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Quantum dynamics of monitored free fermions: Evolution of quantum correlations
and scaling at measurement-induced phase transitions
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We explore, both analytically and numerically, the quantum dynamics of a many-body free-fermion system
subjected to local density measurements. We begin by extending the mapping to the nonlinear sigma-model
(NLSM) field theory for the case of finite evolution time 7' and different classes of initial states, which lead to
different NLSM boundary conditions. The analytical formalism is then used to study how quantum correlations
gradually develop, with increasing 7', from those determined by the initial state towards their steady-state form.
The analytical results are confirmed by numerical simulations for several types of initial states. We further
consider the long-time limit, when the system in d + 1 space-time dimensions becomes quasi-one-dimensional,
and analyze the scaling of the “localization” time (which is simultaneously the purification time and the
charge-sharpening time for this class of problems). The analytical predictions for scaling properties are fully
confirmed by numerical simulations in a d = 2 model around the measurement-induced phase transition. We use
this dynamical approach to determine numerically the measurement-induced transition point and the associated

correlation-length critical exponent.

DOI: 10.1103/w1yqg-xxbk

I. INTRODUCTION

Quantum measurements play a very special role in quan-
tum theory, in view of the nonunitary character of the
associated dynamics of a quantum state. Specifically, a mea-
surement induces a stochastic wave-function collapse (strong
or weak, depending on the measurement strength) that de-
pends on the measurement outcome. Effects of quantum
measurement on properties of many-body quantum systems
are attracting much of the research attention. It was found
that, due to a competition between quantum measurements
and unitary dynamics, resulting quantum states may exhibit
transitions between phases with different scaling of the en-
tanglement entropy S with the size ¢ of a subsystem [1-7];
see also reviews [8,9] and Refs. [10—13] for experimental
studies. For frequent measurements, the entanglement entropy
scales as the area of the subsystem boundary ~£9~! (area-law
phase), implying that the entanglement is localized in the
boundary region. With lowering measurement rate, a transi-
tion into a phase with a faster increase of S(£) may take place,
characterized by delocalization of quantum information.

An important class of monitored many-body systems
is formed by free-fermion systems, with measurements
preserving the Gaussianity of a quantum state (i.e., its Slater-
determinant character for pure states) [4,14-27]. For the case
of complex free fermions, it was shown that, in d = 1 spatial
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dimension, the system is in the area-law phase for any nonzero
monitoring rate (in the asymptotic limit £ — o0) [22,27]. For
higher spatial dimensionality, d > 1, the system exhibits a
phase transition between the area-law phase and a phase with
a long-range entanglement characterized by £¢~!In ¢ scaling
of §(£) [23,24]. These analytical results have been obtained by
mapping to a replica nonlinear sigma model (NLSM), supple-
mented by its renormalization-group analysis. They were also
confirmed and complemented by numerical simulations. In
Refs. [22,23] an analogy between the measurement-induced
phase transition (MIPT) in d dimensions and Anderson-
localization transition in d + 1 dimensions was emphasized.
The two problems are described by closely related NLSM
field theories, although with important differences in the
replica limit and the symmetry class. We also refer the reader
to Refs. [20,28] for a broad discussion of field theories of
random nonunitary dynamics and comparison with theories
of Anderson localization.

The results quoted above concern the steady ensemble of
quantum states that emerges when the combination of unitary
dynamics and quantum measurements acts on a system for a
very long time, T — oo. In this situation, properties of the
resulting quantum states do not depend on the initial state. At
the same time, one can ask a question of quantum dynamics of
a monitored system at T < oco. Some aspects of this problem
were discussed in the MIPT context for particular models and
initial states [21,27,29-33]. It has been understood that dy-
namical properties allow one to define the “purification” and
“charge-sharpening” phase transitions for random quantum
circuits subject to measurements [34—40].

Our goal here is to explore, both analytically and numer-
ically, the dynamical evolution of a monitored many-body
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free-fermion system. One of the key questions that we address
is the following: how do quantum correlations evolve from the
initial state towards this asymptotic ensemble as the evolution
time 7 increases, from relatively short to long times? Clearly,
the answer will in general depend not only on the system
under consideration but also on the type of initial state, and
we also analyze this dependence. A related set of questions
concerns the dynamical scaling (at large but finite 7') around
the MIPT in a system of complex free fermions [23] studied
earlier by considering the 7 — oo limit. Can this scaling be
efficiently used to determine critical exponents for this tran-
sition? If yes, how do the results compare to those obtained
from studying the T — oo system? A success here would
pave the way to employing the quantum dynamics for efficient
investigation of critical behavior at free-fermion MIPTs of
other universality classes.

We begin by extending in Sec. II the mapping to NLSM
field theory [22,23] for the case of finite evolution time T
and different initial states. Specifically, we consider three
classes of Gaussian initial states—maximally mixed state
(which also exhibits maximal charge fluctuations out of all
Gaussian states), random area-law pure state, and random
volume-law pure state—and show which boundary conditions
for the NLSM correspond to each of them. We then use this
general formalism in Sec. III to study the time dependence of
quantum correlations at relatively short times 7 for different
initial conditions. The results, demonstrating a gradual devel-
opment of T — oo quantum correlations with increasing 7,
are supported by numerical simulations of a d = 1 system for
all three types of initial states. Last but not least, we use in
Sec. IV the long-time dynamics to get a complementary view
on the MIPT in a d = 2 system and to study it numerically.
Scaling properties of the quasi-one-dimensional “localization
length” in time direction (the inverse Lyapunov exponent)
are in full agreement with analytical expectations. Further,
the numerical values of the MIPT critical measurement rate
and the localization-length critical exponent are consistent
with those originally obtained in Ref. [23] (see also a more
recent work [41]) by studying scaling properties of T — oo
states. Our work opens up broad prospects for investigation
of quantum dynamics and MIPTs in monitored many-body
systems, as discussed in Sec. V.

II. FIELD THEORY AND INITIAL CONDITIONS

We consider a system of noninteracting complex fermions
on a d-dimensional lattice evolving under a time-independent
local Hamiltonian H and local density measurements per-
formed randomly in space and time with a rate y. The simplest
model is that considered in Refs. [22,23] with H given by

H=—IY (ivw+He), e

(xx’)

where the sum goes over nearest-neighbor site pairs, and with
projective measurements of site particle numbers n, = ¥/, .
We will use this model in our numerical simulations below.
We emphasize, however, that the analytical part of this work is
much more general. Specifically, it applies to any microscopic
model of the same universality class, including models with
weak measurements considered, e.g., in Refs. [4,24,27.41].

Indeed, these models can be mapped onto the same NLSM
field theory, implying the same physics (for spatial and tem-
poral scales above the mean free path £, ~ J/y and mean free
time ~1/y, respectively).

The classification of monitored free fermions is based on
the symmetries of the Keldysh fermionic field theory descrip-
tion. Such description has an inherent chiral symmetry owing
to the two chiral branches of the Keldysh contour. Thus, in the
absence of additional symmetries, the system would belong to
the chiral unitary class AIIl. An equivalent way to identify the
symmetry class is based on NLSM target space, which in this
case is SU(R), which corresponds, up to a different replica
limit, to a disordered system whose Hamiltonian belongs to
the class AIIL This class will be assumed for simplicity in our
analytical treatment. In fact, the system with nearest-neighbor
Hamiltonian (1) and site charge monitoring, which we will
study numerically below, has an additional effective particle-
hole symmetry and belongs to the chiral orthogonal symmetry
class BDI; see Refs. [27,42]. This particle-hole symmetry can
be broken, e.g., by adding a next-nearest-neighbor hopping
in Eq. (1), reducing the symmetry to that of class AIIl. The
difference between these two classes is minor in the context
of this work and will not play any role for our analytical
considerations below. Specifically, the difference does not
manifest itself in the diffusive regime of relatively short times
T studied analytically in Sec. III, where quantum corrections
are parametrically small and can be neglected. Furthermore,
the overall structure of quantum corrections in the two classes
is very similar and both classes support a phase transition for
spatial dimensions d > 1 in the replica limit R — 1. Further,
scaling properties of the quasi-one-dimensional “localization
length” T* around the MIPT, discussed in Sec. IV, are fully
analogous in both classes. We note, however, that values of
the critical exponents and exact form of the scaling functions
are generally expected to depend on the symmetry class.

The NLSM describes Goldstone modes associated with
continuous symmetry characterizing a Gaussian system, that
is unitary transformations of R replicas of the fermionic fields
in the Keldysh path integral formalism. The replica trick is uti-
lized to perform averaging over different quantum trajectories,
with the replica limit R — 1 incorporating the Born’s rule for
different measurement outcomes. As a result, the action of the
NLSM in (d + 1)-dimensional space-time reads (we follow
the notations of Refs. [22,23,42])

S[0] = g/ddxdt Tr(w™'8,078,0 + vv0ivD), ()

where U (x, t) € SU(R) is a matrix field corresponding to the
Goldstone modes described above, g o< J/y is the coupling
constant akin to the diffusion constant in the context of disor-
dered systems, and v o< J is the characteristic velocity. Note
that this action acquires isotropic form in space-time in the
coordinates (x, vt).

The central quantity characterizing a Gaussian quantum
state for a given quantum trajectory is the two-point density
correlation function

Cox = (neny) — (ne)(ny). 3)

The key observables that characterize quantum correlations
can be expressed in terms of Cy, . In particular, the variance of
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charge fluctuation in a region A is given by

e = (83 = 3 e @

x,x' €A

The entropy of the region A,
Sa = —Tr(paln py), (5)

is related (for a Gaussian quantum state) to the charge variance
Cf) via

2
Sy~ %cm, ©6)

which is a truncated version of the Klich-Levitov relation,
Ref. [43]. While the exact formula also involves higher-order
charge cumulants C/(f") with g > 1, they were shown to be
parametrically small for y <« J and numerically small for
y 2 J; see Ref. [22]. When the considered system is in a pure
state, Sy is the entanglement entropy between A and the rest of
the system. Further, the particle-number covariance between
two regions A and B is expressed in terms of Cy, as

Z Cxx’ . (7)

For two nonintersecting regions A and B, the covariance Gp
is related to the mutual information Z(A : B) via

272

Gap = (Na){Np) — (NaNp) = —

In terms of the NLSM, the density correlation function
averaged over different quantum trajectories is expressed as
a correlation function of NLSM currents (see Appendix B):

Cx,x')=Cur

t,t'—=0| v

= Iim [ES(x—x')S(t—t’)

- g(%b(x, ) Tpa(¥', t’))] €))

where a # b denote two arbitrary different replicas and J =
—iU"3,U denotes the temporal component of the Noether
current. The points x and x’ belong to the d-dimensional
surface of the space-time that corresponds to the time (that we
choose to be t = 0) at which the observables are studied. The
NLSM is supplemented with absorbing boundary conditions
at this surface (which follows from the fact that measure-
ments at times ¢ > 0 cannot affect properties of the system at
t = 0). This expression is exact within the NLSM theory and
describes the long-wavelength limit gfy < 1 of the original
microscopic problem.

As emphasized in Refs. [20,22,23], the problem has close
similarity to the Anderson localization problem in (d + 1) di-
mensions, with random measurement positions and outcomes
playing a role of “impurities” in space-time. Important differ-
ences include the replica limit (R — 1 here instead of R — 0
for the Anderson-localization problem) and the symmetry
class (which is BDI or AIII for the models under considera-
tion, as discussed above), with the chiral symmetry emerging
due to the structure of the action in the Keldysh space. Since
C(x,x") is given by the current-current correlation function of

the NLSM, it is a counterpart of the two-point conductance
of the Anderson-localization problem. Correspondingly, the
particle-number covariance G4 is a counterpart of the two-
terminal conductance.

These results were derived in Refs. [22,23] where the
limit of long time evolution (7' — oo) from the initial state
at t; = —T was considered. In this limit, a steady ensemble
of quantum states is formed, which does not depend on the
initial state. Clearly, for finite 7 some information about the
initial state should remain, so that the NLSM theory should be
supplemented by a boundary condition at + = ¢; that depends
on the initial state. We will now consider three important
classes of initial states and determine the corresponding ¢ = #;
boundary conditions for the NLSM, which are illustrated in
Fig. 1.

(a) Maximally mixed state. First, we consider the case when
the initial state is a maximally mixed state characterized by
infinite-temperature density matrix

p=2711. (10)
To understand the corresponding NLSM boundary condition,
we note that, out of all Gaussian states, this state provides
the maximum variance of the total particle number (charge).
In terms of the NLSM, the charge variance in the final state
(i.e., the one at time ¢ = 0) is given by minus the conductance
—Gss, where Ggs is the “self-conductance” and S is the
whole ¢ = 0 surface. In view of current conservation, the total
current entering the system through S should be equal to the
total current leaving the system through the ¢ = ¢; surface Sy.
Thus the charge variance at time ¢ = 0 (i.e., after the evolution
over the time T) is equal to Ggg,. Therefore, the NLSM
boundary condition corresponding to the maximally mixed
state should provide the maximal value of G g,. Clearly, this
is the fully absorbing boundary condition:

O, ;) =1. (11)

On a more formal level, this initial condition for a maximally
mixed state can be derived from the fermionic Keldysh path
integral representation; see Appendix A. It was also derived
for a different microscopic model in the same universality
class in Ref. [27] (see also an analogous derivation for a model
of monitored Majorana fermions in Ref. [21]).

(b) Maximally disentangled state. We consider now the case
when the initial state is a maximally disentangled (area-law)
random pure state, i.e., a random bitstring on the lattice. To
understand the associated boundary condition, we notice that
such a state can be obtained starting from any initial state
at an earlier time t = —T' < —T by applying the measure-
ment protocol with the measurement rate Y’ — oo. In terms
of the NLSM, this will imply the diffusion constant ¢ — 0
in the time interval [—T’, —T]. The corresponding part of
the space-time sample will be therefore an insulator. Thus
the NLSM boundary condition at t = —7 should be that for
a boundary with an insulating region. This is the reflecting
boundary condition:

T, 1) =0.

(c) Volume-law pure state. Finally, we consider the case
of an initial state being a random volume-law pure state. (A

12)
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FIG. 1. Boundary conditions for NLSM field theory: schematic
space-time representation of a monitored evolution subject to differ-
ent initial conditions. Red dots represent individual measurements.
The system is evolved with some measurement rate y from the
initial time ¢+ = —T to time ¢t = O where the correlation function
C,v and related observables are studied. The boundary condition
at the + = 0 boundary is always absorbing. (a) The initial state
is a maximally mixed state. Due to global current conservation
Jt=-T)=J@ =0), schematically represented by arrows, this
corresponds to maximal “conductance” between S and Sy, which is
realized with the absorbing boundary condition for the NLSM at
t = —T, Eq. (11). (b) The initial state is a maximally disentangled
(random bitstring) state. It can be realized from an arbitrary random
state at t = —T' < —T by evolving it to t = —T with an infinite
measurement rate y — oo. This corresponds to an “insulating” sys-
tem for t € [-T’, —T1]; thus the boundary condition at t = —T is
reflecting, Eq. (12). (¢) A volume-law pure state can be realized from
random bitstring att = —T’ — —oo [corresponding to the reflecting
boundary, as in (b)] by evolving it unitarily (y — 0) up to time
t = —T. This corresponds to a perfect conductor at ¢t € [-T', —T],
so that the boundary condition at ¢t = —T is absorbing. However, all
the current that flows down through this boundary eventually gets
reflected at t = —T and returns back to the system homogeneously
through the whole r = —T surface. Thus, owing to the total current
conservation, the ¢ = 0 mode gets reflected; see Eq. (13).

good representative of this class of states is a random bitstring
in the momentum space.) To understand the NLSM boundary
condition in this situation, we construct such a state in the
following way. Let us start with an initial state in the form
of a random area-law state (discussed above) at an earlier
time t = —T’ < —T, with a sufficiently large time interval
T’ — T. Further, let us assume the measurement rate ' — 0
in the time interval [—T’, —T']. This will generate the required
random volume-law pure state at £ = —7. In terms of the
NLSM, the system in the range [—7’, —T] will be charac-
terized by a diffusion constant ¢ — oo, i.e., this part of the

space-time sample will be a “perfect metal.” This implies an
absorbing boundary condition at + = —7'. However, there is
one correction to this conclusion. Indeed, the total current is
reflected at the r = —T’ boundary and, thus, it should also
be reflected at the + = —7 boundary. Therefore, the NLSM
boundary condition at r = —T in this case is absorbing for all
modes with nonzero wave vectors, g # 0 and reflecting for the
zero mode g = 0. This corresponds to the boundary condition

U(x,t;) = const, / d% J(x, 1) =0, (13)

i.e., an arbitrary spatially homogeneous matrix field configu-
ration with a zero total current through the boundary.

III. DYNAMICS OF QUANTUM CORRELATIONS
IN THE DIFFUSIVE REGIME

Let us now discuss relevant time scales for the dynamical
problem. As discussed in Sec. II, the effect of finite time T
is related, in the NLSM framework, to current propagation
from the t = 0 to t = —T boundary. An analogy to a (d +
1)-dimensional disordered system then provides a physical
picture of the corresponding transport regimes. For shortest
times, T < £y/v ~ y“, the transport in time direction is bal-
listic. This means that measurements simply do not have time
to affect the system in any essential way, so that the system
at t = 0 has approximately the same properties as the initial
state at# = —T7'. In the opposite limit of very long times 7', we
are dealing with the quasi-one-dimensional geometry of the
(d + 1)-dimensional system. Such a system necessarily ex-
hibits Anderson localization in the time direction, with some
characteristic time scale (localization length) 7*. This time
scale determines the rate at which the memory of the initial
state becomes exponentially lost. In particular, any Gaussian
state becomes pure at T > T*, so that 7* can be associated
with the purification time scale. We will analyze the scaling
of T* (which also plays the role of charge-sharpening time) in
Sec. IV, where we will use the long-time dynamics at 7 > T*
to study the MIPT.

In this section, we will discuss the dynamics at sufficiently
short times (yet larger than the mean-free time), £p/v K T <K
T*, when the system is diffusive. This diffusive regime of
times 7T is parametrically broad when the measurement rate
y is sufficiently small. Specifically, for d > 1, the condition
is that y is below the critical value y. of MIPT. For d = 1,
there is a parametrically broad diffusive regime if y < 1.

A. Analytics
In the diffusive regime, we can treat the NLSM field theory
(2) in the Gaussian approximation, U (x,1) = expli ﬁD(x, )]~
i+ id,7)and J(x, 1) ~ 8,d(x, r). Within this approxima-
tion, the Fourier transform of the correlation function (9) is
directly expressed in terms of the Green’s function of the
Laplace equation:

Cq.T)= %rlli}llo[rs(t—t’)—azawG(q,t,t’)], (14)

where G satisfies the equation (with g = |q|)
(v’q* — 37)G(g, t, ') = 8(t — ) (15)
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supplemented by boundary conditions at t =0 and t = —T.
Specifically, the boundary condition at t = 0 is absorbing,
whereas the boundary condition at t = —7 depends on the
character of the initial state, as discussed in Sec. II. We ana-
lyze now the implications of different boundary conditions at

t = —T for the density correlation function.
(a) Maximally mixed initial state. In this case, i.e., for the
absorbing initial-time boundary condition, ®(t = —T) =0,

the Green’s function reads
sinh[vg(t. 4+ T)]sinh (vgt.)

G(gq,t,t")=— :
X ) vq sinh (vqT)

; (16)

where t. = min(¢, t’) and . = max(¢, t'). Upon substitution
in Eq. (14), this yields

C(q, T) = gq coth (vgqT). 17

In the limit vgT > 1, Eq. (17) reduces to the steady-state
result [22] for the diffusive regime, C(q) = gg. On the other
hand, for smaller vgT, the correlation function has not
reached its asymptotic limit. In particular, there is a finite limit
C(qg = 0) = g/vT, implying the volume-law fluctuations of
charge in the whole system, which decay with time as 1/T,

) d gL’
Co(T)=LCg=0,T) ==, (18)

vT
and an analogous behavior of the entropy, S(T) =

(w2/3)CP(T). 1t is worth reiterating that such behavior is
established at time scales of the order of the mean-free time,
T 2 £y/v, whereas at shorter times the behavior is determined
by the initial state, C®(0) ~ L?/4 and S(0) ~ L% 1n2.

The result (17) for the correlation function allows us to cal-
culate also the variance of charge fluctuations in a subsystem
A by using Eq. (4). For the whole system of size L%, we choose
the subsystem A to be of a strip geometry with dimensions
L1 x £y, with £y < €4 < L. We find then, according to
Eq. (4),

— cos(g1£4)
p)

2 © 1
CEP(T)szd” / dq.C(q.,T) . (19)
0

1
where ¢, is the momentum component perpendicular to the

strip (i.e., along the £, direction). Calculating the integral, we
find

2g 20T . mly
C(Z) T) = _Ld 1 1 = h=—2
A (1) b4 1 o S 20T

La > T,
Ly K VT,

~ J8lAll/vT,

~ {(g/n)HaAu In(€4/o), (20)

where ||A|| = L9"'¢, is the volume of the subsystem and
A| = 2L¢~" is its surface area. Thus, at sufficiently short
times (or for sufficiently large subsystems), we have a volume-
law behavior Cf)  ||A]], with the prefactor decaying with
time as 1/7', whereas at larger times (or smaller subsystems) it
crosses over to a time-independent steady-state areaxlog-law
behavior, C oc [|9A| In(£/€o). We note that the volume-law
behavior at €4 > vT, Eq. (20), originates from finite value
C(q =0) = g/vT and, in fact, holds up to subsystem sizes
€4 ~ L, matching Eq. (18) for £4 = L. According to Eq. (6),
these results hold also for the entanglement entropy S4 of

the subsystem (with an additional overall numerical prefactor
72/3).

The steady-state regime establishes in Eq. (20) at vT > £4.
This implies that, with increasing T, the quantum correlations
propagate ballistically with the velocity v. We can also see
this by calculating the real-space correlation function. Fourier
transforming the result (17) and choosing the d = 1 case for
definiteness, we find the density correlation function in real
space,

T 20T
"y —g/nxz, x < T, @1
- —Eoexp (—mx/vT), x> vT.

This result demonstrates how the power-law correlations char-
acteristic for the steady state gradually develop, propagating
to larger and larger distances (~T7) with increasing time 7. It
is easy to see that the same picture holds also for higher spatial
dimensionalities d (where the power-law correlations scale as
1/ xd+1)'

(b) Maximally disentangled initial state. For this type of the
initial state, i.e., for the reflecting boundary condition, ®’'(t =
—T) = 0, the Green’s function reads

cosh[vg(t. + T)] sinh (vgt-.)
vg cosh (vgT)

G(g,t,t') = , (22)

leading to

C(q, T) = gq tanh(vqT). (23)

For vgT > 1 itreduces to the same steady-state limit, C(g) =
gq, as Eq. (17). On the other hand, for small vgT, it shows
a very different behavior, with C(g = 0, T) = 0, which is a
manifestation of the absence of fluctuations of the total charge
(which is conserved under dynamics) in the initial state.

Calculating the variance of charge fluctuations in a subre-
gion A of strip geometry by using Eq. (19), we obtain

2 4T b4
ey =21 (7 tanh u)

i T,?
~ §||3A|| In M_

- % 24)

This result shows that fluctuations, which were initially ab-
sent, follow at shorter times, vT < {4, the area law with
a coefficient growing logarithmically with time, Cf)(T) ~
(2g/m)L4" " In(vT /£o). Then, at times vT ~ £4, this behavior
crosses over to the steady-state areaxlog behavior C/(f)(T) =
(2g/m)L4""In(£/Ly). The entanglement entropy S, exhibits
the same behavior according to Eq. (6).
The d = 1 Fourier transform now reads

g 4vT ax N\

. 2
~ { g/mx”, x < T, (25)

— 55 exp (—mx/2vT), x> vT.
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The power-law correlations in real space are gradually estab-
lished with increasing 7', similarly to the case of a maximally
mixed initial state, Eq. (21).

(c) Volume-law pure initial state. In this case, the initial-
time boundary condition for all momenta g # 0 is absorbing,
i.e., the same as for a maximally mixed state. Thus Eq. (17)
holds for all g # 0. At the same time, the reflecting boundary
condition for ¢ = 0 yields

G(g=0,t,1") = max(z, 1), (26)

implying C(¢ =0,7) =0 instead of C(gq =0,T) = g/vT
that we had for the maximally mixed initial state.

Singularity at ¢ = 0 manifests itself in charge fluctuations
Cf) only at sufficiently large length scales £4 ~ L, whereas
for £4 <« L the behavior is identical to that of the maximally
mixed state, Eq. (20). For arbitrary relation between ¢4 and L,
in the volume-law regime, we obtain

gla(L — L)L g JA|IBI

C(z) T) ~ = — S
A (1) vT vT ||A + B

Lap > T,
27

where the subsystem B is complementary to the subsystem
A. Owing to a fixed charge of the whole system A + B, the
variance satisfies Cf(\z)(T) = Céz)(T), i.e., yields the same re-
sult upon replacement £4 — L — €4, and, as a consequence,
vanishes for £, = L.

The diffusive-approximation results for the dynamics of
the correlation function C(g, T') for a maximally mixed initial
state, Eq. (17), and a random bitstring initial state, Eq. (23),
are illustrated in Fig. 2(a). It is seen that, with increasing
T, the correlation function approaches the steady-state limit
C(g) = ggq. The behavior of the variance Cf)(T) of charge
fluctuations for the same initial states is presented in Figs. 3(a)
and 3(c). This figure demonstrates how the logarithmic scaling
C/(f) = (2g/m)L? " In(Ls/Ly) extends to larger length scales
as time increases. We will return to a comparison of these
results with those of numerical simulations [shown in panel
(b) of Fig. 2 and panels (b) and (d) of Fig. 3] in Sec. III B.

B. Numerical results

To verify and supplement our analytical predictions, we
have performed numerical simulations of stochastic projective
monitoring of a d = 1 system, Eq. (1), of size L = 2000
with J = 1 for a sufficiently small measurement rate y = 0.1.
This value of y is found to belong to the optimal range for
simulating the diffusive regime; cf. Ref. [22]. When y is taken
considerably smaller, the mean free path becomes consider-
ably larger, implying larger corrections due to a vicinity of a
crossover to the ballistic regime. On the other hand, taking y
substantially larger leads to an increase of weak-localization
(or even strong-localization) effects on length scales set by L
and T.

We have performed simulations for three types of initial
conditions, as discussed in Sec. II. A volume-law pure state
was implemented as a random bitstring in momentum repre-
sentation. We have focused on the evolution of the density
correlation function C(g) (Fig. 2) and of the variance of charge
fluctuations in a subsystem Cf(xz) (Fig. 3) with the time 7.
The results for the density correlation function C(g) for a

T =40 oo T =280 <+ e T =161

0.10

0.08 (a)
— 0.06 |
0.04 -
0.02

0.00 1 1 1
0.00 0.05 0.10 0.15 0.20

0.06 (b)

= 0.04 |

0.02 -

0.00 L L L
0.00 0.05 0.10 0.15 0.20

qlo

FIG. 2. Evolution of the density correlation function C(g) with
time 7" for a monitored system with a maximally mixed initial state
(three top curves in each of the panels) and a random bitstring
initial state (three bottom curves in each of the panels). The times
T are shown in the legend. (a) Analytical results in the diffusive
approximation, Eqgs. (17) and (23), respectively, with the coupling
g and the mean-free path ¢, corresponding to the parameters of
numerical simulations. (b) Numerical results for a d = 1 system of
size L = 2000 with the Hamiltonian (1), hopping constant/J = 1, and
measurement rate y = 0.1. Numerical results for the volume-law
pure initial state are indistinguishable from the maximally mixed
state, except for the ¢ = 0 value, C(¢ = 0) = 0, and are not shown
here.

maximally mixed initial state and a random bitstring initial
state are shown in Fig. 2(b) for three values of time 7. For
a volume-law pure initial state, we obtain exactly the same
results (not shown) as for a maximally mixed initial state, with
the only difference that C(¢ = 0) = 0 instead of C(q = 0) =
g/vT, in full agreement with the analytical prediction.

For both types of initial states, the results in Fig. 2(b)
clearly show a convergence to the steady-state limiting curve.
The observed behavior is fully consistent with the analyti-
cal predictions in Fig. 2(a). Here we used parameters of the
NLSM that correspond to the considered microscopic model,
Co=J/(y~/2), g =J/(24/2y), and v = /2J; see Ref. [22].
Deviations are explained by the fact that, while the numeri-
cal simulations are exact, the analytical results are obtained
within the diffusive approximation that discards ballistic and
localization corrections [44].

In Fig. 3, we show numerical results for the variance
of charge fluctuation in a subsystem, C/(‘Z), for different ini-
tial states and compare them to the analytical predictions of
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FIG. 3. Evolution of the variance of charge fluctuation in a subsystem, C\”, with time T (shown in the legend). In all the panels, the
variance Cf) is shown as a function of the subsystem size £,. Top panels: analytical, diffusive-approximation results for a maximally mixed
initial state [Eq. (20), panel (a)] and maximally disentangled initial state [Eq. (24), panel (c)], with parameters corresponding to those used
in numerical simulations. Bottom panels: numerical results for a d = 1 system of size L = 2000 with the Hamiltonian (1), hopping constant
J =1, and measurement rate y = 0.1, for a maximally mixed initial state [panel (b), full lines], maximally entangled pure initial state [panel
(b), dotted lines], and maximally disentangled initial state [panel (d), full lines]. Dashed lines in panels (b) and (d) are best fits to Eqgs. (20) and
(24) with fitting parameters g and £,. The values of g obtained from the fits are ~20-30% below the diffusive-approximation analytical values
used in panels (a) and (c). Insets in the panels (a) and (b) present the same data as in main plots but shown on a linear scale for x axis, which

highlights the volume-law behavior at £4 > vT.

Sec. III A. The numerical results for a maximally mixed and a
maximally disentangled initial state are shown by solid lines
in panels (b) and (d), respectively. In panels (a) and (c), we
present the corresponding analytical results of the diffusive
approximation, Eqgs. (20) and (24), with NLSM parameters
corresponding to those of the microscopic model. The numer-
ical results excellently demonstrate the analytically predicted
behavior. The logarithmic behavior of the variance holds at
€y S wT, thus gradually developing with increasing 7. At
€4 2 vT, it crosses over into the volume-law behavior for
maximally mixed initial state or, respectively, into the area-
law behavior (saturation) for maximally disentangled initial
state. A closer inspection of the figure reveals some devi-
ations between the values of the variance in analytical and
numerical panels. These deviations have the same origin as
those discussed above in connection with Fig. 2, i.e., they
can be attributed to ballistic and weak-localization corrections
which are discarded in the diffusive-approximation analytical
treatment. As shown by black dashed lines in Figs. 3(b) and
3(d), a nearly perfect fit of the numerical data is obtained if
we use the analytical formulas (20) and (24) but consider g
and £, as fit parameters. The values of g obtained from the fits
are ~20-30% below the diffusive-approximation analytical
values (with a weak 7' dependence), which is the expected
manifestation of the corrections discussed above.

In Fig. 3(b), we also show by dotted lines numerical re-
sults for the case of a volume-law pure-state initial condition.
As predicted analytically, they closely follow the data for a
maximally mixed initial state for £4 << L. As £4 becomes
comparable to L/2, the data for a maximally entangled pure
state begin deviating down in agreement with Eq. (27). We
recall that we considered a specific implementation of a

volume-law pure state as a random bitstring in momentum
space. The agreement with analytical results supports the ex-
pectation that these results hold for a generic volume-law pure
state.

IV. MEASUREMENT-INDUCED TRANSITION
VIA QUANTUM DYNAMICS

A. Analytical considerations: Finite-size scaling

We now turn to the dynamics at larger time scales 7 = T*,
in the regime where quasi-one-dimensional localization in
time direction becomes operative. In terms of the NLSM, con-
ductance between the ¢t = 0 and ¢+ = —T boundaries becomes
exponentially small ~exp(—7/T*) in this regime. This im-
plies that correlation functions of interest are nearly equal
to their T — oo limiting values, with exponentially small
corrections ~exp(—T/T*).

We will focus here on systems in spatial dimensionality
d > 1 that exhibit a MIPT at some critical measurement rate
¥, and use the long-time dynamics to detect this transition.
This is possible since the quasi-one-dimensional localiza-
tion length T*(L, y) scales differently with L depending on
whether the (d + 1)-dimensional bulk is delocalized, critical,
or localized (i.e., whether y < y., ¥y = y.,ory > y.). We will
discuss this important point in detail below.

For the purpose of determining 7*(L, y), it is useful to
consider the variance C® of the total charge in the system
for a system that is initially in a maximally mixed state.
As discussed in Sec. II, the charge variance is given by
the NLSM conductance Ggs s, between the whole t = 0 sur-
face and the whole t = —T surface, thus decaying to zero
as ~exp(—T/T*) at large T. The rate of this exponential
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decay is thus a convenient way to find 7*(L, y) in numerical
simulations, as will be done below.

The process of exponential decay of C® has been termed
“charge sharpening” [39,45] in the context of monitored
quantum circuits. Importantly, for the free-fermion class of
problems that we consider, the charge variance is directly
linked to the entropy; see Eq. (6). Thus the entropy of the
whole system will decay exponentially at long times 7 with
exactly the same rate 7*(L, y). This means that the system
will approach a pure state, the process known as “purification”
[34]. Therefore, the time scale T*(L, y) can be equivalently
called charge sharpening time or purification time in the
present context and we will use these terms interchangeably
below.

The analogy to the Anderson-localization problem is very
instructive for understanding of the scaling of 7*(L, y). When
the bulk is diffusive, i.e., ¥ < y., we are in a situation of
a quasi-one-dimensional localization problem with N ~ L4
transverse channels and a good mixing between them. In this
case, the localization length is proportional to the number
of channels, i.e., to the d-dimensional cross section of the
system, T*(L) o« N o< L¢. To obtain this result on a more tech-
nical level, we note that, in this regime, the NLSM theory (2)
can be approximately restricted to field configurations U (x, t)
that depend on the time coordinate ¢ only, i.e., do not depend
on x. The action (2) then takes the form of a one-dimensional
(in time direction) NLSM with the factor ~gL¢ in front. This
factor determines the localization length 7* in time direction.
We also note that the NLSM conductance Gs s, between the
t = 0 and t = —T boundaries, which is given by Eq. (18) at
not too long times, becomes of order unity at 7 ~ 7*, which
is a manifestation of a crossover to the quasi-one-dimensional
exponential localization at this time scale.

On the opposite side of the transition, y > y,., where the
bulk is localized, the mixing between channels only happens
for system sizes smaller than the localization length, L < &j.
A larger system, with L > &, essentially decouples into
independent systems of size .. As a result, the quasi-one-
dimensional localization length (or, equivalently, purification
time) T* becomes T* ~ &./v and thus independent of the
system size L.

Finally, at the transition point, y = y,, the system is scale
invariant. The only length scale characterizing such a critical
system is the system size L itself and only it can determine
the purification time scale. Thus vT*(L) ~ L at the transi-
tion point. In the context of finite-size-scaling analysis of
Anderson transitions, the dimensionless constant that is a
counterpart of our ratio v7*(L)/L at the transition point is
conventionally denoted by A, = I'! [46-48].

Summarizing the results of this analysis, we have for the
scaling of T* with the system size L (at sufficiently large L)

d—1
L )

vT*(L, y) v=te
— o« {const, Yy =y, (28)
L’l, Y > Ve

In the vicinity of the transition point, one can further spec-
ify the behavior of T*(L, y) by using the following scaling
considerations. The system near criticality is characterized by
a length scale—the localization length &, for y > y, or the

correlation length &, for y < y.—which diverges at critical-
ity as &joc, Ecorr ~ |Y — V|7 Since microscopic length scales
should not be important near criticality, the dimensionless
ratio of the two lengths vT*(L, y)/L should depend on L and
y via the dimensionless ratio L/&joc or L/&qop:

UT*(L’ V) _ ]:<(L/‘§corr)v
L - ]:>(L/Sloc)v

where F_(x) ~x?"! and F.(x)~x"! for x> 1, and
F-(0) = F.(0) is anonzero constant. Taking into account the
power-law scaling of the localization and correlation lengths
near the transition point, this can be rewritten as

vT*(L,y)

J/ < J/C ’
29
y > yc ’ ( )

= WL (y - y)). (30)

Evaluating numerically 7*(L, y) and fitting the data to the
scaling form (30) allows one to determine the transition point
y. and the associated critical exponent v. In the context of
Anderson-localization transitions, an analogous finite-size-
scaling approach was introduced in Refs. [49,50] and later
used in many works to study Anderson transitions of systems
of various symmetry classes and spatial dimensionalities; see,
e.g., Refs. [46—48] and references therein.

In Appendix C, we present details of an analysis in the
framework of the NLSM that supports the scaling predictions
(29) and (30). For completeness, we also use there the NLSM
approach to find the behavior of 7*(L, y) in the case d = 1,
when there is no MIPT but there is a crossover between weak-
localization and strong-localization regimes when L increases.

We implement the dynamical approach described above
in Sec. IVB where we use it to study the MIPT in d =2
dimensions. Let us emphasize that this is an alternative ap-
proach to the one employed in Ref. [23], where the position
of the transition and the critical exponent were estimated by
considering the steady-state behavior of charge covariance
between different regions. It is important to verify consistency
between the results of the two approaches (steady-state and
dynamical), which will be done below.

B. Numerical study of the MIPT in d = 2 dimensions

To study the measurement-induced transition by means of
quantum dynamics, we have performed numerical simulations
of monitored dynamics of a two-dimensional system with
the Hamiltonian (1) with J = 1 on a square lattice of size
L x L with 20 < L < 52 subjected to local projective density
measurements with the rates 2.0 < y < 3.7. This is exactly
the model of Ref. [23], so that a direct comparison will be
possible.

Starting from a maximally mixed initial state, we have
calculated the dynamics of variance of charge C'?(T') in the
whole system as a function of time. After averaging the loga-
rithm of C?(T') over different quantum trajectories for fixed
parameters (L, y), we obtained the typical value

CA)(T) = exp(In CA(T)). GD

Its large-time asymptotic behavior was then fitted with an
exponential

CEP(T) ~ exp (=T /T*). (32)
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FIG. 4. Dynamical scaling analysis of MIPT in a d = 2 moni-
tored system with J =1 (i.e., v = V/2). (a) Ratio T*(L, y)/L of the
purification time scale T*(L, y) to the system size L, as a function
of measurement rate y for system sizes from L =20 to L =52
(see legend). The crossing point marked with an arrow provides the
position of the transition point y,. (b) Best single-parameter collapse
according to Eq. (28), which allows us to determine the critical
measurement rate y, and the correlation-length critical exponent v
(the values shown in the figure) with a good accuracy. Black dashed
line marks the scaling function W(x) as a guide to the eye.

In this way, we determined the purification (or, equivalently,
charge-sharpening) time scale 7*(L, y ), which plays the role
of the time-direction localization length within the NLSM
formalism. Details of the fitting procedure are presented in
Appendix D. We note that the typical value C>%YP)(T) is used
here rather than the average one, C®(T'). The reason is that
the typical value, which is directly related to the Lyapunov
exponent, has a self-averaging property favorable for its nu-
merical evaluation, while the average value is governed in
this regime by exponentially rare events, which makes its
numerical evaluation much more difficult. This is in analogy
with the properties of Anderson localization in quasi-one-
dimensional systems and, in particular, with the use of the
Lyapunov exponent in finite-size-scaling studies of Anderson
transitions [46—48].

The numerically obtained results for 7*(L, y) are shown
in Fig. 4(a). In this figure, the ratio T*(L, y)/L is plotted as
a function of y, with curves of different colors representing
different system sizes (see legend). A clear crossing point is
observed, which yields the position of the phase transition,
y. &~ 2.85. To determine the critical exponent v, we have
performed the single-parameter collapse of the data accord-
ing to Eq. (30), which is shown in Fig. 4(b). The values of
y. and v were obtained from the condition of best collapse
and the corresponding error bars were estimated by the sub-
sampling (bootstrap) procedure; see Appendix E for detail.
The obtained values of the critical measurement rate and
the correlation-length exponent are y, = 2.847 &+ 0.024 and
v = 1.397 £ 0.053.

We can now compare the obtained results for y, and v
with those found (for the same d = 2 model) in Ref. [23]

and subsequently in Ref. [41] by studying the scaling of
particle-number covariance in the steady state (7' = c0). The
results of Ref. [23] are y. = 2.93 £ 0.09 and v = 1.38 +0.09
and Ref. [41] obtained, in our notations, y. = 2.86 £ 0.01
and v = 1.31 £ 0.08. (Here, we have taken into account that
y as defined in Ref. [41] is twice larger than the one used
in our paper.) Thus the values of y. and v obtained via the
dynamical approach in the present work are in full agreement
(within the error bars) with the values obtained previously
from the steady-state analysis. This confirms the consistency
of our analytical understanding of the quantum dynamics of
monitored free-fermion systems around the MIPT presented
in Sec. IV A.

V. SUMMARY AND OUTLOOK

Summarizing, we have studied, by combining analytical ar-
guments and numerical simulations, the dynamical evolution
of quantum correlations in monitored free-fermion many-
body systems. In the considered setting, the system evolves for
atime T, starting from a certain initial state, with the evolution
governed by a combination of unitary Hamiltonian dynamics
and local density measurements. After this, quantum corre-
lations are studied. The analytical approach to the problem
is based on a mapping to a NLSM field theory. For a finite
evolution time 7, it should be complemented by boundary
conditions, which are analyzed in Sec. II for several important
classes of initial states (maximally mixed state, random area-
law pure state, and random volume-law pure state).

We further used this general framework in Sec. I1I to study
how quantum correlations gradually “propagate” to smaller
wave vectors (i.e., larger length scales) with increasing time
T in the diffusive regime of not too long times. We have
supported the analytical predictions by numerical simulations
of a d = 1 monitored system with various types of initial
states.

Finally, our focus in Sec. IV was on the long-time
dynamics, when the system approaches exponentially the
steady-state (7' = oo) regime, with a characteristic time 7*.
The geometry of the system in d + 1 space-time dimensions
becomes quasi-one-dimensional in this situation. The time
T*, which is simultaneously the purification and the charge-
sharpening time, is a counterpart of the quasi-one-dimensional
Anderson-localization length for a (d + 1)-dimensional dis-
ordered system. After analyzing finite-size-scaling properties
of T*(L,y) in Sec. IVA, we have used this approach to
study in Sec. IV B the measurement-induced transition in a
d = 2 model. Our numerical results for 7*(L, y) satisfy very
well the scaling predictions, which has allowed us to extract
numerical values of the transition point y, and the critical
exponent v. The results are in a very good agreement with
the values found earlier by a complementary approach based
on investigation of steady-state (T = oo) properties.

Before closing the paper, we discuss prospective directions
of study of quantum dynamics and MIPTs in monitored sys-
tems that this work is expected to promote.

(i) In Sec.IV, we considered the typical memory-loss time
T*, defined by Egs. (31) and (32), which corresponds to the
inverse Lyapunov exponent of disordered systems. While 7*
is sharply defined in the 7 — oo limit, it exhibits fluctuations
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at finite 7', which lead to strong fluctuations of C®(T') and re-
lated observables around the critical point. These fluctuations
over the ensemble of quantum trajectories are dynami-
cal counterparts of mesoscopic fluctuations recently studied
around the same MIPT in Ref. [51]. In particular, they are ex-
pected to exhibit multifractal properties at the transition point.
We note that, for Anderson transitions in two-dimensional
systems, a relation between correlation-function fluctuations
in quasi-one-dimensional geometry and multifractality was
predicted by using conformal-mapping arguments and sup-
ported by numerical simulations; see Ref. [52], Sec. 9.2.
Investigation of mesoscopic fluctuations of dynamical observ-
ables at and around the MIPT is a very interesting prospect for
future research.

(i) While our numerics used a model with projective mea-
surements, the NLSM universality suggests that the properties
studied in this paper should be the same (after a proper
identification of the coupling g) for other types of (local)
monitoring. The limit opposite to projective measurements
is that of continuous monitoring defined via a stochastic
Schrodinger equation (also known as quantum-state-diffusion
protocol). The recent numerical work [41] confirmed, by
studying steady-state properties, that MIPTs in both models
are characterized by the same exponent v, in agreement with
the expected universality. It would be interesting to extend
the analysis of the dynamics around the transition on the
continuous-measurement model.

(iii) Extension of our dynamical analysis onto systems and
MIPTs of other universality classes (which includes spatial
dimensionality, symmetry class, and topology) represents a
broad, promising direction for future research. A challenging
goal here is to reach a full understanding of MIPTs of var-
ious universality classes and to compare them to Anderson
transitions [53] described by analogous NLSMs but with a
different replica limit. In this context, it is worth mentioning
that quantum dynamics in monitored Majorana systems was
discussed in several recent works [21,29,31].

(iv) Determination of critical exponents of MIPT tran-
sitions with high precision would be of great interest, in
particular in the context of distinguishing different universal-
ity classes. To achieve higher precision, it may be important
to include subleading corrections to scaling, as was done in
the context of Anderson transitions [48,54,55]. Optimizing
models and computational techniques, see, e.g., Ref. [41],
would be also beneficial for this purpose.

(v) Measurement protocols that make the system nonuni-
form in the space-time open appealing research prospects. For
example, one can measure with a rate y; in one part of the
space-time and with a rate y, in the remaining part, thus cre-
ating space-time domain walls of any desired geometry. This
may be particularly interesting when y,; and y, are located on
opposite sides of a MIPT. See also Ref. [32], which studied a
related setup in a different universality class.

In a similar spirit, one can consider nonuniform initial
boundary conditions (e.g., different types of states in two
halves of the system).

(vi) Arecent work demonstrated emergence of superdiffu-
sive scaling of quantum correlations for a free-fermion model
with each measurement operator corresponding to the density

on a superposition of adjacent sites [56]. Observables stud-
ied in Ref. [56] were characteristics of the steady state. An
important question is how the correlations develop in time in
this unconventional class of models.

(vii) Recent works [42,57] explored the effect of weak
interaction in the model of monitored fermions. It was found
that the interaction reduces the NLSM symmetry, splitting
it into two sectors—one responsible for charge and another
one for entanglement. This dramatically affects the phase di-
agram, leading to emergence of two MIPTs for d = 1 (where
there was no transition at all without interaction) and split-
ting the MIPT into two transitions for d > 1. It would be
very interesting to explore how this physics manifests itself
in dynamical properties of the type of those studied in the
present paper. In particular, this will include splitting of purifi-
cation and charge-sharpening behavior when the interaction is
switched on.

(viii) Another possible source of non-Gaussianity is to
consider a non-Gaussian initial state while keeping the non-
interacting (Gaussian) character of evolution. An interesting
example of such state is a maximally mixed state in a subspace
with a fixed charge. One can then study whether (and how)
the Gaussianity of the state is restored in the course of the
dynamical evolution.
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APPENDIX A: BOUNDARY CONDITIONS
FOR MAXIMALLY MIXED INITIAL STATE

In this appendix we provide a derivation of the NLSM
boundary conditions for the maximally mixed initial state
as described by the many-body density matrix p(t;) = po =
214, following the fermionic path integral approach of
Ref. [42]. For a given quantum trajectory 7, the non-
normalized density matrix at time #; can be expressed as
Dy = 37—,2)03’;-, where §7 is a full nonunitary evolution op-
erator, which includes both unitary Hamiltonian evolution
and Krauss operators associated with measurements. In the
Keldysh fermionic path integral formalism, the coherent state
representation of the density matrix can be expressed as

ﬁT = /DI/;iiDWji eXP(-@,*Wf - 15,7%7)
x Sy Wt ol w18

where subscript i indicates that fermionic fields correspond to
the initial time ¢ = #;. The matrix element of initial density
matrix then trivially yields (" |po|¥;) = 2L exp(Y;t ),
while evolution operators yield the £ parts of the Keldysh

(A)
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action. Following standard derivation of the Keldysh path
integral representation, see, e.g., Ref. [59], we arrive at

by = / DI ODY@) expl— (47 — ¥
X YTy expGSIY S, 1 — 7y )WY |-

In the continuous time representation, the argument of the first
exponential factor then implies the initial condition for the
fermionic fields ¥ (#;) = ¥~ (;); the same condition should
hold for each individual replica of the fermionic fields when
considering R — 1 copies of the non-normalized density
matrix.

The NLSM matrix field U (¢) describes Goldstone modes
associated with unitary rotations V. (r) of the ¥*(z) fields
in the replica space, see Ref. [42], as U )= ]L(z)f/f () e
SU(R) x SU(R)/SU(R). The initial condition for fermionic
fields allows only identical rotations 1A/+(ti) = V_(t;), which
finally yields the initial condition U(f;) = I for the NLSM
field.

(A2)

APPENDIX B: NLSM REPRESENTATION OF DENSITY
CORRELATION FUNCTION

In this appendix, we present a derivation of the expression
for density correlation function in the NLSM language, Eq. (9)
of the main text. Our starting point is the charge generating
function introduced in Ref. [42]:

R

Z[A] = l_[<exp <i/ddx )\-r(x)ﬁ(x))>’

r=1

B

where we restrict ourselves to the sources satisfying
Zle Ar(x) = 0. Similarly to the derivation in Appendix A,
counting fields A,(x) can be absorbed in the boundary condi-
tion for fermionic fields at time 7 =7 in a form ¥, (x, 7y) =
e @y (x, t7). The latter then straightforwardly transforms
into the boundary condition for the NLSM, U (x,t7) =
exp[ii(x)], with the diagonal matrix X(x):

Z[\] = / DU exp(—S[U)). (B2)

U (x,t7)=ei*®)

The specific choice A,(x) = A;8(x —x;) + A28(x —x,) and
Ap(x) = —X,(x) for two arbitrary replicas a # b then allows
us to express the density correlation function as follows:
1 8%InZ[A]

C(xlvxZ) =3

B3
2 9r0X, (B3)

Ai2=0

In order to calculate Z[A], we utilize SU(R) symmetry
of the action and perform a gauge transformation U (x, 1) =
U’ (x, t)explix (t)A(x)] with a function x (¢) satisfying x (t =
ty) =1 and sharply dropping to zero on a very short time
scale T — 0. Such gauge transformation makes the boundary
condition trivial U’ (x, tr) = i and generates additional terms
in the action. The only terms surviving in the limit T — 0 are
generated from the temporal derivatives and read

S[01=S[01+ f / dx dt (xTr(j”i) + % szr(XZ)),
(B4)

with the Noether current J’ = —i0’79,0’. We then expand
the generating function to the second order in A and integrate
by parts over time to get rid of arbitrary function y (), arriving
at

Iz~ - £ f dixiz lim Y k)
' ab

X (8ub6(x1 —x2)8(t1 — 12)

- %(Zm(xlv 1) Tpp (X2, tz))), (BS)

where we have omitted primes for brevity. For our choice of
the sources this yields

Clx1,x2) = tlim
1

270

|:§8(x1 —x2)8(t) —t2)
1
- éz (_<u7au(xl , I );Z;a(XQ, 1‘2)>
ve\2

+ = (T (x1, 1) Tpp (X2, 12))

N =

— (Jaa(x1, 11) Tpp (%2, lz))):|~ (B6)

Finally, the global SU(R) symmetry of the action implies the
following structure of the correlation functions in the replica
space:

1
(Jij ()T (x2)) = F(xl,xz)(a,-zakj - Ea,-,-&d), (B7)

which allows us to equivalently rewrite the NLSM representa-
tion (B6) of the density correlation function in the form given
by Eq. (9).

APPENDIX C: SCALING OF PURIFICATION TIME
T*(L, y) FROM NLSM RENORMALIZATION GROUP

Here we provide details of analytical arguments based
on the NLSM renormalization group (RG) for scaling
of T*(L,y) around MIPT for d > 1 spatial dimensions,
Sec. IV A of the main text. For completeness, we also use the
same framework to obtain the scaling of T*(L, y) ford = 1.

The RG flow for the coupling G(£) = g(£)¢¢~" (a coun-
terpart of the dimensionless conductance of the Anderson-
localization problem) is governed, to the one-loop approxi-
mation, by the equation [23]

dG

1
g =P =€G——+00/G),

where € =d — 1. For d > 1, there is a transition, with the
critical coupling G, determined by the equation B(G.) =0
and the critical exponent v given by v = [8/(G.)]~!. For ¢ «
1, one finds

(ChH

1 0
Ge = — +0(€),

4re €2

1 0
v=g+0(e ).

For d =2 (i.e., € = 1), Egs. (C2) are not parametrically
controlled; they can serve as rough estimates of G, and
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v. For Gy = G({y) close to G, one can integrate the
RG equation near criticality, obtaining G(¢) — G, =~ (Gp —
G.)(£/£y)'/". The length scale ¢ at which the difference
|G(£) — G.| becomes of order G. yields the localization
length &, for Gy < G. or the correlation length &, for
G() > GC:

(C3)

|Go — G|\ ™"
&locs Ecorr ~ Lo\ ——— .

G.

We now use this formalism to demonstrate the scaling
(29) of the purification time 7*(L, y) on both sides of the
MIPT for d > 1. Consider first the case y > ¥, i.e., Gy < G..
When RG is performed from the scale £y to L, there are
two possibilities. If L < &joc, the system will remain close
to criticality up to £ ~ L, implying that G(L) ~ G.. Then
vT* ~ L as at the critical point. If L > &, the system enters
the strong-localization regime at £ ~ &, which essentially
stops the RG. In this case, vT™* & &j,.. These results provide
both asymptotics of the function F- (x) in Eq. (29).

Now we consider the case y < y,, i.e., Gy > G.. Again,
there are two possibilities for the outcome of running the RG
in d + 1 dimensions from £y to L. If L < &.oy, the system
remains critical all the way up to the scale L, yielding vT* ~
L. If L> &, the system enters the diffusive regime for
£ > &.or, where the scaling is governed by the term (d — 1)G
on the right-hand side of Eq. (C1) and the loop correction can
be neglected, implying that G(L) ~ (L/&.or ). The scale
L, where the RG in (d + 1) dimensions terminates, serves
then as a starting point for one-dimensional renormalization
in time direction (corresponding effectively to d = 0). We will
then have a diffusive behavior G(vT) ~ G(L)L/vT as long as
G(vT) remains larger than unity. The condition G(vT) ~ 1
will mark the entrance into the localized regime and thus the
scale T*, yielding

vT* ~ LG(L) ~ L(L/Econ ). (C4)

We have thus obtained both asymptotics of the function F_ (x)
in Eq. (29).

The purification time (7* in our notations) in a d =2
free-fermion model was numerically considered in Ref. [24],
with a conclusion that it scales according to a power law,
T* o< L*, with an exponent o continuously decreasing from
2 to 0 when the measurement rate y increases. This is clearly
in contradiction with our result (28), according to which the
asymptotic (large-L) exponent « takes only three values: 2
in the delocalized phase (y < y.), 1 at the transition point
(y = y.), and O in the localized phase (y > y.). The con-
tinuously changing exponent «(y) extracted numerically in
Ref. [24] is in fact a manifestation of finite-size effects de-
scribed by the scaling functions in Egs. (29) and (30) and
fully supported by our numerical results in Sec. IV B. This
“finite-size exponent” should approach the asymptotic one
(with a jump at y, from o = 2 through « = 1 to o = 0) with
increasing L.

We analyze now the scaling of T*(L,y) for d = 1. In
this case, there is no transition in the L — oo limit but
there is a crossover at finite L between a diffusive regime
(with weak-localization correction) and a strong-localization
regime, which is reflected in the scaling of the purification

time. If y 2 1, we have & < 1 and vT* ~ &oc. If y is small,
the system in d + 1 = 2 space-time dimensions is still local-
ized in the asymptotic limit L — oo but the localization length
is large, & ~ Lo exp(1/4m Gy), as follows from the solution
of the one-loop RG equation,
G(t)~ Gy — 1 L (C5)
~Gy— —In—.
"Tar 4
There are thus two situations, depending on the relation be-
tween the system size L and the localization length. If L <«
&loc, the time T* is given by LG(L)/v; cf. Eq. (C4). In the
opposite case, L > &joc, we get vT™* ~ &.. Therefore, we
have

vT* GO_ ﬁln %» L < Elom

L %7 L> Eloc-

The authors of Ref. [40] studied numerically the pu-
rification time in a d = 1 free-fermion model with U(1)
conservation law and interpreted the results in terms of a
Berezinskii-Kosterlitz-Thouless transition with a power-law
scaling 7* oc L in the delocalized phase. According to the
above analysis, this interpretation is not correct: there is no
transition and T* saturates at &o./v in the large-L limit. We
argue that the apparent power-law scaling in the range of
system sizes considered in Ref. [40] in fact corresponds to the
weak localization (and the crossover to strong localization)
in Eq. (C6). Indeed, the numerically fitted exponent « in
Ref. [40] exhibits a decrease with L, in consistency with the
saturation 7" — & /v, and thus ¢ — 0, at L — o0.

(Co)

APPENDIX D: NUMERICAL STUDY AROUND THE MIPT:
PURIFICATION TIME T*(L, y)

Here we present details on how the purification time
T*(L,y) was extracted from numerical simulations of the
dynamics of a d =2 monitored system around the MPIT,
Sec. IV B.

Figure 5(a) shows the time dependence of InC®(¢) aver-
aged over different trajectories for y = 2.6. The width of each
line corresponds to the standard error of the mean value owing
to trajectory-to-trajectory fluctuations. We observe the power-
law behavior at small times, according to Eq. (18), which then
at larger times changes to an exponential decay. The slope
of the exponential decay extracted from fits then yields the
purification time scale T*(L, y ), which is plotted in Fig. 5(b).
We observe a faster-than-linear increase of T7*(L,y) with
L, which is characteristic for the delocalized phase, y < y,.
For our largest L, the behavior approaches the T*(L, y) o L?
scaling expected in the large-L limit; see Eq. (28). A slower
than L? (but faster than L) increase of T*(L, y) at intermediate
length scales is related to the fact that the value of y = 2.6 is
quite close to the critical one, implying that the correlation
length &, is quite large. When the system size L is com-
parable to &, One observes a crossover from the critical
behavior at L < & to the diffusive behavior at L > &.oy,
which is described by the scaling function F_(L/&.y) in
Eq. (29).

In Fig. 6, we provide analogous data for y =3.5. We
observe a very different behavior: the extracted purification
time scale T*(L, y) is nearly L-independent. This behavior is
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FIG. 5. Example of long-time quantum dynamics in a d =2
system with J = 1 on the delocalized side of the MIPT, y = 2.6, for
different system sizes L. (a) Numerical results for time dependence of
InC®(T') characterizing the typical variance of charge fluctuations.
Dashed lines show exponential fits C®Y?)(T') ~ exp(—T/T*), from
which the values of T*(L,y) are obtained. (b) Purification time
T*(L, y) extracted from fitting of the exponential tail in panel (a) as
a function of system size.

characteristic of the localized phase, where T*(L, y) is pre-
dicted to be L-independent in the large-L limit. The observed
residual growth (much slower than linear) has essentially
the same explanation as the fact that the data in Fig. 5(b)
has not reached yet the asymptotic L? scaling (see previous
paragraph). The value y = 3.5 is quite close to the critical
one, implying that the localization length &, is quite large.
When the system size L is comparable to &,., one observes a
crossover from the critical behavior at L < &, to the local-
ized behavior at L > &.o, Which is described by the scaling
function F. (L/&.or) in Eq. (29).

The numerical procedure described in this appendix was
performed for measurement rates y in the range from 2.0 to
3.7, yielding the data shown in Fig. 4(a) of the main text.

APPENDIX E: FINITE-SIZE SCALING
COLLAPSE ANALYSIS

In this appendix, we provide technical details on scaling
collapse of data for 7*(L, y ) that was carried out in Sec. [V B
to determine the position of the transition and the correlation-
length critical exponent.

For given values of the parameters y. and v, we perform
rescaling of all data points according to Eq. (30), denoting x =
L'Y"(y —y.)andy = T*(L, y)/L, and then analyze how well

mco ()

t
0.95 F (b)
0.90
=
085 F
*
&~ 080
0.75 |
1 1 1
20 30 40 50
L

FIG. 6. Example of long-time quantum dynamics in a d =2
system with J/ = 1 on the localized side of the MIPT, y = 3.5, for
different system sizes L. (a) Numerical results for time dependence of
InC®(T') characterizing the typical variance of charge fluctuations.
Dashed lines show exponential fits C?%P)(T) ~ exp(—T/T*), from
which the values of T*(L,y) are obtained. (b) Purification time
T*(L, y) extracted from fitting of the exponential tail in panel (a) as
a function of system size.

the single-parameter scaling y = W(x) holds. For this purpose,
we approximate the “master curve” W(x) with a quadratic
spline, the parameters of which are fitted by minimizing the

10.95
1.6 10.65
10.35
10.05
1.4
hY 9.75
9.45
1.2 9.15
8.85
1.0 8.55
2.70 2.75 2.80 2.85 290 295 3.00
Ye

FIG. 7. Heat map of the quality function x2(y,, v) characterizing
the scaling collapse; see text for detail. The red dot with error bars
marks the values of y, and v determined by the minimum and the
width of this function as obtained by the subsampling (bootstrap)
procedure.
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x2 quality function:

= W)\
=3y (y—(x)) , E)

; 3y

where §y; denotes the statistical uncertainty of y;,. The
best fit then yields a numerical characteristic of the col-
lapse quality for given values of the parameters y, and v
that we denote as x2(y.,v). The heat map of the qual-
ity function x2(y,., v) obtained in this way is presented on
Fig. 7.

Minimization of the x2(y,, v) quality function with respect
to its arguments then yields the best estimates for the position
of the transition y, and the critical exponent v and the effective
width of the minimum yields estimates of the associated error
bars. To implement this in a robust way, we have resorted to
the subsampling procedure [60], also known as bootstrap. We
have randomly chosen N; = 500 subsamples, each containing
~50% of all data points, and estimated the position of the
minima for each subsample. This yielded the values and the
error bars of the transition point and the correlation-length
exponent, y, = 2.847 £+ 0.024 and v = 1.397 £ 0.053, which
are presented in Sec. IV B and are also shown in Fig. 7.
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