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ABSTRACT

The Landau-Lifshitz—Gilbert (LLG) equation serves as the fundamental model to describe
magnetization dynamics in ferromagnetic materials. Due to its highly nonlinear structure,
which includes a non-convex constraint preserving the magnetization length at every point
in space and time, the equation poses significant challenges for the numerical analysis. In
particular, small damping constants complicate the mathematical stability analysis and the
efficient numerical simulation considerably. Since highly localized phenomena, such as domain
walls in space or rapid switching events in time, occur in practice, the use of adaptive methods
is well-suited to resolve these local structures.

In this work, we investigate a tangent plane scheme for solving the LLG equation that
enforces the intrinsic normalization of the magnetization in a weak sense. We employ finite
elements for spatial discretization and utilize linearly implicit backward differentiation formulas
(BDF) for time integration. While the higher-order convergence of this method is already
established, the focus of this thesis lies on the investigation and derivation of computable
a posteriori error bounds. By combining the elliptic reconstruction in space and the three-point
reconstruction in time, we rigorously derive a residual-based a posteriori error bound for the
second order BDF scheme. This bound serves as the foundation for reliable error estimation
as well as the adaptive control of the spatial grid and temporal time-step sizes.

Another focus lies on the stability analysis in the sense of a discrete energy inequality for
the fully discrete scheme. We specifically investigate variable time-step sizes as well as the
dependence of the discrete energy inequality on the damping constant and derive an explicit
connection between the roots of the BDF polynomials and G-stability. This relation is crucial
for proving the discrete energy inequality. By utilizing discrete orthogonal convolution kernels
corresponding to the BDF coefficients, we further extend the discrete energy inequality to an
L£2-bound for the discrete solution.

Building upon these theoretical results, we construct a time integration algorithm with
variable time-step sizes and variable orders (VSVO), which is combined with a residual-based
error estimator for spatial coarsening and refinement. Finally, we demonstrate the effectiveness

of the space and time adaptive algorithm through a variety of numerical examples.






KURZFASSUNG

Die Landau-Lifshitz—Gilbert Gleichung (LLG) dient als grundlegendes Modell zur Beschrei-
bung der Magnetisierungsdynamik in ferromagnetischen Materialien. Aufgrund ihrer stark
nichtlinearen Struktur, die unter anderem eine nicht-konvexe Nebenbedingung zur Erhal-
tung der Magnetisierungsldnge in jedem Punkt in Raum und Zeit umfasst, stellt sie hohe
Herausforderungen an die numerische Analysis. Insbesondere kleine Dampfungskonstanten er-
schweren die mathematische Stabilitdtsuntersuchung und die effiziente numerische Simulation
betréachtlich. Da in der Praxis zudem stark lokalisierte Phdnomene wie Doménenwénde (engl.
domain walls) im Raum oder schnelle Schaltvorgéinge in der Zeit auftreten, liegt der Einsatz
von adaptiven Verfahren nahe, um diese lokalen Strukturen effizient aufzulésen.

In dieser Arbeit untersuchen wir ein Tangentialraumverfahren (engl. tangent plane scheme)
zur Losung der LLG Gleichung, welches die intrinsische Normierung der Magnetisierung in
einem schwachen Sinne beriicksichtigt. Wir verwenden dabei Finite Elemente zur rdumlichen
Diskretisierung und nutzen linear-implizite Formeln zur Riickwértsdifferenzierung (engl. back-
ward differentiation formulas (BDF)) zur Zeitintegration. Wahrend die Konvergenz dieses
Verfahrens fiir hohere Ordnungen bereits bekannt ist, liegt der Schwerpunkt dieser Thesis auf
der Untersuchung und Herleitung von berechenbaren a posteriori Fehlerschranken. Durch die
Kombination einer elliptischen Rekonstruktion im Raum mit einer Drei-Punkt-Rekonstruktion
in der Zeit leiten wir rigoros eine residualbasierte Fehlerschranke fiir das BDF Verfahren
zweiter Ordnung her. Diese Schranke dient als Grundlage fiir eine zuverléssige Fehlerschatzung
sowie fiir die adaptive Steuerung des raumlichen Gitters und der zeitlichen Schrittweiten.

Ein weiterer Fokus liegt auf der Stabilitdtsanalyse im Sinne einer diskreten Energieunglei-
chung fiir das volldiskrete Verfahren. Wir untersuchen dabei insbesondere variable Zeitschritt-
weiten sowie die Abhéngigkeit von der Dampfungskonstante und leiten einen expliziten
Zusammenhang zwischen den Nullstellen der BDF-Polynome und der G-Stabilitédt her. Dieser
Zusammenhang ist entscheidend fiir den Nachweis der diskreten Energieungleichung. Unter
Verwendung diskreter orthogonaler Faltungskerne (engl. discrete orthogonal convolution
kernels) zu den BDF Koeffizienten erweitern wir die diskrete Energieungleichung zudem zu
einer £2-Schranke fiir die diskrete Losung.

Aufbauend auf den theoretischen Ergebnissen konstruieren wir einen Algorithmus zur
Zeitintegration mit variablen Zeitschrittweiten und variablen Ordnungen (VSVO), den wir
mit einem residualbasierten Fehlerschétzer zur rdumlichen Vergroberung und Verfeinerung
kombinieren. Anhand verschiedener numerischer Beispiele demonstrieren wir abschlieflend die

Effektivitat des raum- und zeitadaptiven Gesamtverfahrens.
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CHAPTER 1

INTRODUCTION

In this chapter, we first provide a brief motivation for the applications of the Landau—
Lifshitz—Gilbert (LLG) equation before describing the underlying physical forces and energy
contributions. This is followed by the derivation of a dimensionless form of the equation that
serves as the basis for our subsequent analysis. We study various mathematically equivalent
representations of the LLG equation, including both the Gilbert and the Landau—Lifshitz
forms. To provide the necessary context, we present a comprehensive review of the current
literature and highlight recent advancements in analytical results and numerical methodologies.
Then, we review the analytical foundations of the LLG equation, focusing specifically on
the existence and (non-)uniqueness of strong and weak solutions. Finally, we establish our
mathematical notation and introduce the fully discrete tangent plane scheme, which provides

the fundamental numerical framework for this work.

1.1 MOTIVATION

The physical understanding of magnetization dynamics is essential for a broad range of modern
technological applications. This includes semiconductor-based spintronics [124], as well as
advanced memory architectures such as spin-orbit torque magnetic random-access memory
[68, 85]. The foundation for these technologies was established with the discovery of the
giant magnetoresistance effect [20, 34|, for which A. Fert and P. Griinberg were awarded the
Nobel Prize of Physics in 2007. This phenomenon enabled efficient control of the motion of
electrons through relative magnetic orientation in thin-film layers [69]. This breakthrough led
to a remarkable increase in the storage density of digital information, primarily through the
development of read heads on hard disk drives.

More recently, magnet skyrmions have emerged as promising information carriers in
nanoscale dimension [66, 67]. The development of these next-generation topological storage
devices is based on a deep understanding of magnetization dynamics. The fundamental

mathematical framework for describing these complex phenomena is the LLG equation.

1.2 LANDAU-LIFSHITZ—GILBERT EQUATION

Let © C R? denote the volume of a ferromagnetic body and let 7' > 0 be a fixed finite time.
The magnetic state of the ferromagnet is described by its magnetization, represented by a
three-dimensional vector field M : [0, 7] x © — R3 (in A/m). Assuming the temperature of

the material remains constant and sufficiently low, the magnitude of the magnetization is
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preserved, i.e.,
|M| = M,

where M, is the saturation magnetization. Typically, M, is of the order 10° A/m and
provides a measure of the maximum magnetic field that the material can generate. In static
micromagnetism, the main idea is that the magnetization minimizes the total magnetic Gibbs
free energy of a ferromagnetic body. The dynamical behavior of the magnetization is described
by the LLG equation. This equation describes the precessional motion of the magnetization
around the effective field, which is defined as the negative functional derivative of the total
magnetic Gibbs free energy. In addition, the LLG equation incorporates a damping term to
account for the dissipative effects observed experimentally. In this section, we first introduce
various energy contributions considered in this work, which together define the total magnetic

energy, before presenting the LLG equation itself. This section is based on [38, 76, 87, 107].

EXCHANGE ENERGY

A fundamental property of a ferromagnet is its tendency to align the magnetization of local
regions in the same direction. This alignment results from the exchange interaction, whose

contribution to the total energy is referred to as the exchange energy and is defined by
A 2
Eex(M) = ]\/[52/9 [VM|” de,

where A > 0 is the exchange stiffness constant (in J/m). The exchange energy is minimized

when adjacent magnetic moments are parallel to each other.

EXTERNAL FIELD ENERGY

The external field energy, often referred to as Zeeman’s energy, tends to align the magnetization

M in the direction of the external field H .y and is given by
gext(M) = _HO/QHext - M dz,
where pg = 4m - 1077 N/A? describes the permeability of vacuum.

MAGNETOSTATIC ENERGY

The magnetization itself induces a magnetic field H : R? — R3, which is described by the

magnetostatic Maxwell equations
VxH=J and V-H=V.(xoaM), (1.2.1)

where J is the current density (in A/m?). The magnetic field, which is generated by the
current density, is known as the Oersted field. For further details, we refer to [38, 107]. In this
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work, however, we focus on the magnetic field arising from the magnetization itself, commonly
referred to as the stray field or demagnetizing field Hg. Since the stray field is an irrotational
field, it can be expressed as the gradient of a scalar potential U, i.e., Hy(M)=-VU(M),
where the potential U(M) depends linearly on the magnetization M. Adding suitable
transmission conditions and a radiation condition, the scalar potential solves the full-space

transmission problem

~AU™ = V. M, in Q,
AU = 0, in R? \ Q,
gext _ gint — on 9, (1.2.2)
V(U Uint) ‘n=-M - n, on 052,
Ulx)=0(1/|z]),  for |z cc.

Finally, the energy contribution of the stray field is given by
gstray(M) = _MO/QHS(M) - M dx.

TOTAL MAGNETIC GIBBS FREE ENERGY

By summing the contributions outlined above, we obtain the total magnetic Gibbs free energy

of a ferromagnetic body by
Eiot (M) = Eex (M) + Eext (M) + Estray(M). (1.2.3)

Additional contributions may arise, for instance, from magneto-elastic effects, Dzyaloshinskii—
Moriya interactions, magnetostriction, anisotropy, or the Oersted field [38, 87, 107]. Following
the theory of micromagnetism, the magnetization of a ferromagnet is obtained by minimizing

the total Gibbs free energy

min &t (M).
M : | M|=M,

The effective field is defined as the negative functional derivative of the Gibbs free energy.

Thus, we obtain by variation

6E+0 24
- 5_,:; (M) = 75 AM + poHexo + poH(M). (1.2.4)

S

MOHeff(M> -

The origin of the LLG equation dates back to [95], published in 1935, in which Lifshitz and
Landau introduced the following equation to model the dynamics of the magnetization driven
by the effective field

Y0
(14 a2)M;,

M = ——° M x Hog(M) —

1+a2 M x (M x Heg(M)), (1.2.5)

where the variable g ~ 2.21 - 10°m/(As) describes the gyromagnetic ratio. Equation
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(1.2.5) consists of a precessional term M x H.g(M) that captures the rotational motion
of the magnetization vector M around the effective field Hog(M) and a damping term
M x (M x H.g(M)) that drives the relaxation of the magnetization M toward the effective
field Hog(M). The dimensionless parameter o > 0 acts as an empirical constant that controls
the intensity of the damping. In his PhD thesis [74, 75|, Gilbert proposed a different damping

term

«
M = —yoM x Hog(M) + U

S

M x 8, M. (1.2.6)

However, as we see in the following section, these formulations are mathematically equivalent.
The Gilbert form (1.2.6) is frequently referred to as the Landau-Lifshitz-Gilbert (LLG)

equation in the literature.

DIMENSIONLESS LANDAU—LIFSHITZ—GILBERT EQUATION

We now derive the dimensionless form of the LLG equation and introduce equivalent for-
mulations. A non-dimensional derivation can be found, e.g., in [38]. In general, we denote
the corresponding dimensionless variables with small letters. Similar proofs for equivalent
formulations are given in [7, 76].

We start by defining dimensionless variables t' := Tyeft and @’ :== L.sz. A common choice
for the time scale, which we employ, is given by T.s = v9Ms. A possible choice for the
reference length is given by L, == \/W , but we keep L,ef in its general form. We

further introduce the dimensionless magnetization

1 ' a

m(t, ') = ﬁM(W Tf) (', ') € Q, (1.2.7)
where ¥, denotes the time-space domain obtained from Qg := (0,7") x § by rescaling the
time with Tie and the space with Lye. For notational simplicity, in the remainder of this
work, we omit the primes and write the dimensionless time and space as (t,x) and the
corresponding domain as Qr, with the meaning being clear from the context. Defining the
dimensionless effective field heg(m) = Hog(M)/Ms, as well as the dimensionless external
field heyxt = Hext/Ms and the dimensionless stray field hs(m) := Hs(M)/Mj, we obtain with

(1.2.4)

24 1 1
=— - Am+ —Hey+ —H(M
poM2ZL2, M, M, (M) (1.2.8)

= (2 Am 4+ heyxt + hg(m),

heg(m)

where the exchange length is defined by

24
o 1.2.9

ref

Starting from the Landau-Lifshitz equation (1.2.5), we derive the dimensionless Landau—
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Lifshitz equation for m : [0, 7] x © — R3 utilizing (1.2.8) by

om = — m X heg(m) X (m X heg(m)). (1.2.10)

1+a? T1xa2™

On the other hand, starting from the Gilbert form (1.2.6) yields the dimensionless Gilbert

equation
om = —m X heg(m) + am x Oym. (1.2.11)

Since (a x b) - a = 0 for a,b € R?, multiplying (1.2.10) and (1.2.11) by m immediately yields
m - Oym = 0. Thus, considering the initial condition mg(x) := m(0, ) with |[m(x)| =1 a.c.
for & € Q and $9|m|? = §ym - m = 0, we obtain |m| =1 a.e. in Qr.

We now proceed by establishing the equivalence between the Landau—Lifshitz equation
(1.2.10) and the Gilbert equation (1.2.11). Taking the cross product of m with (1.2.11) yields

m X Oym = —m X (m X heg(m)) + am x (m x 9ym). (1.2.12)
Inserting (1.2.12) into the Gilbert form (1.2.11), we obtain
om = —m X heg(m) — am x (m x heg(m)) + a*m x (m x O;m). (1.2.13)
Using the vector identity
ax(bxc)=(a-c)b—(a-b)c (1.2.14)
for a,b,c € R?, m-9ym =0 and |m| = 1 a.e. in Q7, we obtain
m x (m x dym) = (m - dm)m — |m|*dym = —9,m. (1.2.15)

Finally, we conclude the equivalence of the Gilbert and the Landau—Lifshitz form by rewriting
the right-hand side of (1.2.13) using (1.2.15). We proceed by deriving an alternative form of
the LLG equation which serves as the starting point for our analysis. We start by taking the
cross product of m with (1.2.10) and adding « times (1.2.10) to obtain

adm +m X Oym = —m X (m X heg(m)) — . fan X (m x (m X heg(m)))
e
"™ X heg (M)
= —m X (m X heg(m)),
since m x (m X (m X heg(m))) = —m X heg(m). Using the vector identity (1.2.14) again,

we get

—m X (m X heg(m)) = heg(m) — (M - heg(m))m.
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Finally, by combining the above equations, we obtain the alternative form
adim +m X Oym = heg(m) — (M - heg(m))m. (1.2.16)

In contrast to the Landau-Lifshitz (1.2.10) and the Gilbert formulations (1.2.11), we have to
explicitly impose the non-convex constraint |[m| = 1 a.e. in Q7 for the alternative form (1.2.16),
since the condition m-9ym = 0 does not follow from the equation itself 76, Remark 1.2.3]. For
both the Landau-Lifshitz (1.2.10) and the Gilbert formulation (1.2.11), the initial condition

|mg| =1 a.e. in Q is sufficient to preserve the unit-length constraint |m| =1 a.e. in Q.

1.3 STATE OF THE ART

The Landau-Lifshitz—Gilbert (LLG) equation provides a fundamental description of the time
evolution of the magnetization in a ferromagnetic material. It captures the precessional
motion of magnetic moments around the effective field together with a dissipative damping
motion [75, 95, 106]. A characteristic physical phenomenon of ferromagnetic materials is the
formation of domain walls, sharp interfaces separating nearly uniformly magnetized domains
[112], see Fig. 1.3.1. These highly localized phenomena can be employed, for instance, in
domain wall based racetrack memory, where the information is stored by pairs, each consisting
of a domain wall and a magnetic domain [66]. Recent developments, such as skyrmion-based
racetrack memory and spin-orbit torque magnetic random-access memories, focus on another
way to store data magnetically [68, 85]. Similarly, the temporal behavior is characterized by
rapid changes stemming from switching processes that occur within relatively stable periods.
Consequently, the inefficiency of nonadaptive simulations leads to a substantial demand for
adaptive refinement in both space and time to resolve the underlying physical and magnetic

features.

" e N
Y Wy

Figure 1.3.1: Illustration of a domain wall, a sharp interface separating different magnetized
domains, moving along the magnetic domain. An adaptive algorithm refines and
coarsens the spatial grid around the domain wall.

First results regarding the existence of weak solutions of the LLG equation, which are global
in time, are given in [14, 79, 120]. However, in general, weak solutions are not unique. For
instance, in [14], the authors construct infinitely many weak solutions for mg € H!(Q) based
on ideas in [33, 47| using nonstationary (weakly) harmonic maps. On the other hand, if the
initial data is sufficiently smooth, the solution is unique in a strong sense up to some finite time
T*, or global in time if the initial data is of small energy (in 2D) [40, 41]. Numerical methods,

in particular those of higher order as considered in this thesis, generally require increased
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spatial and temporal regularity of the solution to guarantee convergence. Accordingly, the
existence of unique (nontrivial) strong solutions with arbitrary regularity up to any given
stopping time has been established in [64].

Numerical methods for the LLG equation have been extensively studied in the literature. For
an overview, we refer to the review articles [45, 89]. Starting from the alternative form (1.2.16)
of the LLG equation, Alouges and Jaisson developed in [13] the so called tangent plane scheme,
where they define v = dym and solve for v such that (1.2.16) and v - m = 0 are satisfied. The
authors proposed an explicit time integration scheme and proved weak convergence to a weak
global solution, provided that first the time-step size 7 tends to 0, followed by the mesh size
h. This convergence result was later improved in [29] by requiring 7/h'*%2 — 0. Moreover,
in [16] the method was extended to an implicit finite element scheme. It is important to
mention that the scheme in [13] included a projection step onto the unit sphere, whereby
the finite element approximation of the magnetization at each node, m;, is normalized so
that |m;| = 1 holds. The error analysis of the scheme from [13] was recently provided in
[17] and requires the lower and upper time-step restrictions O(h7/4) < 7 < O(h) due to the
difficulties arising from the projection (normalization) step. Although the projection step is
well defined, it requires restrictive conditions in fully discrete situations to guarantee stability
[31]. On the other hand, the omission of the nodal projection may result in a phase shift in
the evolution of m [86]. In recent years, the analysis of projection-free methods, i.e., schemes
excluding the normalization step at each node, has attracted increasing attention. In [31],
Bartels proposed a predictor-corrector approach for the harmonic map heat flow in which the
projection step can be omitted and the normalization constraint is controlled linearly by the
time-step size. Such a scheme was analyzed in [1] for the LLG equation while an error analysis
is provided in [65] for the eddy current equations coupled to the LLG equation. In [7], the
authors introduced a tangent plane scheme based on linearly implicit backward differentiation
formulas (BDF) combined with a non-conforming finite element spatial discretization, where
the normalization constraint is enforced in an £2-averaged sense over the finite element basis
functions. Furthermore, Akrivis et al. established optimal a priori error estimates of higher
order in both space and time for sufficiently regular solutions, along with a discrete energy
inequality. Moreover, they consider the pointwise tangent space and observe that, although
the same technique achieves optimal-order convergence, the corresponding energy estimate
does not admit an h- and 7-independent bound that is irrespective of the smoothness of
the solution [7, Remark 2.2]. A related approach based on the BDF scheme with a nodal
treatment of the normalization constraint, which is first order in time and space, is given
in [30]. More recently, [10] introduced a projection-free method that achieves quadratically
accurate enforcement of the normalization constraint with respect to the (uniform) time-step
size using BDF(2). In [11], the authors proposed a linearly implicit (6, 1)-method which,
while ensuring second-order accuracy of the normalization constraint similar to [10], exhibits
improved stability properties compared to the BDF scheme under variable time-step size
strategies.

The presence of domain walls, which are sharp interfaces that separate regions with nearly
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uniform magnetization, within a magnetic domain creates a strong demand for adaptive
methods that can refine the computational mesh for the LLG equations. Various adaptive
strategies have been explored in the literature: moving mesh finite element methods that
dynamically re-distribute nodes to regions where the magnetization exhibits a large gradient
[63] or adaptive mesh refinement on finite difference grids in 2D with refinement indicators
such as the in-plane divergence of the magnetization, the gradient of the angle formed by the
in-plane components of the magnetization and the norm of the rotational field [72]. In [19],
the violation of the normalization constraint is utilized to adapt the spatial mesh for the static
micromagnetic equations. Further computational applications of adaptive mesh refinement
techniques appear in [84, 111, 116]. On the other hand, a variety of adaptive time-stepping
strategies have been investigated for the LLG equation. For example, [114] proposes an
adaptive scheme based on the implicit midpoint rule, where the error is estimated using
an explicit BDF(3) method. Applications of adaptive time-stepping schemes based on the
extrapolation technique of [81] can be found in [62, 76]. Furthermore, adaptive time-stepping
for the harmonic map heat flow using a linearly implicit (6, u)-method is discussed in [11].
However, the mathematical analysis of a posteriori error estimators for the LLG equation
remains limited. A notable contribution is given in [23], where a posteriori estimates are
established for both a space-time discretization and a semi-implicit scheme, formulated without
enforcing the normalization constraint |m| = 1. While the semi-implicit method is structurally
related to the approach in [106], it inherits stability issues due to the unconstrained formulation.
Related a posteriori results for a LLG model including magnetostriction, but without the

exchange field, are provided in [21, 24].

1.4 NOTATION

In this section, we establish the mathematical notation utilized throughout this work. For a
more comprehensive introduction, we refer to [2, 61, 98]. For the convenience of the reader, a
concise summary of the most frequently used symbols is provided in the Abbreviations and
Symbols section at the end of the thesis.

For a vector v € C", we denote the maximum norm by

|v]|oo == max |vg]. (1.4.1)
i=1,...,n

20ty

Further, for A = (a;;) € C™*" we define the induced ¢*°-matrix norm, also known as the

maximum absolute row sum norm, as

n
ke = cmps _MArlhe = o, ol L4

In general, we denote the identity matrix in R4*? by I,.
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FUNCTION SPACES ON (2

Let Q C R% d = 2,3, be a bounded domain with Lipschitz boundary. We denote the standard
Lebesgue spaces by £P(Q2) and usual Sobolev spaces by W*P?(Q) for 1 < p < oo and k € N. The
Sobolev spaces are equipped with the norms ||-[|yk.»(q) and semi-norms ||,y (). We employ
the common short-hand notation H*(2) := W*?2(Q). Additionally, we denote the standard
L%inner product and its associated norm by (u,v) = [ uvdz and |ju| = ullz2(0) = V/(u, ).
We omit the subscript of a norm whenever its domain is clear from the context. If X is a
normed space, its dual X™* consists of all continuous linear functions g : X — C. We denote
the duality pairing between g € X* and u € X by (g,u) = g(z). If g,u € L2(2), the duality
pairing (g, u) coincides with the £2-inner product (g,u), i.e., (g,u) = (g, u).

Throughout this work, bold symbols represent vector-valued quantities. Specifically, we
define the vector-valued Sobolev spaces W*P(Q) := (WFP(Q))? and H*(Q) == (H*(R2))3. This
convention extends analogously to other function spaces. The space of infinitely differentiable
functions with compact support in  is denoted by C°(£2), and H{(€2) represents its closure
under the H'-norm. The dual space of H}(2) is denoted by H~1(£2), and the dual of H'(Q)

is denoted by 7?[_1(9). Furthermore, we introduce the space
H1(Q) = {v e H(Q) : Av e L£*(Q) and Ipv = 0 on 9Q}.

Moreover, we define the Slobodeckij semi-norm

2 jo(x) — v(y)|?
U = do, dog.
| |H1/2(69) /89 /89 | — y\d Y

This allows us to conveniently define the fractional Sobolev space
HY2(00) = {u € £2(09) : [ulyr/2p0) < %0},

equipped with the norm HuH?_[l/Q(aQ) = ||“||%2(8Q) + ]u|3{1/2(69). Finally, we define the dual
space of H/2(09) by H~Y2(09) == (H/?(59Q))*.
BOCHNER SPACES

Let X be a Banach space and 7" > 0. For 1 < p < o0, the Bochner—Lebesgue spaces are
defined by
LP(0,T;X) = {v:(0,T) = X : v is measurable and [|v||z»(or;x) < 00}

with the corresponding norm

1/
(o ar) ™, for 1< p < o,
v . =
[0ll2r(o,7:x) esssupllo(®)Lx. for p— oo,
te(0,7)
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Furthermore, we define the space of k-times weakly differentiable functions in £2(0,T; X) by
HE(0,T; X) = {v e £20,T; X) : dfve L20,T;X) for1<(<k)
for k € N. Moreover, we define with Q7 = (0,7) x Q the space
H2(r) = {v € L20.T: L) ¢ olhsasay) < o)

with the corresponding norm
i
. ¢
||U”Hiv2i(QT) = ZHath./LQ(O,T;H%*%(Q))
=0

for i € Ng.

DISCRETIZATION AND TRACE OPERATORS

We denote by {7;1"}7]:7:0 a family of shape regular triangulations of the domain 2. Additionally,
let X, represent the set of all edges (for d = 2) or faces (for d = 3) of 7, and denote by X,
the set of all interior edges or faces. The space of globally continuous piecewise polynomials

of degree p on 7} is given by
SUT) ={u e C'Q) : ulg €P, forall K € T},

where [P, refers to the space of polynomials of degree p. For any F € X7 with associated

normal vector npg, the jump across the interface E is defined by

[vr] e(x) = Sl_i)r(r)1+ (vp(z + smp) — vp(x — sng)).

Moreover, we introduce appropriate trace operators to characterize the behavior of functions
at the boundary of the domain €. The following theorem from [98, Theorem 3.37] defines the

Dirichlet trace operator.

Theorem 1 (Dirichlet trace operator). Let Q C R?, d = 2,3, be a bounded domain with
Lipschitz boundary. Then there exists a unique operator yp : H'(Q) — HY2(0Q) with

DU = U\(‘m

for all u € C°(9).

A generalization of this result to the spaces H*(Q2) for s > 1/2 is also given in [98,
Theorem 3.37]. To describe the normal derivative on the boundary in a weak sense, we utilize

the Neumann trace operator vy characterized by the following lemma from [98, Lemma 4.3].

Lemma 2 (Neumann trace operator). Let Q C R, d = 2,3, be a bounded domain with
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Lipschitz boundary. Then, there exists a unique operator vy : H'(Q) — H~1/2(0Q) with

<VU, Vd)) = <f7 ¢> + <7Nu7 7D¢>a VQZ) € HI(Q>7
if u e HY Q) and f € H™Y(Q) satisfy —Au = f in a distributional sense.

In particular, if u € C%(Q), then yyu = dpu = Vu - n, where n denotes the outer normal

vector of €.

1.5 WEAK AND STRONG SOLUTIONS OF THE LLG EQUATION

In this section, we recall the basic analytical framework for the LLG equation. We introduce
the notions of weak and strong solutions for a bounded domain Q@ C R% d = 2,3, and
summarize classical results on the existence and uniqueness of strong solutions, together with
the existence and non-uniqueness of weak solutions. Finally, we draw a connection between
weak and strong solutions with the weak-strong uniqueness principle.

We begin by introducing the notion of a strong solution. To this end, we first recall the

alternative (dimensionless) form of the LLG equation (1.2.16) by
adm +m X Oym = heg(m) — (m - heg(m))m = P(m)heg(m), (1.5.1)

where P(m) = I — mm" denotes the orthogonal projection onto the tangent plane to the
unit sphere S? at m, provided that |m| = 1. Based on this representation, we define strong

solutions as follows.

Definition 3 (Strong solution). A function m : [0,T] x Q — R3 is called a strong solution of
the LLG equation if m € L£L>(0,T; H*(Q)) NH(0,T; L%()) satisfies

adym +m x Oym = P(m)heg(m), in (0,T) x Q,

m| =1, a.e. in (0,T) x €,
(1.5.2)
Onm =0, on (0,T) x 08,
m(0,-) = my, in 9,

where
hes (m) = ggx Am + hexg

and a > 0 denotes the damping parameter, Lo > 0 the exchange length and hext an external
field. The initial data myg satisfies |mg| =1 a.e. in Q and dpmy =0 on ON.

The following theorem ensures local-in-time existence and uniqueness of strong solutions
to (1.5.2) for sufficiently regular initial data. This is a classical result of [40, Theorem 1.3].
Moreover, in the two-dimensional case, the solution exists globally in time provided the initial

data has sufficiently small energy ||[Vmy||, see [40, Theorem 1.4].
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Theorem 4 (Existence of strong solutions). Let hexy = 0. Assume that the initial data my
satisfies mo € H2(Q). Then, there exists a time T* > 0, such that (1.5.2) has a unique strong
solution m € C°([0, T]; H?()) N L2(0, T; H3()) for all T < T*.

While the previous theorem provides local-in-time well-posedness for strong solutions under
minimal regularity assumptions, stronger results can be obtained if the initial data is smoother
and satisfies additional conditions. In this case, we can derive (nontrivial) strong solution
with higher regularity. The following theorem, provided in [64, Theorem 2.1], establishes the

existence and uniqueness of strong solutions with higher regularity.
Theorem 5 (Existence of regular strong solutions). Let heyx, = 0. Assume that the initial
data my satisfies, for i > 3,

mg € H*(Q) NHLQ), Dimg € HL(Q)

for all partial derivatives D’ of order j with j < 2(i — 1). Then there exists a constant C;
such that [mo|gzi o) < C; implies that (1.5.2) has a unique strong solution m € HY2(Qr).

The solution m satisfies
|30 (0, < Cillmollg2:.

The constants C;, C; depend only on o, Q, lex, T and i.

Formally, starting from the strong formulation in the Gilbert form (1.2.11), we multiply
the equation by appropriate test functions and integrate by parts in space and time to obtain
a weak formulation of the LLG equation. Moreover, the definition of a weak solution typically
includes an energy inequality, which ensures the physical admissibility of the solution. The

following definition of a weak solution follows [13, 14, 57].

Definition 6 (Weak solution). A function m : [0,T] x Q — R3 is called a weak solution of
the LLG equation if

(i) m € L0, T;H'(Q) NHY(0,T; £2(Q)) and |m| =1 a.e. in Qr,
(ii) m(0,-) = myg in the sense of traces,

(iii) for all p € H'(Qr) it holds that
T T
/ (Orm, ) dt = / (a(@tm, @ xm)+ 2 (Vm, V(e xm)) + (Rexi, @ X m)) dt
0 0
(iv) the energy inequality
t
Evor(m (1)) + /0 (allm(®)]2 + (Drhese (). m(1)) ) dt < Exon(m)

holds for allt € (0,T), where Eot(M) = Eex (M) + Eext (M) with Eex(Mm) = %Hm”2
gext(m) = _<hext7m>-
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The following theorem is a classical result for the existence of weak solutions in the absence

of an external field provided in [14, Theorem 1.5].

Theorem 7 (Existence of weak solutions). Let hexy = 0. Then, for all mg € H(Q) with

|mo| =1 a.e. in Q, there exists a weak solution in the sense of Definition 6.

Although the previous theorem guarantees the existence of weak solutions, their uniqueness is
generally not ensured. By employing nonstationary (weakly) harmonic maps, [14, Theorem 1.6]

constructs infinitely many weak solutions, as summarized in the following theorem.

Theorem 8 (Non-uniqueness of weak solutions). Let hexy = 0. Then there exists mg € H(Q)
with |myp| =1 a.e. in §, such that one can find infinitely many weak solutions in the sense of
Definition 6.

A connection between weak and strong solutions is established by the weak-strong uniqueness
principle given in [57, Theorem 3]. Specifically, if a sufficiently regular strong solution exists,
then it coincides with any weak solution originating from the same initial data, as stated in

the following theorem.

Theorem 9 (Weak-strong uniqueness principle). Let mg € HY(Q). If m, € C3(Qr) is a

strong solution of (1.5.2) and my, is a weak solution in the sense of Definition 6. Then

Mg = My, a.e. in Qp.

1.6 TANGENT PLANE SCHEME

In this section, we introduce the fully discrete scheme studied in this thesis. The numerical
scheme is based on the formulation of [7, Sct. 2.2]. Let 2 C R%, d = 2,3, be a bounded domain
and m : [0,T] x 2 — R3 be a strong solution of (1.5.2).

We start by recalling the alternative form of the LLG equation (1.5.1) with the normalization

constraint given by

adym +m x Oym = P(m)heg(m), (1.6.1)
om-m =0, (1.6.2)

where P(m) = I —mm " denotes the orthogonal projection onto the tangent plane to the
unit sphere S? at m, provided that |m| = 1. We consider the contributions of the exchange

and external field for the effective field given by
heg(m) = (2. Am + hey,

where e > 0 denotes the exchange length and heyt is an externally given field. Throughout
this work, we let f denote the external field h.y for simplicity. To derive a weak formulation,

we define the tangent space to P(m) by

T(m)={pecH(Q) : m-p=0ac}={pcH(Q : Pm)p =}
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By multiplying (1.6.1) with a test function in the tangent space, integrating over the domain

 and using the self-adjointness of P(m), we obtain
a<8tm7 QO> + <m X Oym, 90> = <P(m)heﬁ(m)7 90> = <heff(m>7 90>

for all ¢ € T'(m). After performing spatial integration by parts on the exchange term, we
obtain the following weak formulation: Find m € £2(0,T;V) with dym € £2(0,T; T (m))
such that

a<atm> (P> + <m X atmv 4P> + sz<vma V‘P> = <f7 (P>> (163)

for all ¢ € £2(0,T;T(m)) for almost every t € (0,T) with f € £2(0,7;V’). In this
formulation, the constraint dym - m = 0 is implicitly satisfied by the choice of space for the
time derivative.

We can derive an alternative weak formulation of equation (1.6.3) by enforcing the nor-
malization constraint using a Lagrange multiplier. More precisely, we can impose the saddle
point formulation: Find m € £2(0,T; H(Q)) N H'(0,T; £L3(2)) and A € £2(0,T; 7—?71(9)),
such that

a{Oym, @) + (m x ym, p) + L2 (Vm, V) + (m - @, \) = (£, ),

- Gy ) — 0 (1.6.4)

for all (@,v) € £2(0,T; H'(Q)) x £2(0,T; H () for almost every t € (0, 7).

Let 0 =ty <t; <--- <ty =T be a partition of [0, 7] with time-step sizes 7, == t,, — t;—1.
We denote by m”™ an approximation to m(t,) and by v" an approximation to the time
derivative 9ym(t,). For time stepping, we employ the linearly implicit backward differentiation
formulas (BDF) of order k € {1,...,5}. We abbreviate the BDF method of order k¥ by BDF(k).

The BDF relation for the discrete time derivative is given by
k .
" =) &m T, (1.6.5)
§=0

where the coefficients {¢; };?:0 are the usual BDF coefficients (depending on k). For further
details, we refer to Section 3.1. Moreover, we introduce an extrapolation m" based on the

n=k . m" L. For instance, we may construct m" by finding the unique

known values m
polynomial g € P;_; that interpolates the previous values, i.e, q(t,—1—j) = m" 17 for
j=0,...,k—1, and then setting m" = q(t,)/ |q(t,)|. For a more extensive discussion on
the extrapolation, we refer to Section 4.2.

Furthermore, let 7;" be an affinely equivalent, admissible and shape-regular partition of €
associated with t,. Let V;* = SF(T*) C H'(2) be the space of globally continuous piecewise

polynomials of degree p > 1 on 7;* . Moreover, V1 := (V;*)3. For a function m € H'(Q) with
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|m| # 0 a.e., we define the discrete tangent space
Th(m) = {p} € V] © (m-f, o) = 0 for all 6 € V'),

Note that T} (m) ¢ T(m) in general. In contrast to the orthogonal projection P(m) on
the tangent space T'(m), we do not have an explicit expression for the orthogonal projection
onto the discrete tangent space T (m) [7, Cpt. 5]. Additionally, we would like to point out
that the discrete tangent space we use differs from that used in the works [13, 16]. In our
approach, we enforce the normalization constraint in an averaged £2-sense. In contrast, the
normalization constraint is satisfied at each node of the finite element mesh in [13, 16]. Then
the fully discrete scheme is given by: Find m} € V} with v} € T} (my},) such that

alvp, ) + (my x of, op) + L (Vmp, Vi) = (fi, ¢h), (1.6.6)

for all @} € T} (m}), where f}! .= P{ f(t,) with the £? projection P{ onto V7. Utilizing
the BDF scheme (1.6.5), we obtain the linear equation for v}

n n “—~MN n T
a(vy, Pp) + (my, < vy, @) + ggxcg (Vg, Vep) = (fh, en) + Zfex(s (Vmy,~ 7 , Veor)
(1.6.7)

for all ¢} € T} (my;). A possibility to deal with the discrete tangent space in the fully discrete
scheme is to introduce again a discrete Lagrange multiplier. Then, we can rewrite (1.6.6) as
follows: Find (v}, A}) € VI x V;** such that

afvi, @h) + (M x vi, oh) + (VM Vi) + (my - o, An) = (7, 0h),

1.6.8
(my, - vh,p) =0 e

for all (), ¥)) € Vi x V.

To establish a priori error estimates for a polynomial degree p > 1 and the BDF(k) scheme
with k£ > 1, we assume that the solution m and the right-hand side f satisfy the regularity
conditions

m € CFT1([0, 77, £°(Q)) nC* ([0, T); Wrtte(Q)),

(1.6.9)
Am + f € C°([0, T]; WP (Q)).

Higher-order estimates for polynomial degree p > 1 and BDF order £ > 1 naturally requires
additional regularity beyond the weak setting. Consequently, we perform our convergence
and stability analysis within the notion of strong solutions as introduced in Definition 3. The
existence of such (nontrivial) solutions is guaranteed by Theorem 5 for appropriate initial
data.

For the following results, we assume that the family of triangulations {7,"} is both regular,
quasi-uniform and independent of the time-step n. With the mild CFL-type condition

7% < ¢v/h, the following a priori error estimate establishes the convergence of the fully discrete
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scheme (1.6.6) for BDF(k), k = 1,2, as proven in [7, Theorem 3.1].

Theorem 10 (A priori error bound for k = 1,2). Let m be a strong solution of (1.5.2)
satisfying the regularity assumptions in (1.6.9). Let m} denote the fully discrete solution of
(1.6.6) for k=1,2 and p > 1. Suppose that T and h are sufficiently small and satisfy

Tk§C\/E

for a sufficiently small constant ¢ > 0 independent of h and 7. Then, provided the initial error

satisfies a consistent bound, the error is bounded by
Iy — m(ta)[lz < C(" + BP),

where the constant C > 0 is independent of h, T and n, but depends on o and exponentially
onT.

For the higher-order BDF (k) schemes with k € {3,4,5}, the a priori error analysis requires
an additional lower bound on the damping parameter « together with the stronger (but mild)
CFL-type condition 7% < Ch. Under these assumptions, the following a priori error bound is
provided in [7, Theorem 3.4].

Theorem 11 (A priori error bound for k = 3,4,5). Let m be a strong solution of (1.5.2)
satisfying the regularity assumptions in (1.6.9). Let m} denote the fully discrete solution of
(1.6.6) for k = 3,4,5 and p > 2. Suppose the damping parameter « is bounded by o > ay,

where
as = 0.0913, oy = 0.4041, a5 = 4.4348.
Further, suppose that T and h are sufficiently small and satisfy
™ < Ch

for an arbitrary constant C > 0. Then, provided the initial error satisfies a consistent bound,

the error is bounded by
lmj; — m(ta) |l < C(75 + hP),

where the constant C > 0 is independent of h, T and n, but depends on o and exponentially
on CT.

1.7 CONTRIBUTIONS AND OUTLINE OF THE DISSERTATION

In this dissertation, we contribute to the efficient numerical simulation of the LLG equation.
Specifically, we focus on the reliability of residual-based a posteriori error estimators. Fur-

thermore, we analyze the G-stability of variable step-size BDF (k) formulas from which we
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obtain a discrete energy inequality. Finally, we develop a full adaptive algorithm based on the
theoretical results.

In Chapter 2 we rigorously derive an upper residual-based a posteriori error bound. We
focus on the fully discrete tangent plane scheme introduced in Section 1.6 and employ a
Lagrange multiplier to handle the non-convex constraint in a weak £2-sense. To establish
the error estimate, we combine the three-point reconstruction (in time) with the elliptic
reconstruction into a time-space reconstruction.

In Chapter 3 we derive a discrete energy inequality for the fully discrete tangent plane
scheme introduced in Section 1.6 using the variable time-step size BDF(k) method. This
stability property is crucial to ensure that the numerical solution preserves the underlying
physical behavior of the LLG equation. We first establish the G-stability of the variable
step-size BDF (k) formulas and then utilize the Nevanlinna-Odeh multiplier technique to obtain
the desired estimate. The resulting discrete energy inequality is valid under the assumption of
a lower bound on the damping coefficient o and an upper bound on the consecutive time-step
size ratio. While this analysis is partially based on our previous work [36], we extend the
results to BDF(k), k € {1,...,5}, provided a single multiplier exists for this method. Finally,
we employ discrete orthogonal convolution kernels to transform the discrete energy inequality
into an £2-bound for the discrete solution.

Building upon the theoretical results, we establish in Chapter 4 a space and time adaptive
algorithm for the LLG equation. We derive the local truncation error for the variable step-size
BDF (k) method and provide corresponding computable approximations. Furthermore, we
develop a variable step-size and variable order time-stepping strategy. By combining this
approach with residual-based spatial error estimation, we obtain a fully adaptive framework.

In Chapter 5 we verify that the a posteriori error estimators introduced in Chapter 2
converge at the optimal order with respect to either the time-step size or the spatial mesh size.
Moreover, we apply the proposed space and time adaptive algorithm to various numerical
examples to demonstrate its effectiveness and robustness.

For the convenience of the reader, we provide an extensive list of the abbreviations and

symbols at the end of this thesis.






CHAPTER 2

RESIDUAL-BASED A POSTERIORI ERROR ESTIMATE

In this chapter, we establish a rigorous upper a posteriori error bound for the fully discrete
scheme (2.3.2) based on BDF(2) time-stepping and finite element spaces of arbitrary polynomial

degree p, relative to the weak formulation (1.6.3). The effective field considered is
heg(m) = (2, Am 4 hey.

Numerical results in Section 5.3 confirm that all error indicators converge at the optimal rate.
To the best of the authors knowledge, this is the first rigorous a posteriori error estimate for
the LLG equation including the exchange field. In particular, the normalization constraint
dym -m = 0 is accounted for in a weak £2-sense, while higher-order spatial approximations
and second-order accuracy in time are admissible.

The main idea is to combine the three-point reconstruction from [6, 96] with the elliptic
reconstruction [91, 97] into a time-space reconstruction. A similar concept to the elliptic
reconstruction in the literature is the post-processed solution, where an auxiliary approximation
is introduced to obtain a posteriori error bounds [51, 52]. Moreover, we follow ideas from [25],
where a posteriori estimates for the time-dependent Stokes equations for the BDF(2) scheme
are derived utilizing the three-point reconstruction combined with a Stokes reconstruction.
Similar to [6, 25], for ease of presentation, we first provide the analysis for uniform time-steps.
The extension to variable step sizes is given in Section 2.6.

To date, the mathematical analysis of a posteriori error estimates for the LLG equation
has been limited in the literature. A detailed theoretical study by Bamnas [23] considers a
space-time discretization and a semi-implicit scheme, where the latter is closely related to a

method proposed in [106], which is based on
dm — aAm = o|Vm|*m + Am x m + f(m), (2.0.1)

where f(m) = Rext X M+ a(hexs — (M- hexi)m). For both of these discretizations, a posteriori
error bounds are provided in [23]. Since the constraint 9;m - m = 0 is not inherited by (2.0.1),
the formulation is equivalent to the LLG equation (1.2.10) only under the additional condition
|m| = 1. Both discretizations in [23], however, do not enforce this constraint. Moreover,
although the scheme [23, (3.69)] is first order accurate, it suffers from severe instabilities caused
by the violation of the normalization constraint |m| = 1 [106, p. 137]. Thus, a penalization is
usually required to stabilize such schemes [106]. A posteriori error bounds for a related LLG

model with magnetostriction, but without the exchange field, were derived in [21, 24].
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2.1 NOTATION

Let © C R? be a bounded domain with Lipschitz boundary, where d = 2,3. We consider
the spaces V = H'(Q), V := V3, V' := H(Q) and the conforming finite element space
Vi = SP(T") ¢V .C V' for p > 1 corresponding to the shape regular triangulation 7, of Q

at t, for n > 0. Moreover, we consider the tangent spaces according to Section 1.6, namely
Tm)={pecV : m-p=0ae.l},
as well as the discrete tangent space

TP (m) = {@, € VI ¢ (m-@p,dp) =0, Y, € V') (2.1.1)

T

Next, we introduce the operator P(m) := I —mm ', as well as the orthogonal projection

onto the tangent plane T'(m) to the unit sphere S?, defined for |m| # 0 by

mmT

-2 -

Pt(m)=1- "y

Although P(m) = P*(m) if and only if |m/| = 1, we refer to it as the orthogonal projection
onto the tangent plane T'(m). Later in the analysis, we make use of the fact that P satisfies
Lipschitz-type bounds and employ P to measure the deviation of the discrete solution from
its tangent plane.

Let PJ be the £2-projection onto V. For a sequence {m7?})__, with m?! € V! for n >0
and m,:l € V) we define the discrete differentials

n _ ,on—1 n _ ,on—1
Imy = 'm = " M T T T, (2.1.2)
T tn — th—1
for n > 0 and
'mp =30 'mp) (2.1.3)

forn+1 >k > 2. In general gkmg ¢ V3, we thus define g,limg = ngkm}: € Vy, for
n+ 1>k > 1. Further, we define the linear interpolating polynomial

my(t) = mj + (t — t,)0m} (2.1.4)
for t € I, == (tp—1,t,] and n > 1, as well as the three-point reconstruction

1 52, n
M (t) = 1 (t) + 5 (t = o) (t = tn1)0 mi, (2.1.5)

O M, (t) = 3" my + (t — t,)0°m}
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for t € I, == (tp—1,t,] and n > 2, where

’mp = LT m +0m},  Ooml =Pl m (2.1.6)

|

is the BDF(2) time discretization operator. Visual representations of the linear and three-point
reconstruction are given in Figure 2.1.1. For t € I} = (to,t1], we define the initial three-point
reconstruction

1 = — —
Miy() = my (1) + 5(t = to)(t = )T 'mf,  AMu(t) = Imj, + (6 = 12)0 mi,  (2.1.7)

where t /5 == (t1 + to)/2. Although the same symbol My, is used for the three-point recon-

struction on [7, its meaning is evident from the context.

tn—3 tn—2 th—1 tn
Figure 2.1.1: Visual representation of the linear and the three-point (quadratic) reconstructions
my, (blue) and M}, (green) for given values m, 7, j =0,1,2. The curve of an

exemplary solution is given in red. The three-point reconstruction is the unique
quadratic polynomial, which interpolates m, 7 for j = 0,1, 2.

2.2 PRELIMINARIES

We consider the bilinear form a : V x V' — R defined by
a(m,p) = (Vm, V). (2.2.1)

We first introduce the discrete Laplacian for functions in (). An analogous definition for
functions in H{(R) is given in [26, Def. 1.1].

Definition 12 (Discrete Laplacian). Let Q@ C RY, d = 2,3, be a bounded domain with Lipschitz
boundary and v € H'(Q). Then the discrete Laplacian —Alv € Vi C H'(Q) is the operator
with the property

<_ ZU7¢Z> = a(v,goﬁ) - <7NU77DSOZ>7 VQOZ = Vn, (2'2'2)
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where the trace operators yp and vy are given in Theorem 1 and Lemma 2.

We proceed with the definition of the elliptic reconstruction associated with the bilinear

form a and the finite element space V7 [91, 97].

Definition 13 (Elliptic reconstruction). We define for m} € Vi C HY(Q) the elliptic
reconstruction Rmy € H'(Q) by

a(Rmj, ) = (—Ajmp, @), Ve e H'(Q). (2.2.3)

A main characteristic of the elliptic reconstruction is that we can use any available a
posteriori estimate for the elliptic part of the equation [91]. First, we want to emphasize that
the elliptic reconstruction is introduced with homogeneous Neumann boundary conditions.
Second, we consider later in Section 2.3 a weak formulation of the LLG equation that likewise
enforces homogeneous Neumann boundary conditions. As a consequence, the discrete solution

mj € V7 satisfies
{(ywmy, ypey) =0 (2.2.4)

for all ¢} € V. For now, let us assume that a function mj € V7 satisfies (2.2.4). Then, the
Galerkin orthogonality of Rmj — mj follows immediately from (2.2.3) and (2.2.2), namely

(V(Rmj, —my), Vpp,) = (—Aymi, o) — a(my, @) = 0 (2.2.5)

for all ¢} € V7. Thus, partial integration on each triangle, (2.2.3) and subtracting (2.2.5)

leads to

(V(Rm} —m}), Vo) = 3 ((A-Apmi o — el + Y. ([Oamile.e - of)e
KeT Eexg,

+ > (Oami,e—@lE
EeX,Nno

for all ¢ € V' and ¢} € V. Defining the element and edge residuals by
Ric(m}) = (A — Afym.

for K € 7;" and

" [Opm}]E, for E € Xy,
Opmy, for £ € %, N 09,

we obtain by applying standard a posteriori arguments

IV(Rm} -mp)P < Y h%(HRK(mZ)H%Q(K)Jr > hE”RE(mZW%?(E)'
KeTn EeXy
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By the Aubin—Nitsche duality method and under suitable regularity assumptions, we can

additionally show

IRm} —mj|* < > hic|| Rk (mj, HLZQ(K > h || Re(my, ch (B)"
KeT» Eey,

For details, we refer the interested reader to [4, Theorem 3.1], [118, Prop. 3.8] and [119]. We

summarize the above results in the following Lemma.

Lemma 14 (A posteriori bound for the elliptic reconstruction). For any mj € V7 with

(ywmi, vper) =0 for all @) € V3, there holds, under suitable reqularity assumptions,
I(I = Rymp|* S n(mi; £%), (I = R)mp3, S n(misHY), (2.2.6)
where 1 is defined by

nmis ) = 3 IR mp)Pegey + 30 Wbl RE(mE) |2 ),
KeT? EeX,

n(myHY) = Y BkIRk (M) 220y + D hellRe(my)l|Ze g
KeTy Eey,

(2.2.7)

We also require a posteriori bounds in the £°°-norm for the elliptic reconstruction. Again,
since the elliptic reconstruction satisfies an associated elliptic problem, any existing a posteriori
L>-estimate transfers directly to the reconstruction. For instance, Nochetto et al. derived
a posteriori error estimates in the £°-norm for monotone semi-linear elliptic problems on
a bounded, polyhedral domain in [101, Theorem 4.2]. Similarly, in [54, Theorem 3.1], an a
posteriori bound in the £°°-norm of the gradient of the error of piecewise linear finite element

approximations is established on convex polyhedral domains for quasilinear elliptic problems.

Assumption 15. Let m} € V' and Rmj € V be the elliptic reconstruction defined in (2.2.3).
Then, we assume that there exist a posteriori error estimators n(m; £L%°) and n(mp; WH>),
such that

So(mp £°), [V(Rmj — mj)llze < n(my; WHe). (2.2.8)

~

IRmi; — mi |z

Note that we may have to impose additional assumptions on the domain €2 to ensure the
validity of the a posteriori estimates (2.2.6) and (2.2.8), e.g., smoothness of the boundary or
convexity.

Further, we require a Lipschitz-type bound for the projection onto the tangent plane. The
following Lemma is an extension of [7, Lemma 4.1] to the case |m| # 1.

Lemma 16 (Lipschitz-type bound). Let m,v € H'(Q)NW*°(Q) and m € H'(Q)NL>®(Q).
Then, the projection onto the tangent plane P(m) =TI —mm?" satisfies

[(P(m) — P(m))v|| < ([lmllc= + [m]c<)|lv]c=|[m — ml],
IV(P(m) — P(m))v| < Q2llv]c=l|Vm|c= + [Vl = (m]c= + [m]c=))lm — m]



24 CHAPTER 2 RESIDUAL-BASED A POSTERIORI ERROR ESTIMATE

+ 2[Jv|[ o= ([[m]| g + 2[[m]|c=) [V (m — m)|

< y(m,m,v)[m —m|y;,

where v is defined by

v(m, m,v) = 2||v e ([mll e + 2[[m| e + [V o) + [Vl oo ([[m] o + [[m]] c<).

If [mllce = 1, then A(m, i, v) = 7(73, v).

Proof. Setting e = m — m, we rewrite
(P(m) — P(m))v = —(me' +em)v
and, using the product and m = e + m,

9;(P(m) — P(m))v = —(diee’ + edie + d;me' +mde’ + dem' + edim ' v

+ (me' +em)dw

and ||e||ge < ||m| g + ||m||g> yields the bounds. O

2.3 MODEL EQUATION

In this chapter, we consider the tangent plane scheme from [7] for BDF(2) and polynomial
degree p > 1, introduced in Section 1.6. Since the notation is already quite involved, we
assume /2 = 1. However, the proof can be generalized directly to arbitrary ¢2_ > 0. For
the convenience of the reader, we start by recalling the weak formulation (1.6.3) and the
corresponding discrete equation (1.6.6) rewritten with the bilinear form a introduced in (2.2.1).
We consider the model equation: Find m € £2(0,T; V) with 9;m € £2(0,T; T(m)) such that

a(Om, @) + (m x Oym, @) + a(m, @) = (f, @), Y € £2(0,T; T (m)) (2.3.1)

with f € £2(0,7;V’) and natural boundary conditions d,m = 0. Then, the fully discrete
scheme is given by: Find m} with v} = 5Bmz € T} (my) such that

vy, ep) + (M x vy, @) +almy, e,) = (i, en), Ve, € Th(my,), (2.3.2)

where f} = P{ f(t,) and my, is a predictor for mj. Note that our analysis does not rely on
any specific structure of m and does only assume that my € V', i.e., my ¢ V7 is admissible.
In general, we first compute an egtrapolation qy for m} from a composition of previously
computed values m?l_l, ...,mp 7 j > 1, cf. Section 1.6. Preferably, we then normalize
the approximation g} to employ the predictor mj = q}'/|q}| as in [7, (2.1)]. However, this
normalization leads to mj &€ V}'. In practice, we may only normalize the predictor at nodal

values and thus ensure that the predictor remains in V7.
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The equations (2.3.1) and (2.3.2) are equivalent to the saddle point problem: Find (m, \) €
(L£2(0,T; V) NHY(0,T; £3(Q))) x L2(0,T; V")

a(Om, ) + (m x gm, ¢) +a(m,p) + " (A, ) = (f, ),

B (4. Gpm) — 0 (2.3.3)

for all (p,9) € L2(0,T;V) x £L20,T;V") and find (m}, \?) € V! x V;* € V x V' such that

afvy, @p) + (my, x vy, ) + almy, @p) + 0" (AL @f) = (Fh, oh), (2.3.4)
b (i, vf) = 0
for all (e, v)) € Vi x V', where b™ is given by
b (N, ) = (\,m - ). (2.3.5)

For the initialization of the numerical scheme we require the given initial condition m® € #(Q)
with [m?% =1 a.e. in Q. Then, we set m% = Pgmo. Further, we require /\2 to compute the
first time step using the trapezoidal scheme (2.3.7). We determine (v9,\?) € V9 x V2 by

computing

0
a(vh, @p) + (M) x v), @) + b™n(A]), @)

< 27‘P9L> _a(mg7()091,)7
) (2.3.6)
b (Y, v)) = 0,

for all (9, 49) € V9 x V0. Setting my = my, we treat the first time step using the trapezoidal
rule as follows: Find (m},\}) € V] x V)l such that

—= _1/2 = 1/2 mi/2 172 1/2
a(@m}, oh) + () x dml, oh) + almy/? o) + 57 (07 @b = (1% eh), .
~1/2 _ o
b (yf,dmp) =0,

for all (go}” w,lL) € V,l1 X Vhl, where the superscript 1/2 denotes the average of the values at
to and t1, e.g., f,lz/2 = %(j’,lZ + f9). Possible choices for the predictor T/T\L;ll are, for instance,
the normalized first-order approximation m; = my/|my| or the normalized second-order
approximation my, = (mj, + 700 /|my + 7).

Given enough regularity of the weak solution m for the saddle point formulation (2.3.3),

the following inf-sup condition holds.

Lemma 17 (Inf-sup condition). Let m € W*°(Q) with |m| =1 almost everywhere. Then,
for b™ : V' x V = R defined in (2.3.5), the inf-sup condition

Bm)|[Ally» < sup  ————= = sup
pevifoy llellv geviioy  llellv
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holds, where (B is defined by

_ 1
m) = (L [V}

Proof. Using m -m =1 a.e. leads to

”)\HV/ = sup <)‘7 C> = sup <A7 m - <m> )

cevvior ISV cenvioy lI<llv

Since m € W1°(Q) and |m| =1 a.e., we estimate with Young’s inequality

[cmlfy = [ (¢mP + |9 (cm)P) de

< [ (¢Piml? + 2PV mP + 2V iml?) de (238)
1
< 3max {1, ]| Vm|/%e 2 — —— _|I¢|?%.
< {1 [IVm|z=}ICly ﬁ(m)gHCHv
Finally, applying (2.3.8) we conclude
IAllv: = sup Aymcm) < ! sup Am - Cm) < L sup 7<A,m-<p>
cevvoy  lI<llv B(m) cevnioy  lI<mllv B(m) geviioy llellv

O]

On the other hand, discrete inf-sup conditions for m € WH*°(Q) with |m| = 1 almost
everywhere on a quasi-uniform finite element triangulation are provided in [7, p. 1013]. First,
the discrete inf-sup condition

m-v
inf  sup {an, nl >0

€V v, evr [|Onllaellgnllz-

holds uniformly in & for s € {—1,0,1}. Second, for the discrete tangent space (2.1.1), the
inf-sup condition

inf sup {vn, wh) >0

wh €T} (m) vy, e (m) VR3¢ [|wh -

holds uniformly in A for s € {—1,0,1}.
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2.4 A POSTERIORI ERROR ESTIMATE

Before presenting the main result of this chapter, we first introduce the a posteriori error

estimators that we obtain later in our analysis.

Definition 18 (A posteriori error estimators). Let {mp}N o {mp N o, {Fi2,, (0,

be sequences with mj, fi € Vi, A\ € V;* and my, € V for alln > 0 and define
am; b= am) - 27(f% + A)mj) — P{(my) x dm}) — P{(\)my)). (2.4.1)

Then, we introduce the time error estimators

N
— 72 2 . L =2 52 —12
&= max | VE,mi|, 2= 3 0mf 0 m P
N o o N 72
& =Y 7([[ompoNy|? + [|omp 0N )1?), & =Y 7|0 mp]?, (2.4.2)
n=1 n=2
N = =2 = =2 =3
&= "3 (I9miy x O mi||? + [0y x °mi|? + |mg "t x 3 mip?),
n=2
the reconstruction error estimator
N =2
& =Y 70" (=Ap)mp|?,
n=2

the projection error estimator
tn 9
P ::/O (I = P(M}))8, M2, dt,

where M, is defined in (2.1.5) - (2.1.7), the space error estimators

0<n<N

N
A1 = max n(mZ;Hl), Ay = Z Tn(gan;Hl)a
n=1

N
Az =Y 7n(mp; L%,

n=0

where 1 is the elliptic a posteriori estimator defined in (2.2.7), the data approximation

error estimators

N
A ::/I Ifn = FIPdt,  Fo= Z/I 174 = fIP dt,
1 n=2""n

the changing mesh estimators

N

— q a) n — =2 =2 n
2= Y Tl =R)@ = a)milP,  Zpi=rt max V(@ - 5)mi?,
n=2 - -
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N
- =B 5B =15 B
5=y (7110 = 3 )ymi|? + 79(@ - daymp) 7).
n=2
the finite element space conforming estimators

Cr = 7|[(I - Py, N2 + 7| (I - P (> x am))|)%,
N
ny /=~ =B n N\ (3N \n
Cy =Y (vI(X — Py) (g, x 3"mp)|? + | (X — P gy

n=2

9 N\ (—=nyn 3 LAY E=>S =B n
+720(( = Py)(mp ) |1? + 7°118((I — Pg)(mj, x 8" my,)) !!2),
the extrapolation error estimators
Q1= [ (lm}, = 7}) x OME + [, — ) ML) e + (O, — D7) x D
1
+ 77| (my, — M)A
N
Q2= Y ([ (g = ) x 00| + [ m — )N
n=2 n
+73)[(@my; — Imp) x 8 mi |2 + 7| (my, — mp)OA;]?),
and the initial error estimators

T, = 7| P, x 0'm})|* + 7°| Py (@M Tmy,) |2, Ty = 7°| @0 %,

_ _ o o (2.4.3)
Ty = 7°|0m}, x O'mi||? + r°||[9mpdNL]|? + 77| OmEONL|1%,

where Wy = o@zm% + Omy, x Im}, + mj, x 52m,% —J(Atm}) +mpON. + 0my A — Of}.
The main result is given by the following theorem.

Theorem 19 (A posteriori error estimate). Let m denote the exact solution of (2.3.1), and
let my be the solution of (2.3.2) forn=2,...,N, with m}, given by (2.3.7). Then

IV (m = )| 7 g ez S F1+Fo+ 7 (E1+ E2+ E+E+E + &) + A+ Ao+ Ay

+P+E1+E2+E23+C1+Co+ Q1+ Qo+ 11 + 1o + I3,
(2.4.4)
where the estimators are defined in Definition 18. The hidden constant depends only on «,

HMhuwl,oo, Hachuwl,oo, n(mz,WLoo), a/nd HAh”L"oo

Before presenting the proof of Theorem 19, we first introduce appropriate time-space
reconstructions and derive a corresponding parabolic error equation. Based on the elliptic

reconstruction, we define the linear-in-time reconstruction

w(t) = Rmj} + (t — t,)ORm}, (2.4.5)
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for t € I,, n > 1, and the quadratic (three-point) time-space reconstruction
W (t) = w(t) + 3(t — t,)(t — tn 1) Rmy, (2.4.6)
for t € I,,, n > 2. For the initial interval I7, we set
W (t) = w(t) + L(t — to)(t — 11)0 Rm3.
For the Lagrangian multiplier, we employ a linear-in-time reconstruction, namely
M(t) = AR+ (t — tn)ONT, (2.4.7)

fort € I,, n>1.
As a first step, we derive the error equation using both the three-point reconstruction M,

and the time-space reconstruction w. To this end, we introduce the error variables

E =M, —m, €:=mp —m, E=W —m, €= w —m, €= Ay — A\
(2.4.8)

In the parabolic error equation below, the term (€ x 0;Mp, ) does not involve a time
derivative of m, thus a linear-in-time reconstruction is sufficient. Employing the three-point
reconstruction in this term merely introduces additional a posteriori terms without providing

any advantage.

Lemma 20 (Parabolic error equation). Let (m,\) be the exact solution of (2.3.3) and
(mp, A}) the solution of (2.3.4). Then, fort € I, and n > 2, we have

Oé<8t8, ‘P> + <m X 8t87 (10> + <€ X 8ch7 (19> + a’(g7 ‘P) + bm(‘C:v LP) =+ be()\fn ‘10) = <Irh7 (10>)
(2.4.9)
for all p € L2(t1,T; V), where

(Thy @) = (ff = Fr0) + (@ = 0 ymit, ) + (mlf — ) x 0, My, )

+(t—t)((Om} — ImY) x Do mP, @) + (t — t,)2(dm] x I°m?, )
+ ((mp, —mp) AL, @) + (t — t) (M) —my)ON;, @)
+ (t = tn)*(OMRONL, ) + (t — ta) (¥, )
n\ (= =B n N\ /=N \n
+{(I = Pg)(my, x 0" my), ) + (I — Pg)(muAy), @)
(2.4.10)
for all ¢ € L2(t1,T; V) and with

W = ad ' m} + 0m) x 9 ml +m) x Iml — I(ArMY) + myoN! + ompAr.  (2.4.11)

Proof. We start by using the orthogonality of the £? projection P} onto V', i.e., (Pfu, ) =
(PP, Plp) = (u, Pip) for u, € L2(), the definition of the discrete Laplacian (2.2.2)
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and the discrete equation (2.3.4), to obtain
(0, mii + PRy x 8" miy) — Alimi, + Pi(mpAy) — fi, o)
= (ad"my + iy x 9"my — Afmi + WAL — f1, Phg) (2.4.12)
= (ad"mj} + my x D" my — £}, Pyo) + a(m}l, Pig) + b (A}, Pig) = 0

for n > 2 and for all ¢ € L2(t1,T;V). By applying the weak formulation (2.3.3) and the
definition of the error variables (2.4.8), we have for ¢ € L2(t;,T;V)

a<8tgv 90> + <m X OE, @) + <€ X Oy M p, §0> + a(gv 90) + bm(57 90) + be()‘}w 90)
= —(f,¢) + (0 Mp, ) + (M, x My, @) + a(w, p) + b™" (A, ).

Subtracting equation (2.4.12) yields

a(OE, ) + (m x OE, @) + (€ X My, @) + a(€, ) + b (e, ) + b (An, ¢)
— (7 — £, ) + a0, M), — 9omi, @) + (my, x 0, M), — Py(m} x 9" mi), @)

+a(w,¢) + (Apmi, @) + (mpA, — Po(mpAL), @)
(2.4.13)

For the second term on the right-hand side, we use the definition of the three-point recon-
struction (2.1.5) to get

(M), — Dymi, @) = a((8° — 0 )ymit, ) + (t — tn)a (D my, ). (2.4.14)

Next, adding and subtracting (m;}, x 5Bmﬁ, ) yields for the third term on the right-hand
side
(my, x M}, — P§(myj, X gBmZ), p) = (my, x M), — mj x gBmZ, )

B (2.4.15)
+{(I — PR)(my x 8"m}), ).

Again, by adding and subtracting (mj, A}, ¢) to the last term on the right-hand side, we

obtain
(M — PLGAD, @) = (muh, — gL, @) + (T — PO@IAD, @), (2.4.16)

Further, we have, by the definition of w (2.4.8), as well as the definition of the elliptic

reconstruction (2.2.3)

a(w, @) = a(Rmj, ) + (t — t,) a(FRmY, @)

“ (2.4.17)
= —< Zmz,@) - (t - tn)<8( ZmZ)>‘P>
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Utilizing (2.4.14)—(2.4.17) to rewrite the right-hand side of (2.4.13), we obtain

a0, @) + (m x OE, ) + (€ x M, ) + a(€, @) + b (g, ) + b (An, @)
= (f} — £.0) + l(@” =B )ymit, @) + (my, x O M, — Ty, x 9 mi, )
+ (Madn = TG, @) + (¢ — 1) (@' m, 9) — (B(AFm]), @) )
+ (I — P)(my x 8°mp), @) + (I — PR)(mAL), ).

(2.4.18)

Next, we continue with rewriting the right-hand side of (2.4.18). We first add and subtract
(t — tn)(mj x 52m2, ®), and second (t — t,)(0m} x 5Bm2, ). With the definition of the
three-point reconstruction M, (2.1.5) and the linear reconstruction my, (2.1.4), this yields
for the third term on the right-hand side of (2.4.18)

(my, x M}, — my, x 5Bmﬁ, )
= ((m}; —m}) x OMp, @) + (t — t,)(Om]} x My, p) + (t — t,){m} x EQmZ, )
n —n FAYSuN 1} a=n 5B, n
= ((my —mp) x 9 Mp, @) + (t — tn)((Om} — Omy) x 0" my,, )
F(E—)2(0mP x Tml, @) + (t — ) (Omy x I mp +m) x - m7, p).
(2.4.19)
Similarly, by first adding and subtracting (m, A}, ), and second (t — t,)(mpON!, ¢) and

using the definition of the linear reconstruction (2.1.4), we rewrite the fourth term on the
right-hand side of (2.4.18) by

(mpAn — mpAy, @) = (M, — W) Af, @) + (= tn) (MadA], @) + (t = tn) (0 AL, @)
= ((mn — Mp) Xy, @) + (£ = tn){(my, — Mp)ON;, )

(8 = ) (MRON, + IMGAL, @) + (8 — 1) (OMEONT, ).
(2.4.20)
Finally, by inserting (2.4.19) and (2.4.20) into the right-hand side of (2.4.18), we conclude

a(OE, @) + (m x OHE, ) + (€ x M, ) + a(€, @) + b (g, ) + b (An, @)
= (fi— f.0) +a((@ - 3,)

(t — ta)(@mf, — Tmg) x Bmi, @) + (t — ) Bmft x D}, o)

((mp —mp) Ny, @) + (t — ta){(my, — mp)ON], @)

(t = ta)*(OMGON,, @) + (t — ) (¥, p)

(I = Py)(mp x 87mi), @) + (I = Py (L), @),

my, ) + {(mj, —my) X 0 M, @)

N
N
N
N

where W is defined in (2.4.11). O

Having established the parabolic error equation, we can now proceed with the proof of
Theorem 19. For clarity and to emphasize the key ideas, we postpone the proofs of the

a posteriori terms and the initial time step a posteriori bound to the next section.
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Proof of Theorem 19. Rewriting the parabolic error equation (2.4.9), we have

a<atg~7 90> + <m X atga 90> + <8~ X Oy My, 90> + a(gv 90) + bm(ev 90) + bg()‘lw 90)
= a((W — Mp), ) + (m X O((W — M), @) + (W —my) x M, ¢)
+ (W —mp)An, @) + (Th, p).

Now, testing with ¢ = € yields

A|0E|? + a(€, BE) + 1™ (e, HE) + VE (Mn, D,E)
< 10E ] (10:M]| = [|E]| + (1 + ) |0(W — M)

+1(W =) x M| + (W = mu) ]| + [rall)
since ||m|z= =1 and (m x &,E,9,E) = 0. Next, we treat the bilinear form a as
a(€,8,&) = a(€,0,E) + a(w — W ,0,E) = a(E,DE) + (—An(w — W), ,E),

where —Ap(w — W) = L(t — t,)(t — tn_1)0 (~A7)m by the definition (2.4.5) and (2.4.6) of
the reconstructions for ¢ € I,,, since w and W are defined through pointwise (in time) elliptic

reconstructions. Further, using a(€,8,€) = %(%HVEHQ, we obtain

Ld
2dt
< €] (H(?chHcoollgll + (14 a)l|0(W — Mpy)|| + (W = my) x 0:M| (24.21)

A|OEIP + = SIVE|? + 5™ (e, B,E) + b (A, ,E)

+ W = ma) Xl + [all + [An(w — W)
To reduce the notation we define co = ||0:Mp||goc + || Anl|coo, as well as,
A= 1+ a)[|0(W — M) + coo (W —mp)[| + [[7al] + [[An(w — W), (2.4.22)

Thus we can rewrite equation (2.4.21) by

1d

ol DI + 5,

IVEI + ™ (2, E) + b5 (n, ) < |0E]| (M ] c= €] + A).

Further, using the parabolic error equation (2.4.9), m-9;ym = 0 a.e. and m - P(m)o; M} =0

a.e., we obtain
V™ (e, 0,E) = b™ (e, W) = b™ (¢, (I — P(m))g,W)
<1 = Pm)oW (1 + )| 0E] + lel|0:M ] = + lelllAnlle= + [Irall)
— a(& (I - P(m))a,W)
< (L= Pm)aWI|((1+ )| 0El| + eoollell + [[rall + | An(w — W) )
+ | VENIV (I - P(m))a W],
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since

a(€, (I — P(m))o;W) = a(€,(I — P(m))O;W) + (—Ap(w — W), (I — P(m))o;W).

Using |le]| < €]l + |W — my]|, [|0:E] < [|0:E|| + |8:(W — My,)| and the definition of A
(2.4.22) yields

b (e, 0E) < II(1 = Pm)aW (1 + )| 0E] + clI€]| + A)
- (2.4.23)
+ | VEIV I~ P(m)aw|.

Utilizing b€ (A, 9€) < |\l e | E]19:€]| and (2.4.23), we deduce

1d,_ = . - .
S AIVE? < |0E] (cscl €]l + A) + [VENVI ~ P(m)a,W |

oI + 5

+ (1 = P(m)WI|((1+ @) |%E] + e | €]l + A).
Applying Young’s inequality, making use of
0,21 2 €] - 1€
dt
and subtracting %oc”@tg | from both sides, we obtain

, d = . 2 < 2 <
minfo, 1} €[50 < €I + = (cocl €]l + A) "+ 2| VE V(T ~ P(m)a,W|
2(1 + a)?
_|_ - 7

(T = Pm)a W+ 20|(T — P(m))o, W | (cxc €] + ).

Define
Yow = L+ W) |O:W e,  mw =v(W,0:W), (2.4.24)

where v is defined in Lemma 16. Next, we estimate using the Lipschitz-type bound of the

orthogonal projection in Lemma 16

(I = P(m))oW| <|I-P
<[I-P

V(I = P(m))o,W| < |V(I
<[v({

W))oW ||+ [[(P(W) — P(m))o,W |
W))W || + vow €]l

PW))o,W | + [[V(P(W) — P(m))o,W||
PW)OW | + 71w €l

—~

)
)

~—  —

Applying the above equations yields

, d 5 S 2 . 2 .
minfa, 1} €)% < €17 + = (exl €]+ A) -+ 2 VEIV(T — POV)2W]

a)? c
. 2(1;:)(\|(I — PW)O,W| + 0w E])°
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+2(|(1 = PW)AW || + 50w |E]]) (coo | €]l + A)
+ 2| VE|nw €]l

Exploiting Young’s inequality, (a + b)? < 2(a? + b?) and reordering yields

4(1 4 a)?
minfo, 1} 1 < ol € + el + (UE p 1y ) - pownaw)?

n (g +2) A%+ | V(I - (W)W |2,

+Oz)

where ¢y =2 + fc + 2¢co0yo,w + ( 41 + 1)7(2)7W and c; = 14 27 w. Integrating from

t =t1 to ty, we obtain

€3 < V@) + e [ (llE + rE1 ) i
H = H " min{a, 1} Jyy #H min{a, 1}~

where
i oy 2 (4 2 2
A ::/ Gl = POW)OW? + (= +2) 4% + | V(T = POW)OW | | di
t1
with ¢y = 4(1+0‘) + 1+ 2. Thus, estimating ||€]]2 < HgHgil, we conclude by Gronwall’s
inequality

tN (cgte1) dt

~ ~ 1 ~ f
2 2 - t min{a,1}
1€ 30 < (KB + ey A ™

We finalize the a posteriori estimate (2.4.4) for ¢ € [t1,tn] by
IV (m = my) ()| < |V (M = mp) () + V(W = M) (@)|* + [ VE®)]?,

where we estimate the remaining terms in the next section. O
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2.5 REMAINING ERROR ESTIMATES

In this section, we provide the remaining a posteriori error bounds to conclude Theorem 19.
The error estimates are mostly derived by adapting the approach of [25], where comparable
error terms were analyzed. We start by taking care of the initial time-step, which is provided
by (2.3.7). To simplify the notation, we assume V9 = V} = V2.

Lemma 21 (Initial time-step a posteriori estimate). Assume V;0 = V)l = V2. Let (m, \) be
the exact solution of (2.3.3). Further, let (mj},\}) be the solution of (2.3.7) and (m3, ;) be
the solution of (2.3.4). Then

1V (m = m) 2 0,1;2(00)

< IV(Pm(0) ~ mO)I? + V(M — 1|2 sy + VOV = M) 2 e

" 2 2 012 2
+/0 (10(W = M)+ [[W = |2 + 79I + [|An(w — W))|

(T = POW)OW 3, dt.
where the initial reconstruction My, is given in (2.1.7) and 9 is defined by

(@) = (Fn = F.p) + ((mj, — 3) X My, ) + (t — t1)((Dmy, — Imy,) x Iy, )

+ (t = t1)(t — t172) (D), x D°mZ, @) + ((my — Wn) AL, @)
_ 2 o (2.5.1)
+ (t = ) {(m, — TL)IN, @) — T @LINL @) + (¢ — 1)’ (Bm},IN], )

+ (I — PY) (> x am})), @) + (I — PE) (5 \/%), @) + (t — t1/2) (¥, )
with By = ad m? + 0mj, x Oml + mip x 0°m2 — d(Alml) + mioAL + ompAl — 9f).

Proof. Since V} = V) we have m} = P{0m} = 9;m},. Similarly to (2.4.12), using the
orthogonality of the £2 projection P} onto V}ll = VY, the definition of the discrete Laplacian
(2.2.2) and the weak formulation of the trapezoidal scheme (2.3.7) we obtain

<aamh + 130(/\1/2 X gm}b) — A}L 1/2 + PO(Al/Q 1/2) f}ll/2790>
= <04(9mh+m1/2 % gm}b _ Al 1/2 4 A1/2A1/2 B 1/2 P090>

/\1/2 1/2 1/2

Plo) +a(my/®, Phe) + 5™ (A%, Ple) = 0
(2.5.2)
for all ¢ € £2(0,t1; V). Thus, by applying the weak formulation (2.3.3) and the definition of

the error variables (2.4.8), we have for ¢ € £2(0,t1; V)

= (adm} +m,'* x Imj, —

a<8t87 90> + <m X OE, 90> + <€ x O, Mp, 90> + a(gv 90) + bm(57 90) + be()‘fn (P)
= —(f, ) + 0 Mp, o) + (my, X O:Mp, ) + a(w, @) + ™" ( Ay, @).

Subtracting equation (2.5.2) and adding <7’ﬁ}/2 x Om} — Tﬁiﬂ x Om}, ) = 0, as well as
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A — 2 A% ) = 0, yields

(O, p) + (m x &, ) + (e X O My, p) + al€, p) + b (e, ) + b (An, @)

— (£} = £, @) + (0, M), — dm), ) + (my x M), —m)/* x Im}, o)

vy (2.5.3)

a(w, ) + (Ahmy?, @) + (myNy, — My,
+((I - Ph) /> x dm}), o) + (I - Py, °N/%), ).

For the second term on the right-hand side, we use the definition of the three-point recon-
struction M, on I; (2.1.7) to obtain

UMy, — Imi, @) = alt — t112)(0'mi, ). (2.5.4)

Further, we have, by the definition of w (2.4.5), as well as the definition of the elliptic

reconstruction (2.2.3)

a(w, ) = a(Rm}, @) + (t — 1) a(FRm}, )

o B (2.5.5)
—(Apmy,, ) — (t = 11){0(Amy,), @).
Substituting (2.5.4) and (2.5.5) into the right-hand side of (2.5.3) leads to
a0, ) + (M X &, ) + (€ X Ot Mp, ) + a(€, ) + b (e, ) + b (An, @)
= (4 = £, @)+ (mi x My, —my/* < Imj, @) + (Afmy/* — Ajm),, o) 2.5

+ (mpdn — 202, 0) + alt — ty ) (@ md, @) — (t — 1) (D(ALm)), @)
+ (I — Py)(my/* x am}), ) + (I — Ph)(my/*A/?), o).

We continue with rewriting the right-hand side of (2.5.6). Since t —t1/ = § +t — t1, we

have
fr—f7= —afl (t—t12)0f ) — (t — t1)Df} (2.5.7)

The same identity holds for m}, A} and Alm}. Inserting (2.5.7) for f3 and A}m} into the
right-hand side of (2.5.6) yields

(0, @) + (Mm x OE, ) + (€ X O Mp, p) + a(€, @) + ™ (e, ) + b (A, ¥)
— (Fy — fr @) + (my, x M), — /> x Iml), )
+ (mpAy — 1/2)\2/2, )+ (t - t1/2)(0452m}21 — d(Aymy) — Ofh, @)
+ (I — PY)(y/* x Dm}), @) + (I - PH) X%, o).

(2.5.8)

By adding and subtracting <1’ﬁ}L x 0¢Mp, ) to the second term on the right-hand side of
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(2.5.8), the definition of the three-point reconstruction My on I; (2.1.7) and (2.5.7), we obtain

(myp, X 0. My, — 77\7,,1/2 x Omj}, @)
= ((m} —m}) x &My, @) + (t — 11)(@mi, x My, @) + (W), — /%) x Imi, )
1 =2
+(t - 751/2)<mi11 x 0 mj, @)
— ((mh — k) x A M), @) + (t — t1) (Tl — Dml) x Im, @)
(= t1)(t — 1) (Ml x B'mE, @) + (t — t172) (D), x Im, + ), x D°m3, ).
(2.5.9)
Similarly, adding and subtracting first ()}, ) and second (¢ — t1)(7,0\}, ) to the third

term of the right-hand side (2.5.8) yields

(man — N2, )
= ((mn — )N, @) + (¢ = 1) (i, — 703,)00, ) + (8 — 01)*(@mON, @)

+ (= t1) (LONL + DML, @) + (mpAL — m A2 ).

Moreover, by (2.5.7), adding and subtracting first <T/r\L}L)\,11/ 2 ) and second %(5171}LA17¢), we
obtain

1/2

_ __1/2 1/2
<Tn,h)\,11 - mh/ A ) = /

~1= T =~
(0N, @) + 5 (0m N, @)

(NN I T NN

2

1= - % = 1%

(M, O\, + Imyp A, @) — Z<8mha>‘}lw P).
Combining the above equations and using ¢ — {1 + § =t — ¢/, yields

2
—~ —~ —~1\5 T = —~1%
(i = 73N, ) = (o, — )AL @) + (8 = 1) {(m, — 724)DN, ) — - (BTN, )

+ (t = t1y2) (MM, + OMAL, @) + (t — 11)* (Dm0, @)
(2.5.10)
All in all, we conclude by inserting (2.5.9) and (2.5.10) into the right-hand side of (2.5.8)

(O, p) + (m x OE, @) + (€ X OMp, @) + a(€, p) + 0" (e, ) + b (Mn, )
— (f, — fr @)+ ((m}) — k) X M, @) + (t — 11)((Fm}, — Om}) x Im), o)
F(t— 1)t — t12)(Om) x Tm3, ) + (M, — Tp) AL, @)
2
+ (¢ = t1)((m), — M) 0N, ) — %(577%5)\%, @)+ (t —11)*(Om}, 0\, )
+ (I = P)(my/* x dm}), @) + (I — P A/?), o)
+ (t = t1/2)(Po, @)

= (r), )
(2.5.11)



38 CHAPTER 2 RESIDUAL-BASED A POSTERIORI ERROR ESTIMATE

with Wy = ad m2 + Omjp x Oml + mp x °m2 — d(Alml) + mLoAL + dmiAl — Df).

Following the proof of Theorem 19 and estimating
V(W —m)(0)]| < [|[V(W — M) (0)[| + |V (Pgm(0) — m(0))]|

concludes the proof. O

In the following Lemma, we estimate the difference between the linear reconstruction my,

and the three-point reconstruction M.

Lemma 22. Let mj be the discrete solution of (2.3.2) and M, be the corresponding three-
point reconstruction defined in (2.1.5) - (2.1.7). Then, for t € [0,ty] it holds

_ 2 < 4 32,2 4 72 A2\ on2 _ 4 =
IV~ mi) (O] £ 7 max, [VT,mi|” + 7 max V(@ —T,)mi|* = 7€ + .

where the estimators are defined in Definition 18.

Proof. By the definition of the reconstruction (2.1.5) and (2.1.7), we have

1 .

My, —my, ==t —to)(t — th1)dmp, tel,n>2
2 , (2.5.12)

Mh—mhzi(t—tg)(t—tl)g m,%, tel.

Thus, by the triangle inequality and (2.5.12), we obtain
—2 n —2 n =2 -2 n
IV (M —mp)@)|° < 74V my|* < 74 VI,mp|? + V(0" — ,)mj|?
for t € I, n > 2 and | V(M — mp)(®)|2 < 74| VO m2||? for t € I 0

Next, we derive error bounds for the error between the time-space reconstruction W and

the temporal reconstructions, which result in the space error estimators.

Lemma 23. Let m} be the solution of (2.3.2), M}, be the corresponding three-point recon-
structions defined in (2.1.5) - (2.1.7) and W be the three-point time-space reconstruction
defined in (2.4.6). Then, fort € [0,ty] it holds

V(W — M)(®)|* < A, (2.5.13)
tn
| 10w = M3 at < da+ =, (2.5.14)
tn
L1 = m) e < 20+ g5, (2.5.15)

where the estimators are defined in Definition 18.

Proof. Recall that 9, M ,(t) = 0 mD+ (t—t,)0m? and ;W (t) = 0" Rml+ (t—t,)0 Rm
for t € I, and n > 2, as well as 53() = %52(') + (). Using the definition of the three-point
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reconstruction (2.1.5) for t € I,,, n > 2, along with the discrete differentials given in (2.1.3)
and (2.1.6), we obtain

W — M) = 8" (m} — Rml) + (t — t,)0 (m} — Rm)

T\=2 n n a n n
= <t —tn + 2>8 (mj, — Rmy) + 0(mj; — Rmy,) (2.5.16)

t—tn  3\= . o ft—tn  I\e, .
:( - +2>8(mh—Rmh)—< - +2>8<mh 1_Rmh 1)'

Similarly, applying the definition of the three-point reconstruction (2.1.7) for ¢ € I; and (2.1.3)
yields

0(W — My) = d(mj} — Rm}) + (t — t1,2)0 (m} — Rm3)

B t—11)0
T

t—t19 (2.5.17)

T

d(mi — Rm3) + (1 — )8(171% —Rmj}).

Since [t —t,| < 7 fort € In, n > 2, and [t — 15| < 7 for t € I}, we obtain with (2.5.16) and
(2.5.17)

T N o
10w = M)l de £ 3 75(mi; — R 3
n=1

Finally, adding and subtracting R, m}’ inside ||-||5,1, using 9Rm} = ROm} and the triangle

inequality leads to

T N o L
/0 10:(W — Mp)|5, dt S 7)|0pmp; — ROnmi|5, + 7L — R)(D — 8p)mi5,:.
n=1

(2.5.18)

Estimating ||0,m} — ’Rﬁnmﬁﬂiﬂ < n(0pmi; HY) via (2.2.6) concludes (2.5.14).

Let « € {£2,#H'} and |-||x denote the norm under consideration. Using the definition of
the reconstructions, we have

(W = My)©) < [Rmj — mi .+ Ry~ = mp !+ [Remp = - mi =2 (2:5.19)
fortel,, n>2, and

JW = M) (0l S [Rm2 — mil + [Rmd — mi |l + [Rml — m,

for t € I;. Combining the above equations with (2.5.12) and (2.2.6), we arrive at

t 2 N 2 2
LW —mlar S [T OW = M2 4 M= ) a

N N
=2
S Do mn(mi; £2) + Y 00 my| .
n=0 n=2
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This establishes (2.5.15). Finally, using (2.5.19) and estimating ||V (m} — Rm})|?> <
n(mj; H1) with (2.2.6) concludes (2.5.13). O

Below, we bound the difference between the linear and quadratic time-space reconstruction

similar to Lemma 22.

Lemma 24. Let mj} be the solution of (2.3.2) and w, W be the corresponding time-space
reconstructions defined in (2.4.5) - (2.4.6). Then

tN N —9
/0 [An(w —W)[2dt < Y- 78" (~AR)mp|* = 7€
n=2
where the estimator is defined in Definition 18.

Proof. Recall that

—Ap(w—W) = %(t )t — tn1)T (—AP)MY, teE Ln>2,

1 _
—Ay(w = W) = (8 to)(t - )0 (—ADm2,  tel.

Thus

[ 180w~ W < 3 AR

n=2

O]

Next, we compute bounds for the residuals of the parabolic error equations (2.4.9) and
(2.5.11).

Lemma 25. Let 1, be defined by (2.4.10) and 79 by (2.5.1). Then,

t1
[ s mre+ o+,
0

tn
/ ral?dt S Fo+74(E+ E + E1) + B3+ Co+ Q2 + T4,
t1

where the estimators are defined in Definition 18.

Proof. Recall that

(rh, @) = (1 = f,) + (@ = 3, )mit, @) + {(mf; — W}) x M, @)
F(t—t)(Fm) — Tm}) x D"me, @) + (t — 1) (Oml x D-m?, @)
+ ((my, — mp) AL, @) + (= t,)((m), — M)A, @)
+ (t = tn)*(OMRONL, ) + (t — tn) (¥, )
+{(I — PR x 8°ml), ) + (I - Py)(mpAL), o),
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for all ¢ € £2(0,t1; V), where W is given by (2.4.11), for ¢t € I, and n > 2. Although ¥ is
already computable a posteriori, we further simplify it to clarify different error components

and obtain more manageable terms. We start by using equation (2.4.12), i.e.,
(@, mj, + Py, x 0°m}) — Afmi. + Py, — fhe) =0, Ve € L2(0,t5V),
to obtain

(U, ) = (0D m] + 0m) x D m} +m) x 0 m} +myoN + ImyAL, @)

1 = Py = s
+ ~(~ad,/mj, — Py(mj, x 9" mf) — P{(miN) + Fh. )

1, = n—1 _ & _ —1~n—1\n— _
(B mi ! P < 0 my )+ Py A — £ )

a£n 72 n 1 =B n aB n— “—~NnQ\n a-—n\n
= (0fh, ) + (0"mj; — ;(3n mj — 9, ymy ), @) + (MLON, + Omp A\, @)
S, =~ =B m o ~m =2 o Firms—n =B n
—(0(Pg(mp L)), ) + (0m), x 0" mj +mp x I mj —9(Pg(my x 9" mp)),p)

for t € I,,, n > 3. Since gfmz = %gimz + dpm} by (2.1.6), we have

~ 1, = — Opymp — Opym) ™t 1 -
O mi; — (@ mi; = 9, mi ) = 9P - SRR (@m0, ymy )
T T
w5 Ao.n Lz2 o =2 ne
= 0(0 = On)mj; — 5 (9 mpy — 0, _ymy; Y
(2.5.20)

Applying (2.5.20) and adding and subtracting (9(mp\}) + d(mj, x gBmZ), ) leads to

a.pen =2 n 52 n— (A _ A n
(W, ) = (OF 1, @) — 5 (Onmiy — 0, _ymy; L) +a(0((0 - 9,)m7), ¢)
) N (= aB n “—~=nag\n aA=n\n A/=Snyn
+(0((I = Pg)(my}, x 0" my)), ) + (Mo, + 0mp\y — d(mpAy), ») (2.5.21)
+ @y, x 8" miy + iy, x 0'my, — Oy x 8 my), @) + @((I — Py (AL, ).
Using that
Aml x 0°my) = 0my x 9" ml! +my x 00" m}) — romy x 90 ml)
yields
Imy x D ml +my x Iml — d(my x 9°m?)
—Tmy x 0 mp + my x om]
—omp x 0 ml —my x 0(0"m}) + romy x (0" my) (2.5.22)
2
- —%mz x O°mf + %émh x D°my + TOmy x 0m}

T ~n— =3 o~ -2
:—gmz L% 9°my + r0my x & mp.
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Moreover, we have
A(MPAY) = Omp AL + my LOAF = ImpAY + mpON} — TOmONL.

Combining the above equations with (2.5.21), we conclude

2 n 2

(@, 0) = (@f7, ) = S Onmi = T ymii ™ @)+ ald(@ — Da)m}). ) + TOON;, @)

+(O((I = Py)(my, < 07mp), @) + (D((I - Py)m@hAR), ¢)

T, ~n—1

53 n a=n 32 n n
— (M~ x I my, ) +7(0my x "my, @) = g"(1).

[\

For the case t € I3, we have due to the definition of m,:l given by (2.4.1) and the trapezoidal
scheme (2.3.7)

=B 1 a3 1 0 1 1
ad my = ;(imh —2my + 3™, )
= 200my, — fj — A)mj, + Pi(my, x Omy) + Py(\)my,) (2.5.23)

— f} + Abm}, — Pi(m}, x dm}) + P§(\my) — 2Py *my ).

1/2/\1/2

Using that A\)mj, + A my, — 2\, = %7’25)\}1157/7\1}” we get

ad’m} = fi + Akm} — P(m}, x dm}) — Ph(\mib) + 72P0<8Aha b
— f} + Akm} — Pi(m} x 0" m}) — Py(Am) + 72P0<0Ah8“> (2.5.24)
+ S Py(m), x 8'm}),

where a52m}L = % (m} —2mj +m; ') with m;," given by (2.4.1). Thus, we obtain for ¢ € I
using (2.5.24)

T ST P 1 _ =
(W) = g°(t) + 5 (POONIM)) + 5 (P, x T'm}). ).

Finally, the triangle inequality yields for the residual rj defined in (2.4.10)

=B =B n n —n
lrull S NFn = FI+ 1107 = 0p )mill + ||(my — my,) x 9, M|

+ 7l|(@m]; — Omp) x 8 mi| + 73| 9my x 8 my|

+ [ (ma, — )M+ 7l (mit — m)ONE | + 72 [Om oA

+ (I~ Py (g x 8" mp)|| + | (I — Pg)(@p ALl

+ 7| B5my — & ymi |+ 7([D((@ — Bn)mi) || + 72| Dmp oL |
+7(1D((I — Pg)(mp x 8°mp)| + 7| 9((I — P)(mipAp) |

+ 72wt x @' mi| + 7|Fmg x 3 my|

A1 53—~ ~ =2
+72x0, (1)1 P§ (OX,0m) | + 7xr, (1) | P (17, x 07mi),



2.5 REMAINING ERROR ESTIMATES 43

for t € I,, and n > 2, where xj, denotes the indicator function onto Iy. Integrating from
t = tp_1 to tp and summing over k = 2 to N concludes the proof for rp,.
Using the definition of 9 (2.5.1), we obtain

Il S 1w — FIl+ [l (md, — m3) x 0 My| + 7| (D), — 9mmy,) x Imy|
— i2 — o — —_ 1=
+72)|0my, x O mi |+ [[(m, — )AL+ 7| (m, — 7)ON | + 77|00

+ 72 mb AL | + ||(I = Py)(m,* x dmb)| + ||(I — Py) >N/ + 7| o]

O

We proceed with the £%°-error bounds for the error between the time-space and temporal

three-point reconstruction.

Lemma 26. Let m} be the solution of (2.3.2), M}, be the corresponding three-point recon-
structions defined in (2.1.5) - (2.1.7) and W be the three-point time-space reconstruction
defined in (2.4.6). Then

IW = Mz oz S jmax, n(mi; £7), (2.5.25)
[0:W = M)z o, S max n(@nmii; £5) + max 1((9 = In)mi; L), (2.5.26)
V(W = M)z o,ric) S max n(miis W), (2.5.27)

IV0,(W = M)z o) S max n(@nmijis W) + max n((D — In)mi; W),
(2.5.28)

where we employ the estimators from Assumption 15.

Proof. Combining (2.5.19) and (2.2.8) yields (2.5.25). Following (2.5.18), we obtain (2.5.26).
Finally, (2.5.27) and (2.5.28) follow in the same way. O

Finally, we compute the a posteriori bound for the normalization error of the time-space

reconstruction.

Lemma 27. Let m} be the solution of (2.3.2), M}, be the corresponding three-point recon-
structions defined in (2.1.5) - (2.1.7) and W be the three-point time-space reconstruction
defined in (2.4.6). Then

[ - Povyow g a

tN
< [ (1 = POL))OM 3 + M = W3 +[04(M = W)[3) at

SP+ A+ Az +E,

where the (hidden) constant depends on | Mp|lpi.co, [|0:Mpllp.cc, n(my; WH) and where

the estimators are defined in Definition 18.
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Proof. By adding and subtracting (I — P(W))0; M}, + P(M )0, M}, and using the triangle

inequality, we obtain

(I = PW))O,W |lgr < [[(I = P(W))3: Mgy + (I = P(W))0(W — Mp)l|3p
< (I = P(Mp)0:Mp|3r + [[(P(Mp) = P(W))0: M| 31
+[|(I = P(W))O0((W — Mp)||31.

)
)

Since P(W) =1 - WW ', we estimate
I(I = P(W)0(W — My)lgr = [[WW TO(W — My)llg < [[W [y [0(W — M) 3.

Using the Lipschitz-type bound of the orthogonal projection in Lemma 16, the a posteriori
bound of the elliptic reconstruction (2.2.6) and (2.5.19), we obtain

tN tn
[P~ POV)OME e < [ 5(My 00 My~ Wt S A
Finally, applying Lemma 23 to estimate ||0;(W — M})||41 and bounding HWH%VMO by the

triangle inequality

where ||[W — My||yy1. is bounded by (2.5.27), concludes the proof. O

Applying the triangle inequality as in (2.5.29) and Lemma 26, we obtain a posteriori
computable error bounds for the coefficients vo w and v; w defined in (2.4.24).

2.6 VARIABLE TIME-STEPS

In this section, we extend the a posteriori analysis to the case of variable time-steps. Similar
to [25, Sct. 7.1], the proofs may be directly extended after adapting the definitions of the three-
point reconstruction and the BDF(2) operator 53(-). We therefore present only the resulting
changes to the error indicators from Definition 18, after first recalling the precise definitions
of the three-point reconstruction and the BDF(2) operator. For simplicity, we assume a fixed
spatial mesh. However, the extension to variable spatial meshes is straightforward.

Let 0 =ty < t; < --- <ty =T be a partition of [0,7] with time-steps 7, = t,, — t,_1.
Further define the step ratio k, = 7,/7,—1 for n > 1. The definition of the finite-difference
operator 0 is extended to

_ . n n—1 gkfl n gkfl n—1
Iml = 9mpP = T "M Eyn Mo (2.6.1)
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for k > 2. Then, the linear interpolation polynomial is again defined by
my,(t) = mj + (t — t,)0m}

for t € I,, == (tn—1,tn]) and n > 1. In contrast to (2.1.5), the three-point reconstruction is
modified to

My(t) = mp(t) + —22 —(t—ta)(t — tn1)0 ml,
Kon + 1
5 o o (2.6.2)
OeMp(t) =0 mj + p 1(t —tn)0 My,

for t € I, == (t—1,tn] and n > 2, while the BDF(2) time discretization operator is defined as

B 1 (1428, LK 2) o
) n._ - n_ (1 n— n n— _ p) n 4 Amn.
mj! < T my — (1+kp)my ~ + Trr m) T . mj + om}

(2.6.3)

These definitions are based on [25, Sct. 7.1]. For t € I, we again take the three-point
reconstruction as defined in (2.1.7). By following the argument in Lemma 20, we derive for

variable step-sizes, instead of ¥,

n o~

my x 0-my — O(Almy) + myoA; + Omp A}

~ 2kp =2 =—-n =B
R4 ::aﬁn_:la my +0m; x 0 my + .

Hence, the error indicators from Lemma 25 need to be adapted. Rewriting (2.5.20) in the

case of non-uniform time-steps using (2.6.3), we obtain

2 — 1 /= _
?_1 182mﬁ - — (GBmZ - 8Bm271)
Kn Tn
2Ky Kn 1 Bp—1 =2 41
= — 1)0m) + ———— 0 " mj 6.
(nn+1 Ky +1 ) P | h (2.6.4)

1 Rn—1 =R2 1
— Oml + —"—_9"m!" ).
h Rn—1 + 1 h )

Kn(_lin—l—l

Finally, employing the same arguments as in the proof of Lemma 25 and applying (2.6.4), the

error indicator 7€, from Definition 18 is modified to

N
3 Fn-1 52 n-1)2
E ::E m"— L am} )
2 = n”mﬁl " ko1 1 ho

Moreover, rewriting equation (2.5.22) using (2.6.3) leads to

Ty x 9°m] + ;’jf MY X 3l — Ol x °my)
n
_ Fj’i’llmg x DPml — ) x D@ mY) + mdml x 9@ mY)
_ Fj’f: [ x O — < 0 mi) —  x §'mi, 4 7,0, x (9" m})
== 17712 x 0'my — THL'I/’)’\LZ U x 8’my + 7, 0my x 0 my.

Kn + 1 14+ ky,
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This yields the additional error estimator
6 )2 a 2
7= Z Tn 5 lmp < 0"mg "

The remaining estimators are obtained analogously to the uniform time-step case. For
completeness, we summarize the definitions of the error indicators for variable step sizes in

the following definition, cf. Definition 18.

Deﬁnition 28 (Error estimators for variable time-steps). Let {m}}2 ., {mp 2 o, {710,
{ARIN ) be sequences with m%, £ € VI, A\t € Vi* and mj} € V for all n > 0 and define

am; = am}, — 2r (f) + AYm) — P}(my), x Im},) — Pi(\amy)). (2.6.5)

With the definition of My, in (2.6.2), we introduce the time error estimators

N
= = Kn—1 52 -
& = max 7, V@ 2 Ey = Tmp — L Giy,n-l 2
1= max ! [VImi | 2= > A A
N — — — —
= m(10mioN;|? + |[9my N |1?),
& o = =2 = =3
Evi= Y o (|0my, x O mip| + |9my, x 0 mp|? + |mp "t x 3'mp?),
n=2
& al 5152 2 3 "ﬂn— 1)? 72 2
& :ZTnHa mZH ) 87 _Z +1 QHmhxamZH )
n=2
the reconstruction error estimator
E5 =) Tollo" (—AR)mp %,
n=2
the space error estimators
N N B B N
Ay = Z T n(Opmi; HY), As = Z Tan(mp; L2,
n=1 n=0

where 1 is the elliptic a posteriori estimator defined in (2.2.7), the finite element space

conforming estimators

N
~ NN o~ =B n n\ (=N A\ N
Cr =Y (7all(T — PRYEE x 3 mp)|? + rall(X — PR,
n=2

+ 70 = Pg)(mp ) |1 + 1 0(( — Pp) (e, x 9 mh))H2>
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and the extrapolation error estimators

N
Qo= 3 ([ (rmf = a3) x DM+ o, — 7)Y

n=2 n

+73(@mit — D) x 9 mj|2 + 2 (i) — mp)ONL2).
We obtain the following theorem for variable time-steps (and non-changing mesh).

Theorem 29 (A posteriori error estimate). Let m be the exact solution of (2.3.1) and mj, the
solution of (2.3.2) forn =2,...,N and the solution of (2.3.7) forn =1. Assume T =1 = 7o
and V' =V, for alln =20,...,N. Then

IV (= 108) [ e sz () S 1+ Fo+ €1+ E+ E3+ Eu+ & + &+ Er + M + Ao + Ay
+P+C+Co+ Q1+ Qo+ Ty + T+ Ty,

where the (hidden) constant depends on «, ||Mp|lpwieo, ||0:Mp|ypree, n(my; WH) and
ARl coe and the estimators are given in Definition 18 and Definition 28.






CHAPTER 3

STABILITY

In this chapter, we consider an effective field that consists of the exchange field and an external
field, i.e., hog(m) = (2. Am + hey. Multiplying the alternative form of the LLG equation
(1.2.16) with 0ym and integrating over the time-space domain €2 x (0,7") yields

1 T 1 T
SANVm@)E+a [ om)? = SEIVmOI + [ [ hog-om. (3.0.1)

Thus, by Cauchy—Schwarz and Young’s inequality, we obtain the inequality

1 1 /T
SEAvmDP + S [Cjm? < A IVmO) + o [N’ (302)
0

Such inequalities are commonly referred to as energy inequalities, although they do not
explicitly involve the total magnetic Gibbs free energy (1.2.3). However, their discrete
counterparts provide a valuable robustness indicator for numerical schemes. For the tangent
plane scheme analyzed in [7], a discrete energy inequality was established in [7, Prop. 3.3]
for the uniform step-size BDF(k) method with & = 1,2. The purpose of this section is to
extend the analysis to the variable step-size BDF (k) (abbreviated as VS-BDF(k)) method
with £ € {1,...,5}. Moreover, the energy inequality can be employed as a tool to prove
convergence without rates for a subsequence to a weak solution as 7,h — 0, see [13, 28, 58|.

In close relation to the above inequality, integration by parts in (3.0.1) yields

Erot (T +Oé/ Hath = Eiot (0 / /@t ext T,

where ot (1) = Eex (t) +Eext (t) = L2 [ Vm(t)||? — Jq Ohexi(t)-m(t) denotes the dimensionless
total magnetic Gibbs free energy (1.2.3). If Oihext = 0, this immediately implies the energy
inequality Eot(T) < &tot(0). This energy inequality is well studied in the literature and is
usually included in the definition of a weak solution for the LLG equation [13, 14, 58, 86,
102], cf. Definition 6.

Typically, a discrete energy for parabolic equations using higher order BDF formulas for the
discretization requires a restriction on the adjacent time-step ratios to hold. A classical result
by Becker for the two-step BDF method requires the bound 7, /7,1 < (2 +1/13)/3 ~ 1.8685
[32]. In [60], Emmrich improved the bound to 1.9104. For both of these results, the energy
technique with a single multiplier was used. Recently, the bound for the BDF(2) method was
slightly increased to 1.9398 by utilizing two multipliers in [9].

On the other hand, classical results on the zero-stability for variable step-size BDF schemes

yield different bounds on the consecutive time-step ratios. Notably, Grigorieff obtained in
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[77] the bound 1+ /2 for the zero-stability of the variable step-size BDF(2) method. In the
subsequent work [39], Calvo et al. provide the zero-stability bound = 1.476 for the variable
step-size BDF(3) method and ~ 1.101 for the variable step-size BDF(4) method. The bound
for the variable step-size BDF(3) method was later improved to ~ 1.501 in [78] through a
spectral radius approach.

In Section 3.4 and 3.5, we establish G-stability of the variable step-size BDF(k) methods
for k = 2,3 with a single multiplier under a step-size ratio restriction that matches with the
zero-stability bounds of [39, 77]. Subsequently, we obtain in Section 3.6 G-stability with a
single multiplier for the variable step-size BDF(4) method with a step-size ratio bound of
~ 1.150.

Finally, we obtain in Section 3.8 for the LLG equation a discrete energy inequality with the
time-step ratios of Section 3.4-3.6 at the cost of a lower bound on the damping coefficient
a. Similar to [7], we utilize the multiplier technique with a single multiplier combined with
Dahlquist’s G-stability to obtain a discrete energy inequality for the variable step-size BDF(k),
k= {1,...5}, method. Moreover, we concludes this chapter by extending the discrete energy
inequality to an £2-bound for the discrete solution of the LLG equation utilizing the discrete
orthogonal convolutions kernels introduced in Section 3.7. We begin with a description of the

variable step-size BDF method and an overview of stability concepts for multistep methods.

3.1 VARIABLE STEP-SIZE BDF METHOD

In this section, we aim to provide an introduction to the BDF methods with a focus on
variable step-sizes. The BDF method is particularly valuable for stiff problems because its
predictor, constructed through extrapolation, naturally aligns with the BDF formulation itself
[55]. More precisely, the interpolation polynomial used to compute the solution implicitly
at the current time-step t, coincides with the predictor polynomial used for t,y;. This
characteristic is specific to BDF schemes and does not hold for other multistep methods for
stiff differential equations. For an exemplary explanation, we refer to [55, Example 7.47].
In this work, we consider the BDF (k) method for k£ < 5 since only a single multiplier is
required to ensure G-stability, which is often referred to as the Nevanlinna—Odeh multiplier
(later denoted by 7) in the literature due to [100]. However, for the six-step BDF method
no Nevanlinna—Odeh multiplier exists and one requires at least a set of three multipliers [8].
Some results on the stability and an error analysis for the BDF(6) scheme can be found in
[8, 46]. For some standard literature on time integration for ordinary differential equations,
we refer to [55, 80, 81, 104], on which this section is partly based.

Consider the initial value problem on the interval [0, T] with 7" > 0: Find u € C'([0,T])
such that

u(t) = f(t,ult), te(0,T), (3.1.1)

with the initial condition u(0) = ug. Further, let the time interval be partitioned as 0 =
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to <ty <--- <ty =T. Our goal is to approximate the solution at t = t,, using previously

computed values u"~¢ ~ u(t,_;) for i = 1,...,n. A common approach is to differentiate the

interpolation of the solution at ¢,. Specifically, let p € P* be the interpolating polynomial
satisfying

pltn_i) =u™" i=0,..., k. (3.1.2)
Then, differentiating this polynomial yields the condition

P (tn) = f(tn,u"). (3.1.3)

This is a representation of the BDF method, where we, in particular, do not require an
equidistant partitioned time interval.
On an equidistant partition, it is also convenient to utilize backward differences to describe

the polynomial, as well as the BDF scheme. Defining the discrete differences
Vou" =", Vi = Vityn — vyt (3.1.4)
for £ € {1,...,n}, we may express the polynomial (3.1.2) as

t—1tn

k
p(t) => (1) <_,S> Viu"  with  s= (3.1.5)
§=0 J

T

for t € R, where the value u™ has yet to be determined such that (3.1.3) holds [81, Cpt. 3 (1.19)].

By differentiating the polynomial, we obtain the linearly implicit formulas

S|

k
Tf(tn,u") = Z Vi,
i=1
This can be rewritten to
Tf(tn,u™) = Gu" (3.1.6)

In the case of an equidistantly partitioned time interval, the coefficients §; correspond to the
coefficients of the polynomial
k
k
HOEDY

(=1

k
1= => s (3.1.7)
=0

|

Next, we want to present a technique to practically compute the coefficients §; for the
BDF (k) method in the case of a non-uniform partition of the time interval. The formulas for
the variable step-size BDF(k) scheme, k = 1,...,4, are given in [53, 121].
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For notational convenience, we consider the partition
[0 = tg,t1,02,... ,tk] = [0,7’1,7’1 + 7o, .., T+ +Tk] (3.1.8)

for the BDF (k) method for £ > 1. Thus, we aim to approximate the solution at ¢, using the
previously computed values u’ ~ u(t;) for i =0,...,k — 1. The time interval may be shifted

without loss of generality. Furthermore, we define the time-step ratio

Ti

i (3.1.9)
for ¢+ > 2 for the following sections. Next, we define the abbreviation
Tjof =Tj+Tjg1+ -+ (3.1.10)
for j < £. We start by rewriting the BDF(k) method in the general form
DF (u;t) == dpu(to) + Op_1u(ty) + - - + drultp_1) + dou(t) — (t — ty_1)u'(t). (3.1.11)

The numerical method is then defined by the condition ®*(u;t) = 0, which determines the
value of the solution at time t;. We aim to compute the coefficients d; for the variable step-size

BDF method. The coefficients can be obtained by enforcing the consistency condition
F(u;ty) = O(FH),

where 7 = max denotes the largest step-size. However, consistency alone does not
guarantee the_ éé;lvergence of multistep methods. In the case of a multistep method with a
constant step-size, consistency combined with zero-stability is equivalent to convergence [55,
Cpt. 7.1.3]. For variable step-sizes, zero-stability and an appropriate step-ratio bound is usually
required in addition to consistency such that the method remains convergent [48, 77, 115].

Hence, by the Taylor expansion of u(t;) about t; for i = 0,...,k — 1, we obtain

2 (k) + (3.1.12)

N |

u(ty) = u(ty) — 7. 6t (tr) +

Substituting the Taylor expansion into (3.1.11) leads to the following system of equations for

the coefficients

1 1 1 ... 1 |fs] [o0]
0 T Th—1k --- Tl k| |01 —Tk
0 7 Tiyg - Tio| |02 =10 (3.1.13)
0 T,ff 7'1]:—1,14; Tf__’,c_ | Ok | | 0 ]

to ensure consistency. For example, if £k = 3, we can compute the coeflicients directly using
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Cramer’s rule by

2 2
—71,2,372,3 T1,2,37T —T2,3T:
22 s g = 223 g = — =223 (3.1.14)

51 = ) ) 3 .
T1,272 T1T2T2,3 T1T1,271,2,3

The remaining value is then given by the first equation as dg = —(d1 + d2 + d3).

T, ---P
% AN u i
K * ° u
/! \ *
1) N2
u-, \\’LL
4 )
\
u \\UES
* ou
/ *x
/ N ut
/, \\\ /_‘
/ ot
7/
w0
°
to ty to t3 iy

t

Figure 3.1.1: The dashed line shows the Lagrange interpolation polynomial P of ug,...,uq4,
marked with green circles, as defined in (3.1.15). The values on the uniform
time mesh @y, ..., U4, indicated with red stars, are obtained by evaluating the
polynomial P according to (3.1.16). At t4, the values of ug and uy coincide.

However, the transposed Vandermonde matrix in (3.1.13) becomes ill-conditioned for large
values of k. Thus, solving the linear equation system numerically (3.1.13) may be unreliable.
Alternatively, we could project the recently computed values onto a locally uniform mesh

and utilize the uniform step-size BDF (k) formulas. To do this, let us assume that the values

u' = u(t;) for i = 0,...,k — 1 are given and we want to compute the value u* using the
BDF (k) method for £ > 1 with a time-step size 7. Further, let
Lot—t
L (t) = -
i) , H b —t
1=0,i#]
be the Lagrange basis polynomials and
k=1
P(t) = Plulto, ... tp—1](t) = Y _ uwLE(2) (3.1.15)
§=0
be the interpolating polynomial of the known values u’ for i = 0,...,k — 1 in P;_;. Then, we

begin by evaluating the values on the uniform time grid with a mesh size of 7 by
=Pty —im), i=1,...,k (3.1.16)

Once these values are obtained, we can compute the value of u* using the uniform time-step
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size BDF(k) scheme with the values @*~* for i = 1,...,k. In Figure 3.1.1, we illustrate
an example of interpolation onto a uniform time mesh using the Lagrange interpolation

polynomial (3.1.15).

3.2 STABILITY CONCEPTS FOR MULTISTEP METHODS

In this section, we briefly recall fundamental concepts for the stability analysis of uniform
step-size multistep methods. This section is based on [80, 81].
Consider the ordinary differential equation u'(t) = f(¢,u(t)) as introduced in (3.1.1). We

begin by defining a general uniform step-size k-step multistep method as
Z aju"ﬂ =T Z 5jf(tn+j, u”ﬂ). (3.2.1)
J=0 Jj=0

The associated one-leg method is given by

k k k
Z aju”+j = Tf( Z Bjtn+ja Z ﬂju”+j) . (322)
Jj=0

Jj=0 Jj=0

In particular, for the BDF (k) method, we have Sy =1 and 5y = - -+ = Br_1 = 0. In this case,
the multistep method coincides with its one-leg counterpart. The generating polynomials for
the multistep method (3.2.1) are defined by

p(z) = Zaizi, o(z) = Zﬁlzl (3.2.3)

To analyze the long-time behavior of a multistep method, we first investigate the zero-
stability, which is closely linked to the generating polynomial p. This condition ensures that
the numerical solution remains bounded as n — oo when the multistep method is applied to

the trivial test equation v’ = 0.

Definition 30 (Zero-stability). A multistep method (3.2.1) is called zero-stable if the roots
of the generating polynomial p given by (3.2.3) satisfy the root conditions:

(i) The roots of p lie on or within the unit circle.
(i) The roots on the unit circle are simple.

Figure 3.2.1 illustrates the roots of the generating polynomial p for the BDF (k) method
with k£ = 3,5,7. While each BDF scheme possesses a simple root on the unit circle, the
illustration shows that for k& = 7, there exist roots outside the unit circle, confirming that
BDF(7) is unstable. In contrast, for £ < 6, all roots satisfy the root conditions. This is

summarized in the following theorem from [81, II1.3; Thm. 3.4].

Theorem 31 (Zero-stability of BDF(k)). The BDF(k) method is zero-stable for k < 6 and
unstable for k > 7.
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@
1}
@
e s

Figure 3.2.1: Roots of the generating polynomial p for the uniform step-size BDF(k) method
with k= 3,5,7.

While zero-stability is a fundamental requirement for the convergence of a uniform step-size
multistep method, it only ensures stability as the step-size 7 — 0. However, in particular for
stiff differential equations, we require the method to remain stable for fixed step-sizes 7 > 0.
This leads to the concept of A-stability, which studies the behavior of a method applied to

the linear test problem u' = A\u.

Definition 32 (A-stability). A multistep method (3.2.1) is called A-stable if C~ :={z € C :
Rez <0} C S, where S is the stability region defined by

S :={z¢€C : z=r71\; the numerical solution of v = \u with step-size T is bounded}.
(3.2.4)

Instead of checking that the left half-plane is contained in the stability region, we can
analyze the ratio of the generating polynomials p and o given in (3.2.3). This algebraic

approach is summarized in the following theorem from [80, V.1; Thm. 1.5].
Theorem 33 (A-stability condition). If the multistep method (3.2.1) is A-stable, then the
generating polynomials (3.2.3) satisfy

Re 20 50 for |2| > L. (3.2.5)

For irreducible multistep methods, the converse is also true.

Since higher-order multistep methods may fail to satisfy A-stability, we consider the following

less restrictive stability condition.

Definition 34 (A(«)-stability). A multistep method (3.2.1) with stability domain S is called
A(ar)-stable for 0 < a < /2, if

SD S, ={z€C: |arg(—2)| < a,z # 0}. (3.2.6)

In Figure 3.2.2, we depict the stability domain for the BDF (k) method for & = 3,4,5.
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Figure 3.2.2: Stability domain S (3.2.4) and S, (3.2.6) for the uniform step-size BDF (k)
method with k£ = 3,4, 5.

While these methods are not A-stable, they exhibit A(«a)-stability. The angle o decreases as
k increases.

While A-stability is defined for the linear test problem u’ = Au, we consider now a right-hand
side f that satisfies the one-sided Lipschitz condition

Re (f(t,x) — f(t,y),z —y) < pllz — yl*. (3.2.7)

To analyze the stability of multistep methods in this nonlinear setting, we introduce the

history vector

Un — [un un—k—s—l]T‘

gee ey

Then, we define with the inner product (-,-) the norm
ko k ' '
HUHH%' — Z Z gij <un7k+l’ un7k+]>’
i=1j=1

where G = (ij)ij=1,..k € RF*E is a symmetric and positive definite matrix. With this
framework, we introduce the concept of G-stability as follows, which considers the contractivity

of the numerical solution.

Definition 35 (G-stability). A one-leg method (3.2.2) is called G-stable, if there exists a
real, symmetric and positive definite matriz G € R¥*F | such that for two numerical solutions

{u"} and {a™}, we have
" =0 < U = 0" e (3.2.8)

for all step-sizes T > 0 and for all right-hand sides satisfying a one-sided Lipschitz condition
(3.2.7) with p = 0.

In the context of Runge-Kutta methods, an analogous counterpart is given by the B-stability
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[80, IV.12]. Since the test problem for A-stability v’ = A\u satisfies the one-sided Lipschitz
condition (3.2.7) with u = 0, G-stability immediately implies A-stability. The converse was
proven by Dahlquist in [49] yielding the equivalence of A- and G-stability, which is stated in
the following theorem from [80, V.6; Thm. 6.7].

Theorem 36 (A-stability is equivalent to G-stability). If the generating polynomials p and o
given by (3.2.3) have no common divisor, then the multistep method (3.2.1) is A-stable if and
only if the corresponding one-leg method (3.2.2) is G-stable.

While the previous results establish a link between A- and G-stability, many practical
schemes such as higher-order BDF methods only satisfy the weaker requirement of A(«)-
stability. Moreover, the assumption of a one-sided Lipschitz condition can be too restrictive
for certain nonlinear problems. To address these limitations, we aim to extend the G-stability

framework to a more general setting. To this end, we shift our focus to the generating function

p(1/z)
0(z) = . 3.2.9
() =2 (3:2.9)
The function 0 plays a central role in the multiplier technique introduced by Nevanlinna and
Odeh in [100]. By utilizing this representation, we can investigate whether a condition similar
to the A-stability condition (3.2.5) can be recovered for the broader class of A(«)-stable

methods. First, we introduce the concept of a multiplier.

Definition 37 (Multiplier). A rational function p is called a multiplier for the generating
function 6 given by (3.2.9), if u # 6 and

5(1/2)
e "

for |z| > 1,
or, equivalently,
0
Reﬁ >0 for |z|] < 1. (3.2.10)

The condition (3.2.10) generalizes the A-stability criterion (3.2.5) and acts as the starting
point for deriving the generalized G-stability condition introduced in the next section.

The following example illustrates the generating functions for the BDF(2) method.

Example 38 (Generating functions for BDF(2)). The uniform step-size BDF(2) method is
given by

3 1
§Un+2 - 2Un+1 + §Un = Tf(tn+2a un+2)_

Thus, we obtain the generating polynomials

3 1
p(z) = 522—27:—1—5, o(z) = 22
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By (3.2.9), we obtain

1
0(z) = g —2z+ 522,

which coincides with (3.1.7) introduced earlier.

The following example provides an analysis of the eigenvalues for a linearized LLG equation.
As the damping parameter « approaches zero, the eigenvalues shift toward the imaginary
axis and may fall outside the stability regions of higher-order BDF methods, as illustrated in
Figure 3.2.3.

Example 39 (Eigenvalues of a linearized LLG equation). We consider the alternative form of
the LLG equation (1.5.1) linearized about m = [0,0,1]" with the effective field heg = (2, Am,
that 1is,

adm +m x Oym = (2_P(m)Am. (3.2.11)

By explicit computations, we obtain

a [8tmm] + [_@my] =2 [Amx] (3.2.12)

Oymy Oy Amy

and Oym, = 0, where m = [mx,my,mz]T. Introducing the complez-valued variable ¢+ =

mg +1imy, we obtain
(a0 +1)0pT = 2 AT (3.2.13)

Now, let \j, j € N, denote an eigenvalue of the Laplacian 2 A (with appropriate boundary
conditions), cf. [61, Sct. 6.5]. Then, we obtain the eigenvalues of (3.2.13) by

~ 1 a—i
A= ;= Aj 3.2.14
J a+i?  14+a2™ ( )
for j € N. Analogously, defining ¥~ = m, —im,, we obtain the eigenvalues
~_ 1 a+i
Ar = A= A (3.2.15)

J a—i? 1+a27/

for j € N.
Suppose the domain (0, L) is discretized uniformly with the nodes x; = jh forj=1,...,N—1,
where h denotes the mesh size. Under homogeneous Dirichlet boundary conditions, the

etgenvalues of the resulting discrete Laplacian, approximated by the second-order central

2
ex’

4€2X .o ]
)\j}h:— h; Sin (2]\[

difference quotient and scaled by £, are given by




3.3 MULTIPLIER TECHNIQUE 59

forj=1,2,...,N —1, see [104, Sct. 8.9.4]. Following (3.2.14) and (3.2.15), the eigenvalues
for the discretized linearized LLG equation (3.2.11) are then given by

LI (3.2.16)

~ ‘
)‘j,h_1_|_a2 7

These eigenvalues are illustrated in Figure 3.2.3. As the damping coefficient o — 0, the

etgenvalues approach the imaginary axis.

. a=1
10 . o d e a=01
e a=0.01

—10

LA |
-10 -5 0 5 10

Re(z)

Figure 3.2.3: Illustration of the eigenvalues (3.2.16) for a € {1,0.1,0.01} and the stability
domain S (3.2.4) and Sy (3.2.6) with the angle 6 for the uniform step-size BDF(4)
method, cf. Figure 3.2.2.

3.3 MULTIPLIER TECHNIQUE

In this section, we want to recall the fundamental theorem on G-stability by Dahlquist [49],
which is crucial in the later proof of the discrete energy inequality for the LLG equation. In
addition, we review the multipliers associated with the uniform step-size BDF formulas. This

section is mostly based on [7, Appendix A] and [100].

Lemma 40 (G-stability). Let § and p be polynomials of degree at most k (and at least one of
them of degree k) that have no common divisor. Let V be a real vector space with the inner
product (-,-). If

>0 for |z| <1,

then there exists a positive definite matriz G € R¥*F with entries gij, 1, € {1,...,k}, such
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that

k k
<Z 52‘”’671‘,2/@” Z 9i5( vt ! Z 9i5(v TN (3.3.1)
i=0 =0

1,5=1 ,j=1
for 0, .. Wk eV,

If we consider a discretization by a one-leg method (3.2.2) of u/(t) = f(¢,u(t)), where f satis-
fies the one-sided Lipschitz condition (3.2.7) with x4 = 0, then the G-stability condition (3.3.1)
immediately reduces to (3.2.8). The explicit construction of the matrix G is demonstrated in
the following example for the BDF(2) method, cf. [80, V.6; Example 6.5].

Example 41 (G-matrix for BDF(2)). For the second-order BDF method, we have

3 1
0 92’ 1 ’ 2 9

Thus the left-hand side of (3.3.1) is given by

3 1 3 1
lhs == <§u2 —2ut + iuo,u2> = §Hu2|] — 2(u!, u?) + §<u0,u2>

The right-hand side of (3.3.1) is given by
rhs = (gullu'|? + 2g12(u’, w?) + gaal|u?[2) = (gual|u[1” + 2912 (u®, u') + gaol|u?)
Defining
§ = gl = 20t ) = L (22 + Al 2 + o) — 4t 0?) + 20, 0%) — 44, o)),
we obtain G by comparing the coefficients of lhs = rhs+ S. This yields
G = i <_12 _52> :

The coefficients of the polynomial p are commonly referred to as multipliers. As an example,
we can consider the uniform BDF formulas, whose coefficients correspond to the coefficients

of the polynomial

N\r—t

=2

k
1—2)=> 67" (3.3.2)
/=1 =0

A possible multiplier is given by p*(z) = 1 — ngz for k& < 5, summarized in the following
theorem from [100]. Note that due to the A-stability of the BDF(2) scheme, no multiplier is
needed to ensure the G-stability.
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Lemma 42 (Multiplier for uniform step-size BDF). Let k < 5 and 6 be given in (3.3.2).
Then, there exists 0 < n < 1 such that

k
M)
1 —ngz

R >0 for |z| < 1.

The smallest possible values of ny, are

m=n=0, n3=00836, ns=0.2878, n5 = 0.8160.

3.4 A MULTIPLIER FOR THE VARIABLE STEP-SIZE BDF(2) SCHEME

In this section, we consider the variable step-size BDF(2) scheme on the partition
[0,t1,t2] = [0, 71, 71 + 2],

cf. (3.1.8). Since we require only a single time-step ratio to describe the variable step-size
BDF(2) method, we define k := 75/7. Then, the characteristic polynomial of the variable
step-size BDF(2) method is described by

8(z) =Y i, (3.4.1)

where the coefficients depending on the step-size ratio « are given by

5o(k) = 1112:, S1(k) = —(14 k), k) = ——. (3.4.2)

This section is mostly based on [36].

Im(z)

-1.0 =05 00 05 1.0 -1.0 -05 00 05 1.0

Re(z) Re(2) Re(z)

(a) k=1,7=0 (b) k=1.4,7=0 (¢c)k=14,71=0.3

-1.0 =05 00 05 1.0

Figure 3.4.1: Stability region Re(d(z)/(1 — nz)) > 0 for variable step-size BDF(2) method for
varying parameters k£ and 1. The coefficients of the polynomial § are given in
(3.4.2). If k > 1, the complex sphere |z| < 1 is not completely contained. The
multiplier > 0 increases the stability region.

The uniform step-size BDF(2) scheme is G-stable without requiring any multiplier, as stated

in Lemma 42 and illustrated in Figure 3.4.1. However, as soon as the time-step ratio x > 1,
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we need to introduce a multiplier n > 0 to preserve the G-stability. Further representative
examples of the stability region Re(d(z)/(1 — nz)) > 0 with different values for £ and 7 are
visualized in Figure 3.4.1.

The bound of 1+ /2 for the step-size ratio, which we obtain in the following lemma, dates
back to [77] for the zero-stability of the variable step-size BDF(2) method but was proved

here using the multiplier technique from [100].

Lemma 43 (Multiplier for variable step-size BDF(2)). Let 6(z) = .7, ;2" be the character-
istic BDF(2) polynomial (3.4.1), where the coefficients 6; for i =0,1,2 are given in (3.4.2).
Furthermore, let k € (0,14 +/2). Then, there exists a multiplier n € [0,1), such that

)
Re (2) >0 for |z|] < 1.
1—nz
Moreover, the multiplier satisfies
. 3k% — 2k — 1
LRI I

Proof. We see immediately that ¢ has two roots z; = 1 and 23(k) = (1 + 2x)/k? > 1 as long
as k < 14 /2. Thus, we have

6(z)  ba(z—1)(z—22) da(z—1)(2—22)(1 —77?)‘

1—mnz 1—nz |1 — nz|?

Clearly, the choice n = 1/z9 would suffice to ensure Re(d(z)/(1—nz)) > 0 for |z| < 1. However,

we obtain a sharper bound by resolving the inequality
Re((z—1)(z—22)(1—nz)) >0  for |z| < 1.

Rewriting z = x + iy, =,y € R, and considering the edge case |z| = 1 leads to the quadratic

inequality (the cubic terms cancel)
202 — (1+n)(1+2z)x+ (L+n)z+n—1>0

for x € (—1,1). Since (1 —2)(3 — 22) < —22% + 2(1 + 22) + (1 + 22) for € (=1, 1), this can
be fulfilled for 0 < k < 1+ /2 if

3—z9 3kZ—-2k-—-1

> = g .
" 29+ 1 K24+ 2k +1 9(x)

Since g(k) < 0 for s € (0, 1], we may choose n = 0. Since 0 < g(x) < 1 for x € (1,14 /2), we
always find 1 < 1 in this case. O
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3.5 A MULTIPLIER FOR THE VARIABLE STEP-SIZE BDF(3) SCHEME
In this section, we consider the variable step-size BDF(3) scheme on the partition
[0,t1,t2,t3] = [0, 71,71 + T2, 71 + T2 + 73],

cf. (3.1.8), and use the ratio of consecutive time-steps k¢ = 74/7y—1 > 0 for £ > 2 as defined in
(3.1.9). Since the uniform step-size BDF(3) scheme already requires a multiplier n = 0.0836
for G-stability, see Lemma 42, any choice of ky > 1 likewise necessitates a multiplier > 0 to

preserve G-stability. The variable step-size BDF(3) scheme is described by the polynomial

8(z) = 86, (3.5.1)

where the coefficients are given by

/€3/€2(I€3 + 1) + (2&3 + 1)(/4,3/-%2 + Ko + 1)

5 — )
o(r3, #2) (k3 + 1)(k3ko + ko + 1)

2

—K4Kg — 2K3Kko — Ky — ko — 1
5 =3
B ot | (352)
5 B H%(KgHQ + Ko+ 1)
2(K3, K2) = ra + 1 )
—K3 — 1

5 — 2,3
3(K3, k) = K3k} (K2 + 1)(kgka + K2 + 1)

for k3,k2 > 0. These formulas can also be found in [53, App. A] or [92, (1.5)]. Next, to
3 )

conveniently express the roots of the characteristic BDF(3) polynomial §(z) = > d;2", we
=0

(2
define the polynomials

g(z,y) = 23y* + 42%y? + 222y + 329° + 3zy + =,

h(z,y) = 259" + 82°y? + 42593 — 122%° + 102ty* + 22213 + 62%9°
— 402397 — 2423yt 4 2823y 4 2023y + 423y — 482095 (3.5.3)
— 5925y — 22593 4 1525¢° + 62%y + 2° — 242y® — 402y*
— 16xy> — 4y° — 8y4 — 4.

It is easy to check that zg = 1 is a root of §. The other roots of § are given by

21 (s, 2) = 9(K3, k2) + Vh(Ks, K2)
T, 2K3K3 (K3 + 2k3 + 1)

g(K3, k2) — /h(K3, K2)
2r3K3 (K3 + 2k3 + 1)

(3.5.4)

22(/?37%2) =

A visual representation of the roots for ko = 1.6 and k3 = 1.3 is given in Figure 3.5.1. The
following lemma establishes that the roots can be used to derive a lower bound for the
Nevanlinna-Odeh multiplier for the variable step-size BDF(3) method.
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Figure 3.5.1: The roots (3.5.4) of the characteristic variable step-size BDF(3) polynomial
(3.5.1) for ke = 1.6 and k3 = 1.3.

Lemma 44 (Multiplier for variable step-size BDF(3)). Let 6(z) = 3.3_, ;2" be the charac-
teristic BDF(3) polynomial (3.5.1), where the coefficients &; for i = 0,...,3, which depend
on the step-size ratios k3 and k2, are given in (3.5.2). Assume that the roots z1 and za given
in (3.5.4) of § lie outside the complex sphere, i.e., |z1| > 1 and |z3| > 1. Then, there exists a
multiplier n > 0 such that

0
Re2C) S0 for 2 < 1. (3.5.5)
1—nz
Moreover, let z = x + iy with z,y € R and define

w(z) = u(z, K3, ko) == (2 — 1) (2 — z1(k3, k2)) (2 — z2(K3, K2)). (3.5.6)

If Re(u(z))x + Im(u(2))y > 0 holds for all z with |z| =1, then the multiplier satisfies

Re(u(z))
m> ZE(ICH:?z}Tzl rRe(u(2)) +yIm(u(z)) (3.5.7)

Proof. By factoring the polynomial § in terms of its roots and multiplying by (1—nz)/(1—nZz) =

1, we obtain

0(2) _ ds(z—1)(z—=1)(z = 22)(1 —nz) _ dsp(2)(1 —nZ)
1 —nz 1T —nz]? [1—nz>

Hence, we need to resolve the inequality
Re{31(2)(1 — 72)} > 0
for |z| < 1 or, equivalently, since d3(k3, k2) given in (3.5.2) satisfies d3 < 0 for k3, k2 > 0,

Refu(z)(1 - 12)} < 0
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for |z| < 1. Thus, with z = z + iy, =,y € R, we obtain

Re{u(2)(1 —nz)} = Re(u(2))(1 — nz) — Im(u(2))ny
= —n(zRe(u(2)) +yIm(p(2))) + Re(u(2)).

Considering the edge case |z| = 1, we conclude with Re(u(2))x + Im(u(z))y > 0

Re(u(2))
17 et 2 Re(u(2)) + yIm(u(2))

since all roots of ¢ lie outside the complex sphere. O

Although Lemma 44 provides a Nevanlinna—Odeh multiplier > 0, we are only interested
in multipliers n < 1. Utilizing (3.5.7), we compute the combinations of k3 and k2 such that
we obtain a multiplier < 1. Moreover, we have to ensure that the roots (3.5.4) of the
characteristic BDF(3) polynomial (3.5.1) lie outside the complex sphere. The results are given
in Figure 3.5.2, where we computed the results numerically. The region of k9-k3-combinations
guaranteeing 7 < 1 is indicated in blue. Further, the red region shows where |zo| < 1.

Next, to compute an upper bound x*, such that the variable step-size BDF(3) scheme is

G-stable for k3, ke € (0,x*) with a multiplier n < 1, we define

fo(k) = zeg?ﬁzl ( Re(p(, 5, 1)) > -1

Re(z) Re(u(z, k, k)) +Im(z) Im(u(z, K, K))

for k > 0, where p is defined in (3.5.6). The key idea is that the smallest positive root of
fo corresponds to k*. To determine this value, we apply a root-finding algorithm, such as
bisection or Brent’s method [37, Cpt. 3-4], to obtain the smallest positive root of k* ~ 1.476.
Consequently, we find a multiplier n < 1 such that the variable step-size BDF(3) scheme is
G-stable for k3, ko € (0,*), as indicated by the dashed lines in Figure 3.5.2. This bound
is well known for the BDF(3) scheme. For instance, Calvo et al. prove that the variable
step-size BDF(3) scheme is zero-stable for the same value £* &~ 1.476 in [39]. The same bound

reappears later in Chapter 3.7 on discrete orthogonal convolution kernels.

Remark 45. We may also increase the bound on k3 and ko to ensure G-stability for the
variable step-size BDF(3) with a multiplier n < 1 by freezing the time-step after coarsening.
Thus, after switching from a time-step T to kT, two steps are taken with this new time-step
size kT. This leads to two scenarios that need to be analyzed: (I) T — T — k7T and (1)
T — KT — KT. Thus, there is only one parameter involved. In the first case (I), the BDF(3)
coefficients (3.5.2) simplify to

K 1
50(ﬁ)_1+1+l‘€+2+l‘{7 51(”)__5(14_’{’)(2—’_“)7
24+ kK 1 1+ k
6 — 2 5 = —— 2
2(k) = K 3(0) = —or 5
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K2

.
‘-

o 1 2 3 4

K1

Figure 3.5.2: The blue region indicates where the variable step-size BDF(3) scheme is G-
stable, i.e., there exists a multiplier n < 1 such that (3.5.5) is satisfied. The red
region indicates where |23| < 1, i.e., there exists no multiplier for the variable
step-size BDF(3) scheme. We note that |z2| < |z1] and, in the case Im(z2) # 0,
|z2| = |z1], cf. (3.5.4). The dashed lines indicate ko = k* ~ 1.476 and k3 = K*.
Thus, the variable step-size BDF(3) scheme is G-stable for k3, k2 € (0, x*) with
a multiplier n < 1.

and, in the second case (II), to

3 K 1+ 2k
5(’("g)_ﬁ-l_ljt%’ 61(’i)__21+m’

1 2k3
d2(k) = 3 (1+2k), I3(k) = —(1 TR TR

Using the lower bound (3.5.7) for the multiplier n given in Lemma 44, we compute exemplary

values for case (I). The results are as follows:
e For k=1.4, we find n ~ 0.572.
e For k =1.6, we find n ~ 0.833.

o To determine the largest k7 such that n < 1, we define

Re(u(z, K, 1))
Jiw) = max | <Re<z> Re(p(z, £, 1)) + Tm(2) Tm(u(z, &, 1>>> !

and apply again the root finding algorithm of Brent [37, Cpt. 3-4] to compute the smallest
positive root of fr, yielding k7 ~ 1.718.

For the second case (II), we obtain the exemplary values:
e For k =1.4, we find n ~ 0.106.

e For k= 2.0, we find n~ 0.316.
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o To determine the largest k7, such that n < 1, we define

‘= max Re(,u(z,l,/f)) N
fule) = max | (Re(z) Re(u(z, 1, )) + (=) Tm(u(z, 1, m))) 1

and apply again the root-finding algorithm of Brent [37, Cpt. 3-4] to compute the smallest
positive root of frr, yielding k7, =~ 2.059.

Naturally, the question arises what maximal coarsening we can achieve across two time-steps
while ensuring G-stability with a multiplier n < 1. Let us consider the time-step sequence
7,7, 7. Coarsening once yields the sequence 7 — 7 — ko7. Coarsening again, the sequence
gets to T — KoT — K3koT, leading to a total coarsening of k3ko. For instance, coarsening
twice with x* =~ 1.476 yields a total coarsening of (k*)? ~ 2.178. In Figure 3.5.3 we illustrate
that we find ko-k3-combinations, such that we achieve a higher coarsening than (x*)2. Further,
we find the optimal two-step coarsening values of ko &~ 1.451 and k3 ~ 1.527, yielding a total
of k9 - k3 = 2.216.

2.22
X J
/. '
/. \\
o
2.2 P L]
! 1 Y
” \
¥4 °
2.18 o >
/. \
[} [ ]
,0" \
216 | e '
.
-®- K2R3 ‘\‘
214 | — (k*)? Y

I I I
1.3 1.35 1.4 1.45 1.5
K2

Figure 3.5.3: The red line indicates (x*)? with x* ~ 1.476. On the horizontal axis, we
denote the value of the first coarsening step ko. The second coarsening step is
chosen, such that the variable step-size BDF(3) method remains G-stable with
a multiplier n < 1. The blue dots represent the multiplication of the first and
second coarsening step k2 - k3. The optimal combination is given by xo ~ 1.451
and k3 ~ 1.527.

3.6 A MULTIPLIER FOR THE VARIABLE STEP-SIZE BDF(4) SCHEME
In this section, we consider the variable step-size BDF(4) scheme on the partition
[0,t1,t2,t3, 4] = [0, 71, 71 + T2, 71 + T2 + 73, 71 + T2 + T3 + T4l

cf. (3.1.8), and use the ratio of consecutive time-steps k; = 74/7p—1 > 0 for £ > 2 as defined in

(3.1.9). To conveniently express the coefficients of the variable step-size BDF(4) polynomial,
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we define the polynomials

Az,y) =zy+y+1,
B(z,y,z) =xyz+yz+z+1

for x,y, z € R. Utilizing these polynomials, we can further define

x Ty TYZ

z+1 * A(z,y) + B(z,y,2)’
. (+1DA(z,y) B(x,y,2)
R PR 1 (7S B
22 A(x,y) B(z,y, 2
da(2,y,2) = (;+%@&% % (3.6.1)
2*y*(x + 1) B(z,y, 2)
(y +1) Az, y)

22324z 4+ 1) Az, y)
(z+1) Ay, z) B(z,y, 2)

dO(xa Y, Z) =1 +

dg(:E, Y, Z) ==

dy(z,y,z) =

for z,y,z € R. Obviously, we have dy,ds,ds > 0 and di,d3 < 0 for x,y,z > 0. Then, the

characteristic polynomial of the variable step-size BDF(4) scheme is given by
8(z) = &2, (3.6.2)

where the coefficients are obtained from the polynomials given in (3.6.1) as
0i(Ka, K3, k) = di(K4, K3, K2) (3.6.3)

for i =0,...,4 and Ry, k3, k2 > 0. These correspond to the coefficients given in [53, App. A].
To express the roots of the characteristic polynomial of the BDF(4) polynomial (3.6.2), we

again define suitable polynomials

(@,y,2) = (Z+1) (2,9, 2),

(z,y,2) =2 (x + 1)*(y + 1) Az, y)%,
c(z,y,2) = (w Y, 2),

(2,9,2) : 2

(2,y,2) =

(2,y,2) =

a x? y?

b

z,y,z

U

2y + 1) A(z,y)%,
(z+1)A(y, z)e(x, y, 2),
= 2%y 2 x4+ 1)2 A(w, y)?

Ty, z

o

x’ y’
[z, y,2

for z,y,z € R. For the polynomials a, ¢ and € we did not find a suitable factorization.

However, the precise definitions are given in Appendix A.1. It is evident that a,b,c,d,e, f >0
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for z,y, z > 0. Furthermore, we define the function g : R® — C by

1/3
(abcde f) _(c2_3a>3+(_27e+9ca_c3>2_27e+9w_c3
9\, 64,6 J) = 2 b of " 2db B °of " 2db B|

For convenience, we define the short-hand notation

ax = a(Ka,K3,K2), -, fr = f(Ka,K3,K2),
where the subscript x denotes the dependence on k4, k3, k9. Further, for readability, we define
9k = g(am cee 7fl€)'

Then the roots z;, i =0, 1,2, 3, of the BDF(4) polynomial are given by zg = 1,

3ar _ Ck
by dz 9k Ck
Zl(’{'47K/37 K/Z) — 39 - ? 3d 9
K K
- 1 c
— (-1 -iV3) gs + o,
i ( )g"i 3d,€ (3.6.4)

3ax
bk
29(Ka, K3, K2) = :
3(-1
3a,
bk

B e M‘& BN
N——
Ne}
=
o

(—1+iV§)gn+f%i

| =

z3(Ka, k3, ko) = :
3 (—% + 17) Ik

for k4, K3, ko > 0. A visual representation of the roots for ko = k3 = k4 = 1.15 is given in
Figure 3.6.1.

°
1 -2 =1
® 20
® z1
0.5 4 @ 22
z3
S
\é/ 04 ® o
705 -
—1 4

Figure 3.6.1: The roots (3.6.4) of the characteristic variable step-size BDF(4) polynomial
(3.6.2) for ko = k3 = kg = 1.15.

Noticing that the roots of w3 = 1 are given by

) y 1 i\/§ 1 Jr_\/3
w1 = = —— —1— wg = —— 1—
1 ) 2 2 9 3 2 2

)
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we may rewrite the roots as

3ar _ Cx
by a2z 1 Cr;
2i(K4, K3, Kg) = W - gwign + 34
1IRK K

for i = 1,2,3. Similar to Lemma 44 for the variable step-size BDF(3) method, we establish in
the following lemma that the roots can be used to derive a lower bound for the Nevanlinna—
Odeh multiplier for the variable step-size BDF(4) method.

Lemma 46 (Multiplier for variable step-size BDF(4)). Let §(z) = Y.+ 0;2° be the character-
istic BDF(4) polynomial (3.6.2), where the coefficients 0; for i =0,...,4, which depend on
the step-size ratios k4, k3 and kg, are given in (3.6.3). Assume that the roots z1, zo and z3
given in (3.6.4) of & lie outside the complex sphere, i.e., |z1| > 1, |z2] > 1 and |z3| > 1. Then,
there exists a multiplier n > 0 such that

Re )
1—nz

>0 for |z|] < 1.

Moreover, let z = x + iy with x,y € R and define
3
,LL(Z) = ,U'(Za R4, K3, KJQ) = H (Z - Zi(’@lu K3, ’%2))' (365)
=0

If Re(u(z))x 4+ Im(pu(z))y < 0 holds for all z with |z| = 1, then the multiplier satisfies

Re(u(2))
77 2 Re(2) Re(u(2)) + Im(2) Im(a(2))

(3.6.6)

Proof. Analogous to the variable step-size BDF(3) scheme, we obtain by factoring the polyno-

mial § in terms of its roots

0(2) _ 04z =Dz —21)(z = 22)(z = 23)(1 = mz) _ daps(2)(1 —1Z)

1—1nz 11— nz? 11—z
Hence, we need to resolve the inequality
Re{dap(2)(1 —nz)} >0
for |z] < 1 or, equivalently, since d4 given in (3.6.3) satisfies d4(k4, k3, K2) > 0 for Ky, K3, kKo > 0,
Re{p()(1 - 72)} > 0

for |z| < 1. Thus, with z = z + iy, =,y € R, we obtain

Re{u(2)(1 —nz)} = Re(u(2))(1 = nz) — Im(u(2))ny
= —n(zRe(u(2)) +yIm(p(2))) + Re(u(z))
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Considering the edge case |z| = 1, we conclude with Re(u(2))x + Im(u(z))y <0

Re(u(2))
zRe(u(2)) +yIm(u(z))

n >

if all roots are outside the complex sphere. ]

Analogously to the variable step-size BDF(3) scheme, we are only interested in multipliers
n < 1. To determine an upper bound k*, such that the variable step-size BDF(4) scheme is
G-stable for k4, k3, ko € (0,x*) with a multiplier n < 1, we define

fo(k) = max Re(u(z, k, K, k)

ceCiln (Re(z) Re(ju(z. s, 1)) + Im(2) a2, s fe>>> -h BT

for k > 0, where p is defined in (3.6.5). Following the idea of Section 3.5, we thus compute
the smallest positive root of fy using a root-finding algorithm, such as bisection or Brent’s
method [37, Cpt. 3-4]. We found the smallest positive root k* ~ 1.150. Further, we checked
that the assumptions of Lemma 46 are satisfied for k4, k3, k2 € (0, k*), i.e., that the roots
(3.6.4) lie outside the complex sphere and that Re(u(z))x +Im(u(2))y < 0. In contrast to the
results in [39], the authors obtained zero-stability for the variable step-size BDF(4) scheme
for k4, k3, k2 € (0,K), where K ~ 1.101. We summarize some bounds on the step-ratios for the

variable step-size BDF(4) scheme in the following remark.

Remark 47. We may increase the bound on k4, k3 and ke to ensure G-stability for the
variable step-size BDF (4) by freezing the time-step after coarsening. Thus, after switching
from a time-step T to kT, three steps are taken with this new time-step size k7. This leads to
three scenarios that need to be analyzed: (I) T — 17— 7 — k7, (II) T = T — KT — KT and

3

(III) T — kT — KT — KT. Further, we consider the case (0) T — KT — K27 — K37, where we

coarsen each step by k. We obtain the following bounds.

(0) With the largest positive root k* = 1.150 of fo defined in (3.6.7), we find that the variable
step-size BDF(4) scheme is G-stable with a multiplier n < 1 for

Ky =K3 = ke =K with k€ (0,1.150).

1) To determine the largest k7 such that n < 1, we define
I

‘=  max Relp(z, e L 1) a
filw) = 2€C:|z|=1 (Re(z) Re(u(z, k,1,1)) + Im(z) Im(u(z, &, 1, 1))> :

and apply the root-finding algorithm of Brent [37, Cpt. 3-4] to compute the smallest
positive root of fr, yielding kT ~ 1.308. The variable step-size BDF(4) scheme is then
G-stable with a multiplier n < 1 for

Ky =k, K3==ro=1 with k€ (0,1.308).
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(II) To determine the largest k5 such that n < 1, we define

'_ Re(u(z,1,k,1))
Ju(r) = max (Re(z) Re(ju(z, 1, #, 1)) + Im(2) Im(u(z, 1, 5, 1))) !

and apply the root-finding algorithm of Brent [37, Cpt. 3-4] to compute the smallest
positive oot of frr, yielding ki, ~ 1.367. The variable step-size BDF(4) scheme is then
G-stable with a multiplier n < 1 for

K3 =K, kyg==ro=1 with k€ (0,1.367).

(III) To determine the largest K5 such that n < 1, we define

Re(u(z,1,1,K)) ) _1q
Re(z) Re(u(z, 1,1, k) + Im(2) Im(pu(2, 1,1, 5))

z2€C:|z|=1

f[[[(ﬁ) = max (

and apply the root-finding algorithm of Brent [37, Cpt. 3-4] to compute the smallest
positive root of frrr, yielding ki ~ 2.792. The variable step-size BDF(4) scheme is
then G-stable with a multiplier n < 1 for

Ko =K, kyg=krg3=1 with k€ (0,2.792).

3.7 DISCRETE ORTHOGONAL CONVOLUTION KERNELS

In this section, we consider the variable step-size BDF (k) method for £ = 1,2, 3 from a different
viewpoint. First of all, we start by rewriting the coefficients of the BDF(k) scheme using
discrete convolution (DC) kernels. Second, we define the corresponding discrete orthogonal
convolution (DOC) kernels. Then, the connection between the DC and the DOC kernels is
characterized by the discrete orthogonality identity, which is proven later in Lemma 48. By
assuming sufficient bounds on consecutive time-steps, we obtain bounds for the DOC kernels.
We require these bounds later on to provide stability bounds for the variable step-size BDF (k)
method for the LLG equation. In this section, we follow [39, 92-94].

We consider the variable step-size BDF (k) method, k = 1,2, 3, on the partition 0 =ty <
t1 < --- <t, =T of the time interval for n > k with the time-steps 7; = ¢; —t;_1 for 1 < i < n.
Further, we incorporate the time-step ratios k; = 7;/7,—1 for 2 < i < n as defined in (3.1.9).

Let {u"}Y_, be a given sequence. Next, define the rational functions

1422 x
bo(:ﬂ,y):: + Y )
1+z 1+y+axy
2 2 22 14
NG " A i (3.7.1)
1+ 1+y+zy 1+yt+azyl+ty
2,3
T 14+
b2(x7y>:: Y

l1+y+ayl+y
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for z,y > 0 and the backward difference V. ul = Vi i =g’ — i~ for 1 < i< n, where Vi is
defined in (3.1.4). Then, the variable step-size BDF (k) scheme for k = 1,2, 3 is given by

T =Y bV (3.7.2)
j=1

for n > k, where the DC kernels are defined by

bgl’n) =0p(0,0) =1, forn>1,
b§2’n) = b;(kn,0), for j =0,1 and n > 2, (3.7.3)
b§3’n) = b;(Kn,kn-1), for j=0,1,2and n > 3,
and b(k " =0 for n > j+ 1> k+ 1. Further, the corresponding DOC kernels are recursively
deﬁned by
k,n kn) . 1 - k, n k z
by by " =i+

for £ < j <n —1. The following lemma establishes an important property of the DC and

DOC kernels, which additionally describes their connection.

Lemma 48 (Discrete orthogonality identity). Let {bflkf;) i) be the DC kernels defined in
(3.7.3) and {67(1127;) "y be the DOC kernels defined in (3.7.4). Then, the discrete orthogonality

identities

Z#%W_W, Z%L]_M (3.7.5)
Jj=

hold for k < £ <n.

Proof. By definition of the DOC kernels (3.7.4), we immediately obtain the first discrete
orthogonality identity since Oék’n)b(k ™ — 1 and

S A 3 oD <
=L j=0l+1

for Kk < ¢ < n —1. We prove the second identity by induction. For £ = n, we have again

b(()k’n)ﬁ(()k’n) = 1. Since Qik’n) = —b(k’i_n Gék’n)bgk’n), we have for { =n —1
0
- k.n) H(k, kn) H(kn—1 k n k n
j=n—
_ (k) pkin—1) (k n) 1 (k,n) ;. (k,n)
0

_ (k) [ pkn—1) 1 _
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For k < ¢ < n — 2, we have using the definition of the DOC kernels (3.7.4)

n— j ] n— J J
J=0+1
J
k.n) okl k,j) (ki
=D i B S A
b j=0+1 i=0+1

Subsequently, by changing the order of summation and using induction, we conclude

(ki (i) g00) _ LN (i) N g () (k)
Z ne = b, 24 0 b(k,e) D bl D b
j=¢ i=0+1 j=i
(ks n) (k,0) (k;n) (( ,(k,0) 1\
— =g bF05,; = bk (90 (u)) -0
bo =1 by

O]

Utilizing the discrete orthogonality of the kernels, we are able to establish a connection
between u™ and Z?: k ijj . This is an important property that we require later in the stability
analysis of the BDF scheme for the LLG equation. We start by multiplying (3.7.2) with the
DOC kernel 9&’2 and summing over m =k to /¢

¢ 4 m
Zﬁémmv 29(’)213(’ V,ul.
m=k j=1

Subsequently, by separating the initial steps, changing the order of summation, and employing

the discrete orthogonality identity (3.7.5), we obtain

4 14
Za< ) o™ vaZe@ EO b +ZVU‘729ékan§WJL
:I,T+V7ue

for £ > k, where we defined

1 —ZV 3 o).

Finally, summing over £ = k to n and exchanging the order of summation again yields

n n n
ST S S g0 3 (vam 3 9§’j’f2). (3.7.6)
l=k

=k m=k m=k {=m

Remark 49. In [92, 9/], the functions characterizing the BDF scheme are defined slightly
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differently. They define the rational functions
1 1
do(«fﬂ,y) = bO(xay)v dl(xay) = Ebl(xvy)v d2(x7y) = ;ybl(x’y)

Then, the backward differentiation formula are defined by

n( TU]
Zn —

Tj

where dgf_’?) is defined analogously to (3.7.3). The corresponding DOC kernels are recursively
defined by

glEm - 1 )

0 1=j+1

(k) (k) (3.7.7)

n—i i—j

fork<j<n-1.

The connection between the DOC kernels {Gn 7 tj=1 and {19 7.y is given by the

following lemma.

Lemma 50. Let {9 }" i be defined by (3.7.4) and {ﬁ(k n)}” . be defined by (3.7.7). Then,
for3<j <n, the DOC kernels satisfy

wn) _ [ T (k)
0, = ( 11 Hi) UM

i=j+1

Proof. For readability, we abbreviate Hin_)j = 97(116_’7;) and 197(1")- = 197(116_’7;). Let n > 3. Then we
have for j = n that

1 1
o — —_— ),
0 b[()n) dé") 0
For j =n — 1 we have
0" = ~ D 50 = _d(nfl)ﬁé endy” = w07
0 0

By induction, we obtain for 0 < j < n — 2 that

m _ L om Gy | a5 (G+2)
05 = ) (enfjflbl + 0,75 obs )
0
1 /n . ,
= ——= (92_2 1:‘€]+1d(]+1) + 97(1_)j_2:‘£j+2/ij+1d§]+2))

d(()] )

1 n , n
) (( H ) ﬂﬁl )j 1’€j+1dgj+1) + ( H ”i) 191(1 )J 2/€j+2l€]+1d(] 2)>
dg i=j42 it
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O

An explicit formula for the DOC kernels for the variable step-size BDF(2) method is

presented in the following lemma, which is provided in [93, Lemma 2.3].

Lemma 51 (Explicit formula for BDF(2)). The DOC kernels {97(12_’7;) "o defined in (3.7.4)
satisfy the explicit formula

(2.n) 1 2 K2 1+K K2
n=j b(()Qv ) =1 14 2k; 1+ 2/<Cj i=j41 14+ 2k;

for2 <j<n.
Proof. By the definition of the convolution kernels (3.7.3), we have

ng,n)

Fon
b(()Zvn) o 1+ QHn

for n > 2. Next, using the definition of the DOC kernels (3.7.4) and the above equation, we

obtain

0(2’n)b(2’j) — _9(27n) bgz’j'i'l) Hj""l 0(2,7’L) b(27j+1)

= 1—|-2K}J+1 n—ji—170

n—j 0 n—j—1

for 2 < j <n—1. Since 9(()2’n) b(()2’n) = 1, by recursively inserting the above equation into itself,

we obtain

. n 2
oy _ ]
" iy 1+ 2k

This concludes the proof. ]

To obtain a bound for the DOC kernels {(9227’7;) i_9, we can utilize the explicit formula as
demonstrated later in the proof of Theorem 57. In contrast, no explicit formula is known
for the DOC kernels {0(3’@ }i—s of the BDF(3) scheme. Thus, we must employ a different

.
strategy to obtain an uppei bound. We follow the technique in [39], where Calvo et al. proved
the zero-stability of variable step-size BDF formulas of up to order 5, which has been adapted
in [92] to the DOC kernels.

With the definition (3.7.1) of the rational functions by, b; and by, we define

a(oy) = @Y _ Pty + ety +y(+ )4y +y70+2)?%) g
T Tl y) (L+9)((1+20) (1 +y + 2y) + oy(1 + 2)) o

B :UQ(JEQyQ+4:L"y2+3y2+29:y+3y+1) (3.7.10)
(I +y)Br2y+4ay+22+y+1) o
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and

Bla.y) = 2@V _ w2y (1 + 2)?
T b y) ~ (I +y)Baly+day + 20 +y+ 1)

for x,y > 0. Next, we define the coefficients

ng,m) bg&,m)
Q= _b(3’m) = a(ﬁma "Qm—l)7 B = b(3,m) = /B(Kfmu ’%m—l) (3711)
0 0
for m > 3 and the scaled DOC kernels
gem = BmpED  for m > 0> 3,
(3m gim) (3.7.12)
07(27_4) = é(;;;fl) form>/0+4+12>4.
m—1—¢

Then, the second discrete orthogonality identity in (3.7.5) combined with the scaled DOC
kernels defined in (3.7.12) yields

OGB4 GEmYOm) ¢ GEm Dy _ g o)

Thus, with the definitions of «;, and 3, given in (3.7.11), we obtain the two-step recursion
A%™ 0, 08 4 8,680 — 0 (3.7.13)

for m > ¢+ 2 > 5. Let u be a complex constant with Im(u) # 0. Then, following [39], we
define for A € C2*2 the norm

1A

w00 = HM;lAMMHOO, M, = 11

K ”} , (3.7.14)

where the ||| is defined in (1.4.2). Defining the matrix

Ay = | O TOm (3.7.15)
1 0
for m > 3, we rewrite the two-step recursion (3.7.13) to
pem _ 4, 8%y (3.7.16)

for n > ¢+ 2 > 5. Finally, by multiplying each A,, for m € {£+2,...,n} with /\/lu/\/l;1 =1
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from both sides, we estimate

~(3,n) n B ~(3,0+1
105"/ oo < IMullse TT 1 Amll el M ool 67

m=¢+2

Moo (3.7.17)

for n > £+ 2 > 5, where the ¢*°-norm is defined in (1.4.1). The optimal value x* ~ 1.476,
such that || Ay ||Heo < 1 for km, km—1 € (0,k*), has been computed numerically in [39] and
yields the tangential point pu* = 0.4943 + 0.57481i. This value coincides with the G-stability
bound we derived earlier in Section 3.5 for the variable step-size BDF(3) method, as well as
with the zero-stability bound given in [39]. With the above calculations at hand, we obtain
the following lemma, which provides a bound for the DOC kernels of the variable step-size
BDF(3) method and is adapted from [92, Lemma 3.1].

Lemma 52. If the step ratios kj < k* ~ 1.476 for j > 2, there exists a positive constant C3
such that the DOC kernels {07(1?’;?) g defined in (3.7.4) satisfy

S <oy Y6 < o (3.7.18)
J=3 j=t

forn >3 and £ > 3, where C3 is independent of the time t,, and the step ratios k;.

Proof. Since || Ay, 4,00 is a continuous function w.r.t. K, km—1 € (0, k%) for Ay, defined in
(3.7.15), we can find § > 0, such that

[Amllpeo <6 <1
for m > 3. By the definition of by in (3.7.3), we have

D™ >1  for ki, km_1 >0 and m > 3. (3.7.19)

Thus, with the definition of the DOC kernels (3.7.4) and (3.7.19), we obtain

o6°™| = ‘bésl,m’ <isp
(3,m+1) (3,m+1)
‘9§37m+1)’ - ‘bz(()s,a:) (()37m+1)’ < ‘Z((l)&mil)’ = Qm+1

for m > 3. Further, by the definition of the scaled DOC kernels (3.7.12), we have

3t 1) b(3,m+1) ~3m)

" 1 m

01 = b(g,m+1) = Om+1, 90 = ]-7
0

which leads to

~(3,m+1
185l = max{am1, 1} (3.7.20)
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for m > 3. Next, applying (3.7.17), (3.7.19) and (3.7.20), we obtain

3,n 3,n ~(3,n) _ n—f—
05270 < 8] < 1807 oo < [ Mllool M3, oo masc{arg 41, 135741

for n > £+ 2 > 5. Defining

Cpup = max{HMMHooH/\/l;lHoo, 1} max{ay, 1}, Cu = jg}axn{cmj} (3.7.21)

=Ly

for n > ¢ > 3 and combining the above inequality yields

for n > ¢ > 3, where we estimated the partial geometric series by its limiting value in the last

step. Similarly, we obtain, for n > 3,

= (3,’!7,) < - nfjfl 76‘[14 =
j53|9n] ‘ _Cujg?’(; < 5(1*5) Cs.
O

Next, we want to make some comments about the constant (3.7.21) that appeared in the

previous proofs. Taking u = % + %i, which is close to the optimal p* ~ 0.4943 + 0.57481, we

obtain | M|l = 2 and Mo = 1+%. Further, since « defined in (3.7.9) is monotonically
increasing for x,y > 0, cf. Appendix A.2, we obtain
ay < a(k*, k") ~ 1.255

for ¢ > 3. Combined, we obtain

cu < (24 V2)a(r*, k) a2 4.285.

Remark 53. To compute the optimal k* for A, defined in (3.7.15), we have to check that
HAm(K/ma /{mfl)H,u,oo <di<1
for all Ky, km—1 € (0,k*). Explicitly computing the matriz products in (3.7.14) for A,, yields
1 2 2
[ Amlnoe = 1= max {] = 7 + am = G| | = [l + s = B,

12 = o + B + ||l = T+ B}

Noticing that both arguments in the maximum are equal leads to

12 = ot + Bun| + | 11)* — mPE + B

3.7.22
| — Tl ( )

[Amllu.00 =
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1.00

0.90

0.80

Rm—1

Figure 3.7.1: Values of || Ay, ||#,00 for p* = 0.4943 + 0.57481, if || Ay [x,00 < 1. In other words,
the colored region presents the step ratios where the DOC kernels are bounded
according to Lemma 52. The square (0, x*)?, where x* =~ 1.476, marked with
dashed lines is completely contained in the colored region.

By direct calculations, we obtain
2 _ 2 2 2 2 2 2
’Iul —amu+ﬂm’ = ‘Iul —amu+ﬁm‘ = ‘u —amu+ﬁm‘ + B [ — 1|

2_
Neat, define g™ (u) = % for p € C. Finally, rewriting (3.7.22) with the above

equations yields

“Am”u,oo =g"(p) + \/ Bm + gm(ﬂ)2~

In Figure 3.7.1, we present the values of || Am||* 00 for p* ~ 0.4943 + 0.5748i. Obviously,
(0, 5%)2, where k* ~ 1.476, marked with dashed lines, is contained in the colored region. Thus,

the DOC kernels {97(13;7;) 7_5 are bounded for fin, kin—1 € (0, ).

Remark 54. For the DOC kernels of the variable step-size BDF(4) and BDF(5) scheme, no
bound similar to (3.7.18) is known. However, following the numerical computations of [39,
Sct. 4], it is reasonable to assume that a bound on the DOC' kernels of the variable step-size
BDF(4) scheme can be obtained by extending M,, in (3.7.14) to

B A
MP =11 1 M|,
BB A

where p € C, §,\,7,8 € R have to be chosen such that Ml(?) is reqular, and following the

ideas of Lemma 52.
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3.8 STABILITY BOUNDS FOR THE VS-BDF METHOD FOR THE LLG
EQUATION

In this section, we utilize the previously introduced Nevanlinna—Odeh multipliers to obtain a
discrete energy inequality for the LLG equation. Furthermore, by applying the theory of the
DOC kernels from Section 3.7, we are able to extend the discrete energy inequality into an
L%-bound for the discrete solution. To ensure the validity of these inequalities, we require
an upper bound on the consecutive time-step ratios (3.1.9), as well as a lower bound on the
damping coefficient «. In this section, we consider a non-changing spatial mesh with the finite
element spaces Vj, = V' = W} for all n > 0, and thus we omit the superscript for the discrete
tangent space, writing simply T, = T'j. For the convenience of the reader, we recall the fully
discrete scheme with the BDF(k), k € {1,...,5}, scheme from Section 1.6: Find m}, € V},
with v}! € T',(mj},) such that

alvp, @) + (Mg, x Vi, @h) + 2 (Vmp, Vi) = (£, ¢h), (3.8.1)

for all ¢} € Tj(my,) for n > k. Further, let g be the unique interpolation polynomial of

mz_k - ,mZ_l in P,_1 as described in Section 1.6. Then, we consider the predictor
= q(tn)
‘q(tn)’

for n > k. Next, to obtain the discrete energy inequality, we require the £2(Q)-orthogonal

projection onto the tangent space T';,(m), denoted by
Ph(m) : Vh — Th(m) (3.8.2)

Although we do not have an explicit expression for this projection, several properties are
stated in [7, Sct. 5]. In particular, we require a Lipschitz-type estimate as provided in [7,

Lemma 5.2], which we recall below.

Lemma 55 (Lipschitz-type bound for P). Let m € WY®(Q) and m € HY(Q) with
im| = |m| =1 a.e. and |mlyp1.0c < R. Then, there exists a constant cr > 0 and a mesh-size
hr > 0, such that

|(Pr(m) — Py(m))vnl| < crllm — m||ze|vnl|

for h < hg and vy, € V.

In [7, Prop. 3.1], a discrete inequality for the fully discrete scheme (3.8.1) with the uniform
step-size BDF(2) method is provided. This was extended in our work [36] to variable step-size
BDF (k) with k = 1,2. We extend the same type of bound to the variable step-size BDF (k)
method for £k = 3,...,5, provided that the ratio of consecutive time-steps is limited and the

damping coefficient « has a positive lower bound based on [36]. Moreover, starting from the
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discrete energy inequality we derive an £2-bound for the discrete solution using the DOC
kernels introduced in Section 3.7. In particular, the discrete energy inequality is valid for the
uniform step-size BDF (k) method for k = 3,4, 5, where the Nevanlinna—Odeh multipliers are
given in Lemma 42. The precise conditions on the step-ratios for k = 2, 3,4 are provided
in Section 3.4, 3.5 and 3.6. In principle, it is reasonable to assume that the argument for
k = 3,4 can be extended to k = 5. However, establishing the precise conditions for the
variable-step BDF(5) method requires substantially more work, as computing the roots is

even more involved.

Theorem 56 (Energy inequality for orders k = 1,...,4). Consider the discretization (3.8.1)
of the LLG equation (1.2.16) for k € {1,...,4} with finite elements of polynomial degree
p > 1. Further, we assume 7 = O(h) and, for k > 2, that the time-steps ratios satisfy

En = Tn/Tn-1 < Ko < Ko,k for all m > 2, where
ko2 =1+V2, Koz~ 1476,  ro4= 1.150

and o > o > 0 for some g, that depends on kg . Then, the numerical solution satisfies

the following discrete energy inequality: For n > k it holds
n ) k—1 ) n )
IVmi|? + o mllogl? < O YoIIVmG|1? + > 7l £
j=k i=0 j=k

under the regularity assumptions (1.6.9), where the constant C' > 0 is independent of the

spatial mesh size h and the time-steps 7;, but depends exponentially on T

Proof. We start by recalling that the BDF (k) scheme provides coefficients d;, j = 0,...,k,
such that

k
T =Y &my (3.8.3)
j=0
for n > k, see (1.6.5). According to Sections 3.4, 3.5 and 3.6, when the time-step ratios are
bounded, there exists a multiplier 1 € [0,1) such that

6(z)
11—z

Re >0  for |z| <1

The precise conditions on the time-step ratios are given in Lemma 43, Remark 45 and
Remark 47. Thus, by Lemma 40, there exists a symmetric positive definite matrix G = (g;5) €
RE*E such that

k k
S8 vmy 7 V(mp —gmi ) > Y g (Vmp T Vmp It
=0 ij=1

(3.8.4)

k
- g (Vmp ', Vm; )
ig—=1
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for n > k. As in [7], the main idea is to write down the weak equation for m} —nm} ! and test
it with v}}. The main point in the proof is to obtain a lower bound for (V(mj — nmz_l), Vo).
Combining (3.8.3), the lower bound (3.8.4) and defining the norm

k
: —i —j+1
IMGIE = > gij(my ™ my ™)

ij=1
with M} = [m},..., mZ*kH] for n > k — 1 and some symmetric positive definite matrix
G € R¥** we obtain the lower bound
(T VR, V(mij, —nmy ™)) > | MGG — |M (3.8.5)

for n > k.

We start, for simplicity, by assuming fj = 0 for n > k. Next, we recall the weak equation

n n—1
for v} and vy,

alvl, @h) + (M < vi, oh) + e (Vmiy, V) =0, Ve € Ty(my),

vy~ ™)+ (M X o Th e + (VM T VT =0, Ve, € T (my ),

for n > k. In order to derive an equation for v} — v}~ !, we use the test function v} € T),(m}})
in the first equation and Py 'l with P7! .= Py, (m) " ") € T),(m} ') in the second equation,
where Pp(m) denotes the orthogonal projection onto T',(m) defined in (3.8.2). Rewriting
P}l = vl — (P — P} Yol = o} — p}, where p}! = (P} — P} ')o?, we obtain by

inserting these test functions

O‘<,UZ7 ,UZ> + ggx<vm;zla VIUZ) =0,

alvy o) + L (Vmy ™! Voy)

a(vp ™ pf) — (Mt x o o — i) + 2 (Vmp !, Vb))

oo™l ph) = (M~ x v ol = oup T = p) (e (Vmg T, V)

for n > k, where we can choose either ¢ = 0 or ¢ = 1. By subtraction, we obtain

afvp — ot op) + G (V(mp —nmy ™), Vop) (3.86)
= —nafvy L ph) +n(my "t x ool — oo™ = ) — 0l (Vmg T V)
for n > k. Utilizing (3.8.5) and (vy ', v}) < 2(lop |12 + [|[v}]|?), we estimate the left-hand

side of (3.8.6) by
alvy — vy~ ) + LV (mi; — nmy ™), Vup)

2

7 U] _ 05y _

> (1- g)OéHvZII2 3 allop 1 + f(HVMZH% — VM)
n

forn > k, where M} = [mz_kﬂ, ...,mp]. Next, we aim for an upper bound for the right-hand
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side of (3.8.6). As further preparation, we provide bounds for p}. Since under the regularity
assumptions (1.6.9) we have that m} € Wh*°(Q) for n > k, cf. [7, p. 1022 and (8.5)], we

obtain using Lemma 55

—~n—1

1Pl < cllmy, —myp™ [z |[vpll = pallvpll and [ Vppll < paA(pp)[|v7 |

for n > k, where we introduced the abbreviations

VDRl
17l

pn = cllmy —my e, A(pR) =

for n > k. Further, we define

n _ ,n—1
Vp = min{invh :h H,l}
[opl

for n > k. Thus, we obtain the following estimates for the three terms on the right-hand side
in (3.8.6) for n > k: For the first term

- - HnTO
nawy " pp) < pnalop vkl < =5 (lop ™ I1* + [lvRll®).

For the second term, we estimate

nimn " x vptop — ovp = pi) < mllop (g = oo | pallor])

”UZ_UUZ_l“ Ui n—1/2 n2) _ n n—12 ny2
< (Hv—znm)g(uvh 12+ 10517) = (v + 1) 3 (o712 + 1R 1)-

For the third term, we obtain
n(Vmy = VpR) <l Vmp VR < npnA(pp) [ Vmy T [[og -
If we now also take fj # 0 into account, the right-hand side has the additional term

(L ) (IR + 1ERH D R

Collecting the above formulas and defining 7, o = %(1 + pp)ner + %(yn + pn)n for n > k, we

obtain

2, _

TL(HVMZH%:,Q — VML)
n

< Cenpn ARV Y[R+ (U + ) (LR 1F D R

(@ = Dna) [VRIP = Duallop ™' 1P +

for n > k. By [7, p. 1028], we have that p, = O(h) using 7, = O(h). Clearly, v, = O(1) at
least. Finally, u,A(p}) = O(1), since by inverse estimate A(p}) = O(1/h). Thus, we may
fix ho such that p,A(p}) has a definite (but not necessarily small) bound for h < hg. Next,
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multiplying by 7, and summing over j = k + 1 to n yields

n
i—1
(o =) [pl? + D0 (@ =nj—10)m-1 = mjamy) vy, |12 + ol VMR
j=k+2

n

< 3 {mam @IV ol + 75+ ) (L + 16 D o)
j=k+1

+-nk+La7k+1HvﬁH2-+é§XH‘7A4§H%

for n > k. We first assume 7;_1 < 7; < k7j_1 for 1 < Kk < Ko} and j > k + 2 to obtain

1
@M—WU—layﬁ—l—-UmaU'E’U(E(Q'—7U—La)—7hg)
1
> 7i(—(a = nj-1,0) = Nja)
R0,k

1
> ijl(a(a — Nj—1a) = Mj.a)

)

L (a—1nj-1.4) —nj.a > 0 (for such j), which

Ko,k
is the case for o large enough and h small enough. In case 7; < 7;_1 we have

if we ensure that o —n;j_1,, > 0 as well as w; :=

(@ =mj-1,0)Tj—1 = Nj.aTj = Tj—1(@ = Nj-1.a = Mj,a)

for j > k + 2, where wj := a —nj_1,a — 1j,a > 0 (for such j) is required. Let w, > 0 be the

smallest of such weights. Then

n
we Y mllvpllP + VMG
j=k+1
n

< > {mteami A IV ml idl + 7 ) (L 187 DI
j=k+1

+ IV M E + g0k [[0F] 2

for n > k. On the right-hand side, we proceed with Young’s inequality

n

0 {ntm M@ IV o+ 7+ ) (A 1 DIl

1 2 : 1 2 . 1
< — 3 H@anA@DPIVm TP+ = 3 w2 (F 1)
* =kl ¥ j=k+1
n
Wi 9
+5 > milvil

for n > k. Let v— > 0 be the smallest eigenvalue and 4 > 0 be the largest eigenvalue of the
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symmetric positive definite matrix G. Then, using the properties of G yields

= Vmp P < VMGG, VM, HG<'Y+Z”V7nhH2
=1

for n > k, cf. [7, p. 1004]. Thus, we obtain

n

Wi ;
2N el + V)P
j=k+1
1 . 2 2 2 . 2 j 112 j—1)2
< — 3 R A@)PIVm P Y ) A+ 1)

j=k+1 * j=k+1

Lo DI VM1 ahallvg
i=1

for n > k. We now address the problem in the form

n

n 1
Co-IVmi|* < A+ — 37 7(auAp})* [ Vmi |
* j=k+1

forn > k. If we let { = Iax {(fgxn,ujA(pi))Q/(fgxfy_w*)}, then we obtain by a discrete
J:

[ARR)

Gronwall’s inequality

lor-IIVmi|? < AT
k

1
C"E: Tj 1+NJ Hf”P+Hf] H)+£i7+§:WV"%H+WMJam+NUM\>
* j=k+1 i=1

This provides us with an energy bound. We can further derive

Wi “ j 1 -
TX mlvlE <At o Y A v
j=k+1 T =kl

A1+ €TefT) < A1+ €T)eT

Lastly, testing (3.8.1) for n = k with f = vF, i.e., a(vl vf) + 2 (VmF Vo) = (fF vF),
and applying the definition of the BDF (k) scheme (3.8.3) together with Young’s inequalities,

we obtain
1 k2 4 g2 2 2, = Tk |\ gk |2
ex
st el + 2.2 I < (Z e lIvmil)” + 2515
k-1 -
j k
< C7§£:H‘77niHQ‘FE;*Hth2,

i=0 “

which concludes the proof. O

Next, we use the DOC kernels introduced in Section 3.7 to derive an £2-bound for the
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solution of (3.8.1) from the discrete energy inequality of Theorem 56.

Theorem 57 (£2-bound for orders k = 1,2,3). Consider the discretization (3.8.1) of the
LLG equation (1.2.16) for k € {1,2,3} with finite elements of polynomial degree p > 1. We
assume 7 = O(h) and, for k > 2, that the time-steps ratios satisfy k; = 7;/Ti—1 < Ko < Kok
for all 2 < i <n, where

ko2 = 1+V2, ko3 =~ 1.476,

and o > o > 0 for some ag that depends on ko . Then, the numerical solution satisfies
the following £%-bound: For n > k it holds

k—1
lmp|? < C (anhuyl + ZTJHfJ HQ)
— =k

under the regularity assumptions (1.6.9), where the constant C' > 0 is independent of the

spatial mesh size h and the time-steps 7;, but depends exponentially on T'.

Proof. The idea of the proof is to connect [|mj![|* to >7_j 7 H'u?1 |2, while utilizing the statement

of Theorem 56. For the convenience of the reader, we recall (3.7.6)

my —m) '+ ZIZ => (TgthG(k’J )

{=k

for n > k, where

k—1
I =Y V.m Ze(”)b
j=1

for ¢ > k.
k = 1: We immediately obtain, for n > 1,

n
y4
gl < 2 + 3 72l
(=1

k = 2: Using the explicit formula of the DOC kernels (3.7.8), we obtain

o) - z":“rw [ —
it o126 10 1+ 28

for n > ¢ > 2. We have 112'2 <1 for /€Z<li02—1+\fand2<z<n Further, let s, be
the maximal value of all step ratios x;, i.e., ki < Ky < Koo =1+ V2 for all 2 < i <n. By

computing the partial geometric series, we obtain

2

. k—j
RN A s SR L
6('27‘7) . i < * < 7* = C 387
2=t ML v s 2 ivan)  Sroae e T 0 687
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for n > ¢ > 2. Using the above inequalities, we end up with

n n
l L
lmfll* < [l |* + 3 G2 w2 vh > + 1Y Zil?
=2 =2

for n > 2. By the definition of the DC kernels (3.7.3), we have that |bg2’2)| = r3/(1+ra) <2
for Ky <1+ /2 and b§~2’n) = 0 for j > 2. Thus, applying (3.8.7) yields

n n
2,7) (2,2
I TP = 1V, Y- 025622 < 4C7, |Vrmi |
=2 j=2
k = 3: Utilizing the bound of the DOC kernels from Lemma 52 leads to
n n
lmy]* < [lmi)* + Y Gzl + 1D Zs)

(=3 (=3

for n > 3. Since
7= 02K 0 (60059 + 62050,
we obtain by using again the bound of the DOC kernels from Lemma 52

n
3,3 3,3 3,4
I ZEP < c%(wé PUVemp)” + (672 + 55 ?) ||vazr|2).
=3
The proof is completed by inserting the above inequalities for k = 1,2, 3 into the discrete

energy inequality. O

Remark 58. In the proof of Lemma 57, we proved, under the assumption k; < ko2 =1+ V2,
the upper bound for the DOC kernels

S0 < C.,
=t

using the explicit formula of the DOC kernels (3.7.8) for the BDF(2) scheme. This result
can be generalized to cover finitely many step ratios that do not satisfy the upper bound
1+ /2. More precisely, it is possible to choose k; € [1 + /2, ?’Jr%m] if the size of the index
set K = {i : k; € [1+2, 3+75/ﬁ]} is relatively small in the sense that |K| < n, cf. [93,
Lemma 3.3]. However, this generalization is primarily of theoretical interest. For practical

applications, the recommended step-size relation is still the classical result from [77] given
here, see [93, p. 1223].



CHAPTER 4

SPACE AND TIME ADAPTIVE ALGORITHM

In this chapter we establish a variable step-size variable order (VSVO) time-stepping scheme
and integrate it into a space and time adaptive framework for the LLG equation. We begin
with a rigorous derivation of the local truncation error (LTE) for the backward differentiation
formulas. This derivation leads to the development of computable LTE approximations that
serve as the foundation for the adaptive time-step size control. By dynamically adjusting
the time-step size, we ensure that the temporal error remains below a prescribed tolerance
throughout the entire simulation. We further describe an order-selection strategy that is
designed to prioritize numerical stability while determining the most efficient degree of the
BDF schemes. We conclude the chapter with a comprehensive description of the space and
time adaptive algorithm. We demonstrate the performance and robustness of the solver

through numerical experiments in Chapter 5.

4.1 ESTIMATING THE LOCAL TRUNCATION ERROR

In this section, we consider the partition

[0 = to,tl, tQ, ceey tlc—l—l] = [0, 7'1,’7'172, e ,717._.7k+1] (411)

for the variable step-size BDF(k) method with k& € N, where the abbreviations 7; _j are
defined in (3.1.10). Compared with the time mesh in (3.1.8), this partition contains one
additional node, as it is required later for approximating higher order derivatives. By an
index shift, the partition can be translated into [t,—k,...,tnt1] for n > k. Furthermore,
let 7 = max{7y,...,7k+1} denote the maximal time-step size. We consider the ordinary
differential equation u'(t) = f(t,u(t)) for t € [0,#,11] as in (3.1.1) with the notation u® = u(t;)
fori=0,...,k+1.

Next, we derive the local truncation error for each BDF(k) scheme. To this end, we expand
each u*~% for 4 = 1,...,k in a Taylor series about t; (cf. (3.1.12)) and insert these into ®*
defined in (3.1.11). For k = 1 we obtain

<I>1(u,t2) = —ul - Tou' (t2)
2

= — (u = () + 2 (13)) — o (1) + O(7°) (11.2)

For k = 2, with k = k3 = 73/ and the coefficients of the variable step-size BDF(2) method
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given in (3.4.2), we derive

1+2 2
®?(u, t3) = 1—:_ :u3 — (14 r)u* + 1 i Hul — 13u (t3)
3 2 7.3
= (14 R) 2" (t5) — 230" (13) + O(r*)

6 1+k 6

2
= -2 (1) + O(7).
Similarly, we find for k = 3

1
21 (Tf(sl + 7‘3?,452 + 7‘5{37453)1/”’(754) + 0(7'5)

2
TAT3,4723.4 1y 5
= TATBATBA ) 4O

(I)g(ua t4) =

where the coefficients 1, d2 and d3 of the variable step-size BDF(3) method are given in
(3.1.14). In summary, the leading term of the local truncation error T} for k = 1,2, 3 is given
by

; _ 7_32 72,3

2
T TAT3AT
T = %UH(D), Ty = == (ts), Ty:= %UW(M) (4.1.3)

For an equidistant partition, the leading term of the local truncation error simplifies to

1

= m7k+1u(k+1)(tk+l). (414)

T,

4.1.1 APPROXIMATION WITH FINITE-DIFFERENCES

To evaluate the leading term of the local truncation error a posteriori, we need approximations
for the higher-order time derivatives. A natural approach is to obtain these derivatives by
finite-differences constructed using the Lagrange interpolation polynomial.

Thus, let P = Plulty,...,tg+1] € Pry1 denote the Lagrange interpolation polynomial
defined in (3.1.15). Then, with the derivative of order k + 1 of P, we define the consistent
finite-difference approximation for the (k + 1)-th time derivative by

AL = R Plulto, .. ], (4.1.5)

which is constant in ¢ but depends on the time-steps 71,...7;x4+1. For k = 1, this yields the

explicit formula
1 1

1 2 —
Wt — —ul 4 W) = 29, (4.1.6)
T1,272 T1T9 T1T1,2 14 ko

92 = 9 Plulty, 11, 1] = 2(

T
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where 8 is defined in (2.6.1) for variable time-steps. Further, for k = 2, we have

o = 9} Plulto, t1,t2,t3] =

T

(77— 97u?)

71,2,3
(4.1.7)
1 3 1 9 1 1 1 0
= 6( u’ — u” + U — u’).
71,2,372,373 T1,27T273 T17272,3 T171,271,2,3
Similarly, for £ = 3, we obtain
=4 1 1 1
(9Tu4 = 8?P[u\to, cota] = 24( ut — ud + u?
T1,2,3,472,3,473,47T4 T1,2,372,3T374 T1,2T273T3 4
1 1
— ul + uo).
T17272,372,3 4 T171,271,2,371,2,3,4

Thus, using (4.1.5) we can approximate the local truncation error given in (4.1.3) by

2 20 o 2r. —
T~ Zoult),  Tom B20u(ty),  Tyn ARAEGL ), (41.8)

In the context of the LLG equation, the first-order derivative is already computed via the
tangent plane scheme, cf. Section 1.6. Thus, we want to exploit this by using finite-difference
approximations of one order lower in (4.1.8). Let v* = v(t;) :== u/(t;) for i = 0,...,k+ 1.
Assume that the approximations u’ and v* are available for i = 0, ...,k and that we aim to

k+

compute the approximation u**! with the step-size 741. Having an approximation of the

leading term of the local truncation error Tj by (4.1.8) at hand, we want to determine the

next time-step size for a given tolerance TOL such that
TOL = |Ty|.

Thus, for £ = 1, we have

1/2
( 2TOL )
== .
|07 u(t2)]
Similarly, for k = 2, 3, we obtain

1/2 1/2
( 6 TOL ) ( 24 TOL )
T3 = > S y T4 — — .
To,3(0u(ts)| T3.am23,4|05u(ts)]

is unknown while choosing 711, we estimate the required (k + 1)-st derivative of

Since uft!

u by the k-th derivative of v = u/ by

ak+1 =k
BT u(tk_H) =~ 8Tv(tk+1).

Next, by Taylor expanding 5§'U(tk-+1) about t;, we obtain

Fv(te1) = Oov(ty) + O(7) ~ Dro(ty).
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In summary, we compute the next time-step size 7441 by

1/2 1/2 1/2
2TOL 6 TOL 24 TOL
(=) m= ) m= - . (4.1.9)
|07 v(t1)] 723|107 v(t2)] T3,472,34|07v(t3)]

Alternatively, we can proceed as in (3.1.16) and interpolate the recent values u* and v* for

1 =0,...,k onto a locally uniform mesh and compute the finite-differences on the uniform

partition.

4.1.2 APPROXIMATION VIA EXTRAPOLATION

As an alternative to the finite-difference approach, we can follow the idea of [43, 113]. For
this part, we assume that we have an equidistant partition. This partition is obtained by
either performing k£ consecutive time-steps with the constant step-size 7 or by interpolating
the recent values onto a locally uniform time mesh. Under this assumption, the equidistant

formula (4.1.4) can be used to approximate the leading term of the local truncation error by

1 1 k+1 1
T, — k1, (k+1) (4 ~ okt S k+1 k+1 411

where the discrete difference VA1 is defined in (3.1.4). Resolving each discrete difference for
uF*! leads to

1
k17 " lc il Z (4-L.11)
Recall the interpolation polynomial of u?, ..., u* from (3.1.5), namely

T

k
t—t
:Z ( )V] k with s = k

for t € R. With the explicit representation of the binomial coefficient

4!

for 5 > 0, we can evaluate p at t;1 explicitly by

@ = p(tpe) = D VP, (4.1.12)
Finally, inserting (4.1.12) and (4.1.11) into (4.1.10) yields the approximation

Tk k‘+1 Z v’L k+1 _ ak+1) (4113)

k:+1 k:+1(

for the leading term of the local truncation error.
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To determine an appropriate step-size for a prescribed tolerance TOL, we assume that the
solution u™ at ¢, has been computed using BDF (k) with the step-size 7, on an equidistant

partition. In this case, the local truncation error at ¢, is given by

k:—lurﬁﬂu“““)(tn) +O(7;2) = 1y (k) + O(r72),

cf. (4.1.4). We want to compute u"™! with the step-size 7,41 = o7, such that the local
truncation error at ¢,41 is approximately equal to the prescribed tolerance TOL. The local

truncation error at ¢,41 is given by

(O-Tn)k+1¢(tn+1) + O((JTn)k+2)'

Using the Taylor expansion of ¢(t,+1) about t,

P(tnt1) = ¢(tn) + UTn¢/(tn) + O((UTn)z))

we conclude

(07) 6 (tnsr) + O(om)**2) = 0 18 16(1,) + O((0m)+2) v 0* 1T,
where T} = 157 (u™ — @") is the leading term of the local truncation error given in (4.1.13)
evaluated at t,. Thus, we determine ¢ such that the local truncation error at t,41 is

approximately equal to the tolerance, namely TOL = |o* 17|, by

L (TOL)'“* : (H) .

77| jur — an|

Finally, we obtain the next step-size by 7,11 = 07y

4.1.3 TIME-STEP SELECTION FOR RESIDUAL-BASED ESTIMATORS

For the BDF(2) discretization of the LLG equation we have a posteriori control for the
£2(0,T; H(Q))-error according to Theorem 19 for uniform time-step sizes and Theorem 29
for variable time-step sizes. To exploit these bounds in an adaptive time-stepping strategy,
we aim to equilibrate the local contribution of the residual-based estimators introduced in
Definition 18 and Definition 28, respectively. This approach is well suited for controlling the

L>-error in time [88]. Thus, we define the local error indicators

=2
e1n = Ta| VO, my|?, (4.1.15)
2
Tn Kn =2 Kn—1 52 pn_1)2
Eop = —= odmy — ——Jd'm 4.1.16
o= B B | (1.1.16)
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for n > 2, cf. Definition 28. The relation to the global error indicators is then given by
N N
51 = ma<x E1,n;, 52 = 2227—”527”'
<n< o

By Theorem 29, the £°(0,T;H'(Q))-error is bounded, among other error indicators, by
&1, Es. Consequently, a suitable adaptive strategy is to choose the next time-step size with a
prescribed tolerance TOL, such that the local contributions are controlled. Similar to (4.1.14)

with k£ = 2, we update the time-step size by

%
Tntl = <T0L> Tn (4.1.17)

in

for n > 2 with either i =1 or ¢ = 2.

4.1.4 TIME-STEP SIZE RESTRICTIONS

In general, after computing the next time-step size, for instance by (4.1.9), (4.1.14) or (4.1.17),
we need to ensure that the ratio of consecutive time-step sizes is reasonably bounded. This is
in particular important for the BDF (k) method with k& > 2, to ensure stability in the sense of
the discrete energy inequality (cf. Theorem 56). Thus, each time-step size selection is subject
to a restriction with respect to the previous step-size with ratio bounds k; and % depending

on the order & in the form

Tnt1 = Max {Tmin, KTn, MIN{T) 1, BkTns Tmax}}- (4.1.18)

Here, 7, is the time-step size computed by (4.1.9), (4.1.14) or (4.1.17), 7,41 is the actual
choice and Tyin > 0 and Thax > 0 are prescribed lower and upper bounds for the time-step
size. For instance, we take Tin = 10710 and Tpax = T /10, where T > 0 is the final simulation

time. In general, we employ k;, = i for k=1,2,3,4 and
F1 =4, Ko = 2.4, k3 = 1.6, Ry =1.2. (4119)

In the case that the estimated error is close or equal to zero, the time-step choice is controlled

by the maximum cutoff value Tmax in (4.1.18).

4.2 COMPUTING THE PREDICTOR

In this section, we discuss the construction of the predictor required for the tangent plane
scheme described in Section 1.6. We present a practical choice, applicable to arbitrary time
meshes. Note that in the proof of the a posteriori error estimate, Theorem 19, no assumptions
on the predictor are imposed, cf. Section 2.3.

Assume that we have £ 4+ 1, £ € N, previously computed values mZ‘e, ..., my at time
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tn—e¢,...,tn. We construct the Lagrange interpolation polynomial of degree ¢ by
Z .
14 . 4 —L . -
Pi(t) =P mp~",... my](t) = Zmz ]szj(t), (4.2.1)
where Ly, denotes the Lagrange basis polynomial associated with ¢y, ..., 1, cf. (3.1.15).

Equivalently, P* can be expressed in Newton form by

‘ j—1
Pe(t) = mh[tn] + th[tna s atnfj] H(t - tnfi)
j=1 i=0
with the recursively defined divided differences
mht,...,t_-1—mht_1,...,t_-
Ml ] = TR nﬂg] t iltn ni]
n - 'n—j

for 1 < j <n and myt;] = mi for j > 0. For the BDF(k) method with k& > 1 the predictor

m; ! at t,,1 is then computed by

k
it £ ) (4.2.2)
|P (tn-i-l)‘

This choice, however, requires one additional historical value compared to the BDF (k) method
itself. This predictor differs from the choice in [7, (2.1)] for uniform time meshes, where the

authors take

ntt o B ()
mh o Pk—l t .
‘ ( n+1)|

In the case of a uniform time mesh, the polynomial P’ can be equivalently expressed as

Z’Yy mh ’

where the coefficients 7@)

; are those of the polynomial

1 l
v(z) = —(1—(1—2)" Z

z

In practice, we normalize the predictor (4.2.2) for each spatial degree of freedom. For instance,

in the case of linear finite elements, we normalize in all mesh nodes.
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4.3 GRADIENT RECOVERY ESTIMATOR

Let Q c R Denote by Vj, = SP(Tn) the space of globally continuous piecewise polynomials
of degree p on the mesh 7;, and set Vi, = V,{j. The main idea is to construct a post-processing

operator
Gh: HH Q) = Vi,

that yields a good approximation of the exact gradient. This approach is commonly known
as gradient recovery or post-processed gradient [4, 5, 119]. If we suppose that for a constant

0 < B < 1 the saturation assumption
IVu = Gpup)| < Bl[Vu — Vu|

is satisfied for the operator G}, we immediately obtain the equivalence of the easily computable

gradient recovery error to the H!-error by

L

1
T ﬁHVUh — Gp(up)| < [[Vu— V| < mHVuh — Gh(up)|-

This motivates the choice for the local error indicator

i (un) = [|Vun — Gu(un) | 2 (4.3.1)

for each cell K € Tj,. For instance, we take GJ, as the £2-projection of the gradient of the

finite element function up onto V', by

(Gh(un), en) = (Vun, ¢p)

for all ¢;, € V. This post-processing step is illustrated in Figure 4.3.1. Note that computing

the £2-projection requires solving a linear system with the mass matrix.

(a) un € SL(T7) (b) Vu, € S)(Tr) (¢) Gulun) € S4(Th)

Figure 4.3.1: Gradient recovery for linear finite elements in one dimension. The discrete finite
element function uy, is given in (a). Its gradient, belonging to the broken finite
element space of piecewise constants denoted by g’g(’]ﬁ), is illustrated in (b).
The recovery operator G, maps the gradient Vuy, into the finite element space
Vj,, shown in (c).

Let 7} C%(Q) — V7, denote the nodal interpolation operator. If the recovery operator Gy,
satisfies a consistency, localization and boundedness condition, then the recovered gradient

of an interpolated function Z}u provides a reliable approximation of the exact gradient Vu.
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More precisely, under the assumptions of [4, Lemma 2.4], G}, satisfies the a priori estimate
IVu = Gr(Zpu) | < CRP fulyppieq)

for u € HP+2(2). If additionally a superconvergence property holds, we obtain that the recovery
operator is asymptotically exact [4, Lemma 2.5]. In practice, however, superconvergence
occurs only in very special circumstances and is not expected on adaptive meshes. In [119,
Thm. 1.31], the equivalence of an averaging gradient recovery operator to the face residuals

error estimator is established for linear finite elements.

4.4 MARKING FOR MESH REFINEMENT AND COARSENING

Let 60;,0. € [0,1) be two constants that indicate the percentage of cells that we aim to refine or
coarsen by the bulk criterion [59]. Suppose that a local error indicator nx has been computed

for each cell K € T;,. Then, we extract a minimal subset A;, C 7}, such that

S oz Y i (1.4.1)

KGA}L KE7—h

To obtain the refined mesh, each element in the subset A;, is bisected twice in 2D and three
times in 3D. Similarly, to determine a set of cells to be coarsened, we extract a maximal subset
B, C Tj, such that

S onke <6 > nk (4.4.2)

KeBy, KeTy,

In general, we construct a fine mesh through successive bisections of a coarse mesh. An
element in By, is coarsened only when all of its neighboring fine elements, more precisely, the
children of an element one refinement level above, are marked for coarsening. In general, we
utilize for the triangulation the 'maximum smoothing’ flag of deal.II [18]. For further details

on local refinement and coarsening techniques for triangulations, see, for instance, [27].

4.5 ADAPTIVE TIME-STEPPING AND ORDER CONTROL

In this section, we describe the procedure for adapting the order of the VSVO algorithm. We
denote the VSVO algorithm with variable order ranging from ki, t0 kpax with 1 < kpjpn <
kmax < 4 by BDF (kmin - kmax). Let TOL;y > 0 be a given time tolerance and

s :=[1.44,1.8,1.6,1.0] (4.5.1)

be given scaling constants. We start by describing the order adaption based on the approxi-
mation of the local truncation error via extrapolation as described in Section 4.1.2. Let m}

denote the solution computed at t,, with step size 7,,. For each kpnin < k < kpax, we compute
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the predicted solution
m; = PH(t),

where P¥ denotes the polynomial predictor of order k, cf. (4.2.1). Then, the step-size scaling

factor for order k£ can be computed by

(4.5.2)

with the scaling constant s; provided in (4.5.1). Next, we compute the restricted time-step
sizes
(k) _

Tp41 — mMax {Tmirn KgTn, min{aan, KkTn, Tmax}}~ (453)

with the step-ratio restrictions k;, and &y provided in (4.1.19). Alternatively, we may compute
(k)

Tpp1 using the finite-difference approximations as described in (4.1.9). In total, this yields a

set of potential step sizes
(kmin) (kmax)
Tl s e s Tl (4.5.4)
The order k* for the next step, along with its associated step-size TT(L]j_*l) , is chosen as the one

that maximizes the step-size by

B — (k)
arg krrlirl?k?l%{kmax Tn+1
In general, we restrict the order change to £1 at each step. Once the order is changed, the

new order k* is maintained for k* steps before considering another order change [43, 73].

STABILIZED ORDER CONTROL

In this section, we propose a stabilized order control designed to prevent frequent or redundant
order changes. We follow several ideas from [82], which were applied to fluid-structure
interaction problems in [83]. While the previous order control algorithm selects the order
providing the largest time-step size according to (4.5.4), the stabilized version incorporates an
additional stability test. When a method becomes unstable, the solution is often corrupted by
high-frequency error components. These error modes are easier to detect by the higher-order
derivatives of the numerical solution [82]. We consider the BDF(k) method for k& > 1 as stable

only if the predicted step-sizes for orders 1 to k + 1 are strictly increasing, such that

<< 7B D), (4.5.5)

Importantly, order k is only considered stable if the proposed step-size for order k + 1, which

is based on a higher-order derivative, exceeds that of order k. An increase in order from
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k to k + 1 is permitted only if order k + 1 satisfies the stability condition (4.5.5) for k& + 1
consecutive steps. Following [82, Sct. 3.2.2], we maintain a constant order for 20 steps after
any order change to allow the solution to settle. Furthermore, if an order is rejected and
subsequently decreased, that specific order enters a quarantine period as described in [82,

Sct. 3.2.3]. During this time, the order is unavailable for N steps, defined by
T 9
N = max {50, 0.02 — max{1, (k — 2) }},
T

where T' > 0 denotes the final simulation time, k& the prohibited order and 7 the most recent
time-step size. Consequently, the quarantine lasts for at least 50 steps and roughly for 2% of
the total simulation time. Thus, if a method of order k is identified as unstable, all higher
orders are also deemed unstable. In contrast to (4.1.19), we choose for the stabilized algorithm

the step-size ratio restriction of k;, = 0.9 for k = 1,2,3,4 and

k1 =4, Fo = 1.6, Ry = 1.3, Rq =1.1.

4.6 ADAPTIVE ALGORITHM

In this section, we describe a space and time adaptive algorithm we employ in this work for
the LLG equation based on the tangent plane scheme (1.6.8). The algorithm combines the
h-refinement described in Section 4.4 with the VSVO time-stepping described in Section 4.5.
In general, we try to avoid a recomputation step, making use of the fact that the optimal
time-step size usually does not change to much [56]. However, a time-step size rejection and
recomputation may be easily incorporated. For a further discussion on the design of adaptive
algorithms for parabolic equations we refer to [88].

In the following, we estimate the temporal error with the local truncation error of the
BDF (k) method described in Section 4.1 and employ the step-size and order control following
Section 4.5. For the spatial error estimation, we use either residual-based error estimators or
gradient recovery techniques. More precisely, we define the local face residual error indicator
by

1/2
nz%(mﬁ)=< > hEIIRE(mZ)lliz(E)> (4.6.1)
ECOK

and the local cell residual error indicator by

nic(mi) = hicl| R (m}) 22 1c)- (4.6.2)

Both indicators are motivated by the residual-based spatial error estimators introduced in
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Definition 18. These local quantities provide the global error indicators

) 1/2
n*(mm:( > (wk(mp) ) (4.6.3)

KeTyr

for x € {X,T,G}, where 771% denotes the local gradient recovery error indicator defined in
(4.3.1). With prescribed order bounds 1 < kpin < kmax < 4, we describe now the space and
time adaptive algorithm. Numerical results for the full adaptive algorithm are presented in
Chapter 5.

Algorithm 59 (Space and time adaptivity for BDF (kmin - kmax))-
Input

o A coarse initial mesh ’7;5’”', an initial magnetization m%, a final time T > 0.
e The tolerances TOLg for space and TOL; for time.
e The refinement and coarsening control parameters 6y > 0 and 6. > 0.

o A choice for the spatial error estimator x € {X,T,G} in (4.6.3).

Precomputation

o We start with the initial mesh T, and iteratively refine it to obtain 7710 We use the
spatial estimator n*(mY)) given in (4.6.3) to refine the elements in Ay, as described in
Section 4.4 using the parameters 8y = 0.3 and 6. = 0.0. We continue until the spatial

estimator is below the prescribed tolerance TOLg.

o We compute U% by (2.3.6) and estimate the preliminary initial time-step size 71 by

_ TOL

T = 7 -
lvl

Then, using 71 we solve once (1.6.8) with BDF(1) and the predictor

my, = mj) + 7o),

This provides us with the temporary values 77L,1l and 5;11. We use them to compute the

1/2
( 2TOL )
=Cs| —/
0-v(t1)]

according to (4.1.9), where we chose the safety constant cs = 1/2.

actual first time-step size 11 by

o With the first time-step size 1, we recompute the first time-step using the BDF(1) method
with the predictor my = my + m1v). Thus, we end up with mi and 'v{l for j=0,1. If
we estimate the error using the predictor-based approach (4.1.14), we perform two such
steps since we require at least m% and m}L to estimate the local truncation error for the
BDF(1) method.
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o If kmin > 1, we gradually increase the BDF order each step by one, until we are at kmin-

Time-stepping for n > kmin

o We compute the predictor my, by extrapolation from previous steps as described in
Section 4.2.

o Optionally, we compute the stray field explicitly using mzfl as described later in Sec-
tion 5.8.

o Next, we compute the right-hand side f7},.

o We then compute v} by the tangent plane scheme (1.6.8) and update the magnetization
mj by (1.6.5).

o We continue by normalizing the magnetization my, = mj /|m}| prior to evaluating the
spatial error estimator. This improves the effectiveness of coarsening, cf. Remark 61.
We emphasize that the normalized magnetization is used only for the error computation
and is not propagated to the next step. Next, we adapt the spatial mesh T, using the
estimator n*(my) given in (4.6.3) with the marking strategy described in Section 4.4 to
obtain the spatial mesh 7;{”1. Refinement is only performed if the global estimated error
is larger than the prescribed space tolerance TOLg. Unless stated otherwise, we employ
the marking parameters 0. = 0.1 and 0, = 0.15. Finally, we interpolate all quantities
required for subsequent computations onto the updated grid 771"“.

o We selected the next order k* and time-step size T(k*l) by equilibrating the local truncation

n
error as described in Section 4.5. Iftn—&—T,(L’il) > T, we adjust Tgil) such that tn+T,§k+1) =T.

The following remark points out that the start-up in Algorithm 59 may not be directly

applicable to uniform BDF schemes of higher order.

Remark 60 (Algorithm start-up). The initialization of Algorithm 59 is not necessarily
appropriate for higher order uniform BDF schemes. For instance, we observed for the sequence
BDF(1) — BDF(2) — BDF(3) a reduction of the convergence rate (expected O(13) and
obtained only O(7%)). To prevent such order reduction, one may initialize the multistep
method using higher-order schemes, for example, an L-stable singly diagonal implicit Runge—
Kutta (SDIRK) method. Nevertheless, for Algorithm 59, we did not encounter any issues
starting the adaptive algorithm with the BDF(1) method using a sufficiently small time-step

size T1 since the aim is to achieve a prescribed local error tolerance.

We conclude this section with a remark regarding the use of normalization as a post-

processing step before performing spatial error estimation.

Remark 61 (Normalization as post-processing). For the purpose of spatial error estimation,
we normalize the magnetization at each degree of freedom to enhance the effectiveness of the
coarsening procedure, as demonstrated later in Section 5.5.2. This normalization is employed
solely for error estimation and is not incorporated into the time-stepping algorithm itself.
When applied only as a post-processing step, the normalized magnetization satisfies the same
approzimation properties. This was established in [30] for the harmonic map heat flow with
the BDF(1) method.






CHAPTER D

NUMERICAL RESULTS

In this section, we apply the space and time adaptive algorithm described in Section 4.6 to
several numerical examples. We begin with an ordinary differential equation example for the
LLG equation to evaluate the performance of different time adaptive strategies. In particular,
we take small values for the damping coefficient « into account. Subsequently, we demonstrate
that all a posteriori error estimators introduced in Definition 18 converge with the optimal
order with respect to either the time-step size or the spatial mesh size. We then apply the
fully adaptive algorithm to a variety of examples, including a moving bump, a domain wall
and the physically relevant uMAG #4 example. To simplify the notation, we abbreviate the

following norms by

”'HLoo(L?) = H'”mo(o,T;L?(Q))v

[Nl oo ooy = Il 2oo 0,7520¢ (92)) -

The final simulation time 7' is explicitly given in the respective examples.

5.1 IMPLEMENTATION DETAILS

In general, we compute the numerical results using the open-source finite element library
deal.II version 9.5.1 implemented in C++ [18]. The deal.II framework offers essential
features for performing space adaptive simulations, enabling mesh refinement and coarsening
according to a fixed fraction of the estimated error as defined in (4.4.1) and (4.4.2). The
deal.II framework is based on quadrilaterals in 2D and hexahedrons in 3D. We solve the
resulting linear systems using the UMFPACK (Unsymmetric MultiFrontal PACKage) package
[50] for the LU-decomposition or the GMRES (generalized minimal residual) iterative solver

with an incomplete LU-decomposition preconditioner [108, 109].
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Figure 5.2.1: Evolution of the x-, y- and z-component for the solution of (5.2.1) with a@ =
1,0.1,0.01. The numerical solution was computed using the uniform time-step
size BDF(2) method with 7 = 0.001.

5.2 ADAPTIVE TIME-STEPPING FOR A LLG ODE

In this section, we study the example from [114, Sct. 7.4] and consider the LLG equation
(1.6.1) in a spatially uniform form with the effective field heg = f, which reduces to the
ordinary differential equation (ODE)

adm +m x Oym = P(m)f,

Btm-m:()

for t € (0,T), where P(m) = I —mm' denotes the orthogonal projection onto the tangent
plane. In the following, we compare adaptive time-stepping strategies based on the local error
estimators introduced in Section 4.1. We consider an initial magnetization that is close to
[0,0,1]T and apply a constant external field of f = [0,0, H]" with H = —10 to reverse the
orientation of the magnetization in the direction of the external field. To avoid starting from

an equilibrium state, we slightly perturb the initial magnetization and employ the initial data

1
N/

E
i
NSO ‘QSO HSO
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Figure 5.2.2: The maximal £2-error (left) and the maximal normalization error (right) for
the solution of (5.2.1) with @ = 0.01 and 7" = 80. The results are computed
with the uniform and variable step-size BDF(2) method. For the adaptive case,
the time-steps are selected by the finite-difference (FD) approximation (4.1.9),
the predictor-based strategy (PD) (4.1.14) and the a posteriori estimator (AP)
(4.1.17) with ¢ = 2. Purple lines represent the uniform step-size BDF(2) method
(Uni). The horizontal axis denotes the average time-step size 7 = T'/N., where
N, is the total number of time-steps, while the initial time-step size for the
adaptive methods is fixed at 79 = 1073,

with the perturbation § = 0.05. For a physical motivation, we refer to [3, 114]. Defining

C = arctanh(m?) and w = H/(1 + a?), we can express the exact solution by

A(t) (mg cos(wt) — mg sin(wt))
m(t) =m(t,x) = | A(t) (mo sin(wt) + my cos(wt)) ; (5.2.1)

x

tanh(awt + C)
where A is defined by

1 —m,(t)?

Exemplary results for the Gilbert damping parameter o = 1,0.1,0.01 are illustrated in

A(t) =

Figure 5.2.1. Smaller values of a lead to increasingly frequent oscillations in the magnetization

dynamics. We measure the error in the £>°(0,T; £L2())-norm by
M —ma| poo 22y, (5.2.2)

where my, is the linear reconstruction defined in (2.1.4). Additionally, we consider the maximal

unit-length constraint error
[[ren] = 1l goo (o0 (5.2.3)

since we do not employ an explicit normalization step.

First, we begin by comparing the various time-step size selection strategies introduced
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Figure 5.2.3: Time-step size selection strategies for the variable step-size BDF(2) method,
including the finite-difference (FD) approximation (4.1.9), the predictor-based
strategy (PD) (4.1.14) and the a posteriori estimator (AP) (4.1.17) for i = 2.
The initial time-step size is fixed to 79 = 1073.

earlier. We set the final simulation time 7" = 80 and choose a = 0.01. Since we do not specify
an initial time-step selection for the a posteriori estimator (AP) (4.1.17), we set 79 = 1073
to improve comparability between the different strategies. In Figure 5.2.2, we compute the
error between the exact solution m given in (5.2.1) and the linear reconstruction my, defined
in (2.1.4). Although we employ the second-order BDF(2) method, we observe third-order
convergence for the maximal £2-error (5.2.2) and the maximal normalization error (5.2.3) with
respect to the mean time-step size 7 = T /N, where N, denotes the total number of time-steps.
Furthermore, the adaptive simulations with the finite-difference (FD) approximation (4.1.9),
the predictor-based strategy (PD) (4.1.14) and the AP estimator (4.1.17) consistently yield
lower error values for the maximal £*-error (5.2.2) and the maximal normalization error
(5.2.3) in comparison to the uniform step-size simulation. As illustrated in Figure 5.2.3, each
of the time-step size strategies considered leads to a smoothly varying sequence of time-step
sizes. Moreover, the time-step size is reduced while the magnetization’s z-component changes
sign.

Second, we consider the VSVO BDF(1-4) algorithm as described in Section 4.5. We exclude
the AP estimator in this context since it is specifically designed for the fixed-order BDF(2)
method. The local truncation error is estimated using either the FD or PD approximation, as
described in Section 4.5. In Figure 5.2.4, we observe convergence of order 5 for the VSVO
BDF(1-4) algorithm for the maximal £2-error (5.2.2) and the maximal £%-normalization
error (5.2.3) with respect to the mean time-step size 7.

In Figure 5.2.5, we compare the evolution of the time-step size and the BDF orders selected
by the FD and PD approaches. We observe that the changes in the time-step sizes and
the orders follow a very similar pattern for both methods. Overall, the choice of the error
estimation method has a negligible impact on the general performance of the VSVO BDF(1-4)
algorithm.

Next, we briefly discuss the implications of a small damping parameter « as employed in this

section. The eigenvalues of the linearized LLG operator are determined by the precessional
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Figure 5.2.4: The maximal £2-error (left) and the maximal normalization error (right) for the
solution of (5.2.1) with & = 0.01 and 7" = 80. The results are computed with
the VSVO BDF(1-4) method as described in Section 4.5. The horizontal axis
denotes the average time-step size 7 = T//N,, where N, is the total number of
time-steps. The corresponding time tolerance ranges from 10~ to 10712,

F 1 4+ I -
w0 F—————— | Lo
& N i b
g 53+ neED -
w1074 F 4 =
o o '
2 5 ]
é’ 10-5 1 | mar 310D .
S
i — BDF(1-4) FD | -@ BDF(1-4) FD
1076 1 — BDF(1-4) PD - 1+ eee® -@ BDF(1-4) PD -
E | | | L vl vl vl il vl
0 20 40 60 80 107 1075 10=* 10=% 1072 107!
Time ¢t Time t

Figure 5.2.5: Evolution of the time-step size (left) and the selected BDF order (right) for the
solution of (5.2.1) with a = 0.01 and T' = 80 for the VSVO BDF(1-4) method
as described in Section 4.5 with TOL; = 10~''. On the right only the first 100
time-steps are shown. Afterwards the BDF order remains at 4.

and dissipative dynamics. As highlighted in Example 39, as the damping coefficient « tends to
0, the eigenvalues approach the imaginary axis. Although higher-order BDF methods generally
lose stability when the spectrum lies near the imaginary axis, cf. Figure 3.2.2, we observe
no stability issues for this example, although we have a = 0.01. A further discussion on the
performance of higher-order BDF schemes in the presence of nearly imaginary eigenvalues
can be found in [83, Sct. 2.5] for fluid-structure interaction problems. We emphasize that the
VSVO algorithm is designed to mitigate potential stability issues by reverting to A-stable
methods, such as the BDF(1) or the uniform step-size BDF(2) scheme.

For finely discretized spatial domains, the computational cost of time error estimation is
dominated by the evaluation of the £2-norm, either for the difference between the predictor and
the solution or for the higher-order time derivative. As a result, the FD and PD approaches
require essentially the same total computation time since each estimate requires a single

L?-norm evaluation. Overall, the cost of the temporal estimator within the full adaptive
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algorithm remains negligible, as discussed later in Section 5.5. In the following examples, we
stick to the PD local truncation error estimation for the VSVO BDF(1-4) algorithm.

5.3 RESIDUAL-BASED A POSTERIORI ERROR ESTIMATORS

In this section, we present numerical experiments for the a posteriori error estimators intro-
duced in Definition 18, which lead to an a posteriori error bound as stated in Theorem 19.
Furthermore, we demonstrate that all a posteriori error estimators converge at the optimal
rate with respect to either the uniform time-step size or the uniform mesh size. We abbreviate

the H!-error, estimated in Theorem 19, by
erry 1 = [|[V(m(tn) — my)l, errgn = [V (m —mp)|| o 0.4x:22(0)- (5.3.1)

For the implementation, we evaluate the projection error estimator P using Simpsons rule on

each interval, which yields

tN N T
P = [Mlan @l at = 3 T (Ianlta1) e +41antasyn o+ lant) o).

n=2

where tn_% =tp_1+7/2=1t, —7/2 and
qh(t) = 8ch(t) — P(Mh(t))8ch(t).

Recall that P(m) = I —mm ' denotes the orthogonal projection onto the tangent plane. We

abbreviate the sums of the combined a posteriori error estimator components by

E=E4+E+E+E4+E + &, C:=C+0Cy,

(5.3.2)
A3:A1+A2+A3, Q=01+ 99

where the estimators are introduced in Definition 18.

We first demonstrate that the temporally dominant error estimators converge with the
expected experimental order of convergence. Similarly, the spatially dominant estimators
are shown to converge at the expected rates. We effectively obtain a split of the a posteriori
error estimators into separate spatial and temporal contributions. We further investigate
the spatial error estimator A by highlighting the distinctions between the element and face

residual components.

5.3.1 CONVERGENCE FOR UNIFORM TIME-STEPS

In this section, we study the example from [7, Eq. (9.2)], for which the temporal discretization
error dominates the spatial discretization error. We consider the domain 2 = (0,1) x (0, 1)
and choose the damping parameter a = 0.2 and the exchange length /2 = 1. We fix

the final simulation time T = 0.1. For the spatial discretization, we use a uniform mesh
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Figure 5.3.1: Initial data of the example (5.3.3). The color represents the z-component of the
magnetization, ranging from —1/4 to 1/4 (blue to red).

consisting of 128 x 128 quadrilaterals together with quadratic finite elements. For the time
discretization, we employ the uniform BDF(2) method with varying uniform time-step size 7.
We consider the tangent plane scheme as described in Section 2.3. We prescribe the exact
solution m : [0, T] x Q — R? by

—h(x1)sin(3nt/T)
m(t,x) = 1— h(xq)? (5.3.3)
—h(x1) cos(3mt/T)

for (t,x) € [0,T] x . Here, the function h is defined by

for x € R. The initial data is depicted in Figure 5.3.1. By construction, we have |m(t,z)| =1
for (t,z) € [0,T] x Q. Finally, we compute the right-hand side f such that m defined in
(5.3.3) is the exact solution of the alternative form (1.5.1) of the LLG equation, that is,

f=adm +m x dym — (2 Am,

where we can neglect the orthogonal projection onto the tangent plane since we are solving in
the tangent space anyway.

As illustrated in Figure 5.3.2, the combined temporal error estimator £ defined in (5.3.2)
as well as the maximum gradient error (5.3.1) converges with second order. Moreover, the
projection error estimator P achieves a convergence of order three, while the combined
extrapolation error estimator @ converges with fourth-order accuracy. In contrast, the
combined spatial error estimator A is, as expected, independent of the temporal discretization.
As demonstrated later in Figure 5.3.5, the spatial error estimator A converges with respect
to the uniform spatial mesh size. Similarly, the finite element space conforming estimator C
remains (almost) constant but converges with respect to the spatial mesh size as demonstrated
later in Table 5.3.1. In total, the sum of the a posteriori error estimators (which corresponds
effectively to the temporal error estimator £) yields a reliable upper bound for the maximum

gradient error, as stated in Theorem 19.
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Figure 5.3.2: The space error estimator A, the time error estimator £, the projection error esti-
mator P, the finite element space conforming estimator C and the extrapolation
error estimator Q defined in Definition 18 and the maximum gradient error erry,
(5.3.1) with respect to the uniform time-step size 7 for example (5.3.3) using
the BDF(2) method. The sum of all a posteriori error estimators corresponds
effectively to the time error estimator £ (yellow).

The individual components of the combined time error estimator with respect to the time-
step size 7 are shown in Figure 5.3.3. While the time error estimator £; exhibits convergence

of order 4, all remaining time error estimators converge with second order accuracy.

10" | .
107t
1073
1075 |

1077 1

1079 L Lo [
1073 1072
Time-step size 7

Figure 5.3.3: The time and reconstruction a posteriori error estimators &1, ..., & defined in
Definition 18 with respect to the uniform time-step size 7 for example (5.3.3)
using the BDF(2) method.

5.3.2 CONVERGENCE FOR UNIFORM MESH SIZES

In this section, we study the example from [7, Eq. (9.1)], which is constructed in such a way
that the spatial error dominates. We consider the domain Q = (0,1) x (0,1) and choose
the damping parameter a = 0.2 and the exchange length /2. = 1. Let C = 400, fix the
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Figure 5.3.4: Initial data of the example (5.3.5). The color represents the z-component of the
magnetization.

final time T = 0.01 and set Ty = 0.06. For the time discretization, we employ the uniform
step-size BDF(2) method with time-step size 7 = T//1000. We consider the discretization as in
Section 2.3 for globally continuous piecewise polynomials of degree p = 1,2, 3, 4. Additionally,

we define the squared distance from the center of the domain 2 by
d(zx) = (1 — 1/2)® + (22 — 1/2)? (5.3.4)

for = (z1,22)" € R? and introduce the time-dependent function

) Tot01
T = 01—t

for t € [0,Tp]. We prescribe the exact solution m : [0,7] x  — R3 by
Cexp (1/237(;()3:))(:61 —1/2)
mit,x) = | Cexp (1725555 ) (w2 — 1/2) (5.3.5)
—2g(t
\/1 — C?%exp (1/4_7%>d(:1:)

if d(x) < 1/4 and otherwise by m(z,t) := [0,0,1]T for (t,z) € [0,T] x Q. The initial data
is depicted in Figure 5.3.4. Obviously, we have |m(t,z)| = 1 for (¢,x) € [0,T] x Q. Finally,

we compute the right-hand side f such that m defined in (5.3.5) is the exact solution of the
alternative form (1.5.1) of the LLG equation, that is,

f=adm +m x Oym — (2 Am,

where we can neglect the orthogonal projection onto the tangent plane since we are solving in
the tangent space anyway.

As illustrated in Figure 5.3.5, both the combined spatial error estimator A defined in (5.3.2)
and the projection error estimator P given in Definition 18 converge with the same order as the
maximum gradient error (5.3.1) for all polynomial degrees p = 1, 2,3, 4. Moreover, Figure 5.3.5
indicates that the estimators yield an upper bound for the maximum gradient error, as stated

in Theorem 19. Similarly, Table 5.3.6 shows that the finite element space conforming error
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Figure 5.3.5: The space and projection a posteriori error estimator A and P defined in
Definition 18 as well as the maximum gradient error erry1 (5.3.1) with respect
to the uniform spatial mesh size h for example (5.3.5) and polynomial degrees

p=1,2,34.
p=1 p=2 p=3 p=4
h Value Rate Value Rate Value Rate Value Rate
1/26  3.802e-06 — 5.027e-06 — 3.110e-07 — 6.616e-08 —

1/33  1.543e-06 3.791 3.047e-06 2.099 1.153e-07 4.168 2.705e-08 3.753
1/42  6.657e-07 3.719 1.747e-06 2.457 3.442e-08 5.341 1.050e-08 4.175
1/54  2.957e-07 3.226  9.337e-07 2.490 9.613e-09 5.071 3.704e-09  4.148
1/70  1.324e-07  3.090 4.693e-07 2.648 2.573e-09 5.093 1.194e-09 4.356

Table 5.3.1: The combined finite element space conforming error estimators C (5.3.2) intro-
duced in Definition 18 with respect to the uniform spatial mesh size h for example
(5.3.5) for the polynomial degrees p = 1,2, 3, 4.

estimator C converges at least with order p for all finite element degrees p = 1,2,3,4. The
individual components of the combined time error estimator with respect to the spatial mesh
size h are shown in Figure 5.3.6. As expected, the time error estimators remain (almost)
constant and are thus mostly independent of the spatial discretization. As illustrated earlier
in Figure 5.3.3, the time error estimator converge with respect to the time-step size. While
the error estimators &1, &2, €4, &5 exhibit similar behavior, the components &3, & are several

orders of magnitude smaller.
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Definition 18 with respect to the uniform spatial mesh size h for example (5.3.5)
for the polynomial degrees p =1, 2.

CONTRIBUTIONS OF THE CELL AND FACE RESIDUALS TO THE SPATIAL ERROR
ESTIMATORS

Recall the space error estimator

1/2
A = 01<nna<XN n(mz;’}—[l) - 0I<I:rlza<XN ( Z h%{”RK(mz)HiQ(K) + Z hE||RE(mz)”E:2(E)>
=ns =N\ Kerpn Bex,

(5.3.6)

introduced in Definition 18, where 7 is defined in (2.2.7). In order to investigate the respective
contributions of the cell and face residuals to the spatial error estimator Aq, we consider both

terms individually, namely, the face residual estimator

1/2
¥ _ ny||2
" —Oglang(% hEHRE<mh>H£2(E)) (537

and the cell residual estimator

1/2

T _ 2 ny |12

n —OI<I}18J<XN< Z hKHRK(mh)HL?(K)) , (5.3.8)
KeTh”

cf. (4.6.3). Thus, by (5.3.6) we have that Jmax (n(mZ;Hl))2 = (772)2 + (77T)2.

The cell and face residual estimators in a posteriori error estimation are known to depend
on the polynomial degree of the finite element space. According to [119, Remark 1.17] and
[42, 90], Yu showed in [122, 123] that for finite element discretizations on a uniform square
grid, the error is controlled either by the cell residuals or the face residuals, depending on

whether the polynomial degree of the finite element functions is even or odd. For linear finite
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Figure 5.3.7: The face residual error estimator n™ of A; defined in (5.3.7) for example (5.3.5)
and polynomial degrees p = 1,2, 3, 4.

elements on a shape-regular triangular mesh, the face residuals dominate [42]. We observe
this behavior in the numerical results depicted in Figure 5.3.7 and 5.3.8. As indicated in
Figure 5.3.7, the face residual error estimator (5.3.7) exhibits a convergence order of p for
odd polynomial degrees p = 1,3, while for even degrees p = 2,4, an increased convergence
rate of order p + 1 is observed. In contrast, the cell residual error estimator (5.3.8) exhibits

convergence of order p for all polynomial degrees p = 1,2, 3,4, see Figure 5.3.8.
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L i =3
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Figure 5.3.8: The cell residual error estimator 7 of A; defined in (5.3.8) for example (5.3.5)
and polynomial degrees p =1,2,3,4.

5.4 COMPUTATIONAL EFFORT

In this section, we analyze the performance of the solver of the linear equation system based
on the tangent plane scheme. To this end, we consider the space-dominant example described

in Section 5.3.2 and compute 10 time-steps using a constant step size 7 = 1075. We begin by
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recalling the fully discrete equation (1.6.8), which seeks (vj, A\}}) € Vi x V}* such that

alvp, o) + (my X of, o) + L (Vmp, Vi) + (my, - o, A7) = (F7, @7),

for all (¢, ¢7) € Vi x V;'. By substituting the relation 7,v} = Z?:o @mZﬁj with

k €N, cf. (1.6.5), we obtain the following linear system
n n potg n T n n n
alvy, eh) + (my, < vy, ep) + &id (Vor, Vep) + (my, - o, Ay)
Rk
— ) 2 D omi )

7=1

for all (¢}, 91) € VI x Vi*. Let {¢;}Y, denote the nodal basis of V;* with N = dim(V}").
To represent the system algebraically, we define the mass matrix M € RV*Y with entries

(¢i,#;) and the stiffness matrix S € RNV with entries s;; = (V¢;, Vo;). The

mij =
terms involving the predictor mj = [my, My, m} "7 are handled with scaled mass matrices

M, € RNVXN " where i;; = (m7¢;, ¢;) for * € {z,y, z}.

| —@ Solve (GMRES) y

10' £ e Solve (MUMPS) P>
Assemble o e
— .- i
2 O(Nz) - p
g 10%¢ El
G
= 1071 | =
s
[ @
| o
1072 =

Lol L Lol
10* 10°
Degrees of freedom N,

Figure 5.4.1: Total wall time per time-step for solving and assembling example (5.3.5) using
MUMPS and GMRES with a SparselLU preconditioner and the previous solution
as the initial guess. The iterative solver is terminated once the residual norm is

below 1076.

We denote the nodal vectors of v} and the Lagrange multiplier A} as v" € R3N and
A" € RV, The magnetization vector is represented by m" = [m? s My, 1 ] € R3V, where
my, my,m; € RY corresponds to its spatial components. In total, this leads to the block
matrix structure

aM +£§ng5 —]\72 My ]\71 an + ZJ 1 5J Sm 7
M, aM + (S ~M, My| [v"] | Mf7+ 35 151 Sm—i
—M, M, oM + @S M| [A"] | M7+ YE 5 Sm

M, M, M, 0 0
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We summarize the computational performance in Figure 5.4.1 by comparing the wall time
required for assembling and solving with the MUMPS direct solver and the GMRES iterative
solver with a SparselLU preconditioner, cf. Section 5.1. Since the scaled mass matrices depend
on previous solutions, we reassemble the system at every time-step. Furthermore, both the
assembling and solving times exhibit approximately linear growth with respect to the degrees
of freedom. The average number of iterations required to reach a residual tolerance of 1076 is

provided in Figure 5.4.2.

e

12 1 3

10+ .

GMRES iterations

L] L Lol
10 10°
Degrees of freedom N,

Figure 5.4.2: Average GMRES iterations per solve for example (5.3.5), using a SparselLU
preconditioner and the previous time-step solution as the initial guess. The
iterative solver is terminated once the residual norm is below 1076,

5.5 MOVING BUMP

In this section, we study the example from [23, Sct. 3.7], which describes a localized bump
propagating through the magnetic domain © = (0,1) x (0,1). We choose the damping
parameter & = 1 and the exchange length /.y = 1. We set the final simulation time T'= 0.4
and define the constant C' = 200. Further, we apply the space and time adaptive algorithm
described in Section 4.6 with BDF(1-4) and polynomial degree p = 3. We employ the face
residual error estimator (4.6.1) and set the tolerances TOL; = 10~7 and TOLg = 10~%. We
prescribe the exact solution m : [0, 7] x  — R? by

0

m(t,x) = @ 2 — e~ 20r(ta) | | (5.5.1)
efC’r(t,m)

for (t,x) € [0,T] x 2, where
r(t,x) = (x1 —t —tg)* + (x9 — t — tg)*

for (t,x) € [0,T] x €, where ¢ty = 0.3. Obviously, we have |m(t,x)| =1 for (t,x) € [0,T] x Q.
Again, we compute the right-hand side f such that m defined in (5.3.5) is the exact solution
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(a) t =0 (b) t = T2 () t=T

Figure 5.5.1: Evolution of the spatial mesh for example (5.5.1) with the space and time
adaptive Algorithm 59. The background color represents the z-component of
the magnetization.

of the alternative form (1.5.1) of the LLG equation, that is,
f =adm +m x dym — (2 Am,

where we can neglect the orthogonal projection onto the tangent plane since we are solving in
the tangent space anyway.

In addition to the H!'-error (5.3.1), we consider the normalization error
[[meg] =1z, (5.5.2)

since we do not employ an explicit normalization step for m}. As a representative time
a posteriori error estimator, we choose €3, given in (4.1.16), which is closely related to the
global error indicator Ey = 2522 Tn€2,n from Definition 28. As illustrated in Figure 5.5.1, the
adaptive algorithm reliably locates the position of the bump and adjusts the spatial mesh
accordingly. Throughout the simulation, the adaptive solver maintains a symmetric grid and
preserves the symmetry of the solution.

Further details of the adaptive solver’s performance are provided in Figure 5.5.2. Fig-
ure 5.5.2(b) shows that the BDF order increases steadily until it stabilizes at order 4.
Simultaneously, the time-step size does not exhibit any oscillations, see Figure 5.5.2 (a).
Instead, it transitions smoothly and remains essentially constant once the initial adaptive
phase is complete. We observe in Figure 5.5.2 (c), that the time-step suggestions for each
order k = 1,...,4 remain stable, while the spatial degrees of freedom stay approximately at
2.1-10°, see Figure 5.5.2 (d). The a posteriori error estimators, the #!-error and the normal-
ization error all stay nearly constant over time, see Figure 5.5.3. Moreover, in Table 5.5.1,
we summarize the total computation times for the space and time adaptive algorithm. The
results demonstrate that the computational cost of the adaptive components, including error
estimation and marking, is negligible compared to the linear solver time, which accounts for

the majority of the overall runtime. This confirms that the adaptive strategy introduces only a
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modest overhead while providing the benefits of adjusting the spatial mesh and the time-step

size dynamically.
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Figure 5.5.2: Evolution of the time-step size (top left), the selected BDF order (top right), the
estimated time-step size for BDF(1-4) (bottom left) and the spatial degrees of
freedom (bottom right) for the moving bump example (5.5.1) using Algorithm 59.
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Figure 5.5.3: Evolution of the H'-error (5.3.1), the global face residual error estimator n™
(4.6.3), the time a posteriori estimator €5, (4.1.16) and the normalization error
|lmp| — 1|z (5.5.2) for the moving bump example (5.5.1) using Algorithm 59.
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Solver Component Time per Step (s) Total Wall Time (s)

Assembly 0.70 226
Linear Solver 6.49 1910
Marking 0.00 0.16
Spatial Estimator 0.02 4.36
Time Estimator 0.01 3.12
Total 7.28 2143.64

Table 5.5.1: The computational cost per solver component for the moving bump example
(5.5.1) with TOL; = 1077 and TOLg = 10~*. The simulation involves a total of
61064 300 degrees of freedom, with approximately 207 702 degrees of freedom
per time-step. Spatial error estimation is performed using the face residual error
estimator (4.6.1), the marking strategy as described in Section 4.4 and the time
estimator consists of the VSVO BDF(1-4) algorithm introduced in Section 4.5.

5.5.1 COMPARISON BETWEEN SPATIAL ERROR ESTIMATORS

Additionally, we compare the global spatial error estimators defined in (4.6.3). Namely, we
compare the gradient recovery estimator ¢ (m}) (4.3.1) to the cell residual estimator 7 (m})
(4.6.2) and the face residual estimator n*(m?) (4.6.1). We compute the results with the final
time 7' = 0.01 and the uniform BDF(2) method with the time-step size 7 = T'/100.

|V(m — mh)Hﬁm(LQ) maXy nG(mZ) maXy nT(mZ) maxXn nz(mZ)
p h Value Rate Value Rate Value Rate Value Rate
1/42 2.540e-01 — 2.418e-01 — 1.759e+-00 — 1.116e4-00 —

1/54 1.958e-01 1.057 1.896e-01  0.989  1.394e+00 0.946  8.948e-01 0.897
1 1/70 1.499e-01 1.046 1.469e-01  0.998  1.088e+00 0.971 7.038e-01  0.940
1/91 1.148e-01 1.033 1.133e-01  1.002  8.427e-01 0.985  5.478e-01 0.967
1/118  8.821e-02 1.022 8.755e-02  1.003  6.526e-01  0.993  4.255e-01  0.982

1/42 2.780e-02 — 1.302e-02 — 3.065e-01 — 7.487e-02 —
1/54 1.682e-02 2.021 6.724e-03  2.656 1.857e-01 2.014  3.701e-02  2.833
2 1/70 1.004e-02 2.005 3.354e-03  2.702 1.107e-01 2.010 1.783e-02  2.837
1/91 5.946e-03 2.007 1.625e-03  2.779  6.548e-02  2.013  8.413e-03  2.881
1/118  3.538e-03 2.008 7.790e-04  2.843  3.890e-02  2.014  3.958e-03  2.917

1/42 2.663e-03 — 2.085e-03 — 5.281e-02 — 1.707e-02 —
1/54 1.310e-03 2.842 1.049e-03  2.750  2.604e-02  2.833  8.822e-03  2.644
3 1/70 6.059e-04 2.987 4.983e-04  2.886 1.213e-02  2.960  4.280e-03  2.803
1/91 2.768e-04 2.999 2.307e-04 2948  5.558e-03  2.987  2.012¢-03  2.889
1/118  1.272e-04 3.002 1.067e-04 2.976  2.558e-03  2.997  9.400e-04  2.938

Table 5.5.2: Estimated errors of the gradient recovery estimator nG(mZ), the cell residual
estimator 17 (m}) and the face residual estimator n*(mJ) in comparison to the
H'-error for the moving bump example (5.5.1).

In Table 5.5.2, we provide a detailed comparison of these spatial error estimators for
the polynomial degrees p = 1,2,3. Notably, the convergence rate for the gradient recovery
estimator nG(mZ) behaves similarly to the face residual estimator nz(mﬁ), yielding an
additional order of convergence for the even polynomial degree p = 2 compared to the #!-
error. Although the gradient recovery estimator nG(m’,;”) is relatively close to the H!-error,

it tends to slightly underestimate the actual values. Conversely, the cell residual estimator
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n7 (m}) converges at the same rate as the H'-error for all polynomial degrees.

5.5.2 NORMALIZATION AS POST-PROCESSING

In this section, we investigate the evolution of the spatial mesh by comparing the impact of
employing explicit normalization as a post-processing step before evaluating the spatial error
estimator to refine and coarsen the mesh, compared to not applying the normalization. We
set the final time T' = 0.4 and take the polynomial degree p = 1. We apply the space and
time adaptive Algorithm 59 using the face residual error estimator (4.6.1). It is important to
emphasize that the normalized magnetization is utilized exclusively during post-processing for

the spatial error estimator and does not influence the subsequent time-stepping algorithm.

(a) With normalization (b) Without normalization

Figure 5.5.4: Spatial mesh at final time ¢ = 7' = 0.4 for the moving bump example (5.5.1). On
the left, the grid is obtained by explicitly normalizing m} as a post-processing
step prior to evaluating the face residual error estimator (4.6.1). On the right, the
mesh is generated without any post-processing. The background color represents
the z-component of the magnetization.

In Figure 5.5.4, we illustrate the resulting spatial meshes at the final time. While the
mesh with normalization coarsens effectively once the bump has passed, the version without
normalization remains fine in the bump’s wake and fails to coarsen. Because the mesh
density around the active bump remains comparable in both cases, the primary advantage of

post-processing normalization is the significantly improved coarsening behavior.
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(a)t=0,n=0 (b) t ~ 0.082, n = 160

(c) t ~0.23, n = 320 (d)t=T=1.0,n=>590

Figure 5.6.1: Evolution of the spatial mesh after n time-steps for example (5.6.1) with the
space and time adaptive Algorithm 59. The background color represents the
z-component of the magnetization, ranging from —1 to 1 (blue to red).

5.6 DOMAIN WALL

In this section, we simulate the motion of a domain wall. We consider the domain 2 =
(0,1) x (0,0.2) and fix the final simulation time 7' = 1.0. We fix fex = 0.1 and o = 1 and

provide the initial data

[_81] ) ifey <c—r,
mo(xz) = [Z?ﬁgéég;g” ifc—r<z <c+r, (5.6.1)
[%} ifc+r <,

where ((x) == sin(n(z — ¢)/2r), ¢ = 0.2 denotes the z-position of the interface and r = 0.125
its radius. An exact solution for this initial data is not known. Furthermore, we apply a
constant external field f = [0,0,—50]. We apply the space and time adaptive algorithm
described in Section 4.6 with BDF(1-4) and polynomial degree p = 3. We employ the face
residual error estimator (4.6.1) and set the tolerances TOL; = 10~7 and TOLg = 10~%.

As illustrated in Figure 5.6.1, the adaptive algorithm ensures that the spatial mesh moves
along with the domain wall as it progresses through the domain. At the end, the magnetization
reaches a constant state with m = [0,0, —1]T and the spatial mesh is consequently coarsened
back to the underlying uniform mesh. Figure 5.6.2 provides further details on the adaptive
solver’s performance, showing in Figure 5.6.2 (b) that the BDF order increases steadily until it
stabilizes at order 4. At approximately ¢ = 0.4, the magnetization reaches a steady state, which
results in a continuous increase in the time-step size (Figure 5.6.2 (a) and Figure 5.6.2 (c)) and
significant mesh coarsening (Figure 5.6.2 (d)). Finally, Figure 5.6.3 presents the evolution of the
a posteriori error estimators alongside the !-error and the normalization error, highlighting

the consistent decay of the temporal estimator as the solution stabilizes.
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Figure 5.6.2: Evolution of the time-step size (top left), the selected BDF order (top right), the
estimated time-step size for BDF(1-4) (bottom left) and the spatial degrees of
freedom (bottom right) for the domain wall example (5.6.1) using Algorithm 59.
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Figure 5.6.3: Evolution of the global face residual error estimator > (4.6.3), the time a pos-
teriori estimator €2, (4.1.16) and the normalization error |||mp| — 1|z~ (5.5.2)
for the domain wall example (5.6.1) using Algorithm 59.
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Figure 5.7.1: Initial solution (left) and the corresponding mesh (right) for the example (5.7.1).
The color represents the z-component of the magnetization, ranging from —1 to
1 (blue to red).

5.7 A SINGULAR EXAMPLE?

Here, we consider an example that appears to show singular behavior and has been discussed
in [22, 28, 29, 44]. In [36], we showed that computations on fine meshes and particularly
adaptivity prevent a singularity from forming. We let Q = (—1/2,1/2)? and choose constants
lex =1 and o = 1. We apply the space and time adaptive algorithm described in Section 4.6
with BDF(1-4) using polynomial degrees p = 1 or p = 3 in space. We set the final time
T = 2.0. We employ the stabilized order control described in Section 4.5 due to the lack of
regularity expected in the solution. We utilize the face residual error estimator (4.6.1), fix the
time tolerances TOL; = 10~7 and apply various TOLg specified later. We prescribe the initial
data

Lo L ee | il <1/2,

A@)?+z* [ A(z)?~|zf?

mo(x) = (5.7.1)

{ _81 ] otherwise,
where A(z) = (1 — 2|z|)*/s and s = 16. Simple computations show that |mg(x)| = 1 for
x € ). We apply no external field, i.e., f = 0. Since an analytical solution is not available, we
must rely on the qualitative behavior of the numerical solution. For this example, we prohibit
coarsening and set 6. = 0.

The evolution of the W*-norm of the numerical solution is illustrated in Figure 5.7.2. It
is important to note that no blow-up occurs in any of the simulations. Instead, the solution
saturates at a maximum gradient of approximately 170. More specifically, we observe that
OISnnaSXNHmZHWLoo ~ 170.

Figure 5.7.3 provides more details of the adaptive algorithm for the specific case of the degree
of polynomial p = 3 in space with TOLg = 5-10~%. The total (dimensionless) energy, consisting
only of the exchange contribution () = Eex(t) = 3024 Vm(t)||?, decays monotonically, as
illustrated in Figure 5.7.3 (c¢). Up to ¢t = 1.5, the VSVO algorithm maintains the order 2
(Figure 5.7.3 (b)) while producing a smooth sequence of time-step sizes (Figure 5.7.3 (a)).
During the initial phase up to t ~ 0.1, the spatial mesh is continuously refined from ~ 240 000
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to ~ 290000 degrees of freedom, see Figure 5.7.3 (d). Toward the end of the simulation, the
algorithm transitions to the fourth-order BDF scheme (Figure 5.7.3 (b)).

— TOLg =2 — TOLs = 0.5
150 |- —TOLs=1 150 |- — TOLg = 0.1 B
TOLs = 0.5 TOLs =5-10*
8 8
3 100) : 3 100) | :
B2 ==
£ £
50 |- . 50 - .
0 0 | | | | |
0 0.5 1 1.5 2
Time ¢ Time ¢
(a)p=1 b)yp=3

Figure 5.7.2: Evolution of ||mj}|[y)1.e for the example (5.7.1) using Algorithm 59.
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Figure 5.7.3: Evolution of the time-step size (top left), the selected BDF order (top right),
the total energy (bottom left) and the spatial degrees of freedom (bottom
right) for the example (5.7.1) using Algorithm 59 with cubic polynomials and
TOLs = 51074
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COMPARISON TO THE POINTWISE DISCRETE TANGENT SPACE FORMULATION

We also consider example (5.7.1) for a tangent plane scheme that enforces the normalization
constraint in a pointwise sense. As illustrated in the following, this formulation exhibits
a blow-up for larger tolerances, whereas the blow-up is avoided when the tolerances are
sufficiently small. Importantly, the numerical solution of both formulations eventually saturate
toward the same solution, which does not blow up.

Let V;* = SL(T;") be the space of globally continuous piecewise linear polynomials on the

triangulation 7;". Then, define
how(mp) = {eh € Vi« my(2) - @y(z) =0 for all z € N}'}, (5.7.2)

where NV} denotes the set of all nodes in 7;". This specific type of discrete tangent space has
been employed, for instance, in [11-13, 16, 30, 107]. Then, the fully discrete scheme seeks
my, € Vi with v} € T} | (my,) such that

alvi, @) + (Mg, x Vi, @h) + L2 (Vmi, Vi) = (£, eh), (5.7.3)

for all o € T}, (m},). Unlike (1.6.6), the normalization constraint is now enforced pointwise
at each node rather than in the £?-sense. For details of the implementation of the discrete

pointwise tangent space, we refer to [107, Sct. 6.1].

300 ‘ ‘
--- Reference
— TOL; = 1
TOLs = 3
g 200 - —TOL; =1
§ — TOLg = 2
=
£
— 100 - s
0 | | | | .\
0 0.5 1 1.5 2
Time ¢t

Figure 5.7.4: Evolution of the W*-norm of the discrete solution for the example (5.7.1)
using Algorithm 59 with the pointwise discrete tangent space formulation (5.7.3).
The reference solution was computed with cubic polynomials and TOLg = 5-10~%
as detailed in Figure 5.7.3.

For (5.7.3) we restrict the simulations to linear finite elements as higher-order convergence
is generally not observed for this specific discrete tangent space [15, 16]. Although this can be
corrected by adding a correction term as suggested in [7, Remark 2.2], here we focus on linear

finite elements. The temporal discretization is again done by the BDF scheme and we apply
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the same space and time adaptive Algorithm 59 with BDF(1-4). We fix the time tolerance
at TOL; = 10~7 and apply the space tolerances TOL, € {2,1, 1 1} using the face residual

1274
estimator (4.6.1).
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(a) Evolution of the time-step size (b) Evolution of the degrees of freedom

Figure 5.7.5: Evolution of the time-step size (left) and the spatial degrees of freedom (right)
for the example (5.7.1) using Algorithm 59 with the pointwise discrete tangent
space formulation (5.7.3).

Figure 5.7.4 shows that the numerical solution blows up for TOLg = 2 and TOLgs = 1 in
the sense that the W"*-norm of the numerical solution tends to infinity. In contrast, in
Figure 5.7.2 (a) we do not observe a blow-up at these tolerances. The adaptive algorithm
attempts to mitigate this blow-up by drastically reducing the time-step size and increasing
the spatial degrees of freedom, as illustrated in Figure 5.7.5. However, for smaller tolerances
TOLg = % and TOLg = i, the adaptive algorithm successfully avoids blow-up. The numerical
solution of (5.7.3) eventually saturates toward the reference solution shown in Figure 5.7.3,
which we obtained with cubic polynomials and the fine spatial tolerance TOLg = 5 - 1074, In
the end, the numerical solution does not blow up toward [0,0, —1], but instead moves slowly
toward [0, 0, 1].

5.8 FINITE ELEMENT APPROXIMATION OF THE STRAY FIELD

In this section, we describe the computation of the stray field using boundary element methods.
Following the comprehensive treatment of boundary integral equations in [110], we briefly
recall the theory of elliptic boundary integral operators. Finally, we derive a finite element
approximation for the transmission problem (1.2.2). This section is based on [76, 105, 110].

Let Q C R? be a bounded Lipschitz domain and let G denote the fundamental solution of
the Laplace operator in three dimensions, given by

1 1 1 (z—-y)

Glx—-y) = VyG(z —y)

Arfe -yl Az -y

for z,y € R with  # y. Then, for a function v € £(99), the associated double layer
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potential is defined by
DLu)(@) = [ V,6(@—y)-n(y)o(w) ds(y) (531)

for £ € R?\ 0. Since the fundamental solution G is regular for  # y, the double layer
potential is well defined for & € R3\ 9Q. Moreover, the double layer potential is harmonic, as
stated in the following theorem, cf. [110, Thm. 3.1.1].

Theorem 62. Let v € LY(0Q). Then, the double layer potential satisfies
~A(DLv) = 0

in R3\ 09 in a distributional sense.

If we assume additional smoothness of the surface, then the double layer potential is
well-defined on the boundary, since the integrand in (5.8.1) is improperly integrable [110,

Lemma 3.3.8]. This is summarized in the following theorem.
Lemma 63. Let Q) be a bounded Lipschitz domain with 02 € ng. Then, the mapping
D : L>®(0Q) — L>(0Q) with

(Do)(@) = [ VyG@—y)-n@r)dse). @<,
18 continuous.

The characteristic behavior of the double layer potential on the surface 92 is described by
the following jump relations, cf. [110, Thm 3.3.1].

Theorem 64 (Jump properties). Let Q be a bounded Lipschitz domain. Then, the double

layer potential satisfies the jump properties
[DL] = ¢ in HY?(8Q),  [VDL-n] =0 in H/?(09) (5.8.2)

for all ¢ € HY2(9Q).
For a domain with smooth boundary, the following jump properties hold, cf. [110, Thm 3.3.13].

Theorem 65 (Jump properties on a smooth boundary). Let Q be a bounded Lipschitz domain
with 0S) € Cf,w. Then, the traces of the double layer potential from the exterior and interior
domains satisfy

1
—v

DLou(x)|+ = i2

(x) + (Dv)(x), x € 01, (5.8.3)

where
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FEM-BEM APPROACH BY FREDKIN AND KOEHLER

For convenience, we begin by recalling the transmission problem (1.2.2) in a dimensionless
form. For a bounded domain Q C R?, we seek a potential u € H!(R3) that satisfies

AL — Y m, in €,
—Aut =0, in R\ Q,
Ut — it — ), on 99, (5.8.4)
V(4 uint) ‘n=-m-n, on 01,
u(@) = 0(1/[al),  for [z > ox,

where the superscripts ’ext’ and ’int’ refer to the traces of u on 02 with respect to the exterior
domain R?\ Q and the interior domain 2, respectively. Throughout this section, n denotes
the unit outer normal vector relative to Q. The (dimensionless) stray field is subsequently
obtained by hy = Hy/My = —VU/Ms = —Vu.

We consider the approach proposed by Fredkin and Koehler [70, 71] to solve the transmission
problem (5.8.4), which is particularly well-suited for finite element approximations. Moreover,
we exploit the fact that we only need to compute the stray field for a bounded domain
instead of the full space R3. The key idea is to decompose the transmission problem (5.8.4)
into two separate problems, namely an inhomogeneous Poisson problem with Neumann
boundary conditions and a homogeneous Poisson problem with Dirichlet boundary conditions.
Specifically, we decompose the scalar potential by u = wu; + uz, where u; € H'() is the

solution of the Neumann problem
—Au; = -V -m, in Q,

(5.8.5)
Vui-n=m-n, on 0f).

We can extend u; outside of by zero to define u; on R3. Next, we seek uy to ensure
that u; + ug is a solution of the transmission problem (5.8.4). Thus, us = (u2lq, U2’R3\§) €
HY(Q) x Hi (R?\ Q) has to be the solution of

—Auy =0, in R?\ 09,
ug| = uy, on 01,
fua} = (5.8.6)
Vus-n =0, on 0,

ug(x) = O(1/ |x|), for |x| — oo.

Here, the space Hi . (R3\ Q) contains all continuous linear functionals in C°(R? \ Q), in
short v € (C°(R3 \ 2))* with the property ¢gv € H1(R3\ Q) for all ¢ € C°(R3\ Q), cf. [110,
Def. 2.6.1].

Assuming Q C R? with OQ € C?, we obtain that us = DLu; solves (5.8.6) since the double
layer potential is harmonic in R3\ Q, cf. Theorem 62, and satisfies the jump conditions (5.8.2).
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Furthermore, using (5.8.3), the interior trace is given by

us(@)|- = (@) + (Dur)(@)

for € 0. Since we are only interested in us in €, we obtain with (5.8.6) the interior

Dirichlet problem

—Aus =0, in Q,
1 (5.8.7)
ug = Du1 — §U1, on 09
If we only have 92 € ng, we obtain instead with the functional
J(x) = — - V,G(z,y) n(y)ds(y), zeN
the interior problem
—Aug =0, in Q,
(5.8.8)

ug = Duy + (J — 1)uy, on 99,

cf. [110, Lemma 3.3.11, Thm. 3.3.13].

We thus compute a finite element approximation of the potential u in the bounded domain
) by first obtaining u; through a finite element approximation of the Neumann problem
(5.8.5) and subsequently computing ug via a finite element approximation of the Dirichlet
problem (5.8.8). To maintain numerical stability, we implement the boundary integrals in
(5.8.8) using a Gaussian quadrature rule that avoids quadrature points directly on the degrees
of freedom of the finite element space. Once the total potential u = u; 4 ug is determined in
Q, we obtain the stray field by hy = Vu. More details are provided in [76, Alg. 4.3.1] and
[105, Alg. 12].
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5.9 uMAG STANDARD PROBLEM #4

In this section, we compute the uMAG standard problem #4, which focuses on the dynamic
aspects of micromagnetic computations, using the full adaptive algorithm described in Sec-
tion 4.6. This benchmark is one of five benchmark problems defined by the Micromagnetic
Modeling Activity Group [99], which is part of the Center for Theoretical and Computational
Materials Science (CTCMS) at the National Institute of Standards and Technology (NIST),

to address fundamental issues in micromagnetic modeling.
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Figure 5.9.1: The z-y plane of the equilibrium s-state. The underlying color corresponds to
the z-component of the magnetization.

The physical domain is a thin rectangular cuboid with a thickness of 3nm, a length of
500nm and a width of 125nm. The exchange stiffness constant is set to A = 1.3 - 10711 J/m
and the saturation magnetization is chosen as My = 8 - 10° A/m. As reference parameters, we
employ Lyt = 1nm and Tyt = o Ms, where vg ~ 2.21-10°m/(As) denotes the gyromagnetic
ratio. The Gilbert damping parameter is given by a = 0.02. We further recall that the
permeability of vacuum is given by ug = 47 -10~" N/A2. With these parameters, the exchange

constant defined in (1.2.9) is evaluated to

24
,U()MSQL2

ref

2 = ~ 32.328. (5.9.1)

Starting from an equilibrium s-state, see Figure 5.9.1, an external field of
poH oy = [—24.6,4.3,0] " mT (5.9.2)

is employed, which is sufficient to reverse the direction of the magnetization. In addition to
the external field (5.9.2) and the exchange field with exchange constant (5.9.1), the stray field
is included in the effective field. We compute the stray field with the FEM-BEM approach of
Fredkin and Koehler [70, 71] as described in Section 5.8.

OBTAINING THE S-STATE

The initial state is an equilibrium s-state, see Figure 5.9.1. To obtain the s-state, we start
with the uniform initial magnetization m% =[1,0,0]" and let Hey be an external field in the

direction of [1,1,1]T with a magnitude of | H .| decreasing linearly from 30/u to 0mT over
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a period of 1ns [103, 117]. To accelerate the process toward the equilibrium state, we choose
« = 1 for this period. After the external field H ¢y decreased to zero after 1ns, we relax the
s-state for an additional period of 1ns without applying any external field. Finally, we store

the obtained s-state to serve as the initial data for the simulation.
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Figure 5.9.2: Evolution of the spatially averaged x-, - and z-components of the magnetization
for the space and time adaptive algorithm using the BDF(1-4) method with
linear finite elements in comparison to a reference solution by Bjgrk et al. for
the uMAG standard problem #4.

ADAPTIVE SIMULATION

Starting from the equilibrium s-state, we compute the solution of the uMAG standard problem
#4 using the full adaptive algorithm described in Section 4.6. To ensure numerical robustness
in the presence of the small damping coefficient o, we employ the stabilized order selection
introduced in Section 4.5. Time integration is performed with the VSVO BDF(1-4) algorithm.
To reduce the spatial degrees in the z-direction, we employ linear finite elements and solve
with the tangent plane scheme described in Section 1.6. As the final simulation time, we
take T'= 1ns. We set the time tolerance TOL; = 10~ and the spatial tolerance TOLg = 0.3.
As spatial error estimator, we employ the face residual error estimator (5.3.7). To limit
computational complexity, the number of degrees of freedom is capped at NJa* = 8. 10%.
Consequently, spatial refinement is performed only if the degrees of freedom remain below
NP?% The adaptive refining process starts with an underlying uniform mesh consisting of
64 x 16 x 2 cells.

We compare our results with the reference solution of Bjgrk et al., which was computed with
the open source micromagnetic simulation framework MagTense [35]. Figure 5.9.2 shows the

evolution of the spatially averaged z-, y- and z-components of the magnetization in comparison
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Figure 5.9.3: Ilustration of the evolution of the spatial mesh after n time-steps for the
space and time adaptive algorithm using the BDF(1-4) method with linear
finite elements. The underlying color corresponds to the z-component of the
magnetization.

to the reference solution. In principle, the absence of an explicit normalization step may
induce a phase shift, as discussed in [76, Sct. 6.3] and [107, Sct. 6.2.2.1]. This effect is usually
most evident in the spatially averaged y-component of the magnetization. Despite employing
a projection-free scheme (except for the predictor described in Section 4.2), we observe almost
no phase shift.

The adaptive algorithm adjusts the spatial mesh according to the “propagating wave” in the
magnetic domain, as presented in Figure 5.9.3. Importantly, the spatial adaptive algorithm
preserves the symmetry with respect to the midpoint of the domain. In Figure 5.9.4 we
show the evolution of the time-step size, the selected BDF order and the spatial degrees of
freedom. Until ¢ ~ 0.05, the BDF(2) method is stable. After this time, the VSVO algorithm
frequently tries to utilize higher-order BDF methods up to order 4 (and accordingly increases
the time-steps due to the stability condition (4.5.5)), which are deemed unstable after several
time-steps. This instability may be related to the small damping parameter o = 0.02. For
further details we refer to the discussion on small damping coefficients in Section 5.2 and
Example 39. In total, we perform 16 863 time-steps with the linear solver requiring an average
of 2.77s computation time per step. As shown in Table 5.5.1, the linear solver accounts for

the majority of the total computation time in the fully adaptive algorithm.
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Figure 5.9.4: Evolution of the (dimensionless) time-step size (top), the selected BDF order
(middle) and the spatial degrees of freedom (bottom) for the space and time
adaptive algorithm using the BDF(1-4) method with linear finite elements.






APPENDIX

A.1 POLYNOMIALS

In this appendix, we provide the explicit definitions for the polynomials used to define the

roots of the variable step-size BDF(4) polynomial (3.6.4). Specifically, we define

a(z,y, 2) = ztyt2? + 6239222 + 403322 + 20393 2 + 15229422 + 20229322 4 10223~
+ 61‘23/222 + 6:r2y2z + :U2y2 + 161:y4z2 + 32:Uy322 + 16:By32 + 20my222 + 201‘y2z
+ dzy? + dayz? + 6ayz + 2xy + 6y2? + 16y32% + 82z + 151222 + 15y%2 + 312
+6y22+9yz+3y+22+22+1,
(z,y,2) = 22328 + 202228 + 22y22% + 200323 + 8uy?2d + day?2? + 6xyzd + 6xy2?
+ 2zyz 4+ 1223 + 6y22% + 39222 + 9y2® + 9y + 3yz + 423 + 622 + 42+ 1,
e(z,y, 2) = 423y 2 + 92%y 2 + 62%yz + 322y + 62y 2 + Sxyz + 4y
+2zz 20+ P2+ 2z +y+2+1,

for x,y,z € R.

A.2 MONOTONICITY OF A RATIONAL FUNCTION

In this section, we demonstrate that the rational function « defined in (3.7.9) is monotonically

increasing for z,y > 0, cf. [92, Appendix A]. For convenience, we recall that

bl (.T,y)
bo(z,y)

a(z,y) = -

for z,y > 0, where b, and by are defined in (3.7.1). We begin by recalling the rational function

b1, which is given by
2 22y 222 14z
1+ 14+y+zy 1+yt+ayl+ty

bl(l‘a y) =

for z,y > 0. By direct calculations, we obtain the first-order derivatives

b1 (z,y) = @+ 120y Ii()x(,xy; Fyt 1)
and
(o) — a2 ((@y? + 292 —i;Qy)(x +1) +2(y +1)°) |
(y+1)" (zy+y—+1)
where

§(z,y) = 2zty® 4+ 1023y + 523y% + 2022y> 4 2022y + 42y
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+18zy® + 27xy? + 1wy + = + 6y° + 12y% + 8y + 2.

Similarly, we obtain for the rational function

1+ 22 Ty
b =
the first-order derivatives
1 y+y°
Ozb =
T O(xay) (1+$)2 + (1+y+$y)2a
T
Iybo(z,y) = Axytan?

Combining

2z (32%y? + 6zy® + 3zy + 3y* + 3y + 1)
22y? + 2%y + 20y + 3zy +x +y2 + 2y + 1
2 (3zy + 3y + 1)
3 2 3 2 >0
xy° +2zyc +oy +y° + 3y + 3y +1

bl(x’y)axbo(xay) - axbl(x>y)b0($ay) = > 0’

bl(.’L‘, y)ayb(](x7y) - 8yb1(£[},y)b0(.%', y) =

for z,y > 0, we obtain for the first-order derivatives of «

bl (x7 y)axbo(l’, y) - 8xb1 (CIJ, y)bo($, y)

8ma(xay> = bo(x,y)2 >0,
b1(x,y)0ybo(x,y) — Oyb1(z, y)bo(z,y
Oya(x,y) = 1(,9)0 ol bo)(a; )le( )bo(z, ) >0

since bo(z,y)? > 0. Consequently, a is monotonically increasing for x,y > 0.



ABBREVIATIONS AND SYMBOLS

In general, we denote vector-valued quantities by bold symbols.

ABBREVIATIONS

LLG

VSVO
BDF

BDF (k)
BDF (kmin - kmax)
CFL

DC

DOC
GMRES
UMFPACK
LU

ODE

Landau-Lifshitz—Gilbert

variable step-size variable order

backward differentiation formulas

backward differentiation formulas of order k&
VSVO time-stepping with BDF (kpin) to BDF (kmax)
Courant—Friedrichs—Lewy

discrete convolution

discrete orthogonal convolution

generalized minimal residual

Unsymmetric MultiFrontal PACKage
lower-upper

ordinary differential equation

PHYSICAL QUANTITIES

P2 EeuzE

gex
8ext

gstray

dimensional magnetization A/m
saturation magnetization A/m
current density A/m?
exchange stiffness constant J/m
permeability of vacuum N/A?
gyromagnetic ratio m/(As)

Gilbert damping parameter

exchange energy N/m
external field energy N/m
stray field energy N/m
total magnetic Gibbs free energy N/m
external field A/m
magnetic field A/m
stray field A/m
effective field A/m

scalar potential of the stray field A
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ABBREVIATIONS AND SYMBOLS

(V)

C ()

LP(S)

LP(0,T; X)
H*(0,T; X)
WEP(Q)

HF(Q) = Wh2(Q)

Hi()
Q)
Q)
()
XO

[Jint
Dext

-

X

Il

MATHEMATICAL NOTATION

real numbers

complex numbers

bounded domain in R?, d € {2,3}

boundary of 2

final time

spatial variable

time variable

time-space domain

reference length

reference time

dimensionless external field

dimensionless stray field

dimensionless effective field

dimensionless magnetization

time derivative of the dimensionless magnetization
initial magnetization

exchange length

unit sphere in R3

tangent space at m

orthogonal projection onto T'(m)

right-hand side

space of k-times continuously differentiable functions
space of infinitely differentiable functions with compact support
Lebesgue space with 1 <p < o0

Bochner space with 1 < p < o

k-times weakly differentiable functions in £2(0,T’; X)
Sobolev space with k € Nand 1 <p < o0

space of k-times weakly differentiable functions in £2(Q) with
keN

closure of C°(2) in H1(Q)

dual space of HE(€2)

dual space of H!(€2)

H!-functions with zero Neumann boundary values
indicator function of [J

restriction of [J to 2

restriction of O to R\ Q

absolute value or Euclidean norm

maximum norm or induced matrix norm

Lebesgue norm
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-l = 1ll c2
[I-lyw.s

Nl o (0,75
('7 )Q = ('7 )
<'> >

30172 (002)
H1/2(00)
H1/2(09)
D

L£%-norm

Sobolev norm

Bochner norm

inner product in £2(2)
duality pairing
Slobodeckij semi-norm
fractional Sobolev space
dual space of H1/2(9Q)
Dirichlet trace operator
Neumann trace operator
normal derivative of u
L2-projection onto V7!
identity operator
bilinear form

bilinear form

time-step size at t,

finite element triangulation at ¢,
cell in 7;"

face or edge in ¥,
maximal mesh size of 7"
diameter of a cell K € T;"

length of edge E (in 2D) or diameter of face E (in 3D)

polynomial degree of finite element functions

BDF order
set of edges (2D) or faces (3D) of 7"

set of interior edges or faces in X,

space of polynomials of degree at most p

space of globally continuous piecewise polynomials of degree p

on 7"

function space

finite element space

time interval

discrete tangent space at m
outer normal vector on 0f)
normal vector on E

jump across E

discrete magnetization at ¢,

linear reconstruction of {m7}_, in time
three-point (quadratic) reconstruction of {m?})_, in time
linear time-space reconstruction of {mp}_,

three-point (quadratic) time-space reconstruction of {m}}Y
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n discrete Lagrangian multiplier at ¢,

Ah linear reconstruction of {\p}N . in time

my predictor for mj at t,

vy discrete first time derivative of the magnetization at ¢,

fr right-hand side at ¢,

e, Yy finite element test functions at ¢,

€ & error variable w.r.t linear and quadratic reconstructions of

_ {m}

€& error variable w.r.t linear and quadratic time-space reconstruc-
tions of {m?}2_,

€ error variable for linear reconstruction of {AF}_

T residual of the discrete solution

gk() discrete differential of order k

5,12() projection of 5k() onto V)"

EB(-) BDF(2) time discretization operator

55(') projection of 58(-) onto V)

—A7(Y) discrete Laplacian

Rm;} elliptic reconstruction of mj

Ri(m}) element (cell) residual on K

Rp(m}) edge/face residual on FE

n(mp; X) elliptic a posteriori error estimator w.r.t space X

& time and reconstruction a posteriori error estimators for i =
1,...,6

P projection a posteriori error estimators

A; space a posteriori error estimators for i = 1,2,3

Fi data approximation a posteriori error estimators for i = 1,2

=; changing mesh a posteriori error estimators for ¢ =1,2,3

C; finite element space conforming a posteriori error estimators for
1=1,2

Q; extrapolation a posteriori error estimators for i = 1,2

T initial a posteriori error estimators for i = 1,2, 3

Py(m) orthogonal projection onto the discrete tangent space

u arbitrary function u: [0,7] — R

u™ u evaluated at ¢,

u” predictor for u"

f arbitrary right-hand side

VE() discrete difference operator

0; BDF coefficients

Kn consecutive time-step size ratio

Kok upper time-step ratio bounds for BDF (k)

Qg k lower bounds for o for BDF (k)
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Pk

Tj.l

Ly
Plulty, ..
G

Ille

Tk

Zq

b(kvn)

J

A(3.m)
em’fé
~(3,m)

. 7tk—1]

Tmin
Tmax
Tn
Y4 n—~_
P'my~", ..., m}]

mh[tn, - ,tn_j]

kminv kmax

TOL
TOL,
urs

*

Ui

general form of the BDF (k) method

sum of time-step sizes 7; +--- + 74
Lagrange basis polynomials

interpolation polynomial

positive definite G-stability matrix

norm corresponding to G
Nevanlinna—Odeh multiplier for BDF (k)
roots of the characteristic BDF polynomial
discrete convolution kernels

discrete orthogonal convolution kernels

scaled discrete orthogonal convolution kernels

vector-valued scaled discrete orthogonal convolution
rational functions

leading term of the local truncation error of BDF (k)
finite-difference approximation of the k-th time derivative
implemented lower bound for time-step ratio for BDF (k)
implemented upper bound for time-step ratio for BDF (k)
lower bound on the time-step size

upper bound on the time-step size

estimated time-step size for BDF(k)
interpolation polynomial of order ¢ for {771%};7“271_Z
divided differences

gradient recovery operator

mesh refinement parameter

mesh coarsening parameter

lower and upper bound on the BDF order
prescribed time tolerance

prescribed space tolerance

local spatial error indicator for x € {X,7,G}
global spatial error indicator for x € {X, T, G}
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