discrete distributions. This underscores the relevance of

concentration-based and entropy-based approaches, particularly when comparing distribu-

tions with identical support.

However, concentration can be viewed both as a lower bound for several classical mea-

sures of variability - those that quantify deviation from a central point - and as a dispersion
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measure in its own right. Using the formula

E[Zr] =

∫ ∞

0
rtr−1 Pr(Z > t) dt

for a non-negative random variable Z and r ≥ 1, we obtain

E[|X − a|r] ≥ r

∫ ∞

0
tr−1(1−QX(2t)) dt, ∀a ∈ R, ∀r ≥ 1.

Therefore,

E[|X − ar|r] ≥
r

2r

∫ ∞

0
εr−1(1−QX(ε)) dε, ∀r ≥ 1,

where ar = argmin
a

E[|X − a|r], r ≥ 1. In fact, any functional νr(X) defined as

νr(X) =
r
√
r

2

(∫ ∞

0
εr−1(1−QX(ε)) dε

)1/r

,

can also be used as a measure of the variability of X, preserving the weak dispersive order

≤wd.

To describe the properties of this functional, recall that a measure of variability ν is

a map from the set of random variables to R, such that given a random variable X, ν(X)

quantifies the variability of X. Next, we list a number of properties that a measure of

variability should reasonably satisfy:

• P1 Law invariance: if X and Y have the same distribution, then ν(X) = ν(Y ).

• P2 Translation invariance: ν(X + k) = ν(X) for all X and all constant k.

• P3 Absolute homogeneity: ν(λX) = |λ|ν(X) for all X and all λ ∈ R.

• P4 Non-negativity: ν(X) ≥ 0, with equality if X is degenerate at c ∈ R.

• P5 Consistency with some dispersion order ≤D: if X ≤D Y , then ν(X) ≤ ν(Y ).

A functional ν satisfying the properties P1-P5 - using ≤disp as the dispersion order in

P5 - is called a measure of variability or spread in the sense of Bickel and Lehmann; see Bickel

and Lehmann (1979). It is obvious that νr(X) satisfies P1, P2, and P4. To prove P3, we

need only observe that QλX(ε) = QX(ε/|λ|), from which νr(λX) = |λ|νr(X), λ ∈ R, follows.
Property P5 - whether using ≤disp or the discrete dispersive order ≤∧-disc

disp - follows directly

from Corollary 3.1 and Theorem 4.1, respectively.

Note that for many discrete distributions, νr(X) is not difficult to compute. For a

random variable X with values in N0, we obtain

νr(X) =
1

2

( ∞∑
k=0

((k + 1)r − kr) (1−QX(k))

)1/r

and, in particular, ν1(X) = 1/2
∑∞

k=0(1 − QX(k)). Thus, νr is essentially the sum over the

minimum probability outside an interval of length k; if this is small, the distribution is highly

concentrated and its variability is low.
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Example 5.1. a) If X ∼ Be(p), we obtain ν1(X) = min{p, 1 − p}/2, ν2(X) =√
min{p, 1− p}/2.

b) Let X ∼ Geom(p) with FX(k) = 1 − (1 − p)k, k ∈ N. Then, 1 − QX(k) = (1 − p)k+1,

which entails ν1(X) = (1− p)/(2p), ν2(X) =
√

(1− p)(2− p)/(2p).

Definition 5.1. a) Let X and Y be discrete random variables and let p and q

be their probability mass functions (defined on the union of their supports). X is said

to be less random than Y (written X ≤rand Y ) if q ⪯ p, where ⪯ denotes the order of

majorization (Hickey, 1983).

b) A distribution p with support on the lattice of integers is unimodal if there exists at

least one integer M such that

pk ≥ pk−1, ∀k ≤ M, pk+1 ≤ pk, ∀k ≥ M.

Closely related characterizations of discrete unimodality are studied in Bertin and

Theoderescu (1984). To compare distributions in terms of randomness, Hickey (1984) and

Hickey (1986) introduce a notion of majorization for absolutely continuous distributions via

the decreasing rearrangement of their density functions. For the absolutely continuous case,

Fernández-Ponce and Suárez-Llorens (2003) shows that comparison in terms of randomness

is equivalent to the weak dispersive order for unimodal distributions, as defined in Sudhakar

and Kumar (1988). The following proposition serves an analogous purpose for discrete dis-

tributions.

Proposition 5.1. Let p and q be unimodal distributions on the non-negative inte-

gers, and let X and Y be distributed according to p and q. Then,

X ≤wd Y ⇔ X ≤rand Y.

Proof: By the unimodality assumption,

max
i∈N0

{
i+m∑
k=i

pk

}
= p[0] + · · ·+ p[m],

where p[0] ≥ p[1] ≥ . . . are the components of p in decreasing order, and the assertion follows.

Remark 5.1. a) With the help of Prop. 5.1, one can recover the results in Exam-

ple 3.2 a)-c) and Example 3.3 a), since it is known that the corresponding distributions

are ordered with respect to randomness (Hickey, 1983).

b) Consider two unimodal distributions on the non-negative integers with p[i] = q[i], i ∈ N0.

Then, X =rand Y , andX =wd Y follows by Prop. 5.1. Hence, all unimodal distributions

with the same ordered probabilities are equivalent with respect to =wd.
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c) Of course, without the unimodality assumption, the orders ≤rand and ≤wd are not

equivalent. Consider the distributions X ≡ {p0 = 0.1, p1 = 0.4, p2 = 0.4, p3 = 0.1} and

Y ≡ {q0 = 0.4, q1 = 0.1, q2 = 0.1, q3 = 0.4}. It is clear that X =rand Y , but X ≤wd Y

while Y ̸≤wd X.

d) Consider the class of unimodal distributions whose support is a subset of {1, . . . ,M}.
In this class, the discrete uniform distribution U{1,M} is the unique maximizer with

respect to ν1, with

ν1 =
1

2

M−2∑
k=0

(1−QX(k)) =
1

2

M−1∑
k=1

(
1− k

M

)
=

M − 1

4
.

Without the unimodality assumption, there is no maximal element: the two-point

distribution with mass 1/2 at 1 and M and the uniform distribution are not comparable

with respect to ≤wd. Note that for the latter distribution ν1 = (M − 1)/4 holds, as it

does for the uniform distribution.

e) The measure νr is finite if E|X|r < ∞, i.e., it is not robust with respect to outliers.

However, it is straightforward to define robust dispersion measures based on a similar

construction. For a random variable X taking values in N0, consider the measure

νrob(X) =

∞∑
k=0

1−QX(k)

1 + k2
,

which satisfies properties P1, P2, P4, and property P5 with respect to ≤disp, ≤∧-disc
disp

and ≤wd (note that P3 is not meaningful for lattice distributions).

Let x1, . . . , xn be an independent sample from X, and define M = max{x1, . . . , xn}.
Then, 1 − Q(k) = 0 for all k ≥ M . Suppose now that a new observation x > M is

added. The empirical influence function satisfies

n (νrob(x1, . . . , xn−1, x)− νrob(x1, . . . , xn)) = c+ n
x∑

k=M

1/n

1 + k2
≤ c+

∞∑
k=0

1

1 + k2
,

for some constant c. That is, the empirical influence function is bounded, demonstrating

the robustness of νrob with respect to outliers.

6. EMPIRICAL ILLUSTRATIONS

6.1. Counts of swimbladder nematodes in Japanese eels

The first example compares counts of larvae of swimbladder nematodes in two popula-

tions of the Japanese eel (Anguilla japonica) from southwest Taiwan. Münderle et al. (2006)

compared wild eels from the Kao-Ping River (sample 2, n = 168) with cultured eels from an

adjacent aquaculture farm (sample 1, n = 71). All recorded nematodes belong to the species

Anguillicoloides crassus. Figure 2 shows bar plots of the relative frequencies p and q for the
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two datasets. Table 1 presents the absolute frequencies hi(i = 1, 2) alongside the relative

frequencies for both datasets. We see that p0 < q0,but p1 > q1, p2 > q2, etc., and it is not

possible to deduce anything regarding the weak dispersive ordering between the two samples

based directly on these values.

k 0 1 2 3 4 5 6 7 8 12 16 21 42 64

h1 32 15 8 4 1 1 3 2 1 0 1 1 1 1
p 0.45 0.21 0.11 0.06 0.01 0.01 0.04 0.03 0.01 0.00 0.01 0.01 0.01 0.01

h2 134 19 9 0 1 2 0 1 1 1 0 0 0 0
q 0.80 0.11 0.05 0.00 0.01 0.01 0.00 0.01 0.01 0.01 0.00 0.00 0.00 0.00

Table 1: Absolute frequencies h1 and h2 and relative frequencies p and q
for the datasets in Example 6.1.
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Figure 2: Bar plots of the relative frequencies for the datasets
in Example 6.1.

Findings: For these two samples, both X >st Y and X >wd Y hold. Consequently,

for any location measure µ, we have µ(X) ≥ µ(Y ). Similarly, for the dispersion measures

νr and ν̂rob introduced in Section 5, the inequality ν(X) ≥ ν(Y ) also holds. Since the two

samples are not comparable with respect to ≤∧-disc
disp , no definitive conclusion can be drawn

regarding the ordering of SD, MAD, and GMD. Nevertheless, Table 2 shows that even for

these classical measures, as well as for the interquartile range, the inequality ν(X) ≥ ν(Y )

still holds:

SD MAD GMD IQR ν̂1 ν̂2 ν̂rob
sample 1 9.39 4.29 5.48 2 1.65 4.95 0.90
sample 2 1.43 0.74 0.83 0 0.23 0.75 0.51

Table 2: Dispersion measures for the datasets in Example 6.1.

The following two examples consider swimbladder and intestinal nematodes in Euro-

pean eels (Anguilla anguilla). The differences between the two distributions are rather small

in Example 6.2 and large in Example 6.3.
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6.2. Counts of swimbladder nematodes in European eels

As second example, we consider counts of larvae of swimbladder nematodes in European

eels from two different locations: sample 1 (n = 196) from the River Rhine near Karlsruhe,

and sample 2 (n = 100) from the River Rhine near Sulzbach (Münderle et al., 2006). Again,

all recorded nematodes were A. crassus. Klar et al. (2010) concluded that both samples can

be assumed to come from the same distribution. For example, a two-sample Kolmogorov-

Smirnov test yields a p-value of 0.8. Figure 3 displays bar plots of the relative frequencies p

and q for the two datasets. Table 3 presents the absolute frequencies hi (i = 1, 2) alongside

the relative frequencies for both datasets.

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 16 22 23

h1 104 47 16 13 5 3 2 1 0 1 0 0 0 1 1 1 1
p 0.53 0.24 0.08 0.07 0.03 0.01 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

h2 61 16 10 1 2 1 1 1 2 0 2 2 1 0 0 0 0
q 0.61 0.16 0.10 0.01 0.02 0.01 0.01 0.01 0.02 0.00 0.02 0.02 0.01 0.00 0.00 0.00 0.00

Table 3: Absolute frequencies h1 and h2 and relative frequencies p and q
for the datasets in Example 6.2.
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Figure 3: Bar plots of the relative frequencies for the datasets
in Example 6.2.

Findings: Under the assumption that both samples originate from the same distribu-

tion, one would expect the differences

dm = sup
i∈N0

{
i+m∑
k=i

pk

}
− sup

j∈N0


j+m∑
k=j

qk


to be close to zero for all m, which is indeed the case. Since the sign of dm varies with m,

the samples are not ordered with respect to ≤wd and, consequently, also not with respect to

≤∧-disc
disp . Similarly, the differences in the dispersion measures between the two samples (see

Table 4) are small and also vary in sign:



An easily verifiable dispersion order for discrete distributions 635

SD MAD GMD IQR ν̂1 ν̂2 ν̂rob
sample 1 2.94 1.53 1.99 1 0.65 1.61 0.79
sample 2 2.73 1.76 2.18 1 0.68 1.52 0.75

Table 4: Dispersion measures for the datasets in Example 6.2.

6.3. Counts of intestinal parasites in European eels

The third example compares two samples of counts of intestinal parasites in European

eels at the same location (River Rhine near Karlsruhe), but from different years. Sample 1

(n = 40) was recorded in summer 1999, and sample 2 (n = 20) in summer 2005 (Thielen,

2006). The two samples come from quite different distributions, see Klar et al. (2010) for an

explanation. Figure 4 displays bar plots of the relative frequencies p and q for the two datasets.

Table 5 presents the absolute frequencies hi(i = 1, 2) alongside the relative frequencies for

both datasets.

k 0 1 2 3 4 5 6 7 8 9 10 11 12 14 27 37 39 ≥ 40
h1 14 3 5 4 2 1 1 1 0 0 1 1 0 0 1 1 1 4
p 0.35 0.07 0.12 0.10 0.05 0.02 0.02 0.02 0.00 0.00 0.02 0.02 0.00 0.00 0.02 0.02 0.02 0.10

h2 1 0 2 1 3 2 1 0 1 2 0 2 2 1 1 0 1 0
q 0.05 0.00 0.10 0.05 0.15 0.10 0.05 0.00 0.05 0.10 0.00 0.10 0.10 0.05 0.05 0.00 0.05 0.00

Table 5: Absolute frequencies h1 and h2 and relative frequencies p and q
for the datasets in Example 6.3.
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Figure 4: Bar plots of the relative frequencies for the datasets
in Example 6.3.

Findings: Here, dm > 0 for m = 0, . . . , 10, while dm < 0 for m = 12, . . . , 173.

Consequently, neither X ≤wd Y nor Y ≤wd X holds. Table 6 shows that the standard

deviation, mean absolute deviation, and Gini mean difference are clearly larger for the first

sample; the same applies to ν̂1 and ν̂2. In contrast, the differences in the interquartile ranges

and the robust measure ν̂rob are negative.



636 A. Eberl, B. Klar and A. Suárez-Llorens

SD MAD GMD IQR ν̂1 ν̂2 ν̂rob
sample 1 35.83 21.48 25.68 6.25 7.60 19.25 1.06
sample 2 9.19 6.06 8.93 7.25 4.07 6.23 1.23

Table 6: Dispersion measures for the datasets in Example 6.3.

6.4. Amount of aggression attributed to film characters

To illustrate their test procedure, Siegel and Tukey (1960) considered data from a

study comparing the amount of aggression attributed to film characters by members of two

populations, A and B, both with a sample size of 9. Based on the test result, they concluded

that population A is more spread out than population B. Figure 5 displays bar plots of the

relative frequencies p and q for the two datasets. Table 7 presents the absolute frequencies

hi(i = 1, 2) alongside the relative frequencies for both datasets.

k 0 3 5 6 8 10 11 12 13 14 15 16 17 19 25

h1 1 0 1 0 2 0 0 0 0 1 1 0 1 1 1
p 0.11 0.00 0.11 0.00 0.22 0.00 0.00 0.00 0.00 0.11 0.11 0.00 0.11 0.11 0.11

h2 0 1 0 1 0 2 1 1 2 0 0 1 0 0 0
q 0.00 0.11 0.00 0.11 0.00 0.22 0.11 0.11 0.22 0.00 0.00 0.11 0.00 0.00 0.00

Table 7: Absolute frequencies h1 and h2 and relative frequencies p and q
for the datasets in Example 6.4.
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Figure 5: Bar plots of the relative frequencies for the datasets
in Example 6.4.

Findings: As in the first example, X >wd Y holds. Therefore, we have ν(X) ≥
ν(Y ) for the dispersion measures introduced in Section 5. Once again, the two samples are

not comparable with respect to ≤∧-disc
disp , so no conclusion can be drawn regarding the other

measures. However, Table 8 shows that, in this case as well, the inequality ν(X) > ν(Y )

holds for all measures considered:

Remark 6.1. Eberl and Klar (2025) present in Examples 2.7a) and 4.9a) two real-

world datasets for which X ≤∧-disc
disp Y holds. Consequently, the classical dispersion measures
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SD MAD GMD IQR ν̂1 ν̂2 ν̂rob
sample 1 7.75 6.30 9.28 9 4.78 6.28 1.23
sample 2 3.91 2.84 4.50 3 2.11 3.02 1.14

Table 8: Dispersion measures for the datasets in Example 6.4.

SD, MAD, and GMD as well as the dispersion measures introduced in Section 5, agree in

their ranking: ν(X) ≤ ν(Y ). In this case, we can confidently state that Y exhibits higher

variability than X. However, such a clear ordering is rarely encountered in real-world data.

Subsections 6.1 and 6.4 provide examples where X >wd Y holds. As a result, we have

ν(X) ≥ ν(Y ) for the dispersion measures introduced in Section 5. Thus, if we agree on using

the order ≤wd to assess dispersion, we can conclude that the variability of X is greater than

that of Y . Even though this ordering does not directly imply a relationship for classical

dispersion measures, the examples show that these measures typically follow the same trend

in such cases.

In contrast, the example in subsection 6.3 demonstrates that relying on a specific dis-

persion measure can be misleading, even when the observed differences appear substantial -

for instance, standard deviations of 36 and 9. Since the samples are not ordered with respect

to ≤wd, neither sample should be deemed more variable than the other in a general sense.

7. CONCLUDING REMARKS

This paper contributes to the ongoing development of dispersion concepts in statistics

by proposing a weak dispersive order that is specifically designed for discrete distributions.

This new order overcomes the limitations of existing approaches, particularly the classical

dispersive order, which is overly restrictive in discrete settings due to its support-inclusion

requirement. It also addresses the limitations of the discrete adaptation of this order in-

troduced by Eberl and Klar (2025), which is useful as a foundational concept but imposes

strict conditions that are often difficult to verify. The proposed weak dispersive order is more

flexible while preserving key interpretability features, and it enables meaningful comparisons

of variability between a broader class of discrete distributions.

In addition to the theoretical framework, we introduced a family of variability measures

derived from the Lévy concentration function. These measures satisfy the classical axioms

of dispersion formulated by Bickel and Lehmann, offering robust and interpretable alterna-

tives to standard dispersion measures in the discrete domain. Several empirical examples

demonstrate the practical usefulness of the proposed ordering and associated measures, even

in situations where classical dispersion measures may yield conflicting or unintuitive results.

There are several areas that could be explored in future research. For example, a

detailed characterization of the equivalence classes under the weak dispersive order for non-

unimodal distributions appears to be a challenging and interesting problem. Furthermore,

the constructive form of the weak dispersive order - based on comparing probabilities over

intervals of bounded length - suggests a natural pathway for extending the concept to mul-
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tivariate discrete settings. One possibility would be to replace one-dimensional intervals

with Euclidean balls or other metric-based neighborhoods, thereby enabling comparisons of

spatially distributed count data, such as point patterns in ecology or materials science.

An additional point of interest lies in the relationship between the concepts of concen-

tration and variability - where variability, in a narrower sense, refers to the spread around a

central location. Both notions aim to capture aspects of dispersion; however, the examples

suggest that standard measures of variability generally do not respect the weak dispersive

order. By contrast, we have seen that concentration can serve as a lower bound for certain

variability measures. This raises the following questions: Is there a more rigorous framework

that formally clarifies the similarities and differences between these two concepts? For pairs

of distributions ordered in variability according to weaker criteria than the dispersive order,

such as the convex or dilation orders (see, e.g., Shaked and Shanthikumar, 2006), can we

ensure that they are also ordered in concentration?

In summary, this work broadens the conceptual and methodological foundations for

comparing variability in discrete data. It provides both theoretical insights and practical

tools for statistical analysis in applied fields.
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Müller, A. and Stoyan, D. (2002). Comparison Methods for Stochastic Models and Risks. Wiley Series
in Probability and Statistics. Wiley.

Münderle, M., Taraschewski, H., Klar, B., Chang, C. W., Shiao, J. C., Shen, K. N., He, J. T., Lin,
S. H., and Tzeng, W. N. (2006). Occurrence of Anguillicola crassus (Nematoda: Dracunculoidea) in
Japanese eels Anguilla japonica from a river and an aquaculture unit in southwest Taiwan. Diseases
of Aquatic Organisms, 71:101–108.

Oja, H. (1981). On location, scale, skewness and kurtosis of univariate distributions. Scandinavian
Journal of Statistics, 8:154–168.

Shaked, M. and Shanthikumar, J. G. (2006). Stochastic Orders. Springer Series in Statistics. Springer.

Siegel, S. and Tukey, J. W. (1960). A nonparametric sum of ranks procedure for relative spread in
unpaired samples. Journal of the American Statistical Association, 55(291):429–445.

Sudhakar, D. and Kumar, J. (1988). Unimodality, Convexity, and Applications. Academic Press.

Thielen, F. (2006). Der Einfluss einwandernder Amphipodenarten auf die Parasitozönose des eu-
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