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ABSTRACT: We derive a general expression for the resummation of rapidity distributions for
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result, thereby determining resummation coefficients up to next-to-next-to-leading logarithmic
(NNLL) accuracy, for the quark-antiquark coefficient function in the quark nonsinglet channel.
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using SCET methods, and we show that it agrees with our own.
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1 Introduction

The resummation of rapidity distributions for the Drell-Yan (DY) process, and more generally
for the production of colorless final states, is as old as soft (Sudakov) resummation itself:
indeed, at the next-to-leading logarithmic (NLL) level it was presented in ref. [1], one of the
original papers that first performed Sudakov resummation for hard processes [1, 2]. In this
paper, results are presented using the then-customary Feynman xr variable to parametrize
the rapidity of the final-state boson, suitable for the phenomenology of fixed-target DY.
The results of ref. [1] were subsequently rewritten using variables more suited to collider
kinematics in refs. [3, 4] (see also refs. [5, 6]), and more recently extended up to next-to-
next-to-leading log (NNLL) matched to fixed next-to-next-to leading order (NNLO) [7] and
even to next-to-leading power [8].

However, all these results are obtained in the limit in which the center-of-mass energy of
the partonic process /s goes on threshold, i.e. s — M?, where M is the mass of the final-state
colorless object, which henceforth we will call gauge boson for short (as for DY). In this limit
the rapidity goes to zero: the gauge boson is produced at rest. The meaning of this limit can

be understood by introducing a pair of scaling variables z, xo such that zjzs = MT2 =7 and

% = exp(2y), where y is the gauge boson rapidity, defined by tanhy = & with E and p,
respectively the energy of the gauge boson and its momentum along the partonic collision
axis in the partonic center of mass frame. In the limit s — M? of course p, — 0, thus
y — 0, and both scaling variables x; — 1. We will call this a double-soft limit: both scaling
variables tend to their common kinematic threshold.

In this limit, the partonic differential rapidity distribution acquires at all perturbative
orders logarithmically enhanced contributions, that can be put in to one-to-one correspondence
to the contributions to the total partonic cross section [1]. Namely, they can be obtained
from the resummation of the inclusive cross section, which resums contributions of the
form In(1 — 7)?, by the simple substitution In(1 —7)* — In[(1 — 1)(1 — x)]. While of
course the dependence on y is logarithmically subleading [9], because In(1 — ;) = In(1 — 7) +
O ((1 —7)%), the resummation of ref. [1] predicts it fully, in the sense that if the limit
7 — 1 is reached for fixed 7!, the dependence on this ratio (and thus on y) is predicted,
to given logarithmic accuracy in 7, up to terms that are either constant or suppressed by
powers of 1 — 7.1

In this paper we consider the more general situation in which the partonic center of
mass energy reaches its threshold value, but now for fixed nonzero p., or, equivalently, at
fixed rapidity. In terms of the scaling variables x1, x9 this corresponds to the case in which
x1 — 1 but z9 is fixed. We will consequently call this a single-soft limit. Of course, results
are symmetric upon the interchange of 1 and xz9: we will henceforth take x1 as the scaling
variable that tends to the soft limit. In this limit resummation should include all contributions

!The fact that the rapidity dependence is subleading was proven with increasing degrees of detail in
refs. [9, 10], and used in refs. [11-13] to perform soft resummation of the rapidity distribution by reducing it
to that of the total cross section. The validity of the arguments of refs. [9, 10] was questioned in ref. [14] and
established more rigorously in ref. [15], though the issue of a formal proof is somewhat academic, given that
the explicit form of the rapidity dependence in the limit is known from refs. [1, 5], so whether it is subleading
can be checked from the known result without need of a formal proof, see eq. (4.13) below.



that are logarithmically enhanced in In(1 — 21), even if they are not logarithmically enhanced
in the other scaling variable.

Sudakov resummation in this limit is akin to the resummation of transverse momentum
distributions [16, 17], but with the role of the longitudinal and transverse momenta of the
final-state gauge boson interchanged. We will consequently attack it here with methods similar
to those used in ref. [17] to perform resummation of transverse-momentum distributions, in
turn based on a multi-scale generalization [18] of the renormalization-group based approach
to Sudakov resummation [19].

The Sudakov resummation for the inclusive Drell-Yan process of refs. [1, 2] was more
recently re-derived using soft-collinear effective field theory (SCET) methods [12, 20, 21].
Specifically, in ref. [12] the rapidity distribution was also considered, but, as mentioned, its
resummation was reduced to that of the inclusive cross section based on the observation
that the rapidity dependence is subleading. The result of ref. [1] for resummation of the
rapidity distribution in the double-soft limit was reobtained using SCET methods in ref. [14],
where for the first time resummed results in the single-soft limit where also derived, up to
NNLL. This SCET resummation of rapidity distributions in the single soft limit was recently
re-derived in ref. [22], where it was also extended to N3LL.

The comparison of direct QCD (dQCD) and SCET results is generally nontrivial: specif-
ically, in the approach of ref. [14] resummed results are given in the space of physical

momentum variables, and are expressed as the solution to renormalization group equations

3

that can only be worked out in closed form order by order (in ref. [14] results up to order «

are explicitly given). A more direct comparison can be performed by using results of ref. [12],
in which SCET resummation can be expressed in Mellin-transform space, thereby allowing
for a direct comparison to the dQCD result. Even so, the comparison is not immediate: for
DY, the dQCD and SCET results were shown to be equivalent in refs. [23, 24].

The purpose of this paper is to perform resummation of rapidity distributions in the
single-soft limit. In particular, we will derive a general expression, valid at any logarithmic
order, using the methods of ref. [19]. We will then obtain explicit expressions for DY up to
NNLL accuracy, by comparing to the fixed NNLO result of ref. [25] for the quark-antiquark
coefficient function in the quark-quark nonsinglet channel. We will finally provide a translation
to dQCD of the results of ref. [14] and show their equivalence to our own. Note that our
results correspond to what is usually referred to as N*LL’ accuracy in the SCET literature,
which is half a perturbative more accurate than what is usually called NNLL in that context.

2 The kinematic structure of rapidity distributions
We will study the rapidity distributions for processes of the form
H1+H2—>Z—|-X, (21)

where Z is a massive colorless particle, which we denote by Z because in the sequel we will
specifically work out explicit expressions up to NNLL for Drell-Yan production, but which
could equally be a Higgs boson (and in fact was denoted by H in ref. [17] where NNLL
expressions for the Higgs pr distribution were given). For definiteness, and without intended
loss of generality, we will henceforth refer to this final-state particle as the Z.



As explained in the introduction, we want to perform resummation of a rapidity distribu-
tion in the case in which the kinematics of the underlying partonic sub-process is characterized
by the fact that the minimum energy of the partonic sub-process is higher than the Z mass,
because the Z is assumed to be boosted, i.e. to have a non-vanishing longitudinal momentum
in the center-of-mass frame of the partonic collision. In this situation, unlike in the case of
transverse momentum distributions, discussed in ref. [17], the kinematic constraint on the
partonic subprocess (namely the requirement that the Z is boosted) is not decoupled from
the partonic kinematics itself, as they are both longitudinal. Because of this, it is crucial
to discuss the kinematics of the process at the partonic level. Indeed, using standard QCD
factorization for a hadronic process, the partonic center-of-mass frame is boosted with respect
to the hadronic center of mass frame whenever the momentum fractions of the incoming
partons are unequal. The nontrivial boost at the parton level, that changes the form of
the soft limit in the partonic cross section, gets then mixed with this trivial boost at the
level of the kinematics of the hadronic process.

Consequently, we will henceforth focus on purely partonic kinematics, and specifically
study the process

fi(p1) + fa(p2) = Z(p) + X (k), (2.2)

where f; are incoming partons with momenta p;, and p and k are respectively the momenta
of the Z and of the system X that recoils against it, all given in the partonic center-of-mass
frame. For explicit expressions of the factorized distribution at the hadronic level, as well
as a discussion of the relation between hadronic and partonic kinematics (neither of which
are relevant here) we refer e.g. to Section 4 of ref. [13].

2.1 Kinematics

In the partonic center of mass frame

L= \f(l,o,o, 1), po= \f(l,0,0, ~1), (2.3)

p= (\/M2 + P4 +p§7ﬁT,pz) = (\/M2 + ph coshy, pr, / M? + p3. sinhy), (2.4)

where pr and y are respectively the transverse momentum and rapidity of the Z. The final-

state kinematics is fully parametrized by the scale M?, the rapidity y, and the scaling variable
M2

T=— (2.5)

S

The rapidity range for fixed 7 is restricted by the requirement that [p,| eq. (2.4) does
not exceed the value allowed by the maximum available energy. Because

V= M2 4 g2t p2 e +p3+ p2 > /M2 4 p2 4 | (2.6)

the minimum value of s corresponds to the minimum value of both the energy of the Z
and of the system X with invariant mass my that recoils against it, reached when pp = 0

o2 50 = (a5 g2 4 h2) (27)

and mxy = 0:



This gives

s — M? 1—7
< max — =M . 2.8
el < el = S = b (2.9
The maximum is attained when pp = 0, so using eq. (2.4) the condition is |p,|™* =
M| sinh y™?*| leading to
1
Iny7<y<ln— (2.9)

\/F I

which can be equivalently obtained by rewriting eq. (2.6) in terms of rapidity

Vs = \/M2+pr2fcoshy—|—\/m§( + pA + (M2 + p&)sinh?y > M coshy + M|sinhy|. (2.10)

Resummation is performed in conjugate space, in which convolutions reduce to ordinary
products. For the rapidity distribution, the appropriate integral transform is a double Mellin
transform. We define a coefficient function in terms of the partonic differential cross section:

11 d%
C M?) = — = 2.11
(:L'lyx% ) O_OTdMgdyv ( )
where
x1 =+/T1€Y, x9 =+/Te Y, (2.12)
so that
1
T=x1%2, Y= an%, (2.13)
and og is defined so that
C($1,$2,M2) :5(1 —$1)5(1—$2)+O(as). (2.14)

It is easy to check that the jacobian of the transformation from (z1,x2) to (y,7) equals
one, and that

0<w <1, i=12. (2.15)

The coefficient function is a dimensionless function with a power expansion in ay; as such,
it also depends on the strong coupling «a, evaluated at a renormalization scale ,u%%, and on
the ratio of M? to renormalization and factorization scales. Furthermore, both the coefficient
function and o depend on the choice of initial state partons and thus carry parton indices. In
this section, for simplicity, we omit all these functional dependences and indices, and we only
display the dependence on kinematic variables. The full set of arguments will be restored in
the next section. The coefficient function in Mellin-Mellin space is given by

1 1
C(Nl,NQ,MQ) = / d{L‘l I‘lelil‘/ d$2 $§2710($1,$2,M2), (216)
0 0

where by slight abuse of notation we denote both the original function and its transform
with the same symbol C.



Using eq. (2.12), the integral transform eq. (2.16) can be equivalently viewed as a Fourier-
Mellin transform [26] of the coefficient function with respect to y and 7. Indeed, defining

N1:N+ig; NQ:N—ig, (2.17)
so that
NNy, Ny) = % (Ni+No),  b(Ny,Np) = 1= V2 (2.18)
and
C(N,b, M?) = C(N{(N,b), No(N,b), M?), (2.19)
C(r,y, M?) = Cla1(7,y), w2(r,y), M?). (2:20)
Eq. (2.16) can be written
C(N,b, M?) = /01 dr V-1 [ﬁﬁ dy e C(r,y, M?). (2.21)

The soft limits that we consider are defined as follows. The double-soft limit is the
limit in which
5 — sMN(0) = M2, (2.22)

with s™1(p,) given in eq. (2.7). This means that

pr—0; p.—0. (2.23)
In this limit
T—1, y—0, (2.24)
i.e.
1 — 1, x2— 1. (2.25)
In Mellin-Mellin space this means
Re N7 — o0;  Re Ny — 0. (2.26)

In Fourier-Mellin space this corresponds to
Re N — oc. (2.27)

The single-soft limit is instead the limit in which

" (p,) (2.28)

for fixed p,, or, equivalently for some fixed rapidity y. In terms of the variables z; eq. (2.12) the

s— S

condition of fixed y implies fixed ratio % = e and the condition of minimum s corresponds
to maximum product z1x2, which (assuming without loss of generality x; > x9) for fixed ey
means maximum zie” %Y i.e. 1 = 1. So the single soft limit is the limit in which

r1 — 1;  fixed zo. (2.29)
In Mellin-Mellin space this means

N1 — 00; fixed NQ. (230)



2.2 Phase space

We now discuss the phase space measure for the process eq. (2.2). We consider the Z rapidity
distribution when the system X includes n final-state massless partons, with momenta
k‘l, ey k‘nl

pr+pr=p+ki+...+ k. (2.31)

We are interested in the double-soft and single-soft limits.

2.2.1 Double-soft limit

In the double-soft limit the center-of mass energy is going on threshold eq. (2.22), hence
the limit coincides with the threshold limit of the total cross section, discussed by us in
ref. [19]. Namely, squaring both sides of eq. (2.31)

s(1—7) Zk - k; —i-QZp ki, (2.32)

1,j=1

but p - k; is positive semi-definite, and vanishes only when k‘g = 0, hence k:ZQ — 0 for all 4
in the limit 7 — 1, i.e. all emitted partons must be soft.
We write the phase space for the process as

dk?

d¢n+l(p1+p2;p7k17"'7k ) Td¢2(p1+p2ap7 )dd)n(kvk;la)kn)? (233)

with n > 0. Here d¢s is the phase space for production from the incoming total momentum
p1 + po of a massive final state with mass M and momentum p, and a system with momentum
k recoiling against it; d¢,, is the phase space for the production, from incoming momentum
k, of a final-state system containing n massless partons with momenta k;.

We now work out the two-body phase space d¢o in d = 4 — 2¢ dimensions in terms of
the rapidity of the Z. In the partonic center of mass frame we have

ddflp ddflk
(27)4=12p0 (27)d—12K0

dd—lp 0 0

2m)6D (py + py — p — k)

do2(p1 + p2;p, k) =

The integration measure can be rewritten as

1 7T1—€
dlp = Zdp? |pr|? tdp, dQy—g = ———dp? || dp, 2.
p = 5dpt [Pl dp. dS-s T e dp-, (2.35)

where we have performed the azimuthal integration using the identity Q4 = lgerd//;).

Substituting in eq. (2.34) gives

A " dpi dp-
dga(p1 + p2;p, k) = (167T)Fl(plTl ; I;T)kf 6(vs — po — ko). (2.36)

We first trade p, for the rapidity y, using

p- = \/p} + M?sinhy;  dp. = pody. (2.37)



We obtain

do i (4m)“|pn| > dPTdy5 o — k 2.38
2(p1 + p2; p, ) ].67TP(]. —6) kO (\[ Do 0)' ( . )

Next, we perform the p2 integration using the delta function. We have

K} 2 =2
3(v/'s —po — ko) = (pTJ P1) (2.39)
where
d Po) dpo 5 dpi /s 2
J=|—5 — — ko)l =14+ =— = = h 2.40
‘dJUQT(\/g po — ko) ( * ko) dpa  2poko dp%:  2poko sy (240)

and pA is the solution of

Vs = po+\/k2+p0 M? = \/M2+pTcoshy+\/k2 (M2 + p%) cosh? y — M2, (2.41)
We get

(4m) (P1) " 1o
8rI'(1 —€) /scosh?y

dg2(p1 + pa;p, k) = (2.42)

Expressing po as a function of s, M?, k? through the first equality in eq. (2.41), we finally obtain

(4m)€(p%) € s — k2 + M? dy

d 2.43
b2(4:p, k) = 167T(1 — ¢) s cosh? y (243)
The phase space eq. (2.33) becomes thus
d¢n+1(P1 +p2apa k17 ey kn)
dy (47’(‘)E /kr2nax 9, 9\— S — k-2 + M2

= dk C——————don (ki ki, ... kn). 2.44
COSh2 y 327T2F(1 _ 6) k?nin (pT) s ¢n( s 1, n) ( )
We can now work out the kinematic limits for the k% integration. Of course, k2, = O:

this happens whenever the final-state parton momenta k; are all collinear to each other (or
there is a single parton, of course). The upper bound is obtained by observing that

k? = s+ M? — 2y/s\/ M2+ p2 + p2 = s + M* — 2\/5,/ M2 + p? cosh y, (2.45)

so for given rapidity the maximum value of k2 is obtained for pgf — 0:

, WE
kjax = — (1 + 7 — 2¢/T coshy) (2.46)
T
_ e x;ii —r2). (2.47)

Introducing a dimensionless variable v in order to interpolate between 0 and k2., we can set

, (2.48)



and rewrite the measure of integration over k% in the phase space eq. (2.44) as

. M2(1 — :cl)(l — 332)
N X192

dk? dv. (2.49)

Furthermore, as in ref. [17] the phase space doy,(k;k1,...,kn) can be rewritten following
ref. [18] (in turn based on ref. [19]) as

N (e)
2m

n—1
d¢n(k:;k:1,...,kn):27r[ } (k2)n=2=(r=Degnn=1)(¢), (2.50)

where N(e) = ng,% and

1 1
dQ(”_l)(e) =d0... dQn,1/ dzmz,(g_g)_("_mﬁ(l — o)t / dzazy (1 — zp) 72
0 0
(2.51)
The definition of the variables z; is irrelevant here and can be found in ref. [19] (where
they are called z).

We can finally consider the double-soft limit. Equation (2.47) implies that k* — 0 as
both z; and x9 approach 1. Furthermore, in eq. (2.50) the phase space doy, (k; ki, ..., ky)
is rewritten in terms of a dimensionless integration measure, with all the dimensional
dependence contained in powers of a soft scale

A3, = k2

max

= M?*(1 —21)(1 —29) [1 + O(1 — 1) + O(1 — x2)] . (2.52)

This is in fact the same as the phase space for deep-inelastic scattering with incoming
momentum k whose soft limit was discussed in ref. [19].

2.2.2 Single-soft limit

In this limit, the rapidity of the Z is fixed, while s — s™"(p,), given by eq. (2.7). At
leading order, the process eq. (2.31) must thus include at least one parton that recoils
against the Z with momentum k; and the soft limit corresponds to pr — 0 with fixed y

(fixed p,) in eq. (2.4) so
k1= k" = (p..0,0, —p). (2.53)

Note that while a fixed y value of course corresponds to a fixed p, value, approaching the
5 — s™(p,) limit at fixed y or fixed p, correspond to different paths.

Using again eq. (2.32) it is clear that with more than one parton in the final state the
soft limit is reached when k; - k; = 0 for all ¢, j, in which case

ki = K\, (2.54)
1

n

(2

i.e. all emitted partons must be collinear. They are not necessarily soft, though of course
some of them will: the only constraint being that their longitudinal momentum fractions
add in such a way that eq. (2.54) is satisfied.



The phase space can again be written in the form of eq. (2.33), except that now n > 1.
In particular, eq. (2.44) still holds, and the upper bound of k? is still given by k2, eq. (2.46).
However, the limit is now given by eq. (2.29), so 1 — x4 is now generic. Consequently, eq. (2.50)
now implies that the dimensional dependence is contained in powers of a soft scale

AL =42, = M*(1—z)1+0(1 —x)]. (2.55)

max

It is interesting to contrast this with the case in which the Z has fixed pr, discussed in
ref. [17]. In that case, pr is fixed and p, — 0 in the soft limit. Hence in that case eq. (2.53)
is replaced by k1 = kgo) = (pt, —pT,0,0) (choosing without loss of generality the x axis along
pr) and the condition k; - k; = 0 when ¢ = 1 can be satisfied in two different ways: either with
kJT — 0 (soft partons), or with k:gf — k:rlf > 0 (collinear partons). The phase space in this case
must be written by separating these two families of partons, that turn out to be characterized
by two different soft scales, due to the fact that soft partons correspond to radiation from
incoming partons (i.e. collinear to the incoming partons), while collinear partons correspond
to radiation from the final-state parton that recoils against the Z [16] (i.e. collinear to the Z).
In the case considered here, it is impossible to distinguish initial- and final-state radiation
because pr — 0 so partons collinear to the Z are also collinear to the initial state partons.

3 Resummation by renormalization group improvement

The main result of section 2 is that, due to the collinear nature of the soft limits at fixed
rapidity, the rapidity distribution in the soft limits depends on a single soft scale. This is
true both in the double-soft limit eqs. (2.25)—(2.26), with soft scale A3 eq. (2.52), and in the
single-soft limit eqs. (2.29)-(2.30), with soft scale A% eq. (2.55). Consequently, resummation
is simpler than that of transverse momentum distributions that we derived in ref. [17], and
can in fact be performed by a mild generalization of the method we developed in ref. [19]
in the inclusive case. On the other hand, some technical complications are related to the
need of taking a double Mellin transform, and, in the single-soft limit, of treating the two
incoming partons asymmetrically.

Resummation is performed based on a suitably adapted version of the argument of
refs. [17, 19]. Perturbative factorization implies that the Mellin-space hadronic cross section
can be written as

Cop 2 ij M? M? 5 ) )
gy NN M) =2 Cug (N N )| SN )5 (N0
i R

(3.1)
where 7y = M?/S, S is the hadronic center-of-mass energy squared, and f;(N,u?) are
(Mellin-transformed) parton distributions (PDFs). In view of the construction of a resummed
result in the single-soft limit, in which the incoming partons are treated asymmetrically, it is
useful to study the dependence of the coefficient function on the factorization scale of each
of the two partons independently. Specifically, we write

d?opy 5 M? M? M?
7N7N M*) = ]C” N Nviviaiv 2 'Nv 2 ‘Na 27
dM2dy( 1, N2, M?) THiZon i NN S as(pr) | fi(N1, p1) f;(Na,y p13)

(3.2)

,10,



which is allowed because it is always possible to express PDFs at one scale in terms of
those at a different scale, and re-define the coefficient functions Cj; accordingly. We are
assuming here that f;(IV, u?) are evolution eigenstates, with eigenvalues v*F (N, as(u?)), so
that they do not mix upon evolution.

We perform resummation of the Mellin-transformed coefficient function for the ij par-
tonic channel

M? M? M?
Cij Ny, No, 5 T Ty ,as(u%{) =14 O(as). (33)
L S A )

Observing that the hadronic cross section cannot depend on either p? or p3 we get a
Callan-Symanzik- Altarelli-Parisi equation of the form

d M2 M? M?
2 2
11 —=Cij [ N1, Noy, —-, —, =, as (1)
Ydu? ”( @30 g g
M? M? M?
= _%AP(NLO‘S(M%))CU <N17N2’2’2’ 2 7055(/1*%2)) (3'4)
nyY My HR

and an analogous equation with p? — 13 and YA (N1, as(ud)) — 'YJAP (No, as(113)).

In the remainder of this section we omit the parton indices i,j and denote with C' a
generic eigenstate coefficient function, which is the quantity that undergoes resummation
through renormalization group improvement. We will then restore parton indices in the
next section when considering the explicit construction of the resummed coefficient function
in various limits.

Solving eq. (3.4), the coefficient function is found to have the form

M? M? M?
C NlaN27777’77a :u2
( @33 pE (k)
M? M2 M2 )2
=C NlaNQalajvTvas(M%?) eXp 72’7AP(N17048(]€2))' (35)
Ha MR wo K

Resummation is performed in terms of a physical anomalous dimension

M? d M? M? M?
Y (Nl,Nz,”Qyoés(NQ)) = Wlnc <N1,N27/ﬂ,/ﬁa/ﬂaas(ﬂ2) ) (3.6)

where in the MS scheme there is a single common renormalization and factorization scale
12 identified with the scale arising when performing dimensional regularization in 4 — 2e
space-time dimensions.

The argument then reproduces that of refs. [17, 19], the only difference being that now
the coefficient function depends on two Mellin variables N1, Na: the coefficient function is
written in terms of bare coefficient function and coupling C(® and «q

M? M? M?
2 2 2

C N17N27
w2

as(ﬂ2)> = lg% ZC(N17N27 as(MQ)a G)C(O)(Nla Na, M27 o, 6)'
(3.7)
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The physical anomalous dimension (in mass-independent factorization schemes) is determined
by dimensional analysis from the bare coefficient function [19] and it is finite as € — 0 so that

In CO(Ny, No, M?, ag, €). (3.8)

M2
Y <N1)N27 27a8(u2)> = —lime
1%

e—0 dln (o7

3.1 Double-soft resummation

In the double-soft limit, the kinematic analysis of the phase space presented in section 2,
together with the argument of ref. [19], implies that the leading contribution to the hard
coefficient function as 1 — 1 and x92 — 1 depends on x; and z9 only through the fixed
combination of the scale and the scaling variables

A3 = M?(1— 21)(1 — 229), (3.9)

up to terms of relative order (1 —x1) or (1 —z2). It is then easy to prove (see appendix A) that
the Mellin-space coefficient function only depends on N7, No through the dimensionful variable

M2
s = NlNg’
1

up to corrections of order N% or ;- The bare coefficient function can be consequently

A2 (3.10)

expanded as

CO(N Ny, M2, ag, €) = C“*C’(M2 a, € )C“’”(Aﬁs,ao,d (3.11)
O (M2, ag, €) ZC (0,¢) ~2neqn (3.12)
COD(AZ, o, €) ZCOI YAl (3.13)

where C(0:0) collects contributions due to real emission, which have a nontrivial dependence on
Ny, No, C9:9) collects virtual contributions, that have Born kinematics, and it is assumed [27]
that virtual and real soft-emission contributions fully factorize.

The factorization eq. (3.11) implies that in the double-soft limit the physical anomalous
dimension is the sum of two contributions:

M2 M2 oy [ A2.(N{ Ny, M2
Y <N1N2a Faas(NQ) ) V(C) ( ,LL »Oés(lﬂ),e) +7(l) ( dS( - 22 ),OZS(MQ),6> )

I
(3.14)
that are not separately finite and p-independent. Note that the dependence of ) on Ny, Ny

is only through the scale /N\?ls. Renormalization-group invariance, i.e. u independence of the
full anomalous dimension, then implies

d . (A2 d o[ M? ds
7hmfy(l) (quésaas(uz>7€> = 72hm7( ) </j,2’aS(M2) > gd ( (:U’2)> (315>

dlIn p? e=0

where g% (a,) has an expansion in powers of o, with finite coefficients. Solving eqs. (3.15)

2 2 1.2
7 (A;aasw%) - i (@) + 3 (0s(M?),) (316)

_ ]\2 ]\7.7\/v,]\42 “‘2(2”{12_8 ) .
7(1) < dS( 222 ),as(ﬂ2)7€> — _/ 7gd (O‘S(kQ))—i-g(()l)(Oés(Aﬁs),e) (317)
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and adding up the solutions we get

M? 2 . [=(o) 2 —(1) 12 Ade du? _ds 2
”(NlNQ’m s >)—gg% 957 (o), 458 (os(Ra) )] + | g™ () (3.18)
s Aﬁs dﬂ2 s
= g5° (s (M?))+ —5 9% (as(p?)), (3.19)
M2

where we have made use of the fact that the singularity must cancel between g((f) and g((f), and

9 (s (M?)) = 357 (s (M?),0) + g3 (s (M?), 0), (3.20)

gy

gds(o‘8> = gdS(O‘S) + B(as) dov,

(3.21)

In eq. (3.19) both g3%(as(M?) and g% (as(u?)) are power series in a with finite coefficients.
The physical anomalous dimension eq. (3.18) is now written as the sum of two contributions
that are separately finite and p independent:

5 <N1N27 aS(M2)) =~ (as(MQ)) +~0 (NlNQ, as(MQ)) (3.22)
7Y (as(M?)) = g (as(M?)) (3.23)
7O (Ny Ny, ey (M?)) = /MAzQ/(NlNQ) ‘ngdS(as(k?)). (3.24)

We conclude that in the double-soft limit the finite renormalized coefficient function eq. (3.5)
can be factorized as

c (Nl,Ng, M? M? M? as(M2)> —0© (1\52 as(uz)> c® (Aﬁ/(NINQ),Ozs(uQ))

AT 2 2
1 1
+0 (M’ Nz) (3.25)
where
d M?
2 c 2 c
M AM?2 InC <,u,2’as(u )) = 7( ) (as(M)) (3.26)
d M? /(NN

M2 n 00 (W,as(uz)) =1 (N1 Ny, oy (M?)) . (3.27)

Logarithmically enhanced terms are contained in CY(M?/(NyNop?), as(p?)), for which
the expression eq. (3.24) of ~() provides the resummed prediction, while C'(©) contains the
constants. Note that the separation between C) and C(©) is ambiguous, reflecting the
freedom in fixing the finite part after the cancellation of the divergence: a constant term
can always be reabsorbed in a redefinition of C®).

3.2 Single-soft resummation

In the single soft limit the argument proceeds in the same way, except that now, assuming
for definiteness that the soft variable is z1, the dimensional dependence is through the scale

AL = M?*(1 —x), (3.28)
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up to corrections suppressed by powers of (1 — z1). The Mellin-space coefficient function
then depends on N; through the dimensional variable
~ M?2
2
The dependence on N is parametric: the argument runs through unchanged, except that now
N1 Ns is everywhere replaced by N7, and we end up with the physical anomalous dimension

AES(M27N1) d/,L2

(N1, Na, 1, as(M?),€) = g5 (s (M?), No) + ngs(as(/ﬂ% Na), (3.30)

M2
where gi(a, N2) and ¢**(a, N2) are power series in a with Na-dependent coefficients.
The resummed coefficient function now factorizes as

M? M? M? M? M?/N
C <N17N27 F? 727 2aas(,u2)> - C(C) <N27 uga@s(ﬂ%) C(l) (M/217N27a8(u2>>

B
+0 <1> (3.31)
Ny '
where
d C M2 SS
M? dM?2 nC <M27N2a045(112)> =90 (as(M2)7N2) (3.32)
d MQ/N M?/Ny d 2
2 @ 1 2 _ AU~ o 2
M? s C ( 2 , N2, s (p )> = /M2 PR (as(p”), Na). (3.33)

Terms that are logarithmically enhanced in N; are contained in c® (Mi/QNl,NQ, as(u2))
for which the expression eq. (3.33) of @) provides the resummed prediction, while
C(C)(%,Ng,as(ﬁ)) contain all terms that do not vanish as N; — oo but remain finite
in the limit, i.e. constant in N7 in Mellin space, thus proportional to a §(1 — z1) in physical
space. All these terms depend parametrically on Na. Again, the separation between C'!)

and C(© is ambiguous.

4 The resummed coefficient function

The renormalization group argument leads to a resummed expression for the logarithmic
terms contained in the physical anomalous dimension, which in turn determines the ratio
of the resummed coefficient function at two different scales. In order to obtain a resummed
expression for the coefficient function itself it is necessary to separate off the dependence of
the coefficient function on the factorization scale from that on the soft scale that is being
resummed. This requires some care because the physical anomalous dimension eq. (3.6) is a
function of the pair of Mellin variables N1 and Ny, while the dependence on the factorization
scale is given by an anomalous dimension that is a function of a single Mellin variable, and
indeed, according to eq. (3.4), it provides the dependence on a single scale of the coefficient
when the factorization scales of the incoming partons are taken to be independent. To this
purpose, we first summarize how this is done in the inclusive case [19] in which only one
scale and one Mellin variable is present, and then consider the double-soft limit (two Mellin
variables and one scale) and the single-soft limit (two Mellin variables and two scales).
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4.1 The inclusive coefficient function

In the inclusive case, the resummed physical anomalous dimension is given by eq. (3.19) but
with A2, replaced by the soft scale A2 = ]\1\/,[—22 Logarithms of % are then resummed in the
anomalous dimension v(), given by eq. (3.24) but with N1 N replaced by N2, still related to
the coefficient function (now only dependent on V) through eq. (3.27). Integrating eq. (3.27)
the resummed coefficient function is given by [19]

M?/N? M2/N?
E"S(N; Mg, M?) = 10<< / o (1 )) In CY (‘L/Q,as(uz)>

e a (en02m). (41

Comparing to the solution to the renormalization group equation, which has of course the

form eq. (3.5) but now with a single Mellin variable, it is clear that In C' is the sum of a term
that depends on the factorization scale ;% and a term that only depends on ay evaluated at
the scale of the process. In order to rewrite the resummed result in this form we let [19]

ag(k?
o) = Afo) - 220)

where A and D are power series in «g, so that

(4.2)

2 n 2 419
pevagg )= [ (< [ Al ) ) Dl % )~ D0 )|
’ (4.3)

We then conclude that the resummed coefficient function has the general structure

Lo [(MPN? _ NMdn (M Ak o (M2 I
i (M0 0) - | [ A ) + Dlanar? ).

I n
(4.4)
Both the lower integration limit > and the function A(as(k?/n)) in eq. (4.4) are fully
determined by the renormalization group equation satisfied by the coefficient function and
the known properties of the MS anomalous dimensions in the soft limit.
Indeed, differentiating eq. (4.4) we get

d M?/N? N? dn dln i
leuglnc(l)< /2 aas(ﬂz)) :/1 *A(Oés 2/ )) ,u (4.5)

7

but on the other hand, eq. (3.4) implies that the right-hand side of eq. (4.5) must be matched
to the standard anomalous dimension yAF (N, as(1?)) in the soft limit. Because in this
inclusive case there is a single scale, the relevant anomalous dimension is the sum of the two
anomalous dimensions ~;, 7, that correspond to the incoming evolution eigenstates.

Noting that by construction only v) and C) contain logarithmically enhanced contribu-
tions (constant contributions having been included in v(¢)), the right-hand side of eq. (4.5)
must be given by the logarithmically enhanced contributions to the anomalous dimension
AP, Now, in the MS scheme it can be proven [28] that to all perturbative orders

AP(N, ag(12) _—lnNZ< S) A +O(N°)+O<N> (4.6)
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where Agk) are numerical coefficients and only the diagonal splitting functions P, and Py,
are logarithmically enhanced, so in the large- N limit the anomalous dimension eigenvectors
are the quark singlet and gluon and i = ¢, g. The quantity on the right-hand side of eq. (4.6)
is usually referred to as the cusp anomalous dimension.

Demanding that the right-hand side of eq. (4.5) coincides with (minus) the cusp anomalous
dimension, with an extra factor of 2 to account for the presence of two partons of the same
species in the initial state, we immediately find

it =np? (4.7)

k
AD () =3 (%) Al 4.8
@) =2 (%) A (4.)

We therefore conclude that there are two independent resummed coefficient functions, in
the gluon-gluon and the quark-quark channel.

The full coefficient function in the soft limit is finally found by multiplying the resummed
expression for C') (%,as(;ﬂ)) by C(©) (Ai—;,as(uQ)), which in Mellin space is just a

series in a4(M?) with constant coefficients:

M2
OV, s(1?) =C) (L (%)) (4.9)
N? dn M?/n };2 ) ) 1
xexp/l o K_/ﬂ o Alas(K) )+ Dl (M2 /) (1+0(N>).
Specifically choosing p? = M? and changing integration variables we get
C(N, 1,5 (M?)) = C) (1, a5 (M?)) (4.10)
M?2/N? .2 ) MZ/NQ ) 1
X exp /M2 & [A(as(k NI L 4 Doy (k2)) (1 4o <N>) |

As well known (see e.g. [29]), N*LL resummation is obtained by including both C(©) and

k+1

k41 ie. A(as) up to order ot and D(as) up to order a¥. Assuming

g(as) up to order «
knowledge of the cusp anomalous dimension, all the remaining coefficients in D and C© are
determined by comparing to a fixed N*LO computation. Note that in the dQCD literature
(see e.g. [30]) the function D is usually further divided into two separate functions B and D
that originate from different kinds of soft radiation, though of course if they are determined
by matching to fixed order no such separation is possible. Note also that in the SCET
literature this is referred to as N¥LL’, while N¥LL refers to including C© only up to order

ok (see e.g. [12]).

4.2 The coefficient function in the double-soft limit

Coming now to the rapidity distribution in the soft limit, we can use the expression eq. (3.24)
of the resummed physical anomalous dimension: we get

9 2
B9 (Ny, Ng; Mg, M?) =InC' D9 (JW/(N;JVQ)’%(MZ)) ~lnC®% <AW21N2)’O‘S(“2)>

I I
NNz g, (M* qg2 5
=, GEeeswim). (4.11)
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The right-hand side coincides with the inclusive result eq. (4.1) with the substitution N? —
NiNy. Given the form eq. (3.5) of the solution to the renormalization group equation, by
simply making a common scale choice u? = u3 = u? we thus arrive through the same steps
at the resummed coefficient function

L CMds M?/(N1Ng) ()] = NN dn | [ M di'Q (k2 /n (0 (M2 /n
e (lﬂ aulp ))—/1 | (7 ey o A8/ )P (0082 )|
(4.12)

Matching to the Callan-Symanzik-Altarelli-Parisi equation (3.4) is now performed based
on the simple observation that, because of egs. (2.17)

NN—N2+£—N2 14+0 L (4.13)
14V2 — 4* N2 . .

This then immediately implies that consistency with the inclusive case (which indeed cor-
responds to b = 0) implies that egs. (4.7)—(4.8) still hold, and in particular the functions
C©, A and D are the same as in the inclusive case, so

M? M? M?
ds e e 2\y — (o) 2
C <N17N27 ,U/2 ) /142 3 //42 7045(/1’ )) =C (1,045(M )) (414>
NiNz M?/n qg2 ) ) 11
x exp/l . K— /uz o Alas(k ))) + D(aa(M?/n)) <1+o <N1N2>>

Hence double-soft resummation is simply obtained by performing the substitution N? —
N1Ns in the inclusive result:

M2 M2 M2 M2 b2
o (e i S ost) = (o) (10 ()

where C(N, M?/1?, as(u?)) is the coefficient function for the inclusive process, eq. (4.9),
and N? = N1 N in the double-soft limit, eq. (4.13). In particular, as in the inclusive case,
only the quark-quark and gluon-gluon coefficient survive the limit, and specifically for the
Drell-Yan process only the quark-quark channel logarithmically enhanced. As mentioned in
the introduction, the result eq. (4.14) was first obtained to NLL accuracy in ref. [1], where
it was used to derive resummation in the double soft limit of the differential distribution
with respect to the longitudinal momentum of the Z (sometimes called Feynman z). It
was then rewritten in ref. [5] for the rapidity distribution, and extended to NNLO and
next-to-leading power in refs. [7, 8]. In these references an alternate form of the resummed
results eq. (4.14)—(4.16) is actually used; its equivalence to the resummed expression of this
paper is proven in appendix B.

2

Finally, choosing again pu?> = M? we get

CU (N1, Np, 1,1, 1, g (M) = C) (1, g (M?))

A% [ dk? A2
X exp/M2 [,@A(as(kz))ln k‘is + D(as(K?))

<1+0(]$1,]\1[2>), (4.16)
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with JN\C%S the soft scale eq. (3.10). Of course, we may equivalently choose any soft scale that is
proportional to ]\(215. This is clear from the structure of the renormalization group argument,
since the latter only uses the fact that the kinematic dependence on N7 and N goes through
the dimensionful variable Aﬁs. It is also manifest from our final result eq. (4.16), as a change
of soft scale by a constant factor can always reabsorbed by a change of the coefficients of the
expansion of the function D% in powers of a;. A common choice, suggested in ref. [1], as
it simplifies the expression of DY by reabsorbing some subleading terms, is

M2

A2 = ——; N,=¢"N;, (4.17)
NNy’

where vg is the Euler constant.

4.3 The coefficient function in the single-soft limit

The argument in the single-soft N7 — oo limit requires treating both the kinematic variables
asymmetrically. The scale dependence of the coefficient function is now given by

Eres Sb(Nl,NQ,Mo,MQ) — 1nC(l) (M /Nl Ng,as( )) — hlc(l)’ss < ,U2 ,NQ,QS(M2)>

/Nl - /M e g% (as (1 /m), Na), (4.18)

leading to

In ¢ (MM/NI No, as(p 2))

= /1N1 Can [(_ /_M2 CWASS(QS(/{Q/TL,]VQ))) +DSS(as(M2/n)7N2>] . (419>

2(2) K2

We now note that, because the PDF fa(Na, 13) in eq. (3.2) only depends on Na, changing
its scale cannot introduce any large logs of the soft variable, which is M?2/Nj. It follows that

M2 M2 M2 M2 M2 M2
O | N1, Nay =, =, —5, as(pi) | = O | N1, Ny —o, =5, -, as(ufy) | (1+ O(NY)).
K T KR
(4.20)
We thus consider the coefficient function with the choice u3 = p% = u? but u3 = M?2,
which satisfies

d M2 M
2
i e G (Nl,z\@, s o (2 ) 1nN1§ (Al + O (M), (a.21)

where we have restored the parton channel indices, and now k corresponds to the diago-
nal quark or gluon logarithmically enhanced channel, while ¢ runs over all eigenstates of
perturbative evolution. On the other hand, because of eq. (4.20),

d M= /N d M? M2
Mzdil C](g?7ss< U/ ! NZvas( 2)) =u Tlnc <N17N2a MQ ’ 7 N2 7as(u2)> +O(N{))7

(4.22)
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where we have restored the parton indices ki also on the function C,gli)’ss that contains the

logarithmically enhanced terms.

Hence the u? factorization scale dependence of the coefficient function in the single-soft
limit must match the cusp anomalous dimension, and thus cannot depend on N;. We
consequently arrive at a resummed expression for the coefficient function with asymmetric
scale choice in the single soft limit of the form

M2 M2 C),SS
K <N1’N2’u2’1’u?’as(”2)> = O™ (L aa(M?), M) (4.23)
M dn il dk2 2 ss 2 1
X exp/l - [(— /u2 ﬁAk(OZS(k‘ ))> + D (as(M?#/n), No) (1 +0 <J\71>> ‘

For the Drell-Yan process only quark channels are logarithmically enhanced, so k = ¢ or

k = g, while 7 runs over all eigenstates of perturbative evolution, with C37j = C7. We will

denote henceforth the single-soft Drell-Yan coefficient functions as C7; for definiteness.
Finally restoring a symmetric scale choice p? = M? we get

C3(N1, Ny 1,1,1, a5(M?)) = CL (1,aS(M2), NQ)
Afs dk2 2 ]\gs Ss 2 1
xexp [ 00 [Auan(B) n 35 + DE(a, (k). Vo) <1 +0 <N>> L (429)

with the soft scale now given by /~\§S eq. (3.29). Again, we are free to redefine the soft scale
by a constant factor, so it might be useful to take instead
- M2
Ags -~
Ny

;. Ny =epN. (4.25)

However, in the single-soft limit, the non-soft variable Ns is just a fixed parameter. Hence,

we may also use A2, eq. (3.10) or A%, eq. (4.17) instead of A2 in the resummation formula

eq. (4.24), with the only effect of changing the coefficients of the expansion of the function
* (as(k?), N2) in powers of as.

5 Matching with fixed order calculations

The explicit values of the coefficients in the expansions of C'(©), A, and D in powers of the
strong coupling are obtained by expanding the resummed coefficient function at fixed order
in ag and requiring the resummed result to match the Mellin transform of the fixed-order
computation. We perform the matching procedure explicitly up to NNLO, which allows us to
obtain a resummed expression with NNLL accuracy, both in the double-soft and single-soft
limit. In the single-soft case in this paper we will only consider the Cy4 coefficient function,
and only resum the quark nonsinglet channel.

To this purpose, we first compute explicitly the integrals in the resummed expressions
egs. (4.16), (4.24) and expand out the result up to order a?(M?). We then provide the
fixed-order NNLO expressions, which were computed in refs. [25, 31] and are available as
a public FORTRAN code [32], but must be transformed into the variables z1, x5 in terms of
whose Mellin conjugates N1, Ny is expressed. We finally determine up to O(a?) the functions
C(©) and D that, along with the cusp anomalous dimension, control the resummed result.
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5.1 Explicit resummed results

We start by noting that the resummed expressions we are interested in, namely the double-
soft result eq. (4.16) and the single-soft result eq. (4.24) have the same form if expressed
in terms of a variable

A = Boas(M?)L, (5.1)

where L is a large log, such as In N1 N2, and of the coefficients of the expansion of the function
D, only with different values of the coefficients of this expansion.
Specifically, we can write the resummed coefficient function as

Cys (N1, N2 04(M12)) = g004(M2)) ex0 ( 7501 () + 2) + 0N+ ) . (5:2)

Note that this defines unambiguously the separation between logarithmic and soft contribution,
i.e. it provides an unambiguous definition of C' and C'(9), which are otherwise not uniquely
defined, as one can always reshuffle a constant between them. As mentioned, we provide results
for the Drell-Yan Cy; coefficient function, with only the quark nonsinglet channel included in
the single-soft case. We will consequently henceforth omit the parton indices on the coefficient
function. Also, throughout the section we choose the renormalization and factorization scales

pi = = ph = M?, (5.3)

and in order to lighten the notation we omit the corresponding arguments in the coefficient
function.
Performing the integrals in eqgs. (4.16), (4.24) we then get

ArA+ (1= M) In(1 = \)]

91(A) = B2 (5.4)
_AB 2,1 ) Ae B DiIn(1—))
g(\) = SR (22 +1n%(1 = 2) + 2In(1 - 1)) m— (A +In(1 = 2)) + == (5.5)
A (XL _
gg()\)_ﬂﬂé‘(l—)\) 5 +21n (I=X)+An(1—-N)
A1B2 A2
TRy <ln(1—)\)—)\ln(1—)\)—2—|—>\>
Aoy A2 A3\?
Do\ D154
— A+1In(1 - X)), 5.6
w2 x) gy AR >0
where we have written the beta function as
dovs (2
2 — rad(u) — 1) + Ofal) (5.7
 11C4 — 4T Ny
Bo = o (5.8)
5 = 17C% — 10C4Tr Ny — 6CPTr Ny (5.9)
2472
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Ay, are the coefficients in the expansion of the quark cusp anomalous dimension eq. (4.8)
and D; are the coefficients of the corresponding expansion

2
D(as) :Dl%‘i‘DQ (Cj:) +... (5.10)

of the D function. Note that D is a function of Ny in the single-soft limit, with different
values according to the specific soft scale choice, and just a constant in the double-soft limit.
We also define the gy function as an expansion of the form

2 3
(6] o «
go(as) =1+ go1— + goz <S> + go3 <5> +.... (5.11)
T T 7T

We finally give the explicit expression of the coefficient function eq. (5.2), expanded
out up to NNLO:

as (A
C (N17N27a8(M2)) =1+ - <21£2 - DL +901)

2 2
+ <a> [‘4154 + (1A17rﬁ0 — 1A1D1>
s 8 6 2

1 1 1 1
+ £2 <2Alg()1 + §A2 — §7Tﬁ0D1 + 2D%)

+ L (—D1go1 — D2) + goz2| + O(a?). (5.12)

The coefficients A;, D; and gg; corresponding to the various limits will be determined by
matching eq. (5.12) to the fixed-order expression.

Note that all results given in this section are entirely generic, and hold for any resummed
formula of the form of eqs. (4.16), (4.24) regardless of the particular limit (single soft or
double soft), of the choice of soft scale, and of the specific coefficient function and parton
channel that is being resummed. What will change in each case is the form (and functional
dependence) of the coefficients D; and go;.

5.2 The NNLO Drell-Yan differential distribution

The NLO Drell-Yan rapidity distribution was first computed in ref. [33] in terms of the variable
7 eq. (2.5) and the scaling variable zr, which is related to the difference of the variables z;
and z3 eq. (2.12). The NNLO result was first obtained in refs. [25, 31], where it is expressed
in terms of 7 and a variable w which in terms of 7 and the rapidity y eq. (2.4) is given by

1 1—7e%

- ST 1
B R (5:13)

The variable u is simply related to the scattering angle of the Z in the partonic center-of-mass
frame in the single and double soft limits, as shown in appendix C.

In refs. [25, 31] the NLO cross section is also explicitly provided in terms of these variables,
while the NNLO is available through the Vrap [32] code. In order to compare and match to
the resummation, however, the fixed order result must be expressed in terms of the scaling
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variables x;. At NLO this was first done in refs. [5, 6], and then more recently, correcting
some errors, in ref. [15]. However, the NNLO expression in terms of z; is not available.
The transformation between the variables x1, x9 and the variables 7 and u is

1—u(l—r1)
p— .14
T =T TH+u(l—"1)’ (5.14)
T+u(l—"1)
= Nl
v = VAT (5.15)
with inverse
= o1, (5.16)
.2
u va(1 = 27) (5.17)

B (1 4+ 22)(1 — z129)

The coefficient function C(x1, 22, M?) defined in eq. (2.11) enters the computation of hadronic
cross sections through a convolution with a pair of parton distributions that respectively
depend on z1 and z2. We can thus view it as a distribution acting on a test function
T(x1,22). The results of refs. [25, 31] provide an expression for the coefficient function
C(r,u, M?) that satisfies

1 1 1 1
/ dT/ du O (7, u, M?)t(7, ) :/ da:l/ das Oy, wa, M2)T (21, ) (5.18)
0 0 0 0
where
t(r,u) = T(z1(7, u), 227, 1)), (5.19)
so that
C(ml,xg,MQ) = j(xl,xg)é(r(xl,xg),u(:xl,a:z),MQ) (5.20)
with o(r.u)
, T, U

Equations (5.14), (5.17) show that the single-soft limit x; — 1 corresponds to u — 0, and
x92 — 1 corresponds to v — 1: indeed, as mentioned (see appendix C) u is related to the
scattering angle and v = 0 and v = 1 are the collinear limits corresponding to the scattering
angle of the final-state Z being along the directions of either of the incoming partons. The
double-soft limit corresponds to 7 — 1, and the transformation becomes singular in this
limit, i.e. the jacobian j(x1,z2) eq. (5.21) diverges, because when 7 = 1 a regular function
of 7 and u becomes u-independent.

The transformation of the coefficient function from (7,u) to (z1,x2) space is accordingly
nontrivial in the soft limit, because it requires mapping distributions in 7 and w localized
at 7 =1 and at u = 0 or v = 1 in terms of distributions in z; and x5 localized at z1 = 1
and zo = 1 through a singular jacobian. A general expression of the transformations for all
possible distributions of w only, 7 only, or all products of distributions in u and 7 is quite
cumbersome. However, our task is facilitated by the fact that only specific combinations
of distributions appear in the resummed result.
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Indeed, in the double-soft limit we know from the discussion in section 2.2.1 that the
coefficient function only depends on M?2(1 — x1)(1 — z2): hence, only logs of (1 — z1)(1 — x2)
can appear, multiplied by associate double distributions localized at 1 = 1 and 2 = 1.
Hence, we only need to work out the (7, u) expression of these distributions, which corresponds
to specific combinations of double and single distributions in 7 and v which we can then
recognize in the NNLO coefficient function. In the single-soft limit 7 cannot reach the value
7 = 1, hence only single distributions in u localized at either u = 0 or u = 1, and we only
need to work out the expressions of these.

5.2.1 The NNLO coefficient function in (7,u) space

We write the expansion of the coefficient function C(7,u, M?) egs. (5.18)—(5.20)

2
Clru, a8) = CO(ru) + O (r, ) 2 4 6@ (7, u) (a) L00d).  (5.22)
T 7r
The LO term fixes the normalization of the coefficient function: as we shall show explicitly
in section 5.2.2 below,

0O (r,u) = 5(1 ) L=

(5.23)

is consistent with the choice of normalization of eq. (2.11).
At higher orders, following ref. [25], we write the coefficient function as the sum of three
contributions: C’](gz gm, which is purely virtual and has the same kinematics of the leading order;

C’ggost, which is proportional to §(u) 4+ §(1 — u) and thus contains real radiation contributions
(1)

that are collinear to either of the incoming partons; and C_'Real that contains the rest of the

coefficient function, corresponding to generic real emission contributions:

- d(u) + (1 —u)

CO (7, u) = 6(1 - 7) oy )+ =) pm

9 Born 2 Boost

(1) + C’ﬁn)

eal

(r,u). (5.24)

At NLO we provide the full expression of the quark-quark coefficient function. At NNLO we
provide the expression for the contributions that are distributional in at least one variable to
Cy47 in the quark-quark nonsinglet channel, i.e. such that the incoming quark or antiquark
leg is the same that couples to the gauge boson. These have been extracted by us from
the FORTRAN code [32], following the decomposition into individual contributions given in
ref. [25], egs. (5.1)-(5.3).

At NLO we have

e —Cp (7;2—4> (5.25)

el ( ):CF<4 1“51_7) —7(1+72) —2(2+T+T2)ln(1—T)—I—T(l—’]‘)) (5.26)
T —T + -

ctr=cr([3] ] ) ([&],-5) -0 627
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At NNLO we find

~(2) 2561 13 , _94<127142)
~(2
C](Bo)ost(T)
128 [ In3(1—7) 44 8 In?(1-7) 4 40 4y In(1-7)
S el S SO ) SN
9 l 1—7 +< 3519 f> 1—7 +<3 o7 " ){ -1 |,
+ +
404 117 56 272\ 190 1
Ny —_— — 2K 5.29
+< 27 T T (81 27>+ @,)[ =), T, (5.29)
1 11 [In*(1— 1 In(1—
ClgealTUSG< [nul +2|- lnl( 7)1 o 2 ni ")
L Lu -7 ], u ]y e
Inu [In(1-7) In(1— ulnu 11n’u 1
+2 +
1-ul 1-7 [, 1-u 21 U
2 11 1 Inu 1 (1 T) Inu [ 1
IN,— = e =
+<9f 3)([1—7’_,_ U ++ uly | 1- " 1u[1 T+>
1 1, 10 1 1 4 In2uy
o2 N 2 e 22 e
+<3 277T 27 f) uly 1—T]+ 3( +T)[ U L_
11 1 16
Ny ) (147)— — (147)In(1—
+((6 337 ) (1) -3 (L)1)
147
4 o, InT 16 ln< 2 ) Inu
16 11 In?7
——In"(1— ——fN 1 In(1— 74611
+< S 02(1=7)+ (= 2Ny ) (1) (1) + o (37+017%) 1
4 1+7
+- (8(1+72)ln(1—7')—(3+5T2)ln7') Ty
9 1-7
1 2 2 2 In(7)
*5 26—87+367°—2N;(1+7°)+4(1+7)(1—7)In2—4(17+197%)In(1—7) .
-7
2 (1) i)~ Lig (1) L (14— 177)+ - (1m)a? 4 2 (1rar) Ny ) [
o (147) (Liz(=7) —Liz (7)) +3 T) g ()T o T)Ny al,
+(u1—u). (5.30)

The function k(1) is given explicitly in appendix D.1.

5.2.2 The NNLO coefficient function in (z1,x2) space

We now turn to the expressions of the expansion coefficients of the coefficient function
C(x1, w2, M?) eq. (2.11). In order to obtain it we have transformed all the combinations of
distributions that appear in the NLO and NNLO coefficient functions from (7, u) space to
(x1,x2) space. We have performed the transformation by obtaining the relevant distributions
from a generating function, following the approach used in ref. [19] for the inclusive coefficient
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function, and performing the transformation at the level of generating functions. The
procedure is discussed in appendix E, and specifically all the distributional identities needed
in order to perform the transformation are collected in appendix E.3.

At leading order we get
CO(zy,22) = 6(1 — 21)8(1 — 2), (5.31)

consistently with eq. (2.11), as already mentioned. Beyond leading order we separate again
terms with Born kinematics, which, like the leading order, are proportional to a double
delta distribution; terms that are proportional to a single Dirac delta in x1 or z2, and which
therefore, based on the analysis of section 2.2.2, include contributions from radiation that is
collinear to either of the incoming partons; and terms that correspond to generic real emission:

CM (1,2) =0(1=21)8(1—2) Cliep, +0(1=21) Clfoney (2) +0(1=22) g (1) + Clitdy (w1, 72).
(5.32)
Note that, as it is clear from the relations between distributions from appendix E.3, the three
contributions to eq. (5.32) are not respectively obtained by transforming the corresponding
three contributions in eq. (5.24). This is due to the fact that it is generally possible to
redefine a plus distribution by addition term proportional to a Dirac delta, corresponding
to the fact that in Mellin space it is generally possible to redefine a log by addition of a
constant. Hence the three terms can get reshuffled according to how one defines the plus
distribution in each case.
At NLO we get

W _Cr(oa_
CBorn - 9 (W 8) (533)
14+x2
1) In(1 — x2) 1+x%1nT 1+:p21 1—x9
_ _ — 1— .34
1 1 1 1 1 1
Cf({le)al:CF L ] - +x1{ - +x2[
n (23 4+ 23) (1 + 23) + (1 + 23) + 22122(3 + 21 + 22 + 2122)) (5.35)
2(1 4 z1)(1 + z2) (1 + 22)? -
At NNLO the individual terms are given by
@ _ 2561 13 5 G 19 4 (127_142 2 )N
“Bom = "z T 9™ T3 T 1620 7 st %) (5.36)
3 2
2) _ 64 |In”(1 —x9) <4N _22) In“(1 — x2)
CBOOSt(:U2) - 9 [ 1 — 9 + 9 3 1 — 9
+ +
2 2 2 In(1 —
n (_ 2 ONf> [n<w2>
3 27 27 11—z |4
202 11 , 95 28 2 1 1
-+ — — Nl = — — — 5.37
+< or t1" ot f<81 27))[1—9;2 L Tarle), (5.37)
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8 1
Cl({2e)a1($1>$2) = {3 ({1 s

1+ xg) [an(l — 1)

+ 2 1—1‘1

+ (SU1 > xg)}
T

+16[ln(1—w1) In(1 — z9) n [ln(l—xl) <_11+2Nf>[ 1
8 9 1n1—|-2x2 4 9\ Inxa 8
f§(1+x2) T 75(1+3x2) T f§(1+x2)ln(lfx2)
11 1
+€( —1—:L‘2)—§( +:L"2)Nf>+($1 <—>!E2)}
1 10 1 1 1
I Ne— —g°
+<3 o7/ 27”)[1—:61 1=,
1 4 4 In? 1£z2
——(1 Li — Lig(—z2)) — =(1 + 23 2
x{[l_mu 1+ 2) (Lia(a) — Lio(~a2)) — 5 (1 + 73) T2
14z
11 1 8 1 In (=52
+ ((1 +23) -~ (1+ a:%)Nf — —(1+23)In(1 — x2) + = (11 + 523) ln(xg))m
6 9 9 9 1— 9
1 In?(z9) 1 7 16
—E(5+13m%) T + —§(1+x%)Nf+§(l—x§)ln(2)—3(1—1—:6%)111(1—3:2)
19 — 1629 + 3923 1 In(xzs) 4
18 2 —S(I—xg)ln(l—i—m)) Ly §(1+x2)ln2(1—x2)

1 11 2
+ <_ r+ ) (1+22)In(1 — z2) + - (1 + 422) Ny + 54

1
1 24 (14 - 17
9 6 27 (1+ z2)m + 5 “))

+ (21 ¢ wz)}, (5.38)

where again the explicit expression of x(x3) is given in appendix D.1.

5.3 Resummation coefficients up to NNLO

The resummation coefficients can now be determined by performing a double Mellin transform
of the (z1,72)-space expression of the coefficient function C(z1, 2, M?) and comparing to
the expanded resummed result eq. (5.12). The Mellin transform is

1 1
C(Nl,NQ,MQ):/O dz:l/o deox N a2 O (2, o, M?) (5.39)

as(MQ)

as(M?

2
=1+ )> CUW (N1, Ny), (5.40)

CW(Ny, Ny) + (
m
where C(z1, 22, M?) is given in eqs. (5.32)—(5.37). Most of the Mellin transforms are all
elementary and can be performed using well-known identities as collected for instance in
appendix B of ref. [34]. In practice, we have used th MT code [35], and simplified the result
using HarmonicSums [36].
We will choose as a soft scale both in the single-soft and the double-soft case A, eq. (4.17).
This means that the resummed result and its expansion will have an identical expression in
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the single-soft and double soft case, with the large log £ everywhere given by

L =1In N Ns. (5.41)
We will denote with D%, gd* and DS, ¢5% the expansion coefficients eq. (5.10) and eq. (5.11)
determined in the double-soft and single-soft limit respectively. The double-soft coefficients,
as discussed in section 4.2, are expected to coincide with those found in the inclusive case, as
we will explicitly check. Furthermore, with this choice of scale the single-soft result reduces
to the double-soft one in the double-soft limit.
5.3.1 Double-soft limit

We expand the coefficients C'™) (N7, Ny) of eq. (5.40) in powers of £ according to

2n
CM(Ny, Ny) = > Cclem, (5.42)
m=0

(n)

where all coefficients Cy,” are evaluated in the limit N7y — 0o, No — 0o and are consequently
constant. Comparing the coefficients of the expansion eq. (5.42) of the fixed order expression
to the expansion of the resummed result eq. (5.12 we get the matching relations

NLO: 025”:%, cW=—pf P =gb (5.43)
2 ds
NNLO: C’f):%, c® = :WﬁgAl, 052):%7 cP=_Df P =gl (5.44)
Comparing to the explicit expression of the fixed-order coefficient function we get
i .16 (w2
NLO:  Ar=4/3,  DF=0, gfi=7 (”6 - 1) : (5.45)
67 7w 10
NNLO: Ay= — — — — — N 5.46
*T 9 3 a2t h (5.46)
202 8
2561 14 23 127
ds 2 4 2
= -+ = — - — — . 5.48
902 144+97r+9g3+1087r+ f( s +72> (5.48)

The coefficients A; of the expansion of the cusp anomalous dimension are well known (see
e.g. ref. [30]), and in fact the NNLO cusp anomalous dimension Az, which only enters at
fixed N3LO is needed for NNLL resummation.

As mentioned in the introduction and proven in section 4.2 the functions D%(a;) and
g85(as) coincide with their inclusive counterparts, and thus the coefficients in eqs. (5.45)—(5.48)
must coincide with the NLO [1] and NNLO [37] inclusive Drell-Yan threshold resummation
coefficients. We have explicitly checked that the resummation D function agrees with the
inclusive case by using the expressions given in ref. [30]. Note that in this reference the
perturbative expansion is performed in powers of 72, and furthermore that the alternate
form of the resummation given in appendix B eq. (B.2) is adopted, hence they must be
compared using the relations given in the appendix, in particular eqs. (B.40)—(B.41). Finally,
we have checked that the constants collected in ggs(as) also agree with the NNLO result, first
obtained in ref. [38], by checking against the form given in ref. [15], eq. (A.5). This provides
a nontrivial check of the consistency of the double-soft resummation.
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5.3.2 Single-soft limit

We now expand the coefficients C™ (N7, Ny) of eq. (5.40) in powers of In N; according to

2n

C(Ny, Ny) = Z 5)(In Np)™, (5.49)

)

where the coeflicient 67’7(7;1 are evaluated in the limit Ny — 0o, and are consequently a function
of Ny only. Furthermore, we substitute £ = In Ny +1n N, in the expanded resummed result
eq. (5.12) and similarly expand in powers of In N;. Comparing the two expansions we get

the matching relations at NLO

- A = _ _ 1 _
eV =2t O =-Br - AN, Cf) =g - DFIn(N) + 51 % (N2) (5.50)

>
and at NNLO
o fg (5.51)
c® ggoAlﬁAl §S+%A%lnﬁ2, (5.52)
P = %Ang (DY) +;A1g(sﬁgﬁoD§S+<;A17Tﬁo;AlDis)thzﬂLiA%anNQ, (5.53)
O =~ D5 =B gii + (Ao+(DF)*+ A1y —mfo DS ) In N
+<”50A1—;A1D§S)1n2N2+§A11n3N2 (5.54)
O = g3~ (D5 + D g5t) InNo+ - (A2+<DSS> + A1~ 7B D5 ) In N
+% (gﬂo—D§S> 1n3N2+§A%1n4Nz. (5.55)

The resummation coefficients are again obtained by substituting the explicit expressions
of the fixed-order result coefficients C’ij. Because we have adopted the same soft scale choice
as in the double-soft limits, all coefficients must reduce to their double-soft counterparts
in the No — oo limit. We get

NLO : g1 (N2) = g + F(N2),  DF(N2) =49 (Na), (5.56)

NNLO : D5 (Na) = D§* — 7o F (Na) + 450 (N2, (5.57)

where g5 and D$® were respectively given in eqgs. (5.45) and (5.47).
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The explicit expressions of F(Nz) and P®(Ny) are

F(Nz)sz[an\_f2<2N2(]1\72+l ) ( Nz;jvjfl) ln2)5’1(N2) (5.58)
+%[SE(N2) 52, (Ny)+In? Np—In? } N2+1 [1 S1 (V. )}
N2
+—(_211)\72 (ﬁff;;l) 1112]
A0 (Na) =Cr <2N2(1M+1nzv2—51 (Nz)) (5.59)
Aa ( 2)=CAOF[NQ(NQH)?[%S&;E% 18+(71T2 36) ($1(N2)~Inz) (5.60)
+1lsi;N2) 53(21v2)+7; <N2+1_Nz_11) }+C2{SI(N2){2(N21+1)2_2]1@

2 1 1 1\  3N3+Ni-1
+SQ(N2)_6} B (2N2(N2+1) ) S2(Na)+ (SNQ(N2+1) +2> T ANI (N4 1)?

_ 2
+53<N2>_<3}+CMR {3%01%%) W_w

5 _
2 (81(No)—InNg) — .
18NZ(Np+1)2 5 (51(V2)—InNp) ===~

The lengthy expression of the NNLO constant goz2(N2) is given in appendix D.2. We have
explicitly checked that
lim F(N)= lim 40(N)= Jim AD(NY = 0. (5.61)

N—o00 N—o0
The functions %gz)(N ) are easily identified in terms of the coefficients in the expansion
in powers of <= of the leading and next-to-leading order nonsinglet quark-quark anomalous

dimensions
%s . (0) o5 (1)
qu(N) = ?qu (N) + ? 7qq (N)v (562>
by separating off the contributions to the anomalous dimension that survive in the soft
limit. Namely, by writing

i (N) = 3 (N) + 45" —In NAD, (5:68)

(1,0)

where 44’ are constants, and we recalled the definition eq. (4.6) of the cusp anomalous
dimension (with v, = 'quP).

The physical meaning of this single-soft resummation contribution is understood recalling
that, as discussed in section 2.2.2, the single-soft limit is purely collinear. These terms then
resum collinear evolution in the non-soft variable from the hard scale up to the soft scale.
The cusp contribution is soft-collinear, and thus not included in D because it is already
included in the double logalgltl)lmic A term: indeed, it already contributes to the double

soft limit. The constants 744 ' are not included either, because we choose to define the
constant according to eq. (5.2), i.e. not to exponentiate any constant. They could of course
be equivalently included in D, reflecting the arbitrariness in defining the separation between
constants and logs already discussed above. Finally, the remaining contribution to D at

NNLO is proportional to the contribution F(N3) to the single soft constant ggj(N2) that
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vanishes in the double-soft limit: it is recognized to originate from evolving up to the soft
scale the argument of «y in this contribution.

The single-soft resummation of the nonsinglet coefficient function up to NNLL accuracy
in dQCD found using the coefficients eqgs. (5.56)—(5.60) and eq. (D.3) in the general expression
eq. (5.2) with the form egs. (5.4)-(5.6), (5.11) of the g; functions is a new result of this paper.
The result was also implicitly given in refs. [14, 22] using a SCET formalism. The translation
of the SCET result into explicit dQCD expressions will be given in the next section.

6 Comparison to SCET

As mentioned in the introduction, resummation of the rapidity distribution for Drell-Yan
and Higgs production in both the double-soft and single-soft limits was derived using SCET
methods in ref. [14]. The SCET resummation in the single-soft limit was recently re-derived
and extended to N3LL in ref. [22]. Also as mentioned, the comparison of SCET and dQCD
results is not immediate. In this section we will show that the SCET result agrees with the
dQCD resummation egs. (4.16), (4.24) in the double- and single-soft limits, and it predicts
the respective B and D functions, specifically agreeing with the form of the double-soft D
function (which starts at NNLL) of ref. [7].

Resummed results in SCET are obtained as the solution of suitable momentum-space
renormalization group equations depending on a number of soft and hard scales. Comparison
to dQCD thus requires solving these equations in closed form, transforming to Mellin space,
and making a suitable choice of the various scales. We will follow through these steps, also
exploiting the previous results on the SCET-dQCD comparison of inclusive resummed results
performed by some of us in refs. [23, 24]. We first solve the relevant evolution equations;
next we transform to Mellin space, and finally, following our previous comparison [23, 24]
of the inclusive SCET result of ref. [12] to the dQCD language, we make the appropriate
choice of soft, hard and factorization scales, substitute explicit expressions of the relevant
SCET anomalous dimensions and prove the equivalence of the SECT result of ref. [14] to
our result in both the double-soft and single-soft limit.

In this section, we mostly follow the notation originally used in the SCET literature,
specifically refs. [12, 14], in order to ease comparison with these references, and we only depart
from it when needed to make contact with our results presented in the previous sections.

6.1 SCET resummation from evolution

We start considering the single-soft limit, as the double-soft limit can be obtained from it as
a particular case. The single soft limit is referred to as generalized threshold limit in ref. [14],
and collinear approximation in ref. [22]. We specifically discuss results up to NNLL accuracy.
Resummation in SCET is generally performed at the level of hadronic cross sections, because
the partonic cross section is sometimes chosen to depend on a hadronic scale (see ref. [39]).

The expression for the resummed hadronic differential distribution is given in ref. [14]
in the single-soft z; — 1 limit in the form

do(z1,22, M?) ) o [MP(=2) ¢ 5\ = )
dTHdY_iZjHU(M ,u)/o dt f; <21 <1+W>,,u) i(t, 20, 1%). (6.1)
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Here 4,5 are parton indices, and
M2

2= Tme' (6.3)

290 = +\/TH e Y.
In eq. (6.1), fi(z,p?) is a PDF, H;;(M?, ;%) is a hard function, and B; a modified beam
function, all of which will be defined below. In the SCET formalism, resummation is performed
by evolving the hard function H;; from the factorization scale y? to a hard scale u¥, and
the beam function Bj from the factorization scale p? to a soft scale ,u%.

The dependence of H;;(M?, u?) on p? is governed by an evolution factor Ug: [40, 41]

Hij(M?, i) = U (M, iy, 1) Hig (M2, pify), (6.5)
where
, M2 20l (3 14%) ,
UIJJ(MZy/j’I%IHU’Z) = (lﬂ) exp{_4K%(M12-Ia MQ) + QK,Y;I (/1’12-17/1’2)}7 (66)
H

and we have assumed that partons ¢ and j evolve with the same anomalous dimension
i = (as\"!
vhie) =X vha () (©.7)
n=0

The coefficients of the expansion of 'y}'{ up to order a2 are given in eqgs. (F.12)—(F.13).
In eq. (6.6), the evolution kernels K7, and 7. are defined as integrals of the cusp anomalous

dimension IV as

cusp
; () do @ da/
KL (2, 12 ;/ I (a / 6.8
F(/‘LO K ) as(,ug) 2ﬁ(0&) c sp( ) as(ug) 26(0/) ( )
. as(k?)  day .
J (12 12) = v
nF(MOaM ) - /Ots(ug) Qﬁ(Oé) cusp(a)a (69)

while, for a generic anomalous dimension -,

s (p?) do
K (o) = [ @), (6.10)

as(pd) 26(05)

In our case, v = fyfq.
The scale dependence of the beam function Bj (t, z2, u?) is given by [14, 40]

t . ~
Bj(t7227u2) :/0 dt' U]B(t_t/7/1’%vu2) Bj(tlvz%ug)v (6.11)

where

: expt K5 (1, 1) — e ms(d, 1) b [l (u2,12) o [ ¢
U (b, 12, 1) = { B\Hs B\HS } lns(ﬂ%ﬂ )577]3 <2> +6(t)1 . (6.12)

T(1+ 1313, 12)) s 1S
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The evolution kernels now are
K (1§, 1) = AKL (W3, 1%) + K s (1, 1) (6.13)
(18, 1) = —2nh (1, 1), (6.14)

where KIJ‘ and 77{; are given in eqs. (6.8) and (6.9), respectively. The relevant coefficients of
the ’y% anomalous dimension are given in eqs. (F.14)(F.15). Finally, £7(t, 42) is a generating
function for plus distributions, defined in eq. (F.10).

The resummed result is obtained by substituting in eq. (6.1) the expressions egs. (6.5)
and (6.11) of the hard and beam functions, respectively evolved to the hard scale u% and
the soft scale u%. We get

M ZH ,U' U ( :LLQ NQ) eXp{Ké(H%HMQ) —TE 7’%(”’%7:“’2)}
drpdY o) U (M. s T(1+ (1, 12))
M?(1— zl)d . )
X/o thi (= ( +3m) )
t o
x/ dt'[é(tt’H” B, 1) (t t)]B (), 22, 12). (6.15)
0 Il 1

This resummed result can be simplified by changing the scale integration variable w = ¢/ /¢,
and exploiting the scale transformation property of the distribution £ (t, u?) given in eq. (F.6):

t / / 77% n t—t Sl 2
/Odt 5(t—t)+[7%53 2 B;(t', 22, u3)

i 1 t . B
= Bj(t, 22, p3) + : dwﬂﬁE"JB (M (1- )) Bj(tw, 2o, p§)
S

S

i i

e t \"® B;(tw, 29, u2) — Bj(t, 22, t2) t\"™ -

ZTIJB/ dw <2> ’ =, 4z ) Biltzu)
0 Hs (1—w) s Hs

( ) /d (b Zf”f). (6.16)

Substituting this simplified expression in eq. (6.16) in eq. (6.15), the resummed result now

takes the form

do(z1,22, M 9 77B eXP{K —E 773}
do(zr, 2, M?) _ § Hij (M2, i) Ul (M2, 1y, 6.17
drdY J 1) u(M 2, i 1) (1 773) ( )

M2(1—2z) t i (tw zQ,,uS)
x/o dtfi<zl<1+]\/[2> )( ) /d =

where we have omitted the arguments (u3, u?) of KfB and 77]B.

The explicit expression of the beam function Bj (t,z,u?) is given by [14]

- 1 ~
Bj(tvxau2) = Z/m dsz( HU'S) Ijk(t7zvﬂ2)v (618>

k
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where

0o 2\

~ ag(p ~

Ttz = Y | 28| 70 2 ) (6.19)
n=0

and NNLL accuracy (in the sense of SCET?) is achieved by including terms up to n = 1
in eq. (6.19). The relevant coefficients are

I (8,2, 12) = 8(t)3;00(1 - 2), (6.20)
~ i -

I (8,2, 42) = L1 (t, ) T 8;8(1— z>+£o<tu>[P“”<> —22530(1=2) | +8() I} (), (6.21)
where

T =4C;, Tho = 6Ck (6.22)
IY =4C,, Tho = 870, (6.23)

Pj(g) (2) are the leading order coefficients in the expansion in powers of %= of the splitting

functions,® and the explicit expressions of the coefficients I j(kl )(z) are given in eq. (S51)
of ref. [14].

The integral over the beam function in eq. (6.17) can now be performed explicitly, with
the result

[ o ) 5L [ (2 2) i) <o) (620

1773

where

Qg (#%)
47

~ . 1 t
]:jk(t,I‘Q,,u,%) = ]k(;(l — xg) + {I% 6]195(1 — 1’2) (Vl + W ln ,u, 5] 2 M2>
S

+ {413].(,‘3)(952) %;’0 ko (1 —.172)} (VQ +1n us) +I5 (@ )}. (6.25)

In eq. (6.25),
! Lo(w }
Vo = 0 w (1_(10()1)_,7% = _¢0<77§B) —7E; (6.26)
= o1 dw ufl()ﬁ)—n]g [ Y1 () + 45 (1) + 278 Yo (n)) + e’ + (2} (6.27)

Substituting the expression eq. (6.24) of the beam function into the resummed expression
eq. (6.17), changing the integration variable from ¢ to x; according to t = M?(1 — 21), so
that x; € [0, 2], and noting that

fi(a (14 55) ) = - 5(22) 1+ 00 - ), (6.28)

2In ref. [14] also the term with n = 2 was given, needed in order to achieve NNLL’ accuracy using the SCET

nomenclature, which corresponds to the NNLL accuracy of our dQCD result. A comparison also including
this term is left for future work.

3Note that the definition of Pj(,g)(z) in ref. [14] brings a factor of 4 with respect to the convention assumed
in this paper. This is the reason why a factor a 4 appears in front of Pj(g) (2) in eq. (6.21), which is not present
in ref. [14].
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we obtain the final resummed expression, up to NNLO accuracy in the single soft 1 — 1 limit

J J
do (zla Z27 Z 2 2 eXp{KB —E T]B}
BTy — H;j(M ,,uH Uj ( a/‘HaM ) ;
drgdY ik F("ﬂg)
L dx z dx
1fi<1au2)/ 2fk( aMS)Tk(xlax27M2vug)7 (629)
z1 L1 I 22

where

~ M?2\"B P~
Tik (w1, 9, M?, ) = (ﬁ) (1= 20)"s " Fi(MP(1 = 1), 29, ) + O(‘ﬁ(ﬂ%)) - (6.30)
S

In this resummed expression, the hard and soft contributions are evaluated at the scales
p? and ,u%, respectively.

We further observe that if the hard and soft scales are chosen to be independent of the
hadronic scaling variables z1, za, then eq. (6.29) expresses the hadronic cross section as a
convolution of the PDFs f;, fr with a coefficient function

1 exp Ké —WEW% _
= T > Hy(M?, i) Uf (M2, iy, 1) { o) }ﬁk(xl,xz,MQ,ug). (6.31)
ik j B

Because of the definition egs. (6.2), (6.3) of the hadronic scaling variables, it then follows
that the partonic variables 1,z can be identified with the variables defined in eq. (2.12).

6.2 SCET resummation in Mellin space

The Mellin transform of the coefficient function is given by

M? M? M?
Ceet <N1,N2, 20 g Mgﬂs(ﬂ%{))

S H
M? M? M?
—/ dacl:L‘ /d;zcgacév2 1C'5cet T1,T9, 2,—2,—2,()8(”12{) . (6.32)
I S 5%

We are specifically interested in evaluating the Mellin transform in the single-soft limit
N; — o0, by only retaining terms that do not vanish in this limit.

The dependence of the coefficient function on x1,x9 is contained in the function ’7~}k,
which can be expanded in powers of a,(ud):

To =T+ PUT0 4 0(a2)). (6.33)
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Using eq. (6.25), the coefficients 7?(19071) read

~ M2 773 .
T (w122, M2 i) = <ﬂ?) (1=21)"6 030 (1-2)
S
_ M2 771'3 n . M M2
7}(,3)(331,3:2,]\42,#%):<2) (1—21)"s 1{F%5jk5(1—962){(‘/1+%1ﬂ2+21 ’ )
Hg Hs Ns
M2
<%+lnﬂ>ln(1 x1)+ In (1—:51)} (6.34)
S

0 7B,0 M? =(1
+[4P}k’<x2)—2 6 (1 m)} (voHnM%+1n<1—x1>>+1}k)<x2>},
where né is defined in eq. (6.14), V and V; are given in egs. (6.26), (6.27), and I‘% are given
in eq. (6.23). We can now perform the Mellin transform in the soft limit using eq. (A.5)
and its derivatives with respect to . We find

2 77j
7(0) 2 oy _ s (M s
2 \ " 2 2
~(1) 9 9 M B{ j 1. o M T
5 (N1, Noy M =|—-— M6 [ =1 — — .
7;’?3 ( 1, 2 7ILLS) </J;%N1> 0 ]k 2 n //L%Nl + 12 (6 36)

J 2
g M -
+ {mﬁ’(m) g’o jk} In—5— + Ij,j)(Nz)},
where N; = ¢ N;, and 7](.2)(N2) is the Mellin transform of Pj(](s)(z).
The Mellin-transformed resummed coefficient function in eq. (6.32) in the single-soft

limit thus takes the form

M? M? M?
C'Scet NI)N27 ) 77,@ H2
ik ( M2 ,US M%{ S( H)

1 . :
:WZHij(MQaM%{)U;{(M27M2Ha/~b2)e><p[4K1]*(Nsv ) + K (g, 1))
ik j

M2 775 1
_ 3k (N7, N: .
X (M%Nl) § ( 1, 2’IMS)+O<N1> (6 37)

where we have used the explicit expression eq. (6.13) for the evolution kernels K%,. The
Ny dependence is collected in the function

o (o g){ (1 , M? 7r2)
( 1,4¥2 HS) gk 47 k\ 9 IuSNlNQ ( )
J 2
(0) 7B,0 N M cet 20,2
where

J
, . . v S .
AF5C (Ng) = L5 (N2) — 2G50, In% N + [47](.2) (N3) — g,o ik +4C;6;In NQ] In Ny. (6.39)
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Note that from the definition of fj(,i)(Ng), given in eq. (S51) of ref. [14], it follows that

lim I (N2) = 2C;0;5 In? Np| = 0. (6.40)

NQA)OO

We get to the final Mellin-space resummed expression by trading the beam anomalous
dimension for a contribution to the anomalous dimension that governs the evolution of the
PDF, and also expressing the result in terms of PDFs that are all evaluated at the factorization
scale 2. The first step can be accomplished by noting that (see appendix F.2)

Th(as) = =27 (as) = 27)(as) (6.41)

where fyé is defined in eqgs. (F.16)—(F.17). The evolution kernels K% (Sudakov exponents)
that originate from the hard and beam function can then be combined. Specifically, using
the relation

2

KL(u§, 1*) — K (g, p*) = — K (uiy, 1d) + n%(u%,f)lnu%, (6.42)
S
we find
. . M2 B
Ul (M?, iy, 1%) eXP{4K1J“(MSa )+K (MS?N )} <M2>
S
= 2K U, (M?, u?, ud, u? 6.43
= exp (MS?:U‘ ) ]( y MH Y My K )a ( . )
where
2 2 92 2 M2\ 5
Uj(M,uns,u):(lﬂ) exp{ —AK{ iy, 43) + 2K (MH,us) 4K (usw)},
H
(6.44)

and Kﬁ/j is defined as in eq. (6.10) with v = vé;.
s
Substituting eq. (6.43) in eq. (6.37), we obtain

M? M? M?
t 2
Cls](c:e <N17N27 ,U2 ) 7%7 M%—Iaas(ﬂH)> (645)

1 _ i
= W ZHij(M27M%{) eXp{QK’Yg)(’u%’MQ)}Uj(M27u%—lvﬂ%aM2) ]\/'1 nt]k(NhNQ,M%).
ik j

Finally, the PDF fj (N2, u%) can be evolved to the factorization scale yu? through standard
perturbative evolution

f
fr(Na, pud) = ZUPd (Na, 112, 1) fi(Na, 11?), (6.46)

thereby leading to an expression of the SCET coefficient function which is especially suited
for the comparison with the dQCD result:

M?* M?* M?
Cscet <N17N27272727 S(N ) M2 0 Z-Hlj Updf(N%MQnu’%)
T S % Tik i
X exp{2K (HS://J )}U (M 7“H7MS$/’L )N SJZ(N15N27MS) (647)
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6.3 Comparison to the dQCD result

We finally turn to the comparison of the SCET resummed result eq. (6.47) with the dQCD
result first derived in this paper. As discussed in refs. [23, 24|, agreement between SCET
and dQCD resummation is obtained by setting the SCET soft scale ,u% equal to the soft
scale of QCD resummation. In order to facilitate the comparison, we choose the scale A2
eq. (4.17) that we had chosen as a common scale for both the single-soft and double soft
result in section 5.3:

M2

2 A2
- A = = . 648
Hs ds NN, ( )

Furthermore, we fix the hard scale and the factorization scale as
P = pu? = M. (6.49)

With this choice of the hard scale, the evolution factor Uy eq. (6.6) equals 1, and eq. (6.47)
becomes

M?
Cisl(f:et <N1)N2717 /J,% 717053(M2)> M2 OkZHZ] M2 M2)Ul];])gdf(N2)M27/’l’S) (650)
g; 4l

xexp {21, (2, M) U (0% ) N, "2 58 (1, N ),
where
UM, ) = exp{ ARG, 1) + 2K, (M2, 1) + 4K, (M%)} (651)

We now note that K%(M 2 43) eq. (6.8) is defined in terms of the cusp anomalous
dimension Fcusp( @), which coincides with the function A7(as) which appears in the dQCD
resummation formula eq. (4.24). Furthermore, the combination of anomalous dimensions

that enters the kernels K,yj and va can be arranged as (see appendix F.2)

H s
. n+1
iy (o) = v (ozs) + 2’y¢ as) Z ’ywn <> . (6.52)

We note that the coefficient 7%,0 vanishes, so that the expansion of vév starts at order o?.

The coefficient '7€V,1 is given in eq. (F.20). Thus

b di? M2y 2(k?)
) 2 2\ 7 2 W1 Qg
The remaining evolution factors in eq. (6.50), using the definitions eq. (6.10) and eq. (6.14), are
i 1g k2 _
N5 = exp{ / ” 21417(045(k2))1n]\f1} (6.54)
M2k

ns dk? .
exp{2K (pd, )} :exp{—/M2 dklz 'y¢(a5(k:2))} (6.55)
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Combining these three evolution factors egs. (6.53), (6.54), (6.55) we obtain the full soft

evolution function

2,2 __7]%3
exp{2K (MS?IU’ )}UJ(M nu’S) Nl

s dk? 2/N . J a2 (k2
:exp{/” dk {AJ( ) n AN 2y 4 T s )}} (6.56)

M2 k2 k2 16

Furthermore, with the soft scale choice eq. (6.48) the matching function is

§jl (N N 2\ _ ¢ Oés(,U%) 5 1‘\ 4Fscet N
by (N1, No, ug) = 651 + 5l 012+ (IV2)

4
as(uz) Cyr? sce
where we have used I‘% = 4C;. Expanding as(u2) in powers of as(M?) through
1 dk?
au() = as(M) = o [ Sa?(?) (6.5%)
M2k
this can be rewritten as
as(M? Cim?
50 (N1, No, M2/Ny) = |85 + (W ) <5jz i2 —I-Fffet(NQ))] (6.59)
”g dkz Cjﬁoﬂ-g scet Oé?(kz)
X exp{—/M2 k2((5ﬂ 12 +7r/80Fjjl (NQ)) 71'2 .
Collecting the above results, we finally obtain
scet M? 2 2y rrpdf 2 2
C NlaNQ’ ’MQ’ aQS(M) M2 72 -0 ZH’LJI M )Ulk (NQvM nuS) (660)
S Tik gl
ks dk? ; M?/N; ;
><exp{/M2 kQ{(SﬂAJ(as(kz))ln 2 —5]-17(;(043(!1:2))
J 3 2(1.2
/VW,l Cjﬁoﬂ scet as(k )
+[5jl< 619 —mBoF % (N2) -
where ) )
- s(M C;
Hij (M?) = Hyg(M?, M) |65+ = (71' : (53'1 {; N )ﬂ (080

Equation (6.60) can be compared with the dQCD result eq. (4.24) in any parton channel.
In section 5.3 we have presented results for the resummation of the quark nonsinglet channel
of the Cyg coefficient function for the Drell-Yan process, hence we now specialize to this case.
To this purpose we make the following observations.

i) For the Drell-Yan process Cyq coefficient function eq. (6.61) becomes [12, 14]

4 @) (Hl 4 G + F5 (N, ))] . (6.62)

Hiji(M?) = 6;1(8ig65q + 6iqdiq) 05y T 12
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where -
Hy = Cs (gz - 4). (6.63)
ii) The exponential in the second and third lines of eq. (6.60) is diagonal in the indices 7,1
except for the term F;fet(Ng). However, parton j is fixed to be a quark or an antiquark

from point i), and in the non-singlet channel [ is also a quark or antiquark, with

fqgl(l)l(Ng) = j(f(Jl_)z(Nz) — jk-fq(ql)(NQ) (664)
0
Yo (N2) = 7, (N2) = 87 (V). (6.65)

iii) In the non-singlet channel, the evolution function Uﬁgdf in eq. (6.60) is diagonal in the
indices [, k. Therefore, combining observations i) and ii), j = k =1 and U ﬁgdf becomes

mE dk? [ o (k2 a2 (k2
URM (No, M2, i) = oy, exp { /M2 e (fr)vggmvz) + ;(2) ygg)(N2)> } (6.66)

where 7152)(N2) and ’yéé) (N2) were introduced in eq. (5.62).

iv) The anomalous dimension ’yg(oas) appearing in eq. (6.60) and whose coefficients are
given in eqgs. (F.16), (F.17) is defined by decomposing the quark-quark anomalous
dimension as in eq. (5.63) and identifying

q %¥s _(0,0) as\? (1,0)
’7¢(a5):?7qq7 + ? 7qq7 . (667)

Combining these observations, we can write eq. (6.60) as

Caz (Nl, Na, 1, ]‘g 1, as(M2)> = 90" (s (M?), N2) (6.68)
< exp { /MJ\ZQ/(MNz) Cif;{Aq(Oés(kz)) In M2/(]€];71N2) n Ozsgrk2)D§cet n O{E’?Dgcet}’
where
9 (s (M?), Ny) = 1 + O‘(WMZ) (H1 + ng + F;get(Ng)) , (6.69)
et — %2)(]\;2% (6.70)
Dt = (M O g () 100N (67)

In eq. (6.69), Hy is given in eq. (6.63), while F3e®*(No) is defined eq. (6.39) in terms

of the function I j(,j )

Combining these definitions we get

(N32) of ref. [14] and the beam and standard anomalous dimensions.

F3et(Ng) = F(Ny), (6.72)
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where = F(N3) was given in eq. (5.58), and using the explicit expression of H; we also
verify that

C 2
Hy + = = g (6.73)
12
which then implies
M2
g(s)cet(as(MZ)’NQ) =14+ aS(ﬂ_ )g((]if (674)

Equations (6.73) and (6.74) verify that the constants agree between SCET and dQCD
respectively in the double-soft and single-soft limit, up to O(ay); the O(a?) single-soft
constant (see eq. (D.3) is not given in ref. [14].

In eq. (6.70) A(gg) (N2) is the leading-order subtracted anomalous dimension eq. (5.59).
Comparing to the dQCD expression eq. (5.56) verifies the agreement of the single-soft D
function up to O(«y). Finally, using the expression of '73[/,1 of eq. (F.20) it is easy to check that

731/,1 CFBOW3

= D :

where D$® was given in eq. (5.47). The contribution ’s/(gg)(Ng) to eq. (6.71) is the next-leading-
order subtracted anomalous dimension eq. (5.60), so it follows that the O(a?) contribution
to the SCET D-function also agrees with its dQCD counterpart of eq. (5.57). We conclude
that we find full agreement between the SCET result eq. (6.68) and our result in the single
soft limit egs. (5.56)—(5.60).

7 Conclusion

In this paper we have derived a resummed result for rapidity distributions of a colorless final
state object (such as a gauge or Higgs boson) in the limit in which the center-of-mass energy
tends to the minimum value which is needed in order to impart to the final state gauge boson
a fixed value of the rapidity in the center-of-mass frame of the partonic collision. This result
is complementary to our previous [17] resummation of transverse momentum distributions,
in which instead the gauge boson transverse momentum was kept fixed in the limit.

In comparison to that case, rapidity distributions are simpler in that the resummation
is characterized by a single soft and a single hard scale while for transverse momentum
distributions there are two. On the other hand, it is more subtle because the parton
distributions do not depend on transverse momentum but they do depend on rapidity, hence
the resummation dynamics gets tangled with parton evolution. In fact, resummation of
rapidity distributions in this limit turns out to be collinear, and it is consequently characterized
by the conventional anomalous dimensions, now however evolving parton distributions up
to a suitable soft scale.

A byproduct of the work presented here is the derivation of a set of relations between
partonic cross-sections expressed in the variables that are most naturally used for phase space
parametrization, and thus for fixed order calculations, and those that are needed for QCD
factorization and resummation, namely the scaling variables on which PDFs depend. Another
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significant byproduct is the relation of dQCD and SCET approaches to resummation, which
we have pursued in the past [23, 24], and that was needed here in order to compare our
results to previous approaches to the same problem using SCET techniques.

Our results are a first proof of concept, in that we have only presented full explicit
expressions for one particular partonic subchannel and evolution eigenstate. The extension to
the complete set of parton states using the methods presented here, which is required for full
phenomenology, is in principle straghtforward, but in practice laborious, and will be left for
future work. A natural spinoff of our results is also the application of these techniques to the
resummation of semi-inclusive deep-inelastic scattering (SIDIS), a process that has attracted
considerable attention in recent years [42-45] and whose resummation can be attacked with
closely related methods [46-49]. This will also be the focus of forthcoming work.
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A  Mellin transforms in the soft limit

The argument presented in section 3 implies that in the soft limit the coefficient function only
depends on the scale M? and the scaling variable A2, = M?(1 — z1)(1 — z2) eq. (3.9), where
in the single-soft limit 1 — x5 is a fixed finite value, while in the double-soft limit both x; and
x9 are close to 1. This implies that in the soft limit the bare coefficient function has the form

CO (21, 29, M?, g, €) = Z Al CO) (21, 29, M?, €) (A.1)

n=0

where

CON (1,29, M? €)= (M?)"" 5(1—x1)5(1—x2)+20,gg)(e)(1—x1)—1+f’€(1—x2)—1+1’6 .
p=1
(A.2)
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The Mellin transform of this quantity is divergent due to soft and collinear singularities,
and indeed the renormalization group argument of section 3 is presented for a dimensionally
regularized coefficient function.

We now show that the Mellin transform of 07(10) (21,2, M2, €)
C( )(Nl,NQ, , € / d.%'ll' / dxng2 IC )(xl,xg,MZ,e) <A3)

is a function of the product N1 Ny up to terms that vanish as N7, No — co. Indeed

/ dﬂ?lﬂﬁ / dxo a: — 1>_1+p€(1_$2)—1+p6
_ Pv)I( )F(Ng)r(pe)
(N +p€) I'(Ng + pe)

= T'?(pe) (N1 No) 7P¢ + (9(1\1[1) + O<J\172> (A.4)

where we have used the well-known identity

/1 doaV=1(1 — gyt = ST _TOD o ). (A.5)
0

Hence, in the limit N7 — oo, No — o0

CO (N1, Noy M?,¢) = 1+ ZC(O) )T2(pe) (N1 N3) P

1 1
O <N1> O <N2>
(A.6)
which is a function of NjNj, thus establishing eq. (3.13).

B Alternate forms of the resummed coefficient function

The form of the resummed result in the inclusive case in the original paper ref. [1] (and also
e.g. in ref. [30]) was given in a somewhat different form, whose relation to the form given in
eq. (4.10) is discussed e.g. in ref. [19] eq. (3.19) (see also ref. [29] egs. (110)—(111)), namely

CO¥ L34~ 0.09) -
aN-1— (1—z)2M? 1.2 )
- Voldxl_xl </M12 (112/1(0‘5(’“2)) +D(as((1—2)>M?))|,

where the function D is a series in a, whose coefficients are determined order by order in
terms of the coefficients of the expansions of A and D.

The double-soft resummed result, also given in ref. [1], was also written similarly up to
NLL (where no D function appears for Drell-Yan) and then extended to higher logarithmic
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accuracy in ref. [7]:

w (M 2
InC W7QS(H) :I]_+IQ+J1+J2 (BQ)
N1 1 N2 1
h= [ e / oy S a1 - )1 - ) (B.3)
N1 1 _ l.NQ*l_ M2( x) 2
L= / dar ¢ 11)J_F; D ) . dk"; Alas(K2)) (B.4)

g1 No—1
=) dxl/ ey e ) () (B5)

Jy = / g DA @) ), (B.6)
0 1—=x

Proving the equivalence of this to the double-soft resummation as given in eq. (4.16) is
nontrivial because of the double-plus distribution appearing in I; eq. (B.3), which requires a
double subtraction in order to be finite, as this equation shows. However, the interference
of the subtraction in the Mellin transform with respect to x7 with the Mellin with respect
to z9 and conversely generates extra contributions that are compensated by the terms in
eq. (B.4), as we will now show.

Specifically, we prove that, up to terms that are either constant or power-suppressed
in the large Ni, Ny limit,

Nid Dot i+ Jo = /1N1N2 %” K /fi CZ{;A(as(kZ/n))> + Dds(as(M2/n))] . (BT

We also provide the relationship between the functions D(ay) in this equation and D(as)
in eq. (B.2).

The proof relies on the same identity used to prove the equivalence of the inclusive
resummation formulae eq. (B.1) and eq. (4.10), namely

1Nl (1) d* [1-UN dg 1
dr —— f(In(1 — In(1 — o —
/o vy Sn-o) Z 5 de/O (1 =) + (N)
(B.8)
where L = In %, for any function f(z) with a Taylor expansion in its argument. The leading

log, next-to-leading log, ...approximations are achieved by including terms up to £ =0,1,...
in the sum. Using eq. (B.8) we find, in the large Ni, N limit,

> k(1) db X 10(1) df

I = -G(L1, Lo) (B.9)
g) k! dL’f;) j' o dL

> 1®)(1) dF > 1®)(1) dF
L=-Y —H(L1) =Y ——H(Ly) (B.10)
= k! dr} = k! dLk
where
L *lni' L *lni (B.11)
1 — Nl, 2 — ]\[2 .
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and

-5 d -5 d
G(Ly, Lo) :/0 M 1_”3;1/0 N 1_“””332A(a5(M2(1—xl)(1—x2))) (B.12)
171\% dx M2(1-z) Jk2 )
= [T [ G A, (B.13)

As a first step, we show that

G(Ly,L2) = H(L1) + H(L2) — H(L), (B.14)
where 1
L=1L Lo=1 . B.1
1+L2=1In NN, (B.15)
To this purpose, we trade the integration variable x5 in G(L1, La) for
M?(1 -
E* = M*(1 — 1) (1 — z9); (le) <E* < MA(1 —1y). (B.16)
2
We find
171\% day M2(1—z1) JE2 )
G(Ly, L) = /0 — /Mz%m o Al (k). (B.17)
2

We may now split the k? integration range at k% = 2, in order to isolate a term which
depends only on N and coincides with H(Lj):

-5 dxy  [H° dk2 Ny dry  [MP(-a1) gg?
Gt = [ [ G Ay [T [T A )

1—x1 M) 1—x
2
Ny day [ dk?
= — Aas(E*)+H(Ly). B.1
[ o Alas () +H (L) (B.15)

By rescaling 1% ‘Tl = 1 — x in the first term, we can further isolate a Ny dependent term,

equal to H(Lg), and a N1, dependent one:
G(L1,Ly)=— T dr / e
o

o Al (k) +H(Ly)

1—x

1
_1
N
1 -5 d M?2(1-z) JL2
v Afos(k))

W

ﬁA(as(lﬂ)H/ o

1—x 0 1—x

=),
1

B / 7@ dx /M2(1x) dk2
0 u2
H

(L1)
=—H(L)+H(L2)+H(Ly), (B.19)

as promised.
Next, we show that the contribution to I from the term H(Ly) + H(L2) is exactly
canceled by I,. Indeed

(k k% 1) 3 (k k % () i
Zr ) d '(1) d.[H(L1 CH (L) Zr dH(kLl) ZF '(1)dH(L2)
k! dLlj — 4! dL? k! dL} o 4! dr?
(B.20)
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which is precisely —1Is, as one can check by inspection of eq. (B.10). Therefore

if‘ Z dk @
L+ 1, = % H(L), (BQl)
= ! = j! dL1 dL;
where
l-xmng dx  [MP0-2) g2 NN g M2 g2
L) = ™ / W Ao (k2 :/ D Alas (k2 /n)).
W= [T [ A = [T [ A m)
(B.22)
Now, because L = Ly + Lo, eq. (B.21) can be rewritten
2 1R(1) & 10)(1) dkts Ym d™H(L)
htb==3 —= > o g H) = ml L™ (B.23)
k=0 5=0 m=0
where
= (m d™T?(z)
= r®rm=k )y = = — %/ B.24
gl ];](k) (1) (1) | (B.24)

In order to show that eq. (B.23) can be written in the form of eq. (B.7) we first separate
off the term m = 1 in the sum, —H (L), which is equal to the first term in eq. (B.7):

NNz dp M? )2 M?
LH+T=— — s(K? N (T B.2
el == [ [ A ) (MQNlNQ,aw >> (8.25)
with
M? ) Ym AT NNz M gE2 N
. — = Ao : B.2
R<M2N1N2,a(ﬂ >> m,dLm/ oL G Al (B20)

The function R is in fact p?-independent, up to constant terms in Ny N,. Indeed

d M? 9 = Y d™ NNz 9 9
dln,uQR (uleNg’as(M )) = 77/1 WA(OZS(N )) = —2vpA(as(p”)) (B.27)

which is a constant in Ny, No, and can be neglected. We may therefore compute R for any
choice of u?, for example p? = M?:

1 ) s Ym AT /N1N2 dn/M2 dk? 2
R(NlNg’as(M )) = 2 mldLm J, n iz A(as(k“/n)). (B.28)

It is now useful to define new integration variables

t=1 1 t'=1 K (B.29)
- n’I’L’ - nM2n .
so that, for u? = M2,
N1N2 d ]\42 de L t
H(L) :/ = — Alas(k?/n)) = —/ dt/ dt’ A(t), (B.30)
1 n Juzn K 0 0
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where

A(t) = Alag(k?/n)) = A(as(M3e!)). (B.31)
We now show that for m > 1
d"H(L
(m—1)
dLm / dt A (B.32)

up to terms that are either constant or vanishing in the large N1, No limit. This is obviously
true for m = 1: differentiating eq. (B.30) with respect to L we get

L

— / dt" A(t). (B.33)
0

Now assume that eq. (B.32) holds for a given value of m. Then

dm+1H(L) (m—1) L
- Ay = — [ dt A (t) — A B.34
T = —ATIL) == [Taram (o - a(0) (B.34)
and the last term can be dropped in the large N7, No limit. This completes the proof of
eq. (B.32) for all m > 1.

We may now substitute eq. (B.32) in eq. (B.28), obtaining

1 2)) _ _ x~ Ym dMH(L)
R(NlNQ’%(M )) T 4l drm
=3 —m/ dt A
m=1 m!
NNz dn & Tm d (m=1) 2
/1 - g::l—' (dlnM2> A(as(M?/n)).  (B.35)
So
NlNz dn M2 de )
L+ = ? Alas(E*/n)) | + Da(as(M?/n)) (B.36)
with
Da(cs(M2)) i Jm (d>(m1)A (as(1?)) (B.37)
° = m! \dIn M? ° ‘ ‘
We now note that
d
Jl + JQ == W(Il + IQ) A_)D, (B38>
as one can check by inspection of egs. (B.3)—(B.6). Hence
NNz dp 9 d 9

and therefore, combining egs. (B.36) and (B.39).
NiN2 g M2 2
L+L+J +J2 =/ ;n [(— /2 e Alas(k?/n)) | + DY (as(M?/n))|, (B.40)
1 u<n

as we set out to prove. Also, as announced, we have found the relation between the function
D appearing in the resummation eq. (B.2) and the function D9 appearing in our resummed
result eq. (4.16), namely

D®(as(M?)) = Da(as(M?)) — D(as(M?)) + D(as(M?)). (B.41)

_d
dln M?
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C The variable u

Fixed-order differential cross sections are expressed in terms of the scaling variables 7 = z1x9
and u, eq. (5.13). We show that wu is simply related to the scattering angle 6 of the Z with
respect to the incident beam direction in the partonic center-of-mass frame. In this frame
the Z momentum can be parametrized as

p = (F,0,|p]sin@,|p] cosb); E =./|p)? + M2 (C.1)

Hence . 0
2y m' (C.2)
E — |p]cosf
Using the definition eq. (5.13) of u we get
1 1-—71e%
u = —_—
1—7 14e%
1 E(1—-71)—[pl(1+7)cost
C1l-T 2F
1 |1 +7
=-1-4 . .
2{ El_TCOSQ:| (C.3)

In the limit of vanishing invariant mass m§< of emitted radiation, i.e. when emitted
partons are collinear, the energy conservation relation

V5 = [pl+ /112 + M2 (C4)

can be solved for |p] to give

s — M? s+ M? p| s—-M?* 1-71
— E = . Lt = ) C.5
7 2M 2M E s—M? 147 (C.5)
Therefore ) 0
u:% (C.6)

in this limit. This implieas that the collinear limits 8 = 0 and 6 = 7w correspond respectively
tou = 0 and u = 1.

D Single-soft constant coefficients

We give here the explicit expression of some lengthy coefficients that contribute to the
soft limit as constants, i.e. such that they do not vanish but are also not logarithmically
enhanced as 1 — 1 or N7 — o

D.1 Fixed-order direct space

We give the expression of £(7) that enters the expression of the contribution C_’](g?ost(T) eq. (5.29)
to the NNLO coefficient function in (7,u) space and k(z2) that enters the expression of the

contribution C](32o)ost (z2) eq. (5.37) to the NNLO coefficient function in (z1,x2) space.
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D.2 Resummed Mellin space

We give the expression of g35(N2), i.e. the NNLO constant eq. (5.11) in the resummed
expression in the single-soft limit.
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S(ilzl’NQ)
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—1)N2
(g 2D N4
3 N2(N2+1)
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6

2
it —Zm2 ) S(—2,N
9 54N2Z 454N, n ) ( 2)
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1n22 (=1)N2 (10N —6NZ+4N2+3)
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The notation S[ai, ..., an, N2| denotes finite harmonic sums as defined in ref. [50], and viewed
as analytic functions of the complex variable Na. The numerical evaluation of the analytic
continuation can be carried out using ANCONT [51].

E Transformation of distributions from (7, u) to (x1,z2) space

As discussed in section 5.2, the fixed-order NLO and NNLO Drell-Yan cross section in
refs. [25, 31] is expressed in terms of variables 7 and w, which are related to the variables x1,
xg relevant for the resummation by eqs. (5.14)—(5.17). Hence the coefficient function must be
rewritten accordingly, using eq. (5.20), which involves the jacobian of the transformation

. (T, u) 2x129(1 + x122)
_ — E.1
flaras) = | gar] = U (E.1)
which is singular when 7 = z1z9 = 1.

The coefficient function in (7,u) space involves distributions in the soft limit 7 — 1
and in the two collinear limits u — 0 and w — 1. In (x1,x2) space instead the soft limit
corresponds to both 1 — 1 and x5 — 1, while the two collinear limits correspond to either
x1 — 1 or x9 — 1. Transformations of distributions from (7,u) space to (r1,z2) space
is accordingly nontrivial.

We have to transform double distributions in 7 and u, and single distributions in u
localized at u = 1 or w = 0, while single distributions in 7 are not relevant because 7 = 1
corresponds to both 1 = 1 and x5 = 1 which can only be realized with u = 0 or u = 1.
We discuss these two cases in turn.

E.1 Double distributions in 7 and u

Our task is facilitated by the observation that the coefficient function in (z1,z2) in the
double-soft limit only depends on the combination M?(1 — z1)(1 — x3), as shown in sec-
tion 2.2.1. Recalling eq. (A.1)—(A.2), this is seen to imply that only distributions generated by
differentiation of a generating function that depend on a power of (1 —x1)(1—x3) are relevant.
The strategy that we adopt is thus to start with such a generating function, rewrite in (7, u)
space, and then work out the relations between distributions that follow from differentiation
of the equation that expresses the equality of these two forms of the generating function.
These will turn out to be indeed all and only the double distributions that appear in the
(1,u) space coefficient function,
We start by expressing the relevant variable in (7,u) space:

u(l —u)(1 —7)?

(1 — .%'1)(1 — 33‘2) = G(T u) 5 (E2)
where
G(T, u) _ \/T + u(l — U’)(l — 7—)2(\1/:_—: u(l — u)(l — T)2 + \ﬁ) ) (E3)

It follows that for a generic test function T'(x1, x2), regular in the range 0 < z1 < 1,0 < x5 < 1,

1 1
/ dzq / dzo T(a:l, xg)(l — 1:1)*1*6(1 — x2)71+e
0 0

— / Cdr / P A G PR FE A PR e S o
0 0

1-—17
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where t(7,u) = T'(z1(7,u),z2(7,u)) and

8(1‘1,%’2)
(1, u)

is the inverse of the jacobian j(x1,z2) eq. (E.1). Equation (E.4) provides the expression in

1—72
T —u(l—7)[r+u(l—7)]

J(T,u) =

(E.5)

(1,u) space of the relevant (z1,x2) space generating function.

However, we wish to express the distributions in (7,u) space that appear in the coefficient
function in terms of distributions in (z1,x2) space, not the other way up. To this purpose,
we note that, as already mentioned, when 7 = 1 it follows that z; = xzo = 1, hence ¢(1, u)
is u-independent, which is why the jacobian j(zi,z2) eq. (E.1) is singular as 7 — 1. It

follows that the function
Hrue) J(1,u)G (1, u) (I Fz)(I +20) [zrwa(l+21)(1+22)] _ 1
T 1—71 2(1+x1x2) (x1 +x2)2 o F(a;l,afg,e)
(E.6)

that appears on the right-hand side of eq. (E.4) has the same property, and is regular at

the boundaries of the integration range. We can thus divide both sides of eq. (E.4) by

H(t,u,e) = m, as this just amounts to a redefinition of the test function. We thus get

1 1
/ dr / dut(r,u)(1 — 7)oy he( = g) e
0 0

1 1
= / dx / dzo T(l’l, 1’2)(1 — x1)71+6(1 - x2)71+6F($1, x9, 6). (E7)
0 0

This is the desired relation between generating functions and it is our starting point.
We first express both sides of eq. (E.7) in terms of distributions, using the identity

(1 . Z)71+6 — M + [(1 _ Z)*1+6:|+ ) (ES)

€
We get

/01 dr /01 dut(r, u) (5(12; D fa- T)—H%L)

" (5(U) +6(1 —u) n [U_HEL " [(1 - u)—1+e:|

€

_ /01 dzy /01 ds T(xl,mz){au_;ﬁl)g(l )

. + (u(l — u))—l-‘re e S (1 _ u)—l-i-e)

€

+ %5(1 — 1) [(1 = 22) 7] L F(Laae) + %5(1 —29) [(1- xl)*HeL F(z1,1,¢)

+ [(1 — xl)—1+6}+ {(1 — ,7;2)—1-1-6} . F(ml, T2, e)} (EQ)

Equation (E.9) can be simplified by observing that for any function or distribution g(u),
integrable in the range 0 < u < 1, we have

/dT/ dud(1 —71)t(r,u)g( 10/dug

—/ dazl/ dxo T(x1,22)0(1 — x1)0(1 — x2) / du g(u (E.10)
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In particular,

u —u 1
/01 dr /01 dud(1 — 7)t(r, u)é( )+ (25(1 ) = /01 dxl/o dxo T(x1,22)0(1 — x1)0(1 — x2)

/01 dr /01 dud(1 —7)t(7, u) ([U_HEL * [(1 - u)_1+6]+> ="

1 1
/0 dT/O dus(1 = )t(r,u) (a1 =)~ (1))

2 [T2(1+¢) 1 1
=— |1 T 0(1— 6(1 — . E.11
e /0 dxl/o dry T(y, 22).6(1 — 21)3(1 — ) (E.11)
Furthermore, the term
/ dT/ du [5(w) + 5(1 W) t(r,u) [(1 = 7)) | (E.12)
can easily be recast as an integral in x1,x2. Indeed,
0(1 —
drdu§(u) = deides j(z1, 22) au(il mg)wz) — da1dred(1 — ) (E.13)
8x; xro=1
(1 —
drdud(l —u) = dxidzs j(x1, wg)fm(ilm—ﬂxl) = dx1dred(1 — 7). (E.14)
811 r1=1
Therefore
/ dr / dut(r,u) [5(u) + 6(1 — )] [(1 7)1+ (E.15)

= / d:c1/ dzo T(x1,22) {5(1 — 1) {(1 - xz)fHZCL + (1 — z9) {(1 - a:1)1+26L} :

Substituting eqs. (E.11), (E.15) in eq. (E.9) we find

1 1
/0 dT/O dut(r,u) [(1—7’) HQELF

w4 (1 —w) T (w1 — )T — e — (1 — )T
+ +

2 €
= /01 da:l ‘/01 d:EQ T((El,xg){; [1 — w] (5(1 - x1)5(1 — (EQ)

+ }(5(1 — x2) <[(1 — x1)71+6}+ F(x1,1,€) — [(1 . x1)1+21+)

€

+ [(1 — xl)—l—&-E} [(1 - x2)—1+e}+ F(x1,x9, e)} (E.16)

+

This is the final form of the relation between generating functions that we use in order to
generate the identities that we need, which follow by expanding both sides of eq. (E.16) in
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powers of € around € = 0. The distributions that appear up to NNLO are found expanding
For € = 0 we get

up to order €.
1 1 1
/dT/ dutTu)[l - +< uL_-}-L_uL_)
1 1
:/0 dl‘l/o d$2T($1,l‘2){C26(1x1)5(1$2)
5(1—ay) |:1I1(1—£U2):| 1 I 2x9 5(1—y) {ln(l—xl)} 1 I 221
1—z2 |4 1-x2 14z l-21 J4 1-21 141

l=alle

This identity was already obtained in refs. [14] and [15] by different methods.
The order-e term of the expansion gives
+>

/ dr / dut(r,u { [lnil__TT) . ( .
+[ 1 +< +‘|‘1hiuu+ln(1u_U)>}

1—171
1 1

:/ dazl/ d]]g T(.%‘l,.l‘g){ — 2(35(1 — l‘l)(S(l — $2)
0 0

1
RaErnEey } (E.17)

1

u

1
1—u

Inu In(1 —w)

1—u

u 14

1 1 211 In(1—ay) 211 In?(1 — 1)
—5(1 — In? 2 1 —3|—
+2( x2)<1—x1n 1+m1+ 1—xq n1+x1 1—x1 N
1 1 2 In(1 — 2 In%(1 —
+ 7(5(1 . xl) ln2 T2 +2 n( 1‘2) In L2 -3 M
2 1— 29 1+ 2o 1— 29 1+ 2o 1— 2o 4
2(1 4+ zy22) [ln(l —11) 1 1 In(1 — z9)
N [ 1 1 I x1xe(1 +x1)(12+ x2) . (F.18)
1—2; + 1—x9 + (ﬂfl—l-xg)

The order-¢2 leads to

[lor ffawe{o[2022) ([1] +[5])

] (2] 2] )

{ln2u} +[ln2(1—u)} L fu n*(1-w) 2lnuln(1—u)>}
+

1—u 1-u u u(l—u)

1 1
:/ da:l d.’EQT(l‘h.’Ez){9(45(1—.’[]1)6(1—.’[]2)
0
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+5(1—x2) 1 I 2z +3ln(1—x1)ln2 221 +3ln2(1—x1)1n 221 - In®(1—z1)
6 1—£C1 1+£L’1 ].—(ﬁl ].+£L'1 1—1}1 ].+ZL'1 1—1’1 +

0(1—x1) 1 I 219 +31n(1—x2)ln2 219 +3ln2(1—x2)1n 219 - In®(1—x5)
6 171‘2 1+£L’2 ].7562 1+£L’2 171’2 1+£L’2 +

1 2(1+QZ1IQ)
2 (1+LL‘1)(1+.’172)

(P R e L
o [520) (] o] [ et

J{ 1 ] [ 1 Llﬁm(lﬂl)(Hm))}' (E.19)

-z |, [1-22 (w1+22)?

Note that some single distributions in 7 multiplied by ordinary functions of 7 and u do
appear on the left-hand side of eqs. (E.17)—(E.19). However, we can conclude that no other
single distributions in 7 other than these can appear in the coefficient function, because,
as already discussed, the limit 7 — 1 corresponds to the double-soft limit, in which the
coefficient function only depends on the variable (1 — x1)(1 — xz2) which appears in the
generating function eq. (E.16). This expectation is borne out by comparing to the explicit
form of the NNLO coefficient function eq. (5.24).

E.2 Single distributions in u

We now turn to single distributions in u. A relevant observation here is that the coefficient
function is necessarily symmetric upon the interchange of v and 1 —wu. Hence these distribution
always appears in pairs. This said, all single distributions in u can be transformed into
distributions in x; and xo by simply performing the change of variables with the jacobian
eq. (E.1).

We illustrate the procedure with a simple example. Consider

1 1
/dT/du
0 0

Changing integration variables to z1,xy we get

1 1
/ dT/ du

0 0
1 1 B
:/dxl/ dxg 2z1xo(1 4+ x122) (21 + 22)(1 — 2122)

.731 + x2)2(1 — $1$2) xg(l — x%)

t(1,u) / dT/ du —t(7,0)]. (E.20)
ul4

t(r,u)

[T(l’l, 1‘2) — T(l, .1‘2)]

—/ dxg/ dx; xl’@)[ T(xy,x2) — T(1,22)], (E.21)

where
221 (1 + z122)

(x1 + 22)(1 + 1)

is non-singular at z; = 1 for all values of xs.

h(IL‘l, 132) =

(E.22)
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Equation (E.21) can be written as
1 1 1
/ dT/ du|—
0 0 uly
1 1 1
= [ dx / dx h
/0 Jo 11—331{[
1 1 1
=/ dx / dxi ] h(x,x [
| daz [ der o) =

The same argument is easily extended to distributions containing powers of Inwu, and to

t(7,u) (E.23)

(z1,22)T (21,22) —h(1,22)T(1,22)] =T (1,22) [M(21,22) —h(1,22)]}

1 Tl / dx J,‘Ig h(l’Iz)}T(Zl,xQ).

—X

distributions in 1 — .

E.3 Distributional identities up to NNLO

We now list all distributional identities that we have derived using the methods described
above, and that we have uses in order to transform the coefficient function from (7,u) space
to (x1,x2) space. All identities written below should be understood with the left-hand
side multiplied by a measure of integration dr du, and the right-hand side multiplied by
an integration measure dz dzs.

d(u)+0(1—u)

o(1—7) 5

:5(1—331)6(1—302) (E.24)

1 1
— 1—u))=09(1- 1- E.2
<] Bmra-my=a-m | =] aa) | (E.25)
. In 2xo
X[ 1 l + 1 :[ 1 1 _5(1—21) In(1—z2) i X
1—7 + UJ 4 1 U]+ 1—1’1 + 1—1’2 + — T2 + 1—1’2
In(1—a4 1 1%,_21 w2 1
o(1— L2 —0(1—z1)6(1— _— E.2
{ } [1 1} [1 lnu] {ln(l—u)} Inu  In(1—u)
= =1 (|—] + ot
-7 U 1—u] 1-7]4 u |y 1-u |4 1-uw u
1 } ln(l ) ln{i"’”;2 % 1 } {ln(l—xl)] +ln1+x1
1 T1]+ 1— X9 1 T2 1—1’2 + 1—$1 + 1— T
2x
2 — n 1+x9 1—x9
3[In2(1—21)] 1, 22 (1—zp)2In$E
ol x2)< 2[ -2, R NER RS
1 z1ze(1+z1)(1+z2)(1—21)(1—22)
—2(36(1—x1)0(1—
GO0 =) e ) ™ (01+22)
o (2 () (B.27)
1 x1 (1 To) 2(x1+x2)
1-u +
{ n(1— 7') <lnu In(1—u) +lnu +1n(1—u)>
u |y 1-u |4 1-uw U
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171 In?u In?(1—u) In?u  In%(1—w) _Inuln(l—w)
+ + et +2
2[1-7], (N l—u | 1-u u u(l—u)
:Fn(l—xl) ln(l—l'z)] +1{ 1 } ln2(1—{[:2) +1{ 1 } ]n2(1—$1)
1—1’1 + 1—372 + 2 1—:1,‘1 + 1—{[,‘2 n 2 1—1’2 + 1—1’1 T
+{1n<1_x1) 22 [n(l—wy)] e
1—1’1 + 1—3}2 l—xg + 1—:(}1
1{ L 1 215 (1—12)? In 522 1{ 1 21 (1—a1)? In 3%
n = n
211—21 + 1+xo 1—x9 211—x9 ¥ 1421 1—2q
7 [In3(1—a5) 1. 2ao(1—a) 1., 22y \ Inf2
§(1—ay) [ L [T (g 20Ty 2 ST ) e
o xl)( 6[ s ++<2 R R AT L) b
7 [In3(1—a1) 1. 2 (1—ay) 1., 221 \In32
S(1—z) [ —L | 222U M A V5 Y R malEETY
ol xQ)( 6[ s ++(2 Mgy gt 1—|—m1> 1—ay
4
T 1 $1$2(1+$1)(1—|—x2)(1—.%‘1)(1—.7}2)
+—0(1—z1)0(1—22)+ n
a0 e e N (21 +72)2
2 2
In 22 2 a1 Hn(lo) | (L) (14)
-z 1-x9 (1—z1)(1—22) 2(z1+x2)
1 219 . (1+x1)(1422)
+2 In n E.28
(1—z1)(1—2x2) x1+22 2(x1+x2) ( )
6(u)+5(1—u):5(1—m1)+6(1—x2) (E.29)
1 1 1 1 2
X ] + = + +5(1—x1)1nL
uly l-uly l=2]y [l-zaly (I422)(1—x2)
221 T1+x2+22122
+6(1—z2)In — E.30
A=) e S ) ) (L) (£.30)
[lnu N In(1—u) In(1—z1) In(1—xz9) 1 | 2x9
= n
u ]y 1—u |4 1—z1 |y 1—zo |y [1-21)y (1422)(1—x9)
1 2x1 1.5 2x9
+ In +é(l—z1)zIn® ————
[1—.%‘2 n (1+Q?1)(1—$1) ( 1)2 (1+.’L‘2)(1—x2)

1—x1 1—x2o

1 22 In = In =
§(1— Z1 2 T1T2 122
+o( x2)2 i (14z1)(1—21) 1—x9 + 1—x1

14+z1)(14+x 14+z1)(14+x
2.1‘1(1+.1‘1£U2) ln( 2(1-1i-)x(1$2)2) 2.7}2(14-.7}1.%2) ln( 2(1-1i-)9£1a:2)2)
(w1 +w2)(14+21) 1—21 (z1+22)(1+22) 1—m9
5131—.7}2—2$1.7}2 n 2:62(1—:61) + $2—3§‘1—2$1l‘2 0 2.7}1(1—.7}2) (E.31)
(I+z1)(z1tz2)  (I4z2)(1—z122)  (I4a2)(z1+22)  (1+21)(1—2122)
lanU] [ln2(1—u) [IDQ(l—xl)l [1n2(1—x2)
—| | = +
u 1—u 1—21 1—x9
+ + + +
49 [ln(l—azl) N 219 5 [ln(l—xg) I 211
1—z1 |y (I4z2)(1—2z2) l—zo | (I4z1)(1—2q)
+[ 1 I 2x9 +[ 1 } In2 211
1=zl (I42)(1-m2) 122l (I421)(1-m1)
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1 229 1 21
S1—z)imd 22 51y imd o FL
Foll—a) g gy P T3 S

+ln2(1—x1x2)—ln2(1—x2) +ln2(1—x1m2)—ln2(1—x1)
1—x4 1—x9
2$2(1—$1) In 1-a; 2$1(1—:L’2) In 11_;09105102

1=z122 4 91p
1429 1—21 14z, 1—a9

+2In

2(z1+22)
2mi (@) | 203(14w)(1-a1)? In TN
(I4z1)(z14+22)  (14x2)(z1+22)(1—2122)? 1—2

) )
2(x14+x
2x9(1+x122) 223 (1+x2)(1—22)? 1“(1+(le)(1‘+2351)
)

(
n
(1+$2)($1+1‘2) 1+m1)(m1+x2 (1 3311'2) 1—x9
T1—Ta—2x1%9 | 5 2wo(l—x1) To—x1—2x1%2 | o 2x1(1—x2)
n n
(x14z2)(1421) (I4z2)(1—x122) (T1422)(1422) (1421)(1—2122)

(E.32)

F Distributions and anomalous dimensions in SCET

We collect here some definitions and results used in the SCET resummation discussed
in section 6. First, we derive some distributional identities; then we list several anoma-
lous dimensions that enter the renormalization-group equations whose solution leads to
resummation in SCET.

F.1 Distributional identities

In ref. [14], the distributions that contain soft logs are written in terms of a variable w,
which vanishes in the soft limit:

Lalw) = |

In"w

) n>0. (F.1)

woly

Their action over a space of regular test functions f(w) is defined by

1 L In"w
| dweawisw) = [ dw 2 pw) - 1) (F.2)
The distributions eq. (F.1) can be obtained by differentiation of a generating function:
d'rL
£afw) = |Gl (F.3)
where 1
£(w) = {WL (F.4)
and . .
/0 dw L (w) f(w) :/0 dww T f(w) — f(0)]. (F.5)

This is useful because, for n > —1, the two integrals in eq. (F.5) are separately convergent.
Upon rescaling of its argument by a positive constant A > 0, the generating function
eq. (F.4) transforms according to

AT — 1
ALT(Az) = N1LT(z) +

o(z). (F.6)
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Indeed, for any regular function f(Ax),

/ dz AL"(\z) f(\z) / d(\z) Az) "M f (M) — / d(\z) (\z) =1
— 7 /0 doa™ () — L0, (F.7)
from which we obtain
/0 " {A”E"(w) LA 15(93)] FO) = A7 /0 Lz () f(O));: + A"n_ Lo
_ /0 Cdr a1 () — 717 £(0). (F.8)
As a consequence,
AL, (Az) = kz: (Z) 0% A Lo () + h;:l 1>\5(x) . (F.9)
Accordingly, a scale-dependent distribution is also defined:
£ (t,42) = :2,577 (;2) . (F.10)

F.2 Anomalous dimensions

We list the anomalous dimensions used in section 6 up to the order required to achieve NNLL
resummation. These anomalous dimensions are expanded in powers of F=:

Y(as) =0 (Z )+71 (Z‘;>2+.... (F.11)

The first expansion coefficients of the quark anomalous dimension v}, of the hard function,
appearing in eq. (6.6), are given by [40]

Viro = —6Ck (F.12)

v, = —Cr [(82 — 5243) Ca + (3 — 4% 4 48(3)Cr + (6; + 772> (47r,6’0)], (F.13)

)

with the beta-function coefficients defined as in egs. (5.8)—(5.9).
The expansion coefficients of the anomalous dimension of the quark beam function v§
(see egs. (6.11)—-(6.13)) are

vk o = 6Ck (F.14)

146 121 2
7%71 = CF [(9 - 80€3> CA (3 - 47r2 + 48(3)01: + <9 + ;[' ) (47[',80)] (F15>

while the corresponding coefficients of the anomalous dimension ’yg are

Vg0 = 3Cr, (F.16)

2 2
vy =C2 (5 - 20+ 246) + GGy <17 -2 ) — CyTins (g + 8”) - (Fa7)

9 9
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Using these results we find that the expansion coefficients of the anomalous dimension
vy, of eq. (6.52)

iy (es) = v (as) + 25 () (F.18)
are given by [12, 52]
Mo =0 (F.19)
808  1lx? 224 4x?
W1 = — o T 2 Trng( o — —— F.2
Tw,1 CACF< o7 + 9 + 8(3) + Cq Rnf( o 9 > ( (])
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