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We analyze the vacuum structure of the Babu-Nandi-Tavartkiladze (BNT) model of neutrino mass
generation, in which the Standard Model is extended by an SUð2ÞL scalar quadruplet with hypercharge
Y ¼ 3=2 and a vectorlike SUð2ÞL triplet fermion with Y ¼ 1, generating neutrino masses via an effective
dimension-seven operator. We delineate the theoretical constraints on the model, requiring the scalar
potential to be bounded from below in all field directions, ensuring perturbative unitarity of scattering
amplitudes, and demanding that the electroweak vacuum corresponds to the global minimum of the
potential. We find that the electroweak vacuum is not generically guaranteed to be the global minimum:
several charge-breaking stationary points may coexist with—and potentially lie below—it in potential
depth. For the electroweak-like vacuum with vanishing quadruplet expectation value, the condition of
global stability reduces to two simple mass inequalities involving the doubly and triply charged scalars.
In contrast, for the general electroweak vacuum with nonzero doublet and quadruplet expectation values—
compatible with neutrino-mass generation—no comparably simple analytic condition emerges, and the
stability must in general be assessed for specific choices of scalar couplings. In the special case where the
interaction responsible for neutrino-mass generation vanishes, both electroweak configurations coexist, and
the bounded-from-below conditions ensure a definite ordering between them. In this limit, the mass
inequalities alone are sufficient to guarantee that the general electroweak vacuum is the global minimum.
In the physically relevant regime, the results provide practical sufficient criteria and a systematic framework
for assessing vacuum stability in the BNT model.

DOI: 10.1103/6hnd-rgch

I. INTRODUCTION

Among several observational and theoretical lacunae of
the Standard Model (SM), of particular concern is the
issue of neutrino mass. A well-founded remedy to this
shortcoming is offered by the dimension-five Weinberg-
operator-induced seesaw mechanism [1,2], wherein lepton-
number-violating new physics (NP) beyond the SM is
invoked at an a priori unknown scale, so that, on integrat-
ing out the heavy NP fields, the SM neutrinos are left with
observed sub-eV masses after electroweak (EW) symmetry

breaking. In canonical type-I [3–7] and type-III [8] seesaw
models, neutrino masses consistent with data require either
an NP scale ΛNP close to the grand unification scale for
Oð1Þ Yukawa couplings, or extremely small Yukawa
couplings, Oð10−6Þ, if ΛNP lies around the TeV scale.
In the absence of further suppressions (for example, loop
suppression or other additional mechanisms), scenarios
aiming at collider-accessible NP (ΛNP ∼ TeV) with sizable
Yukawas typically invoke neutrino mass generation via
higher-dimensional operators at tree level [9–15].
Awell-known realization is the model proposed by Babu

et al., hereinafter dubbed the BNT model [16], where an
effective dimension-seven operator induces neutrino
masses. The model extends the SM with an SUð2ÞL scalar
quadruplet of hypercharge Y ¼ 3=2 and a vectorlike
SUð2ÞL triplet fermion with Y ¼ 1. Since its proposal in
2009, this model has been explored in various phenom-
enological contexts, such as lepton flavor violation [17],
interpretations of the 750 GeV diphoton excess [18],
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collider signatures [19–23], and long-lived particle
searches [24].
In this work, we investigate the vacuum structure of the

BNT model. We delineate the theoretical constraints on its
scalar potential, requiring it to be bounded from below in all
field directions, perturbative unitarity of scattering ampli-
tudes, and the stability of the electroweak (EW) vacuum as
the global minimum. In the BNT framework, neutrino
masses arise from the dimension-seven operator generated
by the λ5Δ†Φ3 interaction.Once theHiggs doublet acquires a
VEV, this term induces a tadpole for the neutral component of
the scalar quadruplet, implying that λ5 ≠ 0 necessarily leads
to a nonvanishing quadruplet VEV. As a consequence, only
the general electroweak vacuum in which both the doublet
and quadruplet develop VEVs is compatible with neutrino-
mass generation. The electroweak-like configuration with a
vanishing quadruplet VEVexists only for λ5 ¼ 0 and cannot
generate neutrino masses. This observation directly moti-
vates the detailed vacuum-stability analysis presented here
and, in particular, the conditions under which the physically
relevant electroweak vacuum constitutes the global mini-
mum of the scalar potential.
While we find that a fully analytic characterization of the

global minimum for the general electroweak vacuum is not
attainable, the present analysis provides a systematic treat-
ment of the problem. In particular, we classify all stationary
configurations of the scalar potential, derive explicit expres-
sions for the potential differences between coexisting
extrema, and identify where simple analytic control is
possible and where it is no longer available. Even in the
absence of compact analytic conditions for the physically
relevant vacuum, the results obtainedhere reduce the stability
problem to a well-defined set of expressions that can be
evaluated for a given choice of parameters. This provides a
structured basis for numerical analyses and vacuum stability
studies in phenomenological applications of the model.
The rest of the paper is organized as follows. In Sec. II,

we briefly present the scalar sector of the model. The
conditions for the potential to be bounded from below and
for perturbative unitarity of scattering amplitudes are
discussed in Sec. III. In Sec. III C we present our analysis
of the vacuum structure. Finally, we summarize our
findings in Sec. IV.

II. THE BNT MODEL

The extended scalar sector of the BNT model is
composed of a SM Higgs doublet Φ with Y ¼ 1=2 and
a Higgs quadruplet Δ with Y ¼ 3=2:

Φ ¼
�
ϕþ

ϕ0

�
and Δ ¼

0
BBB@

δþþþ

δþþ

δþ

δ0

1
CCCA: ð1Þ

The kinetic part of the Higgs sector Lagrangian is given by

Lkin ¼ jDμΦj2 þ jDμΔj2; ð2Þ

with DμΦ ¼ ∂μΦ − igτkWk
μΦ − i g

0
2
BμΦ and DμΔ ¼ ∂μΔ−

igTkWk
μΔ − i 3g

0
2
BμΔ, whereWk

μ and Bμ are the SUð2ÞL and
Uð1ÞY gauge fields, and g and g0 are the corresponding
couplings; τk and Tk are, respectively, the generators of 2
and 4 representation of SUð2Þ, where τk ¼ σk=2 with σk

being the Pauli matrices.1

The most general renormalizable and gauge-invariant
scalar potential can be written as2

1The generators of 4 representation of SUð2Þ are not uniquely
determined; however, they must satisfy the commutation rela-
tions: ½Tk; Tl� ¼ iϵklmTm. In a basis with diagonal third generator
(often referred to as spherical basis), the corresponding gen-
erators are given by

T1 ¼ 1

2

0
BBBBB@

0
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 2 0

0 2 0
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

1
CCCCCA;

T2 ¼ i
2

0
BBBBB@

0 −
ffiffiffi
3

p
0 0ffiffiffi

3
p

0 −2 0

0 2 0 −
ffiffiffi
3

p

0 0
ffiffiffi
3

p
0

1
CCCCCA;

T3 ¼ 1

2

0
BBBBB@

3 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −3

1
CCCCCA: ð3Þ

2One can also write Φ and Δ as symmetric rank-1 and rank-3
tensors, respectively, as follows:

Φ1 ¼ ϕþ; Φ0 ¼ ϕ0; Φ�
i ¼ ðΦiÞ�;

Δ111 ¼ Δþþþ; Δ112 ¼ Δþþffiffiffi
3

p ; Δ122 ¼ Δþffiffiffi
3

p ;

Δ222 ¼ Δ0; Δ�
ijk ¼ ðΔijkÞ�:

In this tensor notation, various terms in Eq. (4) read as

Φ†Φ ¼ Φ�
iΦi; Δ†Δ ¼ Δ�

ijkΔijk;

4ðΔ†TaΔÞ2 ¼ 18Δ�
ijkΔijpΔ�

mnpΔmnk − 9ðΔ�
ijkΔijkÞ2;

4ðΦ†τaΦÞðΔ†TaΔÞ ¼ 6Φ�
iΔijkΔ�

jklΦl − 3Φ�
iΦiΔ�

ijkΔijk;

Δ†Φ3 ¼ Δ�
ijkΦiΦjΦk:
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VðΦ;ΔÞ ¼−μ2ΦΦ†Φþμ2ΔΔ†Δþ λ1ðΦ†ΦÞ2þ λ2ðΔ†ΔÞ2
þ λ̃2ðΔ†TkΔÞ2þ λ3ðΦ†ΦÞðΔ†ΔÞ
þ λ4ðΦ†τkΦÞðΔ†TkΔÞþ ðλ5Δ†Φ3þH:c:Þ; ð4Þ

where μ2Φ and μ2Δ are the mass-squared parameters, and λi
(i ¼ 1;…; 5) and λ̃2 are the independent dimensionless
couplings.3 Hermiticity of the potential allows us to assume
that all couplings, except for λ5, are real. Though λ5
can pick up a would-be CP phase, this phase is unphysical
and can always be absorbed through appropriate field
redefinitions:

λ5→ λ5eiω; Φ→Φeiω
0
; and Δ→Δeiðωþ3ω0Þ: ð5Þ

Therefore, without loss of generality, we also assume λ5 to
be real. Consequently, the potential VðΦ;ΔÞ in Eq. (4) is
CP conserving. The neutral components of Φ and Δ can be
parametrized as

ϕ0 ¼ vΦ þ ϕ0
R þ iϕ0

Iffiffiffi
2

p and δ0 ¼ vΔ þ δ0R þ iδ0Iffiffiffi
2

p ; ð6Þ

where v=
ffiffiffi
2

p
and vΔ=

ffiffiffi
2

p
, respectively, are the vacuum

expectation values (VEVs) acquired by ϕ0 and δ0, respec-
tively, after EW symmetry breaking, such thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2Φ þ 3v2Δ

q
¼ 246 GeV: ð7Þ

Minimizing the potential VðΦ;ΔÞ, we obtain

μ2Φ ¼ λ1v2Φ þ λ3
2
v2Δ þ 3

8
λ4v2Δ þ 3

2
λ5vΦvΔ; ð8Þ

μ2Δ ¼ −
�
λ2 þ

9

4
λ̃2

�
v2Δ −

λ3
2
v2Φ −

3

8
λ4v2Φ −

λ5
2

v3Φ
vΔ

: ð9Þ

It is worth emphasizing a structural feature of the scalar
potential: the quartic interaction λ5Δ†Φ3 induces a linear
term in the neutral quadruplet field once the doublet
acquires a VEV. Consequently, unless λ5 ¼ 0, the mini-
mization condition in Eq. (9) necessarily enforces a non-
vanishing quadruplet VEV vΔ. In other words, for generic
parameter choices with λ5 ≠ 0—precisely the regime rel-
evant for neutrino-mass generation (see the discussion at
the end of this section)—the scalar potential does not admit
stationary configurations with vΔ ¼ 0.
After EW symmetry breaking, the degrees of freedom

with identical electric charges mix, giving rise to several
physical Higgs states:

(i) the neutral states ϕ0
R and δ0R (ϕ0

I and δ
0
I ) mix into two

CP-even (CP-odd) states h and H (G and A),
(ii) the singly charged states ϕ� and δ� mix into two

mass states G� and H�,
(iii) the doubly and triply charged states δ�� and δ��� align

with their mass states H�� and H���, respectively;

�
h

H

�
¼ Rα

�
ϕ0
R

δ0R

�
;

�
G

A

�
¼ Rβ

�
ϕ0
I

δ0I

�
;

�
G�

H�

�
¼ Rγ

�
ϕ�

δ�

�
with Rθ ¼

�
cos θ sin θ

− sin θ cos θ

�
;

and

RT
αm2

RRα ¼ diagðm2
h;m

2
HÞ; RT

βm
2
IRβ ¼ diagð0; m2

AÞ;
RT
γm2

�Rγ ¼ diagð0; m2
H�Þ;

where m2
R, m

2
I , and m2

�, respectively, are the mass matrices
for CP-even, CP-odd, and singly charged Higgses:

m2
R ¼

 
2λ1v2Φ þ 3

2
λ5vΦvΔ λ3vΦvΔ þ 3

4
λ4vΦvΔ þ 3

2
λ5v2Φ

λ3vΦvΔ þ 3
4
λ4vΦvΔ þ 3

2
λ5v2Φ 2

�
λ2 þ 9

4
λ̃2
�
v2Δ − λ5v3Φ

2vΔ

!
; ð10Þ

m2
I ¼

1

2
λ5v

 
−9vΔ 3vΦ

3vΦ − v2Φ
vΔ

!
; ð11Þ

m2
� ¼ ðλ4vΔ þ 2λ5vΦÞ

 
− 3

4
vΔ

ffiffi
3

p
4
vΦffiffi

3
p
4
vΦ − v2Φ

4vΔ

!
; ð12Þ

and α, β, and γ are the respective mixing angles:

3We note in passing that the λ̃2 term was absent in the original formulation of the model [16] and consequently also omitted in several
subsequent studies [18,19,21–23]. This omission was, however, first pointed out in Ref. [17].
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tan 2α ¼ 2λ3vΦvΔ þ 3
2
λ4vΦvΔ þ 3λ5v2Φ

2λ1v2Φ − 2
�
λ2 þ 9

4
λ̃2
�
v2Δ þ 3

2
λ5vΦvΔ

�
1þ v2Φ

3v2Δ

� ; ð13Þ

tan 2β ¼ 6vΔ
vΦ

�
1 −

9v2Δ
v2Φ

�−1
; ð14Þ

tan 2γ ¼ 2
ffiffiffi
3

p
vΔ

vΦ

�
1 −

3v2Δ
v2Φ

�−1
: ð15Þ

The mass states G0 and G� are the so-called would-be Nambu-Goldstone bosons eaten by the longitudinal modes of Z
and W�, and the rest are massive with h being the 125 GeV Higgs observed at the LHC. The physical Higgs masses are
given by4

m2
h ¼

�
2λ1v2Φ þ 3

2
λ5vΦvΔ

�
þ
�
λ3vΦvΔ þ 3

4
λ4vΦvΔ þ 3

2
λ5v2Φ

�
tan α ð16aÞ

¼ 2

�
λ2 þ

9

4
λ̃2

�
v2Δ −

λ5v3Φ
2vΔ

þ
�
λ3vΦvΔ þ 3

4
λ4vΦvΔ þ 3

2
λ5v2Φ

�
cot α; ð16bÞ

m2
H ¼

�
2λ1v2Φ þ 3

2
λ5vΦvΔ

�
−
�
λ3vΦvΔ þ 3

4
λ4vΦvΔ þ 3

2
λ5v2Φ

�
cot α ð17aÞ

¼ 2

�
λ2 þ

9

4
λ̃2

�
v2Δ −

λ5v3Φ
2vΔ

−
�
λ3vΦvΔ þ 3

4
λ4vΦvΔ þ 3

2
λ5v2Φ

�
tan α; ð17bÞ

m2
A ¼ −

λ5v3Φ
2vΔ

�
1þ 9v2Δ

v2Φ

�
; ð18Þ

m2
H� ¼ −

�
λ5v3Φ
2vΔ

þ λ4v2Φ
4

��
1þ 3v2Δ

v2Φ

�
; ð19Þ

m2
H�� ¼ −

�
λ5v3Φ
2vΔ

þ λ4v2Φ
2

þ 3λ̃2v2Δ

�
; ð20Þ

m2
H��� ¼ −

�
λ5v3Φ
2vΔ

þ 3λ4v2Φ
4

þ 9λ̃2v2Δ
2

�
: ð21Þ

Therefore, we have six free scalar parameters (excludingmh and v) in our model: vΔ, α,mH,mA,mH� , andmH�� ormH���.
As such, the scalar parameters can be traded with these free parameters as follows:

λ1 ¼
1

2v2Φ

�
m2

hcos
2αþm2

Hsin
2αþ 3v2Δ

v2Φ þ 9v2Δ
m2

A

�
; ð22Þ

λ2 ¼
1

2v2Δ

�
m2

hsin
2αþm2

Hcos
2αþ 1

2

v2Φ
v2Φ þ 9v2Δ

m2
A −

3v2Φ
v2Φ þ 3v2Δ

m2
H� þ 3

2
m2

H��

�
; ð23Þ

4We note that Eqs. (16b) and (17b) are obtained from the (2,2) entry of the CP-even mass matrix in Eq. (10). These forms involve the
combination λ5=vΔ and are therefore not suitable for taking the limit λ5 → 0, vΔ → 0, where they become singular. In this limit, the
physical masses should instead be obtained from Eqs. (16a) and (17a) or directly from the mass matrix in Eq. (10), where no such
singularity arises.
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λ̃2 ¼ −
1

3v2Δ

�
m2

H�� þ v2Φ
v2Φ þ 9v2Δ

m2
A −

2v2Φ
v2Φ þ 3v2Δ

m2
H�

�
; ð24Þ

λ3 ¼
sin α cos α
vΦvΔ

ðm2
h −m2

HÞ −
3

v2Φ þ 9v2Δ
m2

A þ 6

v2Φ þ 3v2Δ
m2

H� ; ð25Þ

λ4 ¼
4

v2Φ þ 9v2Δ
m2

A −
4

v2Φ þ 3v2Δ
m2

H� ; ð26Þ

λ5 ¼ −
2vΔ
vΦ

1

v2Φ þ 9v2Δ
m2

A: ð27Þ

The remaining two scalar parameters μ2Φ and μ2Δ are then
related to the free parameters through the tadpole con-
ditions in Eqs. (8) and (9).
Both ϕ0 and δ0 contribute to the weak gauge boson’s

masses at tree level:

m2
W ¼ 1

4
g2ðv2Φ þ 3v2ΔÞ and

m2
Z ¼ 1

4
ðg2 þ g02Þðv2Φ þ 9v2ΔÞ; ð28Þ

that the ρ ¼ m2
W

m2
Z cos

2 θw
parameter takes the form

ρ ¼ v2Φ þ 3v2Δ
v2Φ þ 9v2Δ

: ð29Þ

The value of the ρ parameter from the EW precision data
ρ ¼ 1.00031ð19Þ [25] leads to an upper bound of
vΔ ∼Oð1Þ GeV, i.e. vΔ ≪ vΦ. In this limit,

sin β ≈
3vΔ
vΦ

; ð30Þ

sin γ ≈
ffiffiffi
3

p
vΔ

vΦ
; ð31Þ

and

m2
A ≈ −

λ5v3Φ
2vΔ

; ð32Þ

m2
H� ≈ −

�
λ5v3Φ
2vΔ

þ λ4v2Φ
4

�
; ð33Þ

m2
H�� ≈ −

�
λ5v3Φ
2vΔ

þ λ4v2Φ
2

�
; ð34Þ

m2
H��� ≈ −

�
λ5v3Φ
2vΔ

þ 3λ4v2Φ
4

�
; ð35Þ

and their mass-squared differences become

m2
H��� −m2

H�� ≈m2
H�� −m2

H� ≈m2
H� −m2

A≈−
λ4v2Φ
4

: ð36Þ

Further, for small α,

m2
h ≈ 2λ1v2Φ; ð37Þ

m2
H ≈m2

A ≈ −
λ5v3Φ
2vΔ

: ð38Þ

For completeness, we briefly recall how neutrino masses
arise in the BNT model. Integrating out the heavy vector-
like fermion triplet and the scalar quadruplet generates the
effective dimension-seven operator

Leff ⊃
cij
Λ3

ðLc
i Φ̃�ÞðΦ̃†LjÞðΦ†ΦÞ þ H:c:; ð39Þ

where Li are the lepton doublets, Φ̃ ¼ iσ2Φ�, and cij
encodes combinations of the underlying Yukawa cou-
plings and heavy masses. After EW symmetry breaking,
this operator yields Majorana masses for the light
neutrinos:

ðmνÞij ∼ cij
v4Φ
Λ3

: ð40Þ

In the renormalizable BNT framework, this operator is
generated through the λ5Δ†Φ3 interaction in the scalar
potential, together with the Yukawa interactions

LY ⊃ YiLiΣΦ̃þ Y 0
iΣ̄ΔLi þ H:c:; ð41Þ

leading to

ðmνÞij ¼ λ5ðYiY 0
j þ Y 0

iYjÞ
v4Φ

MΣM2
Δ
; ð42Þ
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where MΣ is the mass of the vectorlike fermion and M2
Δ ¼

μ2Δ þ ð4λ3 þ 3λ4Þv2Φ=8þ ð4λ2 þ 9λ̃2Þ3v2Δ=4 is the mass-
squared of the neutral quadruplet scalar.
Using the minimization conditions in Eqs. (8) and (9),

the neutrino masses can equivalently be expressed in terms
of the induced quadruplet VEV vΔ as

ðmνÞij ∝ ðYiY 0
j þ Y 0

iYjÞ
vΦvΔ
MΣ

; ð43Þ

making explicit that the same λ5 coupling that induces vΔ
also controls the overall scale of neutrino masses.

III. THEORETICAL CONSTRAINTS

A. Bounded from below

A necessary condition for the stability of the vacuum
comes from requiring that the potential in Eq. (4) be
bounded from below for all directions in the field space.
Obviously, at large field values, the potential in Eq. (4) is
dominated by the terms that are quartic in the fields:

Vð4ÞðΦ;ΔÞ ¼ λ1ðΦ†ΦÞ2 þ λ2ðΔ†ΔÞ2 þ λ̃2ðΔ†TkΔÞ2
þ λ3ðΦ†ΦÞðΔ†ΔÞ þ λ4ðΦ†τkΦÞðΔ†TkΔÞ
þ ðλ5Δ†Φ3 þ H:c:Þ: ð44Þ

Defining x ¼ ðjΦj2jΔj2jΦjjΔjÞT with jΦj2 ¼ Φ†Φ,
jΔj2 ¼ Δ†Δ, and

κ1 ¼
ðΔ†TkΔÞ2

jΔj4 ; κ2 ¼
ðΦ†τkΦÞðΔ†TkΔÞ

jΦj2jΔj2 ;

κ3 ¼
ðΔ†Φ3 þ H:c:Þ

jΦj3jΔj ;

we can rewrite the potential in the following biquadratic
form:

VðΦ;ΔÞð4Þ ¼ xTΛx; ð45Þ

where

Λ¼

0
BB@

λ1
1
2
ð1−cÞðλ3þκ2λ4Þ 1

2
κ3λ5

1
2
ð1−cÞðλ3þκ2λ4Þ λ2þκ1λ̃2 0

1
2
κ3λ5 0 cðλ3þκ2λ4Þ

1
CCA

ð46Þ

with κ1 ∈ ½0; 9
4
�, κ2 ∈ ½− 3

4
; 3
4
�, and κ3 ∈ ½−2; 2�. The param-

eter c is an auxiliary variable introduced to parametrize
different decompositions of the quartic form. It is not a
physical parameter and is taken to lie in the interval
0 ≤ c ≤ 1, ensuring that all relevant copositivity condi-
tions are covered. Now, applying the copositivity

conditions [26,27] to Λ, we find the following conditions:

λ1 > 0; ð47Þ

λ2 þ κ1λ̃2 > 0; ð48Þ

cðλ3 þ κ2λ4Þ > 0; ð49Þ

ð1 − cÞðλ3 þ κ2λ4Þ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1ðλ2 þ κ1λ̃2Þ

q
> 0; ð50Þ

κ3λ5 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cλ1ðλ3 þ κ2λ4Þ

p
> 0; ð51Þ

cð1 − cÞ2ðλ3 þ κ2λ4Þ3 þ κ23λ
2
5ðλ2 þ κ1λ̃2Þ

− 4cλ1ðλ2 þ κ1λ̃2Þðλ3 þ κ2λ4Þ > 0: ð52Þ

These conditions must be respected for all allowed
values of κ1;2;3 and c for the potential to be bounded from
below. Since κ1 and κ2 individually lie in the ranges ½0; 9

4
�

and ½− 3
4
; 3
4
�, respectively, one might expect that the allowed

region in the ðκ1; κ2Þ plane is the full rectangle spanned by
these intervals. This is, however, not the case: κ1 and κ2 are
correlated and must satisfy

jκ2j ≤
1

2

ffiffiffiffiffi
κ1

p
;

so that the true parameter space is confined by the parabola
above.5 For κ3, the only restriction is the global bound

jκ3j ≤ 2;

and it can vary essentially independently of κ1, κ2.
Hence, the full three-dimensional parameter space is
obtained by extruding the ðκ1; κ2Þ region along the κ3 axis
between −2 and þ2, forming a “parabolic wedge prism” in
ðκ1; κ2; κ3Þ space.

B. Perturbative unitarity

Requiring perturbative unitarity in scattering processes
constrains the size of the interactions. The partial-wave
decomposition of the scattering amplitude Mi→f reads as

Mfi ¼ iTfi ¼ 16iπ
X
j

ð2jþ 1Þafij ðsÞPjðcos θÞ; ð53Þ

where aj denotes the jth partial-wave amplitude, θ is the
polar angle between the initial i and final f states, and Pj is

5The relation between κ1 and κ2 follows directly from their
definitions and the Cauchy-Schwarz inequality. Writing ak ≡
Φ†τkΦ and bk ≡ Δ†TkΔ, one has κ1 ¼ ðbkbkÞ=jΔj4 and
κ2 ¼ ðakbkÞ=ðjΦj2jΔj2Þ. Applying jakbkj ≤

ffiffiffiffiffiffiffiffiffi
akak

p ffiffiffiffiffiffiffiffiffi
bkbk

p
, one

obtains jκ2j ≤ 1
2

ffiffiffiffiffi
κ1

p
.
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the Legendre polynomial of degree j. In the high-energy
(massless) limit, the dominant contribution comes from the
j ¼ 0 partial-wave (s-wave) at tree level

afi0 ¼ −
i

16π
Mfi: ð54Þ

Unitarity of the S-matrix requires that ja0j ≤ 1,
jReða0Þj ≤ 1=2, and 0 ≤ Imða0Þ ≤ 1. In practice, it is
sufficient to impose either ja0j ≤ 1 or jReða0Þj ≤ 1=2,
which in turn implies that the eigenvalues xi of the
scattering submatrices satisfy jxij ≤ κπ, with κ ¼ 16 or 8
depending on the chosen criterion. Following [28], we
adopt the former condition.
By virtue of the equivalence theorem [29,30], unphysical

scalar states can be used in place of the longitudinal
components of the gauge bosons in the high-energy
limit. Compared to 2 → 2 scattering, 2 → 3 partial-wave
amplitudes can be neglected, as they scale inversely with

the energy. Moreover, amplitudes involving trilinear ver-
tices are generally suppressed due to intermediate propa-
gators. Therefore, we focus on two-body, tree-level
scalar-scalar scattering processes dominated by quartic
interactions.
The number of all possible q-charged 2 → 2 channels

constructed from n neutral, s singly charged, d doubly

charged, and t triply charged fields are q ¼ 0∶ nðnþ1Þ
2

þ
s2 þ d2 þ t2, q¼1∶nsþsdþdt, q ¼ 2∶ndþ stþ sðsþ1Þ

2
,

q ¼ 3∶ntþ sd, q¼4∶stþdðdþ1Þ
2

, q ¼ 5∶dt, q ¼ 6∶ tðtþ1Þ
2

.
In the present model, n ¼ 4, s ¼ 2, d ¼ 1, and t ¼ 1. We
present the resulting submatricesMq structured in terms of
net electric charge q in the initial/final states, with their
entries corresponding to the quartic couplings that mediate
the scalar-scalar scattering processes in Appendix A. Now,
requiring the moduli of the eigenvalues of the submatrices
to be ≤ κπ, we obtain

j4λ2 − 11λ̃2j ≤ 2κπ; j4λ2 � 9λ̃2j ≤ 2κπ; j4λ2 þ 3λ̃2j ≤ 2κπ; j4λ3 � 3λ4j ≤ 4κπ; j4λ3 − 5λ4j ≤ 4κπ;			16λ1 þ 4λ3 þ 5λ4 � 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð16λ1 − 4λ3 − 5λ4Þ2 þ 3072λ25

q 			 ≤ 8κπ;			12λ2 − λ̃2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16λ22 − 40λ2λ̃2 þ 793λ̃2

2

q 			 ≤ 4κπ;			4λ1 þ 4λ2 þ 31λ̃2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4λ1 − 4λ2 − 31λ̃2Þ2 þ 40λ24

q 			 ≤ 4κπ;			8λ1 þ 4λ3 þ 5λ4 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8λ1 − 4λ3 − 5λ4Þ2 þ 1536λ25

q 			 ≤ 8κπ;			12λ1 þ 20λ2 þ 15λ̃2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð12λ1 − 20λ2 − 15λ̃2Þ2 þ 128λ23

q 			 ≤ 4κπ:

These conditions ensure that perturbative unitarity is
respected in all 2 → 2 scalar scattering processes and put
nontrivial constraints on the parameter space.

C. Stability against charge-breaking minima

In Sec. II, while obtaining the scalar spectrum of the
model, we have implicitly assumed that the EW symmetry
is spontaneously broken at an electrically neutral configu-
ration in field space, and that this configuration corresponds
to the global minimum of the potential. Although the
tadpole conditions in Eqs. (8) and (9) ensure that the chosen
vacuum represents an extremum of the potential in Eq. (4),
it remains necessary to verify that this extremum is indeed
stable—i.e., that it corresponds to a true minimum rather
than a saddle point or local maximum.
The scalar potential in Eq. (4) can, in general, admit

multiple stationary solutions—both neutral and charge-
breaking. In what follows, we identify all stationary points
and determine sufficient conditions under which the phe-
nomenologically viable EW vacuum constitutes the global

minimum by comparing the potential depths of all
extrema.6 In particular, we compute the potential
differences between the desired electroweak vacuum and
the remaining extrema: ΔVðCB;EWÞ≡ VCB − VEW. With
this definition, ΔVðCB;EWÞ > 0 implies that the electro-
weak vacuum is deeper and thus stable against tunneling
into the configuration X, whereas ΔVðCB;EWÞ < 0 indi-
cates the presence of a lower, potentially charge-breaking
minimum.
Regarding the gauge choice, three real scalar degrees of

freedom can always be absorbed through an appropriate

6While a metastable vacuum with a lifetime longer than the age
of the Universe could, in principle, be acceptable, assessing this
would require a dedicated tunneling analysis, which is beyond the
scope of this work. We therefore restrict to the stronger require-
ment that the EW vacuum lies at the global minimum of the
potential within the class of stationary configurations with
hϕ0i ≠ 0. A comparison with electroweak-symmetric extrema
with hϕ0i ¼ 0 can be imposed separately when absolute stability
of the full potential is required.
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gauge fixing. We work in the unitary gauge, where the
scalar doublet reduces to a single real neutral component,
so its VEV can, without loss of generality, be taken as real
and electrically neutral. The only phase-sensitive term in
the CP-conserving potential is the quartic interaction
λ5ðΔ†Φ3 þ H:c:Þ, while all quadratic and quartic terms
depend only on the moduli of the fields. Consequently, the
potential depends on phases only through a single linear
combination. Minimization with respect to the phases
therefore enforces this combination to take values 0 or
π, both for neutral and charge-breaking configurations. As
a result, for all stationary configurations—neutral and
charge-breaking—there exists a gauge- and symmetry-
equivalent representative that can be represented by real
VEVs without loss of generality.
The scalar potential of the BNTmodel admits several sta-

tionary configurations, summarized in Table I. Among
these, three correspond to charge-conserving extrema—
denoted N1, N2, and N3—referred to as normal minima,
where only neutral field components acquire nonzero
VEVs. In addition, the potential features 14 charge-
breaking stationary points (denoted CB1 to CB14), char-
acterized by nonvanishing VEVs of charged fields.
Such charge-breaking configurations would spontane-
ously break electromagnetic gauge invariance and

generate a photon mass, rendering them phenomenologi-
cally unacceptable.
For clarity, we note that the VEV symbols

v; v0; v1; v2; v3 are reused for notational simplicity across
the different stationary configurations. These VEVs should
not be interpreted as identical across the various stationary
points: their numerical values are, in general, distinct for
each configuration. The notation is merely a convenient
shorthand.
A brief discussion of some stationary configurations is in

order. The stationary point N1 corresponds to the desired
EW vacuum, whose structure has already been presented in
Sec. II. The configuration N2 also represents an EW-type
vacuum. However, for generic parameters, this is not a true
stationary point: the λ5Δ†Φ3 interaction induces a tadpole
for δ0 once Φ acquires a VEV, so the condition vΔ ¼ 0 can
be satisfied only if λ5 ¼ 0. Thus, N2 exists as a genuine
extremum only if λ5 ¼ 0, and otherwise corresponds to the
vΔ → 0 boundary of N1. The stationary point N3 corre-
sponds to a vacuum structure in which only δ0 acquires a
VEV. Since the absence of a doublet VEV would imply
massless fermions, this extremum is incompatible with
observations. For this reason, we do not include any
additional stationary configurations with hϕ0i ¼ 0 in
Table I and do not consider them further in our analysis.
Accordingly, statements about global stability in the
following refer to the global minimum within the electro-
weak-breaking sector. Before proceeding with the com-
parison of potential depths, we refer to Appendix B for the
minimization conditions associated with all stationary
configurations.
Now, to calculate the difference in potential depth

between two coexisting minima, we follow the bilinear
formalism detailed in Refs. [31–33]; see also Refs. [34–36]
for recent works. The potential V in Eq. (4) can be
decomposed into homogeneous functions of order two
and four in the fields Φ and Δ: V ¼ V2 þ V4.
Consequently, the potential can be written as a quadratic
polynomial in the real bilinear vector X constructed
from independent field bilinears: x1 ¼ jΦj2, x2 ¼ jδ0j2,
x3 ¼ jδþj2, x4 ¼ jδþþj2, x5 ¼ jδþþþj2, x6 ¼ Reðϕ0�δ0Þ,
x7 ¼ Reðδ0�δþþÞ, x8 ¼ Reðδþ�δþþþÞ

V ¼ MTX|ffl{zffl}
V2

þ 1

2
XTΛX|fflfflfflffl{zfflfflfflffl}
V4

; ð55Þ

TABLE I. Stationary points of the BNT potential: 3 charge-
conserving and 14 charge-breaking configurations.

Vacuum h ffiffiffi
2

p
ϕ0i h ffiffiffi

2
p

δ0i h ffiffiffi
2

p
δþi h ffiffiffi

2
p

δþþi h ffiffiffi
2

p
δþþþi

N1 vΦ vΔ 0 0 0
N2 v0Φ 0 0 0 0
N3 0 v0Δ 0 0 0
CB1 v 0 v1 0 0
CB2 v 0 0 v2 0
CB3 v 0 0 0 v3
CB4 v 0 v1 v2 0
CB5 v 0 v1 0 v3
CB6 v 0 0 v2 v3
CB7 v 0 v1 v2 v3
CB8 v v0 v1 0 0
CB9 v v0 0 v2 0
CB10 v v0 0 0 v3
CB11 v v0 v1 v2 0
CB12 v v0 v1 0 v3
CB13 v v0 0 v2 v3
CB14 v v0 v1 v2 v3
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where X ¼ ðx1;…; x8ÞT ,

M ¼

0
BBBBBBBBBBBBBBB@

−μ2Φ
μ2Δ
μ2Δ
μ2Δ
μ2Δ
0

0

0

1
CCCCCCCCCCCCCCCA

; Λ ¼

0
BBBBBBBBBBBBBBB@

2λ1 λ3 þ 3
4
λ4 λ3 þ 1

4
λ4 λ3 − 1

4
λ4 λ3 − 3

4
λ4 2λ5 0 0

λ3 þ 3
4
λ4 2λ2 þ 9

2
λ̃2 2λ2 þ 9

2
λ̃2 2λ2 − 3

2
λ̃2 2λ2 − 9

2
λ̃2 0 0 0

λ3 þ 1
4
λ4 2λ2 þ 9

2
λ̃2 2λ2 þ 1

2
λ̃2 2λ2 þ 7

2
λ̃2 2λ2 − 3

2
λ̃2 0 4

ffiffiffi
3

p
λ̃2 0

λ3 − 1
4
λ4 2λ2 − 3

2
λ̃2 2λ2 þ 7

2
λ̃2 2λ2 þ 1

2
λ̃2 2λ2 þ 9

2
λ̃2 0 0 4

ffiffiffi
3

p
λ̃2

λ3 − 3
4
λ4 2λ2 − 9

2
λ̃2 2λ2 − 3

2
λ̃2 2λ2 þ 9

2
λ̃2 2λ2 þ 9

2
λ̃2 0 0 0

2λ5 0 0 0 0 0 0 0

0 0 4
ffiffiffi
3

p
λ̃2 0 0 0 0 6λ̃2

0 0 0 4
ffiffiffi
3

p
λ̃2 0 0 6λ̃2 0

1
CCCCCCCCCCCCCCCA

: ð56Þ

At any stationary point (denoted by SP), the potential
satisfies the minimization conditions ∂V=∂ϕi ¼ 0, where
ϕi represents the real scalar components of the model.
Multiplying these equations by ϕi and summing over all
components yields

X
i

ϕi
∂V
∂ϕi

				
SP

¼ 0 ⇒ 2ðV2ÞSP þ 4ðV4ÞSP ¼ 0; ð57Þ

in accordance with Euler’s theorem for homogeneous
functions. Therefore, the value of the potential at a sta-
tionary point can be expressed as

VSP ¼ 1

2
ðV2ÞSP ¼ −ðV4ÞSP: ð58Þ

Next, we define the gradient of V with respect to X as

V 0 ¼ ∂V
∂XT ¼ M þ ΛX: ð59Þ

The product of V 0 evaluated at one stationary point (SP1)
with X evaluated at another (SP2) then satisfies

XT
SP1V

0
SP2 ¼ 2VSP1 þ XT

SP1ΛXSP2; ð60Þ

XT
SP2V

0
SP1 ¼ 2VSP2 þ XT

SP2ΛXSP1: ð61Þ

Subtracting these two relations and noting that the matrix Λ
is symmetric, we obtain the general expression for the
difference in potential depth between two stationary points:

VSP2 − VSP1 ¼
1

2
ðXT

SP2V
0
SP1 − XT

SP1V
0
SP2Þ: ð62Þ

In the following, we analyze the stability of the EW
stationarypoints—i.e. thedesiredelectroweakvacua—against
the charge-breaking extrema. Assuming that N1 or N2
coexists with one or more CB stationary points, we evaluate
the corresponding potential differences using Eq. (62).
We emphasize that the comparison involving N2 is

restricted to the special case λ5 ¼ 0, where N2 is a genuine
stationary point. In this limit, the absence of the neutral

tadpole does not preclude charge-breaking stationary con-
figurations with nonvanishing quadruplet VEVs, as follows
from the corresponding minimization conditions.

1. Stability of N2 against charge-breaking extrema

The potential differences between N2 and the charge-
breaking stationary points are provided in Appendix C. If
N2 is a true minimum, all mass-squared eigenvalues are
positive. Moreover, as argued above, N2 exists as a
stationary point only if λ5 ¼ 0. Consequently, several of
the potential differences are manifestly positive, namely
VCB2 − VN2 > 0, VCB3 − VN2 > 0, and VCB6 − VN2 > 0.
Thus, N2 is necessarily stable against charge-breaking
extrema of types CB2, CB3, and CB6. For the remaining
configurations, however, N2 is not guaranteed to be the
global minimum, as some charge-breaking stationary points
may coexist with—and potentially lie below—it in potential
depth. Ensuring thatN2 is stable against all charge-breaking
extrema then requires the mass inequalities

2m2
H�� −m2

H��� > 0; 3m2
H�� − 2m2

H��� > 0: ð63Þ

2. Stability of N1 vs N2

When λ5 ¼ 0, both N1 and N2 are genuine stationary
points of the potential. In this limit, the minimization
conditions for N1 remain well defined and admit solutions
with vΔ ≠ 0, so that both configurations can coexist and be
compared. The difference in potential depth is then given by

VN2 − VN1

¼ 1

4

�
λ1v2Φðv02Φ − v2ΦÞ þ v4Δ

�
λ2 þ

9

4
λ̃2

�
− λ5v3ΦvΔ

�
:

Since N2 exists only for λ5 ¼ 0, the last term vanishes.
Using the electroweak symmetry–breaking conditionsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2Φ þ 3v2Δ

p
≈ 246 GeV [Eq. (7)] and v0Φ ≈ 246 GeV,

one has v2Φ þ 3v2Δ ¼ v02Φ, so that the condition for N1 to
be deeper than N2 simplifies to
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3λ1v2Φ þ v2Δ

�
λ2 þ

9

4
λ̃2

�
> 0: ð64Þ

This condition is automatically satisfied once the bounded-
from-below conditions λ1 > 0 and λ2 þ 9

4
λ̃2 > 0 [Eqs. (47)

and (48)] are imposed. Hence, N1 is necessarily deeper
than N2.
We stress that Eq. (63), together with the automatic

ordering VN1 < VN2 implied by Eq. (64) and the bounded-
from-below conditions, provides a simple analytic criterion
only in the special case λ5 ¼ 0. For λ5 ≠ 0, these relations
should be viewed as providing analytic control in the
λ5 → 0 limit and as a useful organizing principle (as
discussed further in the context of N1 stability), rather
than as strict stability conditions in the full theory.

3. Stability of N1 against charge-breaking extrema

The potential differences between N1 and the vari-
ous charge-breaking configurations are provided in
Appendix C. Some of these expressions can be further
simplified by using the additional minimization condi-
tions that apply to the CB configurations—that is, the
CB-specific tadpole equations beyond the μ2Φ and μ2Δ
relations already imposed at the N1 stationary point.
However, even after incorporating these extra conditions,
the resulting expressions do not, in general, reduce to
particularly useful analytic forms.
For the configuration CB7, the minimization conditions

imply λ̃2 ¼ 0, λ4 ¼ 0, and the potential difference takes the
following form when expressed in terms of the physical
masses evaluated at the stationary point N1

VCB7 − VN1 ¼
3v2v2Δ þ ðv21 þ v22 þ v23Þv2Φ

4ðv2Φ þ 9v2ΔÞ
m2

A:

If N1 is a true minimum, all mass-squared eigenvalues are
positive. Therefore the expression above is strictly positive:
VCB7 − VN1 > 0, and thus N1 is necessarily stable against
charge-breaking extrema of type CB7.
For CB14, the minimization conditions set λ̃2 ¼ 0,

λ4 ¼ 0, and λ5 ¼ 0, so that the potential difference vanishes
identically: VCB14 − VN1 ¼ 0. The origin of this degen-
eracy is straightforward: in this limit, the scalar potential
depends only on the invariants Φ†Φ and Δ†Δ, and is
therefore insensitive to the orientation of the triplet in
SUð2Þ space. Consequently, the apparent charge-breaking
VEVs of the triplet can be rotated away, continuously
mapping the would-be CB14 configuration into the N1
one. In other words, CB14 ceases to be a genuinely charge-
breaking vacuum in this limit. For generic scalar-potential
parameters—i.e. whenever at least one of λ̃2; λ4, and λ5 is
nonzero—this degeneracy is lifted, and no CB14 stationary
point coexists with N1.

At this point, it becomes clear thatN1 is invariably stable
against the configurations CB7 and CB14. For the remain-
ing charge-breaking extrema, while it is evident that N1 is
not generically guaranteed to be the global minimum—
since several charge-breaking stationary points may coexist
with, and potentially lie below, it in potential depth—the
corresponding expressions involve several competing terms
and cannot be reduced to simple positivity conditions on
masses or couplings. As a result, no useful analytic
criterion can be extracted for most cases. Therefore, for
these configurations, the stability of N1 must be assessed
for each specific choice of scalar couplings.

4. Globality of N1

Amore practical route to establishing the globality ofN1
exploits the special role of N2. In the special case λ5 ¼ 0—
where N2 is a genuine stationary point of the potential—
Eq. (63) ensures that N2 is stable against all charge-
breaking extrema. In the same limit, the condition that
N1 lies below N2, Eq. (64) is automatically satisfied once
the bounded-from-below conditions are imposed.
Consequently, in this restricted case, N1 is guaranteed to
lie below all stationary configurations considered and thus
constitutes the global minimum of the scalar potential.
For λ5 ≠ 0, the configurationN2 is no longer a stationary

point of the scalar potential and should instead be regarded
as the vΔ → 0 boundary of the vacuum N1. At the level of
the original tree-level potential, which is a smooth poly-
nomial function of the scalar fields and depends smoothly
on λ5, standard implicit-function arguments imply that a
nondegenerate stationary point persists as a smooth branch
under sufficiently small deformations of parameters. In
particular, when the stationary point N1 exists and is
nondegenerate, it continuously approaches the configura-
tion vΔ → 0 as λ5 → 0, i.e. N1ðλ5 → 0Þ → N2. In this
restricted sense, comparisons involving N2 provide useful
heuristic guidance and analytic control in the λ5 → 0 limit,
and serve as a convenient organizing principle for the
vacuum-structure analysis.
It is important to stress, however, that continuity alone

does not constitute a strict proof of global stability at finite
λ5. In particular, it does not exclude the possibility of
vacuum reordering away from the λ5 → 0 regime, nor the
appearance of additional stationary points when degener-
acies are encountered. For this reason, the relations
involving N2 are not used as necessary conditions for
global stability in the physically relevant λ5 ≠ 0 theory. All
rigorous statements are therefore phrased in terms of
sufficient conditions, and the role of N2 is explicitly
limited to that of a practical and limiting reference
configuration, rather than serving as the basis of a strict
global-minimum proof.
Finally, it is worth emphasizing the phenomenological

relevance of the two electroweak stationary points.
Neutrino masses in the BNT model arise from the
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dimension-seven operator induced by the λ5Δ†Φ3 inter-
action, which necessarily requires λ5 ≠ 0 and hence a
nonvanishing quadruplet VEV. As a consequence, only
the general electroweak vacuum N1 is compatible with
neutrino-mass generation, whereas the electroweak-like
configuration N2—which exists solely for λ5 ¼ 0—cannot
generate neutrino masses and is therefore not phenomeno-
logically interesting. Accordingly, in the physically rel-
evant regime λ5 ≠ 0, the stability of the vacuum must be
assessed directly for N1, with N2 serving only as a useful
limiting reference configuration in the λ5 → 0 limit.

IV. SUMMARY AND OUTLOOK

In this work we have undertaken a systematic study of
the vacuum structure of the Babu-Nandi-Tavartkiladze
model of neutrino mass generation, imposing from the
outset the general theoretical requirements that the scalar
potential be bounded from below in all field directions and
that the quartic couplings satisfy perturbative unitarity
constraints obtained from scalar–scalar scattering ampli-
tudes. We, then, classified the full set of stationary
configurations admitted by the scalar potential, derived
the corresponding minimization conditions, and evaluated
the potential differences between coexisting extrema. This
provides a complete basis for comparing the relative depths
of the various stationary points relevant to electroweak
symmetry breaking and for determining the conditions
under which the electroweak vacuum constitutes the global
minimum within this sector.
A first important result is that the electroweak-like

vacuum N2, characterized by a vanishing quadruplet
VEV, is stable against all charge-breaking extrema when-
ever the two simple mass inequalities collected in Eq. (63)
are satisfied. For the general electroweak vacuum N1, in
which both the doublet and quadruplet acquire VEVs, no
comparably simple analytic condition emerges: most
charge-breaking configurations lead to potential differences
containing several competing terms, preventing the extrac-
tion of generic positivity constraints on masses and/or
couplings. Consequently, the stability of N1 must in
general be assessed for specific choices of scalar couplings.
In the special case λ5 ¼ 0, where both N1 and N2 are

genuine stationary points, the condition that N1 lies below
N2 is automatically satisfied once the bounded-from-below
conditions are imposed. In this limit, the mass inequalities
in Eq. (63), which ensure that N2 is deeper than all charge-
breaking extrema, are therefore sufficient to guarantee that
N1 is the global minimum of the scalar potential.
Finally, we emphasize the phenomenological significance

of these results. Neutrino masses in the BNT model arise
through the dimension-seven operator generated by the
λ5Δ†Φ3 interaction, which requires λ5 ≠ 0 and hence a
nonvanishing quadruplet VEV. This singles out N1 as the
only electroweak vacuum compatible with neutrino-mass
generation,whileN2—which exists only for λ5 ¼ 0—cannot

produce neutrino masses and is therefore phenomenologi-
cally disfavored. Accordingly, in the physically relevant
regime λ5 ≠ 0, the stability of the vacuum must be assessed
directly for N1, with N2 serving only as a useful limiting
reference configuration. The results obtained here thus
provide practical sufficient criteria and a systematic frame-
work for assessing the global stability of the electroweak
vacuum in the BNT model.
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APPENDIX A: 2 → 2 SCALAR-SCALAR
SCATTERING SUBMATRICES

1. q = 6: ð 1ffiffi
2

p δ+ + + δ+ + + Þ

M6 ¼ 2

�
λ2 þ

9

4
λ̃2

�

2. q = 5: ðδ+ + + δ+ + Þ

M5 ¼ 2

�
λ2 þ

9

4
λ̃2

�

3. q= 4: ðδ+++ϕ+ ;δ+++ δ+ ; 1ffiffi
2

p δ++ δ++ Þ

M4 ¼

0
BB@

λ3 þ 3
4
λ4 0 0

0 2λ2 − 3
2
λ̃2 2

ffiffiffi
6

p
λ̃2

0 2
ffiffiffi
6

p
λ̃2 2λ2 þ 1
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4. q = 3: ðδ++ϕ+ ;δ+++ϕ0
R;δ

+++ϕ0
I Þ

Ma
3 ¼

0
BBB@

λ3 þ 1
4
λ4

ffiffi
3

p
2
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2
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3
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2
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3
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5. q= 3: ðδ++ δ+ ;δ+++ δ0R;δ
+++ δ0I Þ

Mb
3 ¼

0
BBB@

2λ2 þ 7
2
λ̃2

3ffiffi
2

p λ̃2 i 3ffiffi
2

p λ̃2

3ffiffi
2

p λ̃2 2λ2 − 9
2
λ̃2 0

−i 3ffiffi
2

p λ̃2 0 2λ2 − 9
2
λ̃2

1
CCCA

6. q = 2: ðδ+ϕ+ ;δ++ϕ0
R;δ

++ϕ0
I ;δ

+++ϕ− ;ϕ+ϕ+ Þ
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2 ¼

0
BBBBBBBBB@

λ3 − 1
4
λ4

1ffiffi
2

p λ4 i 1ffiffi
2
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1ffiffi
2
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4
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3
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ffiffiffi
6
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3
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2
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ffiffiffi
6

p
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3

p
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2

p λ4 −i
ffiffi
3

p
2
ffiffi
2
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4
λ4 6λ5

0
ffiffiffi
6

p
λ5 −i

ffiffiffi
6

p
λ5 6λ5 4λ1

1
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7. q= 2: ðδ+ δ+ ;δ++ δ0R;δ
++ δ0I ;δ

+++ δ− Þ

Mb
2 ¼

0
BBBBBB@

4λ2 þ λ̃2 2
ffiffiffi
6

p
λ̃2 i2

ffiffiffi
6

p
λ̃2 0

2
ffiffiffi
6

p
λ̃2 2λ2 − 3

2
λ̃2 0 3ffiffi

2
p λ̃2
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ffiffiffi
6

p
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2
λ̃2 i 3ffiffi

2
p λ̃2

0 3ffiffi
2

p λ̃2 −i 3ffiffi
2

p λ̃2 2λ2 − 3
2
λ̃2

1
CCCCCCA

8. q= 1: ðδ+++ δ−− ;δ++ δ− ;δ+ δ0R;δ
+ δ0I ;ϕ

+ϕ0
R;ϕ

+ϕ0
I ;δ

++ϕ− ;δ+ϕ0
R;δ

+ϕ0
I ;ϕ

+ δ0R;ϕ
+ δ0I Þ

M1 ¼
�

A0 B0

B0† C0

�

with

A0 ¼

0
BBBBBBBBBBBBB@

2λ2 þ 9
2
λ̃2 4

ffiffiffi
3

p
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2

p λ̃2 −i 3ffiffi
2
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3

p
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2
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3
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2
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3
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3
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3
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2
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6
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3

p
4
λ4

ffiffi
3

p
4
λ4ffiffi

3
p
2
ffiffi
2

p λ4
1ffiffi
2

p λ4
ffiffi
3

p
4
λ4 −i

ffiffi
3

p
4
λ4 2λ1 0

i
ffiffi
3

p
2
ffiffi
2

p λ4 i 1ffiffi
2

p λ4 i
ffiffi
3

p
4
λ4

ffiffi
3

p
4
λ4 0 2λ1

1
CCCCCCCCCCCCCA

B0 ¼

0
B@

04×5ffiffiffi
6

p
λ5

ffiffiffi
3

p
λ5 −i

ffiffiffi
3

p
λ5

−i ffiffiffi
6

p
λ5 −i

ffiffiffi
3

p
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ffiffiffi
3

p
λ5
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1
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C0 ¼

0
BBBBBBBBB@
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9. q= 0: ðδ3 + δ3 − ;δ2 + δ2− ;δ+ δ− ;δ+ϕ− ;ϕ+ δ − ;ϕ+ϕ− ; δ
0
Rδ

0
Rffiffi
2

p ;δ0Rδ
0
I ;

δ0I δ
0
Iffiffi
2

p ;δ0Rϕ
0
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0
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0
Iϕ

0
R;δ

0
Iϕ

0
I ;
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Rffiffi
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�
A B
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�
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APPENDIX B: MINIMIZATION CONDITIONS

Here we collect the minimization conditions corresponding to the stationary configurations discussed in Sec. III C.

N1∶ μ2Φ ¼ λ1v2Φþ 1

8
ð4λ3þ 3λ4Þv2Δþ

3

2
λ5vΦvΔ; μ2Δ ¼−

�
λ2þ

9

4
λ̃2

�
v2Δ −

1

8
ð4λ3þ 3λ4

�
v2Φ−

λ5
2

v3Φ
vΔ

;

N2∶ ðexistsonly for λ5 ¼ 0Þμ2Φ ¼ λ1v02Φ;

CB1∶ μ2Φ ¼ λ1v2þ
1

8
ð4λ3þ λ4Þv21; μ2Δ ¼−

�
λ2þ

1

4
λ̃2

�
v21−

1

8
ð4λ3þ λ4

�
v2;

CB2∶ μ2Φ ¼ λ1v2þ
1

8
ð4λ3− λ4Þv22; μ2Δ ¼−

�
λ2þ

1

4
λ̃2

�
v22 −

1

8
ð4λ3− λ4

�
v2;

CB3∶ μ2Φ ¼ λ1v2þ
1

8
ð4λ3− 3λ4Þv23; μ2Δ ¼−

�
λ2þ

9

4
λ̃2

�
v23−

1

8
ð4λ3 − 3λ4

�
v2;

CB4∶ μ2Φ ¼ λ1v2þ
1

8
ð4λ3þ λ4Þv21þ

1

8
ð4λ3 − λ4Þv22;

μ2Δ ¼−λ2ðv21þv22Þ−
v2

6ðv21 −v22Þ
�
ð3λ3þ λ4Þv21 −

1

6
ð3λ3− λ4Þv22

�
; 6λ̃2ðv21−v22Þ ¼ λ4v2;
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CB5∶ μ2Φ ¼ λ1v2þ
1

8
ð4λ3þ λ4Þv21þ

1

8
ð4λ3− 3λ4Þv23; μ2Δ ¼−

1

2
λ3v2− λ2ðv21þ v23Þ; 2λ̃2ðv21− 3v23Þþ λ4v2 ¼ 0;

CB6∶ μ2Φ ¼ λ1v2þ
1

2
λ3ðv22þv23Þ−

1

8
λ4ðv22þ 3v23Þ; μ2Δ ¼−λ2ðv22þv23Þ−

1

32
ð16λ3 − 3λ4Þv2−

9v2v23
32v22

λ4; 8λ̃2v22 ¼ λ4v2;

CB7∶ μ2Φ ¼ λ1v2þ
1

2
λ3ðv21þv22þv23Þ; μ2Δ ¼−λ2ðv21þv22þ v23Þ−

λ3
2
v2; λ̃2 ¼ 0; λ4 ¼ 0;

CB8∶ μ2Φ ¼ λ1v2þ
λ3
2
ðv20þv21Þþ

λ4
8
ð3v20þv21Þþ

3

2
λ5vv0;

μ2Δ ¼−λ2ðv20þ v21Þ−
1

32
ð16λ3þ 3λ4Þv2þ

9v2v20
32v21

λ4þ
v3ð9v20þ v21Þ

16v0v21
λ5; 8λ̃2v0v21þ λ4v2v0þ 2λ5v3 ¼ 0;

CB9∶ μ2Φ ¼ λ1v2 þ
λ3
2
ðv20 þ v22Þ þ

λ4
8
ð3v20 − v22Þ þ

3

2
λ5vv0; μ2Δ ¼ −λ2ðv20 þ v22Þ−

λ3
2
v2 −

v3

8v0
λ5;

2λ̃2v0ð3v20 − v22Þ þ λ4v2v0 þ λ5v3 ¼ 0;

CB10∶ μ2Φ ¼ λ1v2 þ
λ3
2
ðv20 þ v23Þ þ

3λ4
8

ðv20 − v23Þ þ
3

2
λ5vv0; μ2Δ ¼ −λ2ðv20 þ v23Þ−

λ3
2
v2 −

v3

4v0
λ5;

18λ̃2v0ðv20 − v23Þ þ 3λ4v2v0 þ 2λ5v3 ¼ 0;

CB11∶ μ2Φ ¼ λ1v2 þ
λ3
2
ðv20 þ v21 þ v22Þ

þ λ4
8

�
−13v20 þ v21 − v22 þ

2v0ð30v30v2 − 3v0v21v2 þ 6
ffiffiffi
3

p
v21v

2
2 − 2

ffiffiffi
3

p
v20ð5v21 − 4v22ÞÞ

6v20v2 − 3v2ðv21 − v22Þ− 2
ffiffiffi
3

p
v0ðv21 − 2v22Þ

�
;

μ2Δ ¼ −λ2ðv20 þ v21 þ v22Þ−
λ3
2
v2 þ λ4

8

3v20v2 þ 4v2ðv21 þ v22Þ þ 2
ffiffiffi
3

p
v0ðv21 þ 2v22Þ

6v20v2 − 3v2ðv21 − v22Þ− 2
ffiffiffi
3

p
v0ðv21 − 2v22Þ

v2;

2λ̃2ð6v20v2 − 3v2ðv21 − v22Þ− 2
ffiffiffi
3

p
v0ðv21 − 2v22ÞÞ þ λ4v2v2 ¼ 0;

2λ5ð6v20v2 − 3v2ðv21 − v22Þ− 2
ffiffiffi
3

p
v0ðv21 − 2v22ÞÞv¼ λ4ð−6v30v2 þ 2

ffiffiffi
3

p
v21v

2
2 þ 2

ffiffiffi
3

p
v20ðv21 − 4v22Þ þ v0ð7v21v2 − 8v32ÞÞ;

CB12∶ μ2Φ ¼ λ1v2 þ
λ3
2
ðv20 þ v21 þ v23Þ þ

λ4
8

−27v40 þ v20ð51v21 − 45v23Þ þ 2ðv21 − 3v23Þ2
9v20 þ 2v21 − 6v23

;

μ2Δ ¼ −λ2ðv20 þ v21 þ v23Þ−
λ3
2
v2 þ λ4

8

9v20
9v20 þ 2v21 − 6v23

v2; λ̃2ð9v20 þ 2v21 − 6v23Þ þ λ4v2 ¼ 0;

2λ5vð9v20 þ 2v21 − 6v23Þ þ λ4ð9v30 − 6v0v21Þ ¼ 0;

CB13∶ μ2Φ ¼ λ1v2 þ
λ3
2
ðv20 þ v22 þ v23Þ þ λ4

9v40 þ 21v20ðv22 − 3v23Þ þ 4ðv42 þ 3v22v
2
3Þ

3v20 − 4v22
;

μ2Δ ¼ −λ2ðv20 þ v22 þ v23Þ−
λ3
2
v2 −

3λ4
8

v22 − 3v23
3v20 − 4v22

v2; 2λ̃2ð3v20 − 4v22Þ þ λ4v2 ¼ 0;

2λ5vð3v20 − 4v22Þ− 3λ4v0ð2v22 − 3v23Þ ¼ 0;

CB14∶ μ2Φ ¼ λ1v2 þ
λ3
2
ðv20 þ v21 þ v22 þ v23Þ; μ2Δ ¼ −λ2ðv20 þ v21 þ v22 þ v23Þ−

λ3
2
v2;

λ̃2 ¼ 0; λ4 ¼ 0; λ5 ¼ 0:

APPENDIX C: POTENTIAL DIFFERENCES BETWEEN STATIONARY CONFIGURATIONS

Here we provide the explicit expressions for the potential differences between coexisting stationary configurations, which
are used in the analysis of vacuum stability in Sec. III C.
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VCB1 − VN2 ¼
v21
32

f8μ2Δ þ ð4λ3 þ λ4Þv2Φg ¼ v21
4
ð2m2

H�� −m2
H���Þ;

VCB2 − VN2 ¼
v22
32

f8μ2Δ þ ð4λ3 − λ4Þv2Φg ¼ v22
4
m2

H�� ;

VCB3 − VN2 ¼
v23
32

f8μ2Δ þ ð4λ3 − 3λ4Þv2Φg ¼ v23
4
m2

H��� ;

VCB4 − VN2 ¼
v2Φ
32

f4λ3ðv21 þ v22Þ þ λ4ðv21 − v22Þg þ
μ2Δ
4
ðv21 þ v22Þ ¼

1

4
fv21ð2m2

H�� −m2
H���Þ þ v22m

2
H��g;

VCB5 − VN2 ¼
v2Φ
32

f4λ3ðv21 þ v23Þ þ λ4ðv21 − 3v23Þg þ
μ2Δ
4
ðv21 þ v23Þ ¼

1

4
fv21ð2m2

H�� −m2
H���Þ þ v23m

2
H���g;

VCB6 − VN2 ¼
v2Φ
32

f4λ3ðv22 þ v23Þ − λ4ðv22 þ 3v23Þg þ
μ2Δ
4
ðv22 þ v23Þ ¼

1

4
ðv22m2

H�� þ v23m
2
H���Þ;

VCB7 − VN2 ¼
v2Φ
32

f4λ3ðv21 þ v22 þ v23Þ þ λ4ðv21 − v22 − 3v23Þg þ
μ2Δ
4
ðv21 þ v22 þ v23Þ

¼ 1

4
fv21ð2m2

H�� −m2
H���Þ þ v22m

2
H�� þ v23m

2
H���g;

VCB8 − VN2 ¼
v2Φ
32

f4λ3ðv20 þ v21Þ þ λ4ð3v20 þ v21Þ þ 12λ5vv0g þ
μ2Δ
4
ðv20 þ v21Þ

¼ 1

4
fv20ð3m2

H�� − 2m2
H���Þ þ v21ð2m2

H�� −m2
H���Þg þ 3

8
λ5vv0v2Φ;

VCB9 − VN2 ¼
v2Φ
32

f4λ3ðv20 þ v22Þ þ λ4ð3v20 − v22Þ þ 12λ5vv0g þ
μ2Δ
4
ðv20 þ v22Þ

¼ 1

4
fv20ð3m2

H�� − 2m2
H���Þ þ v22m

2
H��g þ 3

8
λ5vv0v2Φ;

VCB10 − VN2 ¼
v2Φ
32

f4λ3ðv20 þ v23Þ þ 3λ4ðv20 − v23Þ þ 12λ5vv0g þ
μ2Δ
4
ðv20 þ v23Þ

¼ 1

4
fv20ð3m2

H�� − 2m2
H���Þ þ v23m

2
H��g þ 3

8
λ5vv0v2Φ;

VCB11 − VN2 ¼
v2Φ
32

f4λ3ðv20 þ v21 þ v22Þ þ λ4ð3v20 þ v21 − v22Þ þ 12λ5vv0g þ
μ2Δ
4
ðv20 þ v21 þ v22Þ

¼ 1

4
fv20ð3m2

H�� − 2m2
H���Þ þ v21ð2m2

H�� −m2
H���Þ þ v22m

2
H��g þ 3

8
λ5vv0v2Φ;

VCB12 − VN2 ¼
v2Φ
32

f4λ3ðv20 þ v21 þ v23Þ þ λ4ð3v20 þ v21 − 3v23Þ þ 12λ5vv0g þ
μ2Δ
4
ðv20 þ v21 þ v23Þ

¼ 1

4
fv20ð3m2

H�� − 2m2
H���Þ þ v21ð2m2

H�� −m2
H���Þ þ v23m

2
H���g þ 3

8
λ5vv0v2Φ;

VCB13 − VN2 ¼
v2Φ
32

f4λ3ðv20 þ v22 þ v23Þ þ λ4ð3v20 − v22 − 3v23Þ þ 12λ5vv0g þ
μ2Δ
4
ðv20 þ v21 þ v23Þ

¼ 1

4
fv20ð3m2

H�� − 2m2
H���Þ þ v22m

2
H�� þ v23m

2
H���g þ 3

8
λ5vv0v2Φ;

VCB14 − VN2 ¼
1

8
ðv20 þ v21 þ v22 þ v23Þðλ3v2ϕ þ 2μ2ΔÞ ¼

1

8
ðv20 þ v21 þ v22 þ v23Þð3m2

H�� −m2
H���Þ:

Here, mH�� , mH��� denote the physical scalar masses evaluated at the stationary point N2.
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VCB1−VN1¼−
λ̃2
2
v21v

2
Δ−

λ4
16

ðv2v2Δþv21v
2
ΦÞ−

λ5
8

vΦ
vΔ

ð3v2v2Δþv21v
2
ΦÞ;

VCB2−VN1¼−
λ̃2
2
v22v

2
Δ−

λ4
8
ðv2v2Δþv22v

2
ΦÞ−

λ5
8

vΦ
vΔ

ð3v2v2Δþv22v
2
ΦÞ;

VCB3−VN1¼−
3λ4
16

ðv2v2Δþv23v
2
ΦÞ−

λ5
8

vΦ
vΔ

ð3v2v2Δþv23v
2
ΦÞ;

VCB4−VN1¼−
3λ̃2
4

v22v
2
Δþλ4

v2v2Δð−7v21þ8v22Þ−3v2Φðv41þv21v
2
2−2v42Þ

48ðv21−v22Þ
−
λ5
8

vΦ
vΔ

f3v2v2Δþðv21þv22Þv2Φg;

VCB5−VN1¼−
9λ̃2
8

v23v
2
Δþ

λ4
16

�
3v2v21v

2
Δ

v21−3v23
−v2Φðv21þ3v23Þ

�
−
λ5
8

vΦ
vΔ

f3v2v2Δþðv21þv23Þv2Φg;

VCB6−VN1¼−
3λ̃2
8

ð2v22þ3v23Þv2Δþ
λ4
16

�
3v2v2Δ
4v22

ð−2v22þ3v23Þ−v2Φð2v22þ3v23Þ
�
−
λ5
8

vΦ
vΔ

f3v2v2Δþðv22þv23Þv2Φg;

VCB7−VN1¼−
3λ̃2
8

v2Δð2v22þ3v23Þ−
λ4
16

ðv22þ2v22þ3v23Þv2Φ−
λ5
8

vΦ
vΔ

f3v2v2Δþðv21þv22þv23Þv2Φg;

VCB8−VN1¼−
λ4
16

v21v
2
Φþ

λ5
8v0vΔ

fv3v3Δ−3v2v0v2ΔvΦþ3vv20vΔv
2
Φ−v0ðv20þv21Þv3Φg;

VCB9−VN1¼−
3λ̃2
4

v22v
2
Δ−

λ4
8
v22v

2
Φþ λ5

8v0vΔ
fv3v3Δ−3v2v0v2ΔvΦþ3vv20vΔv

2
Φ−v0ðv20þv22Þv3Φg;

VCB10−VN1¼−
9λ̃2
8

v23v
2
Δ−

3λ4
16

v23v
2
Φþ λ5

8v0vΔ
fv3v3Δ−3v2v0v2ΔvΦþ3vv20vΔv

2
Φ−v0ðv20þv23Þv3Φg;

VCB11−VN1¼−
3λ̃2
4

v22v
2
Δ−

λ5
8

vΦ
vΔ

fv2v2Δ−2vv0vΔvΦþðv20þv21þv22Þv2Φgþ
fΔv2ΔþfΔΦvΔvΦþfΦv2Φ

16f6v20v2−3v21v2þ3v32−2
ffiffiffi
3

p
v0ðv21−2v22Þg

;

VCB12 − VN1 ¼ −
9λ̃2
8

v23v
2
Δ −

λ5
8

vΦ
vΔ

fv2v2Δ − 2vv0vΔvΦ þ ðv20 þ v21 þ v23Þv2Φg

−
λ4
16

3vvΔð3v20 − 2v21ÞðvvΔ − 2v0vΦÞ þ fð9v40 þ 3v20ðv21 þ 9v23Þ þ 2ðv41 − 9v43Þgv2Φ
9v20 þ 2v21 − 6v23

;

VCB13 − VN1 ¼ −
3λ̃2
8

ð2v22 þ 3v23Þv2Δ −
λ5
8

vΦ
vΔ

fv2v2Δ − 2vv0vΔvΦ þ ðv20 þ v22 þ v23Þv2Φg

þ λ4
16

3vvΔð2v22 − 3v23ÞðvvΔ − 2v0vΦÞ þ 2ð4v42 − 9v20v
2
3 þ 6v22v

2
3Þv2Φ

3v20 − 4v22
;

VCB14 − VN1 ¼ −
3λ̃2
8

ð2v22 þ 3v23Þv2Δ −
λ4
16

ðv21 þ 2v22 þ 3v23Þv2Φ −
λ5
8

vΦ
vΔ

fv2v2Δ − 2vv0vΔvΦ þ v2Φðv20 þ v21 þ v22 þ v23Þg;

where

fΔ ¼ v2f−6v20v2 þ 7v21v2 − 8v32 þ 2
ffiffiffi
3

p
v0ðv21 − 4v22Þg

fΔΦ ¼ −2vf−6v30v2 þ 2
ffiffiffi
3

p
v21v

2
2 þ 2

ffiffiffi
3

p
v20ðv21 − 4v22Þ þ v0ð7v21v2 − 8v32Þg

fΦ ¼ −6v40v2 þ v20v2ðv21 − 20v22Þ þ 2
ffiffiffi
3

p
v30ðv21 − 4v22Þ þ 2

ffiffiffi
3

p
v0ðv41 þ v21v

2
2 − 4v42Þ þ 3v2ðv41 þ v21v

2
2 − 2v42Þ: ðC1Þ
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