AT

Karlsruhe Institute of Technology

Mathematical Analysis of Regularity
Propagation in Variable-Viscosity Fluid
Models

Zur Erlangung des akademischen Grades eines

DOKTORS DER NATURWISSENSCHAFTEN

von der KIT-Fakultat fiir Mathematik des
Karlsruher Instituts fiir Technologie (KIT)
genehmigte

DISSERTATION

von

Rebekka Zimmermann

Tag der miindlichen Priifung;: 22. Oktober 2025

Referent: Prof. Dr. Xian Liao
Korreferent: apl. Prof. Dr. Peer Kunstmann







ABSTRACT

In this thesis we investigate several variable-viscosity fluid models, including incompressible
viscous fluids with usual or odd viscosity and compressible viscous fluids. We mostly focus on
the regularity propagation of sharp interfaces between two immiscible, viscous fluids. This
thesis is divided into three parts.

The first part (Chapter [2)) investigates the existence of weak solutions to the two-dimensional
inhomogeneous incompressible Navier-Stokes equations with variable, odd viscosity. Odd or
Hall viscosity is the anti-symmetric part of the viscosity tensor, and it is present in fluids
with broken microscopic time-reversal symmetry and broken parity. We prove the existence
of weak solutions in both the evolutionary and stationary cases. Furthermore, we study the
limit of the weak solutions as the odd viscosity coeflficient converges to a constant. Lastly,
examples of stationary solutions for parallel, concentric and radial flows, are considered.

The second part (Chapter [3|) addresses the two-dimensional incompressible Navier-Stokes equa-
tions with freely transported viscosity coefficient. Under a suitable smallness assumption on the
initial velocity, a global-in-time well-posedness result is established which allows for discontin-
uwous density and viscosity coefficients without size restriction on the jumps. As an application,
the global-in-time well-posedness of the two-dimensional inhomogeneous incompressible Navier-
Stokes equations with density-dependent viscosity, and the local-in-time well-posedness of the
two-dimensional incompressible Boussinesq equations with temperature-dependent viscosity is
proven. Both results allow for discontinuous, largely varying viscosity. The regularity of an
interface of discontinuity and the tangential regularity of the density/temperature along this
interface is also shown to persist over time.

The third part (Chapter |4 concerns the two-dimensional compressible Navier-Stokes equations
with density-dependent viscosity coefficients. Under a suitable smallness assumption on the
initial velocity and initial energy of the system, a global-in-time well-posedness result is
proven in a framework allowing for discontinuous density and viscosity coefficients without
size restriction on the jumps. We also show the persistence of regularity of the discontinuity
curve as well as the tangential regularity of the density over time.

Keywords: Fluid mechanics, Navier-Stokes equations, Boussinesq equations, variable viscos-
ity, odd viscosity, density-patch problem, two-phase flow, tangential regularity
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CHAPTER 1

INTRODUCTION

In this thesis we investigate various models describing the motion of variable-viscosity fluids.
Fluids with variable viscosity are of significant physical relevance and appear in a variety
of circumstances including geophysics and biological systems. Mathematically the variable
viscosity results in a stronger nonlinear coupling in the system of fluid motion. The fluids
we study here include incompressible viscous fluids with usual or odd viscosity and some
compressible viscous fluids. We particularly focus on the regularity propagation of sharp
interfaces between immiscible fluids in mixtures of viscous fluids. The fluid density or
temperature can exhibit discontinuities across this interface, and we aim to analyze the
propagation of regularity of the interface over time, as well as the tangential regularity of the
density and temperature along this interface.

This introduction is divided into three parts. Section [L.1] gives an overview of the fluid models
which will be studied in this thesis. A review of the existing mathematical literature on these
models is given in Section [I.2] The main results of this thesis are presented in Section

1.1. PRESENTATION OF THE FLUID MODELS

We consider a fluid in the whole plane R?. When the fluid moves, there is internal resistance
to flow. This internal resistance, or friction, is measured by wiscosity. It is caused by forces
appearing between neighboring fluid particles that tend to make their velocities equal. The
forces between fluid particles are described mathematically by a tensor T' € R?*? called the
stress tensor. It is composed of two parts: viscous stresses and hydrostatic stresses. These are
usually of the form [15§]

T =0 — 7ld,

where the tensor o € R?*? is called the wviscous stress tensor and 7 € R is the pressure of the
fluid. Above, Id denotes the identity matrix in R?*2.

We assume the absence of external forces. By the momentum conservation law, the fluid
motion is described by the Navier-Stokes equation [219]

p(Opu +u-Vu) —divT = 0. (1.1.1)

I

) € R?, respectively,
€2

Here, the time and space variables are denoted by ¢ € [0, 00) and = = <

and p = p(t,z) € [0, 00) is the fluid density and u = (Zl> = u(t,z) € R? the fluid velocity.
2

Since internal friction can only occur when the fluid is in motion, the viscous stress tensor

must be a function of the velocity gradient: o0 = o(Vu). In this thesis we always consider

fluids for which the viscous stress tensor ¢ is linearly proportional to the velocity gradient Vu
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D For such fluids the viscous stress tensor has the general form [16]

1
Tij = Nijkl - 5(3%% + Oy, uk),

for some coefficients 7;;,; € R. The tensor 7 is called the viscosity tensor, and it can be
decomposed into a symmetric part and an antisymmetric part:

_ .5 A , S _.§ A _ A
Migklt = Mijkr + Migkts - WILH %50 = Milijs Mijet = —Mielij-

The symmetric part n° is often called even viscosity and the antisymmetric part n? is referred
to as odd viscosity. For systems with symmetry under both parity and time-reversal, which
are satisfied by conventional fluids at thermal equilibrium, Onsager reciprocal relation [197]
demands that odd viscosity vanishes: n4 = 0.

For an isotropic fluid in two space dimensions, the symmetric part n° is characterized by two
scalar viscosity coefficients p and A, and the antisymmetric part n by one, 1o, which leads
to the following form of the viscous stress tensor [16]:

o = pSu+ A(divu)Id + peSou. (1.1.2)

Here we denote

— T _ 28{21“1 8.’['1 U2 + 8;22’““1

Su=Vu+ (Vu)' = ((%{uz 1 20,15 , (1.1.3)
_ 1 1l _(azl Uug + 8x2U1) azl’lﬂ — 8w2u2

Sou a vu + v v= < 8xlul - a:(;QUZ 8I1u2 + 81»211,1 ’ (114)

The coefficients u, A are the so-called Lamé viscosity coefficients and p, the odd viscosity
coefficient. With this form ([1.1.2)) of the viscous stress tensor, the Navier-Stokes equation

(1.1.1) becomes
p(Oru + u - Vu) — div (uSu + poSou) — V(Adivu) + Vi = 0. (1.1.5)

Generally, viscosity can depend on the values of other state variables of the fluid, such as the
fluid temperature ¥, density p or concentration ¢ |92 [175]. In particular, viscosity can be
variable when these state variables are non-constant. In the following we present several fluid
models in which the viscosity is variable. It is the aim of this thesis to study the regularity
propagation of geometric structures such as sharp interfaces in these models.

1.1.1. INCOMPRESSIBLE FLUID MODELS
1.1.1.1. THE CLASSICAL INCOMPRESSIBLE FLUID MODEL

In the case of many fluids, including most liquids, compressibility effects are negligible, so that
these fluids can often be considered incompressible [32,|232]. Mathematically, incompressibility
is expressed as

divu = 0. (1.1.6)

'In general, the viscous stress tensor can depend nonlinearly on the velocity gradient. In that case the fluid is
called non-Newtonian. Examples of non-Newtonian fluids include shear-thinning fluids such as polymer
solutions, blood and mayonnaise (viscosity decreases with increasing velocity gradient), and shear-thickening
fluids such as suspensions (viscosity increases with increasing velocity gradient) [144) [236].
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Furthermore, for homogeneous fluids we take the fluid density and temperature to be constant:
p =19 =1, and assume that time-reversal and parity hold. Then odd viscosity must vanish by
Onsager reciprocal relation, and hence by virtue of only the Lamé viscosity coefficient
p plays a role in the viscous stress tensor . Under the assumption p = 9 = 1 this
viscosity coefficient becomes a positive constant y = v = const .

Combining the Navier-Stokes equations ((1.1.5) and the incompressibility condition ([1.1.6|

yields the two-dimensional classical incompressible Navier-Stokes equations

{Otu +u-Vu—vAu+Vr =0, (tz)c(0,00) xR (NS)

divu = 0.

These equations were first proposed by C. L. M. H. Navier in 1822 (see also [194]) and were
later justified by G. G. Stokes in 1834 [227]. They are regarded as a fundamental basis of
fluid mechanics.

1.1.1.2. INCOMPRESSIBLE FLUID MODELS WITH VARIABLE DENSITY

Here we assume the fluid to be incompressible such that (1.1.6|) holds. Furthermore, we take
the fluid temperature to be constant, but take density fluctuations into account. The evolution
equation of the density, which is derived from the mass conservation law [158], reads

Op + div (pu) = 0. (1.1.7)

We make the further assumption that time-reversal and parity hold, so that odd viscosity
must vanish by Onsager reciprocal relation. Hence, by , the fluid is characterized
by one viscosity coefficient, p, which is assumed to depend on the density p. To stress the
density-dependence, we write u(p) instead of p, and we regard p as a given function

il0,00) =Ry 0< py < p < p¥, (1.1.8)
for some positive constants i, u*.

Combining the Navier-Stokes equation (|1.1.5)), the incompressibility condition (1.1.6]), and
the mass conservation law (1.1.7)) yields the two-dimensional inhomogeneous incompressible
Navier-Stokes equations with density-dependent Viscosityﬂ

Op+u-Vp=0, (t,z)e (0,00) x R2
p(Ou + u - Vu) — div (u(p)Su) + Vi = 0, (INS)
divu = 0.

Here we have used the incompressibility condition (1.1.6) to rewrite the density equation
(1.1.7) as (INS);. The above system of equations is usually used to model the motion of most
conventional liquids, as they are considered incompressible and have no odd viscosity.

2In this model, the density p can also be replaced by the concentration c¢. Indeed, concentration-dependent
viscosity plays an important role in many fluids such as certain nanofluids |13} [239], salt crystallization
[153] or complex (dusty) plasmas [148} [212]. A well-known example of concentration-dependent viscosity is
Einstein’s law for dilute particle suspensions p(c) = fi(1 + 2.5¢) 85 [86], where fi is some constant reference
viscosity (see also the extensions of Einstein’s viscosity law [211] 233 and references therein).
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1.1.1.3. INCOMPRESSIBLE FLUID MODELS WITH ODD VISCOSITY

We now consider incompressible fluids for which time-reversal and parity are broken, so that
the viscosity tensor has a non-vanishing odd part u, #Z 0. Hence, the fluid is characterized by
two viscosity coefficients, one for the symmetric part of the viscosity tensor, u, and one for
the antisymmetric part, u,. Both viscosity coefficients are assumed to depend on the density

p. For u we again assume ((1.1.8)), and p, is given by
Ko - [0700) — R? _M* S Ho S M*

Combining the Navier-Stokes equation ([1.1.5)), the incompressibility condition (1.1.6]), and
the mass conservation law ((1.1.7)) yields the following two-dimensional inhomogeneous incom-
pressible Navier-Stokes equations with density-dependent, odd viscosity:

Op+u-Vp=0, (t,x)€ (0,00)xR2,
p(Ou +u - Vu) — div (u(p)Su) — div (o(p) Sou) + Vi = 0, (oddINS)
divu = 0.

We will also study the stationary counterpart to (oddINS|):

{div (pu @ u) — div (1(p)Su) — div (1e(p)Sou) + Vi = 0, (0ddINS)

div (pu) =0, divu=0.

Examples for fluids with non-vanishing odd viscosity include polyatomic gases |151], chiral
active fluids [19, 225, [226], magnetized plasmas [204] and fluids of vortices [241].

1.1.1.4. INCOMPRESSIBLE FLUID MODELS WITH VARIABLE TEMPERATURE:
BOUSSINESQ EQUATIONS

In many fluids, viscosity is quite sensitive to temperature changes. For example, the viscosity
of water at 0°C' is 1.8 x 107325 whereas at 20°C it is 1.0 x 107325 [144]. The next model
describes such a fluid whose temperature is variable and whose viscosity is temperature-
dependent; that is, the viscosity is given by u(), where ¥ € R denotes the fluid temperature,
and u is a given function

p:R =R 0<pe <p<p'.

Common viscosity laws are [203]
o Arrhenius Law or Andrade’s Law u(¢) = Cy exp(%) for liquids,

o Sutherland’s Law p(9) = ,u(i?‘)(%)% gigﬁ for gases,

where C1, ..., Cs are constants and ¥ is a reference temperature (valid for Kelvin degrees).

According to the energy conservation law, the evolution equation for the fluid temperature in
the case of very weak heat conduction reads as [200]

O +u - VI = 0. (1.1.9)

Instead of the Navier-Stokes equations ([1.1.5)), we consider here the Boussinesq approzimation.
It neglects density fluctuations in the computation of momentum changes from acceleration,
but takes them into account when they give rise to buoyancy effects, i.e. a vertical force
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caused by the higher-density (colder) fluid to descend and the lower-density (hotter) fluid
to rise [24]. This buoyancy effect appears as a forcing term e in the momentum equation,

where ey = (1)

With the incompressibility condition ((1.1.6)) and the temperature equation (1.1.9)), the Boussi-
nesq equations read as 78, 109]

O +u-VI=0, (tz)e(0,00) xR
Ou + u - Vu — div (u(9)Su) + Vrr = deq, (B)
divu = 0.

The Boussinesq equations commonly appear in geophysics (see e.g. the books [107, |184} [200]),

describing for instance large scale atmospheric and oceanic flows, as well as in the study of
Rayleigh-Benard convection [49].

1.1.2. COMPRESSIBLE FLUID MODELS

The last fluid model we present here is the compressible counterpart of (INS|). For compressible
Newtonian fluids without odd viscosity and negligible temperature variations, the viscous

stress tensor (|1.1.2)) becomes o = p(p)Su+ A(p)(divw)Id, where the function u satisfies (1.1.8]),
and A is such that

A:]0,00) 2> R, 0<w, <v:i=2u+ X<,
for some positive constants v, v*. The viscosity coefficient v(p) = 2u(p) + A(p) is often

referred to as the bulk viscosity.

In stark contract to incompressible fluids, for compressible fluids the pressure is a function of
the density, i.e. it is given by P(p) for some function

P:[0,00) =R, P >0.
Typical pressure laws include [92]
o P(p) = ap?, with constants a > 0, v € (1, %] (polytropic gases)
o P(p) = RYyp, with constants R > 0,9y € R (isothermal ideal gases)

Combining the Navier-Stokes equations ([1.1.5)) (replacing 7 by P(p)) and the mass conservation
law (1.1.7)) yields the two-dimensional compressible Navier-Stokes equations with density-

dependent viscosity
Op+div (pu) =0, (t,z) € (0,00) x R% (CNS)
p(Oru 4 u - Vu) — div (u(p)Su) — V(A(p)divu) + VP(p) = 0.

The above equations are most commonly used to describe the motion of gases or that of
liquids at very high speed [93, [175] 191].

1.2. REVIEW OF KNOWN RESULTS

In this section we review some of the mathematical literature on the equations (INS), (oddINS)),
(loddINS)), and (CNS). Here and throughout the remainder of this thesis we adopt the

following notation:
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o (Inequalities). The expression A < B means that A < C'B for some constant C' > 0.

e (Vectors and matrices). For two vectors v, w € R?, the expression v ® w stands for the
matrix with entries (v ® w);; = viwy, i, = 1,2.
For two matrices A, B € R?>*2 the Frobenius inner product is A : B = Z?,j:1 AijBij.

For a vector v € R? we write v+ = <—1)02> for a rotation in the plane by ninety degrees.
1

o (Function spaces). Let d € N.
For p € [1,00] and s € R the spaces LP(R%) and W*P(R%) (W*P(R%)) denote the usual
Lebesgue and (homogeneous) Sobolev-Slobodetskii spaces, respectively, with norms
Mz = Il o ey and [ - [lw2e = |- lw2e@ay (- iz = [ 2 ga)). We furthermore
write H*(R%) = W*2(R%) (H*(R%) = W*2(R%)).
We denote LP(R%;R™) simply by LP(R?) for n € N, if the dimension n is clear from the
context, with norm || - ||» = || - [| p(rd;rn), and similarly for other function spaces.
The notation (-,-) indicates the L?(R%)-inner product.

For times ¢ > 0 and exponents p,q € [1,00] we denote LYLY = LP([0,t]; LY(R%)) and
LPLY = LP(]0, 00); LY(R?)).
The set of functions which are continuous, bounded maps from the interval I C R to
LP(R?) is denoted by Cy(I; LP(R?)).
o (Operators). Derivatives with respect to time and space are denoted by 0; and 9; = 0,
0 ,div = V., V+ = —0 , curl = V+-, and
o)) 7}
A = divV. For a vector field v = (’Uj)jzl,g we set Vv = (iji)mzLQ, Dv = (aﬂ}j)i’jzlg.
The material derivative associated to the velocity vector field u is denoted by f = % =
O f +u -V f for functions f.
For a regular vector field X we write Ox := X - V for the directional derivative along X.
For g € L*°(R?,R) it is understood in the weak sense through dxg = div(Xg) — gdiv X.
The Riesz transform on R? is denoted by R = (g;) = j%.
For any p € (1, 00), the Riesz transform R is a bounded linear operator on LP(R?).
The operator (—A)~! usually appears together with second-order derivatives 0;0, such
that the total application —(—A)719,0) is understood as the composition of Riesz
operators R;jRy. The function of the form (—A)~'9;f with f € L*(R?) is understood
as a linear operator which applies on functions of the form dpg with g € L?(R?) via
(=A)7'0; £, 0k9) i1 w2y -1 (r2y = (Rj RS+ 9)-
The operator P : L2(R?; R?) — L?(R?;R?) represents the Leray projector, which projects
a vector field onto its divergence-free part: divlP = 0 (see [96]).
The commutator of two operators A and B is defined as [A, B] := AB — BA.

1 = 1,2, respectively. We set V =

Here, i € C with 2 = —1.

1.2.1. THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
1.2.1.1. THE CLASSICAL INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

The incompressible Navier-Stokes equations have a long history reaching back to the 19th
century. For constant density and viscosity p = 1, u(p) = v = const the equations (INS)) turn
into the classical two-dimensional Navier-Stokes equations (NS)):

(NS)

ou+u-Vu—vAu+Vr =0, (t,z)e€ (0,00)x R2
divu = 0.
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The literature on (N3] is vast. In the seminal work [163] J. Leray proved the global-in-
time existence of finite-energy weak solutions (u,7) in the space L>([0,00); L?(R%;R?)) N
L2([0,00); HY(R%;R?)) x L2 ((0,00) x R?). By the celebrated work of O. A. Ladyzhenskaya

loc
[156], it is well-known that Leray’s weak solution in dimension two are unique in the energy

space L2(R?;R?) and the Cauchy problem for the classical Navier-Stokes equations is
well-posed globally in time. In dimension three, the uniqueness and regularity of Leray’s
weak solutions are extensively studied. The global-in-time existence and uniqueness of strong
solutions with small initial data has been shown [161, 234]; however, the global-in-time
well-posedness for arbitrarily large data in three dimensions remains open and is famously
known as the Millennium Problem for the Navier-Stokes equations [143]. We refer to the book
[161] for a review on the progress towards an answer to this problem.

1.2.1.2. THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH VARIABLE
DENSITY

For variable density and viscosity, the fluid motion evolves according to the two-dimensional
inhomogeneous incompressible Navier-Stokes equations with density-dependent viscosity
(INS)):
Op+u-Vp=0, (t,z)e€ (0,00) x R2
p(Oru 4 u - Vu) — div (u(p)Su) + Vrr = 0, (INS)
divu = 0.
This system comes with the following basic features:

o (Energy balance). Sufficiently smooth solutions (p,u, V) to (INS|) satisfy the energy
balance

ottt ol des [ [ atot oplsut o drdt = [ p0,2)}u(0, ) dz,
(1.2.1)

for all t > 0;

o (Density bounds). For sufficiently smooth solutions (p,u,Vr) and 0 < m < M the
Lebesgue measure of the sets

{z eR?:m < p(t,z) < M}
is time-independent; in particular

inf p(t.2) = inf p(0.2), sup p(t.z) = sup p(0,).
TER? TER? z€R? z€R?

for all t > 0;
e (Scaling). If (p,u,n) is a solution to (INS) on [0,7] x R? for some T' > 0, then the
rescaled triplet (p,u, 7)) defined by
(p,u, ™A(t, ) = (p(N2t, Ax), \u( N2, Ax), N2 (A%, Ax)), A >0, (1.2.2)

is a solution of (INS) on [0, \27] x R2.

The system (INS|) has been widely explored by numerous mathematicians. The existence
of global-in-time finite energy weak solutions was established by P.-L. Lions [175]. See also
the earlier works by J. Simon [222] and A. V. Kazhikov [149] for the constant viscosity case.
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P.-L. Lions’ existence proof in [175] is based on the energy balance ([1.2.1]). His weak solutions
satisfy the energy inequality, i.e. (1.2.1) with = replaced by <, and the density property
above.

The uniqueness and regularity of P.-L. Lions’ weak solutions are still big open questions.
The regularity was addressed by B. Desjardins 75|, who showed that, under the additional
assumption that the viscosity variation is small ||(p) — 1[| oo (72) < 1, and the initial velocity
belongs to H'(T?), Lions’ weak solution satisfies u € L>([0,T]; H'(T?)), where T? stands for
the two-dimensional torus. Moreover, with additional regularity assumptions on the initial
data, he proved that u € L?([0,to]; H%(T?)) for some time t;. However, this result still does
not give an answer to the uniqueness and regularity question of P.-L. Lions’ weak solutions.

For constant viscosity the existence and uniqueness of strong solutions in the case of smooth
initial data and density bounded away from zero was proved by O. A. Ladyzhenskaya and V.
A. Solonnikov [157]. More precisely, the authors achieved global well-posedness in dimension
two, local well-posedness in dimension three, and global well-posedness in dimension three
provided the initial velocity is suitably small. Recently, global-in-time well-posedness results in
the more general case with discontinuous density and in the presence of vacuum (i.e. allowing
the density to be zero) are now known to hold true, thanks to the remarkable contributions
by R. Danchin and P. B. Mucha [57}, 59, 60]: in [57], the authors basically proved global
well-posedness of allowing density discontinuities across a C''-interface with a sufficiently
small jump. The smallness condition of the jump was removed in [60], where the presence
of vacuum was allowed. See also an earlier result by M. Paicu, Z. Zhang and P. Zhang [199]
with only bounded density and without vacuum.

For wvariable viscosity the local-in-time well-posedness for smooth initial data was proved by
Y. Cho and H. Kim [46|, see also the book [14]. Under small variation assumptions, either
with small density variation [110} 137, |179] or small viscosity variation |11, (101, 136, 142, 19§]
global-in-time well-posedness results have been achieved in two spatial dimensions. In the
three-dimensional case, global well-posedness was proved under smallness assumptions on the
initial velocity and some additional regularity assumptions on the initial density, see e.g. |10}
119} [140, [248).

Motivated by the scaling ([1.2.2]), a number of works have been dedicated to the study of
the system in critical functional spaces which are invariant under the same scaling, see for
example [51} 62, [138] for the system with constant viscosity, and [7, |9] for variable viscosity.

1.2.1.3. THE STATIONARY NAVIER-STOKES EQUATIONS
The stationary counterpart of (INS|) reads as

{mum®m—dNWWﬁw+Vﬂ—Q z el (INS’)

div (pu) =0, divu =0.

The equations are posed on a domain £ C R? which can either be a simply connected bounded
domain, an exterior domain, or the whole plane. If €2 has a boundary 0f2, then the system
(INS’) is supplemented with the boundary condition

ulpn = g, (1.2.3)
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where the function g : 9Q — R? is given and satisfies, in view of divu = 0, the following zero
fluz condition

/ g-ndo =0, (1.2.4)
[2/9]
with the outer unit normal n of the boundary 92.

The homogeneous system —, i.e. when the density is constant p = 1, has been
extensively studied. J. Leray [162] proved the existence of weak solutions u € H'(Q; R?) in the
case when (2 is a simply connected, bounded domain. Similar existence results were obtained
in [94] [97, [154] with some relaxations on the zero flux condition (L.2.4), such as small zero
flux or zero total flux for multi-connected domains. Weak solutions v € H'(Q;R?) in the
exterior domain case were also constructed by J. Leray [162], and in the whole plane case
by J. Guillod and P. Wittwer [111]. See also the books [96, |156] for further details on the
homogeneous system.

In the inhomogeneous case with constant viscosity, i.e. with p variable and p = const,
the existence of weak solutions of (INS’))-(1.2.3)) has been proven by N. N. Frolov [95]. He
constructed solutions of the form

(p,u) = (n(¢), V>9), (1.2.5)

for some suitably chosen functions n € L*°(RR; [0,00)) and ¢. The function ¢ is usually referred
to as the stream function, and with the density and velocity of the form ((1.2.5)), the conditions
(INS’)2 are automatically satisfied, at least on a formal level:

divu = divV+te =0,

div (pu) = u-Vp=1/(¢)V* ¢V = 0.
In the variable viscosity case, weak solutions to (INS’)-(1.2.3) were constructed by Z. He
and X. Liao [123]|. These solutions are of Frolov’s form (|1.2.5). The key observation is the

following non-linear equation for the stream function, which is obtained by an application of
the curl operator V+- to the momentum equation (INS);:

Lu,p=VE-div(pVie® Vie), (1.2.6)
with the fourth-order elliptic operator

Ly, = (022 — 011)pu(p) (022 — O11) + (2012) pu(p)(2012). (1.2.7)

Observe that for constant viscosity u = v > 0, this operator coincides with the Bilaplacian,
L, = vA?. The non-linear fourth-order elliptic equation (T.2.6) (supplemented with suitable
boundary conditions) is then solved by a fixed point argument.

The work [123] also analyzes the elliptic operator £, in (1.2.7) for discontinuous viscosity
coefficients. It is shown that for any p > 2 there exists a bounded measurable (highly
oscillating) function fi : R? — {%, K} taking only two possible values with K = p%z +1>1,
such that there exist solutions ¢ to the homogeneous elliptic equation L;¢ = 0 with
1 2
Vu=VV-¢ gL (R).

In particular, the boundedness of the viscosity coefficient alone is not sufficient to guarantee
the Lipschitz continuity of the velocity vector field Vu € L>°(R?).
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1.2.1.4. THE DENSITY-PATCH PROBLEM

The density-patch problem, posed by P.-L. Lions in 1996 in |175], considers the following
situation: suppose the incompressible Navier-Stokes equations (INS)) are supplemented with
initial density po(z) = 1p,(z) for some bounded, simply connected domain Dy C R2. By P.-L.
Lions’ work [175], there exists a weak solution such that p(t,x) = 1p,(x) for all times ¢ > 0,
with a bounded, simply connected domain D; C R? whose measure is preserved: |D;| = |Dy.
The question of the density-patch problem is whether the boundary reqularity of the initial
domain is propagated over time?

If the fluid velocity is sufficiently regular, such as Vu € L ([0, 00); L°°(R?)), then the density
patch at time ¢ is given by
D, = X(t, Dy),

where X : [0, 00) x R? — R? is the flow map associated to the velocity field:

{jté\f(t,x) =u(t,X(t,x)), (t,z)€[0,00) x R?, (1.2.8)

X(0,r) =z, =x€R2%

However, the weak solutions provided by P.-L. Lions [175] are in general not regular enough
to define the flow map (1.2.8). Indeed, the Lipschitz regularity

Vu € L. (]0,00); L% (R?)) (1.2.9)

appears to be necessary to propagate boundary regularity, as even the slightly less regular case
Vu € L ([0,00); BMO(R?)) can produce density patches with time-decreasing regularity
index: 0D; € C**®(=CY for initially Holder continuous interfaces 9Dy € C* (o € (0,1)) [18,
58, 1129]. See also the examples in [48] for a loss of regularity in transport equations with
non-Lipschitzean vector fields. On the other hand, the strong solutions for found in e.g.
[14, 46l [157] are too regular to allow for discontinuous densities such as indicator functions.
A good approach is to construct solutions in a regularity class that is in-between the weak

solution framework of P.-L. Lions [175] and the strong solution framework.

Observe that although a density of patch-type is discontinuous across the boundary of the
patch, it is smooth in the tangential direction of the boundary. Indeed, if the vector field
7 = 7(t,7) € R? is tangential to the boundary dD;, then one has

dr(t.)1p, = 0 (1.2.10)

in the distribution sense. In particular, densities of patch-type p(t, ) = p™1p,(x) + p~ 1pe(z),
with constants p™, p~ > 0, are smooth in tangential direction:

Ot yp(t, ) = 0. (1.2.11)

The evolution equation of the tangential vector field 7 is derived from the transport equation
for the zero level set function of dD; to be

Ot +u- V71T = 0,u,
(1)

T|i=0 = 70.

Repeatedly applying the tangential derivative 0, to the first equation 1 and noticing the
vanishing of the commutator [0;, 9y + u - V] = 0, implies that

(O +u-Vu)okr = 0y, VkeN.
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Hence, propagating boundary regularity of 0D, requires suitable tangential regularity estimates
for the velocity. The tangential regularity of the density (1.2.11]) plays a crucial role in
establishing these estimates.

In the constant viscosity case, this strategy was successfully implemented by X. Liao and P.
Zhang [166, |167], who proved the persistence of W**2P boundary regularity (p € (2,4),k € N)
of density patches of the form po(z) = p™1p,(x)+p~ 1pg(2) with positive constants p*, p~ > 0.
A similar result holds in three dimensions with small density jump and small initial velocity
[165]. Using different methods, the C¥*-regularity (k € {1,2},a € (0,1)) was shown to be
propagated over time in [65] with a small density jump, and in [100] for positive density without
size restriction on the jump. In the presence of vacuum, the persistence of Cl®-regularity
(a € (0,1) in dimension two, o € (0, 3) in dimension three) was shown by R. Danchin and P.
B. Mucha [60] and C. Prange and J. Tan [207].

For variable viscosity, the propagation of H 3 (R?)-regularity and C1*(R?)-regularity (a € (0, 1))
was proved by M. Paicu and P. Zhang [198] and F. Gancedo and E. Garcia-Juarez [101],
respectively, under a small viscosity jump assumption. In three space dimensions a result
similar to the one in |198] holds under an additional smallness assumption on the initial
velocity (see [198, Remark 1.1 (1)]). A key ingredient in the analysis of the above results is
the following decomposition of the divergence of the viscous stress tensor:

div (p(p)Su) = Au+div ((u(p) — 1)Su), (1.2.12)

where the second term on the right hand side is treated as a perturbation if the viscosity
variation is small |u(p) — 1| < 1. However, to the best of our knowledge the density-patch
problem remains open for general viscosity coefficients, which might exhibit large jumps.

1.2.1.5. THE INCOMPRESSIBLE BOUSSINESQ EQUATIONS
The Boussinesq equations have the more general form

O +u - VI —div (k(9)VI) =0, (t,z) € (0,00) x R?
O+ u - Vu — div (u(9)Su) + Vi = deq, (1.2.13)
divu = 0.
with the heat conduction coefficient (1), where x is some given, smooth function. It is
common to take [203]
o constant heat conductivity law k() = ¢; for liquids,
o k(¥) = cou(V) for gases,
with constants ¢, co € R.
The classical constant coefficient scenario k(¢) = &, u(¥) = [, with positive constants
R, @i > 0, is known to be globally well-posed, see e.g. [34]. In case of strong heat conduction
k(¥) > ks« > 0, the diffusion term div (k(9)V1)) regularizes the temperature 9 over time,

leading to a smooth viscosity coefficient p(#). Consequently, the viscosity term can be
rewritten as

div (p(9)Su) = p(9)Au + Vu(9) - Su, (1.2.14)

where V(1) - Su is considered as a lower-order term with respect to u. This formulation
results in global-in-time well-posedness results, see |121} 122, |180} 238] and references therein.
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In the past few years much effort has been made to extend these results to the partial/no
dissipation cases

(i) k(¥) =0, () > e > 0 (dissipation but no thermal diffusion),
(ii) k(¥) > ks > 0, u(¥) = 0 (thermal diffusion but no dissipation),
(iii) k() = p(¥) = 0 (inviscid Boussinesq equations).

For constant viscosity and heat conductivity, the Boussinesq equations are globally
well-posed in the cases (i) and (ii) for regular initial data [35, [L32], and locally well-posed in
the case (iii), see e.g. [36, |38, [54} |84]. In this thesis we focus on the first of the above cases,
(i), which corresponds to the Boussinesq system . Similar to the density-patch problem
for the Navier-Stokes equations one can consider here the temperature-patch problem for the
Boussinesq equations without thermal diffusion, where the initial temperature is the indicator
function of some bounded, simply connected domain Dy C R?:

190($) = 1D0 ($)7

and one can ask for the regularity propagation of the boundary 0Dy over time. If the viscosity
is constant, the propagation of C'® boundary regularity of the temperature patch (o € (0, 1))
was proven in [64, 99]. However, to the best of our knowledge, the temperature-patch problem
has not yet been addressed in the literature for variable viscosity coefficients.

For results on more general Boussinesq systems such as the anisotropic Boussinesq equations
and the fractional Boussinesq equations, we refer to the review notes [243].

1.2.2. THE COMPRESSIBLE NAVIER-STOKES EQUATIONS

Recall the two-dimensional compressible Navier-Stokes equations with density-dependent

viscosity coefficients (CNSJ):

{atp +div (pu) =0, (t,z) € (0,00) x R?,

: . (CNS)
p(Oru 4 u - Vu) — div (u(p)Su) — V(A(p)divu) + VP(p) = 0.

The local-in-time well-posedness for smooth initial data away from vacuum was proved by J.
Nash [193] and A. Tani [231]. See also [146 147, 224] for the constant viscosity case. The
global-in-time well-posedness goes back to A. Matsumura and T. Nishida [186] provided the
initial data is small in H3(R3) for constant viscosity and small in H*(R?) for variable viscosity.
The regularity assumptions of [186] on the initial data were later relaxed to smallness in
the critical Besov space [39, 43| 117] in the constant viscosity case. An interesting result
was achieved by A. Kazhikhov and A. Vaigant [235], who proved the global existence and
uniqueness of strong solutions of on the square (0,1)? C R?, for the pressure law
P(p) = ap” (a,y > 0), 4 > 0 a constant and \ as a function of the density: \(p) = bp” for
b > 0,3 > 3, notably without any smallness assumption.

It is well-known that smooth solutions to the Navier—Stokes equations (CNS)) satisfy the
following energy balance

/]RQ [ﬂ‘2|2 ( t T dx—l—/ /]Rz |S |2_|_)\( )(divu)ﬂ(t/,x)dg:dt/

IUI2

(1.2.15)
R2
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for all ¢ > 0, where H(p) is the classical potential energy

H(p) = p/p Mds’

. 2
F; s

and p is some constant reference density. The existence of global-in-time finite-energy weak
solutions to the system similar to P.-L. Lion’s weak solutions [175] for the incompressible
model , is still a widely open problem. For constant viscosity, global weak solutions of
(CNS|) were obtained by P.-L. Lions [176] and E. Feireisl, A. Novotny and H. Petzeltova [93]
with the pressure law P(p) = ap” (a >0, v > %) The construction is based on the energy
balance , and the weak solutions obtained in [93, |L76] are known to satisfy the energy
inequality ( with = replaced by <). For a certain class of density-dependent viscosity
coefficients and with some Sobolev regularity assumption on the density, the existence of weak
solutions in the spirit of P.-L. Lions [175] was established in [28]. In [27, 31] the existence
of global-in-time weak solutions was proven for more general stress tensors than [93| 176,
which include some anisotropic fluids. However, the existence of weak solutions to for
general density-dependent viscosity coeflicients similar to the incompressible weak solutions
[175] remains unresolved. It is also still completely open whether the global weak solutions of
with constant viscosity obtained in [93, [176] are unique; see [105] for some weak-strong
uniqueness results.

Since the mid-90s there has been growing interest in solutions that emanate from discontinuous
initial densities, and tracking these discontinuities over time. For constant viscosity, remarkable
contributions in this direction were made by D. Hoff [125, 127, 128|, who considered initial
densities which are piecewise Holder continuous on both sides of some suitable curve. In two
space dimensions he proved the propagation of Cl*regularity of the curve (a € (0,1)), and
that the density also remains C* on both sides of the transported curve. Moreover, its jump
decays exponentially in time. The key concepts in D. Hoff’s analysis [125, |127, |128] can be
summarized as follows:

o (Energy functionals). In his pioneer work [127], D. Hoff introduced the following energy
functionals

t t
Av(t) = supolVulls + [ ollvpilede, Ast) =swo®|Vpillks + [ | Vil}ade,

[0,t] [0,t]
(1.2.16)

with the material derivative of the velocity @ = (0; + u - V)u and the time weight
o(t) = min{1,t}. Notice that these functionals appear naturally by taking the L2-inner
product between the momentum equation 2 and o resp. i = (O +u - V)u. He
establishes bounds for the energy functionals provided that the L?-norm of the
initial velocity is small and the density is bounded away from zero and from above, along
with some technical assumptions. With the boundedness of these energy functionals one
in particular has pi € LP(R?) for any p € [2,00).
o (Vorticity and effective fluz). He observed that the vorticity and effective flux

w=Vtu=—0us +duy, F=2u+Ndivu— P(p)+ P,
satisfy the elliptic equations
pAw =Vt (pi), AF =div(pu), (1.2.17)

which are obtain after an application of the curl operator V-+- resp. the divergence div
to the momentum equation (CNS|),.
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The effective flux was first identified in [130], and it plays a crucial role in the mathematical
analysis of the compressible Navier—-Stokes model with constant viscosity coefficients. For
instance, it serves as a key tool in the study of the propagation of density oscillations
(see [218]) and in the construction of finite-energy weak solutions in [93, [175]. In the
framework of D. Hoff [127], one has pu € LP(R?) for any p € [2,00) by use of the energy
functionals , which implies, thanks to , that both F and w are Holder

continuous for positive times, even if the initial data are discontinuous.

o (Velocity gradient decomposition). Propagating the piece-wise Holder continuity of the
density and the regularity of the curve of discontinuity requires the Lipschitz regularity of
the velocity field . To this end, D. Hoff decomposes the velocity gradient into two
parts; a regular part, which is associated to the effective flux and vorticity, and another
part, which is associated to the pressure P(p) — P, and which is less regular. Denoting
by P the Leray projector, the velocity gradient can be expressed as

Vu = VPu+ V(Id — P)u
= VPu — V(-A)"'Vdivu
1

pu— P -
VPu 20+ A

V(-A)'VF - V(-A)"'V(P(p) — P). (1.2.18)

2u+ A

The first two terms in this decomposition are Holder continuous since from (1.2.17) it
follows that both V2Pu and VF belong to LP(R?), p € [2,00). The third term is less
regular. To prove its boundedness, D. Hoff first propagates the piecewise Holder regularity
of the density with the help of the regularity of the effective flux F' and the following
reformulation of the mass equation 1:

P(p)-P _F
24+X 2u+ N

O¢logp+u-Viogp +

where the pressure term on the left hand side acts as a damping term. Then the piecewise
Holder regularity of the density provides the piecewise Holder regularity of the third term

in (T.2.18).

The proof of uniqueness of D. Hoff’s solutions constructed in |125] |127, 128] was given by
R. Danchin, F. Fanelli, and M. Paicu [55]. The small density jump was removed recently
by X. Liao and S. M. Zodji [169], who proved the W?P-regularity propagation (p € (2, 0)
in dimension two, p € (3,6) in dimension three) of the curve provided the bulk viscosity is
sufficiently large, v > 1, and if d = 3, additionally the initial energy is small.

In the variable viscosity scenario, the global well-posedness with piecewise Hoélder continuous
density was proved recently by S. M. Zodji |252] with small viscosity variation |pu(p) — 1] < 1.
The result basically relies on a combination of the decompositions (1.2.12)) and ((1.2.18)) of the
divergence of the viscous stress tensor and velocity gradient, respectively. However, the large
viscosity variation case is still unresolved.

1.2.3. RELATED FLUID MODELS

In this subsection we present two further models which play an important role in fluid
mechanics. These will not be studied in this thesis, but they are related to the models from
Section in that they both deal with sharp interfaces.
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1.2.3.1. THE TWO-PHASE NAVIER-STOKES EQUATIONS

Free boundary problems arise in numerous physical, chemical and biological processes, such
as the melting/solidifying of substances or the mixing of fluids. They usually consist of (a
system of) partial differential equations posed on a domain which is one of the unknowns of
the problem and which may evolve over time. The density-patch problem for ,
and temperature-patch problem for can be considered free boundary problems due to the
time-evolving interface between the patch and the outer fluid.

Here we briefly discuss the two-phase Navier-Stokes equations, which is one type of free
boundary problem. Other types of intensively studied free boundary problems include for
example the free boundary problem for the Navier-Stokes equations [112, |113} [221], water
waves [159] 244] and vortex-sheets [20].

The two-phase Navier-Stokes equations describe the motion of two immiscible fluids and the
interface between them, such as a drop of one fluid inside another, or two fluids on top of each
other. Let us consider two fluids occupying the regions ;" and €, respectively, at time ¢ > 0,
which are separated by the interface I'y such that R? = Q" UQ; UT;. The fluids have positive,
constant density and viscosity p*, T and p~, v, respectively. As before, let u = u(t,z) € R?
and m = 7(t,z) € R denote the fluid velocity and pressure inside the fluid domain. Then the
fluid moves in accordance to the following two-phase Navier-Stokes equations [209]

8tu+u-Vu—yiAu+p%V7T:O in QF, t >0,

divu =0 in Qti, t >0,
[ul =0 on Ty, t>0, (1.2.19)
[T*n] = cHn on Iy, t >0,
V=un on Iy, t> 0.

In the above, V,n, H denote the normal velocity, outer unit normal, and mean curvature of
the boundary Iy, respectively, and o > 0 is the surface tension coefficient. The stress tensor is
T+ = v p*Su — nld, and [-] denotes the jump of a quantity across the free interface T'y. The
dynamical boundary condition 4 states that passing through the interface produces a
discontinuity in the normal stress proportional to the mean curvature of the boundary. The
fifth line 5 expresses that the free boundary I'; consists of the same fluid particles for
all times.

Observe that if surface tension is absent, o = 0, then solutions of the density-patch problem

for the Navier-Stokes equations (INS) are solutions of (1.2.19)). Indeed, if (p,u, V) solves

(INS) with initial density po = pT 1+ + p‘lQa, then it in particular verifies (INS)2 in Q7 U,
0

and hence (1.2.19)); with v+ = %:), v o= @, provided that both the vectors v and T*n
are continuous across the freely transported interface I'; (as long as I'y remains well-defined).

The two-phase Navier-Stokes equations have been thoroughly studied since the 1980s
in various configurations of ;" and € ; see the books |73, 209] for a comprehensive overview.
In the presence of surface tension, o > 0, well-posedness results have been achieved locally in
time [70, 71, [208] and globally in time under some smallness assumptions 72} 209, 223 [229].
See [5] for the global-in-time existence of varifold solutions with rather general initial data.
Without surface tension, o = 0, the existence of global-in-time weak solutions was shown in
[196, 228] and the global-in-time well-posedness holds under some smallness assumption |68
69, [213].

One of the main challenges in solving ((1.2.19) is the fact that the interface is unknown and
changing over time. The usual strategy is therefore to transform the equations to a domain
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with a fixed interface. The transformations most commonly used in the literature are the
Langrangian transform (1.2.8)), or some geometric map such as a 'flattening function" (in the
case of an infinite ocean of finite depth) or the so-called Hanzawa transform (see e.g. [209]).
One then obtains a quasilinear parabolic system posed on a fixed domain with nonlinear
boundary conditions, which is solved via fixed point iteration.

1.2.3.2. THE VORTEX-PATCH PROBLEM FOR THE EULER EQUATIONS

If internal friction in the fluid is negligible, it is common to consider the fluid inviscid. The
fluid motion is then described by the Euler equations, which were derived by L. Euler in 1757
[87]. For an incompressible fluid in two space dimensions these equations read as [158]

. — RZ
{8tu—|—u Vu+Vr =0, (t )€ (0,00) x R?, (1.2.20)

divu = 0.

There is a large body of literature dedicated to the above equations. The local-in-time
well-posedness goes back to L. Lichtenstein |170H173]. The global existence and uniqueness of
solutions with bounded vorticity

w = VJ' -u = —0suq + O1ug

is a classical result by V. I. Yudovich [247]. In fact, in two space dimensions, the vorticity is
freely transported by the fluid velocity

Ow—+u-Vw=0,

so that in particular (by incompressibility) the vorticity remains bounded for all times if it is
initially bounded:
[w(@)llzee < llwollzee, > 0.

This, together with the Biot-Savart law

1 (z—y)* 2
u(t,r) = — —w(t,y)dy, (t,z) € [0,00) x R=,
(ta) =50 | el )dy, (1,2) € 0,00)
which allows the velocity to be reconstructed from its vorticity, implies the log-Lipschitz
continuity of the velocity, and hence, the existence of a unique, continuous flow map X as

defined in (1.2.8)) (see [1§]).

The vortez-patch problem (see A. Majda [185]) considers the following scenario: suppose the
initial vorticity is the indicator function wg = 1p, of some bounded, simply connected domain
Dy C R2. By the preceding arguments, the vorticity is at all times an indicator function

w(t) =1p,, with Dy = X(t, Dy).

The question of the vortex-patch problem is whether the boundary reqularity of the initial
domain 0Dy is propagated over time?

J.-Y. Chemin’s celebrated works [40} |41] confirm this regularity propagation, by use of tangen-
tial regularity methods and a nondegenerate family of vector fields. The regularity propagation
requires an a priori Lipschitz-bound on the velocity (1.2.9): Vu € L ([0, 00); L°(R?)). In-
deed, as discussed above for density patches, the violation of this Lipschitz regularity can



1.3. MAIN RESULTS 17

result in a loss of boundary regularity for the vortex patch. By the Biot-Savart law, the
velocity gradient can be expressed in terms of the double Riesz transform of the vorticity
1

_ L ; _ i
Vu=RR w, withR Ny
However, this does not immediately yield an L*°-bound on the velocity gradient, since the
double Riesz transform is not bounded in L>(R?), but maps the space L°(R?) into BMO(R?).
In |41} 42] J.-Y. Chemin shows that tangential regularity can help to establish such
an L°°-bound for the double Riesz-transform, by proving the following Lipschitz estimate for
the velocity field with a logarithm growth in the tangential regularity of w with respect to the
vector field 7:

1
7]

(1.2.21)

e lwl[zes [I7llee + [|div (W)Ilca—l)

IVul[zee S Jwllze + [[w]| 2o~ log(e + |
( ][ £oe

for p € [1,00) and « € (0,1). This inequality comes essentially from the analysis of the elliptic
equation

A¢ =w, where u = V=g,
which, together with the tangential regularity of w in 7-direction, allows one to recover the
boundedness of 0;;¢ in all directions 7,5 € {1,2}. See [18] for more details.

A more geometric viewpoint of the vortex-patch problem was employed in A. L. Bertozzi and
P. Constantin’s work [22]. A thorough review of results on the two-dimensional vortex-patch
problem can be found in [103]. See also [98] for the problem in three space dimensions and
[88] for the inhomogeneous case.

1.3. MAIN RESULTS

We now present the main results of this thesis. This section and the remaining chapters are
structured as follows:

o Subsection [[.3.1]and Chapter [2] focus on the inhomogeneous incompressible Navier-Stokes
equations with odd viscosity in the evolutionary and stationary cases.
The global-in-time existence of finite-energy weak solutions in the spirit of P.-L. Lions
[175] and Z. He and X. Liao |123] is established. We also investigate the limit of these
weak solutions as the odd viscosity tends to some constant pu, — ¢, and we consider
examples of stationary parallel, concentric and radial flows.

e Subsection [1.3.2] and Chapter |3 are devoted to the inhomogeneous incompressible Navier-
Stokes equations with density-dependent viscosity . We establish a global-in-time
well-posedness result that allows for discontinuous viscosity coefficients without size
restriction on the jumps. This well-posedness result can be applied to the density-patch
problem to prove the regularity propagation of sharp interfaces between immiscible fluids.

Furthermore, a local-in-time well-posedness result for the two-dimensional Boussinesq
equations with temperature-dependent viscosity is also presented and proved, with
possibly large viscosity jumps. A lower bound on the existence time is established. As
an application of this result, one can prove the persistence of regularity of temperature
patches locally in time.

o Subsection [[.3.3] and Chapter [4] address the compressible Navier-Stokes equations with
density-dependent viscosity . We show that these equations are globally well-posed
allowing for discontinuous viscosity coefficients with possibly large jumps. The regularity
propagation of density-patches follows as a consequence of this result.
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1.3.1. EXISTENCE OF WEAK SOLUTIONS TO THE INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS WITH VARIABLE, ODD VISCOSITY

We consider the two-dimensional inhomogeneous incompressible Navier-Stokes equations with
odd viscosity (oddINS)) under the influence of an external force f:

Op+u-Vp=0, (t,x)€ (0,00) x £,
p(Oru + u - Vu) — div (u(p)Su) — div (uo(p)Sou) + Vr = pf, (oddINS)
divu = 0,

and its stationary counterpart to (oddINS)):

div (pu ® u) — div (u(p)Su) — div (po(p)Seu) + Vo = f, x € Q (0ddINS")
div (pu) =0, divu=0,
with given functions
s tto € C([0,00);R), e S <™, —p* < pp < i (1.3.1)

for some positive constants 0 < p, < p*.

Despite the large number of works dedicated to the incompressible inhomogeneous Navier-
Stokes equations (INS), the presence of odd viscosity in these equations (i.e. (oddINS)) has
received little attention from mathematicians until now. In particular, the existence of finite
energy weak solutions in the spirit of P.-L. Lions [175] are yet unknown. Our first objective is
to establish the existence of such weak solutions, both in the evolutionary and the
stationary cases. The first result of this thesis can be summarized as follows.

Theorem 1. 1. (Evolutionary case). Let Q0 C R? be either a bounded, connected Lipschitz
domain, a rectangle (0, L1) x (0 x Lg), where Ly, Ly > 0, or the whole plane.

a) (Existence). Given an external force f € L*((0,00) x Q;R?), and initial density
and velocity (po,ug) € L¥(R?; [ps, p*]) x L?(R%;R?), with positive constants 0 <
px < p*, there exists at least one weak solution (p,u, V) of (oddINS|). This weak

solution satisfies the energy inequality

¢ ¢
/p|u]2d:1:+/ /,u(p)\Vu—i—VTu]Qd:rdt’g/p0|u0\2d:v+2/ /pf-udxdt’,
Q 0 Ja Q 0 Ja

(1.3.2)

for almost every t > 0.

b) (Convergence to (INS)). Let a sequence (15)ce(0,1) of functions in C(R; [—u*, pu*])
be given, such that

116 = volle(pu,pr)) = 0, € —0, (1.3.3)

for some constant v, € [—p*, u*]. For each ¢ € (0,1) let (p°,uc) denote a weak
solution of (oddINS)) with odd viscosity coefficient g, which satisfies the energy
inequality (1.3.2)). Then there exists a function pair (p,u) such that up to a
subsequence

5= p, i C(10,T); LP(2N BR(0))), Vp € [1,00), ¥T, R > 0,

u€ —*u, in L=((0,T); L*(Q)) N L2((0,T); H(Q)), VYT >0,

as € = 0, and (p,u) is a weak solution of (INS]).
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2. (Stationary case).

a) (Ezistence). Let Q C R? be a bounded, simply connected C1' domain. Given an
external force f € H-1(Q;R?) and boundary value g € H%((?Q;R2) satisfying the
zero flux condition : Joq 9-ndo =0, there exists at least one weak solution
(p,u) € L=(£%;]0,00)) x H(;R?) of (oddINSY)-(1.2.3) which is of Frolov’s form
([T.2.5).

If Q is the exterior domain of a bounded simply connected C' domain in R?, or
Q = R2, then there exists a weak solution (p,u) € L>(£2;[0,00)) x (D'(2))? of
(and if Q # R?), where

DY(Q) = H'(Q)n (mneNﬂl(Q N Bn)>.

b) (Convergence to (INSY)). Let Q C R? be a bounded, simply connected C'* domain.

Suppose the sequence (1§)cc(0,1) 5 given as in 1b) above, and (p,uc) is any weak

solution of (oddINS) of Frolov’s form, i.e. (p,u¢) = (n°(¢), V+¢¢) for some
functions ¢¢ € H*(Q) and n° € L®(R; [0, p*]). Then there exists a function pair
(p,u) such that up to a subsequence

P —p, inLP(Q), Vpe(l,00),
ut —u, in HY(Q),

as € = 0, and (p,u) is a weak solution of (INS’)).

The definitions of weak solutions and the precise statements are given below in Chapter

in Definitions and Theorems [2.2.2] [2.2.6] respectively. The existence proofs rely
on the observation that odd viscosity does not affect the energy balance ((1.2.1]) for smooth

solutions due to the cancellation S,u : Su = 0.

1.3.2. REGULARITY PROPAGATION FOR THE INCOMPRESSIBLE NAVIER-STOKES
EQUATIONS WITH VARIABLE VISCOSITY

1.3.2.1. VARIABLE-DENSITY CASE

Recall the two-dimensional inhomogeneous incompressible Navier-Stokes equations with
density-dependent viscosity (INS):

Op+u-Vp=0, (t,x)€ (0,00) xR2,
p(Oru+ u - Vu) — div (u(p)Su) + Vrr = 0, (INS)
divu = 0.

Motivated by P.-L. Lions’ density-patch problem, we are going to study the well-posedness of
(INS) in a functional framework that allows for discontinuous densities and viscosities. Here,
we assume the initial density pg to satisfy

Drypo € LP°(R?) for some suitable py > 2,

. 1.3.4
with 75 € L N WP (R%* R?) being a non-degenerate vector field. ( )

This assumption is inspired by the following considerations:
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o (Tangential reqularity of density patches). Assumption is clearly satisfied for
densities of patch-type, keeping in mind the tangential regularity , if the initial
boundary 9Dy has W?2Po_regularity and the vector field 7 is chosen to be the tangent
vector of 0Dy.

o (Fuailure of Lipschitz reqularity). In general, some regularity of the viscosity u(p) is
required to guarantee the Lipschitz regularity , as the boundedness of the viscosity
0 < ps < p(p) < p* alone is not sufficient; see the examples for the stationary Navier-
Stokes system in [123]. The tangential regularity of the density gives the
initial viscosity the same regularity dr,p(po) = /' (po)drypo € LPO(R?), if ||| Loc (j0,00)) <
oo, which will help us achieve the a priori Lipschitz estimate .

Recall the evolution equation of the tangent vector field :

ot +u- VT = 0ru,
(1)

T|t=0 = 70.

The second main result of this thesis can be summarized as follows (see Theorem in
Chapter . Its proof can be found in Chapter

Theorem 2. Given positive upper and lower viscosity bounds 0 < p, < p* there exists ¢g > 0
such that for € € (0, €] the following holds true.

Let pg € L®(R?; [p«, p*]), 0 < pi < p*, be an initial density satisfying po — p € L*(R?) for
some p > 0. Assume the dependence of the viscosity coefficient on the density function p to
be u(p) for some p € Wh([ps, p*1; [, 1*]). Let ug € H* N H-1(R%;R?) be divergence-free
and 7o € L®(R?;R?) such that |1o|~! € L®(R?) and (V1o,0rypo) € L?>T¢(R%;R2*2HL) in the
sense of distributions. If (with 7o = %)

601(”uo||2L2(R2)+‘|P0—1H2Lz(R2) ”VUOHi2(R2)) exp(c1|luo Hiz(Rz)

" (Iwollzee) + llpo = Ul aqe [ Vol 2esy )

24
'(||U0||H—1(R2) + [lpo — 1||L2(R2)HU0HL2(R2)) : (HVUO||L2(R2) + ‘|(V7——0767:0/'L0)||L§+6(R2)) < ca,
(1.3.5)

where cy,ca are positive constants depending only on ps, p*, fix, p*, € and [|1'|| oo ([, ]y, then
the system (INS)-(7) supplemented with the initial data (po, o, T0) has a unique global-in-time
solution (p,u, Vm,T) such that

p € L™((0,00) x R [ps, p]),  p— p € Co([0,00); LY(R?)), Vg € [2,00),

u € Cy([0, 00); L*(R* R?)) N L2((0, 00); H' (R% R?)),

Vu € Cy([0, 00); L*(R* R¥*?)) 0 L ((0, 00); L*F 1 L (R% R**?)),

7 € Cy([0,00); L NWHT(R*R?)), |7]7" € L™((0,00) x R?),

Orp € L=((0,00); L**(R?)),  9,;Vu, Voyu € L'((0,00); L*T¢(R**?)).

In particular, if the initial density is of the patch-type

po(x) = pg (#)1p,(7) + py (#)1pg(2),

for some bounded, simply connected domain Dy C R? with W22t¢_boundary, and functions
ps € WHH<(Dy), pg —p€ L?N W2H€(Dy°), then there exists a nondegenerate vector field
To € L™ ﬂWl’Q“(RQ; R?) tangential to the boundary ODy. If the smallness assumption
1s satisfied, then the unique solution above preserves the patch structure for all times t > 0,

p(t, ‘r) = P+ (t7 x)lDt (1‘) +p (tv x)lDtc (x)a
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for some bounded, simply connected domain Dy C R? with W22t¢-boundary, and functions
pt(t,) € Wi2te(Dy), p=(t,-)—p € L2AWL2(D,°). Thus, the density-patch-type problem in
the absence of vacuum for the density-dependent incompressible Navier-Stokes equations (INS]
is uniquely globally-in-time solvable under the smallness assumption . This solution
solves also the two-phase Navier-Stokes equations (1.2.19) without surface tension (o =0)
with Qf =Dy, Q = D:° and the interface Ty = D.

1.3.2.2. VARIABLE-TEMPERATURE CASE

Recall the two-dimensional Boussinesq equations without thermal conduction and with
temperature-dependent viscosity :

O +u-VI=0, (tx)ec(0,00)xR2
Ou+u - Vu — div (u(9)Su) + Vi = dea, (B)
divu = 0.

To the best of our knowledge, the temperature-patch problem has not yet been addressed in
the literature for variable viscosity coefficients. As a step towards an answer to this problem
we establish the following local-in-time well-posedness result for , which is the third main
result of this thesis. In the following we give a condensed version of this result and refer to
Theorem in Chapter [3| for the full statement.

Theorem 3. Given positive upper and lower viscosity bounds 0 < p, < p* there exists €g
such that for e € (0, €] the following holds true.

Let ug € HY(R?;R?) be a divergence-free vector field and 99 € L' N L"(R?) for some r €
[2 + €,00]. Assume the dependence of the viscosity coefficient on the temperature function
9 to be u(9) for some p € C(R; [ps, p*]). Let 19 € L¥(R%R2) be a vector field such that
70|71 € L®(R?) and (VTo, Ong (Vo)) € L¥HE(RZ; R2X2H1),

Then the system — supplemented with the initial data (Vo,ug,70) has a unique solution
(9, u, Vm,T) on the time interval [0,T], with the existence time T > 0 bounded from below as

follows (with 19 = o

2e
3_1 @+e)2 1 _€_ _
max ([Juoll ey + T2 Woll agey ) 7 (T2 IV uollaquey + T7 1 (Vo Onopo) <

2 42e44

%,l ,19 % %71 19 1 (2+€)2 <
+ T3 ol ey (1 + ol aqgey + (T3 #ldllaqee))?)) &7 < s,
(1.3.6)

where c3 > 0 depends only on ps, * and €. The solution satisfies

9 € C([0, T Mucrenrese L (R2) N L¥((0,T); L' 1 L7 (R2)

u € C([0, TT; L*(R* R*)) N L2((0, T); H' (R*; R?)),

Vu € C([0, T]; L*(R* R¥*?)) N L'((0, T); L (R R**?)),

7€ L®((0,T); L® N WHTE(RERY)),  |7|71 € L=((0,T) x R?),

D-p(0) € L°((0,T); L*T<(R?)) in the distribution sense.

In particular, if the initial temperature is a temperature patch

190(.%) = 1D0 (.CU),
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for some bounded, simply connected domain Dy C R? with W22t¢-boundary, if the vector field
70 from the above assumption is tangential to the boundary 0Dy and p € WH(R; [p, p*]),
then the unique solution above satisfies for all times t € [0,T],

Y(t,x) = 1p,(x)

for some bounded, simply connected domain D; C R? with W22T¢-boundary.

The proof of Theorem [3]is given in Chapter

Let us comment on the finite time 7. The fact that Theorem [3] gives only local-in-time
solutions of the Boussinesq equations essentially comes from the buoyancy forcing term on
the right hand side of the momentum equation (B])2. The latter causes the L?(R?)-norm of
the velocity vector field to grow in time, even for constant diffusion coefficients and smooth
and fast decaying small initial data; see the lower growth bounds in [26, 150].

1.3.3. REGULARITY PROPAGATION FOR THE COMPRESSIBLE NAVIER-STOKES
EQUATIONS WITH VARIABLE VISCOSITY

Recall the two-dimensional compressible Navier-Stokes equations with density-dependent

viscosity coefficients (CNSJ):

{&tp +div (pu) =0, (t,z) € (0,00) x R%

, : (CNS)
p(Ou + u - Vu) — div (u(p)Su) — V(A(p)divu) + VP(p) = 0.

Our main goal for (CNS]) is to remove the size restriction on the viscosity variation assumed
in the existing literature. We address this in the fourth main result of this thesis, which can
be summarized as follows (see Theorem in Chapter [4)).

Theorem 4. Given positive upper and lower viscosity and pressure bounds 0 < p, < u*,
0 < ve < V¥, me > 0 there exists ey such that for e € (0, €] the following holds true.

Let pg € L™®(R?;[p«, p*]), 0 < pi < p*, be an initial density satisfying po — p € L*(R?) for
some p > 0. Assume the dependence of the viscosity coefficients and pressure on the density
function p to be u(p), A(p) and P(p) for some p, A, P € W (3p,, 4p*) such that

fx < 'u|(ip*,4p*) SH Ve = 2 < )‘|(ip*,4p*) SVt -2,
inf  sP'(s) > ., inf  P'(s) =7 > 0.
SE€(5Px,40") SE(§pxr4p")
Let ug € HY(R%*R?) and 70 € L>®°(R?;R?) such that |7o|7! € LOO.(RQ) and (V19,07,p0) €
L2F¢(R%,R2X2H1) in the sense of distribution. If (po — p, pouo) € H™2(R%;R™2) for some

se(3- %ﬁ, 1), and (with 7o = %)

(Il(po = s pouo)ll 2 fr-25 w2y + Vol z2@2)) (1 + [(V70, 050 po) | L2+e(m2)) < s, (1.3.7)

where ¢4 is a positive constant depending only on py, p*, tw, W, Vi, V*, T, Ty || (15 A, P)ng,m(;p 1)

1P*>
€,0, then the system lb supplemented with the initial data (po,uo, o) has a unique
global-in-time solution (p,w,T) such that

p € L*([0,00) x R?; [%p*,‘lp*]), p — p € Cy([0,00); L*(R?)),
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u € Cy([0, 00); L*(R* R?)) N L*([0, 00); H' (R R?)),

Vu € L®((0,00); L*(R* R**?)) N L'((0, 00); L*T N L™ (R?; R**?)),

t1Vu € L®((0,00); L°(R%R2X2)),  t2Vu € L2((0, 00); L (R% R2*2)),

7€ Cy([0,00); (L® N WY RERY)),  |7]7! € L%°((0,00) x R?),

d-p € (L' N L>®)((0,00); L*T¢(R?)), 9,Vu, Vo,u € L'((0,00); L*T¢(R?; R?*?)).

In particular, if the initial density is of the patch-type

po(x) = pg (#)1p,(7) + pg (#)1pg (),

for some bounded, simply connected domain Dy C R? with W2?*¢-boundary, and functions
pg € WI2H4(Dy), py — p € L2NWLP<(Dy°), then there exists a nondegenerate vector field
To € L™ ﬁW1’2+E(R2; R?) tangential to the boundary ODy. If the smallness assumption
is satisfied, then the unique solution above preserves the patch structure for all times t > 0,

p(t,x) = p*(t,)Lp,(2) + p~ (t,2)1p;(2),

for some bounded, simply connected domain D; C R? with W*2t¢_-boundary, and functions
pt(t,:) € WhAHe(Dy), p=(t,-) — p € L2NWI2H<(D;°). Thus, the density-patch-type problem
in the absence of vacuum for the compressible Navier-Stokes equations is uniquely
globally-in-time solvable under the smallness assumption .

Theorem [4 is proved in Chapter [4 It is essentially the compressible counterpart of Theorem
The proof requires additional arguments to handle the time-decay of the divergence of
the velocity, divu, and the tangential derivative of the density, d;p, for both of which the
density-dependence of the pressure P(p) plays an essential role.






CHAPTER 2

THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
VARIABLE, ODD VISCOSITY

The results presented in this chapter are based on the work [250].

2.1. INTRODUCTION

This chapter is devoted to the two-dimensional inhomogeneous incompressible Navier-Stokes

equations with odd viscosity (oddINS|) and (oddINS’)).

Odd or Hall viscosity is the anti-symmetric part of the viscosity tensor (in the sense of
below), and it is present in fluids with broken microscopic time-reversal symmetry and broken
parity, see |16, |17]. We are going to discuss the physical model in Subsection below.
Recall that this system reads as

Op + div (pu) = 0,
O(pu) + div (pu @ u) — div (u(p)Su) — div (pe(p)Sou) + Vr = pf, (oddINS)
divu = 0,

where the scalar density function p, the velocity vector field u = (u1,u2)”, and the scalar
pressure 7 are unknown and depend on the time and space variables (¢, z) € [0,00) x Q. The
domain € is either the whole space R?, or a bounded, open connected Lipschitz domain in R2.
The variable shear and odd viscosity coefficients depend on the density function, p(p), to(p),
for some given functions

1 CR: ey 1)), po € C(R; [~ ), (2.1.1)

with two positive constants i*, i« > 0. The external force f € (L?((0,00) x 2))? is given. We
denote

u@u=(uuj)i<ij<e, Vu=Omuii<ij<e, V' u=(0iu;)i<ij<2,

_ (7 _ (O L [0 1 [
so that the strain tensors read as

Su=Vu+Viu= ( 201wy Oquy + 81u2>

Oouq + O1us 209u9

(81U2 + 82’&1) 81u1 — 82U2 ) '

Sou=Vu +V—u= ( O1uy — Dous (81UQ + 82“1)

Equations (oddINS|); and (oddINS))s stand for the conservation of mass and the conservation
of momentum, respectively, and (oddINS|)3 expresses the incompressibility of the fluid.

The physics literature regarding odd viscosity in fluid dynamics is vast and has been an active
area of research during the last thirty years. Despite of that, the notion of odd viscosity has
as of yet received little attention from mathematicians.
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There is a large body of mathematical literature concerning the Navier-Stokes equations

(oddINS|) without odd viscosity, i.e. the system (INS):

Op + div (pu) = 0,
O (pu) + div (pu @ u) — div (u(p)Su) + Vr = pf, (INS)
divu = 0.

In particular, the existence of weak solutions of is well known in both the evolutionary
and stationary cases [123] [175] (for the definition of weak solution we refer to Definitions
[2.2.1} and [2.3.3| below). It is natural to ask whether similar existence results hold if the odd
viscosity is taken into account. In this chapter we give a positive answer to this question.
More precisely, we establish the following facts:

1. Weak solutions to (oddINS|) exist in both the evolutionary and stationary cases (see

Theorems [2.2.2 and [2.2.6]).

2. As the odd viscosity tends to some constant: pu,(p) — v, = const, any weak solution
of (oddINS)) which satisfies an energy inequality, converges (in a suitable sense) to a
solution of the Naiver-Stokes equations without odd viscosity (INS|) (see Corollaries

224 nd 23,

3. For vanishing shear viscosity u(p) = 0, there do not in general exist stationary weak
solutions of (oddINS) with u € H{_ (see Example [2.3.8)).

This chapter is structured as follows. We begin in Section [2.I] with a review of known
mathematical results concerning the existence theory of weak solutions to for the
evolutionary and the stationary cases. The main existence result of weak solutions to the
evolutionary and the stationary Navier-Stokes equations (oddINS|) and (oddINS’)), respectively,
is stated in Section The proofs are performed in Section Subsection [2.3.1] is
concerned with the existence proof in the evolutionary case and Subsection [2.3.2] with that
of the stationary case. In Subsection we also consider examples of stationary parallel,
concentric and radial flows.

2.1.1. THE EVOLUTIONARY NAVIER-STOKES EQUATIONS

There has been extensive reseach on the Navier-Stokes equations without odd viscosity.
When p = 1 (and hence u(p) is a positive constant) the system turns into the classical
homogeneous incompressible Navier-Stokes equation, which has been intensively studied.
J. Leray [162] proved global-in-time existence of finite energy weak solutions in dimension
d = 2,3. For general p and u(p) the existence of weak solutions was shown in P.-L. Lions’
book [175]. There, P.-L. Lions proved the existence of weak solutions (p, u) of on various
domains in the sense of Definition below (with p,(p) = 0).

Here we are going to show that P.-L. Lion’s results hold true even with the additional odd
viscosity term. The main observation is that the a priori energy balance, which is satisfied by
smooth enough solutions, is preserved under odd viscosity. More precisely, the cancellation of
the Frobenius inner product

2
(Vut +VHu) 0 (Vu+ Vi) = Y (Vut + Vi) (Vu + V),

=l (2.1.2)
= 2(82u2 — 81u1)(31ug + 82u1) + 2(81u1 — 82u2)(82u1 + 31u2)
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holds and hence, a priori, the energy equality holds when we test (oddINS|) by u:

t t
/p|u\2da:—|—/ /,u(p)|Su|2dxdt/ = / p0|u0|2dx+2/ /pf-ud:vdt/, vt > 0.
Q 0 JQ Q 0 JQ

The energy inequality is known to hold for P.-L. Lions’ weak solutions (i.e. if po(p) = 0). The

weak solutions we obtain for (oddINS) satisfy the same energy inequality (see ([2.2.6)) below).
This entails in particular that odd viscosity does not affect the energy of the fluid.

2.1.2. THE STATIONARY NAVIER-STOKES EQUATIONS

The stationary counterpart of the equations (oddINS|) reads as follows:

div (pu @ u) — div (u(p)Su) — div (ue(p)Seu) + Vr = f, ,

{ diV’EL =0, div (pu)(:(()? ) ) (oddINS’)
For u,(p) = 0 previous results on include the following: If the flow is homogeneous,
ie. p =1 (and hence u(p) is a positive constant), then the system has been extensively
studied and J. Leray [162] proved the existence of weak solutions u € (H'(€2))? on a simply
connected domain 2 in R2. If the flow is inhomogeneous but y(p) > 0 is a constant, then N,
N. Frolov [95] proved the existence and regularity of weak solutions of the form

(p,u) = (n($), V>9), (2.1.3)

where ¢ denotes the stream function of u, and 7 is a Hoélder continuous function. This Ansatz
ensures that the divergence-free conditions (oddINS’|)s are automatically satisfied: Formally
we have

div (u) = div (V+¢) =0,
div (pu) = div (n(¢)V*9) = 1/ ($)Ve - V¢ = 0,
: 2 ) . . . .
and if ¢ € Hf ., (oddINS’)> holds not only formally, but also in the sense of distributions.

The Holder continuity of 7 in [95] was relaxed to continuity in [214]. The existence result of
weak solutions with variable viscosity u(p) was established by Z. He and X. Liao in [123]|. The
weak solutions there are also of Frolov’s form ([2.1.3)).

Assuming the form (2.1.3) not only ensures that (oddINS’)s is satisfied, but it also has the
advantage that the original problem (oddINS’) for (p,u) reduces to solving a fourth order
elliptic equation for ¢. More precisely, applying the two-dimensional curl operator V- to the

momentum equation (foddINS’|); yields
Lo=—V"-f+VE-div(n()Vie® V),

where the fourth order elliptic operator £ is computed below in Section [2.3.2] It then remains
to study the existence of weak solutions to this equation. The elliptic equation for the stream
function has also been used in |123] with a different fourth order elliptic operator. The key
observation is that the equation stays elliptic in the presence of odd viscosity.

We are going to explain in this article how the proof from [123] can be modified to show
a similar existence result in the presence of non-vanishing odd viscosity, u,(p) Z 0, in the
momentum equation. In analogy to [123] we also consider examples of flows under certain
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symmetry assumptions on the density, and analyse the effects of the presence of odd viscosity
on the velocity vector field.

In what follows, we give a brief explanation of the odd viscosity term in 2, and give
an overview of previous physical results on this model. To the best of our knowledge there is
much less mathematical research on hydrodynamic equations with odd viscosity, which is why
this introduction focuses on the physical results.

2.1.3. ODD VISCOSITY: PROPERTIES AND PREVIOUS RESULTS

Viscosity of a fluid typically measures the resistance of the fluid to velocity gradients. It is
expressed mathematically by a tensor 7;;z; that acts as a coefficient of proportionality between
viscous stress 0;; and strain rate Opu;, namely o;; = 70k [158]. Symmetry under both
parity and time-reversal are conditions which are satisfied by conventional fluids at thermal
equilibrium, and in that case Onsager reciprocal relation [197] demands that 7;;,; must be
symmetric in the sense that 1;x = nk;. Fluids in which time-reversal and parity are broken
exhibit non-dissipative viscosity that is odd under each of these symmetries, which leads to
the presence of an antisymmetric part in the viscosity tensor:

S A - s s A A
Migkt = Mijer + Mijrrs WIh 070 = Mg Wikt = —Mielij - (2.1.4)

In a two-dimensional incompressible isotropic fluid with broken parity and broken time-reversal,
even and odd viscosity are specified by a single scalar u(p) and p,(p), respectively, and hence
the viscous stress tensor is characterized by two viscosity coefficients, one for the even part
and one for the odd part [16] [158]

o = u(p)(Vu + VTu) + po(p) (Vut + Vi),

where p(p) is the kinematic shear (or “even") viscosity, and p,(p) the kinematic odd viscosity.
When time-reversal and parity are broken, the viscosity tensor can have a non-vanishing odd
part po(p) #Z 0, while it must vanish if at least one of these symmetries holds.

The odd viscosity is quite different from the conventional shear viscosity, and significant
odd viscosity may lead to counterintuitive properties of the fluid, which were illustrated
with examples in [16]. For instance, odd viscosity can produce forces perpendicular to the
direction of the fluid flow. An important difference between the two viscosity coefficients is
that the shear viscosity u(p) is associated with dissipation, while the odd viscosity p,(p) is of
non-dissipative nature.

The interest in odd viscosity was motivated by the seminal paper by J. E. Avron, R. Seiler
and P. G. Zograf [17], where it was shown that in general, quantum Hall states have non
vanishing odd viscosity. Since then the role of odd viscosity in the context of quantum Hall
fluids has been an active area of research, see 2} |25, [115, (133,134} 210] and references therein.
In classical fluids, odd viscosity can appear in various systems including polyatomic gases
[151], chiral active fluids |19, [225, [226], magnetized plasmas [204] and fluids of vortices [241].
In three dimensions, odd terms in the viscosity tensor have been known for some time in
hydrodynamic theories of superfluid He-3A [237].

In the following we will review some results on the constant and variable viscosity cases.
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2.1.3.1. CONSTANT VISCOSITY

When the density p is positive and constant, say p = 1, then by (2.1.1)), u(p) = v > 0 and
to(p) = v, € R\ {0} are constants, and the system (oddINS|) turns into the homogeneous
incompressible Navier-Stokes equations with odd viscosity

ou+u-Vu—vAu—v,Aut +Vr =0, divu = 0. (2.1.5)
Much research has been done on related free-surface problems |1, |4} 77} 189].

The authors in [108] considered equation with u(p) = 0 and a free-surface boundary,
under the additional assumption that the fluid is irrotational: V+ -« = 0. They developed
asymptotic models of surface waves and proved well-posedness of these models in an analytic
function space and also in a Sobolev setting.

In [16] J. E. Avron studied the odd viscosity effects in classical two-dimensional hydrodynamics
by examining solutions to the wave equation as well as the homogeneous Navier-Stokes
equations where the stress tensor is dominated by odd viscosity. These effects were shown
to be subtle in the case when the fluid is incompressible, and they are most prominent in
compressible flows. It has also been shown that if the fluid is almost incompressible, the odd
viscosity effects are most visible at the dynamical boundary subject to no-stress or free-surface
boundary conditions |1} |102]. Further investigations on observable effects of odd viscosity in
classical two-dimensional incompressible hydrodynamics were conducted in [19, (160, [181].

One important feature of the homogeneous incompressible Navier-Stokes equations with odd
viscosity is that odd viscosity effects are absent when the fluid is spread on the entire
plane or confined in rigid domains with no-slip boundary conditions. Indeed, due to the
incompressibility of the fluid, the odd part of the viscosity tensor can be written as a gradient
of the vorticity of the flow: Aut = —Vw, where w = V1, so that taking the two-dimensional
curl yields the equation for the vorticity

Oww + u - Vw = vAw,

which is independent of v,. Hence, vorticity is generated only by the symmetric part of
the viscosity tensor, and as a consequence, the effects of odd viscosity on the flow of an
incompressible fluid can come only through boundary conditions. For example, the signature
of po(p) is present in surface waves and in the interface between two fluids governed by
kinematic and no-stress boundary conditions, which explicitly depends on the odd viscosity
[102).

It is easy to see that for the same reason the systems (oddINS]) and (INS) are equivalent
if po(p) is a constant. Nevertheless, for density-dependent viscosity coefficient p,(p) as in
, it is in general not possible to write the odd viscosity term as a gradient, and p,(p)
might influence the flow.

2.1.3.2. VARIABLE VISCOSITY
In [3] the authors considered compressible fluids satisfying the strictly non-dissipative (u(p) =

0) equations

{ Op + div (pu) = 0,
A(pu) + div (pu @ u) — div (vopSou) + V(p(p)) = —p(Bu™ + E),
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where B and E = (E1, E) are electromagnetic fields and v, is a real non-zero constant, i.e.,
equations 1,2 with p(p) = 0 and po(p) = vop and an external force f = Bu’ + F
depending on u. These equations were paired with free-surface boundary conditions. The
authors studied questions related to the variational formalism for the free-surface dynamics,
linear surface waves and the incompressible limit.

The incompressible counterpart of the system in [3] was treated in [89, |90] with the same
choice for u,(p) and no external force, and they proved local-in-time existence and uniqueness
in the Sobolev setting H*(R?) for s > 2, provided, among other assumptions, that the initial
data satisfies pg — 1 € H*t1(R?) and ug € (H*(R?))2. These high regularity assumptions on
the initial data were crucial for the authors to be able to exploit an underlying hyperbolic
structure of 2 when u(p) = 0. More precisely, working with a new set of variables

w=Vt.u, n=vVt.(pu), 0=n-Ap,

allows one to resort to general theory of transport equations since the quantities w and 6 both
satisfy simple transport equations transported by H®(R?) vector fields. It was also explained
in [89] about the challenges of obtaining a priori estimates for higher order derivatives when
the shear viscosity term vanishes, due to the odd viscosity leading to a loss of derivatives.

In a recent paper [90] the system with p(p) = 0 and p(p) = vop was reformulated into a
system bearing strong similarities to the ideal magnetohydrodynamics equations. By use of
this formulation the authors proved local well-posedness in a Besov space setting and provided
a lower bound on the lifespan of the solution.

Here we will take u(p) > ps > 0, and the presence of the shear viscosity term in (oddINS)),
is crucial to obtain higher order estimates for the velocity u, if the density is only bounded,
without any regularity assumptions.

2.2. MAIN RESULTS

In this section we give the definition of weak solutions of the systems (oddINS|) and (oddINS’),

and we state the main results of this chapter.

2.2.1. THE EVOLUTIONARY SYSTEM

We first fix a domain  C R? as in one of the following three cases.

1. (Dirichlet case): € is an open, bounded, connected domain in R? with a Lipschitz
boundary 9. We look for solutions satisfying the non-slip boundary condition v = 0
on 0.

2. (Periodic case): ) is a rectangle (0,L1) x (0 x Lg), where L1, Ls > 0. We look for
solutions (p,u) which are periodic in z; of period L;, i = 1,2, respectively.

3. (R? case): Q is the whole plane R?. We look for solutions u € L{C.(0, oo; (L2(R?))?).

loc

We pose the following assumptions on the initial data: Let the initial density have a positive
upper and lower bound

po € L®(Q), 0<ps<po<p“ae inQ, (2.2.1)
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and the initial velocity vector field
up € (L*(Q))2 (2.2.2)

Let f € (L%((0,00) x Q))? be an external force. In the periodic case we consider pg, ug and f
as functions defined on R? by extending them periodically.

We define weak solutions for the evolutionary Navier-Stokes equations (oddINS|) in the
following way.

Definition 2.2.1 (Weak solutions of the evolutionary system). We call a pair (p,u) a

weak solution of (oddINS|) with initial data given by (2.2.1)) and (2.2.2)), if one of the following
1s satisfied for all T > 0.

1. (Dirichlet case): p € L((0,00) x Q) N Cp([0,00); LP(R?)), for any p € [1,00) and
u € L*(0, T (H§ ())%);
2. (Periodic case): p € L*®((0,00) x Q) N Cy([0,00); LP(QQ)) for any p € [1,00), and
u € L2(0,T; (HY(Q))?), p and u periodic in z; of period L;, i = 1,2;
3. (R? case): p € L>=((0,00) x R?) N Cp([0,00); LY (R?)) for any p € [1,00), and u €
L0, T (H'(R?))?);
and additionally there holds

divu =0, in the sense of distribution, (2.2.3)

—/ po(0) dx—/ /p@t@/}d:):dt:/ /pu-V¢dmdt, (2.2.4)
Q 0o Ja 0o Ja

- /onuo ¢(0) dx +/0 /Q—pu “Op—plu®u): Vo (2.2.5)

+ (MSU + Holp) Sou> s Sedxdt = / / pf - pdxdt,
2 2 0o Ja

for all ¥ € C°([0,00) x ), p € (C°([0,00) x Q))2, with divy = 0, in the Dirichlet and whole
plane case, or for all ¢ € C(]0,00);C>®(Q)), ¢ € (C([0,00);C>®(2)))?, with divp = 0, and
¥, @ being periodic in x; of period L;, i = 1,2, in the periodic case. Here the Frobenius inner
product is defined by A : B = Zzz,jzl a;jbij for matrices A = (aij)ij=1,2,B = (bij)ij=12 €
R2X2.

Our main result concerning the existence of weak solutions to the Navier-Stokes system

(loddINS|) reads as follows.

Theorem 2.2.2 (Existence of weak solutions of the evolutionary system). Let Q be as

in one of the three cases above, and let pg and ug be given by (2.2.1) and (2.2.2)), respectively.
Then there exists at least one weak solution (p,u) to the system (oddINS)) with initial data po

and uy. Furthermore, this weak solution satisfies the energy inequality

t t
/p|u|2da:+/ /,u(p)\Su\Qda:dt’S/p0]u0|2dx+2/ /pf'uda:dt', vVt > 0. (2.2.6)
Q 0 Jo Q 0 Jo

We follow a standard procedure to prove Theorem [2.2.2]in Section [2.3.1] For the Dirichlet
and periodic cases we use a Galerkin method as in |92, Section 7], and the whole plane case
will be a consequence of the Dirichlet case for the derivation of which we follow the lines of
[175]. Here we have to deal with additional second-order derivative terms of the velocity in
the momentum equation due to the presence of odd viscosity.

Let us make a few comments on the weak solutions obtained in Theorem [2.2.2



32 2. THE NAVIER-STOKES EQUATIONS WITH ODD VISCOSITY

Remark 2.2.3. As in |175], the results can be improved in the following sense:

e The assumption p, > 0 in can be relaxed to p. = 0, where vacuum in the fluid is
allowed. This however requires additional assumptions on the initial data, and in Definition
the condition u € L2(0,T; (H'(2))?) is replaced by /pu € L>(0,T; (L*(2))?) and
Vu € L2((0,T) x 2))2*2, T > 0.

o The solutions given in Theorem [2.2.2] are continuous in the sense that
pu,/pu,u € C([0,T1; L3, (), VT >0,

where L2 () denotes the space L?(2) endowed with the weak topology.

The energy inequality entails the following property of our weak solutions: let u €
C(R; [tx, *]) be fixed. We are interested in what happens to a weak solution in the limit
Lo — V, for some constant v,, and are wondering whether the system converges to
(INS]) in some sense. The following corollary formulates this question more rigorously and
gives a confirming answer.

Corollary 2.2.4. Let a sequence (15)ce(0,1) of functions in C(R; [—u*, u*]) be given, such that
16 — volle(pu,pr) — 0, € =0, (2.2.7)

for some constant v, € [—p*, p*]. For each € € (0,1) let (p,u®) denote a weak solution of

(oddINS|) with odd viscosity coefficient uS which satisfies the energy inequality (2.2.6). Then

there exists a function pair (p,u) such that up to a subsequence

pS—p, inC(0,T]; LP(2N Br)), Vpe|[l,00), VI R >0,

) ) ) (2.2.8)
u¢ —=*u, in L(0,T;L*(Q)) N L*0,T; H'(Q)), VT >0,

as e — 0, and (p,u) is a weak solution of (INS)), i.e. (p,u) satisfies the conditions in Definition
with pe, = 0.

Corollary is proved in Subsection below. The convergence “(oddINS|)— (INS)” as
Lo — U, is compatible with the observation mentioned in the introduction, namely that for
constant odd viscosity coefficient the odd viscosity term can be absorbed into the pressure
and therefore does not affect the fluid flow (if the boundary conditions do not depend on ).

2.2.2. THE STATIONARY SYSTEM

We next consider the stationary system on a bounded simply connected C*! domain
Q in R%2. We fix an external force f € (H~!(2))?, and the boundary value g € (H%(E)Q))2
In order for the boundary value condition u|o = g to be compatible with the divergence-free
condition for u, we need to postulate the zero flux condition

/89 g-ndo =0, (2.2.9)

where n = (n1,n2) denotes the outer normal vector to the boundary 0S.

Firstly, we give the definition of a weak solution to the boundary value problem of the

stationary Navier-Stokes equations (oddINS’)).
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Definition 2.2.5 (Weak solutions of the stationary system). We call a pair (p,u) €
L>®(Q;[0,00)) x (H'(R))? a weak solution to (oddINSY) with boundary value g € (H%( 0))?
and external force f € (H71(Q))?, if

divu =0, div(pu) =0, in the sense of distribution, (2.2.10)
ulpo =g  in the trace sense, (2.2.11)

and the integral identity

/Q(M(Qp)Su + MOQ(p) SOU> :Spdr = /Qp(u ®u): Vodr+{f,0)y-1)xui  (2:2:12)

holds for any ¢ € (Hg(Q))? with div ¢ = 0.

The existence and regularity result of weak solutions to the boundary value problem (oddINS’))
reads as follows.

Theorem 2.2.6 (Existence and regularity of weak solutions of the stationary
system). Let Q C R? be a bounded simply connected CY' domain, and let the external force

f € (H1(Q))?, and the boundary value g € (H%(OQ))2 be given and satisfy the zero-flux

condition (2.2.9).

1. There exists at least one weak solution (p,u) € L>®(;[0,00))x (H(Q))? of the stationary
Navier-Stokes equations (oddINS’)) which is of Frolov’s form.

2. Let k € N and let Q be a bounded simply connected C*11 domain. If e € CF(R; [, u*]),
o € CF(R; [—p*, u*]), n € CF(R; [0, p*]), and the external force f € (H*"1(Q))? and
the boundary value g € (HkJr%(@Q))Q, then the weak solution (p,u) from (1) satisfies
p € H*(Q) and u € (H*1(Q))2.

We follow the arguments of [123] to prove Theorem in Section Since the presence of
odd viscosity in the equation does not change much in the proof from [123|, we are only going
to explain the main steps. The idea is to look for solutions which are of Frolov’s form, i.e.
(p,u) = (n(¢), V+¢), for the stream function ¢ (determined by ), and some function
n e L=(R; [0, 00)).

Remark 2.2.7. Similarly to [123] one can show the existence of weak solutions on an
exterior domain or on the whole plane R?. More precisely, if  is the exterior domain of
a bounded simply connected C' set in R?, or = R?, then there exists a function pair
(p,u) € L®(Q;[0,00)) x (D(Q))? satisfying (2.2.10)), (2.2.11)) (if Q # R?) and (2.2.12)). Here,
the space D'(€2) is defined by

DY(Q) = HY(2) N (NuenH' (2N By)).
Moreover, one can prove a statement analogous to Corollary

Corollary 2.2.8. Suppose the sequence (115)ce(0,1) 95 given as in Corollary and (p°,u°)
is any weak solution of (oddINS’) of Frolov’s form, i.e., (p¢,u¢) = (n°(¢°), V=-¢°) for some
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function ¢¢ € H?(Q2), and n° € L™ (R; [0, p*]). Then there exists a function pair (p,u) such
that up to a subsequence

P —p, inLP(Q), Vpe(l o00),
ut —u, in H(Q),

as € = 0, and (p,u) is a weak solution of the stationary system (oddINS’) with u,(p) = 0:

div (pu ® u) — div (u(p)(Vu + VIu)) + Vr = f,
divu =0, div (pu) =0, (2.2.13)
uloo = g,

i.e. (p,u) satisfies the conditions in Deﬁm’tz’on with po(p) = 0.

The main step of the proof is to show that the sequence of stream functions (¢)cc(o,1) is
bounded in H%(Q), by adjusting the arguments from [123] Section 2.1]. This then yields the
uniform boundedness of (u).¢(o,1y in H'(£2), from which the assertion follows by standard
compactness arguments.

2.3. PROOFS
2.3.1. THE EVOLUTIONARY SYSTEM

In this section we prove the existence of weak solutions to the evolutionary system. We begin
by regularising the given data in Subsection Afterwards we prove the existence and
weak convergence of a sequence of solutions to the regularised system. To do so, we treat
the Dirichlet and periodic cases (Subsection [2.3.1.2)) separately from the whole plane case

(Subsection [2.3.1.3]).
2.3.1.1. REGULARISATION OF THE DATA
In this subsection we regularise the initial data and external force as in [175].
Let a € C°(R?) and 8 € C°(R) be smooth, compactly supported functions satisfying
suppa C B1(0) CR?%, 0<a <1, / adr =1,
RQ

suppf C (-1,1)CcR, 0<p<1, /ﬁdtzl.
R

Let € € (0,1). We set a, = ¢ 2a(e "), Bc = e 1B(e71.). We choose approximate functions
pe, g € C([0,00)) with pu€ > &=, and

(1€ = gy g, — /LO)HC([p*,p*]) S 6.

Furthermore, in the Dirichlet case we set Q5 = {z € Q : dist(z,0) > §}, 6 > 0. Then we
define

I = (Leoo) (flay.) *2 ) *¢ Be,  po = (pola + le\Q) %4 e, in the Dirichlet case,

fe= (1[5700)]" *z ) *¢ Be, PG = Po *z e, in the periodic and whole plane case,
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and uf in the following way: Let 5 = pf((uola,, ) * ), and let gf € C*°(€2) be a solution of

div (— (Ve — 1)) =0,
Po

94§

on

g5 € H'(R?), in the whole plane case,

=0 on J€), in the Dirichlet and periodic case,

where n denotes the unit outward normal to 9€2. Then we have mf = pgug + V¢ for some
uf € C*°(Q) satisfying

divag = 0,

ug-n =0, ond, in the Dirichlet and periodic case,

75 € L*(R?), in the whole plane case.
Finally we choose
dg € C2(Q), divuy =0, [lus — bl 120 < e
With the above definitions there holds

feeC™([0,00) x Q), p5EC®Q), ufecl),
fe—f, in (L*(0,T) x Q))?, VT >0,
o — po, nLP(QNBgr), Vpe[l,c), R>0,

m§ = g + p§(u§ — G) — mo = poug, in L*(Q),
as € — 0.

Since we use a fixed point argument to prove the existence of smooth solutions to the
regularised system, we recall here the Schauder fixed point theorem (see e.g. [106]).

Theorem 2.3.1 (Schauder fixed point theorem). Let Y be a closed, convez set in a
Banach space X, and let F' be a continuous mapping of Y into itself such that F(Y) is
relatively compact. Then F has a fized point, i.e., there exists an element x € Y such that
F(z)==.

In the following we distinguish between the case that the domain €2 is bounded (Dirichlet and
periodic case) and the case that € is unbounded (whole plane case).

2.3.1.2. DIRICHLET AND PERIODIC CASE

We use the Faedo-Galerkin approximations to construct a sequence of smooth solutions
(P9, u“™)ec(0,1),nen as in [92]. We start by proving their existence using the Schauder fixed

point theorem.

Existence of regularised solutions Let the set of divergence-free test functions on {2 be
denoted by

Dy = {p e (C*(Q)?*:divp =0}, or
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= {p € (C®(N)?:divp =0, ¢ is periodic in z; of period L;, i = 1,2},
in the Dirichlet or periodic case, respectively. Furthermore, let
L: = {pec (L*N)?:divp =0}, or
={p e (L*Q))?:divyp =0, ¢ is periodic in z; of period L;, i = 1,2},
Vo :={p € (H}(N)?:divp =0}, or
={p e (H'(Q)?*:dive =0, ¢ is periodic in z; of period L;, i = 1,2},
in the Dirichlet or periodic case, respectively. Since D, is dense in the Hilbert spaces (L2,

|- 1lz2) and (V, || - ||z1), we can choose a countable system of functions {¢;, }nen C D, which
form an orthonormal basis in L2 and are dense in V,. For n € N let

Xy, = span{e1, ..., on}-

It is easy to see that X, M2 — X, 5o that (Xn, || - Ix,,) is a Hilbert space endowed with the
norm [ - [|x, := || - [l 2-

Notice that for p € [1, c0] there exists a constant C' = C(n, {||¢;|lw1r}j=1,..n) such that

-----

lellwie < Cllellx,, Vo€ Xn. (2.3.1)

We fix T'> 0 and n € N. Our first goal is to find for each ¢ € (0,1) a function pair
(p™, us™) € C([0,T] x ) x C([0,T); X,) which satisfies (2.2.4]) and ([2.2.5) with test-functions
¢ €CX(]0,T) x Q) and ¢ € C([0,T'); Xy,), respectively, and initial data replaced by pf, u,
1es pg, and f€.

Let us first introduce some notation. For a function u € C(]0,T7]; X,,) we denote by p[u] the
unique solution of the transport equation

op+u-Vp=0, in (0,7) x Q,
p(07') = 105-

By the smoothness of u in space we know that p[u], d;p[u] € C([0,T];C*(2)) for any k € No,
with

t
lolelOllr < lIo5lr exp(C [ [Vu(t)1at’).

lplu] ()] Lo < llp5l Lo,

for ¢t € [0,00) and p € [1,00). Clearly, plu| satisfies the weak formulation (2.2.4) with velocity
field v and initial data pf.

In order to reformulate equation (2.2.5) as a fixed point problem we define for a function
p: Q2 — [ps, p*] the operator

MP:Xn_>Xr*n MP(W):(XnaSEH/QpSD‘@dx>

where X7 denotes the dual space of X,,. M, is linear, continuous and bijective with inverse
given by

n
— * — * * 1
MY X = X, Mylot =Y (;%’)@j,
=1

and its operator norm satisfies the bound ||M;1||X;;HXH < o
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Lemma 2.3.2. Fore € (0,1) and sufficiently large n € N there exists u™ € C([0,T]; Xn) N
C1((0,T7; X,,) such that

/pe,n(t)usyn . diU—/Po“o daj—/ /penugn 8tg0dl‘dt
Q

t
:/ /pe’ (U™ @u®") : V@—MQ Sue’”:Stp—'u; Sou®™ 1 S + po" fC - pdxdt
0 Jo

(2.3.2)

for any function p € C1([0,T); X,,) and time t € [0, T, where p>™ = p[u®"], and p™ = p(p="),
pus™ = us(p=™). Moreover, (p™,u®™) satisfies the energy equality

2/,0 t)u"(t \Qda?+// ]SuG”\Qdaﬁdt
2//) ‘uen |2dx—|—/ /penfe‘ wuE™ dadt’

(2.3.3)

for any t € [0,T].

Proof. We first reduce the problem of showing (2.3.2) to a simpler (but equivalent) problem:
We claim that it suffices to look for u“™ satisfying

[ oemuc @)~ piuy - ¢ d
. (2.3.4)

t Me,n ,ue,n
:/ / peyn(uem ®u€,n) . V@ _ TSue,n . S(ﬁ _ ; Soue,n . S@_i_pe,nfe . @d.det,
0 Jo
for any ¢ € X,, and t € [0,T]. Indeed, assume that (2.3.4)) holds and take ¢ € C1([0,T]; X,,).

Differentiating ([2.3.4) with respect to time and then testing with ¢ = ¢(t) € X,, for fixed
t € [0, 7] implies

d
/ pe LAY (pdx _/ pe,nue,n i at(pd$
Q

e,n €N v/ —ES e,n,S _IU’ZJLS e,n,S €, f€ d
—/J ®u"): Vip = —=5u™ 1 Sp — = =Sou™" : Sp + p*" - p du,

which yields the claimed equality (2.3.2)) after integration in t.

In order to prove the existence of a solution to (2.3.4)), we use the Schauder fixed point
Theorem We begin by reformulating this equation into a fixed point problem. One can
rewrite the equation as

¢
u(t) = Mygh, o ((0506)° + /O Am)(dt'), i e [0.T],
where the element (pfuf)* € X and the operator A : C([0,T]; X,,) — L¥ (X)) are defined as
() = (Xu 2 @ > [ pous- ),
Q

A(u) = (Xn Sp /Qp[u](u®u) V@ — Me(g[u])Su : Sp

. Hg(g[u])sou L 8¢ + plul f€ - cﬁdm),

for u € C([0,T]; Xn).
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We define the set By = {u € C([0, T]; Xy) : [lu — uf|[ s (x,,) < 1}, which is clearly convex in
C([0,77; X,,) (and non-empty for n sufficiently large), and the operator

F i Bp - (0.7 Xa), Flu)(t) = Myl ((o5uf)” /A

We first show that F has a fixed point provided T' = T'(n) is sufficiently small.
1. Continuity. In order to verify that F' is continuous, let u,v € C([0,T]; X,,) and ¢ € [0,T].
Writing

t

.ﬂmw—ﬁwxszﬁwm/Awwv—mwwmﬁ
0
1 -1
+ (Mg~ Mgy) ((6606™)" + / Al

and using
- M

-1
p[v] HX F—=Xn — HMp[U](t)(Mp[v](t) - [u](t)) p[u] HX n—Xn

< Cllp[u](t) — p[v](#)|| L= (2.3.5)
< Cllu = vl e (x,,) exp(C|v] Lo (x,))

1M gt

it is easy to see that

[F(uw) = F(v)llzee(x,) < Cllu = vl Lee(x,) exp(Cllol Lee (x,)) (1 + [lull e x
+ vllzee(x,) + HUHLOO x) T lluollez + 17N Lz 2y )

for some constant C' = C(n,T’), which shows that F' is locally Lipschitz continuous and in
particular continuous.

2. Invariance of Ep under F. Next we verify that F' maps the ball Ep into itself provided
the time 7' is sufficiently small. Firstly, let R > 0 such that [lu[|r(x,) < R for any u € Er.
For t € (0,T] we have

t
[ (u)(t) — ullx, < Cll(pous)” +/0 A(u) (t")dt" — My yudllxs
< Cllpg — plul(®)l| e llugll 2 + C/O Jull%, + llullx, + 1] r2dt,
so that

17 (u) = ull Lo x,) < Clio§ — plullLge (o) llufll 2 + CT(R® + R+ | ]| L (12))

for a constant C' = C(n) independent of T'. Hence we can choose T'(n) € (0,7 sufficiently
small such that F' maps Ep(,) into itself.

3. Relative compactness. It is left to show that the image F (ET(n)) is relatively compact
in the set Ep(,). To do so we use the version of the Arzela-Ascoli Theorem from [190, Theorem
47.1]: If F(Ep(,) is equicontinuous, and the sets Fy = {v(t) : v € F(Ep(,)} are relatively
compact in X, for all ¢ € [0,7(n)], then it follows that F'(Er,)) is relatively compact in
Erp(n). Notice that the latter condition is obvious here since Fy C {p € X, : [l¢ — ufllx, < 1}
is a bounded set in the finite-dimensional vector space X,. In order to show that F(Ep(,) is
equicontinuous, let u € Ep(,) and t1,t5 € [0,T(n)]. Writing

Fw)(t1) = F()(t2) =Myl )~ Mygho) (500 + [ 40 )
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M) / Alu)(t') dt’

and using similar estimates as before, we deduce
1
[1F(u)(t1) — F(u)(t2)llx, < Cltr —ta| + Clts — t2[2

for some constant C' > 0 independent of 1, t3 and u, which yields equicontinuity.

4. Conclusions. By the Schauder fixed point Theorem there exists a fixed point
u™ € C([0,T(n)]; Xpn), i.e., F(u®™) = uS™. It is straightforward to verify that F'(u) belongs
to C1((0,T); X,,) for any u € C([0,T); X,,), which implies that the fixed point is continuously
differentiable in time: u™ € C1((0,T(n)]; X,).

Differentiating (2.3.4)) with respect to ¢, choosing ¢ = u*™(t), and integrating by parts (which
is justified by the smoothness of p©™ and u®™ in space, and where the boundary values in the
periodic case vanish due to the periodicity) yields

en|, €n|2
2dt/p |u\da:+ /\Su

for every t € [0,T(n)]. Here we used the cancellation (2.1.2). By Gronwall’s inequality it
follows that,

dr </ p* || fll 2@V u" [ 2o

I(VoTue™) )220y < Iy bl + 2071171132 Otxme”
< plluo 22y + 20" 1 F 122 0.0y

for some constant C' > 0 independent of ¢ and n. Consequently, u*™ is uniformly bounded in
LT )(LZ) N LT( ) (H 1), with a bound independent of €,n and T'(n). This allows us to iterate
the above procedure to obtain a solution which is defined for all times up to 7.

Finally, the energy equality ([2.3.3) follows from choosing ¢ = u“™ in (2.3.2]). O

The limit n — oo We next show that for fixed € € (0,1) the sequence of weak solutions
(p“™, u“™)pen constructed in Lemma converges weakly up to a subsequence to some
function pair (p€, u¢) satisfying

t
[ o oue)- ey dn ~ [ pu o da— [ [ puc- oo dwdt
! €(, € € lu’e(pe) € /’LZ(pe) € € r€ / o
:/0 /Qp (v ®u ):th—TS’u :Sgo—TSOu S+ pf€-pdrdt

for any function ¢ € C1([0,T); V,) and time t € [0, T).

Since (u“™),en is uniformly bounded in L (L?) N L4 (H?), there exists u¢ € L (L?)N LA (H?)
(uf € LY(L*) N L% (H}) in the Dirichlet case) such that up to a subsequence

us™ —~* oyt in LP(L%), Vus" — Vuf, in LA(L%).

Moreover, [175, Theorem 2.4] yields the existence of p¢ € L3 (L) such that up to a subse-
quence

po" — pS, in C([0,T); LP), Vpe€[l,00)
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with p¢ being the solution to
Op +div (pu) =0, p(0,-) = po

in the sense of distributions, i.e. ) holds with p¢. Consequently pu®™ — uc(p), us™

o
ps(p) in C([0,T7; LP) for p € [l,oo) Smce pPEmuS™ — puc in L2.(L") for all r € [1,00) and
us™ —* u€ in L3P (L?) it follows that p“"u"@us™ — pfuc®@uc in L3 (LP) for any p € [1,2). All
of this together ensures the convergence of the integrals in for fixed ¢ € C1([0, T]; Xn,)
for any ng € N. Since span{¢y, }nen is dense in V,, the integral identity also holds for any
function ¢ € C([0,T7]; V).

Observe that u™(0) is given by the projection in L? of u§ onto X,. This implies that
ut"(0) — u§ in L2. With the same arguments as in [175] we can therefore take the limit
n — oo in the energy equality 1) to obtain the energy inequality for (p¢, u¢)

/ () |u(t ]2da:+/ / ]S |2 dadt’ < / p<(0)]u(0 \2d$+/ / pefe - ut dadt!
(2.3.7)

for all ¢ € [0, 7.
The limit ¢ — 0 Analogous arguments as before yield the existence of a pair of functions

(p,u) € C([0,T); LP) x (L (L2) N LA(HY)) (u € LSS(L2) N L2.(HE) in the Dirichlet case) which
is the weak limit of a subsequence of (p,u)cc(o,1) and satisfies (2.2.4) and

/p d:c—/pouo »(0 dx—/ /pu Oy dxdt’

://p(u®u):V ()S : Sy (p)Sou So+pf - pdzdt
0 JO 2

for any ¢ € C}([0,T];V,) for all t € [0,T]. Since T > 0 was arbitrary we can find a weak
solution (p,u) which is defined for all times. This entails the weak formulations (2.2.4) and
(2.2.5)), and the existence part of Theorem for the Dirichlet and periodic case is proven.

By taking the limit € — 0 in (2.3.7) we obtain the energy inequality for (p, u).

2.3.1.3. WHOLE PLANE CASE

We now turn to the existence proof for the whole plane case ) = R2. Similarly to [175], we
derive the result for the whole plane case from the Dirichlet case.

Applying the Dirichlet case with © chosen as the ball Br := Br(0) of radius R > 0, and
initial data

P(])% = POlBR, UOR = uolBRa fR = leR’
yields a sequence (pt, uf*) =g of weak solutions on Br with

pR € LOO((O,OO) X BR) ﬂcb([07 OO);LP(BR))a Vp € [17 OO),
u® € L*(0,T; (HY(BR))?), VT > 0.

In the following we are going to show that up to a subsequence there holds

pf = p in C([0,T]; L’(Byr)),  u® —w in L*(0,T; (H'(By))?)
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as R — oo, for any T, M > 0 and p € [1,00), where (p,u) is a weak solution of (oddINS)) on
the whole plane R?.

Indeed, by Remark the energy inequality (2.2.6) holds for the weak solutions (p®, uf?),
which entails that the bound

w20 @2y < Crs I PR L 01222y < Or

holds uniformly in R, for all T > 0. Here we view pf and uf as functions defined on
R? by extending them by zero onto R? \ Bg. This implies the existence of a function
u € L2 (0, 00; (H*(R?))?) such that

loc
u® =%y in L°°(0,T; (L*(R?))?), Vul' — Vu in L?(0,T; (L*(R?*)"), VI >0,

as R — oo, up to a subsequence. By [175, Theorem 2.5] there exists a function p €
L>((0,00) x R?) satisfying the transport equation (oddINS|); in the weak sense with initial
datum pg and velocity vector field u, and

p* = p in C([0,T); LP(Byr)), Vp e |[l,00), T, M >0

as R — oo, up to a subsequence. Hence also u(p®) — 1(p), po(p™) — po(p) in C([0, T); LP(Bas))
for any p € [1,00), T, M > 0. Observe that also p® ff — pf in L?(0,T; (L?(R?))?) as R — oo.

Notice that pfuf ® u® is bounded in L?(0, T} (L%(Rz))‘l), and p(p®)Sult, py(pf)S,u’t and
pffE are bounded in L?((0,T) x R?). Using the weak formulation (2.2.5) we thus have for
every p € L%(0,T; (H?(R?))?) with divy = 0,

(0 (p"u), 0)| < Cllll 207 m2(R2))

for some constant C' > 0 independent of R. Since additionally p®uf*|? is bounded in

L>(0,T; (LY(R?))?), it follows by [175, Theorem 2.5] that

2
VoBuf = \/pu in LP(0,T; (L7 (Bar))2), ¥p € (2,00), 1 € [1, ppr),

for any M > 0. This ensures the convergence of the integrals in the weak formulation as
R — 00, so that (p,u) satisfies (2.2.5) with Q = R2.

2.3.1.4. PROOF OF COROLLARY [2.2.4]

Let (p45)ce(0,1) denote the sequence from Corollary and let (p°, u)cc(0,1) be the correspond-
ing sequence of weak solutions of constructed in Theorem The energy inequality
(2.2.6) entails that (u€).e(o,1) is uniformly bounded in L>(0,T; (L*(€2))%) N L*(0, T; (HY())?)
for every T > 0.

Similar arguments as in Subsection [2.3.1.3| yield the existence of a function pair (p,u) with
p¢ — pin C([0,T]; LP(By)), uf — win L*(0,T; (H'(By))?)

as € — 0, for any T, M > 0 and p € [1,00), where (p,u) is a weak solution of (oddINS|) with
shear and odd viscosity coefficients u(p) and ¢, respectively. To prove that (p,u) is in fact a
weak solution of (INS)) it remains to verify the cancellation

/Q (Vut 4+ V4iu) 0 (Vo + Vi) dz =0 (2.3.8)
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for all ¢ as in (2.2.5). Indeed, using integration by parts twice and that v and ¢ are both
divergence-free the left hand side can be written as

/92(311” — Oauz) (0192 + Oogp1) — 2(O1uz + Oaur) (0101 — O22) dx

= /Q —2u1 (01192 + O12¢1) + 2u2(012¢2 + O22¢01)
+ 2uz (01101 — O12p2) + 2u1(O12¢01 — Oo22) dx
= /Q —2u101102 + 2u202001 + 2201101 — 2u1029(09 dx

= /92311&131902 — 202u2021 + 202u201 02 — 201u102¢1 d

= /9281u1(81902 + Oatp1) — 201u1 (0102 + O2¢01) d
=0.

This implies that the odd viscosity terms in the weak formulation ([2.2.5) vanish and hence
(p,u) is a weak solution of (INS).

2.3.2. THE STATIONARY SYSTEM

In this section we consider the stationary Navier-Stokes equation (oddINS’). We first explain
the main steps of the existence proof of Theorem [2.:2.6] and then study examples of the flow
under certain symmetry assumptions on the density.

2.3.2.1. PROOF OF THEOREM [2.2.6|

In this paragraph we explain the strategy of the proof of Theorem [2.2.6] Since most arguments
coincide with the ones in the proof of |[123, Theorem 1.5], we omit the details of the proof and
only describe the main ideas. We look for weak solutions which are of Frolov’s form

(p,u) = (n(¢), V), (2.3.9)

for the stream function ¢, and some given function n € L*°(R; [0, 00)).

The existence proof of Theorem is carried out in two steps: The first step is to formulate
the boundary value problem for the stream function and to show the existence of a weak
solution to this problem. In a second step one goes back to the original equation and shows
that any pair which is of Frolov’s form is indeed a weak solution to . In
the presence of odd viscosity the main changes are in step one since the boundary value
problem for the stream function is modified. However, since the problem stays elliptic (due to
p(p) > ps > 0) the arguments from [123] still work.

The regularity results of Theorem are proven using the elliptic equation ([2.3.10]) for ¢,
with the same arguments as in [123], which we omit here.

Step 1: We begin by formulating the boundary value problem for the stream function. Firstly,
we transform the equation for u into a fourth order elliptic equation for the stream function ¢
by applying the two-dimensional curl operator V- to the momentum equation 1.
A straightforward calculation yields

vt div (u(p)Su) = Lo, vt div (Ho(p)Sou) = Ty, @,
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where the operators £, and J,, are defined as

Ly, = (022 — 011)(1(p) (022 — O11)) + (2012) (1(p)(2012)),
To = (022 — 011)(110(p)(2012)) — (2012)(110(p)(F22 — O11))-

The momentum equation therefore becomes
Lo=—V"-f+ V- div(n(e)Vie@ Vi),

where £ = L, + Jy,. Observe that £ is an elliptic operator. Here we call an operator
L=73a)81<2 D%(anpD?) elliptic if there exists some § > 0 such that

O < Y Re(ans(@)épta) < 67E
lo|=|B]=2

for almost every x € Q and every & = (£a)ja|=2, {a € R. We write

Ly = 01 (p(p)011) + O22((p)d22) — 11 ((ulp) — %)522) — O22((ulp) — %)811)

+ 2012((u(p) — %)812) + 2091 (p(p)021) =: Z Da(aZﬁDﬁ),
la|=]B]=2

To = 022(1o(p)012) + O22(1o(p)021) — O12(p10(p)D22) — D21 (110(p)D22) — A1 (0(p)Or2)

— 011 (1o(p)D21) + O12(1o(p)O11) + 021 (o(p)O11) =2 Y, D*(ad5D"),
ol =181=2

so that for £ = (€a)|a|=2, o € R, there holds
o *
§\f|2 < Z az(x)éads < 2p*[€)%, Z ags(T)éap =0
|la|=|8]=2 la|=|B|=2
for almost every z € Q. Hence, the operator £ with coefficients ang = ag,5+ag 4 for laf, |B] < 2,

is elliptic.

Let ¢g € H%(GQ) and ¢ € H%(GQ) be given functions. Pairing the equation for ¢ with
boundary conditions we obtain the following boundary value problem for the stream function
Lé=—VE. f4+VEdiv(n()VEie® Vie),
dlo = do, $loa = é1.
We define weak solutions of ([2.3.10)) as follows.

(2.3.10)

Definition 2.3.3 (Weak solutions of the elliptic equation). Let Q C R? be a bounded sim-
ply connected C*' domain, let n € L%®°(R;[0,00)), and pre € C(R; [1tx, u*]), tto € C(R; [—p*, u*]),
i, 115 > 0. Moreover, let ¢y € H%(GQ), P € H%(GQ), and f € (H7'(R?))2. We call
¢ € H?(Q) a weak solution to if

?loa = o, %bg = ¢1, in the trace sense,

and

S~

1(p)((O22¢ — 0119)(D22t) — O11%) + (20120)(2012¢)) dx

+ [ po(p)((20120)(022% — 0119) — (022 — 0116)(20127))) dx (2.3.11)

A
/Qp(vigb ®@ Vo) : VVyda + (f, VL¢>H—1(Q)><H3(Q)

for any ¢ € H3(Q), where p = n(¢).
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We have the following result concerning the existence of weak solutions to the elliptic equation

[.3.10).

Lemma 2.3.4. Let n € L*(R;[0,00)), pte € C(R; s, *]), 1o € C(R;[—p*, p*]) and f €
(H=1(2))? be given. Then for any functions ¢ € H%(GQ), o1 € H%(GQ) there exists a weak
solution ¢ € H%(Q) to the boundary value problem (2.3.10)).

We are not going to give a proof of the preceding lemma here, but one can for example follow
the lines of [123, Section 2]; see also [162] for the classical stationary Navier-Stokes equations.

Step 2: We now go back to the original equation. Given a boundary value g, we show that for
suitably chosen boundary values ¢ and ¢1, a pair of Frolov’s form ({2.3.9)) is a weak solution

of (oddINS’|) provided ¢ is a weak solution of (2.3.10]).
Notice that if ¢ € HZ_ () satisfies (2.3.11)), then (p,u) = (n(¢), V+-¢) satisfies (2.2.12)).

Moreover, div (pu) = 0 holds in the distribution sense. Therefore, we have indeed proved that

one can obtain a weak solution (p,u) of (oddINS’|) from a weak solution ¢ of (2.3.10]) in the

following way.

Lemma 2.8.5. Let n € L®(R;[0,00)), pre € C(R; [, p*]), pro € C(R; [—p*, p*]) and f €
(H=1(Q))? be given. Let g € (H%(aﬁ))Q satisfy the zero-flux condition (2.2.9)) and let Cp € R.
Moreover, let ¢g € H%(OQ) and ¢ € H%(8Q) be defined by

Po(v(s)) = — /089 -ndf + Co,  ¢1((s)) = (ug - n)(v(s)),

for s € [0,27), where v : [0,27) — OQ is a parametrisation of the boundary OQ. If ¢ € H?(2)
is a weak solution of (2.3.10)), then the pair

(pyu) = (n(4), V')
is a weak solution of (oddINS’)).

The regularity results in Theorem m (2) follow from successively applying the differential
operator 0;, j = 1,2, to the elliptic equation (2.3.10)); and using elliptic theory from [79] to
deduce bounds on ||V¥+2¢|| r2()- We omit the details and instead refer to [123, Paragraph
1.3.2].

2.3.2.2. PROOF OF COROLLARY [2.2.8]

Let (¢°)cc(0,1) denote the weak solutions of corresponding to the odd viscosity
coefficients (115)ce(0,1)- If we can show that the sequence of stream functions are uniformly
bounded in H?(Q2), then the sequence (u).¢(o,1) is uniformly bounded in (H'())?, and the
claim follows by compactness arguments and the cancellation .

To show the uniform boundedness of (¢)cc(,1) in H?(2) one can follow the lines of [123,
Paragraph 1.3.1], which we are only giving a rough sketch of here.

By the inverse trace theorem and Whitney’s extension theorem ¢y can be extended onto
R? (still denoted by ¢g) such that ¢g € H?(R?) and %bg = ¢1. Next we let § € (0,1)
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and ¢% € C3°(R?) be a smooth cut-off function satisfying ¢’ = 1 near the boundary 0<2, and
¢’ (z) = 0 for dist(z, Q) > 6. Let ¢f := ¢o¢°. Notice that ¢=° := ¢¢ — ¢f € HZ (), so that
161l 20y ~ 186 || 120

The idea is to prove the uniform boundedness via a contradiction argument. Supposing that

a subsequence (¢ )pen satisfies [|¢ || 2(q) — 00 as n — oo, we can test (2.3.11) by ¢ to
derive an inequality of the form

C

1< C [ a6V © VD) s TV guda + e
Q 9[22

where g, = (||¢<|| Hz(Q))_lng""s. Using the uniform boundedness of the sequence (gp)nen in
HOQ(Q) and compactness arguments one can show that the right hand side of the inequality
converges to zero as n — oo and § — 0, which is a contradiction.

2.3.2.3. EXAMPLES OF PARALLEL, CONCENTRIC AND RADIAL FLOWS

In this paragraph we look at more concrete examples of solutions (p,u) of the stationary
Navier-Stokes system with external force f = 0, under some symmetry assumptions
on the density function, namely parallel, concentric and radial flows. The examples we consider
are adapted from the case p,(p) = 0 in [123].

In the following we consider a weak solution (p,u) of (oddINS’) on R?. We write 0j = Oz,
j =1,2, and make use of polar coordinates

(z1,22) = (rcosf,rsinf),
so that
e @1 z2
szeraT—i—?@g, where e, = (/1 |, eo=| "% |-

T T

Example 2.3.6 (Parallel flow). Let p = p(z2) in R? with dsp # 0. The divergence-free
condition divu = 0 and div (pu) = 0 imply that u is of the form

u = uy(ze)eq,

1) is the first standard

where w1 is a function only depending on the variable xo, and e; = <0

basis vector in R?. Consequently, we see that
div (pu ® u) =0,
div (u(p) (Vu + V'u)) = 8(pu(p)daun)en,
div (10 (p) (Vu' + V¥ u)) = 0a(pto(p) Daun Je2,
where ez = (0 1)7. Hence, the system reads

—02(p(p)Baur) + Orm | _ (0
(—822(u0(p)(922u11) + 5271) = <0> (2.3.12)

The first line implies that 7 is of the form 7(x1,x2) = x1a(x2) + f(x1) for some functions
a, 8, whereas the second line implies that dom must be independent of 1. Therefore, o = C
for some constant C' € R, which yields the two equations

D (p(p)Oour) = C,  Da(po(p)dour) = 0. (2.3.13)
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Example 2.3.7 (Concentric flow). Let p = p(r) in R? with d,p # 0. The divergence-free
condition divu = 0 and div (pu) = 0 imply that u is of the form

u=rg(r)eg
for some function g only depending on r. It is straightforward to compute

div (pu ® u) = —rpg’e,,

7“3
div (u(p) (Vu + V7)) = HOLE0D
div (Mo(P)(VUL + VLU» _ ar(MO(fgr av"g) -

and thus the system (oddINS’|) reads

o O (uo(p)TSarg)

Oy (r*1u(p) 0y 1
(—rpg” — — 2t Orm)e, + (—M -

2 ;(397T)69 =0. (2.3.14)

By the linear independence of e, and ey, each of the two bracket terms must be zero. The
equation in ey direction yields 7 (r,0) = &(r)0 + B(r) for some functions &, 8 depending only
on r, and substituting 0,7 into the equation in e, direction yields

Or(r3u(p)org) = Cr (2.3.15)
for some constant C' € R.

Example 2.3.8 (Radial flow). Let p = p(#) in R? with dyp # 0. The divergence-free
condition divu = 0 and div (pu) = 0 imply that u is of the form

h(0)

= 67.

for some function h depending only on #. Consequently there holds

h2
div (pu ®@ u) = —p 5
div (u(p)(Vu + V') = % (“Sf;)a@h) e — 239(11(30)11) co.
div (o (p) (V- + Vi) = _289(M;§P)h) . — Ba(uoig)(?gh) .

and thus the system (oddINS’|) reads

(ol — 2L)ON) Do)

Fo(rp)h) | Dolo(P)Ooh) _ 1
7,3

— —0Ogm)eg = 0.
rs r3 r )

+ Opm)e, + (2

The equation in ey direction implies that

p(p)h n Mo(plaﬁh +a(r)

m(r,0) =2 = .

for some function & depending only on 7, and substituting 0,7 into the equation in e, direction
yields

ph? + 9p(1(p)Bph) — 205 (1o(p)R) + 4p(p)h + 210(p)Ogh = C (2.3.16)
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for some constant C € R.
If we take p(p) = 0, equation (2.3.16]) becomes
O = ph? — 205 (po(p)R) + 2110(p) . (2.3.17)

This means that for a general domain 2 and general boundary value we can not expect
u € HL_(Q) if po(p) has a jump. Indeed, let u, and p be given by

Ho = 1[0,7!') +2- 1[7r,27r)7 p= M;l(l)l[o,n) + M;1(2)1[ﬂ,2ﬂ)7

and assume there exists a solution u € H (Q), i.e. h € HL_([0,27)). We test (2.3.17) with
© € C((0,27)) to derive

2T T 2T
C/ pdf = u;l(l)/ h*pdf + u;1(2)/ h%p df — 2h(m)p(r).
0 0 m
If h(m) # 0 this implies

-1 1
_ Ko (1) 2 Ho (2)
O = Sngm) 0w T o

C
2h(m)’

h21[7r,27r) -

where d; denotes the Dirac function. This is a contradiction since the right hand side is
contained in L _((0,27)), whilst the left hand side is not. If () = 0, then

:u;l(l)h21[0,7r) + M;l(Q)h21[7r,27r) =C in D,((()? 277))a

which implies that h? must have a jump if C # 0, or h = 0 if C = 0. In the former case we
obtain a contradiction since h can not have a jump if it is contained in H. ([0, 27)). In the
latter case u can not satisfy the boundary condition for non-zero boundary value.

Consequently, it appears to be necessary to impose some regularity assumptions on f,(p) in

order to obtain the existence of solutions of (joddINS)) and (oddINS’) if the shear viscosity in

the momentum equation vanishes.






CHAPTER 3

THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
VARIABLE VISCOSITY

The results presented in this chapter are based on the joint work |168] with Xian Liao.

3.1. INTRODUCTION

This chapter is devoted to the global-in-time well-posedness of the Cauchy problem for systems
of equations that describe the evolution of incompressible fluids with general variable viscosity
coefficients in two spatial dimensions. The study of fluids with variable viscosity coefficients
is of significant physical relevance, cf. [174, Section 6], and has attracted considerable interest
in the mathematical community, cf. the books |14} 92, |175, 176, |183]. We focus primarily on
fluids whose viscosity coefficients may be discontinuous, potentially exhibiting large jumps, as
commonly arise in applications such as particle suspensions or mixtures of multiple immiscible
fluids with different viscosities.

A variety of systems have been proposed to model the dynamics of variable-viscosity fluids.
In this chapter, we investigate the following three models:

1. The incompressible Navier-Stokes equations with freely transported viscosity coefficient

(see (uINS)) below).

Although this system is not widely studied, we believe it captures the essential dynamics
and the main difficulties arising in the analysis of incompressible fluids with general
viscosity coefficients.

2. The Boussinesq equations without heat conduction (see below).

This model can be viewed as a variant of the previous one, incorporating buoyancy
effects.

3. The density-dependent incompressible Navier-Stokes equations (see (INS) below).

This model is well known, and the analysis of the previous systems can be applied with
appropriate adaptations.

This chapter is structured as follows. In Subsection [3.1.1] we present the above mentioned fluid
models and review the relevant literature, focusing on the typical approaches for handling
variable viscosity coefficients when they are smooth, of small variation, or piecewise constant.
We then introduce our new approach in Subsection [3.1.2] which is designed to treat general
variable viscosity coefficients that may exhibit large discontinuities. The main results for
these three models are presented in Subsection in Theorems (cf. Theorem |3)
and (cf. Theorem , respectively. Their proof ideas are explained in Section In
Section [3.3] we first establish the a priori estimates mentioned in Section [3.2] step by step,
and afterwards we prove the main results. Appendix is devoted to the proof of our key
Lemma [3.1.1]- 2 Some commutator estimates are proved in Appendix [3.B] In Appendix [3.C]
we show the decay estimates for the fluid velocity. Finally, we construct a nondegenerate
tangent vector field for patches in Appendix [3.D]
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3.1.1. PRESENTATION OF THREE FLUID MODELS

3.1.1.1. THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH FREELY
TRANSPORTED VISCOSITY COEFFICIENT

As a model example we consider constant-density fluids with largely varying viscosity coeffi-
ctents, such as those occurring in the mixing of two rivers with different temperatures. The
motion can be described by the following incompressible Navier-Stokes equations with freely
transported, variable viscosity coefficient

Op+u-Vu=0, (t,z)€ (0,00) xR
o+ u - Vu — div (uSu) + Vr =0, (LINS)

divu = 0.

I
L2

Here, t € [0,00) and z = ( > € R? denote the time and space variables, respectively. The

unknowns of the equations are the velocity vector field u = u(t, x) = (Zl> € R2, the viscosity
2
. . o 2
coefficient p = u(t, z) € (0,00) and the gradient of the pressure Vo = V7 (¢, x) = P = R=,
)

which is the Lagrangian multiplier associated to the divergence-free condition on the velocity
(WINS))5. The matrix Su € R2%2 denotes twice the symmetric part of the velocity gradient:

1

We aim to investigate the nonlinear interplay between the unknown viscosity coefficient p,
which satisfies the free transport equation 1, and the velocity field u, which satisfies
the incompressible Navier-Stokes equations 2 with this varying viscosity coefficient u.
Central to our study is a detailed analysis of the divergence of the viscous stress tensor:

div (pSu), (3.1.1)
in the case where p is a highly variable positive function (see Subsection below).

Constant-viscosity case: Classical Navier-Stokes equations. If y = v > 0 is a positive
constant, then the divergence-free condition divu = 0 simplifies the above viscosity term

BLT) into
div (uSu) = vAu, (3.1.2)

a diffusion term that plays an important role in the classical Navier-Stokes solution theory
in J. Leray’s pioneer work [163]. It is well-known, following the celebrated work of O. A.
Ladyzhenskaya [156], that in space dimension two, J. Leray’s weak solutions in the energy space
L?(R?;R?) are unique and the Cauchy problem for the classical Navier-Stokes equations (i.e.
the system with u = v > 0) is well-posed globally in time. In three spatial dimensions,
the uniqueness and the regularity of Leray’s weak solutions are extensively studied, and at
the same time, it has been shown that strong solutions with small initial data exist uniquely
for all time; see the recent monographs [161, [234] and references therein. The global-in-time
well-posedness problem for arbitrarily large initial data in three dimensions remains open and
is famously known as the Millennium Problem for the Navier-Stokes equations |143].

Below, we review the standard approaches for handling the variable viscosity term in (3.1.1])
across various fluid models, focusing in particular on the cases of smooth viscosity (see (3.1.4])),
small viscosity variation (see (3.1.6))), and piecewise-constant viscosity (see (3.1.9)).
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3.1.1.2. THE BOUSSINESQ EQUATIONS WITHOUT HEAT CONDUTION

Smooth-viscosity case: Boussinesq equations with heat conduction. We begin with
the two-dimensional Boussinesq equations with heat conduction

O +u - VI —div (kVYI) =0, (t,2) € (0,00) x R,
0w+ u - Vu — div (uSu) + Vi = dea, (3.1.3)

divu = 0.

Here, the unknowns are the temperature ¢ € R, the velocity field u € R? and the pressure
7 € R. The heat conduction coefficient and the viscosity coefficient

K = Htem(ﬁ)> M= Mtem(ﬁ)

are both smooth functionsﬂ of the unknown temperature 9. The buoyancy force term ves
in (3.1.3)), accounts for the gravitational effects. The Boussinesq equations (3.1.3|) have been
known as one of the most important models in geophysical fluid dynamics [107].

Variable viscosity coeflicients have been successfully incorporated in the presence of strong
heat conduction k(t,x) > k4 > 0. In this case, the diffusion term div (kV1}) regularizes the
temperature ¥ over time, leading to a smooth viscosity coefficient p = pigem (). Consequently,
the viscosity term can be rewritten as

div (Su) = pAu+ Vi - Su, (3.1.4)

where V- Su is considered as a lower-order term with respect to u. This formulation can be
used to establish global-in-time well-posedness results, as discussed in [121} |122} 180, 238] and
references therein. The classical constant coefficient scenario has been extensively studied in
the literature, see the review notes [243] for more general results.

In the case of very weak heat conduction with x = 0 which we consider in this chapter, the
temperature ¥ satisfies the free transport equation, transforming (3.1.3)) into

O +u-VI=0, ()€ (0,00) xR
Ou+ u - Vu — div (uSu) + Vi = dea, (B)
divu = 0.

This motivates our consideration of (uINS|), which is derived from by neglecting the
buoyancy effect Jes on the right hand side of (B]),. Specifically, multiplying (B]); by pfem (9)
(formally) yields the free transport equation of p in (uINS)),.

Recently there has been notable progress in the mathematical analysis of and , cf.
18,112, 1195], under either the smoothness assumption Vg € LP or small variation assumption
(see below). It remains an open problem whether global-in-time well-posedness results
still hold in the presence of large variation in the initial data. Our primary global-in-time
well-posedness result for the system , under a scaling-invariant smallness assumption,
is presented in Theorem below. Notably, this result permits large jumps in the viscosity
coefficient. As a consequence, we establish a lower bound on the existence time of solutions to
(B)), expressed in terms of the initial data, in Theorem below.

Mt is common to adapt cf. 203, Part 1] the constant heat conductivity law kiem = C1 and exponential
viscosity law pitem () = C2 exp(Cs/(Cs + 9)) for liquids, while kem(¥) = Csu(9) and Sutherland’s Law

Htem (F) = E(%)% %igi for gases, where Cj, j = 1,---,7 are constants and o, pt = ttem (¥) are reference

temperature and viscosity coefficient. In particular, Andrade’s Law: piem(¥) = Czexp(Cs/¥) with
Co = 712989 03 = 1780.622, Cy = 0 gives good accurate values in the range of [10 — 100°] for waters, and

Sutherland’s Law pitem () = H(%)%%ig‘: with 9 = 273 K, p = 1.716 x 1075, Cs = C7 = 1105 K is good

approximation for air close to the reference temperature 273 K.
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3.1.1.3. THE INHOMOGENEOQOUS INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
WITH DENSITY-DEPENDENT VISCOSITY

Variable viscosity coefficients have also been investigated recently in the context of density-
dependent incompressible fluids with freely transported density function, described by the
System

op+u-Vp=0, (t,z)€ (0,00) x R?

p(Ou + u - Vu) — div (uSu) + Vr =0, (INS)

divu = 0.

Here p = p(t,x) > 0 is the unknown density function, and the viscosity coefficient p is a given
smooth function of p as

= pigen(p) : [0,00) = (0, 00).

The three equations in represent the mass conservation law, the momentum conservation
law, and the incompressibility condition, respectively. Formally, the system @ can
be seen as the density-dependent incompressible Navier-Stokes equations @ with the
density dependence in the transport term in the momentum equation (INS), being neglected.
Specifically, similarly as above, multiplying 1 by e (p) gives 1, while (INS),
simplifies to (uINS), by replacing p(du + u - Vu) by (dyu + u - Vu) (similar as in the
Boussinesg-approximation).

The system has been widely explored by numerous mathematicians. P.-L. Lions
establishes the existence of global-in-time weak solutions in [175], which improves an earlier
work [222] for the constant viscosity case. In the case of constant viscosity p = v > 0, the
existence and uniqueness of strong solutions of in the case of smooth initial data (pg, ug)
are demonstrated by O. A. Ladyzhenskaya and V. A. Solonnikov [157]. Motivated by the
natural scaling of , a number of works have been dedicated to the study of the system in
critical functional spaces which are invariant under the same scaling, see for example [7} 9, 51,
138] and references therein. Recently, the global-in-time well-posedness results in the more
general case with discontinuous densities in the presence of vaccuum are now known to hold
true, thanks to the remarkable contributions by R. Danchin and P. B. Mucha [57} 59, [60].

Small-variation case: Density-dependent incompressible Navier-Stokes equations.
For general viscosity i = piden(p), local-in-time well-posedness for smooth initial data for
was established in Y. Cho and H. Kim [46], see also the book [14]. Under small variation
assumptions, either with small density variation [110, (137, 179] or small viscosity variation [11}
101, {136 142} 19§], global-in-time well-posedness results have been achieved in two spatial
dimensions. An earlier work by Desjardins |75] addresses the regularity of P.-L. Lions’ weak
solutions. For the three spatial dimensional case, see |10} 119, 140, 248] and references therein.

In the case where p is close to a positive constant v > 0:
bt = vl ey < 1, (3.1.5)
a key ingredient in the analysis is the following decomposition of the viscosity term :
div (pSu) = vAu + div (( — v)Su), (3.1.6)
where div ((u — v)Su) is considered as a perturbation term.

However, this decomposition does not apply when pu varies significantly. It remains open
whether the global-in-time wellposedness of (INS|) holds in two space dimensions with large
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initial data. We establish in Theorem below the global-in-time wellposedness of (INS)),
assuming some smallness condition while allowing for large variations in the density and
viscosity.

Piecewise-constant case: Free interface problem. When describing the time evolution
of two immiscible fluids, which are separated by a free interface, one considers the following
two-phase Navier-Stokes equations

[ul =0, [T(u,7)n]=0cHn, U=u-n on T;. (3.1.7)

{ p(Ou+u - Vu) — div (uSu) + Vo =0, divu=0 inQ; UQ,
Here, two fluids occupy the domains Q, Q;” respectively, with I'; as the separating interface.
The vector n = n(t,z) denotes the outward unit normal to ;", and [-] represents the jump
of a function across the interface I'; in the direction of n. The functions H = H(t,z) and
U = U(t,z) denote the curvature and the normal velocity of I'; with respect to n, respectively,
and o > 0 is the surface tension coefficient. The total stress tensor T'(u, 7) is defined by

T(u,n) = pSu — nld, with Id € R?*? denoting the unit matrix.

In the case where two different fluids having positive constant densities p*, p~ and positive
constant viscosity coefficients u™ = p*tvt, 4~ = p~v~, the momentum equation in (3-1.7),
reads as

1
dpu +u - Vu — vEAu + p—iVW =0in Q; UQ;. (3.1.8)

In this scenario, the viscosity term (3.1.1) simplifies to
div (uSu) = p*Au  in Q7 UQ;, (3.1.9)

which reduces the problem (3.1.7)) to solving the Navier-Stokes equations with a constant
viscosity coefficient within each domain. The main challenge then lies in determining the free
interface I';.

Notice that in the absence of surface tension (o = 0), if (p, u, V) solves the density-dependent
incompressible Navier-Stokes equations with the initial density pp = p+1QO+ + p‘lQa,
then it also satisfies and hence , provided that both the vectors u and T'(u,m)n
are continuous across the freely transported interface I'; (as long as I'y remains well-defined).
Similarly, in the case of constant density function p* = 1, if (u,u, V) solves with
the initial viscosity g = /ﬁ'lgar + u_lﬂa and both v and T'(u,7)n are continuous across
the well-defined free-transported interface I';, then it satisfies , which in this context
becomes

{6tu—|—u-Vu—diV(uSu)+V7T=0, divu=0 inQ UQ, (3.1.10)

[u]l =[T(u,m)n] =0, U=u-n on I';.

The models (3.1.7) and (3.1.10|) are known as sharp interface models. For discussions on the
sharp interface limit of Navier-Stokes/Allen-Cahn or Navier-Stokes/Cahn-Hilliard equations,
see [6, [177] and the references therein.

The two-phase Navier-Stokes equations (3.1.7) with piecewise-constant densities and viscosity
coefficients (3.1.8)) have been thoroughly studied since the 1980s in various configurations of
Q; and Q;; see the books |73} 209] for a comprehensive overview. In the presence of surface
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tension (¢ > 0), local-in-time existence and uniqueness results are provided in e.g. 71}, 208]
and global-in-time well-posedness is proved in [72, [223]. See also [5] for the global-in-time
existence of varifold solutions with rather general initial data. When the surface tension is
absent (o = 0), global-in-time well-posedness has been obtained in e.g. [68, 69, 213]. However,
it remains unclear whether p*, u* can be taken as largely variable smooth functions within
their respective domains Qti In Corollary - [2|and Theorem below we address this
question for the systems (3.1.10) and (3.1.7) (with o = 0), respectively.

The literature also contains extensive discussions on the regularity of solutions for other
evolutionary models with variable viscosity coefficients beyond those presented above. This
includes for instance compressible models [125, 186} [252], zero Mach-number systems and
combustion models [56], and MHD equations with density-dependent viscosity [141]. However,
to our knowledge, at least one of the decompositions

(3.1.4) (regular case), (3.1.6) (perturbative case), or (3.1.9) (piecewise-constant case)

for the viscosity term (3.1.1]) has been applied in the regularity theory. In this chapter, we
aim to address more general variable viscosity coefficients, with our first key observation being
the following global-in-space decomposition.

3.1.2. A HIDDEN FOURTH-ORDER ELLIPTIC OPERATOR IN THE VISCOUS STRESS
TENSOR

In the present chapter, building on insights from the previous work [123] by Z. He and the
first author for the stationary Navier-Stokes equations with variable viscosity coefficient,
we decompose the divergence of the viscous stress tensor straightforwardly into a
divergence-free component and a curl-free component. This approach allows us to handle
more general variable viscosity coefficients effectively.

In this section, time dependence is largely disregarded.

Lemma 3.1.1 (Helmholtz decomposition, “global good unknown” a, elliptic opera-
— 0y

tor £, and L?T¢(R?)-estimate). Let u = V¢ with V+ = ( 9
1

>, ¢ : R? = R such that
divu = 0. Let u € L®(R?).

1. (Decomposition of div (uSu) and “global good unknown” a). The following (formal)
decomposition holds

div (uSu) = V+ta + Vb (3.1.11)

where
Aa = Euqﬁ, with ﬁu = (822 — 811)M(822 — 811) + (2812)/1,(2812), (3.1.12)
Ab = Ju¢, with J,, = (022 — 011)11(2012) — (2012) (022 — O11)- (3.1.13)

Here u is understood as the multiplication operator by the function w.

Furthermore, if Vu € L?(R?;R?*2), then the following holds in the L*(R?)-functional
setting (where the Fourier transform applies).
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e a,b e L*(R?) can be determined from uSu as follows:

a=—(—A)"1Vvt div (uSu) = —(—A) 1 (VI @ V) : (uSu)

= (R*®R) : (uSu), (3.1.14)
b= —(—A)"'V - div (uSu) = —(-A) "V @ V) : (uSu)
=(R®R): (uSu), (3.1.15)
iy v
where R = ey and R+ = U5 are the Riesz operators.

e If we introduce the scalar fluid vorticity w = V+ -u = A¢, then a,b can be
respresented in terms of p,w and Riesz operators as follows:

a = Ruw, RM = (RQRQ — R1R1)M(R2'R2 - RlRl) + (2R1R2)u(2R1R2),
(3.1.16)

b= Quw, Q# = (RQRQ — R1R1)M(2R1R2) — (2R1R2),U(R2RQ — RlRl).
(3.1.17)

2. (Ellipticity of L,, and L**(R?)-estimates). Let 0 < p, < pu* be two positive constants
and p € L®(R?; [ps, p*]). Then the operator L,, given in (3.1.12) above is a fourth-order
elliptic operator.

Furthermore, there exists an eg > 0 depending only on p., p*, such that the operator

Ry in defines an isomorphism on L**¢(R?), for all € € [0, o). Correspondingly
there exists a positive constant C > 1 depending only on p., p* such that

C_1||CLHL2+6(R2) § HV’LL||L2+6(R2) S CHCL||L2+6(R2), VE € [0,60]. (3.1.18)

Proof. The decomposition (3.1.11)) can be checked (see also [123]) by straightforward compu-
tations:
V4E - div(uSV+ie) = L6 and V- div(uSV*e) = J,6. (3.1.19)

(13.1.11)) is equivalent to (3.1.14))-(3.1.15)). The relations (3.1.16])-(3.1.17)) between a,b and w
follow from (3.1.12))-(3.1.13)) directly. This completes the proof of Lemma -

The ellipticity of £,, follows immediately from the following reformulation of £, (see also
[123])

L, = 011(po11) + 022(1022) — O ((M - %)%2) - 522<(M — %)311) + Oh2 ((4,u — M*)alz)

= > D*(h,D"),
la|=|]=2

where

’;”‘m?sll% WV abs < 207 [E1%, VE = (Ea)jajms € RZ. (3.1.20)
al=|8|=2

The proof of the invertibility of R, in L>T¢(R?), € € [0, €o], is postponed to Appendix It
is strongly related to the ellipticity of the operator £,.

The estimate (3.1.18)) follows from the relations a = R, w = RuVL - and Vu = RRYw =
RRLR;}@ together with the L27¢(R2)-boundedness of the Riesz-transforms R, R+ and
Ry, R;l. O
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Remark 3.1.2. 1. (Constant viscosity case). Note that if 4 = v is a positive constant,

then £, = vA? is a biharmonic operator, while & = vw and b = 0 by (3.1.16) and
(13.1.17)), respectively.

. (Time-evolutionary vorticity equation). With the decomposition (3.1.11]) the velocity

equation 2 becomes
du+u-Vu—Via+V(r—b)=0.
We apply V- to it and derive the equation for the vorticity
Ow +u-Vw—Aa =0, (3.1.21)

where u = V-A~lw is given by the Biot-Savart law. With p freely transported by the
velocity field u as in (uINS|);, a = R, w is given by applying nonlocal Riesz operators R
composed with the local multiplication operator by p to w. This “nonlocal” vorticity

equation (|3.1.21)) is essence of the system (uINS)).

The challenge then lies in deriving bounds for w or Vu from a. In this chapter we first
establish the time-weighted H!-energy estimates for a, which imply (by interpolation)
L?*<_estimate for a hence for Vu by . In order to achieve the crucial L*°-estimate
of Vu, we have to further make use of the “localized version” of a (see its definition in

(3.1.31)) below).

. (Straightforward L?(R?)-equivalence between Vu and a). If u € L% (R?; [14, 1*]), then

it is straightforward to derive the equivalence of the L?-norms of w and a

M*HWHLQ(RQ) S Ha”L2(R2) S 8/,L*HWHL2(R2), (3122)

which is (3.1.18]) in the case € = 0. Indeed, on one side, using that the operator norm of
the Riesz operators on L?(R?) is 1, we have

lallz2re) < 8u|wlr2(r2)- (3.1.23)

On the other side, by the fact that Id = RiR; + RaR2 and (R1R1 + RaRs2)? =
(RaR2 — R1R1)? + (2R1R2)? (understood as operators defined on L?(R?)) and the
symmetry of the double Riesz transform on L?(R?), we derive

pllwllF2mey = M*<w7 (RiR1 + R2R2)2w>L2(R2)

= ,u*<w, ((RQRQ — R1R1)2 + (2R1R2)2)w>

L2(R2)
_ ,LL*<(R2R2 — RiR1)w, (ReRy — Rl’R,l)w>L2(R2) + M*<(2R1R2)w, (2R1R2)W>L2(R2)
< <M(R2R2 — RiR1)w, (RaRy — RlRl)w>L2(R2) + <M(2R1R2)w, (2R1R2)W>L2(R2)
- <<R2'R2 — RiR1)u(R2R2 — RlRl)w’w>L2(R2) * <(2R1R2)u(2R1R2)w’w>L2(R2)
.16])

™
=

<CL, w>L2(R2)7
which, together with the Cauchy-Schwarz inequality, implies that

1
wllz2re) < ;HCLHL?(R?)- (3.1.24)
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4. (Size restriction on €). The upper bound €y cannot be arbitrarily large. Indeed, for any
p > 2, there exists a bounded measurable (highly oscillating) function i taking only
two possible values, i € {%, K} with K = p%z 4+ 1 > 1, such that there exist solutions
to the homogeneous elliptic equation Lz¢ = 0 with

Vu=VVsie ¢ L (R?), (3.1.25)

loc

see [123]. In particular, this case corresponds to Aa = 0 while Vu ¢ L (R?) by (3.1.12),
that is, a can not control Vu in LP(R?) (locally). This can be viewed as a generalization
of the failure of LP(IR?)-estimate associated to the second-order elliptic operator div (uV)

studied in [15], to the fourth-order elliptic operator £, here.

3.1.3. MAIN RESULTS

We first note that, as pointed out in Remark — [ above, if the viscosity coefficient u
is only assumed to be bounded from above and below, one cannot, in general, expect even
Vu € LY (R?), let alone the crucial Lipschitz regularity Vu € L>(R?). This motivates us to
incorporate tangential regularity along a vector field 7 = 7(¢, z) € R? which is transported by
the Navier-Stokes flow. Such additional tangential regularity — for instance 9, Vu € L**¢(R?)
— is expected to help recover control of the velocity gradient, in the spirit of the Sobolev

embedding W12+¢(R?) — L>(R?).

We are thus led to consider the corresponding coupled system, consisting of the Navier—Stokes
or Boussinesq equations together with the following evolution equation for the tangential
vector field

Ot +u-Vr=r1-Vu. (1)

In other words, the tangential derivative 0, := 7 - V commutes with the material derivative

% =0, +u -V, since
D D
[E,aT]:(ET—BTu)V:(atT—i—uVT—TVu)V:O

Combined with the free transport equation (uINS));: % 1 = 0, this implies that the tangential
derivative O is also transported by the flow:

D D

In particular, the LP(R?)-norm of 0, is preserved by the flow a priori for any p € [1, o0].

However, the tangential regularity of p with respect to the vector field 7 involves not only
0-11() || L» (m2), but also the regularity of the vector field 7 itself: V7 (2)| 1r(m2) (see e.g. [41]).
This quantity arises naturally when estimating commutators of the form [0,,V] = V7 - V.
Unfortunately, the norm ||V7(¢)||L»(r2) grows exponentially in time with a bound of the form
exp(C||Vul| L1 (jo,4; 100 (r2)))- Consequently, a smallness condition on the initial data is required
in order to control the tangential regularity together with the Lipschitz norm of the velocity
field globally-in-time.
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3.1.3.1. THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH FREELY
TRANSPORTED VISCOSITY COEFFICIENT

Our main result for the system (uINS|) reads as follows.

Theorem 3.1.3 (Global-in-time well-posedness of (uINS|). Let 0 < p, <1 < p* be two
positive constants and let ey = €o(p«, 1) be given by Lemma -4

Let po € L>®(R?; [us, u*]) be an initial viscosity function satisfying po — 1 € L*(R?), and let
ug € H' N H~Y(R?%;R?) be a divergence-free vector field. Furthermore, let 7o € L°(R?;R?) be
a nondegenerate vector field such that |to|~t € L%°(R?) and (V19, Orypo) € L*T¢(R?; R2X2T1)
for some € € (0, g in the sense of distributions. If the following smallness condition is fulfilled

4

eCHuoHL

26 gl 3 g (0l -1 gy + 10 — Ll ol e
24
: (HVUOHLQ(R2) + |}(V%078?0N0)HL§+6(R2)> < Co, (3127)

where Ty = :—8‘ and c,co are positive constants depending only on s, *, €, then the system
,uINS- supplemented with the initial data (po,wo,70) has a unique global-in-time solution
(yu, V1, 7) satisfying
p € LO((0,00) x R [, p*]),  pn— 1 € Gy([0,00); LU(R?)), Vg € [2,00),
u € Cy([0,00); L*(R* R?)) N L*((0, 00); H' (R*; R?)),
Vu € Cy([0,00); L*(R%: R¥*?)) N L((0, 00); L®(R* R**?)),
V(r —b) € L*((0,0); L*(R?; R?)), (3.1.28)
. 1
7€ L%((0,00); L N WH2HE(R2; R?)), € L((0,00) x R?),
T

O € L([0,00); L*T¢(R?)) in the distribution sense,

with b defined in (3.1.15)). Furthermore, it holds
o (Time-weighted) H'(R?)-energy estimates for the “global good unknown” a defined in

EL1I):
a € Cy([0,00); L*(R?)) N L*((0, 00); H'(R?)),

t2Va € L®((0,00); L*(R% R?)) N L*((0,00); H(R%; R?)); (3129
o W2+e(R?)-boundedness:
a, o, Oyu € LY((0,00); WHETE(R?)), (3.1.30)
here, a denotes the “local good unknown”, which is defined by
a=(T®n): (uSu), (3.1.31)
with the (unit) tangential and normal vectors T = ﬁ and n = —‘T—:', respectively.

o H'(R?)-boundedness for the material derivative DQtu = 0w+ u - Vu and the divergence
of the total stress tensor T(u,7) = pSu — wld

D
it = divT(u,m) € L*((0,00); L*(R?; R?)), (3.1.32)

SIS

u=t2divT(u,7) € L2((0, 00); H'(R% R2)). (3.1.33)
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The proof of Theorem [3.1.3]is found in Subsection[3.3.4] The proof ideas for the global-in-time
a priori estimates are discussed in Section below. Let us now make a few comments on
the results in Theorem [3.1.3]

Remark 3.1.4. (i) (Jump of d,u in case of jumping p). We establish the following

(i)

(iii)

expression for the normal derivative of the velocity d,u by use of o, i, 7, n and the

tangential derivative dzu (see (3.2.13)) below)

O = 0,V = %% — 2(n - Oru)T + (Oru)t. (3.1.34)

The regularity of 7 in (3.1.28) and the regularity of «, dru in (3.1.30)) imply that 0,u

has a jump exactly when g has a jump.

It is this jump that makes it particularly challenging to show the boundedness of the
velocity gradient in the case of a variable viscosity coefficient. Here, we are able to prove
this thanks to the regularity of the local good unknown a.

(Key quantity for the Lipschitz estimate: “Local good unknown” «). A new key
ingredient in establishing the L*>°-estimate for Vu in terms of the H'-energy estimates
for a in (3.1.29), is the successful localization of the global good unknown a into its
localized version o = (T @ n) : (uSu), such that

o « equals to a, up to tangential regularity terms (see below);

e the normal derivative 0,u is expressed by « and tangential regularity terms point-

wisely (see (3.1.34)).

Finally, the velocity gradient is bounded by a up to tangential regularity terms as follows

(see also ([3.3.30]) below):
€ 2

IVl ey < llall 25 ey (I Vallzztegz) + (V7 0| s | (Vu, @) | ) 777 (3.1.35)

Let us take a closer look at the role of « in the two-phase problem (3.1.7)). Observe
that if we multiply the jump condition 0 Hn = [T'(u,m)n] on the interface I'; by the
continuous tangent vector 7 we derive that

0=7-cHn=[7 - (T(u,m)n)] = [7- (uSun)] = [«],

where we used the definition T'(u,m) = puSu — 7ld. Thus, « is continuous, which is
consistent with our analysis.

Notice that
a=7-(T(u,m)n)

is the tangential component of the Cauchy stress vector T'(u, 7)n, which is referred to
as shear stress in physical contexts. The idea of multiplication by the tangent vector
has appeared e.g. in Nalimov’s formulation of the one-dimensional water waves problem
[192]. We believe that our analysis of « in the variable viscosity setting is novel, and
that the localization approach provides valuable insights into the free interface problem.

(Assumptions revisited: No smallness condition on the initial viscosity variation).
The low frequency control by [Jug|| ;-1 and ||po — 1||z2||uol/ 2 provides sufficient time
decay (see Proposition below), while the high frequency control by ||Vugl| 2 and
| (V70, D7, p0)|| 2+« provides sufficient regularity (see Proposition[3.3.4). The combination
of these bounds on the left hand side in ([3.1.27)), which is invariant under the scaling

(MO,)\?UO,)\J 7_-(),)\)(m) - (,U’07 AilUO)%O)()‘ilfL‘)? A > O)
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controls the critical norm ||Vul[p1 70 (see Proposition(3.3.8). In particular, the smallness

condition permits arbitrarily large initial norms [uo—1|| 72 and ||[(V 7o, Oz, o) || £2+¢,
as long as the norm ||ugl| 2 is sufficiently small.

(Tangential regularity). The tangential regularity assumption seems necessary, as we

expect finite-time formation of singularity if no regularity assumptions are imposed on

the significantly varying viscosity coefficient (see )

Theorem establishes the propagation of W12+¢(R?)-tangential regularity for € €

(0,€0]. The main difficulty in preserving arbitrary W'P(R?), p € (1, 00)-tangential

regularity lies in showing that R, is an isomorphism in LP(R?). This property, however,
depends in a nontrivial way on the W!P-tangential regularity one seeks to propagate.

As direct applications of Theorem [3.1.3] we address both the smooth-viscosity case and the
viscosity-patch problem. The proof is also found in Subsection [3:3:4] The construction of a
nondegenerate tangent vector field is found in Appendix

Corollary 3.1.5. The following results hold for two distinct cases of the viscosity coefficient.

1.

(Smooth-viscosity case for (uINS)). Assume the hypotheses of Theorem[3.1.5, and in
addition that pg € WH4(R?) for some q € [2,00]. Then the solution provided by Theorem

additionally satisfies 1 € L([0, 00); W4(R?)) and
tivVu € L2((0, 00); H' (R R2¥2)). (3.1.36)
In particular, the smallness condition (3.1.27)) can be replaced by

4
Jelluoll?

") uol Eamzy - (1ol 12y + 1o = Ul L2y lluoll L2(e))

2+e
(19720l z2e2) + 191 p0l| e gy ) < o

1
which corresponds to the condition (3.1.27) with the constant vector field 7o = <0>

. (Viscosity patch-type problem for (uINS) and the two-phase problem (3.1.10])). Let

0 < ps <1< p* be two positive constants and let eg = eo(ps, ™) be given by Lemma
[Z1.1 -2

Let the initial viscosity be of the form
po(z) = pg (2)1p(@) + o () 1pe(), such that po € [ps, 1], (3.1.37)

where D C R? is a bounded, simply connected domain of class W22¢(R?), € € (0, ],
and ,uar € Wh2+<(D) is a positive continuous bounded function defined on D while
pg —1 € L*n W1’2+6(ﬁ6) is a continuous bounded function defined on D°. Let
70 € L® N WL (R?: R?), with ﬁ € L*>(R?), be a nondegenerate vector field which is
tangent to the boundary 0D.

Let ug € H' 1 H-1(R?;R?) be divergence-free. If (g, uo,70) satisfies the hypotheses of

Theorem[3.1.5, then the system supplemented with the initial data (po,uo) has a
unique global-in-time solution (p,u, V) which satisfies the estimates in Theorem .

Furthermore, for all times t > 0, the viscosity retains its patch structure

M(tv ) = /~L+(t7 ')1Dt (‘T) + Ni(tﬂ ')1Df (J}),
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where Dy C R? is a bounded, simply connected domain of class W?*<(R2), and u*(t,-) €
Whate(Dy), p=(t,-) —1 € L2NWh2t¢(D;°). This solution solves the two- phase Navier-
Stokes equations with constant density (3.1.10 m, with QF = Dy, Q = = D;° and the
interface I'y = 0D;.

Remark 3.1.6 (Viscosity layer problem: Arbitrarily many and arbitrarily closely
located concentric shell layers). We can straightforwardly generalize the result for the
viscosity patch-type problem (3.1.37)) to the N-viscosity layer problem with the initial viscosity

Zﬁ;o )10 ( )+1(U§\’:1D(j))6(x)' (3.1.38)

Here njo € Wt 2+¢(DW); [y, p*]) are continuous bounded functions and DY) c R?, j =

., N, are bounded, sunply connected domains of class W227¢(R?) which are mutually
non—mtersectmg 8D(7) NOD® = () for i # j, where € € (0 eo] with ey = €o(px, u*) given by
Lemma 9l Thus, either all the domains DU), j =1,--- , N are disdjoint, or DY ¢ DU
for some 7 # j .

In the special case where

nj0 are positive constants and DU) = B, (0), (3.1.39)

with 7 < .. <+ the smallness assumption (3.1.27) is satisfied (see Appendix D if

ol I7
ol R2>||U0||L2 (R2) ° (H“OHH*I(RQ) ko = Uzaqee uollzqee)) (3.1.40)

1
“(IIVuol| L2 (r2) + .

())<607

that is, the smallness of ug, depends (only) on ., p*, ||po — 1| 72 and T(—ll), but not on () — ()
or N. Hence, Theorem [3.1.3| can handle arbitrarily many concentric discs and the boundaries
dDY), j =1,..,N can be arbitrarily close.

The smallness condition ([3.1.40|) is the smallness condition ([3.1.27)) for the viscosity patch-type
problem (3.1.37) when ,uar > 0 is a positive constant, g =1 and D = B,u)(0).

3.1.3.2. THE BOUSSINESQ EQUATIONS WITHOUT HEAT CONDUTION

The proof strategy of Theorem [3.1.3| can be adapted to obtain the following local-in-time
well-posedness result for the Boussinesq equations without heat conduction . For the proof,
see Subsection [3.3.5

Theorem 3.1.7 (Lower bound for the existence time of solutions to the Boussinesq
equations without heat conduction ) Let 0 < py <1 < p* be two positive constants

and let eg = €o(px, u*) be given by Lemma -3

Let ug € HY(R?;R?) be a divergence-free vector field and 99 € L* N L"(R?) for some r € (2,00].
Assume the dependence of the wviscosity coefficient i on the temperature function ¥ to be
p = fitem (V) for some ptem € C(R; [, u*]). Let 1o € L¥(R?;R?) be a vector field such that
70|71 € L®(R?) and (V7o, Orgp0) € L*TE(R%; R?*2H) | for some € € (0, min{eg, r — 2}].
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Then the system — supplemented with the initial data (¥o,uo, 7o) has a unique solution
(9,u,Vm,T) on the time interval [0,T], with the existence time T > 0 bounded from below as
follows

2¢

3_1 (2+6)2 1 —_€ _
qeﬁ%’ie}OWOHL%R?) + T30 ol o)) 7 (T2 1V o o) + T2 | (Vo, Ory o) 24 e

2
3 1 1 3_1 1 €+2:J54
7377 90 gy (1 + [0l E2 ey + (7377 Woll o)) ?)) ®77 <,

(3.1.41)

where ¢y > 0 depends only on ., p*, €. The solution satisfies ¥ € C([0,T]; Mi<i<ricoo L’ (R?))N
L>([0,T); L' N L™(R?)) and all the estimates in (3.1.28)) on [0,T), except the property for
pw—1.

Furthermore, for the quantity ay = a—R_19, with a defined in (3.1.14) and R_1 = 1 (—A)7L,
we have the (time weighted) H'(R?)-energy estimates

ag € C([0,T]; L*(R?)) N L2([0, T]; L*(R*; R?)),
t2Vay € L*([0, T); L2(R% R2)) N L2([0, T]; H*(R2; R?)).

Moreover, a, o, 0-u € L*([0, T); Wh2+€(R2)) and L-u = div T (u, 7)+Jes € LY([0, T]; L2+<(R2)),
with the same notations a, %U,T(u,ﬂ') as in Theorem .

Remark 3.1.8. The main observation enabling us to apply the methods for the system

to the Boussinesq system (and also the density-dependent case , see Theorem
below) is the validity of the robust estimate for the velocity gradient. As long
as higher-order energy estimates can be established to deduce the ||a||y1,2+<(g2)-estimate, the
V|| 00 (r2)-estimate follows. For the Boussinesq equations the H'(R?)-energy estimates hold
for the quantity ag, which basically coincides with @ = (R* @ R) : (1Su) but corrected by
R_19 due to the additional buoyancy force des in . As there is no regularity assumption
on 9, we do not have H!(R?)-energy estimates for a in this case.

The bound (3.1.41)) is inspired by the invariance of the quantities

3_1 1 _ 24e
t2 74| JollLam2), Nuoll2m2), 2 (HVUOHL2(R2) + H(VTm3%0#0)“L5+6(R2)>,
under the scaling

(O, up)(t, x) = A3, A T) (A2 A7), A > 0.

3.1.3.3. THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
WITH DENSITY-DEPENDENT VISCOSITY

Our main result for system (INS|) reads as follows.

Theorem 3.1.9 (Global-in-time well-posedness of the inhomogeneous incompress-
ible Navier-Stokes equations (INS)). Let 0 < p, <1 < p* be two positive constants and

let eg = €o(px, 1) be given by Lemma -4

Let po € L¥(R?; [p«, p*]), 0 < ps < p*, be an initial density satisfying pg — 1 € L?*(R?).
Assume the dependence of the viscosity coefficient u on the density function p to be i = fiden(p)
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for some pigen € W ([ps, 0*]; [1ts, 1*]). Let ug € H* 0 H'(R% R?) be divergence-free and
10 € L®(R%,R?) such that |mo|~t € L¥(R?) and (V1o,0-,p0) € L*T¢(R%;R2*2+HY) for some
€ € (0,€e0] in the sense of distributions. If
o210l o, 100112 ) [ V0112 2 2 expcaluolZz ez (HuO”L?(RZ) + [lpo — 1||L2(R2)HVUOHL2(R2))§
24¢
(loll -1 g2y + llo = 1z ol ) - (IVuoll 22y + 11970, 07y p10) | v sz ) < €5,
(3.1.42)

where c2, c3 are positive constants depending only on p«, p*, pix, 1, € and || eyl Lo ([p.p*)), then
the system — supplemented with the initial data (pg,uo, 7o) has a unique global-in-time
solution (p,u,Vw,T) such that holds, with p replaced by p. Furthermore, we have
the (time weighted) L*(R?)-energy estimates

a € ([0, 00); L*(R?)) N L2((0, 00); H' (R?)),

D .
t2 —u € L((0,00); LA(R% R?)) N L2((0,00); H' (R R2)),

a,a, 0yu € L1((0,00); WHAE(R?)) and pEu = divT(u,m) € L*((0,00); L>*<(R?)), with the
same notations a, «, DQtu, T(u,7) as given in Theorem .

In particular, if the initial density is of the patch-type

po(x) = pg (x)1p(@) + pg () 1pe(2),

for some bounded, simply connected domain D C R? with W?2T¢-boundary, and functions
pg € WH(D), py — 1 € L2 N WD), then there exists a nondegenerate vector field
To € L™ N W1’2+5(R2) tangential to the boundary OD. If the smallness assumption
1s satisfied, then the unique solution above preserves the patch structure for all times t > 0,

p(t,m‘) = p+(t, x)lDt(x) + pi(tvw)lDf(x)v

for some bounded, simply connected domain Dy C R? with W22t¢-boundary, and functions
pt(t,) e Wh2te(Dy), p=(t,-) — 1 € L2 N W2t¢(D;"). Thus, the density-patch-type problem
in the absence of vacuum for the density-dependent incompressible Navier-Stokes equations
is uniquely globally-in-time solvable under the smallness assumption . This
solution solves also the two-phase Navier-Stokes equations without surface tension
(0 =0) with QO = Dy, Q; = D:" and the interface Ty = D.

Remark 3.1.10. 1. As before, the smallness condition (3.1.42)) allows large variations in
the initial density and viscosity, provided that the initial velocity remains sufficiently
small. The left hand side of (3.1.42) is invariant under the scaling

(Poxs o) (@) = (po, A ug)(A M), A > 0.

The results for the density-patch-type problem in Theorem can be generalized to
the density layer problem as in Remark

2. For the density-dependent case the L?(IR?)-energy estimates hold for the material
derivative D%u = (O + u - V)u. As there is no regularity assumption on p, we do not
have H'(R?)-energy estimates for a, which is related to %u by Vta = P(p%u), with
P denoting the Leray-Helmholtz projection on the divergence-free vector fields.
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To conclude this subsection, we briefly revisit some studies on the vortex patch problem and
the density patch problem in fluid mechanics.

Vortex-patch problem for the (classical) incompressible Euler equations with the initial
vorticity wo = 1p,.

J.-Y. Chemin’s celebrated works [40} |41] confirm the regularity propagation of the domain
boundary 9Dy for all time, by use of a nondegenerate family of vector fields. See also A. L.
Bertozzi and P. Constantin’s work [22] from a more geometric viewpoint and P. Serfati’s
work [217]. Their strategy was also used recently to solve the regularity propagation of
temperature-fronts for the Boussinesq equations in [37]. A thorough review of
results on the two-dimensional vortex-patch problem can be found in [103]. See also [98]
for the problem in three space dimensions and [88] for the inhomogeneous case.

Density-patch problem for the inhomogeneous Navier-Stokes equations with the initial
density po = 1p,.

In the case of constant viscosity coefficient p = v > 0 and in the absence of vacuum
with po = p*1p, + 1pg, p* > 0, it was proven by the first author and P. Zhang [166,
167] that the W*+2P-regularity of the interface dDy is propagated throughout time for
kEeN, pe(2,4). A similar result was obtained by F. Gancedo and E. Garcia-Juarez in
[100] using bootstrapping arguments. The density-patch problem in a bounded domain
was solved by R. Danchin and P. B. Mucha in [60]. Specifically, they showed that
the Cl%regularity of the fluid-vacuum interface is preserved over time (a € (0,1) in
dimension two and « € (0, 3) in dimension three). Very recently, an analogous result for
the density-patch problem in R? was obtained by T. Hao et al. [116]. See also the earlier
works [65), 167] for a small density jump and [165] for the three-dimensional case.

If p is variable but close to a positive constant as in and the density is bounded away
from zero, then global-in-time results were successfully obtained: M. Paicu and P. Zhang
[198] proved the propagation of H %—regularity, and F. Gancedo and E. Garcia-Juarez
[101] the propagation of Cl:®-regularity, a € (0,1), both in two space dimensions.

The results for two-phase Navier-Stokes equations (3.1.7)-(3.1.8]) in [68, |69, |213], with
(slightly perturbed) piecewise-constant viscosity coefficients and without surface tension
o = 0, can also be included in this category.

To the best of the authors’ knowledge, the density patch problem for (INS) with general
variable viscosity which might have large jumps, as stated in Theorem [3.1.9] was not addressed
in the literature before.

3.2. OUTLINE OF THE PROOF STRATEGY

Theorems [3.1.3] |3.1.7]and [3.1.9| are proved by deriving suitable a priori estimates, constructing
an approximate solution sequence and then showing its convergence to some limit function
which solves the corresponding system. Here we outline the main ideas for establishing the
global-in-time a priori estimates for system , which are proved in three steps:

Step I. L?(R?)-energy estimates for u and H'(R?)-energy estimates for @ in terms of
Vu € L®(R?);

Step II. Time-independent Lipschitz estimate for u in terms of a € W12+¢(R?) and
VT, 0-,——#, Vozu € L2+6(R2);

Step III. L;Lip(R?)-bound for v and the conclusion of H!(R?)-energy estimates for a.

In the following we explain the main ideas of each step.
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3.2.1. STEP I. ENERGY ESTIMATES

Smooth solutions of the density-dependent Navier-Stokes equations (INS) in d space dimensions,
d > 2, come with the following energy balance

t
/ p|u\2dx—|—/ / ,u|Su|2da:dt’:/ poluo|*dz. (3.2.1)
R4 0 JR R4

Based on this energy balance, P.-L. Lions [175] proved the global in time existence of weak
solutions to (INS|) with finite energy in any space dimension d > 2. The uniqueness and
regularity of such weak solutions are still open questions even in two space dimensions. Under
the additional assumption that the viscosity jump is sufficiently small and the initial
velocity belongs to H1(T?), B. Desjardins [75] proved that the global weak solution (p, u, V)
of [175] on the two-dimensional torus T? satisfies u € L2 ([0, 00); H!(T?)). With additional
regularity assumptions on the initial data he could also establish u € L2([0,T]; H*(T?)) for
some short time T,. However, these regularity results still do not give an answer to the

uniqueness and regularity question.

In the same spirit, for the Navier-Stokes equations with freely transported viscosity coefficient
(INS|) we aim to establish

« an energy balance similar to (3.2.1)) as well as a time weighted energy-balance version
1 .
1 #2)=w) | e 22, by use of the initial data ug € L2 N H™'(R?), gy — 1 € L*(R?);

1
o an L2-estimate as well as its time weighted version for H(a,t/§a7tll_a)"LtooL20L§H1 in
terms of V/(¢) := exp(C||Vul|p17) and the initial data ug € H' N H-1(R?), based on
the vorticity equation (3.1.21));

« a time-weighted H'-estimate for Ht’%VaHLgoLszng in terms of V (t), Ht’%VuHL?LOO and
the initial data ug € H'(R?), based on the vorticity equation (3.1.21)).

The time-weighted estimate ||t’(%) “ul| Leer2nr2 i has been established for the density-dependent
Navier-Stokes equations (INS|) in e.g. |11}, 242]; see also [10] for the three-dimensional case.
Roughly speaking, the strong decay assumption in the low frequency part ug € H “1(R?)
implies stronger decay in time of the solution u. A similar consideration applies to the
time-weighted estimates for a. Compared with the derivation of classical energy estimates for
u, due to the non-local representation of a = R, w (recalling ) in terms of w, we have
to make use of commutator estimates for the Riesz transform, as well as the commutation
relation [y, D%] = 0, that is the transport equation D%u = 0, when deriving energy estimates
for a. Notice that in the energy estimates for a we simply use the Lipschitz norm of the velocity
field [[Vul 1z~ and Ht’%VuHL?LOO, instead of the classical |[Vul|pspa-norm (see e.g. [198]).
Indeed, although a priori the initial lower and upper bounds g, u* for ug are transported by

the free transport equation (uINS))q,
e < plt, @) < pt

we can not, in light of (3.1.25), control ||wl|zagey or [[Vullpame) by |lallg1(re2) with only
positive bounded p while with no regularity or small variation assumptions on p. See more
discussions in Step II below.

The energy estimates for a are not yet closed, and we discuss in Step II the (time-independent)
Lipschitz estimate for u in terms of |la[/yy12+¢®2) and the tangential regularity. Finally, a
bootstrap argument concludes the global-in-time estimates in Step III.
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3.2.2. STEP II. THE TIME-INDEPENDENT LIPSCHITZ ESTIMATE

It is well-known that for evolution equations arising in fluid mechanics, the L}Lip(R?)-
regularity of the fluid velocity is crucial for regularity theory. In order to obtain such an
estimate we begin with establishing a time-independent Lipschitz estimate for the velocity
vector field, which is a key step.

The main obstacle to derive the desired Lipschitz estimate is that one can not bound
[Vullpoo(r2y by [lal g2g2) (from the energy estimates in Step I) directly, and even worse,
we can not control ||Vul| a2y a priori by [la[| g1 (r2) or [|al| 42y, provided with the a priori
bound g, < p(t,xz) < p*, as mentioned above.

Recall that the velocity gradient Vu = VV+¢ is related to a by (3.1.12):
,CN(;S = Aa, with ‘CN = (822 — 811)#(822 — 611) + (2812)/1(2812), (322)

where £, is a fourth-order elliptic operator. Given the failure of the LP(R?)-estimate ([3.1.25)),
we impose a tangential regularity assumption on the initial viscosity po with respect to some
nondegenerate regular vector field 7y, aiming to obtain the Lipschitz estimate for the velocity
by exploiting ellipticity and tangential regularity. Note that the discontinuity of u in the
normal direction 73 is allowed.

In the past twenty years significant developments have been made in the study of elliptic
and parabolic systems with rough coefficients, see e.g. the book [155]. H. Dong and D. Kim
established in [80] LP-estimates for solutions of higher order elliptic and parabolic systems
with so-called variably partially BMO coefficients, which in particular includes discontinuous
coefficients which may have jumps in one direction and are continuous in the other directions.
Roughly speaking, this means that for every localized cylinder there exists a local coordinate
system such that the coefficients pu(y’, y4) are BMO with respect to the first d — 1 components
y' € R%! while only measurable and bounded in the last component y; € R. This partial
regularity in the coefficients implies then the regularity of the solution in 3/, and finally the
ellipticity (or parabolicity) of the equation allows one to recover the desired regularity of the
solution in y4 as well.

Observe that functions with tangential regularity, e.g. the initial data pg given in Theorem
fall into Dong-Kim’s coefficient category. Indeed, for the stationary Navier-stokes
equation, it was shown by use of Dong-Kim’s results in [123] that on a bounded C*!'-domain
Q C R?, given a weak solution (p,u) € L°°(;[0,00)) x H'(Q) satisfying appropriate boundary
conditions and provided the coefficient p has tangential regularity, we have

Vu e LP(Q) for any p € (1,00),

(note that p = oo can not be achieved by Dong-Kim'’s results). Unfortunately, Dong-Kim’s
estimates for £,¢ = Aa can not give the explicit dependence on the tangential regularity
of the coefficient p, which is extremely important for us since the tangential regularity also
evolves in time and should be tracked precisely. We follow the essential idea to separate the
“good" and “bad" directions, but in a more transparent way, below.

Lemma 3.2.1 (Decomposition of £, in tangential and normal directions in terms
of “local good unknown” «). Let 7 = <?> (z) be a reqular nondegenerate vector field
2

such that

1
€ L®(R%R?), Vr e LP(R%R?*?), for some p € (2,00), I € L™°(R?).  (3.2.3)
T
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We introduce correspondingly

o The unit tangential and normal vectors

T |7] &) 7] i —)’

and their tensor products

=2 = = =2 = = = = =2
T T1T2 T T1T2 T TIT2 T
TeT=|(_1L o], n®n = 2 ) , TONn=MnN®T) = _y L)
TIT2 T4 —T1T2 Ti Ty —T1T2

e The associated directional differential operators

O-=7-V, O=n-V, (3.2.5)
and their adjoint operators
0% = —divT, 0 = —divn, (3.2.6)

where the operator div v is understood as divo(f) =div (vf) = Z?:l 0j(vif), forv=T,
n.

Then the following formulas hold

1. a) V=70+n0, =—-0:T —0;n and V+ = —nds + 70, = 0in — Oy T. More
precisely,

O =707 + 720, = —0%x(T1") — 05 (T2"),

Or = ol — 10y = —0x(7o’) + O(71°), (3:2.7)

b) A=V -V =—-020; — 0} 0p and nA = —0-V+ +9,V,
¢) VIRV =0(n®@7)0+ 0:(n®@n)0y, — 05(F @ 7T)0= — 05(T @ n)0y.
2. Let p € L*®(R?), and recall the definition of the operator L, in Lemma
Lud = (VI ®V): (1S 9),

, FIpp— LT _ —2012¢ (011 — O22)¢
with §V2¢ =VV=é+(VV7e) = ((311 — O22)¢ 20120 )

o We can reformulate the operator L, as follows
Lo
= —02((7 — 7)0mw1 ) + 02(2717200en ) + Oy (271 Ta0swr ) + 05 (73 — 7)o )
— 0 (271 Ra0rwn ) — 02((73 — 70wz — 04 (73 — 71)0rws ) + O3y (271 FaOnn )
(3.2.8)

where we denote

w1 = M(822 - 811)¢7 Wy = ,U,2812¢, such that MSVL¢ _ (:Zi ::;1) .
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o We can furthermore decompose L, ¢ into
Lu¢ =~ 0,0ha+ L0, (3.2.9)
where a is the local good unknown defined by :
a=(Ton): (uSVe), (3.2.10)
and
16 = — 02((7 — 72)0w1 + 271 7a0n ) + 203 (271Tadrtwr — (73 — 7))
— 01 (82 (27172 w1 — Oo(Th — 7_'12)w2) + 02 (81(27_'1f2)w1 — 0 (73 — 7_'12)w2)
- (8n 7'2 — 7'1 w1 + O (27‘17'2)w2>
=V ((7_'( 73— T1) — 2n(27172) ) Orwr + (T271 72 — 2n(75 — 7 ))8—(«)2)
+Vt. (—wlv(%ﬁz) +waV (75 — 7:12)>
+ V- (w1 0n(73 — )+ wp 0271 72)n)

Here, a can be equivalently written as

_ ) _
a=—(T5 —T{)wy — 21w
(_22 _12) PosEme (3.2.11)
= — (75 — 71 )1(O22 — O11)¢ — 271 T2p4(2012) 9,
or
a = pA¢ —2u(7 - 0=V o), (3.2.12)
which implies the relation between 0, V¢ and o below (if p #0)
0,V = %? +2(7 - 9V )T — 0=V . (3.2.13)
e Recall the definition of a in (3.1.12): Aa = L,¢. Then we have the following
relation
V(a — «a)

~RR- (—7‘-8;04 + (7(73 — 77) — 2n(27e7a)) O-w1 + (27272 — 2n(75 — 7_'12))8?“’2)
+RR*- ( w1 V(27a7) + wo V(72 — 72 )
(3.2.14)

where R = \/l
LP(R?) if a,a € WEP(R?), O, 0-V2¢, VT € LP(R?) and u, V3¢ € L>®(R?).

Proof. The formulas — in the first statement follow from straightforward calculations.
The formula (3.2.8)) follows from directly.
The equivalence of the definitions (3.2.10)), (3.2.11]) and (3.2.12)) follows by direct computation.

The relation (3.2.13) follows from (3.2.12) and (1b).
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Step 3

Figure 3.1.: Idea of the proof of Proposition

We derive from , by applying the following commutator identities (with appro-
priately chosen f,g) to (3.2.8]):

O=(fong) — 0,(f07g) = 01(fO2g) — 02(fO1g) = —01((02f)g) + 02((01f)g),

95 (fOng) = 0,0n(f9) = —0,((0nf)g)-

Finally, and (3.2.9) imply Aa = L,¢ = Aa + 020 + L],¢ and hence (3.2.14)) follows.
This completes the proof of Lemma [3.2.1] O

Making use of Lemma we can derive the following L>(R?)-bound for Vu (see Proposition

below):

1-2 B
[Vl oo r2) < CONll ey (1Yl o) + 1V, Ozi0) | oy | Ve oo 2y + 11070 e )
(3.2.15)

TN

To prove ([3.2.15) we write u = V¢ and start with the bound for the “good" direction in
terms of the tangential regularity:

10Vl Lo + VOVl Lo + 10V ull o + [ VOrullLe S V7|20l Vullzee + (|07 o,

by use of commutator estimates. Now, with the relations (3.2.13)), (3.2.14)), we can derive the
Lipschitz estimate for the velocity u = V+¢ following the steps illustrated in Figure (it is
not possible to control Vu by a in L directly):

o Step 1. It remains to control ||0,ul| e, since the L*>°-bound for the “good” direction dzu
follows from interpolating between ||Ozu|rr» S ||w||zr and ||VOzu|| 1, which is controlled

by the righthand side of (3.2.15|).
o Step 2. It remains to control ||«|pe, in view of the expression ((3.2.13)).

o Step 3. The control on ||a||z~ follows from Va € LP and the tangential regularity by

(B-2.14).

We later take p = 2 + € with € € (0, €g] (see Corollary below), since we have to estimate
the L2T¢(R?)-norm of w, G~w in (3.2.15) in terms of a, -a, respectively, where the boundedness
of R,;! in L**¢(R?) is used.

We remark that although one can simply perform Young’s inequality in to get a
uniform bound for ||Vu||pe(m2), we don’t do so since [|[V7(t)||1»(r2) grows exponentially in
(the time integration of) |[Vul|pec(ge): We take the spatial derivative to the 7-equation
and test it by |V7[P~2V7, to derive the following bound for V7

t
VT Loo (j0,0);0 (R2)) < (llVTolle(R2) +/0 ||V37U||LP(R2)dt'> exp([|Vull £1(j0,4;L00 (r2)))-
(3.2.16)
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We use the smallness assumption (3.1.27)) and a bootstrap argument in Step III to close the
estimate.

3.2.3. STEP III. THE L;L1P(R?)-ESTIMATE

After establishing the time-independent Lipschitz estimate for the velocity (3.2.15]), we conclude
the uniform-in-time bound for ||Vu|| Lizee Dy a bootstrap argument.

Recall

e the time-weighted energy estimates for v and a from Step I, which imply the estimates
for [laf| L1124 and Ht’%aHngl,ue in terms of ||Vul| 1z and Ht’EVuHL%Loo;
e the time-independent Lipschitz estimate with p = 2 4 € from Step II;
o the L**-estimate for V7(t,-) in (3.2.16)), which depends exponentially on [Vl oo
In order to close the estimate for the scaling-invariant quantity ||Vul|p1 e, we make use of the
scaling-invariant smallness condition (3.1.27). However, since the norms ||ug| 2 and |uol| g-1,

which appear both in the time-weighted estimate for ||(¢' )(%)*uH reere (see (3.3.9) below), do
not share the same scaling, it turns out to be more convenient to consider directly the rescaled

solution (see ({3.3.35))-(3.3.37)) below). See Subsection for more details.

NOTATION

Recall the notation conventions introduced at the beginning of Section in Chapter [1}
Additionally, we denote the exponential growth in the time integration of the velocity gradient
by

V(t) = exp(C|Vull ) and V(£) = V(1) exp(Cl[t2 Va2 )- (3.2.17)

Here and in what follows C' denotes some positive constant which may depend only on p., u*, €
and may vary from line to line. Lastly, we denote (t) = e 4 ¢ for times ¢ € [0, c0).

3.3. PROOFS

The goal of this section is to prove Theorem [3.1.3] Corollary [3.1.5| and Theorems [3.1.7 and
3.1.9] To this end, we first establish a priori estimates in a series of propositions in Subsections
[3.3.1], 3.3.2] and [3.3.3], which correspond to the estimates stated in Steps I, II, III in Section
respectively. Theorem [3.1.3] and its Corollary are proved in Section The proofs
of Theorems and are found in Section

We are going to use frequently the following well-known interpolation inequalities, see e.g.
[18].

Lemma 3.3.1. If g € HY(R?) N WL (R?), r € (2,00), then

2 1—-2
lollr gy S 19152 ey 1Vl pogee (3.1)

1—2 2
ol e ey o gl ey 1991 g (332
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Let us recall some classical commutator estimates for the Riesz transform.

1
Lemma 3.3.2. Let R = ——— denote the Riesz transform on R?.

VA
1. For p,p1 € (1,00) and py € [1,00] satisfying ]%1 + p% = %, we have the following
commutator estimate
IIR?, 0x19llLr Spapre IV X [|ze2 |9l o1, (3.3.3)
where g € LP1(R?) and X € CL(R?%;R?).
2. For p € (2,00), we have the following commutator estimate
10xR2gllLe Sp 10xgller + VX |[Lr [R?gll 2o, (3.3.4)
10xR?g — R*div (Xg)l1r Sp IVX |20 [|R?g | £ov, (3.3.5)

for any g € C}(R?) and X € C}(R?;R?). Furthermore, for p € L>®(R?) with ||u||z~ <
w* and Oxp € LI(R?), q € [p, <], we have

1[Rys Ox1gll e Spoypr |(VX, Ox )|l e (R?g, Rug) || Lo, if ¢ = p, (3.3.6)
IRy, Ox19llzr Spaaes IV X Lell(R?g, Rug) Iz + 1Ox pllallgll, = if g € (p, 0],
(3.3.7)

where RM = (RQRQ—RlRl)u(RgRg—R1R1)+(2R1R2)H(QR1R2) is defined in " .

The proof of the first estimate (3.3.3) can be found in A. P. Calderén’s article |33, Theorem
1]. The proof of the second statement is very much in the spirit of [198, Lemma 5.1] and [55,
Lemma 2.10], and is postponed in Appendix

3.3.1. STEP I. ENERGY ESTIMATES

We start with some basic energy estimates for . These have already been established
for the density-dependent Navier-Stokes equations in e.g. [11} 242]; see also |10] for the
three-dimensional case. Using the same ideas we prove the following estimates for our system
in Appendix with particular emphasis on their explicit dependence on the initial
data.

Proposition 3.3.3 (Energy estimates for u). Let (u,u) be a sufficiently smooth and
decaying (at infinity) solution of on some time interval [0, T*) with pg — 1 € L?(R?)
and uy € L*(R?) N H=?(R?) for some § € (0, %) Then the following energy estimates hold
fort e [0,T%):
lullpgerz + [IVull 22 < C(ps)lluoll 2, (3.3.8)
1)~ ull 2 + ')Vl 22 < Oy 8,6 = 6-)([[uoll p2rgr—25 + llwo — 1|2 luoll2)  (3:3.9)

o Clluol oy Hlio=111 5 lluol3, Hluol14 )
)

where d_ > 0 stands for any positive number strictly smaller than J.
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We now turn to establishing energy estimates for the global good unknown a. Recall the

vorticity reformulation (3.1.21)) of the velocity equation (uINS))o as

{ Ow+u-Vw—Aa=0, (tz)c(0,00)xR2

w=VItA v, a= Ruw. (3.3.10)

If p is smooth, then the vorticity equation (3.3.10|) is parabolic. However, for more general
(discontinuous) viscosities, it is not clear whether the equation has a parabolic character.
This is largely because of the non-local operator R, which itself is composed of local and
non-local operators. Nevertheless, we have the following (time-weighted) energy estimates for

the vorticity equation (3.3.10]).

Proposition 3.3.4 (H'-energy estimates for a). Let (1, u) be a sufficiently reqular solution
of (uINS) on some time interval [0, T*), where p € L*([0,00) X R?; [pts, p*]) with 0 < s < p*.
Then for all times t € [0,T*),

lallZg L2 + IVl Zz 2 < C o, p7)llwol| 22V (B), (3.3.11)
1#2al 2 + 1790l 22 < Clatn, ) ol 32V (1), (3.3.12)
12 Va3 ez + 182 Aal 20 < Clotw i) (I Va2 0 + 12Vl lall3 e 12) VD), (3.3.13)
where V (t) = exp( [y C||Vulz=dt') denotes the exponential growth in the time integration of

the velocity gradient. Moreover, if we additionally assume the hypotheses of Proposition|3.3.
then

i lis5_ * _
103 a2 g+ 1055Vl < Ol OVl V). (3:3.14)

Proof. 1t is convenient to use the vorticity equation (3.3.10|) instead of the velocity equation
(HINS),.
e Proof of (3.3.11]): We rewrite the w-equation (3.3.10) as

D
w—Aa =0, with w:= DY = (O +u-V)w, (3.3.15)

and take the L?(R?)-inner product between the above equation and a to obtain

/2 WRwdx + /2 |Val*dz = 0.
R R

The self-adjointness of the double Riesz transform yields (recalling the transport equation
% p = {1 =0 and the divergence free condition divu = 0 in (uINS))

/R? WRywdz

- /R2 ((RQRQ —RiR1)w - p(ReR2 — RiR1)w + (2R1R2)w - M(2R1R2)w)da:

_ld

C2dt
+ /]R2 /’L([(RQRQ - RlRl), u - V]w . (R2R2 — RIRI)W

/M ((RoRa = RiR1w)” + (21 Ro)w)? ) da

+K%hngw-ww.mnﬂgwym
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Thus,
1d 2 2 2
ff/ u((RaRy — RaR1)w)? + ((2R1Ra)w) )dx+/ Val*de
2 dt Jr2 R2
=/, i([RaRs = RiRy,u- Viw - (RoRy — RaRy)w (3.3.16)
+ 2R R, u - V]w - (2R1R2)w>daz.
Recall (the proof of) (3.1.24) for the first integral on the left hand side
/RQ u((RaR2 — RiR1)w) + (QR1R2)w))do = (0. w) ey > palwllfe. (33.17)
The integral on the righthand side of (3.3.16)) can be bounded with the help of the

commutator estimate from Lemma by Cp*||Vul| s |lw|32, and thus integrating the
result over [0, ¢] yields

L t M* . t
e + [ IValfaat < & funlts +Cn [ 190l fwlade'

An application of Gronwall’s inequality and the bound (3.1.23|) imply the estimate
(13.3.11)).
e Proof of (3.3.12)): We multiply (3.3.16)) by ¢ to obtain

%%(t /RQM(((RQRQ — RiRw)? + (2R1Ra)w)?) da +t/RQ Va|2dz
= ;/RQ IU,(((RQRQ — RlRl)w)Q + ((2R1R2)w)2)dac
- t/ 1([RoRs = RaR1,u- Vw - (RoRy — RaRaJw
R2
+ [2R1Rs, u- VIw - (2R1Ro)w ) da,

where integration over [0, t] together with the commutator estimate (3.3.3) implies
Hox 2 ! / 2 / ! 2 / ! 1502 /
Eetllla+ [ #IValedt e [ wlfeat + [ 190l el Fadt'

Thus, (3.3.12)) follows from Gronwall’s inequality, (3.1.23)) and (3.3.8]).
e Proof of (3.3.13)): For the higher order estimates we apply R, to the vorticity equation

(3.3.15)) to get

Ruw —RuAa =0,
and take the L? inner product with & to derive
/]R2 Ry wdr — /]R2 RuAawdz = 0. (3.3.18)
We use integration by parts to calculate

R ol = / 1((RaR2 = RiR1)D)? + ((2R1R2)&)?) dar,
R2 R2

N D D
— [, Rutasde = — [ (Aa)(GRuda— [ (Aa)[R,, 7 Jwde
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=11 + 5.
As Ryw =a and [V, 5 ] [V,u - V], integration by parts gives

L = , Va - —Vadx + Va -[V,u - V]adz
R

Zdt/ |Val der/ Va-Vu-Vadz.

Furthermore, since &2 i1 = 0, the commutator in the second integral I> reads

D

[Rm E]

= (RQRQ — RlRl)u[RgRg — R1R1, u - V] + (2R1R2)M[2R1R2, u - V]
+ [RQRQ —RiR,u- V]M(RQRQ — RlRl) + [2R1R2, U - V]ILL(ZRlRQ).
All of these identities we apply to (3.3.18) and use (3.3.17) with w replaced by w = Aa,

to arrive at
1d
2 dt

— /]1{2 (Aa) ((RQRQ — RlRl)(,u[RQRQ - RlRl, u - V]w) + (2R1R2)(H[2R1R2, u - V]w)

GIValie + mldats < - [ Va-Vu- Vada

+ [RQRQ — RlRl, u - V] (M(RQRQ — R1R1)w) + [2R1R2, u - V] (M(ZRle)w))da:.
(3.3.19)

The last two integrals on the right hand side are bounded by Cu*||Aal|p2||Vul| pe||w]| 12
due to the commutator estimate (3.3.3)), and the first integral satisfies

)— . Va-Vu- Vadac‘ < HVuHLooHVaH%z.
R

Consequently,
1d
5 g IVallze + pallAalze S pllAal g2 Vull e wllz2 + [ Vull <[ Val72- - (3.3.20)
We multiply (3.3.20)) by ¢ to obtain
1d
5 7 tValliz) + petlAallze S Valfe + wt] Aal| 2| Vull o lwll 2 + | Vel o=tl| Val 72
This implies
Ld F 2 < 2 (u*)? 2 2 2
5 77 tIValiz) + St Al S [ Vallze + o Vel el + [ Vull<tl[Valz,

so that (3.3.13]) follows again by Gronwall’s inequality and (3.3.8)).

Proof of (3.3.14)): We multiply (3.3.16) by (¢)'+2%- to obtain

1d

G / i((RaR2 = RiR1)w)? + (2R1Row)? ) d) + 42~ | Val
2dt R2
S ||wl|Fa 4 | V| oo [lw]|72,

where integration over [0, ] yields

1425_
it t o145

o_
Valas S el +ut [ 4

Then (3.3.14]) follows from Grénwall’s inequality.

1i6_

lwl|72 + |12 w2 |Vl pedt.
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3.3.2. STEP II. THE TIME-INDEPENDENT LIPSCHITZ ESTIMATE

In this subsection we establish the time-independent Lipschitz estimate for the fluid velocity.
To do so, we follow the steps demonstrated in Figure [3.I] Throughout this subsection time
evolution is neglected, so that all quantities only depend on the spacial variable z € R?.

Proposition 3.3.5 (Time-independent Lipschitz estimate). Let a € L? N W1P(R?),
p € (2,00) and p € L (RZ; [pas, 1*]), 0 < ps < p*. Assume further that O.p € LP(R?), where
T € L°NWP(R% R?) is a non-degenerate vector field. Let ¢ € H*(R?) be the unique solution
of on R2. Then |V?¢||1~ can be bounded in terms of w := A¢ and 7 := ry as follows

2

1-2 2
1926010 < Ml ” (IIVallo + 1(VF, O2pt)| o | V2l oo + [|Bme0l] 0 ) (3.3.21)
In the above, the term ||(V7,0=p)|| e ||V20|| L can be replaced by ||(VT, 0=u)| o1 ||w| Lr2 for
P1,D2 < (p,OO), pil + piz - %

Proof. Our goal is to control ||[V2¢||L= by the right hand side of ([3.3.21])

2

1—-2
1= |wl " (IIVallze + (V7 822) |0 | V26ll oo + [0z ]1r) - (3.3.22)

Preliminary Estimate in the tangential direction for ||0-V2¢| r». We first apply (3.3.4)
with X = 7 and f = w to derive the following tangential regularity (noticing V2¢ = R?w)

10Vl e S IV Lo V2l L + (07wl e (3.3.23)

Step 1. Reduction to ||0,,V¢| <. Using formula from Lemma we write
IV2¢llz < |7 ® 0Vl + [0 @ 0.Vl < 07V Lo + [0Vl L. (3.3.24)

We can use the interpolation inequality (3.3.2)) and the above estimate (3.3.23)) to control the
tangential derivative |07V | e by I:
2

1—2 2 1—2 S
18-V 6]l S 10Vl 107 IV (=Y ) 170 S Nl o ? (V7o V26 100 + [0mlls ) ", (3.3.25)

where in the second inequality we used also the definition 07 = 7 - V and LP-boundedness of
Riesz operator. It remains to control ||0,V¢||r by I.

Step 2. Reduction to ||a| . We consider the normal derivative of V¢. Recall the

reformulation (3.2.13]) in Lemma such that

0,V = %n +2(7 - -V)n + 8-V (3.3.26)

The last two terms on the right hand side are related to tangential derivatives and can be
bounded by I by Step 1. Since the first term satisfies |[n%||p~ < i”a”L‘”, it remains to
control ||a|p~ by I.

Step 3. Estimate for ||«|;y1» and conclusion. Recall the definition (3.2.10]) of «:

a=—(73 — 1) (022 — O11)$ — 271 T2 11(20129)

—2 -2 _ (3.3.27)
= (75 — T )(R2R2 — RiR1)w — 271 Topu(2R1 Raw).
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We derive from the LP-boundedness of the Riesz transform that
allr < C(p, ) ||w]| Lo (3.3.28)

Applying 05 to (3.3.27) and recalling (3.3.23)) we derive
|8zallLr Sus (VT e + 11870l 20) V2@l 1 + |07V o
S (IVT 2o + 11824l 1) V2@l Lo + (|87l o

Now we bound ||Val|z» by use of the relation between a and « in (3.2.14)), the LP-boundedness
of the Riesz transform and (3.3.23), as follows

IVallizr Sur IVallze + 1070l|ze + 10(1V2) e + V7| L2 [Vl 2
S IVallze + (IVFl o + 1070 20) V2@l oo + (|07 Lo (3.3.29)

Consequently, by use of the interpolation inequality
2

1—2 2
ledlzee S Nl "IVl ze

and the estimate (3.3.28)) we achieve |a|/z~ < I. Hence, ||0,V¢|L~ and ||V2¢|/L~ are
both controlled by I by Step 1 and Step 2. In particular, this proves the desired estimate

B-3.21). O

Corollary 3.3.6. Under the hypotheses of Pmposition let eg = eo(fus, 1*) be given in
Lemma - @ Then for any € € (0, €], we have for u := V+¢

2

[Vl < Clpaa, ", all 5 ([ Vall p2oe + (7, Oz 2+ [ (T, @)1 ) 7. (3.3.30)

Proof. By definition of ¢ and Lemma - 2| we derive that
lwll 2+e = IR Rywll pove Spuwer llal| 2+

Now we rewrite

Orw = R ' Ru0zw = R, (070 + [Ry, O-]w).
By virtue of the commutator estimate (3.3.6) and again Lemma - 2, we arrive at

107wl 2+e Sppm e Vallp2ve + (VT 2+e + [[07pl 2+<) ([ Vull e + [lallze).  (3.3.31)

Choosing p = 2 + € in (3.3.21) and inserting the above estimates for ||w|| 2+ and ||Ozw]| 2+

we arrive at (3.3.30)). ]
Remark 3.3.7 (Time-independent estimates of Vu revisited). (i) In complex coor-
dinates in R?:
. _ . 1 _ 1 _
z=x1 +iry, Z=1xT1 — 1Ty, T1= §(z+z), Ty = ?(z—z),
i

we can express a, b in terms of u,w as follows (noticing 9 = (9, + 9z), 02 = %(62 — 0z),

A:4az273§: A D, A )

8z 85 az 82
a=Ruw= %[E,ua—w], b=Qw= Im[gua—w].
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Thus w can be respresented in terms of a, b, u as

_0.10;

——= ib

az . = (a +1ib).
If 1 € [ps, 1*], then we can control a in terms of w by use of the boundedness of the
Riesz transform:

HCLHLP(RQ) < C(p, M*)HWHLP(R2)7 Vp € (1, 00). (3.3.32)

We have already seen in Lemma - 2| that the reverse estimate holds for p = 2 + ¢,
for € € [0, €] close to 2.

As is shown in |123, Corollary 1.9, Theorem 1.11] that Vb, Vw ¢ Lloc for the stationary
case with piecewise-constant viscosity coefficient, we don’t have energy estimates for
Vb, Vw in the presence of jumping viscosity coefficient.

(ii) In [41, 42] J.-Y. Chemin established the celebrated (time-independent) Lipschitz estimate
for the velocity field with a logarithm growth in the tangential regularity of w with
respect to the vector field 7:

[Vull oo w2y S lwlle@ey + ||°J||L°° (R2) X

|| Loo ®2) |7 ll ¢ 2y + [|div (TW)HCa—l(R?))

x log(e + || HLoo R2)
( |7| |l oo (m2)

for p € [1,00). This estimate comes essentially from the analysis of the elliptic equation
A¢p = (—0%07 — 0} Op)¢ = w. When taking time into account, the logarithmic growth
in the 7-norms, which grows exponentially in [[Vu|[z1 - as in (3-2.16), implies finally
the linear growth in [j | Vau||r on the right hand side. An application of Grénwall’s
inequality yields the boundedness of || Vu||f on any bounded time interval. This is key
in showing the regularity propagation for the vortex patch problem of incompressible
Euler equations.

Our estimate (3.3.30)) is essentially of interpolation type, and we do not have an a priori
L*>°-estimate for w. When taking into account of time, we can not avoid the exponential
growth in |[Vul/;170 on the right hand side. That is why we need some smallness

condition as (3.1.27]).

3.3.3. STEP III. THE L;Lip(R?)-ESTIMATE

In this subsection we combine the results from the previous sections to deduce the L' Lip-
estimate for the velocity vector field.

Proposition 3.3.8 (L;Lip(R?)-estimate). Let (1, u, ) be a sufficiently smooth solution of
,u,INS- on some time interval [0,T%), T* > 0. Then, under the assumptions of Theorem
there exists a constant C > 0 depending only on ., u*, € such that for t € (0,7%),

1 €
IVull g1 oo + 12 V| 2 oo <C(Jluoll 72 (lluoll -1 + o — 1l z2[luol|z2)
t t
— 2+e % C 4
X (HVUOHLQ + ||(V7'0,87:0M0)HL§+6)) (2+€) e HU0||L2' (3333)

Proof. Let t € (0,T*) be arbitrary but fixed. The goal is to prove that the L} Lip-norm of u
can be controlled independently of ¢.
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Step 1: Scaling consideration. For notational simplicity, we introduce

o1 :=0-1(po, u0) = ||uoll g-1(r2y + llto — 1| L2(r2)l[uoll L2 (R2),

00 := ao(uo) = [[uollL2(r2)
i ke (3.3.34)
o1 := 01(po; uo, T0) = [[uoll g1 (m2) + (0710, VT Lore (2

. . 1

V(t) ==V (ut) = exp(C([|Voult', z)|| 1 oo + 12 Vau(t', @)l L2 00))
where C is a big enough constant depending only on p., u*, . We assume without loss of
generality o; > 0, j = —1,0, 1.

For A > 0 we define the rescaled initial data

pox(r) == oA tx),  woa(x) = A tug(A ),

_ _ _ T
Toa(@) = AT (A ), Toa(e) = |Tzvi|(a:).

It is straightforward to verify that (u,wu,m,7) is a solution of ,uINS— with initial data
(10, ug, 70) on some time interval [0,7%), if and only if the rescaled triplet

(pixs wx, ™, T2 (E ) i= (p, A, A2, A7) (A2, A ) (3.3.35)

solves ,uINS— with initial data (uo.x, uo.x, 70.x) on the time interval [0, A2T*). Observe
that after rescaling

-1\ = U—l(Mo,A,uo,,\) = Ao_1,

oo\ := 00(uo,n) = 00,

3.3.36
o1 = 01(Hox, o, Top) = A Lo, ( )
Va(A2t) == V(ux(A\2t) =V (t), te(0,T%).

In the following we fix

N o) S e
-1 luo(@)|l -1 (mey + lro(@) = Ll L2(r2)lluo ()] 2(r2)
such that

oox+0_1) =00+ Ao_1 =200, O1)= Aoy = 00_1(010_1). (3.3.38)

We consider the solution (uy,ux, 7)) of the system MINS— corresponding to the initial
data (o, uo.x, To,x) on the time interval [0, A2T*). We also define 7 (¢, z) = ‘:—i'(t, x).

Step 2: Preliminary estimates for a. We first summarize the energy estimates for a from
Section as follows (noticing |[al| 22 S [Vullp2z2)

1(#%a, 50V a) | 22 < Clog + 0-1)eC 0TtV (1),

N (3.3.39)
lall 22 < Coo,  [(Va,t'28a)| 12,2 < CarV (1), t € (0,T%),

where we used the initial condition ug € L2N H~! ¢ H~2 for all § € (0, %) In this chapter
we choose § such that

1 . 4 1 1 1
0 € (M,mln{4(2—:€€), ED - (274-67 5) (3.3.40)



3.3. PROOFS 79

Thus the constant C' in (3.3.39)) depends only on ., p*, €. In the following we aim to achieve
the L} W:;}’Q*E—estimate for the rescaled a) by applying an interpolation idea.

Let wy(t,2) = Vi -ux(t,z) = A 2w(A"2t,\"!z) be the rescaled vorticity and ay(t,z) =
(Ruwa)(t,z) = A" 2a(A"2t, \"1z) be the rescaled version of a. Then by virtue of (3.3.36]) and
(13.3.38]), the energy estimates in (3.3.39)) are rescaled into

H(a)\,t ay,t 2+5VG>\)HL2 L2 < CJOeCUOV( t),
1 (3.3.41)
||(Va)\,t’§Aa)\)HLi2tL2 < CUO (0—101)V(t),

for t € (0,T*), where we estimated 03 < 1+ 0§ in the exponential. By the interpolation
inequality (3.3.1) with r =2+ €:

lgllzo+e S HgH”E IVgli5e, (3.3.42)

we derive from (3.3.41]) that

€ € §) =—
faxllzr, zove S [[laxll 25 N300 ay | Z5e G0 55

L1(0,22¢)

< Ht2+6va H2+e Ha}\H2+e -(3 +0)gte

2(24¢)
[2(2+e€)—¢ (0,)\215)

< 00eCh0V (8), te (0,TF), (3.3.43)

L2

where for the last inequality we used
e If A%t <1, then (by (3.3.40) such that § — (3 +6)55 >0, ie. 0§ <1)

4 ~ (L _€ 4 ~
laxllzr, pase S 037 eV (2 >uaAH2+6 T ) S 00V ().

o If A2t > 1, then we decompose the interval (0, \%t) into (0,1) and (1, A\?t), such that (by

B340): 5 — (3 +0)55 — 2 <0,ie 6>

2+e)

€ 4~ € 6
lallzr, peve S 03 C”oV(t)(HouH?+ el g

€ 0 4.
+ ||t ax ||2+ el EIETE ) S 00 BV (1)
Similarly, we obtain

_€
[Valzs, poee S IVl 25 1% Aoy | 557705

L1(0,)2t)

< Ht'%Aatz |2+et IeE]

2(24¢€)
[2(2+e€)—¢ (07>\2t)
S 031(010—1)9260"3‘7(15), te(0,17), (3.3.44)
21 28 —e A—l—e
where 67 = l‘ﬁi , 00 = 1‘2*156 , and for the last inequality we estimated as follows:

o Firstly, for some t; € (0, \?t], we can bound

~

— —_€ -~ P €
IVaxlzs, r2ee S (o 1m_1>2+ev<t>(uww2+ 12l T 2o

__€e (1 2
—i—HtlZJrJVa H2+e L2”t/ 20219 (2+5)2+6HL2(t17>\2t))

€ ~ 2 1 2 26
< (0'610'10',1)27“6003‘/(75) ((Jalola,l)fetf“ +oitt 2“).
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2 2
e Secondly, if A%t > tg := (ﬁ)m then we take t; = to above, while if A*t < t; we can
simply bound with the first term in the bracket with ¢; = ¢g.

Now we can interpolate between (3.3.43) and ) to achieve

4 ~
laxlizy, roe S HCMH“( L2+GHVGAH2+E 124 S 00 (010-1)"e 70V (1), ¢ € (0,T7), (3.3.45)

41 26+ 2 4 25 +2¢
1+26 1+26
where 03 = 55— 2+691 (2+¢)2 >0, 04 = 2+e‘9 T T (2+e)2 > 0.

Very similar calculations show that ||t’%a||L§L2+e, Ht/%va||L2L2+e and ”t/%a”L%Loo can also be
bounded by the right hand sides of (3.3.43)), (3.3.44)) and (3.3.45)), respectively. We omit the
details here.

Step 3: L*L*"-estimates for (V7,d-u). We derive the evolution equation for 7 = =
from the equation for 7 as

Rl

T +u-VT=0u—T7(TQRT: Vu), (3.3.46)
so that by an application of the gradient to this equation we find that
VT L2+e S IV T0ll L2+ + /Ot VT L2+e |Vl Loe + |07Vl 2+edt’.
By virtue of and we have
107V ul| 2+e S (VT Orp) || L2ve ([ Vull Lo + [lal[zoe) + [[Val| 2.
Next, we deduce the evolution equation for dzu from the equations of 0, u and ‘71|:

D0t + - Ve = —0epu(7 - D), (3.3.47)

from which it follows that

70

||a?IU,”L?oL2+e S H&TOMOHLWWV(t), Wlth ?0 - m (3348)
Inserting this bound into the above estimate for ||V7|| 2+ yields
IVl 5o p2+e S (1(V70, 0o o) | 2e + [ Vall L2 p2+e) exp(Cllall ) V(E). (3.3.49)

By the definition (3.3.34]), the choice of A in (3.3.37)) and the scaling relation (3.3.38) we

obtain
HV%AHLigtL?‘FG + ||8%AM/\||L§3tL2+€
S (A= (V7o p2+e + (107 ol p2+e) + \|VCLAHL§%L2+€) eXp(CHGAHLithoo))VA()\Qt) (3.3.50)
= ((0g 'o_101) % + Hva)\HL;%LQ'*'f) eXp(CHa/\HL}\QtLOO)V(t), te (0,T7).

Step 4: Lipschitz estimates for u. The time-independent Lipschitz estimate (3.3.30|) for
the rescaled solution (py,uy, 7)) and Holder’s inequality with respect to the time variable
yields

IV, LmNHaW“ e (IVarllzy, ove
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2

+ (V7 O 10) 1, 2 | (Vun, an)ll g, 1)
A2t A2¢

1
[#39usll iz, o S IE3aAIEE, pove (IF Varlsz, sove

2
_ 1 e
+ ”(VT)\a8fF>\UA)|’LigtL2+E”t/2(Vu)\7a)\>HLi2tL°°) o

for t € (0, 7*). By use of the estimates (3.3.43)), (3.3.44)), (3.3.45) (together with the version
with respect to the time-weighted norm L?(tdt)) and (3.3.50]) above, we obtain

1
HVU/\HLI oo + 112 Vsl 2, oo
2¢ A2¢

2
< 02“ ((Go_lcr,lal)ﬁre + 0091 (07101)92) e eCUéV(t) exp(CJg?’ (07101)04€CU§VU))

&2

— _2e _ ~ ~
< o (0_101) @2 OOV () exp(ColP (o_101)"eC70V (), te (0,T).

~

We now perform the bootstrap argument. Let
1 *
A(t) == A(u(t)) = | Vullpi oo + [t'2Vullp2pe,  t€(0,T7)
denote a time-dependent nonnegative function, such that
V() = e A\(A%t) := A(ua(A%t)) = A(u(t)) = A(t), te(0,T%).

From the above it satisfies
2
€ 2¢
At) < CO‘S2+E)2 (o_1071) @+o? €% exp(CA(t) + Col (0_101)04600360A(t)).

Recall the definition of 03,0, in (3.3.45)) and the restriction of § in (3.3.40)), such that

Oy _Afgg+e  a-& L 2+ e(e(2+3€) ‘

O 4725 +2  22+¢) O(4+2)+e 2(4+3¢)°2

. € .

1scloseto§1f5—>(27+6)+,

; 41_2;;5+2e_ 2 By 2 2 1 < ( 2 2(4 + 3¢) )
YTTR24 602 T 24+€ 24¢ 1420 A+ (2+6)(8+ 3¢)

is uniformly bounded in terms of ., u*.

Under the smallness assumption

2 £ __2e _ C 4 3*3 04 C 4
2C%(0go_101) 29 "% —I—C’\/E(UO“U,lUl) e“% < (3.3.51)

1
57
by the standard bootstrap argument we have the uniform bound

€ 2¢
A(t) <2C(0fo_101) @+9? ecaé, vVt e (0,T7).

Notice that if the smallness assumption (3.1.27): o¢ 0 10'16608 < ¢g is satisfied, then we can
choose § € (2 o 4?2‘*_';6)) (recalling ({3.3.40)) close to 5+— such that 92 is close to §, and hence
m holds if ¢g is small enough. This completes the proof.

O]
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3.3.4. PROOF OF THEOREM [B.1.3] AND COROLLARY [3.1.5]

In this subsection we prove Theorem by use of the a priori estimates from the previous
subsections.

Proof of Theorem[3.1.5. We start with the proof of existence. The idea is to smooth out the
given initial data and then show the convergence of the approximation solution sequence by
uniform bounds and compactness.

Step 1: Approximation solution sequence. Given the initial data as in the hypotheses of
Theorem [3.1.3] we are going to smooth them out using the standard Friedrich’s mollifier. Let
n € C2°((0,00);[0,1]) be a smooth cut-off function with [p n = 1. Denote n;(z) = j*n(j|z|),
J € N. Define the regularized initial data by the convolution with 7; as

[ = po * 15, uy = ug * 1.
Then we have

poe < gy < 5 [l = Uz < llpo = Ulrzs Nuglla < luollm, H=H' L* H,

071 || 2+ < 1(Byp0) * njl| p2+e + [|[Ory, my*| ol 2+e < |07 1ol 2+ + C*||[ V7ol p2te.
(3.3.52)

We regularize the transported velocity and the viscosity coefficient in the Cauchy problem of

the coupled system MINS— as follows:

Op+ (wxm;) - Vu=0, O+ (uxn;) -Vr=20-(uxn;), (t,z)€ (0,00) xR,
Ou~+ (uxn;) - Vu—div((p*n;)Su) + Vr =0, divu =0,
(:u’ﬂ U/?T)’t:() = (M%a Ufé, TO)7 with 7_-8 - 7_-0-
(3.3.53)
By the classical existence theory (see e.g. [175]) there exists for big enough j € N a smooth

global-in-time solution (p/,u’, Vi, 77) of (3.3.53).

We remark that with the regularized “material derivative”

the first two equations in ([3.3.53)) mean that D{ i =0, and that d; commutes with Dg . Hence
(13.3.53)) implies the free transport of the tangential derivative 0, u

D} (0r41) = 0-(Djp) = 0. (3.3.54)

Consequently, similarly as in ((3.3.46]) and ([3.3.47), 77/ = % and O, p/ satisfy the following

equations:

KT + (uxny) VT =0x(uxn;) —T(TR7T : Vux1n;), (3.3.55)
OOz p + (u* ;) - Vorp = —0=pu(T - O=(u * n;)). (3.3.56)

We notice that the 7-equation in (3.3.53)) implies the boundedness and nondegenerity of the
vector field 77

1 1 . : .
||WHL?°L°° <l VI (), VI (2) = exp(C||[ VW || 11 e ),

I oo oo < VIt
7o < lrollz V(). Py
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as long as V() < co. We have this estimate for all time in (3.3.62)) below, which implies the
legitimacy of the definition of 77.

Step 2: Uniform bounds. We show that the a priori estimates in the previous Sections|3.3.1

and stay valid for solutions (p?,u/, Vr?, 79) of (3.3.53)). We denote a’ := Ruj*njwj
with w/ = V+ - u/. Recall the uniform bounds (3.3.52) for the initial data, and observe that

Firstly, the energy estimates ([3.3.8)) and (3.3.9) for u? follow exactly as before

5
I1t') UJ”L;mL?anHl

2 2 2 4
< C(Juoll p2ng1 + Il — 1HL2HuOHL2)eC(||u0HL2mH_1+||uo 1||L2Hu0||L2+||u0HL2)’ (3.3.57)

where we choose § € (ﬁ,min{zléfé), 1}) as in (3:3.40) and the constant C' = C(p, pu*,€).
Next, an application of the curl operator to the regularized velocity equation (3.3.53))2 yields
the following analogue of the vorticity equation (3.3.10)) for w? and a’:

Dlw’ — Ad? = —(Vrd s 1) - (V)T o = Ruj*njwj, w = VAT (3.3.58)

From this we deduce the L2-energy estimates (3.3.11)), (3.3.12)) and(3.3.14]) as well as H*(R?)-
estimates (3.3.13)) for a’:

. . l . .
10l e oz < CIVuollz2V2 (), 8367 e gz < Clluolli2Vo(1),  (3.3.59)

lis 4
1£2 27| oo oz < Cllluollpzng— + llro = Ll z2lluoll z2)
X ec(Hu0||izﬁH—1+||NO_1H2LQHu0||iz+“u0||i2)vj<t)’ (3360)
l . ~
1#3V0 | e 2y < Ol Vol 277 (0), (3.3.61)

with
VI(t) = exp(CHVujHL%Loo), VIt) = V() eXp(CHt/%VUj”LfLoo)‘

Indeed, as in the proof of (3.3.11)), we take the L?-inner product between ([3.3.58) and

al = Ruj*njwj to derive (3.3.16), with x replaced by p’ xn;, u/ - V replaced by (u’ xn;) -V

and the following additional terms on the right hand side:
L1, ) T ,
_ /Rz(v w x ) s (V) Ry o da
1 , ' 4 |
+ B /R2 ([Di7 *ﬁj]luﬂ) (((R2R2 _ RlRl)wj)Q + (2731722&)3)2)6[1-,

which can be bounded by [|[Vu/|| e ||w/||2,. The L?-estimates (3.3.59) and (3.3.60) follow
from (the modified version of) (3.3.16) immediately. Similarly, we take the L2-inner product

between (3.3.58]) and Rﬂj*m ARuj*njwj to derive (3.3.19)), with p, u replaced by p’ *1)j, ul *1);
respectively, and with the following additional integral on the right hand side

/R2 R i wn ((Vluj IDE (Vuj)T>Aajd:U,

which can be bounded by ||[Vu!||p e |la’||12||Aa’|| 2. The H'-estimate (3.3.61]) follows.
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Corollary [3.3.6{ holds via the consideration of o/ = (i ® (Tj)L) : (4 % n;)Su’). Then, along

IT9] 79
the same lines as in the proof for Proposition we deduce under the smallness assumption
(3.1.27) (with possibly a smaller ¢p),

. 1 . £
IV |y oo + 12V | 2 e < s 1*, €)([luoll 22 (luoll -1 + 110 = 122 ol z2)
(3.3.62)

= 24e % C 4
X (Vo 2 + (V7. By o) | v ) ) & eTlz2,

where we have in between used the uniform bounds for (V77, 9, u7) (recalling ([3.3.48)), (3.3.49)
and (3.3.55), (3:3.50))

||(ijaa%fﬂj)||L§°L2+f S (1(V70, 05 prg) | Lo+e + ”Vﬁj"L§L2+f) exp(C||aj||L%Loo)Vj(t).
To conclude,
. l . l . ~ . . s .
(w7, () 2007 2V oo parpzin + V() + lla? |y zee + 1V, 857 e p2e
< Co, (3.3.63)

forall j € Nand t € (0,00), where Cj is some constant depending on the initial data. Applying
(3.3.25)), (3.3.29) with p = 2 + € and using (3.3.31)), (3.3.59)) and (3.3.61)) we deduce

”(ajvarjuj)”LthL%e < Co (3.3.64)
uniformly in ¢ € (0,00) and j € N.
Now we turn to the uniform estimates for the stress tensor
T, (W, 7)== (@ *n;)Sw? — 7/ 1d.

By Lemma - |1{ and the u-equation in we have the following equality
Vial — Vil = div T, (v, 77) = Diw,
with o = Ruj*mwj, Vil =V (n! — Qm*njwj).
The curl-free part of the above equation (noticing divu’ = 0)
—V# = VA div D{v/ = VA~ div ((u * n;) - V) = VAT (Ve ;) « (Vud)T)
implies from that for any t € (0, 00),

IV# |22 S NI 5 ) - Vil || 2o

o [ A R A P
J— . 2 .2 . o€
S e N P e 2 e (3.3.65)

1 i 1 . .
1V2V25 o2 S (182 (Ve xny) (V)| 22
S IV |l e 212 V|| 2 < Co
Thus

(v Ty 7, 77), 3 Vi Ty, 7)1 < 1|(V 40,83 B0 |22 + (VAT £33 0
< Cp. (3.3.66)
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Step 3: Convergence. By virtue of the above uniform estimates and standard compactness
arguments, there exists a subsequence of the approximation solution sequence, still denoted
by (17, u’, Vil 17), converging to the limit (u,u, V&, 7) which satisfies the properties stated
in Theorem Indeed,

p = in L([0,00) x R [0, 00)),
W S in L>([0,00); L?(R?)),
Vul = Vu in L*([0,00); L?(R?)),
i Aor in  L®([0,00); L® N W12t¢(R?)),

VAl =~ V# in L2((0,00); L?(R?)).
By the equation (3.3.53)); for u/ and the above convergence properties of v/ (and thus of
w’ xnj), [175, Theorem 2.5] yields p/ — p in C([0, TT; LY ) for any p € [1,00). Consequently,
we have i/ — p almost everywhere on [0, 00) x R? (up to subsequence), which implies that

(1 % m;)Su! — pSu in LILL., Vt > 0.

Furthermore, by the u-equation in (3.3.53) and the uniform estimates in Step 2, dju’ is
uniformly bounded in L?L?, and hence u/ is relatively compact in LY L{ . for all p € [1, 00)

loc

and t > 0. Together with the fact that «/ is uniformly bounded in L}L* we conclude that
(W xmj)@uw —~u®@u in LIL? Vt> 0.
Similarly p/(w/ * n;) = pu, 77(w * n;) = Tu in e.g. LL2. Tt follows that (u,u,Vr,7),

with Vr = V7 + Vb and b = QM(VL - ), solves uINS— in the distribution sense. The
properties (3.1.28)), (3.1.29)), (3.1.30) and (3.1.32)) follow from the estimates in Step 2.

Step 4: Uniqueness. The uniqueness follows from the L}Lip-bound for the velocity
field. More precisely, let (u;, u;, Vi, 7;), i = 1,2, be two solutions of — satisfying
(3.1.28)). For the uniqueness of the viscosity function we make use of Lagrangian coordinates
(see also [60, Section 4]). Let X; : [0,00) x R? — R? denote the flow of u; defined as
Xi(t,&) = &+ [fuw(t, %, €)at, for i = 1,2. Let fi;(t,€) = pi(t, X;(t,€)). Then the
transport equation (uINS); implies that 0yf1; = 0, and thus f1;(¢,€) = 1;(0,€) = po(€), i = 1,2,
for any ¢ € R2.

The uniqueness of the velocity follows from the energy estimate
t
6l e 2 + 1980l 212 < 60O exp( [ [Vuallzd’) (3.3.67)

for the velocity difference du = uo — u;. Indeed, (3.3.67)) follows by testing the difference of
the momentum equations (uINS))o for w1, ue by du and then applying Gréonwall’s inequality.

Finally we have Vm; = Vmy from the momentum equations, and 71 = 7o from the 7-
equation. ]

Now we prove Corollary

Proof of Corollary[3.1.5 [ The assumptions and hence the results of Theorem hold.
The regularity propagation of the viscosity coeficient Vo € L L9 follows immediately from
the Lipschitz regularity of the velocity field 3 and the evolution equation for Vyu:
vVu+u-Vyu=-Vu-Vpu.
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To prove (3.1.36), since Vu = RR1w, it suffices to show t%Vw € L?((0,00) x R?) with
q € [2,00]. Notice that R,Vw = Va — Ry,w, so that the L2-invertibility of R, implies

1 1 1
639wl ons Su. 1655 allzore + [ ValenalltiVal | o

q—2
; 2 ol
Sue 10 e Vallpape + (Vaullpee pal [Vl 12 /2 182Vl f2 ) oo
where we used that (RaRa — R1R1)w = —(D2ug + d1uz2) and 2R Rew = daus — d1uy due to

divu = 0. By (3.3.11]), (3.3.14]) and (3.3.33]), the right hand side is bounded, which concludes
the proof of (3.1.36)).

O]

We follow the strategy performed for the density patch problem, cf. |[166, Section 2] and [198,
Theorem 1.3], to show the regularity propagation of the viscosity patch problem, provided
with the Lipschitz continuity of the velocity field. The construction of nondegenerate tangent
vector field is found in Appendix

Proof of Corollary[3.1.5 - [2

As the assumptions in Theorem are fulfilled for the viscosity patch-type problem (3.1.37))
stated in Corollary -[2], there exists a unique global-in-time solution (p, u, V) of (LINS)),
satisfying all the estimates in Theorem [3.1.3]

The Lipschitz regularity of the velocity field 3 guarantees the existence of the flow
X :[0,00) x R? - R?, defined by the initial value problem X (t,£) = & + [Ju(t', X (¢',€))dt,
such that X (¢, -) € Lip(R?; R?) with VX[ Loopoe < exp(||Vu||Lt1Loo) < oo forall t € [0,00). By
classical transport theory we know that the fluid viscosity is given by u(t,z) = pu* (¢, z)1p,(z)+
p~(t,x)1pe(z) with the time-evolved domain D; = X(, D) and pE(t x) = pE (Xt ),
where X~1(¢,-) denotes the inverse of the mapping X (¢, ) with respect to the spatial variable.
From the fact that uf € W'2T¢(D) and py; — 1 € L2 N W2T¢(D°), we deduce pu*(t,-) €
Wh2te(Dy) and p=(t,-) — 1 € L2NWh2t¢(D,°) for t > 0.

1
Now we parametrize the boundary 0D of the initial domain with a function vy € W2_2T6’2+6(Sl)
defined as

Y0 : St = 0D, such that 9sy0(s) = To(70(s))-

Then the boundary of D; can be parametrized by X (t,vo) : S' — dD;. Differentiating with
respect to s yields

DX (t70()) = T0(30(s)) - VAL, 30(s)) = 7(t, X (£, 70(s)))- (3.3.68)

Due to the uniform bound of 7 € L{°(L> N W12+€) | the trace theorem implies the right
1
hand side of (3.3.68) lies in W'~ 2+*"¢(S!). This shows that the parametrization X (¢, 7o) is

contained in W2~ zre 2T (S'). By another application of the trace theorem we conclude that
OD; € W22H¢(R?). The regular patch structure is preserved.

Finally, due to the continuity of w and T'(u, 7)n provided by (3.1.28)) and 13.1.321 , respectively,
on the interface I'y = 0Dy, the solution (u,u, V) also solves (3.1.10) with Q" = Dy, Q; =
D" O
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3.3.5. PROOF OF THEOREMS [3.1.7] AND [3.1.9

Recall the main estimates obtained in Steps I, II, III, which were used in the conclusion of

L Lip-estimate for the system MINS- in Subsection m

« Step L. Estimates for [|al| iyy1.2+, Ht’%aHL?WL%E, lall L1 g~ in terms of
V(t) = V(1) exp(Cl[t'2 V| p2 ), with V(£) = exp(C||Vul 1 o). (3.3.69)

e Step II. Estimates which follow from Corollary

€

IVullgipee < IICLHEQM(HV@HLgmﬂ

2

— 2+4€
+ (97, e e e [ (Vi) [ 1 ) 57

(3.3.70)

1 15 1
12Vl e < 11EZall 73 pre (142 Val v

2
_ 1 2Fe
+ (V7,00 | o poe |2 (T, @) 210 ) T

where by use of the transport equations (uINS|),, for u, T respectively,

I(VT, 0z i) g poe S (1(V70, Or o) L2+ + [Vl py p2+e) exp(Cllallpy )V (E). (3.3.71)

« Step I1I. Inequality for A(t) = |[Vul 11~ + Ht’%VuHL?LOO of type A(t) < Coexp(CA(t)+
gexp(CA(t))), with 0,6 depends only on the initial data.

As the estimates from Step II hold universally, in order to prove Theorems [3.1.7 and [3.1.9} it
suffices to derive the W1 ?*€ estimates for a in Step I, such that the bootstrap argument in
Step III works.

We first outline the proof of Theorem Different from system (uINS|) where we derived
directly the H'-energy estimates for a in Step I, for the Boussinesq equations we first
derive the H'-energy estimate for ay = a — R_19, which takes into account the buoyancy
force ves.

Proof of Theorem . We aim to establish a priori estimates for

1
190l g piner + Null oo 2z + lall oo p2mrzn + 112V al oo a2 -

Firstly, the transport equation with divergence-free velocity vector for the temperature 1
yields

19l zgerrs = [[WollLr, Vi€ [1,r] D [1,2+¢], (3.3.72)

where the last inclusion relation follows from the assumption e € (0, min{eg, 7 — 2}].

Compared to the system (uINS|), there is an additional term ¥es on the right hand side of
the velocity equation 2. Consequently, the vorticity equation (3.1.21)) is replaced by

Ow+u-Vw—Aa=089, withw=V"-u, a= Ruw, (3.3.73)

which is derived by applying the curl operator to the velocity equation 2. We follow the
proofs of Proposition [3:3.3] and Proposition [3.3.4] to derive the energy estimates for v and a.
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Taking the L?-inner product between the velocity equation 2 and v we derive by Cauchy-
Schwarz inequality, Young’s inequality and (3.3.72))

lullZee 2 + IVl 722 Spo. (o, 90)] 2. (3.3.74)

Next, using the same arguments as in the proof for (3.3.11)) we deduce from the vorticity
equation (|3.3.73) the following estimate

1
lallZee 2 + IVallZ2 2 Spr lwo, t200) 72V (2),  V(t) = exp(Cl|Vull o). (3.3.75)

H'-estimate for I'. To obtain higher order energy estimates for a, motivated by e.g. [124],
we define the quantity

I'=w-R,'"R10, withR_; =0 (-A)"".

From the energy estimate (3.3.75)) above and the relation VR,I' = Va — VR_1¥ = Vay we
deduce from (3.3.72))

1
IVRATI2: 2 S IVal2ap0 + 191222 Sy w0, 390) 3V (1), (3.3.76)

Now we derive the H'-energy estimate for R,I' = ay, similarly as in the proof for (3.3.13).
Applying the operator R;lR,l to the temperature equation 1, subtracting the resulting
equation from the vorticity equation (3.3.73|) and using Aa + 019 = A(R,I"), we obtain

D

O +u-VL — AR, = [R,'"R_1, o

9. (3.3.77)

We take the L2-inner product between ([3.3.77) and RMI" and perform similar calculations as

for (3.3.13) to derive
1ld
2 dt
—/ R,'R_ 1,Dt]19) - (Ruf)daz—/2VRuF-Vu-VRuFdx (3.3.78)
R

+ [ AR ([Rys D)

/ VR, T|*dz + /]RZ u(((Rsz —RiR)T)? + (2731732f)2>d~’0

By the commutator estimate (3.3.3) we have

D 1 1 1
1[R ﬁt]fllm Surpvpe 1VUllLez || fllzes s o + 0 o M€ 2,00), p2 € (2, 00].
(3.3.79)
Hence
D D D, __
TRy 15l e < MRy 1 Jwlle + (TR, E]Rulﬂ—ﬁ?\\m

S IVull=llwlzz + Vel 2ero Ry R-19| g2+,
where by Sobolev embedding we can bound

IR R_19|2ve S IR-19] 2+ SIVR-1I| 2010 S 9 2040-
L 4+e L 4+e
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Similarly the commutator

D
“IR_ 9= _ ", " 10
[R/,L R laDt] R [R 17Dt] +[/R’,u ’Dt]R 1
D
=R, (R_qdiv (ud) — u- VR_19) — R, '[R,, E}R;%_m

can be bounded by

D
RIAR_1, =102 < oo ||V \Y o |0 o,
IR, 1,Dt] e < llullee (|92 + || uIIL2<z€+>H Hngp

where we used the L?T¢-boundedness of R;l. To conclude, we obtain together with Young’s
inequality and the identity AR,I" = I+ [R;lR_b %]79

d .
ZIVRATIZz + (|0, AR,D) 72

D
Iy Dt]FHL2

Sy |Vl e [VRLD 2 + [[Vullfoo ol + [lullZoe 91172 + ||VUHi2(2+e) ||79||2Lz<42++e)-

_ D
S |[R R, EWII%Q + Va2 [VR,TI[Z: + IR

We multiply the above inequality by ¢ and make use of Gréonwall’s inequality and interpolation
inequality to obtain

1 3(T
|42V R (@)52 + 12 (), AR 12
t :
Suewr (VR o + lelEers + [ [0l 912 + 2190l sy 191 s )V 1)
0 L € L 4+e

- 1 ~
S (IVRL T2 12 + lallfee 12)V (1) + IIUIILsz\IVUIILng 182917 o0 2V (2)

1 4 1o
+IIt'QVUIIEEMIIVUIlﬁzzllt'QﬁszﬁpIItﬁllzi-fp (t),

where V (t) was defined in (3.3.69). Inserting the estimates (3.3.72), (3.3.74)), (3.3.75) and
(3.3.76)), we conclude the time weighted H'-estimate for R,

|3 VRD|F 2 + 12 (0, ARLD) 5,

< (1o, 500 + 11 (o, t90) 2 €390l 3 + 1o, t00) | 247 N 0l 257 10l 227 ) ¥ ).
(3.3.80)

W2+e(R?)-estimate for a. We set

1 3__1
oo = |luollp2, o9 =09(t) = |[t200|p1 + [[tDol| 2 + |[t27 ZH Do || 2+,

G0 = 60(t) = o0 + 0y,

1 1 € 1 1
t261 = t2||wol| g2 + 2+ ||(VTo, Ory pto) | 2+ + 09(1 + 06 + o).
Notice that the Boussinesq equations are invariant under the following scaling:
(O, ux, Ta)(t, ) = A3, A lu, A2 (A28, A1), A >0,

and hence oq, oy, t%(}l, V (t), V(t) are also scaling invariant. Let us recall the estimates (3.3.74)),
(3.3.75) and (3.3.80) we established above (noticing oI <1+ U%)I

lallzzre < Coo,  1(Va, VR g2z < CorV (D), 2 ART | 12p2 < CorV (2).
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Using interpolation and Hoélder’s inequality we estimate

1 1 130 7= N P SR
lallpyrese S 2 llallpzrzee S t2llallf27:Vall e S 825667 (£261) 5V (2),
IVallpipore < [VRuL1p2ee + [[VR_1D| L1 g2+
2 1 1 e
SIVRL | f37a 182 AR, 2722 2259 4210 | L2+
<TI0 (1261 + o)V (t) St 205 (t261) V (1),
€ 2¢ 2

2 5 7,01 =< 4 2 .
lallyzee S Nlallfi7eecIVall fiare S 607 (£261) G0 77V (1),

. . 1 1 1
and similarly for the quantities ||¢'2 allgzpe+e, |t Val 2p2+c and |t allg2poe-
Conclusion. Recall (3.3.71)):
_ —e 1\
(VT 0zp) || g po+e <t 25 (£261)V (t) exp(Cllall i 1<),
and (3.3.70)):

1
IVull i oo + 12V 2 oo

2

2e¢
€

e . 2 _2e 2 L2
< (#7960 (4260) 75 ) 7 (70 (1260)) TV (1) exp(Cap T (#260) B TV (1)),

With A(t) = | Vul| 1 oo + [|t'2 V]| 3, the above shows that

2¢

__2e _ 62 2 62 2
A(t) < C587 (135,) @02 25 exp(CA(t) + C5 (t36,) @ra? T 74 (CAW),

For T > 0 satisfying (3.1.41)) the following smallness condition is satisfied

2e 2

€ 2 1
(202 + C/e)do(T) @ (T35, (T)) @2 T 74 < 5 (3.3.81)

and we obtain via a bootstrap argument the uniform bound

—2¢__ _2 2 1
A(T) < 2C50(T) @ (T26,(T)) B2 7 < o

Finally, following the proof of Theorem in Subsection we complete the proof of
Theorem [3.1.7] ]

Proof of Theorem . Firstly, since the density function p(t,z) and the viscosity coefficient
w(t, ) = pgen(p(t, x)) both satisfy the free transport equation, the initial lower and upper
bounds are preserved by the Navier-Stokes flow a priori

0<pe <p(t,z) <p*, 0<pe<p(tz)<p

In the following, the constant C' depends only on the positive constants p., p*, ., p*, € and
| t4gen | o ([ps p*])» @nd may vary from line to line.

With appropriately adapted modifications, we set as in Subsection [3.3.3]

oo = |luollz2 + llpo — 1| 2| Vuol| 2,
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2+4e
o1 = [[Vuoll 2 + |(V70, Or, p0) | 4
o1 = |luollg-1 + llpo — 1 2[[uoll L2,
~ 1
V(t) = exp(C||Vullpipe),  V(E) = exp(C(IVull iz~ + [1E2Vull g2 00)).-

The energy estimates for v in Proposition are still valid for equations (INS) with some
modifications:

Vpullzee 2 + [Vl 22 < C(ps)uol| 2, (3.3.82)
1 ul 2 + () Vull 22 < Clpe, 1) (o0 + 71)e 0T 7= XLV Oy 1) - (3.3.83)

where we take § € (2_1H,nrun{442"_’:6 i1 c (%-‘FE’%) as in ((3.3.40). Indeed, (3.3.82) is the
classical energy estimate which follows from taking the L?-inner product between u-equation

and u itself, see e.g. [175]. The estimate (3.3.83) was also established in e.g. [11} 242], and we
sketch its proof at the end of Appendix [3.C] incorporating the necessary modifications to the
proof of Proposition and emphasizing the explicit dependence on the initial norms.

Higher-order energy estimates. We claim the following estimates (in analogy to Proposi-

tion

IVull ez + il 212 < Clue i, pas 09IV g | g2 V22 v (1), (3.3.84)
13Vl e 2+ (182 212 < Ot 17, prs 7)o | 12622 V7 (1), (3.3.85)
1'% /il Loz + 102600 212 < Clpass i”, ps p) |Vt 261022 7 (2), (3.3.86)

[#5%%all e 2 + 1#3709all 22 < Clptas 1*, pes 97 (00 + 01 )OO0 Hm) RV Dy ),

(3.3.87)
We only explain the main ideas of their proofs.

(3.3.84)) is established in e.g. [11]: taking the L? inner product of (INS)2 with 1, performing
integration by parts, using the duality between
7= —(—=A) " divdiv (uSu) + (—=A)"'div (pu) € L? + BMO
and diva = Gju;05u; € L? N Hardy space H',

and finally applying Young’s inequality and then Gronwall’s inequality yield (3.3.84)). The
time-weighted version ([3.3.85)) of (3.3.84)) follows similarly. The decay estimate (3.3.87)) follows

from (3.3.83)).

We now show the time-weighted L?-estimate for @ in (3.3.86). With the decomposition
(3.1.11)), the momentum equation (INS)), reads

pi—Vita+Vi=0, 7=mn—b (3.3.88)

We apply % onto both sides, take the L?-innder product with @ and use the transport
equation D% p = 0 to derive

D 1
/ pﬁu de_/Rsz a - ud:z—k/RQFVw udx = 0.

In the following we reformulate each integral one by one.
« By (INS); the first integral is equal to 3<% [zo pli|*dz.
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e The second integral can be rewritten as

Do, .. D ., . L : D .
_/R2 Dtv a-udr = /Rz[Dt’v la - udx /RQV <R“w+[Dt’R“]w) udzx

D
_ _ N2 N2 R )
_ /R ((RaRs = RiR1)@)? + (2R1Ro)? ) dar + [ o Rulw e
+/ iL'VJ‘u'Vadx—l—/ (R o+ 2R Jw) [V Livde
R2 R2 ’ Dt * " Dt

« Using integration by parts and the fact that divu = 0, divi = Vu : (Vu)? we obtain

Do. . _ D. . D _._ .
/RQEVW-ud:U— szﬁtw'uHﬁt’V]”'“dfﬂ
= d s : T . D . T ~ . T
== /R27rVu.(Vu) dm—l—/szDt(Vu.(Vu) )dx + RZFVU.(Vu) dx
d
:_7/ ﬁVu:(Vu)de—i—B/ #Vu : (Vo) de,
dt Jr2 R2

where we used in the third line that

Dgt(Vu S (Vu) ) = 2Vu - (V)T — 2(0u - Vu) - Vu; = 2Vu : (Va)T,

which follows from explicit computation

(@u . VU,) -Vu; = (81U1)3 + (82u2)3 + 301us0ru1div u
= ((81U1)2 + (82U2)2 + 201uQ82u1)divu =0.

Summing up, we showed that

%(% /RQ plaf*dz — /Rz T™Vu: (VU)wa) + /R2 u(((R2R2 — RiR1)w)? + (2R1R2w)2)d:n
== /Rz ([%’ Rulw @+ Viu: (Va)') + i Viu- Va + Ruo(Viu : (Vu)h) )dx

-3 | #Vu: (V) d. (3.3.89)
R

Applying the commutator estimate (3.3.3) we see that the first integral on the right hand side
is bounded up to a constant by

IVl (IVull 2 (1@l 2 + 1Vl oo [[Vull2) + [[@] 2] Val| 22)
S IVulloe (IVull g2 lloll 2 + il 2l £2) + [Vl foo [Vl 22,

where the above inequality holds due to V+a = P(pt) with the Helmholtz projection P by
(3.3.88). The formula V# = —VA~!div (pu), the fact that Vu : (Va)? = div (% - Vu) and
integration by parts yield

| [,V (Vi) de| = | = [ V7 (i Va)del S lpill el | Voo

We insert these estimates into (3.3.89)), multiply the resulting inequality by ¢ and integrate in
time to derive

1 1
1£2 /Pl Ze + 12017 12
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S /Ot |/pte||32dt" + /Ot‘/]R2 aVu (Vu)Tde"dt/ + t‘/}R2 aVu (Vu)Td$’
+ /0 Vo (Val g2 €302 + 1 pil )t + 13 Va2 e [Vl
Souwr VU2 12 + 1ol 222l Vel e 12|Vl 22 + (162 pitl] 2 [#2 Vu]| e 2| Vsl o 2
+ 162 Vul| 2 oo |Vl oo 2|t 260 212 + /0 el 1% Bl 2
+ €2 Vul 3 o | Vul e 12
In the second inequality, again, we used the duality between BMO and the Hardy space H!,

the continuous embedding H'(R?) ¢ BMO(R?) together with V# = (Id — P)(pt), and the
inequality ||[Vu : (Vu)T|j3 < [[Vul2; from [47], to derive

[, 790 (Vu)Tda| S [#lmvio IVl S il 2l Ve
We find by Young’s and Gronwall’s inequality

12 Bl 2 + #2613

- . 1 1
Spoor VOB 2250 + V02 (1l 2 2+ 103Vl 3o o + (€302 ))-

Inserting the estimates (3.3.82)), (3.3.84) and ((3.3.85|) results in ((3.3.86]).

Wh2+€(R?)-estimate for a. First, notice that it follows from the Helmholtz-decomposition
Vi = RRYw + RR(Vu : (Vu)T) that

1 . 1, 1 C 2
12Vl 22 < 12600 p2e + 182Vl 2o [Vl oo e S [ Vol g2e”™ 2V (2). (3.3.90)

We derive from (3.3.84)), (3.3.85)), (3.3.86)), (3.3.90) and (3.3.87) the following estimates for a:

H(t/‘sa,t/%MVa)HL%LQ < C(og + U_I)GC(US‘FUQ_J‘3><D(C|IU()|\2L2)V('f)v(t)7

2 ~
lall 22 < Coo,  [|(, 2 Vi) 212 < Corel™le2 V().

where a and 4 are related by V1'a = P(pi). These estimates are the analogue of (3.3.39) in
Subsection up to exponential factors and the replacement of Va by 4. Thus we can
proceed exactly as in Subsection W Scaling with A = 7 yields the following estimates
for ay:

1 2 2 ~
”a)\HL§2tL2+€ + ”tlga)\HLi%LWre S O_OeCO'O eXp(C“uO“Lz)V(t)V(t)’

2 2 -
||va>\HL12 Lote + ||t/%va>\”L22 Lote S 0_(0)1 (0'710'1)026000 exP(CHUOHLQ)V(t)V(t),
A2¢ A2¢

HaAHL12 oo + ||t,%a>\HL22 1o S 0.83 (0'_10'1)94600(2] exp(CHUOHiz)V(t)V(t),
A4t A4t
with the same exponents 01, 02, 03,0, as in Subsection [3.3.3

Conclusion. With A(t) = |[Vul[L1 + Ht’%VuHL?LOO, we have derived

52
A(t) < Col” (0_101) @e? (€8 exp(Clunlly 5 +CAW)
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x exp(CA(t) + C'Ug3(0_101)64600g eXp(C||u°H2L2+CA(t))eCA(t)).

If the initial data satisfies

2

7
22 (03 g_100) e CVETR R Clunla) | 0 /e(0t gy oy)CVER @R Cluolle) < L g 5 97
5 (33

then with a bootstrap argument we arrive at the uniform bound
A(t) < 20(0f 0_101) TP (LVEoB exp(Cluollyy)

Notice that as before, the smallness condition (3.1.42]) with sufficiently small c3 implies the

condition ([3.3.91)) above. Following the proof of Theorem in Subsection completes
the first part of the proof of Theorem [3.1.9] The statement about the density-patch is proved

exactly as for Corollary -2l We omit the details here.
O

3.A. APPENDIX: PROOF OF LEMMA B.1.1- 2
We sketch the proof of the invertibility in L2+¢(R?) of the operator
RM == (R2R2 — RlRl),LL(RQRQ — RlRl) + (2R1'R2)/L(2R1R2),

given the positive lower and upper boundedness of the coefficient: p € [py, p*], in three steps.
The ideas can be generalized to a wider class of elliptic operators.

Step 1: L2-invertibility. This is another proof of (3.1.24)), by use of the ellipticity of the
operator L.

Firstly, we define the homogeneous space H2 (R?) in such a way that it is complete, for example
by factoring out polynomials of order 1. Then H?(R?) is a Hilbert space, on which we define
the bilinear, symmetric form

a: H*(R?) x H*(R?) — R,
(’U, w) — /]RQ 'LL((822 — 611)’[)(822 — 811)21) + 4812’0812’[0) dx.
The bilinear form a is bounded and coercive with lower and upper bounds as follows

a(0,0) 2 B2 IV20)2s, oo, w)] < 207 V20 2| PPullpe, o, w € HE(RE)

By the Lax-Milgram lemma there exists for all g € H~%(R?), the dual space of H%(R?), a
unique element v € H?(R?) such that

a(v,w) = (W, g) g2 -2,  Yw € H*(R?). (3.A.1)

That is, for any g € H ~2(IR?), there exists a unique weak solution v € H? (R?) of the elliptic
equation
ﬁu’U =g, with Lu = (622 — 811),&(822 — 611) + (2612)#(2612).



3.B. PrROOF OF LEMMA |3.3.2; COMMUTATOR ESTIMATES 95

Now we define the bounded operator dive : LQ(]R?;]R‘?) — H2(R%R) as follows. For
G = (G1,G2,G3)T € L2(R%;R?), we define divo G € H~2(R?) by

<w, divy G>H2><H—2 = /2 (Glﬁnw + GoOypw + Ggamw)dm, Yw € HQ(RZ).
R

Then the operator
A: L*(R%R?) — L*(R%:R?), G — VAL, diva G,

is bounded on L?(R?;R?), where we identify V2 2 (011, a2, 012)" . Indeed, for G € L?(R%;R3),
let vg € H?(R?) be the Lax-Milgram solution of £,vg = divo G in the sense of (3.A.1).
Choosing w = vg in (3.A.1) and using the coercivity of the sesquilinear form a yields the
boundedness of 2 on L?(R?;R?) as follows

%HV%GH%Q < Rea(vg,va) = Re(vg, dive G) gay -2

< lvellg ldive Gl -2 < 1Vvell 2 1G]l 2

Step 2: L?**“-invertibility. In order to prove that the operator 2l is bounded on L?¢(R?;R3),
€ € (0, €p] for some €y > 0 we are going to make use of Z. Shen’s theorem [220, Theorem 3.1],
which is a version of the Calderén-Zygmund Lemma. More precisely, if there exists some
constant C' > 0 such that the following holds for all zg € R r > 0 and G € L*°(R?;R3) with
compact support outside Bs,.(x¢)

1 1 1 1
) q 7 < T 2 2
(TQ/;A$M|QK?|dx) _(?(4r2/;%um“QK?]dx) , (3.A.2)

then 2 is bounded on LP(R?;R3) for any p € (2, q).

We sketch the proof of (3.A.2). For this let zg € R%, r > 0 and G € L>*(R?;R?) have compact
support with G =0 in Bs,(xg). Then vg = L;ldiVQ G is the solution to

a(vg, w) = (w,divo G) jray g2 = 0 Yw € C°(Bar(20)),

and hence, £,vg = 0 in Ba,(z¢) in the sense of distributions. Thus A. Barton’s higher order
version of Meyer’s reverse Holder estimate [21, Theorem 24| yields the existence of some

q € (2,00) such that (3.A.2) holds.

Consequently, 2 = V2£;1div2 is bounded on L?T¢(R?;R?), Ve € (0, ] for some ey > 0. In
particular, lel = Aﬁlle is bounded on L?T¢(R?), which concludes the proof.

3.B. ArPPENDIX: PROOF OF LEMMA 3.3.2: COMMUTATOR

ESTIMATES
Proof of Lemma . The proof of the first estimate (3.3.3]) can be found in A. P. Calderén’s
article [33, Theorem 1].

We sketch the proof of the second statement in Lemma [3.3.2] Recall Bony’s decomposition
for a product into low-high frequency, high-low frequency and remainder parts below:

FG =TpG + ToF + R(F,G),
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and we refer to [18] for the precise definitions of the paraproduct TrG and the remainder
term R(F,G). We apply Bony’s decomposition to the product dxR?g = X3(R?0g) and
div (Xg) = Or(Xrg), for X = (X1, X2)T, to achieve
axR2g = [TXk,RQBk}g + TRQ(?ngk + R(Xk, Rzakg)
+ R*div (X g) — R?*0pR(Xk, g) — R*WT, X,

where we used the Einstein’s summation convention to omit ), above. Observe that for
q > 2 (see for example [18] or the proofs of [198, Lemma 5.1] and [55, Lemma 2.10])

(T 0 Xk, Ok Th X1, R(Xg, Oxh), O R(Xy, b), [Tx,, R?0k|0) || SNV X Lallhllze.  (3.B.1)
This (with h = R?g or g), together with

IR*div (Xg) Lo S 10x9llLe + VX || Lellgll oo,

and the fact that ||g]|z~ = ||[(R1R1 + RaR2)gllr~ < 2||R?g||Le yields (3.3.4)), (3.3.5).

Next, we show (3.3.6). Denoting P; = RoR2 — RiR1, P2 = 2R1Ra, such that R, =
P1uP1 + PapPa, and using the identity dxh = div (Xh) — hdiv X, we calculate

[Rlbax]g
= P1pu[P1,0x]g + Pilp, Ox|Prg + [P1, Ox|pwP1g + Pap[P2, 0x]g + Palu, Ox|P2g + [P2, Ox|1Payg
= —731,LL((9X7319 — P1div (X g) + P1(gdiv X)) — (6XP1;L7719 — P1div (X pP1g) + P1(pPrgdiv X))

— qu(angg — Podiv (Xg) + Py (gdiv X)) — (6)(7)2#7)29 — Podiv (Xpng) + Py (puPag div X))
— P1(0xuP1g) — P2(0x uP2g)

=— (771M(3X7719 — P1div (X g)) + Popu(0xP2g — Podiv (Xg)))

- (Ru (gdiv X) + P1(uPrg div X) + Py (uP2g div X))

— ((OXPWPlg — P1div (X pP1g)) + (OxPopPag — Podiv (X;ﬂ?gg)))

- (P1(3xu731g) + 7’2(8)(#7329))-
We apply (3.3.5) and the LP-boundedness of Riesz operators to bound the first and second
brackets on the right hand side in LP(R?) by ||[VX||Lr|R?g||1e, respectively. The fourth

bracket is bounded in LP(R?) by ||3X,U”LQHRQQ||L£- Similarly as above, we use Bony’s
q—p
decomposition to rewrite the third bracket on the right hand side above as

[T, Ok P1pPrg + To,py g Xk + R(Xp, O P1iPrg)

— P10k (Typ1g Xk + R(Xk, 1P19g))

+ [Txk,akPQ]ung + TakPQMPQQXk + R(Xk, 6kP2MP29)
— PoOk (Tyupyg Xi + R(Xg, uPag)),

where by (3.B.1)) all terms can be bounded in LP(R?) by ||VX||z»||R?g| L, except for

T, prpPrg Xk + R(Xk, Ok PLuP1rg) + T, poppog Xk + R( Xy, O PapiPag)
= T@kRMng + R(Xk, 8kRug).

Again by (3.B.1)), these last terms satisfy

T8, R,g XkllLa + [[R(Xk, O Rug)Le S IVX||La|RpugllLoe-
This finishes the proof of (3.3.6)).
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3.C. APPENDIX: PROOF OF PROPOSITION 3.3.3: ENERGY
ESTIMATES FOR THE VELOCITY FIELD

In this section we prove Proposition [3.3.3] and at the end we mention the changes in the proof
of (3.3.83)) for the density-dependent Navier-Stokes equations (INS]). We recall the definition
of the Fourier transform of a Schwartz function f(x) € S(R?) as

FO=FN© =5 [ e sa)ds, R

:27T

and we define the Fourier transform of a tempered distribution g € S'(R?) by duality:
(9, Ns.s =19, s s

Proof of Proposition[3.3.3

o Proof of (3.3.8): Multiplying the momentum equation (uINS)2 by u, integrating over
R? and using integration by parts result in

Ld
2dt
The estimate (3.3.8) then follows from integrating in time over [0, ¢].
o Proof of (3.3.9): We claim the following decay estimate

lu()lIZ2 + 2 Vu(t)l|Z> < 0. (3.C.1)

u(t)| 2 < CsaoeC @0t Imolli2) (g)y=o- (3.0.2)

where d_ € (0,9), o0 = ||uo||p2nz—26 + |lt0 — || 2 ||uol| 12, and Cjs is a constant depending
only on §_, 9, fix.

Now multiplying both sides of (3.C.1)) by (£)?*" = (e 4 #)*', ¢ > 0 and integrating in

time we obtain
/ ! t ’_
1) w132 + 20| (E)° VUHing < lluollZ2 +/O )2 () |32t .

Thus (3.3.9) follows from the claim (3.C.2]) by choosing ¢’ € (0,_).

Proof of the claim (3.C.2)): We now turn to showing (3.C.2)). The idea is to use a
time-dependent cut-off in frequency space similar to M. E. Schonbek’s Fourier splitting
method [215, 216] (see also [242, pp. 310-311] or [11]). Let g(¢) be a positive function to
be determined later, and let S(¢) denote the low-frequency set with respect to g(t):

s = {eer 1) <[5},

Then we deduce from that (noticing a/a;jf (&) =& F(€)
d
GO + POl < g°0) [ fit€)Pde (3.3

Now we rewrite the velocity equation as (uINS|),: (0;—A)u = —u-Vu+div ((p—1)Su)-V7
and apply Duhamel’s formula to obtain

u(t) = eug + /0 t =P (div (1 — 1)Su) — u- Vu) ()t (3.C.4)
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where P = Id + V(—A)*div denotes the Leray-Helmholtz projector. Then (3.C.4) implies
for any fixed time t > 0,

1S e Plaa(@) + [ ORI~ 1DSu) - Flue wl)at.

and thus (noticing [g SRS (u1)2 g (1))
g(0) [ Jalt©)Pde
5(t)

_otl€[2 t 2
Sue ) [, e Flao@)Pde + o O [ 1F (s = )Su—u@ w)luzar)
The first integral on the right hand side satisfies

$() [ i@ Pde < (1) |07 (e (@01 (el laole) ) de
S Lpenpg® @) lJuoll7 + L1397 (02 ol s,

and the second one can be bounded as

O [ 1F (- )5u—u e w)O)lde)’
S8 O([ 1= DSu—u )@ pyar)

t 2
S PO = e TelFy e+ 9°O [ ) 320
< 6° W)l — 1BalluollZe + g Ollullbs 2.

Inserting these estimates into (3.C.3) we obtain
t 2 (41N 4! 2 9 9 1 n N e
o [ )00 ) o) Sl + ol [ exol [ o220
t t
+ HUOH%fzg/l eXp(/O gQ(t//>dt//)gZ(t/)t/—Qédt/

/

t
+ o = 13l [ exp( [ g2t} g et

t ¢

2041\ 3411\ 6 (4! 4 /

+ [Cexn( [ g @at ) @) fulfy eat
(3.C.5)
We first choose ¢2(t) = m with (t) = e+t such that [J ¢*> = 3loglog(t) and

t
elo 9 = (log(t))3. Then (3.C.5)), together with the a priori energy estimate: HuH%Qm <
t

ullF oo 2 () < [luoll72(t), implies (recalling &o = [[uoll 2n 520 + [l — 1 z2lluoll12)
t
(log(t)* u(t)1Z < 73 +/O (10g(t'>)3<t'>_3(10g<t'>)_3HUIlig,det'

< 3 + lluollz2 log(t),

and hence [|u(t)||2: < (63 + |luoll72)(log(t))~2. This yields, by use of the inequality
J3(log(t'))~2dt’ < C(t)(log(t))~? from (242, Lemma 4.1 (iii)], that

lullZ2re S (36 + lluollz2) () (logit)) .
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Then we choose g2(t) = 26_(t)~! in (3.C.5), to derive, by use of [ g> = 26_(log(t) — 1)
t
and elo 9* = ¢~ (t)20- | that

t
(0 ol 8+ [[ 60l o (60

t
< o5+ (05 + HUOlliz)/O <t'>2‘5*_2(10g<t'))_2IIHIIi;det" (3.C.7)
We now define

t
y(t) :/ Ju()]|22(¢Y20-dt!, ¢t>1, and Y(t)= max y(t').
-1 1<t/<t

<t>1—26,

Notice that by the above definition ||u|\L2L2 < CY () i)y~ 2-at' = CY (t) F—5—-

Using this inequality after integrating (3 over [t — 1,t], we obtain
t
u(O) S5+ @+ luollt) [ [ @) 2008 (t")) 2 ulfs paat”at
t
< 6 + (a5 + HW!%z)/O (t') " (log(t') Y (¢')dt',

and therefore by Gronwall’s inequality and the inequality fy (¢')~'(log(t'))~2dt’ < 1 from
[242] Lemma 4.1 (i)] it follows that Y (¢) < ode C(@g+Iuollz2), Finally

< >1—26,

C(a3+uollty) y\1—26—
1—25_ BT

2 ~2
[ull3s 2 < CY (1) < 53
Applying this inequality to (3.C.6) we finally arrive at

(5= Ju(t) 32 S 52 + o4O < G2 CERHIl),

~

This completes the proof of (3.C.2)).

In order to show (3.3.83)) for the system (INS]), we replace the formula (3.C.4]) by

u&):e“¥m+1£2ﬁ”AP<&V«u——DSu)+(1—pﬁI—u-Vu)@Umﬂ

The additional term can be estimated as

1.
([ 17 = i)’ < 1 ol tos(@) 1)l

C 2
<1 = pol2al|uol 3 log(t)V (£)e 10 lz2

where the second inequality follows from (3.3.84)), (3.3.85). We then proceed similarly as

above. Indeed, (3.C.5)) becomes

eJo (o)

IZ2

1 ' t ot /
<6§(1+/0 edo 9% gQ(t’)dt/—i-/l edo 9 21y = gy +/ eJi ()Y dt)

2 t t o 2 11
+m—mﬁmw@wWWMV@Aekgﬁfwmgww+4ekgﬁfwmwgﬂw.
(3.C.8)
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We choose g%(t) = m to derive
lu(®)132 < (53 + lluoll£2 ) (log(t)) ™2, with 7 = 3 + [[1 — po 32 luol 3“2V (1),
which implies
lull3ays S (32 + lluollf) (£) (log(t)) ~2.
Then we choose g%(t) = 25_(t)~! to deduce
@Wnmm;sﬂ+@ﬁﬁmﬁQKWW—m%wrﬂw%mm
from which we deduce as above by help of y(t), Y (¢) that
lull2a . < 526C G015 (191720 and hemce (1) u(t) 32 < $3eC 1),

This implies, with o9 = |lug||z2 + ||1 — pol| 12 ]| Vuol| 2 and o1 = |Jug|| -1 + [|1 — pol| 2 ||uo]| 2,
2 2
such that ¥2 < (02 + 02 )e "2V (1) and ug|2, < o3eIMollz2,

[0 u(®)Fe S (0] + 02V (1)eC B+ P(Clulia) VD),

3.D. APPENDIX: CONSTRUCTION OF A NONDEGENERATE
TANGENTIAL VECTOR FIELD

Given a bounded simply connected domain D with W?22+€-boundary, there are many different
ways to construct a nondegenerate vector field 7o € L N W12+¢(R?; R?) which is tangent to
the boundary 0D. One way can be described as follows.

We begin with the simplest case in which D = B = B;(0) is the unit disk in R? with the
origin as the center. Intuitively, we aim to construct a nondegenerate regular vector field
5 € L N W1H2T¢(R%; R?), such that the renormalized unit vector field

<_|m|) =: eg, near the boundary,
_ B T
TB(T) (z) =

8l 1
0 =: e1, away from the boundary,
is tangent to the boundary 0D = 0B = {x € R?||z| = 1}. To this end, we connect the
tangential vector eg at |z| = 3,2 to the unit vector ey at |z| = I, I respectively as follows
sin(3m(r — 2) —20(r — 1 - :
(COSE&T((T B ?51)) B 29(( B i{l))))> =:75(rcosf,rsinf), relg,3],
. _ ) (—sin(Br(r—5)—20(r— 1))\ _. 4 . 5 7
T(rcosf,rsinfd) = ( cos(37r(r—% —20(r — %)) =: 74 (rcosf,rsinf), re [g, g],
€9, re [Za 1]7
e, rel0,1] U]

w™

o

=
N
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Then |75| = 1, 75 € Lip(R?;R?), and 75 is the constant vector field e; outside the ball Bz (0),
4
such that 7p is the searched nondegenerate regular vector field.

Now, for a general bounded, simply connected W22+ ¢-domain D C R?, we construct the nonde-

generate tangential vector field 7p € L NW1H2H¢(R?; R?) as follows: let 4 = <1l> :10,27) —
2

1
dD be an injective W2~ T _parametrization of the boundary dD such that |7/ (s)] # 0
1

for all s € [0,27). We define a continuous function 0 = 0(z) € W' 229D, [0,0)) as
follows: for any x € 0D there exists a unique s € [0,27) such that z = v(s), and we define

0 = 0(x) € [0,00) such that
y(s)  [—sin6
]\ cost )

Next, let d = d(x) = dist(z,dD) be the distance of a point z € R? to the boundary dD. For
§>0,let II: {x € R? : d(x) < 6} — 0D denote the projection onto the boundary. It is
well-defined for sufficiently small §, and we fix it in the following. Similarly as before we define
the nondegenerate regular vector field

75 ((1 = 3d(2)) cos 0(I1z), (1 — }d(z))sin§(Ilz)), = € D, 3d(z) € [1,2],

o(z) = 7 ((1+ %d(m)) cos 0(I1z), (1 + %d(m)) sinf(Ilz)), z€R?*\ D, 1+ %d(m) € [g, g],
€o(11x)> %d(l‘) € [07 %]7
e1, %d(l‘) € [%,oo).

(3.D.2)

We may generalize the above construction to the viscosity layer problem (3.1.38]). For the
special case (3.1.39)), there are different choices of initial nondegenerate regular vector fields,
e.g.
e For each j = 1,...,N let 6U) < %min(r(jﬂ) — @) 70 — 0=D) with r© := 0, let
XY : R? — [0,1] be a smooth cut-off function such that

0)(z) 1, if dist(z, 0DW)) < 60),
xXr) = . . . .
X 0, if dist(z, 9DUD) < 60D or dist(z, DG < G+,

with >, xY) =1, and let 70 (z) = Tg)(%), where Tg)(y) is defined as in (3.D.1]) with

r = |y| replaced by 1 — % Then 79(z) = % Zév:l xW70U) is one choice, such that

Orotto = 0, 7o = €1 in (Ué-VZISupp(X(j)))C (away from the boundaries uleaDU)), and
oo G\

HVTOHL2+e ~ (Zj:l,---,N W) ‘.

This construction can be easily generalized to other more general cases where the profiles

of different boundaries vary largely, such that the distances between every two layers play

an important role in the construction and consequently in the estimates.

o Alternatively, we can simply connect €1|T€[0 1,07, €l e T(N)},€1|T.e[ﬁT(N) o0) Smoothly,
’8 9’ 8 )

2+e
similarly as in (3.D.1)), such that ||V7ol[ 5 ~ r(% This reduces the smallness condition
B1.27) to (3.1.40).







CHAPTER 4

THE COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
VARIABLE VISCOSITY

The results presented in this chapter are based on joint research with Xian Liao and Sagbo
Marcel Zodji.

4.1. INTRODUCTION

This chapter addresses the global-in-time existence and uniqueness of discontinuous solutions
to the equations governing the motion of compressible fluids with density-dependent viscosity
coefficients. Such variable-viscosity models arise in many physical contexts, including mul-
tiphase flows and particle suspension [85, [145]. We focus on the general setting where the
viscosity coefficients may be discontinuous and exhibit large variations. More precisely, we
consider the two-dimensional compressible Navier-Stokes equations

{atp+div (pu) =0, (ONS)
O(pu) + div (pu @ u) = div (u(p)Su) + V(A(p)divu) — VP(p).

In the above, t > 0 denotes the time variable and = = (x1,22)” € R? is the space variable.
The system is posed on the whole plane R?, and the unknowns are the density function
p=p(t,z) € (0,00) and the velocity vector field u = u(t,z) = (ui(t, x),uz(t,z))’ € R2. The
constitutive laws — namely the pressure P = P(p), the shear viscosity coefficient u = u(p),
and the bulk viscosity coefficient A\ = \(p) — are prescribed as smooth (W2>-regularity is
enough here) functions of the density. Finally, Su represents twice the symmetric part of the
velocity gradient

Su = Vu+ (Vu)T,

and we denote the Cauchy stress tensor appearing on the right hand side of 2 by
T =T(u,p) = p(p)Su+ (A(p)divu — P(p))Id, (T)
where Id is the identity matrix in R?*2. The system is supplemented with initial data
Pli—o = po € L¥(R*(0,00)), up—g=ug € H'(R*R?), (4.1.1)

and we assume the existence of a positive equilibrium density p > 0 at spatial infinity such
that

po — p € L*(R%R). (4.1.2)

This chapter is structured as follows. In Subsection [4.1.1] we review the relevant literature,
focusing on the typical approaches for handling discontinuous densities when the viscosity
coefficients are constant, almost constant or specifically chosen functions. The main result
in this chapter is Theorem (cf. Theorem , which is presented in Subsection In
Subsection [4.1.3| we introduce our new approach to treat general variable viscosity coefficients
that may exhibit large discontinuities. The proof strategy of Theorem [£.1.1] is explained
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in more detail in Section [£.2] Section [4.3]is devoted to the proofs; we first establish the a
priori estimates in Subsections and then prove Theorem and Corollary
in Subsection [£.3.5] Appendices [{.A] and [£.B] present the proofs of our key Lemmas [£.1.7]
and respectively. In Appendix [£.C|] we carry out auxiliary calculations for the energy
estimates.

4.1.1. RELATED RESULTS

The mathematical analysis of system dates back to the work of J. Nash [193], who
established the existence and uniqueness of local-in-time classical solutions with Holder
regularity. This was followed by several local-in-time well-posedness results in various functional
settings, including Sobolev regularity frameworks for initial-boundary value problems (see e.g.
1146, 224} [230] for a few representative examples). The first global-in-time existence results for
solutions to were obtained by A. Matsumura and T. Nishida around 1980. The authors
assume that the initial data are a small perturbation of an equilibrium state in H3 when the
viscosity coefficients are constant [187], and in H* for the case with density-dependent viscosity
coefficients [186]. Since then, these smallness and regularity assumptions have been relaxed to
critical Besov spaces (pg — p, up) € B;f{lp (RY) x Bgﬁp _I(Rd), for both the constant-viscosity
case and the density-dependent case [39} 44} 45, |52, |118]. In this regularity class, solutions
are sufficiently regular to guarantee uniqueness. Moreover, they fulfill the standard energy
balance
|ul

. (p 22 i (P)> (t %) do + /01t L (M2 502 + Ap)(diva)?) (7, x)at d

< [, (! + 0 @) (4.1.3)

where H(p) is the potential energy defined as the solution to the initial value problem for
the ODE pH'(p) — H(p) = P(p) — P(p) and H(p) = 0. Given the existence theory of weak
solutions a la Leray in the incompressible setting (see [163] for results in the constant-viscosity
case and |175] for the density-dependent case), it is natural to investigate whether
admits weak solutions satisfying the energy balance (4.1.3). However, this problem is still
open for large initial data. The main obstacle lies in proving strong compactness for the
density approximation sequence, which is required to pass to the limit in the nonlinear terms
in the existence proof. This does not follow directly from the DiPerna-Lions theory (see [76]),
since for the compressible Navier—Stokes equations one typically lacks the required bounds on
div u.

Let us expand this discussion further. In the constant-viscosity case, one can (formally) apply
the operator —(—A)~!div to the momentum equation (CNS), to obtain

—(=A)"div (0 (pu) + div(pu @ u)) = (2u+ A) divu — (P(p) — P(p)). (4.1.4)

The expression on the right hand side is a simple algebraic relation linking the velocity
divergence and the pressure fluctuation, known as “effective viscous flux”, denoted by F. It
was introduced by D. Hoff and J. Smoller [130] in the context of one-dimensional parabolic
systems (see also [218]), and turns out to play a fundamental role in the analysis of the viscous
compressible model: Firstly, it was used to study the propagation of density oscillations and
discontinuities for the one-dimensional model [126] [218]. Afterwards, for the multidimensional
model with constant viscosity [58} 74, |127], one observes that in an intermediate regularity
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class (less regular than the critical Besov regularity), the inertial force on the left hand side of
(ICNS),
9 (pu) + div(pu @ u) belongs to Li.([0,00), LP(R%; RY)),

with some p € (d,00). Thus, (4.1.4]) implies that the effective flux F' on the right hand side is
. da

Holder continuous in space of order C'~» (R2), even though the pressure (or density) belongs

merely to L°°(R%) and may be discontinuous.

This Holder continuity of F' yields a quantitative control on density oscillations and hence the
strong compactness of the density approximation sequence. This compactness mechanism
was introduced by P.-L. Lions in |176] to prove the existence of finite energy weak solutions
to with constant viscosity, which was later extended by E. Feireisl, A. Novotny, and
H. Petzeltova [93]; see also [83, 91, 205]. The regularity of F' also allows to propagate
discontinuity interfaces of the density function, thereby addressing the density-patch problem
for compressible fluids (see [55, |125, (129} 169, 202]).

By contrast, for the compressible viscous fluid model with general density-dependent
viscosity coefficients, due to the lack of control on F', and hence on the density oscillation
by the above argument, the global-in-time existence of finite-energy weak solutions for large
initial data remains widely open. Nevertheless, such results are available in certain specific
regimes; we now present some examples.

SOME COMPRESSIBLE NAVIER-STOKES EQUATIONS WITH SPECIFIC
DENSITY-DEPENDENT VISCOSITY COEFFICIENTS

o Case with constant shear viscosity pn > 0 and variable bulk viscosity A = A(p). In this
case the mathematical structure of the model does not change significantly from the
constant-viscosity case. In particular, the effective flux

F=(2u+ Ap)) divu — (P(p) — P(p))

retains the same regularity as in the constant-viscosity case. For instance, global-in-time
solutions with large initial data have been constructed in [139} 201} 235].

o Case with almost-constant shear viscosity |p(p) — ()| < 1. In this perturbative setting
one rewrites the viscous part of the momentum equation (CNS), as

div(u(p)Su) + V(M) divu) = u(p)Au+ V ((1(p) +ANp)) divu) +div ((u(p) — p(p))Su),

where the last term on the right hand side is treated as a perturbation. This decomposition
was recently used by the third author [252], where the density function is bounded and
discontinuous with Hoélder continuity on both sides of a flow-driven C'*¢ free interface.

o Case with specific viscosity coefficients. D. Bresch and his collaborators [28-30] (see also
[188]) assumed the following algebraic relation between the shear and bulk viscosities

Ap) = 2(pi(p) — 1(p)),

to establish an additional entropy balance

d p Vu(p)
dt /]Rd (2 ut2 p

(P’(p)u’(p)
P

‘ 2

+ H(p)) dx

1 2
+ IVp|? + zu(p)‘Vu — VuT‘ ) dx =0,

Rd
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which provides Sobolev regularity and hence strong compactness for the density function.
However, to handle the vacuum states and to pass to the limit in the viscous term,
additional conditions were imposed on the shear viscosity, which unfortunately exclude
interesting viscosity coefficients of the form p(p) = p® with a € [0,1 — 1/d), as well as
those appearing in the context of suspension models (see [104]).

We remark that when the shear viscosity p(p) is not constant, the structure of the model
changes significantly. Even in the two aforementioned specific cases [28-30, |188, [252], the
analysis is delicate. As shown in [252], the effective flux

F = (2u(p) + Mp)) divu — (P(p) — P(p))

is discontinuous and therefore ceases to be a suitable candidate for transferring the LP(R?)-
bound of the inertial forces to the compactness of the density function.

A similar problem arises for the anisotropic Navier-Stokes model, where, because of nonlocality,
the pointwise relation between the pressure fluctuation and the velocity divergence via the
effective flux is lost. This obstacle is the reason why the existence of weak and strong solutions
is currently limited to the case where the anisotropic viscosity coeflicients are close to one
another (see [23, 27, 31} 240]).

Such smallness assumptions on the viscosity fluctuations also appear in the incompressible
setting 75} 101, 198]. However, in the recent work [16§], the first two authors succeeded in
removing this smallness condition for the two-dimensional incompressible model and established
global-in-time well-posedness in a framework that allows for large viscosity variations. The
key new idea there is to introduce two “effective replacements” for the fluid vorticity

w=V"'u=0us — du.

We now explain this idea for the incompressible model in more detail.

THE TWO-DIMENSIONAL INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
GENERAL VARIABLE VISCOSITY

Recall that in the incompressible setting (divu = 0), if the viscosity coefficient is constant,
the viscous term in the momentum equation becomes

div (uSu) = pAu = pV-iw.

Similarly as in the above discussion for the effective flux F', the LP(R?)-bound for the inertial
force implies now the Holder continuity of w and hence of the velocity gradient. In the
past decade, a large number of works addressed the well-posedness for the two-dimensional
incompressible inhomogeneous Navier-Stokes equations with constant viscosity coefficient, see
for instance [51, [59) 116, (199} 249]. The propagation of the density-interface regularity in the
density-patch problem is also established, see |71, 100} 166} 167].

However, if the viscosity coefficient is variable, especially when it admits discontinuities, the
vorticity w becomes discontinuous. This requires revisiting the structure of the model in order
to identify its effective replacements. The two replacements introduced in [168] arise naturally
from the mathematical and physical perspectives:



4.1. INTRODUCTION 107

e “Nonlocal vorticity” a.

Mathematically, it is natural to apply the Helmholtz decomposition to the vector field
div (u(p)Su) € R?

div (u(p)Su) = V+a + Vb.

The LP(R?)-bound of the inertial force implies then the Holder continuity of a.
Structurally, a can be expressed in terms of w via nonlocal operators. A crucial equivalence
between a and the velocity gradient Vu in L*¢(R?) for some € > 0 is established in
Chapter

e “Shear stress” a.

Physically, it is natural to decompose the stress vector ju(p)Sun € R? into its tangential
and normal components, corresponding to the shear and normal stresses:

w(p)Sun = a7+ fn.

One can choose any coordinate system (7,7) in R?, and in particular for density-patch-
type problems, the tangential and normal vector fields of the freely transported density
interface provide natural choices.

As shown in Chapter [3] the shear stress « differs from a up to tangential vectors or
tangential derivatives, and therefore inherits the Holder regularity of a. This in turn
implies the desired boundedness of the velocity gradient Vu, thanks to the key observation
that a and Vu are related pointwisely.

THE TWO-DIMENSIONAL COMPRESSIBLE NAVIER-STOKES EQUATIONS (CNS|) wiTH
GENERAL VARIABLE VISCOSITIES

In this chapter we consider the two-dimensional compressible model with general
variable viscosity coefficients, aiming to establish global-in-time well-posedness in the presence
of large viscosity variations and density discontinuities. As in Chapter [3] the strategy is
to introduce effective replacements for the classical vorticity-effective flux pair (w, F') in the
compressible setting.

We introduce our nonlocal and localized vorticity—effective flux pairs as follows:

o “Nonlocal vorticity—effective flux pair” (a, b).

We apply the Helmholtz decomposition to the divergence of the Cauchy stress tensor
divT € R? on the right hand side of (CNS)), as

div T'(u, p) = div (u(p)Su) + V(A(p) divu) — V(P(p) — P(p)) = V+a + Vb.

The pair (a,b) is expected to be Hélder continuous.

Structurally, the pair (a,b + P(p) — P(p)) is related to the velocity gradient Vu via
nonlocal operators. This is expected to yield an L?7¢(R?)-bound for Vu. The presence
of the pressure fluctuation makes the analysis of the compressible model more involved
than the incompressible model.

o “Shear—normal stress pair” («, ().

The stress vector Tn € R? is decomposed along tangential and normal directions

T (u, p)n = aT + pn,



108 4. THE COMPRESSIBLE NAVIER-STOKES EQUATIONS

in a flow-driven coordinate system (7,n). The shear-normal stress pair («, §) is expected
to differ from (a, b) up to tangential regularity terms and therefore to be Holder continuous.

Structurally, Vu can be represented pointwisely in terms of (a, 8+ P(p) — P(p)), up to
tangential derivatives. This observation plays a crucial role in establishing the Lipschitz
boundedness of the velocity field.

We emphasize that, in order to handle the pressure fluctuations, we introduce further in this
chapter

o a nonlocal representation of divw in terms of b+ P(p) — P(p), up to terms involving a,

o a pointwise representation of divw in terms of S+ P(p) — P(p), up to tangential regularity
terms,

such that the damping effect in equations for the density function can be quantified in the
L?*¢(R?)-setting. The details of the decompositions as well as the explicit nonlocal and
pointwise relations are found in Section below. We believe that this new development of
Helmholtz and shear-normal decompositions is subtle and robust enough to be extended to
the study of other fluid models with variable physical coefficients.

Thanks to these newly identified structures, we establish the global-in-time well-posedness of
(ICNS|) with large viscosity fluctuations. This result improves upon [252], which is limited to
small viscosity fluctuations. It also goes beyond the work [28], as it handles densities that are
discontinuous across interfaces and allows for more general viscosity laws. Moreover, we succeed
in propagating the tangential regularity of the density, thereby solving the density-patch-type
problem for compressible fluids without vaccum.

It should be noted that, for the constant-viscosity model, one first establishes LP(R?)-estimates
for the inertial force before propagating density regularity or deriving the Lipschitz bound for
the velocity. Unfortunately, in the presence of large variation in the viscosity coeffcients, we
are not able to proceed in the same way. We are indeed led to combine

the LP(R?)-bound for the inertia, the lower and upper bounds for the density function,
the tangential regularity of the density, and the Lipschitz bound for the velocity field

simutaneously in a bootstrap argument. A well-known fact is that tangential regularity
estimates typically depend exponentially on the time integral of the Lipschitz norm of the
velocity field: exp(||Vullz1((0,0), 000 (r2;r2))). Without uniform-in-time control of this norm,
one may encounter exponential-in-time growth, which might preclude a global existence
result. Previous works [125] [252] relied on the exponential-in-time decay of the density
jump to counterbalance this growth. In the present work, we establish a uniform-in-time
LY((0,00), L®(R%; R*))-estimate for the velocity gradient Vu, under low-frequency and small-
ness assumptions on the initial energy. In addition to the standard decay arguments known
for the compressible model, a new insight of our approach is the derivation of a damping effect
for the divergence of the velocity and for the tangential regularity of the density.

4.1.2. MAIN RESULTS

Recall the Cauchy problem (CNS)-(4.1.1).

We first quantify the boundedness assumption for the initial density as well as the assumptions
for the constitutive laws in the model. Let p,, p* be two fixed positive constants satisfying
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px < p < p*. Assume that the initial density is bounded from above and below as
0 < ps < po(z) <p*, ae xR (4.1.5)

Recall the viscosity coefficients p(p), A(p) and the pressure law P(p) in (CNS). We can
correspondingly define the constants

pe = inf p(s), p"= sup u(s),
s€(3p+4p%) SE(3pu,dp*)

me= inf  sP'(s), #.= inf  P/(s).
SE(§px,4p*) SE(%perdp*)

Setting v(p) = 2u(p) + A(p), we define the constants

Ve = 2 + inf  A(s), v*=2u"+ sup A(s).
SE(§px,4p*) SE(%pa,dp*)

We assume that our fluids are strictly viscous in the sense that
0< s <p* <00, 0<v, <V <o0, (4.1.6)

and that the pressure law is strictly increasing in the sense that
0 < 7y, Ty < Q. (4.1.7)

We aim to show p(t, ) € [p., 4p*] globally in time, such that zi(p) € [ps, p*] and v(p) € [, V*]
hold for all times.

As discussed in Subsection above, a key to represent the velocity gradient pointwisely is
some flow-driven coordinate system (7, n) and the “tangential” regularity along the “tangential”
vector field 7 (with 7 = |Z—‘ as its normalization)ﬂ Here the flow-driven vector field 7 =

7(t, ) € R? should satisfy the following evolution equationﬂ
T+ (u-V)T = (7-V)u. (1)

We assume initial tangential regularity, i.e. the regularity of the nondegenerate tangential
vector field itself as well as of the tangential derivative of the density function

[7ols 0]t € LX(R%R), Vo€ L*T(R%R¥?), and dppo € L*(R%R),  (4.1.8)

for some € > 0. Here and in the following, Ox = X -V denotes the directional derivative along
some vector field X € R?. We are thus led to consider the coupled system —, and we
aim to show the boundedness of the velocity gradient and the propagation of the tangential
regularity simutaneously. Our main result reads as follows.

Theorem 4.1.1 (Global-in-time well-posedness of (CNS)-(r])). Let p. < j < p* be three
fized positive constants, and let the model assumptions (4.1.6)-(4.1.7) hold. Then there exists
a positive constant ey € (0,2], depending only on pu., pu*, v, v*, my, such that the following

holds.

'We refer to the relevant direction as the “tangential” direction; in fact, it can be any arbitrarily chosen
regular direction. In the case of a free sharp density interface, it can be taken as the tangential vector to
the interface, see Corollary below. If the density is smooth, one may simply take the initial vector
field 1o to be (0,1)T or (1,0)7, see Corollarybelow.

2Tt means that the material derivative Dy = &; + w - V and the tangential derivative 9 = 7 - V commutes:
[D¢,0-] = 0.
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For any e € (0,¢p] and 6 € (%—iﬁ, %), there exists ¢ > 0 depending on p., p*, phs, ¥, Vi, V¥, Ty,

Ty || (125 A, P)||W2,oo(%p*’4p*), €, 0, such that if the initial data (po,uo,T0) satisfy (4.1.1)-(4.1.2)-
E1H)-E19),

(po =, pouo) € H™? (R*; R'?) (4.1.9)
and

(o = B, poro) | 2262y + VU0l L2(r2)) (1 + (V70,070 p0) | p2re(rey) < e, (4.1.10)
where Ty = ‘:—3', then the system (CNS)-(r]) has a unique global-in-time solution (p,u,T)
satisfying

p e [ip*, 4p*],  p—p € Cy([0,00); L*(R?)),

u € Cp([0,00); L*(R?; R?)) N L2((0, 00); H' (R R?)),

Vu € L%((0,00); LA(R*% R¥*%)) N L1((0, 00); (L*FN L¥)(R% R**%)),

t1Vu € L°((0,00); L2(R%R¥2)), 12V € L2((0, 00); L (R%; R?X?)),

7 € Cp([0,00); (LN W1’2+6)(R2;R2)), I7]7t € L*((0,00) x R?),

d-p € (L' N L™®)((0,00); L**¢(R?)), 9.Vu, VOyu € L*((0,00); L* (R R?*?)).

(4.1.11)

To the best of our knowledge, this is the first global-in-time well-posedness result for the
higher-dimensional compressible Navier—Stokes equations with such general density-dependent
viscosity coefficients. Theorem is proved in Section with the proof strategy outlined
in Section The fundamental structural analysis of the model can be found in Subsection
[4.13] and the detailed proofs of some auxiliary results are postponed to the appendix.

Remark 4.1.2. We comment here on the assumptions and results of Theorem

e Low-frequency assumption . The low-frequency assumption can be replaced
simply by the stronger assumption (pg — g, poug) € L'(R?;R'*2), by virtue of the
embedding (L' N L?)(R?) ¢ H~*(R?), V¢ € (0, 1). It is the source of the algebraic time
decay of the velocity field. Especially, the technical lower bound % — iﬁ for 4 in terms
of € ensures the L1((0, 00); L?T¢(R?))-boundedness of some quantities such as a, div u, Vu,

which follow essentially from interpolation of energy norms (see Section [4.3]).

e Smallness condition while general variable viscosity coefficients. The smallness

condition specifies the dependence of the small L?(R?)-based norms for the
initial density-velocity pair (pg — p,ug) on the L?t¢(R?)-based tangential regularity
norms for the initial density-tangent vector pair (7y, 97,00), up to universal constants
in the fluid model. Technically, it is introduced to compensate the exponential-in-
time growth exp(||Vu| £1((0,00);200 (R2;r4))) When propagating tangential regularity of the
density function. The latter ensures finally the compactness of the approximating density
sequence.
We emphasize that does not require any smallness of the L°(R?)-norm of the
density fluctuation py — p, and thus, large variations in the variable viscosity coefficients
are allowed. To the best of our knowledge, this is the first mathematical result devoted
to such general viscous compressible fluid models.

o Further uniform-in-time bounds. Thanks to the L'((0, c0); L>°(R?))-bound of the velocity
gradient and the estimates in Section we have further global-in-time estimates such
as

a, Va, Vb, Va, VB, divu, Vu, @ € L*((0,00); L*T¢(R?)), Vi € L'((1,00); L*t¢(R?)).
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As a consequence of Theorem we have the following results for the system (CNS)), which
is proved in Subsection

Corollary 4.1.3. Let p, p, p* and €,8, ¢ be as in Theorem[[.1.1], where the model assumptions
(4.1.6)-(4.1.7) hold.

1. (Global-in-time well-posedness of (CNS|)). If the initial data (pg,ug) satisfy (4.1.1))-

(@.1.2)-(d-1.5)-{@-1.9), as well as (A.1.8)-(@.1.10) for some vector field 7o € R?, then the
system (CNS|) admits a unique global-in-time solution (p,u) such that

p € lgpudrl, o= peC([0,00); IA(RY),
u € Cp([0, 00); L*(R%R?)) N L2((0, 00); Hl(R2;R2)),
Vu € L®((0,00); L*(R* R**?)) N L' ((0,00); (L*7°N L)(R* R**?)),

t1Vu € L®((0,00); L°(R%;R2X2)),  t3Vu € L2((0, 00); L (R% R2*2)).

(4.1.12)

2. (Density-patch-type problem for (CNS))). Let Qo C R? be a simply connected bounded
domain with W22t¢_boundary, and let the initial density be of the patch-type

pol&) = o (@) 10y (&) + 95 ()10 (&) € [pwr 57,
with p§ € WH2H(Q), py — p € (L2 NWI2T)(Q0°). Then there exists a nondegenerate

vector field o € R? tangential to the boundary 0, such that [£.1.8)) holds.

If the initial data (po,uo) together with Ty satisfy further (4.1.1)-(4.1.9)-(4.1.10), then
the compressible Navier-Stokes equations (CNS|) have a unique solution (p,u) satisfying
for all times t > 0,

p(t,z) = p*(t,z)lo,(x) + p~ (t, 2)1qe(2),
where Q; C R? is a simply connected bounded domain with a W22*¢-boundary, and
functions pt(t,-) € Wh2te(Qy), p~(t,-) — p € L2 nWh2He(Q,°).

3. ((CNS) with regular density). Let (po,uo) satisfy (4.1.1)-(4.1.2)-(4.1.5)-(4.1.9). If
furthermore the initial density satisfies pg € WH2T¢(R?) and the smallness condition

(11(p0 — B+ p0u0) | 225 2y + V0l 2w2)) (L + [P0l cseqgay) < e (4.1.13)

then the compressible Navier-Stokes equations (CNS|) have a unique global-in-time
solution (p,u), which satisfies p € (L* N L>®)((0,00); Wh2+¢(R2)).

Remark 4.1.4. We comment on the results in Corollary

1. (Uniqueness and tangential reqularity propagation). If the initial tangential regularity

assumptions (4.1.8)-(4.1.10)) are satisfied with respect to two different vector fields
Tél),TOQ , then the corresponding solutions (p™), v, 7(1) and (p®), u(?, 7)) given by

Theorem coincide in the sense that (pM, uM) = (p@), u?).

Notice also that given any solution (p,u) of (CNS) satisfying (4.1.12)), the tangential
regularity along any flow-driven nondegenerate regular vector field (4.1.8) is preserved

(see Propositions and below).

2. (W2 regularity propagation for density-patch problem). In Corollary we prove
the propagation of W?22+¢(R?)-regularity for density patches by the two-dimensional

compressible Navier—Stokes equations (CNS)) in the absence of vacuum and under the
smallness assumption (4.1.10)).
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3. (Explicit smallness condition for smooth initial data). The smallness condition
in Corollary [4.1.3H3| provides an explicit dependence of L?(R?)-based initial density-
velocity norms on the W1’2+€(R2)—norm of pg, which, to the best of our knowledge, is
the first explicit relation between these two norms in the literature. We remark that
the norm ||pollyjr1.2+¢(gz2) can be replaced by [|01po||r2+<rz2) or by [[O2p0l|L2+e(r2) or by
(V70,07 p0) || L2+¢(r2) for any nondegenerate regular vector field 7.

NOTATION

Recall the notation conventions introduced at the beginning of Section [I.2] in Chapter [I}
Additionally,

o Classical vorticity-effective flux pair (w, F):
w=curlu = V* - u=01uy — dou, (w)

F = v(p)divu — (P(p) — P). (F)

Here and in the following, given the equilibrium state of the density p, the equilibrium
states of the pressure and viscosity coefficients are defined as fi = u(p), 7 = v(p) and
P = P(p).

o (Classical) energy:

Ju?

&)= [, (o7 +H)(t2)do ©

where

e Directional and material derivatives: For a function f we denote
— Oxf = X - Vf as the directional derivative along the vector field X € L*(R?;R?).

— f = D;f with Dy = 0; + u - V, as the material derivative associated to the flow with
velocity field u € R?.

o (Time-weighted) higher-order energies: With or without some appropriately defined time
weight o = o(t), by (time-weighted) H'-energy for u we mean

lo(#)VulZe 2 + llo () /pill72 2,
and by (time-weighted) L?-energy for 7 we mean
lo () v/pillgse 2 + o () Vall72 2,
while by (time-weighted) H'-energy for @ we mean
lo(#)ValZe 2 + llo () y/pill72 2
Typical choices for the time weight o(t) could be
t, min{l,t}, (t):=e-+t.

« Lipschitz bound of the velocity field u: |[Vu|| 1o
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« Tangential and normal vectors: Given the nondegenerate vector field 7 € R?,

. . - T . .
its normalized version 7 = ﬂ is referred to as “tangential” vector field;
T

T2

7 = -~ ) is referred to as “normal” vector field.

and its orthogonal vector n = —7— = < =
—T1

o Tangential regularity: By p-tangential regularity we mean
(V7, 0zp) € LPL*T, (pTR)
and by u-tangential regularity we mean
(0:p, 0:Vu, Vozu) € LiL*T¢. (uTR)

We mention 0zp twice here, reflecting the fact that the density plays a dual role: as a
“coefficient” through u(p) and v(p) (cf. (pTR]), and as a “potential” through P(p) (cf.

(WTR)).

4.1.3. HELMHOLTZ AND SHEAR-NORMAL DECOMPOSITIONS OF THE CAUCHY STRESS

Recall the role played by the classical vorticity—effective flux pair in establishing the Lipschitz
bound of the velocity u, which we mentioned in Section [£.1.1] In the constant-viscosity case
when u(p) = 1> 0 and v(p) = 7 > 0, we have the following Helmholtz decomposition for the
divergence of the Cauchy stress tensor in terms of the vorticity and the effective flux (FJ):

div T'(p,u) = div (iSu) + V(Adivu — P(p)) = V*(jiw) + VF. (4.1.14)

When applying the curl operator V- respectively the divergence operator div to the momen-
tum equation (CNS|)2, one derives the two Poisson equations

fiAw = V+ - (pir) respectively AF = div (pu). (4.1.15)

In the framework of D. Hoff [127], one has pi € LP(R?) for any p € [2,00) by use of some
energy functionals (see below), which implies, thanks to , that both w and F
are Holder continuous for positive times, even if the initial data are discontinuous. From this,
D. Hoff |125] deduces the Lipschitz bound for the velocity field by decomposing the velocity
gradient as

1 1 N
Vu =RRw + RRdivu = RRYw + ~RREF + ERR(P(p) ~ P). (4.1.16)

The first two terms in this decomposition are Holder continuous. The third term is less
regular. To prove its boundedness, additional regularity of the density must be assumed, such
as tangential regularity [169] or piecewise Holder continuity on both sides of a regular curve
in the plane [125].

In this section we apply the Helmholtz and shear-normal decompositions to the Cauchy stress
tensor , and introduce the effective nonlocal and localized replacements (a,b), («, 3) of
the classical vorticity—effective flux pair (w, F'). This is the key to understand the structure of
the Cauchy stress tensor in the presence of large variations in the viscosity coefficients. The
time-dependence is largely ignored in the analysis here.
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4.1.3.1. LEMMA {4.1.5) NONLOCAL VORTICITY—EFFECTIVE FLUX PAIR (a,b)

In the variable-viscosity case we introduce the following nonlocal vorticity—effective pair (a, b).

Lemma 4.1.5 (Helmholtz decomposition of div7 in terms of the nonlocal vor-
ticity—effective flux pair (a,b)). Let u = u(z) : R? — R? be a vector-valued function,
and let ¢ = ¢(z),¢ = P(x) : RZ = R be two scalar functions such that v = V¢ + V.
Let p = p(x) : R?2 = R be a scalar function, and let u, A\, P € W2 (R;R) be regqular scalar
functions. Let T € R?*2 be the matriz defined in .

(1)

Then we have the following Helmholtz decomposition
divT(p,u) = V+a + Vb, (4.1.17)
where the scalar functions a and b are related to ¢,v and P(p) as follows

Aa = Lud — Tuib, (4.1.18)
A(b+ P(p)) = Ly + Tuo, (4.1.19)

with the operators L, J,, L, x defined by

L, = (Orgwy — Oryay ) 1(P) (Ougwy — Oryzy) + (200125 ) p1(0) (202125, (4.1.20)
‘-7# = (6362:62 - al'll'l)lu’(p)(2a$11‘2) - (26$1$2)/1*(p)(am$2 - awlém)v (4'1'21)
Lux =L+ A(ulp) + Ap)A. (4.1.22)

Here p(p) is understood as a multiplication operator by the function (u(p))(x). Similarly
for Mp). In the L?*(R?)-based functional setting, with positive and bounded coefficients
u(p) and v(p), the operators L, and L, are fourth-order elliptic operators and the
operator [J,, is antisymmetric.

Furthermore, if T € L*(R%,R?*%), then a,b € L*>(R%R) can be determined by T as
follows:

a=—(—A)"Vt.divi = —(-A) " (VieV): T=(RteR): T, (4.1.23)
b=—(-A)"'V.divT = —(-A) " Y(VeV): T=(RoR):T, (4.1.24)
1 1
where R = \/;_Vj and R+ = Y ure the Riesz operators.

VA
If p € L®(R%R), p— p € L2(R?%;R) for some p € R and Vu € L?(R?;R?%2) then a,b
can be represented in terms of u(p), \(p),w,divu, P(p) — P and Riesz operators in the
L?(R?)-functional setting as

a=Ruw— Q,divu, (4.1.25)

b=Ryrdivu+ Quuw — (P(p) — P), (4.1.26)
with the operators Ry, Q,, R, \ defined by

RN = (RQRQ — RlRl),u(p) (RQRQ — R1R1) + (2R1R2)H(p)(2R1R2), (4.1.27)
Q= (RaRa2 — R1R1)p(p)(2R1R2) — (2R1R2)p(p)(RaR2 — R1R1), (4.1.28)
Rux =Ry + u(p) + Alp). (4.1.29)

Here the scalar fluid vorticity and divergence are w = V+ -u = A¢ and divu =V - u =

A
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Proof. We calculate

01 (—2(0) 0105 ®) + Oy (11(P) (O 01 @ — Dy P))
Oy (11(P) (O 121 ® — Oupry®)) + Ouy (204(p) Oy 2, )
(

< o1 (20(P) Oy W) + Oy (20402, 2,0)) >

div (u(p)Su) <
+
Oz, (21(p) rlrzw) + Oy (206(P) D20 V) )

so that a direct computation yields

Ab = divdivT(p,u) = Jué + L — AP(p),

from which we obtain (4.1.18)-(4.1.19)). The ellipticity of the operator £, with positive
and bounded coefficient i(p) is proved in [168, Lemma 1.1], and the ellipticity of £, y with
positive and bounded coefficient v(p) = 2u(p) + A(p) follows similarly. The representations

([@.1.23)-([@.1.24)-(@-1.25)- (#.1.26) follow immediately from (&.1.18)-(&.1.19). 0

Remark 4.1.6. 1. (Constant-viscosity case). It is easy to observe that if u(p) = i is
constant, then by the above definitions

Ru = /:"7 Qu = 07 R/L,)\ = 2/3’ + )\(,0),

are all local operators. Recalling the definitions of the vorticity—effective flux pair and
the classical Helmholtz decomposition (4.1.14]), we have

e a = [iw is the vorticity up to a multiplicative constant,

o b= (20 + Mp))divu — (P(p) — P) = F is the effective flux of the compressible
Navier-Stokes equations.

2. (Incompressible or irrotational case). We have indeed shown the following (formal)
identities
e Case v =0:

div (u(p)SV*9) = V(= (=A) 7' Lud) + V(= (=A) ' Tue), (4.1.30)
or equivalently,
div (u(p)(RRT + RIR)f) = V(R f) + V(Quf).

Under the incompressiblity condition divu = 0, that is u = V+¢ + Vi with ¢ = 0,
we have
a=TR,uw.

We introduced this “global good unknown” a in Chapter [3]
e Case ¢ =0:

div (u(p)SVY) = VH((=A) ' Tutp) + V(= (=A) 'Lt + p(p)Ay),  (4.1.31)

or equivalently,

div (2u(p)RRg) = V(= Qug) + V((R, + u(p))g).
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3. (Reformulation of H\/@SUH%Q in terms of Ry, Qu and curlv,dive). For a gen-
eral vector field v € H'(R?;R?) we can write by use of v = V+(—(—A) teurlv) +
V(—(=A)"divwv), ([#1.30) and (4.1.31) that

[, M(Qp)]SUQ de — <%/~L(P)SU7 2Vv) = —(div (u(p)Sv),v) fr—14 1

= <VL (Rﬂcurlv — Q,div v) + V(Qﬂcurlv + Rdivo + p(p)div v),

VL((_A)_lcurl v) + v((_A)_ldiV v)>H*1 xH1

= <Rucurlv — Qudivo, curlv> + <Qucurlv + Rydive + p(p)dive, div v> (4.1.32)
= (Rycurlv, curlv) + (R, + p(p))div v, dive) + 2(Q,, curl v, divv).

4. (Relation to pi. By use of the density equation (CNSJ);, we can formulate the momentum

equation (CNS))o as
pi = divT(p,u) = V*'a+ Vb. (4.1.33)

We derive similar Poisson equations (4.1.15]) for the functions (a,b) when (p,u) is a
solution of (CNS):

Aa =Vt (divT) = V- (pa), (4.1.34)
Ab =V - (divT) = div (pu). (4.1.35)

4.1.3.2. LEmMA 4.1.7 ESTIMATES FOR NONLOCAL OPERATORS

It is straightforward to derive the following LP(R?)-estimate from the decomposition (4.1.16)
of Vu in the constant-viscosity case:

IVull o2y < Clo, 2)|(w, F + P(p) = P)l o2y, Vp € (1,00).

The situation becomes more delicate in the presence of variable viscosity coefficients. Recall
from [168, Lemma 1.2] that for any two positive constants d, < d* there exists a positive
number €y > 0 depending only on d,,d* such that for any positive bounded function d =
d(x) : R? — [d,d*], the operator Ry is an isomorphism in L**¢(R?) for any € € [0, &), with
operator bounds

H(Rd,RJI)HL2+6(R2)_>L2+5(R2) < C(dy,d"), Yee€]0,é).

Above, the operator Ry = (RaR2 — R1R1)d(R2R2 — RiR1) + (2R1R2)d(2R1R2) is defined
as in (4.1.27). We can apply this estimate directly with d = p(p) to (4.1.25):

Ruw =a+ Q,divu. (4.1.36)

The resulting bound, together with the boundedness of the Riesz operator on LP(R?) for
p € (1,00), implies

wllp2temzy < C (s, 1)@, div ) || p2em2), Ve € [0, €,
and hence the same bound holds for |[Vu||p2+¢g2), up to a constant (see (4.1.37)) below).

Furthermore, we establish an L?>T¢(R?)-estimate for Vu in terms of (a,b+ P(p) — P) in
(4.1.38) below. We also prove some commutator estimates (see Part below), which yield
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an L?T¢(R?)-estimate for 9:Vu in (4.1.39). The invertibility of certain nonlocal operators
implies in particular the nonlocal representation of divw in terms of (a,b+ P(p) — P) in
, which finally leads to the damping effect in the density function via the operator A
(see (4.1.43)), (4.2.13) below).

Lemma 4.1.7 (Estimates for the nonlocal operators). Assume the hypotheses of Lemma
. Let puy, pu*, vy, v*, my be five positive constants with p, < p* and 2(p* — py) < v* — vy,
and let the functions in the Cauchy stress tensor satisfy p(p) € L2 (R%; [us, u*]), Mp) €
L®(R?; [vy — 24, v* — 2p*]) and pP'(p) > 7.

(I) There exists € > 0 depending only on i, *, v, v*, 7y, such that

(1) R, defined in (4.1.27) and its inverse R;l are bounded linear operators in
L*¢(R?), Ve € [0, €0).

In particular, the equality (4.1.36)) implies
[Vullp2temey < C(pe, p)|[(a, divu) || p2+em2y, Ve € [0, €] (4.1.37)
R, —Q
2) Define M = " "
(2) Defi (Qu -

and its inverse M~ are bounded linear operators in L*>T¢(R%;R?), Ve € [0, €o].

. w —_— a ~
In particular, we have M (div u) = (b +P(p) — P) and

[Vl 2temzy < C (g, ¥, v, v°) || (@, b+ P(p) — ]5)||L2+5(R2), Ve € [0, €0]. (4.1.38)

) with Q,, Ry given in (4.1.28)), (4.1.29)). Then M

Furthermore, for any vector field 7 € W12T¢(R?;R?) with |7| = 1,
H (G;Vu, V@;u) HLQJFE(RQ) S C(H (Va, Vb, 67——p) HL2+E(R2) (4.1.39)
+ VT, 0zp) | L2+em2) | (Vu, a, b+ P(p) = P)ll Lo (r2)),

where the constant C' depends on ju., i, v, V¥, || (1 (p), N ()| Loo (r2)-

(3) Define N =R+ QulelQu. Then N and its inverse N1 are bounded and
invertible in L*T¢(R?), Ve € [0,€0]. In fact, N~1 is the projection of M~ on the
second component in the sense that

Nt=0 1)- M! (?) (4.1.40)

Conversely, M~ reads in terms of N~! as

_ R+ RAQGNTIQRY RyIQNTY
M= ( p /\/119%72;1 o “Niﬁ with @, = —Q,. (4.1.41)
We can represent divu as
divu =N"'(P(p) = P) + N~ (b — QR 'a). (4.1.42)

Furthermore, there exists w > 0 depending only on ., *, vy, v*, m, such that the
operator

A= —\/pP'(p)N\/pP'(p) (4.1.43)

is bounded and dissipative in L*T¢(R?) in the sense that

(AFAFIF) ey < —wl 75 e ey, VF € LT4(R?), Ve e [0,e]. (4.1.44)
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(II) The Riesz operator R and the operators R,, Qu, and M are all bounded in LP(R?),
p € (1,00). If p,q € (1,00) and r € [1,00] satisfy the relation % +% = %, then the
following commutator estimates hold.

(i) For f € LP(R?) and X € C}(R?;R?) we have

IIR?, 0xfl Laezy < C(a, 0,7 IVX || r @2y 1 f |l Lo (2)- (4.1.45)

(ii) If additionally Oxp € LY(R?) and q¢ > 2, then for f,g € C}(R?) and v, X €
C:(R*R?),
10x V| La(rz) < Cq) (10x (curlv, div )| agrey + [[VX || 14| VO Lo (m2)) (4-1.46)
(R Oxf — [Qus Ox19ll La(r2) (4.1.47)
< CI(VX,0xp)lLaw2)I(fs 9, Prf — Pag, Pof + P1g, Ruf — Qua)llroe(r2),
1[Qu: Ox1f + [Ru, Ox]gll La(r2) (4.1.48)
< CIVX,0xp)lLaw)ll(f 9, Prf — Pag, Pof + P19, Quf + Rpug)ll o (r2),

|, 05 @

< CI(VX,0xp) |l Loy

(4.1.49)

L1(R2)

(f, 9, Prf —P2g, Pof +P1g, M <£>)

HLO@(R?)’

where P; = RaRo — R1R1, Po = 2R1Ry. The constant C in (4.1.47)), (4.1.48)
and (L) depends only on q. e 1* v, v, | (1 (p)o N () | e ().

The proof of Lemma can be found in Appendix [£.A] Let us give some remarks.

Remark 4.1.8. 1. (Formal calculation involving M~* and N'=!). We derive (formally)
the representation (4.1.41]) of M~!. Indeed, a straightforward computation by use of
the definitions of M and N leads to

ARV AN R,'F+R,'Qug
g ¢) = \W G- QR,'F))

()-s(e)-(5%)

which verifies the definition of N1 in ([#.1.40));

o [F 0 a
o if (G) = (P(,O) —P) + (b)’ then

AR R.la+R, " Qug
g N7HP(p) = P)+ N7Hb— QR 'a) )°
which verifies the representation (4.1.42)) for divu as well as the representation

W= R;la + R;lQudivu from (4.1.36)).
2. (Heuristic explanation of Part in the L?(R?)-setting, i.e. e =0).

and in particular

e if F =0, then
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. For h € L?(R?) it is straightforward to compute the L?(R?) inner product
(Ruh, h) = <,u(p) (ReR2 — RiR1)h, (R2R2 — RlRl)h>
+ <M(P) (2R1R2)h, (2R1R2)h> € [, IR T2 g2y,
which implies the boundedness and invertibility of R, in L?(R?).

o |(2)} For (g) € L*(R?;R?) we find by use of (4.1.32) that

(M (g) <§>> _ /R “(2”)|sv|2 + A(p)g2 da

(4.1.50)
€ [min{su, vi}, max{p®, v*}] H @ ‘

2

L2(R2)’

where we have defined v = V1 (—(=A)"1f) + V(—(=A)"1g) € H'(R?R?) such
that curlv = f, dive = g, and hence 1||Sv||2, = || f[|2, +2||g]|%.. This leads to the
boundedness and invertibility of M in L?(R?;R?).

Correspondingly, for g € L%(R*R), let f = lelgﬂg’ then M (g) - (A(;9> and

hence

Ng,g9) = <M (g), <£>> = ./IR{Q M(zp)]SUZ + \p)g? dz > V*HgHZLz(Rz). (4.1.51)

. Given the boundedness of M~! and hence N~! in L?(R?), it is also straight-
forward to verify (4.1.44)) when € = 0, since (4.1.52)) implies

(AS, f) = =N Y oP (o) ./ pP (0) )

< NP (o) £ 12 (4.1.52)

< | f1172,

for some positive constant ¢, > 0 depending only on iy, p*, Vi, v*, .

3. (Remark on the application of Part . We will later use (4.1.48|) and (4.1.49)) with

(f,9) = (w,divu), such that on the right hand side we have

Prw — Podivu = —0Oou1 — O1ug, Pow + Prdivu = drug — d1uq, (4.1.53)
Ruw — Qudivu =a, Quuw-+Ryudivu=>b+ P(p) — P — (u(p) + A(p))div u.

4.1.3.3. LEMMA [4.1.9] SHEAR-NORMAL STRESS PAIR («, [3)

We shall make use of (a,b, 9zp) and the tangential regularity (V7,dzp) to show the Lipschitz
bound of the velocity field. We mention 0zp twice here, since the density function plays the
role of “potential” via the pressure term P(p) as well as of “coefficient” via the viscosity
coefficients u(p),v(p).

To this end, we rewrite Vu in (7, n)-coordinates pointwisely in the following lemma. It is in
the spirit of [168, Lemma 1.7], and is proved in Appendix by long but straightforward
computations.
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Lemma 4.1.9 (Shear—normal decomposition of 7n and Vu in terms of shear—normal

stress pair («a,3)). Assume the hypotheses of Lemma|f.1.5. Let T = (:1> (z) be a vector
2

field satisfying

1
7€ L®(R%;R?), Vr e LYR%:R**?), for some q € (1,00), — € L®(R?).  (4.1.54)

7]
= T
Denote the unit tangential and normal vectors T = ('TTJ), n=-7-= < 72__ >
G —T1
We have the following representations in the (T, n)-coordinates:
(1) We have the shear—normal decomposition of the stress vector Tn
Tn = aT + fn, (4.1.55)

where the shear—normal stress pair (a, B) is given by
a=Ten):T, pf=non):T.

By use of the expression , a straightforward computation yields the relationship
between the vorticity—effective fluz pair (w, F') and its shear—normal reformulation version

(o, B):
a = p(p)(w+2n - dzu), (4.1.56)
B =F —2u(p)T - Ozu. (4.1.57)

(2) We represent the normal derivative O,u in terms of o, B + P(p) — P and the tangential
derivative Ozu as

P(p) — P
Optt =T a n5+ (p) +2(M<p)n®%—?®n)8;u+0;uL, (4.1.58)
1(p) v(p) v(p)
which leads to the following shear—normal decomposition of the velocity gradient
P(p) - P
VUZ(% @ ,B8+P0) )®n+(8#u)L®n+3?u®7_'
1(p) v(p) (4.1.59)

—pn@f—%@n) (%U} R n.

In particular, we have the pointwise representation for divu

B+P(p) =P 2u(p)T - Oru
v(p) vip)

divu =

(4.1.60)

(3) We represent (a, B) in terms of (a,b) up to tangential reqularity terms as
Va=Va+RR - (T0za)
+RR - (7((7 = 72)0em + 21 720572) — 20271720 — (75 — 71)0572))
+ RR1(—02(27172) 11 + (T3 — 72) 2) — RR2(—01(27172) 11 + O1(T5 — 7E) 72)

+ RR - (n0n (75 — 7)1 + n0n(27172) 72),
(4.1.61)
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VB =Vb+RR - (F0:(—21172m1 + (74 — T1)72))
—RR- (%(27‘2%28;71 (72 — 72)0- 27v2) + 2n( — 72)0y1 + 277'17‘28#72))
—RR1 ((“)2(7'2 — 7'1) v + 02(27172) ’)’2) 4+ RRa (81( — 7'1) m + 01(27172) 72)
+RR - (—n0, (27172) 71 + n0n(Ts — T2) 72),

(4.1.62)

and
=a+ (Fon—R"®R): (u(p)Su), (4.1.63)
B=b-— %( 7T -n®n+ROR—-RE@RY) : (u(p)Su). (4.1.64)

In the above, (y1,72) is given by

MY _ (#(p)(Ouyur + Oy us)
<V2> - (u(p)(&mul - amzw))v (4.1.65)

-2
Therefore, up to tangential reqularity terms, [|[Val|pow2y and ||Va| paw2) resp. [[VB||a(m2)
and [|Vb|| a2y are equivalent in the following sense

such that T(p,u) = <zj b > + ((u(p) + Xp)) divu — (P(p) — P))1d.

[Va = Vallpagey < Cx([(VT, 020) | Law2) [ Vull Lo m2y + |07Vl Lar2)),  (4.1.66)
VB = Vbl Lawey < Cu([[(VT, 02p) | La(r2) IVl oo (m2) + 107Vl La(r2y),  (4.1.67)

where the constant Ci depends only on g, pue, (1, Vi, V5 | (1 (), N ()] Loo (r2) -

Remark 4.1.10 (Proof ideas for the preliminary Lipschitz bound via («, )). Our
starting point for the Lipschitz bound for the velocity field is the pointwise decomposition

(4.1.59), which directly implies
IVl 1 poo < O 7, v, v")|[(0r, B+ Pp) — P, 87:u)||L%LOO. (4.1.68)

The shear—normal stress pair («, () is related to (a,b) by (4.1.63))-(4.1.64]), which implies also

the time-dependent version of (4.1.66))-(4.1.67)) as

IVa = Vall i pave < Co(l(VF0rp) e p2ec IVl poe + 18-Vl o), (4.1.69)

VB — VbHLgLHe < C*(H(V'Fu8?p)HL§°L2+E”VUHLt1L°° + HB?VUHL%LHE)' (4.1.70)
This, together with (4.1.39)), yields

[(Va, VB, 0:Vu, VOzu)|| 12+ (4.1.71)

< Cel(Va, Vb, 07p) | 3 1o +e + 1(VT, 07p) | e 24| (V@b + Pp) = P)|l a0 )

The bound for [[(a, 97u)|| 1z on the right hand side of follows directly by inter-
polating between and [[Vu| 1 p2+. The estimate for |3+ P(p) — PHLoo(Rz) is more
delicate, and we have to consider low and high frequencies separately and make use of the
damping effect of the density function. Details are found in the proof of Proposition
below.
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Remark 4.1.11 (Representations of divu). We summarize several representations for
div u, which are used to establish various estimates in this chapter.

1. (Equivalence of divu and b+ P(p) —~]5 in Li L**€ up to energy perturbation). We can
rewrite the expression of b+ P(p) — P given in (|4.1.26]) as

b+ P(p) — P =R, divu + Quuw = Rudivu + (u(p) + Mp))divu + Quuw  (4.1.72)
=v(p)divu + (’R,M,ﬂdivu — (p(p) — p)divu + Qﬂ,ﬂw), (4.1.73)
where we used the facts that R; = fi and Q,, = Q,,_j, and thus,

Qv PEP@) =P (R = (ulp) = p))divu + Qe
v(p) v(p) '

(4.1.74)

Thus ||b+ P(p) — ]5||L%L2+E and [|div u[| g1 2+ are equivalent, up to a perturbation, which
can be controlled by the initial energy and the Lipschitz bound of the velocity field

1

_2
l(p) = ll g Love I Vull oo < Cillp = pll 3 L2 IV Ul py poo < CLEG ||Vl 1y 1o,

where the constant C, depends only on p., p*, p, 1, [[(1W (p), P'(p), P(p)) | L= (r2)-

2. ((.1.42): Nonlocal representation of divu, leading to the decay estimate for density
tangential reqularity). In general, whenever regularity is relevant, the above “perturbative”
viewpoint is not useful anymore, as we do not assume any smallness of ||11(po) — fil| Lo (r2)
in this chapter. For instance, when applying the tangential derivative 0z to (4.1.74]), the
term HﬁRH_ﬁ@;(div )| L2+¢(r2) on the right hand side of (4.1.74]) is not a perturbation
of the “leading” term [|07(div u)||p2+¢®2), when |[u(p) — fil| Lo (r2) is not small.
Instead, we make use of the nonlocal representation (4.1.42)) to explore the damping
effect for the density function in order to establish the tangential regularity (see
below). The representation (4.1.42)) and the operator (4.1.43)) are key to eliminating

the smallness assumption on [|u(p) — fil| o (r2) and propagating regularity.
3. ((4.1.60): Pointwise representation of divu, yielding uniform bounds). The local

counterpart of (4.1.42) is given by (4.1.60)). It is particularly useful in the L% -setting,
see Propositions below.

4. ((]EI) Representation of divu in terms of ii, leading to decay estimates for divu). In
order to establish suitable decay estimates for div u, we make use of the representation
of divu by i in (P below, such that

|l pP’ (p)divu + (—A)~div (pit)|| a2y < Cull(u @ 4, Vu @ Vu, Vi) pagey, ¢ € (1,00).

This inequality implies that the bound for ||divu|/ 12+ can be derived from the H'-
energy estimate for 4, see Proposition below.

D. ( FEvolutionary equation for divu with damping effect, leading to further decay
estimates for divu). We require a uniform-in-time bound for Ht/%div ul[pgop2+¢, which
cannot be obtained solely from the time-weighted L?-estimate for i combined with .
However, the “artificial” damping equation 1' below for div u enables us to derive the
desired time-weighted Lg°-estimate for divu, see Proposition [4.3.6] below.
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4.2. OUTLINE OF THE PROOF STRATEGY

Recall the definitions and notations from Section .1l

The main challenge in this chapter is to deal with variable viscosity coefficients (u(p)) (¢, )
and (v(p))(t,z), which may be discontinuous and exhibit large variations. The classical
vorticity—effective flux pair (w, F'), which plays an important role in the analysis of
with constant viscosity coefficients in the literature, is not convenient here. In Subsection
[41.3] we introduced

(a,b) and (o, ) as its nonlocal and localized replacements,

to establish the L?t¢(R?)-estimate (Step I below) and the L°°(R?)-estimate (Step IV|below)
of the velocity gradient.

In the constant-viscosity case, the damping effect for the density function, which leads to the
necessary time-decay estimates, can be realized thanks to the pointwise linear conncection
between divu and the monotonic function P(p) via the effective flux (F)). In the variable-
viscosity case here, this straightforward representation of divw is not efficient anymore, and
we make use of

(4.1.42) and (4.1.60]), as the nonlocal and pointwise representations for div u,

to establish the L?7¢(IR?)-estimate for the tangential regularity (pTR]), (uTR]) (Step I1I| below)
and the uniform L>°(R?)-bounds for p (Step IV|below).

We shall establish the desired Lipschitz bound for the velocity field « in the following four
steps.

L*(R?) setting: Energy estimates

!

L*7¢(R?) setting: IVl g1 g2+ by use of (a,b) & |[Step 111 (vTR), (uTR]) by use of A
!

L*®(R?) setting: IVull L1 by use of (a, B).

More precisely, we can summarize each step as follows.

Step I Establish time-decay estimates by use of the low-frequency assumption (pg — p, poug) €
(H=2° N L?)(R?), as well as higher order energy estimates for u and « in terms of the
Lipschitz norm of .

Since the momentum equation can be formulated as (4.1.33)):
pi = divT(p,u) = V¥'a + Vb, (CNSw»)

the LP(R?)-estimates for (Va, Vb), p € [2,00), follow from the energy estimates for
by the Helmholtz decomposition and interpolation.

Step II Establish the estimate for HVuHL%Lere in terms of Ha||L%L2+e and ||div u||Lt1L2+e.
The time-decay estimate for |al|f2+¢g2) follows from a further study of the incompressible

counterpart of the energy estimates. In order to achieve sufficient time decay of
[|[div ul| £2+(r2), we have to further explore the “low-high” frequency connection provided

by the system (CNS)) itself (see , , below).
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Step III Establish (pTR)), and, in particular, the improved time-integrability dzp €
L} L?>*¢, by use of the damping effect via the nonlocal representation (4.1.42):
divu =N""(P(p) — P)+ N ' (b— QuR; a). (4.2.1)

Here, N' = R\ + QMR_lQ“ was introduced in Lemma and the associated
dissipative operator (4.1.43)):

A= —\/pP' (p))N~'\/pP'(p) (A)

makes the damping effect transparent (see (4.2.13)) below).

Step IV Close the Lipschitz estimate for u and conclude the global-in-time bounds with a
bootstrap argument under a suitable small energy assumption. Here we employ the
shear-normal stress pair («, 3) defined by

T(p,u)n = a7 + fn,

and the fact that Vu can be pointwisely represented by («, ). Recall that (a, ) is at
the same time nonlocally related to (a,b) up to tangential regularity as

V(a, B) = V(a,b) + RR - (Tangential Regularity Terms (TRT)),

where ||(TRT)||;12+ can be bounded by (pTR)), (uTR]) up to the Lipschitz norm of u
(see Remark |4.1.10)).

In the following we outline [Step 1| - [Step IV] and the proof sketch of Theorem in more
detail. The rigorous proofs can be found in Section [£.3] As we shall use a bootstrap argument
to establish the global-in-time estimates in we assume a priori in [Step 1] - [Step 11|
that

1
p € lgpetp’], Vue L((0,00); L¥(R). (1.2.2)
Hence, the viscosity coeffcients and pressure satisfy a priori

1(p) € [, 1), vip) € [, v™], pP'(p) > 7, Pl(p) > 7,

with the positive constants pu., u*, Vs, V™, Ty, Tx defined in Subsection Correspondingly,
the positive constants €y, C, w given in Part |(I)| of Lemma are all fixed positive constants.
Next, for any fixed € € (0, €g], we take ¢ = 2+ ¢, such that the constants in Part of Lemma
[AI7and in Lemma are all fixed positive constants.

The proof strategy of the Lipschitz bound and the a priori estimates are illustrated in Figure

A1

4.2.1. ENERGY ESTIMATES

It is well-known that smooth and fast decaying solutions to the Navier—Stokes equations
(ICNS|) satisfy the energy inequality (4.1.3)):

E(t) <&(0) = /R2 (po|u§|2 + H(po))(x)dx, V¢ > 0, (4.2.3)

where the energy functional is given by .
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Propositions |4.3.8|[4.3.10] [[Vul| 11

(Btep 1V)
‘ T‘Lemma 119 ‘
Proposition [£-3.3] Proposition [£.3.6] Proposition [£.3.7]
1(Va, V)l e 19l v (7). WTE)
e 1] Biep 11 Btep 1]
I Lemma 1.7 [ (A)
‘ |
(CNS.): s Propos1tlon@ Proposition [£.3.6] (CNSh= Dip = —pdive
. [0 V| g g2 + (I3 Va2 2 ;
pit =V—a+Vb ¢ i ||div || f1p2ve
+llallprpa+e ¢
B [=!
Proposition [£:3:2] Proposition [£.3.3] N
(¢, #540- (i, div )| e 2 [0Vl pmqrams — paon o
(7, 5V 2 S T

T

Proposition 1o = A, uw) (B2 < (8)~°

Figure 4.1.: Outline of the Lipschitz bound proof

4.2.1.1. PROPOSITION [4.3.1k TIME-DECAY ENERGY ESTIMATES

A large number of works have been dedicated to investigating the optimal time decay rates
of global smooth solutions to (CNS)). For classical solutions whose initial data are small in
L' N H3(R3), A. Matsumura and T. Nishida first obtained the optimal decay rates of
the L?(R3)-norm in three space dimensions

- _3
1o = 2, u) ()| L2 sy < C(L+1)7 5.

The general LP(R?)-decay rates in the constant viscosity case were established later by G.
Ponce
I94(p = pu)(O) oy < C1+ 1) 207975,

for p € [2,00],k = 0,1,2 and dimensions d = 2,3. Further investigations of the decay rates
have been made in e.g. 114}, 131}, [152), 164}, [178] for constant viscosity, and in [66,
for density-dependent viscosity. The optimal decay rates in the critical LP-framework were
established in 246]. All the aforementioned works deal with regular solutions where
the density is at least continuous. The decay rates for low-regularity weak solutions of
which allow for discontinuous densities were established by X. Hu and G. Wu in the
constant viscosity case and in three spatial dimensions.

We aim to show a similar time-decay as in [135] for the case with variable viscosity coefficients.

More precisely, under the low frequency assumption on the initial data
. 1
(po — P, pouo) € HP(R%;,R™2)  for some § € (0, 5),

we are able to prove the following decay rate for (CNS|)

1(p = B, u) (Bl 22y < C(L+1) 7",

where §_ denotes any positive number strictly smaller than § and C' depends only on the
initial norm ||(po — p, pouO)HL?ﬂH*%(RZ;Rl*% and py, p*, s, 1, Vi, v*, 0,0 (see Proposition

below).
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4.2.1.2. PROPOSITION [4.3.2: HIGHER-ORDER ENERGY ESTIMATES

In his pioneer work [127] for the constant-viscosity case, D. Hoff introduced the energy
functionals

t
Ai(t) = SglfUHVUH%%R?) +/O o ||/ 2 eyt
01 (4.2.4)

t
Aalt) = mpo IV pil e + | oIl aya

with the material derivative of the velocity @ = (0; + u - V)u and the time weight o(t) =
min{1,¢}. Notice that these functionals appear naturally by taking the L2-inner product
between the momentum equation 2 and @ resp. @ = (0;+u-V)u. He establishes bounds
for the energy functionals (4.2.4)) provided that the L?-norm of the initial velocity is small and
the density is bounded away from zero and from above, along with some technical assumptions.
With the boundedness of these energy functionals one in particular has pi € LP(R?) for any
p € [2,00).

Here in the variable-viscosity case, provided with initial data ug € H'(R?), we can derive
similar bounds on the following time-weighted higher order energy functionals (see Proposition

below)

(2=, 20 i, #2700 [p P (p)div ) |1 o + || (80 /i, 3 0-Vit) [y (4:2.5)

We point out here that the bound depends on p., p* and the Lipschitz norm of the velocity,
which requires the bootstrap assumptions (4.2.2). Thus the energy estimates are not yet
closed. The closing of the energy and Lipschitz estimates is performed later with a classical

(but rather delicate) bootstrap argument in [Step 1V

We can derive a L} L>*-bound for % directly from these higher order energy estimates and
Gagliardo-Nirenberg’s inequality

_2 1 _€_
]| 1 p2+e < 0H<t’>5—auz§;Ht’ﬁ”—vuuz;;;, (4.2.6)

where we used (4.3.1) below. However, it is completely unclear whether this could lead to
Vu € L{L* or even Vu € L;LP for some p > 2, due to the presence of variable viscosity
coefficients. We establish an LP(R?)-estimate for Vu with p = 2 + ¢ in [Step II| below.

4.2.1.3. PROPOSITION 4.3.3) ESTIMATE FOR [|(Va, Vb)| 12+

With similar ideas as discussed in Subsection [£.2.1.2] we can derive higher order energy
estimate for 1. We apply the material derivative D; to the momentum equation (CNS),, and
then take the L2-inner product with . This yields after long computations (see Proposition

a bound f01E|

1 12 2
Ht’ﬁ‘s—VuHLoo((

t/%Jrls_ \/EU’

LopLa(r2) F L2((1£);L2(R2)) 421

and eventually by interpolation a bound for

H (va7 Vb) HLl((O,oo);LZJFE(R?))‘

%We integrate over a time interval away from the initial time, as we do not assume higher regularity of the
initial velocity.
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4.2.2. ESTIMATE FOR ||Vul[p1 2+

In this step we further investigate the time decay of ||[Vu| z2+¢g2). Our idea is to explore the
“low-high” frequency connection provided by the system itself. Such an idea has played
an important role in e.g. [61}, 120, |135] to show time decay estimates. To this end we employ
the following identities.

o The “low-frequency” term P(p) — P can be represented by the “high-frequency” terms
i, Vu, when one applies —(—A)~ldiv to the momentum equation (CNS),:

P(p) — P = (=A)"!div (pu) + (R @ R) : (u(p)Su) + A(p)div u. (P)
Then one can benefit from the decay properties of %, Vu to obtain better time decay for
P(p) — P.
e We apply D; to and make use of (CNS|);: p = —pdivu, to achieve

— pP'(p)divu = P(p) = (—=A)~'div (pii) + g1, (P)
where
g1 = u-V(=A)"tdiv (pir) — (—A) " div 9; (u;pir)
+(R@R): (—# (p)pdivuSu + pu(p) St + p(p)u- V,Su) + [u- V,(R®R)] : (u(p)Su)
— N (p)p(divu)? + A(p)diva + A(p)[u - V, div |u.

The decay estimates for the “high-frequency” terms i, Vi may lead to further decay
property of the “low-frequency” term div u.

o If we rewrite A(p)divu = v(p)divu — (R @ R) : (2u(p)divuld ), then the application of
D, to and the fact that —P(p) = pP’(p)div u yield

(D1 22 v ) = . ®)

where

g1 = —(=A)"div (pii) — u - V(=A) " div (pu) + (=A) " div 9; (u;pit)
—Di(R®R) : (u(p)(Su — 2(divu)ld)).

The evolutionary equation is equivalent to (]EI), and represents a damping effect for
div u.
4.2.2.1. PROPOSITION (4.3.4 IMPROVED ESTIMATE FOR ||al| 12+

Recall from Subsection [4.2.1.2] that we derive the following H'-energy estimate for u by taking
the L2-inner product between the momentum equation (CNS)y and 7 (see (4.3.11)) below)

1d w(p) 2 . 9 / -
2 dt /RQ( 5 1Sul” + A(p)|divyl )de [ plil de

< C(Vu, P(p) — P)l| 2wy | Vull 2 g2y | Vi Lo g2y

d -
+ —/ (P(p) — P)divudz +/ pP’(p)|div ul? dz.
dt Jr2 R2
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The last integral on the right hand side results in a “loss” of f%—decay when performing time-
weighted energy estimates directly.Hence we can only control norms such as ||t/% V)| Leere in

(@.2.5) while not [|¢'27°- Vullpeee.

Our idea to improve this decay estimate is to use in order to rewrite the last integral as
/ (—=A)~Ydiv (pa)div adz = (R - (pit), R - @), up to unproblematic terms.
R2

Its difference with the integral [p» p|it|>dz = (pi, @) on the left hand side yields a control on
Hva”%2(R2) = |R:- (pﬂ)”%Q(Rg), up to unproblematic terms.
Therefore, we derive the “incompressible" counterpart of (4.2.5) with improved time decay
1 1
|3+~ Vaul[f e 2 + |3+~ vauiw. (4.2.8)

This suffices to control [|al[ 12+ in terms of the Lipschitz norm of the velocity (see Proposition
13.4).

4.2.2.2. PROPOSITION [4.3.5) ESTIMATE FOR ||V £1((1,1);12+e)

Since we do not have any control of || V2| r2(r2) due to possible discontinuities of the viscosity
coefficients, we cannot derive the || V|| p2+¢g2)-bound simply by interpolation. We have to go
via the “coordinates” (a,b) as follows. Recall the quantities (4 .
« By virtue of the invertibility of the operator M in L?+¢(R?) by Lemmau 4.1.7, [V L2+ (r2)
is controlled by [|(@, b+ P(p))|| 2+ (R2)-
« By virtue of the decomposition of pu in (CNSy), |[(Va, VB)\|L2(R2) can be bounded by
]| L2(m2) up to lower-order error terms.

o The bound for ||al|z2+¢g2) follows direclty from interpolation.

We have to further decompose b+ P(p) to control its L2+¢(R2)-norm:

— the “low-frequency” part is bounded by ||b+ P(p)H 12(r?), and hence, thanks to the
boundedness of M in L?(R?), by || V| r2(r?) up to lower-order errors;

— the “high-frequency” part is bounded by ||V6||L2(R2) and HP(p)HLw(Rz), where the
latter quantity is bounded by Ci||Vul| poo r2)-

4.2.2.3. PROPOSITION {4.3.6f ESTIMATE FOR [|Vul|p112+-

Thanks to , the bound for [|[Vul|p1p2+c follows from the control on |[af|f1p2+c and
[div ul| g1 pote. In order to control [|div ul|f L one cannot simply make use of ‘the inter-

polation inequality [|div ul|p2+egey < [[div uHLQ(R2 ||c11v71”1.400(1[@2)7 since the energy bound in
({4.2.5) does not give enough time-decay for ||divul[z2g2). Our idea is to make use of the
representation and the energy control of ||(i, )| 2(r2) and ||V 2+er2) obtained in

Proposition [£.3.5

We will also need a uniform-in-time bound for Ht%diqu reep2+e. This requires more work,
since we have time-weighted L?L2-control on i while no L{°L?-control. The latter would
follow from higher order energy estimates, which we would like to avoid here, due to lenghty
computations. Instead, we explore here the evolution equation (P’) for divu. Then the

obtained bounds for u, Vu, i, Vi, i and the damping effect yield the desired uniform-in-time
bound.
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4.2.3. [STEP IIT] PROPOSITION [1.3.7: ESTIMATES FOR TANGENTIAL REGULARITY

In the constant viscosity case, the effective flux satisfies VF € LP(R?), p € [2,00), thanks
to the elliptic equation AF = div (pu) in . This, together with interpolation estimates,
can be used to control the L°-norm of F' in the density bounds. More precisely, recalling the
mass conservation 1: Dy log 5= —divu, we write

P(p)—P F
divu = L + —, (4.2.9)
v v
to obtain
F P(p)—P
D, log@ + h(p) logg =——, with h(p):= Lﬂ > he >0 (4.2.10)
p p v vlog 5

for some constant h, depending only on the upper and lower bounds of the density and
viscosity coefficients, thanks to the assumption P’(p) > 0. This equation, together with the
integrability properties of F', help to establish the upper and lower bounds as well as the time
decay estimate of the density function. This is referred to as damping effect.

Unfortunately, for density-dependent viscosity coefficients one can not expect regularity of
F due to possible jumps in the viscosity coefficients. Instead, we make use of the newly

introduced nonlocal representation (4.1.42) of divu to rewrite (CNSJ); as
Dip+ pN7HP(p) — P) = —pN L (b - QMR;ICL). (4.2.11)

The damping effect is also present here, since the nonlocal operator N1 is positive by Lemma
417 We investigate this damping effect in the equation for the tangential derivative of the
density function. We apply the tangential derivative 9z to (4.2.11]) to obtain

Dy0zp + pNL0:(P(p)) = Oy, (4.2.12)
where

©o = —[07, Di|p — Ozpdivu — p./\f_l(a;b — QﬂRﬁlafa)
+ PN 107, QuR, Ma — plor, N TU(P(p) = P+b— QuR,a).

We multiply the equation by %(p) to derive a convenient equation for 6 = / Pllgp ) O7p,

D =A8+0, with A=—\/pP' ()N /pP(p) defined in (L143), (4.2.13)

where

P'(p)

O7p + Op.

o [Dt, P'(p)
p

In Proposition we employ this evolution equation and the dissipative property ((4.1.44])
of A to establish an (L{° N L})L**c-estimate for § and hence for d7p. The same bound for

(pTR), (uTR) follows accordingly.
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4.2.4. STEP IVl THE LIPSCHITZ BOUND
4.2.4.1. PROPOSITION [4.3.8: PRELIMINARY LIPSCHITZ BOUND

By Remark [4.1.10} it suffices to control ||(a, 8 + P(p) — P, d7u)|| 1o to obtain the Lipschitz
bound. Firstly, the bound for ||(«, (%u)HLtlLoo follows from interpolation bewteen HVUHL%LHG
and the tangential regularity terms

1(Va, Vb, 8-, 0- V)| 3 pase + (V7 ) 2w 24 (Vet, a,b + P(p) = Bl oo

The bound for |3+ P(p) — P|| L1z Tequires more work. To realize a similar interpolation idea,
we perform a high-low frequency decomposition and explore again the damping effect so as to
control the high frequency part of the pressure fluctuation. Instead of the nonlocal viewpoint

. . oo _ BH+P(p)—P | 2u(p)T-0z
(the usage of A), we insert the local representation 4.1.6?. divu = V(Z) 4 2 ﬁ(;) u

into the “renormalized” mass conservation law Dy(P(p) — P) = —pP’(p)divu, and apply the
high-frequency cutoff operator Id — ¢ (D), with the frequency threshold 2%V defined later, to
obtain

Dy(P(p) — P)" +d(p)(P(p) — P)" = g2,

/ 4.2.
where "= (14~ o (D))f, d(p) = L, (214

with

92 = —d(p)B" — (d(p)2u(p)7 - Dxu)" — [u- V, on(D)](P(p) — P)

~ (4.2.15)
—[d(p), en(D)(P(p) — P+ B).

Here we used that the identity operator Id plays no role in the commutators [Dy, Id—pn(D)] =
[u-V,—pn(D)]. One then uses similar tangential regularity terms as above to control go
in L} L>°(R?) up to a parameter 2"V, which is afterwards determined to balance the control
terms. Hence, the bound for ||Vu||Lt1LOo follows.

4.2.4.2. PROPOSITION [4.3.9) PRELIMINARY DENSITY BOUNDS

We derive the lower and upper bounds for the density function from the mass equation, with
div u replaced by its pointwise representation (4.1.60)):

1
v(p)

where the function h(p) is the same as in (4.2.10f). The right hand side can be bouned similarly
as above by interpolation. This eventually yields the density bounds.

(D¢ + h(p)) logg = ———(B+2u(p)7 - 0:u),  hlp) = , (4.2.16)

4.2.4.3. PROPOSITION [4.3.10; BOOTSTRAP ARGUMENT AND LIPSCHITZ BOUND

We put all the obtained estimates together, and use a bootstrap argument to close the
estimates by virtue of the small energy assumption.
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4.2.5. PROOF SKETCH OF THEOREM [4.1.1]

We follow the standard procedure to show the global-in-time wellposedness: We first construct
a sequence of global-in-time approximate solutions (p°, u®, 7).~ with regularized initial data,
and then show its convergence to the unique solution (p,u,7) of the system —, with
initial data (pg, ug, 70) satisfying the assumptions in Theorem

4.2.5.1. THEOREM [4.3. 11} LOCAL-IN-TIME WELL-POSEDNESS AND CONTINUATION
CRITERIA

We first establish the local-in-time well-posedness and continuation criteria of the system

1} in Theorem [4.3.11] without any low-frequency or smallness assumptions on the
initial data.

The proof strategy is as in [251], which is devoted to a compressible Navier—Stokes-type
model governing the motion of two compressible ﬂuidsﬁ The usage of the new decompositions
introduced in Section [£.1.3]helps to remove the smallness restriction in the viscosity fluctuations
in [251].

4.2.5.2. CONCLUSION OF THEOREM [4. 1.1} COMPACTNESS OF APPROXIMATE
SEQUENCE

With regularized initial data, the local-in-time solution (p®, u®, 7¢) established in Theorem
is regular enough, such that all the estimates obtained in [Step |- [Step IV]hold. Therefore
by the continuation criteria in Theorem [£.3.11] this solution can be continued globally-in-time.

To show the compactness of the approximate solution sequence, we adapt the proof strategy
of [235] (see also [139]) where the shear viscosity p is constant, to our case when p is variable,
making use of the pointwise representation (4.1.59)) of div u.

4.3. PROOFS

The goal of this section is to prove Theorem [.1.1] and Corollary [£.1.3] To this end, we first
establish a priori estimates in a series of propositions: Subsections [4.3.1] 4.3.2] 4.3.3| and [4.3.4]
are devoted to Steps I, II, III, IV, illustrated in Section [£.2] respectively. We then complete
the proofs of Theorem and Corollary in Subsection

Recall the assumptions in Theorem Under the bootstrap assumption p € [ip*, 4p*] (see
(4.2.2), the parameter ¢y depending on i, u*, vy, v*, m, is given by Lemma Without
loss of generality we restrict to the case €y € (0,2]. Fix any number € € (0, €g], and then fix

se(3- %ﬁ, Hc (2%%, 1). Let 6_ € (5 — iﬁ,é) be some fixed number close to d, then

€
€

) >t roo)a

_5_ 2 (1 _e
L2(0,00) T 1€t) ey (a0 )ai C(e, 0). (4.3.1)

L2(0,00) =

For notational simplicity, we introduce

4The model has the structure of a Navier-Stokes system, supplemented by a transport equation for the volume
fraction of one phase, with constitutive laws depending on this quantity. If this dependence is dropped, the
equations reduce to the classical Navier—Stokes system.
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o Initial norms:
— Eo = [[(po = 5, pouo) || 12 (x2);
— Es = [[(po = 5, pouo) | z2rsr-20) (2

— By = Es + [|[Vuol| 2 r2);
Recall the smallness assumption (4.1.10). Without loss of generality we assume in this
section

Ey < 1; (4.3.2)

e Positive constants:

— (s, which may vary from line to line, denotes some positive constant depending on

p*up*) sy H*a Vs, V*u Tk ﬁ-*? H(H))‘7P)HW2,00([%p*74p*])7 €, 5)

— Cp = Ce® T By
~ e 2
— Co = CeFi(1+ Ey) 7= B
e Time-space norms:
1 3
= Il = MW@ = Wfllpapa+e + 182 fllzpeve + [E75 fllpge pove;

1 3
~= W lloo = Mfllloo(®) = NFlz2 oo + 182 fll 200 + 13 fllLpe Loo
o Generalized Lipschitz bounds:

—W(t) = )H(vu a,b+ P(p) —P)m (t);

— V(t) = exp(Ci[[Vull o (1))
Thus exp(Cu||Vul| £1 ) + [ Vulloo () < V(2) < exp(C.W (2)).

4.3.1. ENERGY ESTIMATES
4.3.1.1. CLASSICAL ENERGY AND DECAY OF |(p — p,u)(t)]| 2

We have the following energy and decay estimates, which are proven in Appendix [£.C1]

Proposition 4.3.1. Let (p,u) be a sufficiently smooth and fast decaying solution of (CNS|)
with initial data satisfying (po — p,uo) € L*(R%R2), 0 < py < po < p* and ([4.3.2)).

1. Then taking the L?(R?)-inner product between the momentum equation (CNS)s and u

yields
d 2 2 c 12 _
p|u| + H(p d + ]S | 4+ A(p)|divul®) dz = 0. (4.3.3)
dt Jr2
Integrating in time implies that the energy deﬁned mn is dissipated as follows

/ /R 2O) g2 1 A(p )|divu|2)(t’,x)dt’ d = £(0). (4.3.4)
2. If additionally (po — p, pouo) € H=2(R%;R3) for some 6 € (0,3) and
p(t,z) € [%p*,élp*], vt >0, z € R?, (4.3.5)
then for any fized 6— € (0,9) and for all t > 0 we have
(o = p,uw) ()2 + [Vull 22 < CiEo, (4.3.6)
1o = pou)(t)l 2 S Cue™ B (1) (4.3.7)
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4.3.1.2. H'-ENERGY ESTIMATE FOR u AND L2-ENERGY ESTIMATE FOR 1

As a consequence of the decay estimate (4.3.7)) we establish the following higher order energy
estimates.

Proposition 4.3.2. Let the assumptions of Proposition hold and additionally ug €
HY(R?). Then fort >0,

1Y~ Vull 22 S5 CucC- P By, (4.3.5)
1Vt i, %\ [P/ (p)div ) e 2 + | (V5 3 Vi) | 22 < Cu(Bo + Vo 22) V(D). (43.9)

('Y= VT, ¢/5F0= i, #5700 [P (p)divu) | pge 2 + [[(F)°= /pit, 2 0= Vi) || 212 S5 CoV (1),
(4.3.10)

Proof. Proof of (4.3.8). Multiplying the energy balance (#.3.3) by (¢)2°-, integrating in time,
and using (4.3.7)) yields

20— 1 2 b N 1(p) 2 .9 ,
02 [ (Golul+ Hp)) o+ [ (00 [ (2150 + M) ldiv uf?) dodt
' 2
(0) +/ <t'>25‘71/ (lp!mz‘ + H(p)) dadt’ S5 Cee® P},
0 R2 \2

which directly implies (4.3.8)).

Proof of (4.3.9). Below in Appendix we establish the following higher order energy
inequalities:

! d/ ( (2p)|Su|2+)\(p)|divu|2) dx—i—/ plitf? da
]RQ

2 dt
- d = .
< Cul(Va, Plp) = Pl |Vl s Vullie + 5 [ (P(o) = Phivuda+ [ pP(p)ldivulda.
(4.3.11)
2dt/ olil? + pP'(p )|d1vu|2dx+/ PO G2 & A (o) div a2 da
< G017 P(p) ~ Pl Pl ¥l + v Fol). (4.312)

We multiply (4.3.12) by ¢, add the resulting inequality to (4.3.11)), apply Young’s inequality
and integrate in time to obtain

Vy 1 . .
—HVu(t)H%Q + [[t2(v/pit, |/ pP' (p)div u) (£)|7 +*H\TU||L2L2 + 2 ||t VUHLsz
/ dt,/ P)divudadt + C. / 1(Vu, P(p) — )||%2(HVUHL00+||t/§Vu||%oo)dt/
Vy
+ C*(HdIVUHLng + It 2d1VUHL;><>L2HVUHL§L2Ht 2vUlngLoo + ZHVUOH%%

where we apply integration by parts to the first integral on the right hand side to bound it by

!
’/ ¥ /R? dlvudxdt

< |IP(p) PHLOOLQHdWU( )z + 1P(po) — Pl 2| div uol| 2.

We first apply Gronwall’s inequality and then Young’s inequality to derive

Vy 1 1 . . 1 . Vx 1.
Yl e + g I3 (Bt 0P (i) e+ /Bl + A i
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C*(HP(P) = P Feere + [P(po) = Pl z2lldiv uo| 2 + [[Vuo| 7
+ divelz s + 1Vull?z,0 )V ().
Inserting the energy inequality (4.3.3) implies (4.3.9)).

Proof of (#.3.10). We multiply (#.3.11)) by (t)2*- and ([#.3.12) by t'72%-, and add the
resulting inequalities to obtain

Vx 5_ T, 1.5 . .
5 () VU(75)||%2+§H752+ (/i £/ pP' (p)div u) (1) |72

1 . Vy 1 .

+(5 =0 ) VPl 2 + ZHtQ—HLqu%ELZ

t d .
25— .

< / (- /R (P(p) — P)divudadt

40 [ 1) (Vs Plo) ~ P15Vl + V)

+ C*(Ht,2+6_le ’LLHL?OLQHt/(S_V’LLHLgLQHt,%vu”LgLoo + H<t/)5‘VuH2L§L2) + %HVUOH%Q

Using integration by parts we control [;(#)?- 4 [o.(P(p) — P)divudzdt’ by

1(')°= (P(p) = P)ll e 211 8)°- divu(t) [ 22 + [P (po) — Pllpz|divuol| 2
+ 26 [[() 7O 2o ) (P(p) = P)ll e 2 () div | 22,

where ||(#/)~1-(00=0-)| £2(0,) is uniformly bounded in ¢ since 6_ < d. We first apply Young’s

inequality to the [|(#/)9- Vaul|peop2- and Ht%M—div u(t)||2-terms and then use Gronwall’s
inequality to derive

Vs 1,1 . .
Z|\<t'>6’vu\|igom + Z||t'2+6’(\fpu> VPP (p)divw) (8)[[ e 2
1 . Vg, 1 .
(5= DO VBl 2 + 252
C*(||<t'>5’(P(P) = P)|[Fee 2 + 1P (p0) — Pl z2]|div uo|| 2

+ -T2 1 + | Vuoll32 )V (2)-

We derive (4.3.10) from (4.3.7) and (4.3.8]). O

4.3.1.3. H'-ENERGY ESTIMATE FOR 4 AND ESTIMATE FOR |[|(Va, Vb)]|,

Proposition 4.3.3 (Estimates for ||| ;1 and [|(Va, Vb)||,). Let e € (0,2] and 6 € (2—%, 3.
o_ € (2+ ,0). Under the assumptions of Proposztwn we have for t > 0,
S0Vl e g + (1203 i a0 < CoV (1), (4.3.13)
and consequently
[(Va, V)|, < CoV(2). (4.3.14)

Here, o is the time-weight o(t) = min{1,¢}.
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Proof. Proof of (4.3.13). Recall the definition of the tensor @: T = pu(p)Su+ (M(p)divu —
(P(p) — P))Id. Below in Appendix we show that

IVpil: + 5 [ (B 150P + A(paiv i) o

d ) . .
< T+ C(lIVal g2 + [ Vull 2 Vulles + [Vl [Vl 2 + [Vull 2] VullZ) [Vl 22,
(4.3.15)
where I can be bounded by
1] < Cull(Vu, P(p) = P)| 2| Vull = |Vl 2 + Cocl|div | 2| div | 2, (4.3.16)
We multiply ([£.3.15) by t!120- 51720~ and integrate in time to derive
1
#2003 70 Jpii|| 2,5 + —t TP o172 / (Mysw + Ap)\divaf?) (¢) da
t 2 Rz\ 2
t d t
< CL[t'2 V%2, +/ L c*/ [V | o [t 2 0~ 02 =0 V|2, i’
¢ 0 0

+ Co(lE2 0=V 22 + (149 Vul| o 2 |2 Vul| 2 00
+ [TVl o g2 £ V| go oo [[£2 V]| 2 oo [£2 (2) = V| 2.

Notice that integration by parts yields

d
t/l+25_ 1—-26_ 7Idt
A 7

< C[(#) = (Vu, P(p) = P)| o2 (|1 Vu| 5o o< [[£2 0= 0370 Vaa(t) | 2
+ [Vl 2 oo £ V] 212)
+ Cullt'= 0= div ul| e 2 #2002 0= div a(t) | g2 + Cul| 0= Vul| 22 |2 Vi 2.

Thus, we apply Young’s inequality related to the term ||t%+5*c7%_5* Vi(t)| 2 and then use

Gronwall’s inequality to derive (choosing d_ € (1, 1))

1 1 1_ .
N e [ R L1012
1 . 1 .
Cu ()= (T, P(p) = Pl o + (113 div ul[2e o + 1187 Vi, 5 ()= Vi) [ 252 )V ().

Then we apply the energy estimates (4.3.9)), (4.3.10) to obtain the desired bound (4.3.13)).
Proof of (4.3.14). First notice that the Helmholtz decomposition (CNSy): pi = V+ta 4+ Vb

implies

1(Va, Vb)|l» < Cyllpillze, Vp € (1,00). (4.3.17)

Together with the interpolation intequality || f||z2+e < Cc| f|l}3 B IV fII;5°, we have

1(Va, Vb)| 2+ < C HU\I”EHWZII?,

and therefore

1 . % 1 e
1(Va, V) L1 p2+e +[[t'2(Va, Vb)|| 2 24e < C*H(t'>5‘uﬂz‘t5p||t/2+5‘vu|!z§p,
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3 1 5,.% lis. 1 5 <. i75e
163 (Va, V0o e < Cullt (¢l 25 #3503~ | 25,

where §_ € (%ﬁ,é) and we used the facts ([L3.), (3 — (3 + 6 )Qie)Q;E € [0,0_] and

G -8 G -G+ ))H e l5,5+0- ] Hence (4.3.14)) follows from (4.3.10) and
@3.13).

O]

4.3.2. ESTIMATE FOR |[|Vul|,

The goal of this subsection is to establish the a priori estimate for ||Vul|.. In view of the

L?*¢(R?)-estimate (4.1.37) in Lemma we have
IVulle < Cilli(a, div )],

In Subsections 4.3.2.1 and |4.3.2.3| below we establish a priori estimates for |||a|l|, and |||div |||,
respectively.

4.3.2.1. IMPROVED H'-ENERGY ESTIMATE FOR u AND ESTIMATE FOR ||af|,

Proposition 4.3.4 (Improved H' estimate). Let e € (0,2], and § € (3 — 155

1
0_ € (% — %2%_6,5). Under the assumptions of Propositz'on there holds for t > 0

[#3 Vallep + €57 Val a2 < CoV (@), (43.18)
and consequently,
llall. < CoV(?). (4.3.19)
Proof. We write
(—A)"div (pii) = 9y(—A)~Ldiv (pir) + (—A) " Hdiv 9 (ujpa),

so that by taking the L%-inner product between and —div u, we derive

/QpP’( )|div u|?dz + i/ (—A)Ldiv (pa)div udz — /2(—A)_1div (pu)div a dx
R R
< Cllpa] g2 llul 21 Vull oo + CllVallz2 [ Vullze + [Vl g2 [Vl z2),

where we used

/2 O (—A)~tdiv (p)divu de = ;lt/ (—A)~Ldiv (pa)div udz — /2(—A)_1div (pu)div a dx
R R
+/ )~ Ydiv (pu)div (u - Vu) de.

Adding the above inequality to (4.3.11)) while noticing that (noting v = R(R-v) + R (R -v)
for v € L2(R%;R?) and pit = V+a + Vb)

/2 plaf? dz — /2(—A)’1div (pi)div i da = (pi, @) — (R - (pa), R - @) = (R - (pi), R* - )
R R

1 . 1 . . 1 ~ .
= EHRl - (p) 1222y — ;<RL (p), R ((p = pi)) > BHV‘IH%Q(RQ) — Cullp — pll2lli 34,
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we obtain (by Gagliardo-Nirenberg’s inequality \|u||%4(R2) < Cllal| 2|Vl L2 gey)

ld (P) 2 2 2
m[ 5 |Sul® + Ap)|div d] + f||VaHL2(R2)
d N 1. N
< Cullp = pll 2l 2| V| 2 + — [ R2 — P)divudr — /RZ’(_A) Ldiv (pu)dlvudx]

+ Cllptl| g2 [[ull 2 [Vl o + C 1V, P(p) = P) 2 (V] 2|Vl oo + (V7] 2).
Multiplying this inequality by #3720 and integrating in time implies
1
S I Va3 + S Val
_1 - . 1 .
< C|t"- 4VUH%2L2 + Cillp - p”Lf"L?Htlé_uHLfL?Ht/2+6_quL?L2

d -
+/ {/at20- / (P(p) —P)divuda:—/ (—A)"div (pu)divudx}dt’
2 R2
1
+CHt/LPUHLfﬂ||t/6_uHL§’°L2||t/2vu||LfL°°
4 CullE (V9 — ) (15 Vel 1€ Wl o e + €35 T 2 )

Using integration by parts with respect to the time variable, the first term in the second line
above can be bounded by

~ 1 . .
Cl[t°=(P(p) = Pyu)| pgo 21t~ (div u, pit) || o 2
+Css_[[1°(P(p) = Pyu)| pe 2| ¢')°~ (div e, pi)l| 22,
where we used that <t’>_5*t’25—7%75 € L?(0,t) uniformly in ¢ as long as §_ < §. Plugging this

inequality back into the H'-energy estimate for v and inserting the estimates from Proposition
[4:372] we achieve the claimed inequality.

Proof of (4.3.19). Interpolation and the fact that ||a||zr < Cp||Vulrr,p € (1,00), imply

lall p2+e < C IIVuIIMIIVaII?“-

Thus,

1 5= 1 5=
lallizese + 1t2all 2 p24e < C*H<t’>5*VUHE§ZQHt’“‘LVaHZ‘tEZQ,

IIt'4a||LgOL2+e < Gl 10 V| 7 18200 P

where we used the facts (l—(l—ké )QiE)Q;“ [0,0_], (5—(l—|—5 )2_?6)2;6 [0, i—ké B
since §_ + £ T > 2 We also used the estimate 1’ of Va in terms of @ in the second

line above. Now ) follows from inserting (4.3.8§ , m, and m

O]

4.3.2.2. TIME-DECAY L*T¢(R?)-ESTIMATE FOR V1

Proposition 4.3.5. Let € E (0 eo] with €9 € (0,2] given in Lemma [{.1.7 Under the

assumptions of Proposition 2 with § € (2+ , ;) we have for v >0 and t > 1,

t , L ~
IVl o) + 13Tl paeg + ([ e D@Vl ) 5, Covie).
1
(4.3.20)
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_(Ruy —9u . w o\ a )
Proof. Recall the operator M = (Qu R;M) with M <div u) = (b +P(p) — P) in Lemma
417 Then

M VEoa) RV -a) - Qudiva
diva |~ \Qu(VE-a) + Ry diva
[ e [Ru, Dilw — [Qy, Dildivu + R, (Viu, - 95u) — Q,(Vuy - Ou)
- \b+Plp) [Ru Deldivu + [Qu, Dilw + Ry (Vg - Oju) + Qu(Viuy - Oju) )

Thus, the commutator estimate (4.1.45) with X = u, r = oo and ¢ = p = 2 resp. 2+ € and
Dyp(p) = —pp/ (p)divu
« together with the boundedness of M in L?(R?), imply

(@, b+ P(p))llz2 < Co(lIVill 2 + | Vull 2| Vu] o). (4.3.21)
o together with the L?T¢ invertibility of M, yield
IVit] p2ve < Cull[(@ b+ P(p)) g2+ + [ Vull g2 || Vul| o) (4.3.22)

Using interpolation we deduce

2 _€
]l Lz+e < Culall 72 IVallZ:,

. . . . 2 . e
16+ P(p)llp2+e < Cullb+ P(p)lI 127 (V]| 2 + [|div u]|pee ) ZF.

This, together with (4.3.21)) and (4.3.22)), implies

IVl pase < Co(IVallge + [Vl 2 [Vl =) 55 (|(Va, VB2 + (1 + |Vl <) [Vl =) 7.
We apply D; to the momentum equation 2 to achieve
pii — (pdivu)i = V+a + Vb — Viu - Va — Vu - Vb.
Since ||(Va, Vb)| 2 < Ci||t| 2, we derive
1(Va, Vb)| 2 < Culllpiil 2 + | Vull oo || £2). (4.3.23)
Hence inserting the estimates from Propositions [£.3.2] and [4.3.3] we obtain for ¢ > 1,

. 1.
IVl L1agrarey + 182 Vil 2 g2+
2
1 ) 1 Tie
< CL (5 Vil e + 10 Tul e oIVl )

1 1_ . 3 1 2+e€
x (1370037 il 22 + (14 13Vl oo e + 1112 it e 2l V) >

and, using ([} e (fi+ L)2d8)E < 47T ] se T2l for functions
(flvf?) = (flva)(t,)a

t , 1
( / e ()| Vit ) di )
1
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2
l,s 1.5 . 5_ 3 2+€
Sy (I1#2%9 0370 Vl| oo 2 + [Vl o 12 [#/5 Voo ) ™

€

2+4€

X (3002 = il| a0 + (14 | (Vi #20)]| o 2) €5 V]| o 1. )
- c
Sy C e (Co + 1) 7+ V(2).

O

Notice that we have used ([£.3.21) to bound b+ P(p)| 12, which “a priori” has faster time
decay than ||P(p)||2 ~ ||divul[z2. That is the reason why we show the decay estimate for
V4 first and then for div u later, see below.

4.3.2.3. ESTIMATES FOR |||divul|, AND HENCE FOR [|Vul|,

given in Lemma . Under the

Proposition 4.3.6. Let € € (0,¢] with ¢ € (0,2]
155, 3), we have fort >0

assumptions of Proposition with 6 € (% —

lldivull, < CoV (1), (4.3.24)
and consequently,
IVull, < CoV (t). (4.3.25)

Proof. We first notice that on the finite time interval [0,1] we can use the interpolation
inequality to estimate

v ull, (¢ = 1) < [V 550y 01 IVRIET (£ = 1) < CFV(0).

In the following we restrict ourselves to large times ¢t > 1. We are going to show the time
integrability of ||div w72+ by use of Proposition first, and then establish its time-weighted
uniform bound by use of .

Estimates for ||divu|\L1([17t);L2+? and Ht'%div || £2([1,¢);02+¢)- Recall @) We apply Gagliardo-
Nirenberg’s inequality to (—A)~'div (pii) = —pP’(p)divu — g1 to obtain

vl gaee < Cu(lldivalle + llgnllz2) 2 Ll ZE + gl v

Since ||g1]|zr < C(JJul|pee ||| Lr + || VullLoe |Vul e + ||Vi||Lr) for all » € (1, 00), it follows that

[[div ul| p2e < C*((Hdlv ull o+ lful ool 2 + 1 Vull o | Vull 2 + [Vl 12) 5 IIUH”E

+ llullzee il L2+e + [[Vull Lo [Vl p2+e + HWLHLM)-

Hence, by (£3.1),

. 1,
1div wll o, eysnzvey + (102 div ul| 2,02+
< O (1= divull g2 12 + lull ez 17 il 212

£ _
Tl e [Vl e + 135Vl ) 7 59030 2

. 1, 3
+ [[wll oo ,9;200) (Nl L2 1,0y p24e) + (18 2UHL2([1¢);L2+6)) + |5V ul| Lo oo | Vull L2 (11,0) £24+)
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. 1o
+ IVl 1 gy p2+e) + Ht'2vu\|L2([1,t);L2+e)),

and we can further use the interpolation inequalities

1 3 1
||UHL°°([1,t);L°°) N HUHzoo([Lt);p) Ht/“ vu”igomov (4.3.26)

2 1 _€_
IVull 2 (eszeee S IVull gt Val 2]

0 € 6— €
il o unrre) + 1€l caqupszzse) S Nl Z5G .oy 103Vl Z5E 1o
and (4.3.20)) to obtain

. 1. ~
1 div ull g1 1, p24+e) + 12 dival g2 g r2ee) < CoV(2).

Estimate for Ht’%div || poo ([1,0);:22+) Recall , where §; can be bounded by (similarly as
the derivation for ||div ul| p2+e-bound above)

191 2+e < C*((H(dlvu Vi)l + llul o il 2 + [ Vull o | Vall 2) 2 ] 257

+ [lull oo [[tl| p2+e + [Vl oo [[ V]| 2+ + Hva||L2+E)'

We multiply both sides of by (2 + €)v(p)div u|v(p)divu|® to achieve

pP'(p)
v(p)

We integrate the above equation with respect to  and integrate by parts, to obtain by Holder’s
inequality that

Dy(Jv(p)div u|2+€) +(2+¢€) lv(p)div u|2+E = (24 e)v(p)div ulv(p)divu|g:.

d . € . € ~ . : €
o) divull i + eulv(p)divullEe < 2+ €)l[(g1, v(p)(divu)®)[[a+e v (p)div ul| 5.,

and further multiplication by t5 lv(p)divu|;s:. and an application of Young’s inequality yield

d
dt(

3. . 3.1 .
< (3], (divu)?) || g2+e)® + 2t [v(p)divul|7zse.

t1)|v(p)div ul| p2+e )2 + cx(£1 | v(p)div ul| g2+ )2

We integrate over (1,t) to derive
(3 [divu(®)]|p2+)* < Coe™ D |div ulpmr |72
+ Ci / «(t= ” 1) (g1, (div w)?)|| 2+e)? + gt’%udivu|y%2+e}dt’.
where by Proposition with v = ¢, and the fact that Ey < Cp,
[ e O G, @) e P
< C*((Ht'%M‘ (div UJ%_(;_VQ)HLgom + {Jwll Loo ([1,); 150 ”t/%+§_u”L°°L2

3 21 1 5 .n5ce
+ 13V pgo roe | Vull oo p2) 7 [[£2 002 5*@&!\2;;2 A [Jull oo (1,410 I3l JECES PN
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2

3 1 . t / 3 1.2
+ 15Vl o e [Vl 722 182 Vil 75 + /1 e 3|V o) 2 ) )

1 1 2
< C.(CFT(C¢ +1)) V().

Combining this with

t , ~

/ e || div ) 2apdt! < |2 divul2s o < CRV(E),

1 t

yields for t > 1,
3. . ~
4| div u(t) | go+e < Ce([[divulemal| g + CoV (1)).

We simply estimate

3 2 3 € 1
[div ule=1 | p2+e < [[t'2divull ooz r2te) < HVUHE?BWZVUHEFLOO < GGV (1),

so that

15 div | oo ((1.py:2+e) < CoV (8).

Summing up, we have shown (4.3.24]).
Combining now (4.1.37)), (4.3.19)), and (4.3.24) we get (4.3.25)). O

4.3.3. [STEP_ITIl PRELIMINARY ESTIMATES FOR TANGENTIAL REGULARITY

We establish the preliminary estimates for the tangential regularity in (pTR)-(uTR)) in this
subsection.

Proposition 4.3.7. Let € € (0, eo] with €y € (0,2] given in Lemmal[{.1.7. Let (p,u,T) be a
sufficiently smooth and fast decaying solution of (CNS)-(r]). Then

I7llLee < [[70llzee exp(Cl|Vullpapee)s 7|7 Iz < 7ol ™z exp(Cl[Vaul| i), (4.3.27)
and
[(VT,07p) ()| L2+ + (D7, Oz Vu, VOru)||
< C. (V0. 0, p0) 2+ + [(Va, O, ) exp (C.W (). (4.3.28)

Proof. The (classical) estimates (4.3.27)) follow from the equation itself, see e.g. |53, (4.3)].

From we derive the equation for 7 to be
Dﬂi = 8;u — ’77'(77' . 8—7—U) (4329)
We apply V and take the L2-inner product with |V7|°V7 to derive

t
V7| p2re < ||V 70|24 + c/o (197 2+ Vul e + [0- V| g2+ ) d, (4.3.30)

where (4.1.39) and (4.1.71)) imply the estimate for |0V ul|p2+.
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Estimate for ||0zp||.. Recall the equation (4.2.13) for the “renormalized” tangential derivative
of the density 0 = ,/%(p)a;p:
D§ = A0+ 0, (4.3.31)

where A is given in Lemma and

P P
O = | D, [Ep) D=p + ;”)(—[a;, Dy]p — dzpdivu — pN~1(0:b — QuR;, " 0za)

+ PN 05, QR Mo — plor, NTU(P(p) — P+ — QuR;a)).

We take the L2-inner product between (4.3.31)) and (2 + €)|0|°0 and apply the decay estimate
(4.1.44)) to derive

d 1
%HHHLHE < —wl||f||p2+e + ||©]| 24+ + rﬂ”diVU”LOOHHHIerE, (4.3.32)

from which we multiply by e and integrate in time twice, using Young’s integral inequality,
to derive

t
16112324 < Cu(I0mpollzzse + 1Ol paee + [ vl 9] 25cdt). (4.3.33)

We now establish a bound for ||©||72+:

e By the equation 17 [Dtv %(P) ‘L2+

o By the equation (4.3.29)), ||[07, D¢]pl|r2+c = ||(DsT —0zu) -Vl p2+e = ||(T-07u)0zp|| r2+c <
IVull L[| 07 ol L2+e;

orp|| | < Culldivul 95 pll s

o By Holder’s inequality, ||0zpdiv ul|p2+e < ||div ul||fee||07p]| p2+<;
By Lemmal4.1.7, [|opN ™ (0:0— QR ' 0za)|| 2+« < Cul|(0za, 87b)|| 2+ < Cull(Va, V)| p2+e;

Recalling N ~Y(P(p) — P+ b — QuRﬁla) =divu and N = QuRﬁlQu + R\, We rewrite
the last two commutators in © as

pN 107, QR a — plo=, N(P(p) — P+b— QR "a)

= pN 7Y ([05, QuR; Mo+ 0=, NINTH(P(p) = P+ b — QuR;a))

= pN (05, QIR a + Qul0r, Ry Ma + [07, QuR, Quldivu + [07, Ry, p]div )

= pN7H([05, QU (R a + Ry Qudivu) — QR 07, R, (R a + Ry, Qudiva)
+ QuR; (07, Quldive + (07, Ry, p]div )

= PN (([07, Qulw + (07, Rypldivu) — QR (107, Rylw — [0z, Quldivu) ).

where we used lela + R;lQ#divu = w. Since b+ P(p) — P= Quw + Ry adivu and
a=TRuw— Q,divu, Lemma @l implies

|oN 07, QuR; a — plor, N () — P+ b— QuRy ).
< C(V7,0:(p)]| 2+ | (Vu, a,b + Plp) — P)l|z~.
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Summing up, we integrate in time to obtain
t -
1©ls3z26 < Coll(Ta VD) pprone + [ 1(VF,0rp) 12 |(Vusa,b+ Plp) = Pt

and hence (4.3.33]) implies
10 pll 2 e < Cull10mopoll e + [(Va, VB 13 2+
¢ ~ (4.3.34)
+ [ 17002 NVt a,b+ Plp) = Pt ).
Similarly, one can derive from (4.3.32) the following estimates
1L 3 3 L
1505 pll 2 p2ve < 0*(||afp||L1L2+e||a;p||LmL2+e 13 (Va, V0) |z e

+ 1V, 02) | 3o s [E2 (Vat, 0,5+ P(p) = P12 ),

(
3
/302 p| o e < Cu([112 Tp!\L2L2+EII37p||LooL2+e +[1t/3 (Va, V) | oo 12+
(

+ I(V7, 02p) | e o+ €5 (Vt, 0,0+ P(p) = P) || geros )
Adding the above inequalities to (4.3.34)) and applying Young’s inequality yields

19:pll. < C. (10700l 24< + 1070l 2ve + (Va, VB, + [(VF,05p) |24 W (1))
(4.3.35)

Conclusion. We insert (4.3.34) into (4.1.71)) to get the same bound (4.3.34) for [|0zVul[ 1 2+,
and hence (4.3.30f) and :4.3.32; imply

1(V7, 02p) O 2+e < Cu (V70,0 o) 121 + 1(Va, V) | g pove

t ~
+ [ 17,01} e |V, 0, + P(p) = P 1odt).

Gronwall’s inequality and (4.3.35)), (4.1.71)) finally lead to (4.3.28]).

4.3.4. BTEP IV] LIPSCHITZ BOUND AND CONCLUSION OF A PRIORI ESTIMATES

The goal of this subsection is to prove the a priori Lipschitz bound for the velocity field and
to close all of the preceding estimates.

4.3.4.1. PRELIMINARY LIPSCHITZ BOUND

Proposition 4.3.8 (Preliminary Lipschitz estimate). Under the assumptions of Proposi-

tion we have

W(t) < C(1+[IP(po) = Pliz) + Cu(lIVullle + [1P(p) = Pl e o+ I Vull o) > (4.3.36)
_2 e
< (I1(Va, Vo)l + |(V7, 0zp) || g p2+e W (2)) 2.
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Proof. In view of the velocity gradient decomposition (4.1.59)) we have

I¥ulle < C(Il@ru, @)l + |8+ Plo) = 2| ). (4.3.37)

€ 2

By the interpolation inequality || f||r < Cel|f|l 755 [|V f]| 725 and (4.1.66), the first term is
bounded by

2

< CullVulfle™ (IH(V&, 7 Vu)ll +[I(VT, afp)IIL;;OLHe|||VUIIIOO) T (4339

|||(87‘—U, a, Oé)

lloo

Fix tyg > 0. In the following we consider time points t € (0,ty) and establish estimates
independent of %.

1, [ <1,
0, l¢l=2,

on = p(27.) for some N = N(ty) € R to be determined later. We define the low and high
frequencies of a function f, respectively, as

= on(D)f = F Yenf) = on * f,
fr=(1d = on(D)f = FH(1 = on) /).

Let o € C*(R?;[0,1]) be a smooth function such that ¢(£) = { and set

A direct computation shows that

18+ P(p) = Pllzee < [[(8+ P(p) = P)'l|ze + 8"z + [I(P(p) = P)"||
< Cu(@VF |8 + Pp) = Pllgare +27 V77|V 2ee) + |(P(p) — P)'llp,  (4.3.39)

where we can bound

e S+ P(p)— P =v(p)divu —2u(p)T - Ozu by

18+ P(p) = Pl g2+« < Cul|Vull p2te; (4.3.40)

« V8 by (recalling (I-1.67))
IVBllase < [Vb] ase + Cull|(VF, 02p)||poe [ Vtl| e + [0 Vtl| o).

It remains to establish a bound for ||(P(p) — P)"||z~. Our idea is to explore the damping
effect of the density function in the system (4.2.14)). We estimate go defined in (4.2.15)) one
by one (see e.g. |18, Chapter 2]):
ld(p)B [l < C27 N3 | VB 2
1d(p)20(p)T - Oru| e < Cul|Orul|Loc;
~ 2 ~

IV, on(D)(P(p) = P)|lrse < C2V75 |V 1< || P(p) — P| 2

. - 2
lon (D) (d(p)(P(p) = P+ B)) = d(p)pn (D)(P(p) = P+ B)|[eo < C.2V 75 |V 21 by
(4.3.40)).
Integrating (4.2.14) in time and taking the L °-norm we derive

I(P(p) = P)'(t)| o= < e="|[P(po) — Pl 1o

N _ 2
+ Cue™ %y (275 | V| ove + || Vull 735 (107 V| pove + | V7| e[ V]| oe) 752
2 ~ 2
+ 27| V| o< || P(p) — Pllga+e + 2V 25 | V| p24e).
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Inserting this into (4.3.39)) and integrating the resulting inequality over (0,ty) we get
|8+ P(p) — pHLthLOO
N2 - N
< G (2 e (HVUHLgOL2+e +[1P(p) - PHngLHEHVUHL}OLw) 2 HvﬁHLgOL%e

€

~ 2
+11P(p0) = Pl + [Vl 5o (1079l pove + [V ge v |Vl 1) 75)-

We chose N as
) NZ
- ”VUHLthL%e + HVUHLgOLoo”P(P) - 13||L§;(<J>L2+e7
so that (recalling (4.1.67))
18+ P(p) — F)HLtloLoo

< CullP(po) = Pllzee + Co(IVully rove + 1P(p) = Pllzepove[Vully o) *

N

_2
x (1(V0, 0:Vu)ll 1y pove + (VT 07p) | gor2+e [Vl oy poe) 7.

To obtain the time-weighted L? (t'%dt’; L*>)- and L,?O(t’%dt’; L*>)-estimates we multiply (4.2.14)
by (P(p) — P)" and apply Young’s inequality to obtain

(Di + d(p)|(P(p) — PY'2 < d(lp)(gz)%

which we multiply by ¢ resp. t%, so that with similar arguments as above and suitable choices
for N = N(tg) we eventually get

[£2(8 + P(p) = Pllpz 1~

< CL(P(D) = PNy g + CollEEVulzz pave + 163 Vg 1| P(p) = Pl pone) ™
x ([t (Vb, 0:Vu) Lz L2+ + H(V%a3%P)HL§§L2+E”t%VUHLfoLw)QTC,

I£5(8+ P(p) = P)|lzere

< CUE(P() = )l oo + ol ulge v + 163Vl o1 |P() = Plage o)
< (13 (V0,0:0)| e v + (V7. 0r) e v 13 Tl o) 757

Adding the estimates together, applying Young’s inequality, recalling (4.1.71) and noticing

that ¢y was arbitrary, we achieve the estimate (4.3.36| for ‘H(ﬁ + P(p) — P,b+ P(p) — P)W
o0

for any ¢ > 0. Here we also used that exactly the same calculations yield the same bound for

H‘b + P(p) — pmoo (one only has to replace 8 by b in (4.3.39)).

Therefore, by virtue of (4.3.37) and (4.3.38)), the esimate (4.3.36]) holds. O

4.3.4.2. PRELIMINARY DENSITY BOUNDS

Proposition 4.3.9 (Preliminary density bounds). Let the assumptions of Proposition
hold with the initial density satisfying po € [p«, p*|. Define psup(t) := supge p(t,-) and
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pinf(t) := infre p(¢,-). Then

—cxt

pnl) (%) exo(CLBF

— 24¢€
|(Vb, 0z V)| L1 pe+e + [[(VT, 07p) || o 2+ |VUHLng)2+26>7

—Cxt

~(Px\° e _ 24e
poe) 2 (%) e (=CBTT (1700wl o + 17, 020) e e [Vl ) 55).
(4.3.41)

Proof. Recall (4.2.16]). Denoting by X (¢, x) the flow map 9; X (¢, z) = u(t, X (¢, z)), it follows
that

d ft h(p(s,X(s,z)))ds p
— A log =(t, X(t
= (eb o8 21, X (1,2)))

_ o Jy mlols.X(s,2)) )ds( <5+2M(p);.afu))(t,;r(t,x)),

v(p)

and hence

- fot h(p(s,X (5,2)))ds

plt, X(1,2)) (po(x)
;)
exp h(p

/ — [* hipls' X( @)))ds’ ( ,6’+2u((p))f : 8%U)(87X(87$)>d8).
v(p

This implies

*

7C*t
pan) < (%) exp(C. [ I (5,01,

bz‘

—C*t
o) 2 5(%)" " ep(—C. [ eI (8,050 s
0

bx‘?

2+e€
Using the interpolation inequality || f||ze < C|| f|| 73 77 |V ]| 733, the definition of 8 = (n®n) :

T and ( m the integral in the exponential can be bounded by

2+e€
. [ (B0 7 (75, Vor) 3o ds

_€e _ 24€
< Cul(|IVull 22 + 1P(p) = Pllpee2) 7% (|(V 5, 8-V u)l| 11 g2 + V7| oo potel| V] pr poo ) 220

- _ 24¢
< CuBg " ([[(Vh, 0:Vu)|| prpore + (VT 07p) || oo p2+e |Vl 11 oo ) 272,

which implies (4.3.41]). O

4.3.4.3. BOOTSTRAP ARGUMENT AND CONCLUSION OF A PRIORI ESTIMATES

Proposition 4.3.10. Under the assumptions of Propositions|4.53.0| and|4.5.7, we have for
t>0,

1 *
IVl () < C; 10 < p(t) < 4p*,

provided with the smallness condition (4.1.10) for c sufficiently small, and hence a priori

estimates in (4.1.11)) hold.

Proof. Recall
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« @EID: 1(Va, V)ll, < CoV(t) < CoeC- 10,

. @32: IIVull, < Coe® O,

o @E329): (V7 07p) () 12+ + 1(D7p, 0= V)|l < Cu([[(VT0, By p0)[[ L2+« + Co) eV

« (#.3.360): W(t) < Cy + CHE (Co + ||(V77'073%0p0)||1;2+s)2%e eCW® (by use of ||P(p) —
P|p2re < C, E“E)

o (@30 2o+ psup() < exp(C E2+2e (Co + H(Vfo,3;opo)|\L2+e)%€C*W(t))-

The claim now follows from a standard bootstrap argument. Indeed, if we assume that

P +psup(t) <4,
Pint (1) p*

then it follows that
c.<C

for some constant C' > 0 depending only on p,, p*, ||(u,)\,P)HW2,M(1p dpys B Vi, T I we
4%
further assume that

W(t) <4C
then
- @339 W) < C + CEHC (1 4 By) et ()’ (BT (14 (V70,07 p0) || 2+« (Rz)))
o (4.3.41): (t)+P<txp(t) < eXp(C€CE5+4C2(1+E 3 2 (E F (14|(T 7, Top0)||L2+€(R2)))h>-
If

2 3 57c _
(1 + Bn)2 B (14 (V70,07 p0) [l p2+e(r2)) <

is sufficiently small, then we can conclude p (t) + ps‘;"( ) < 2 and W(t) <2C, and hence the
above bootstrap argument assumptions are satlsﬁed. Consequently all the a priori estimates

in (4.1.11) follow. O

4.3.5. PrOOFs OF THEOREM 4. 1.11 AND COROLLARY 4. 1.3]
This section is devoted to the proofs of Theorem [£.1.1] and Corollary [4.1.3]

We start by smoothing out the initial density and velocity with a family of positive mollifiers
(7°)e>0:

PO =1"*po, UG=1"*uo. (4.3.42)

The existence of a local-in-time smooth solution to the system with the initial data
is well known (see, e.g., [50] for Besov regularity), with p— 5 € C([0, T%), B5 ;(R?)), u €
C([0,Ty), B‘;’_ll(RQ)), and V2u,dyu € LY((0,T:), Bg;l(RQ)). To ensure that all terms arising
in the computations for the a priori estimates make sense, we must assume s > 3. Therefore,
additional estimates must be performed to control the norms of the solution in order to establish
the continuation criteria. However, we find it more convenient to construct approximative
solutions in a regularity class closely matching ours, ensuring that the continuation criteria
are a direct consequence of the a priori estimates. This is stated in Theorem [£.3.11] below.
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4.3.5.1. THEOREM (4.3 .11 LOCAL-IN-TIME SOLUTIONS AND CONTINUATION
CRITERIA

Theorem 4.3.11 (Local-in-time well-posedness of (CNS) — with large initial
data). Consider the Cauchy problem (CNS) — (7)) with initial data (po,uo,T0) satisfying

the assumptions (4.1.1)-(4.1.2)-(4.1.5)-(4.1.8)), where the model satisfies (4.1.6)-(4.1.7) and
€ (0,€9] is as in the hypotheses of Theorem |4.1.1. If furthermore the following initial

compatibility condition is satisfied:
div (u(po)Suo + (M(po) divug — P(pg))Id) € L*(R?* R?), (4.3.43)

then there exists a time T' > 0 and a unique solution (p,u,T) of the Cauchy problem (CNS|) —
on [0, T] with initial data (po,uo,T0), satisfying the following properties:

e FEnergy bounds:
p— P € C(0,T), I(R%) N I¥((0,T) x B% [1pu, 4p°]),
ue C([0,T), H'(R?)), e (o, ],LQ(RQ)%
VoV, oii € L®((0,T), L*(R?)), Vi, ai, oVii € L*((0,T) x R?),
with o(t) = min{1,t};
e Uniform bounds for viscosity coefficients:
o < pp(t, ) < p*, v — 2ps < Mp(t,2)) < v* —2u*,  for a.e. (t,z) € (0,T) x R?.
(4.3.44)
o Lipschitz bound and tangential regularity:
7€ C([0,T], L nWh2*¢) 9.p € C([0,T], L*T¢(R?)),
Vu € L*((0,T), L°(R?)), 9.Vu € L*((0,T), L*T¢(R?)).

Furthermore, the following blow up criteria hold: If (p,u,T) is the solution defined up to a
mazimal time T, with T* < oo, then either of the following two cases holds:

o Viscosity bounds:

inf < [bs, OT sup >
TR S wp) < p oD ki w(p) > p
or inf Ap) < vy — 24, or sup Ap) > v —2u*. 4.3.45
(t,)€(0,T*)xR? (°) (t,z)€(0,T*) xR2 (°) ( )

e Blow-up of solution norms:

lim sup U' (), ‘T(lm) )

t—T*

+ H(VT(t)a 3T(t)P(t))’

+ [(Vul(t), a())ll2

L2+6

(4.3.46)

Remark 4.3.12. The low-frequency assumption (4.1.9) and the smallness condition (4.1.10))
are not required for the local-in-time well-posedness result in Theorem The compati-
bility condition (4.3.43)) can also be removed by an approximation argument.

The viscosity bounds ensure the validity of the LQ“(RQ) estimates in and
(DH(2)[ in Lemma If the bounds do not hold (as in (4.3.45)), it is not clear that the
tangential regularlty can be propagated. Conversely, if both the blowup criteria and
are not true, then we can extend the solution further.
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Proof. We follow the main steps of the proof in |251], emphasizing the new approach based
on the decompositions introduced in Section in Step 2, which allows us to remove the
smallness restriction in [251].

Step 1. Change of variables in Lagrangian coordinates. Let X = X(¢,y) (a priori)
denote the associated flow map of the compressible fluid with the velocity field (¢, x)

%X(t,y) =u(t, X(t,y)), X(0,y)=y.

In the Lagrangian coordinates (t,y), the density function and the velocity field are denoted by
C(t,y) = pt, X(t,y)), v(t,y) =ult, X(t,y)),

in such a way that the flow map X henceforth denoted by X, takes the form:

t
G(ty) =y + [ ot )t
0

We can reformulate the system (CNS)-(7)) as follows.
1. Let DyX, = (0y,(Xy);)ij=1,2, and J, = det(DX,). Then the density equation (CNS),

becomes

(¢ Jy) =0, (4.3.47)
which implies immediately the solution
C(ty) = Colt,y) = poly) Iy (¢, y)-

2. By virtue of the chain rule Dy(f(t, Xy (¢, ))) = DX, (t,y) (Do f)(t, Xy(t,y)), and its
Criposs counterpat V(11 L 01)) - (Vo oo o) (T2 ), e e
in the Lagrangian coordinates,

Sy(w) = VwbB, + B;FDw, divy(w) = By : Vw,

where B, = (VX,)~! is the inverse matrix of VA&,. Then the velocity equation (CNS)),

becomes

podiv = div [Adj(VXU) (,u(Q,)Sv(v) + (M(Cy) divy(v) — P(Gy) + P)Id)], (4.3.48)

where Adj(V&,) is the adjugate matrix of VA,.
3. By virtue of the equation of the tangential vector 7, in the Lagrangian coordinates,

T(t, Xy(t,y)) = 10(t,y) - VA, (t,y) = (07, X) (L, y). (4.3.49)
We now linearize the second equation (4.3.48)) to obtain
podrv — div (1oSv) — V(Ao dive) = div (f(v)), (4.3.50)
where the viscosity coefficients g = p(po), Ao = A(po), and the source term f(v) reads as
£(0) = (Adi(V,) = 18) (1(6,) S, (0) + (MG divo(v) = P(C) + P)1d)  (43.51)

+ (1(Co) — 10)Su(v) + ((A(Co) — Ao)div yv — (P((y) — P))Id (4.3.52)
+ 110(Sy(v) — Sv) + Ao(div v — dive)Id .

Notice that f(v) depends only on the initial density py and v.
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Next we establish the a priori Lipschitz bound for v.

Step 2. A priori estimates via (a,b) and («, 3). We follow the main line of the procedure
illustrated in Figure 4.1} To this end, one has to introduce the corresponding nonlocal and
localized vorticity-effective flux pairs of the equation , still denoted by (a,b) and (v, 3)
by a slightly abuse of notation in the following. On contrast to the interpolation-type estimate
, we here largely make use of the following “linear” L°°-estimate in terms of tangential
regularity terms

IR?hl| L 2y Se hllz2nzee + 105 Rll 2+e + (V70| L2+e | 2| oo (4.3.53)

where 7p is the normalized initial tangential vector.

1. Energy estimates. We test the equation (4.3.50) by v, 0;v, Oiv to obtain

t
|0, Vo0l + 117, 0w, Vol
0,t

< (1w Vo a)molls + [ 1G0T IRad? ), (4354

where C depends on py, p*, s, ¥, Vs, v*. Similarly, we differentiate equation
with respect to time once and twice. By multiplying the resulting equations by c0yv
and 020yv respectively, with ¢ = min{1,t}, we obtain the following higher-order energy
estimates

t
(Vo V o, ol + [ (Vo0 Vo)
0,t

t
<c /0 (YO, B f(v), 0O f(v)]2

S C(H(U, VU, 8tv)|t:0||%2 + /OtH(f(U), 8tf(1}), Jattf(’(}))n%zdt,) . (4355)

2. Nonlocal vorticity-effective flux pair (a,b). Let
a=Ru(VE-v) = Qudive, b=Ruyx dive+ Q,(V:-v), (4.3.56)
such that div (10Sv) + V(Aodive) = V+a + Vb, Then (4.3.50) reads as

Via + Vb = div (g(v)),

g(v) = —f(V) = (=A) "IV (pdpv) = — f(v) — (=A) IV [VEa+Vb+div (f(v))], (4.3.57)
and thus we have the following two Poisson equations for ¢ and b
Aa = V* - div (g(v)), Ab=divdiv (g(v)). (4.3.58)

From these we have the following estimates

o L>®(R?)-estimate. We apply (4.3.53) to derive for a = (R* ® R) : g(v) and
b=(R®R): g(v) that

I(a, b, R*(g(0))) | e < C(e)(lg(v)l| L2z + 197,9(v) | L2+ + V7ol L24e 19 (0) [ L)
(4.3.59)
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o L?T¢(R?)-estimates. We apply the commutator estimate of type (4.1.46) with
X = 7y to achieve

1(970a, 95,b) | 2+e Se 1979(0) | 24e + [V Tl L2+ |RPg(v) | poe.
We further apply the commutator estimate (4.1.49) with X = 7y and the fact that
vtow a .
./\/l< divv) = (b) to obtain
(Voryv, 07, V0) | e < C (1[0, @, 85,) | 2 + Roll(Vo, @, 5)] 1< )

where

Ro = [|(0r, 10, Oz Aoy V7o) || po+e- (4.3.60)
Thus by virtue of the above three estimates,
1(V 05,0, 07, V)| e < Cles s 1", v, ) (07,9 (0) | 21

+ Ro([[Vvllzee + llg()ll 2o + V7ol 2+ [lg(v) | + Ha%og(v)HLHe))- (4.3.61)

3. Shear-normal stress pair (a, 3). Let ng = %OL, and let o and 8 denote the shear-normal
stress pair:

a = pu(Svng) - 79, B = p(Svng) - ng + Adivo.

Then following the computations detailed in Appendix [£.B] we derive
o An expression similar as (4.1.58)) for 0,,v (with v = 2u + X)

Ono¥ = 7'0* + noé + 2( ng®To—To ® no)BTov + 8701)
e The relations (4.1.61))-(4.1.62)) for Va — Va resp. V5 — Vb, with 7, n replaced by
7_'0,77,0 and
T\ _ [ #(O2,01 + Oy 02)
72 11(0z, 01 — Oy v2)

From these relations we have the following L>®(R?)-estimate (by virtue of the interpola-

2+e
tion inequality || - || Loo(r2) S I - Hiﬁiz IV - 1755 vey)
IVl oo < [[(0700; Ongv)llLoe S (e, B, O7yv)| Loe
< @, )l[ Lo + (e — a, B = b, 07y v) || Lo~

24€

a, )| + [[(r = a, B — b, 07 v) |2 5 (Vi ® Vo, Vorv)ll i

+
< (@, )L~ + IIVUHME(IIVfo||L2+eHVU||L°° + [VOrvllp2ve) 7. (4.3.62)

4. Conclusion of a priori estimates. We therefore conclude from the estimates (4.3.59)),
(4.3.61)), (4.3.62) and Young’s inequality that

Vol S (1 + Ro NVollzz + 1+ B)g(0) 2z + (1 + Ro)[95,9(0) | 2.

By the definition of g(v) in (4.3.57)), we have the following estimates:
lg()llrz S 1(f(v),a,b)llz2 Spe e 1(f (0), Vo)l 25



152 4. THE COMPRESSIBLE NAVIER-STOKES EQUATIONS

o lg@)llzee < f()llzee + [1(=2)""V (podsv) 1 .

Se [[f ()L + I(=A)" 1V(ﬂo(9tv)H2”5 IV (=A)"'V(podpv) | ;3¥< by interpolation,
and thus -
lg()llzee Se L (W) |+ (=2) ' V(VEat+Vbtdiv (f (v )))II“ZE lpodpv|| 53, which,
by use of Young’s inequality, leads to

lg(0)llLoe Sepr e [1f ()]s + [[(f(0), VO)l[L2 + |l podv]| L2+

o [079(0)|[L2+e Se [1(97 f(v), poOrv)|[ Lo+
We conclude from e < ¢y < 2 that

[Velli < Cle ', w) (U4 Ry ) 17 (0), Vo)llzz + 10

(4.3.63)
+1(0 (), podh0)l| e

and hence (4.3.61]) yields
||(V8;—UU,8;UVU)||L2+6

< Cleop ) (L + By ) [1(£ @), Vo)l + [0l + @ f(0). podo) 2],
(4.3.64)

Recall the energy estimates (4.3.54))-(4.3.55|) such that

o7 || 0| 2ase Se y|aw||L2 ||fvaw||2+e
< (v, Vo, 0¢0) =072 +/ 1(f(v), 0uf(v), 00uf (V)7 2dt .

Then (4.3.54)-(4.3.55) and (4.3.63))-(4.3.64) yield the bounds

s v, V0,900, Vo V0w, o9t + 05 (Ve + (0,0, 00,90) )]
0,t

+ /t |(VOw, /oy, Uvattv)H%zdt'
<CO+Ry )[Il(v Vv, 0v)le=oll72 +S[UI]M2+€(Hf( Wl Zenpoe + 107 f ()] Z2+)
+ [ 10,0 ), 000D ) (4:3.65)
Step 3. Conclusion. Estimate specifies the regularity class
Er = {v e (0,71, H'(B%) 1 C"(0, 71, L*(®2)): o]z, < oo},
with

lolE, = [sug[nv,w,atv, VoV, 00uvllfa + 0% (| Vol fe + (V050,07 V) F21)]
0,7

T
+ / (Y00, /G Dh0, 0V Dygr) |2,
0
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in which the fixed-point argument shall work. For any v € Er, we have Vv € L2 ((0,T), L>=(R?))
and hence (see the expression of f(v) in (4.3.51f))

. T
sup o7+ (|| f ()] oL + Hafof(v)H%ue)Jr/O 1(f(v), 0ef (v), 00u f (v))II72dt

)

< Culllpo = pllp2nre + 19z0p0ll p2+e) + C(T, [vll5,) vl

Here, C(T, ||v||g,) is a positive constant depending on p., p*, ps, 1", vs, v*, Ry and ||v| g,
verifying
C(T,||v||g,;) — 0 as T — 0. Moreover for all v,w € Er, we have

T T
| 1@ = sl < @@ w)le,) [ 190 = Tul.
0 0

With these estimates in hand, one may follow the argument in the proof of [251, Theorem
3.1], first proving the existence of solutions in the regularity class by a homotopy method and
then implementing the fixed-point argument. The remainder of the proof is unchanged, apart
from minor adaptive modifications. By going back to Eulerian coordinates, the results of the
existence, uniqueness, energy bounds and uniform bounds on a small time interval [0, 7] for

the system (CNS) in Theorem |4.3.11| follow. The tangential vector given by (4.3.49)) satisfies
. The tangential regularity results in Eulerian coordinates then follow from

10 € L*, O (p(t, X(t,y))) € C([0,T]; L**9),

(Vyam,@-,-ovy)(u(t, X(t,y))) € LQ((O,T); L2+€)7

and the identities

T(t7 X(ta y)) = 870X<t’ y)7
(O:h)(t, X (¢t,y)) = 7(t, X(t,y)) - (Vah)(t, X(t,y))) = Or (h(E, X (L, 9)))-

Finally, if the norms in (4.3.46|) are finite, then we can repeat the above argument to extend
the solution beyond T, which is contradiction to the maximality of the finite exitence time
T.. O

4.3.5.2. COoNCLUSION OF THEOREM [4. 1.1} COMPACTNESS OF APPROXIMATE
SEQUENCE

By Theorem [4.3.11} there exists a unique solution (p°, u¢, 7¢) to the Cauchy problem l)
associated with the initial data (4.3.42)), defined on the maximal time interval [0, 7). On this

interval, the regularity stated in Theorem 4.3.11{ as well as the uniform bounds (4.3.44]) are
sufficient to justify the computations carried out in Sections under the additional

assumptions (4.1.9)-(4.1.10). This leads to the uniform bounds (4.3.44)) and the existence of

a constant M, independent of €, such that for all ¢ € [0,7%), we have

5 L € 1 7€ -
|70 O )|+ 0. @) 0

16 = o, VO,V (O O) | o + 1007 | p2(0.1522) + IV o (8) < M. (4.3.66)

In particular, the blowup criteria in Theorem [4.3.11] are not satisfied, implying that 7, = oco.

In other words, the solution (p®, u®, 7¢) is globally-in-time defined and satisfies (4.3.44))-(4.3.66|
uniformly in time and e. It suffices to prove that a subsequence of (p, u®, 7¢) convergence to

a unique solution of (CNS)- (7).
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We first recall that (p°, u®, 7¢) satisfies (CNS)-(7])

Op® + div(p®u®) =0,
O (p°uf) + div(pu® @ u®) + VP(p°) = div (u(p®)Su®) + V(A(p°) divuf), (4.3.67)
O +uf - V71e = (75 - V)us.

As a consequence of the uniform bounds (4.3.66|), there exists a triplet (p,u,7) € Ly %
LEHY x (L5, N LPW2+€) such that, up to a subsequence,

p°—p——p—pin LE(L*NL>®), u® "~y in LFH',

O — dwu in L?L?, 75 =1 in L(L® NWhH2Te),

which, together with Aubin—Lions lemma and interpolation inequality, yields the following
strong convergences:

((0,00) x R?), 7¢ — 7 in LP

u® —u in LY P ((0,00) x R?), Vp < oo

loc

Thus we can take the limit in (4.3.67)), to obtain the following system for the triplet (p,u, T)

Op + div(pu) = 0,
A (pu) + div(pu @ u) + VP(p) = div(u(p)Su) + V(A(p) divu), (4.3.68)
T +u-V1 = (1-V)u,

where P(p) — P, u(p)Su, and A(p) divu are the weak-* limits of P(p°) — P, u(p®)Suf, and
A(p®) div u®, respectively in L°L?. We claim that

P(p) = P(p), u(p)Su = p(p)Su, and A(p)divu = A(p) divu. (4.3.69)

To show this claim, we adapt the strategy of [235] (see also [139]) where the shear viscosity
1 is constant, to our case when p is variable, making use of the pointwise representation
(4.1.59) of divwu. Firstly, according to the DiPerna-Lions theory, the density indeed belongs
to Cp([0, 00); LP), for all p € [2,00) and satisfies the renormalized continuity equation:

Aib(p) + div(b(p)u) + (pb'(p) — b(p)) divu =0, b€ WL([0,00)), (4.3.70)

and in particular,

op? + div(p?*u) + p? divu = 0.
Now let 55 = (n® @ n®) : (u(p®)Su® + (A(p°)divu® — P(p?))Id ) be associated to the system
(4.3.67)), such that the pointwise representation (4.1.59)) reads

divu® = (ﬁg + P(p°) — P42 u(p°) 7 - (%sue). (4.3.71)

1
v(p°)
Recall the uniform estimates [|[V0°||, < M (thanks to (4.3.14))) and the relation (4.1.62), such
that ||VB%||, < M, as well as the uniform bounds ||5%|| g2 < M. Thus

8 = 8= (non): (Wp)Su + (Np)diva — Pp))Id) in L (L2 0 L®),

and the limit of (4.3.71) becomes (noticing the strong compactness of {7°}. and {97 u°}.)

. 1 ~ _ P
divu = (l/p))(ﬁ—P)—i—Z(M(p))T-(%u—l— (y((g)))
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Hence the renormalized continuity equation reads

. 1 5 1(p)\— 2(P(p)
rp* + div(p*u) = —p*(— ) (B — P) — 20*( =2 )7 - 07u — p . (4.3.72)
(V(p)) <V(p)> ( v(p) )
Notice that the approximate sequence also satisfies the renormalized equation (4.3.70)), with
div u® represented by (4.3.71)), and we take the limit to obtain

— 2 77 I
007 + div () = = (056 - ) 2L om - (PUON), asmy)
Taking the difference between and yields
O (p? — p*) + div [U(? - )] (4.3.74)
p p*u(p) 1(p)\] -
=G5~ G =2 =2 (G7) o ()] -om
P
—( V(/E)p)) +p2(y((5))). (4.3.75)

Note that by the convexity of the square function, the difference p2 — p? is nonnegative.

Furthermore, for any g = g(p) € W2 on the range of p, there exists a constant C' > 0 such

thatf]
19(p) — g9(p)| < C(p% — p%). (4.3.76)

Therefore the quantities on the right hand side of (4.3.74]) are bounded as

p* NP P’ I
(o) - G| = o) = o] # 7 - o)

and similarly for

< C(p? = p?);

As a result, we have
e (p? = p°) +div [u(p? — p*)] < C(1+[|(B. dru)|re=) (p? — p°).
Since 8 and dzu belong to Li ([0,00), L>°(R?)), and ﬁ|t:0 = p3, it follows that

p2=p? a.e. on (0,00) x R?

Consequently, p° — p strongly in L{ ([0,00) x R?), and hence in L ([0, 00) x R?) for every
p < oo. This strong convergence implies the claim (4.3.69)), and hence (p,u,T) satisfies
— and all the a priori bounds. This completes the existence and regularity part of the
proof of Theorem Given that the velocity w is Lipschitz, the uniqueness part follows
from a change of variables to Lagrangian coordinates, followed by a standard stability estimate.
We refer to Proposition 3.1 of [252].

®Indeed, as g(p°) — g(p) = g’ (p)(p° — p) + (p° — p)? fol(l —5)g" (p+s(p° — p))ds, there exists C > 0 such that

—C(p" = p)* < 9(p°) = 9(p) = 9 (p)(p" = p) < C(p° = p)*.
Passing to the limit in ¢ yields (4.3.76)), since (p° — p)? converges weakly to p2 — p°.
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4.3.5.3. PROOF OF COROLLARY 4.1.3]

The global-in-time well-posedness of the system in Corollary follows immediately
from Theorem In particular, the uniqueness result holds whenever the velocity field is
Lipschitz in the sense of . We now show the remaining results in Corollary by
appropriately choosing the initial “tangential” vector field .

Proof of Corollary [{.1.3{3. We first show the existence of some nondegenerate tangential
vector field 7y of 0€g, such that holds. Indeed, we mimic the construction in [168)
Appendix D] to contruct two such vector fields Tél),7'0(2) € L>® N Wh2te(R?; R?) satisfying
1Y 1P e L°(R?) and

both tangential to the boundary 90€g, if x € 9y,

i ) ] ) (4.3.77)
linearly independent, if z € R*\ 09.

T(gl)(:c) and 7'(52) (x) are {

1
To this end, let v : [0,27) — 0 be an injective W2_2T672+€—parametrization of the

boundary 99 such that |y/(s)| # 0 for all s € [0,27). We define a continuous function
1
0 € Wz 2T€(90, [0, 27)) as follows: for any = € 9 there exists a unique s € [0, 27)

such that z = ~(s), and we define # = 6(x) € [0,27) such that |VE ;I = ey. Next, let

d(x) = dist(z,0Q0) be the distance of a point z € R? to the boundary. For n > 0, let
IT: {z € R?: d(x) < n} — 09 denote the projection onto the boundary. It is well-defined for
sufficiently small . We define

= sin (374 4 20(I12)(; - (g 42 ¢ 1o, 1)
(1)( ) cos(37r dlz) + 20(Tx)( % T n 12/
7—0 X)) =
( )‘ e300
e k) R
(4 20(11x) (5 — =2 n 120
T(g?)(x) _ OCOS T— + ( gj 2 ;
(1) - A € [5,00),

such that for j =1, 2,

(%) €9(z)> for x € 09y,
Ty (2) =
€j, away from the boundary 0€.

It is straightforward to verify the regularity properties and (4.3.77).

Now we show the preservation of the patch-structure and the regularity propagation. If
the initial data (pg,uo) satisfy (4.1.1)-(4.1.8)-(4.1.9)-(4.1.10) with respect to some vector

field 19, then Corollary 4.1.3H1| ensures a unique solution (p,u) of (CNS| -, satisfying (4.1.12)).

Hence there exist two ﬂow drlven vector fields 71, 7(2) satlsfylng the equation (jr]) with initial

data T( ), Té ), and furthermore, by Propositions and m the tangential regularity is
preserved:

70 e L2(]0, 00); L= N WH2H(R2;R?)), |70~ € L®([0, 00) x R?),
Oy p € L2([0,00); LPT(R?)), j=1,2.

T
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If we define ; = X(t,€) for t > 0, where X (t,x) = X;(z) € R? denotes the flow map
associated to the solution w, then € is a simply connected, bounded W?2?*¢-domain for each

t >0, and (4.3.77)) holds with (Té ), (2 ),Qo) replaced by (7(V(t), 7®3)(t), Q). Indeed, to show
the linear mdependence of T (t, x) and 7@ (t, x) for x € R? \ 99, note that the solution 7

of with initial data 79 is given by 7(t,z) = (9, X)(X; ! (x)) (recalling (4.3.49)). Hence,
for any ¢ € R we have

(7 — er®)(t,2) = (Qél),créz)?(t)(?’(t_l(fﬁ))
= (VX)X @) (78" — erd) (X7 () # 0,

due to the facts that det VX; # 0, X Y(z) € R?\ 09 for z € R?\ 99, and the linear
independence of the initial vectors T( ), ) on R2 \ 0.

The representation V = 71 (¢ )%( 9 (2 )(t)%(t) thus holds on R? \ 99, where we have
+6)

set 7(0) = EOIR j = 1,2, implying the piecewise regularity of the density p(t) € W12+€(Q,),
plt) — € W2 (@),

O]

Proof of Corollary [{.1.3[3 We follow the argument as in the proof of Corollary

Firstly, the unique solution (p,u) of (CNS]) follows from applying Corollary with the
initial data (po,uo) together with the initial “tangential” vector field 7o = (1,0)”. Secondly,

the initial tangential regularity along the vector field (0,1)7 is also preserved by virtue of
Propositions and Thanks to the linear independence of the two vector fields (1,0)7
and (0,1)7, the global regularity Vp € (L N LY)((0, 00); L?*€) follows. O

4.A. APPENDIX: PROOF OF LEMMA [4.1.7

is proved in [168, Lemma 1.2].
Proof of . We follow the same ideas as in [168, Lemma 1.2].

Step 1: L2-invertibility of M. We first define the homogeneouse space H? (R2) in such a
way that it is complete, for example by factoring out polynomials of order 1. Then H?(R?) is
a Hilbert space.

Recall the operators from Lemma, We define the bilinear form

a: H*(R%R?) x H*(R%R?) = R,  a (i) @)) - <<$>£<i> >HQXH—2’
L, —Ju
£:<% QM)

(2

with

Then

H? a2’

d
ol
(4.A.1)
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o\ (@ T2 (2. T2 f\ _ [A¢ F\ _ (A%
for <¢ Ny € H*(R?% R?). Indeed, when we define 0] = \ay and ol = \ag)
then by the definition of M and integration by parts

(0} () = o) )

The first inequality follows from the boundedness of i, and and the second inequality comes

from (|4.1.50)).
By the bounds (#.A.1)) and the Lax-Milgram lemma, there exists for all g € H~2(R?; R?) a

unique element <z> € H?(R?;R?) such that

o (Z)’ <$>) - <<$>79>H2><H2, V<$> € H2(R2%;R?),

ie. (3) solves the elliptic equation £ (d)

1/’) = g. We claim that the operator 2 defined by

Ah == AL AR

(8

solution of £ <¢> = Ah in the sense of Lax-Milgram. Then, by the coercivity of a we have

v
‘(@h‘ ; = a(@)h’ (i)h) - <<i>h’Ah>H2xH2
<| @’)h\ o I8Rl < H(Z)J

and therefore, by the relation 2h = A (gb) )
h

is bounded on L?(R?;R?). Indeed, for h € L?(R?%; R?) let <¢> € H?(R?;R?) be the unique
h

min{ fu, vy}

R,

(8

bz < | (jj) e < max{ias v Yl 2,
h

which proves the L?(R?; R?)-boundedness of 2.

Step 2: L?*“-invertibility of M. In order to prove that the operator 2 is bounded on
L*¢(R%;R?) for some € > 0 we are going to make use of Z. Shen’s theorem [220, Theorem
3.1], which is a version of the Calderén-Zygmund Lemma. More precisely, if there exists some
constant C' > 0 such that the following holds for all xyp € R?, r > 0 and h € L°(R?;R?) with
compact support outside Bs,.(z¢)

1 1 1 1
= hltdz)? < 7/ h2dz)? 4A2
(- /BTW'Q" 0 <C(qa [, 1nPaz)” (4A2)

then 2 is bounded on LP(R?;R?) for any p € (2, q).
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To show (A.A.2)), let 29 € R?, r > 0 and h € L>®(R?; R?) have compact support with h = 0 in

Bs,(xg). Then Z = £ 1Ah is the solution to
h

‘“CZ) | @) - <<$>’Ah>mxg-z =0 V(i{;) € C2(Barlao) R?),
h

and hence, S(i) = 0 in Bg,(x0) in the sense of distributions. Thus, A. Barton’s higher
h

order version of Meyer’s reverse Holder estimate |21, Theorem 24] yields the existence of some

q € (2,00) such that (4.A.2) holds.

Consequently, 2 is bounded on L2T¢(R?;R?) for any ¢ € [0, ¢g], for some ey > 0 depending
only on the upper and lower bounds of a, i.e. only on ., u*, v, v*. In particular, since
AM = (ALTIA)(ATIEATY) =Td = (ATIEA D (ALTIA) = M, it follows that M1 =2
is bounded on L**¢(R?%;R?).

Step 3: Proofs of
relation .w ) = M1
divu

RRAiv u.

. The estimate (4.1.38)) follows directly from the

Step 2 and the representation Vu = RR w +

Secondly, for a normed vector field 7 € Wh2+¢(R?; R?) we have

w _ w _ O-a w
Or (divu) = M7 Mo, <divu> =M 1(<8T(b + P(p) — P)) + M. o] <divu>)’

where we apply the commutator estimate (4.1.49) with (g1, g2) = (w,divu), using (4.1.53).
Then (4.1.39) follows from (|4.1.46]). O

Proof of . The boundedness and invertibility of N follows from and

We now show (4.1.44]). We first recall some classical results on dissipative operators and
contraction semi-groups. Using the same terminology as in [182], a semi inner-product on a
vector space X is a map [-,-] : X x X — C satisfying for all z,y,z € X and A € C:

[z +y, 2] = [z,2] + [y, 2], [Ar,y] = A[z,y],
[z,2] >0if 2 #£0, |[z,y]|* < [z, ][y, y].

We have the following facts (see [182])

1. A bounded operator 7 on a semi inner-product space (X, [-,-]) generates a semi-group
of contraction operators if and only if it is dissipative, i.e. Re[Tz,z] <0 for any x € X.

2. For p € (1,00), the map

'_ lg/P%g 2
Logloi= [ e e hae PE) (1A3)

is a semi inner-product on LP(R?).

The goal is then to prove the existence of some w > 0 such that

Re[Af, flate < —w|fll724e, Vf € L*T(R?), (4.A.4)
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where [+, -]o+. denotes the semi inner-product defined in (4.A.3|) with p = 2 4 €. According to
Fact 1 above, this is equivalent to the following contraction property of the semi-group:

e || poveypove < €7, VE>0. (4.A.5)

To show this, we proceed in three steps:

e (Decay in L?). By virtue of the dissipation of the operator A in L?(R?) given in (.1.52)),
there exists some ¢ > 0 depending only on ., u*, vi, v*, such that

— (Af. £y = NP (0) ) [ oP (0) f) = el P (p) flI72 = el f1172

with ¢, :=cinf g1, 4 sP'(s), so that the operator T := A+ c, is dissipative in L?(R?).
1P*>

Fact 1 above implies that ||e!7 || 2_, ;2 < 1, or equivalently
et 22 < e ¢, Vit > 0. (4.A.6)
e (Decay in L**t). Since A is bounded in L?>T< we can simply estimate

€4 p2teo s p2rey < €MAlL2ZHe0 200yt >0, (4.A.7)

o (Interpolation). Let € € (0,¢€p) and let 6 € (0,1) be such that 2%‘_6 =104 ﬁ. By the
Riesz-Thorin interpolation theorem it follows that

1-6 0
e poremsrove < (e iomzz) (e 2so o)
< exp(t[(1 = 0)cs + 0 A 2reo s 2+0] ),

where we used (4.A.6)) and (4.A.7)) in the second inequality. If we set
w = =[=(1 = O)cx + 0| Al p2+e0 20 ] = cx = O(cs + | All 240 p240)

and choose 6 € (0

so that w > 0, the desired decay estimate (4.A.5|)

Cx )
’ C*+H'AHL2+€0—>L2+EO

follows.
Then (4.1.44)) follows after possibly decreasing ¢y depending on the size of ¢, (which in turn
depends on infse(%p*/lp*) sP'(s)). O

is proved in [33].
Proof of . Recall Bony’s decomposition for any product into low-high frequency, high-low
frequency and remainder parts below:

FG =TpG + TgF + R(F,G),

and we refer to |18] for the precise definitions of the paraproduct TrG and the remainder
term R(F,G). Observe that for ¢ > 2 (see for example [18] or the proofs of [198, Lemma 5.1])

H (Tathk, OpTh Xy, R(Xk, 8kh), akR(Xk, h), [TXk,RROk]h) ||Lq < CqHVXHLq ||h||Loo (4.A.8)
Furthermore, for any indices (4, 7,1, m) € {1,2}* and functions hi, hy we have

H [8)(, RiRj]hl + [8)(, RlRm]hQHLq < CqHVXHLq H (hl, ho, Rithl + Rl'Rmhg) ”Loo. (4.A.9)
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Indeed, this follows by combining the identities

[0x,RR|h = [Tx,, RROk|h + Trron Xk + R(Xk, RROkh) — RRO,R(Xy, h)
~ RROTL X, + RR(div Xh)
TRiRjakthk + R(Xp, RiRjOkh1) + TR, R 0,0 Xk + R( Xk, RiRmOih2)
= To,(RiR;hi+RiRmha) Xk + B(Xk, O (RiRjh1 + RiRimhs2))

with the estimate (4.A.8)).
Proof of (1.1.46). We write Vv = RR"* curlv + RRdiv v, so that

dx Vv = RR 0x curlv + RRAxdiv v + [0x, RRY] curlv + [0x, RR]div v.

The first two terms on the right hand side are bounded in LI(R?) by ||0x (curl v, divv)||Le, and
to the last two terms we apply (4.A.9) with (h1, he) = (£ curlv,divv) and suitable indices

(i7j7l7m)'

Proof of (4.1.47)). Denoting P; = RaR2 — Ri1R1, P2 = 2R1Ra, such that R, = Piu(p)P1 +
Paop(p)P2, Qu = Pi1uu(p)P2 — Papi(p)P1 we have

[0x, Ry] = [0x, P1](1(p)P1) + P1(0xp(p))Pr + Pru(p)[0x, P1]
p)P2) + P2(Ox u(p)) P2 + Papu(p)[Ox, Pal,
[0x, Qul = [0x, P1l(1(p)P2) + P1(Ox p(p)) P2 + Pru(p)[Ox , Po]
(

— [0x, Pa)(u(p)P1) — Pa(Ox1(p))P1 — Papulp)[0x, P1l,
so that

[aX’RH]f - [ax, Qu]g
= [0x, P1](u(p)(PLf — Pag)) + [0x, Pa|(11(p)(Pof + P1g)) + P1(1(p)([0x, P1lf — [0x, P2]g))
+ Pa(p(p)([0x, Po]f + [0x,P1lg)) + Pr(Ox p(p)(PLf — Pag)) + P2(0x pu(p) (P2 f + P1g))-

To the right hand side we apply (4.A.9) three times: to the first two terms with (hq, hs

) =
(1(p)(P1Lf = Pag), i(p)(P2f +P1g)), observing that P1u(p)(Prf —Pag) +Pop(p)(Paf +Prg) =
Ruf — Qug; to the third term with (h1, ho) = (f, —g); and to the fourth term with (h1, ho)
(f,9). The remaining two terms are bounded in L4(R?) by ||0x u(p)||rel|(P1f — P2g, Pof

P19)|| L. This proves (4.1.47).

The estimate (4.1.48]) is proved similarly as (4.1.47).
The estimate (4.1.49)) is achieved by combining (4.1.47)) and (4.1.48]) and noticing that

F\ _ | [0x,Ru]f = [0x, Qulg
9, M] <g> a <[3X7 Quﬁ]bf + [3X>R:A]g>'

+

O
4.B. APPENDIX: PROOF OF LEMMA [£.1.9
Define the adjoint operators of the directional derivatives dz, 0, below
0r = —divT, 0, = —divn, (4.B.1)
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where the operator divv is understood as divo(f) = div (vf) = Z?:l 0;(vif), for v =7, n.
Using the identities
V =70z + nd, = —0%(7-) — 05 (n-),

we first calculate

VeV =-0(T®7)0: — 0:(T®@n)0, — 0r(n®T)0 — 0 (n ®n)0y, (4.B.2)
VIV =8ne7)d~+ 0:n@n)d, — 0 (T @T)d= — 05 (T @ n)n, (4.B.3)
A=V -V =-0:07 — 00y (4.B.4)
Proof of Lemma[{.1.9.

(I) By use of the definitions of «, 8 in (4.1.55)) and the representation (4.1.65)) of T'(p, ) in
terms of (v1,72), we can write

—~
L

& — 1) p(p)(Baur + Brug) + (271 72) p(p) (Brur — Baua),
B = (75 — T0)u(p)(O1ur — Byug) — 27172 pa(p) (Baus + D1uz) (4.B.6)
+ ((p) + A(p))divu — (P(p) — P).

Then a direct computation using (4.B.5)), (4.B.6]) shows that

0 oo gien e BT PO = P) (o)
O o 4 v )
B—F = —=2u(p)7 - Ozu,

27 - O:u, (4.B.7)

which implies (4.1.56]) and (4.1.57]).
(IT) We calculate

—0zut 4 Opu = n(divu) + Tw,

where we insert (4.B.7) to obtain (4.1.58]).
The representation of the gradient in (4.1.59) follows from the identity Vu = 0-u ® T +

Opu @ n and (4.1.58]).
(III) Applying A to (4.1.23)) and using (4.B.3]) we obtain

Aa=(VteV):T=(VteV): (72 m )
T2
= OX((75 — 7)) + 02(2MT20rya) — 02211 T20,m1) + O2((75 — 77 )Ony2)
— 0,(2T1720771) + ‘9*((7'2 —Ti )8772) o ((7'2 — T )an’Yl =+ 27’17'237{72)
where
e by the formula

Ox(hOnf) = O, (hd=f) — O1(Bahf) + Da(O1Rf),
for functions h, f, we have

— (2717200 m) + O2((T5 — T1)Opy2) = —04 (271 M0 1) + O4((T5 — T1)0772)
— 01 (=271 7)1 + 02(T5 — T1)y2) + B2 (=01 (271T2) 1 + O1(T5 — 71 )72);



4.B. PROOF oF LEMMA 4.1.9 163

o by (4.B.4)), the last term can be expressed in terms of « from (4.1.55) as

- 8*((72 — 7801 + 2717200 72)
—0p0n (75 — T)m + 211 7272) + O (0n(T5 — 7)1 + 0n(27172) 72)
8*8n06 + 0 ((9 (7 -7 )"}/1 + Op, (27’17‘2)’)’2)
= A+ 20+ 97 (0n(72 — TH)y1 + 9,(27172)72).-
Inserting these identities back into the expression for Aa results in (4.1.61]) after applying
VA~ to both sides.
Similarly, applying A to (4.1.24)) and using (4.B.2)) we compute
_ L 2 M . ~
Ab=(VeV):T=(VeV): {(71 _72> + ((u(p) + A(p))divu — (P(p) — P))Id}
= —0;(27T0m) + (T3 — T1)0z72) — O((75 — 71)um1) — OF (2717200 72)
— (73 — T)0:m1) — 0, (21 T20772) — Oy (=271 T8 + (7 — 71)0n2)
+ A((u(p) + Alp))divu — (P(p) — P)),

where

e as in the previous calculations

— O5((73 — TD)0nm) — 022717200 2) = —04((75 — T1)0+11) — 0(2T1 720572)
+ 01 (32(@2 — )M+ 52(2?1?2)72) ) (31(@ —T)m + 81(2fﬁ2)72);

e by (4.B.4j , the last two terms on the right hand side can be expressed in terms of

B from @ as
— Oy (=270 + (75 — 71)0n2) + A((ulp) + A(p))divu — (P(p) — P))
= —050u (211721 + (72 — TE)2) + 05 (=0 (2TaT2) M1 + On(72 — TH)2)
£ A((ulp) + Alp)divu — (P(p) — P))
= AB+ 0:0:(—2m17am1 + (75 — 71)72) + O (0. (211 72) 11 + Ou (75 — 71 )72)-

so that we obtain (4.1.62)) by applying VA~! to both sides.

The identity (4.1.64)) is obtained directly from the definition of b in (4.1.26)) and (4.B.6|)
as follows

B=0b+ (77'22 — %12) ( )(81u1 - 82’&2) — 277'177'2;1(p)(8211,1 + 81u2) — Rudivu — Quw
=b—[((7 = 7) + (RaRa — RaR1))p(p) Bz — Drua)

+ (27172 + 2R1R2) pu(p) (D2ur + 31162)}

1
=b-(FRT-n@n+tROR-R" @RY) : (u(p)Su).
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4.C. APPENDIX: AUXILIARY CALCULATIONS FOR THE ENERGY
ESTIMATES

4.C.1. PROOF OF PROPOSITION [4.3.T]
Proof of Proposition|4.3.1. Proof of (4.3.7). We follow Sections 2 and 3 of [135]. We set

\P(pV —LA-2vdiv) T \m) T pu )

and rewrite (CNS)) as

%U VLU = (g) Ulieo = Up = (;:g) (4.C.1)
with the nonlinear part
N = =V(P(p) = P = P'(p)n) — div (m @ u) + div ((u(p) — 1) Su) — ﬂﬁ(%)
FV((Mp) — Ndiva) — (7 + \)Vdiv (%).

We compute the eigenvalues of the symbol of the operator —L below

0 ) &1 6
~L=—|iP(pa B+ 2 &) ERag
iP'(p)Sa EEA GG BIEP + B2 (&)
to be (recalling 7 = 2ji + )
(@)= ~HEE 210 = — - (v1eP ke RIeE - 4P (7°).
Thus
0/ P'(p)

Rlzs6) = —5-7el it e < 0,

~ -
d 24(6) ~ — 26, 2-(6) ~—pP(p), i e] > 2V

Therefore there exists a constant ¢ such that

o—tL() _ O(L)e P fe)], ¢ <1,
o) {0<1>e—ct\f<5>r, > 1. (4.€.2)

Step 1: Decay of the low frequencies ||(nl,ml)(t)HLg. Let g(t) > 0 be the frequency
threshold, which is determined later. As follows immediately from for small
time region ¢ € [0, 1], in the following we restrict ourselves to the large time case t > 1. For
computational simplicity, we first assume for some absolute constant C' that

9(t) <C, g ()] < Cg(t)* < C%g(t), V=1, and lim g(t) =0. (4.C.3)

This assumption will be seen to be satisfied with the specific choices of g(t) later (see
(4.C.15)-(4.C.16]) below).
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We define the time-dependent low and high frequency part of a function f as
FL () = FxCG o ), () = F(1=xC0)f(t)

where x = x(t,§) € [0,1] is a smooth approximation of 1¢<g(;)y (for more details see below).
Then

1
17" e < C%vaHLQa £ 22 < Cg@) £l (4.C4)

for a time-independent constant C'.

By Duhamel’s formula, the solution U to (4.C.1)) is given by

t
_—tL —t-tyf O /
U(t)=e Uo-f—/o e (N(t’))dt7

so that the Fourier transform U of the solution is

ﬁ(t,g) — e—ti(ﬁ)(jo(g) + /Ot 6—(t—t/)£(§) (N(?’ §)> dt'.

We square, then integrate over {|¢| < g(¢)}, and apply (4.C.2)) to obtain for ¢ > T > 1,

/ U (t,€)|2d¢ < C., e~ 6P Ty (¢) PPde
{1€1<g9(t)} {1€1<g(t)}

t o 2
e ( / PO R (¢! €)d' ) de.
{igl<g®)} *Jo
The first term on the right hand side can be controlled by the initial data
—clE12E —cle)2 _ ~
Jo e = [ e e iy < (9() P10l i
{l€1<g(t)} {I€1<g(®)}

and the second term is bounded by

/{asm)} ‘5’2d§(/() |F(P(p) = P = P'(p)n,m @ u, (u(p) = 1) Su, (A(p) = Ndivu) HL?dt’f

20+ A 2
+/ €|4de / ) F )| oo dt!
{l€1<g(t)} | ( 0o P F ) ¢ )

S9'( /0 tH (P(p) = P = P'(p)n,m @ u, ((p) — [)Su, (A(p) — Ndivu) Hlet’)z

g0 ([ Ity

S;* g(t)4H(n7 u, Vu) ”%JQ(O,t;LQ)'

where we used that P(p) — P — P'(p)n ~ n2, p(p) — fi ~« n, A(p) — X ~« n and |g(t)| < C.

In total we obtain for t > 1,

IOz S 9O IU0lI 5 + 9(8)* Eg + g(0)* 1 (nw) | 720, 12)- (4.C.5)

Step 2: Perturbed energy functional. Let A = v/—A be defined as Fourier multiplier.
We claim that

_a
dt

P (p.
/RQ(AQdivmh)nhdx + Elp )HnH%Z < CL(1+ E2)||(n',m", Vu)|)2,. (4.C.6)
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To show this, we apply A~2div F~1((1 — x)F) to the momentum equation (CNS)s and use
that A=2A = —1 to obtain

(P(p) — P)" = (8 A 2divm)" + A~ 2div div (u @ m)" — A=2div div (u(p)Su)" + (A(p)divu)".
Taking the L% inner product with n” yields
/ (P(p) — P)"n"dx :/ (9, A"2div m)n"da
R2 R2

+ [ (A*%nv div (u @ m)" — A 2div div (u(p)Su)" + (A(p)div u)h)nhda:,
R

where

 exactly as in the proof of [135, Lemma 3.2] we deduce

5 P'(ps)
L (P0) = Pntda = =L = Cn

o using |[u@mlp2 < Cillull2s < Cillulp2||Vul 2 and |Jul|2, < CLEE, the second integral
on the right hand side is bounded from above by

P'(ps
2 iz, + a1+ BRIVl

o by Plancherel’s formula and the Fourier transform of the density equation (CNS));:

—

Oy = —divm = —i& - 1, we get

/ (DA 2div m)rnldy = L / (A~2div mP)nhde + / €]72i€ - m2(1 — x)Dyxhde
R2 dt Jr2 R2

= [ €73 i1 = x)% - (1C7)
We choose the function x as a smooth approximation of 1f¢/<4(1)}, for example as

1, on (—o0,0],

X(t,8) = (gl = g(t)), where ¢ € C(R;[0,1]), ¢ = {

0, on [1,00),

with 1 being independent of time and the parameters. Then the function 1 — x(t,-) is

supported on {{||¢| > ¢g(t)} and Oy x(t,&) = —¢'(J€] — g(t))g'(t). Tt follows from
that

I8 = (DI 2L = XDl < 1 e (0] < C.

Hence, the second integral on the right hand side of ([4.C.7)) is bounded by C/||m"|| 2|7/ 12,
which implies

P'(p,
/RQ(@A_2divm)hnhd1: < ;t/ (A=2div m™)n"dz + Cy||m"||% + (p-)

2
5 2 .

Combining the above inequalities yields (4.C.6]).

We define the energy functional and perturbed energy functional

£t) = /R 5Pl 4 Hp)dr,  Eai(t) = ME() — (1) /R (A 2divn!)yn"d,
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where M > 1 is sufficiently large, to be determined later. Notice that £(t) ~y [|(n,u)||2,. By
the energy balance (4.3.3) and (4.C.6) we have for M’ > 1 (to be determined later)

2
T ent)+ 2 e,

4
= MCZE( t) — (t)2i/RQ(A2divmh)nh dx — (29(t)g'(t) + g;\ﬁr), )/W(A*Qdiv m™n" da

F (P e

< (~Me. + g()*C.(1 + E) [ Vull} + g(t)? |-

g(t)?
M/

P'(ps)

Inll32 + C.(1 + ER)l|(n!,m") 3]

Mgt (n, w2 (4.08)

Jim" (|2 lnllz2 + 15

+C(lg' ()] +

Step 3. Conclusion. Assume (4.3.2): Ey < 1.

We first show that ||(m/

(I)Vu)HLz can control H(u m)|| 2 for ¢t > T}, where T, > 1 is large
enough: We write u = 2 —

ﬂ and apply (4.C.4) and ( - ) to obtain

Il ()]l 2 < ;Hml(t)HLz + ;\(W)l(t)m < ;Hml(t)Hm + Ceg(t) Bol|(u',u") (1) 2. (4.C.9)

)
m
p

We take T, > 1 big enough (depending only on C\) such that

Ciug(t) < % vt > T, (4.C.10)

which is possible by (4.C.3)): lim; ,o g(¢) = 0 (and more precisely by the choices (4.C.15])-

(4.C.16) below). Then

2 2
l' ()]l 2 < BHml(t)HLQ + a2 < EIIm Oz + C—=IIVull2, t=Ti2=1,

( )
and hence
Imllz2 < p*flullz2 < 2*Hml\|L2 O )HVUHLQ t>T. > 1L
We can then control ||(m",u)| 12 in (£.C-§) by ||(m Vu)” 2. Applying Young’s inequality

to the term involving ||m"|| 2||n|;2 in ([#.C.8) (recalhng 19’ (t)] < Cg(t)?) yields (with a
possibly bigger C,)

ey + 1)

dt M’
M P'(p
< (~Me.+ (90 + 1+ 201+ B IVul + 0 (- 2L 4 0, 2 2,
M
+g()*C.(1 4+ E2 + M/)H(n ;mY) |22, VE>T. > 1. (4.C.11)

Recall Er(t) = ME(t) — g(t)? [po(A2div mM)nldz, with E(t) ~, ||(n,u)||2, and (recalling
g(t) <C)

90 [ (A~2divm®)ntda| < g(0)][(m", ") < €m0
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We choose M, %l > 1 big enough (depending only on C.) such that

En(t) ~u l(nyu)l[7, 21, (4.C.12)
d
& () + g(t)*En(t) S g@?[|(n',m")|[72, t>To > 1. (4.C.13)

Recalling the low frequency estimate (4.C.5)), we derive from (4.C.13)) that

d
ZEn + g(t)*Em S gt Uol% 25 + 9(O)°Eg + g(0)°|(n, w20 2y ¢ = Te > 1.
(4.C.14)

We now can follow the standard argument as in [242, pp. 310-311] or |11, Proposition 2.2] to
achieve (4.3.7) for ¢t > T, > 1. More precisely, we first take (with (t) = e+ 1)

t t

such that / g°> = 3Inln(t), oo = (In(t))3, (4.C.15)
0

and derive from (4.C.14) first that (noticing 7% < Cy, [|(n, u)H%Q(O’t;Lg) S« tE?)

En(t) < CLE}(In(t)) ™2, t>T,.
We now insert this decay estimate: ||(n,u)||z2 < Es(In(t))~! back into (#.C.14)) to achieve

d _

6+ 90 Ear < Cug() B3 + 9(0)° B + 9(0)° B3 (1) (n(6) [ (n, w20 112))
and by taking

25_ ¢ ¢
g(t)? = o such that / ¢ =20_(log(t) — 1), el = = (12~ (4.C.16)
0

and following Wiegner’s arguments in [242, pp. 310-311] while carefully tracking the constants,
we arrive at (4.3.7)) for t > T, big enough. The case t < T, follows from (4.3.6)). O

4.C.2. CALCULATIONS FOR HIGHER ORDER ENERGIES

Recall the definition of the stress tensor

T = pu(p)Su+ (A(p)divu — (P(p) — P))Id.

We apply material derivative to obtain

K =T — u(p)Si — A(p)div ald 4+ P(p)Id

. (4.C.17)
= fu(p)Su + A(p)divuld + pu(p)[Dy, SJu + A(p)[Dy, div Juld,
where all the terms on the right hand side are of the form Vu ® Vu.
We will also use frequently the following identity
d
/ fDigdx = —/ fgdx — / (divu)fgdz — / D fgdz, (4.C.18)
RZ dt R2 R2 R2

which implies in particular

/]Rz ¢(p) D fdx = Z/Rz ¢(p)fdx — /RZ((—sa’(p)p + ¢(p))divu) fdz. (4.C.19)
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Proof of (4.3.11]). We multiply the momentum equation (CNS|)2 by % to derive

/ plu|dx — / divT - adx = 0,
R2 R2

where we use integration by parts to the second term on the left hand side to derive

— | divT -ade = T :Vudr = T:DNudx+ | T:[V,Diudz
R2 R2 R2 R2
1 i

=L (M pysul + M) Difdivl?) da - / (P(p) — P)Dydiv uds
2 Jr2 2 R2

+ /R (“(Qp)su : [S. DiJu + Ap)div uldiv, Difu — (P(p) — P)[div, DyJu)d.

We apply the formula [(#.C.19) with ¢ € {u, A, P — P} and f € {|Su|?,|divu|?, divu} and
observe [V, D;] = (Vu)?'V to obtain (4.3.11)). O

Proof of (4.3.12). We apply the material derivative D; to the momentum equation (CNS))2
and then take the L?(IR?)-inner product with 7 to derive

/ Dy(pt) - udx — / DydivT - udz = 0, (4.C.20)
R2 R2

where the first term on the left is equal to

1d
/ plif2dz + / P Dylif2dz = —/ pdivuli|2de + f—/ plil?dz,
R2 R2 2 R2 2.dt Jr2
while we apply integration by parts multiple times to the second term and use div1 = pu

and (4.C.17) to derive
— | DydivT -ude = — [ divT - adx — / [Dy, div |T - udz
R2 R2 R2

= T : Vidx — / T: (4 ® Vdivu + VaVu)dz
R2 R2

= / M|Su|2 + A(p)|diva|® + P(p)div i dx —l—/ K : Vudz
R2 2 R2
+ /2 divu(pla|> + T : Vi) — T : (VaVu)dz.
R
We rewrite

. 1 .
P(p)divadx = / pP'(p)=Dy|div u|*dz — / P(p)[div, D¢|udz

R2 R2 2 R2

and apply (4.C.19)) to the first term on the right hand side. We insert all the resulting terms
into (4.C.20)), observing the cancellation of the integrals containing pdiv u|u|?. This yields

(4.3.12)). O

Proof of (4.3.15). We apply the material derivative D; to the momentum equation to derive

pii — divT = —piv + [Dy, div]T,
where we take the L?(IR?)-inner product with pii to obtain
/P22 — / divT - it dx = —/ pi - it de +/ Dy, div T - ii dz. (4.C.21)
R2 R2 R2

We further compute as follows:
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e For the second integral on the left hand side we use integration by parts and (4.C.17)) to
get

— d1vT ide = | T:DyVadr+ | T:[V,Duds
R2 R2

2/ D |Sa® + A(p )Dt|divu]2)d:1;

+ /2(K — P(p)Id) : D,Vidz + /2 T : [V, DyJudz.
R R

o For the second integral on the right hand side we use integration by parts and the identity
—divTdivu = —pudivu = pu to obtain

/Q[Dt,div]Tﬂddx:/ T : (i ® Vdivu + ViVu)dz
R
=— d1VT udlvudx—/ T: Vudlvuda:—i—/ - (VaVu)dz

_ /2 pi - i do — /2 T : (DVidivu + [V, DJadivu — DyVaVu — [V, DiaVu)dz.
R R

We insert these two expressions back into (4.C.21)) and apply (4.C.18)), (4.C.19) to obtain

IVpills + 5 [ (“L180P + Mol do

=5 L, i) (o (o) + (o)) 5 S + (~pX(p) + A(p))|div if?) o
+i1+/R2(divu)(K—P('p)Id) :Vuda:—l—/R2 Di(K — P(p)Id) : Vi da

—/ T [V,Dt]adm—/RQT:([V,Dt}udivu—[V,Dt]uVu)dx

+/ (divw)T : (Vadivu — VaVu) dz

+/IRz Tdivu+Tdivu+T[Dt,div]u):Vudx—/R2(TVu+TV11+T[Dt,V]u):Vud:r,

where I defined below satisfies the bound (4.3.16))
I=— /2 (K — P(p)Id) : Vo + T : (Vadivu — VaVu) da. (4.C.22)
R
Except %I , all other terms on the right hand side are of the form

(Vi, Vu ® Vu, Vu @ Vi, Vu @ Vu @ Vu) ® Vi,

up to bounded coefficients depending on p. Thus (4.3.15]) follows. O
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