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Abstract

Enzymatic reactions are fundamental to life, and understanding their mechanisms poses a crucial step

toward rational enzyme design with wide-ranging applications in drug design and biotechnology. Molec-

ular simulations offer a powerful tool for investigating these reactions at the atomic level, but they span

a wide range of spatial and temporal scales. The hybrid QM/MM approach is a widely used method

to bridge this gap, treating the active site with Quantum Mechanical (QM) methods while modeling

the surrounding environment with Molecular Mechanics (MM). Semi-empirical QM methods provide

further avenues to access longer timescales but come with trade-offs in accuracy. The advent of Ma-

chine Learning Potentials (MLPs) in recent years gives the prospect of achieving QM accuracy at MM

cost. However, several challenges remain in applying MLPs to QM/MM simulations, most notably the

accurate representation of electrostatic interactions, since most MLPs are designed for vacuum.

This thesis systematically develops, compares, and validates ML/MM approaches for enzymatic reac-

tions, from training data generation through architecture selection to production simulations of protein

reactions. The ultimate goal of this thesis is to reach QM accuracy at MM cost for enzymatic reactions,

enabling routine simulations of enzymatic catalysis with favorable accuracy and efficiency.

In Chapter 4, different sampling methods for generating MLP training data are compared. Potential

energy surface scans, enhanced sampling techniques, and uncertainty-based sampling are evaluated with

respect to their configurational space coverage and MLP performance in a cross-validation setting.

In Chapter 5, the focus lies on reproducing the electrostatic potential of the continuous charge distribution

using partitioning schemes that assign partial charges. Each scheme’s performance is evaluated by its

ability to reproduce the electrostatic potential and its suitability for MLP training.

In Chapter 6, model-specific hyperparameters of ML/MM-capable MLPs are optimized, and data effi-

ciency is assessed by training on increasing dataset sizes. Multiple independent models are trained with

matched data splits in vacuum and solvent to enable a controlled comparison of the ML/MM training.

Finally, the trained models are validated in metadynamics simulations using stability criteria, Potential

of Mean Force (PMF) reconstruction, and reference recalculations of configurations encountered during

the simulations.





Zusammenfassung

Enzymatische Reaktionen sind von lebensnotwendiger Bedeutung, und das Verständnis ihrer Mecha-

nismen ist entscheidend für das rationale Enzymdesign. Molekulare Simulationen bieten ein leistungs-

fähiges Werkzeug, um diese Reaktionen auf atomarer Ebene zu untersuchen, doch mit diesen multis-

kaligen Simulationen geht eine enorme Diskrepanz zwischen räumlichen und zeitlichen Skalen einher.

Der QM/MM-Ansatz schließt diese Lücke, indem das aktive Zentrum mit Quantum Mechanical (QM)-

Methoden und die Umgebung mit Molecular Mechanics (MM)-Methoden behandelt wird. Mit weniger

präzisen semi-empirischen QM-Methoden lassen sich längere Zeitskalen erreichen. Mit Machine Lear-

ning Potentials (MLPs) lässt sich die Genauigkeit von QM zu MM-Kosten erreichen. Allerdings sind

MLPs in QM/MM-Simulationen noch herausfordernd, insbesondere bei elektrostatischen Wechselwir-

kungen, da die meisten davon auf Vakuum ausgelegt sind. Weiterhin sind effektive Trainingsdatenerzeu-

gung und Stabilitätsgewährleistung keine trivialen Aufgaben.

Diese Arbeit entwickelt, vergleicht und validiert systematisch ML/MM-Ansätze für enzymatische Reak-

tionen, von der Trainingsdaten-Generierung über die Auswahl der Architektur bis hin zu Produktions-

simulationen. Das letztendliche Ziel dieser Arbeit ist es, für enzymatische Reaktionen die Genauigkeit

von QM zu den Kosten von MM zu erreichen, um Routinesimulationen der enzymatischen Katalyse mit

hoher Genauigkeit und Effizienz zu ermöglichen.

In Kapitel 4 werden verschiedene Stichprobenverfahren zur Generierung von MLP-Trainingsdaten ver-

glichen. Potentialhyperflächen-Scans, Metadynamik und unsicherheitsbasiertes Sampling werden an-

hand ihrer Konfigurationsraumabdeckung und ihrer MLP-Leistung in einer Kreuzvalidierung bewertet.

In Kapitel 5 liegt der Schwerpunkt auf der Reproduktion des elektrostatischen Potenzials für eine konti-

nuierliche Ladungsverteilung mithilfe von Partitionierungsschemata, die Partialladungen zuweisen. Die

Leistung jedes Schemas wird anhand seiner Fähigkeit zur Reproduktion des elektrostatischen Potenzials

sowie seiner Eignung für das MLP-Training bewertet.

In Kapitel 6 werden modellspezifische Hyperparameter optimiert und die Dateneffizienz bei zunehmen-

der Datensatzgröße bewertet. Es werden mehrere unabhängige Modelle mit angepassten Datensplits

im Vakuum und im Lösungsmittel trainiert, um den Vergleich des ML/MM-Trainings zu ermöglichen.

Schließlich werden die trainierten Modelle in Metadynamik-Simulationen mittels Stabilitätskriterien,

Potential of Mean Force (PMF)-Rekonstruktionen und Referenz-Neuberechnungen validiert.
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1. Motivation

Recent advances in neural networks have transformed many fields, including natural language process-

ing, computer vision, medical image analysis, and also chemistry. Their scientific impact was highlighted

by the 2024 Nobel Prize in Chemistry, which recognized breakthroughs in computational protein science,

including structure prediction with AlphaFold1. This progress demonstrates that data-driven models can

solve highly complex, high-dimensional problems that were previously out of reach for conventional

approaches.

In computational chemistry, this development opens an important opportunity. Accurate Quantum Me-

chanical (QM) electronic-structure methods are still too expensive for routine long-timescale Molecular

Dynamics (MD) simulations of large molecular systems, while Molecular Mechanics (MM) methods

are efficient but approximate. Machine Learning Potentials (MLPs) promise to bridge this gap by learn-

ing the QM potential energy surface and forces from reference data, with the objective of approaching

QM-level accuracy at near-MM computational cost.

Figure 1.1.: Accessible time and length scales of methods
in molecular dynamics simulations.2,3

This promise becomes particularly relevant in sol-

vated and biomolecular systems, where environ-

mental effects are essential. Solvent and protein

surroundings can strongly alter relative conformer

stabilities, barrier heights, and reaction pathways

through electrostatic and polarization effects. A

framework to address this multiscale problem

is the Quantum Mechanics/Molecular Mechanics

(QM/MM)4 method, in which the reactive region

is treated quantum-mechanically and the environ-

ment classically. The 2013 Nobel Prize in Chem-

istry recognized the significance of this approach.

Still, many processes of interest, such as chemical

reactions, conformational rearrangements, ligand binding events, or rare reactive transitions, occur on

nanosecond-to-millisecond timescales or beyond. MD trajectories need millions to billions of integration

steps for a single such simulation. Even with QM/MM and semi-empirical methods, routinely accessible

3



1. Motivation

trajectory lengths are often limited to the picosecond-to-nanosecond range. Closing this timescale gap

without sacrificing accuracy is a central motivation for the development of efficient ML/MM methods.

However, transferring MLPs to this setup is non-trivial: most models are designed for application to

molecules in vacuum, while QM/MM requires robust treatment of environment-dependent electrostatics,

transferability across varying local environments, and stable long-time dynamics beyond static test-set

accuracy.5,6

1.1. Scope of This Work

This thesis addresses this challenge by developing, training, and validating ML/MM workflows that re-

tain the efficiency of MLPs while remaining reliable for realistic condensed-phase simulations. Two

representative model systems are studied throughout: alanine dipeptide, a standard benchmark for con-

formational sampling, and thiol disulfide exchange, an enzymatic reaction catalyzed by glutaredoxin

proteins7.

Sampling strategies (Chapter 4). Different data-generation strategies are compared with respect to

configurational coverage, physical plausibility, and transferability across heterogeneous test sets. The

goal is to identify sampling protocols that provide robust training data for stable MLP behavior.

Electrostatic interactions (Chapter 5). The error introduced by replacing the continuous quantum-

mechanical electron density with atom-centered partial charges is quantified directly on the electrostatic

potential and electrostatic energies. Different charge partitioning schemes are evaluated with respect

to accuracy, learnability, and chemical reasonability to guide the choice of charge targets for ML/MM

models.

Architecture benchmark in vacuum. A broad architecture benchmark under harmonized training con-

ditions is performed on molecules in vacuum to assess which MLP architectures yield not only low

test-set errors but also stable long-timescale dynamics in metadynamics simulations. This benchmark

serves as a baseline for the subsequent evaluation of ML/MM training.

Training in condensed-phase environments. Models are retrained and evaluated in explicit solvent

and protein-like environments, to assess whether environment-aware electrostatic treatments improve

transferability and free-energy reproduction compared to environment-agnostic baselines.

∆-learning. ∆-learning8 strategies that combine a fast semi-empirical baseline with a learned correction

are explored as an alternative route to accurate ML/MM simulations.

4



2. Theoretical Background

2.1. Molecular Mechanics

Biomolecular systems typically consist of thousands to millions of atoms. QM methods are computa-

tionally too expensive to simulate such large systems.9 Therefore, classical MM methods are employed,

which approximate the interactions between atoms using empirical force fields. These force fields de-

scribe the potential energy of a system as a function of the atomic positions, neglecting electronic degrees

of freedom. This allows for the simulation of large biomolecular systems over extended timescales, mak-

ing MM methods a powerful tool in computational biology and chemistry.10

2.1.1. Force Fields

Force fields describe the potential energy of a molecular system via terms that account for bonded and

non-bonded interactions. Bonded interactions include bond stretching, angle bending, and dihedral tor-

sions, while non-bonded interactions comprise van der Waals (vdW) and electrostatic interactions. Bond

stretching and angle bending employ harmonic potentials, whereas dihedral torsions are often modeled

using periodic cosine functions. Improper torsions, which are angles between two planes without a

coincident chemical bond, can be used to maintain planarity in certain molecular groups, such as aro-

matic rings. Van der Waals interactions are typically modeled using Lennard-Jones potentials, while

Coulomb’s law describes electrostatic interactions. 1–4 interactions are frequently scaled to account for

their partial inclusion in the bonded terms. The parameters for these potentials are derived from exper-

imental data and high-level QM calculations. The total potential energy Vtotal of a system with N atoms

can be expressed as:9

5



2. Theoretical Background

Vtotal(rN) =Vstr +Vbend +Vtor︸ ︷︷ ︸
Vbonded

+VvdW +Velec︸ ︷︷ ︸
Vnon-bonded

= ∑
bonds

1
2

kb(r− r0)
2 + ∑

angles

1
2

kθ (θ −θ0)
2 + ∑

dihedrals

1
2

Vn(1+ cos[nφ − γ])

+∑
i

∑
j>i

4εi j

[(
σi j

ri j

)12

−
(

σi j

ri j

)6
]
+∑

i
∑
j>i

1
4πε0

qiq j

ri j
(2.1)

r,θ ,φ : Bond length, angle, and dihedral angle

kb,kθ : Force constants for bond and angle

r0,θ0: Equilibrium bond length and angle

Vn,n,γ: Amplitude, multiplicity, and phase of dihedral

εi j,σi j: Lennard-Jones parameters, well depth and equilibrium distance

ε0: Vacuum permittivity

qi,q j: Partial charges

ri j: Distance between atoms i and j

Commonly used biomolecular force fields include Assisted Model Building with Energy Refinement

(AMBER)11, Chemistry at HARvard Macromolecular Mechanics (CHARMM)12, and Optimized Poten-

tials for Liquid Simulations (OPLS)13.

While MM methods enable the simulation of large biomolecular systems, they have limitations. The ac-

curacy of MM simulations depends on the quality of the force field parameters, which may not capture all

relevant interactions, particularly in complex environments. Additionally, MM methods cannot describe

electronic effects such as bond formation and breaking, charge transfer, and polarization. Specialized

reactive force fields, such as ReaxFF14, polarizable force fields, such as AMOEBA15, and QM/MM

methods4,16 have been developed to address some of these limitations. Still, they entail increased com-

putational cost and complexity.

Further abstraction levels, such as coarse-grained models like Martini17, reduce the system’s degrees of

freedom by grouping atoms into larger particles, so-called beads. This enables the simulation of even

larger systems and longer timescales, but at the cost of losing atomistic detail.18

2.2. Molecular Dynamics

MD simulations model the time evolution of a molecular system by integrating Newton’s equations of

motion in time steps. The resulting trajectories specify the positions and velocities of all atoms in the

6



2.2. Molecular Dynamics

system as a function of time. They can be used to compute thermodynamic and kinetic properties of the

system, such as free energies, diffusion coefficients, and reaction rates.9

MD simulations enable the exploration of the conformational space, equilibrium states, and dynamic

behavior of biomolecules and complex systems over time. This can provide insights into reaction barri-

ers, protein folding, ligand binding, and conformational changes, which are essential for understanding

biological function and drug design.10

Newton’s Equations of Motion

Nuclei behave, in good approximation, like classical particles due to their relatively large masses. New-

ton’s equations of motion can describe their motion:

mi
d2ri(t)

dt2 = Fi(t) =−∇iVtotal(rN(t)) (2.2)

ri(t): Position of atom i at time t

Fi(t): Force acting on atom i at time t

∇i: Gradient with respect to the position of atom i,
∂

∂ri

In the case of MM simulations, the forces Fi(t) are derived from the empirical force field Vtotal(rN) as

described in Eq. (2.1). Analytical gradients of the potential energy function are used to compute the

forces acting on each atom at every time step. The equations of motion are then integrated numerically

using algorithms such as the Verlet algorithm19, leapfrog algorithm20, or velocity Verlet algorithm21 to

update the positions and velocities of the atoms over time.

Verlet Algorithm

The Verlet algorithm efficiently integrates Newton’s equations of motion by using positions from the

current and previous time steps to calculate the new positions. The basic Verlet algorithm is given by:

ri(t +∆t) = ri(t)+vi(t)∆t +
1
2

ai(t)(∆t)2 + . . . (2.3)

ri(t−∆t) = ri(t)−vi(t)∆t +
1
2

ai(t)(∆t)2 + . . . (2.4)

ri(t +∆t) = 2ri(t)− ri(t−∆t)+ai(t)(∆t)2 + . . . (2.5)

7



2. Theoretical Background

Eq. (2.5) shows that the new position ri(t +∆t) can be computed independently of the velocity vi(t) by

using the current position ri(t), the previous position ri(t−∆t), and the acceleration ai(t) = Fi(t)/mi.

The velocity can be estimated from the positions at the current and previous time steps:

vi(t) =
ri(t +∆t)− ri(t−∆t)

2∆t
(2.6)

At each time step, positions and velocities are updated, and forces are recalculated using the new

positions.9,19,22

Leap-Frog Algorithm

The leap-frog algorithm is a variant of the Verlet algorithm that updates positions and velocities in a

staggered manner. The position and velocity updates ‘leap-frog’ each other as the phase is shifted by

half a time step. The leap-frog algorithm is given by:

ri(t +∆t) = ri(t)+vi

(
t +

∆t
2

)
∆t (2.7)

vi

(
t +

∆t
2

)
= vi

(
t− ∆t

2

)
+ai(t)∆t (2.8)

The leap-frog algorithm has two advantages over the basic Verlet algorithm: velocities are included

directly in the integration scheme, and it is numerically more stable because truncation errors accumu-

late more quickly in the basic Verlet algorithm due to the (∆t)2 term. A disadvantage is that the posi-

tions and velocities are not available at the same time, which can complicate the calculation of certain

properties.9,20,22

Velocity Verlet Algorithm

The velocity-Verlet algorithm combines the advantages of the basic Verlet and leapfrog algorithms by

updating positions and velocities simultaneously within a single time step. The velocity Verlet algorithm

is given by:

8



2.2. Molecular Dynamics

ri(t +∆t) = ri(t)+vi(t)∆t +
1
2

ai(t)(∆t)2 (2.9)

vi(t +∆t) = vi(t)+
1
2
[ai(t)+ai(t +∆t)]∆t (2.10)

Eq. (2.10) shows that the new velocity vi(t +∆t) is computed using the average of the current accel-

eration ai(t) and the new acceleration ai(t +∆t), which is calculated from the potential after updating

the positions via Eq. (2.9). This approach improves the accuracy of the velocity update and maintains

numerical stability.9,21,22

Maxwell-Boltzmann Distribution

The Maxwell-Boltzmann distribution describes the statistical distribution of particle velocities in a gas

at thermal equilibrium. It is used to initialize the velocities of atoms in MD simulations according to a

specified temperature T . The probability density function for the velocity component vi in one dimension

and the velocity magnitude v in three dimensions of a particle with mass m are given in Eq. (2.11) and

Eq. (2.12). A visualization of the distributions is shown in Figure 2.1.

p(vi) =

√
m

2πkBT
exp
(
− mv2

i

2kBT

)
(2.11)

p(v) =
(

m
2πkBT

)3/2

4πv2 exp
(
− mv2

2kBT

)
(2.12)

p(vi): Probability density function for velocity component vi, i = x,y,z

p(v): Probability density function for velocity magnitude v = |v|=
√

v2
x + v2

y + v2
z

kB: Boltzmann constant

By sampling velocities from the Maxwell-Boltzmann distribution, the system can be initialized to reflect

the desired temperature while ensuring that the total momentum is zero. This is typically done by first

sampling the velocities from the distribution and then subtracting the center-of-mass velocity from each

atom’s velocity.9

Thermostat

MD simulations require a thermostat to control the system temperature. Thermostats adjust particle ve-

locities to maintain a target temperature. The general idea of a simple thermostat is to scale the velocities

9



2. Theoretical Background

(a) Distribution of one velocity component vi (b) Distribution of velocity magnitude v

Figure 2.1.: Maxwell-Boltzmann distribution of (a) one velocity component vi and (b) velocity magnitude v for a
particle with mass m = 8 amu at different temperatures T .

of the particles based on the difference between the current temperature T and the target temperature Tref

by a scaling factor λ . The temperature difference ∆T and the scaling factor λ are given by:

∆T = Tref−T (2.13)

∆T =
N

∑
i=1

1
2 mi(λvi)

2

3
2 NkB

−
N

∑
i=1

1
2 miv2

i
3
2 NkB

(2.14)

∆T = λ
2T −T (2.15)

λ =

√
1+

∆T
T

(2.16)

Commonly applied thermostats include the Berendsen thermostat23, the Bussi-Parrinello thermostat24,

and the Nosé-Hoover thermostat25,26.

Stochastic thermostats, such as the Andersen thermostat27 and Langevin dynamics, regulate the temper-

ature differently. They include a stochastic element that mimics collisions with an implicit heat bath.

Berendsen Thermostat The Berendsen thermostat adjusts the velocities of the particles smoothly

based on the difference between the current temperature T and the target temperature Tref by using a time

constant τT that controls the strength of the coupling to the heat bath, typically in the range of 0.1 ps to

10 ps. A smaller τT leads to a faster response to temperature fluctuations. This results in an exponential

relaxation of the system’s temperature towards the target temperature.

10



2.2. Molecular Dynamics

dT
dt

=
1
τT

(Tref−T ) (2.17)

∆T =
∆t
τT

(Tref−T ) (2.18)

λ =

√
1+

∆t
τT

(
Tref

T
−1
)

(2.19)

τT : Time constant for temperature coupling

This thermostat is computationally efficient and easy to implement. Still, it does not generate the correct

canonical ensemble, as it gradually transfers energy from the fastest modes, the vibrations, to the slowest

modes, the translational modes, a phenomenon known as the ‘flying ice cube’ effect.9,23,28

Bussi-Parrinello Thermostat The Bussi-Parrinello thermostat, also known as the stochastic velocity

rescaling thermostat, adds a correction to the Berendsen thermostat to ensure that the system samples

the correct canonical ensemble. This correction comes in the form of a stochastic term that introduces

random fluctuations to the temperature, ensuring that the system’s temperature distribution follows the

Maxwell-Boltzmann distribution.24

∆T =
∆t
τT

(Tref−T )+
2∆W
√

τT

√
TrefT
NDoF

(2.20)

λ =

√
1+

∆t
τT

(
Tref

T
−1
)
+

2∆W
√

τT

√
Tref

T NDoF
(2.21)

∆W : Sequence of random numbers, Wiener process

NDoF : Number of degrees of freedom

Langevin Dynamics Langevin dynamics are a stochastic approach to simulate the motion of particles

in a fluid. Three contributions act on each particle: the deterministic force derived from the potential

energy, a frictional force that models drag from the implicit solvent, and a random force that represents

thermal interactions with solvent molecules. These contributions are combined with Newton’s equations

of motion to yield the Langevin equation:

11



2. Theoretical Background

mi
d2ri(t)

dt2 = Fi({rN(t)})−miγi
dri(t)

dt
+

√
2miγikBTref

∆t
Ri(t) (2.22)

Fi({rN(t)}): Force from potential energy

γi: Friction coefficient for atom i

Tref: Reference temperature

∆t: Time step

Ri(t): Random force contribution

Langevin dynamics are particularly useful for simulating systems in the absence of an explicit solvent.

The temperature of the system is controlled by the friction and random forces, which act as a thermostat.

The friction coefficient γi can be adjusted to tune the coupling strength to the heat bath, with higher values

leading to stronger damping of the particle motion. The random forces Ri(t) are typically drawn from a

Gaussian distribution with zero mean and 2miγikBTref/∆t variance to ensure that the system samples the

correct Boltzmann distribution at the reference temperature.9

Andersen Thermostat The Andersen thermostat is also stochastic. It randomly selects particles to

undergo collisions, reassigning their velocities according to the Maxwell-Boltzmann distribution (see

Eq. (2.11) and Eq. (2.12)) at the target temperature Tref. This mimics the effect of collisions with an

implicit heat bath. The collision frequency ν must be chosen carefully, as a high collision frequency

can disrupt the underlying equations of motion, whereas a low collision frequency may not effectively

control the temperature. The mean collision rate is given by:

ν =
2ακ

3kBN 1/3N2/3 (2.23)

α: Dimensionless constant

κ: Thermal conductivity of the system

N : Particle number density

N: Number of particles

A disadvantage of the Andersen thermostat is that it does not provide a continuous trajectory for the

particles, as their velocities are randomly reassigned during collisions. This can affect the calculation of

dynamic properties, such as diffusion coefficients and viscosity.9,27
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2.2. Molecular Dynamics

Barostat

A barostat is used in MD simulations to control the system pressure. Pressure control is relevant for gen-

erating the isothermal-isobaric (NPT) ensemble, which is prevalent under most experimental conditions.

Barostats adjust the volume of the simulation box to maintain a target pressure Pref. Microscopically,

pressure is defined as the force per unit area exerted by the particles on the container walls. In MD

simulations, pressure can be calculated using the virial theorem, which relates the pressure to the kinetic

energy and the forces acting on the particles. The instantaneous pressure P of a system with volume V

containing N particles is given by:

P =
1

3V

(
N

∑
i=1

miv2 +
N

∑
i=1

N

∑
j>i

ri j ·Fi j

)
(2.24)

Both the Berendsen barostat23 and the Parrinello-Rahman barostat29 are frequently used in MD simula-

tions.

Berendsen Barostat The Berendsen barostat uses a similar approach to the Berendsen thermostat.

The change of pressure over time is proportional to the difference between the target pressure Pref and the

current pressure P, controlled by a coupling constant τP. The volume V of the simulation box is scaled

by the respective scaling factor λ , which is equivalent to scaling the atomic coordinates by λ 1/3 in three

dimensions.

dP
dt

=
1
τP

(Pref−P) (2.25)

∆P =
∆t
τP

(Pref−P) (2.26)

λ = 1−κT
∆t
τP

(Pref−P) (2.27)

r′i = λ
1/3ri (2.28)

τP: Time constant for pressure coupling

κT : Isothermal compressibility of the system

Usually, the scaling is applied isotropically. However, for certain 2D systems, such as membranes

or surfaces, anisotropic scaling can be applied to allow for independent scaling in different spatial

directions.9,23
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2. Theoretical Background

Periodic Boundary Conditions

Periodic boundary conditions create an infinite lattice of simulation boxes by replicating the primary sim-

ulation box in all spatial directions. This approach minimizes surface effects and mimics bulk behavior

in finite-sized systems, thereby improving computational efficiency. When a particle moves out of the

primary simulation box, it re-enters from the opposite side, maintaining a constant number of particles

and density within the box. The simulation box can have different shapes. The simplest shape is a cubic

box, but other space-filling shapes, such as the hexagonal prism or the truncated octahedron, can further

reduce the number of solvent molecules. However, they are more complex to implement.

The Minimum Image Convention (MIC) is often employed, in which each particle interacts only with

the nearest image of every other particle, thereby reducing computational cost while preserving accuracy.

This is particularly important for electrostatic interactions, which are long-ranged and decay as 1/r. Di-

rectly calculating all pairwise electrostatic interactions scales as O(N2), which becomes computationally

prohibitive for large systems.

Another approach is a hard cutoff radius, in which interactions are computed only for particles within a

specified distance of each other. This further reduces computational cost but can introduce artifacts at

the cutoff boundary as gradients become discontinuous. To mitigate these artifacts, switching or shifting

functions can be applied to smoothly reduce the interaction potential to zero at the cutoff distance.

A way to efficiently compute all long-range electrostatic interactions across periodic boundaries is the

Ewald summation method30. It splits the electrostatic potential into a short-range part, computed in

real space, and a long-range part, computed in reciprocal space via Fourier transforms. The Particle

Mesh Ewald (PME) method31 is a popular variant that uses a grid to discretize the charge distribution,

enabling efficient computation of long-range interactions via fast Fourier transforms (FFT). PME scales

as O(N logN), making it suitable for large systems.9,22

2.2.1. Sampling Methods for Thermodynamic Properties

Statistical Mechanics

While experiments are performed at the macroscopic scale, computational simulations operate at the

microscopic scale. Statistical mechanics is a tool for connecting these two scales by averaging over

a large ensemble of microscopic states to obtain macroscopic properties. The experimental conditions

determine the ensemble at hand. The most common ensembles are the microcanonical (NVE), canonical

(NVT), and isothermal-isobaric (NPT) ensembles. In the NVE ensemble, the number of particles N,

volume V , and energy E are constant. In the NVT ensemble, the number of particles N, volume V , and

14



2.2. Molecular Dynamics

temperature T are constant. In the NPT ensemble, the number of particles N, pressure P, and temperature

T are constant.

The average ⟨A⟩ of a property A can be expressed as the sum over all possible discrete states i of the

property Ai weighted by their respective probabilities pi. The probabilities are given by the Boltzmann

distribution for each state i with energy Ei.

⟨A⟩= 1
M

M

∑
i

Ai = ∑
i

Ai pi (2.29)

pi =
exp
(
− Ei

kBT

)
∑ j exp

(
− E j

kBT

) =
exp
(
− Ei

kBT

)
Q

(2.30)

Q = ∑
j

exp
(
−

E j

kBT

)
(2.31)

Here, Q is the canonical partition function, a recurring term in statistical mechanics that serves as a nor-

malization factor for the probabilities. It’s a central quantity from which many thermodynamic properties

can be derived.

Another underlying assumption in statistical mechanics is that the time average of a property over a

sufficiently long trajectory is equivalent to the ensemble average over all possible states within the con-

tinuous 6N-dimensional phase space consisting of the positions rN and momenta pN of N particles. This

assumption is known as the ergodic hypothesis. This means that instead of generating and calculating

all possible configurations in the phase space, a single long MD trajectory can be used to compute the

property of interest.

Mechanical properties, such as internal energy U , pressure P, and heat capacity CV , can be easily ob-

tained from MD trajectories. They only depend on derivatives of the partition function Q. High-energy

configurations contribute little to the average as their probabilities are low due to the exponential term

with a negative exponent. Thermodynamic properties, such as free energy G, chemical potential µ , and

entropy S, on the other hand, depend on the logarithm of the partition function Q. Therefore, despite

their low probabilities, high-energy configurations can have a significant impact on the average as they

enter the equation with a positive exponent. This is illustrated exemplarily for the internal energy U and

the free energy F :

U = kBT 2 ∂ lnQ
∂T

=
∫ ∫

E(rN ,pN)
exp
(
−E(rN ,pN)

kBT

)
Q

drNdpN (2.32)

F =−kBT lnQ ∝ ln
[∫ ∫

exp
(
+

E(rN ,pN)

kBT

)
ρ(rN ,pN)drNdpN

]
(2.33)
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2. Theoretical Background

This makes the calculation of thermodynamic properties more challenging, as they require extensive

sampling of phase space to capture the contributions from all relevant configurations accurately.9,32,33

Enhanced sampling methods have been developed for this reason. They aim to improve phase-space

exploration by biasing sampling toward rare events or high-energy configurations. Examples of enhanced

sampling methods include umbrella sampling34 and metadynamics35.

Collective Variables

Collective Variables (CVs) are functions of the atomic coordinates that describe the system’s state dur-

ing a reaction or conformational change. They can be simple geometric properties, such as distances,

angles, and dihedrals, or more complex composite properties, such as combinations of bonds or derived

properties, such as the Root Mean Square Deviation (RMSD) to a reference structure. The projection

of the high-dimensional phase space onto a low-dimensional CV space is known as Potential of Mean

Force (PMF).9

The value of the PMF at a specific value of the CV ξ0 and the difference in PMF between two values of

the CV ξ0 and ξ1 can be extracted with a Delta function:

F(ξ = ξ0) =−kBT ln(Q)− kBT ln⟨δ (ξ −ξ0)⟩ (2.34)

F(ξ = ξ0)−F(ξ = ξ1) =−kBT ln
⟨δ (ξ −ξ0)⟩
⟨δ (ξ −ξ1)⟩

=−kBT ln
p(ξ0)

p(ξ1)
(2.35)

The probabilities p(ξ0) and p(ξ1) can be estimated from the histogram of the CV values sampled during

an MD simulation, as long as the CV is sufficiently sampled.

Umbrella Sampling

In umbrella sampling, a biasing potential is applied to the system to enhance the sampling of specific

regions in the CV space. The biasing potential is typically harmonic and centered in intervals along the

CV. When plotted against the CV, the biasing potentials resemble umbrellas, hence the name umbrella

sampling. The biased potential energy function Vbiased(rN) is given by:

16



2.2. Molecular Dynamics

Vbiased(rN) =Vunbiased(rN)+Vbias(ξ (rN)) (2.36)

Vbias(ξ (rN)) =
1
2

k(ξ (rN)−ξ0)
2

(2.37)

ξ (rN): Collective variable as a function of atomic coordinates

With multiple overlapping simulation windows along the CV, the unbiased PMF can be reconstructed

using techniques such as the weighted histogram analysis method (WHAM)36 or umbrella integration37.

Metadynamics

Metadynamics is an iterative enhanced sampling method that discourages the system from revisiting

previous CV values by periodically adding small Gaussian potentials, called hills, centered at the current

CV value to the biasing potential. The total biasing potential Vbias(ξ (rN), t) at time t is given by the

sum of all previously added Gaussian hills. Barriers are gradually overcome as the biasing potential fills

the free energy wells, thereby pushing the system to explore new regions. The unbiased PMF can be

obtained by negating the biasing potential once the simulation has converged.

Vbiased(rN , t) =Vunbiased(rN)+Vbias(ξ (rN), t) (2.38)

Vbias(ξ (rN), t) =
t ′<t

∑
t ′=∆t,2∆t,...

wexp

(
−(ξ (rN)−ξ (t ′))2

2σ2

)
(2.39)

F =− lim
t→∞

Vbias(ξ (rN), t)+ const (2.40)

∆t: Time interval between adding new hills

w: Height of the Gaussian hills

σ : Width of the Gaussian hills

Variants of metadynamics include well-tempered metadynamics38, which gradually decreases the height

of the added hills over time to improve convergence, bias-exchange metadynamics39, which combines

the two concepts of metadynamics and replica exchange, and On-the-fly Probability Enhanced Sampling

(OPES)40–42, which estimates the required probability distribution to sample from the target uniform

distribution on-the-fly.
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2. Theoretical Background

2.2.2. Sampling Methods for Machine Learning Potentials

While the sampling methods discussed in Section 2.2.1 are designed to compute thermodynamic prop-

erties by generating the respective ensemble, they can also be used to generate training data for MLPs.

However, these methods aim to sample the high-dimensional phase space according to the Boltzmann

distribution. The resulting training data may be suboptimal for training MLPs, as local minima are over-

sampled and redundant, whereas high-energy configurations and transition states are underrepresented.

This can lead to poor generalization of the MLP model, resulting in large errors in predicted energies

and forces at critical points in phase space and ultimately causing instability during MD simulations.

To address this issue, specialized sampling methods have been developed to generate more diverse and

informative training data for MLPs. Alternative sampling methods for training data generation include

normal mode sampling43 or active learning techniques, such as adaptive sampling44–48 and uncertainty

sampling49–51.

Normal Mode Sampling

Normal Mode Sampling (NMS) generates training data by distorting starting structures along their vi-

brational normal modes to create new configurations. The normal modes are obtained by diagonalizing

the Hessian matrix, which contains the second derivatives of the potential energy with respect to the

atomic coordinates. The distortion amplitude can be scaled to a target temperature T to match thermally

accessible configurations. NMS is computationally efficient and can generate a large number of diverse

configurations from a small number of starting structures. However, it is unlikely to generate transition

states or rotational barriers, as it only explores the local vicinity of the starting structures. Variations

of NMS include the use of Principal Component Analysis (PCA) to replace the diagonalization of the

Hessian matrix with a covariance matrix obtained from an MD trajectory, and Wigner sampling, which

generates configurations based on the Wigner distribution of the quantum harmonic oscillator:52,53

PW (Q,P) =
NF

∏
i=1

1
π h̄

exp
(
− 1

h̄ωi
(ω2

i Q2
i +P2

i )

)
(2.41)

PW (q,p): Wigner distribution

NF : Number of vibrational degrees of freedom

Qi,Pi: Mass-scaled normal mode coordinates and momenta for mode i

ωi: Frequency of mode i
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Adaptive Sampling

Adaptive sampling is an active learning technique that iteratively improves an MLP. Its aim is not to

construct a PMF, but to identify and sample underrepresented or high-uncertainty regions in the confor-

mational space to improve the MLP model. The general workflow of adaptive sampling is depicted in

Figure 2.2. It starts with an initial training set. An initial ensemble of models is trained on this training

set and used to run multiple ML-driven MD simulations. During the simulations, significant confor-

mations are identified using uncertainty metrics, such as ensemble disagreement. These conformations

are then evaluated with the reference method, added to the training set, and the ensemble of models is

retrained. This process is repeated until the ensemble no longer encounters sufficient new significant

conformations.44–48

Figure 2.2.: Schematic workflow of adaptive sampling. Starting from an initial training set, an ensemble of models
is trained and used to run multiple ML-driven MD simulations. Significant conformations are identified using
uncertainty metrics, evaluated with the reference method, added to the training set, and the ensemble of models is
retrained. This process is repeated until convergence.

Uncertainty Sampling

Uncertainty sampling is another active learning technique to improve the training of MLPs. In contrast

to adaptive sampling, it doesn’t passively run ML-driven MD simulations until significant conformations

are found. Instead, it actively biases the sampling towards high-uncertainty regions. This can be achieved

directly by basing the ensemble disagreement σ2
E :49,50
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σ
2
E =

1
2

NM

∑
m=1

(Êm− Ê)2 (2.42)

Vbias(σ
2
E) = A

[
exp
(

σ2
E

NMNAB2

)
−1
]

(2.43)

− ∂

∂ri
Vbias(σ

2
E) =−

∂Vbias(σ
2
E)

∂σ2
E

∂σ2
E

∂ri
(2.44)

−∂σ2
E

∂ri
=−

NM

∑
m
(Êm− Ê)

∂

∂ri
(Êm− Ê) =−

NM

∑
m
(Êm− Ê)(F̂m− F̂) (2.45)

Êm, F̂m: Predicted energy and forces from model m

Ê, F̂: Mean predicted energy and forces from all models

NM,NA: Number of models in the ensemble and number of atoms

A,B: Hyperparameters to tune the strength and width of the biasing potential

To avoid the costly computation of ensemble disagreement, singular model uncertainty using batch

selection algorithms54, last-layer uncertainty55, evidential deep learning56, or Gaussian Mixture Mod-

els (GMMs)51 can be used instead.

Gaussian Mixture Model In the GMM approach by Dietschreit et al.51, subpopulations in the D-

dimensional feature space are described by a weighted mixture of K Gaussian distributions for a data

point x as follows:

p(x|w,µ,Σ) =
K

∑
k=1

wkN (x|µk,Σk) (2.46)

wk: Weight of Gaussian k,
K

∑
k=1

wk = 1

µk: Mean vector of Gaussian k,µk ∈RD×1

Σk: Covariance matrix of Gaussian k,Σk ∈RD×D

Covariance matrices Σk and mean vectors µk are predetermined using k-means clustering, and weights

wk are fitted to describe the latent feature vectors of a graph neural network potential (see Section 2.5.2).

The negative log-likelihood of a new data point xtest describes how well it is are represented by the k

Gaussian distribution clusters found in the calibration data set Xcalib:
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NLL(xtest|Xcalib) =− log

(
K

∑
k=1

wkN (xtest|µk,Σk)

)
(2.47)

Extended Adaptive Biasing Force The extended Adaptive Biasing Force (eABF) method enables

the use of GMM uncertainty as a CV to drive sampling toward high-uncertainty regions. The eABF

method is an improvement of the Adaptive Biasing Force (ABF) method, which computes the mean of

instantaneous forces ⟨Finst⟩ξ acting on a CV ξ on-the-fly and applies this mean as a biasing force to cancel

itself out, overcoming energy barriers to achieve uniform sampling along the CV.57–59 In the original

formulation of ABF this requires an analytical expression for the instantaneous forces acting on the CV,

which might be challenging to obtain for an arbitrary complex CV, such as the GMM uncertainty, and

it requires all CVs and constraints to be orthogonal. The eABF method overcomes these limitations by

introducing a fictitious particle with a corresponding fictitious coordinate λ that is harmonically coupled

to the CV. In this case, the instantaneous force acting on the real coordinate r and the fictitious coordinate

λ can be computed easily:59–61

Vext(r,λ ) =V (r)+
1

2βσ2 (ξ (r)−λ )2 (2.48)

Finst(r,λ ) =−
∂Vext(r,λ )

∂r
=−∂V (r)

∂r
− 1

βσ2 (ξ (r)−λ )
∂ξ (r)

∂r
(2.49)

σ : Thermal coupling constant between ξ and λ

The mean force ⟨Finst⟩λ is then computed by averaging the instantaneous forces in bins along the fictitious

coordinate λ . This running average is used as an adaptive biasing force to cancel forces acting along the

CV ξ and achieve uniform sampling across the CV space. The biased forces acting on the atomic

coordinates r are given by:

Fbias(λ ) =−⟨Finst⟩λ
∂ξ (r)

∂r
(2.50)

Ftotal(r,λ ) = Finst(r,λ )+Fbias(λ ) (2.51)

The fictitious particle also gets assigned a mass and is propagated, receiving an instantaneous spring force

and a corresponding adaptive biasing force, both directly computable without the partial derivatives of

ξ , as λ is only harmonically coupled to ξ .
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Gaussian Accelerated Molecular Dynamics The uncertainty sampling implementation from Di-

etschreit et al.51 employs Gaussian accelerated Molecular Dynamics (GaMD) as an additional accelerat-

ing biasing force. It allows the system to escape local minima more easily by adding a harmonic boost

potential to the original potential energy surface whenever the system’s potential energy falls below a

certain threshold energy Ethresh:62

VGaMD(V (r)) =


1
2 k(Ethresh−V (r))2, V (r)< Ethresh

0, V (r)≥ Ethresh

(2.52)

Vext(r) =V (r)+VGaMD(V (r)) (2.53)

The threshold energy Ethresh and the harmonic force constant k are determined based on the average and

standard deviation of the system’s potential energy during an initial equilibration phase.

Uncertainty Sampling Iterations In order to run uncertainty-driven MD simulations, the biasing

potentials from the eABF method and GaMD are combined with the original potential energy function

V (r) to obtain the total potential energy function Vtotal(r) that governs the dynamics of the system:

Vtotal(r) =V (r)+VeABF(ξ (r))+VGaMD(V (r)) (2.54)

To initialize the uncertainty sampling, an initial training set is generated and labeled with the reference

method. A single model is trained on this initial training set, and then the GMM is fitted to its latent

feature vectors and calibrated to yield meaningful uncertainty estimates. In an active learning cycle,

uncertainty sampling is then performed for multiple iterations using the MLP model as the underlying

potential energy function. It is biased by the GaMD and eABF methods, with the GMM-provided un-

certainty used as CV. The resulting trajectory is analyzed to identify high-uncertainty configurations

above a certain threshold. A predefined number of these configurations with the highest structural di-

versity, quantified by the cosine distance between their latent feature vectors, is selected and labeled

using the reference method. The model is retrained on the updated training set, and the GMM is refitted.

This process is repeated until the number of generated configurations no longer exceeds the predefined

threshold, indicating that the model has sufficiently learned the relevant regions of the phase space, or

until a predefined maximum number of iterations is reached.
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2.3. Quantum Mechanics

2.3. Quantum Mechanics

2.3.1. Schrödinger Equation

In contrast to classical mechanics, quantum mechanics describes the behavior of matter at the atomic

scale, where particles exhibit wave-like properties expressed by the many-body wavefunction Ψ(r, t).

The time-dependent Schrödinger equation describes the evolution of the wavefunction over time. For

stationary states, the time-independent Schrödinger equation is used, which separates the spatial and

temporal parts of the wavefunction:

Ĥ(r, t)Ψ(r, t) = ih̄
∂

∂ t
Ψ(r, t) Time-dependent Schrödinger equation (2.55)

Ĥ(r)Ψ(r) = EΨ(r) Time-independent Schrödinger equation (2.56)

Ψ(r, t) = Ψ(r)exp
(
− iEt

h̄

)
Separation of spatial and temporal part (2.57)

Here, Ĥ is the Hamiltonian operator, which is comprised of the kinetic energy operator T̂ and the poten-

tial energy operator V̂ terms for all particles in the system:

Ĥ =−1
2

M

∑
A

1
MA

∇
2
A︸ ︷︷ ︸

T̂ N

−1
2

N

∑
i

∇
2
i︸ ︷︷ ︸

T̂ e

−
M

∑
A

N

∑
i

ZA

rAi︸ ︷︷ ︸
V̂ Ne

+
N

∑
i< j

1
ri j︸ ︷︷ ︸

V̂ ee

+
M

∑
A<B

ZAZB

rAB︸ ︷︷ ︸
V̂ NN

(2.58)

Given the large mass difference between nuclei and electrons, the Born-Oppenheimer approximation

allows separation of the nuclear and electronic wavefunctions. The electronic Schrödinger equation can

then be solved for fixed nuclear positions.

Hartree-Fock

Ab initio methods are computational methods that solve the time-independent electronic Schrödinger

equation from first principles without relying on empirical parameters. In contrast, semi-empirical meth-

ods use experimental data to simplify calculations. The Hartree-Fock method is an ab initio method that

approximates the many-electron wavefunction using a single Slater determinant constructed from or-

thogonal one-electron molecular orbitals. The use of a Slater determinant instead of the simple product

approach ensures the antisymmetry of the wavefunction and compliance with the Pauli exclusion prin-

ciple. The molecular orbitals are expressed as Linear Combination of Atomic Orbitals (LCAO), which
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are in turn expanded using a finite set of basis functions. The coefficients of the linear combination are

optimized iteratively using the Roothaan-Hall equations and the Self-Consistent Field (SCF) procedure

to minimize the total energy of the system. Here, starting from an initial guess for the density matrix

containing the basis function coefficients, the Fock matrix is constructed. The Fock matrix is then di-

agonalized to obtain new molecular orbitals and a new density matrix. This process is repeated until

convergence.

The Hartree-Fock method accounts for the average electron-electron repulsion but neglects electron cor-

relation effects, since a single Slater determinant cannot capture instantaneous electron-electron inter-

actions. This limitation can lead to significant errors in the calculated energies and properties. Post-

Hartree-Fock methods have been developed to incorporate electron-correlation effects.22

Configuration Interaction

In post-Hartree-Fock methods, multiple Slater determinants Φ are combined to approximate the many-

electron wavefunction better Ψ and account for electron correlation effects. The determinants are gen-

erated by exciting electrons from occupied to virtual molecular orbitals in the Hartree-Fock reference

determinant ΦHF . The methods differ in the types and number of excitations they include.

Ψ = a0ΦHF +∑
i

aiΦi (2.59)

Full Configuration Interaction (CI) includes all possible excitations within a given basis set. However,

it is computationally expensive and scales factorially with the number of electrons and the number of

basis functions. Truncated CI methods, such as CIS (singles), and CISD (singles and doubles), offer a

compromise between accuracy and computational cost by limiting the excitations to a certain level. Still,

they are not size-consistent, meaning that the energy does not scale correctly with the number of particles

in the system. Additionally, according to Brillouin’s theorem, single excitations do not contribute to the

correlation energy when starting from a Hartree-Fock reference, making CIS pointless for ground state

energy calculations, as it gives the same energy as Hartree-Fock.22

Møller-Plesset Perturbation Theory

Møller-Plesset perturbation theory63 is a post-Hartree-Fock method that treats electron correlation as a

perturbation to the Hartree-Fock reference state. Energy and wavefunction are expanded in a perturbation

series, with the Hartree-Fock energy as the zeroth-order term. Terms in the expansion are collected based

on their order in the perturbation parameter. The first-order correction is zero due to Brillouin’s theorem.
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In contrast, the second-order correction (MP2) captures a significant portion of the correlation energy

and is the most commonly used order. It scales as O(N5). Higher-order corrections provide increased

accuracy but scale as O(N6) (MP3) and O(N7) (MP4).22

Coupled Cluster

Coupled cluster methods64,65 provide a highly accurate approach to account for electron correlation by

expressing the many-electron wavefunction Ψ using an exponential ansatz of excitation operators Tn

acting on the Hartree-Fock reference determinant ΦHF . The excitation operators generate all possible

n-fold excited Slater determinants by promoting electrons from occupied to virtual molecular orbitals.

T = T1 +T2 +T3 + . . . (2.60)

T1ΦHF =
occ

∑
i

virt

∑
a

ta
i Φ

a
i (2.61)

T2ΦHF =
occ

∑
i< j

virt

∑
a<b

tab
i j Φ

ab
i j (2.62)

ΨCC = eT
ΦHF (2.63)

eT = 1+T+
1
2!

T2 +
1
3!

T3 + . . . (2.64)

Truncating the excitation operators to include only singles and doubles (CCSD) provides a good bal-

ance between accuracy and computational cost, scaling as O(N6). The inclusion of perturbative triples

(CCSD(T)) further improves accuracy. Combined with complete basis set extrapolation, CCSD(T) is

often referred to as the ‘gold standard’ of quantum chemistry.22

2.3.2. Density Functional Theory

In contrast to wavefunction-based methods, Density Functional Theory (DFT) describes the electronic

structure of a many-body system using the electron density ρ(r) as the central quantity. The electron

density is a three-dimensional function that gives the probability of finding an electron at a specific point

in space r1. It is obtained by integrating the square of the many-electron wavefunction Ψ(r1,r2, . . . ,rN)

over all but one of the electron coordinates. The electron density is normalized to the total number of

electrons N in the system:
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ρ(r1) = N
∫
|Ψ(r1,r2,r3, . . . ,rN)|2dr2dr3 . . .drN (2.65)∫

ρ(r1)dr1 = N (2.66)

According to the Hohenberg-Kohn mapping theorem66, the ground-state electron density uniquely de-

termines the properties of the system, including the total energy. Building on an orbital-free formulation

by Thomas and Fermi, Kohn and Sham67 reintroduced orbitals into DFT. This increases the complexity

from 3 to 3N dimensions, but allows the exact treatment of the kinetic energy of non-interacting electrons.

The Kohn-Sham equations describe a system of non-interacting electrons moving in an effective poten-

tial and the electron-electron interactions. They contain terms for the kinetic energy of non-interacting

electrons Ts[ρ], the electron-nucleus interaction energy ENe[ρ], the classical Coulomb repulsion energy

J[ρ], and the exchange-correlation energy Exc[ρ], which accounts for the remaining quantum mechani-

cal effects of electron-electron interactions, such as kinetic correlation energy, potential correlation and

exchange energy, and self-interaction corrections:22

EKS[ρ] = Ts[ρ]+ENe[ρ]+ J[ρ]+Exc[ρ] (2.67)

TS =
N

∑
i
⟨ψi|−

1
2

∇
2|ψi⟩ (2.68)

ENe =−
M

∑
A

∫ ZA

|r−RA|
ρ(r)dr (2.69)

J[ρ] =
1
2

∫ ∫
ρ(r)ρ(r′)
|r− r′|

drdr′ (2.70)

The exact form of the exchange-correlation functional Exc[ρ] is unknown and must be approximated.

The approach for this approximation defines the different DFT functionals. Common approximations

include the Local Density Approximation (LDA), which assumes a uniform electron density, the Gener-

alized Gradient Approximation (GGA), which includes the gradient of the electron density, and hybrid

functionals, which incorporate a portion of exact exchange from Hartree-Fock theory. Although DFT is

not systematically improvable like wavefunction-based methods, the above methods can be viewed as a

hierarchy of increasing accuracy and computational cost, known as Jacob’s ladder68 of DFT functionals.

Local Density Approximation The uniform electron gas model forms the basis of the LDA, which

assumes that the exchange-correlation energy at each point in space depends only on the local electron
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density ρ(r). The exchange-correlation energy functional can be expressed in terms of the energy per

particle εxc(ρ):

ELDA
xc [ρ] =

∫
ρ(r)εxc[ρ(r)]dr (2.71)

εxc[ρ] = εx(ρ)+ εc(ρ) (2.72)

εx[ρ] =−
3
4

(
3
π

)1/3

ρ
1/3 (2.73)

The correlation part is often derived from quantum Monte Carlo simulations of the uniform electron

gas. Suitable parameterizations include the Vosko-Wilk-Nusair69 and Perdew-Wang70 functionals. LDA

performs well for solid-state systems with slowly varying electron densities but gives poor results for

molecular systems with rapidly changing electron densities.22

Generalized Gradient Approximation The GGA improves upon the LDA by incorporating the gra-

dient of the electron density ∇ρ(r) into the exchange-correlation functional. This allows the functional

to more accurately account for non-uniform electron densities. The general form of the GGA exchange-

correlation functional is given by:

EGGA
xc [ρ] =

∫
f (ρ(r),∇ρ(r))dr (2.74)

An early representative of GGA functionals is Becke’s 1988 exchange functional (B88)71. A gradient-

dependent correction is added to the LDA exchange energy:

ε
B88
x [ρ] = ε

LDA
x [ρ]−∆ε

B88
x [ρ,∇ρ] (2.75)

∆ε
B88
x [ρ,∇ρ] = βρ

1/3 x2

1+6βxsinh−1(x)
(2.76)

x =
|∇ρ|
ρ4/3 (2.77)

The Lee-Yang-Parr (LYP) correlation functional72 is often combined with B88 to form the BLYP func-

tional. Another popular GGA functional is Perdew-Burke-Ernzerhof (PBE)73. Climbing the Jacob’s

ladder, meta-GGA functionals include additional terms, such as the kinetic energy density or the Lapla-
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cian of the electron density, to further improve accuracy. Examples of meta-GGA functionals include

TPSS74 and SCAN75.22

Hybrid Functionals A hybrid functional combines DFT exchange with a portion of exact exchange

from Hartree-Fock theory to improve accuracy, e.g., the BHHLYP functional76 uses 50% exact exchange,

while the popular B3LYP functional77,78 uses 20%. Other widely used hybrid functionals include PBE079

and the range-separated hybrid functional ωB97X80,81, which separate the exchange interaction into

short-range and long-range components and treat them differently to improve accuracy for systems with

varying electron-correlation lengths. An existing hybrid variant of a meta-GGA functional is TPSSh82,83

which adds 10% exact exchange to the TPSS functional.

2.3.3. Basis Sets

Ab initio and DFT methods require the use of basis sets to represent molecular orbitals in LCAO

form. Common types of basis functions include Slater-Type Orbitals (STOs) and Gaussian-Type Or-

bitals (GTOs).

χSTO(r) ∝ e−ζ r (2.78)

χGTO(r) ∝ e−ζ r2
(2.79)

STOs accurately represent the behavior of atomic orbitals near the nucleus and at long distances, but are

computationally expensive. GTOs are computationally more efficient, as the product of two Gaussian

functions centered on different atoms can be expressed as a single Gaussian function centered at an in-

termediate point. However, they do not accurately capture the cusp behavior of atomic orbitals at the

nucleus and decay too rapidly at long distances. To mitigate this, GTOs are often linearly combined to

better approximate STOs. Different families of basis sets have been developed with their members vary-

ing in size and complexity to balance accuracy and computational cost. Examples include Pople basis

sets84,85 (e.g., STO-3G, 3–21G, 6–31G, 6–311G), Dunning’s correlation-consistent basis sets86 (e.g., cc-

pVDZ, cc-pVTZ, cc-pVQZ), and the Karlsruhe def2 basis sets developed by Ahlrichs87 (e.g., def2-SVP,

def2-TZVP, def2-QZVP). Additional functions, such as polarization and diffuse functions, can be added

to improve the flexibility of the basis set and better describe electron distribution in molecules.22,88
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2.3.4. Semi-Empirical Methods

Quantum mechanical methods that use empirical parameters to simplify calculations and reduce com-

putational cost are known as semi-empirical methods. They are often used for larger systems or when

many calculations are required, such as in molecular dynamics simulations. Semi-empirical methods

typically involve approximating the electronic Hamiltonian and using parameterized integrals derived

from experimental data or high-level quantum-mechanical calculations. Examples of semi-empirical

methods include the Neglect of Diatomic Differential Overlap (NDDO) family of methods, which in-

cludes MNDO89, AM190, and PM391, as well as the Density Functional Tight Binding (DFTB)92–96 and

xTB97,98 methods, which are based on a tight-binding approximation and use parameters derived from

DFT calculations.

DFTB

DFTB approximates the Kohn-Sham DFT (see Eq. (2.67)). Instead of finding the energy-minimizing

electron density ρ self-consistently, DFTB approximates it from a reference density ρ0 that is constructed

from a superposition of atomic densities centered at the positions of the atoms in the molecule. A charge

fluctuation term δρ is then added to account for the redistribution of electron density due to chemical

bonding and interactions.

It is constructed as a superposition of atomic densities ρatomic
A centered at the positions of the atoms in

the molecule, and a charge fluctuation term δρ caused by the redistribution of electron density due to

chemical bonding and interactions:

ρ0(r) =
M

∑
A

ρ
atomic
A (r) (2.80)

ρ(r)≈ ρ0(r)+δρ(r) (2.81)

The Kohn-Sham energy is expressed as a functional of the reference density ρ0 and the charge fluctuation

δρ . The expansion of the exchange-correlation functional in a Taylor series around ρ0 at different orders

leads to different variants of DFTB. The first-order expansion, known as DFTB192, includes only the

zeroth and first-order terms. The second-order expansion, known as DFTB293, includes up to the second-

order term, enabling the treatment of charge transfer and polarization effects. The third-order expansion,

DFTB395, includes up to the third-order term, which includes changes in the chemical hardness.

29



2. Theoretical Background

E
[
ρ

0 +δρ
]
=∑

i
ni⟨ψi|Ĥ[ρ0]|ψi⟩︸ ︷︷ ︸

Eel

− 1
2

∫∫
ρ0(r)ρ0(r′)
|r− r′|

drdr′−
∫

V xc[ρ0]ρ0(r)dr+Exc[ρ0]+Enn︸ ︷︷ ︸
Erep

+
1
2

∫∫ ( 1
|r− r′|

+
δ 2Exc[ρ]

δρ(r)δρ(r′)

∣∣∣∣
ρ0

)
δρ(r)δρ(r′)drdr′︸ ︷︷ ︸

DFTB2

+
1
6

∫∫∫
δ 3Exc[ρ]

δρ(r)δρ(r′)δρ(r′′)

∣∣∣∣
ρ0

δρ(r)δρ(r′)δρ(r′′)drdr′ dr′′︸ ︷︷ ︸
DFTB3

(2.82)

DFTB1 only contains the electronic energy Eel[ρ
0] and a repulsive energy term Erep. The electronic

energy is calculated from the Kohn-Sham equations using a LCAO approach with a minimal confined

STOs basis and the variational principle to minimize the energy with respect to the orbital coefficients

cµi. No iterative steps until self-consistency are needed, as the reference density ρ0 is fixed and does not

depend on the orbital coefficients. Applying a one-center approximation for the diagonal elements and a

two-center approximation for the off-diagonal elements of the Hamiltonian matrix, the electronic energy

can be tabulated pairwise for each combination of elements as a function of the interatomic distance in

the form of Slater-Koster tables. The tabulation makes the method computationally efficient, as Eel can

be obtained from simple lookups. For Erep, combining the nuclear-nuclear repulsion and the remaining

terms of the Kohn-Sham energy, a pairwise potential is fitted to the difference between the reference

energy and the Eel for a set of reference structures in the form of a distance-dependent spline function.

The DFTB1 energy is then given by the sum of the electronic energy and the repulsive energy:94,96,99,100

EDFTB1 = ∑
i

∑
µν

nicµicν iH0
µν +

1
2 ∑

A̸=B
V rep

AB (RAB) (2.83)

DFTB2 , also known as SCC-DFTB, includes the second-order term in the Taylor expansion, which

contains the charge fluctuation δρ . It is modeled via a sum of atomic contributions δρa that use a Slater

function scaled by Mulliken charges qa (see Section 2.3.5) and a width parameter τa that is fitted to

reproduce the atomic hardness quantified by the Hubbard parameter U :
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δρ(r) =
M

∑
a

δρa(r) (2.84)

δρa(r) = qa
τ3

a

8π
e−τar (2.85)

τa =
16
5

Ua (2.86)

The second-order term is approximated with an analytical function γab(Rab) that deviates from the 1
Rab

Coulomb interaction at short distances. At Rab→ 0, it approaches the Hubbard parameter Ua for a = b.

Using the γ function, the DFTB2 energy is given by:

EDFTB2 =EDFTB1 +
1
2 ∑

ab
γab(Rab)qaqb (2.87)

When applying the variational principle to optimize the orbital coefficients cµi, the resulting Kohn-Sham-

like equations for DFTB2 contain an additional term dependent on the Mulliken charge qa, which in turn

depends on the orbital coefficients, making the equations self-consistent.93,96,100

DFTB3 includes the third-order term in the Taylor expansion, which accounts for changes in the

chemical hardness: ∂Ua
∂qa

. This allows anions to differ in their hardness from their neutral counterparts.

The same approximations for the charge fluctuation δρ are used as in DFTB2, resulting in the following

energy expression:

EDFTB3 =EDFTB2 +
1
3 ∑

ab
q2

aqbΓab (2.88)

The Γ function contains an analytical expression for the derivative of γ w.r.t. to the hardness U and the

change in hardness with respect to the charge, which can be obtained from calculations of an atom and

its ions. The resulting Kohn-Sham-like equations for DFTB3 still contain orbital coefficient-dependent

terms, so they are also solved self-consistently.95,96,100

Common parameterizations for DFTB include the mio set93 and the 3OB set101–104, which cover a wide

range of elements and are suitable for organic and biomolecular systems.
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2.3.5. Population Analysis

Population analysis refers to methods for assigning partial atomic charges to atoms in a molecule based

on electronic structures obtained from quantum-mechanical calculations. These partial charges are use-

ful for understanding the distribution of electron density within a molecule and for use in molecular

simulations, such as MD with classical force fields. Different population analysis methods use different

approaches to partition the electron density among the atoms in a molecule. Methods can be broadly

categorized into wavefunction-based and electrostatic potential-based approaches. The description in

Section 2.3.1 is relevant for wave-function-based methods.

ρi(r) = φ
2
i (r) Electron density from atomic orbital i (2.89)

φi =
Mbasis

∑
µ

ciµ χµ Atomic orbital expansion (2.90)

φ
2
i =

Mbasis

∑
µ

Mbasis

∑
ν

ciµciν χµ χν (2.91)

Norb

∑
i

ni

∫
φ

2
i dr =

Mbasis

∑
αβ

Dαβ Sαβ = Nelec (2.92)

Dαβ =
Norb

∑
i

nicαicβ i Density matrix element (2.93)

Sαβ =
∫

χα χβ dr Overlap matrix element (2.94)

Mulliken

The Mulliken population analysis105 is the earliest population analysis method and takes the simplest

approach to partition the electron density as derived from the molecular wavefunction. It divides the

electron density equally between the two atoms involved in each basis function overlap. The partial

atomic charge qA on atom A is calculated as follows:

ρA = ∑
α∈A

Mbasis

∑
β

Dαβ Sαβ (2.95)

qA = ZA−ρA (2.96)
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Löwdin

The Löwdin population analysis106 improves upon the Mulliken method by using symmetric orthogo-

nalization of the basis functions. The density matrix is transformed using the overlap matrix S to obtain

an orthogonalized density matrix D′. The partial atomic charge qA on atom A is then calculated using the

diagonal elements of the orthogonalized density matrix:

D′ = S1/2DS1/2 (2.97)

ρA = ∑
α∈A

D′αα (2.98)

Hirshfeld

Hirshfeld population analysis107 is inspired by the concept of Atoms In Molecules (AIM), which parti-

tions the electron density according to its topology rather than partitioning the basis functions. It con-

structs a promolecular electron density by superimposing the spherically averaged electron densities of

isolated atoms (ρatomic
A (r)) at their positions in the molecule. The ratio of the atomic electron density to

the promolecular density at each point in space is then used as a weight function to partition the total

electron density ρ(r) among the atoms:

ρpro(r) =
M

∑
A

ρ
atomic
A (r) (2.99)

wA(r) =
ρatomic

A (r)
ρpro(r)

(2.100)

qA = ZA−
∫

wA(r)ρ(r)dr (2.101)

Minimal-Basis Iterative Stockholder

Minimal-Basis Iterative Stockholder (MBIS) population analysis108 is a variant of the Hirshfeld method

that uses a minimal basis set of s-type Slater functions to represent the atomic electron densities. The

parameters of the Slater functions are optimized iteratively best to reproduce the total electron density

of the molecule. The optimization is performed based on the Kullback-Leibler divergence between the

molecular electron density and the promolecular density constructed from the Slater functions. The

partial atomic charges are then calculated similarly to the Hirshfeld method, using the optimized atomic

electron densities.
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Merz-Kollman and CHELPG

Electrostatic potential-based methods, such as the Merz-Kollman (MK) method109,110 and the CHarges

from ELectrostatic Potentials using a Grid-based method (CHELPG) method111, attempt to reproduce

the molecular ElectroStatic Potential (ESP) by fitting point charges located on the atomic nuclei. The

ESP is calculated at a set of grid points surrounding the molecule, and the partial atomic charges are

optimized to minimize the difference between the quantum mechanically calculated ESP and the ESP

generated by the fitted point charges.

Φ(r) =
nuclei

∑
A

ZA

|r−RA|
−
∫

ρ(r′)
|r− r′|

dr′ Molecular ESP (2.102)

Φmodel(r) =
nuclei

∑
A

qA

|r−RA|
Model ESP from point charges (2.103)

L =
1

Ngrid

Ngrid

∑
i
(φ(ri)−φmodel(ri))

2 Loss function to minimize (2.104)

MK places the grid points outside of the van-der-Waals surface of the molecule, while CHELPG uses

a uniform grid surrounding the molecule. Both methods can include constraints to ensure that the total

charge of the fitted point charges matches the total molecular charge.

RESP

The Restrained Electrostatic Potential (RESP) method112 is an extension of the MK method that includes

an additional hyperbolic regularization term in the fitting procedure to prevent overfitting and ensure

chemically reasonable charges. The regularization penalizes large deviations of the fitted charges from

zero. The loss function to be minimized in RESP includes both the difference between the quantum

mechanical and model ESP and the regularization term:

L =
1

Ngrid

Ngrid

∑
i
(φ(ri)−φmodel(ri))

2 +a
nuclei

∑
A

√
qA +b2−b (2.105)

As a consequence, buried atoms with less influence on the ESP tend to have charges closer to zero

compared to MK charges.
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Electronegativity-Equalization Charges

Electronegativity-Equalization Method (EEM) is based on three assumptions: (1) Each atom has an

effective charge-dependent electronegativity χi. (2) The effective electronegativity equalizes throughout

the molecule. (3) The total charge of the molecule is conserved.113–115

The effective electronegativity of an atom i can be expressed as a function of its partial atomic charge qi

and the partial atomic charges of all other atoms j in the molecule:

χi = (χ0
i +δ χi)+2(η0

i +δηi)qi +κ ∑
j ̸=i

q j

Ri j
(2.106)

χ1 = χ2 = . . .= χmolecule (2.107)

∑
i

qi = Qtotal (2.108)

χi: Effective electronegativity of atom i

χ
0
i : Electronegativity of isolated atom i

δ χi: Electronegativity change due to chemical environment

η
0
i : Hardness of isolated atom i

δηi: Hardness change due to chemical environment

κ: Scaling parameter for Coulomb interaction

The parameters χ0
i , δ χi, η0

i , δηi, and κ are typically determined empirically by fitting to a reference set

of partial atomic charges obtained from quantum mechanical calculations. For χ0
i and η0

i , values based

on Sanderson’s electronegativity and Pearson’s hardness concepts are used. MK charges are used as the

reference charges for the fitting procedure for the parameters used in this work.114

The resulting system of linear equations can be solved to obtain the partial atomic charges qi for all atoms

in the molecule:



B1
κ

R12
· · · κ

R1N
−1

κ

R21
B2 · · · κ

R2N
−1

...
...

. . .
...

...
κ

RN1

κ

RN2
· · · BN −1

1 1 · · · 1 0





q1

q2
...

qN

χmolecule


=



−A1

−A2
...

−AN

Qtotal


(2.109)
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2.4. Quantum Mechanics/Molecular Mechanics

While quantum mechanical methods provide accurate descriptions of molecular systems, their computa-

tional cost scales steeply with system size, making them impractical for large systems. Classical molec-

ular mechanics methods, on the other hand, are computationally efficient but cannot accurately describe

electronic structure and chemical reactions. Hybrid QM/MM methods serve as a compromise between

these two approaches.4,16,116,117 They bridge the scale gap between feasible quantum-mechanical calcula-

tions and large-scale molecular simulations by combining quantum-mechanical and classical molecular-

mechanics approaches. The system is partitioned into a QM region, where electronic-structure calcula-

tions are performed, and a MM region, which is treated with classical force fields. The total energy of

the system is expressed as:

Etotal = EQM +EMM +EQM/MM (2.110)

EQM/MM = Eelec
QM/MM +EvdW

QM/MM +Ecovalent
QM/MM (2.111)

EQM : Energy of the QM region calculated using quantum mechanics

EMM : Energy of the MM region calculated using molecular mechanics

EQM/MM : Interaction energy between the QM and MM regions

The interaction energy EQM/MM can include electrostatic interactions Eelec
QM/MM, van der Waals interactions

EvdW
QM/MM, and covalent interactions Ecovalent

QM/MM between the QM and MM regions. Van der Waals interac-

tions are typically modeled using Lennard-Jones potentials, while covalent interactions are treated using

link atoms to cap dangling bonds at the QM/MM interface. Both of these interaction types are handled

by the MM force field. Electrostatic interactions can be treated in different ways, depending on whether

the MM point charges are included in the QM Hamiltonian (electrostatic embedding) or not (mechanical

embedding).

Mechanical embedding treats the QM and MM regions as separate entities; the electrostatic interactions

between them are calculated after the individual energies have been computed. The QM region is not

influenced by the MM environment during the quantum mechanical calculation.

Electrostatic embedding enables polarization of the QM region by the MM environment, yielding more

accurate results. The polarization of the QM region is achieved by including the MM point charges in the

QM Hamiltonian. During the SCF procedure, the electron density of the QM region is optimized in the

presence of the electrostatic potential generated by the MM point charges. This allows the QM electron

density to respond to the local environment created by the MM region. EQM and Eelec
QM/MM can then be

obtained as eigenvalues of the effective QM Hamiltonian:45,118
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EQM +Eelec
QM/MM = ⟨Ψ|ĤQM +

MM

∑
j

q jνMM(r j)|Ψ⟩ (2.112)

νMM(r j) = κ

QM

∑
i

Zi

|Ri− r j|
−κ

∫
ρ(r′)
|r′− r j|

dr′ (2.113)

νMM(r j): Electrostatic potential at MM point charge j due to QM zone

Electrostatic embedding is the most commonly used embedding scheme in QM/MM simulations, as the

additional computational cost of the QM calculation is minimal relative to the improved accuracy.

A third embedding scheme, polarizable embedding, goes beyond electrostatic embedding by allowing

for mutual polarization between the QM and MM regions. However, this approach is more complex and

computationally demanding, and it is less commonly used in practice.

2.5. Machine Learning

The term ‘machine learning’ encompasses a broad range of algorithms and techniques that enable com-

puters to learn patterns from data and make predictions for new, unseen data. Methods range from simple

linear regression to complex deep learning architectures, large language models, and generative models.

In computational chemistry, machine learning can be used to predict molecular properties or to generate

new molecular structures. The following sections provide a brief introduction to the fundamental con-

cepts of machine learning, with a focus on artificial neural networks, which form the basis for the MLP

models used in this work.

2.5.1. Artificial Neural Networks

Neurons Neurons or nodes are the fundamental building blocks of neural networks. They receive input

signals xi, apply a linear transformation, and then pass the result through a non-linear activation function

σ to produce an output signal a. The output of a neuron can be expressed mathematically as a weighted

sum of the inputs plus a bias term, followed by the activation function:

z =
n

∑
i=1

wixi +b (2.114)

a = σ(z) (2.115)
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The weights wi and bias b are learnable parameters adjusted during training to minimize the loss function.

Layers Multiple neurons are organized into layers, with the output of one layer serving as the input

to the next layer. The first layer is called the input layer, the last layer is called the output layer, and

any layers in between are called hidden layers. The mathematical operation performed by a layer in

vectorized form can be expressed as:

z(l) = W(l−1)a(l−1) (2.116)

a(l) = σ(z(l)) (2.117)

The dimensions of the weight matrix W(l−1) depend on the number of neurons in the current layer l and

the previous layer l− 1: W(l−1) ∈ Rnl×(nl−1+1), where nl is the number of neurons in layer l and nl−1

is the number of neurons in layer l− 1. The bias term is typically included as an additional column in

the weight matrix. The input vector a(l−1) ∈ Rnl−1+1 includes an additional element with a value of 1 to

account for the bias.

Activation Functions Activation functions introduce non-linearity into the neural network, allowing

it to learn complex patterns in the data. Common activation functions include the sigmoid function, hy-

perbolic tangent (tanh) function, Rectified Linear Unit (ReLU)/Exponential Linear Unit (ELU)/Sigmoid

Linear Unit (SiLU) function. An activation function must be smooth and differentiable to enable the

use of gradient-based optimization methods during training. Vanishing gradients can arise when using

saturating activation functions (e.g., sigmoid and tanh), preventing the network from learning effectively,

especially in deeper networks.119 Non-saturating activation functions (e.g., ReLU) can help mitigate this

issue, although ReLU has a discontinuous derivative at z= 0. Variants of ReLU, such as Leaky ReLU and

ELU, address this issue by allowing for a small non-zero gradient when z < 0. A summary of common

activation functions and their derivatives is provided in Table 2.1.119

Loss The loss function measures the difference between the neural network’s predicted output and

the true target values. The choice of loss function depends on the type of problem being solved. For

regression problems, common loss functions include Mean Squared Error (MSE) and Mean Absolute

Error (MAE), whereas for classification problems, common loss functions include cross-entropy/log

loss.
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Table 2.1.: Common activation functions, their gradients, and output ranges.

Name Definition Derivative Range
Linear σ(z) = z σ ′(z) = 1 (−∞,∞)
Sigmoid σ(z) = 1/(1+ e−z) σ ′(z) = σ(z)(1−σ(z)) (0,1)
Tanh σ(z) = tanh(z) σ ′(z) = 1− tanh2(z) (−1,1)

ReLU σ(z) = max(0,z) σ ′(z) =

{
0 z < 0
1 z > 0

(0,∞)

Leaky ReLU σ(z) =

{
z z > 0
αz z < 0

σ ′(z) =

{
1 z > 0
α z < 0

(−∞,∞)

ELU σ(z) =

{
z z > 0
α(ez−1) z < 0

σ ′(z) =

{
1 z > 0
αez z < 0

(−α,∞)

Swish/SiLU120 σ(z) = z/(1+ e−z) σ ′(z) = σ(z)+(1−σ(z))/(1+ e−z) (−0.28,∞)
Softplus σ(z) = ln(1+ ez) σ ′(z) = 1/(1+ e−z) (0,∞)

MSE(y, ŷ) =
1
N

N

∑
i=1

(yi− ŷi)
2 (2.118)

MAE(y, ŷ) =
1
N

N

∑
i=1
|yi− ŷi| (2.119)

Another useful metric, in addition to the loss, is the R² score, which quantifies the ratio of the error range

to the data range. An R² score of 1 means perfect correlation, 0 means the prediction is as good as simply

taking the mean, and a negative R² score implies that the prediction is worse than taking the mean:

R2(y, ŷ) = 1− ∑
N
i=1(yi− ŷi)

2

∑
N
i=1(yi− ȳ)2

(2.120)

Figure 2.3.: Schematic rep-
resentation of a neural net-
work.

Backpropagation Backpropagation121 is the heart of the training process

for neural networks. It is an efficient algorithm for computing the gradients

of the loss function with respect to the network’s weights and biases. The

algorithm works by applying the chain rule to propagate errors from the

later layers back to the earlier layers, since the gradients in the earlier layers

depend on those in the later layers. For a simple feedforward neural network

with two layers, as shown in Figure 2.3, the backpropagation algorithm can

be expressed mathematically as follows:
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a(2) = σ(z(2)) = σ(W(1)a(1)) = σ(W(1)
σ(z(1))) = σ(W(1)

σ(W(0)a(0)))

L = MSE(a(2),y)

∂L

∂W(1) =
∂L

∂a(2)
· ∂a(2)

∂z(2)
· ∂z(2)

∂W(1)

∂L

∂W(0) =
∂L

∂a(2)
· ∂a(2)

∂z(2)
· ∂z(2)

∂a(1)
· ∂a(1)

∂z(1)
· ∂z(1)

∂W(0)

=
∂L

∂W(1) ·
∂a(1)

∂z(1)
· ∂z(1)

∂W(0)

The gradients are then used to update the weights and biases in mini-batches over multiple epochs using

an optimization algorithm such as stochastic gradient descent or Adam122 with a specified learning rate

η :

W(l)←W(l)−η
∂L

∂W(l)
(2.121)

Best Practice The data used to train a neural network are typically split into three subsets: the training

set, the validation set, and the test set. The training set is used to optimize the network weights and

biases, while the validation set is used to monitor the loss during training and select the epoch with the

best performance. By stopping training early, this practice helps prevent overfitting, a situation in which

the model learns to fit the training data very well but fails to generalize to new, unseen data. The test

set is used to evaluate the final performance of the trained model, completely independent of the training

process.119

To further mitigate overfitting, regularization techniques can be employed. Regularization adds a penalty

term to the loss function that penalizes overfitting to the training data. Common regularization techniques

include L1 regularization (Lasso), which adds a penalty proportional to the absolute value of the weights,

and L2 regularization (Ridge), which adds a penalty proportional to the squared weights.119

Scaling the input features and target values can be beneficial for training neural networks, as it can

improve convergence and prevent issues arising from different scales in the input data. Common scaling

techniques include min-max scaling and standardization. The former rescales the features to a specified

range, typically [0, 1], whereas the latter transforms the features to have a mean of 0 and a standard

deviation of 1.
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2.5.2. Machine Learning Potentials

Many different MLP architectures have been developed in recent years.43,123–131 They predict molecular

properties such as energies, forces, and dipole moments based on the atomic positions and elements.

They differ in their molecular and atomic representations, model architectures, available properties, and

application domains. The following sections provide an overview of the representations and model

architectures used in MLP development, with a focus on those employed in this work.

Molecular Representation

Molecules require a numerical representation that captures relevant information about their structure and

composition to serve as input to MLP models. The fixed size of the input representation is a requirement

for neural networks, which causes a challenge for representing molecules of varying sizes. Different

approaches have been developed to address this issue.

Cartesian Coordinates Cartesian coordinates are the most straightforward molecular representation,

but they suffer from transferability issues due to the fixed size of the input representation. They are not

invariant to translations and rotations of the molecule, which can lead to different predictions for the same

molecule in different orientations. Therefore, Cartesian coordinates are a poor choice for representing

molecules.

Internal Coordinates Internal coordinates, such as bond lengths, bond angles, and dihedral angles,

provide a more general representation of a molecule that is invariant to translations and rotations. How-

ever, they can still suffer from transferability issues due to the fixed size of the input representation.

Internal coordinates are also not unique: different sets of internal coordinates can represent the same

molecule, leading to ambiguity in the representation.

Coulomb Matrix The Coulomb matrix represents the pairwise interactions between atoms in a molecule.

It is constructed by calculating the Coulomb interactions between all pairs of atoms, resulting in a square

matrix:132

Ci j =

0.5Z2.4
i i = j

ZiZ j
|Ri−R j| i ̸= j

(2.122)
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The upper-triangular part of the Coulomb matrix can be flattened to form a fixed-size input vector for

the neural network. It is invariant to translations and rotations of the molecule. Still, it is not invariant

under permutations of the atomic indices, which can lead to different predictions for the same molecule

under different atom orderings. The closely related inverse distance matrix, which uses the inverse of

interatomic distances rather than Coulomb interactions, suffers from the same issues.

Bag of Bonds The Bag of Bonds (BoB) representation is inspired by the natural language processing

technique of bag-of-words and the Coulomb matrix. It groups the Coulomb interactions between atoms

into ‘bags’ according to the elements involved. The bags are then sorted, padded to a fixed (dataset-

dependent) size to accommodate molecules of varying sizes, and concatenated to create a fixed-size

input vector for the neural network. This representation is invariant under translations, rotations, and

permutations of the atom indices, owing to the sorting and grouping of the interactions.133

Many-Body Tensor Representation The final product of the Many-Body Tensor Representation

(MBTR) is a histogram. For each many-body term, a distribution of broadened geometric feature (such

as interatomic distances for 2-body terms or angles for 3-body terms) is constructed for each element

combination (z1, . . . ,zk):

fk(x,z1, . . . ,zk) = ∑
i1,...,ik

wk(i1, . . . , ik)N (x|gk,σ)
k

∏
j=1

δ (z j,Zi j) (2.123)

The distributions get discretized into a fixed number of bins to create a fixed-size input vector. The

MBTR representation is invariant to translations, rotations, and permutations of the atom indices.134,135

Smooth Overlap of Atomic Positions The Smooth Overlap of Atomic Positions (SOAP) represen-

tation is more closely related to quantum mechanical methods, as it is based on the idea of representing

the local atomic environment as a continuous density of neighboring atoms. The local atomic density

is expanded in a basis of radial basis functions gn(r) and angular spherical harmonics Ylm(r̂). The ex-

pansion coefficients ci
nlm are obtained by projecting the local atomic density onto the basis functions.

They are then used to construct rotationally invariant descriptors by taking the power spectrum of the

expansion coefficients:135,136
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(a) Radial symmetry functions. (b) Angular symmetry functions.

Figure 2.4.: Radial and angular symmetry functions with different parameters. Reprinted (adapted) with permission
from Jörg Behler. „Four Generations of High-Dimensional Neural Network Potentials“. In: Chemical Reviews
121.16 (Aug. 2021), pp. 10037–10072. DOI: 10.1021/acs.chemrev.0c00868. Copyright 2026 American
Chemical Society.

ρi(r) = ∑
n,l,m

ci
nlmgn(r)Ylm(r̂) (2.124)

ci
nlm = ⟨gnYlm|ρi⟩ (2.125)

pi
nn′l =

l

∑
m=−l

ci
nlm(c

i
n′lm)

∗ (2.126)

Atom-Centered Symmetry Functions The Atom-Centered Symmetry Functions (ACSF) represen-

tation is based on the idea of describing the local environment of each atom in a molecule using a set

of Gaussian and cosine functions to capture the radial and angular distribution of neighboring atoms. A

cutoff function ensures smooth decay to zero of the contributions from atoms beyond a certain distance:

Gradial
i,m,Z =

NZ

∑
j ̸=i

e−ηm(Ri j−Rs,m)
2

fc(Ri j) (2.127)

Gangular
i,m,Z1,Z2

= 21−ζm

NZ1

∑
j ̸=i

NZ2

∑
k ̸=i, j

(1+λm cosθi jk)
ζme−ηm(R2

i j+R2
ik+R2

jk) fc(Ri j) fc(Rik) fc(R jk) (2.128)

fc(R) =

0.5
[
cos
(

πR
Rc

)
+1
]

R≤ Rc

0 R > Rc

(2.129)

Different combinations of the parameters η , Rs, λ , and ζ can be used to create a set m of symmetry

functions that capture different aspects of the local atomic environment. Similar to the BoB, the ACSF
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representation sorts the symmetry functions based on the involved element Z (radial part) or element

pair Z1Z2 (angular part) and concatenates them. The input vector for an atom with index 0 in a dataset

containing hydrogen, carbon, and oxygen could look like:

G0 = [G0,H||G0,C||G0,O||G0,H,H||G0,H,C||G0,H,O||G0,C,C||G0,C,O||G0,O,O]

|| denotes concatenation. Each G0,Z and G0,Z1,Z2 is a vector of symmetry function values for the different

parameter combinations m. Due to the summation over neighboring atoms, the ACSF representation is

invariant to translations, rotations, and permutations of the atom indices.

Graph Representation In a molecular graph representation, atoms are nodes, and bonds between

atoms are edges.138 Properties can be assigned at the graph (total energy, total charge, total spin, total

dipole moment), node (position, element, atomic charge), and edge level (bond type, bond length, bond

order). Graph-based MLP models typically use message passing to propagate information stored in the

feature vector hi for each node i throughout the graph. Initially, the feature vector can be initialized using

an embedding of the corresponding atom’s atomic number zi. Over T message passing steps, the feature

vector gets updated based on the information from neighboring nodes j ∈N (i). In the simplest case,

the message passing function ΦM,t and the update function ΦU,t can be simple weighted sums, but in

most cases, at least a distance-based weighting is included. The final energy prediction for each node i

is obtained by applying a readout function Rt to the node’s feature vector at each message passing step

and summing over all steps. The total energy prediction for the molecule is then obtained by summing

over the energy predictions for all nodes:131

σ
(t)
i = (r,zi,h

(t)
i ) State of node i at step t (2.130)

h(0)
i =

Nelements

∑
k

Wkδ (zi,k) Initial node feature vector (2.131)

m(t)
i =

⊕
j∈N (I)

ΦM,t(σ
(t)
i ,σ

(t)
j ) Message passing (2.132)

h(t+1)
i = ΦU,t(σ

(t)
i ,m(t)

i ) Feature vector update (2.133)

Ei =
T

∑
t=1

Rt(σ
(t)
i ) Energy prediction for node i (2.134)

Etotal = ∑
i

Ei Total energy prediction (2.135)

44



2.5. Machine Learning

The exact form of the message passing function Mt , the update function Ut , and the readout function Rt

can vary between different graph-based MLP models, leading to different architectures and performance

characteristics. The graph representation is invariant to translations, rotations, and permutations of the

atom indices, due to message passing and the fact that the graph structure itself does not depend on the

ordering of the nodes.

Equivariance Graph-based MLP models can be designed to be equivariant to certain transforma-

tions, such as rotations and translations. A representation is equivariant to a transformation if the output

of the representation transforms in the same way as the input when the transformation is applied. In

contrast, a representation is invariant to a transformation if the output does not change when the transfor-

mation is applied to the input. For example, two points in 3D space can be represented by their distance,

which is invariant under rotations and translations, since the result is the same whether one measures

the distance before or after the rotation or translation. However, the distance vector between the two

points is equivariant to rotations and translations, as it will change in the same way as the points when a

rotation or translation is applied. The mathematical definition of equivariance of a feature vector h to a

transformation Q can be expressed as:130,131,139

h(Qr) = D(Q)h(r) (2.136)

Q: Transformation applied to the input

D(Q): Corresponding transformation applied to the output

Equivariant models embed directional information into feature vectors and preserve it during message

passing, enabling them to capture geometric relationships between atoms more effectively. This can

lead to improved performance, especially for properties that are sensitive to the spatial arrangement

of atoms, such as forces and dipole moments. An especially important group of transformations for

molecular systems is the SO(3) group, which comprises all possible rotations in three-dimensional space.

Models that are equivariant to the SO(3) group can capture the full rotational symmetry of molecular

systems.130,131,139

Model Architectures in Vacuum

The development of MLP models has been particularly focused on gas-phase and periodic systems,

where the absence of an explicit solvent environment enables a more straightforward application. The

following sections provide an overview of some of the most prominent MLP architectures developed for

gas-phase.
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High-Dimensional Neural Network Potentials Behler and Parrinello pioneered the MLP scene

with the High-Dimensional Neural Network Potential (HDNNP) architecture. It is based on the idea of

decomposing the total energy of a molecule into a sum of atomic contributions, each predicted by an

individual elemental neural network ΦZi for each atom. The input of each atom to each elemental neural

network is a set of ACSF values that describe the local environment of the atom. The total energy of the

molecule is then obtained by summing the contributions from all atoms:123,128,137

Etotal =
N

∑
i=1

Ei =
N

∑
i=1

ΦZi(Gi) (2.137)

The HDNNP architecture has been further developed over generations, with the first generation referring

to an earlier use of an MLP140. The description so far corresponds to the 2nd generation HDNNP,

which is still widely used and serves as the basis for many other MLP architectures. Its architecture is

depicted in Figure 2.5a.123 A charge prediction is added in the 3rd generation HDNNP141 to allow for the

calculation of long-range electrostatic interactions beyond the cutoff radius of the ACSF representation,

which is particularly important for charged and polar systems. A second set of elemental neural networks

is used to predict the atomic charges qi from the same ACSF input as in the energy prediction. The total

energy can then be obtained by summing the electrostatic energy Eelec and the atomic contributions from

the elemental neural networks, now considered as short-range energy Eshort. The electrostatic energy

is calculated using Gaussian charge densities centered on the atoms with the predicted charges qi and

covalent radii as the width σi:128

Etotal = Eshort +Eelec (2.138)

Eshort =
N

∑
i=1

ΦZi(Gi) (2.139)

Eelec =
N

∑
i=1

N

∑
j>i

κ

erf
(

Ri j√
2γi j

)
Ri j

qiq j +
N

∑
i=1

κ
q2

i

2
√

πσi
(2.140)

γi j =
√

σ2
i +σ2

j ; κ =
1

4πε0
(2.141)

A method for charge conservation is introduced in the 4th Gen. High-Dimensional Neural Network

Potential (4G-HDNNP)128 (see Figure 2.5b). The mechanism uses the Charge Equilibration via neu-

ral Network Technique (CENT)142,143. Instead of using the second set of elemental neural networks to

predict the atomic charges, the CENT uses it to predict an intermediate quantity interpreted as the elec-

tronegativity of each atom χi. By tailoring the energy term in the short-range elemental neural networks

46



2.5. Machine Learning

to the charges, these electronegativity values are then used to determine the optimal charge distribution

that minimizes the electrostatic energy. The parameters for hardness Jii and the Gaussian width σi can

be fixed values or optimized as weights during training. The total charge of the system is conserved with

a Lagrange multiplier in the resulting linear equation system:128

Etotal = Eelec +
N

∑
i=1

(E0
i +χiqi +

1
2

Jiiq2
i ) (2.142)

∂Etotal

∂qk
= 0⇒ χk +

N

∑
i=1

Akiqi = 0 (2.143)

Aki =


Jkk +κ

1√
πσk

k = i

κ

erf
(

Rki√
2γki

)
Rki

k ̸= i
(2.144)

N

∑
i=1

qi = Qtotal (2.145)

A11 A12 · · · A1N 1

A21 A22 · · · A2N 1
...

...
. . .

...
...

AN1 AN2 · · · ANN 1

1 1 · · · 1 0





q1

q2
...

qN

λ


=



−χ1

−χ2
...

−χN

Qtotal


(2.146)

SchNet SchNet124 is one of the first popular MLP architectures that use a graph representation of

molecules, introduced in Section 2.5.2. It uses continuous-filter convolutional layers to perform message

passing between nodes in the graph. These convolutional layers generalize the discrete convolutional

layers used in image processing. They work initially very similarly to radial ACSFs by using Gaussian

radial basis functions to expand the interatomic distances with a uniform grid of centers µ , a width γ ,

a cutoff radius rc, and an offset µo f f . The expanded distances ei j get passed through a neural network

Φ f ilter to create a continuous filter, and the filter gets applied to the representation of neighboring nodes

during message passing:144
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(a) 2nd generation HDNNP

(b) 4th generation HDNNP

Figure 2.5.: Schematic representation of the 2nd and 4th generation HDNNP architectures.
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µ =

[
0,

rc

n
,
2rc

n
, . . . ,rc

]
Uniform grid with n bins (2.147)

ek(ri j) = exp
(
−γ(ri j−µo f f −µk)

2) Gaussian radial basis functions (2.148)

W(t)(ri j) = Φ f ilter(ei j) Continuous filter (2.149)

m(t)
i = ∑

j∈N (i)
W(t)(ri j)⊙ΦM(h(t)

j ) Message passing (2.150)

h(t+1)
i = h(t)

i +ΦU(m
(t)
i ) Feature vector update (2.151)

Etotal =
N

∑
i=1

R(h(T )
i ) Energy prediction (2.152)

⊙ denotes element-wise multiplication.

Figure 2.6.: Bessel basis functions with rc = 6
and p = 5.

DimeNet The expansion with Gaussian radial basis func-

tions on a uniform grid requires a relatively large number

of bins to capture distance information with sufficient res-

olution. DimeNet139 addresses this issue by using a Bessel

basis for the distance expansion, which needs fewer bins to

capture the same amount of information. An envelope func-

tion fc with an envelope exponent p is used as a cutoff func-

tion to ensure smooth decay to zero. The cutoff function

is also twice continuously differentiable at the cutoff radius,

which is important for the calculation of forces and other

derivatives. Additionally, DimeNet incorporates angular information into the message-passing process

by using spherical harmonics to expand the angles between neighboring atoms.

en(ri j) =

√
2
rc

sin
(

nπri j
rc

)
ri j

fc(ri j) Bessel basis function (2.153)

fc(r) = 1− (p+1)(p+2)
2

rp + p(p+2)rp+1− p(p+1)
2

rp+2 Cutoff function (2.154)

PaiNN PaiNN129 is the equivariant extension of SchNet. It uses a similar architecture to SchNet, but it

employs scalar hi,s and vector node features hi,v and uses continuous-filter convolutional layers that are

designed to preserve the equivariance of the features during message passing. The equivariant filters are

derived as gradients of the invariant filters used in SchNet. Vector messages are constructed from two

terms: scaled vector features with invariant filters and scalar features with equivariant filters:129,144
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∇Wvs(ri j) =W ′vs(ri j)
ri j

ri j
Equivariant filters

(2.155)

m(t)
i,v = ∑

j∈N (i)
h(t)j,v⊙Φvv(h

(t)
j,s)⊙Wvv(ri j)+ ∑

j∈N (i)
Φvs(h

(t)
j,s)⊙W ′vs(ri j)

ri j

ri j
Vector messages

(2.156)

MACE MACE131 is an equivariant graph neural network architecture that is inspired by Neural equiv-

ariant Interatomic Potential (NequIP)130 and other equivariant models. Its main feature is higher-order

message passing, which effectively passes messages between more than just pairs of nodes.

m(t)
i = ∑

j
u1

(
σ
(t)
i ,σ

(t)
j

)
+ ∑

j1, j2

u2

(
σ
(t)
i ,σ

(t)
j1 ,σ

(t)
j2

)
+ · · ·+ ∑

j1,..., jk

uk

(
σ
(t)
i ,σ

(t)
j1 , . . . ,σ

(t)
jk

)
(2.157)

This reduces the number of message-passing steps required to reach a given interaction order. A reduced

number of message-passing steps improves the model’s computational efficiency, as message passing

must be performed iteratively, whereas higher-order message passing can be parallelized. Given its

importance to this work, the MACE architecture is described in more detail here.

As an equivariant model, MACE embeds higher-dimensional features into the node feature vectors. As

with spherical harmonics, the features are indexed by a rotation order l and a rotation index m. Scalar

features with l = 0 are invariant to rotations, while vector features with l = 1 and higher-order features

with l > 1 are equivariant to rotations. In its irreducible representation, a 3D matrix with l = 2 has 5

features corresponding to the 5 independent components of a rank-2 tensor in three-dimensional space.

Equivariant message passing is achieved by using tensor products and Clebsch-Gordan coefficients to

combine the features of neighboring nodes in a way that preserves the equivariance of the resulting

features. During the initialization of each node feature vector h(0)
i , the element zi of the corresponding

node i is linearly embedded into the scalar features with l = 0 (and m = 0) in each index k (channel) of

the feature vector. The higher-order features with l > 0 are initialized to zero and are populated with a

weighted mixture of the scalar features at each message-passing step t.

h(0)i,k00 =
Nelements

∑
z

Wkzδ (zi,z) Initialization of scalar features (2.158)

h̄(t)i,kl2m2
= ∑

k̃

W (t)
kk̃l2

h(t)
i,k̃l2m2

Weighted mixing of features (2.159)
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To include the distance information in the message passing, a radial basis R is constructed from a neural

network ΦRadial that takes an embedding of the interatomic distance ri j as input. The distance embed-

ding j0 is obtained by applying a set of radial basis functions to the interatomic distance, typically Bessel

functions with different frequencies n and a cutoff function to ensure smooth decay to zero of the contri-

butions from atoms beyond a certain distance. To construct the message from node j to node i, a tensor

product is applied to the features vector h j and the radial basis Ri j. Its indices will be outlined in the next

paragraph.

en(ri j) =

√
2
rc

sin
(

nπri j
rc

)
ri j

fc(ri j) Distance embedding (2.160)

R(t)
kη1l1l2l3 = ΦRadial(ei j) Radial basis (2.161)

Clebsch-Gordan coefficients C and spherical harmonics Y are used to combine the features of neighbor-

ing nodes in a way that preserves the equivariance of the resulting features. Different paths are possible

when multiplying tensors. The result of a tensor product might preserve or change the rotation order l,

e.g., the tensor product of two scalar features with l = 0 is a scalar feature with l = 0. In comparison,

the dot product of two vector features with l = 1 will result in a scalar feature with l = 0, and the cross

product of two vector features will result in a vector feature with l = 1. The indices η1 and l3 enumerate

the path and the resulting rotation order of the resulting features.131,145

φ
(t)
i j,kη1l3m3

= ∑
l1l2m1m2

Cl3m3
η1,l1m1l2m2

R(t)
kη1l1l2l3(ri j)⊗Y m1

l1 (r̂i j)h̄
(t)
j,kl2m2

One-Particle Basis (2.162)

The one-particle basis φ is used to construct another intermediate basis called the atomic basis A by

applying a linear transformation that also sums the various paths η1 and the features from different

neighboring nodes j. The core of the MACE architecture, the higher-order message passing, is applied

to the atomic basis A by taking the tensor product with itself up to a body order ν . The resulting product

basis A contains many-body interactions between the neighboring nodes with the rotation order array l

and m. The multiple paths to combine the rotation order arrays from the tensor product indexed by ην

are again symmetrically combined using general Clebsch-Gordan coefficients C, resulting in the fully

symmetric basis B.
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A(t)
i,kl3m3

= ∑
k̃,η1

W (t)
kk̃η1l3 ∑

j∈N (i)
φ
(t)
i j,kη1l3m3

Atomic Basis (2.163)

A(t),ν
i,klm =

ν

∏
ξ=1

A(t)
i,klξ mξ

Product Basis from ν Tensor Products (2.164)

B(t),ν
i,ην kLM = ∑

lm
CLM

ην lmA(t),ν
i,klm Fully Symmetric Basis (2.165)

With the fully symmetric basis B, the message passing can be performed by applying a linear transfor-

mation to the features in the basis and summing over the different body orders ν and paths ην . The

resulting message mi and the current node features hi are then used to update the node features for the

next message passing step t + 1. The energy prediction for each node i at each message passing step t

is obtained by applying a readout function R to the scalar features with l = 0 (and m = 0) in the node

feature vector. For the final energy prediction at the last message-passing step, a network Φreadout is used

to combine the scalar features from all channels k rather than a simple linear transformation. The total

energy prediction for each node i is then obtained by summing over the energy predictions from all T

message passing steps, and the total energy prediction for the molecule is obtained by summing over the

energy predictions for all nodes. The forces are calculated as the negative gradient of the total energy

with respect to the atomic positions:131

m(t)
i,kLM = ∑

ν

∑
ην

W (t),ν
ziην kLB(t),ν

i,ην kLM Message construction

h(t+1)
i,kLM = ∑

k̃

W (t)
kL,k̃

m(t)
i,k̃LM

+∑
k̃

W (t)
kziL,k̃

h(t)
i,k̃LM

Update

E(t)
i = R(h(t)

i ) =

∑k̃ W (t)
k̃

h(t)
i,k̃00

,if t < T

Φ
(t)
readout({h

(t)
i,k̃00
}k) ,if t = T

Energy Readout

Ei =
T

∑
t=0

E(t)
i

E = ∑
i

Ei

F =−∇∑
i

Ei
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Model Architectures in Condensed Phase

Most MLPs are developed solely for vacuum applications, but more and more research is being done

to extend their applicability to condensed-phase systems. Different approaches have been proposed to

achieve this.6,146

1. Full QM treatment: Both solute and solvent are treated at the same QM level of theory. This is

the most straightforward approach, but generating training data can be computationally expensive,

especially for larger solvent systems.47,147

2. ∆-learning8: An MLP is trained to learn the difference between a cheaper method (e.g., DFTB)

and a more accurate method (e.g., DFT) in vacuum, and then applied to the solvent system. This

is based on the assumption that the solvent effect is captured well by the cheaper method, and the

MLP only needs to learn the vacuum correction.118,148,149

3. Mechanical embedding: The MLP interacts with the solvent through classical electrostatic inter-

actions with fixed partial charges. Polarization effects are not captured via this approach.150–152

4. Polarizable-Corrected Mechanical Embedding (PCME): Just like the mechanical embedding, the

MLP is trained on vacuum data, but a post hoc correction is added to approximate environment-

induced polarization effects on the solute. This can be done largely physically motivated, which

aids transferability.153,154

5. Environment-Integrated Embedding (EIE): The environment is directly integrated into the MLP

training by embedding the solvent molecules in the input representation resembling standard

QM/MM. This allows the MLP to learn the solvent effect directly from the data. Transferabil-

ity might only be given for similar solvent environments.155,156

In this thesis, the focus is on the EIE approach, as it enables the MLP to learn the solvent effect directly

from data.

High-Dimensional Neural Network Potential Charge prediction in the 4G-HDNNP serves as the

entry point for environmental interaction. As part of this thesis, the architecture is extended to incorporate

the solvent environment into charge prediction via ESP and its gradient, which is the negative of the

electric field. This leads to a modified total energy expression and, consequently, a modified CENT to

ensure charge prediction in the presence of environmental polarization. The key addition is the addition

of a term for the electrostatic interaction between the predicted atomic charges qi and the environment-

induced ESP φ via Coulomb interaction. As the ESP is a function of the atomic positions r, but the

model directly receives the ESP values at the atomic positions as input, the forces are calculated using

the chain rule to account for the implicit dependence of the ESP on the atomic positions. This is achieved

53



2. Theoretical Background

Figure 2.7.: Schematic representation of the 4th generation HDNNP architecture with the addition of the
environment-induced ESP as input to the charge prediction.

by also providing the gradient of the ESP w.r.t. atomic positions as input to the model. The ESP is

also concatenated to the ACSF input to the elemental neural networks. The updated architecture is

schematically depicted in Figure 2.7. The total energy expression is modified as follows:

Etotal(r,φ) = Eshort +Eelec,QMQM+Eelec,QMMM

Eelec,QMMM=
NQM

∑
i∈QM

qiφi =
NQM

∑
i∈QM

qi

NMM

∑
j∈MM

q j

|ri− r j|

∂Etotal

∂qk
= 0→ χk+φk +

N

∑
i=1

Aikqi = 0

N

∑
i=1

qi = Qtotal

A11 A12 · · · A1N 1

A21 A22 · · · A2N 1
...

...
. . .

...
...

AN1 AN2 · · · ANN 1

1 1 · · · 1 0





q1

q2
...

qN

λ


=



−χ1−φ1

−χ2−φ2
...

−χN−φN

Qtotal


−F =

∂Etotal(r,φ(r))
∂r

=
∂Etotal

∂r
+

∂Etotal

∂φ
· ∂φ

∂r
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Charge Equilibration MACE MACE is one of the most popular choices for MLP architectures but

lacks an easily available implementation for condensed-phase systems, so a charge-equilibration mech-

anism similar to that in the 4G-HDNNP is implemented in the MACE architecture. It is developed as

part of this thesis under the name Charge-Equilibration MACE (QEq-MACE). The charge equilibra-

tion mechanism is implemented as additional readout functions RCENT that work exactly like the energy

readout functions. They are applied to the scalar features hi,k00 from each message passing step t to

predict the electronegativity χi for each atom i. The predicted electronegativity values are then used to

determine the optimal charge distribution, and the resulting charges are used to calculate the electrostatic

energy from Gaussian charge densities, as described for the 4G-HDNNP, and to add it to the total energy

prediction. The parameters for the width σ of the Gaussian charge densities are initialized as the covalent

radii of each element. The chemical hardness Jii is randomly initialized with a positive value between 0

and 10 eV/e2. Both parameters are optimized during training.

In contrast to the 4G-HDNNP, the ESP is only part of the right-hand side of the linear equation system

for charge equilibration, but not embedded in the input representation of the model. The ESP embedding

was included as an additional weighted contribution during scalar feature initialization, and it was found

to be neither beneficial nor detrimental to model training. The decision to not include the ESP in the

input representation was made to keep the architecture more transferable and physically motivated.

FieldSchNet FieldSchNet155 is an extension of SchNet that incorporates environmental effects by in-

cluding the interaction between predicted atomic dipoles and external fields εext in the energy prediction.

For this purpose, an additional three-dimensional feature vector is constructed for each node i represent-

ing an atomic dipole moment µ i, which also undergoes message passing and updates. Traditional SchNet

messages mi are interpreted as charge-charge interaction. The interactions are inspired by electrostatic

physics, but no physical interaction term contributes directly to the prediction of the total energy. Re-

sponse properties next to the forces as derivatives of the energy are available this way, e.g., the molecular

dipole moment as the derivative of the energy w.r.t. the external electric field:155
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µ
(0)
i = 0 Initialization of dipole features

µ
(t+1)
i = µ

(t)
i + ∑

j∈N (i)
Φ

(t)
q (h(t)

j )ri j fc(ri j) Dipole feature update

v(t)i = Φ
(t)
µ

(
∑

j∈N (i)
µ
(t)
i T(t)(ri j)µ

(t)
j

)
Dipole-dipole interaction

T =
3r2

i jI− ri j⊗ ri j

r5
i j

W(t)
µ (ri j) Dipole-dipole interaction tensor

u(t)
i = Φ

(t)
ε

(
µ
(t)
i εext(ri)

)
Dipole-field interaction

h(t+1)
i = h(t)

i +m(t)
i +v(t)i +u(t)

i Feature update

Etotal =
N

∑
i=1

R(h(T )
i ) Energy prediction

Anisotropic Message Passing The Anisotropic Message Passing (AMP) architecture156–158 com-

bines equivariant message passing with a physically motivated electrostatic interaction via multipole

expansion. To achieve this combination, the model uses typical node hi and edge feature vectors ei j,

message passing Φm, feature vector update Φu, and energy readout R functions to predict part of the

total energy, denoted as VAMP. In addition, the model adds a long-range electrostatic energy term VES,QM

from electrostatic interaction within the QM-zone, but only beyond the cutoff. This calculation is a

Coulomb interaction of predicted partial charges/atomic monopoles:156

VQM =VAMP +VES,QM (2.166)

VAMP =
N

∑
i=1

R(h(T )
i ) (2.167)

h(t+1)
i = Φu

(
h(t)

i , ∑
j∈N (i)

Φm(h
(t)
i ,h(t)

j ,ei j)

)
(2.168)

VES,QM = ∑
i> j

(1− fswitch) ·κ
qiq j

ri j
(2.169)

The prediction of the atomic monopoles qi and higher multipoles is achieved by constructing many radial

basis functions Ri j from k-th order tensor products of interatomic distances ri j. The combined radial basis

functions of all neighboring nodes j with a predicted coefficient form the atomic multipole moments Mk
i

for each atom i and order k:
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Rk
i j = r̂i j⊗ r̂i j⊗ . . . Tensor product of order k

R2
i j =


x2 xy xz

xy y2 yz

xz yz z2

 Local basis of order 2

Mk
i = ∑

j∈N (i)
ck

i jR
k
i j Atomic multipole construction

ck
i j = φM(k) (hi | h j | ei j) Contribution to the polarization of node i

The environment-dependent contribution to the polarization is added as a function of the node’s polariz-

ability αi, an orientation-dependent factor bi j, and the electric field of the environment at the position of

node i. The model predicts αi and bi j as functions of the node, Bessel-function-embedded edge features

ei j, and multipole coefficients Gi j, which are explained in the next paragraph. The environment-induced

polarization is then added to QM multipole moments Mk
i to get the final multipole moments Mk, f inal

i :

Mk
i,QM−MM =

NQM

∑
i

NMM

∑
j

αibi jRk
i j

M0
j

r2
i j

MM-multipole contribution

αi = Φ
αk

i
(hi) Per-atom polarizability

bi j = Φb (ei j,Gi j) Distance and orientation dependency

Mk
i, final = Mk

i +Mk
i,QM−MM Multipole adjustment due to MM-polarization

The electrostatic QM/MM interaction is calculated using multipole interaction between the QM multi-

pole moments Mk, f inal
i and the MM monopoles M0

j :
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VES,QMMM = κ

2

∑
l=0

NQM

∑
i

NMM

∑
j

Bl
i jG

l
i j Monopole-multipole interaction up to order 2

Bl
i j =

(2l−1)!!
rl+1

i j
Distance dependency

G0
i j = M0

i M0
j Monopole-monopole interaction

G1
i j = (M1,α

i ,Rα
i j)M

0
j Monopole-dipole interaction

G2
i j = (M2,αβ

i ,Rαβ

i j )M0
j Monopole-quadrupole interaction

(M2,αβ

i ,Rαβ

i j ) = ∑
α

∑
β

M2,αβ

i Rαβ

i j Tensor contraction

FieldMACE FieldMACE159 combines the ideas of FieldSchNet with the MACE architecture, but im-

plements it differently from FieldSchNet. Instead of including field information, the MM atoms get

featurized into k′ channels (typically k′ < k) in a similar way as the QM atoms. The QM features hQM
i,klm

are projected into the same feature space as the MM features hMM
j,k′lm via a linear transformation. A pair-

wise attention network Φξ is then applied to the L1-normalized difference features of the QM and MM

features to get an attention score κi jk′ for each pair of QM and MM features. The score is then used to

weight the contribution of multipole interactions between the multipolar QM features and the monopole

MM charges to form a mQM−MM
i,k′lm interaction message. The multipole expansion used here expresses

Coulomb’s law with the distance dependence 1
ri j

in terms of spherical harmonics using the discrete MM

charges. The details about this step are explained in the original paper159. The resulting QM-MM mes-

sage is then added to the QM message from the MACE architecture to incorporate environmental effects

into message passing, and the model proceeds to the usual update and readout steps. No explicit elec-

trostatic interaction term is added to the total energy prediction; the environment effect only enters the

model via featurization:159

hMM
j,k′lm = Wk′lmY m

l Featurization of MM atoms

hQM
i,k′lm = Wk′lmhQM

i,klm Projection of QM features to MM feature space

κ
(t)
i jk′ = Φξ

(
| hQM

i,k′lm−hMM
j,k′lm |

)
Attention score for QM-MM feature pairs

m(t)
i,klm = m(t),QM

i,klm +W (t)
kk′lmmQM−MM

i,k′lm Message update with QM-MM features

Other ML/MM Architectures A comprehensive review about other ML/MM architecture, such

as BurNN160, EMLE154 or the approaches by Lei, Yagi, and Sugita161 or Semelak et al.162 has been

published by Grassano et al.6.
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3.1. Workflow

This section outlines the general Workflow used to develop neural network potentials for Quantum Me-

chanics/Molecular Mechanics (QM/MM) simulations. Substantial work has been invested in establishing

an efficient and flexible workflow that enables the generation of diverse training datasets, the training of

various neural network architectures, and the application of these models to QM/MM simulations. The

general workflow comprises four main steps: data generation, data preprocessing, training of neural

network potentials, and model application. An overview of the workflow is depicted in Figure 3.1.

In the data generation step, various sampling methods are employed to generate diverse molecular struc-

tures for two different systems: alanine dipeptide and thiol disulfide exchange reactions, as described

in Section 3.2. Each structure is then subjected to single-point calculations using different reference

methods, including Density Functional Theory (DFT) and Density Functional Tight Binding (DFTB), to

obtain ground-truth data for training neural network potentials, as detailed in Section 3.3. Extracting the

relevant information from the raw calculation outputs, primarily geometries, energies, and forces, yields

the raw datasets.

In the data preprocessing step, the raw data sets are processed to prepare them for training the neural

network potentials. For ∆-learning models, it is necessary to assert the convergence of corresponding

calculations. Unit standardization is also an important aspect of data preprocessing. While vacuum Ma-

chine Learning Potentials (MLPs) are rather resistant to different unit systems, ML/MM outputs a sum of

physical energies, which requires consistent units throughout the workflow. This work employs different

model architectures, each requiring specific input formats (see Section 3.6 for details on the software

used). Models trained via the Keras Convolutional Graph Neural Network (KGCNN)144 require pickle

files, Base MACE131, QEq-MACE, and FieldMACE159 use extxyz files, SchNetPack163/FieldSchNet155

use SQL-like db format from Atomic Simulation Environment (ASE), and Anisotropic Message Pass-

ing (AMP)156 uses the HDF5 format for storing and NumPy npy format for loading data. The data

preprocessing step converts the raw data sets into the required formats for each model architecture. For

∆-learning models, the differences between the reference method and the baseline method (DFTB) are

calculated and stored as target values for training.
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For the model training step, neural network potentials are trained on the preprocessed datasets. Dif-

ferent architectures are explored, including 2nd Gen. High-Dimensional Neural Network Potential

(2G-HDNNP), 4th Gen. High-Dimensional Neural Network Potential (4G-HDNNP), SchNet, PaiNN,

Base MACE, QEq-MACE, AMP, and FieldMACE. The impact of different hyperparameters on model

performance is investigated during a hyperparameter search. The training procedures and hyperparame-

ter choices are detailed in Section 3.4.

Finally, the trained neural network potentials are applied to perform QM/MM simulations of the alanine

dipeptide and thiol disulfide exchange reactions in their respective environments. The performance of

the models is evaluated by their accuracy in reproducing reference energies and forces, as well as by their

computational efficiency. The details of the simulation setups are discussed in Section 3.5.

3.2. Sampling Methods

Alanine Dipeptide

Metadynamics Simulations Alanine dipeptide was simulated in a cubic box with an edge length of

3.0 nm, containing ∼ 900 water molecules, using the Amber99SB-ILDN force field164 and the TIP3P

water model165. QM/MM calculations were performed using DFTB393,101 with 3OB parameters101 for

the alanine dipeptide. Non-bonded interactions were treated with a cutoff of 1.0 nm and Particle Mesh

Ewald (PME) with a MM charge scale factor of 1.0 for long-range electrostatics.

The system was optimized for 50000 steps using the steepest-descent algorithm, followed directly by the

production metadynamics simulations. The simulations were performed for 10 ns with a time step of 1 fs

in the NVT ensemble at a temperature of 300 K in one simulation and 500 K for a second simulation using

the Nose-Hoover thermostat. The backbone dihedral angles φ and ψ were biased using metadynamics

with a hill height of 0.5 kJ/mol and a hill width of 0.02 rad deposited every 200 steps. A total of 16

walkers were used for the simulation.

10000 frames were randomly sampled from each simulation to generate training data. The simulation

box was enlarged to 10 nm (without centering on the solute) to achieve an isolated water cluster in

vacuum. Non-bonded interactions were treated with a cutoff of 4.0 nm and a MM charge scale factor of

1.0 for these structures during the single-point calculations.

Modi�ed Force Field Parameter Simulation The solvated, but unoptimized, alanine dipeptide sys-

tem described above was subjected to a classical Molecular Dynamics (MD) simulation using a modified

Amber99SB-ILDN force field. The modification affects the force constant for bonds kb (see Eq. (2.1)).

Force constants involving hydrogen atoms were reduced by 50% to increase bond length fluctuations.
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Figure 3.1.: Overview of the general Workflow employed in this work for the development of neural network
potentials for QM/MM simulations.
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The production metadynamics simulation was performed for 10 ns with a time step of 0.5 fs in the NVT

ensemble at a temperature of 300 K using the Nose-Hoover thermostat. The non-bonded interactions

were treated with a cutoff of 1.0 nm and PME for long-range electrostatics. The backbone dihedral

angles φ and ψ were biased using metadynamics with a hill height of 0.5 kJ/mol and a hill width of

0.02 rad deposited every 200 steps. A total of 16 walkers were used for the simulation.

10000 frames were randomly sampled from the simulation to generate training data. Non-bonded in-

teractions were treated with a cutoff of 1.0 nm and a MM charge scale factor of 1.0 for these structures

during the single-point calculations.

Thiol Disulfide Exchange Reaction

Potential Energy Scan The gas-phase structures were adopted from Gómez Flores [99]. Here, an

unrelaxed potential-energy scan of methylthiol attacking dimethyl disulfide was performed. The reaction

coordinate was defined as the distance between the two sulfur atoms, ranging from 1.9 Å to 3.3 Å. The

structures were solvated in a 4.0 nm water sphere in a 22.0 nm cubic box. A short 1000-step QM/MM-

like optimization was performed where the reacting molecules were treated with DFTB3/3OB while the

water molecules were treated with the Amber99SB-ILDN force field and TIP3P water model. Despite

the QM/MM setup, only the solvent molecules were allowed to move during optimization; the QM region

was kept frozen to ensure correctly polarized structures.

5112 solvated structures were obtained from the potential energy scan to generate training data. Non-

bonded interactions were treated with a cutoff of 5.0 nm and a MM charge scale factor of 0.7 for these

structures during the single-point calculations.

Water Simulation The gas-phase structures were adopted from Gómez Flores [99] and Maag [166].

Originally, the structures were sampled from a QM/MM metadynamics simulation at the DFTB/3OB

level of the thiol disulfide exchange reaction in a mutated immunoglobulin I27 domain. Only gas-phase

structure data were available from these works. These structures were treated in the same way as de-

scribed above for the potential energy scan to generate solvated structures.

8436 solvated structures were obtained from the water simulation to generate training data. Non-bonded

interactions were treated with a cutoff of 5.0 nm and a MM charge scale factor of 0.7 for these structures

during the single-point calculations.

Protein Simulation Thiol disulfide exchange reaction motifs derived from the Human Glutaredoxin 1

(HsGrx1) and the N-terminal Heavy Metal transporting domain of the ATPase from Arabidopsis thaliana

(HMA4n) were used for classical MD simulations. The dithiol and monothiol forms of HsGrx1 were
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constructed from the PDB structure 1jhb. In both cases, Cys23 was modeled in its deprotonated thiolate

state, and the monothiol variant additionally included a Cys26Ser mutation. The HMA4n-based model

was generated from PDB structure 2kkh after removal of the crystallographic zinc ion. The resulting

simulation systems were defined according to their redox state and protein composition. Four different

systems were constructed from the two proteins and used for classical MD simulations: the monothiol

glutaredoxin (OxMo1), the dithiol glutaredoxin in its intramolecular disulfide form (ReDi1), a mixed

disulfide complex of monothiol glutaredoxin covalently linked to HMA4n via Cys27 (ReMo2X7), and a

mixed disulfide complex of dithiol glutaredoxin covalently linked to HMA4n via Cys27 (ReDi2X7d).

The systems were simulated in cubic boxes with edge lengths between 7.2 nm up to 12.5 nm contain-

ing the proteins, water, and counter ions using the Amber99SB-ILDN force field164 and TIP3P water

model165. For each protein, a 10 ns NVT equilibration at 500 K using the V-rescale thermostat was per-

formed, followed by a 10 ns NPT equilibration at 1 bar using the Parrinello-Rahman barostat. Finally,

a 125 ns with a time step of 0.5 fs production simulation was performed in the NVP ensemble at 500 K

and 1 bar. The non-bonded interactions were treated with a cutoff of 1.0 nm and PME for long-range

electrostatics. Respective thiolate and disulfide groups in each protein were constrained to stay within a

distance of 0.5 nm.

About 10,000 frames, evenly distributed across the four protein simulations, were randomly extracted

for training data generation. Non-bonded interactions were treated with a cutoff of 2.0 nm and a MM

charge scale factor of 0.7 for these structures during the single-point calculations after performing the

previously described solvation of the gas-phase structures.

Modi�ed Force Field Parameter Simulations Analogous to the alanine dipeptide simulations,

modified force field parameter simulations were performed with an even stronger reduction of the bond

force constants kb by 75% for all bonds involving hydrogen atoms to increase bond length fluctuations.

The production well-tempered metadynamics simulation was performed for 10 ns with a time step of

0.5 fs in the NVT ensemble at a temperature of 300 K using the Nose-Hoover thermostat. The non-

bonded interactions were treated with a cutoff of 1.0 nm. The distances between the respective thiolate

sulfur and disulfide sulfur atoms were biased using metadynamics with a hill height of 1.0 kJ/mol and

a hill width of 0.02 nm deposited every 500 steps. The bias factor for the well-tempered metadynamics

was set to 21. A total of 16 walkers were used for the simulation.

The 10000 structures exhibiting the largest hydrogen-involving bond lengths were extracted from the

simulation to generate training data. Non-bonded interactions were treated with a cutoff of 1.0 nm and a

MM charge scale factor of 0.7 for these structures during the single-point calculations.
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Uncertainty Sampling Uncertainty sampling51 as described in Section 2.2.2 was performed to fur-

ther enhance the training data set. 10 iterations of uncertainty sampling were performed starting from

an initial data set of 100 structures from the previous data generation steps. In each iteration, the meth-

ods Gaussian Mixture Model (GMM) based on MACE131, extended Adaptive Biasing Force (eABF),

and Gaussian accelerated Molecular Dynamics (GaMD) were combined to sample new structures. The

ground truth for the MACE training was calculated using DFTB3/3OB. The uncertainty-driven simula-

tions were performed using Langevin dynamics at 300 K with a time step of 0.5 fs for an initial 50000

steps, increasing the time step each iteration by 20%. The threshold for the cosine distance in the latent

space was adjusted dynamically to yield 2000 new structures per iteration. The thermal coupling con-

stant σ was set to 10 to balance exploration and stability. The hyperparameters for the MACE model

used in uncertainty sampling are summarized in Table 3.1.

Table 3.1.: MACE hyperparameters for uncertainty-driven sampling

Hyperparameter Value

Model MACE
rmax 5.0 Å
Radial type Bessel
Number of radial basis functions 8
Number of cutoff basis functions 5
Radial MLP layers [64, 64, 64]
Interaction blocks 2
Correlation order 3
Maximum ℓ 3
Hidden Irreps 128x0e+128x1o
Gate activation SiLU

Approximately 8300 structures were obtained via uncertainty sampling to generate training data. Non-

bonded interactions were treated with a cutoff of 5.0 nm and a MM charge scale factor of 0.7 for these

structures during the single-point calculations.

3.3. Reference Methods

The structures obtained from the sampling methods described above were subjected to single-point cal-

culations using different reference methods to obtain ground-truth data for training neural network po-

tentials. Each structure was treated once in vacuum and once within its environment (solvent or protein)

using a QM/MM setup. Reference energies were subtracted from the total energies for the training. Ref-

erence energies were taken from optimized structures in the gas phase or in solution, or from atomic

energies, depending on the data set. The following reference methods were applied:
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DFT The hybrid functional B3LYP72,77 in combination with the augmented correlation-consistent

triple-zeta basis set aug-cc-pVTZ86 was used for all DFT calculations using the ORCA program167.

While B3LYP is not the most accurate functional for the systems studied here, it shows consistent aver-

age performance across a range of properties168. Calculations were performed in the electronic ground

state. No dispersion corrections were applied. Energies, forces, atomic partial charges, molecular dipole

moments, and quadrupole moments were calculated and stored. The ElectroStatic Potential (ESP) and

its gradient caused by the Molecular Mechanics (MM) point charges were calculated at the position of

each Quantum Mechanical (QM) atom for the QM/MM structures based on ORCA’s point charge files

using a custom script.

Mulliken, Löwdin, and Hirshfeld charge partitioning methods were applied to obtain atomic partial

charges for all the structures. For a subset of 100 structures per sampling method, additional charge

partitioning methods (CHELPG, MBIS, RESP, EEM, MBIS, Merz-Kollman) were applied using the

Multiwfn program115.

The reference energies used for training data generation are summarized in Table 3.2 and Table 3.3.

Table 3.2.: DFT reference energies for different systems and environments.

System Environment Reference Energy (eV)

Alanine dipeptide Vacuum -495.751901
Alanine dipeptide Water -495.811528
Thiol disulfide exchange reaction Vacuum -1314.213707
Thiol disulfide exchange reaction Water -1314.594625

Table 3.3.: DFT atomic energies used for atomization energy calculations.

Element E0,DFT (eV)

H -13.575
C -1029.617
N -1485.141
O -2042.617
S -10832.265

DFTB The semi-empirical method DFTB393 was used for all DFTB calculations. The 3OB parameter

set101 was employed for the alanine dipeptide structures. In contrast, a modified 3OB parameter set with

improved sulfur interactions (3OBMod S-S)99 was used for the thiol disulfide exchange reaction structures.

The calculations were performed in the electronic ground state, using Fermi-Dirac smearing to aid con-

vergence. The Fermi temperature was set to 300 K for the alanine dipeptide structures and 500 K for the

thiol disulfide exchange reaction structures. No dispersion corrections were applied. Energies, forces,

and Mulliken atomic partial charges were calculated and stored.

65



3. Data and Methods

∆ energies ∆E0 were calculated as the difference between the atomization energies E0 obtained from

DFT and DFTB calculations. Atomization energies were calculated as the difference between the total

energy of the molecule and the sum of the atomic energies of its atoms E(i)
0 :

∆E0 = E0,DFT−E0,DFTB (3.1)

∆E0 = (EDFT−
Nelements

∑
i

niE
(i)
0,DFT)− (EDFTB−

Nelements

∑
i

niE
(i)
0,DFTB) (3.2)

∆F = FDFT−FDFTB (3.3)

The reference energies used for training data generation are summarized in Table 3.4 and Table 3.5.

Table 3.4.: DFTB reference energies for different systems and environments.

System Environment Reference Energy (eV)

Alanine dipeptide Vacuum -26.227679
Alanine dipeptide Water -26.524517
Thiol disulfide exchange reaction Vacuum -15.868835
Thiol disulfide exchange reaction Water -16.299172

Table 3.5.: DFTB atomic energies and ∆ atomic energies (∆E0 = E0,DFT−E0,DFTB) used for atomization energy
calculations.

Element E0,DFTB (eV) ∆E0 (eV)

H -7.609986 -5.965049
C -39.292500 -990.324862
N -60.326270 -1424.814794
O -85.497297 -1957.120012
S -63.221147 -10769.044186

3.4. Machine Learning Potentials — Training

The final datasets for the two systems consist of two parts: one for vacuum calculations and one for

QM/MM simulations in water. Each part contains corresponding structures sampled as described in Sec-

tion 3.2, 30000 structures for the alanine dipeptide and 41836 structures for the thiol disulfide exchange

reaction. Each structure was calculated using DFT at the B3LYP/aug-cc-pVTZ level and DFTB using

the 3OB or 3OBMod S-S parameter set. Information on the elements, atomic positions, electrostatic po-

tentials, and electric fields was used as input features. The output targets include energies, forces, atomic
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partial charges, dipole moments, and quadrupole moments, although not every MLP architecture uses all

of these features and targets.

The final datasets were split into two parts: 10% of the data was set aside as a test set to evaluate the final

model performance. The remaining 90% was further divided into three separate subsets to train models

on independent data. In total, 3 models were trained each time. One of each non-overlapping subset was

used for training, and the remaining two for validation. This procedure was applied during all model

training unless otherwise stated.

The crucial hyperparameters for each model depend on the architecture used. They were determined in

different ways, either by hyperparameter optimization or by adapting literature values.

Hyperparameter Optimization

A grid search and a hyperband search were used to optimize hyperparameters across different model

architectures. For the KGCNN models, KerasTuner169 was used to perform an extensive hyperparameter

search. For the Base MACE models, Optuna170 was employed for hyperparameter optimization. The

hyperband search was used for both systems, the alanine dipeptide and thiol disulfide exchange reaction.

The grid search was only used for the alanine dipeptide system. The results of the hyperparameter

optimization for both model architectures are presented in Section 6.1.1.

Grid Search The grid search was performed on a subset of 10000 data points for the alanine dipeptide

system, using 50 epochs for the KGCNN models. Base MACE models used a subset of 1000 data points

for 67 epochs. Details about the search space are provided in Appendix D.3

Hyperband Search The hyperband search was performed on a subset of 10000 data points for the

alanine dipeptide system and on the full thiol disulfide exchange reaction data set, using 200 epochs and

an early stopping patience of 25 epochs for the KGCNN models. The hyperband factor was set to 2. Base

MACE models used a subset of 2500 data points for 67 epochs without early stopping and a hyperband

factor of 3.

Vacuum Machine Learning Potentials

KGCNN Models Models with the 2G-HDNNP, 4G-HDNNP, SchNet, and PaiNN architectures were

trained using KGCNN144. An extensive hyperparameter optimization using KerasTuner169 was per-

formed for these architectures. The results are presented in Section 6.1.1. The hardness and width
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parameters for 4G-HDNNP models are fixed to literature hardness values171 and covalent radii172, re-

spectively, without further optimization.

Base MACE MACE was trained using a customized MACE package131. Base MACE hyperparam-

eters were investigated using Optuna170 for hyperparameter optimization. The results are presented in

Section 6.1.1. Alanine dipeptide models were trained using typical hyperparameters without further op-

timization. Thiol disulfide exchange reaction models were trained with hyperparameters optimized using

Optuna.

Table 3.6.: Base MACE hyperparameters used for training of alanine dipeptide.

Hyperparameter Value

Model ScaleShiftMACE
rmax 5.0 Å
Radial type Bessel
Number of radial basis functions 8
Number of cutoff basis functions 5
Number of interaction blocks 2
Correlation order 3
Maximum ℓ 3
Hidden irreps 64x0e+64x1o
MLP irreps 16x0e
Radial MLP layers [64, 64, 64]
Gate activation SiLU
Energy weight 1
Forces weight 100
Charges weight 50
SWA energy weight 1000
SWA forces weight 100
Optimizer Adam
Learning rate 0.01
SWA learning rate 0.001
Weight decay 5×10−7

Scheduler ReduceLROnPlateau
LR factor 0.8
Scheduler patience 3
Gradient clipping 10.0
Batch size 10
Maximum epochs 100
Patience 15

The training loss was calculated as a weighted sum of energy, forces, and atomic partial charges:

L = 1 ·LE +100 ·LF +50 ·Lq (3.4)
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Environment-Dependent Machine Learning Potentials

Charge-Equilibration MACE Charge-Equilibration MACE (QEq-MACE) models were trained using

a customized MACE package131. The hyperparameters were adapted identically to the Base MACE

models, except for the charge weight in the loss function. Parameters for the hardness Jii and the Gaussian

width σi were freely optimized during training.

L = 1 ·LE +100 ·LF +50 ·Lq (3.5)

FieldSchNet FieldSchNet models were trained using the SchNetPack library163. Typical hyperparam-

eters from the literature were used for training. In contrast to other model training, only one 80:10:10

data split was used, rather than three independent splits. The hyperparameters used are summarized in

Table 3.7.

Table 3.7.: FieldSchNet hyperparameters used for training.

Hyperparameter Value

rmax 10.0 Å
Radial basis functions Gaussian
Number of radial basis functions 60
Cutoff function Cosine
Atom basis size 64
Number of filters 256
Interaction blocks 6
Shared interactions False
External fields Electric field
Output hidden layers 256
Output activation Tanh
Output layers 2
Energy weight 0.1
Forces weight 0.85
Charges weight 0.05
Optimizer Adam
Learning rate 0.0001
Weight decay 0.0
Scheduler ReduceLROnPlateau
LR factor 0.8
Scheduler patience 5
Gradient clipping 10.0
Batch size 16
Maximum epochs 150
Early stopping patience 50
EMA decay 0.995
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The training loss was calculated as a weighted sum of energy, forces, and atomic partial charges:

L = 0.1 ·LE +0.85 ·LF +0.05 ·Lq (3.6)

FieldMACE FieldMACE models were trained using the modified MACE package published by Bar-

rett, Dietschreit, and Westermayr159. Typical literature hyperparameters were adapted for training, fol-

lowing those used for Base MACE.

Table 3.8.: FieldMACE hyperparameters used for training.

Hyperparameter Value

Model AttentionFieldEMACE
rmax 8.0 Å
Radial type Bessel
Number of radial basis functions 8
Number of cutoff basis functions 5
Hidden irreps 64x0e+64x1o
Field irreps 16x0e+16x1o+16x2e
Maximum ℓ 3
Correlation order 3
Interaction blocks 2
Gate activation SiLU
Energy weight 1
Forces weight 100
Dipoles weight 10
NACs weight 0
SWA energy weight 1000
SWA forces weight 100
SWA dipoles weight 10
SWA NACs weight 0
Optimizer Adam
Learning rate 0.01
SWA learning rate 0.001
Scheduler ReduceLROnPlateau
LR factor 0.8
Scheduler patience 3
Gradient clipping 10.0
Batch size 8
Maximum epochs 100
EMA decay 0.99

The training loss was calculated as a weighted sum of energy, forces, and dipole moments:

L = 1 ·LE +100 ·LF +10 ·Lµ +0 ·LNAC (3.7)
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AMP AMP models were trained using a customized AMP package156. The hyperparameters for the

model were adapted exactly as described for the smaller 600.000 parameter model in Pultar et al. [156].

The training hyperparameters are summarized in Table 3.9.

Table 3.9.: AMP hyperparameters used for training.

Hyperparameter Value

Model architecture minimal
Node size 128
Number of channels 32
Number of kernels 8
Number of QM/MM kernels 8
Order 2
Cutoff 10.0 Å
Cutoff ESP 500.0 Å
Cutoff long-range 1000.0 Å
Learning rate 0.0005
Batch size 16
Maximum gradient norm 10.0
Number of epochs 100
Optimizer Adam
Scheduler ExponentialLR
Decay factor 0.05

The training loss was calculated as a weighted sum of energy, forces (both QM and MM), dipole mo-

ments, and quadrupole moments:

L = (1−0.99) ·LE +
0.99

3
·LFQM +

0.99 ·1
3
·LFMM +

1
3
·Ldipole +

1
6
·Lquadrupole (3.8)

3.5. Machine Learning Potentials — Simulation

In preparation for the production runs using the trained neural network potentials, the alanine dipeptide

and thiol disulfide exchange reaction systems were equilibrated in a 2500 fs NVT simulation with a

time step of 0.5 fs at 300 K. Vacuum simulations used Langevin dynamics, while QM/MM simulations

employed the Nose-Hoover thermostat. The box sizes for the vacuum simulations were set to 3.0 nm for

the alanine dipeptide and 20.0 nm for the thiol disulfide exchange reaction. The increased box size for

the thiol disulfide exchange reaction was necessary to avoid periodic image selection errors with large

thiol disulfide distances. The solvated alanine dipeptide was placed in a cubic box with an edge length

of 3.0 nm, containing ∼ 900 water molecules. The solvated thiol disulfide exchange reaction used a

cubic box with an edge length of 20.0 nm with ∼ 11000 water molecules in a 4.0 nm sphere around the
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reactants to limit the computational cost while still providing a sufficient solvation environment for the

reaction.

A DFTB QM/MM simulation was performed as a reference for the ML/MM simulations. 2G-HDNNP,

4G-HDNNP, SchNet, PaiNN, Base MACE, QEq-MACE, and AMP MLPs were used for the production

vacuum simulations. 4G-HDNNP, Base MACE (as a baseline), QEq-MACE, and AMP MLPs were used

for the production ML/MM simulations. The simulations were performed for 0.75 ns with a time step

of 0.5 fs in the NVT ensemble at a temperature of 300 K. Vacuum simulations used Langevin dynamics,

while ML/MM simulations employed the Nose-Hoover thermostat. In case of alanine dipeptide, the

electrostatics were treated with a cutoff of 1.45 nm with a MM charge scale factor of 1.0. In case of

the thiol disulfide exchange reaction, the electrostatics were treated with a cutoff of 1.00 nm with a MM

charge scale factor of 0.7. Constraints via the LINCS algorithm were not applied; instead, the trained

neural network potentials were relied upon to maintain bond lengths.

Simulations were enhanced using metadynamics. The backbone dihedral angles φ and ψ of alanine

dipeptide were biased using metadynamics with a hill height of 0.5 kJ/mol and a hill width of 0.05 rad

deposited every 100 steps. Two of the sulfur distances in the thiol disulfide exchange reaction were

biased using metadynamics with a hill height of 1.25 kJ/mol and a hill width of 0.008 nm deposited

every 500 steps. While the thiol disulfide exchange reaction used well-tempered metadynamics with a

bias factor of 20 for the entire duration of the simulation, the alanine dipeptide simulation employed

standard metadynamics for the first 0.75 ns followed by well-tempered metadynamics with a bias factor

of 21 in a second 0.25 ns simulation to reach a total of 1.0 ns simulation time.

The two biased distances in the thiol disulfide exchange reaction were restrained using harmonic re-

straints with a force constant of 100000 kJ/(mol nm2) to stay below a distance of 1.0 nm. Additionally,

the attack angle formed by the three sulfur atoms was restrained to stay above 130◦ using a harmonic

restraint with a force constant of 100000 kJ/(mol rad2).

The ML/MM simulations were monitored for stability by tracking the bond distances and the standard

deviations of energy predictions across an ensemble of models. The simulation was terminated once any

bond distance exceeded 2.5 Å or the standard deviation of the energy predictions exceeded 0.015 eV. The

standard deviation threshold was chosen based on the observed fluctuations in the test set predictions:

σthreshold = σmean + 10×σstd . An ensemble of three models, each trained on an independent data split,

was used to compute the standard deviation of the energy predictions. To limit the additional compu-

tational cost of evaluating multiple models during the live simulation, the standard deviation was only

calculated every 100 steps.
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3.5.1. Von Willebrand Factor Simulation

For the von Willebrand factor case study, ML/MM metadynamics simulations were performed for a

QM/MM setup containing a single QM region (15 atoms) embedded in a fully solvated protein system

(71662 atoms in total, neutralized with NaCl). The production setup used a time step of 1.0 fs for

750000 steps, PME electrostatics, and real-space cutoffs of 1.0 nm for both Coulomb and van der Waals

interactions. Temperature coupling was applied with the V-rescale thermostat at 300 K, and pressure

coupling used the isotropic Parrinello-Rahman barostat at 1 bar. The MM charge scaling factor in the

QM/MM coupling was set to 0.75.

The biased coordinates were sulfur-sulfur distances between Cys79–Cys36 (d1) and Cys36–Cys78 (d3),

making Cys36 the central group, while Cys79–Cys78 (d2) was monitored. Standard multi-walker meta-

dynamics was employed with 24 walkers, hill height 1.0 kJ/mol, Gaussian widths σd1 = σd3 = 0.008nm,

and a deposition stride of 500 steps. The bias grid was defined in the range 0.15 nm to 0.70 nm for both

d1 and d3 with a grid spacing of 0.005 nm. After 500 ps, well-tempered settings were enabled in this

setup with a bias factor of 20. The metadynamics setting differ from the source settings166, which used

Gaussian widths σd1 = σd3 = 0.02nm, which lead to extreme biases breaking both S—S bonds.

To keep sampling within chemically meaningful reactive geometries, additional restraints were ap-

plied. Upper walls were imposed on d1 and d3 at 0.60 nm with κ=50000 kJ/mol/nm2. The S—

S—S attack angle (Cys79–Cys36–Cys78) was restrained by a lower wall at 2.80 rad (≈ 160◦) with

κ=100000 kJ/mol/rad2. In addition, coordination-number-based lower-wall restraints were applied to

the three cysteine Cβ atoms to preserve local bonding patterns during enhanced sampling. The coordi-

nation should stay above 1.5 with κ=50000 kJ/mol/nm2.

The termination criteria were kept up, but the standard deviation threshold was increased to 0.070 eV for

the AMP model, as runs with the default threshold of 0.015 eV were terminated prematurely due to the

increased fluctuations in the energy predictions for this system.

3.6. Software

Molecular Dynamics and Quantum Mechanics MD simulations with QM/MM capabilities were

performed using Gromacs173 (Development-Version 2022) with QM/MM interfaces to DFTB+174,175,

ORCA, and own developments to interface with TensorFlow and PyTorch.175 Metadynamics and bi-

asing of MD simulations were implemented using PLUMED (Version 2.9).176,177 DFTB calculations

were carried out with DFTB+ (Version 24.1).178,179 DFT calculations were performed using ORCA

(Version 5.0.3).167 Wavefunction analysis of ORCA QM calculations, calculation of electrostatic po-

tentials, and charge partitioning methods (CHarges from ELectrostatic Potentials using a Grid-based

73



3. Data and Methods

method (CHELPG), Minimal-Basis Iterative Stockholder (MBIS), Restrained Electrostatic Potential

(RESP), Electronegativity-Equalization Method (EEM), MBIS, Merz-Kollman) were performed with

Multiwfn115,180 (Version 3.8).

Neural Network Potentials and Machine Learning Implementation and training of neural network

potentials were conducted using TensorFlow181 (Version 2.15) with Keras (Version 2.15)182 as well as

PyTorch183 (Version 2.3) with PyTorch Lightning.184 The 2G-HDNNP, 4G-HDNNP, SchNet, and PaiNN

neural network potentials were implemented using KGCNN144 (Version 2.2.3). The MACE neural net-

work potential was implemented using the MACE package131 (Version 0.3.5). The AMP neural network

potential was implemented using the AMP package156 (Version 0.1). The FieldSchNet neural network

potential was implemented using the SchNetPack library163 (Version 2.1.1).

KerasTuner169 (Version 1.4.7) and Optuna170 (Version 4.5.0) were used for hyperparameter optimization

of neural network potentials.

Data Management and Analysis ASE185 (Version 3.23.0) was used for dataset management and

interfacing with different software packages. MDAnalysis186,187 (Version 2.7.0) was used for trajectory

analysis and data processing.

Weights & Biases188 was used for experiment tracking, visualization of training processes, and overview

of results.

GNU Parallel189 was used to parallelize calculations on high-performance computing clusters.

3.7. Implementation

To utilize MLPs within MD simulations using GROMACS, interfaces for TensorFlow and PyTorch were

developed to enable seamless integration of the models into the simulation workflow. These interfaces

can load multiple models for uncertainty estimation, enabling active learning and allowing termination

criteria based on ensemble uncertainty during simulations. To reduce the computational cost associated

with evaluating multiple models, the frequency of uncertainty evaluation can be adjusted. A different use

case for the ensemble of models is to improve prediction accuracy by averaging the outputs of multiple

models.

The interfaces are designed to facilitate modular preparation of inputs from GROMACS for the MLP

and the return of outputs from the MLP to GROMACS. Currently, implementations of the 2G-HDNNP,

4G-HDNNP, SchNet, and PaiNN architectures are available in TensorFlow, while Base MACE, QEq-MACE,

and AMP are implemented in PyTorch. Using model wrappers that translate inputs and outputs to the
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expected format, other architectures can be implemented easily. The native model structure, as saved

in TensorFlow and PyTorch, remains intact, ensuring no loss of performance in the model call from the

GROMACS side. The interfaces also support delta learning models. For this, both the base method (e.g.,

DFTB) and the MLP are called at each time step, and the final energy and forces are obtained by adding

the predictions of both methods.

User input for the interfaces is handled via environment variables, enabling easy configuration of the

MLP models. An overview of the available environment variables and their descriptions is provided in

Table 3.10.

Table 3.10.: Environment variables for configuring the MLP interfaces in Gromacs.

Variable Description

GMX_N_MODELS Number of neural network models to load.
Default: 1

GMX_MODEL_PATH_PREFIX Prefix of the path to the neural network mod-
els. The models are expected to be named as
<prefix>0.pt, <prefix>1.pt, . . . , for Py-
Torch models and <prefix>0, <prefix>1,
. . . for TensorFlow models. Default: ”

GMX_ENERGY_PREDICTION_STD_THRESHOLD Threshold for the energy standard deviation
between models for a structure to be consid-
ered relevant, in units of output of model. A
negative value disables this criterion. Default:
-1

GMX_FORCE_PREDICTION_STD_THRESHOLD Threshold for the force standard deviation be-
tween models for a structure to be considered
relevant, in units of output of model. A neg-
ative value disables this criterion. If both en-
ergy and force thresholds are set, the energy
threshold has priority. Default: -1

GMX_NN_EVAL_FREQ Frequency of neural network evaluation, 1
means every step. Default: 1

GMX_NN_ARCHITECTURE Neural network architecture. Implemented
choices are hdnnp2nd, hdnnp4th, schnet,
and painn for TensorFlow models, and mace,
maceqeq, and amp for PyTorch models. De-
fault: ‘maceqeq’

GMX_NN_SCALER Scaler file for the neural network, optional,
TensorFlow specific. Default: ”

GMX_NN_R_MAX Cutoff radius for the neural network, in Bohr.
TensorFlow specific. Default: 20.0

GMX_NN_EXTXYZ Frequency of writing the extended xyz file, 1
means every step, 0 means never. Default: 0
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Proof of Implementation

As an assurance of the correct implementation of the MLP architectures within the TensorFlow and

PyTorch interfaces, the agreement of energy, forces, and charges (where applicable) predictions between

Gromacs and standalone Python scripts was verified. For this purpose, a short 100-step MD simulation

of alanine dipeptide in water was performed using each architecture. The extxyz-format output, as a

feature of the interfaces, was used to store the inputs and outputs of each step. The extxyz files were then

converted to the input format for each architecture, and predictions were obtained again for the same

structures, this time using standalone Python scripts. The predictions from Gromacs and the Python

scripts were compared, and perfect agreement was found in all cases, confirming the correctness of

the implementations. The results are shown in Figure 3.2 for the TensorFlow implementations and in

Figure 3.3 for the PyTorch implementations.
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3.7. Implementation

(a) 2G-HDNNP: Energy (b) 2G-HDNNP: Forces

(c) 4G-HDNNP: Energy (d) 4G-HDNNP: Forces (e) 4G-HDNNP: Charges

(f) SchNet: Energy (g) SchNet: Forces

(h) PaiNN: Energy (i) PaiNN: Forces

Figure 3.2.: Proof of implementation for all MLP architectures implemented using TensorFlow. Each row shows
one architecture, with available predictions in GROMACS and Python (energy, forces, and charges, where appli-
cable). The correlations are perfect in each case, indicating that the implementations are correct.
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3. Data and Methods

(a) Base MACE: Energy (b) Base MACE: Forces

(c) QEq-MACE: Energy (d) QEq-MACE: Forces (e) QEq-MACE: Charges

(f) AMP: Energy (g) AMP: Forces

Figure 3.3.: Proof of implementation for all MLP architectures implemented using PyTorch. Each row shows one
architecture, with available predictions in GROMACS and Python (energy, forces, and charges, where applicable).
The correlations are perfect in each case, indicating that the implementations are correct.
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4. Sampling Methods

When choosing a sampling method to generate training data for Machine Learning Potentials (MLPs),

one must balance several factors. The computational cost must be weighed against the desired accu-

racy and the size of the training dataset. The sampling method must provide sufficient coverage of the

configurational space while remaining relevant to the target application. Critical regions, such as tran-

sition states, must be adequately represented in the training data to ensure reliable predictions. During

the Machine Learning (ML)-driven simulation, the model must make accurate predictions even in the

fringes of the configurational space. Errors in force prediction can induce instabilities during Molecular

Dynamics (MD) simulations, ultimately leading to simulation failure.

Examples of sampling methods include MD simulations at different temperatures, enhanced sampling

techniques (umbrella sampling, metadynamics, replica exchange MD), normal mode sampling, potential

energy scans, and uncertainty-based sampling. An introduction to these sampling methods is provided

in Section 2.2.1.

The purpose of this chapter is to compare different sampling methods for generating training data for

MLPs for two example systems: alanine dipeptide and a thiol disulfide exchange reaction. MD simula-

tions at different temperatures, metadynamics, potential energy scans, and uncertainty-based sampling

are applied to generate diverse datasets for both systems. The generated datasets are compared with

respect to structural diversity and property distributions. Furthermore, MLPs are trained on different

datasets, and their performance is evaluated using cross-validation.

Author Contributions The work presented in this chapter was in parts adapted from the earlier works

of Gómez Flores99 and Maag166 and supported by Dr. Christian C. Schmidt, Dr. Julian Böser, M.Sc. Se-

bastian Will, and M.Sc. Pascal Schmidt. Potential energy scan and water metadynamics simulations

for vacuum thiol disulfide exchange reaction structure generation were performed by Gómez Flores and

Maag and reused in this thesis. Dr. Julian Böser performed classical protein metadynamics simulations

of the thiol disulfide exchange reaction. Alanine dipeptide structures in vacuum and solution from 300 K

and 500 K simulations were generated by Dr. Christian C. Schmidt. M.Sc. Sebastian Will performed ini-

tial simulations of the thiol disulfide exchange reaction with different scaling factors for the electrostatic

interactions. M.Sc. Pascal Schmidt generated vacuum structures from uncertainty sampling. Solvation,
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whenever required, reference method calculations, model training, and the analysis of the results were

performed by the author of this thesis.

4.1. Alanine Dipeptide

Figure 4.1.: Structure of alanine
dipeptide.

Alanine dipeptide (N-acetyl-alanine-N’-methylamide, Ace-Ala-Nme)

is a small biomolecule that is frequently used as a model system

in computational chemistry and molecular simulations.51,156,190–196 It

consists of one alanine amino acid connected by peptide bonds to acetyl

and methylamide groups capping the N- and C-termini. The peptide

bond allows for rotation around the φ and ψ dihedral angles (see Fig-

ure 4.1), which are related to the secondary structure of proteins, like

α-helices and β -sheets. Several local energy minima can be observed

in the CV space of the φ and ψ dihedral angles, known as the Ramachandran plot197. The three most sta-

ble ones are referred to as C7ax, C7eq, and C5 in literature.194,198 They possess intramolecular hydrogen

bonds stabilizing the structures in vacuum. In solution, intermolecular hydrogen bonds with the solvent

are formed instead, which leads to differences in the Potential Energy Surface (PES) compared to the

gas-phase.191,194,198 In aqueous solution, the stable conformations correspond to the well-known α , β ,

and αL conformations in the Ramachandran plot. Figure 4.2 shows the Potential of Mean Force (PMF)

of alanine dipeptide in vacuum and water at the DFTB3/3OB level of theory with the most stable con-

formations annotated.

Figure 4.2.: PMF of alanine dipeptide in vacuum (left) and water (right) at the DFTB3/3OB level of theory. The
most stable conformations in vacuum and water are annotated.
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4.1. Alanine Dipeptide

4.1.1. Geometry Comparison

Three sampling methods are compared for generating training data for alanine dipeptide: metadynamics

simulations at 300 K and 500 K in water using Density Functional Tight Binding (DFTB), and at 300 K

in water using modified force field parameters with weakened hydrogen bonds. The modified force

field parameters are designed to include extreme hydrogen-bond lengths in the dataset to improve the

robustness of the trained MLPs. Bonds involving hydrogen are the fastest oscillating degrees of freedom

in molecular systems, so it is crucial to ensure that the MLP can accurately predict forces in the extrema

of these bonds across all configurations.

Dimensionality reduction methods such as Principal Component Analysis (PCA), t-Distributed Stochas-

tic Neighbor Embedding (tSNE), and Uniform Manifold Approximation and Projection (UMAP) can

visualize the 3N-dimensional configurational space of a molecular system in lower dimensions. This

is used as a preliminary qualitative comparison of the structural diversity of datasets generated by dif-

ferent sampling methods, without requiring knowledge of a suitable set of Collective Variables (CVs).

Neighboring points in tSNE and UMAP plots are similar in the original high-dimensional space. An

isolated cluster in the tSNE or UMAP plot indicates a distinct region of the configurational space, while

an overlap of clusters indicates similar structures in the different datasets.

Here, tSNE is applied to the bond distances of the different datasets to compare the cluster formations and

overlaps of the different sampling methods (Figure 4.3). Three distinct clusters can be observed, which

can be attributed to – CH3 rotations as only one cluster is present as soon as bonds involving hydrogen

are excluded from the analysis. No distinction between the 300 K (blue) and 500 K (orange) simulations

is visible, indicating that simulations at both temperatures cover similar regions of the configurational

space. A higher temperature results in higher kinetic energy in the system, so encountering higher-energy

structures is more likely. However, the dataset’s structural diversity is not necessarily increased; the effect

of temperature at this scale is not significant enough to yield a clear separation in the tSNE plot. On the

other hand, the modified force-field parameter simulation (green) stands out with a significant fraction of

structures located at the fringes of the clusters, indicating a greater presence in regions where the other

sampling methods have few structures.

A more detailed comparison of the sampling methods can be achieved by comparing the location of

the structures in the CV space of the φ and ψ dihedral angles (see Figure 4.4). The 300 K and 500 K

simulations show a similar sampling of the CV space. The distribution of the sampled structures meets

the expectation from the PMF in water in Figure 4.2, with the most stable conformations being the most

populated ones. The modified force field parameters lead to increased sampling of otherwise unvisited

regions of the CV space, consistent with the observation from the tSNE plot.
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Figure 4.3.: Comparison of sampling methods for alanine dipeptide system using tSNE dimensionality reduction.
No distinction between the 300 K and 500 K simulations is visible. Modified force-field parameters (green) lead
to an increased location at the cluster fringes.

Figure 4.4.: Comparison of sampling methods for alanine dipeptide system in CV space of the two dihedral angles
φ and ψ . No distinction between the 300 K and 500 K simulations is visible. Modified force-field parameters
(green) enable sampling of otherwise unvisited regions.

84



4.1. Alanine Dipeptide

Having observed the significant effect of the modified force-field parameters on the dataset’s structural

diversity, the physical plausibility of the generated structures is now under scrutiny. The distribution

of bond lengths of bonds involving hydrogen is compared across the different sampling methods in

Figure 4.5. Both the 300 K and 500 K simulations show a range of C-H bond lengths between 1.0 Å and

1.2 Å. The modified force-field parameters lead to a slightly broader distribution of bond lengths; only

a small fraction of structures have bond lengths exceeding 1.2 Å or below 1.0 Å. A similar observation

can be made for the N-H bonds, with bonds ranging between 0.95 Å and 1.1 Å for the 300 K and 500 K

simulations, whereas a noticeable fraction of the modified force field parameters N-H bonds fall below

0.95 Å.

Figure 4.5.: Distribution of bond lengths of bonds involving hydrogen for the alanine dipeptide system. Modified
force field parameters (green) lead to a broader distribution of bond lengths

This concludes that the structures introduced by the modified force field parameters are plausible. The

force field itself allowed a wider range of dihedral angle combinations, whereas the modifications to the

hydrogen-bond parameters only slightly broadened the distribution of bond lengths.

4.1.2. Property Comparison

Reference method calculations at the B3LYP/aug-cc-pVTZ level of theory in vacuum and in water are

performed for all structures generated using the different sampling methods to compare property distri-

butions across the datasets. The energy and force magnitude distributions for the vacuum case are shown

in Figure 4.6. The 300 K and 500 K simulations exhibit similar energy and force-magnitude distribu-

tions, consistent with their structural similarity. The modified force-field parameters lead to structures

with moderately increased energies and insignificantly increased forces in vacuum. A comparable state-

ment holds for the simulations in water. This further supports the physical plausibility of the structures

generated with the modified force field parameters.

4.1.3. Cross-validation

To evaluate the performance of MLPs trained on the different datasets, cross-validation is performed

for 4G-HDNNP, SchNet, PaiNN, Base MACE, and Charge-Equilibration MACE (QEq-MACE) models.
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(a) Energy (b) Force magnitude

Figure 4.6.: Comparison of sampling methods for alanine dipeptide system regarding (a) energy and (b) forces
across different sampling methods. Modified force field parameters (green) lead to structures with moderately
increased energies and insignificantly increased forces at the B3LYP/aug-cc-pVTZ level of theory in vacuum.
The high-temperature simulation (orange) had no effect.

The models are trained and evaluated on different datasets. For a fair comparison, the training sets were

subsampled to 8000 data points across the different sampling methods, and all models reused the test

set during the cross-validation. Three models, each trained on non-overlapping splits of the training

set, are trained for each dataset source to obtain a statistical estimate of performance. The result of

the cross-validation for the 2G-HDNNP models is shown in Figure 4.7 in a confusion matrix. Each

row corresponds to a dataset source used for training, and each column to the test set data source used

for the evaluation of each model. The diagonal shows the models’ performance on the test set of the

same dataset used for training. In contrast, the off-diagonal elements show performance on test sets from

different dataset sources. The final column shows the overall performance of the models on the combined

test set of all dataset sources.

The energy RMSEs are barely affected by the sampling method, with errors ranging between 0.06 eV

and 0.10 eV. The force RMSEs range over a wider range between 0.12 eV/Å and 0.17 eV/Å while

also displaying a more significant effect of the sampling method. The trend for both metrics mirrors

previous observations: models trained on the 300 K and 500 K simulations perform as well on their own

test sets as on each other’s, consistent with their structural similarity. Both models perform worse on

the test set with the modified force field parameters. The modified force field model also shows reduced

performance on the 300 K and 500 K simulation test sets compared to its own test set. However, this

decline is less pronounced than the performance drop observed for the 300 K and 500 K models when

evaluated on the modified force-field test set. This indicates that the modified force field model is more

robust across the different sampling methods, which can be attributed to the increased structural diversity

of its training dataset.
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The complete cross-validation results for 4G-HDNNP, SchNet, PaiNN, Base MACE, and QEq-MACE

models trained on different dataset sources of alanine dipeptide in vacuum are shown in Appendix D.1.

The results for the different sampling methods show similar trends as discussed here and mainly differ

in the errors achieved by the more advanced models.

Figure 4.7.: Cross-validation for 2G-HDNNP models trained on different dataset sources of alanine dipeptide in
vacuum.

4.1.4. Conclusion

For the alanine dipeptide, metadynamics datasets generated at 300 K and 500 K yield largely overlapping

configurational and property distributions, indicating that temperature increases alone do not substan-

tially extend the relevant structural coverage in this setup. In contrast, sampling with modified force field

parameters systematically enriches sparsely populated regions in both descriptor and CV space while

preserving physical plausibility at the Density Functional Theory (DFT) reference level.

Cross-validation confirms this trend: models trained on modified force-field data transfer more robustly

to the other datasets than models trained on the other datasets transfer to the modified force-field model.

For this system, the most effective strategy is the deliberate inclusion of edge-case structures through

controlled force-field modifications to improve robustness through diversity. The differences are, how-

ever, rather insignificant for this system.
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4.2. Thiol Disulfide Exchange Reaction

Disulfide bonds are a recurring motif in proteins, where they play a crucial role in folding and stability.

The amino acid cysteine contains a thiol group that can form a disulfide bond via post-translational

oxidation.199,200 Disulfide bonds occur for example in hair keratin200,201, in the blood-clotting protein

fibrinogen202, the coenzyme lipoic acid, and the antioxidant glutathione. They play functional roles

through cross-links or redox activity.

Figure 4.8.: Structure of the thiol
disulfide system.

The thiol disulfide exchange reaction is a SN2 reaction between a thi-

olate and a disulfide (R�S� + R'�S�S�R' −−−→ R�S�S�R' +

R'�S� , see Figure 4.8).168,200,203–205 It is a biologically relevant reac-

tion that plays a crucial role in the rearrangement of disulfide bonds

in proteins. The reaction can occur uncatalyzed206, but specialized

glutaredoxin enzymes, also known as thioltransferases, catalyze it in

vivo to maintain the redox state of the cell.207,208

The thiol disulfide exchange reaction exhibits a strong solvent effect,

which the Born solvation model can qualitatively explain.209–211 The Born solvation model describes

the solvation free energy of an ion as a function of its reciprocal effective radius r0, ∆Gsolv ∝
1
r0

. The

transition state with a linear S-S-S geometry has a more delocalized charge compared to the reactant and

product states and therefore a larger effective radius, which leads to a less favorable solvation free energy.

Normally, this results in an increased reaction barrier in solution compared to vacuum. Here, the most

extreme case occurs where the transition state is energetically favored in vacuum, while the reactant and

product states are more stable in water.212

This is illustrated in Figure 4.9, which shows the PMF of the thiol disulfide exchange reaction in water.

The electrostatic interactions are scaled with different scaling factors to weaken or strengthen the solvent

effect. Without electrostatic interactions (scaling factor 0.0, the ‘vacuum’ case), the linear configuration

around 2.5 Å/2.5 Å is energetically favored. As the electrostatic interactions scale, the reactant and prod-

uct states become more stable than the transition state. This makes the thiol disulfide exchange reaction

an interesting test case for training MLPs across different environments.

4.2.1. Geometry Comparison

Five sampling methods are compared for generating training data for the thiol disulfide exchange reac-

tion, as described in Section 2.2.1: an unrelaxed potential energy scan, a DFTB simulation in water, clas-

sical protein simulations, a classical simulation with modified force-field parameters, and uncertainty-
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Figure 4.9.: PMF of the thiol disulfide exchange reaction in water at the DFTB3/3OBMod S−S level of theory with
different scaling factors for the electrostatic interactions. The linear configuration is energetically favored in the
absence of interactions (left), whereas the reactant and product states are more stable with increased scaling of
electrostatic interactions (middle and right).

based sampling. Since halving the force-field parameters in the alanine dipeptide system did not lead to

unphysical structures, the parameters are further reduced to 25% of their original values for this reaction.

The tSNE plot of the bond lengths of the different datasets in Figure 4.10 serves as a first qualitative

comparison of the structural diversity without requiring knowledge about a suitable set of CVs. The scan

(blue) preserves its grid-like structure from the high-dimensional space in the low-dimensional tSNE plot.

The scan gradually alters the structures along the reaction coordinate, keeping neighboring structures

similar. Only uncertainty sampling (brown) shows some similar structures. As the only other vacuum

simulation, it samples the region around the transition state covered by the scan (see Figure 4.9). The

classical protein simulation (green) shows three clusters, corresponding to different proteins simulated.

The DFTB simulation in water (orange) is the only MD simulation that can undergo a reaction and

therefore spreads across the tSNE plot. Less overlap with the scan and uncertainty sampling is observed,

as solvent effects lead to different structures compared to vacuum, despite the metadynamics biasing.

The classical simulation with modified force-field parameters (purple) exhibits a unique, non-overlapping

section in the tSNE plot, but also shows some overlap with the other sampling methods in another section

of its cluster.

When comparing the location of the structures in the CV space of the two distances S1-S2 and S2-S3 in

Figure 4.11, the clusters from the tSNE plot can be assigned to different regions of the CV space. The

scan spans the transition-state region from 1.8 Å to 3.2 Å for both distances. Uncertainty sampling is also

located in the transition-state region, as the linear S-S-S region is favored in vacuum. Classical protein

simulations are limited to the reactant and product basins. Still, the definition of the disulfide bond varies

across the four simulated proteins, leading to three distinct clusters in the CV space. The third basin at

large S1-S2 and S2-S3 distances corresponds to a structure where the S1-S3 disulfide bond formed. The

modified force-field parameter simulation visits only one of these basins, but it is less restrictive and

spans a wider range of distances. The DFTB simulation in water visits both the reactant and product

states, but the transition-state region is visited less frequently despite the metadynamics bias.
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Figure 4.10.: Comparison of sampling methods for thiol disulfide exchange reaction using tSNE dimensionality
reduction applied to bond lengths. A clear separation between sampling methods is evident. Clusters can be
assigned in accordance with the CV space locations in Figure 4.11.

Figure 4.11.: Comparison of sampling methods for thiol disulfide exchange reaction in CV space of the two dis-
tances S1-S2 and S2-S3. Sampling methods cover different regions of the CV space. Force-field methods (green,
purple) cannot undergo reactions and are limited to reactant/product basins. DFTB simulations (orange, brown)
visit both reactant and product states. The simulation in water (orange) avoids the transition-state region, whereas
the potential energy scan (blue) focuses on it.
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The plausibility of the structures generated with weakened force-field parameters is assessed by compar-

ing the distribution of C-H bonds across the different sampling methods. This is necessary again because

the parameters are further reduced to 1/4 of their original values. Also, as described in Section 2.2.1,

only the longest bonds are filtered for the modified force field parameters (purple), which leads to the

spike of elongated bond lengths at the tail of the distribution in Figure 4.12 in addition to the broader

distribution of bond lengths. The protein simulation, as the only other classical simulation, exhibits a

spike at the preset bond length of the linker atom and a narrow distribution compared to the QM/MM

simulation in water (orange) and the DFTB-mimicking uncertainty sampling (brown). The scan (blue)

did not vary the C-H bond; no extreme values are present.

Figure 4.12.: Distribution of bond lengths of bonds involving hydrogen for thiol disulfide exchange reaction. Spike
in protein simulation (green) due to the linker atom with preset bond length. Modified force-field parameters
(purple) lead to a broader distribution of bond lengths, with a spike in elongated bond lengths due to the specific
filtering for the longest bonds.

These observations lead to three conclusions:

1. The structures generated with the modified force field parameters are physically plausible, as the

distribution of bond lengths is not significantly broader than the other sampling methods.

2. The unmodified force field parameters are too restrictive in comparison to Quantum Mechanical

(QM) methods, as the distribution of bond lengths is significantly narrower than the other sampling

methods. A model trained on this dataset would likely struggle to make accurate predictions for

structures with elongated bonds.

3. A combination of structure generations in different environments is helpful to cover the relevant

configurational space of the thiol disulfide exchange reaction. The metadynamics simulation in

water and the potential energy scan complement each other, whereas the modified force-field pa-

rameter simulation introduces extreme structures into the dataset.
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4.2.2. Property Comparison

The structures generated by the different sampling methods were used as references for calculations

at the B3LYP/aug-cc-pVTZ level of theory in vacuum and in water to compare property distributions

across the datasets. The energy and force magnitude distributions for the vacuum case are shown in

Figure 4.13. The scan (blue) yields structures with the lowest energies and forces, as expected, since the

linear S-S-S conformation is energetically favored in vacuum. The modified force-field parameters (pur-

ple) yield structures with significantly higher energies and forces. The modified force field parameters

yield a median energy approximately 1.0 eV higher than the water simulation (orange), yet fall within

1.5xInterQuartile Range (IQR), a common threshold for identifying outliers indicated by the boxplot

whiskers. The median force magnitude of the modified force-field parameter structures also lies within

1.5xIQR of that in the water simulation. Therefore, these structures are considered plausible, especially

for training in water, where the reactant and product states are more stable than the transition state.

(a) Energy (b) Force magnitude

Figure 4.13.: Comparison of sampling methods for thiol disulfide exchange reaction regarding (a) energy and (b)
forces across different sampling methods. Typical transition state structures from the potential energy scan (blue)
are energetically favored in vacuum. Modified force-field parameters (purple) yield structures with higher energies
and forces at the B3LYP/aug-cc-pVTZ level of theory in vacuum.

4.2.3. Cross-validation

Again, MLPs are trained and cross-validated on the different datasets for the thiol disulfide exchange

reaction. The same models and training procedure as for the alanine dipeptide are applied; however, the

training data subsampling was restricted to 4000 data points, since the scan dataset contains only 5000

data points. The result of the cross-validation for the 2G-HDNNP models is shown in Figure 4.14 in a

confusion matrix.
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The model trained on the scan dataset (top row) can only make accurate predictions for its own test set,

but performs poorly on the other test sets. This is expected, as the scan dataset is limited to the transition-

state region. Uncertainty sampling (bottom row) originating from a vacuum simulation displays a similar

trend, but with a less pronounced drop in performance. In turn, the model trained on the protein simula-

tion data (third row) yields poor predictions on the scan test set, as the protein simulation lacks structures

in the transition-state region. The model trained on the water simulation data (second row) performs well

on all test sets except the scan test set and the modified force-field parameter test set.

The test set generated with the modified force-field parameters (fourth row) is the most challenging, even

for the model trained on the modified force-field parameter dataset. Among all models evaluated on their

respective test sets, this model achieves the lowest performance. However, it performs better on other test

sets than on its own, suggesting that data generated with the modified force-field parameters are more

diverse and yield models that generalize better across different sampling methods. Notably, this model

also yields the best predictions on the scan test set among models not trained on the scan dataset, even

though the modified force-field parameter dataset contains very few structures from the transition-state

region. This further supports the conclusion that the modified force-field parameters yield a more robust

model across different sampling methods.

The complete cross-validation results for 4G-HDNNP, SchNet, PaiNN, Base MACE, and QEq-MACE

trained on different dataset sources of the thiol disulfide exchange reaction in vacuum are shown in

Appendix D.1. The results for the different sampling methods show similar trends, as discussed here,

and mainly differ in the errors achieved by the more advanced models.

Figure 4.14.: Cross-validation for 2G-HDNNP models trained on different dataset sources of thiol disulfide ex-
change reaction in vacuum.
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4.2.4. Conclusion

For the thiol disulfide exchange reaction, each sampling method covers a distinct part of the configura-

tional landscape, and no single source is sufficient on its own. The potential energy scan and uncertainty

sampling focus on transition-state-like vacuum structures, whereas classical protein and water simu-

lations emphasize reactant and product basins under environmental constraints. Modified force-field

sampling introduces physically extreme yet plausible structures and broadens bond-length and energy

coverage beyond standard classical trajectories.

The cross-validation results demonstrate that dataset diversity is the key determinant of transferability:

narrowly focused datasets (scan, protein-only) yield strong in-domain performance but poor generaliza-

tion, whereas modified force-field data yield models that transfer best across heterogeneous test sets,

despite being harder to fit on their own source distribution. Consequently, robust training for this sys-

tem requires a combined sampling protocol that integrates complementary environments and explicitly

includes edge-case configurations.
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Electrostatic interactions are essential for enzyme function at multiple distance scales. They are sub-

stantially weaker than covalent bonds, with non-covalent interaction energies typically ranging from

−0.5 kcal/mol to −50 kcal/mol213, but they direct incoming substrates to the active site through long-

range effects and facilitate catalysis through specific short-range interactions.214

In QM calculations, the unfavorable scaling of computational cost with system size prohibits the in-

clusion of the entire enzyme and solvent environment. The Quantum Mechanics/Molecular Mechan-

ics (QM/MM) approach (see Section 2.4) allows the active site to be treated at a high level of theory,

while the remainder of the system is described with a more efficient Molecular Mechanics (MM) model.

However, the accuracy of QM/MM simulations depends critically on the representation of electrostatic

interactions between the QM and MM regions.

The electrostatic interaction is the interaction between the MM point charges and the nuclei and electrons

of the QM region. The continuous electron density of the QM region is known when employing ab initio

methods. Therefore, the ElectroStatic Potential (ESP) can be calculated as the sum of the nuclear con-

tributions and the integral over the electron density contributions (also compare Eq. (2.112)). However,

even with the QM/MM approach, the time scales of enzymatic reactions are often inaccessible. Exten-

sive sampling is required to capture rare events such as substrate binding, conformational changes, and

chemical reactions. Semi-empirical methods, such as DFTB, can reduce computational cost. A common

approximation is to represent the QM region with a set of partial charges instead of the full electron

density:

Eelec
QM/MM = κ

MM

∑
j

q j

(
QM

∑
i

Zi

|Ri− r j|
−
∫

ρ(r′)
|r′− r j|

dr′
)
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∑
j
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∑
i

q jqi

|Ri− r j|
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Long-range interactions are difficult to capture with commonly applied local descriptors. Some archi-

tectures, such as the 4th Gen. High-Dimensional Neural Network Potential (4G-HDNNP), explicitly

incorporate long-range interactions, but they still rely on partial-charge assignment to represent the ESP.
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Even fewer ML models attempt to predict the electron density directly215–217, instead, most use atom-

based descriptors to predict atomic properties such as partial charges or multipole moments. The error

introduced by switching from a continuous charge distribution to a discrete set of partial charges must be

quantified to assess the limitations of this approximation and to guide the development of more accurate

ML potentials for QM/MM simulations.

In this chapter, the reproduction of the ESP using different partitioning schemes for partial charge as-

signment is investigated. We compare traditional methods such as Hirshfeld, Mulliken, and Löwdin

with ESP- based fitting methods such as CHarges from ELectrostatic Potentials using a Grid-based

method (CHELPG), Merz-Kollman, Restrained Electrostatic Potential (RESP), and Minimal-Basis It-

erative Stockholder (MBIS). The performance of these methods is evaluated based on their ability to

reproduce the ESP and electrostatic energy of a continuous charge density for the two model systems,

alanine dipeptide and thiol disulfide exchange. We also analyze the effect of the environment (vacuum

vs. solvent) on the electrostatic properties and the implications for QM/MM simulations. Environmental

changes should lead to a polarization of the electron density, which should be reflected in the partial

charges. Finally, the training performance of a 4G-HDNNP model using different partial-charge meth-

ods is compared to assess how well these methods can be learned by MLPs. Ultimately, the goal is to

decide which partial charge method is best suited for MLP in QM/MM simulations based on the balance

between its continuous ESP reproduction accuracy and its learnability by ML models.

5.1. Methodology

100 random structures from each sampling method from the Chapter 4 were randomly selected for both

systems. Mulliken, Löwdin, and Hirshfeld partial charges were obtained during the reference method cal-

culations at the B3LYP/aug-cc-pVTZ level with the ORCA software package167. ORCA output files con-

taining information about the converged basis functions (gbw file) were used as an input to the Multiwfn

software115 to calculate CHELPG, Merz-Kollman (MK), Electronegativity-Equalization Method (EEM),

RESP, and MBIS partial charges. The EEM method was not used for the thiol disulfide exchange reaction

due to a missing parameter for sulfur.

Two approaches were used to calculate the ESP: the integration over the continuous charge density and

the summation over discrete point charges. Corresponding vacuum and solvent calculations both used

the MM atom positions of the solvent calculation to evaluate the ESP at. By comparing the electrostatic

interactions in the vacuum and solvent environments, the solvent-induced polarization of the electron

density can be quantified. Multiwfn was used to compute the ESP of the continuous charge density at

the respective MM atomic positions, using ORCA’s gbw files as input. The ESPs caused by the partial

charges at the same set of MM atom positions was calculated using the standard Coulomb’s law in a

custom Python script. Electrostatic energies were calculated by multiplying the ESP values with the
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respective MM point charges and summing over all MM atoms. The Root Mean Square Error (RMSE)

between the continuous ESP and the partial charge ESP, as well as the RMSE between the electrostatic

energies caused by the two ESPs, were used as metrics to evaluate the performance of each partial charge

method.

5.2. Alanine Dipeptide

5.2.1. Partial Charge Method Comparison

Chemical reasonableness is the first aspect to consider when evaluating the performance of a partial-

charge method. In Figure 5.1, the distribution of partial charges per element for the alanine dipeptide

system in vacuum is shown for different partitioning schemes. Carbon exhibits a very broad distribution

of partial charges across all methods, as expected given the heterogeneous chemical environments of

carbon atoms in the system. However, the subdistributions for carboxyl carbon, alpha carbon, and methyl

carbon are not resolved in the boxplot. Mulliken charges yield the largest values for carbon, with some

partial charges even exceeding 1 e and −1 e. Chemical intuition suggests that oxygen should carry the

most negative charge. Among the considered charge schemes, only Hirshfeld and Mulliken charges fulfill

this expectation in every case. EEM sets nitrogen slightly more negative than oxygen, and the charge

fitting methods (CHELPG, MK, RESP) and MBIS have some outliers where nitrogen is more negatively

charged than oxygen. Löwdin charges completely fail to reproduce a chemically reasonable charge

distribution, yielding positive charges on oxygen and nitrogen. Hirshfeld charges show the smallest

spread across all elements. The charge-fitting methods and MBIS have been combined into a single

category, as they differ only slightly.

Overall, Hirshfeld charges show the most chemically reasonable distribution, as they consistently repro-

duce the expected order of element partial charges (O < N < C). In contrast, only Löwdin charges fail to

reproduce a chemically reasonable charge distribution.

5.2.2. Environment Comparison

The presence of solvent leads to a polarization of the electron density, which is reflected in the ESP,

as shown in Figure 5.2, where the ESP from the continuous charge density is mapped onto the van der

Waals surface of the molecule. Negative regions of the ESP around the carbonyl oxygen and positive

regions around the amide nitrogen, a potential hydrogen bond donor, are present in both environments.

However, these features are more pronounced in the solvent environment, as illustrated by the difference

plot.
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Figure 5.1.: Comparison of partial charge methods for alanine dipeptide system in vacuum. Hirshfeld charges
satisfy the expected order (O < N < C); Löwdin charges are unreasonable, with positive O and N charges.

(a) Vacuum (b) Water (c) Difference

Figure 5.2.: ESP map for alanine dipeptide system in vacuum (a), in water (b), and the difference between both
environments (c). The solvent environment leads to a more pronounced ESP with stronger negative regions around
the carbonyl oxygen and stronger positive regions around the amide nitrogen.
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An ideal partial-charge method should capture this polarization effect, which can be quantified by com-

paring the difference in partial charges between the solvent and vacuum environments for each method.

In Figure 5.3, the difference in partial charges between the two environments is shown for selected meth-

ods. Hirshfeld and Löwdin charges exhibit the expected trend: more negative charges for oxygen and

more positive charges for nitrogen in the solvent environment, but the magnitude of the change is small.

The charge-fitting methods and MBIS exhibit a similar trend, but with a larger magnitude of change,

indicating that their fits capture the polarization effect more effectively. However, the median change for

the nitrogen is unexpectedly slightly negative for these methods. The behavior of the nitrogen atom is

complex, as it can participate in hydrogen bonding and is part of the amide group, which has resonance

structures that can affect the charge distribution. A stabilized positive charge on its hydrogen would

make the nitrogen more negative. In contrast, a stabilized negative charge on the oxygen would favor the

resonance structure with a positive charge on the nitrogen. Changes in Mulliken charges do not follow a

clear trend: the overall median change is close to zero, even for oxygen, and the distribution of changes

is relatively broad. Because the EEM charges are calculated solely from the QM region, they are insen-

sitive to the environment. As a result, the partial charges remain unchanged between the vacuum and

solvent environments, making this approach unsuitable for this application.

Figure 5.3.: Difference in partial charges for alanine dipeptide system between solvent and vacuum environment for
selected methods. Clear trend of more negative charges for oxygen for Hirshfeld, Löwdin, charge fitting methods,
and MBIS, with charge fitting methods showing a larger magnitude of change. Mulliken charges show no clear
trend and a broad distribution of changes. EEM charges show no change due to insensitivity to the environment.

5.2.3. Electrostatic Potential Reproduction

The objective of this section is to evaluate how well different partial charge methods can reproduce the

ESP of the continuous charge density. However, raw ESP RMSEs values are hard to interpret intuitively.

Therefore, the electrostatic energy is included to put the error magnitude in perspective relative to the

chemical accuracy of 1 kcal/mol (0.043 eV). Still, the electrostatic energy RMSE has the drawback of
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error cancellation of positive and negative errors in the ESP, which is why both errors are displayed for

the alanine dipeptide system in solution in Figure 5.4.

The ESP fitting methods (CHELPG, MK, RESP) and MBIS significantly outperform traditional QM

charge partitioning schemes (Hirshfeld, Mulliken, Löwdin) in reproducing the ESP and electrostatic

energy. This is expected, as the ESP fitting methods are designed to reproduce the ESP at specific

points in space. The RMSE of the ESP reproduction for the charge fitting methods and MBIS is around

0.02 eV/e, in contrast to 0.15 eV/e for Hirshfeld to 0.18 eV/e for Mulliken. Löwdin charges perform the

worst by a large margin. The electrostatic energy reproduction shows a similar trend. Mulliken charges

have a slightly better performance than Hirshfeld charges for electrostatic energy reproduction due to

error cancellation. Additional data for the ESP reproduction can be found in Appendix D.2.

While the ESP fitting methods show insignificant errors, Mulliken and Hirshfeld charges introduce an

error of around a quarter and a half of the chemical accuracy threshold, respectively, simply by switching

from a continuous charge distribution to a discrete set of partial charges. Therefore, CHELPG, MK,

RESP, and MBIS are a more suitable target for the MLP training.

Figure 5.4.: Comparison of charge partitioning methods for ESP and electrostatic energy reproduction of con-
tinuous charge distribution for the alanine dipeptide system in solution. ESP fitting methods (CHELPG, Merz-
Kollman, RESP) and MBIS significantly outperform traditional partitioning schemes (Hirshfeld, Mulliken,
Löwdin).

5.2.4. Charge Training

Another aspect to consider when selecting a partial charge method for MLP training is how well the

model can learn the charges from descriptors that represent the local chemical environment. The training

performance of a 4G-HDNNP model using different partial charge methods for the alanine dipeptide

system in vacuum is shown in Figure 5.5. The charges were the only target property, not the energy or

forces, to isolate the learnability of the charge assignment from the overall performance of the MLP. The

hyperparameters were adopted from Section 6.1.1.
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Hirshfeld, EEM, and MBIS show the best training performance, with a validation RMSE of around

0.03 e. The other methods exhibit significantly worse training performance, with RMSE values twice or

even three times higher.

Figure 5.5.: Comparison of training performance for different partial charge methods for alanine dipeptide system
in vacuum using the 4G-HDNNP architecture. Hirshfeld, EEM, and MBIS show the best training performance.

5.2.5. Conclusion

Overall, MBIS and Hirshfeld charges exhibit the best balance among chemical reasonability, ESP repro-

duction, and learnability by the MLP, making them the most suitable targets for MLP training in QM/MM

simulations. Charge-fitting methods reproduce ESP well but exhibit poorer training performance, which

may be due to noise in the charges arising from fitting an already fitted property. Mulliken charges

perform poorly in both ESP reproduction and training, whereas Löwdin charges perform worse in both

aspects. Hirshfeld charges will be used for the remainder of the thesis, although MBIS charges could

be a promising alternative. An ML/MM approach by Zinovjev153,154 selected MBIS charges. Switching

from the continuous charge distribution to Hirshfeld charges as charge representation is expected to in-

troduce an electrostatic energy error of 0.021 eV, approximately half the chemical accuracy threshold, as

quantified in Figure 5.4
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5.3. Thiol Disulfide Exchange Reaction

5.3.1. Partial Charge Method Comparison

The procedure for evaluating the partial charge methods for the thiol disulfide exchange reaction is the

same as for the alanine dipeptide system. The distribution of partial charges per element for the thiol

disulfide exchange reaction in vacuum is shown in Figure 5.6. Chemical intuition suggests that sulfur

should carry the negative charge in the system and exhibit a broad charge range as the charge state

changes during the reaction. Carbon may carry a small negative charge inductively.

Nearly all methods show a broad distribution of sulfur charges, except for Löwdin charges, which show

a positive sulfur charge. Hirshfeld and MBIS charges are consistent with the expectation of a small

negative charge on carbon. In contrast, Mulliken carbon charges are more negative than sulfur charges

on average, and the charge-fitting methods indicate a broad positive charge on carbon.

Figure 5.6.: Comparison of partial charge methods for thiol disulfide reaction in vacuum. Hirshfeld and MBIS
show an intuitive broad distribution of negative sulfur charges and small negative carbon charges.

5.3.2. Environment Comparison

With sulfur being the most polarizable element in the system, a significant effect of the environment

on the charge distribution and ESP can be expected. The effect will differ between the transition state

and the reactant/product states and between the disulfide/thiolate sulfurs. The overall ESP is negative

due to the negative charge as depicted in Figure 5.7. Figure 5.8 shows the difference in partial charges

between the solvent and vacuum environments for selected methods. All methods show a median change

of approximately zero across all elements. Mulliken and charge-fitting methods show a broader distribu-

tion, with carbon varying the most. However, no clear assignment of the polarization effect to specific

elements can be observed overall.
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(a) Vacuum (b) Water (c) Difference

Figure 5.7.: ESP map for thiol disulfide reaction in vacuum (a), in water (b), and the difference between both
environments (c).

Figure 5.8.: Difference in partial charges for thiol disulfide reaction between solvent and vacuum environment for
selected methods. No clear polarization effect for specific elements can be observed.
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5.3.3. Electrostatic Potential Reproduction

The comparison of Figure 5.4 and Figure 5.9 shows the worse performance of the charge fitting methods

and MBIS for the thiol disulfide exchange reaction relative to the alanine dipeptide system. In contrast,

Mulliken and Hirshfeld charges exhibit similar performance in reproducing the ESP. The electrostatic

energy performance is improved for the latter methods due to error cancellation. Additional data for the

ESP reproduction can be found in Appendix D.2.

Figure 5.9.: Comparison of charge partitioning methods for ESP and electrostatic energy reproduction of continu-
ous charge distribution for the thiol disulfide exchange reaction in solution.

5.3.4. Conclusion

Overall, the method choice has less impact on the ESP reproduction for the thiol disulfide exchange

reaction than for the alanine dipeptide system. Therefore, for consistency, Hirshfeld charges were used

for MLP training in this system as well. Errors of 0.009 eV for the electrostatic energy reproduction

are introduced by switching from a continuous charge distribution to a discrete set of partial charges,

which is approximately a fifth of the chemical accuracy threshold, and therefore acceptable for QM/MM

simulations.
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6.1. Training Alanine Dipeptide in Vacuum

Vacuum MLPs have gained significant attention in recent years.43,124,128,130,131 They provide a compu-

tationally efficient alternative to QM methods for simulating molecular systems while retaining high

accuracy. The main focus of this work is the application of MLPs in QM/MM simulations; however,

it is crucial to first evaluate their performance in vacuum, where they are expected to perform best.

This serves as a baseline for understanding their capabilities and limitations before deciding which MLP

architecture to use for the more complex QM/MM simulations.

In this section, we present a comprehensive comparison of various MLP architectures trained on the

alanine dipeptide system in vacuum. Some of the MLPs are purely designed for vacuum (2G-HDNNP123,

SchNet124, PaiNN129, Base MACE131), others have ML/MM capabilities (4G-HDNNP128, QEq-MACE,

AMP156, Field-Schnet155, and Field-MACE159). These architectures are introduced in Section 2.5.2.

They represent a diverse set of state-of-the-art MLP architectures, of which especially Base MACE has

gained significant attention in recent years for its high accuracy and efficiency, as seen in the number of

citations of the original publication131 (see Figure 6.1).

Figure 6.1.: Number of citations of popular MLP architecture publications over time. MACE has gained significant
attention in recent years.
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Initially, hyperparameter optimization is performed for most architectures to determine optimal settings

and assess the influence of different hyperparameters on model performance and training duration. Sub-

sequently, we analyze the dataset size dependence of each architecture to understand how the amount of

training data affects their performance. Finally, we perform a metadynamics simulation in vacuum using

each MLP to assess its ability to reliably reproduce the reference QM potential energy surface and forces

during a dynamic simulation. A special focus is placed on the stability of the simulations. The results

of this section provide valuable insights into the strengths and weaknesses of each MLP architecture in

vacuum.

Author Contributions Literature implementations of all MLP architectures were used. Martin Von-

drak implemented an initial MACE version with a charge equilibration scheme from the group of Prof.

Dr. Johannes Margraf in Bayreuth. For both 4G-HDNNP and QEq-MACE, the author of this thesis im-

plemented the ML/MM extension and the interface to GROMACS. The author performed the training,

simulation, and analysis.

6.1.1. Hyperparameter Optimization

A hyperparameter is a parameter that is not learned during training but is set before training and can

significantly influence the model’s performance. Examples of hyperparameters include the learning rate,

the number of layers in a neural network, the number of neurons per layer, the activation function, and

the batch size used during training. Hyperparameter optimization is crucial for achieving optimal per-

formance from machine learning models. Various strategies exist for hyperparameter optimization, in-

cluding grid search, random search, and more sophisticated methods like Bayesian optimization, genetic

algorithms, and hyperband218. In this work, a combination of grid search and hyperband is employed.

Grid search systematically explores a predefined set of hyperparameter values. Only a limited search

space can be explored systematically using grid search due to the combinatorial explosion of possible

hyperparameter combinations. Hyperband, by contrast, is a more efficient method that allocates re-

sources to promising hyperparameter configurations while quickly discarding poor performers. It works

in the following way:

1. A large number of hyperparameter configurations are randomly sampled from the search space

and trained for a small number of epochs.

2. The performance of each configuration is evaluated, and only the top-performing fraction 1
η

of

configurations is retained. The factor η is a hyperparameter that controls the aggressiveness of the

pruning.
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3. The retained configurations are then trained for η times more epochs, before the next round of

pruning is performed.

4. This process continues until either a single configuration remains or a predefined maximum num-

ber of epochs is reached.

Grid search was used to explore the impact of specific hyperparameters in isolation. In contrast, hy-

perband was employed to efficiently explore a larger hyperparameter space for each MLP architecture,

identifying the best-performing configuration. The most impactful hyperparameters for performance and

training duration are reported in the main text. An overview of the explored hyperparameter search

spaces and strategies, as well as the detailed results of the hyperparameter optimization, is provided in

Appendix D.3.

2nd Generation HDNNP

The 2G-HDNNP architecture by Behler and Parrinello123 (see Section 2.5.2) has two sets of architecture-

specific hyperparameters: symmetry function hyperparameters and the subnetwork architecture. The hy-

perparameter arrays Rs, η , ζ , and λ control the shape and range of the symmetry functions encoding the

local atomic environment. Their combination determines the size of the feature vector. The subnetwork

architecture that predicts atomic contributions to the energy is defined by the number of layers and the

number of neurons per hidden layer.

Energy layer size and eta array choice are found to be the most impactful hyperparameters for the

2G-HDNNP architecture, as shown in Figure 6.2. Increasing the energy layer size generally improves

model performance with only a small increase in training duration. The performance boost converges

quickly. Two small layers outperform a single large layer. The size and range of the η array have an even

more significant influence. Increasing the η array size and, especially, its range substantially improves

model performance with longer-range information, albeit at the cost of notably longer training durations

for a large η array. Otherwise, Rs is found to have an unsystematic influence with an insignificant influ-

ence on training duration, as it does not take part in the angular symmetry functions. A larger ζ array

size increases the training duration with only a minor influence on performance. The activation function

appears to have only a minor influence on performance in the grid search, but only Tanh, Swish, and

ELU are among the Top 10 best-performing models during the hyperband search with hundreds of trials.

4th Generation HDNNP

The 4G-HDNNP architecture adds a charge prediction layer to the 2G-HDNNP architecture, but the

remaining hyperparameters are the same as for the 2G-HDNNP. In total, the effects of the hyperpa-
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(a) Energy layer size: Model performance (b) Energy layer size: Training duration

(c) Eta array: Model performance (d) Eta array: Training duration

Figure 6.2.: Selected hyperparameter effects on 2G-HDNNP model performance. The architecture of the energy
layer and the choice of the η array significantly influence model accuracy and training duration. Increasing the
energy layer size improves performance with only a small increase in training time, whereas the choice of η array
substantially improves the model’s performance with long-range information, but at the cost of notably longer
training durations.

rameters Rs, η , ζ , the energy-layer architecture, and the charge-layer architecture on performance and

training duration are investigated.

Notably, increasing the number of units is not a guarantee for improved performance, as shown in Fig-

ure 6.3. Both the charge network and the energy network influence the performance and tend to perform

better with more units, but an optimum is observed within the small search space for the energy layer.

When inspecting the larger hyperband search space, most top-performing models have three layers, with

higher node counts in the first layer, whereas the next layers vary. A strong influence of the η and ζ

array choice is observed. Again, only Tanh, Swish, and ELU appear in the Top 10.

SchNet

SchNet124 is a convolutional graph neural network that iteratively constructs feature vectors from a sim-

ple embedding of atomic numbers via message passing through interaction blocks. Relevant hyperpa-

rameters concern the input embedding, the interaction blocks, the convolutional filters, and the output

blocks. The initial input embedding of the atomic numbers can vary in the number of units, which de-

termines the size of the initial feature vector. The interaction blocks internally use dense layers with a

certain number of units and an activation function. The depth of the network is determined by the num-

ber of interaction blocks, which determines how many times the feature vectors are updated by message

passing. The convolutional filters are defined by the number of Gaussian bins with an offset and width
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(a) Charge layer size: Model performance

(b) Energy layer size: Model performance

Figure 6.3.: Selected hyperparameter effects on 4G-HDNNP model performance. Larger charge and energy layers
improve model accuracy, although a performance optimum was observed for the energy-layer size.

up to the cutoff distance. The output blocks consist of dense layers with a certain number of units and an

activation function. Further details of the architecture are provided in Section 2.5.2.

As shown in Figure 6.4, the number of interaction blocks systematically influences model performance.

However, increasing the number of interaction block units linearly scales up the training duration. Most

other hyperparameters show a minor influence on this small test system. The number of Gaussian bins

has a moderate influence on the performance. Surprisingly, the number of interaction blocks has little

impact on performance, which might be due to the system’s small size. The best performing models

in the hyperband search have 4–8 interaction blocks. Swish and Tanh consistently perform best among

activation functions. The majority of the Gauss parameters for the distance expansion showed similar

performance, but the cutoff distance must be sufficiently large to capture the relevant interactions (>5 Å).

The default value was too small during the grid search, leading to a sudden performance boost when

increasing it or using an offset (see Figure D.21 in the appendix). No impact of the output network

architecture is observed.

PaiNN

PaiNN, as an equivariant version of SchNet, shares its architecture, except for the equivariant features

and most hyperparameters. The most striking change in hyperparameters is the use of Bessel functions

instead of Gaussian functions for the distance expansion, which is controlled by the (much smaller)

number of Bessel bins, an enveloping cutoff function, and the cutoff distance. In total, the influence
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(a) Interaction block size: Model performance (b) Interaction block size: Training duration

Figure 6.4.: Selected hyperparameter effects on SchNet model performance. An increased number of Gauss bins
moderately improves model performance, with an acceptable increase in training duration. In contrast, increasing
the number of interaction blocks improves the performance with a linear increase in training duration.

of the input embedding size (also used as the interaction block size), the number of interaction blocks,

the number of Bessel bins, the exponent of the enveloping function, the cutoff distance, the output net-

work architecture, and the activation function (both in the interaction blocks and the output blocks) is

investigated.

As shown in Figure 6.5, the number of Bessel bins is found to have a strong influence on the performance,

with a larger number of bins counterintuitively leading to worse performance. Consistent with the SchNet

results, the size of the interaction blocks, which were adjusted together with the input embedding size,

also significantly influences performance, with larger blocks yielding systematically better performance

at the cost of a linear increase in training duration. For the other hyperparameters, too small cutoffs are

detrimental to performance, the number of interaction blocks has little influence, and no impact of the

output network architecture is observed. No generally best activation function is observed; 5/6 of the

candidate activation functions are present in the Top 10. While the effect of the envelope exponent is not

obvious in the grid search, 8/10 of the best-performing models in the hyperband search have an exponent

of 5.

Base MACE

The MACE architecture131 is, like PaiNN, an equivariant message passing neural network. It embeds

atomic numbers into a feature vector whose irreducible representation is specified by a hyperparameter

(the number of channels and the maximum angular momentum Lmax). Like PaiNN, it encodes radial

information using Bessel functions with a certain number of bins, an enveloping function with a certain

exponent, and a cutoff distance. The radial information is then used as input to an intermediate radial

Neural Network (NN) with a parameterizable architecture, denoted the radial MLP (Multi Layer Percep-

tron). During the message construction, a many-body expansion is performed up to a certain correlation

order, which is a hyperparameter. Output blocks, here often called Readout blocks, consist of a single

dense layer with a certain number of units and an activation/gate function.
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(a) Bessel bin amount: Model performance

(b) Input embedding size/Interaction block size: Model perfor-
mance

(c) Input embedding/Interaction block size: Training
duration

Figure 6.5.: Selected hyperparameter effects on PaiNN model performance. An increased number of Bessel bins
is detrimental to model performance. Increasing the input embedding size clearly improves model performance,
albeit at the cost of a linear increase in training duration.

MACE models generally achieve a very low error compared to other architectures, but they are also

more expensive to train. The most impactful hyperparameter is the correlation order, which significantly

improves the performance with higher orders, as shown in Figure 6.6. Higher-order correlations are

originally included to reduce the number of message-passing steps required to capture many-body in-

teractions. However, more message passing steps (more interaction blocks/ more depth) did not show a

similar improvement compared to the correlation order for this small system (see Appendix D.3). Again,

the counterintuitive effect of the number of Bessel bins is observed, with more bins leading to worse

performance. A larger number of channels (interaction block size) leads to performance improvements;

most other hyperparameters (envelope exponent, radial MLP, output MLP) have only a minor influence

on performance.

Due to the generally good performance of the MACE architecture, the typical hyperparameter choices

defined in Section 3.4 are used for the training of the Base MACE and QEq-MACE models for the alanine

dipeptide dataset instead of the optimal hyperparameters found during the hyperband search.

6.1.2. Dataset Size Dependence

Scope Generating training data is often the most expensive step in developing an an MLP. A more

data-efficient MLP can achieve good performance with fewer training samples, thereby saving significant

computational resources and demonstrating that the MLP can learn the underlying physics of the system
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(a) Correlation order: Model performance (b) Correlation order: Training duration

Figure 6.6.: Selected hyperparameter effects on Base MACE model performance. Increasing the correlation order
significantly improves model performance, albeit at a substantially longer training time.

more robustly. The dataset-size dependence of different MLP architectures is investigated by training

each architecture on subsets of the training data of increasing size and evaluating its performance on the

same test set. Three models with the same (unoptimized) hyperparameters are trained independently on

a subset of the training set for each training set size to obtain a more robust estimate of the performance

and its variability. The results are shown in Figure 6.7.

Results Both generations of the High-Dimensional Neural Network Potential (HDNNP) architecture

exhibit a similar dataset-size dependence, with the 4G-HDNNP performing slightly better than the

2G-HDNNP. Still, even with the largest training set size, the HDNNPs fail to reach chemical accu-

racy of 0.043 eV. The other MLP architectures show a much better performance, with the SchNet and

PaiNN models reaching chemical accuracy with around 1000 training samples. They perform as well as

MACE for the forces, but MACE’s energy predictions are significantly better. The training procedure

for the MACE model involves a second stage with a smaller learning rate, a focus on the energy loss,

and Stochastic Weight Averaging (SWA), during which the weights are averaged over multiple epochs to

improve generalization. In particular, the focus on energy loss enables the MACE model to converge to

a much lower energy error.

Conclusion From these findings, the HDNNPs are expected to perform worse in subsequent MD sim-

ulations, as their generalization to unseen configurations is inferior to that of the other MLP architectures.

6.1.3. Training in Vacuum

Scope The key question in this section is how the different MLP architectures perform when trained

on the same dataset. Simulation stability and quality are the main criteria for selecting the MLP architec-

ture for the subsequent QM/MM simulations, so particular attention is paid to force predictions, which

are more relevant to dynamics than energy predictions. No guarantee of simulation stability can be given
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Figure 6.7.: Dataset size dependence of different MLP architectures.

based on test-set performance5, but it is a first indication of the model’s ability to generalize to unseen

configurations. Three independent training runs are performed for the previously introduced architecture

with the identified hyperparameters. Additionally, QEq-MACE is compared with Base MACE as base-

line and two more literature MLPs with ML/MM capabilities, Anisotropic Message Passing (AMP)156,

and the MACE-related Field-MACE159, are added with literature hyperparameters. The results are shown

in Table 6.1 and Figure 6.8.

Results Nearly all MLP architectures can achieve chemical accuracy with optimized hyperparameters

and the full training set. The performance expectation 2nd Gen. High-Dimensional Neural Network

Potential (2G-HDNNP)<4G-HDNNP<SchNet<PaiNN<MACE is confirmed. All MACE models show

remarkable performance and reproducibility across the three independent training runs. In contrast, the

HDNNPs and SchNet exhibit much greater variability across the three independent training runs. The

QEq-MACE model shows a slight improvement over the Base MACE model despite lacking an environ-

ment or long-range electrostatic interaction within the training data, for which the charge equilibration

scheme is intended. Field-MACE, designed for excited states and ML/MM, performs worse than the

baseline Base MACE model. The AMP model performs well but not as well as the MACE models,

which may be due to differences in training procedure and the lack of hyperparameter optimization in

this system. Only a single model was trained on all the data for the AMP architecture, so that no conclu-

sions can be drawn about the reproducibility of the training.

Conclusion The MACE models and the AMP model are expected to perform well in the subsequent

MD simulations. PaiNN appears promising, whereas the HDNNPs and SchNet are expected to perform

worse due to larger errors and greater variability.
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Table 6.1.: Mean test set performance metrics for different MLP architectures trained on the alanine dipeptide
dataset in vacuum across three independent training runs. MACE models and AMP show the best performance.

Method
Energy Force Charge

RMSE (eV) R2 RMSE (eV/Å) R2 RMSE (e) R2

2G-HDNNP 0.034 0.981 0.051 0.998 — —
4G-HDNNP 0.033 0.983 0.045 0.999 0.043 0.888
SchNet 0.022 0.993 0.032 0.999 — —
PaiNN 0.010 0.999 0.018 1.000 — —
Base MACE 0.004 1.000 0.010 0.999 — —
QEq-MACE 0.003 1.000 0.008 1.000 0.002 1.000
AMP 0.010 0.999 0.011 1.000 — —
Field-SchNet 0.007 0.999 0.021 1.000 — —
Field-MACE 0.006 1.000 0.012 1.000 — —

Figure 6.8.: Comparison of test set RMSE for different MLP architectures trained on the alanine dipeptide dataset
in vacuum across three independent training runs. MACE models and AMP show the best performance and
reproducibility
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6.1.4. Metadynamics Simulation in Vacuum

Scope Before the MLP models are applied in the more complex QM/MM simulations, their perfor-

mance is evaluated in a simpler setup by performing metadynamics simulations of alanine dipeptide in

vacuum with the simulation setup described in Section 3.5. As the force prediction performance is not a

perfect indicator for the stability of the simulations5, the stability of the simulations is evaluated by mea-

suring the completion of the walkers during a 1 ns metadynamics simulation. Additionally, the resulting

PMFs are compared to the B3LYP/aug-cc-pVTZ reference to evaluate the quality of the sampling. As

an additional metric, the maximum force difference relative to the reference method is evaluated for a

subset of the structures encountered during the simulation with QEq-MACE to further validate the PMFs

and rank the different MLP architectures.

MLPs are known to be unreliable when extrapolating to configurations outside the training distribution,

leading to unphysical forces and simulation instability. To detect this issue, termination criteria are

defined for the metadynamics simulations. The simulation is terminated as soon as a bond length or

the model ensemble disagreement exceeds a certain threshold. This prevents failed simulations from

introducing unphysical structures in the construction of the PMF and eases the comparison of successful

simulation runs across different MLP architectures.

Results The AMP, the Base MACE, and the customized QEq-MACE model show a perfect completion

of all walkers during the 1 ns metadynamics simulation of alanine dipeptide in vacuum (see Figure 6.9).

The other MLP architectures experience instability issues. 4G-HDNNP, SchNet, and PaiNN complete

at least a majority of the target simulation time for most walkers, 2G-HDNNP fails to even complete

10% of the simulation. The results for 4G-HDNNP and PaiNN are unexpected. 4G-HDNNP shows a

similar force accuracy as 2G-HDNNP during the test set evaluation, but it performs much better in the

simulation. PaiNN, on the other hand, shows a very good force accuracy, but it performs worse than

expected in the simulation. About a third of the PaiNN walkers complete the full simulation, while many

others fail as early as 100 ps.

Enhanced sampling with metadynamics can still be analyzed even if all walkers terminate prematurely.

As long as the walkers explore the relevant regions of the free-energy landscape, a reasonable PMF can

be constructed and compared with a reference. The resulting PMFs in the φ -ψ space for the different

MLP architectures are shown in Figure 6.11. The reference PMF at the B3LYP/6-311+G(2d,p) level is

shown in Figure 6.11 for comparison194. Liu, Ensing, and Moore used the quasi-harmonic approximation

to correct the relaxed PES to the Free Energy Surface (FES).

Even with only 10% of the target simulation time completed, the 2G-HDNNP model samples at least

the minima in the PMF. Higher-energy regions are not sampled because the simulation is terminated
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Figure 6.9.: Completion of 16 1 ns walkers during vacuum metadynamics simulation for different MLPs. AMP,
QEq-MACE and Base MACE complete all walkers, 2G-HDNNP fails to complete any walker.

early. All other models capture the general shape of the PMF, with the minima and transition regions in

the correct locations. The global minimum C7eq is identified as well as the C7ax local minimum. The

C5 minimum is only a clear minimum for the SchNet, Base MACE, QEq-MACE, and AMP models.

Transition regions are in the correct locations for all models but the 2G-HDNNP model.

A more detailed analysis of the PMF quality is performed by comparing the maximum force difference

to the reference method during the simulation for a subset of 100 structures encountered during the

simulation of the Base MACE model, as shown in Figure 6.12. Not only are the MLPs compared, but

also DFTB3/3OB as well as PBE0/aug-cc-pVTZ as representatives of semi-empirical and alternative

DFT methods to put the MLP performance into perspective. As DFTB3/3OB is not parameterized with

the B3LYP functional, it is expected to perform worse than the MLP models, which are trained on

B3LYP data. This expectation is met, DFTB shows a median maximum force difference of 1.25 eV/Å

to the reference. This deviation is more than twice that of the next-worst method, the PBE0 functional.

The difference between all MLPs and the reference B3LYP is smaller than the difference between the

two functionals, B3LYP and PBE0 themselves. This is true even for the worst performing MLP model,

2G-HDNNP. Spikes in the deviation of the 2G-HDNNP could be the reason for the early termination of

the simulation, although they are still smaller than the deviation of DFTB. The better-performing MLP

models exhibit a much smaller deviation from the reference, with the Base MACE, QEq-MACE, and

the outstanding AMP models performing best. These results mirror the training results in Figure 6.8 and

further deepen the confidence in the quality of the PMF obtained with the MACE models.

An in-depth analysis of the minima and transition states in the PMF of QEq-MACE is performed by

comparing these extrema to the reference PMF at the B3LYP/6-311+G(2d,p) level of theory published

by Liu, Ensing, and Moore194. The extrema in the QEq-MACE PMF are assigned to the nearest cor-

responding extrema in the reference PMF and compared in terms of their relative free energy and their
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Figure 6.10.: Reference PMF at the B3LYP/6-311+G(2d,p) level of theory in kcal/mol. Reprinted (adapted) with
permission from Zhiwei Liu, Bernd Ensing, and Preston B. Moore. „Quantitative Assessment of Force Fields on
Both Low-Energy Conformational Basins and Transition-State Regions of the (φ -ψ) Space“. eng. In: Journal of
Chemical Theory and Computation 7.2 (Feb. 2011), pp. 402–419. DOI: 10.1021/ct100395n. Copyright 2026
American Chemical Society.

location in the φ -ψ space. Assigning transition states like this from a metadynamics PMF is inherently

flawed, as the deposition of the bias potential naturally yields a rougher PMF, and the transition states

are not necessarily located at the same positions as in the reference PMF. Still, the relative free energies

of the minima and transition states should be comparable. The results are shown in Figure 6.13 and

Table 6.2. Both the location of the minima and transition states and their relative free energies show a

good agreement between the QEq-MACE PMF and the reference PMF. Locations of the minima and

transition states are within 5◦ of the reference, and the relative free energies are within 1 kcal/mol of the

reference. TS2 shows the largest energy deviation of 0.95 kcal/mol.
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(a) 2G-HDNNP (b) 4G-HDNNP

(c) SchNet (d) PaiNN

(e) QEq-MACE (f) AMP

Figure 6.11.: Resulting PMFs after 1.0 ns vacuum metadynamics simulation for different MLPs relative to C7eq.
Contour lines are drawn at 1.0 kcal/mol intervals. Minima and transition regions are broadly in the correct loca-
tions for all models but the 2G-HDNNP.
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Figure 6.12.: Maximum absolute force difference to the B3LYP/aug-cc-pVTZ reference during 1 ns vacuum sim-
ulation of alanine dipeptide for different methods. PBE0 and DFTB included for perspective. Base MACE,
QEq-MACE, and AMP show the best performance.

Figure 6.13.: Analysis of the minima and transition states in the reference PMF at the B3LYP/6-311+G(2d,p)
level194 (left) and the QEq-MACE PMF (right). The locations of the corresponding minima and transition states,
and their relative free energies, are in good agreement. Reprinted (adapted) with permission from Zhiwei Liu,
Bernd Ensing, and Preston B. Moore. „Quantitative Assessment of Force Fields on Both Low-Energy Confor-
mational Basins and Transition-State Regions of the (φ -ψ) Space“. eng. In: Journal of Chemical Theory and
Computation 7.2 (Feb. 2011), pp. 402–419. DOI: 10.1021/ct100395n. Copyright 2026 American Chemical
Society.
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Table 6.2.: Comparison of free energy extrema between the reference at the B3LYP/6-311+G(2d,p) level194 and
the observed extrema from the QEq-MACE PMF analysis. The location of corresponding extrema and their
relative free energies are in good agreement. Angles are in degrees, free energies are in kcal/mol. Energies
are referenced to the C7eq minimum. Reprinted (adapted) with permission from Zhiwei Liu, Bernd Ensing, and
Preston B. Moore. „Quantitative Assessment of Force Fields on Both Low-Energy Conformational Basins and
Transition-State Regions of the (φ -ψ) Space“. eng. In: Journal of Chemical Theory and Computation 7.2 (Feb.
2011), pp. 402–419. DOI: 10.1021/ct100395n. Copyright 2026 American Chemical Society.

Label φref φobs ψref ψobs ∆Gref ∆Gobs ∆(∆G)

C7eq -83.10 -84.26 72.60 72.77 0.00 0.00 0.00
C5 -158.40 -153.19 164.60 157.02 0.06 0.46 0.40
C7ax 73.60 72.77 -57.70 -57.45 2.63 2.92 0.29
TS1 5.60 7.66 81.40 80.43 10.31 9.80 -0.51
TS2 -1.40 -3.83 -8.90 -7.66 8.94 9.89 0.95
TS3 2.80 3.83 -77.30 -76.60 10.39 10.96 0.57
TS4 112.80 114.89 -146.70 -149.36 8.24 8.14 -0.10
TS5 135.90 137.87 -26.20 -26.81 8.68 8.48 -0.20
TS6 79.00 76.60 86.40 88.09 11.04 10.56 -0.48
TS7 -149.80 -149.36 -87.30 -88.09 6.27 6.10 -0.17

6.2. Training Thiol Disulfide Exchange Reaction in Vacuum

6.2.1. Hyperparameter Optimization

The general trends and preferences in the hyperparameters of the different MLP architectures mirror

those observed for the alanine dipeptide dataset. Long-range η arrays for HDNNP, a large number of

interaction block units for SchNet and PaiNN, and fewer Bessel basis functions for the PaiNN and MACE

models are the dominant features in the Top 10 hyperparameter sets for the thiol disulfide exchange

reaction dataset during the hyperband search. For in-depth information on the hyperparameter search

spaces and results, please refer to Appendix D.4. In contrast to the alanine dipeptide system, the training

of Base MACE and QEq-MACE models for this system is performed using the optimal hyperparameters

found during the hyperband search instead of the typical hyperparameter choices defined in Section 3.4.

This decision is based on initial instability issues observed during simulations with the thiol disulfide

exchange reaction dataset. Stable simulations are achieved with the optimal hyperparameters and a

corrected simulation setup.

6.2.2. Training in Vacuum

Scope In this section, the performance of different MLP architectures trained on the thiol disulfide

exchange reaction dataset in vacuum is evaluated. The procedure is similar to that used for training on

the alanine dipeptide dataset. Three independent training runs are performed for each MLP architecture
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to assess training reproducibility and the stability of the results. The results are compared with the

performance of the same MLP architectures trained on the alanine dipeptide dataset in vacuum to assess

differences between the two datasets.

Results Trends in the performance of the different MLP architectures are similar to those observed for

the alanine dipeptide dataset. The force errors decline in the expected order 4G-HDNNP > SchNet

> PaiNN > MACE. The 2G-HDNNP surpasses the expectations by outperforming 4G-HDNNP and

SchNet. One model for each architecture performs significantly worse than the other two models.

The fact that this issue is consistent across all architectures and that the same test set has been used

for all models indicates that the root cause lies in the training set, which appears to lack certain im-

portant configurations. The overall performance of the models is worse than for the alanine dipeptide

dataset. The exchange reaction contains only 15 atoms, compared to 22 for the alanine dipeptide, and

the dataset is almost twice as large. Still, as it is a reaction, it contains a wider range of configurations

and properties, making it a more challenging dataset for MLP models. The best-performing models

are PaiNN, Base MACE, QEq-MACE, and AMP, which achieve chemical accuracy (energy predictions

within 1 kcal/mol). In contrast to the alanine dipeptide dataset, no significant benefit of the second

training state using SWA is observed for the MACE models.

Table 6.3.: Mean test set performance metrics for different MLP architectures trained on the thiol disulfide ex-
change reaction in vacuum across three independent training runs. PaiNN, Base MACE, QEq-MACE, and AMP
manage to beat the chemical accuracy threshold. The overall performance is worse than for the alanine dipeptide
dataset.

Method
Energy Force Charge

RMSE (eV) R2 RMSE (eV/Å) R2 RMSE (e) R2

2G-HDNNP 0.061 0.993 0.048 0.998 — —
4G-HDNNP 0.080 0.990 0.064 0.997 0.030 0.968
SchNet 0.064 0.993 0.049 0.998 — —
PaiNN 0.033 0.998 0.039 0.999 — —
Base MACE 0.048 0.995 0.026 0.999 — —
QEq-MACE 0.039 0.997 0.024 1.000 0.021 0.985
AMP 0.027 0.999 0.031 0.999 — —

6.2.3. Metadynamics Simulation in Vacuum

Scope In this section, the performance of different MLP architectures trained on the thiol disulfide

exchange reaction dataset in vacuum is evaluated by performing metadynamics simulations of the ex-

change reaction using the simulation setup described in Section 3.5. The stability of the simulations is

evaluated by measuring the walkers’ completion during a 0.75 ns metadynamics simulation. Addition-

ally, the resulting PMFs are compared to the B3LYP/aug-cc-pVTZ reference to evaluate the quality of the
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Figure 6.14.: Comparison of test set RMSE for different MLP architectures trained on the thiol disulfide exchange
reaction dataset across three independent training runs. PaiNN, Base MACE, QEq-MACE, and AMP manage to
beat the chemical accuracy threshold. The overall performance is worse than for the alanine dipeptide dataset.

sampling. As an additional metric, the maximum force difference to the reference method is evaluated

for a subset of the structures encountered during the simulation to further validate the PMFs and rank the

different MLP architectures.

Results Only the QEq-MACE model manages to complete all walkers during the 0.75 ns metadynam-

ics simulation of the reaction in vacuum, as shown in Figure 6.15. SchNet, PaiNN, and AMP also show

good performance, with all walkers completing the full simulation or failing only shortly before the tar-

get simulation time. The simulations with 4G-HDNNP rarely complete the full duration, but sample

enough of the free energy landscape to construct a reasonable PMF. The Base MACE surprisingly fails

to complete any walker, which is unexpected given the model’s good performance during training. A

closer inspection of the simulation trajectories reveals that the Base MACE model fails when a methyl

group is deprotonated. The methyl group will take a trigonal planar configuration during the deproto-

nation, which is not well represented in the training set. Deprotonation also occurred in the reference

DFTB vacuum simulations, but was not a major issue with the other MLP models. A few active learning

cycles and constraints to prevent the deprotonation could solve this issue. As in the alanine dipeptide

simulations, the 2G-HDNNP model fails to complete any walker. The unexpectedly good performance

in training the 2G-HDNNP model does not translate into good performance in the simulation, which

again indicates that force accuracy is not a perfect indicator of simulation stability5.

No high-level reference PMF is available for this system, so a Special Reaction Parameterization (SRP)

for this system parameterized DFTB3/3OBMod S−S to the B3LYP functional serves as the reference for

the PMF comparison (see Figure 6.16). The simulation subset will be the best evidence for the quality

of the PMF obtained with the different MLP architectures. The PMF features three minima, which

correspond to the reactant, product, and the linear transition state of the reaction, which instead happens
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Figure 6.15.: Completion of 16 0.75 ns walkers during vacuum metadynamics simulation for different MLPs.
QEq-MACE complete all walkers; SchNet, PaiNN, and AMP complete most walkers. Base MACE and
2G-HDNNP fail to complete any walker.

to be the global minimum in the gas phase. A barrier of about 6 kcal/mol separates the linear transition

state from the reactant and product minima.

Figure 6.16.: Reference PMF obtained with DFTB3/3OBMod S−S for the thiol disulfide exchange reaction in vac-
uum. Contour lines are drawn at 1.0 kcal/mol intervals.

As shown in Figure 6.17, even the 2G-HDNNP model captures the basic features of the reference PMF

with its minimal stable simulation time. The convergence is poor, and the transition regions are not

sampled, but the minima are in the correct locations. All other models capture the main features of

the reference PMF. The minima and transition regions are in the correct locations, and the relative

free energies of the minima are in reasonable agreement with the reference. A subset of the simulation

structures encountered during the live simulation of the QEq-MACE model is evaluated for the maximum
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force difference to the reference method to evaluate the quality of the PMF and to rank the different MLP

architectures.

Figure 6.18 shows the ranking of the models plus the alternative DFT functional PBE0/aug-cc-pVTZ

and DFTB3/3OBMod S−S as an orientation of typical deviations to the reference method B3LYP/aug-

cc-pVTZ. Here, the QEq-MACE produces the lowest median around 0.1 eV/Å for the maximal force

difference. DFTB has lower deviations to B3LYP for this system in comparison to the alanine dipeptide

system, dropping from a median of 1.25 eV/Å to 0.5 eV/Å. An SRP fitted to the B3LYP functional is

used, which deviates less from B3LYP than the DFTB3/3OB parameterization fitted to the PBE func-

tional. The Base MACE and 2G-HDNNP models are unremarkable in this ranking despite failing to

complete any walker during the simulation. Including the critical deprotonation configurations in this

evaluation could change the ranking of these models.

Conclusion Vacuum MLPs

MACE and AMP models have proven to be the best-performing MLP architectures for both systems in

vacuum, with good training performance and stable simulations. Comparisons with reference methods

and analyses of the simulation trajectories provide high confidence in the quality of the obtained PMFs

with these models. The other MLP architectures exhibit worse performance during training and less

stable simulations, yet still capture the main features of the reference PMF. Field-MACE fails to achieve

Base MACE’s performance during training, while the inclusion of the charge equilibration scheme in

QEq-MACE enables it to outperform its forerunner slightly. The success of the charge equilibration

scheme in QEq-MACE is especially interesting, as the prediction of the atomic charges enables the use

of the model in a QM/MM setup, which is the main interest of this thesis.
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(a) 2G-HDNNP (b) 4G-HDNNP

(c) SchNet (d) PaiNN

(e) QEq-MACE (f) AMP

Figure 6.17.: Resulting PMFs after 0.75 ns vacuum metadynamics simulation for different MLPs. Contour lines
are drawn at 1.0 kcal/mol intervals. All models except the 2G-HDNNP capture the main features of the reference
PMF.
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Figure 6.18.: Maximum absolute force difference to the B3LYP/aug-cc-pVTZ reference during 0.75 ns vacuum
simulation of the thiol disulfide exchange reaction for different methods.
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6.3. Training Alanine Dipeptide in Water

Introduction Most MLPs are developed solely for vacuum applications, but more and more research

is being done to extend their applicability to condensed-phase systems. Different approaches have been

proposed to achieve this.146,162

1. Full QM treatment: Both solute and solvent are treated at the same QM level of theory. This is

the most straightforward approach, but generating training data can be computationally expensive,

especially for larger solvent systems.47,147,149

2. ∆-learning8: An MLP is trained to learn the difference between a cheaper method (e.g., DFTB)

and a more accurate method (e.g., DFT) in vacuum, and then applied to the solvent system. This

is based on the assumption that the solvent effect is captured well by the cheaper method, and the

MLP only needs to learn the vacuum correction.118,148

3. Mechanical embedding: The MLP interacts with the solvent through classical electrostatic inter-

actions with fixed partial charges. Polarization effects are not captured via this approach.150–152

4. Polarizable-Corrected Mechanical Embedding (PCME): Just like the mechanical embedding, the

MLP is trained on vacuum data, but a post hoc correction is added to approximate environment-

induced polarization effects on the solute. This can be done largely physically motivated, which

aids transferability.153,154

5. Environment-Integrated Embedding (EIE): The environment is directly integrated into the MLP

training by embedding the solvent molecules in the input representation resembling standard

QM/MM. This allows the MLP to learn the solvent effect directly from the data.155,156

This thesis focuses on the last approach, all applied ML/MM-capable MLP architectures (4G-HDNNP,

QEq-MACE, AMP, Field-SchNet, Field-MACE) fall into the EIE category, see Section 2.5.2 for an

introduction to the theory behind these models. Compared to ab initio QM/MM, the ML/MM approach

enables many multiscale simulations at much lower computational cost. Still, it has a direct competitor

in semi-empirical methods such as DFTB. Therefore, a key question is whether MLPs can achieve better

accuracy than DFTB at a similar computational cost.

Scope To answer this question, we apply the ML/MM approach to the two systems: alanine dipeptide

and a thiol disulfide exchange reaction. For both systems, we first compare the properties of the solute

in vacuum and in solvent to understand the effect of the environment. Then, we train different MLP

architectures on the same dataset generated in solvent and compare their performance on a test set. The

comparison to their performances in vacuum reveals the additional error introduced by the environment.
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Finally, we run metadynamics simulations in solvent with the trained MLPs and compare the resulting

PMFs to a reference.

6.3.1. Environment Comparison

Solvation has a significant effect on the properties of the solute, which can be observed by comparing

the energies and forces. At the same time, the ESP at each atom’s position can be used to quantify the

strength of the solvent effect. The alanine dipeptide system is a good example of this, as it exhibits a

conformational change in the presence of solvent. Figure 6.19 shows the comparison of differences in

energy and forces between solvent and vacuum environments, as well as the ESP values for the different

sampling methods investigated in Chapter 4. The solvation stabilizes the molecules mostly between

2.0 eV and 3.0 eV and the force magnitude is adjusted in an IQR between −0.1 eV/Å and 0.05 eV/Å.

These are the ranges of the additional error that the MLP has to learn when trained in solvent instead

of vacuum by incorporating the environment information. The ESP, the main focus for incorporation

of environment information in this thesis, reveals the different simulation setups as the the 300 K and

500 K simulations show ESP IQRs between−1.0 eV/e and 1.0 eV/e, while the simulation with modified

force field parameters shows a much higher ESP with an IQR between −2.0 eV/e and 3.0 eV/e. Many

structures in the 300 K and 500 K simulations were near the edge of isolated water clusters in vacuum,

experiencing only half of the solvent effect.

(a) ∆E = Esolvent−Evacuum (b) ∆|F|= |Fsolvent|− |Fvacuum| (c) ESP

Figure 6.19.: Comparison of environment effect for alanine dipeptide system regarding (a) energy, (b) forces, and
(c) ESP across different sampling setups. In solution, energies vary an additional −3.0 eV to −2.0 eV and forces
−0.1 eV/Å to 0.05 eV/Å compared to vacuum. MLPs need to predict these additional variations by incorporating
environmental information.

Different configurations experience a different degree of stabilization by the solvent, which leads to a

significant change in the PMF as shown in Figure 6.20 at the B3LYP/6-311+G(2d,p) level of theory

using Polarizable Continuum Model (PCM) for solvation and the quasi-harmonic approximation for

free energy correction194. The vacuum minima C7eq and C7ax are seven-membered rings forming an

intramolecular hydrogen bond. The C5 minimum (also referred to as β in other literature) is a five-

membered ring with a different intramolecular hydrogen bond.198 As they already have a hydrogen bond
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(a) PMF in Vacuum (b) PMF in Water

Figure 6.20.: Comparison of PMFs for alanine dipeptide system in (a) vacuum and (b) water environment at the
B3LYP/6-311+G(2d,p) level of theory using PCM for solvation. The presence of solvent significantly affects
preferred conformations. Reprinted (adapted) with permission from Zhiwei Liu, Bernd Ensing, and Preston B.
Moore. „Quantitative Assessment of Force Fields on Both Low-Energy Conformational Basins and Transition-
State Regions of the (φ -ψ) Space“. eng. In: Journal of Chemical Theory and Computation 7.2 (Feb. 2011),
pp. 402–419. DOI: 10.1021/ct100395n. Copyright 2026 American Chemical Society.

in vacuum, they are not stabilized as much by the solvent as non-hydrogen bonded configurations, such

as αR, αL, and β (also referred to as Polyproline II (PPII)). The solvent stabilizes these configurations

and becomes more favorable than the C7eq and C7ax minima with a more accessible low-energy region

around the β minimum. This transformation of the PMF landscape due to solvent effects is a key as-

pect that MLPs must capture when trained in a solvent, highlighting the importance of incorporating

environmental information into the model.

6.3.2. Training in Water

Scope In this section, we train different MLP architectures in the same fashion as in vacuum, but

now using the dataset generated in water. This approach is only sensible for MLP architectures that

can incorporate environment information. Specifically, we train the 4G-HDNNP, QEq-MACE, Field-

SchNet, Field-MACE, and AMP architectures, all of which fall into the EIE category. 4G-HDNNP and

QEq-MACE employ a charge-equilibration with a ESP contribution for predicting atomic charges for

the electrostatic interactions. Field-SchNet is based on atomic dipole predictions and their interaction

with themselves and the surrounding (electric) field caused by the environment.155 Field-MACE is based

on the MACE architecture. It incorporates a multipole expansion with environmental features into the

message construction of MACE, without explicitly calculating their physical contributions to energy and

force.159 The multipole expansion is explicitly part of the total energy prediction in AMP and the envi-

ronment features contributing via an additional weighted term in the multipole expansion.156 The Base
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MACE model, without any environmental awareness, is included as a baseline to evaluate the importance

of incorporating environmental information during solvent training. The performance of these models

on the test set is compared to their performance when trained in vacuum to evaluate the additional error

introduced by the environment. Identical hyperparameters are used for training in vacuum and solvent to

ensure a fair comparison.

Results The Base MACE baseline shows an error in a similar range as the energy and force variation

introduced by the solvent, which indicates that it is not able to capture the solvent effect at all after

being nearly perfect in vacuum. Field-SchNet performs just as poorly, seemingly not benefiting from

the environmental information at all, despite receiving the electric field at the atomic positions. Field-

MACE shows some effect, but still has a manyfold increase in error compared to vacuum. Even the

4G-HDNNP performs in water better than Field-Schnet and Field-MACE. QEq-MACE improves a lot

over the baseline, but still has a significant increase in error compared to vacuum. It fails to achieve

chemical accuracy and increases its force error by a factor of 7 compared to vacuum. AMP has a dis-

advantage in the vacuum-solvent comparison, as only one model was trained on the whole dataset in

vacuum, but three independent models were trained on dataset splits in solvent. Still, it performs best in

a solvent. It misses chemical accuracy for energy, but only doubles the force error despite seeing only a

third of the training data compared to its vacuum counterpart.

Conclusion In Chapter 5 we estimated the error introduced by the discretization of the QM charge

density into atomic point charges for the electrostatic interactions to be in the range of 0.02 eV for the

electrostatic energy for this system. Both the 4G-HDNNP and QEq-MACE models base their electro-

static interactions on atomic point charges, which could partly explain their increased error in solvent

compared to vacuum, but even for QEq-MACE, the error exceeds this estimate by a factor of 2. The

success of AMP can be attributed to its explicit inclusion of higher-order multipole interactions, which

more accurately capture solvent effects than point charges alone.

6.3.3. Metadynamics Simulation in Water

Scope To evaluate the performance of the trained MLPs in a dynamic simulation, we run multiple

walker metadynamics simulations for 1.0 ns with 16 walkers for each model. The simulation completion

is compared to evaluate the stability of the simulations. As in the vacuum simulations, the simulation

is terminated as soon as a bond length or the model ensemble disagreement exceeds a certain threshold

due to the risk of unphysical behavior beyond the interpolation regime of the MLP. The maximum force

difference to the DFT reference during the simulation is also compared to evaluate the correct trajectory

of the active simulation. The resulting PMFs are compared to the DFT reference from Liu, Ensing,
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Table 6.4.: Test set performance metrics for different MLP architectures trained on the alanine dipeptide dataset in
water. Values represent mean performance across up to three independent training runs. Field-SchNet and Field-
MACE fail to improve on the baseline Base MACE, while 4G-HDNNP and QEq-MACE show some improvement.
AMP impresses due to low performance deterioration compared to vacuum.

Method
Energy Force Charge

RMSE (eV) R2 RMSE (eV/Å) R2 RMSE (e) R2

4G-HDNNP 0.186 0.944 0.095 0.991 0.045 0.915
Base MACE 0.730 0.192 0.186 0.969 — —
QEq-MACE 0.094 0.987 0.056 0.997 0.054 0.878
AMP 0.082 0.992 0.025 0.999 — —
Field-SchNet 0.712 0.249 0.198 0.966 — —
Field-MACE 0.276 0.884 0.164 0.975 — —

Figure 6.21.: Comparison of test set RMSE for different MLP architectures trained on the same alanine dipeptide
dataset in vacuum and water. Field-SchNet and Field-MACE fail to improve on the baseline Base MACE, while
4G-HDNNP and QEq-MACE show some improvement. AMP impresses due to low performance deterioration
compared to vacuum.
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and Moore194 to evaluate the accuracy of the simulations. A series of calculations with water bubbles

of different sizes around the solute is performed to evaluate the transferability of the trained MLPs to

slightly shifted environments.

Results QEq-MACE completes all 16 walkers for the full 1.0 ns simulation, while other models have

some premature terminations due to unphysical behavior, as shown in Figure 6.22a. Base MACE also

finishes all walkers despite getting no environment information, while 4G-HDNNP performs as poorly

as 2G-HDNNP in vacuum. As a result, the PMF from 4G-HDNNP is not converged and only displays

a basic topology (see Figure 6.22). Base Mace can capture the general topology even in the absence

of electrostatic interactions. With the explicit electrostatic interaction in QEq-MACE, even the shallow

C7ax and C7eq minima are observed, which DFTB also misses. AMP also misses some of the shallow

minima; convergence in some regions seems incomplete.

Recalculating a subset of 100 structures from the QEq-MACE simulation with the reference method

B3LYP/aug-cc-pVTZ and investigating the maximum force difference to it reveals that forces in water

deviate for most methods significantly more from the reference than in vacuum, as shown in Figure 6.23.

The DFTB3/3OB error increases only marginally, but DFTB remains the worst-performing method

because it is parameterized with a different functional. Base MACE, formerly a near-perfect model

in vacuum, now exhibits a manyfold increase in deviation and becomes the second-worst-performing

method. 4G-HDNNP and QEq-MACE now show a similar error, the simulation-breaking configurations

for 4G-HDNNP are not included in the analysis. Typically, hydrogen bonds are the first to break in the

simulation, as they oscillate fastest due to the mass ratio. Despite this trend, only C-N bonds break dur-

ing the 4G-HDNNP simulation, as sampling with weakened hydrogen bonds provided sufficient training

data for the correct description of elongated and shortened hydrogen bonds. The only MLP barely af-

fected by the performance drop-off is AMP. As seen in the training performance, it is the only model

that maintains a similar level of accuracy in solvent as in vacuum, making it the best-performing model

in this selection.

The relative energies and locations of the minima and transition states in the QEq-MACE were analyzed

and compared to the reference PMF at the B3LYP/6-311+G(2d,p) level in PCM water194. The compari-

son is flawed by the differing basis sets and solvent treatments, resulting in more pronounced free-energy

differences. However, it still provides a qualitative picture of the performance of the QEq-MACE sim-

ulation. The general topology of the PMF is captured well. The order of relative free energies is in

agreement, although the β could not confidently be assigned in the C5 valley. The relative free energies

of the minima are all underestimated, with the largest underestimation of −1.27 kcal/mol for αR. The

location of C7ax and αL minima are in good agreement, while the C5 and the other α minima are shifted

by up to 27◦ with αR being the most affected. The α ′D minimum is not observed in the QEq-MACE

simulation; only a shoulder in the PMF is visible. The transition states are again chosen as the clos-
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(a) Walker completion (b) DFTB

(c) 4G-HDNNP (d) Base MACE

(e) QEq-MACE (f) AMP

Figure 6.22.: Dipeptide water simulation PMF comparison

Completion of 16 1.0 ns walker metadynamics simulation in water and comparison of resulting PMFs
for different MLPs. Contour lines are drawn at 1.0 kcal/mol intervals. No termination occurred for the
MACE models. QEq-MACE captures more details of the PMF than the other models.
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Figure 6.23.: Maximum absolute force difference to the B3LYP/aug-cc-pVTZ reference during 1 ns water simula-
tion for different methods.

est to the reference transition states on the metadynamics PMF. In all cases, close transition states are

observed, but the relative free energies are all underestimated by the QEq-MACE simulation, with the

largest underestimation of 2.78 kcal/mol for TS7. Transition states are generally more affected than

minima.

The analysis so far has focused on the solute properties and the resulting PMF, but the solvent structure

around the solute is also an important aspect to evaluate. The Radial Distribution Function (RDF) of

water oxygen atoms around the alanine oxygen atom and nitrogen atom during the simulations with

different methods is compared in Figure 6.25. DFTB serves as a reference for the expected solvation

structure, as it is routinely used for simulations in solvent. DFTB shows a structured solvation shell with

a clear density peak around 2.8 Å for the oxygen atom and around 3.0 Å for the nitrogen atom. Only AMP

can capture a similar solvation structure, while the other models show a much less structured solvation

shell with a later density peak, especially for the nitrogen atom. Base MACE is expected to completely

lack electrostatic interactions, leading to an unstructured solvation shell with a relatively late density

peak, if any. Environment-aware models are expected to capture solvation structure to some extent.

For oxygen, 4G-HDNNP and QEq-MACE show improved agreement with the reference, whereas for

nitrogen, the solvation structure remains essentially unchanged from the baseline. The solvation structure

is important for the accurate description of the solvent effect on the solute, and failure to capture it can

lead to errors in the predicted solute properties and the resulting PMF. AMP is the only model that

actively includes point charge gradients in the training. This could be a key factor in its ability to capture
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Figure 6.24.: Analysis of the minima and transition states in the reference PMF at the B3LYP/6-311+G(2d,p) level
in implicit solvent194 (left) and the QEq-MACE PMF in explicit water (right). The general topology of the PMF
is captured well, but the relative free energies are underestimated. Reprinted (adapted) with permission from
Zhiwei Liu, Bernd Ensing, and Preston B. Moore. „Quantitative Assessment of Force Fields on Both Low-Energy
Conformational Basins and Transition-State Regions of the (φ -ψ) Space“. eng. In: Journal of Chemical Theory
and Computation 7.2 (Feb. 2011), pp. 402–419. DOI: 10.1021/ct100395n. Copyright 2026 American Chemical
Society.

Table 6.5.: Comparison of free energy extrema between the reference PMF in implicit solvent at the B3LYP/6-
311+G(2d,p) level194 and the observed extrema from the QEq-MACE water PMF analysis. Angles are in degrees,
and free energies are in kcal/mol. Energies are referenced to the C5 minimum. Reprinted (adapted) with per-
mission from Zhiwei Liu, Bernd Ensing, and Preston B. Moore. „Quantitative Assessment of Force Fields on
Both Low-Energy Conformational Basins and Transition-State Regions of the (φ -ψ) Space“. eng. In: Journal of
Chemical Theory and Computation 7.2 (Feb. 2011), pp. 402–419. DOI: 10.1021/ct100395n. Copyright 2026
American Chemical Society.

Label φref φobs ψref ψobs ∆Gref ∆Gobs ∆(∆G)

C5 -151.60 -134.04 147.60 153.19 0.00 0.00 0.00
αR -78.10 -95.74 -27.20 0.00 1.60 0.33 -1.27
β -75.10 — 143.30 — 0.06 — —
αL 61.30 61.28 40.90 34.47 3.30 2.64 -0.66
C7ax 73.40 68.94 -53.00 -57.45 4.32 3.13 -1.19
αD 60.10 53.62 -147.70 -134.04 4.30 3.29 -1.01
TS0 -129.80 -126.38 62.60 61.28 2.63 2.51 -0.12
TS1 0.30 0.00 91.60 88.09 7.88 7.19 -0.69
TS2 -11.00 -11.49 -11.70 -11.49 12.52 9.74 -2.78
TS3 7.30 7.66 -92.10 -95.74 9.99 7.86 -2.13
TS5 132.20 130.21 -28.10 -26.81 7.78 6.44 -1.34
TS6 81.30 84.26 104.20 103.40 6.45 6.42 -0.03
TS7 -114.00 -114.89 -115.60 -114.89 4.99 3.75 -1.24
TS8 127.90 130.21 133.70 130.21 7.09 6.57 -0.52
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the solvation structure more accurately than the other models. It might also enforce AMP to predict more

physically reasonable atomic mono- and multipole moments, which could contribute to its otherwise

elevated performance in solvent compared to the other models.

(a) RDF of water oxygens around the alanine oxygen atom (b) RDF of water oxygens around the alanine nitrogen atom

Figure 6.25.: Comparison of RDFs for water oxygens around the alanine oxygen atom and nitrogen atom during
simulations with different methods. DFTB and AMP show a similar solvation structure.

Environment Transferability

As an initial test of the transferability of the trained MLPs to slightly shifted environments, a sample

of 76 structures from a single walker of the QEq-MACE simulation was recalculated with the reference

method B3LYP/aug-cc-pVTZ, PBE0/aug-cc-pVTZ, DFTB3/3OB, and the ML/MM models. To adjust

the environment, the cutoff for the environment point charges was varied from 5.0 Å to 30.0 Å, thereby

varying the size of the water bubble around the solute. A 0.0 Å cutoff was simulated by setting the cutoff

to 1.0 Å and setting the environment point charges to zero, so that only Lennard-Jones interactions with

the environment are included. The maximum force difference to the B3LYP/aug-cc-pVTZ reference was

calculated for each method and cutoff, and the results are shown in Figure 6.26. DFTB has the high-

est deviation from the B3LYP/aug-cc-pVTZ reference in agreement with the previous analysis, but it is

relatively unaffected by the cutoff. Removing the environment point charges improves the performance

of DFTB, as their presence introduces an additional error. In contrast, the environment-agnostic Base

MACE performs worse without the environment point charges, as it still attempts to predict mean sol-

vent effects that are absent in that case. The error of the DFT functional PBE0 is completely unaffected

by the cutoff, as it adapts to the environment in the same way as B3LYP. 4G-HDNNP and QEq-MACE

show an increase in error with decreasing cutoff. Most of the training data were generated with a cut-

off of 4.0 Å, so the performance drop-off is expected for smaller cutoffs when evaluating unseen ESP

distributions. Removal of the environment point charges improves performance again, as the additional

error source is removed, and these models receive information about the environment’s absence through

the ESP features. AMP is the only model that is relatively unaffected by the cutoff, which indicates that
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it has learned to adapt to different environments and is not heavily reliant on a specific cutoff for its

performance. This suggests that AMP has better generalization across different environments than the

other models, a desirable property for applications in condensed-phase systems, where the environment

can vary significantly.

Figure 6.26.: Maximum absolute force difference to the B3LYP/aug-cc-pVTZ reference for different environment
cutoffs. DFTB, PBE0, and AMP show high environment transferability.

6.3.4. Conclusion

QEq-MACE shows a significant overall improvement over the MACE baseline. Simulations run stably,

the force deviations are reduced, and the topology of the PMF in water is captured in greater detail.

Relative free energies of the minima and transition states are underestimated, but the differing reference

methods hinder a final assertion of the quality. The 4G-HDNNP model fails to capture the solvent effect

and shows a significant increase in error compared to vacuum, which leads to unphysical behavior in the

simulations and inaccurate PMFs. AMP is the only model that maintains a similar level of accuracy in

solvent as in vacuum, shows a realistic solvation structure, and is relatively unaffected by slightly shifted

environments, making it a promising candidate for future applications in condensed phase systems.
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6.4. Training Thiol Disulfide Exchange Reaction in Environment

Scope In this section, we apply the same analysis as for the alanine dipeptide system to the thiol

disulfide exchange reaction. We first compare the properties of the solute in vacuum and in solvent to

understand the effect of the environment. Then, we train different MLP architectures on the same dataset

generated in solvent and compare their performance on a test set. The comparison to their performances

in vacuum reveals the additional error introduced by the environment. We run metadynamics simulations

in the solvent using the trained MLPs and compare the resulting PMFs with a DFTB reference. As a

biologically relevant application, we perform a production metadynamics simulation on the C4 domain

of von Willebrand Factor (vWF) to investigate the thiol disulfide exchange reaction in the full protein

and solvent environment. The vWF is a protein that plays a crucial role in blood clotting, and the thiol

disulfide exchange reaction is a key step in its function. Understanding this reaction in the context of the

full protein and solvent environment is important for gaining insights into its mechanism and potential

therapeutic interventions.

6.4.1. Environment Comparison

The thiol disulfide exchange reaction exhibits a significant solvent effect, as explained in greater detail

in Section 4.2. The typical linear SN2 transition state is actually the global minimum in vacuum. At the

same time, the presence of solvent stabilizes the reactant and product states more than the transition state,

leading to a reaction barrier in water, as seen in Figure 6.27. This stabilization is only reflected in a subset

of the sampling methods investigated in Chapter 4, as seen in Figure 6.28. The protein simulations and

the modified force-field simulation show a significant solvent effect, whereas the effect is insignificant

for the potential energy scan, the ‘water’ simulation, and the uncertainty sampling. This discrepancy

arises from the solvation procedure applied to the configurations. While the protein simulations and the

modified force-field simulations were performed in explicit solvent, the other sampling methods were

generated in vacuum, solvated using a highly structured solvent box, and relaxed with a short geometry

optimization of the solvent. This procedure led to insufficient solvent relaxation, the artificial solvation

remained highly symmetrical, and the environment point charges largely canceled each other out, as

reflected in the ESP values across the different sampling methods. Nonetheless, all these configurations

are included in the training dataset, as they represent a significant portion of the configuration space that

the MLP must be able to describe for stable simulation.

6.4.2. Training in Environment

Results Many MLPs already failed to achieve chemical accuracy for the thiol disulfide exchange in

vacuum, and the presence of solvent further increases the error for all models, none of which achieve
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(a) PMF in vacuum (b) PMF in water

Figure 6.27.: Comparison of PMFs for thiol disulfide exchange reaction in (a) vacuum and (b) water environment
at the DFTB3/3OBMod S−S level of theory. The presence of solvent converts the global minimum in vacuum into
a transition state with an 10 kcal/mol barrier in water.

(a) ∆E = Esolvent−Evacuum (b) ESP

Figure 6.28.: Comparison of environment effect for thiol disulfide exchange reaction regarding (a) energy, and (b)
ESP across different sampling methods. Insufficient solvent relaxation for some sampling methods leads to an
artificial cancellation of the environment effect.
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chemical accuracy in solvent. With the solvent effect being stronger, the environment-agnostic Base

MACE baseline performs even worse for the thiol disulfide exchange reaction than for the alanine dipep-

tide. Field-Schnet also fails to improve on the baseline. 4G-HDNNP and QEq-MACE increase their

energy RMSE by about 0.1 eV, which is significantly worse than the estimated error increase of 0.01 eV

from the point charge approximation of the electrostatic interactions, but still manage to capture the

solvent effect to some extent. AMP shows the best performance in solvent, especially the force RMSE

is almost unaffected by the solvent, which is consistent with the results for the alanine dipeptide. The

energy RMSE is also the lowest among the tested models, despite not meeting the chemical accuracy

threshold.

Table 6.6.: Test set performance metrics for different MLP architectures trained on the thiol disulfide exchange
reaction dataset in water. Values represent mean performance across up to three independent training runs. AMP
shows the best performance in solution.

Method
Energy Force Charge

RMSE (eV) R2 RMSE (eV/Å) R2 RMSE (e) R2

4G-HDNNP 0.210 0.993 0.098 0.993 0.016 0.992
Base MACE 1.957 0.426 0.181 0.975 — —
QEq-MACE 0.147 0.997 0.076 0.996 0.042 0.948
AMP 0.133 0.997 0.032 0.999 — —

Figure 6.29.: Comparison of test set RMSE for different MLP architectures trained on the thiol disulfide exchange
reaction dataset in water. AMP shows the best performance in solvent with almost no increase in force RMSE
compared to vacuum.

6.4.3. Metadynamics Simulation in Water

No MLP achieves full simulation completion for all 16 walkers for the full 0.75 ns simulation, but the

MACE architectures reach 96% completion. AMP shows its weakest performance in the simulations,

with only 82% completion. Most of the terminations were initiated safely by high energy prediction stan-

dard deviations when the thiol disulfide broke into three thiols. Still, sudden molecular explosions also
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occurred for AMP, terminating the simulation before safety checks could intervene. The 4G-HDNNP

model again failed even to complete 20% of the simulation.

Figure 6.30.: Completion of 16 0.75 ns walker metadynamics simulation in water for different MLP architectures.
MACE architectures achieve the best performance, with 96% completion, whereas AMP achieves only 82% com-
pletion.

The resulting PMFs from the simulations in Figure 6.31 reveal the failure of the 4G-HDNNP and Base

MACE to pass the reaction barrier during the simulation. In the case of 4G-HDNNP, the reason is

insufficient convergence due to simulation instability, whereas for Base MACE, the reason is inaccu-

rate predictions due to missing environmental information. QEq-MACE and AMP can pass the reaction

barrier and sample the product state. The heights of the reaction barrier with reference to the global

minimum amount 7.6 kcal/mol for QEq-MACE, 8.3 kcal/mol for AMP, and 10.0 kcal/mol for the

DFTB3/3OBMod S−S reference. Differences to the DFTB3/3OBMod S−S reaction barrier of 22 kcal/mol

from Gómez-Flores et al.212 might arise from the different scaling of environment charges, loosened

restraints on the attack angle, or the 3-CV setup in the reference. The PMF should be symmetrical as

the reactant and product states are identical, but the QEq-MACE, AMP and DFTB PMFs show a slight

asymmetry and different global minima with a free energy difference of 1.8 kcal/mol, 2.5 kcal/mol, and

1.0 kcal/mol, respectively. This asymmetry could be due to insufficient sampling and to convergence

issues.

The PMF quality evaluation via maximum force difference to the B3LYP/aug-cc-pVTZ reference in

Figure 6.32 fortifies the finding of AMP’s better performance in ML/MM simulations, as it shows the

lowest force deviation among the tested models, barely increasing from vacuum to solvent. QEq-MACE

about doubles its force deviation compared to vacuum and is now on par with the 4G-HDNNP model,

but shows a better stability in the simulations. The improvement over the baseline MACE remains sig-

nificant, particularly for peak force differences, which likely prevent the Base MACE simulations from

crossing the reaction barrier. PBE0 and DFTB3/3OBMod S−S differences stay consistent with the vac-

uum analysis, as observed in the preliminary environment transferability analysis with different cutoffs.
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(a) 4G-HDNNP (b) Base MACE

(c) QEq-MACE (d) AMP

Figure 6.31.: Thiol disulfide water simulation PMF comparison

Resulting PMFs after 0.75 ns metadynamics simulation in water for different MLPs. Contour lines are
drawn at 1.0 kcal/mol intervals. QEq-MACE and AMP can pass the reaction barrier and sample the
product state, while 4G-HDNNP and Base MACE fail to pass the reaction barrier.

142



6.4. Training Thiol Disulfide Exchange Reaction in Environment

Figure 6.32.: Maximum absolute force difference to the B3LYP/aug-cc-pVTZ reference during 0.75 ns water sim-
ulation for different methods. AMP shows the lowest force deviation among the tested models, barely increasing
from vacuum to solvent, while QEq-MACE about doubles its force deviation compared to vacuum.

Models incorporating environmental information continue to consistently outperform DFTB in solution,

despite being fitted to the same functional.

6.4.4. Metadynamics Simulation in Protein

The big advantage of ML/MM models in contrast to big foundation models such as ANI43,219 and MACE-

OFF220 is the reduction of the training data on the specific system of interest in a bigger environment

while the environment itself gets featurized without having to train all the complex interactions in the

environment. This allows for more efficient training, but requires the MLP to generalize to unseen

environments. To test the performance of the trained MLPs in a more complex environment than the

previous water bubble transfer, we run metadynamics simulations of the thiol disulfide exchange reaction

in the C4 domain of the vWF in explicit solvent (see Figure 6.33). The QM region includes the three

cysteine residues involved in the reaction, while the rest of the protein and the solvent are included in

the MM region. Only the best-performing MLP from the water simulations, QEq-MACE and AMP,

are tested in the protein simulations; DFTB is included as a reference. The simulations are run for

0.75 ns with 24 walkers, and the resulting PMFs are compared to the DFTB3/3OBMod S−S reference.

The simulation setup is described in more detail in Section 3.5.1.
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Figure 6.33.: Thiol disulfide exchange reaction in the C4 domain of the vWF using residue 36 as electrophile. The
reaction is simulated in the context of the full protein and solvent environment.

Both the walker completion and the resulting PMFs are depicted in Figure 6.34. Both MLPs have a lower

walker completion rate than previously observed, but ultimately QEq-MACE still achieves almost 90%

completion. In contrast, AMP achieves 75% completion, indicating better stability than other models in

less complex environments. The adjusted reaction setup, placed in a more challenging environment, can

also contribute to the lower completion rates, as more walkers and a tighter restraint on the sulfur-sulfur

distances lead to a faster sampling of the reaction. This might bias the reaction to some extent, so that

both S−S bonds are broken. Structures with broken S−S bonds are not included in the training dataset,

leading to a higher chance of simulation failure, although the inspection of the CV values shows no major

impact of the double bond breaking.

All models capture the expected reaction barrier, the two minima, and show a third minimum at longer

S1-S2 distances, which is probably an artifact from the maximum distance restraint of 6.0 Å. DFTB

shows a nearly symmetrical PMF with a reaction barrier of 9.5 kcal/mol and reaction free energy ∆G of

−0.4 kcal/mol. The reaction barrier and ∆G are very close to the result of the previous study with nearly

the same reaction setup by Gómez-Flores et al.212 of 8.7 kcal/mol and −0.3 kcal/mol, respectively. The

only setup difference is the slightly reduced metadynamics parameters to reduce the total bias at the end

of the simulation. The MLPs are in agreement with each other, but differ from DFTB. The PMF is

asymmetrical with a more negative ∆G of −2.6 kcal/mol for QEq-MACE and −1.8 kcal/mol for AMP.

The reaction barrier is significantly reduced to 5.6 kcal/mol for QEq-MACE and 4.0 kcal/mol for AMP,

which is less than half of the DFTB barrier. The reference B3LYP/aug-cc-pVTZ barrier is not feasible to
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calculate in the full protein and solvent environment, but so far, MLPs have shown the ability to capture

solvent effects on the reaction barrier in water simulations.

The recalculation of a sample of about 100 structures from a single walker again demonstrates the relia-

bility of AMP in the new environment, as it exhibits the lowest force deviation relative to the B3LYP/aug-

cc-pVTZ reference among the tested models. QEq-MACE shows a higher error than AMP, but still per-

forms consistently better than DFTB. This proof strengthens confidence in the observed PMF trends

toward a lower reaction barrier and a more negative reaction free energy than in the DFTB reference.

However, the exact values of the reaction barrier and reaction free energy should be treated with caution

because there is no B3LYP/aug-cc-pVTZ reference.

Conclusion MLPs in Environment

Direct training in an environment confirms that explicit solvent information is essential for robust ML/MM

simulations. For both alanine dipeptide and thiol disulfide exchange, the environment-agnostic Base

MACE degrades substantially from its vacuum performance, whereas models with explicit environment

coupling recover a substantial portion of the lost accuracy and stability. This result highlights the im-

portance of incorporating environment information into MLP architectures for accurate simulations in

solvent. Across both systems, QEq-MACE consistently improves upon the baseline and reproduces

the relevant PMF topology in the solvent, but it still underestimates parts of the free-energy landscape.

4G-HDNNP does not transfer reliably to solvent in this setup and shows frequent simulation instabilities

despite acceptable behavior in selected static metrics.

The transferability of the trained MLPs to modified environments via cutoff variation reveals that AMP

has the best generalization capability to different environments, as it maintains a similar level of accuracy

in solvent as in vacuum and is relatively unaffected by the cutoff. This suggests that AMP has learned a

physically meaningful representation of the environment that enables it to adapt across different environ-

ments, a desirable property for applications in condensed-phase systems where the environment can vary

significantly. In contrast, QEq-MACE exhibited rapid performance deterioration as the cutoff decreased.

The learned charges are likely unreliable under unseen electrostatic conditions, and the model relies on

familiar electrostatic conditions to perform. AMP was even able to keep its good performance in the

protein environment, the most challenging environment tested in this chapter.

AMP is the most promising model in this chapter: it maintains the smallest force degradation from

vacuum to solvent, shows favorable transfer behavior to modified environments, and reaches the best

overall agreement to reference trends in condensed phase. Still, rare but severe simulation failures in-

dicate that AMP could also benefit from regularization techniques to prevent sudden force spikes by

multiple orders of magnitude and a more robust implementation to safeguard against edge cases such as
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(a) Walker completion (b) DFTB

(c) QEq-MACE (d) AMP

Figure 6.34.: Thiol disulfide protein simulation PMF comparison

Completion of 24 0.75 ns walker metadynamics simulation in protein (a) and comparison of resulting
PMF for DFTB,QEq-MACE, and AMP. Contour lines are drawn at 1.0 kcal/mol intervals. QEq-MACE
and AMP show a significantly reduced reaction barrier and more negative reaction free energy compared
to DFTB.
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Figure 6.35.: Maximum force difference to the B3LYP/aug-cc-pVTZ reference during 0.75 ns protein simulation
for different methods.

missing neighbors or environment point charges for an atom within its cutoff, which occurred in some

of the simulation-breaking configurations. QEq-MACE, despite its higher force degradation and sen-

sitivity to unseen electrostatic conditions, still showed a robust stability in the simulations and a good

agreement with reference trends. The agreement of the QEq-MACE and AMP PMFs in the protein simu-

lation indicate the advantages of environment-aware MLP architectures for condensed phase simulations

over competing semi-empirical QM/MM methods, which is a promising result for future applications of

ML/MM simulations in complex environments.
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6.5. ∆-Learning in Vacuum and Solvent

A different approach to training MLPs for QM/MM simulations is to train the model on the difference

between a high-level reference method and a lower-level baseline method, which is commonly referred

to as ∆-learning.8 This approach can be advantageous when the baseline method captures a significant

portion of the relevant physics, as it allows the MLP to focus on learning the residual error, which is often

smaller and smoother than the total energy landscape. In the context of ML/MM simulations, this can be

particularly useful when the baseline method is a semi-empirical QM method that already includes some

treatment of the environment, as it can help mitigate the challenges associated with learning the complex

interactions in condensed-phase systems. In this section, we apply ∆-learning to train MLPs for both

the alanine dipeptide and thiol disulfide exchange systems, using B3LYP/aug-cc-pVTZ as the high-level

reference and DFTB3/3OB or DFTB3/3OBMod S−S as the baseline method, respectively. We evaluate

the performance of different MLP architectures in this ∆-learning setup and compare it to direct training

on the total energy and forces. DFTB3/3OB is not actually fitted to reproduce B3LYP/aug-cc-pVTZ

energies, while DFTB3/3OBMod S−S is a modified version of DFTB3/3OB directly fitted to reproduce

B3LYP energies for the thiol disulfide exchange reaction, which is expected to lead to a smaller and

smoother error landscape for the MLP to learn.

6.5.1. Reference Comparison

Scope Before training the MLPs on the ∆-learning targets, an initial comparison of the reference and

baseline methods is conducted to understand the order of magnitude of the error that the MLP needs to

learn and to identify any systematic deviations that could impact the training. This comparison is per-

formed for both energies and forces in vacuum and solvent environments, as well as for partial charges,

which are relevant for the ML/MM setup.

Results DFT and DFTB energies are not directly comparable as DFTB only considers valence elec-

trons, not core electrons. A typical approach to make them comparable for datasets containing many

different molecules is to use the atomization energy instead of the total energy, which is the energy dif-

ference between the molecule and its constituent atoms calculated at the same level of theory. However,

since the dataset for the alanine dipeptide system contains only one molecule, we can directly compare

the total energies by normalizing them to a single reference point, obtained by subtracting the mean en-

ergy of each method from the respective energies. The comparison in Figure 6.36 shows the result for

the data from the different sampling methods investigated in Chapter 4. The relatively high energies of

the structures from the modified force field parameter sampling are overestimated by DFTB compared to

DFT, while the energies of the other structures are underestimated. The total RMSE is 0.12 eV, ranking it
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worse than 2G-HDNNP during vacuum training and missing chemical accuracy by a factor of 3. Again,

DFTB3/3OB is fitted to a different functional, so this error is not unexpected, but it sets the scale of the

error that the MLP needs to learn in the ∆-learning setup.

Figure 6.36.: Comparison of B3LYP/aug-cc-pVTZ and DFTB3/3OB energies rectified by their respective mean
values for the alanine dipeptide system in vacuum. DFTB overestimates energies of relatively high-energy struc-
tures from modified force field parameter sampling (green), and remaining structures get underestimated.

A similar comparison is performed for the force components in Figure 6.37. Here, the relative RMSE

quantifies the RMSE relative to the root mean square of the reference data. For hydrogen and carbon, the

overall correlation remains close to linear, with a relative RMSE of around 22 %, with some functional-

group-specific deviations. For nitrogen and oxygen, the correlation is worse with a relative RMSE around

40 %. Noteworthy is the distribution of the forces on the oxygen atoms for the different sampling meth-

ods. The force field sampling with modified parameters constantly overestimates the (absolute) force

components with DFTB, while the other sampling methods show an underestimation. There is likely

a different displacement range for the C=O bond in the force-field simulation and in the DFTB- driven

simulations at different temperatures. Oxygen and nitrogen forces are most likely responsible for the

high maximum absolute force error in figures like Figure 6.12.

When investigating which additional error is introduced when going from vacuum to solvent, the energy

and force differences in vacuum are plotted against the respective differences in solvent in Figure 6.38.

Energies in vacuum and solvent are rectified by each method’s mean energy in vacuum to make them

comparable. The correlation is relatively poor, with relative RMSE values of 125 % for energy and 65 %

for forces. This implies that learning the error in vacuum does not necessarily translate to learning the

error in solvent, which is a main assumption of the ∆-learning approach as a stepping stone to ML/MM

training. Even with a perfect ∆-learning model that learns the error in vacuum perfectly, the error in

solvent would still be substantially above chemical accuracy. The specific test for vacuum to solvent
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(a) Hydrogen (b) Carbon

(c) Nitrogen (d) Oxygen

Figure 6.37.: Comparison of B3LYP/aug-cc-pVTZ and DFTB3/3OB force components for alanine dipeptide sys-
tem in vacuum for different elements. CH3 hydrogens (a, blue) show the best agreement. Nitrogen (c) and oxygen
(d) atoms show larger deviations. Carbonyl carbon (b, orange) performs worse than sp3 carbons (b, blue).
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transferability of the ∆-learning was therefore not attempted in this thesis. Instead, solvent differences

were learned directly.

(a) (EDFT, vacuum−EDFTB, vacuum) vs
(EDFT, solvent−EDFTB, solvent)

(b) (Fi,DFT, vacuum−Fi,DFTB, vacuum) vs
(Fi,DFT, solvent−Fi,DFTB, solvent)

Figure 6.38.: Correlation between vacuum and solvent errors of energy and force components for alanine dipeptide
with B3LYP/aug-cc-pVTZ and DFTB3/3OB. The imperfect correlation between the errors in vacuum and solvent
indicates that learning the error in vacuum does not necessarily translate to learning the error in solvent, which is
a challenge for the ∆-learning approach.

In ∆-learning, only energy differences should be learned, so the absolute values of the energies are not rel-

evant. This has implications for charge-based MLP architectures such as 4G-HDNNP and QEq-MACE,

which use atomic charges as an intermediate representation to compute the intermolecular electrostatic

energy contribution. If a full partial charge is used as a target, then the MLP will add a full electro-

static contribution to the energy, which is not what we want in ∆-learning. Instead, the MLP should

learn the difference in the partial charges between the reference and baseline method, which is expected

to be smaller and more suitable for ∆-learning. However, a problem arises when the Mulliken charges

from DFT and DFTB show a poor correlation, as shown in Figure 6.39. This poor correlation indicates

that the Mulliken charges from DFTB3/3OB are not a good representation of the B3LYP/aug-cc-pVTZ

charges, which makes it difficult for the MLP to learn the difference in charges effectively. Therefore, the

∆-learning of Mulliken charges was not attempted in this thesis. Instead, charge targets were set to zero

to prevent the model from becoming overly creative. Additionally, the total charge is also considered a

∆ total charge, which is always zero for both neutral and charged systems. Balancing the electrostatic

and atomic contributions is a major source for overfitting in charge-based MLP architectures without a

guiding target charge.
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Figure 6.39.: Comparison of B3LYP/aug-cc-pVTZ and DFTB3/3OB Mulliken partial charges for alanine dipeptide
system in vacuum. The correlation is poor; DFTB Mulliken charges are not a good representation of DFT charges.
Therefore, the ∆-learning of Mulliken charges was not attempted.

6.5.2. ∆-Learning Performance

Scope In this section, several MLP architectures are trained on the ∆-learning targets to answer the

question whether ∆-learning can improve the performance of MLPs for QM/MM simulations compared

to direct training on the total energy and forces. The ∆-learning data preparation included calculating

atomization energies using the atomic energies computed at the same level of theory for the respective

method. Their values are reported in Section 3.3. The ∆-learning targets are then calculated as the differ-

ence between the reference and baseline method for the atomization energies and forces. Four architec-

tures are trained on the ∆-learning targets for the alanine dipeptide system: 2G-HDNNP, 4G-HDNNP,

Base MACE, and QEq-MACE. Three independent training runs, each using separate training data and

identical test data, are performed for each architecture and environment. The hyperparameters are in-

spired by the best-performing hyperparameters from direct training, but reduced in size to account for

the expected easier learning task. The exact parameters are reported in Section D.6.

Results The test set performance metrics are reported in Table 6.7 and compared to direct training in

vacuum and solvent in Figure 6.40. The HDNNP models improve through ∆-learning both in vacuum

and solvent, now clearly surpassing chemical accuracy in vacuum. ∆-4G-HDNNP now performs on a

similar level as the direct training of QEq-MACE in solvent for both energy and forces. The Base

MACE model shows no improvement in the already near-perfect performance in vacuum, but improves

during solvent training. Without environment information, both 2G-HDNNP and Base MACE hit the

same error floor in solvent for energy and forces, despite Base MACE’s much better performance in

vacuum. The lack of environmental information is therefore the main bottleneck for the performance

of the ∆-learning models in solvent, posing a major challenge for the ∆-learning approach as a stepping
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stone to ML/MM training. 4G-HDNNP surpasses the bottleneck for the force prediction and performs

almost twice as well as the environment-agnostic models. The QEq-MACE model exhibits a different

pattern, with a substantial performance deterioration in both the vacuum and the solvent compared to

direct training. Especially the negative R2 for energy prediction in the solvent indicates that the model is

unable to learn the ∆-learning targets. The lack of appropriate charge targets leads to major training issues

in identifying charge-related parameters, as the optimization converges to local minima with high errors

despite fine-tuning the respective hyperparameters. ∆-learning is not a reliable approach for QEq-MACE

in this setup.

Table 6.7.: Test set performance metrics for different MLP architectures using ∆-learning on alanine dipeptide. Val-
ues represent mean performance across three independent training runs for the vacuum and environment datasets.
2G-HDNNP and Base MACE converge to the same error floor in solvent. QEq-MACE deteriorates substantially
in both vacuum and solvent compared to direct training, especially for the energy prediction in solvent.

∆ Vacuum

Method
Energy Force

RMSE (eV) R2 RMSE (eV/Å) R2

2G-HDNNP 0.018 0.978 0.030 0.993
4G-HDNNP 0.016 0.982 0.028 0.994
Base MACE 0.005 0.998 0.011 0.999
QEq-MACE 0.015 0.985 0.020 0.997

∆ Environment

Method
Energy Force

RMSE (eV) R2 RMSE (eV/Å) R2

2G-HDNNP 0.101 0.726 0.112 0.941
4G-HDNNP 0.106 0.700 0.060 0.983
Base MACE 0.101 0.726 0.109 0.944
QEq-MACE 0.247 -0.702 0.084 0.967

Figure 6.40.: Comparison of test set RMSE for different MLP architectures using ∆-learning on alanine dipeptide
in vacuum and water. HDNNP models improve through ∆-learning both in vacuum and solvent, Base MACE
only in solvent. QEq-MACE deteriorates substantially in both vacuum and solvent compared to direct training,
especially for the energy prediction in solvent.
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6.5.3. Metadynamics Simulation

The capability to perform ∆ simulations was added to GROMACS by integrating the DFTB and MLP

implementations into a single program for both TensorFlow and PyTorch. The implementation was vali-

dated, but despite the promising test set performance of the ∆-learning models, the simulations revealed

major stability issues, with large force spikes leading to simulation crashes. No new insight was gained

from the simulations, so they were not pursued further.

6.5.4. ∆-Learning Thiol Disulfide Exchange Reaction

The ∆-learning approach is also applied to the thiol disulfide exchange reaction system, using B3LYP/aug-

cc-pVTZ as the high-level reference and DFTB3/3OBMod S−S as the baseline method. The references are

compared, the same MLP architectures are trained on the ∆-learning targets for this system, and their

performance is evaluated and compared to direct training on the total energy and forces. The results

and insights coincide with findings from the alanine dipeptide system. The analysis is reported in Ap-

pendix D.7.

6.5.5. Conclusion

The reference comparison reveals that the errors in vacuum and solvent are not well correlated. This

diminishes the main advantage of the ∆-learning approach for the use in ML/MM training, as the as-

sumption that learning the error in vacuum would directly translate to learning the error in solvent does

not hold.

The ∆-learning approach shows promise for improving the performance of weaker MLP architectures,

such as 2G-HDNNP and 4G-HDNNP, especially in vacuum, where the error landscape is simpler. The

high-level performance of Base MACE in vacuum leaves little room for improvement through ∆-learning,

but it does show some improvement in solvent without environment information. Still, good ML/MM

models outperform the environment-agnostic ∆-learning models in solvent. In contrast, the QEq-MACE

model exhibits substantial performance deterioration in both the vacuum and solvent compared to direct

training, because the proper charge targets are missing.

Overall, ∆-learning is not a promising avenue for improving MLP performance for QM/MM simulations

anymore. Direct training with specialized ML/MM models, such as QEq-MACE and AMP, for the total

energy and forces in solution already achieves good performance without requiring a DFTB calculation

during the simulation.
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6.6. Computational Cost

Scope MLPs operate in a regime between traditional force fields and QM methods, competing with

semi-empirical methods such as DFTB in computational cost. Architectures and implementations are

rapidly evolving, and the computational cost of MLPs can vary widely depending on the architecture,

system size, and training and inference hardware. In this section, we compare the computational cost

of a traditional force field (Amber99SB-ILDN), a semi-empirical method (DFTB), and different MLP

architectures for a QM/MM simulation of alanine dipeptide in water. The simulations are performed on a

single CPU core (Intel Xeon E6252 Gold) with and without GPU (Nvidia V100S) support. GPU support

is available only for the PyTorch-based MLPs (MACE and AMP). Three metrics are used to compare the

computational cost of the different methods: the time per nanosecond of simulation for each setup, the

scaling of computational performance with the number of parallel processes/walkers, and the scaling of

computational performance with system size.

Results A comparison of the computational performance of the different methods for a QM/MM sim-

ulation of alanine dipeptide in water using a single CPU core with and without GPU support is shown in

Figure 6.41. The QM zone in this setup consists of 22 atoms and the MM zone of≈900 water molecules.

The force field Amber99SB-ILDN is, as expected, the uncontested fastest method, being almost an or-

der of magnitude faster than the other methods. DFTB, 2G-HDNNP, and SchNet perform similarly, with

DFTB being slightly faster than the simpler MLPs. The more advanced MLPs Base MACE, QEq-MACE,

and AMP can reach similar performance with GPU acceleration, but they are significantly slower without

GPU support in this setup. The input preparation time for the model execution amounts to about 1% to

10% of the total calculation time; the majority of the time is spent on the model execution itself.

A GPU accelerates the model training significantly, but the effect in the simulation with a single data

point per step is less pronounced. Additionally, multiple processes/walkers are used to parallelize the

sampling of the free energy landscape during metadynamics simulations. Typically, each walker runs on

a separate, readily available CPU core. Access to GPUs is limited; a single GPU would need to be shared

during metadynamics with an ML/MM with GPU support. The effect of sharing a single GPU across

multiple walkers is investigated by measuring the scaling of computational performance with increased

number of parallel processes/walkers for the Base MACE MLP architecture in Figure 6.42. In this setup,

the number of CPU cores is adjusted to the number of walkers, but the walkers share a single GPU.

The performance drops exponentially with increasing number of walkers until the CPU performance

equals the GPU performance. The single data point per step should require only a fraction of the GPU ’s

computing capacity, but because no parallelization across the walkers occurs on the GPU, performance

drops significantly with each additional walker, and the GPU becomes the bottleneck. Taking the higher
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Figure 6.41.: Comparison of method performances for a QM/MM simulation of alanine dipeptide in water using
a single CPU core with and without GPU support. The Amber99SB-ILDN force field is the fastest; DFTB,
2G-HDNNP, and SchNet perform similarly. The more advanced MLPs Base MACE, QEq-MACE, and AMP can
reach similar performance with GPU acceleration.

energy consumption of the GPU into account (Xeon E6252: 150 W, V100S: 300 W), the break-even

point is reached even earlier.

Figure 6.42.: Scaling of computational performance with increased number of parallel processes/walkers for the
Base MACE MLP architecture. The number of CPU cores is adjusted to the number of walkers; all walkers share
a single GPU. The performance with GPU drops exponentially as the number of walkers increases.

To investigate the scaling of computational performance with increasing system size, simulations of

multiple isolated dipeptide molecules in vacuum are performed using different methods. The results

are shown in Figure 6.43. The performance for the single dipeptide molecule is better than that of the

QM/MM simulation, as the solvent is absent in this setup. DFTB is among the fastest methods for small

systems, but it scales comparatively poorly with system size. This setup with isolated molecules favors

the MLPs because no interactions are calculated between atoms beyond their cutoff radii, whereas DFTB

must calculate interactions between all atoms. However, in the limit of large, dense systems, similar
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effects will occur. The MLPs scale much better with system size, with the Base MACE and QEq-MACE

models being the fastest methods for larger systems as they profit from GPU support.

Figure 6.43.: Scaling of computational performance with increased system size for DFTB and different MLP
architectures on a single CPU core with and without GPU support. DFTB is among the fastest methods for small
systems, but it scales poorly with system size. The MLPs scale favorably. Base MACE and QEq-MACE, which
support GPU, are the fastest methods for larger systems.

Conclusion The benchmarks show that no single method is uniformly optimal across all simulation

regimes. For small QM regions and single-walker runs on CPU, DFTB, and simpler MLPs (2G-HDNNP,

SchNet) provide similar throughput, while advanced MLPs such as Base MACE, QEq-MACE, and AMP

require GPU acceleration to become competitive. In multi-walker metadynamics, sharing a single GPU

causes a steep performance loss because walker-level parallelization is not exploited on the device, so

CPU-only execution can be the more efficient practical choice once several walkers are used.

As system size increases, however, the balance shifts clearly toward MLPs: DFTB scales less favorably,

whereas MLPs with GPU support (Base MACE and QEq-MACE) become the fastest options. Overall,

MLPs are not universally faster at the smallest scale. Still, they offer the most favorable long-term cost

profile for large condensed-phase simulations when hardware usage is matched to the sampling setup.
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Part III.

Conclusions and Outlook
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This thesis set out to develop, train, and validate ML/MM workflows that combine the accuracy of

quantum-mechanical reference methods with the efficiency of machine-learned potentials for condensed-

phase simulations. Two representative model systems were studied throughout: alanine dipeptide, a

standard benchmark for conformational sampling, and thiol disulfide exchange, an enzymatic reaction

in glutaredoxin proteins. The investigation was organized into five stages, each addressing a distinct

aspect of the ML/MM pipeline: (i) sampling strategies for training-data generation, (ii) the accuracy of

partial-charge representations for electrostatic interactions, (iii) an architecture benchmark in vacuum,

(iv) direct training in explicit solvent and protein environments, and (v) ∆-learning as an alternative route

to condensed-phase accuracy.

Summary

Sampling strategies Three to five data-generation methods were compared per system with respect

to configurational coverage, physical plausibility, and cross-validated transferability. Metadynamics at

300 K and 500 K covered similar regions of configurational space for alanine dipeptide. In contrast, sam-

pling with modified force-field parameters consistently expanded coverage toward low-density regions

and bond-length extrema while remaining physically plausible. In cross-validation, models trained on

these broader datasets generalized best across heterogeneous test distributions. The results highlight that

controlled inclusion of edge-case structures is important for robust MLP behavior.

Electrostatic potential reproduction The systematic error introduced by replacing the continuous

quantum-mechanical electron density with atom-centered partial charges was quantified directly on the

ESP and electrostatic energies. ESP-fitting schemes and MBIS yielded the best electrostatic reproduc-

tion, while Löwdin charges failed entirely. Hirshfeld and MBIS charges emerged as practical targets

for ML/MM, balancing electrostatic fidelity, learnability by a 4G-HDNNP, and chemical reasonability.

The discretization error amounts to approximately 0.02 eV (0.50 kcalmol−1) for alanine dipeptide and

0.01 eV (0.20 kcalmol−1) for thiol disulfide exchange. These values constitute a non-negligible floor in

the overall error budget of any charge-based ML/MM model and must be accounted for in performance

benchmarks.

Architecture benchmark in vacuum Nine MLP architectures were trained under harmonized condi-

tions on the same vacuum datasets. The expected performance hierarchy was confirmed, with HDNNPs

at the lower end and equivariant models (QEq-MACE, Base MACE, AMP) at the upper end. A central

finding was that strong static test-set metrics do not guarantee stable dynamics. For instance, PaiNN ex-

hibited competitive test errors but failed in approximately one-third of the simulations. Conversely, AMP,

QEq-MACE, and Base MACE generated stable trajectories of alanine dipeptide. For the thiol disulfide
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exchange, Base MACE unexpectedly failed due to deprotonation events, whereas QEq-MACE was the

only architecture to complete every simulation without failure. These results confirm that trajectory-level

validation through production-length simulations is indispensable for architecture selection.

Direct training in condensed-phase environments Solvation altered both property distributions

and PMF landscapes notably. The architectures specifically designed to encode environmental infor-

mation exhibited a wide range in effectiveness: Field-SchNet and Field-MACE provided negligible

improvement over the environment-agnostic baseline, whereas 4G-HDNNP showed moderate benefit.

QEq-MACE reduced the vacuum-to-solvent error gap considerably and enabled the stable solvent sim-

ulations displaying expected behavior. Nonetheless, its performance deteriorated beyond the estimated

error introduced by the point charge representation by a factor of two, indicating room for refinement in

the charge-equilibration scheme. AMP stood out as the best-performing architecture in solvent: it nearly

preserved its vacuum force accuracy, was the only model to reproduce a structured solvation shell in

the RDF, and shows superior robustness at environment transferability. In the protein environment of

the vWF C4 domain, both QEq-MACE and AMP yielded plausible reaction barriers. In agreement with

each other and DFT single point calculations, they contradicted the DFTB reference PMF by predicting

a barrier reduction and a more negative reaction free energy. This highlights an important advantage of

ML/MM over semi-empirical baselines.

∆-Learning Training on the difference between DFT and DFTB improved performance for weaker

architectures, whereas higher-level methods did not further improve it. The vacuum and solvent er-

rors of DFTB relative to DFT were poorly correlated, invalidating the central assumption that learning

the correction in vacuum would carry over to solvent. In addition, charge-based architectures such as

QEq-MACE deteriorated severely under ∆-learning due to the lack of meaningful charge targets. Overall,

∆-learning with a DFTB baseline proved not to be a viable route toward accurate ML/MM simulations,

as direct training with specialized solvent-aware architectures already outperforms it without requiring a

semi-empirical calculation at inference time.

Computational cost Relative to the DFTB semi-empirical reference, MLPs were not universally

faster at the smallest system sizes on a single CPU core. However, they exhibited favorable scaling with

system size and achieved substantial speedups through GPU acceleration. Multi-walker metadynamics

revealed a practical caveat: current MLP implementations do not parallelize multiple walkers on a single

GPU, so CPU-only execution can be more efficient when many walkers share a single device. Neverthe-

less, the overall cost profile supports the use of MLPs for long-timescale enhanced-sampling simulations

of condensed-phase systems.
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Taken together, the findings of this thesis demonstrate that reliable ML/MM simulations are achiev-

able today under three conditions: sampling protocols that deliberately cover physically relevant edge

regions, electrostatic representations that balance accuracy with learnability, and trajectory-level valida-

tion beyond static test-set errors. Under these conditions, modern MLPs can approach QM-level accuracy

at a computational cost of semi-empirical methods, thereby enabling simulations of complex chemical

processes in condensed-phase. The ultimate goal of this thesis, to reach QM accuracy at MM cost for

enzymatic reactions, was therefore only partially achieved. While steps toward QM accuracy were suc-

cessful, MM cost was out of reach. Only semi-empirical cost was achievable, but favorable scaling and

continued advances in GPU-acceleration make it plausible that this gap will narrow in the future.

Limitations

Several limitations of the present work should be acknowledged. They either concern the generalizability

of the conclusions or point to specific areas where further methodological development is needed:

Model systems Both systems studied, alanine dipeptide and thiol disulfide exchange, constitute com-

paratively small QM regions (<25 atoms). Whether the conclusions regarding architecture ranking and

electrostatic treatment generalize to larger molecules and more diverse datasets, such as enzymatically

catalyzed phosphorylation reactions, remains to be tested.

Point-charge approximation All charge-based ML/MM architectures evaluated here represent the QM

region through atom-centered monopoles. The electrostatic energy error of 0.02 eV (0.5 kcalmol−1) sets

a systematic accuracy floor that cannot be reduced by improved training alone. Higher-order multipole

representations could lower this floor, but were only partially explored through AMP.

Simulation stability Even the best-performing architecture (AMP) exhibited rare but severe force spikes

leading to simulation failure in a fraction of simulations. These events, likely caused by missing neighbor

configurations or extreme electrostatic conditions not present in the training data, limit unsupervised

production use.

Transferability Cutoff-variation tests showed that QEq-MACE degrades rapidly under unfamiliar elec-

trostatic conditions, while AMP is more robust. Data generation in diverse environments should be

prioritized to improve transferability, but the extent to which this can be achieved without prohibitive

data requirements remains an open question.

Excited states and non-adiabatic effects The present work focuses exclusively on ground-state poten-

tial energy surfaces. Extending ML/MM workflows to photochemical processes would require architec-

tures capable of representing multiple electronic states and their couplings. Existing excited state MLPs

like SchNarc221, FieldSchNarc222, or XMACE223 in part already provide ML/MM options.
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Outlook

Higher-order electrostatic representations AMP’s success demonstrates that physically motivated

multipole expansions substantially improve environment transferability. Future ML/MM architectures

should move beyond monopole charge equilibration toward dipole and quadrupole terms. Another

promising avenue is the PCME approach as implemented in the Electrostatical Machine Learning Em-

bedding (EMLE) framework154. This approach is expected to be generally more transferable than the

EIE approach investigated here.162

Active learning and on-the-fly retraining The rare simulation failures observed even for the best-

performing models could be mitigated by uncertainty-driven active-learning loops that detect out-of-

distribution configurations during production simulations and trigger targeted retraining, reducing the

need for exhaustive initial sampling.

Long-timescale production dynamics The simulations performed allow for direct comparison with

experimental kinetic observables. The models can be used in production simulations of enzymatic reac-

tions in glutaredoxin, where they can be validated against experimentally measured rate constants and

kinetic isotope effects, providing a test of the overall ML/MM approach beyond static benchmarks and

free-energy profiles.

Larger and more diverse QM regions. Extending the present workflows to larger active sites, such as

in phosphoryl transfer enzymes like creatine kinase, would test whether the architecture rankings and

design principles established here transfer to chemically more demanding systems.
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D. Appendix

D.1. Sampling Methods

This section contains additional visualizations for the electrostatic potential reproduction discussed in

Chapter 4.

Alanine Dipeptide — Vacuum

Cross-validation for 2G-HDNNP models trained on different dataset sources of alanine dipeptide in vacuum.
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Cross-validation for 4G-HDNNP models trained on different dataset sources of alanine dipeptide in vacuum.

Cross-validation for SchNet models trained on different dataset sources of alanine dipeptide in vacuum.
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Cross-validation for PaiNN models trained on different dataset sources of alanine dipeptide in vacuum.

Cross-validation for QEq-MACE models trained on different dataset sources of alanine dipeptide in vacuum.
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Thiol Disulfide Exchange Reaction — Vacuum

Cross-validation for 2G-HDNNP models trained on different dataset sources of the thiol disulfide exchange reac-
tion in vacuum.

Cross-validation for 4G-HDNNP models trained on different dataset sources of thiol disulfide exchange reaction
in vacuum.
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Cross-validation for SchNet models trained on different dataset sources of the thiol disulfide exchange reaction in
vacuum.

Cross-validation for PaiNN models trained on different dataset sources of the thiol disulfide exchange reaction in
vacuum.
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Cross-validation for QEq-MACE models trained on different dataset sources of the thiol disulfide exchange reac-
tion in vacuum.
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D.2. Electrostatic Potential Reproduction

This section contains additional visualizations for the electrostatic potential reproduction discussed in

Section 5.2.3 and Section 5.3.3.

Alanine Dipeptide — Vacuum

Figure D.1.: Ranking of charge assignment methods for alanine dipeptide in vacuum based on RMSE of elec-
trostatic potential (left) and electrostatic energy (right) reproduction at the positions of the MM point charges in
respective environment calculations
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges EEM charges

RESP charges MBIS charges

Figure D.2.: Reproduction of electrostatic potential caused by continuous charge distribution of alanine dipeptide
in vacuum at the positions of the MM point charges in respective environment calculations
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges EEM charges

RESP charges MBIS charges

Figure D.3.: Reproduction of electrostatic energy caused by continuous charge distribution of alanine dipeptide in
vacuum at the positions of the MM point charges in respective environment calculations
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Alanine Dipeptide — Environment

Figure D.4.: Ranking of charge assignment methods for alanine dipeptide in an environment based on RMSE of
electrostatic potential (left) and electrostatic energy (right) reproduction at the positions of the MM point charges
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges EEM charges

RESP charges MBIS charges

Figure D.5.: Reproduction of electrostatic potential caused by continuous charge distribution of alanine dipeptide
in an environment at the positions of the MM point charges
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges EEM charges

RESP charges MBIS charges

Figure D.6.: Reproduction of electrostatic energy caused by continuous charge distribution of alanine dipeptide in
an environment at the positions of the MM point charges
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Thiol Disulfide Exchange Reaction — Vacuum

Figure D.7.: Ranking of charge assignment methods for thiol disulfide exchange reaction system in vacuum based
on RMSE of electrostatic potential (left) and electrostatic energy (right) reproduction at the positions of the MM
point charges of respective environment calculations
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges RESP charges

MBIS charges

Figure D.8.: Reproduction of electrostatic potential caused by continuous charge distribution of thiol disulfide ex-
change reaction system in vacuum at the positions of the MM point charges of respective environment calculations
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges RESP charges

MBIS charges

Reproduction of electrostatic energy caused by continuous charge distribution of the thiol disulfide exchange reac-
tion system in vacuum at the positions of the MM point charges of respective environment calculations
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Thiol Disulfide Exchange Reaction — Environment

Figure D.10.: Ranking of charge assignment methods for thiol disulfide exchange reaction system in an environ-
ment based on RMSE of electrostatic potential (left) and electrostatic energy (right) reproduction at the positions
of the MM point charges
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges RESP charges

MBIS charges

Figure D.11.: Reproduction of electrostatic potential caused by continuous charge distribution of thiol disulfide
exchange reaction system in an environment at the positions of the MM point charges
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Hirshfeld charges Mulliken charges

Löwdin charges CHELPG charges

Merz-Kollman charges RESP charges

MBIS charges

Figure D.12.: Reproduction of electrostatic energy caused by continuous charge distribution of thiol disulfide
exchange reaction system in an environment at the positions of the MM point charges
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D.3. Hyperparameter Search — Alanine Dipeptide

The hyperparameter search was conducted in two stages. First, a grid search was performed, in which

each hyperparameter was varied individually while keeping all others fixed at their default values. Sec-

ondly, a hyperband search was used to explore the full search space simultaneously.

2nd Generation HDNNP

Grid Search

Table D.1.: Grid search hyperparameter space for the 2G-HDNNP model.

Hyperparameter Type Values Default

Symmetry function parameters

Rs array (Bohr) Choice {0.0, 1.0, 2.0, 3.0}, {0.0, 2.0, 4.0, 6.0}, {0.0, 4.0, 6.0, 8.0}

{0.0, 3.0, 5.0, 7.0, 9.0}, {0.0, 1.0, 3.0, 4.0, 5.0, 6.0, 7.0},

{0.0, 2.0, 4.0, 6.0, 8.0, 10.0, 12.0},

{0.0, 1.0, 2.0, 3.0, 4.0, 5.0, 7.0, 10.0, 12.0}

η array (Bohr−2) Choice {0.03, 0.08}, {0.08, 0.3}, {0.3, 0.8}, {0.0, 0.08, 0.3}

{0.03, 0.16, 0.5}, {0.03, 0.3, 0.8},

{0.03, 0.08, 0.16, 0.3, 0.5},

{0.06, 0.16, 0.32, 0.6, 0.8, 1.0},

{0.03, 0.08, 0.16, 0.3, 0.5, 0.6, 0.75, 0.9, 1.0}

ζ array Choice {1, 2}, {1, 2, 4}, {2, 8, 16}, {1, 4, 8, 16}, {2, 8, 16}

{1, 2, 4, 8, 16}, {1, 2, 4, 8, 16, 32}

Energy subnet architecture

Hidden layers Int 1–2 1

Neurons per layer Int 25–276 (step 50, decreasing ceiling) 25

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Tanh

Shifted Softplus
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Figure D.13.: Grid search hyperparameter overview for 2G-HDNNP models

Figure D.14.: Training duration for 2G-HDNNP models with different hyperparameters

208



Hyperband Search

Table D.2.: Hyperband search hyperparameter space for the 2G-HDNNP model.

Hyperparameter Type Values

Symmetry function parameters

Rs array (Bohr) Choice {0.0, 4.0, 6.0, 8.0}, {0.0, 3.0, 5.0, 7.0, 9.0},

{0.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0},

{0.0, 4.0, 6.0, 8.0, 10.0, 12.0, 16.0}

η array (Bohr−2) Choice {0.0, 0.08, 0.3}, {0.03, 0.16, 0.5},

{0.0, 0.03, 0.08, 0.16, 0.3, 0.5},

{0.0, 0.06, 0.16, 0.32, 0.6, 0.8, 1.0}

λ array Choice {−1, 1}, {−1, 0, 1}

ζ array Choice {2, 8, 16}, {1, 4, 8, 16}, {1, 2, 4, 8, 16}, {1, 2, 4, 8, 16, 32}

Energy subnet architecture

Hidden layers Int 1–3

Neurons per layer Int 25–276 (step 50, decreasing ceiling)

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Shifted Softplus

Table D.3.: Top 3 hyperparameter configurations from the hyperband search for the 2G-HDNNP model, ranked by
validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Rs array (Bohr) {0, 3, 4, 5, 6, 7, 8} {0, 3, 4, 5, 6, 7, 8} {0, 3, 4, 5, 6, 7, 8}

η array (Bohr−2) {.03, .08, .16, .32, .6, .8, 1.0} {.03, .08, .16, .32, .6, .8, 1.0} {.03, .08, .16, .32, .6, .8, 1.0}

λ array {−1, 1} {−1, 1} {−1, 1}

ζ array {2,8,16} {1,2,4,8,16} {1,2,4,8,16,32}
Hidden layers 225-25-75 175-25 125-25-25

Activation Tanh Tanh ELU
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Figure D.15.: Hyperband search hyperparameter overview for 2G-HDNNP models from Top 10 trials

(a) Trial ranking (b) Trial duration

Figure D.16.: Ranking and duration of hyperband search trials for 2G-HDNNP models

210



4th Generation HDNNP

Grid Search

Table D.4.: Grid search hyperparameter space for the 4G-HDNNP model.

Hyperparameter Type Values Default

Symmetry function parameters

Rs array (Bohr) Choice {0.0, 1.0, 2.0, 3.0}, {0.0, 2.0, 4.0, 6.0}, {0.0, 4.0, 6.0, 8.0}

{0.0, 3.0, 5.0, 7.0, 9.0}, {0.0, 1.0, 3.0, 4.0, 5.0, 6.0, 7.0},

{0.0, 2.0, 4.0, 6.0, 8.0, 10.0, 12.0},

{0.0, 1.0, 2.0, 3.0, 4.0, 5.0, 7.0, 10.0, 12.0}

η array (Bohr−2) Choice {0.03, 0.08}, {0.08, 0.3}, {0.3, 0.8}, {0.0, 0.08, 0.3}

{0.03, 0.16, 0.5}, {0.03, 0.3, 0.8},

{0.03, 0.08, 0.16, 0.3, 0.5},

{0.06, 0.16, 0.32, 0.6, 0.8, 1.0},

{0.03, 0.08, 0.16, 0.3, 0.5, 0.6, 0.75, 0.9, 1.0}

ζ array Choice {1, 2}, {1, 2, 4}, {2, 8, 16}, {1, 4, 8, 16}, {2, 8, 16}

{1, 2, 4, 8, 16}, {1, 2, 4, 8, 16, 32}

Charge subnet architecture

Hidden layers Int 1–2 1

Neurons per layer Int 25–101 (step 25, decreasing ceiling) 25

Activation function Fixed Tanh Tanh

Energy subnet architecture

Hidden layers Int 1–2 1

Neurons per layer Int 25–276 (step 50, decreasing ceiling) 25

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Tanh

Shifted Softplus
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Figure D.17.: Grid search hyperparameter overview for 4G-HDNNP models

Figure D.18.: Training duration for 4G-HDNNP models with different hyperparameters
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Hyperband Search

Table D.5.: Hyperband search hyperparameter space for the 4G-HDNNP model.

Hyperparameter Type Values

Symmetry function parameters

Rs array (Bohr) Choice {0.0, 4.0, 6.0, 8.0}, {0.0, 4.0, 6.0, 8.0, 10.0, 12.0, 16.0}

η array (Bohr−2) Choice {0.08, 0.3}, {0.06, 0.16, 0.32, 0.6, 0.8, 1.0}

λ array Fixed {−1, 1}

ζ array Choice {2, 8, 16}, {1, 2, 4, 8, 16, 32}

Charge subnet architecture

Hidden layers Fixed 1

Neurons per layer Int 25–51 (step 25)

Activation function Fixed Tanh

Energy subnet architecture

Hidden layers Int 1–3

Neurons per layer Int 25–276 (step 50, decreasing ceiling)

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Shifted Softplus

Table D.6.: Top 3 hyperparameter configurations from the hyperband search for the 4G-HDNNP model, ranked by
validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Rs array (Bohr) {0, 4, 6, 8} {0, 4, 6, 8} {0, 4, 6, 8}

η array (Bohr−2) {.06, .16, .32, {.06, .16, .32, {.06, .16, .32,

.6, .8, 1.0} .6, .8, 1.0} .6, .8, 1.0}

λ array {−1, 1} {−1, 1} {−1, 1}

ζ array {1, 2, 4, 8, 16, 32} {1, 2, 4, 8, 16, 32} {1, 2, 4, 8, 16, 32}

Charge layers 50 50 50

Charge activation Tanh Tanh Swish

Energy layers 275-225-25 175-25-25 225-75-125

Energy activation Swish Tanh ELU
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Figure D.19.: Hyperband search hyperparameter overview for 4G-HDNNP models from Top 10 trials
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(a) Trial ranking (b) Trial duration

Figure D.20.: Ranking and duration of hyperband search trials for 4G-HDNNP models

SchNet

Grid Search

The default hyperparameter value for cutoff of the Gaussian radial basis function parameters turned out

to be suboptimal, leading to significantly worse performance during the other hyperparameter variations.

Only the best 12 trials are included in the grid search overview figure, which is why all the high error

trials with the default cutoff of 4.0 Bohr are not visible in the overview figure.

Table D.7.: Grid search hyperparameter space for the SchNet model.

Hyperparameter Type Values Default

Model architecture

Input embedding units Choice 16, 32, 64, 96, 128, 256 32

Interaction units Choice 16, 32, 64, 96, 128, 256 32

Interaction blocks Int 3–8 5

Radial basis functions

Gaussian bins Int 20–100 (step 10) 20

Cutoff distance (Bohr) Choice 4.0, 5.0, 6.0 4.0

Gaussian offset (Bohr) Choice 0.0, 0.5, 1.0 0.0

Gaussian width (Bohr−2) Choice 0.2, 0.4, 0.6 0.2

Output MLP

Layer configuration Choice 32-1, 64-1, 128-1, 64-32-1, 128-64-1, 128-64-1

256-128-1, 128-128-64-1, 256-128-64-1

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Shifted Softplus

Shifted Softplus
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Figure D.21.: Grid search hyperparameter overview for SchNet models
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Figure D.22.: Training duration for SchNet models with different hyperparameters
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Hyperband Search

Table D.8.: Hyperband search hyperparameter space for the SchNet model.

Hyperparameter Type Values

Model architecture

Input embedding units Choice 32, 64, 128, 256

Interaction units Choice 32, 64, 128, 256

Interaction blocks Int 3–8

Radial basis functions

Gaussian bins Int 20–101 (step 10)

Cutoff distance (Bohr) Choice 4.0, 5.0, 6.0

Gaussian offset (Bohr) Choice 0.0, 0.5, 1.0

Gaussian width (Bohr−2) Choice 0.2, 0.4, 0.6

Output MLP

Layer configuration Choice 128-64-1, 256-128-1, 128-128-64-1, 256-128-64-1

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Shifted Softplus

Table D.9.: Top 3 hyperparameter configurations from the hyperband search for the SchNet model, ranked by
validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Input embedding units 256 256 64

Interaction units 256 256 256

Interaction blocks 8 8 6

Gaussian bins 60 60 60

Cutoff distance (Bohr) 6.0 6.0 6.0

Gaussian offset (Bohr) 1.0 1.0 0.5

Gaussian width (Bohr−2) 0.4 0.4 0.4

Output MLP 256-128-64-1 256-128-64-1 256-128-1

Activation Swish Swish Tanh
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Figure D.23.: Hyperband search hyperparameter overview for SchNet models from Top 10 trials

(a) Trial ranking (b) Trial duration

Figure D.24.: Ranking and duration of hyperband search trials for SchNet models
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PaiNN

Grid Search

Table D.10.: Grid search hyperparameter space for the PaiNN model.

Hyperparameter Type Values Default

Model architecture

Input embedding units/Interaction units Choice 16, 32, 64, 96, 128, 256 64

Interaction blocks Int 3–8 5

Radial basis functions

Number of Bessel functions Int 15–50 (step 5) 15

Cutoff distance (Bohr) Choice 4.0, 5.0, 6.0 4.0

Envelope exponent Int 4–6 4

Output MLP

Layer configuration Choice 32-1, 64-1, 128-1, 64-32-1, 128-64-1, 128-64-1

256-128-1, 128-128-64-1, 256-128-64-1

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Shifted Softplus

Shifted Softplus

Figure D.25.: Grid search hyperparameter overview for PaiNN models
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Figure D.26.: Training duration for PaiNN models with different hyperparameters

Hyperband Search

Table D.11.: Hyperband search hyperparameter space for the PaiNN model.

Hyperparameter Type Values

Model architecture

Input embedding units Choice 64, 128, 256

Interaction blocks Int 3–8

Radial basis functions

Number of Bessel functions Int 15–30 (step 5)

Cutoff distance (Bohr) Choice 4.0, 5.0, 6.0

Envelope exponent Int 4–6

Output MLP

Layer configuration Choice 128-1, 256-1, 128-64-1, 256-128-1

Activation function Choice ReLU, Tanh, ELU, Swish, Leaky ReLU, Shifted Softplus
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Table D.12.: Top 3 hyperparameter configurations from the hyperband search for the PaiNN model, ranked by
validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Input embedding units 256 256 256

Interaction blocks 8 6 5

Bessel functions 15 15 15

Cutoff distance (Bohr) 6.0 6.0 6.0

Envelope exponent 5 5 5

Output MLP 256-128-1 128-1 256-1

Activation Leaky ReLU Swish Tanh

Figure D.27.: Hyperband search hyperparameter overview for PaiNN models from Top 10 trials

222



(a) Trial ranking (b) Trial duration

Figure D.28.: Ranking and duration of hyperband search trials for PaiNN models

Base MACE

Grid Search

Table D.13.: Grid search hyperparameter space for the Base MACE model.

Hyperparameter Type Values Default

Number of Bessel functions Int 4, 12, 20, 28, 36 8

Cutoff distance (Å) Fixed 5.0 5.0

Envelope exponent Int 4, 6, 8, 10, 12 5

Correlation order Int 1, 2, 3 3

Interaction blocks Int 2, 3, 4, 5 3

MLP irreps Choice 16x0e, 32x0e, 64x0e, 128x0e 16x0e
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Figure D.29.: Grid search hyperparameter overview for Base MACE models

Figure D.30.: Training duration for Base MACE models with different hyperparameters
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Hyperband Search

Table D.14.: Hyperband search hyperparameter space for the MACE model.

Hyperparameter Type Values

Number of Bessel functions Int 4, 12, 20, 28, 36

Envelope exponent Int 4, 6, 8, 10

Cutoff distance (Å) Fixed 5.0

Correlation order Int 2, 3

Interaction blocks Int 2, 3, 4

MLP irreps Choice 16x0e, 32x0e, 64x0e

Radial MLP Choice [32, 32], [64, 64], [128, 128],

[32, 32, 32], [64, 64, 64], [128, 64, 32], [128, 128, 64]

Number of channels Int 32, 64, 96, 128

Lmax Int 1, 2, 3

Gate function Choice SiLU, tanh

Table D.15.: Top 3 hyperparameter configurations from the hyperband search for the Base MACE model, ranked
by validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

MLP irreps 32x0e 16x0e 32x0e

Correlation order 2 3 3

Gate function SiLU Tanh SiLU

Lmax 3 2 2

Number of channels 128 128 128

Envelope exponent 6 8 4

Interaction blocks 4 3 3

Bessel functions 12 12 12

Radial MLP [64, 64, 64] [128, 64, 32] [128, 64, 32]
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Figure D.31.: Hyperband search hyperparameter overview for Base MACE models from Top 10 trials

(a) Trial ranking (b) Trial duration

Figure D.32.: Ranking and duration of hyperband search trials for Base MACE models
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D.4. Hyperparameter Search — Thiol Disulfide Exchange Reaction

2nd Generation HDNNP

Hyperband Search

The same search space as in Table D.2 was used for the hyperband search of 2G-HDNNP models for the

thiol disulfide exchange reaction system.

Figure D.33.: Hyperband search hyperparameter overview for 2G-HDNNP models from Top 10 trials
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(a) Trial ranking (b) Trial duration

Figure D.34.: Ranking and duration of hyperband search trials for 2G-HDNNP models

Table D.16.: Top 3 hyperparameter configurations from the hyperband search for the 2G-HDNNP model on the
thiol disulfide dataset, ranked by validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Rs array (Bohr) {0, 3, 5, 7, 9} {0, 3, 5, 7, 9} {0, 4, 6, 8, 10, 12, 16}
η array (Bohr−2) {.03, .08, .16, .32, {.03, .08, .16, .32, {.03, .08, .16, .32,

.6, .8, 1.0} .6, .8, 1.0} .6, .8, 1.0}
λ array {−1, 1} {−1, 0, 1} {−1, 0, 1}
ζ array {1, 2, 4, 8, 16, 32} {1, 2, 4, 8, 16, 32} {1, 2, 4, 8, 16, 32}
Hidden layers 225-175-75 225-75 225-225-175
Activation ELU Tanh ELU
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4th Generation HDNNP

Hyperband Search

Figure D.35.: Hyperband search hyperparameter overview for 4G-HDNNP models from Top 10 trials
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(a) Trial ranking (b) Trial duration

Figure D.36.: Ranking and duration of hyperband search trials for 4G-HDNNP models

Table D.17.: Top 3 hyperparameter configurations from the hyperband search for the 4G-HDNNP model on the
thiol disulfide dataset, ranked by validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Rs array (Bohr) {0, 4, 6, 8, 10, 12, 16} {0, 4, 6, 8, 10, 12, 16} {0, 4, 6, 8}
η array (Bohr−2) {.06, .16, .32, {.06, .16, .32, {.06, .16, .32,

.6, .8, 1.0} .6, .8, 1.0} .6, .8, 1.0}
λ array {−1, 1} {−1, 1} {−1, 1}
ζ array {1, 2, 4, 8, 16, 32} {1, 2, 4, 8, 16, 32} {1, 2, 4, 8, 16, 32}
Charge layers 50 25 25
Charge activation Swish ReLU Tanh
Energy layers 275-225-125 275-75-175 275-125-175
Energy activation ELU ELU ELU

SchNet

Hyperband Search

The same search space as in Table D.8 was used for the hyperband search of SchNet models for the thiol

disulfide exchange reaction.
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Figure D.37.: Hyperband search hyperparameter overview for SchNet models from Top 10 trials

(a) Trial ranking (b) Trial duration

Figure D.38.: Ranking and duration of hyperband search trials for SchNet models
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Table D.18.: Top 3 hyperparameter configurations from the hyperband search for the SchNet model on the thiol
disulfide dataset, ranked by validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Input embedding units 256 32 64
Interaction units 256 256 256
Interaction blocks 3 7 7
Gaussian bins 80 50 50
Cutoff distance (Bohr) 6.0 6.0 6.0
Gaussian offset (Bohr) 0.5 1.0 1.0
Gaussian width (Bohr−2) 0.6 0.6 0.4
Output MLP 128-128-64-1 256-128-1 128-64-1
Activation Swish Shifted Softplus Swish

PaiNN

Hyperband Search

The same search space as in Table D.11 was used for the hyperband search of PaiNN models for the thiol

disulfide exchange reaction.
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Figure D.39.: Hyperband search hyperparameter overview for PaiNN models from Top 10 trials

(a) Trial ranking (b) Trial duration

Figure D.40.: Ranking and duration of hyperband search trials for PaiNN models
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Table D.19.: Top 3 hyperparameter configurations from the hyperband search for the PaiNN model on the thiol
disulfide dataset, ranked by validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

Input embedding units 256 256 256
Interaction blocks 6 7 3
Bessel functions 15 15 15
Cutoff distance (Bohr) 6.0 6.0 6.0
Envelope exponent 4 4 5
Output MLP 256-128-1 128-64-1 256-1
Activation Swish ELU Shifted Softplus

Base MACE

Hyperband Search

The same search space as in Table D.14 was used for the hyperband search of MACE models for the

thiol disulfide exchange reaction.

Figure D.41.: Hyperband search hyperparameter overview for Base MACE models from Top 10 trials
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(a) Trial ranking (b) Trial duration

Figure D.42.: Ranking and duration of hyperband search trials for Base MACE models

Table D.20.: Top 3 hyperparameter configurations from the hyperband search for the Base MACE model on the
thiol disulfide dataset, ranked by validation force RMSE.

Hyperparameter Rank 1 Rank 2 Rank 3

MLP irreps 32x0e 16x0e 32x0e
Correlation order 3 3 3
Gate function SiLU Tanh SiLU
Lmax 2 2 2
Number of channels 64 64 64
Envelope exponent 8 10 8
Interaction blocks 4 3 4
Bessel functions 4 4 12
Radial MLP [128, 64, 32] [128, 128] [128, 128, 64]

D.5. Dataset Size Dependence — Thiol Disulfide Exchange Reaction

Figure D.43.: Dataset size dependence of different MLP architectures.
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D.6. ∆-Learning — Alanine Dipeptide

Table D.21.: Exact hyperparameters used for ∆-training with 2G-HDNNP models for alanine dipeptide.

Hyperparameter Vacuum Environment

Rs array {0.0, 1.0, 2.0, 5.0} {0.0, 1.0, 2.0, 5.0}

η array {0.0, 0.03, 0.08, 0.16, 0.3, 0.5} {0.0, 0.03, 0.08, 0.16, 0.3, 0.5}

λ array {−1, 1} {−1, 1}

ζ array {1, 2, 4, 8} {1, 2, 4, 8}

Energy hidden layers 35-35 35-35

Energy activation tanh-tanh tanh-tanh

Radial cutoff (Bohr) 25 25

Angular cutoff (Bohr) 16 16

Epochs 250 250

Batch size 32 32

Initial / final lr 5×10−4 / 1×10−6 5×10−4 / 1×10−6

Early stopping 25 25

Force loss factor 200 200

Table D.22.: Exact hyperparameters used for ∆-training with 4G-HDNNP models for alanine dipeptide.

Hyperparameter Vacuum Environment

Rs array {0.0, 1.0, 2.0, 5.0} {0.0, 1.0, 2.0, 5.0}

η array {0.0, 0.03, 0.08, 0.16, 0.3, 0.5} {0.0, 0.03, 0.08, 0.16, 0.3, 0.5}

λ array {−1, 1} {−1, 1}

ζ array {1, 2, 4, 8} {1, 2, 4, 8}

Charge hidden layers 15 15

Charge activation tanh tanh

Energy hidden layers 35-35 35-35

Energy activation tanh-tanh tanh-tanh

Radial cutoff (Bohr) 25 25

Angular cutoff (Bohr) 16 16

Epochs 250 250

Batch size 32 32

Initial / final lr 5×10−4 / 1×10−6 5×10−4 / 1×10−6

Early stopping 25 25

Charge / energy / force loss factors 0 / 1 / 200 1 / 1 / 200

Max elements 30 30

Element mapping {1, 6, 7, 8} {1, 6, 7, 8}
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Table D.23.: Exact hyperparameters used for ∆-training with Base MACE and QEq-MACE models for alanine
dipeptide.

Hyperparameter Base Vacuum Base Env QEq Vacuum QEq Env

Model ScaleShiftMACE ScaleShiftMACE maceQEqESP maceQEqESP

Hidden irreps 16x0e+16x1o 16x0e+16x1o 16x0e+16x1o 16x0e+16x1o

Correlation order 3 3 3 3

rmax (Å) 5.0 5.0 5.0 5.0

Radial type Bessel Bessel Bessel Bessel

Num radial basis 8 8 8 8

Num cutoff basis 5 5 5 5

Gate silu silu silu silu

Loss energy_forces energy_forces charges_energy_forces charges_energy_forces

Epochs 100 100 100 300

Batch size 10 10 10 10

Loss weights 1 / 100 / 50 1 / 100 / 50 1 / 100 / 1 1 / 100 / 10

Optimizer adam adam adam adam

lr / swa_lr 1×10−2 / 1×10−3 1×10−3 / 1×10−4 5×10−4 / 5×10−5 5×10−3 / 5×10−4

Scheduler ReduceLROnPlateau ReduceLROnPlateau ReduceLROnPlateau ReduceLROnPlateau

lr factor 0.8 0.8 0.8 0.8

Sched. patience 3 3 3 3

Clip grad 10.0 10.0 10.0 5.0

Weight decay 1×10−7 1×10−7 1×10−6 1×10−7

D.7. ∆-Learning — Thiol Disulfide Exchange Reaction

For thiol disulfide ∆-training, the model setups are mostly identical to the alanine dipeptide case and

also largely identical between vacuum and environment within each architecture. Only QEq-MACE uses

different optimization settings between vacuum and environment (epochs 100 vs. 250, learning rates

1× 10−4/1× 10−5 vs. 1× 10−3/1× 10−4, and charge weight 1 vs. 10). These changes stem from the

attempt to reduce the massive overfitting with the QEq-MACE architecture without proper charge targets.
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Reference Comparison

Figure D.44.: Comparison of B3LYP/aug-cc-pVTZ and DFTB3/3OBMod S−S energies rectified by their respective
mean values for thiol disulfide exchange reaction in vacuum.
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(a) Hydrogen (b) Carbon

(c) Sulfur

Figure D.45.: Comparison of B3LYP/aug-cc-pVTZ and DFTB3/3OBMod S−S force components for thiol disulfide
exchange reaction in vacuum for different elements.
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(a) (EDFT, vacuum − EDFTB, vacuum) vs (EDFT, solvent −
EDFTB, solvent)

(b) (Fi,DFT, vacuum − Fi,DFTB, vacuum) vs (Fi,DFT, solvent −
Fi,DFTB, solvent)

Figure D.46.: Correlation between vacuum and solvent errors of energy and force components for the thiol disulfide
exchange reaction with B3LYP/aug-cc-pVTZ and DFTB3/3OBMod S−S. The imperfect correlation indicates that
learning the error in vacuum does not necessarily translate to learning the error in solvent.
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∆-Learning Performance

Table D.24.: Test set performance metrics for different MLP architectures using ∆-learning on thiol disulfide ex-
change reaction. Values represent mean performance across three independent training runs for the vacuum and
environment datasets. 2G-HDNNP and Base MACE converge to the same error floor in solvent. QEq-MACE dete-
riorates substantially in both vacuum and solvent compared to direct training, especially for the energy prediction
in solvent.

∆ Vacuum

Method
Energy Force

RMSE (eV) R2 RMSE (eV/Å) R2

2G-HDNNP 0.042 0.892 0.042 0.957

4G-HDNNP 0.028 0.952 0.031 0.977

Base MACE 0.023 0.968 0.023 0.987

QEq-MACE 0.063 0.763 0.047 0.946

∆ Environment

Method
Energy Force

RMSE (eV) R2 RMSE (eV/Å) R2

2G-HDNNP 0.199 0.535 0.091 0.843

4G-HDNNP 0.151 0.734 0.068 0.912

Base MACE 0.193 0.565 0.084 0.869

QEq-MACE 0.322 -0.229 0.104 0.783

Figure D.47.: Comparison of test set RMSE for different MLP architectures using ∆-learning on thiol disulfide
exchange reaction in vacuum and water. HDNNP models improve through ∆-learning both in vacuum and solvent,
Base MACE only in solvent. QEq-MACE deteriorates substantially in both vacuum and solvent compared to direct
training, especially for the energy prediction in solvent.
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Use of Generative AI Tools

In accordance with the guidelines of the Karlsruhe Institute of Technology, this section documents the

use of generative artificial intelligence (AI) tools during the preparation of this thesis.

Several generative AI systems were employed to support the research and writing process. These in-

cluded Claude models (Sonnet/Opus), DeepL Write/Translator, Grammarly, and GitHub Copilot. The

tools were primarily used for tasks such as software development support (code suggestions, genera-

tion, and debugging assistance), language refinement and stylistic improvement of text passages, and

identifying relevant literature.

The use of these tools was strictly assistive. All generated outputs, including code and text, were critically

reviewed, verified, and revised by the author before being incorporated into the thesis. Responsibility for

the content, accuracy, interpretation of results, and compliance with scientific standards remains solely

with the author.

No AI system was used to generate research results, fabricate sources, or replace independent scientific

reasoning.
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