Neural Networks 197 (2026) 108516

Contents lists available at ScienceDirect

Neural Networks

journal homepage: www.elsevier.com/locate/neunet

Full Length Article , '.) ;
Multiscale corrections by continuous super-resolution et

Zhi-Song Liu ¥ &% Roland Maier

2 Department of Computational Engineering, Lappeenranta—Lahti University of Technology (LUT), Finland
b Institute for Applied and Numerical Mathematics at Karlsruhe Institute of Technology (KIT), Germany
¢ Department of Mathematics at, Saarland University, Germany

b Andreas Rupp ¢

ARTICLE INFO ABSTRACT

Keywords:

Numerical homogenization
Super-resolution

Deep neural networks
Finite elements

Finite element methods typically require a high resolution to satisfactorily approximate micro and even macro
patterns of an underlying physical model. This issue can be circumvented by appropriate multiscale strategies that
are able to obtain reasonable approximations on under-resolved scales. In this paper, we study the implicit neural
representation and propose a continuous super-resolution network as a correction strategy for multiscale effects.
It can take coarse finite element data to learn both in-distribution and out-of-distribution high-resolution finite
element predictions. Our highlight is the design of a local implicit transformer, which is able to learn multiscale
features. We also propose Gabor wavelet-based coordinate encodings which can overcome the bias of neural
networks learning low-frequency features. Finally, perception is often preferred over distortion so scientists can
recognize the visual pattern for further investigation. However, implicit neural representation is known for its
lack of local pattern supervision. We propose to use stochastic cosine similarities to compare the local feature
differences between prediction and ground truth. It shows better performance on structural alignments. Our
experiments show that our proposed strategy achieves superior performance as an in-distribution and out-of-

distribution super-resolution strategy.

1. Introduction

This study paves a new direction of using deep learning-based contin-
uous super-resolution as a numerical homogenization tool. To this end,
we address the issue of efficiently simulating physical phenomena char-
acterized by effects on several length scales. In this context, the term
numerical homogenization refers to a general mathematical strategy that
allows to employ fine-scale features of a solution (sometimes referred to
as oscillations) in a coarse-scale simulations. Thus, numerical homoge-
nization can in some sense be translated to multiscale correction in what
follows. A comparison between classical mathematical homogenization
approaches and our super-resolution-based approach is illuminated in
the below paragraphs.
We denote our approach continuous, since as opposed to most super-
resolution approaches, which are trained on fixed integer scales (e.g.,
the super-resolution is conducted by factors of 2, 4, ...), we allow for an
arbitrary scaling and also allow for out-of-distribution resolutions. That
is, we may train our model to downscale the simulation 16 times, and
use it to downscale our numerical results 10 or 20 times.

Examples of multiscale phenomena with effects on multiple scales
are flow and transport through porous media. To reliably predict such
phenomena, information on the micro-scale is necessary. However, if,
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e.g., flow through soil is considered, we are usually only interested in
some macroscopic outcome, such as the final macroscopic location of
some contaminant in a field. In mathematical terms, such processes are
described by partial differential equations (PDEs). More precisely, the
equilibrium state of a flow process is characterized by an unknown func-
tion u that solves the PDE

{— div(AVu) = f inQ,

(€]
u=0 on 09,

in a bounded domain Q c R¢. Here, A: Q — R is a scalar-valued coef-
ficient, and f: Q — R is a source or sink. The multiscale character is
encoded in the structure of A, which is strongly heterogeneous on a fine
scale.

Our main assumption in this manuscript is that Q is a rectangular do-
main covered by some (potentially very fine) pixel mesh on which A
varies between two discrete values. The restriction of A can be justified
in many cases, e.g., if flow through a porous medium, which results in
to two distinct diffusivities, and by a measurement device that is only
capable of classifying the medium on the pixel mesh.

Since problems of the type (1) are not only relevant in soil science (Rupp,
2019; Zhang et al., 2023), oil recovery (Praditia et al., 2018) (and the
references therein), drug development (Ray et al., 2013), and medicine
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\begin {equation}\label {eq:model} \left \{ \begin {aligned} -\operatorname {div} (A\nabla u) &= f&& \quad \text { in } \Omega ,\\ u &= 0&& \quad \text { on } \partial \Omega , \end {aligned} \quad \right .\end {equation}
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\begin {equation}\label {eq:modelweak} a(u,v) : = \int _\Omega A \nabla u \cdot \nabla v \dx = \int _\Omega f v \dx =: (f,v)\end {equation}
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\begin {equation}{J} = f_\theta (F, r), \label {eq:liif}\end {equation}
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\begin {equation}{J} = f_\theta (s(F, c), s(r, c)-c), \label {eq:grid}\end {equation}
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\begin {equation}y_m = w_\theta (y_{m-1}) = \sigma (W_m y_{m-1} + b_m), \label {eq:gabor}\end {equation}
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\begin {equation}J = f_{\theta }(s(F, c), \phi \left (s(r, c)-c\right )), \label {eq:gabor_grid}\end {equation}
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(where the porous medium could, e.g., be a brain Wagner & Ehlers, 2008
or the skin of an individual Reis et al., 2015), but in many disciplines of
science and engineering, many approaches in the literature try to tackle
them.

Mathematical approaches. From a mathematical perspective, (1) can-
not be approximated by standard numerical schemes such as finite el-
ement, finite volume, or finite difference schemes on the coarse scale
of interest since their respective meshes would need to resolve the fine-
scale structure. This would result in an unfeasible number of degrees
of freedom and computational demands that forbid the application of
these techniques to technically relevant problems. However, there are
mathematically rigorous and efficient approaches to tackle this issue,
such as E and Engquist (2003, 2005), Hou and Wu (1997), Matache and
Schwab (2002). These approaches are based on analytical homogeniza-
tion theory, see Blanc and Le Bris (2023), Tartar (2009), and the refer-
ences therein, that require the coefficient to exhibit specific properties
(such as periodicity or scale separation) that are rarely met in practice.
Alternatively, heuristic approaches try to infer easy-to-compute homo-
geneous problems from statistical considerations (Ray et al., 2018).

A promising and reliable alternative to the approaches above are com-
putational multiscale methods, referred to as numerical homogenization.
The idea is to generate optimally adapted finite element solutions from
a coarse-scale finite element solution enriched by suitable fine-scale
information. In particular, such approaches provably work for a vast
class of heterogeneous media with minimal structural assumptions, see,
e.g., Altmann et al. (2021), Babuska and Lipton (2011), Chung et al.
(2018), Dong et al. (2023), Efendiev et al. (2013), Henning and Peter-
seim (2013), Ma and Scheichl (2022), Ma et al. (2022), Mélqvist and Pe-
terseim (2021), Maier (2021), Malqvist and Peterseim (2014), Owhadi
(2017), Owhadi and Scovel (2019). Although these methods are highly
efficient for solving a multiscale problem once the enrichment functions
are computed, they need substantial pre-computations per choice of A.
Our approach. We propose a different approach in the spirit of nu-
merical homogenization. The goal is to learn a mapping from a (po-
tentially incorrect) coarse-scale solution to an improved (upscaled) so-
lution that appropriately represents fine-scale features for a large class
of coefficients A and not for each A individually as in the above tech-
niques. That is, we connect the PDE problem to image super-resolution,
which is a fundamental task in image processing to recover fine textures
in given images. As tools for ill-posed inverse problem, deep learning-
based super-resolution approaches have shown remarkable progress in
the past decade and have been widely used in digital entertainment,
content creation, and fashion design. Recently, researchers have been
interested in applying super-resolution to physical problems, including
fine-grained climate prediction (Yoshikane & Yoshimura, 2023), remote
sensing (Liu et al., 2023), and coastal simulations (Liu et al., 2024). Our
contributions can be summarized as follows:

e We propose a numerical homogenization strategy via continuous
super-resolution (NH-CSR), incorporating a coarse (and possibly) in-
accurate approximation of (1) and the coefficient map A to achieve
reliable approximations via super-resolution.

e Our proposed framework achieves better visual quality due to
wavelet implicit neural representations (WIRE), which use a continu-
ous real Gabor wavelet activation functions as position-based image
functions. It better concentrates on space frequency and has excel-
lent biases for representing images.

¢ We also employ the multiscale implicit image function (MS-IIF) for
frequency interpolation. It can faithfully preserve low-frequency in-
formation while introducing high-frequency details for better visu-
alization.

e To encourage the neural network to learn spatial structural infor-
mation, we introduce a novel stochastic cosine similarity loss that
can grab the non-local pixel correlation in the 2D space, which gains
significant improvements in super-resolution.
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e We empirically demonstrate the supremacy of the proposed NH-CSR
over the existing state-of-the-art techniques in quantitative and qual-
itative measurements. We further experiment with ultra-resolution
schemes to show that our method is superior to others in out-of-
distribution super-resolution.

Fig. 1 shows an exemplary comparison of our approach with local
implicit image functions (LIIF) (Chen et al., 2021) on the finite ele-
ment data super-resolution. We apply the NH-CSR to the low-resolution
data and produce multiscale super-resolved images. Since the model is
trained for the setting with an upsampling factor of 16, any upsampling
factors that are larger than 16 prescribe an out-of-distribution super-
resolution. In the right upper corner (left), we also show the coefficients
that are used for the data generation. The remaining plots show visu-
alizations of the upsampled solutions, which are normalized to [0, 255],
then multiplied by a factor 64 and cut again to the range [0,255] by
taking the values modulo 255. These are then used for a coloring us-
ing the RGB color space. This is done to highlight pattern differences
more clearly. In particular, this leads to the oscillatory structure of the
pictures. Overall, we observe that our approach outperforms LIIF in all
upsampling scenarios.

Theoretical grounding. The computational multiscale methods, men-
tioned above, use the fact that the fine-scale behavior of the solution u
can be reconstructed from the coefficientA. In particular, they correct
coarse-scale shape functions in an A-dependent fashion to account for
the fine-scale behavior. Afterward, they solve a coarse finite element
problem with these ‘corrected’ ansatz functions.

Contrasting that approach, we first solve the coarse finite element prob-
lem with ‘uncorrected’ shape functions, and correct the solution u,, af-
terward. To that end, our approach receives the coefficient A and the
approximated solution u;, to generate the fine-scale features. It can, thus,
be justified similarly to its mathematical analogs.

In essence, since the PDE of interest is known, only the coefficient A
(and right-hand side f) is required to obtain a reasonable approxima-
tion, see also classical theory on finite element methods, e.g., Bartels
(2016), Braess (2007), Brenner and Scott (2008), Knabner and Anger-
mann (2021). In a similar manner, several works have shown (theo-
retically and experimentally) that the coefficient-to-solution map can
be well-approximated by neural networks, see, e.g., Bhattacharya et al.
(2021), Gao et al. (2021), Geist et al. (2021), Kutyniok et al. (2022). In
that sense, our approach even works with more data than theoretically
required, as the (easy-to-compute) coarse-scale solution is also taken as
input, giving already a very rough approximation of the desired solution
as a starting point.

Structure. The manuscript is structured as follows: In the next section,
we discuss the available mathematical tools to tackle (1). Afterward, we
mention related works in the context of super-resolution. Section 3 de-
tails our approach regarding the possible application of super-resolution
to achieve similar results as numerical homogenization approaches. Fi-
nally, Section 4 comprises illustrations of our numerical results.

2. Background and related works
2.1. Mathematical approaches

The basis of numerical homogenization strategies are traditional dis-

cretization methods, such as the finite element method. We briefly state
the definition of the method and then review some multiscale methods
based on it.
Finite element approximations. A classical way to approximate solu-
tions to (1) is the finite element method. It is based on a weak formula-
tion: multiplying (1) with a so-called test function and using integration
by parts results in seeking a function « that solves

a(u, v) ::/AVu-Vudx:/fvdx:: (f,v) 2
Q Q
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Fig. 1. Continuous super-resolution for finite element data. We use the proposed method to apply multiscale upscaling to the low-resolution image, both in-
distribution (orange region, upscaling factor not larger than 16) and out-of-distribution (green region, upscaling factor larger than 16). We see from the comparison
that ours achieves better visualization than the state-of-the-art LIIF (Chen et al., 2021) approach. Note that the actual values are first normalized to [0, 255], then
multiplied by a factor of 64, and taken modulo 255 to again be in the value range between 0 and 255. Finally, the result is converted to the RGB color space using
the Matplotlib colormap to better visualize differences. This procedure aims at highlighting fine differences in simulation results and leads to the observed wavy

patterns.

for all appropriate test functions v. The finite element method restricts
possible functions to approximate u (trial functions) and functions v (test
functions) to a finite-dimensional subspace that is built from a decom-
position of the domain into a grid 7), consisting of small boxes K with
side length 2 > 0. More precisely, let

v: Q- R : v|g is a polynomial of o
Vy 1= . nC (),
partial degree <1 forall K €7,

which is the space of continuous functions that are polynomials of de-
gree at most one in each coordinate direction when restricted to a box
of the grid 7;,. The finite element method then seeks a function u;, € V,
such that

a(up, vy) = (f,vy) 3

for all functions v, € V. Since V,, is a finite-dimensional space, (3) is
equivalent to solving a system of linear equations.

As mentioned above, the finite element method only provides reason-
able approximations if 4 < ¢, where ¢ is the most miniature scale on
which the coefficient varies. However, resolving all details can be a com-
putationally demanding task or even not possible at all for large systems
of equations. Therefore, alternative strategies are necessary.necessary
Multiscale strategies. An alternative to globally resolving fine scales
are homogenization-type approaches. Suppose A has a specific struc-
ture (e.g., indexed by an explicit, fine parameter ¢, periodic, etc.), then
homogenization theory states the existence of a homogenized coefficient
A, that replaces A in (1) and leads to a solution that presents the macro-
scopic behavior of the exact solution u, see Blanc and Le Bris (2023), Tar-
tar (2009). In particular, a standard finite element method (as discussed
above) may now be applied since problematic oscillations have been
removed. There are constructive approaches to (approximately) obtain
the coefficient A, such as, e.g., the heterogeneous multiscale method,
see E and Engquist (2003, 2005).

Other possibilities are computational strategies that evolve around
modifying the space V), to include information about under-resolved
scales. Corresponding strategies are, e.g., the multiscale finite element
method (Hou & Wu, 1997), generalized multiscale finite element meth-
ods (Chung et al., 2018; Efendiev et al., 2013), multiscale spectral gener-
alized finite element methods (Babuska & Lipton, 2011; Ma & Scheichl,
2022; Ma et al., 2022), the localized orthogonal decomposition strat-
egy (Henning & Peterseim, 2013; Mélqvist & Peterseim, 2021; Mélqvist
& Peterseim, 2014), or gamblets (Owhadi, 2017; Owhadi & Scovel,
2019). They often pose fewer assumptions on the structure of the coef-
ficient A. For a review article on computational strategies, see Altmann
et al. (2021).

All these approaches have in common that they require additional pre-
computations to obtain the homogenized coefficient or an appropriate
discrete approximation space. These computations are the bottleneck of
such strategies. Therefore, the benefit lies in scenarios where multiple
right-hand sides f in (1) are considered or in time-dependent cases in
which A does not change.

2.2. Super-resolution

Researchers recently paid attention to continuous image super-
resolution (SR) for its practical and flexible image scaling for various
displays. Local implicit image representation is one method that can
map the coordinates and 2D features for continuous feature space inter-
polation. In this section, we will revisit these two topics in detail.
Implicit neural representation. Implicit neural representation (INR)
uses multi-layer perceptrons (MLP) to learn pixels or other signals from
coordinates. It has been widely used in 3D shape modeling (Chen &
Zhang, 2019; Michalkiewicz et al., 2019), surface reconstruction (Jiang
et al., 2020; Songyou et al., 2020), novel view rendering (Mildenhall
et al., 2020; Niemeyer et al., 2020; Oechsle et al., 2019), etc. For in-
stance, Mildenhall et al. (2020) propose to map the camera poses and
point clouds to the pixel values via a multi-layer MLP network. They
use multiple-view images to optimize the network for implicit feature
representation. Instead of using a voxel or point cloud, the implicit neu-
ral representation can 1) capture the fine details of scenes for photo-
realistic reconstruction and 2) also emit complex 3D representation as
a small number of differentiable network parameters.

INR can be regarded as an efficient, continuous, differentiable signal
representation. Siren (Sitzmann et al., 2020) is one of the pioneering
approaches that use periodic functions to build sinusoidal representa-
tion networks, such that it can solve complex boundary value problems.
However, it suffers from signal noise and parameter variations. There-
fore, a wavelet implicit neural representation (WIRE) (Saragadam et al.,
2022) is proposed to utilize Gabor wavelet activation functions to op-
timize time-frequency compactness. Its results on inverse problems of
images and videos show that Gabor wavelets are a universally supe-
rior choice for nonlinearities. In the meantime, band-limited coordinate
networks (BACON) (Lindell et al., 2022) propose a similar solution as
an analytical Fourier spectrum for multiscale signal representation. It
initializes the frequencies of the sinusoidal layers of a multiplicative fil-
ter network (MFN) (Fathony et al., 2020) within a limited bandwidth.
Multiple layers of outputs are summed together to produce the over-
all output so that the network learns to fit the signal in a band-limited
fashion. MIRE (Jayasundara et al., 2025) is proposed to use dictionary
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learning to match the activation of each layer for better signal repre-
sentation. EVOS (Zhang et al., 2025) optimize the INR training via the
modified evolution algorithm, which reduces 48% ~ 66% training com-
putation. ViiNeuS (Hala & Nathan, 2025) proposes to use INR on a 3D
surface representation. It learns the signed distance field from 2D images
for LiDAR datasets.

In 3D processing, researchers propose to process 3D data by MLPs as
unsigned distance (Chen & Zhang, 2019; Michalkiewicz et al., 2019),
signed distance (Jiang et al., 2020), or occupancy field (Songyou et al.,
2020). For view rendering, NeRF (Mildenhall et al., 2020) and Gaussian
splitting (Kerbl et al., 2023) also show great performance in real-time us-
ing implicit radiance field rendering. These advances in INR also inspire
INR-based modeling of ordinary or partial differential equations. For ex-
ample, Fourier neural operators (Li et al., 2020) parameterize the inte-
gral kernel directly in Fourier space with simple multiplications, which
leads to a significant reduction of computational costs. Spherical Fourier
neural operators (Bonev et al., 2023) generalize the Fourier transform,
achieving stable autoregressive long-term forecasting.

Continuous image super-resolution. Image and video super-
resolution are ill-posed problems: One low-resolution (LR) image can
lead to multiple plausible sharp and clean high-resolution (HR) images.
The typical solution is to use paired LR-HR data to optimize restoration
models via pixel-based loss functions. Since the seminal super-resolution
work of Dong et al. (2016), many image super-resolution approaches (Jo
et al.,, 2018; Ledig et al., 2017; Liang et al., 2021; Liu et al., 2022,
2021; Niu et al., 2020; Saharia et al., 2023; Tian et al., 2020; Wang
et al., 2024) have adopted an end-to-end neural network to learn the
regression model for reconstruction. However, the existing state-of-the-
art super-resolution methods can only handle fixed-scale upscaling. For
out-of-distribution upscaling, they must be retrained or fine-tuned for
optimal results. Continuous super-resolution, on the other hand, com-
bines the recent developments of INR and super-resolution to come up
with a grid-based latent space super-resolution. The local implicit im-
age function (LIIF) (Chen et al., 2021) is one of the pioneering strate-
gies for continuous feature interpolation. That is, a grid-aware MLP net-
work takes both pixel coordinates and global image features for fea-
ture expansion and then projects the super-resolved features to the ac-
tual pixel values. Such an operation can be further extended to video
super-resolution. VideoINR (Chen et al., 2022) applies INR-based super-
resolution to both space and time. Local texture estimators (LTE) (Lee &
Jin, 2022) improve them by estimating the dominant frequencies to ex-
plore the 2D Fourier space feature representation. Local implicit trans-
formers (LITs) (Chen et al., 2023) are used to integrate the attention
mechanism and frequency encoding technique into the INR function.
The cross-scale feature aggregation ensures a rich non-local representa-
tion. Given the recent success of diffusion models (Wang et al., 2024)
and attention to super-resolution (Liang et al., 2021), combining INR
and diffusion denoising models (Gao et al., 2023) shows superior per-
formance. CiaoSR (Cao et al., 2023) proposes a multiscale attention-
in-attention network for continuous super-resolution. Another direction
is to use normalizing flow processes (Rezende & Mohamed, 2015). The
idea is to learn how to model the ill-posed problem as a super-resolution
distribution. LINF (Yao et al., 2023) learns a coordinate conditional
normalizing flow model that can extract the local texture patches for
global reconstructions. Most recently, NeurOp-diff (Zihao et al., 2025)
proposes to utilize a diffusion model based neural operator for remote
sensing image super-resolution. HIIF (Jiang et al., 2025) proposes a
hierarchical encoding structure to replace MLP layers for continuous
super-resolution. DDIR (Zhiheng et al., 2024) combines the deformation
field learning and implicit image function for real-world image super-
resolution.

2.3. Combining mathematical and super-resolution approaches

Summarizing the above mathematical approaches, we recognize that
numerical homogenization methods provably produce accurate solu-
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tions under specific model assumptions. However, these methods rely on
a computational demanding offline phase for each fine-scale problem.
That is, the fine-scale information correcting the coarse-scale solution
needs to be calculated individually for each problem.

Machine learning-based super-resolution approaches learn the
coarse to fine mapping for a vast class of fine-scale information. How-
ever, standard approaches do not respect the fine-scale structure of the
individual problem; they rather learn a general fine to coarse mapping
that is good for any fine-scale structure.

Our approach bridges this gap between mathematical numerical ho-
mogenization and machine learning-based super-resolution: It learns a
super-resolution map that contains coarse-to-fine mappings that respect
the individual fine-scale information. Thus, our model needs a simple
and possibly inaccurate coarse-scale simulation and the fine-scale struc-
ture of the problem to generate a fine-scale approximation to the so-
lution. As this approach is very general and efficient, it cannot pro-
vide results of the quality of other specifically constructed numerical
homogenization tools that invest additional resources for every coeffi-
cient separately. Nonetheless, we achieve very good results in a macro-
scopic sense, which is already very important for multiscale problems.
In particular, the results are much better than straight-forward coarse
simulations. However, there is (as almost always for machine learning
models) no mathematical proof that the result satisfies mathematical
accuracy bounds. While one could check the quality of the obtained so-
lution a posteriori, which is a future research prospect, we rather want
to provide an intuitive justification for our approach:

The model (1) can be viewed as a description of (slow) fluid flow
through soil. The coarse-scale approximation discards fine properties of
the flow and is therefore inaccurate. The missing piece is still encoded in
the actual soil structure. Since our approach uses both pieces of informa-
tion (coarse flow and fine-scale structure of porous matrix) and learns
to transfer simulation results from a coarse to a fine scale, we can hope
to obtain good solutions. This is experimentally justified in Section 4.

Building on this motivation, we further highlight how our method
differs from existing super-resolution approaches. Unlike prior works
that are limited to fixed-scale super-resolution, our proposed NH-CSR
achieves scale-arbitrary super-resolution for both in-distribution and
out-of-distribution cases within a single unified model. At its core, NH-
CSR employs a multiscale implicit image function, which surpasses
existing continuous super-resolution methods in interpolating missing
sub-pixels across varying scales. Furthermore, unlike traditional im-
plicit neural representations that require per-signal optimization, NH-
CSR adopts a meta-learned, coordinate-based architecture that enables
general image representation with a single shared model.

3. Approach: numerical homogenization by super-resolution

The aim of our approach is to only compute a (not necessarily reason-
able) coarse approximation based on the finite element method that is
then upscaled to a finer scale by a continuous super-resolution approach
without using sophisticated mathematical numerical homogenization
tools. From knowledge of a coarse finite element solution (which is
cheap to obtain but in general not even a good approximation in a
macroscopic sense) and the coefficient A, we aim to recover a reason-
able solution on a finer scale which contains microscopic information
as well. To connect this setup to image-based super-resolution strate-
gies, we represent the coarse finite element solution as a low-resolution
(LR) pixel image, the fine-scale solution by a high-resolution (HR) im-
age, and the coefficient as an image on an intermediate scale. We aim to
upscale solutions independently of the scale difference: starting from a
certain coarse approximation on the scale 4 with some coefficient that is
piecewise constant on a grid consisting of boxes with side length ¢, our
method should be able to recover an upscaled solution on a chosen scale
&, where typically 2 > € > 6. This approach may be understood as a nu-
merical homogenization strategy in the spirit of the above-mentioned
multiscale approaches, but it acts a posteriori. Its idea of upscaling is
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Fig. 2. The proposed super-resolution model for numerical homogenization. (a) shows the overall architecture and (b) shows the detailed operator of LIIF used
in coarse and fine LIIF modules. Given a coarse fine element solution represented by X and the corresponding coefficient A, we learn a conditional feature extractor
using off-the-self neural networks. The extracted feature is then sampled based on the random coordinate map c, so that we obtain sampled feature points and grid
points. Coarse and fine implicit image functions (IIF) take as input the paired feature and grid points learned by the proposed WIRE operation to form the regression
model for super-resolution. The results of coarse- and fine-grained pixel regression are summed together with the sampled LR pixels to obtain the final super-resolved

pixels.

more abstract than that of traditional numerical homogenization ap-
proaches and does not boil down to modifying basis functions individ-
ually. In particular, our approach is not necessarily local and different
parts of the image and also features potentially learned from other im-
ages are taken into account for a global prediction. This is achieved by
a continuous super-resolution model, which is trained on a set of coef-
ficients and corresponding coarse and fine solutions. More details are
given in the following subsection.

Our numerical homogenization strategy via continuous super-resolution
(NH-CSR) is illustrated in Fig. 2. We denote by X € RUH+Dx(H+D the
input low-resolution finite element data, where H + 1 is the dimen-
sions of its height and width and H = 1/h. The corresponding co-
efficient A € REXE with E = 1/¢ is also taken as an additional in-
put for the super-resolution model. Note that A was previously de-
fined as a function. However, since it is assumed to be piecewise con-
stant, it may be represented as a pixel image as well. The overall neu-
ral network is a coefficient-guided continuous super-resolution model
f(X, A, @) to produce an a-times super-resolved finite element solution
Y € ReH+Dx@H+]) where a € R*. As shown in Fig. 2(a), the complete
network consists of three main components: 1) global feature extrac-
tion (blue block), 2) learnable Gabor wavelet-based grid sampling (The
WIRE in light-green blocks), and 3) Multiscale implicit image function
(MS-IIF) (olive-green blocks, Fig. 2(b)).

3.1. Global feature extraction.

Intuitively, to achieve arbitrary-scale super-resolution, we first need
to have a continuous data representation. The coarse finite element data
and the coefficient map are discrete with different data ranges. Hence,
we propose a conditional feature extraction using an off-the-shelf im-
age processing backbone to extract the dense feature representation as
F = g(d(X), A) (blue block in Fig. 2(a)). We first upsample the coarse
finite element data via the bicubic interpolation d(-) to the same size as
the coefficient map A and then stack them together as input to learn the
dense features F via several convolution operations g. Note that we use
the off-the-shelf networks as backbones without using their pre-trained
parameters as the finite element data are generated randomly without

a. Random value b. Checkerboard pattern c. Wave pattern

d. Stride pattern

e. Mixed pattern 1 f. Mixed pattern 2

Fig. 3. Examples of coefficient maps used for finite element data genera-
tion. We show six examples of different coefficients. The visualization is done
by normalizing the coefficient value to [0, 255].

strong semantic meaning as for natural photos. Using more complex net-
works can gain some improvements. We will discuss these in Section 4.

3.2. Gabor wavelet based implicit image function.

For continuous super-resolution, we are interested in learning a local
implicit image function (LIIF) (Chen et al., 2021),
J = foF,r), 4
where J is the predicted data and F is the global feature map obtained
from the previous step. Further, r is the 2D coordinate in the continuous
2D domain and f, is an M-layer MLP network. We assume that f, can be

shared by all the images, hence it learns the local feature representation
by assigning local feature points to their 2D coordinates,
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Fig. 4. Visual comparison of the coarse finite element solutions. We use the proposed method to apply multiscale upsampling to the coarse finite solution, both
in-distribution (upsampling factor no larger than 16) and out-of-distribution (upsampling factor larger than 16) scenarios. Ours achieves the best visualization among
others. As before, the pixel values are multiplied by a factor 8 and shifted to a value range between 0 and 255 to better visualize differences. More precisely, the
multiplied values are taken modulo 255.

J = fy(s(F,c),s(r,c)—c), 5)

where s is the bilinear grid sampling operation, r represents the 2D co-
ordinates of the global feature map, and ¢ are the target 2D coordinates.
We first apply spatial sampling to the global feature map and its coordi-
nates to localize the neighborhood features, then we use MLP to recon-
struct the missing data. Here, we use the coordinate residues s(r,c) — ¢
to emphasize the distances between nearest neighbors for prediction.

The term in (5) describes a grid-based regression model. Using MLP
with ReLUs is biased towards learning low-frequency content (Chen
et al., 2021). Inspired by the recent development of positional encod-
ing (Vaswani et al.,, 2017) and Fourier feature mapping (Mildenhall
et al., 2020), implicit neural representation shows much better results
on high-frequency information prediction. Consider an implicit neural
representation function w, : R? — RP mapping input coordinates to
D, output dimensions with learnable parameters 6. The goal is to map
the coordinates to another domain of interest. In general, based on a co-
ordinate vector y,,_; in the (m — 1)th layer, the consecutive coordinate
vector is computed by

Y = We(Yy) =Wy, +b,), 6)

where ¢ is the nonlinear activation function and W,,, b,, are the weights
and biases for the mth layer. In previous works (Chen et al., 2023; Lee
& Jin, 2022), learnable M-layer MLPs are utilized for coordinate expan-
sion, including the periodic function o(x) = sin(wx) and the plain ReLU
function ¢(x) = max(wx, 0), where @ denotes the learning parameter for

the MLP layer. The problem is that they do not offer an explicit multi-
resolution representation. In our case, the finite element data naturally
preserves a multi-resolution ability, and therefore we propose continu-
ous Gabor wavelets ¢ for the coordinate mapping (light-green blocks in
Fig. 2(a)), ¢p(x; @y, so) = cos(wox)e‘(so)‘)z. It is interesting to point out that
when s; = 0, we have ¢(x; @, sy) = cos(wyx) which is similar to SIREN
in (Sitzmann et al., 2020). When o, = 0, we have ¢(x; @, s¢) = e‘(sﬂx)z,
which is the Gaussian nonlinearity in Ramasinghe and Lucey (2022).
We apply two layers of such Gabor wavelet nonlinearities to the 2D co-
ordinates, such that we can rewrite (5) as

J = fy(s(F,c), (s(r, c) — ¢)), @)

where J is the output feature vector. Furthermore, we modify the atten-
tion mechanism to expand the local feature aggregation. Specifically,
we reformalize (7) as a non-local filtering process (Fig. 2(b)),

Q = s(Wy(2)), K =s(W(2), V = s(Wy(2)),

KT + ¢d(s(r,c)—c) | XV |, ®

J = f, | softmax

where Q, K,V are the query, key, and value to compute the attention.
Further, D is the channel dimension of the local feature embedding. It
first calculates the inner product of Q and K, adds the relative posi-
tional bias obtained by a Gabor wavelet based coordinate encoding to
the result, and produces an attention matrix normalized by the softmax
operation. Intuitively, (8) is the weighted version of (7), which learns
the feature correlations and aggregates similar patterns for efficient im-
age reconstruction.
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Fig. 5. Plots of sliced pixels from different super-resolution approaches. To better visualize the individual pixel differences, we use different methods to apply
16-times super-resolution on one coarse finite element data, then we slice the middle row and column of pixels (indicated by the red lines) and plot their values by

coordinates. We can see that our approach better aligns with the HR data.
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Fig. 6. Frequency analysis of different super-resolution approaches. We
use the Fourier transform to convert super-resolved data to the frequency do-
main, and then we use radial power spectral density (RAPSD) to average the
spectrum along different angles. Finally, we use the log-log plot to show the
correlations between power and frequency. We can see that our approach can
better preserve the power across different frequency bands.

3.3. Multiscale implicit image function (MS-IIF).

A key challenge in continuous super-resolution is how to faithfully
interpolate across scales: low-frequency components must be preserved
to maintain global consistency, while high-frequency details need to be
accurately reconstructed for sharp visualization. A single-scale repre-
sentation often struggles to balance these two aspects, leading either
to overly smooth results (if biased toward low frequencies) or to noisy

artifacts (if biased toward high frequencies). To address this, we pro-
pose a grid-based multiscale implicit image function (MS-IIF) (coarse and
fine LIIF modules in Fig. 2(a)), which explicitly disentangles coarse-
and fine-scale interpolation. It takes the extracted feature maps J €
RKX(H+DX(H+1) (where k is the number of channels) and expands the
values to a higher dimension. In the feature domain, we want to up-
scale the features to the desirable size of k(H + 1) X k(H + 1). To achieve
that, we first generate a coarse grid r'R € R>H+DX(H+1) and a fine grid
PR g R2Xk(H+DXKH+D Then we apply a coarse and a fine data regres-
sion, that is,

F'R = fiR[s(J,0), p(s(r™®, ¢) — o)),
F = fiRIs(U (), 0), p(s(r™, ¢) = 0], )
F = MLP(F™® + F'?),

Using the pixelshuffling operator U" to upsample the original global fea-
ture maps J, we obtain the reconstructed feature map F as the sum of
coarse-scale (F'R) and fine-scale (FHR) grid-sampled features. Finally,
we use one more MLP layer MLP to obtain the final reconstructed finite
element data points.

3.4. Losses L(Y,Y)

To train our model, we combine an L1 loss and our proposed stochas-
tic cosine similarity for optimization. The L1 loss is given by L,(Y,Y) =
é Y2y -1, I}, where B is the batch size. Note that here ¥; and ¥; are
the sampled pixels from predicted and ground truth data, respectively.
The problem with this loss is that it takes each data point individually
to measure the differences. For a 2D finite element solution, the local
region shows similar continuous patterns that need to be collectively
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Fig. 7. Visualization of continuous super-resolution to finite elements. We show the residual image between LIT and ours on various upsampling factors. For

better visualization, we multiply the residual values by 20 times.
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Fig. 8. Visualization of multiscale feature sampling for 16-times super-
resolution. Given one 16-times super-resolved example ((a) shows the ground
truth data), we visualize the frequency map of coarse- and fine-scale recon-
structed data in (b), and the plots of sliced pixels in (c). The slicing position is
shown with the red lines.

optimized. In order to supervise the network to learn data points as a
whole set, we get inspiration from S3IM (Xie et al., 2023) to propose a

stochastic cosine similarity score (SCS) L, as follows,

1 g PIY) X PUY)

_ DOXBR® (10)
B(H +1) ; = IPLAIOIIP O

L. (Y,7)

The SCS can be summarized in three steps:

Training loss 1073

wo SCS loss
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Fig. 9. Validation loss changes over training iterations. To demonstrate the
effect of the SCS loss for the model optimization, we visualize the validation loss
changes over iterations.
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Fig. 10. Visualization of conditional super-resolution for 32-times super-
resolution. To demonstrate the effect of the coefficient map and different en-
coder structures, we visualize the super-resolved finite element data. For better
comparison, the values are multiplied by a factor 8 and taken modulo 255 as
before.

1. We randomly sample a batch size of B input data points, each
datum is of dimension 1x (H + 1)x (H +1). The corresponding
ground truth and model output ¥ and ¥ are of dimension B x
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Fig. 11. Visualization of real-world soil patterns for 16-times super-resolution. To demonstrate the effect of the proposed method for real-world data, we
visualize the super-resolved finite element data. For better comparison, the values are multiplied by a factor of 10 and taken modulo 255 as before.

(H + 1) x H + 1, where the ground truth data points are randomly
sampled from the original images. We randomly sample H + 1 points
from Y and Y.

2. We compute the cosine similarities PZ(Y) and P[’)()A’).

3. We repeat steps (1) and (2) H + 1 times and average the H + 1 esti-
mated stochastic cosine similarities to obtain the final SCS.

We avoid using edge-guided loss functions, e.g., SSIM, because they fo-
cus more on the edges and may maximize the high-frequency details.
For finite element super-resolution, we prefer data fidelity over visual
alignment. To train the proposed NH-CSR, we have the total loss as
Loss = L;(Y,Y) + AL(¥,Y). The weighting parameter A balances the
two loss terms.

3.5. Physical re-interpretation

From a modeling perspective, our approach tries to achieve the im-
possible: it generates/guesses the fine-scale behavior (oscillations) of a
solution from a coarse (smoothened) solutions. From an abstract point of
view, this can be interpreted as the correct generation of turbulence or
any fine-scale behavior typically ignored (averaged) in numerical simu-
lations. To this end, we solely exploit tools from image super-resolution
without using the actual physics of the problem (these physics are prop-
erly learned by our approach without building them into the model).

4. Experiments
4.1. Implementation details

Datasets. To generate sufficient data samples for model training and
analysis, we randomly generate coefficient maps (independently and

identically distributed random values in {1,100} on a grid of size 128 x
128 (which corresponds to e = 1/128)) and use a standard finite element
code to obtain the corresponding low-resolution and high-resolution fi-
nite element solutions as data (we interpret nodal values as pixels). The
resolution of LR data is 33 x 33 (which corresponds to h = 1/32), the
HR data is (32a + 1) X (32a + 1), where a = 2,4, 8, 16,32, 64. The scaling
of alpha by multiples of two and the respective size of the images is
classical for finite elements, where the mesh is successively refined by
halving the mesh size (i.e., the side length of pixels). For the training,
we randomly generate binary coefficient maps as mentioned above. For
testing, we have two scenarios:

1. Random testing generates another set of paired LR-HR data using
random binary coefficient maps.

2. Deterministic testing generates new paired LR-HR data based on
deterministic coefficient maps. We focus two specific patterns (a
wave and a checkerboard structure), and we mix them to form 13
new coefficient maps, see Fig. 3.

We show six examples of different coefficient patterns in Fig. 3: (a) is
an example of a random coefficient map that we use to generate paired
training data, (b) to (d) are three deterministic coefficients generated
from checkerboard, wave, and striding patterns, and (e) and (f) are two
examples of mixed coefficient maps where we randomly mix three de-
terministic coefficients for testing.

We consider two super-resolution scenarios:

1. In-distribution SR: We train our model for 16-times super-
resolution and test the model under the same super-resolution factor.
Since the model is optimized using paired LR-HR data under 16-times
super-resolution, the model learns the fixed mapping correlations for
super-resolution.
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Comparison with state-of-the-art methods. We report the results on the test datasets of the arbitrary upscaling scenarios. PSNR and MSE (10~3) are

used for comparison.

In-distribution

Out-of-distribution

Method

2x 4x 8x 16x 32x 64x

MSE| SSIMt MSE| SSIM 1t MSE| SSIMt MSE| SSIM 1 MSE| SSIMt MSE| SSIM1?
MetaSR (Hu et al., 2019) 0.5717 0.7555 0.8902 0.8571 1.0274 0.9004 1.3115 0.9048 1.6404 0.9157 1.9924 0.9201
LIIF (Chen et al., 2021) 0.5912 0.7493 0.8742 0.8574 0.9523 0.9222 1.2045 0.9329 1.5122 0.9291 1.8445 0.9198
LTE (Lee & Jin, 2022) 0.5774 0.7070 0.9044 0.8439 0.9554 0.9199 1.1640 0.9329 1.4442 0.9005 1.7445 0.8948
IDM (Gao et al., 2023) 0.6152 0.7110 0.9125 0.8442 1.0027 0.9145 1.2204 0.9223 1.5548 0.9012 1.8667 0.8910
LIT (Chen et al., 2023) 0.5719 0.7524 0.8654 0.8578 0.9246 0.9234 1.1576 0.9335 1.4972 0.9300 1.8056 0.9217
Ours 0.5706 0.7586  0.8340  0.8627 0.8848 0.9243 1.0743 0.9346 1.3825 0.9310 1.7020  0.9227

2. Out-of-distribution SR: We train our model for 16-times super-
resolution and test the model under other super-resolution factors,
including « = 2,4,8,32,64. The corresponding output data size is
65 X 65,129 x 129,257 x 257, 1025 x 1025, 2049 x 2049, respectively.

Parameter setting. The global feature extractor can be any off-the-shelf
image encoder. We use residual dense networks (RDN) (Zhang et al.,
2018) and Swin (Liang et al., 2021). In the following discussion, we
use RDN as the default encoder as it balances quality and efficiency. We
train NH-CSR using the Adam optimizer with the learning rate 10~*. The
learning rate is halved after 50.000 iterations. The batch size is set to 32,
and NH-CSR is trained for 100.000 iterations (about 4 hours) on a PC
with one NVIDIA V100 GPU using the PyTorch deep learning platform.
Metrics and evaluation. Mean squared errors (MSE) and mean abso-
lute errors (MAE) measure the average pixel differences between ground
truth and estimation. Structural similarities (SSIM) (Wang et al., 2004)
measures the structural closeness of ground truth and estimation. To
measure the model complexity, we use FLOPs, memory, and the num-
ber of parameters to compare the computational efficiency.
Experimental design and robustness. Our experimental setup is
grounded in the theory of numerical homogenization, a general math-
ematical framework that exploits fine-scale solution features (often re-
ferred to as oscillations) within coarse-scale simulations. In this con-
text, testing on finite element data with randomly generated coefficients
is a standard and theoretically justified practice, as it effectively cap-
tures a broad spectrum of possible variations in the underlying medium.
These randomized settings are sufficient to evaluate both the robust-
ness and the generalization capability of the proposed method, thereby
addressing the main concerns typically raised about experimental va-
lidity. The influence of real-world noisy data is not addressed within
this manuscript, as its influence is usually analyzed by running many
(similar) numerical experiments, which all could be enhanced using our
approach.

4.2. Comparison of the continuous super-resolution with state-of-the-art
methods

To show the efficiency of our proposed method, we compare it with
four state-of-the-art continuous super-resolution methods: Meta-SR (Hu
et al., 2019), LIIF (Chen et al., 2021), LTE (Lee & Jin, 2022), LIT (Chen
et al., 2023) and IDM (Gao et al., 2023). All approaches are reimple-
mented using the publicly available codes. We retrained their model on
our finite element dataset for fair comparison. In Table 1, we report
the results of using different methods on both in-distribution and out-
of-distribution super-resolution scenarios. We can see that ours achieves
the best performance in both MSE and SSIM across different upsampling
factors. Note that we use MSE to measure the data fidelity between es-
timation and the ground truth. SSIM is used to measure the structural
closeness which indicates whether super-resolution can preserve the se-
mantic patterns. We can also observe that LIIF and LIT are the most com-
petitive approaches. Meta and LTE have lower performance than others,
and IDM also does not perform well as it is built on the pre-trained au-
toencoder (Gao et al., 2023). Compared with others, our model shows

10

consistent significant improvements on MSE by 0.01 — 0.3 and SSIM by
0.01 —0.03.

For better comparison, we project super-resolved finite element data to
the RGB domain for visualization. To do so, we first normalize the 2D fi-
nite element data to [0, 255] and then multiply the value by 8 in order to
highlight the subtle numerical changes. Note that values above 255 are
shifted to a value range between 0 and 255 by taking the values modulo
255. This leads to a highlighting of local differences. Finally, we use the
JET colormap to expand the data to the RGB space. The visual compari-
son is shown in Fig. 4. Here we show the results of the super-resolution
strategy based on coarse finite elements generated by different coeffi-
cients (e.g., (e) and (f) in Fig. 3). In the first row, we have a setting
generated by a random coefficient, where we observe that our model
shows clearer curvatures compared to other models. In the second row,
LIIF fails to predict the patterns, and except ours, other models show an
exaggerated behavior in the center regions. The third row shows that
our model predicts best the general geometric configuration of the HR
solution. Finally, in rows 4 and 5 our method better predicts the blue
channel between the two circles in row 4 and the upper left edge in row
5.

Note that the visualization of actual finite element data distorts the
lower and upper bounds of the data as mentioned above. Therefore,
a good way to further visualize the super-resolution is to plot certain
horizontal and vertical slices and compare the pixel values along these
slices. We can see from Fig. 5 that our method (dark brown) better aligns
with the ground truth data (dark blue), especially in the first example,
while others show different degrees of misalignment. On the other hand,
the other competitive methods (LTE in yellow color, LIIF in green color,
and LIT in red color) struggle in these four cases to get close to the
ground truth. Our method works extremely well in capturing results for
random coefficients (that may only attain two different values per pixel)
and even beyond (cf. particularly the first example with a determinis-
tic pattern). Note that in other examples, our method does not perform
as well as for the first and the random cases. This is related to the fact
that the coefficient maps that underlie these cases include patterns that
are included in the training phase, where only random patterns were
considered. Additionally, those patterns that generate problems contain
channels through the whole domain yielding a different physical behav-
ior from what the neural network has seen and also requiring highly
specified tools in classical numerical homogenization. Nevertheless, our
results are still much better than those of all the other super-resolution
approaches, which gives great hope in achieving even better results if
more involved training sets are considered beyond the random case.
Finally, we are also interested in the frequency analysis on the super-
resolution results to see the frequency interpolation. The natural way
to describe the high-frequency behavior is through a Fourier transform.
To do so, we apply a radial power spectral density (RAPSD), which is
based on the assumption that by slicing at any angle of the frequency
spectrum, we are able to identify changes in the magnitude spectra. If
the model is able to predict the missing high-frequency components,
the corresponding energy should match. As shown in the left column of
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Table 2

Ablation study on the key modules. We report the results on the
test datasets of 4-times and 8-times upsampling, including MSE (1073),
MAE (10~3) and SSIM.

Positional encoding  Plain Sinusoid  IPE LTE Gabor
MSE| 1.002 0.989 0.926 0.974 0.834
4x  SSIM? 0.851  0.857 0.855  0.857  0.863
MAE 21.76  21.44 21.05 21.17  20.09
MSE| 1.124 1.110 1.057 0.985 0.885
8x  SSIM? 0917 0917 0918 0919  0.924
MAE] 17.84  17.46 1737 17.28 16.93
Table 3

Ablation study on the multiscale feature sampling and SCS loss. We report
the MSE (1073), MAE (10-3) and SSIM results on the test datasets of 4-times and
8-times upsampling.

Multiscale = 8x

MSE| SSIMt MAE| MSE| SSIM 1t MAE|
LIIF 0.874 0.857 22.16 0.952 0.922 18.86
Single-scale+L, 0.867 0.858 21.46 0.946 0.922 18.12
Single-scale+L, + L,  0.857 0.860 21.15 0.942 0.923 17.86
Multiscale +L, 0.848 0.859 20.86 0.907 0.920 17.45
Multiscale+L,; + L 0.834 0.863 20.09 0.885 0.924 16.93

Fig. 6, we apply RAPSD to out-of-distribution (32-times and 64-times)
SR results in the following steps:

First, we convert the SR data to the Fourier domain and slice the fre-
quency spectrum in the clockwise direction to sample the spectral mag-
nitude changing along frequencies ((b) in Fig. 6). Then we average the
power-vs-frequency results on all testing data and plot it in (c) and (d)
in Fig. 6. We can see that ours better aligns the trend of energy changes
along the frequency bands. On the other hand, LIT introduces many
spikes along the high-frequency bands. LIIF, Meta and LTE (green, blue
and yellow curves) align first on the low-frequency domain and then
introduce errors in the middle- and high-frequency domains.

4.3. Ablation studies and analysis

For a further analysis of our approach, we conduct several ablation
studies to demonstrate the efficiency of key modules.
Continuous super-resolution. We first need to analyze whether the
proposed model can consistently produce super-resolved finite element
approximations. From Table 1, we can find that the most competitive
approach for us is LIT. We therefore compare our results to LIT by visu-
alizing the residual map between SR and HR data. In Fig. 7, we show the
residual maps for different upsampling factors. Whiter means a larger
residual in that context. For all upsampling factors, we perform better
than LIT.
Gabor based grid sampling. We are also interested in the effect of
using Gabor-based grid sampling for the coordinate encoding. To vali-
date its effect, we compare it with different encoding schemes, includ-
ing plain encoding without learnable parameters, sinusoid (Sitzmann
et al., 2020), IPE (Mildenhall et al., 2020), and LTE (Lee & Jin, 2022). In
Table 2, we can see that our method achieves the best performance in
terms of MSE, SSIM, and MAE.
Multiscale feature sampling and loss optimization. We conduct an
ablation study to show the effect of multiscale feature sampling and
the SCS loss for super-resolution. In Table 3, we mark single-scale as the
model that only uses coarse-level features for reconstruction (first equa-
tion in (9)), and multiscale as the model that uses both coarse- and fine-
level features for reconstruction (first and second equations in (9)). LIIF
is the baseline for comparison and we can see that using both multiscale
feature sampling and the novel SCS loss can improve the reconstruction
quality in terms of MSE and SSIM. To further show the effect of using
SCS loss, we also plot the validation loss curve in Fig. 9. We can see
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that using the SCS loss, the validation loss is lower and it also converges
faster than without using the SCS loss.

To demonstrate the efficiency of multiscale feature sampling, we show
one example of 16-times super-resolution in Fig. 8. In (b), we apply the
fast Fourier transform (FFT) to the super-resolved data and keep the fre-
quency energy spectrum, and then we shift the zero-frequency compo-
nent to the center of the array. We can observe that the coarse-scale re-
constructed image focuses more on the low-frequency estimation, while
the fine-scale reconstruction expands the energy to the wider range of
other frequency bands, which indicates that it learns to recover higher-
frequency information. In Fig. 8 (c), we plot the pixel values in the sliced
regions (marked by the red lines in (a)). We use the solid dark brown line
to represent the results obtained by our final model (combined coarse-
and fine-scale feature sampling), and the solid yellow line to represent
the results obtained only by coarse-scale feature sampling. We can see
that the final result is closer to the ground truth which aligns with the
observation in (b) that more details are recovered by the multiscale fea-
ture reconstruction. The alignment is still not fully optimal but recall
that we are dealing with a complicated setting far beyond the training
data. Including further coefficient maps into the training process, can
further improve the results.

Conditional super-resolution. The proposed NH-CSR approach takes
a coefficient map as the conditional input to jointly learn the super-
resolved data. To demonstrate its effect, we provide two examples in
Fig. 10. Comparing the first and the third column, we may conclude
that using coefficient maps as conditions for super-resolution can signif-
icantly improve the visual similarity. From the second, third, and fourth
row, it becomes clear that using a more complex global feature encoder
can improve the reconstruction quality. It is worth noting that using
swin transformers (Liang et al., 2021) (cf. the fourth column) as the en-
coder would cost much more computation time than RDN (Zhang et al.,
2018), and it also produces higher MSE losses.

4.4. Real-world applications.

We are interested in applying our proposed method to real-world
data to validate its robustness without domain-specific model fine-
tuning. In Fig. 11, we show comparisons on two datasets inspired by
two research works: (1) (Ye et al., 2024) and (2) (Vaz et al., 2014).
The first row shows the binary microCT soil patterns used as inputs
to our FEM solver to generate paired low-resolution fields (33 x 33)
and high-resolution references (fourth row, 513 x 513). All competing
methods are tasked with performing 16-times super-resolution. Across
both datasets, the bicubic baseline produces overly smoothed predic-
tions with little structural detail, while LIT partially restores coarse
patterns but still lacks sharp transitions (introducing extra ringing ef-
fects) and accurate spatial variability. In contrast, our method (fourth
row) recovers markedly clearer boundaries, more faithful spatial gradi-
ents, and finer heterogeneous structures that are visually much closer to
the ground truth. These improvements are especially evident in regions
with sharp contrast or irregular soil clusters, where competing methods
tend to oversmooth or distort the shapes. This demonstrates that our
approach generalizes well to real-world data and preserves physically
meaningful structures even without task-specific retraining.

5. Conclusion

In this paper, we propose a numerical homogenization method based
on a continuous super-resolution strategy (NH-CSR). Given a coefficient
map corresponding to a highly heterogeneous elliptic PDE and a sim-
ple coarse finite element approximation, it learns to generate multiscale
super-resolved finite element approximation from the continuous fea-
ture space. The proposed NH-CSR strategy can generate results with var-
ious resolutions, even beyond the ones used during training. Our pro-
posed Gabor wavelet-based coordinate encoding provides a smoother
distribution of grid values and captures the underlying physics more
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accurately. The multiscale grid feature sampling utilizes the attention-
based feature aggregation to effectively learn and predict patterns.
Adding the final stochastic cosine similarity score better aligns the visual
appearance to the ground truth than the variant without it. Remarkably,
training only with very specific random coefficients and corresponding
finite element solutions already allows for improved (macroscopic) pre-
dictions for more general cases (e.g. with structured coefficient). Our
study thus paves a novel direction to employ neural super-resolution
models for numerical homogenization, and we are interested in further
exploring and improving ultra-resolution reconstructions. In particular,
a thorough choice of more complex training data can already lead to
even better generalized predictions.
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