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1  Introduction
Understanding and simulating deformation mechanisms and microstructure forma-
tion are central for tailoring materials with desired mechanical properties. Traditionally, 
models have relied on classical approaches across multiple scales: starting at defect for-
mation using electronic structure calculations (e.g., [1, 2]), moving on to different types 
of defects and deformation mechanisms on atomistic scales via Molecular Dynamics, 
Molecular Statics or Monte Carlo approaches (e.g., [3, 4]), and finishing with descrip-
tions at the continuum using finite element or volume elements (e.g., [5]). With the 
advent of quantum computing, a key question that arises is whether this new technology 
can contribute to simulating materials mechanics already today, potentially outperform-
ing classical modeling methods in the future. So far, applications in this pioneering field 
are rare, mainly due to hardware constraints, such as the number of qubits and the pres-
ence of (quantum) noise. However, remarkable contributions from quantum computing 
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The accurate prediction of microstructures under mechanical stresses is crucial 
for understanding materials behavior, especially in body-centered cubic (bcc) 
metals where the deformation phenomena remain elusive. In this work, we 
introduce a continuum framework, linked to crystallographic considerations 
and atomistic simulations, to model deformation twinning in bcc systems using 
quantum annealing. This requires formulation of the problem in terms of the 
global minimization of an Ising Hamiltonian, with coefficients reflecting the elastic 
interactions between discretization domains. We perform qualitative comparisons 
with atomistic simulations and quantitative benchmarking against analytical solutions 
in well-defined setups, and demonstrate the scalability to larger, polycrystalline 
specimens, where atomistic methods become prohibitive due to high computational 
costs, outputting qualitatively similar pictures as experiments. The scale-bridging, 
quantum annealing based model provides an efficient and novel computational 
framework for determining equilibrium microstructures in single crystals and 
polycrystals under mechanical stresses, with emphasis on systems where twinning is 
a dominant deformation mechanism.
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to materials mechanics and materials science are already possible [6–16]. These innova-
tions have the potential to support and complement existing modeling approaches and 
may eventually even surpass them. Based on preliminary work on the formation of mar-
tensite [6, 7] and microstructures in ceramic solid electrolytes [8] within a continuum 
mechanics framework, we demonstrate here the use of quantum annealing (QA), a spe-
cific branch of quantum computing, on the prediction of deformation twinning in bcc 
metals.

Body-centered cubic (bcc) metals primarily deform either by dislocation motion or 
by deformation twinning. Both deformation mechanisms are relevant and this topic 
has remained as a widely studied field persisting until these days [3, 4, 17–23]. In close-
packed metallic structures, deformation twins are well understood and have been 
extensively used to design materials with exceptional mechanical properties [24–26]. 
However, in bcc metals, deformation twinning endures as an elusive and intricate phe-
nomenon [19, 23]. Achieving a deeper insight into the twinning mechanisms in bcc 
structures, as well as simulating it on larger scales, could open up new possibilities to 
enhance these materials’ performance, applicability and understanding.

Not only deformation twins, but also growth and annealing twins can occur within 
metals [23, 27]. Growth twins are formed far from equilibrium mostly during ini-
tial crystal growth [23]. Annealing twins appear during recrystallization of previously 
deformed metals, and there is no deformation associated with their formation. Instead, 
they form as a result of minimization of interfacial energy and grow diffusionally [28, 
29]. On the other hand, deformation twins minimize elastic strain energy and there is a 
clear deformation associated to their formation. Deformation twins occur as a result of 
a large deformation of a single grain and have a lenticular morphology, since the small 
thickness to length ratio minimizes the long-range elastic strain [28].

Deformation twinning in bcc metals occurs by shearing the crystal on {112} planes 
along the ⟨111⟩ directions, and it is associated with a twinning/anti-twinning anisotropy 
[3]. In bcc transition metals, such as α-iron and niobium, deformation twinning has 
been studied frequently [18, 19, 30–33]. However, in bcc alkali metals, such as lithium 
and sodium, the deformation behavior is still largely under-reported due to the difficult 
handling. Nevertheless, with the advance of solid-state batteries and the prospect of 
using metal anodes, specific knowledge about these materials became a necessity [34–
36]. While it is reasonable to infer that the alkali metals exhibit similar characteristics as 
the other bcc metals, direct confirmation is necessary to assert it definitively. Recently, 
Molecular Statics simulations of all bcc metals showed that deformation twinning in the 
alkali metals indeed occurs only on {112} planes, but with a lower likelihood of anti-
twin formation compared to transition metals, due to the stronger asymmetry of energy 
barriers [3].

Generally, atomistic simulations can handle only a relatively small number of atoms 
and single crystals setups, since the simulation of large-scale and polycrystalline samples 
is computationally demanding via these methods. To address twinning in polycrystal-
line materials, continuum-based modeling approaches (see, e.g., [5]) and phase-field 
models (see, e.g., [37]) have been developed. Despite their differences in scale and meth-
odology, these approaches have a common goal to predict the dynamics of the system, 
either based on interatomic potentials for the atomistic descriptions or crystal plas-
ticity slip laws for the continuum models [3, 5]. In all these cases, which are based on 
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time dependent formulation, a relaxation to equilibrated twin structures may require 
extended simulation times, which typically exceed the capabilities of atomistic and pos-
sibly also continuum simulations. Moreover, phase field approaches follow an evolution 
dynamics of the type ϕ̇ ∼ −δF/δϕ, where ϕ can be used as order parameter to iden-
tify twinned regions, and the free energy F includes in particular the elastic energy. As 
phase field methods act as local energy minimization approaches during time evolution, 
Ḟ < 0, they can get stuck in local minima (unless fluctuations are considered), which 
makes the determination of the absolute energy minimum difficult. Therefore, phase 
field should mainly be considered as an approach to predict the dynamics and evolution 
of transformations [38–42].

Here, we propose an alternative continuum picture, which directly determines the 
ground state configuration of the system under mechanical loads. Our approach mini-
mizes the mechanical energy with respect to both the elastic degrees of freedom (i.e., 
displacements) and the evolving twinning microstructure, aligning with the fundamen-
tal definition of deformation twinning [28]. In this way, the description neither relies on 
empirical interatomic potentials nor on constitutive kinematic relations. Instead, it can 
be considered as a minimum model, based just on well established concepts of elasticity 
and crystallography. This energy based perspective complements considerations based 
on critical resolved shear stresses for the initiation of deformation twinning. In addition, 
twin interface energies are incorporated into the formulation. The elastic deformations 
are handled conventionally using classical computing. However, at each material point, 
an additional discrete variable is introduced to represent whether this region belongs 
to a twin or to the matrix. In this way, the direct determination of twin distributions 
becomes a hard combinatorial problem, as one needs to calculate the total energy of all 
possible arrangements of twins. This is the point at which quantum annealing gives a 
substantial benefit and efficiently optimizes the total energy of the system. The model 
is built on our previous work on shear transformations, where we have mapped the 
spatial arrangement of martensite variants to an Ising Hamiltonian, which is efficiently 
minimized using quantum annealing [6–8]. As the quantum annealing simulations are 
extremely fast, the ground state configuration is obtained very quickly, as compared to 
the aforementioned modeling approaches, offering new opportunities for simulating 
deformation twinning.

This article is structured as follows: To establish the new modeling paradigm, we firstly 
transfer the crystallographic aspects of twin formation in bcc metals to a continuum 
mechanics perspective in Sects. 2.1 and 2.2. In Sect. 2.3 the QA approach for modeling 
the deformation twinning is presented. Complementary Molecular Dynamics simula-
tions (Sect. 2.4) serve as qualitative comparison for the model development. Next, in 
Sect. 3.1, we use layered planar interfaces representing twin boundaries to determine 
the preferred orientations of the deformation twins from a continuum perspective and 
ensure consistency with the crystallographic expectations. After that, in Sect. 3.2, the 
determination of the equilibrium twin structures via quantum annealing is introduced 
and demonstrated on single crystals for planar (112) twin formation under varying 
mechanical loads. Although the results confirm the Molecular Dynamics observations, 
still discrepancies remain, which are resolved by the consideration of interfacial energies 
in Sect, 3.3. With that, the transfer for the self-consistent equilibrium twin distributions 



Page 4 of 21dos Santos et al. Discover Materials           (2026) 6:129 

becomes feasible and is studied in Sect. 3.4 for polycrystals, to demonstrate the capabili-
ties and limitations of the novel quantum computing-based approach.

2  Methods
2.1  Crystallography

According to the crystallographic definition [43], a twin is an intergrowth of two or more 
individuals of the same crystal species with a well-defined crystallographic orientation 
relationship. This orientation relationship is given by the twin law, which comprises the 
set of symmetry operations and elements that transform the lattice of one individual into 
the lattice of the other one. The individuals that form the twin are called twin compo-
nents or domains, while their individual orientation corresponds to the respective ori-
entation states. The contact plane between two individuals is called twin interface or 
domain boundary. Although the term domain is commonly used describing twins com-
posed of lamellar twin components, we rather use the term twin component in order to 
avoid confusion with the discretization domains used for the QA description. It should 
be noted, however, that here a discretization domain corresponds to the smallest pos-
sible twin component. Furthermore, in the literature on metallurgy and especially in 
studies of deformation twinning, the term “twin” is ascribed to twin components formed 
by deformation twinning, while the part of the grain that remains in its original orienta-
tion state is designated “matrix”, see the examples presented in [23]. In this work we refer 
to twin components characterized by their respective orientation state — transformed 
or original —, as the size or volume fraction of the transformed twin components may 
exceed that of twin components with the original orientation state.

In the case of the bcc crystal structure, the commonly observed twin interfaces are the 
{112} planes [3, 23], and the orientation states of adjacent twin components are related 
by a reflection on this plane. The corresponding twin law is the so-called spinel law, 
which is associated with a Σ = 3 coincidence site lattice; i.e., the twin interfaces are Σ3 
boundaries.

To express the transformation strain through the twinning, we consider twinning on 
a (112) plane specifically and introduce a local coordinate system spanned by orthogo-
nal unit vectors x̂′ ∥ [1̄1̄1], ŷ′ ∥ [11̄0] and ẑ′ ∥ [112]. Here, ŷ′ is the in plane direction of 
translational invariance in the sense of a plane strain description, while x̂′ is the twin-
ning direction and ẑ′ the twin interface normal, as indicated in Fig. 1. All Miller indices 
designating crystallographic planes or directions refer to the original orientation state 
unless stated otherwise. The bcc crystal structure can be built by stacking layers of atoms 
situated on (112) planes (dashed lines in Fig. 1). Each layer is shifted relative to the previ-
ous one by a/(2

√
3) along [1̄1̄1], with a being the lattice constant. The stacking sequence 

repeats every six layers (ABCDEF stacking sequence, note that the atoms on every sec-
ond layer are located above/below the projection plane). Twinning can then be described 
by additional shifts of the (112) planes by a/(2

√
3) for the first layer (green arrow), 

2 × a/(2
√

3) for the second layer (twice the green arrow), etc., such that the stacking 
sequence is reversed (into FEDCBA) and the upper part of the crystal becomes mirror 
symmetric to the lower one. Anti-twinning, which will not be considered in this study, 
could be described by additional shifts of the (112) planes by −a/

√
3 for the first layer, 

−2 × a/
√

3 for the second layer, etc., resulting in the same atomic arrangement as twin-
ning. Deformation twinning of the crystal can therefore be understood as a shear of the 
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original lattice, as illustrated by the transition from the solid to the dashed blue rectangle 
in Fig. 1. With the lateral shift by ∆ux′ = a/2

√
3 per interplanar distance ∆z′ = a/

√
6, 

the shear strain therefore becomes in the rotated reference frame

ϵtwin
x′z′ = 1

2

(
∂ux′

∂z′ + ∂uz′

∂x′

)
= 1

2
√

2
.� (1)

For an orthonormal, right handed basis set B′ = {x̂′, ŷ′, ẑ′}, the symmetric twin eigen-
strain tensor therefore becomes [44]

ϵtwin′
=


 0 0 1/(2

√
2)

0 0 0
1/(2

√
2) 0 0


 = B′ [ϵtwin]B′ .� (2)

In particular, the direction ŷ′ remains invariant under the transformation.
Whereas a local analysis of the twinning process is easier in this rotated reference 

frame, for an inspection from the laboratory system a transformation to a basis set 
B = {x̂, ŷ, ẑ} is desirable, using (normalized) unit vectors x̂ ∥ [1̄1̄0], ŷ ∥ ŷ′ ∥ [11̄0] and 
ẑ ∥ [001]. We note that we keep the 45◦ rotation in the xy plane relative to the conven-
tional basis vectors, as this allows to keep a reduction to a two-dimensional (xz) plane 
strain description.

With these definitions, we have

x̂′ = 1√
3

(
−1
−1
1

)
=

√
2
3

x̂ + 1√
3

ẑ, � (3)

ẑ′ = 1√
6

(
1
1
2

)
= − 1√

3
x̂ +

√
2
3

ẑ. � (4)

Therefore, the coordinate transformation matrix from basis set B to B′ is given by

Fig. 1  Projection of the crystal structure of a twinned bcc crystal with lattice constant a onto the (11̄0) plane. 
Atoms, which belong to the same plane in the projection view are coded with the same colour (black or red). In 
the green region, where the twinning takes place through the collective movement of partial dislocations, the 
atoms are moved from the parent crystal positions (open spheres) to new locations (solid spheres). The red region 
corresponds to the original lattice (original orientation state), whereas the green region goes through the shear 
transformation (resulting in the transformed orientation state). The twin interface is a (112) plane, which is at the 
same time a twin mirror plane. The blue solid rectangle is sheared to the dashed one upon twinning. ABCDEF refers 
to the stacking sequence, which is reversed by the twin transformation.
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B [id]B′ =




√
2/3 0 − 1√

3
0 1 0
1√
3 0

√
2/3


 ,� (5)

which maps the unit vectors from set B to B′. In the laboratory frame B the twin trans-
formation strain tensor becomes

B [ϵtwin]B =B [id]B′ B′ [ϵtwin]B′ B [id]B′
† � (6)

=


 −1/3 0 1/(6

√
2)

0 0 0
1/(6

√
2) 0 1/3


 . � (7)

We focus here only this single bcc twinning system, but the generalization to more sys-
tems is possible.

2.2  Elasticity

We pursue a continuum description of deformation twin formation, to extend atomis-
tic descriptions to larger scales using well established concepts only. The description is 
based on linear elasticity. For the purpose of illustration, we use a two-dimensional plane 
setup. This is legitimate if the out-of-plane direction coincides with the ŷ′ direction, as 
according to the transformation strain no deformation is induced in this direction for 
suitable boundary conditions. As simplification we use isotropic elasticity to reduce the 
number of elastic constants, although an extension to anisotropic descriptions is pos-
sible. In the isotropic limit, the Young’s modulus scales out of the description, and only 
a weak dependence on the Poisson ratio remains, which it is not critical here. We point 
out that the strongest source of the anisotropy is the transformation strain (7) which is 
significantly larger than the anisotropy of the elastic constants of bcc metals.

The formation of twins is expressed through a local stress free strain or eigenstrain, 
ϵtwin. From point of view of continuum elasticity, the microstructure is therefore defined 
by the knowledge of whether at any given location the crystal has undergone the shear 
transformation, leading to either an eigenstrain 0 (reference state indicating the origi-
nal lattice orientation, i.e., a twin component with original orientation state) or a finite 
eigenstrain ϵtwin (indicating the lattice after the shear transformation, i.e., a twin com-
ponent with transformed orientation state). In conjunction with given boundary condi-
tions, i.e.,  typically given strain or given stress, the problem is then well-posed in the 
framework of linear elasticity. We can in particular determine for a given microstructure 
the displacements, strains and stresses everywhere, as well as the stored elastic energy in 
the system.

For a given twin distribution inside the material, the elastic (free) energy is therefore 
given as [45]

Fel =
ˆ

dV

(
1
2

λ(ϵkk − ϵtwin
kk )2 + µ(ϵik − ϵtwin

ik )2
)

,� (8)

where the integration is performed over the volume V of the sample; µ and λ are shear 
modulus and Lamé coefficient, respectively. The strains are derived from the displace-
ment field components ui, i.e.,
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ϵij = 1
2

(
∂ui

∂xj
+ ∂uj

∂xi

)
.� (9)

Mechanical equilibrium is obtained — for a given twin eigenstrain — through the mini-
mization of the elastic energy with respect to displacements,

δFel

δui
= 0,� (10)

which is performed here using Fourier transformation approaches (Khachaturyan 
method), assuming periodic boundary conditions, see [46] for details. In this way, the 
equilibrated elastic energy can be written as

Fel = V

2
∑
k ̸=0

B(n)|θ̂(k)|2� (11)

for a periodic system with vanishing average stress, where θ(r) is one in regions which 
have undergone the twinning transformation and zero everywhere else, and θ(k) is its 
Fourier transform. B(n) with n = k/k equals B(n) = σtwin

ij ϵtwin
ij − niσ

twin
ij Ωjkσtwin

kl nl 
with σtwin

ij = λijklϵ
twin
kl , allowing also for anisotropic stress-strain relations, 

σij = λijkl(ϵkl − θ(r)ϵtwin
kl ), beyond the isotropic case considered here for demonstra-

tion purposes. For a given mean strain ⟨ϵij⟩, an additional homogeneous contribution 
appears in the above expression for the energy [6–8].

Alternatively to the Fourier transformation approach, other solving procedures can be 
used like finite element methods, provided that the elastic energy is obtained with very 
high accuracy.

2.3  Quantum annealing

Quantum annealing (QA) belongs currently to the most advanced quantum computing 
approaches, which offers several thousands of qubits and couplers [47–51]. It can handle 
only specific classes of problems, namely binary quadratic optimization problems [52]. 
The basic concept of QA is the initialization of its qubits in well defined Hamiltoni-
ans, whose ground state is unique and known  [53]. This Hamiltonian is then changed 
adiabatically at cryogenic temperatures to the desired, final problem Hamiltonian, ide-
ally staying in the ground state throughout this transformation  [53, 54] and therefore 
enabling an efficient global energy minimization.

We use the QA approach here in addition to the elastic solvers, which determine the 
equilibrium deformation state, for finding the energetically most favorable distribution 
of twins in the entire system of investigation. Therefore, we discretize the system into 
small domains. This tesselation can be done through a regular lattice as well as irregular 
regions, as discussed in [6]. We point out that the size of these domains does not have 
to coincide with an underlying grid or mesh size for solving the elastic problem. In fact, 
we usually use far less of these domains than grid points for the elastic solver. We assign 
to each of these domains a discrete indicator (“spin”) si, where si = −1 corresponds to 
the original crystal (not twinned) and si = +1 to a domain after twinning, see Fig. 2 for 
an illustration. These spin variables are therefore directly connected to the twin indica-
tor introduced above. In combination with Eq. (11) we can directly see that the elastic 
energy becomes quadratic in the spin variables, which is essential for the mapping of 
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the problem to the quantum annealer. In analogy to the previous work [6–8], the elastic 
energy can then be exactly expressed as Ising Hamiltonian in the framework of linear 
elasticity,

E =
∑

i

hisi +
∑
i<j

Jijsisj + E0.� (12)

In other words, for a given microstructure (i.e.,  knowledge of the spin states of all 
domains), the elastic energy consists of terms which are linear in the spin value plus 
additionally pairwise spin-spin interactions between the domains only. The interactions 
between domains are long-ranged, and therefore the ground state of such a spin glass 
Hamiltonian is nontrivial. It turns out that the interaction coefficients have to be cal-
culated with very high accuracy to obtain the correct equilibrium microstructure. In 
particular, the introduction of a cutoff for the range of the interactions is not valid. For 
details of the formalism and the approach to calculate the Ising coefficients E0, hi and 
Jij , we refer to the supplemental material and [6–8]. To run the QA calculations, we use 
the D-Wave Quantum Annealer AdvantageTM system.

For smaller systems, typically up to the order of 100 spins, the energy can be mini-
mized using quantum annealing alone in a reliable way, and the default embedding turns 
out to deliver robust results. To ensure the correct identification of the ground state, 
we repeat the computation several times. For small systems, as reported in Sects. 3.2 
and 3.3, chain breaks typically do not appear and only play a role for larger number of 
spins. For polycrystalline simulations in Sect. 3.4, which require thousands of spins, we 
use hybrid approaches, which combine quantum annealing with conventional minimiza-
tion algorithms. This functionality is directly provided by D-Wave through their hybrid 
solver. The scaling of the algorithms, both for pure QA and hybrid minimization, has 

Fig. 2  Illustration of the discretization of the computational domain. The entire sample consists of grains, visual-
ized through different colours. The grains affect the orientation of the crystal and the transformation strain tensor, 
see Sect. 3.4. The system itself is discretized by domains, which should be significantly smaller than the used grains 
size (here we use rectangular or quadratic domains; in case that a domain contains part of more than one grain, 
we use a unique assignment to the grain with the largest volume fraction). Each domain has an assigned spin vari-
able si , where si = −1 means that the domain is in the original state, whereas si = +1 means that it is in the 
transformed state, as illustrated in the lower left corner. Through the transformation strain induced internal stresses 
interactions between the spins arise due to elastic coherency strains, leading in particular to spin-spin interactions 
Jij . The linear couplings hi arise in particular through the application of externally applied strains.
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been investigated for the related problem of martensitic transformations in [6], which 
also induce long range spin-spin interactions, showing the strong performance of the 
QA, as compared to brute force and probabilistic approaches. For comparisons of the 
QA performance with state-of-the-art classical solvers, digital annealing and gate-based 
approaches such as the QAOA, we refer to existing benchmarking studies [55–58].

2.4  Molecular dynamics

For comparison, the deformation behavior is investigated using Molecular Dynamics 
(MD) via the Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) 
[59]. Analysis and visualization are carried out with the support of OVITO [60] and 
Gnuplot [61]. Bcc crystal structures are simulated at their equilibrium lattice constants. 
The empirical embedded atom model (EAM) inter-atomic potential for lithium devel-
oped by Nichol and Ackland [62] is used. An earlier comparison of lithium interatomic 
potentials indicated good performance of the Nichol–Ackland EAM potential [63]. As 
the benchmark with MD simulations is here rather on a qualitative level, the choice of 
the potential is not critical.

For free-standing Li nanopillars, single crystals with the orientation [001] par-
allel to the loading direction are tested in tension. The specific orientations are 
[001] ∥ z, [100] ∥ x and [010] ∥ y. Simulations are run with periodic boundary conditions 
in z direction (long, central axis of the nanopillar and loading direction), but non-peri-
odic in x and y direction, with free boundary conditions at the mantle of the pillar. The 
specimens are first temperature equilibrated at 300 K using an NVT ensemble for 40,000 
time steps and then strained with a fixed strain rate of 108 s−1 along the z direction using 
also an NVT ensemble at 300 K.

A full analysis on, e.g., the structural information of the potential, size effects, strain 
rate effects, sensitivity and repeatability of the simulations, as well as a comprehensive 
review on lithium mechanics can be found in [36].

3  Results and discussions
3.1  Twin interface orientations

The above formulation allows for a continuum description of twinned structures, as the 
orientation states of their twin components differ only by the eigenstrain expressions, 
with a coherent interface in between them. To understand the role of the elastic energy 
on the twin interface, we set up an array of straight lamellae using a periodic setup, 
as sketched in Fig.  3a. For determining the lowest energy configuration with a planar 
interface between these regions, it is sufficient to calculate the elastic energy in a system 
consisting of two equally sized layers, and vary their crystallographic orientation. The 
following results are obtained from an isotropic elasticity calculation using a Poisson 
ratio of ν = 1/4. 

Figure 3a sketches the setup of the calculations, where the twin components have 
the same volume fractions. Both parts of the crystal initiate from the same crystallo-
graphic orientation, and the twin eigenstrain shear tensor is applied to half of the setup. 
With the use of periodic boundary conditions, the system consists of a stripe pattern 
with alternating sheared (transformed) and not sheared (original) regions, i.e., a twinned 
crystal with lamellar twin components. Then, the entire crystal structure is rotated 
(rotation axis [11̄0]) while keeping the interface vertically, so that the energy of different 
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interfaces can be calculated. We note that in the absence of external stresses or strains 
this approach is equivalent to keeping the lattice orientations fixed, but rotating the 
interface normal of the dividing plane between the original and shear regions.

Figure 3b and c show the elastic energy of the system for both zero average strain and 
stress boundary conditions in polar representation. In the polar plots, the normal ori-
entation of the interface is shown relative to the lattice orientation, as defined in Fig. 3a. 
The energy is always scaled to the maximum value, which depends on the chosen 
boundary condition. Obviously, these two cases differ significantly, as for the stress free 
case the elastic energy is cusped, as further discussed below. In both cases, the energy 
reaches its minimum in particular for (112) interface orientations, hence the continuum 
description – which is ignorant of the underlying crystallography – correctly captures 
the expectation that (112) is a favorable interface orientation. However, a second spuri-
ous preferred interface orientation appears, (1̄1̄1), which is not a twin interface from a 
crystallographic perspective. We must emphasize that up to this point only bulk elastic-
ity for coherent interfaces is taken into account, but other possible energy contributions, 
such as interfacial energies, are neglected so far. As a consequence, pure elasticity is not 
sufficient to select the desired (112) orientation, as rotations of the crystal by 90◦ also 
lead to such preferred orientations.

We point out that this effect, which may seem at a first glance as an artifact of the cho-
sen description, should appear similarly in phase-field models of twin formation, which 
use a corresponding elastic energy based description using eigenstrains for the twin for-
mation [37, 40]. For instance, in [40], an anisotropic interfacial energy, which is much 
lower for the twin interface than for other grain boundaries, is used to favor the desired 
interface. Therefore, also here it is important to include an interfacial contribution which 
gives preference to the expected twin interface.

From the bulk elastic perspective alone, for the zero stress boundary conditions, inter-
nal coherency stresses do not arise if the interfaces are oriented such that a pure shear 
arises in the tranformed twin components (as expressed through the eigenstrain tensor 
(2)), as then the original twin component is not deformed. This is the case if the interface 
between the two components coincides with either the (112) or (1̄1̄1) planes. For other 
orientations tangential stresses appear at the interface due to the rotation of the eigen-
strain tensor, and then the elastic energy is increased. We note that in our description, 
for both zero external strain and zero external stress cases, the elastic energy of a single, 

Fig. 3  (a) Sketch of the twinned geometry, using periodic boundary conditions. The local coordinate system indi-
cates the rotation of the crystal, n̂ is the interface normal direction, as used in the subsequent polar plots. (b) Polar 
plot of the normalized elastic bulk energy for vanishing external strain, ⟨ϵij⟩ = 0, with indicated normal directions 
of the twin interface. (c) The same for zero average stress, ⟨σij⟩ = 0. In both cases the Poisson ratio is chosen as 
ν = 1/4.
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non-twinned crystal is zero, and twinning appears only under the presence of an exter-
nal load.

3.2  Prediction of twin formation via quantum annealing

So far, we have used a given twinned microstructure with fixed sizes of the original and 
transformed twin components to investigate the agreement of the continuum descrip-
tion with crystallographic expectations concerning the selection of the preferred twin 
interface orientation. In this section, we add the quantum annealing framework for 
selecting the distribution of twin components based on the global minimization of 
the elastic energy. Therefore, we discretize the studied sample into small “domains”, to 
which we assign one Ising spin variable si = ±1 each. We use here the convention that 
si = −1 and si = +1 correspond to the original and transformed orientation state of 
each domain, respectively. By choosing a sufficiently fine domain decomposition, arbi-
trary arrangements of twin components can be described. According to the formalism 
which describes the elastic state from a continuum perspective with coherent interfaces 
between the domains with different eigenstrain, the mechanically equilibrated (in the 
sense of Equation  (10)) elastic energy can be written as Ising Hamiltonian, see Equa-
tion  (12). This transformation has been derived in [6–8]. The Ising coefficients can be 
computed through a series of elastic calculations, where only one or two domains are in 
the transformed orientation state. The determination of the microstructure then turns 
into a discrete global minimization of the Ising Hamiltonian with respect to the spin 
variables si.

We demonstrate the approach using a discretization which is adapted ide-
ally to the symmetries of the twinning, using a description in the coordinate sys-
tem B′, as then small simulations with only a minimum number of domains are 
sufficient. In particular, the [11̄0] (y′) direction has a vanishing eigenstrain contribu-
tion, and the use of a plane strain description is appropriate. A tensile strain ⟨ϵzz⟩ in 
[001] (z) direction translates in the rotated frame B′ to prescribed average strains of 
⟨ϵx′x′⟩ = 1/3⟨ϵzz⟩, ⟨ϵx′z′⟩ =

√
2/3⟨ϵzz⟩ and ⟨ϵz′z′⟩ = 2/3⟨ϵzz⟩. We note that only the 

shear component ⟨ϵx′z′⟩ triggers the formation of twins, as the other components lead to 
tensile contributions, as expressed through the transformation tensor (2).

Due to the chosen problem adapted coordinate system, one can use a rather coarse 
domain decomposition, as twin lamellae are expected to form parallel to the coordinate 
axes. For illustrational purposes, we use the decomposition on 8 × 8 quadratic domains 
in the x′z′ plane, as shown in Fig. 4. This sequence of figures shows the layer-by-layer 
growth of the twin, in agreement with the atomistic simulations from [3]. The green 
regions correspond to the transformed twin components. From the pure bulk elastic per-
spective, the twin growth must not necessarily happen in a strictly ordered layer-by-layer 
sense, as it is energetically equivalent to form thicker twin lamellae or several smaller 
ones, as long as their volume ratio is the same. This effect has been discussed in detail 
in [8] and again reflects the need of a twin interface energy contribution. The undesired 
energetic degeneracy of (112) and (1̄1̄1) interfaces from a bulk elastic perspective alone, 
where the latter interface does not correspond to a twin interface, is cured immediately 
by the use of an anisotropic interfacial energy between the twin components.

The obtained observations are remarkable, as they differ from time dependent com-
putations using, e.g., crystal plasticity on the growth of twins. In such simulations, the 
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orientation of a twin is typically fixed by the initial “nucleus”, which grows subsequently 
in the given direction. In contrast, the QA simulations are independent simulations 
for each applied external strain, reflecting quasistatic transitions between ground state 
configurations. Therefore, without the anisotropic interface contribution, lamellae can 
spontaneously break into smaller ones (with the same volume fraction) or change their 
orientation by 90◦ due to energetic degeneracy of the bulk mechanical energy.

In absence of an external strain, ⟨ϵzz⟩ = 0, the entire material is in the original orien-
tation state, but as soon as a tensile strain is applied, twinning occurs, and the volume 
fraction of transformed twin components increases with strain. In the shown simula-
tions, the growth occurs rather step-wise due to the chosen coarse discretization, but for 
smaller and more domains, the growth becomes more and more continuous. In the end, 
we arrive at a volume fraction, which increases linearly above ⟨ϵzz⟩ > 0, until the entire 
sample has undergone the transformation. Although these finding agree with atomistic 
simulations of deformation twinning in [3] at a first glance, still discrepancies remain, 
which are discussed in detail in the following section.

Furthermore, we can understand the twin growth in the present simulations analyti-
cally for an infinitely fine domain discretization. In this case, the stress σx′z′ , induced by 
the transformation strain (2) remains strictly zero. With the volume fraction v of trans-
formed twin components we have the average eigenstrain v/2

√
2, which has to match 

the prescribed value ⟨ϵx′z′⟩ =
√

2/3⟨ϵzz⟩, therefore leading to

v = 4
3

⟨ϵzz⟩.� (13)

This prediction is indeed in agreement with the findings in Fig. 4.

3.3  Twin interface energy

It is instructive to qualitatively compare the predictions from the continuum model, as 
it is developed up to this point, to atomic scale simulations. We use a description which 
is close to the tensile tests of free standing nanowires and nanopillars using Molecular 
Dynamics (MD) simulations in [18, 19, 30–33, 36]. Results are shown in Fig. 5, which 
depicts an exemplary simulation of a tensile test of a bcc lithium single crystal nanopillar 
with crystallographic directions as [001] ∥ z, [100] ∥ x and [010] ∥ y. When the specimen 
is strained along the [001] direction, the pillar forms reflection twins with (1̄12) twin 

Fig. 4  Twin formation modeled in single crystals using quantum annealing. The horizontal direction corresponds 
to the x̂′ ∥ [1̄1̄1] direction and the vertical direction to the ẑ′ ∥ [112] orientation. A tensile strain is applied in 
[001] direction, and periodic boundary conditions are used in x̂′ and ẑ′ direction. In the perpendicular ŷ′ direction 
a plane strain situation is assumed. The twin components in transformed orientation state are shown in green. 
From left to right the applied strains are ⟨ϵzz⟩ = 0; 3/16, 3/8; 9/16; 3/4. For ⟨ϵzz⟩ > 3/8 the transformed twin 
component becomes the majority phase. We emphasize that the arrangement of the layers is translation invari-
ant in vertical direction, hence the arrangement of the layers can change in between the figures. Notice that the 
domains are shown in the Lagrangian reference frame, i.e., not showing the actual shear deformation through 
the twinning. For these simulations, a (weak) anisotropic interfacial contribution is included, as discussed in more 
details in Sect. 3.3 and at the supplemental material (Figure S1).
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interfaces and common [1̄11̄] axes. Upon twinning, the crystal only deforms in the (110) 
plane, in agreement with the discussion in Sect. 2.1. There is no deformation along [110]. 
Contrary to the continuum prediction, as expressed through Equation (13), the twinning 
requires a minimum strain to appear in the sense of a nucleation event due to the need 
to overcome a Peierls-Nabarro barrier for the formation of a stacking fault. Only after 
this nucleation event, the twin fraction increases linearly with strain, which is the result 
of a layer-by-layer reorientation of the original crystal, similar to discussions in [23, 30]. 
The discrepancy between the MD and QA behaviors can be resolved through an inter-
facial energy in the continuum description. Additionally, it prevents splitting of twins 
into smaller lamellae, which have the same bulk elastic energy as a single bigger lamella. 
Most importantly, as discussed above, the anisotropic interfacial grain boundary energy 
is needed to suppress the formation of unexpected (1̄1̄1) grain boundary orientations.

All effects can be overcome through the consideration of nearest neighbor spin-spin 
interactions for an interfacial energy contribution, as demonstrated in [8]. In fact, dif-
ferent spin states in neighboring domains indicate the presence of a twin interface in 
between them, to which we attribute an interfacial energy σ. We use here a weakly aniso-
tropic interfacial energy, favoring the crystallographically expected (112) twin bound-
aries. The actual amount of anisotropy is not significant at this point, as it is sufficient 
to simply break the symmetry between the formerly energetically equivalent configura-
tions, see Fig. 3. To this end, we add to the Ising Hamiltonian an additional pair interac-
tion term of the type −sisjσ(θ)Aij/2 for nearest neighbors i and j. The reason for this 
term is that (1 − sisj)/2 equals one for distinct orientation states si = −sj , whereas it 
vanishes inside the bulk phases. Additionally, Aij  is the area of the common interface of 
these two domains (interface length in two dimensions), and σ(θ) represents the aniso-
tropic interfacial energy, with θ being the local interface normal. More details are avail-
able at the supplemental material (Figure S1).

As confirmed in Fig. 4, we find that the addition of a small interfacial energy σ > 0 is 
also sufficient to prevent the splitting into micro-lamellae, which is unfavorable from the 
perspective of interfacial energy. To further investigate the influence of the twin inter-
face energy on the onset of deformation twinning, we performed a series of simulations 
similar to Fig. 4, but with a finer discretization in the [112] direction, using 1 × 32 rect-
angular domains. Figure 6 shows the volume fraction of transformed twin components 
as function of the applied tensile strain in z direction. In agreement with the preceding 
investigations and Equation (13), the volume fraction of transformed twin components 

Fig. 5  MD simulation of a lithium single crystal ([001] ∥ z) with 4 nm radius and 20 nm height. Tensile strain is 
applied along [001]. The original orientation state is colored in light green, while the transformed orientation state 
is colored in dark green. The polyhedral template matching and grain segmentation filters from Ovito are used [60, 
64]. The snapshots are respectively from strains 0.118 (right before main twinning event), 0.123 (right after main 
twinning event).
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increases linearly with the applied strain in the absence of interfacial energy. With grain 
boundary energy, it requires a finite activation barrier to form the twin. Notice that this 
behavior happens symmetrically coming from the fully transformed state, as then for 
the appearance of domains with the original orientation state again a nucleation barrier 
has to be overcome. In general, the twin formation becomes hysteretic due to this new 
energy term. As discussed, the quantum annealing finds the absolute minimum of the 
energy landscape, it does not follow metastable branches. However, close to the tran-
sition the QA does not always find the true ground states directly, and the number of 
required readout repetitions increases in this regime. Overall, the behavior now agrees 
with the MD simulations of twinning at nanopillars (Fig. 5), where first a strain needs to 
be built up, before the release of this strain is sufficient to overcome the nucleation bar-
rier of the twin interface energy.

The behavior in the QA simulations can also be understood analytically. From the 
elastic energy (8) in the system only the shear related part is relevant here, as due to 
the transformation strain in the frame B′ the diagonal parts of the strain tensor are 
not affected. Below the threshold of twinning, the uniform shear leads to a free energy 
contribution

Fshear = 2µ⟨ϵx′z′⟩2Lx′Lz′ ,� (14)

per length in y′ direction, where Lx′  and Lz′  are the system lengths in the respective 
directions. From the strain rotation we have ⟨ϵx′z′⟩ =

√
2⟨ϵzz⟩/3. Beyond the onset of 

twinning, the shear strain is fully compensated by the eigenstrain in a lamella of suitable 
width, as discussed in the previous section. Therefore, here only the interfacial energy 
(per length in y′ direction) remains, which reads

Fs = 2Lx′σ.� (15)

Therefore, the twin will nucleate above the threshold strain

⟨ϵcrit, 1
zz ⟩ = 3

√
σ√

2Lz′µ
� (16)

Fig. 6  Volume fraction of transformed twin lamellae as function of the applied tensile strain on single crystals. 
Without interfacial energy the twin formation starts at zero strain, and the volume fraction of transformed twin 
components increases linearly up to the upper limit ⟨ϵzz⟩ = 3/4, where the entire sample is transformed. With 
interfacial energy, first a nucleation barrier has to be overcome, both from the original and fully transformed side. 
The QA calculated transitions of twin formation agree with the analytical predictions (16) and (17), as marked by 
the vertical black lines. In these QA simulations, a decomposition into 1 × 32 grains is used in a quadratic system 
with edge length Lx′ = Lz′ , with the axes orientations as in Fig. 4. The Poisson ratio is chosen as ν = 1/4.
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to minimize the energy. This threshold is marked as vertical line in Fig. 6 and coincides 
with the annealer results.

An analogous analysis can be carried out in the high strain result, where a twin com-
ponent with original orientation state has to nucleate. In this case the threshold strain 
reads

⟨ϵcrit, 2
zz ⟩ = −3

√
σ

2Lz′µ
+ 3

4
,� (17)

which is also marked in the plot. Again, the QA results agree with this prediction, which 
are in line with the MD results. Furthermore, we note that the threshold strain for twin 
formation, ⟨ϵcritzz ⟩ ∼ 1/

√
Lz′ , due to the interplay of interfacial and bulk mechanical 

effects, is analogous to the well-known Hall-Petch equation, which states a relationship 
of yield strength with grain size to the power of −1/2 [65, 66]. In fact, for most twinning 
cases the Hall-Petch relation is indeed obeyed, but with a higher slope than for slip [17].

3.4  Twinning in polycrystals

With the investigations of planar twins on single crystals and the understanding of twin 
interface energetics from the preceding sections, we are now equipped to perform larger 
scale simulations of polycrystals.

In polycrystals, it is difficult to predict which arrangement of twin components leads 
to a global minimum of the mechanical and interfacial energy. Although it is possible to 
perform also dynamical atomistic or continuum simulations, they can get stuck in local 
energetic minima, and the relaxation to the ground state can be prohibited or take a long 
time. Here the QA approach can be a useful way to directly find the equilibrium state.

Also at the QA level, a larger number of domains is required to properly discretize the 
polycrystalline system as compared to the small simulations shown before. The draw-
back of this step is that more domain-domain interactions for computing the Ising coef-
ficients are required, and the overall computation time increases. As a consequence, for 
computational reasons, the number of domains should be not too large. However, one 
has to keep in mind that periodic boundary conditions can affect the selection of the 
twins. With planar twins, the periodicity does not have an effect, as twin lamellae appear 
parallel or perpendicular to the axis (as shown in Fig. 4). On the other hand, if the choice 
of coordinate system leads to the appearance of inclined twins (as shown in Fig. 5), the 
periodicity, in combination with the externally applied load, can instead enforce them to 
appear at other orientations rather than (112). We note that this effect similarly appears 
in other simulations, is not specific to the present model and has been discussed before 
in a similar context in [6].

In the QA framework, we can independently vary the eigenstrain in each domain to 
represent different grain rotations. A technical difference between these polycrystalline 
simulations and the ones performed in [7] is that in the latter each grain was connected 
to one spin, while here an additional subdivision of the grains into domains is neces-
sary, as the transformed twin components typically occupy only a small amount of entire 
grains, and therefore multiple spins per grain are used. In the example shown in Fig. 7 
we use a setup consisting of five grains with different, randomly chosen orientations, 
subjected to periodic boundary conditions.  The grains are considered as static and a 
grain boundary energy contribution is not included in the description (contrary to the 
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twin interface energy discussed above). Each grain contains approximately 800 domains, 
and the grain orientation is shown as color code. The reference system is chosen to coin-
cide with the preceding computations which used the basis B′. So, for a grain with ori-
entation θ = 0 (shown in red in the figure) the horizontal axis corresponds to the lattice 
orientation [1̄1̄1] and the vertical axis to [112]. As before, a tensile strain is applied in 
[001] direction. Results for different applied external strains are shown in Fig. 7.

Although the overall behavior is significantly more complex than in the single crystals 
cases studied above, there are a few general conclusions which can be drawn:

i) Twinning happens preferentially in grains without rotation, similar to Fig. 3, as the 
driving force for the transformation is maximized. Therefore, most of the red grains are 
twinned. Also, the twin orientations are close to the predictions.

ii) In the light blue grain, which is rotated by around 3π/4, also the twin interfaces are 
rotated accordingly, as the (112) twin boundaries are energetically favorable. Still, this 
does does not exclude the formation of transformed domains without a twin interface, if 
strongly favored by bulk relaxation (orange grain). We note that the anisotropic interfa-
cial energy contribution in the example is rather small (see supplemental material, spe-
cifically Figure S2, for details).

iii) Twinning usually stops at high angle grain boundaries (interfaces between green 
and red or blue and red grains in Fig.  7), whereas low angle boundaries (interfaces 
between red and red grains) are permeable to twin progression.

iv) Twin domains can appear close to the grain boundaries, leading to deviations 
from the crystallographically expected orientation due to locally nontrivial deformation 
states. This is the case in the green colored grain.

v) Qualitatively, the microstructure is similar to those observed via optical microscopy, 
electron microscopy and EBSD characterization in experiments with polycrystalline bcc 
metals (see, e.g., [67, 68]) and close-packed structures (see, e.g., [24, 69]) which deform 
primarily by twinning. Important features regarding twin transmission through grain 
boundaries and formation of lamellar twins can be identified in both experimental and 
our pictures.

Fig. 7  Deformation twinning in a polycrystal consisting of five grains. Here, the coordinate system is given by 
the basis set B′ , i.e., the horizontal axis corresponds to the x̂′ ∥ [1̄1̄1] axis and the vertical axis to the ẑ′ ∥ [112] 
axis. Relative to these axis, the grains are rotated in the x′z′ plane in anti-clockwise direction, as indicated by the 
color coding. A tensile strain is applied in [001] direction, which is ⟨ϵzz⟩ = 0 in the left panel, ⟨ϵzz⟩ = 0.1 in the 
middle panel, and ⟨ϵzz⟩ = 0.3 in the right panel. The blue shading indicates the domains in transformed orienta-
tion state, i.e., the domains with Ising spin +1. Additionally to the tesselation by grains, the periodic system with 
plane strain boundary conditions is divided into 64 × 64 domains in the sense of the preceding discussion, hence 
altogether 4096 Ising spins are used. As third discretization level, a uniform mesh of size 2048 × 2048 is used for 
the Fourier transformation based self and domain interaction energy calculations, using ν = 1/4. The simulation 
results include apart from elastic energy also a weak, anisotropic interfacial energy to favor twinning on the (112) 
plane (see supplemental material Figures S1 and S2).
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vi) The characteristic lenticular shape of deformation twins is partly observed in the 
present simulations as a consequence of minimization of mechanical energy. This effect 
becomes screened if a twin traverses the entire sample, as then the strain is reduced 
homogeneously.

vii) Interfacial energy contributions lead to the appearance of a nucleation barrier, and 
therefore promotes less, but wider twin components with a high release of mechanical 
energy, which are properly aligned to the external mechanical load.

Overall, the presented continuum approach for describing deformation twins has the 
potential to support simulations of this deformation mechanism, complementing atom-
istic approaches, like Molecular Statics and Dynamics, kinetic Monte-Carlo approaches 
[70], as well as continuum methods, like Crystal Plasticity based Finite Element Simu-
lations. The detailed interplay between microstructure, the crystallography of twinning 
and complex mechanical effects will be elucidated in future investigations.

4  Conclusions
Modeling deformation mechanisms and microstructure formation is critical for many 
materials science applications, and efficient simulation approaches to predict equilib-
rium microstructures in large systems are highly desired. Mainly bcc metals remain 
intricate to model due to their complex deformation behavior, while their importance in, 
e.g., battery technologies, grows consistently. In this work, we extend insights of defor-
mation twinning in bcc metals from an atomistic level to a continuum scale using quan-
tum annealing (QA). We have developed a framework to bridge the scales by bringing 
crystallography and theoretical knowledge into a QA formulation and simulate deforma-
tion twinning in large systems. We have compared the continuum descriptions to MD 
simulations of lithium due to its relevance for battery research. Still, the approach is not 
material-specific and it should be applicable in a similar way to other systems in which 
twinning is a relevant deformation mechanism, including other crystal structures like 
fcc, and we will investigate these aspects in the future. Also, the external load is not lim-
ited to tensile strains, and arbitrary stress states, including shear contributions, can be 
captured in an analogous fashion.

Building on an existing QA framework that captures shear transformations via an Ising 
model, we have added crystallographic knowledge specific to bcc deformation twinning 
and twin interface energetics. This enables accurate simulations of deformation twinning 
for given external mechanical load. In single crystals, the QA predictions agree concep-
tionally with MD simulation results of deformation twinning. In polycrystals, the QA 
model makes it feasible to scale up the predictions to larger and more complex micro-
structures, which are closer to reality, delivering deformation twin arrangements com-
parable to experimental observations. As such, the QA complements available modeling 
techniques by outputting directly the equilibrium ground structure of large systems 
extremely fast, while classic techniques, such as MD, FEM, Monte Carlo simulations and 
phase-field modeling, typically follow the temporal evolution and can suffer from slow 
convergence. In particular, MD simulations typically require unrealistically high strain 
rates due to time constraints, while the QA approach represents the opposite with an 
infinitely slow straining, i.e., a quasistatic process.

Altogether, this novel framework shows that the use of quantum annealing is a prom-
ising approach for obtaining ground-state configurations in mechanically strained 
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systems, which experience stress relaxation through deformation twinning. A particu-
lar advantage is that the time consuming computations of the mutual domain interac-
tions need to be calculated only once, whereas changes in the externally applied stress or 
strain can be treated analytically. The QA simulations are very fast, with actual computa-
tion times in the microsecond range for pure QA simulations, and runtimes at the order 
of seconds for larger hybrid simulations. In addition, variations of the interfacial energy 
are treated on the annealer level, and therefore these calculations are very fast. At the 
same time, one should be aware of potential limitations of the approach in the present 
form, including the assumption of homogeneous and linear elasticity to preserve super-
position and restrict the effective interactions between the domains to pairwise terms, 
which can be handled with the quantum annealer. Deviations from these assumptions 
can lead to many-body terms, which could possibly be treated through perturbation 
approaches. Additionally, the complementary concept of the approach to go directly to 
equilibrium states, as compared to time evolutions described, e.g., by MD or phase field 
approaches, has to be kept in mind, as rate dependent effects, temperature, plastic slip–
twin interactions or non-equilibrium phenomena are intentionally not covered by the 
presented QA approach.

We point out that the present energy minimization based description of deformation 
twinning, which is complementary to stress based considerations, is a valuable concept 
also independent of quantum computing implementation. In fact, digital annealears, 
which are also based on Ising Hamiltonians, are an alternative to quantum anneal-
ing and could instead be used. Moreover, if such dedicated hardware options are not 
available, conventional discrete optimization methods, probably tuned to the particu-
lar problem for performance optimization, could still be used with the same workflow. 
Still, the quantum annealing, as part of the rapidly developing field of quantum comput-
ing, has the potential to significantly exceed the capabilities of existing computational 
approaches in the future, possibly also for finite temperatures [71]. The presented work 
is therefore a step towards exploiting this promising technology for materials science 
applications.

Potentially, future model extensions could include multiple grain variants and other 
mechanical loadings, which can occur, e.g., during tribological applications, paving the 
way for realistic, fast and accurate predictions of microstructures of technologically crit-
ical materials.
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