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 a b s t r a c t

We investigate the decay modes of a CP-even scalar boson 𝜙 that mixes with the Standard Model Higgs boson, 
focusing on the mass range between 2GeV and 2𝑚𝜏 . Starting from a higher-order perturbative calculation of 
the inclusive decays 𝜙 → 𝑔𝑔 and 𝜙 → 𝑠𝑠̄, we employ a hadronisation model to obtain predictions for individual 
hadronic final states. Our hadronisation model is based on the Herwig cluster model, but incorporates various 
conservation laws to determine the allowed final states and their respective weights. The model includes two 
tunable parameters, which we determine using dispersion relation results at 𝑚𝜙 = 2 GeV, enabling extrapolation 
to higher masses. Our predictions show that two-particle hadronic final states like 𝜋+𝜋− and 𝐾+𝐾− dominate 
over 𝜇+𝜇− for 𝑚𝜙 near 2GeV, suggesting promising targets for future experimental searches.

1.  Introduction

Calculating the decay modes of a CP-even scalar particle in the GeV 
mass range has challenged physicists for decades, going back to the 
1980s [1] when it was still plausible that the Standard Model (SM) 
Higgs boson would have a mass below 10GeV [2]. While the prob-
lem is no longer relevant for the SM Higgs boson, it has received re-
newed interest in the context of new scalar particles that mix with the 
SM Higgs boson, obtaining the same coupling structure suppressed by a 
mixing angle 𝜃 [3,4]. Such particles are of great interest in the context 
of dark matter physics [5,6] and provide exciting targets for accelerator 
experiments [7,8]. While decays into leptons can easily be calculated 
perturbatively, more complicated methods are needed to determine the 
decays into hadrons [9,10]. This problem is much more severe for CP-
even scalars than for pseudoscalars, which are expected to mix with 
well-known QCD resonances [11], and for vectors, which can be stud-
ied experimentally using off-shell photons [12]. None of these possibil-
ities exist for CP-even scalars, because the SM contains neither a light 
fundamental scalar nor narrow scalar QCD resonances at the GeV scale.

Over the years, various methods have been developed to address 
these issues. One possible is to study partial decay widths, such as 
𝜙 → 𝜋𝜋 or 𝜙 → 𝐾𝐾 using dispersive methods, i.e. the analysis of scatter-
ing data using the optical theorem [13]. The other possibility are higher-
order perturbative calculations of inclusive decays such as 𝜙 → 𝑔𝑔 or 
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𝜙 → 𝑠𝑠̄ [14]. Unfortunately, neither of these methods is complete: The 
dispersive method cannot give the total decay width, which would need 
to include additional final states such as 𝜙 → 𝜂𝜂, while the perturba-
tive method cannot give partial decay widths into exclusive final states. 
Even more unfortunately, the two methods cover different mass regions: 
Given the available experimental data, the dispersive method is reliable 
only up to approximately 2GeV [15], which corresponds approximately 
to the lower bound up to which a perturbative expansion is expected to 
converge. As a result, there is currently no method that can predict the 
branching ratios of a CP-even scalar in the GeV mass range.

A possible solution could be to combine a perturbative calculation 
above 2GeV with a hadronisation model as implemented in parton 
shower generators such as Herwig [16] or PYTHIA [17]. Such a hadro-
nisation model would translate the “hard” process (such as a decay into 
a gluon pair) into hadronic final states. However, none of the existing 
tools are actually fit for this purpose. The reason is that conservation 
laws, which are decisive for understanding the decay patterns of parti-
cles at the GeV scale, are not explicitly enforced in the code. While this 
is not a problem in the energy range these tools are intended for, it leads 
to unphysical predictions for the scenario that we are interested in.

In the present work we address this shortcoming by proposing a new 
approach to calculate branching ratios for CP-even scalars: A hadroni-
sation model that explicitly checks and enforces various conservation 
laws that are expected to hold for strong interactions. Combined with 
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a perturbative calculation of the total decay width, this approach en-
ables us to predict branching ratios for exclusive final states. Of course, 
the hadronisation model comes with unknown parameters that need to 
be determined from data. Fortunately, such data exists in the form of 
the partial decay widths obtained from the dispersive method. Requir-
ing that the two methods should agree for 𝑚𝜙 = 2GeV, we can deter-
mine the free parameters and obtain new predictions for the scalar de-
cay modes in the mass range 2GeV < 𝑚𝜙 < 2𝑚𝜏 , where the upper bound 
corresponds to the scalar mass where decays into tau leptons and 𝐷
mesons start to dominate the total width.

Our results have immediate implications for experimental searches 
for light CP-even scalars. The Belle II-experiment, for example, has re-
cently performed a search for scalar resonances produced in the decay 
𝐵 → 𝐾𝜙. While the search has been carried out in a multitude of dif-
ferent final states, the lack of theoretical predictions for the branching 
ratios meant that only the di-muon final state could be used to constrain 
specific models, such as light scalars with Higgs mixing. The branching 
ratios that we calculate enable us to reinterpret the model-independent 
results from Belle II for various final states, finding that in particular the 
𝜙 → 𝐾𝐾 decay offers a promising target for future searches.

The remainder of this work is structured as follows. We briefly review 
the existing methods for calculating partial and total decay widths of 
a CP-even scalar with Higgs mixing in Section 2. In Section 3 we then 
discuss the available parton shower tools and their shortcomings, before 
introducing our own approach. We also discuss how we use existing 
results to determine the free parameters of our model. Our results are 
presented in Section 4.

2.  Review of existing techniques

The model of a Higgs-mixed scalar (also called Higgs portal) is an 
extension of the SM with one additional real scalar field 𝑆. Due to inter-
action terms in the scalar potential, 𝑆 mixes with the SM Higgs boson 
ℎ0 after electroweak symmetry breaking. The physical mass eigenstates 
ℎ and 𝜙 are then obtained by an orthogonal rotation
(
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As a result, the usual interaction terms of the SM Higgs boson are sup-
pressed by a factor of cos 𝜃, while the new scalar 𝜙 obtains the same 
interaction terms with a factor of 𝑠𝜃 ≡ sin 𝜃. As a result, 𝜙 couples to 
all massive particles of the SM proportionally to their mass. Since mea-
surements of the production and decay modes of ℎ agree well with SM 
predictions, we know that 𝑠𝜃 ≪ 1, which makes it possible for 𝜙 to be 
much lighter than ℎ and still evade experimental detection.

In the absence of additional decay modes, the partial and total decay 
widths are simply given by those of a SM Higgs boson with mass 𝑚𝜙, 
multiplied by 𝑠2𝜃 . We can therefore use many of the standard results for 
Higgs boson decays from the literature. However, these results usually 
rely on approximations based on the Higgs boson being light compared 
the top quark and very heavy compared to all other quark flavours, 
which need to be reassessed in the context of a light scalar.

2.1.  Perturbative decays

The leading order decay of 𝜙 into a pair of gluons proceeds via a 
quark triangle diagram. The corresponding decay width is given by [18]
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where the sum extends over all quarks running in the loop and 𝐴𝑞 is 
given by

𝐴𝑞(𝜏𝑞) = 2
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and 𝜏𝑞 = 𝑚2
𝜙∕(4𝑚

2
𝑞). Since lim𝜏→∞ 𝐴(𝜏) = 0, light flavours can be excluded 

from the sum over 𝑞. For scalar masses above 2GeV, these are up, down 
and strange quarks.

The decay width of the Higgs boson to gluons is currently known up 
to N4LO [19] in the limit of infinite top quark mass and five massless 
flavours. This approximation is well-justified for the SM Higgs boson, 
but is questionable for scalars at the GeV scale, since charm and bot-
tom mass effects could be sizeable. Only the NLO correction is known 
including the full mass dependence of the three heavy flavours [18] and 
is given by

Γ𝑔𝑔NLO = Γ𝑔𝑔LO
(

1 + 𝐸
𝛼𝑠
𝜋

)

(5)

with

𝐸 = 95
4

− 7
6
𝑛𝑓 +

33 − 2𝑛𝑓
6

log
𝜇2

𝑚2
𝜙

+ Δ𝐸, (6)

where Δ𝐸 involves some numerical integrals given in the appendix of 
[18]. These can be calculated numerically with the public code higlu
[20].

The parameter 𝑛𝑓  describes the number of light (“active”) quark 
flavours and the on-shell renormalization scheme is used for the quark 
masses. Higlu takes as quark mass inputs the MS masses 𝑚𝑐 (𝜇 =
3GeV) = 0.98GeV and 𝑚𝑏(𝑚𝑏) = 4.18GeV. These values are taken from 
Ref. [21], where the charm mass is given as 𝑚𝑐 (𝑚𝑐 ) = 1.27GeV, which 
is then evolved to a scale of 3GeV using rundec-python1 We also 
use this package for the running of the strong coupling constant. The 
on-shell masses are calculated by higlu to be 𝑚OS𝑐 = 1.43GeV and 
𝑚OS𝑏 = 4.83GeV. The top mass in the on-shell scheme is taken to be 
𝑚𝑡 = 172.5GeV [21].

The number of active quark flavours 𝑛𝑓  appears explicitly in the de-
cay width through Eq.  (6), but is also implicitly contained in 𝛼(𝑛𝑓 )𝑠 (𝜇) be-
cause it affects the running of the coupling. For the gluonic decay width, 
𝑛𝑓  is related to the number of quarks contributing to the real corrections 
𝜙 → 𝑔𝑔 → 𝑔𝑞𝑞, where one gluon splits into a quark-antiquark pair. Here 
we set 𝑛𝑓 = 3, which effectively subtracts the 𝜙 → 𝑔𝑐𝑐 and 𝜙 → 𝑔𝑏𝑏̄ con-
tributions from the decay width but leaves behind logarithms of the 
form log(𝜇2∕𝑚2

𝑐 ) and log(𝜇2∕𝑚2
𝑏). It is argued in Ref. [23] that these can 

be resummed by going from 𝛼(5)𝑠  to 𝛼(3)𝑠 , thereby decoupling the charm 
and bottom quarks from the theory. Although the resummation is not 
necessary for the convergence of the perturbation series, because the 
logarithms are not large in the mass range that we consider, we include 
it for consistency.

Higher order corrections to 𝜙 → 𝑔𝑔 exist only in the approximation 
of infinite top mass and zero charm and bottom mass. However, already 
at NLO the impact of the charm and bottom quarks are found to be 
very small, with the exact 𝐾 factor 𝐾exact

NLO = Γ𝑔𝑔NLO∕Γ
𝑔𝑔
LO differing from 

the approximate one including only top quarks by at most 6%. We take 
this as justification for including higher-order contributions up to N4LO
in the limit of heavy top quark and massless other flavours in the decay 
width, while keeping the exact quark mass dependence up to NLO.

The decay width as a function of the scalar mass is shown in the 
top panel of Fig. 1 for different orders in perturbation theory. As ex-
pected, higher order corrections become consecutively smaller, indicat-
ing perturbative convergence above 𝑚𝜙 = 2GeV. Below 2GeV, on the 
other hand, the higher order corrections start to move apart again and 
the decay width diverges around 𝑚𝜙 = 1GeV, due to the divergence of 

1 This code is a python wrapper of the C++ program rundec [22] and can 
be found at https://github.com/DavidMStraub/rundec-python.
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Fig. 1. Decay width into gluons Γ𝑔𝑔 (top) and into strange quarks Γ𝑠𝑠̄ (bottom) 
as a function of the scalar mass 𝑚𝜙 at different orders in perturbation theory.

𝛼𝑠. We emphasize that the gluonic decay width at N4LO is a factor of 
3–5 larger than the leading-order estimate, which is commonly used by 
the community [24]. This has important implications for experimental 
searches that target the decay 𝜙 → 𝜇+𝜇−, as performed for example by 
LHCb [25] or CMS [26]. Using the leading-order estimate of the gluonic 
decay width strongly overestimates the branching ratio into muons, and 
hence the strength of experimental constraints.

In the results above, we have set the renormalization scale to 𝜇 = 𝑚𝜙. 
The dependence of the decay width on 𝜇 can be used as a measure 
of missing higher-order contributions, because the exact result should 
have no 𝜇 dependence. To estimate the theoretical error of our calcula-
tion, we therefore compare the result for 𝜇 = 𝑚𝜙 to the one obtained for 
𝜇 = 2𝑚𝜙.2 For 𝑚𝜙 = 2GeV and the N4LO result, we obtain a relative un-
certainty of 24%. This uncertainty will be included in our calculations 
below.

For our analysis, we also need the decay width for 𝜙 → 𝑠𝑠̄ which 
plays a relevant role in the production of kaons. At leading order, this 
decay width is given by [2]

Γ𝑠𝑠̄LO =
3𝑠2𝜃𝐺𝐹𝑚𝜙𝑚2

𝑠

4
√

2𝜋
𝛽3 (7)

with 𝛽 =
√

1 − 4𝑚2
𝑠∕𝑚

2
𝜙.
3 In Ref. [19] the QCD corrections to this pro-

cess have been calculated up to N4LO in the limit of vanishing masses of 

2 A more common approach would be to vary 𝜇 between 1
2
𝑚𝜙 and 2𝑚𝜙. How-

ever, doing so overestimates the uncertainty, since 𝛼𝑠 diverges around 1GeV. We 
have checked that randomly varying the renormalisation scale between 𝑚𝜙 and 
2𝑚𝜙 gives a similar uncertainty estimate as the one obtained from our approach.
3 Ref. [14] suggests to replace 𝑚𝑠 by 𝑚𝐾 in the expression for 𝛽 in order to 

correctly capture the closure of the phase space for 𝑚𝜙 → 2𝑚𝐾 . Here we stick to 
a purely perturbative calculation, noting that the result becomes unphysical for 
𝑚𝜙 < 2𝑚𝐾 .

Fig. 2. Widths for the decay of 𝜙 to pions and kaons obtained from dispersion 
relations in Ref. [15].

the light quarks and infinite top mass, which is a reasonable approxima-
tion for decays into strange quarks. A comparison of the decay width at 
different orders of perturbation theory is shown in the bottom panel of 
Fig. 1. While the first two corrections are large, the higher orders pro-
vide only small corrections, which is a sign of perturbative convergence 
above 2GeV.

2.2.  Dispersion relations

Since QCD perturbation theory only gives reliable results for scalar 
masses above approximately 2GeV, other tools are needed to calculate 
hadronic decay widths for smaller scalar masses. Below the chiral sym-
metry breaking scale of about 1GeV, chiral perturbation theory can be 
used to directly calculate the decays into pions and kaons [14]. In the 
intermediate region between, the decay widths can be obtained from dis-
persion relations [9]. The most recent calculation was made in Ref. [15], 
which calculates the decay to pions and kaons in a two channel approx-
imation.

The resulting decay widths to pions and kaons are shown in Fig. 2. 
The plot is generated using the code hipsofcobra, published together 
with Ref. [15], using the conditions proposed in Ref. [27] to match to 
chiral perturbation theory at low energies. The decay widths show sev-
eral pronounced peaks due to scalar resonances, which enter through 
the experimental data of 𝜋𝜋 → 𝜋𝜋 and 𝜋𝜋 → 𝐾𝐾 scattering. The uncer-
tainty bands come from an estimation of the uncertainties of the chiral 
perturbation theory results used for the matching, as well as from the 
errors in the experimental data. Since the available data only extends 
up to a centre-of-mass energy of √𝑠 = 2GeV, this approach can only be 
reliably used for 𝑚𝜙 ≤ 2GeV.

The calculation in Ref. [15] is performed entirely in the two-channel 
approximation, neglecting all other decay channels of 𝜙 that might be 
important, such as e.g. 𝜙 → 𝜂𝜂. It is argued in Ref. [9] that this reduc-
tion to a two-channel system may introduce significant uncertainties. 
It should be kept in mind that no estimate of the size of these errors 
exists so far, so the uncertainty associated with the pion and kaon de-
cay widths may be larger than what is shown in Fig. 2. Nevertheless, 
we will use these decay widths and their quoted uncertainties to fix the 
open parameters of the hadronisation model that will be introduced in 
the next section.

3.  Hadronisation model

To obtain the partial decay widths into pions and kaons also for 
𝑚𝜙 > 2GeV, one could interface the perturbative calculation of 𝜙 → 𝑔𝑔
and 𝜙 → 𝑠𝑠̄ presented above with the hadronisation models provided by 
parton shower generators such as Herwig [16] or PYTHIA [17]. While
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Herwig is based on the cluster model for hadronisation [28], Pythia
uses the Lund string model [29,30].

It turns out, however, that neither of the two available methods give 
satisfactory results for such a low-energy system. The cluster model in
Herwig assumes that each gluon decays non-perturbatively into a pair 
quarks, each of which ends up in a separate meson, such that it is impos-
sible to obtain two-meson final states. Indeed, for 𝑚𝜙 = 2GeV the most 
common final state in the Herwig simulation is 𝜋+𝜋−2𝜋0, accounting 
for approximately 12% of all events. In Pythia, on the other hand, two 
particle final states are possible, but the most common final state turns 
out to be 𝜋+𝜋−𝜋0 (25% of all events). This final state, however, is CP-
odd and should never arise in strong decays of a CP-even scalar. This 
conservation law is however ignored in Pythia, such that the output 
contains various unphysical final states.

To address these shortcomings, we have developed a new hadronisa-
tion model, based on the cluster model in Herwig. For the mass range 
that we are interested in, we assume that no parton shower takes place 
and that the decay products (either gluons or strange quarks) immedi-
ately form a single cluster. This is in contrast to the original approach, 
where gluons decay non-pertubatively into a quark-antiquark pair. In a 
high-energy environment this allows to follow the colour structure of 
the event after the parton shower in order to form primary colour sin-
glet clusters. In our case the gluon pair from the decay is already in a 
colour-singlet state and hence it is conceivable that this would directly 
form a single cluster. In the targeted mass range, this cluster would be 
a light cluster and not undergo any cluster fission. The resulting clus-
ter is then further decayed into hadrons based on a number of simple 
assumptions: First, we consider only decays into mesons. In the mass 
range under consideration, decays into baryon-antibaryon pairs are ex-
pected to be suppressed, both because of the small available phase space 
and because of the need to create two quark-antiquark pairs from the 
plasma. Furthermore, the cluster is assumed to always decay into exactly 
two mesons initially. Although decays into more particles are possible in 
principle, they are again expected to be suppressed due to the smaller 
available phase space.

The relative proportions in which different meson pairs are produced 
are determined solely by symmetry considerations. We start with all 
possible meson combinations4 that conserve charge, flavour, parity, G-
parity, charge conjugation symmetry, angular momentum and isospin as 
outlined in Appendix A. Each pair of mesons 𝑚1 and 𝑚2 is then assigned 
a weight given by
𝑊 (𝑚1, 𝑚2) = 𝑝(𝑚1, 𝑚2, 𝑚𝜙)𝑊𝑞𝑊𝑣𝑊𝐼𝑊sym. (8)

To obtain the probability for 𝜙 to decay into a particular meson pair, 
each weight is normalized by dividing by the sum of all weights. The 
individual factors in Eq.  (8) are

• 𝑝(𝑚1, 𝑚2, 𝑚𝜙): A phase-space factor. It corresponds to the momentum 
of the two mesons with masses 𝑚1 and 𝑚2 in the rest frame of 𝜙 [21], 
which is given by
𝑝(𝑚1, 𝑚2, 𝑚𝜙) =

1
2𝑚𝜙

[

(𝑚2
𝜙 − (𝑚1 + 𝑚2)2)

(𝑚2
𝜙 − (𝑚1 + 𝑚2)2)

]
1
2 . (9)

• 𝑊𝑞 : A weight assigned for the quark content of the mesons. It consists 
of a weight 𝑤𝑞 for each quark-antiquark pair of flavour 𝑞, which 
quantifies the probability of creating this pair from the vacuum. We 
will discuss this factor in more detail below.

• 𝑊𝑣: A weight counting the spin multiplicity of the final state, see 
Appendix A.3 for details. If the final state does not carry orbital an-
gular momentum, conservation of angular momentum implies 𝑊𝑣 =

4 We exclude the 𝑓0(500) and 𝐾∗
0 (700) resonances, because their widths and 

decay modes are not sufficiently well known. Other scalar resonances, such as 
𝑓0(980), are included and treated as quark-antiquark bound states consisting of 
up and down quarks only.

(2𝑗1 + 1), where 𝑗1 denotes the spin of 𝑚1, which must be equal to the 
spin of 𝑚2. In our analysis, we also allow for final states with non-
zero angular momentum, which are however suppressed by a factor 
0 < 𝑎𝑣 < 1. As a result, we set 𝑊𝑣 = (1 − 𝑎𝑣)(2𝑗1 + 1) + 𝑎𝑣(2𝑗1 + 1)2 if 
𝑗1 = 𝑗2 and 𝑃1 = 𝑃2, where 𝑃1,2 denotes the parity of the two mesons, 
and 𝑊𝑣 = 𝑎𝑣(2𝑗1 + 1)(2𝑗2 + 1) otherwise.

• 𝑊𝐼 : This weight takes into account isospin conservation as explained 
in Appendix A.4. The selection rules require that both mesons have 
the same isospin 𝐼 . Decays are therefore suppressed by the factor 
𝑊𝐼 = 1∕(2𝐼 + 1).

• 𝑊sym: A factor to take into account the multiplicity of the final state. 
We assign each pair of non-identical mesons a factor of 𝑊sym = 2 and 
each pair of identical mesons a factor of 𝑊sym = 1.

3.1.  Weight calculation

To calculate 𝑊𝑞 we assume that for the gluon channel, two quark-
antiquark pairs of arbitrary flavour are created. For charged mesons 𝑚1
with quark content (𝑞1, 𝑞2) and 𝑚2 with (𝑞2, 𝑞1), the quark weight is then
𝑊𝑞 = 𝑤𝑞1𝑤𝑞2 . (10)

We assume isospin symmetry, such that 𝑤𝑢 = 𝑤𝑑 . Since the final weights 
will be normalised, we can set both weights equal to unity without loss 
of generality. The only free parameter that we need to introduce is there-
fore the strange-quark weight 𝑤𝑠.

For a pair of (flavour) neutral mesons, which may be in a superposi-
tion of quark-antiquark states,
𝑊𝑞 =

∑

𝑞
𝑝𝑚1
𝑞 𝑝𝑚2

𝑞 𝑤2
𝑞 , (11)

where the sum runs over all quarks flavours (up, down and strange) 
and 𝑝𝑚𝑞  is the probability of finding the quark-antiquark pair of flavour 
𝑞 in meson 𝑚. For the light neutral mesons, we take these probabilities 
as [31]:
𝑝𝜋

0

𝑢𝑑 = 1, 𝑝𝜂𝑢𝑑 = cos2(𝜃 + 𝜑), 𝑝𝜂
′

𝑢𝑑 = sin2(𝜃 + 𝜑), (12)

𝑝𝜋
0

𝑠 = 0, 𝑝𝜂𝑠 = sin2(𝜃 + 𝜑), 𝑝𝜂
′

𝑠 = cos2(𝜃 + 𝜑) (13)

with 𝜑 = arctan(
√

2). The probabilities for up and down quarks are com-
bined into one, such that 𝑝𝜋0𝑢𝑑  is the probability of finding 𝑢𝑢̄ or 𝑑𝑑 in a 
𝜋0 meson. We implement this mixing for (𝜋0, 𝜂, 𝜂′) with 𝜃 = −23◦ and 
for (𝜌0,Φ, 𝜔) with 𝜃 = 36◦ as in the source code of Herwig 7.3 [16].

In the strange-quark channel, only strange mesons can be produced, 
and it is assumed that one 𝑠𝑠̄ pair is already present. A weight is only 
assigned for the other quark pair. For charged mesons 𝑚1 with quark 
content (𝑠, 𝑞) and 𝑚2 with (𝑞, 𝑠̄) this means simply
𝑊𝑞 = 𝑤𝑞 (14)

and for neutral mesons
𝑊𝑞 = 𝑝𝑚1

𝑠 𝑝𝑚2
𝑠 𝑤𝑠. (15)

The procedure outlined above generates a list of weights for the al-
lowed decays of 𝜙 for both the gluon and the strange-quark channel. 
The branching ratios from both channels are then added in proportion:

BR(𝜙 → 𝑚1, 𝑚2) =
Γ(𝜙 → 𝑔𝑔)

Γhad
𝑊𝑔𝑔(𝑚1, 𝑚2)

+
Γ(𝜙 → 𝑠𝑠̄)

Γhad
𝑊𝑠𝑠̄(𝑚1, 𝑚2) (16)

where Γhad = Γ(𝜙 → 𝑔𝑔) + Γ(𝜙 → 𝑠𝑠̄) denotes the total hadronic decay 
width and the weights are assumed to be normalised. After generating 
all initial meson pairs with their associated branching ratios, each meson 
is further decayed until a sufficiently long-lived final state is reached. As 
we are interested in the hadronic decay width and branching ratios for 
particular final states, no explicit decay kinematics is needed. Therefore 
all further computations can be done independent from a full implemen-
tation of this model into Herwig.
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3.2.  Fitting the model to data

The hadronisation model described above introduces two free pa-
rameters: the strange quark weight 𝑤𝑠 and the suppression of orbital 
angular momentum 𝑎𝑣. These two parameters can be determined by 
comparing the predictions of our model to the results from the dis-
persion relations discussed in Section 2.2. This comparison is done at 
𝑚𝜙 = 2GeV, where both methods are in principle applicable. Since the 
hadronisation model only predicts branching ratios, the comparison re-
quires as additional input the total hadronic decay width. Given the 
sizeable theory uncertainties, as discussed in Section 2.1, we allow the 
hadronic decay width to deviate from the theory prediction by a factor 
𝑎Γ, which is constrained by the uncertainty determined from the scale 
dependence.

To determine the three free parameters, we construct a likelihood 
function. Since the errors 𝜎± for Γ𝜋 and Γ𝐾 are very asymmetric, we 
follow the approach in Ref. [32] and use the likelihood function

log𝐿(𝑎; 𝑎̂, 𝜎±) = −1
2

(

𝑎 − 𝑎̂
𝜎 + (𝑎 − 𝑎̂)𝜎′

)2
(17)

with 𝑎̂ denoting the measured value and

𝜎 = 2𝜎+𝜎−
𝜎+ + 𝜎−

, 𝜎′ = 𝜎+ − 𝜎−

𝜎+ + 𝜎−
. (18)

This likelihood function generalises the Gaussian likelihood and satisfies 
the requirement log𝐿(𝑎̂) − log𝐿(𝑎̂ ± 𝜎±) = − 1

2 .
The total log-likelihood is then given as the sum

−2 log(𝑤𝑠, 𝑎𝑣, 𝑎Γ)

= −2 log𝐿
(

Γ𝜋 (𝑤𝑠, 𝑎𝑣, 𝑎Γ); Γ̂𝜋 , 𝜎±𝜋
)

− 2 log𝐿
(

Γ𝐾 (𝑤𝑠, 𝑎𝑣, 𝑎Γ); Γ̂𝐾 , 𝜎
±
𝐾

)

− 2 log𝐿
(

Γhad(𝑎Γ); Γ̂had, 𝜎
±
Γ

)

.

(19)

The minimum of this log-likelihood determines the best-fit values of the 
model parameters. The corresponding uncertainties are obtained from 
the MINOS algorithm that is implemented in iminuit [33], which per-
forms a profile likelihood scan for all parameters and returns asymmetric 
upper and lower errors for each parameter. These uncertainties are then 
propagated to the output of our hadronisation model by varying each 
parameter within the quoted uncertainty interval and taking the largest 
and smallest prediction for each branching ratio.

We emphasize that even though the number of model parameters is 
equal to the number of constraints, it is not guaranteed that a good fit 
can be obtained. This is because both 𝑎𝑣 and 𝑤𝑠 are constrained to lie 
in the range [0, 1].

4.  Results

The fitting procedure described above gives the following results:
𝑤0

𝑠 = 0.11+0.54−0.11

𝑎0𝑣 = 0.0+0.32

𝑎0Γ = 1.0+0.12−0.12

−2 log0 = 0.13

(20)

Our likelihood function is normalised in such a way that −2 log0 = 0
would correspond to a perfect fit, while a 1𝜎 deviation in a single ob-
servable would give −2 log0 = 1. The maximal value of the likelihood 
in our fit therefore indicates that the constraints can easily be satisfied 
within their uncertainties. This expectation is confirmed in Fig. 3, which 
compares the partial widths into pions and kaons from dispersion rela-
tions for 𝑚𝜙 < 2GeV with the predictions of our best-fit hadronisation 
model for 𝑚𝜙 > 2GeV. The two predictions are found to match very well 
at the boundary 𝑚𝜙 = 2GeV.

Fig. 3. Decay widths of the CP-even scalar 𝜙 as a function of mass. Below 2GeV, 
the pion and kaon decay widths are obtained from dispersion relations [15] 
(labelled as “data”). Above 2GeV, the decay widths into gluons and strange 
quarks are obtained from a perturbative calculation, while the decay widths 
into pions and kaons are obtained from our hadronisation model, after fitting 
the free parameters to agree with the result from dispersion relations at 2GeV. 
We do not quantify further systematic uncertainties that are not captured by our 
parametrisation.

We find that the best-fit strange-quark weight is only slightly larger 
than zero, corresponding to a substantial suppression for the creation of 
strange-quark pairs. This is because the prediction for Γ𝐾 from disper-
sion relations is quite small at 𝑚𝜙 = 2GeV compared to the perturbative 
prediction for the decay 𝜙 → 𝑠𝑠̄, such that the decay 𝜙 → 𝑔𝑔 should not 
give a large contribution to Γ𝐾 . Moreover, larger values of 𝑤𝑠 would 
suppress Γ𝜋 . However, the results from dispersion relations have large 
uncertainties, and Γ𝐾 varies strongly as a function of 𝑚𝜙, such that larger 
values of 𝑤𝑠 may also be compatible with the available information, for 
example if the matching is performed at smaller values of 𝑚𝜙. For com-
parison, the strange-quark weight used in Herwig is 𝑤𝑠 = 0.68, which 
is approximately at the upper boundary of our confidence region for 𝑤𝑠.

Furthermore, our fit clearly prefers a strong suppression of orbital an-
gular momentum, with the best-fit point lying at the boundary 𝑎𝑣 = 0. 
This is because larger values of 𝑎𝑣 would reduce the partial width Γ𝜋
below the prediction from dispersion relations. For the same reason the 
uncertainty band for Γ𝜋 extends only to smaller values. In other words, 
within our hadronisation model, there is no freedom to increase Γ𝜋 be-
yond the value predicted by dispersion relations. For these reasons, the 
uncertainties in Γ𝜋 and Γ𝐾 resulting from variations in the parameters 
in our hadronisation model are significantly smaller than the uncertain-
ties in the dispersive result. Relaxing the constraint on Γ𝐾 or the upper 
bound on Γ𝜋 would not change our results, because such variations can-
not be accommodated in our model. The lower bound on Γ𝜋 , on the other 
hand, determines the upper bound on 𝑤𝑠 and 𝑎𝑣. Relaxing this bound at 
2GeV would therefore increase the uncertainty in all our model predic-
tions.

As shown in Fig. 3, our hadronisation model makes it possible to 
extrapolate the predictions for Γ𝜋 and Γ𝐾 from dispersion relations be-
yond scalar masses of 2GeV. Moreover, we can also obtain predictions 
for other final states. These arise from two-body decays of the scalar 
into heavier mesons, which rapidly decay into lighter mesons, leading 
to higher-multiplicity final states. The predicted branching ratios for 
some of these final states are shown in Fig. 4. All of these final states 
contain at least two charged particles, allowing for the reconstruction of 
the decay vertex. Nevertheless, some of them also include neutral pions, 
which makes the reconstruction of the invariant mass of the decaying 
particle more challenging. Nevertheless, for all of the final states shown 
in Fig. 4, the branching ratios are larger than the one into muons (which 
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Fig. 4. Branching ratios for the most relevant final states as a function of the 
scalar mass using our hadronisation model. In each case, the solid line corre-
sponds to the best-fit prediction and the band represents the uncertainties re-
sulting from fitting the parameters of our model to the result from dispersion 
relations at 𝑚𝜙 = 2GeV. We do not quantify further systematic uncertainties that 
are not captured by our parametrisation.

varies between 3% and 2% in the mass range that we consider). As a re-
sult, these final states offer an attractive target for future searches.

To make this point more explicit, we derive sensitivity projections 
for Belle II based on the published search for 𝐵+ → 𝐾+𝜙 followed by 
𝜙 → 𝑒+𝑒−, 𝜇+𝜇−, 𝜋+𝜋− or 𝐾+𝐾−. Belle II has published both model-
independent limits on BR(𝐵+ → 𝐾+𝜙) × BR(𝜙 → 𝑋) as well as a reinter-
pretation of these limits in the context of a Higgs-mixed scalar. While 
the Belle II exclusion extends to scalar masses 𝑚𝜙 > 2GeV, this result 
underestimates the hadronic decay width and hence overestimates the 
lifetime and the branching ratio into muons. With our new results, we 
find that the published Belle II search has no sensitivity to dark scalars 
above 2GeV.5

Nevertheless, future searches based on more data may be able to 
probe into this difficult mass region. Since large parts of the search 
(based on an integrated luminosity of 189 fb−1) are still background-
free, we can expect sensitivity improvements on the product of branch-
ing ratios by more than an order of magnitude. Concretely, we take the 
published expected sensitivities for the muon, pion and kaon final state 
and assume that future searches can improve sensitivity by a factor of 
20 in each channel. Following Ref. [14,36], we take BR(𝐵+ → 𝐾+𝜙) =
0.44 sin2 𝜃 for 𝑚𝜙 ≪ 𝑚𝐵 − 𝑚𝐾 as well as the total decay width and branch-

5 The same issue is expected to affect also the exclusion limit from LHCb [25], 
which uses the same assumptions for the branching ratio into muons, as well as 
potentially the limit from CMS [26], which does not provide any details on the 
assumed branching ratios. However, the effect is expected to be milder than 
for Belle II, since the sensitivity of LHC-based experiments extends to smaller 
lifetimes as a result of the higher boost factors. Projections for the sensitivity of 
LHCb to Higgs-mixed scalars including hadronic final states have been derived 
in Ref. [34].

Fig. 5. Sensitivity of Belle II to a Higgs-mixed scalar with mass 𝑚𝜙 and mixing 
angle sin 𝜃 for different final states, assuming that the expected exclusion limits 
from Ref. [35] can be improved by a factor of 20 and taking the central values 
of the branching ratios predicted by our hadronisation model, i.e. neglecting 
theory uncertainties.

ing ratios of 𝜙 as shown in Fig. 3. The resulting sensitivity projections 
are shown in Fig. 5.

We find that even though the expected sensitivity for the product of 
the branching ratios is worse in the kaon final state than in the muon 
final state, the larger branching ratio predicted by our hadronisation 
model means that this channel is nevertheless competitive and promises 
the best sensitivity for scalar masses close to 2GeV. For larger scalar 
masses, the branching ratio into 𝐾+𝐾− drops rapidly in favour of final 
states with higher meson multiplicities, such that the muon channel once 
again offers the best sensitivity. The pion channel is less favourable due 
to a lower sensitivity than the muon channel and a smaller branching 
ratio than the kaon channel.

5.  Conclusions

In this work we have considered the partial decay widths and branch-
ing ratios of a CP-even scalar boson that mixes with the SM Higgs boson. 
We have focused on the mass range 2GeV ≤ 𝑚𝜙 ≤ 2𝑚𝜏 , for which nei-
ther dispersion relations nor perturbative calculations can be directly 
applied.

As a first step, we have re-evaluated perturbative calculations of the 
inclusive decays 𝜙 → 𝑔𝑔 and 𝜙 → 𝑠𝑠̄. We find that the effect of including 
finite masses for bottom and charm quark, which is crucial at leading or-
der, gives only a small correction at NLO. We therefore use N4LO results 
from the literature for the decay widths assuming one infinitely heavy 
and three massless quarks. This approach yields a significantly larger 
total decay width than previous estimates, resulting in a suppression of 
the leptonic branching ratios and the lifetime of the scalar.

To obtain branching ratios into specific hadronic final states, we have 
developed a hadronisation model based on the cluster model of Herwig. 
In contrast to the existing implementation, we assume that the two glu-
ons produced in the scalar decay form a single cluster, which decays into 
a pair of mesons. To select the allowed final states, we check conserva-
tions laws such as parity and charge conjugation. These final states are 
assigned a weight according to the available phase space and selection 
rules for spin and isospin.

Our hadronisation model introduces two free parameters: the 
strange-quark weight and the suppression of final states with orbital 
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angular momentum. These parameters can be fixed by matching the pre-
dictions of our model to those from dispersion relations at 𝑚𝜙 = 2GeV. 
This procedure makes it possible to extrapolate the partial decay widths 
into pions and kaons to 𝑚𝜙 > 2GeV. Moreover, the hadronisation model 
also predicts branching ratios for other states that may be of experimen-
tal interest, such as 𝜙 → 2𝜋+2𝜋−.

We find that for 𝑚𝜙 slightly above 2GeV, both BR(𝜙 → 𝜋+𝜋−) and 
BR(𝜙 → 𝐾+𝐾−) are larger than BR(𝜙 → 𝜇+𝜇−), making these final states 
an attractive target for future searches. To illustrate this point, we have 
estimated the sensitivity of a future search for these final states at Belle 
II. We conclude that the kaon final state does indeed hold the potential 
to cover additional parameter space of a Higgs-mixed scalar not testable 
with the muon final state.

Our study should be considered as a proof-of-principle for the use of 
hadronisation models with conservation laws. There are many possible 
directions in which this work can be extended. For example, it could be 
interesting to allow for cluster fission, such that higher meson multiplic-
ities can be produced, or to include baryonic decay modes. Moreover, 
our model could be extended to include off-shell effects for mesons with 
a large width, as well as mixing of 𝜙 with CP-even scalar resonances. In 
fact, the latter effect may not only modify the branching ratios, but also 
the total width and hence the lifetime of the scalar.

Finally, our approach relies strongly on the results from dispersion 
relations, which in turn require input from experimental data. Improv-
ing these measurements could give tighter constraints on the partial de-
cay widths below 2GeV, which in turn would lead to reduced uncer-
tainties on the free parameters of our hadronisation model. Combining 
these experimental and theoretical efforts, there is a real chance to make 
substantial progress on the long-standing problem of the decay modes 
of a GeV-scale CP-even scalar.
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Appendix A.  Selection rules

In this appendix, we examine the conserved quantities and the result-
ing selection rules for hadronic decays of a scalar particle 𝜙 that is even 
under both parity and charge conjugation. We assume that these decay 
are mediated by the strong interaction, where parity, charge conjugation 
and isospin are conserved. As in our hadronisation model, we consider 
only decays into meson pairs, neglecting both decays into baryons and 
decays into higher-multiplicity final states.

Appendix A.1.  Parity

If a particle state has orbital angular momentum (OAM) 𝑙, then the 
spatial wave function of this system has parity (−1)𝑙. As a result, a meson 
with intrinsic OAM 𝑙 has parity
𝑃 = (−1)𝑙+1, (A.1)

where the additional factor of (−1) comes from the quark having oppo-
site parity to the antiquark. For a system of two particles with OAM 𝑙
and individual intrinsic parities 𝑃1 and 𝑃2 the total parity is
𝑃 = 𝑃1𝑃2(−1)𝑙 . (A.2)

If 𝜙 decays into two scalar mesons, conservation of angular momentum 
implies 𝑙 = 0, such that both mesons must have the same parity. For all 
decays to mesons of higher spin, the allowed intrinsic parities of both 
mesons depend on their relative OAM (see below).

Appendix A.2.  Charge conjugation

Since 𝜙 is even under charge conjugation, every charged6 particle 
produced in the decay of 𝜙 must be accompanied by its antiparticle, in 
order for the two-particle state to be a 𝐶-eigenstate. This requirement 
strongly restricts the possible decays and excludes all decays into two 
different charged mesons such as 𝜋+𝜌−. Decays to two different neutral 
mesons such as 𝜂𝜂′ are still possible, in which case 𝐶 is the product of 
the 𝐶-eigenvalues of the individual mesons.

The eigenvalue under charge conjugation for a particle-antiparticle 
state is known from their total spin 𝑠 and their relative angular momen-
tum 𝑙: 𝐶 = (−1)𝑙+𝑠 [37]. This equation automatically gives 𝐶 = 1, since 
the total spin and OAM have to add to a total angular momentum of 
zero.

Appendix A.3.  Angular momentum

All decays have to respect angular momentum conservation, mean-
ing that the total angular momentum of the final state must be zero. This 
requirement restricts the possible spin configurations of the final states 
and therefore determines the weight 𝑊𝑣 representing the spin multiplic-
ity. We denote the spins of the two mesons as 𝑗1 and 𝑗2, their combined 
spin as 𝐽 and the OAM as 𝑙. The following cases are possible:

• 𝑗1 = 𝑗2 = 𝑗 and 𝑃1 = 𝑃2: This combination can always couple to 
zero angular momentum, even without relative OAM. The Clebsch-
Gordon coefficients for coupling two angular momenta to zero total 
angular momentum are given by [38]

⟨𝑗, 𝑚1; 𝑗, 𝑚2|0, 0⟩ = 𝛿𝑚1 ,−𝑚2
(−1)𝑗−𝑚1 1

√

2𝑗 + 1
. (A.3)

In other words, if there is no relative OAM, the state of zero total 
angular momentum is a superposition 2𝑗 + 1 states, each with the 
same amplitude. We therefore set 𝑊𝑣 = 2𝑗 + 1 in this case. If non-
zero OAM is allowed, all possible combinations of the meson spins, 
i.e. of 𝑚1 and 𝑚2, are allowed. The result is therefore a superposition 
of all (2𝑗 + 1)2 possible states.

• 𝑗1 = 𝑗2 = 𝑗 and 𝑃1 = −𝑃2: In this case 𝑙 must be odd to conserve 
parity, which also requires 𝐽 to be odd. Under these conditions, 
the Clebsch-Gordon coefficients for 𝑚1 = 𝑚2 vanish, such that only 
2𝑗(2𝑗 + 1) allowed final states remain. We neglect this relatively mi-
nor effect and take the spin multiplicity to be (2𝑗 + 1)2 also if the two 
mesons have opposite parity.

• 𝑗1 = 0 and 𝑗2 ≠ 0: The OAM has to be 𝑙 = 𝑗2 to allow the total spin 
and OAM to couple to zero. Hence, if 𝑗2 is odd, both mesons must 
have opposite intrinsic parities to satisfy parity conservation and if 𝑗2

6 The term “charged” refers here to electrical charge as well as flavour. All 
particles that are not their own antiparticles are considered to be charged.
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is even they must have the same parities. This excludes for example 
decays to 𝜋0𝜌0, because they have the same parity. The multiplicity 
of the state is always (2𝑗2 + 1).

• 𝑗1 ≠ 𝑗2 and both non-zero: No general conclusions can be drawn. In 
this case, we take the multiplicity as (2𝑗1 + 1)(2𝑗2 + 1), which also 
includes the case that 𝑗1 = 0 from above.

To summarize, if we require no OAM, only final states with 𝑗1 = 𝑗2 and 
𝑃1 = 𝑃2 are allowed with weight 𝑊𝑣 = (2𝑗1 + 1). If we impose no restric-
tion on OAM, the weight is (approximately) 𝑊𝑣 = (2𝑗1 + 1)(2𝑗2 + 1). In-
troducing the parameter 𝑎𝑣 to suppress OAM then leads to the expression 
for 𝑊𝑣 given in the main text.

Appendix A.4.  Isospin

Isospin is conserved approximately by the strong interaction, if the 
difference between up and down quark masses is neglected. Since the 
scalar 𝜙 has 𝐼 = 0, the isospins of the two particles resulting from the 𝜙
decay have to couple to zero, which is only possible if they are the same. 
This excludes for example decays to the combination 𝜋0 (𝐼 = 1) and 𝜂
(𝐼 = 0), which would be otherwise allowed by 𝑃  and 𝐶 conservation.

In contrast to the case of angular momentum, the 𝐼3 component is 
always fixed for any meson by the contained quarks. As a result, de-
cays into mesons with higher isospin are not enhanced by a multiplicity 
factor, but are in fact suppressed compared to the decay to isoscalars. 
If both particles have isospin 𝐼 , the probability that they couple to an 
isospin singlet is given by 1∕(2𝐼 + 1). For example, decays into pairs of 
kaons (𝐼 = 1

2 ) are suppressed by a factor of 
1
2 , while decays into pairs of 

pions7 or pairs of 𝜌-mesons (𝐼 = 1) are suppressed by factor of 13 .

Appendix A.5.  G-Parity

The G-parity transformation describes a rotation around the 𝐼2 axis 
in isospin space followed by a charge conjugation:
𝐺̂ = 𝐶̂ exp 𝑖𝜋𝐼2. (A.4)

Since charge conjugation and isospin are conserved individually in 
strong interactions, 𝐺 is conserved as well. All mesons that contain 
only up and down quarks are eigenstates of this transformation, and 
all mesons in the same isospin multiplet carry the same eigenvalue. For 
a meson multiplet of isospin 𝐼 the eigenvalue is given by 𝐺 = (−1)𝐼𝐶, 
where 𝐶 is the eigenvalue of the neutral member of the multiplet under 
charge conjugation. Since 𝜙 has 𝐼 = 0 and 𝐶 = 1, it can be assigned an 
eigenvalue of 𝐺 = 1. G-parity conservation then excludes all decays into 

7 The three pions are identified with the isospin states 𝜋+ = |1, 1⟩, 𝜋− =
|1,−1⟩, 𝜋0 = |1, 0⟩

mesons with 𝐺 = −1. Since pions are G-parity odd, while 𝜌 mesons are 
G-parity even, this conservation law forbids decays into 𝜋𝜌 or any odd 
number of pions. 
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