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Abstract

We establish functional analytic properties of the Stokes operator with bounded measurable
coefficients on LZ(RY), d > 2, for [1/p — 1/2| < 1/d. These include optimal resolvent
bounds, the property of maximal L?-regularity, the boundedness of its H**-calculus, and
characterizations of fractional power domains. We further give regularity estimates on the
gradient of the solution to the Stokes resolvent problem with bounded measurable coefficients.
As a key to these results we establish a non-local Caccioppoli inequality to solutions of the
Stokes resolvent problem.

Mathematics Subject Classification 47F10 - 47A60 - 35Q35

1 Introduction

This article is concerned with the investigation of the Stokes resolvent problem

Au —div(uVu) + Vo = f inR?,

(1.1)

diviu) =0 inR?
for A in some complex sector Sy := {z € C\ {0} : |arg(z)| < O} for some suitable
0 € (r/2, ) depending on d and the coefficients w. The coefficients /L;j are assumed to be
essentially bounded and complex valued; ellipticity is enforced by a Garding type inequality.
The equation (1.1) is the resolvent equation for the Stokes operator with bounded measurable
coefficients, which is formally given by

Au = —div(uVu) + V¢, div(u) =0 in RZ

On the space .2 (R?) - the space of solenoidal L2-integrable vector fields - the operator A can
be realized via a densely defined, closed, and sectorial sesquilinear form and thus is sectorial
of some angle w € [0, /2). In particular, there exists C > 0 such that forall 8 € (0, 7 — w)
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and all A € S, we have with p =2
Irullp = 112G+ A7 Fllp < Clflly  (f € LE@RD). (1.2)

A natural question is, whether the estimate (1.2) has analogues in L2 -spaces for numbers
p # 2. In the elliptic situation, i.e., if the operator Lu = — div(uVu) is considered, this
question is well understood. Indeed, it is known [1, 2, 5, 10, 33] that there exists ¢ > 0 such
that for all p € (1, co) that satisty

I 1 1 13

3 ‘ <o +e (1.3)
resolvent bounds of the form (1.2) are valid for the operator L. Moreover, the condition (1.3)
is sharp among the class of all elliptic systems with bounded measurable coefficients. Indeed,
Davies [6] constructed in d > 3 dimensions and for each p > 2d/(d — 2) coefficients y such
that the semigroup operators e~ L ¢ > 0, do not even map L? (Rd; (Cd) into itself. Thus, in
particular (1.2) fails for such p. To the best knowledge of the author, if the Stokes operator
A is concerned, the resolvent bounds (1.2) for some p # 2 are completely unknown.

It is well-known, that the resolvent bounds (1.2) are the starting point for the investigation
of further functional analytic properties of A. An immediate question is, whether A has the
property of maximal L?-regularity and whether its H*°-calculus is bounded. These properties
are of great interest for the study of fractional powers of A and eventually for well-posedness
results of nonlinear problems. In particular, rough coefficients are of great interest in the
investigation of non-Newtonian fluids in the regime of rough data.

If the coefficients u are smooth enough, then all these properties mentioned above were
established by Priiss and Simonett [27] and Priiss [26] for all 1 < p < oo. Moreover,
Solonnikov [31] investigated operators that were not in divergence form. However, there
is a big methodological difference between the smooth situation and the situation of mere
essentially bounded coefficients as techniques like freezing the coefficients and arguing for
variable coefficients via perturbation become unavailable. In the elliptic and rough situation,
variational techniques replace the method of freezing the coefficients. For instance, using
Davies’ method one establishes so-called off-diagonal estimates for the semigroup (e™* L)tZO
which eventually imply the desired resolvent bounds in L? for p satisfying (1.3), see [1, 2, 5].
Another method is by using Caccioppoli’s inequality for the resolvent equations Au + Lu =
f combined with Sobolev’s embedding theorem to deduce certain weak reverse Holder
estimates that - by virtue of an L?-extrapolation theorem of Shen [28] - also imply the
resolvent bounds in L? for p satisfying (1.3), see [29, 33].

The use of these variational methods is again problematic if the Stokes operator A is
considered. The reason is, that the derivation of off-diagonal estimates as well as of the
Caccioppoli inequality rely on testing the resolvent equation by some appropriate function
multiplied by a cut-off function. Due to the multiplication by the cut-off function, the test
function is not divergence-free anymore, so that the pressure appears in the inequalities and
has to be treated. Recently, Chang and Kang [3] proved that it is impossible to establish a
parabolic Caccioppoli inequality for the Stokes system on the half-space that has the same
form as its elliptic counterpart. Up to now, there has not been a satisfactory way of how
to handle this pressure term and the purpose of this work is to propose an argument for its
treatment.

As the pressure embodies the non-local part in the resolvent problem (1.1) some non-local
terms will enter the inequalities. Kuusi, Mingione, and Sire investigated non-local elliptic
integrodifferential operators of fractional type in [24] and established a non-local Caccioppoli
inequality in this situation. Inspired by their paper, the author extended in [35] their non-local
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Caccioppoli inequality to the resolvent equation of such operators and further extended the
proof of Shen’s L”-extrapolation theorem to these non-local estimates. In this paper, we will
proceed similarly and establish a non-local Caccioppoli inequality for the Stokes resolvent
problem (1.1). As this non-local Caccioppoli inequality is only valid for solenoidal right-hand
sides f, we further need to adapt the extrapolation argument of Shen as this requires general
right-hand sides in LZ(RY; C9).

Let us introduce some notation to state the main results of this article:

Assumption 1.1 The coefficients ju = (ug)? 5, ;_; with pjy € L¥(RY; C) for all 1 <
o, B,i, j <d satisty for some e, 1® > 0 the inequalities

d
"oy Adugﬁaﬂujaauidxzu.nwniz (u e H'R?; C%) (14)
o, B,i,j=1

and
Ml < 1, (1.5)
where || denotes the Euclidean norm of ju.
The generalized Stokes operator A is realized on L(2, (RY) as follows. Define the form
domain H}, (Rd) ={fe H! (Rd; (Cd) : div(f) = 0} and the sesquilinear form
d ..
e HLRD x HIRD - C, ) Y /Rd MO jOqvi dx.  (1.6)
a,Bi,j=1

The domain of A on Lg (R?) is then given by
D(A) = {u e HLRY) : 3f € L2(RY), Vv € H] (R?) we have a(u, v) = /d f~§dx}.
R

Now, for u € D(A) define Au := f.
This definition delivers a closed and densely defined operator on L(27 (R?). Moreover, the
Assumption 1.1 together with the inequality of Cauchy—Schwarz implies that

IS (au, u))| < Z—.m(a(u, w) (e H'®RYCY).

This means that, with

Wy = arctan(i—) € (0, %), (1.7)

the numerical range of a is contained in S, i.e., that
a(u,u) € Sy (u € H'(RY; CYY). (1.8)
An application of the Lax—Milgram lemma then implies that the resolvent equation

)\/iu Tdx +a(,v) =G (veHLRY) (1.9)
RL

has a unique solution u forevery A € Sg with0 < 6 < 7 — ¢ and every anti-linear functional
G e (H}, (Rd))*. In particular, the spectrum of A is contained in S,,. By a standard argument,
see, e.g., [30, Lem. I1.2.2.1], one can extend (1.9) to test functions v € C?o(]Rd; (Cd) by
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introducing a pressure function ¢. More precisely, there exists ¢ € L2 _(R9), that is unique

up to the addition of constants, such that

loc

k/lu -vdx + au, v) — /d ¢div(v)dx = G() (ve CSO(R‘I; Cc%y).
¢ R

This pressure function ¢ will be called the pressure associated to u, in the following. Notice
that we will, by abuse of notation, also insert non-solenoidal H!-vector fields into a.

In the literature of non-Newtonian fluids, see, e.g., [8, 18-20], operators arising from the
sesquilinear form

(1, v) > Z /ﬁ D (u)g; D(v)gi dx

o, B, j=1
are often considered. Here, ﬁg; e L™>® (Rd; C) denote coefficients that satisfy

d
Y R@E g e = clnl? (1.10)
o, B,i,j=1

for some constant ¢ > 0, for almost every x € ]Rd, and all symmetric €44 _matrices n.
Moreover, D(u) := %(Du +[Du]") denotes the symmetric Jacobian of «. Such sesquilinear

forms can be realized within the framework of this article by noting that

Z / 955 D(u) g D (V)i dx

a,B,i,j=1
Z / <5 + D%+ 07%)0puj 0qv; dx.
a,B,i,j=1
In particular, 195"/ € L®(R?; C) and (1.10) combined with Korn’s inequality imply that 1
defined by '
iy = (19 %+ 0+ 0%)

satisfies Assumption 1.1 for some constants p,, 1® > 0.
The non-local Caccioppoli inequality we prove in this article reads as follows.

Theorem 1.2 Let u satisfy Assumption 1.1 for some constants Lo, u® > Oandletwy € (0, %)
be given by (1.7). Then for all 8 € (0,1 — wp) and all 0 < v < d + 2 there exists C > 0
such that for all » € Sg, f € L2(RY), F € L2(R?; C4*9) the solution u € HL(R?) to

d
A/ u-de—l—a(u,v):/ frudx — 2/ Fop dqupdx (v € HL(RY))
R4 R4 afol R4

satisfies for all balls B = B(xo, r) and all sequences (ci)ren, With cx € c?

o oo
Al 2—""/ lu|? dx + 2—”’</ [Vu|? dx
Z: B(x0,2kr) l; B(x0,2kr)
C e ¢]
—222 (”+2)k/ lu + x| dx
=0 B (x0,251 1)\ B(x0,2%r)
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(@]
+C|A|Z|ck|2_"k/ |u| dx

B (xo,2k+1r)

k=0
C o0 o0
+ = 2*V’</ |f1>dx 4+ C 2*“"/ |F|? dx
] kZ=:0 B(x0,25+1r) Z
o0

=0 B(x0.,2%+1r)
+C Y 27 B(xo, 2 ) e .
k=0
The constant C depends on e, 1°, d, 0, and v.

As described above, the non-local Caccioppoli inequality allows us to establish resolvent
bounds in L2 (RY). More precisely, we prove the following result.

Theorem 1.3 Let p satisfy Assumption 1.1 for some constants (Lo, 1° > 0andlet wy € (0, %)
be given by (1.7). Then for all p satisfying
1 1 ‘ 1 (.11
—— = <= .
p 2 d

and all 6 € (0, 1 — wog) there exists C > 0 such that for all . € Sy we have
A+ A7 fliy <ClIflly  (f € LZRD NLERY)).

The constant C > 0 depends only on d, [ie, 1°, p, and 6.

Additionally to the L?-resolvent estimates in Theorem 1.3 we establish further regularity
estimates for solutions to the Stokes resolvent problem.

Theorem 1.4 Let u satisfy Assumption 1.1 for some constants i, 1® > 0andlet wy € (0, %)
be given by (1.7). Then for all p satisfying

2d
L op<2 (1.12)

and all 0 € (0, 1 — wog) there exists C > 0 such that for all . € Sy we have
MZIVO+ AT flli < Cliflle  (f € LoRD NLLRY).
The constant C > 0 depends only on d, [ie, 1°, p, and 0.

Theorem 1.3 allows us to realize the operator A as a sectorial operator on the L -spaces
for p satisfying (1.11). It is well-known that this is equivalent to the fact that —A generates
a bounded analytic semigroup (e’ Ay />0 ON L? (Rd ). Additionally, Theorem 1.4 tells us that
this semigroup satisfies gradient estimates of the form

2 Ve T fllLe < Clifly (>0, f e LZRY).

‘We mention here the results of Kaplicky, Malek, and Stard [19] and of Kaplicky and Wolf [20]
who prove Meyers-type higher integrability results to obtain even integrability properties for
the gradient of the instationary solution for p being slightly larger than 2.

We further prove that the LZ-realizations of A have the property of maximal L-regularity
as the following theorem states.

@ Springer



42 Page6o0f33 P. Tolksdorf

Theorem 1.5 Let pu satisfy Assumption 1.1 for some constants e, u® > 0. Then for all p
satisfying (1.11) the LE -realization of A has maximal LI -regularity for any 1 < g < oo.
More precisely, for any f € L1(0, oo; LY (RY)) the unique mild solution u to the Cauchy
problem

u'(t) + Au(t) = f(t), t>0,
u(0) =0

satisfies u(t) € D(A) for almost every t > 0, u’, Au € L4(0, 0o; LY (R?)), and there exists
a constant C > 0 depending only on d, e, 1°, p, and q such that

I
1 llLa 0,00:L2) + 1A% e (0,00:L2) = ClF llLa(0,00:L2)-

Remark 1.6 We stress that an embedding of the form D(A) C W2r (R4, C?) is in general
wrong for L°°-coefficients u. Thus, Theorem 1.5 does nor give information about second
derivatives of the solution u.

Finally, we show that the H*°-calculus of the L2 -realization of A is bounded and char-
acterize certain fractional power domains. We refer to Section 6 for an introduction of the
H-calculus.

Theorem 1.7 Let u satisfy Assumption 1.1 for some constants (Lo, 1° > 0andlet wy € (0, %)
be given by (1.7). Then for all p satisfying (1.11) the LY -realization of A has a bounded
H®(Sg)-calculus for 6 € (wy, 7). Moreover, for all s € (0, %) such that

the fractional power domains of A* are given by
D(A®) = HZ"P(RY),

with equivalent norms. Here H?’p (RY) denotes the space of all solenoidal vector fields in
the Bessel potential space H*-P (R?; C¢).

We close this introduction by stating some standard notation. Throughout, the space dimen-
sion d is assumed to satisfy d > 2. The natural numbers N are given by {1,2, ...} and
Np := N U {0}. For a ball B = B(xg, r) and some number o > 0 we denote by o B the
dilated ball B(xg, ar). The symbol | - | is reserved for the d-dimensional Lebesgue measure
or for the Euclidean norm of a finite dimensional vector or matrix. Constants C > 0 will be
generic and might change its values from line to line. In some occasions, we add subscripts,
e.g., Cyq, Cye to indicate the dependence of C on certain quantities. The mean value of a
locally integrable function f on a bounded measurable set .4 with |.A| > 0 is denoted by

fA:=]{4fdx:=ﬁ/Afdx.

For the rest of this work, we agree on summing over repeated indices.
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2 Proof of the non-local Caccioppoli inequality

Let B C RY denote a ball centered in X0 € R? with radius r > 0. Ifu € H! (2B) is harmonic,
then the classical Caccioppoli inequality for u reads as

c
/|Vu|2dx§ —2/ |u|* dx, 2.1)
B r= J2B

where C > 0 denotes a dimensional constant. Its proof is very simple as it follows after
three lines of calculation after testing the equation —Au = 0 in 2B by the test function 7%u,
where n € C2°(2B) satisfies 0 <5 < 1,7 = lin B, and ||Vn|lL~ < 2/r.Itis well-known
that this inequality can be generalized to solutions to elliptic systems in divergence form
with bounded measurable coefficients. One can even go further and consider weak solutions
u € H'(2B) to the resolvent equation Au —div(uVu) = f for A € Sy. Testing with the same
test function as above then delivers the inequality

C c
|A|/|u|2dx+/|Vu|2dx <= |u|2dx+—/ |£?dx. (2.2)
B B r< Jop |Al J2n

Here, the constant C > 0 depends on d, 6, and the ellipticity and boundedness constants of
the coefficients. Clearly, 6 has to be chosen appropriately depending on the ellipticity and
boundedness constants of the coefficients.

When the Stokes problem with, say, continuous coefficients is concerned, the classical
Caccioppoli inequality (2.1) was proven by Giaquinta and Modica in [14, Thm. 1.1]. Its
proof bases again on testing the equation by 7%u as above. However, as the test function is
not divergence free, the pressure will appear and needs to be handled in the estimates. With a
similar argument, Choe and Kozono [4] established the Caccioppoli inequality for the Stokes
resolvent problem with coefficient matrix « = Id and resolvent parameter A € iR. In this
case, the Caccioppoli inequality reads

2
[A] / u|? dx + / |Vul>dx < w lu|? dx + < / | £ dx. (2.3)
B B r 2B 1Al J2m
If one compares the elliptic estimate (2.2) with the estimate for the Stokes resolvent (2.3),
one readily sees the difference in the prefactor in front of the L?-integral of u on the right-
hand side. The additional term |A|r2 results from the treatment of the pressure term. In some
situations, e.g., in the derivation of weak reverse Holder inequalities that are uniform with
respect to A, it is important that the constant in front of the L2-integral of « on the right-hand
side is independent of } and it would be desirable if the constant would simply be C/r? as in
the elliptic case (2.2). As the pressure reflects to a great extend the non-local behavior of the
solution, it is, however, not very surprising that something odd happens if the non-local term
is “pressed” into a local estimate. The goal of this section is to take the opposite viewpoint,
namely, to prove a non-local counterpart of the Caccioppoli inequality and to recover the
prefactor C/r? in front of the L2-integrals of u on the right-hand side. The precise result we
prove is formulated in Theorem 1.2.
To prepare the arguments we first introduce some technical tools. First of all, recall that
the Helmholtz projection IP is given on the whole space by

E®¢ §®E

Pf= Fl[ld— o ]]—‘f & Md-P)f=F" il
Here, F denotes the Fourier transform, f denotes an element in LZ(RY; C¢), and ER®
g€ := ££'. Notice that P is the orthogonal projection onto L(2, (Rd). In particular, for
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f e HY(R?; C%) one has
div((Id —P) f) = div(f).

Since & % is a Mikhlin symbol, by [32, Prop. V1.4.2] there exists a kernel function

k: R\ {0} — R? such that
[(Id —P) f1(x) = /]R k=)o dy  (f e LPRECH, x gsupp(f))  (24)
and such that there exists C; > 0, depending only on d, such that
10k (x)] < MS%M (x € R\ {0} and & € N¢ with || < 1). (2.5)

Observe that P and Id —IP commute with partial derivatives whenever the function f is regular
enough. In particular, (Id —IP)9, is a convolution operator associated to the kernel 9, k.

To proceed, let L%(A) = {f € L2(A) : f4 = 0}. Let C; := B(0, 1) \ B(0, 1/2).
The Bogovskii operator B : L(z) (C)) — Hé(C 1 (Cd) denotes the solution operator to the
divergence equation for functions f € L(ZJ(C 1)

diviu) = f inCy,
u=0 ondCj.
Thus, we have div(B; f) = f. Furthermore, 31 is a bounded operator from L%(C1) onto
H(])(Cl; Cd), i.e., there exists a constant Cg,g > 0 such that
IB1 flliicyy < Crogl Flliaey — (f €LG(C).
See, e.g., Galdi [13, Sect. II1.3] for a construction of such an operator. Now, if C,, denotes
the annulus B(0, o) \ B(0, «/2) for some « > 0 and if f € L%(CO,), the rescaled function
fo(x) == o f(ax) lies in L(ZJ(C 1). Define the rescaled Bogovskii operator on C,, as
[Bo f1x) :=[Bi fullw %) (f € L§(Ca), x € Co).
Clearly, B, is bounded from L%(Ca) onto H(l)(Ca; C?) and satisfies div (B, f) = f. Further-
more, by rescaling, the following inequalities holds

IVBafliaie,) < Chogl flliae,,  (f € L3(Ca)) (2.6)

and

1Ba flli2c,) < @Chogll fllizi,y  (f € L3(Ca)). 2.7)

Finally, let use mention that - with a slight abuse of notation - we will denote the Bogovskii
operator on annuli not centered in the origin, i.e., on B(xg, @) \ B(xp, ®/2) by B, as well
and notice that (2.6) and (2.7) hold with the same constant.

We are in the position to prove a lemma on non-local pressure estimates.

Lemma 2.1 Let the coefficients w satisfy (1.4) and (1.5) with constants 1°®, jte > 0. Let
A € C and let for f € L2(R?) and F € L>(RY; C*?) the functions u € HL(R?) and
¢ € L2 (RY) solve

loc
Au— div(uVu) + Vo = f +div(F) inR?,
div(u) =0 in RY
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in the sense of distributions. Let xo € R and r > 0 and define for k € N the annulus
Ck := Cyx, = B(xo, 2k ) \ B(xo, 2k=1r). Let Cy denote the ball B(xq, r). Then there exists
a constant C > 0 depending only on 1* and d such that for all k € N we have

%
( ¢ — ¢, | dx)
Ck

k=2
dep_
sC<Zzz“ O(IVullizey + 1Fll2ey) + Y (IVullze,) + IFlze,)

Pt LeNy
le—k|<1
> d
+ ) 2GTED (1 Va2, + ||F||L2(Cg)))'
=k+2

Proof Let k € N and let B, := B,«, denote the Bogovskii operator on Ci. By an extension
by zero, we regard the function Be, (¢ — ¢c, )¢, ) as a function in H! (Rd; (Cd) whose support
is contained in Cy. Define the test function

v = (1d =P)Be, ((¢ — ¢c)le,)

which is the difference of a function in H' (R?; C?) with support in C; and of a function in
H!(®R?). Since u € HL(RY), ¢ € L (R), and since C2, (RY) := {p € CPRY; CY) :
div(p) = 0} is dense in Hcl, (R?), an approximation argument allows us to test the resolvent
equation by this test function. Because vy € L2 Rt and f € L2 (R?) this yields

/R ¢ divBe, (@ — dele) dr = /R | apdattj05L(1d —P)Be, (6 = ge)le)li dx

+ [ Fupal 18 BB, (@ = 9o .

Notice that we can subtract an arbitrary constant from the left-most pressure since integration
is only performed on Ci. By our technical preparation in front of this lemma, we derive the
identity

/ |6 — e, |” dx = / Iy it 1(1d —P)g Be, (@ — de)le)]i dx
Cr R4

+ /Rd Fopl(Id =IP)dy Be, (9 — de) e, ) 1p dx.

With a constant Cy 4« > 0 depending only on d and °, we then find

o0
1~ e, P dx < Cape Y ((IVulli2iepy + I Fll2cy)
k =0

d
> 11d =P)ag B, (@ — dele) iz ey)-
p=1
We proceed as follows: if dist(Cg, Cx) = 0, we use the fact that Id —P is an orthogonal
projection and thus, that its L?-operator norm is 1. If dist(C¢, Cx) > 0, we use the kernel
representation of Id —Pstated in (2.4) and (2.5). In any case, the last inequality in the following
estimates follows by employing either (2.6) or (2.7) depending on the particular situation.
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42 Page 10 0f 33 P. Tolksdorf

If dist(Cp, Cx) > 0,k > 2, and £ < k — 2, then there is a constant C;y > 0 such that

d
D 1Ud =P)3pBe (b = pe)le) 2 e,

p=1
e 2 \3
§Cd</ (/ VB, (¢ d)c;)lck)(y)ldy) dx)
Ce Cr |X - y|
1 1
[Cel2 1Ck|2 _—
=< dm”VBCk(@ - ¢Ck)|ck)”L2(Ck)
1Cel?1Ckl

= CdCBogm ¢ — dcllizcy-

If dist(Cy, Cx) > 0,k = 1, and £ > k + 2, we use the observation on (Id —P)dg below (2.5)
to estimate

d
> 1ad —P)agBe, (b — deple) ey

p=1
Be (@ — e 2\
SGj(/ </ |Be, ((¢ ¢c21rlfk)(y)|dy) dx)
c \Je [x — ¥l
1 1
[Cel2 1Ck|2 _—
= deBCk((¢_¢Ck)|Ck)||L2(Ck)
ICel21Ck12 24

<C4 BogW”¢ — ¢l
Moreover, we find
dist(Cp, Cp) = 25" 1r =28 = @K1 —2F2), = 2527 if k>2 and £ <k—2
and
dist(Ce, Cp) = 271 r =28 = 2571 =22 =272 if k>1 and €>k+2.
Combining all the previous estimates delivers in the case k > 2 and £ < k — 2 that
d J—, d
Y 1Ad=P)agBe, (@ = de)le) e, < CaCrog22“Plld — deliLaey
B=1
and in the case k > 1 and ¢ > k + 2 that
d
> 10 —P)3sBe, (@ — deple)lizicy) < CaCrog2 016 — ge,lli2cy-
B=1

As Cpyyg also only depends on d, we altogether get a constant Cy, ,+ > 0 that depends only
on d and w® such that
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/ 16 — g, P d
Ck

k—2
dp_
scd,,p(zzz“ O(IVullizey + IFI2ey) + D (IVulize, + 1FlIze,)
=0 teNy
[e—k|=<1

o0
d _
+ Y 2G5TED (Va2 e, + ||F||Lz(c@>)>||¢—¢ck||Lz(ck).
0=k+2

Division by [[¢ — ¢¢; llL2(c,) finally delivers the desired estimate. O

The last lemma gave a control of the pressure by the gradient of # and some parts of the
right-hand side of the resolvent equation. The next lemma will contain the standard proof
of Caccioppoli’s inequality and will provide an estimate of |A|'/2u and Vu by u, |A|7V/2 f,

and F and also by an arbitrary small pressure term. As in Lemma 2.1 we adopt the notation
Cy := B(xo,2kr) \ B(xg, 2k=1r) for k € N.

Lemma 2.2 Let p satisfy Assumption 1.1 with constants 1°, (Le > 0 and let wg € (0, %) be
given by (1.7). Then for all 0 € (0, 1 — wy) there exists C > 0 such that for all » € Sy,
§>0ceCq fe Lg (RY), and F € L2(R?; C¥*9) the unique solutions u € H(lf (RY) and
¢ L (RY) 10

A —div(uVu) + Vo = f +div(F) inR?,
div(u) =0 in R?
satisfy

[A| |u|2dx+/ |Vu|? dx
B(x0,2kr) B(x0,2kr)
—2k

1
58/ |¢—¢ck+.|2dx+C(1+f) 5 / lu+ | dx
Cit1 $ r B(x0,2k+1r)

C
+|?»||C|C/ |udx + — |f|2dx+C/ |F|?dx
B(xg,2k+1r) |)\| B(xp,2k+17) B(xo,2K+1r)

+C|B(xo, 2 )l
The constant C > 0 depends only on e, 1°, d, and 6.

Proof Let n € C(B(xo, 2*!r)) with n = 1in B(xo,2%r), 0 < n < 1, and [|[Vy|Le <
Cd/(2kr) for some dimensional constant C; > 0. Using v := n*(u + ¢) as a test function
then delivers

| ulPntdx+22 [ unPdx+ | pdydpudul +ntldx — | ¢ divin’@+0)) dx
R4 R4 RY ap J R4

= [ rr@rona- [ Fgatag +eitiar
JR4 JRA
(2.8)
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First of all, the pressure term can be rewritten as
/Rd ¢ div(y*(@ +7)) dx = /Rd (¢ — ¢cp.y) div(n (@ + 7)) dx
=2 [ @~ e nvn- @+adx,
R
Next, the second-order term can be rewritten as
oo 0.1 +)n21d
HopOBU j o [(Wi +ci)n~]dx
Rd
- /Rd Jlgdp (uj + ¢) 3l @ + E)nln dx + /Rd w50+ ¢ [0 (i7 + )y d
= [ et + cpmat @+ comax - | lhaamand @+ m + ) x
R R
+ /Rd appLu + ¢ @7 + @) dx - /Rd Hagp OO mI Ly + ) (u + cj) dx

=I1-1I+10-1V.
Rearrange (2.8) in terms of the just derived identities to conclude that
A/ lul®n?dx +1= 2/ (¢ — ¢, )nVn - @ +¢)dx +II—III+IV+/ f-un*dx

RY R? RY

+c- / St dx — / Fopdo[(upg +cp)nlndx
R4 RY
— / Foploan](ug + cg)ndx — Ac - / un2 dx.
Rd ]Rd

As in (1.8), the ellipticity and boundedness conditions (1.4) and (1.5) imply that

IeSy,.

Since A € Sp and since 0 + wp < , there exists C > 0 depending only on 6 and wp (and
thus only on 6, 11, 1°, and d) such that

|x|/ u2n? dx + 1| 5c‘x/ |u|2n2dx+l‘.
RY R4

Employing the ellipticity condition (1.4) once again, shows that

Al / |u|*n* dx + / VI + c)nl>dx < CQ,M,,M.,d‘A/ u’n?dx +1/, (2.9
Rd Rd ]Rd
where Cy ;;, uo,a > 0 still only depends on 6, ji,, 1°, and d.
Let § > 0. The remaining terms are estimated by Young’s inequality as
2| [ @t nvn- @+ oy
2C,; - 27k
< — | — ey 11 (u + )l dx (2.10)
r Crt1

8 2C%Cy puu po.a2” %
= 7/ |¢_¢Ck+]|2dx+ il ’g’ / |u+c|2dx
2Ch,papod Sy 8r Chr1
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and

20 - 27 %d* e
I — | < "7“/ IV + )nlllu + | dx
Cit1

r

2
74@ — d/ VI + ] dx

4C7 - 272K dB(u®)? Co g o
n d (n®) 0,1he, 1L ,d/ lu +c|2dx
Crr1

72

and

4. 272kd4 °
[\ A / lu + ¢ dx
r Ck+1

Hu. pne.d 2 || 2
fun dx’_ / [f17dx + ———— [ |un|~dx
’ / 2|A B(x0,251r) 2C0, pe,po.d JRE

1
2
]E-/ fnzdx]§|c||B<xo,2’<+‘r)|%(/ |f|2dx>
RY B(xo,2k+17)
B(xg, 2k+1y
< [BO0, 277 1)l )'|c|2+/ 1f1 d
2 B(xo,2k+lr)

and

| [, Fapol G+ pmind|

/ VI + P dx + Cop e d/ PP dx

4C0 MY AN | B(xp,2k+17)

and

C2 .02k
(/ Faﬂ[aan](@+@)ndx] < “72/ |u+c|2dx+/ |F|? dx.
R? r Ci+1 Cr+1

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Putting all the estimates (2.9), (2.10), (2.11), (2.12), (2.13), (2.14), (2.15), and (2.16) together

and rearranging the terms finally delivers

|A|/ |un|2dx+/ VI + ] dx
Rd Rd

55/ |¢—¢ck+1|2dx+|k||C|C/ o] dx
Cr1 B(x0.2¢+1r)

1\ C.272%
+(1+7) s / lu + c|? dx
8 r Crt1

|f|2dx+C/ |F|?dx

B (xo,2k+1r)

Al S B(xg 261 )
+ C|B(x0, 2°F1r)[e]?,

where C > 0 depends only on 6, i, *, and d. Finally, use that n = 1 in B(xo, 2¥r) and

conclude the desired estimate.

[m}
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Before we come to the proof of Theorem 1.2, we state and prove the following elementary
lemma.

Lemma23 Let 0 < v < d + 2 and (ag)een, € L. Then there exists a constant C > 0
depending only on d and v such that

Zz vk<222(z Yo+ Y ar+ Z (D)~ e)az> <Ci27uzaez.
=0

k=1 £eNy £=k+2
le—k|<1

Proof Let ¥ € (0, 1) satisfy 9 (d +2) = (d + 2 + v)/2. By the Cauchy—Schwarz inequality
the series is then estimated by

22_”k<222“ Bag+ Y ar+ Z 2(5+D k= Z)ae>

£eNy l=k+2
le—k|=<1
<322—vk{<22(1 )4 -k 4, ) +3 Y &
=0 £eNy
[6—k|<1
00 2
+< 3 2<1—z9><%+1><k—z>2z9(%+1)(k—aag) }
L=k+2
<3ZZ vk{zz(l $)d(t—k) Zzz?d(é D2 43 Z &
teNy
k|21
o0 o0
+ Z 2(1719)(d+2)(k7€) . Z 219(d+2)(kfl)ag,}.
l=k+2 L=k+2

Consequently, there exists a constant C > 0 depending only on d and v such that

Zz “k(Zp(‘ Bag+ Y ar+ Z 2(5+ Dk~ Z)ag)

LeNy {=k+2
[—k|<1
00 k—2 00
<C Z 27\;1({ Z 219d(€7k)az2 + Z a% + Z 219(d+2)(k7£)a%}.
k=1 =0 £eNy L=k+2

[e—k|=<1

The only terms that are of interest right now are the first and the third series. After applying
Fubini’s theorem to each of the series we derive by virtue of ¥ (d +2) — v > 0 with a different
constant C > O still depending only on d and v that

22 vk{zzﬂd(l k) 2+ Z 2P (d+2)(k—0) 2}

l=k+2

o0 00 00 -2
— Z 2Zz9da% Z 2—(17d+v)k + Z 2—1?(d+2)Kag Z 2(19(d+2)—v)k
=0 k=42 =3 k=1
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< c{ iz—% :+ Zz—%g}.
£=0

[}

Proof of Theorem 1.2 Let § > 0 be a constant to be fixed during the proof. By virtue of
Lemma 2.2 applied with constant ¢ = ¢; € (Cd, we estimate with a constant C > 0
depending only on i, £°, d, and 6

o0 o0
|x|22*”k/ |u|2dx+22*”</ |Vul* dx
k=0 B(x0,2%r) k=0 B(x0,2kr)
<52’ 2—""/ — e P+ (1+5) 2—<“+2>k/ 24
<82y 9= valdrt (145 52 [, e el dx
k=1 k=0 +1
o0
+ || |ck|2—”’</ x+— 2—”"/ | f1? dx
kg(:) B(xo,Zk“r) |}‘| Z B(xg,2k+1r)
o0
+cZz*”’</ |F|2dx+cZz*”ﬂB(xo,2k+1r)||ck|2.
B(x0,2k+1r) =0

(2.17)

Now, we employ Lemma 2.1 first, followed by Lemma 2.3 withag := |Vull 2, + 11 Flir2 ¢,
for £ € Ny to establish for some constant Cy4,,, > 0 that

o0
> 27 g — gl dx
k=1 Cr
oo
Z uk(222<z Ya+ Y a+ Z S+ "’mz)
k=1 2eNy =k+2
le—k|<l1

e¢]
SCd,vZZ‘”K</ |Vu|2dx+/ |F|2dx).
£=0 Ce Ce

Plugging this estimate into (2.17) and using that Cy C B(xo, 2%r) then delivers

o0 o0
|,\|Zz—”’</ |u|2dx—|—22_”k/ |Vu|? dx
k=0 k=0

B(x0,2%r) B(x0,2kr)

oo o0
I\ C
<82"Can Y 2*”"/ |Vu|2dx+(l+f)—2§ 2*<“+2>k/ lu + cx|? dx
P B(x0.2%r) §/re = Cern

o0
A0S el / 2k / 1f1P d
,; B(x0,2k+'r) |)»| Z B(x0,2%+1r)

o0 o0
+(C+82"Ca) Yy 27 / [FI*dx 4+ C Y 27" |B(xo, 2F1r) fex .
k=0 B(x.2%1r) k=0

Now, choose § such that §2"C,,, = 1/2. Absorbing the first term on the right-hand side into
the corresponding term on the left-hand side finally yields the desired estimate. O
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3 A digression on sectorial and R-sectorial operators

We start by introducing the concepts of sectorial and R-sectorial operators.

Definition 3.1 Let X and Y denote Banach spaces over the complex field and let B : D(B) C
X — X be a linear operator.

1. The operator B is said to be sectorial of angle w € (0, 7) if
o(B) C S,

and if for all 6 € (0, 7 — w) the family {A(A + B)! Jres, C L£(X) is bounded.
2. A family of operators 7 C L(X, Y) is said to be R-bounded if there exists a positive
constant C > 0 such that for any kg € N, (Tk)],?’= , € 7, and (xk)io=1 C X the inequality

”Zrk()Tkxk LZ(OIY) Hzrk() Xk

holds. Here, ri(t) := sgn(sin(2k mt)) are the Rademacher functions. The smallest such
constant C is called R-bound of T and denoted by R(7).
3. The operator B is said to be R-sectorial of angle o € [0, m) if

L2(0,1;X)

o(B) C S,
and if for all 6 € (0, 7 — w) the family {A(A + B)_I}AES(.) C L(X) is R-bounded.

Remark 3.2 1. By taking kp = 1 one sees that R-boundedness implies boundedness of a
family of operators. If X and Y are isomorphic to a Hilbert space, then R-boundedness
is equivalent to the boundedness of the family of operators, see [7, Rem. 3.2].

2. If X is a subspace of L?(2; C™) for some 1 < p < co,m € N, and Q C R4 Lebesgue
measurable, then there exists C > 0 such that for all kg € N and ( fk)iozl it holds

CHZ neC) e L2(0,1;X) H[kZ]fH ]

This means, that R-boundedness in L”-spaces is equivalent to so-called square function
estimates [7, Rem. 3.2].

3. The operator —B generates a strongly continuous bounded analytic semigroup on X if
and only if B is densely defined and sectorial of angle w € [0, 7/2),see [11, Thm. I1.4.6].

? LP(Q) Hzrk()fk

L2(0,1:X)

It is well-known from classical form theory [22], that operators associated to bounded,
accretive and elliptic sesquilinear forms are sectorial. In particular, the generalized Stokes
operator A is sectorial in Lg (R?) and the angle can be computed to be at least wy defined
in (1.7). The following proposition provides a more detailed statement. As it relies on a
standard application of the Lax—Milgram lemma and of using the solution « as a test function
to the resolvent equation, we omit the details.

Proposition 3.3 Let p satisfy Assumption 1.1 for some constants [ie, 1* > 0 and let wy €
O, %) be given by (1.7). Then the spectrum of A is contained in S, and for all 0 € (0, w —wq)
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there exists C > O suchthatforall A € Sgp andall f € L[Z, (RY) we have withu = (A+A)~! f
that

1
IAlllulliz + (A2 [ Vulle < ClLfllz -

Moreover, for all & € Sg and all F € C?O(Rd; (CdXd) there exists C > 0 such that with
u:= (A + A)"'Pdiv(F) it holds

1
(A2 fullz + IVl < ClIF [l 2.
The constants C only depend on d, |Le, |1°, and 6.

In the course of this article, we will show that A gives rise to an R-sectorial operator
on LY (RY) for all p € (1, 0o) satisfying (1.11). In particular, this will imply Theorems 1.5
and 1.3. Eventually, the following observation will be crucial.

Observation 3.4 Proposition 3.3 implies that {A (A + A)’I}Aesg - ,C(Lg (R?)) is bounded
forall@ € (0, m —wy), so that A is sectorial in Lg (Rd) of angle wp. Moreover, Remark 3.2 (1)
yields that A is also R-sectorial of angle wy.

A combination of Definition 3.1 (2) and Remark 3.2 (2) reveals that the following statement
is immediate:

For 1 < p < oo, the family {A (A + A)_I}AES(.; extends from CZ°, (]Rd) to an R-bounded

o

family in L(L? (Rd)) if and only if there exists C > 0 such that for all kg € N, all (kk)iozl C

Sg,andall f := (f1,..., fkp. 0,...) with f; € Cf.f’a (Rd), 1 < k < ko, the operator T(Ak)ko
k=1
given by
M+ A7
T ko f = )"ko()\ko +A)_1fk0
()\'k)k=l
0
satisfies
IIT(Ak)];‘J:lf”L”(Rd;ZZ(Cd)) = C”.f”Lp(Rd;[Z(Cd))' (3.1)

In other words, the family of all operators that can be formed by the procedure above extends
to a bounded family in L? (Rd; Ez((Cd)). In particular, from the first part of this observation,
we know that this statement is valid in the case p = 2.

4 A glimpse onto a non-local LP-extrapolation theorem

To extrapolate the R-bounded family {1 (X + A~} }res, for@ € (0, 7 —awp) in £(L(2r (]Rd)) to
an R-bounded family in £(LZ (R?)) for p satisfying (1.11) we want to employ the following
vector valued and non-local analogue of Shen’s L?-extrapolation theorem [35, Thm. 1.2].
See [28, Thm. 3.1] for Shen’s original theorem.

Theorem 4.1 Let X, Y, and Z be Banach spaces, M, N > 0, and let
T e LILPRY X), LPRE YY) with Tz x) 2@ yy <M
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2y =N

Suppose that there exist constants po > 2, t > 1, and C > 0 such that for all balls
B c RY and all compactly supported f € L™ (R?; X) with f = 0in (B the estimate

and Ce LILPRY X), L2 (R 2)) with [Cll o x).12 @

1

1
(][ \TF dx) " <C swp (][ (ITFIB + 1CFI2) dx)z (@.1)
B B'DB B’

holds. Here the supremum runs over all balls B containing B.
Then for each2 < p < po there exists a constant K > 0 such that for all f € L*®° R?; X)
with compact support it holds

ITf N @e.yy < KWl x) + ICF ILo@d. 2)-

In particular, if C is bounded from LP (R?; X) into LP(R?; Z), then the restriction of T
onto Lz(Rd; X)NnL? (]Rd; X) extends to a bounded linear operator from 1LP (Rd; X) into
LP(R?; Y). The constant K depends only on d, po, p, , C, M, and N.

In our situation, we would liketochoose X =Y = Z = Ez(Cd), C := Id, and the operator
T as one of the operators defined in Observation 3.4. If all these operators would satisfy the
assumptions of Theorem 4.1 in a uniform manner, we could conclude the R-boundedness
of this family in L”-spaces. However, there is one issue, namely, the resolvent operators
(A + A)~! are only defined on L2 (R?) and not on L?(R?; C?). Clearly, one could try to
replace (A + A1 by the operator (A + A)~'P, which is a bounded operator defined on all
of L2(R; C%). However, as it was mentioned earlier, to verify (4.1) one needs Caccioppoli’s
inequality, cf. Theorem 1.2, and this inequality requires the right-hand side f to be solenoidal.
More precisely, the solenoidality was essentially used in the proof of Lemma 2.1. Being
bound to right-hand sides in L2 (R?) we present in the following, how to adapt the proof of
Theorem 4.1 to our needs. We advise the reader to have a copy of the proof at hand. Notice
that a similar analysis was performed in [34, Sect. 5] for X and Y being finite dimensional.

Throughout the proof, a function f is fixed and for exactly this function the boundedness
estimate

”Tf”LP(]Rd;Y) = K(”f”Lp(]Rd;X) + ”Cf”Lh(Rd;Z))

is proved. To establish this estimate a good-A argument is used. An analysis of this good-A
argument reveals that the L2-boundedness of T and C as well as (4.1) are used exactly once,
namely, in order to deduce an inequality of the form

C
{x € O : Mag=(ITfII})(x) > a}| < 3/ (£ 1% + ICF1I%) dx

210*

1

Clo| 1 ) ) o\
+aP0/2{Q,SDu2pQ*(|Q/|/Q,(||Tf||y+||fllx+||Cf||Z) dx) } ,
4.2)

cf. the proof of Claim 3 in [35, Thm. 1.2]. Here, « > 0 is arbitrary, Q is a cube in Rd, O*is
its dyadic “parent”, i.e., Q arises from Q* by bisecting its sides, and M» ¢+ is the localized
maximal operator

1
Magrg(x) = sup m/mdy (x €20%).
R

XeR
RC20*
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where in the supremum R denotes a cube in RY. Following the proof of [35, Thm. 1.2],
to conclude (4.2) from (4.1) and the L2-boundedness of T and C, it first has to be noticed
that (4.1) can equivalently be formulated with cubes instead of balls. Then, f is decomposed
as f = fxuo+ f XRA\210% where x denotes the characteristic function of a set. This
decomposition is used on the left-hand side of (4.2) to estimate

lx € 0 : Mag-(ITSfII3)(x) > a}] < [{x € Q : Mag=(ITf x2u0+II3) (x) > /4}]

+1{x € 0 : Mag(ITf Xpa\ 0+ I7) () > a/4}].
4.3)
The first term on the right-hand side is controlled by the weak type-(1, 1) estimate of the
localized maximal operator and the L2-boundedness of T, yielding the first term on the right-
hand side of (4.2). The second term on the right-hand side is controlled by the embedding
LP0/2 < 1P0/2:% and the LP%/?-boundedness of the localized maximal operator followed
by (4.1) and the L2-boundedness of T and C yielding the remaining terms on the right-hand
side of (4.2), cf. the proof of Claim 3 in [34, Thm. 1.2].
Essentially, the only thing that happened in (4.3) was that T f was decomposed by means
of

Tf=Tfxu0+ TfXRd\le»h 4.4

We would like to emphasize here that this decomposition of T f is induced by the linearity of
T and a decomposition of f. Clearly, one could imagine that other suitable decompositions
of Tf into a sum of two functions exist. For example, in the next section 7" will incorporate
operators T; f = A;(A; + A)~! f and we will decompose T;f as Ajuy + Ajuz, where ug
solves an appropriate resolvent problem in 2:Q* with right-hand side f|,¢+. Since u; is
undefined outside of 2¢Q* this yields, in general, a different decomposition as in (4.4).

Taking this into account in the formulation of the L?”-extrapolation theorem might yield a
more flexible result. This could be an advantage if a certain structure of f (such as solenoidal-
ity) is eminent and which is destroyed by multiplication by characteristic functions. This
indicates the need of a formulation of Shen’s L?-extrapolation theorem that does not rely on
a particular decomposition of 7 f and is presented in the following without delving further
into its proof.

To this end, we say that Q* is the parent of a cube Q C R? if Q arises from Q* by
bisecting its sides. Moreover, for xo € RY and r > 0 let Q(xg, r) denote the cube in R?
with center xo and diam(Q (xg, )) = r. Finally, for a number & > 0 denote by o Q the cube
Q(x0, ar). In the following formulation of the L”-extrapolation theorem, we simply replace
the L2-boundedness of 7 and C together with (4.1) by the assumption that (4.2) is valid.

Theorem 4.2 Let X, Y, and Z be Banach spaces. Let further2 < p < po, f € L? R4 X)N
L?(RY; X), and let T be an operator (not necessarily linear) such that T (f) is defined and
contained in 1.2 (]Rd; Y).

Suppose that there exist constants t > 1 and C > 0 and an operator C (not necessarily
linear) such that C(f) lies in Lz(Rd; Z) and such that for all o« > 0, all Q = Q(xg, r) with
r > 0and xog € R?, and all parents Q* of Q the estimate
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Cc
I(x € Q: Mag(IT(NIF) () > e} < E/QQ* (1% + ICCHIZ) dx

1

cio| 1 - BN
+am/2{Q/SDusz*<|Q,| /Q (IO + 1715 + 1CCHI) dx) } :
4.5)

holds. Here the supremum runs over all cubes Q' containing 2Q*.
Then there exists a constant K > 0 depending on d, p, po, t, and C such that

IT oty < KL i@ + 1CH ILr@d,2)-

5 Proofs of Theorems 1.3, 1.4, and 1.5

This section is dedicated to the proofs of Theorems 1.3, 1.4, and 1.5. To begin with, we have
another look onto a Caccioppoli inequality which is similar to the one in Lemma 2.2.

Lemma 5.1 Let ju satisfy Assumption 1.1 for some constants o, u*® > 0 andlet g € (0, 7)
be given by (1.7). Then for all 6 € (0, m — wy) there exists C > 0 such that for all .. € Sg and
all solutions u € H' (B (xq, 2r): (Cd) and ¢ € L2(B(xg, 2r)) (in the sense of distributions) to

A —div(uVu) + Vo =0 in B(xg, 2r),
div(u) =0 in B(xg, 2r)

satisfy for all n € C2°(B(xo,2r)) withn = 1in B(xo,r), 0 <n <1, and ||Vy|lLe < 2/r
and forall cy € Cand c; € C4 the estimate

1) |un|2dx+/ VI + el dx
B(x0,2r) B(x0,2r)

1
sc{—/ lu + c2|* dx + [ea| 2] lu|n? dx
r B(x0,2r) B(x0,2r)

1 1
1 5 2 ) 2
+ - lp —ci|”dx [+ c)nl”dx ) .
r B(x0,2r)\B(xo,r) B(xo,2r)
The constant C > 0 depends only on e, 1°, d, and 6.

Proof The proof is literally the same as the proof of Lemma 2.2 in the case k = 0. The only
difference is the estimate of the pressure term in (2.10). Notice that in order to derive (2.10)
we subtracted the constant ¢¢,,, of ¢ but that it was possible to subtract any other constant
as well. Thus, it is no problem to replace ¢¢,, by c1 in (2.10). This term then reads

2\/ (¢ — c)nVn - (@ + @) dx .
Rd
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Now, by the properties of n and by Holder’s inequality we find that

[ @=convn- G+ ead

2 L\ A\
<- lp —c1]”dx [+ co)nl”dx | .
r B(x0,2r)\B (x0,r) B(x0,2r)
This readily concludes the proof. O

To proceed we introduce another sesquilinear form, which is associated to the Stokes
problem in a ball but with Neumann boundary conditions. For this purpose, let B C R?
denote a ball, let

[Z(z, (B) :={f e L%*(B; Cd) : div(f) = 0 in the sense of distributions},
and let
HL(B) = {f e H'(B; CY) : div(f) = 0}.
Now, define the sesquilinear form

bp : Hé(B) X H},(B) - C, (u,v)—~> /d u;fbaﬂu,-aaui dx.
R

We abuse the notation and denote the same sesquilinear form but with domain H' (B; C4) x
H'(B; C%) again by bg. The operator associated to bp is a generalized Stokes operator
on B subject to Neumann-type boundary conditions. The following lemma shows how to
reconstruct the pressure associated to its resolvent problem. Its proof is an adaption of the
constant coefficients case carried out in [25, Pf. of Thm. 6.8].

Lemma5.2 Let 0 € (0,71 — wg) and B C R? be a ball. There exists a constant C > 0
such that for all . € Sy, f € £(2,(B) and F € L%(B; (CdXd) there exists a unique solution
u e Hé (B) to

A/ u-vdx +bpg(u,v) :/f~idx—/ Fapdqvgdx (v EH},(B)) (5.1
B B B
and an associated ¢ € L*(B) solving
k/ u-ﬁdx—l—bg(u,v)—/qbdiv(u)dx
B B

:/Bf.vdx—/BFaﬁmdx (v e H'(B; C%)) (5.2)
which satisfy the estimate
lllel 2 gy + 1121V ulliam) + 1112 102 s,
< C(If N2 g + M2 I F 2 gs))- (5.3)
The constant C > 0 only depends on d, 0, jLo, and |1°.

Proof Observe that the arguments between (1.6) and (1.9) carry over to bp with the same
angle. Thus, the existence of u follows by the Lax—Milgram lemma. Testing (5.1) by u gives
the estimates of « and Vu in (5.3). From now on, we focus on the construction of the pressure

®.
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Since CS?U(B) C H}, (B) there exists, by virtue of [30, Lem. 11.2.2.1], a function ¥ €
LZ(B), which is unique up to the addition of constants, such that

A/u-idx-l—bg(u, v)—/z?div(v)dx
B B

=/f-vdx—/Faﬁmdx (v e H)(B; CY). (5.4)
B B

The task is now to find a suitable constant ¢ € C such that ¢ := ¥ + ¢ satisfies (5.2). To this
end, let ¢y € Hl/z(aB; (Cd) with

/a 22X ) do) = 1,

B |x — xol

where xo denotes the center of B and o its surface measure. Let Egq € H'(B; (Cd) denote
an extension of ¢( and define

c::—/ f~E<podx+/ FaﬂBQ(Egao)ﬁdx+k/u-Egaodx
B B B
+bB(u,E<p0)—/ 9 div(E¢o) dx.
B

Now, for v € HI(B; (Cd) we find with

'712/a i - v]pp(x) do(x)

B 1x — xol

and the divergence theorem that
A/u~idx+b3(u,v)—/(z?—i—c)div(v)dx
B B
:)\/u-idx—i—bg(u,v)—/z?div(v)dx—cﬁ
B B
=A/uo(v—nE(po)dx—i—bB(u,v—nE(po)—/ v div(v — nE¢o) dx
B B

- / f-(—=nEg)dx +/ Fopdo(v —nE@y)p dx
B B

+/f~§dx—/ Fopdqvp dx.
B B

By virtue of [25, Lem. 2.3] the trace operator

X — X0

B |x — xo

tr:Hfl,(B)—> {geH%(BB;(Cd) :/ -gdo(x):O} =: H,%(BB)
9

is onto. By construction, we have that v —nE¢q € H,I,/z(a B). Thus, there exists ¥ € H}, (B)
with tr(¥) = v — nEgp. In particular, we have that v — nEgy — ¢ € H(l)(B; C?). Thus,
employing first (5.4) and then (5.1) delivers

k/u~(v—nEg00)dx+bB(u,v—nEgoo)—/z?div(v—r;Egoo)dx
B B

—/f-(v—nEwo)der/ Fopde(v —nE@p)p dx
B B
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:A/u-@dx—i—bg(u,w)—/f-@dx—l—/Faﬁaawﬂdx
B B B
=0.

This establishes (5.2). Having (5.2) at our disposal, we can also derive a bound on the
pressure function ¢. Indeed, testing (5.2) with v := VABW) (where A p denotes the Dirichlet
Laplacian on B), using thatu and f are orthogonal to v, and using (5.3) delivers with a constant
C > 0 depending only on d, 6, 11e, and p*® that

1 1
Mz 1l s) < CULF Nl g2 gy + A2 I F IL2m))- -

As described in Section 4 we want to study « := (A + A)~! f and - in order to verify (4.5)
- we want to find suitable decompositions of u into u = u; + uy which should be valid in
2Q* for a given cube Q. This is done in the following lemma. The argument to arrive at the
desired estimate is subtle. We will apply Lemma 5.1 with ¢ = 0 and use that we left the
term on the right-hand side involving the pressure, i.e.,

1 1
1 2 2
7</ |¢—c1|2dx) (/ |un|2dx)
r\ J2p\B 2B

in a product structure. In this situation, one can still decide whether one estimates the term
by Young’s inequality as

1 1
1 2 2 1 1
—(/ |¢>—c1|2dx> (/ |un|2dx> <3| e-aldrs o [ b s
r \ J2p\B 2B 2 Jo\B 2r= Jog

or for some suitable ¢ > 0 as

1

1
1 2 2 1
7</ |¢>—c1|2dx) (/ |un|2dx> <o | el
r\ J2p\B 2B 2er?|A| Jop\B

|Ale 2
+ — lun|” dx.
2 Jop

In the first situation, one leaves the term involving u on the right-hand side and in the second
situation, one can absorb this term onto the left-hand side. Depending on the particular
situation, we will need to decide differently.

Lemma 5.3 Let u satisfy Assumption 1.1 with constants 1°, (Le > 0 and let wg € (0, %) be
given by (1.7). Then for any 6 € (0, 1 — wo) the following holds:

Let f € L2(RY), F e L2(RY; C*%), and let . € Sg. For u € HL(R?) defined by
u:=0~+A)"Nf +Pdiv(F)) and xg € R? and ro > O there exists a decomposition of u
of the form u = uy + uy with uy € M (B(xo, r0)) and uz = u in R? \ B(xo, ro) and there
exists @1 € L2(B(xo, ro)) and C > 0 such that for any ball B C R of radius r > 0 with
2B C B(xg, ro) we have

|A|3r2/B|u2|2dx+IAIZrZ/BIVMQIZ dx

o0
1 1
sc{§ 2*“*4/ (|Au|2+|_f|2+||A|7F|2)dx+/ |)\u1|2dx+/ ||A|?¢1|2dx}-
=0 2¢B 2B 2B

(5.5)
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Moreover, uy and ¢y satisfy for some C > 0

1 1
ANtz Beg.rey T M2 IVULIL2(Bxg.r0)) T 1211 IIL2(B(xg.70))

| (5.6)
< C(If Izo.ron + IMZIFL2Be0.r0))-

In both inequalities, the constant C does only depend on d, 0, |1, and p°.

Proof Fix f € L2(RY), F € L2(RY; C9*9), and A € Sy. Define u := (A + A)~'(f +
Pdiv(F)) and let ¢ € leoc (RY) be the associated pressure. Let B C R? be a ball of radius
r > 0 with 2B C B(xg, ro) and let g := f|B(xy.ry)- The definition of ,Cg(B(xo, rp)) implies
that g € Eg(B(xo, ro)). Let further G := F|p(x,,ry)- Then, there exists u; € H},(B(xo, r0))
such that for all v € H} (B(xo, r9)) we have

k/ Ui -idx+b3(x()yro)(u1,v):/ g-de—/ Gup - 0qvp dx.
B(x0,r0) B(x0,r0) B(xo,r0)

Let ¢ € L2(B(xo, ro)) denote the associated pressure. By (5.3) we find that

1 1
[AMNurlli2 gy T M2 IVULTL2(B(x.r0)) T 12112 (B (xg.r0))
1
< C(If M2 pron T IMZIF L2800 -
Notice that the constant C > 0 depends only on d, 6, (e, and x®. In particular, it does not
depend on ry.

Now, define us := u — ] and ¢ = ¢ — ¢,. Here, i and ¢ denote the extensions by
zero to all of RY of u1 and ¢;. By the above definitions, we find that

)L/ Uy - v dx + bB(Xo,ro)(”% v) — / ¢2 div(v) dx
B(x0,r0) B(x0,r0)
=0 (v € Hy(B(xo, r0); C).

Letn € C°(2B) withn = 1in B,0 <5 < 1, and ||Vn|L < 2/r. We apply Lemma 5.1
with ¢; € C and ¢ = 0 to up and ¢, leading to the estimate

|A|3r2/23|u2n|2dx + AP /ZBIV[uzn]IZ dx

1 1
2 2
5C|k|2r</ |¢>2—c1|2dx) (/ |uzn|2dx> +C|x|2/ a2 dx
2B\B 2B 2B
1 1
2 2
scmzr(/ |¢—c1|2dx) (/ |u2n|2dX> +C|x|2/ |uz|? dx
2B\B 2B 2B
2 2 % 2 %
+ C|A|“r / |p1]” dx / luon|=dx | .
2B\B 2B

Setcy := ¢op\p and apply Lemma 2.1 with k = 1 to estimate ¢ —¢; g\ p in the first inequality.
In the second, use Holder’s inequality for series and in the third, employ Theorem 1.2 with
v=d + 1 and ¢, = 0. This yields
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|A|3r2/2 qunlde-Flllzrz/z Viuam]? dx
B B

o
d _
= C|)n|2r{< Z (“V”HLZ(C;) + ”F”LZ(C[)) + ZZ(2+1)(1 D(IIVMHL?(CE) + ”FHLZ(C;)))

LeNy =3
le—11=1

1 1 1
2 2 2
(/ |uzn|2dx) }+C|M2/ |uz|2dx+C|A|2r(/ |¢1|2dx) (/ |uzn|2dx)
2B 2B 2B\B 2B
oo ; :
5cd|x|2r<22*@d*@/ |Vu|2dx) (/ |u2n|2dx>
2(B 2B

=0

0 1 1
2 2
+cd|)\|2r(22*“’*‘/ |F|2dx) (/ |u2n|2dx>
=0 Jatp 2B
3 3
+C|x|2/ |u2|2dx+C|M2r(/ |¢1|2dx) (/ |u2m2dx>
2B 2B\B 2B
0 3 3
< Cape, ( p-ta=3e / |Au|2dx) ( / II)»qulzdx>
e Z 2¢B 2B

£=0

o) 1 1

2 2

+Cd,9,u',u.(§ g-ta-t / |f|2dx> (\APrZ / |uzn|2dx)
2¢(B 2B

£=0

00 1 1

—ld— 1 2 2

+cd,e.u-,u.<22 “ ‘/ |M|2F|2dX> (|M3r2/ |uzn|2dx)
2tB 2B

=0
+C/ I\Muzlde+C</ ||x|%¢1|2dx) (w /|uzm dx)
2B 2B\B

Consequently, by Young’s inequality, we find that

|x|3r2/ qunlzdx—i—lkIQrz/ |V[u2n]|* dx
2B 2B

Ca6,us = 72117345/ 2 / 2
< = 2 Aul”d C A d
==y Pl e+ C |1kl dx

=0

o0
2 —Ld—t 2
+Clopop .2 /2£B|f| dx

£=0

oo
2 —td—¢ L2
+Clo e D2 /2£B||A|ZF| dx
=0

2

C 1 3
+— ||K|2¢1|2dx+f|?»|3r2/ luan|? dx.
3 JoB\B 4 2B

Now, the last term on the right-hand side can be absorbed onto the left-hand side. Moreover,
we use that uy = u — ] and we estimate 27 ¢43¢ < 2=t~ ¢4 that we find a constant
C > 0 depending on d, 8, 1°, and pe such that
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|A|3r2/ luan|? dx + (2212 /ZBIV[uzn]IZ dx

<c{zz—w Q1P AR 0

1
+/ |Au1|2dx+/ ||m¢>1|2dx}~
2B 2B

Since n = 1 in B we conclude the estimate (5.5). O

We are now in the position to present the proofs of Theorems 1.3 and 1.5.

Proofs of Theorems 1.3 and 1.5 1t is well-known, see [36, Thm. 4.2], that the maximal regu-
larity statement in Theorem 1.5 follows from the R-sectoriality of A, of angle wy € (0, %).
Moreover, since R-sectoriality implies sectoriality by Remark 3.2 (1), it is our task to prove
that A, is R-sectorial on L? (Rd) of angle wy.

The casep > 2

Let ko € N. For 0 € (0,7 — wyp), let (Ak)k 1 C Sp and let (fk)k | € CZ (Rd) For
f=(f1.--., fx-0,...), we saw in Observation 3.4 that we need to prove the estlmate

||T(A )ko f”Lp(Rd 52(@!)) = C||f||Lp(Rd :02(C4y)»

with a constant being uniform with respect to all choices above. This will be done by verifying
the assumptions of Theorem 4.2 uniformly with respect to the choices of parameters above.
For the application of Theorem 4.2 weset X = Y = Z = £>(C¢) and let C =

For this purpose, define for 1 < k < kg the functions u := (A + A i Letxg € RY,
r > 0, and let B := B(xq, r). Let further uy 1, ux 2, and ¢y, 1 denote the functions provided
by Lemma 5.3 with ry := 2r. Notice that

IT

ko 1 ko 1
o f||£2—|:2|)~kuk|] = [P + [ Y] 6
k=1 k=1

Moreover, in B we have for 1 < j < d by the chain rule and the Cauchy—Schwarz inequality
that

ko
2
’f)j[ZI)»kuk,zlz]
k=1

ko 1 ko
= [ > iwmeal] Z|)Lk|2%(uk23 u2)| = [Zma g2l ]
k=1

(5.8)

We start by deriving some kind of non-local weak reverse Holder inequality for the second
term of the right-hand side of (5.7). If d = 2 let pg > 2 and if d > 3 let pg := 2d/(d — 2).
By Sobolev’s embedding theorem together with (5.8), there exists a constant Cg p, > 0
depending only on d and pg such that

(]i [ilkkuk,zlz]pzo dx>plo
{(f [kaum ] ) + (rzji ‘V[émzm,zﬁ];
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ko % ko %
< c{(f > el dx) + <Z|xk|2r2f|wk,z|2 dx) }
B =1 k=1 B

To estimate the second term on the right-hand side, let n € CX°(2B) with n = 1 in B,
0 <n <1,and ||Vn|Le < 2/r.Observe that

][|Vuk,z|2dx < zd][ |V Lk 271 dx.
B 2B
Thus, employing (5.5) with F = 0 in the first inequality and the decomposition u; =

ug,1 + ug, 2 together with (5.6) in the second, delivers for some constant C > 0 depending
only ond, 0, 1, u®, and pg that
1

ko P -
(][ Zlkkuk,zlz] ’ dx) "
B ==
ko 3 X H—dl—t ko
sc{(]iZMkuk,dex) +(Z = / > (el + | fil?) dx
k=1

=0 2°B

| —

(5.9)

1

ko 1
1 2
+][ > (||Ak|f¢k,1|2+|xkuk,1|2)dx> }
2B
k=1

o0 k() %
sc(ZT‘][ Z(|xkuk|2+|fk|2)dx) :
=0 2'B 1

We verity the assumptions of Theorem 4.2: Let Q = Q(x, r/18) be a cube in RY with center
xo and diam(Q) = r/18 and notice that 2Q* C B(xo, r/6), where Q* denotes a parent of
Q. Then, for any o > 0, we find by virtue of (5.7) that

ko

lx € 0 Mag-(IT, o Fliz)() > o}l =

{x € 0 Mage( Y et ) o) > %H
k=1

+

ko

{x €Q: MZQ*(ZMkuk,QP)(x) > %H
k=1

(5.10)

The weak-(1, 1) estimate of the localized maximal operator followed by (5.6) directly yields
with some constant depending only on d, 6, (1, and ® that

ko c ko )
fre0me (penii)er> 5l <2 [, o, (080T o

k=1

For the second term in (5.10) use the weak-(po/2, po/2) inequality of the localized maximal
operator followed by (5.9). This gives, with a constant C > 0 depending only on d, 0, [,
u®, and po, that

ko
{x € 0 Mage (Y lhume ) o) > %H

k=1
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_ CIBGo. /0l zwukzl ] a

T ann B(x0.7/6)

§C|B($?)’/2r/6)l(22 ]i(xozfr)[zukukl]% [Z|fk|]% )
<9 s <][Q/[k¥|xkuk|] [Dfu]% )

Q'D20*

1’0

This concludes the proof of this case.

Thecasep <2

This case follows directly by the duality principle as described by Kalton and Weis in [16,
Lem. 3.1] since LZ (R?) is of non-trivial Rademacher type if 1 < p < oo. O

Proof of Theorem 1.4 For 6 € (0,71 — wp) let A € Sy. We argue by duality and prove the
L?-boundedness of

T := A2+ A) "' Pdiv

for p > 2 satisfying (1.11). The uniform bound follows by verifying the assumptions of
Theorem 4.2 uniformly with respect to A.
We choose X = ¥ = Z = C%4 and C = Id. Let F € L%RY; C¥*?) and define
= (A + A)~'Pdiv(F). Let further xo € R? and r > 0 and let u;, us, and ¢1 denote
the corresponding functions from Lemma 5.3 with rg := 2r. Let po > 2 if d = 2 and
po :=2d/(d —2) if d = 3. Then, Sobolev’s inequality implies that

1 1 1
0 2 2
(7[ R dx) ’ SCK][ uxﬁuzﬁdx) +<r2][ ||x|%w2|2dx> }
B(xo,r) B(xo,r) B(xo,r)

Now, use (5.5) with f = 0 in the first inequality and then (5.6) with f = 0 to get

1

1
1 ro L5 2
[IA]2ua|P0 dx <C [IA]2uz]” dx
B(x0.1) B(x0.7)

X H—td—t

+(Z - /2 (I3 ul? + |F1%) dx

/ 23] dx+/ 611 dx) }

5c<22—@f (||x|%u|2+|F|2)dx>2.
=0 2B

The rest of the proof can be finished literally as the proof of Theorem 1.5 starting from (5.10).
O
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6 Boundedness of the H*-calculus

In this section we present the proof of Theorem 1.7. Let us briefly introduce the notion of the
H®°-calculus of a sectorial and densely defined operator B of angle w € [0, 7) on a Banach
space X over the complex field.

Define for 6 € (0, i) the class of all regularly decaying functions

C '8
H8°(S@) = {f :Sg — C: f holomorphicand 3¢, C > 0Vz € Sp : |f(2)] < ﬁ}

Then for any 6 € (w, ) and ¥ € (w, 0) one defines for f € H8°(Sg)

1
f(B) = 2—/ F)—B)~Hda.
71 39Sy

Here, the path Sy rounds the spectrum o (B) in a counterclockwise manner. If B is injective,
then one can define f(B) for

f € H®(Sy) := {g € Sy — C : g bounded and holomorphic}
via regularization as
f(B):=[B(+B)*1"'[z/(1 +2)°- fI(B),

where z/(1 +2)? denotes the function z > z /(1 +2)2. We now say, that the H* (S )-calculus
of B is bounded if f(B) € L(X) for all f € H®(Sp).

This property has far reaching consequences. For instance, it implies that B has bounded
imaginary powers and this in turn implies that fractional power domains of B can be computed
via complex interpolation

D(B) = [X,D(BY)], (s €(0,1),a > 0). (6.1)

In the following, we use a comparison principle of Kunstmann and Weis [23, Thm. 9] to
transfer the boundedness of the H*-calculus of the Laplacian to the generalized Stokes
operator A. We refer to [12, p. 250-256] for a short summary of their approach.

Proof of Theorem 1.7 Let p satisfy (1.11), A, denote the generalized Stokes operator on
LI(R?), and B, := —A the Laplacian on L”(R%; C%). Let R, : LP(R?; CY) — LL(RY)
be givenby R, f := Pf andlet S, : LY (R?) — LP(R?; C¥) be the inclusion map. Define
the holomorphic functions ¢ = ¢ = z(1 + 72)7% e Hg°(Sg), 0 € (wo, ). In view of
[23, Thm. 9], the statement on the boundedness of the H*-calculus of A, follows from the
boundedness of the H*(S,,,)-calculus of the Laplacian once the R-bounds

sup R{p(27 AR w127 By) - j e Z) < c271
1<s,1<2

sup R{gﬂ(stHAq)’S;l/f(IZqu)’ e Z} < ol

1<s,t<2

(6.2)

are proven for ¢ = p and some C,§ > 0 and all £ € Z. Here, T’ denotes the adjoint of an
operator T'. In the following, we will establish (6.2) by interpolating corresponding estimates
forg = 2 and some 6 = B > 0 and for ¢ = p; that satisfies (1.11) and p; > p (if p > 2)
orp; <p(fp<2)ands =0.
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The case g = p,

It is well-known that the Laplacian is R-sectorial on L”! (RY; €%y and, by Theorem 1.5, A,
is R-sectorial on LZ' (R), both with angle at least wy. Consequently, the sets

{ga(szf“A,,l) l<s<2, je Z} C LA ([RY) and
[I/I(IZijl) l<1<2 je Z} C LY (RY: CY)

are R-bounded with R-bound independent of £. Since products of R-bounded sets are R-
bounded, cf. [7, Prop. 3.4], we find (as a subset of £(L?' (R?; C%), L' (R%)))

sup R[<p(szf+‘Ap,)Rplw(tziB,,l) je Z] <c.

1<s,t<2

By duality, see [16, Lem. 3.1], we analogously find

sup R{p(s2/70A,))'S), v (127 By ) jeZ) < €,

1<s,1<2

where C is independent of €. Both estimates are exactly (6.2) withg = p; and § = 0.

Thecaseq =2

Let 8 € (0, %). To establish (6.2) for ¢ = 2 and § = 8, one can use [23, Prop. 10] and show
that

P, D((—A2)*) C D(AS) and [[ASPoull2 < Cl[(=A2)%ull2 for u € D((—A2)%)
(6.3)

S2 D(AF) C D((—=A2)%) and [[(=A2)*Sullp2 < CllAZull2 for u € D(AT) (6.4)

for « = 4. We start with the case « = § and note that the fractional power domains of the
Laplacian are Bessel potential spaces

D((—8)*) = H***(R?; C9).

To characterize the fractional power domains for A, we employ a classical result of Kato
which allows to compare D(A$) with a fractional power domain of the real part of A>. This
real part is the non-negative and self-adjoint operator H : D(H) c L2(R?) — L2(RY)
associated to the symmetric sesquilinear form

h: Hl(Rd)le(]Rd)e(C (u, v) —> Z /42 ,uaﬂ+uﬂa)8ﬂu18 v; dx.
a,Bii,j

Kato’s second representation theorem [22, Thm. V1.2.23] implies that D(H 172y = H}, (]Rd)
and the self-adjointness of H, that fractional power domains can be computed via complex
interpolation as

D(H®) = [L2RY), D(H'?)], = [L2®R"), H. (R], = HZ2(RY).
Finally, [21, Thm. 3.1] implies that
D(AS) = D(H®) = H2**(RY).
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Having these characterizations at our disposal, (6.3) follows since P is bounded from
H22(RY; ) to Hg“'z(Rd). Moreover, as S, maps Hg""z (RY) boundedly into H2*2(R?; 7
we find (6.4).

Observe that the previous argument was independent of the coefficients of A», so that (6.3)
and (6.4) hold for the Hilbert space adjoint A% of A; as well. We use this fact and duality to
deduce (6.3) for @« = —p for A; from (6.4) for A% and fractional power —a.

We first note some important facts:

(1) we have P} = S;

(2) we have [(A})*]" = AS;

(3) property (6.4) for A3 with fractional power —a > 0 yields that T := (—A2) 7% S2(A)*
extends by density to a bounded operator from LCZ, (Rd) to L2 (Rd ; (Cd).

For u € D((—A2)*) and v € D((A%)*) we then find
(Pou, (AD*v)2 = ((—A2)"u, Tv) 2 = (T (—A2)%u, v)y2.
It follows that Pou € D(AF) and that
ISPl 2 = IT*(—A) ull2 < Cll(—A) ullp2.

Similarly, one deduces (6.4) for @ = —p for A, from (6.3) for A3 and fractional power —a.

The interpolation argument

Write 1/p = (1—-6)/240/p; forsome 6 € (0, 1) and let 8 € (O, %). Using [17, Prop. 3.7],
we interpolate the estimates (6.2) forg = 2 and § = B as well as forg = p; and § = O to
deduce (6.2) for ¢ = p and § = (1 — 6)B. Now, [23, Thm. 9] yields the boundedness of the
H*-calculus of A,. Moreover, the second part of this theorem implies that

DAY = HPP®Y) for 0.<5 < (1-0)f ©

with equivalent norms. Finally, observe that the parameters 8 and p; were arbitrary. Maxi-
mizing the condition on s in (6.5) yields

D(A}) = H"?(RY) for 0 <s <> — >
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